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ABSTRACT

Analyses of water resource systems by digital computer simulation requires
the existence of streamflow sequences at one or more locations. Several
possible future sequences of flows can be created by generating observations
from a probability model calibrated to historical flows. By routing these
new sequences of flows through computer-based models of real resource systems
and making statistical summaries of selected variables in the model, proba-
bility statements can be made with respect to the future behavior of the
system,

Except in special cases, multivariate streamflow models developed in the
past have been restricted to the preservation of first and second moments of
historical streamflow frequeﬁcy distributions, relying on the use of arbitrary
normalizing transformations to apply the models to those frequently encountered
instances where special cases are not applicable. This work extends those
models to preserve third moments in generated records of monthly flows, thus
avoiding the use of arbitrary transformations.

The precision and accuracy with which system performance can be modelled
ia dependent on the choice of averaging intervals for streamflow sequences.
While some systems may be adequately described‘using monthly averaging

intervals, extreme events such as floods and low flows are generally measured

" over shorter time intervals, namely, days and weeks. However, the use of

shorter intervals will likely lead to extraneous detall during much of the
simulation, create problems of data storage, and increase computational

expense significantly. Methods are reported here to either assign probabili-
ties to the occurrence of extreme events of sub-month duration or to generate
observations on maximum or minimum sub-month flows. Methéds are then presented

to superimpose daily and weekly sequences on monthly flows only as they may be
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required for system simulation,
Empirical work is based on streams in North Carolina and other selected

gages in the eastern and southeastern sections of the United States.
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SUMMARY AND CONCLUSIONS

The quantity and quality of surface water resources in the piedmont and
mountain provinces of North Carolina are the objects of much attention in
arenas of public policymaking and public investment decisionmaking, If
present trends in resource development continue, frontiers of new resource
development will cease to exist within the next quarter century; if current
rates of waste generation continue to increase as they are at present, the
limits of operation waste treatment technology will be approached as the
urban areas, industrial centers, and utilities seek to dispose of theif wastes.
As these resource pressures increase,attention will be increasingly directéd
to the more efficient use of existing resource developments. Increased
efficiency generally implies a combination of more complex control systems
and more complex operating policies for the dynamic allocation of existing
resources over time and space. Attendant to these implications is the need
for an increased capacity to analyze alternative develapﬁent and management
programs for complex systems.

In response to this latter need, considerable attention has been given
in recent years to the use of digital computer simulation techniques where
symbolic models of complex resource systems are manipulated at high speed to
explore economic and physical consequences of altermative control systems and
operating policies. These models have generally consisted of (1) systems of
equations that express the principles of conservation of mass and energy,

(2) a set of logical statements that govern system operation under all possible
circumstances that could arise within the context of the model, and (3) an
accounting system that tabulates and makes summary reports on economic and

physical consequences that result when sequences of streamflow are routed




through the model. Because future sequences of flow are indeterminant, only
probability statements can be made about their occurrence, the assignment of
probabilities to these statements being based on the relative frequencies with
which certain events have occurred in the past. One technique for making
these assignments is to create one or more possible future sequences of flow
by generating observations from a probability model caiibrated to the
historical record of flows. This technique of generating flows has been
variously referred to as '"synthetic" or "operational" hydrology. Statistical
summaries of simulated system performance that result from the routing of
these new sequences of filow through the model form the basis for probability
statements about the future behavior of real systems.

The pﬁrpose of this report is to adapt and extend a selected set of -
probability models for streamflows that have been previously discussed in the
literature to several streams in North Carolina and elsewhere in the eastern
and southeastern sections of the United States., In particular, a multi-stream
monthly flow model is developed for the Yadkin, Deep, Haw, and Neuse Rivers
in North Carolina. This model is based on a multivariate weakly-stationary
process that is extended to preserve in the generated records those third
moments that were estimated from the historical record as well as preserving
means, standard deviations, and spatial and temporal correlation coefficients,

To obtain sequences of daily and weekly flows as they may be required to
simulate system behavior under flood and drought conditions, respectively, a
method is developed for superimposing such sequences on monthly flows as
generated from either the previous model or one that is similar to it. It is
noted that standardized deviations of daily flows from their expected values

as given by the superposition model can be modelled by a first-order auto-

regressive or Markov time series process while standardized deviations for

xi




weekly flow can be modelled by a sequence of independent random variables.

Cumulative frequency functions are also estimated for the ratios of
maximum daily-to-monthly flows and for the ratios of minimum weekly-~to-monthly
flows for selected streamflow gages. Thses functions form the basis for
either making probability statements about the occurrence of within-month
extreme events or for generating observations on maximum daily and minimum
weekly flows when monthly flows are given. These statements or observations
may then be used to determine when daily or weekly flow sequences are

necessary for system simulation.

xii
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CHAPTER I

BACKGROUND

A water resource system can be viewed as a device that alters the form
and time and spatial distributions of time ordered sequences of flows of mass
and energy. The sequences with their initial characteristics may be referred
to as system inputs while the altered sequences may be referred to as system
outputs; For example, in a municipal water-supply system, the inputs may
consist of time-ordered sequences of highly variable flows of water, suspended
and dissolved chemical substances, and biological organisms at a point in a
stream and sequences of flows of electrical energy and chemicals at a treat-
ment plant. Outputs would consist of, among other things, sequences of treated
water flows throughout the distribution system. Input flows of carbon, phos-
phorous, and nitrogen may be combined in a léke system to produce an output
stream of algae. These, and numerous other systems, can be represented

schematically as follows:

—x(t)— |f()} — y(t)—

where x represents a sequence of time-ordered inputs, y represents the time-
ordered sequence of outputs, and f£(+) is the function which maps the input
into the output; i.e. y = f(x). Engineers refer to the function f£(+) as the
"system'" function; economists refer to it as the production function.
Understanding that functional relationship between inputs and outputs
and how it is affected by alternative system designs is the object of much
enginéering analysis and systems research. If the nature of those relation-
ships are understood, then it is possible to predict output sequences from a
given set of input sequences. The usual approach to the analysis of these

systems is to write an equation (or system of equations) that represents the




principle of conservation of mass or energy, an equation (or system of equa-
tions) that may take the form of an algebraic equation or a differential
equation. If the equation is well-behaved, that is, if it satisfies certain
desirable conditions, it may be possible to solve the equation, either by
analytical or numerical methods, to determine the functional relationship
between input and output flows. In those instances where such solutions are
possible, an analysis of the functional relationship may be sufficient to
determine how the system should be designed to yield output flows that best
satisfy objectives to be served by the system,

For those all-too-frequently encountered problems in which no known
solvable equation or system of equations is adequate to describe the real
system of interest, digital computer simulation techniques may be employed to
empirically investigate the time-system of output flows that result when a
given sequences of input flows are passed through alternative system designs.
These methods have proved to be powerful aids for the analysis of complex
natural and artificial systems, especially where one or more variables in the
system is subject to considerable uncertainty and is described by some random
process, Under those circumstances, digital computer simulation can be
employed to estimate probability distributions for output flows. Of particu-
lar interest here is the analysis of inland water resource systems that develop
or control one or more surface water flows for which the future behavior can
only be described by probability models, While numerous other methods have
been suggested for coping with this uncertainty, attention is restricted here
to simulation methods using either recorded sequences of historical flows or
synthetically created sequences of flow that have certain statistical pro-

perties that are similar to those of the historical record.




To -illustrate the method, using a simplified model of the New Hope
Reservoir on the Haw River in North Carolina, consider the schematic diagram

of the system as shown below.

New Hope Reservoir

New Hope R£;EE§\“‘-~\\~5,<:T////1 Cape Fear River
Haw River A “\\\\\\:J B

Deep River

FIGURE I~-1., SCHEMATIC DIAGRAM OF NEW HOPE RESERVOIR SYSTEM

Inflowsyto the reservoir have been estimated to be approximately 1.2
times the flow at Point A, the location of the U.S. Geological Survey gage
near Pittsboro, North Carolina while flows at Point B, Lillington, N.C., are
approximately 2.6 times the flow at A. Thus, if annual time periods are
dividea into n discrete intervals, each of length At then flows of interest
are given by:

Xy: = 1.2qij

1]

zij = 2, 6qij

.., and zij represent the flows at the reference gage, inflow to

where qij’ le

the reservoir, and flow at Point B, respectively, during interval j in the
ith year of reservoir operation.
Duriné any interval, the following operating policy is assumed:
(1) 1If natural flow at B would exceed flood stage, F, reduce that
flow to flood stage, if possible; otherwise reduce the flow
at B by the maximum possible amount by storing water in the

reservoir.




(2) 1If natural flow at B is below flood stage, release as much
water as possible from flood storage without exceeding flood
stage at B.

(3) If flow at B exceeds the conservation target, C, and the
conservation pool in the reservoir at the start of the period
is less than full, conserve water by reducing the flow at B
to a rate that either just satsifies the target C or fills the
conservation pool.

(4) If the natural flow at B plus any release from flood storage
is less than the target C, augment the flow at B by releasing
water from the reservoir at a rate that either just satisfies
the target or empties the reservoir.

A flow chart for this operating policy is shown in Figure I-2,

Then, given a sequence of inflow rates x;. over some specified economic

1]
life of the reservoir, it would be possible to route the inflows through the
system in accord with the assumed operating policy to determine the sequence
of releases, storage levels, and flows at B. Frequently diagrams for releases,
storage leves, and flows at B could be constructed to estimate probability
functions for these outputs. Results of routing historical sequences of
monthly flows over the period 1928 to 1968 through the New Hope Reservoir

under the given policy with the conservation target C set at 600 cubic feet

per second (cfs) and the flood state F set at 8000 cfs are shown in Figure I-3.

OPERATIONAL HYDROLOGY
Reliance on historical records has been criticized on three grounds.
First, the historical record is not likely to be repeated in the future;

second, the historical record provides only one sample of possible futures




Read or generate natural flows

and Zij
{

no (:ﬁOU1d floods occur under ves

' natural conditions (zij >F)7?

Calculate maximum release Calculate minimum possible
from flood storage; r release from reservoir, i

qij’ SRE

max’ n'

g =Max {0, min Rsij + s n=max [0,(sij+xi.At-V)/Ai]

ma

J
xijAt-Vc)AAt,(F—1.4qijﬂ}

{ r

Is conservation target Can floods be prevented
satisfied (1.4qij+rmaXI>C)? (rmin+1'4qij < F)?

no yes no yes
Calculate increment Release that amount
of release that which just brings
either satisfies downstream flow to
conservation target flood stage:

or empties reservoir

Ar=min[(sij+xij

+rmaXAt),(C-1.4qij

'rmax)Aﬂ

new storage level: S4j + Xy 38t-r
rate of release: r/at
rate of flow at B: libqy 5 + r/at

FIGURE I-2., FLOW DIAGRAM FOR OPERATING POLICY
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and is insufficient to measure uncertainty in system response that is assign-
able to variability in the hydrology; third, existing records may be of
insufficient length to provide even one sample over the economic life of the
project. As a consequence, considerable attention has been given to the
development of methods for generating pseudo-random sequences of flow on a
digital computer where the generated sequences have similar satistical
properties as those estimated from the historical record,

Attempts to build mechanistic models of the complex of hydrological
processes that generated the flows of record have been limited by incomplete
knowledge of the various surface and ground water phenomena involved and by
the lack of a sufficient data base to establish useful approximations.
Furthermore, the hydrological processes are triggered to a significant degree
by meteorological processes that are subject to a large amount of uncertainty
over time, Because of these considerations and because good records of
streamflows are generally available at or near locations of interest in the
United States, statistical methods have been applied directly to observed
flows to determine which of a large class of mathematical probability func-
tions or stochastic processes could be used to generate pseudo-random time
series for which selected statistics are not significantly different from
corresponding statistics calculated from the historical record. Of particu-
lar interest have been those processes that have the capacity to preserve,
in the generated record, the first, second, and third moments of historical
flows over some given day, week, month, or season within each of the years
of record, and which has the capacity to preserve serial correlation coeffi-
cients between successive time intervals, These moments measure the central
tendency or average behavior, the variability, and the skewness of flows

within each time interval of the year, respectively. Serial correlation




coefficients measure the linear dependence between flows in successive time
intervals,

While there are a large number of probability functions that might be
used for analysis, special attention has been given to a particular class of
models with which it is relatively easy to work, namely the class of guto-
regressive models. These models are analogous to ordinary regression models,
the difference being that independent variables in the ordinary regression
model are taken to be prior observations on the dependent variable in the
autoregressive model. The latter model has the general form

X; = a, + alXj_l + azxj

i + .. + ahxj_h + ej

-2
when xj is the variable of interest in time interval j, the xj—l""’ Xj—h
are observations on that variable in prior time periods, the agaj,..., ap
are coefficients that must be estimated from field data using some criteria
such as least-squares, and ey is a random error term that is neither dependent
upon the x's nor upon other error terms., The number of time lags, h, included
in the model is the so-called order of the model and can be determined by
examining incremental contributions of successive terms to the explanation of
variation in Xje

The first widely accepted model for generating monthly flows was an auto-
regressive Markov (h=1) model suggested by Thomas and Fiering.l The model was
similar to the form:

q.. - U4 qi._l— uo_i 1
(_.1.2__.3_> = ( : s ) + (1-02)%uy; (D)
o T

J j-1

1. H.A. Thomas, Jr. and M.B. Fiering, '"Mathematical Synthesis of Stream-
flow Sequences for the Analysis of River Basins by Simulation,' Chapter
12 in A, Maass, et.al. Design of Water Resource Systems (Cambridge,
Harvard Univ. Press, 1962),




where qij was the flow averaged on month j of year i, uj was the mean of qij’

was the standard

estimated by averaging qij over the historical record, 03

deviation of qij’ p was the autocorrelation coefficient, and ujy was a random
variable with a mean of zero and a standard deviation of unity. It was shown
that this model wouid produce, within the limits of sampling variability, the
same first and second moments and autocorrelation coefficients for monthly
flows in the simulated record as those estimated from the historical record.
Fiering2 later demonstrated that if the'uij's were generated from a process
having a third moment, y,, given by the following relationship:

Yy = 1q@=pd)/ (1=p2) %2 (1-2)
then the third moment of streamflow, Yq» can be approximately preserved in
the generatéd record. Using recorded monthly flow over the period 1928-~1968,
the above model for the Haw River at Pittsboro, N.C. is:

(qij-uj)/oj = 0.2093(qij—uj_l)/oj_l + O.9779uij (I-3)
where estimated monthly means and standard deviations are given in Table I-1,
the estimated third moment of streamflows is 1,649, and the required third
moment of the random variable U is 1,747.
A standardized log-normal process3 can be used to generate the Uy 4 by

generating pseudo-random numbers v,. from a normal process with zero mean

1]

2

and variance o< where

ujs = [exp(vyy) - exp(o2/2)]//1exp(202) - exp(cz)]% (Tt

and 02 is given by the solution of

2, M.B, Fiering, "Statistical Analysis of the Reservoir Storage-Yield
Relation," Chapter 1 in H.,A. Thomas, Jr. and R.P. Burden, Operations
Research in Water Quality Management, a research report to the Public
Health Service, Dept. of Health, Education and Welfare, Contract
Ph86-62-140, Harvard Univ., Cambridge, Mass., February, 1963.

3, N.C. Matalas, '"Mathematical Assessment of Synthetic Hydrology," Water
Resources Research, 4 (4th qtr., 1967), pp. 937-945,




TABLE I-1,

ESTIMATED MEANS AND STANDARD DEVIATIONS OF MONTHLY FLOWS FOR THE
HAW RIVER AT PITTSBORO, N.C.

Month

October

November

December

January
February
March
April
May

June
July
August

September

1929-1968,

Estimated Mean
Flow, cfs,

750.6
843.9
3176.
3838.
2301.
2132.
3752,
906.8
729.6
776.1
750.4

726.5

10

Standard Deviation
of Flow, cfs.

884,2
794 .4
756.3

3362,

3204,

3081,

. 981.7
506.0
467.5
694.4
731.0

3233,




Yu = [exp(302) - 3 exp(0?) + 2]//1exp(02) - 1]3/2 (1-5)
For the station of interest, a value of 02=0.249 satisfies equation (I-5),
so that, from (I-4)
uij

Thus, given an initial monthly flow, which can be arbitrarily set at the

= 1.6605€Xp(vij) - 1.8808

average flow in December, and a digital computer program for generating
pseudo-random numbers from a normal distribution, streamflow sequences of
arbitrary length can be created by recursively (1) generating normally dis-
tributed numbers vij’ (2) transforming the vij to log-normally distributed
numbers U 4 through expression (I-4), and (3) calculating qij from the model
(I-1), as the index j cycles from 1 to 12 and as the index i increases from
1 to an arbitrarily specified number of years for which the record is desired.
These records can then be routed through the simulation program in the same
manner as was done with the historical record.

For more complex systems involving several streams, or a more refined
analysis of the example given in this chapter, simultaneous records of stream-
flow at several locations in space may be desired. To supply these needs,

Matalas4 extended the Thomas-Fiering model by utilizing a multivariate process

as follows:

dlij = alldlij—l + ee + alpdpij—l + bllulij + 0. + blpupij

d2ij = apjdijj_q * «+o t a2pdpij-1 boiu1ij * «ee F bopupiy

dpij = apldlij—l + .00 Tt appdpij—l + bplulij + .. bppupij
where dkij is the standardized flow variate at location k (k = 1, 2, ..., D)
in year i during time interval j given by

deiy = (Gpij = viy) /O

4, Ibid.
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with dkij represent flow at location k in year i during interval j, ki

representing the mean flow at k during interval j, and Ok 4 representing the
corresponding standard deviation of flow. The ukij's are a set of indepen-
dently distributed random variables each having zero mean and unit variance.

The above set of expressions can be written in matrix form as follows:

iy =4 2559 Y EU,
wherelgij is the column vector (dkij’ k 1, .v.,p), A is the pxp matrix of
coefficients (agy), and.yij is the column vector (ukij’ k=1,...,p). As shown

by Matalas, if A and B are determined by relationships given in Chapter II of
this report, the first and second moments and first-order autocorrelation
coefficients of flows at each location and all zero-order spatial correlation
coefficients among flows at different locations can be preserved in sequences
generated by this model, However, except in special cases, the above model,
in its present form, does not preserve skewness properties of the historical
record, properties that are quite significant for many streams, especially
for those in the South Atlantic Basins., Previous applications of the model
have relied upon transformations that have made frequency distributions of
transformed flows appear to follow a normal distribution, a well-understood
distribution that is completely specified by its first two moments. The use
of such transformations is not entirely satisfactory on theoretical grounds,
and on practical grounds their use requires considerable computation effort
in a trial and error search for the appropriate transformations. In Chapter
II of this report, the model is extended to preserve third moments to account
for skewness without having to use transformations, and the resulting model

is applied to monthly flows in four streams in North Carolina,
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CHOICE OF SOLUTION INTERVAL

The choice of solution interval, At, is obviously crucial to any simula-
tion analysis. Since flood damages are related to peak flows over relatively
short intervals of time, generally taken as 6 to 24 hours, a solution interval
of one month as used in the example, and as commonly used in the analysis of
water supply reservoirs, would obscure the performance of systems under peak
flood conditions. For many water quality control problems, accepted averaging
intervals are of the order of a week or less. Again, a system simulation
based on monthly averages would tend to obscure system behavior under conditions
of extreme low flows of short duration. In general, the solution interval
should be sufficiently small to detect any state of the system that may exist
during the simulation that has significance in design and decision-making
processes., If a single solution interval is chosen for the simulation of a
multi-purpose system for which output variables are measured by averaging
over intervals that vary from one purpose to another, then the appropriate
choice of interval is the smallest of the several possible values, All
responses measured over longer averaging intervals can then be obtained by
averaging over two or more of the smaller intervals.

However, the choice of a small solution interval, say 24 hours, may lead
to excessive computation time and may generate a large volume of numerical
data on system performance that is irrelevant under less than extreme condi-
tions. Only under extreme conditions of floods or droughts would it be of
interest to simulate system behavior over short intervals of time. One approach
to overcome these difficulties is to simulate system behavior over shorter
time intervals only during those months in which critical flows are realized.
Flow sequences for those intervals can be obtained by superimposing weekly and
daily flows on given monthly flows. A method for accomplishing that task is

the subject of the Chapters III, IV, and V of this report.
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Two problems are raised by following this tact. First, a method must be
found to determine when submonthly flow sequences should be superimposed, and,
second, a technique must be devised to generate patterns‘of either weekly or
daily flows that at least approximately satisfy two conditions: (1) the ‘
average of submonthly sequences must equal the monthly flow, and (2) statistical
properties of interest for submonthly flows in the historical record must be
preserved.

At least two alternative approaches can be taken to the solution of the
first problem. Submonthly flow sequences can be superimposed when the monthly
flow is above or below values at which the probability that the maximum or
minimum submonthly flow falls within a critical region is equal to some
specified lével. The alternative approach is to generate realizations of v
maximum or minimum submonthly flows from which it is possible to determine
directly whether or not critical flows occur. With either approach, it is
necessary to know the probability distributions of maximum and minimum sub-
monthly flows given the monthly flow. In Chapter III of this report proba-
bility distributions for ratios of maximum day-to-monthly flow and minimum
week-to-monthly flow are estimated for the 14 gaging stations listed in
Table I~-2, Distributions of maximum daily and minimum weekly flows can then
be obtained by multiplying those ratios by monthly flows. The choices of
those particular ratios are based on their anticipated use for simulating
water resource systems that include, among other purposes, flood control and
low flow augmentation for water quality control,

In Chapter IV statistical properties of deviations of daily and weekly
flows from monthly flows are examined to determine the structure of models
that can be used to generate submonthly flows, Chapter V is devoted to an

examination of methods for superimposing daily and weekly flows on a given
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Index
No.

O 00 N O L1 BN

=
(=}

11
12

13
14

Site
No.

2071000
2085500
2087500
2093500
2097000
2099500
2102000
2112000
2116500
3451500

1554000
1608500

1638500
2441500

TABLE I-2, LIST OF GAGING SITES AND HISTORICAL RECORDS

FOR DAILY AND WEEKLY ANALYSES

Gaging Site

North Carolina Sites

Dan River at Wentworth

Flat River at Bahama

Neuse River at Clayton

Haw River at Benaja

Haw River at Pittsboro

Deep River at Randleman

Deep River at Moncure

Yadkin River at Wilkesboro
Yadkin River at Yadkin College

French Board River at Asheville

Other Sites

Susquehanna River, Sunbury, Pa.

S. Branch of Potomac River, Spring-
field, W. Va.

Potomac River at Point of Rocks, Md.

Tombigee River at Columbus, Miss.

Drainage
Area Sq. Mi.

1,050
150
1,140
168
1,310
124
1,410
493
2,280
945

18,300

1,470
9,000
4,490

Record Interval
Used in Analysis

10/1940
10/1938
10/1938
10/1938
10/1938
10/1938
10/1938
10/1928
10/1928
10/1938

10/1937

10/1937
10/1937
10/1937

9/1968
9/1968
9/1968
9/1968
9/1968
9/1968
9/1968
9/1958
9/1958
9/1968

9/1967

9/1967
9/1967
9/1967



monthly flow where the time-dependency of those flows are based on results

presented in Chapter IV.
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CHAPTER II

A THIRD-MOMENT MULTIVARIATE MONTHLY FLOW MODEL

The purpose of this chapter is to construct a model for monthly stream-
flow synthesis for several streams that flow through the North Carolina Pied-
mont where they are intemnsively utilized for urban needs, especially water
supply and waste disposal. The basis for the model is a weakly-stationary
multivariate stochastic process that was first discussed in the context of
streamflow synthesis by Matalas.5 It was shown that the model would preserve
first and second moments of historical streamflows, and in special cases it
would preserve probability distributions that were identified as being repre-
sentative of the historical record. However, the model does not in general
preserve higher moments of streamflow distributions, The third moments, a
measure of the skewness of frequency distributions, is especially important
for streams that drain areas of moderate size in the South Atlantic Basins.
Applications to areas where the special cases were not applicable and where
higher moments were important have had to rely on transformations of data
that made relative frequency distributions of the transformed data appear to
have arisen from normal distributions, distributions that are completely
specified by their first two moments. Aside from the fact that such practice
is not defenéible on theoretical grounds, the use of transformations requires
a considerable effort in time and money to conduct a trial and error search
for appropriate transformations. To overcome this difficulty, the first part
of this chapter is devoted to an extension of the multivariate monthly flow
model to include consideration of third moments. The resulting model is then
calibrated to gaging stations on the Yadkin, Deep, Haw, and Neuse Rivers in

North Carolina.

5, N.C. Matalas, "Mathematical Assessment of Synthetic Hydrology," op.cit.
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THE MODEL
The basic model presented by Matalas is based on a multivariate weakly
stationary Markovian process defined by
Bivg = &% * B Uiy (I1-1)
where §i+l and ﬁi are (pxl) matrices whose kth elements are Xk, 141 and Xk, 1s
respectively, where X i+l and X i are events at times i+l and i, respective-
ly, and‘yi+l is a random vector whose elements are mutually independent and

independent of the elements of X;. A and B are (pxp) matrices given by

P

A = M (11-2)
and the solution of
T _ =1yT
BB =M - M Mol (11-3)

where gl and yo are the (pxp) matrices E(§i+1§$) and Eggigi), respectively,
with E denoting the expectation operator. It was shown that the model will
preserve mean values of X as estimated from the historical record, and it

will preserve those second-order moments represented by the matrices My and

M

~l.

Young and Pisano6 subsequently made the model operational under the
assumption that standardized streamflow variates, which they referred to as
residuals, satisfy the weakly stationary assumption, They also presented a
convenient method for solving equation (II-3) for B. Moreau and Pyatt7 have
shown that the same model can be validly applied both to problems in which
more than a single time lag is necessary to describe the process and to
problems in which second-order moments are permitted to vary from one time

interval to the next over an annual time cycle. These same generalizations

6. G.K. Young and W.C. Pisano, "Operational Hydrology Using Residuals,"
Journ., of Hydraulics Division, Amer. Soc. Civil Eng., 94 (HY4), pp.
909~-923, 1968,

7. D.H. Moreau and E.E. Pyatt, "Weekly and Monthly Flows in Synthetic
Hydrology," Water Resources Research, 6, 1 (Feb., 1970), pp. 53-61.
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apply to considerations of third moments as developed in subsequent paragraphs.
For convenience, assume that the model is written for standarized variates

so that each xp; and each component, uypj, of the random vector U; has a mean

of zero and a unit variance. Each element of the vector'§i+l can be written

in expanded form as follows:

X, 141 = jglaijj, + Zlka ja41 (11-4)

Upon cubing both sides of that expression, the following result is obtained:

(%, 5,4)3 = + Z b
kyi+l 3= l kJ ji 4=1 kj Yiit1

p
E g z [(aijji + bkjuji+l) (aerri + bkrUri-]-l)X

j=1 r=1 s=1

(aggXgi + brgUgis1)]
- ¥ 8 B
) j=1 r=1 s=1 kTkrks™§1%ri 1

+ akjakrbksle riYsi+l

+ Ak iPkrike®j1Uri+lXgy

+ byjakplksUyi+1¥ri¥sy (II-5)
bkjbkraksuji+1uri+1xsi

Pk i 2k rPrg i+1¥riY%s 141

211 Pk Phs® 1 rit1YsiHL

T PkgPrePietsi41 i Ysi+l]
Since each random variable Uk y is assumed to be independent of every other
U 4 and every ij’ and since expectations of all of these random variables are
zero, application of the expectation operator to both sides of (II-5) results

in the expression below:
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EGaiep3 =E 5 I B % b3
Mei1)? = E T BT SkgfkrfheXii¥ri¥es T jﬁlbkjE(Uiiﬂ)

which in matrix notation becomes

By 1) = ELGapsapgeeesay,) * X117+ (21, big,enn,b )8 (11-6) .
where E is a (pxl) vector whose elements Bj are E(u?i+l>' Let Yieq be used to
denote E[(akl’akZ""’akp) . zi]’ and let Y be the column vector [E(yii),
E(ygi),...,E(ygi)]. Then if T denotes the column vector (yl,yz,...,yp),
where yka(X£i+l), and if C is the pxp matrix whose elements are the elements
of B raised to the third power, then expression (II-6) can be generalized to
p dimensions in the equation:

I=I+g8

The latter equation can be solved to obtain the third moments for the random
variables Uj,) in terms of third moments for X, matriceslé and B, and the
lagged variables as follows:

e = clar-m) (11-7)
If the data from a set of streamflow gages to which this model is applied
satisfy at least approximately the assumptions made in the derivation of
these results, then by estimating from the data those parameters contained
in the right hand side of (II-7), third moments for the random variables’g
that are required to preserve third moments of the streamflows'g can be
calculated.

A stepwise procedure for obtaining these estimates is as follows: (1)
standardize observations in the historical data set by first subtracting from
each observation the estimated mean flow for that time interval, where mean
flowsare estimated by averaging those flows that occurred during the same
interval of time during each year of the historical record, and second,

dividing the resulting deviations by estimates of standard deviations obtained
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by a method similar to that used to estimate means; (2) estimate Mo and‘yl
by taking appropriate product-moment correlations, and then calculate A and
B using equations (II-2) and (II-3); (3) estimate [ by taking, at each gaging
site, the average over all time intervals of the third power of standardized
variates; (4) estimate Y by first computing values of Yii for each time
interval at each site, and second, taking, at each site, the average over all
time intervals of the third power of the Yiis (4)’Q is obtained by cubing
individual elements of_g; and (5) E can be obtained by substitution of the
above estimates into equation (II-7).

Application of the model given by (II-1) with desired third moment
properties requires the generation of pseudo-random number sequences for each
element of the vector U such that each component comes from a probability
distribution having zero mean, unit variance, and a third moment given by
the corresponding element of E. The first two properties are satisfied by
taking the standardized variate for any probability distribution for which
first and second moments exist. For the case where elements of @ are positive,
two distributions are likely candidates for generating pseudo-random numbers
with given third moments, namely the gamma distribution and the log-normal
distribution. It can be shown that for a gamma distribution with the fre-
quency function

f(x) = r%i)!(kx)r_le"kx for x » 0, A > 0, r = 1,2...

(
the standardized variate has a third moment of 27T, and for those cases where
a non-integral value of r is necessary to yield the appropriate third moment,
Naylor, ggﬂgl.s have suggested a useful technique involving a linear combina-

tion of gamma variates. For the log-normal distribution, it is known that

if w is a normally distributed variable with zero mean and variance 02, then

8. T.H. Naylor, et.al., Computer Simulation Techniques, (N.Y., John Wiley
& Sons, 1968), p. 88.

21




the yafiable v = e¥ has a mean of exp(oz/Z) and a variance of [exp(202) -
expsz)]? and the standardized variable u = (v - uy)/o, has the third moment

exp (362) - 3exp(c2) + 2

Y (I1-8)

u=

[exp(02) ~ 1]3/2
Then, for a specified third moment, equation (II-8) can be solved by methods
" of numerical analysis to obtain the appropriate variance of the underlying

normal distribution from which log-normal variates can be generated,

To test whether or not sequences of numbers generated by thevmodel (I1-1)

yield the same third moments as those estimated from the historical record,
a long generated sequence is required to reduce the inherently large sampling
variability of sample third moments. Some indication of the magnitude of
sampling variation in the third moment of streamflow variates is given by an
examination of sample variation in the third moment of the random component.
.The standard error of the sample third moment of the variable u, given above
as a standardized log-normal variate, is
s,E.(%'igluf) - [elso” - 601007 4 146697 4 got0” | 24e30” _ 9e202 + 27e°2 -
2 .3, 1/2

91 /In(e? - 1)7] (11-9)
where n is the number of observations. Using this expression and (II-8), g2
values of 0.30 and 0.50 yield expected third moments of 2,00 and 2.93,
respectively, while corresponding standard errors for sample moments are
24.7/4T and 64.8/4@. Therefore, a sample size of 1200, corresponding to a
100-year simulation of monthly flows, results in standard errors of 0,71 and
1.87, values which are quite large when compared with expected values. Even

for a sample size of 10,000, the standard errors are 0.25 and 0.65 for the

o2 values of 0,30 and 0.50, respectively.
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RESULTS AND CONCLUSIONS

The multivariate streamflow model as extended in this chapter has been
made operational for monthly flows at four gaging stations located on four
different streams that have their headwaters in the urbanizing Piedmont
region of North Carolina and on which several multipurpose projects have been
and are being constructed. Site 1 is located on the Neuse River at Northside,
N.C.; Site 2 is located on the Haw River at Pittsboro, N.C.; Site 3 is at
Ramseur, N.C. on the Deep River; and Site 4 is located on the Yadkin River at
Yadkin College, N.C. The historical data set utilized to estimate model
parameters consisted of 34 years of observations at each site extending over
water years 1929-1962,

In Tables II-1, II-2, II-~3, and II-4 are shown estimates of means,
standard deviations, and spatial and temporal correlation matrices for both
the historical record and a 100-year simulated record at the four sites.
Those statistics of particular interest in this chapter, third moments of
standardized monthly flows for both the historical and simulated records, are
shown in Table II-5 below.

TABLE II-5. SAMPLE THIRD MOMENTS FOR HISTORICAL AND
100-YEAR SIMULATED RECORDS

Site
Third Moments of: 1 2 3 4
Historical record 1.726 1.514 1.432 1.173
100-year simulated
record 1.244 1.141 1.034 1.010

A comparative examination of statistics for the historical record and
those of the simulated record in the first four tables indicates that means,
standard deviations, and correlation coefficients of the historical records

are well-preserved in the simulated record, deviations being within the

23




TABLE II-1, ESTIMATES OF MEANS OF MONTHLY FLOWS FROM HISTORICAL
AND SIMULATED RECORDS

ap @) qg(P) a4 4 q  q q,  q
Oct. 290 328 776 897 208 236 638 676
Nov. 374 385 876 893 211 211 613 571
Dec. 487 539 1191 1233 322 330 703 688
Jan. 796 772 1899 1973 522 536 833 841
Feb. 1001 984 2333 2317 667 650 932 935
March 910 930 2086 2124 590 603 997 1015
April 849 881 1894 2008 511 525 1001 975
May 402 396 940 984 256 266 783 770
June 285 302 764 839 199 222 679 701
July 372 346 783 712 222 199 640 595
Aug. 376 407 795 789 246 237 696 679
Sept. 303 317 796 788 227 227 592 613

(a) means for historical record in cubic feet per second

(b) means for simulated record in cubic feet per second

24




TABLE 1I-2,

ESTIMATES OF STANDARD DEVIATIONS OF MONTHLY
FLOWS FROM HISTORICAL AND SIMULATED RECORDS

sp@ 5, (®) St S
oct. 446(c) 539 909 1167
Nov. 408 405 835 720
Dec. 400 422 789 751
Jan. 629 486 1462 1245
Feb. 623 543 1268 1136
March 473 512 1076 1181
April 471 445 990 949
May 261 234 536 643
June 233 222 482 492
July 471 462 637 574
Aug. 403 4b4 790 923
Sept. 584 565 1342 1240

S, Sy
276 357
223 195
234 215
381 373
385 352
314 371
269 241
157 185
163 165
162 147
235 267
351 343

(a) standard deviations in cubic feet per second

(b) standard deviations from simulated record in cubie

feet per second
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317 266
287 263
425 446
387 376
325 381
358 312
275 287
264 235
301 279
684 796
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TABLE II-3. SPATIAL CORRELATION MATRICES, My, FOR
MONTHLY FLOWS FROM HISTORICAL AND
SIMULATED RECORDS

Site
Site 1 2 3 4
1 1 .88(.87)2 80(.80) .56(.58
2 1 .93(.94) .66(,67)
3 1 .63(.66)
4 ‘ 1

(a) estimate from historical record at left with estimate from simulated
record in parenthesis

TABLE II-4. ONE LAG CORRELATION MATRICES, My, FOR
MONTHLY FLOWS FROM HISTORICAL AND
SIMULATED RECORDS

Site

Site 1 2 3 4
1 .27(.26)2 .21(.22) .20(.17) .19(.22)
2 .22(.21) .21(.21) .18(.17) .21 (.22)
3 .16(.20) .15(.19) .14(.16) .15(.21)

4 024(.22) .26(.23) «23(.19) «43(.45)

(a) estimate from historical record at left with estimate from simulated
record in parenthesis.
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limits of sampling variability. In Table II-5 the differences between third
moments of the two records are sufficiently small when compared to standard
errors of sample third moments of the error term to conclude that the model

at least yields acceptable approximations to third moment properties. Some
insight into the magnitude of sampling errors inherent in such estimates can
be obtained by computing the standard errors given by expression (II-9).

Those values range from 35vto 80 percent of expected values while the observed
deviations for sample third moments of flows are less than 30 percent of
expected values.

To study the behavior of third moments of simulated records generated by
this model under longer periods of record where sampling variability is
reduced, flows at the four gaging stations were generated for 10,000 monthly
intervals. Third moments from this data set were calculated to be 1,66,
1.45, 1,3 , and 1.12 as compared with values 1.73, 1.51, 1.43, and 1.17 from
the historical record. Deviations of third moments in this sample from those
of the historical record were less than five percent of the historical
estimates and are easily attributable to sampling variations. This evidence

justifies the conclusion that the model does in fact preserve third moments.
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CHAPTER III
PROBABILITIES FOR AND GENERATION OF EXTREME
EVENTS OF SUBMONTH DURATION

The behavior of water resource systems under extreme hydrologic events
having a duration of less than one month is masked by digital computer
simulation analyses for which monthly averaging intervals have been selected,
However, the adoption of smaller averaging intervals leads to several diffi-
culties, First, relatively simple mathematical models for monthly flows are
well established in the literature and have been applied with considerable
success to a large number of streams while more complex models are required
for daily and weekly flows, and the structure of such models tends to vary from
one locale to another. More extensive testing of alternative models is
required in the latter case. Second, if weekly or daily averaging intervals
are selected, computation time is increased four- to thirty-fold that of
monthly flow simulation. Third, weekly and daily averaging intervals in-
crease data storage and management problems considerably. Finally, for
that large portion of time in which extreme events within a month have little
economic or physical consequences, monthly average flows are sufficient to
represent systems behavior and simulation over smaller intervals of time
generates extraneous detail.

An approach is suggested in this study to overcome these difficulties,
namely that the simulation of water resource systems can proceed using monthly
averaging intervals except during those months in which either the probability
of a critical submonthly flow is sufficiently large or generated realizations
of maximum and minimum submonthly flows fall within ranges of either flood or
drought flows. During those months, patterns of daily and weekly flows can

be superimposed on the given monthly flow, and the system can be simulated
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over the shorter time intervals., With either of the two criteria mentioned
above for deciding when to superimpose submonthly flows, it is necessary to
know probability distributions for maximum and minimum submonthly flow given
the monthly flow, In this chapter, probability distributions for ratios of
maximum daily-to~monthly flow and of minimum weekly-to-monthly flow are
estimated for selected gages. Under the assumption that these ratios are
independent of monthly flow levels, probability densities for maximum daily
and minimum weekly flows can be obtained by multiplying the ratios by given
monthly flows. It is thus possible to determine that value of monthly flow,
qp, at which the probability of maximum daily flow being in the range of
flood flows is a specified level., Similarly, values of monthly flow, qp, can
be determined at which the probability of minimum weekly flows being in the
range of drought flows is a specified level. The first criteria for super-
position states that daily flows should be used when monthly flows exceed gy,
weekly flows should be used when monthly flows are less than q;, and monthly
flows are to be used otherwise, While this study 1s based on monthly intervals
for average conditions, daily intervals for high flows, and weekly intervals
for low flows, the principle is obviously applicable to other combinations of
averaging intervals.

The probability distributions for ratios can also be used to generate
realizations of maximum daily and minimum weekly flows as shown in a later
section of this chapter.  These realizations indicate whether or not simulation

over shorter intervals of time is necessary.

DISTRIBUTION FUNCTIONS FOR RATIOS
Let a monthly time interval be divided into K subintervals each of

width At, and let {qi; i=1,2,...,K} represent a time-ordered sequence of
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streamflow averages over each of the subintervals. Then, if q represents
streamflow averaged over the monthly interval, ratiocs of maximum and minimum

subinterval flow to average monthly flow are given by:

= max qi
Rh i=192,co,K{"‘} ’ L 'E'Rh f"'K and

- min q4
Ry, i=l’2"°’K{—q—} s 0<Ryp <1

These ratios can be assumed to be random variables having some probability
distribution that is unknown but for which samples are available from the
historical record. Sample values for these ratios then provide a basis for
estimating cumulative probability or distribution functions, Fh(rh) and

Fz(rz), for the random variables Rh and Rz; i.e.

Fp(rp) = Prob {Ry f_rh} , O :_Fh(rh) <1 and

Fo(ry) = Prob {Rz

A

rz} , 0< Fz(rz) <1
where ry and ry are specified values of the random variables Ry and Ry
respectively.

These distributions can be used to make probability statements about
within-month extreme values that are averaged over some one of the subinter-
vals of width At when the average value over all subintervals is known or is

given by a model for monthly flows. The statement

Prob {i=],5,... Klay)s a} = o
is equivalent to the statement
Prob {Ry < rpt = e
where ry is the value q/q or q = rhﬁ. Similar stateﬁents hold for minimum
submonthly flows. As discussed later in this chapter, these relationships

can be used to generate extreme events within a month when the average flow

for that month is known.
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Estimates for either of the functions Fh(rh) or Fz(rz) can be made using
methods of empirical frequency analysis., Consider that a set of time-ordered
ratios, either maximum or minimum is available from a streamflow gaging record.
Denote that sequence of ratios as {rij; i=1,2,...,m; j=1,2,...,12} where m is
the number of years in the historical record. Let n be the total number of
ratios in the sequence (if the historical record is an integral number of
years, then n = 12m). This time-ordered sequence of ratios can be rank-
ordered or rearranged according to increasing magnitude. Let this new
sequence be denoted {r(i); i=1,2,...,n} where r(i) is the ith smallest ratio
in the sequence {rij}, i.e., r) <« £(2) < il < r(n), By using one of the
several methéds summarized by Chow,9 ordinates or '"plotting positions," Pis
can be assigned to each of the elements in the sequence so that the paired
elements {(r(i), Py, 1= 1,2,...,n} are sample points for the distribution
function F(r). One of the most widely used of the plotting position formulas

is the Weibull formula where 1] is given by

P @D
As an example, consider the following sequence of 24 peak daily-to-
monthly average ratios for each month of a two year period:
{rij; i=1,2; j=1,2,...,22} = {4.9, 2.7, 1.9, 5.1, 4.5, 5.5, 1.2, 3.5, 6.0,
4,7, 3.7, 1.8, 2.3, 1,7, 6.4, 3.6, 5.0, 5.2,
1.6, 3.3, 2.8, 4.2, 3.1, 4.6}
Then, the set of sample points for the distribution function F(r) is given
by the sequence {(r(i), i/25) i=1,2,...,24} as shown in Figure III-1,
Several different testable hypotheses can be made with respect to the

origin of samples taken from on historical record of streamflows. First, if

9. Ven Te Chow, (ed.), Handbook of Applied Hydrology, (N.Y., McGraw-Hill
Book Co., 1964), p. 8-29.

31




o

O o

|

than stated value

less

Q N N &

Probability that rp is equal to or

T 1 l | I T =
o
- (rczq).pzq):/ii;f- -
.
" .7/ -
I / _
/.
L (/ . -
_ % _
i / _
! S ]
e
- ‘. // -
- e i
l/uééir(l),pl) 1 1 1 !

L
2 3 4
Ratio of peak daily-to-monthly average flow, r,

FIGURE I1I-1. Empirical Cumulative Frequency Function
of the Ratio of Peak Daily-to-Monthly Average Flow

) (r(j+ ) D.s)
28 'F 542
IS
5
o2’ (o-p )2
= - . }+a - .
30 r=apgt+a(p pJ) 2{p-Py
)
Y j-1)
ao s 'Pj-l)
>0 D
el )
> Pj.2
o35
< o0 *
2 ¢ L
o ©
Cowoe |
Oy ooed O

Peak-to-average or minimum-to-average ratio,r

FIGURE I1I-2. Inverse Interpolation on Sample
Frequency Function

32




it is assumed that distributions for the ratios are identical for each month
of the year and for the entire range of monthly averages, q, then all of the
ratios {rij; i=1,2,...,m; 3=1,2,...,12} can be assumed to samples from a

single distribution. If there is reason to believe that significant differences
exist between estimated distributions for different months of the year and

that these differences would have substantial physical or economic implications
on system outputs, then separate distributions for different months or groups

of months can be estimated from the historical record by using sequences of
ratios given by {rij; i=1,2,...,m} where j ranges only over those months for
which identical distributions are hypothesized. Similarly, if there is evidence
that different distributions are required to describe the behavior of these
ratios under different ranges of monthly flow, then different distributions
could be estimated for those different ranges of monthly flows. Hypotheses
stating that any two distributions estimated from two different sets of ratios
are the same are subject to a formal statistical test, namely the Kolmogorov-
Smirnov two-sample test.lO Less formal methods could be employed to investi-
gate the impact on simulated system outputs of using more than one distribution
function for ratios; one approach is simply to compare simulated results using
the two different hypotheses, The approach taken in this work is to assume

that all ratios for peak daily-to-monthly average flows at a given location

come from one set of identical distributions and minimum week-to-monthly aver-

age flows at that gage come from a different set of identical distributions.

Estimates of these distributions for nine selected gaging sites are given

in two series of figures in the appendix to this report. The selected gages,

10. Sidney Siegel, Nonparametric Statistics, (N.Y., McGraw-Hill Book Co.,
1956), pp. 128-136.
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representing five major North Carolina streams and four other streams in the
East and Southeast, are those gages having Index Numbers 1,3,5,9,10,11,12,13
and 14 listed in Table I-2 where periods of historical record are also shown.
Figures A-1 through A-9 are estimates of cumulative frequency or distribution
functions for maximum day-to-monthly average flows while Figures A-10 through
A-18 are estimates of distribution functions for the ratio of minimum week-to-

monthly average flow.

GENERATION OF EXTREME EVENTS

To obtain pseudo-random observations on maximum daily flow qpay =
max(ql,qz,...,qK) when the monthly average flow is known, it is sufficient
to generate a pseudo-random observation on the ratio Ry and multiply that
ratio by the average monthly flow; i.e. qpax = rhal Pseudo~random observa-
tions on Rh can be generated using the so-called inverse-transform methodll
which is based on the following principle. It is known that the cumulative
distribution function for any continuous probability distribution F(r) is
itself a random variable having a uniform probability law over the interval
(0,1). Call this variable P; i.e, P=F(r). Therefore, to generate observa-
tions on r it is possible to gemerate an observation on P, say p, from one
of the several commonly available methods and programs for uniformly distri-
buted random variables, and fhe corresponding value of r can be found by
r = F—l(p) where F~L indicates the inverse transform of F; i.e. r is that
value for which F(r) = p. Although in this study only sample values of the
function F are known, and consequently the exact analytical form of the

inverse function is unknown, it is possible to obtain pseudo-random observa-

tions on the variable r by inverse inerpolation on the sample values of r and p.

11, T.H. Naylor, et.al., Computer Simulation Techniques, (N.Y., John Wiley
& Sons, 1968), p. 70.
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One technique for this process is as follows. For a given realization
of the random variable P, say p, which is obtained from a uniform random
number generator, the problem is to find the value r such that F(r) = p. By
using the method of least-squares, a smooth continuous curve for the distri-
bution function can be obtained by fitting a polynomial through neighboring
sample points for the distribution function as shown in Figure III-2. ‘The
choice of polynomial is quite arbitrary; a third degree polynomial fitted to
five adjacent sample points is chosen for purposes of illustration. For that
curve, the ratio r is given by:

r=a;+ al(p—pj) + a, (p—pj)2 (II1-1)
where pj is the plotting position of the sequence {(r(i), pi); i=1,2,...,0}
that is nearest to the given value of p, and the coefficients ag, a;, and a,

are given by:

ag = (=362 4 12:G-D 4 170 () 4+ 120 G¥D) = 3, (42535 (IT1-2)
a = (-2r3-2) + (-1 +  rG¥D) 4 2:G*2)y/104 (III-3)
a, = Qr(3=e) - G0 4 L@ o pGHD) 4o G2y 1442 (11I-4)

when r(j) is the ratio corresponding to Py and d is the plotting interval
1/ (n+l).

In summary, extreme events of less duration than a month can be generated
from monthly average flow by generating pseudo-random observations from esti-
mated distribution functions for ratios of peak—-to-average or minimum~to-
average flows and multiplying these ratios by monthly average flows. The
pseudo-random observation for ratios can be obtained by first generating
uniformly distributed variates on the interval (0,1) and then finding corre-
sponding ratios by inverse interpolation on the distribution function using

the method of least squares. Extreme events generated in this manner indicate
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when simulation over time intervals of less than a month is necessary. When
such simulations are necessary, mathematical models discussed in Chapters IV

and V can be used to superimpose submonthly variations in flow on monthly

averages.,
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CHAPTER IV

MODELS FOR DAILY AND WEEKLY DEVIATIONS

The final task of this study, that of devising a scheme to superimpose
within-month variations of streamflow on‘monthly average flows, is predicated
on the assumption that a model exists to express probabilistic relationships
among daily and weekly streamflows and between these flows and their averages
over a month, While numerous mathematical forms are available as candidate
models, this chapter 1s focused on the identification and calibration of
specific models from one class of mathematical constructs that may be taken
to represent selected streams in North Carolina and elsewhere in the eastern

and southeastern regions of the U.S.

THE MODEL

The usual approach taken in the analysis of time series data is to
postulate that the series is produced by the additive effect of two or more
components representing a trend, an oscillatory effect, a seasonal effect,
and a random or irregular effect. Analysis of such data generally proceeds
by estimating systematic variations in the data and subtracting these estimates
from the data. The residual series is then assumed to be generated by some
probabilistic on stochastic process for which parameters of the process do
not change over time, but from which many different sequences of observations
are possible, the historical sequence being only one.

The model postulated in this study is of the form

dije = Qij + djt + eijt (Iv-1)

where qijt represents flow over subinterval t in month j of the ith year of

either the observed record or of a generated record, Qij is the average

monthly flow in month j of the ith year, djt is the average deviation of flow
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in subinterval t from the mean flow in month j, and eijt 1is the random
component. Subscript t takes on integer values from i to K, the number of
subintervals within a month; j ranges from 1 to 12; and i assume integer
values from i to m, the number years of record.

Systematic variation in the series can be represented by simple averages
for each month and for each subinterval within each month. The deviation

term in IV-1, djt’ is estimated by

d

m
it iEl(qijt - Qij)/m or

dyp = 43¢ =~ Q5 (Iv-2)

where E.-t is the mean flow in subinterval t of month j, and Ef is the mean

J 3

monthly flow in month j., Observations on the random component can be obtained
by subtraction; i.e.

e13t = 914¢ ~ U3 T d5¢ (Iv-3)

By simple averaging of this expression over the years of record (summing over

the subscript i) it may be noted that e is zero for all values of j and t

Jt
so that the mean value of eijt remains constant over time. To insure that
the analysis will proceed with a series that also has constant variance, the

series of eijt's can be transformed to a series of standardized Xi4t given by

X149t = €13¢/55¢

where Sjt is the estimated standard deviation of eijt for month j and sub-

interval t; i.e.

L
I efy¢/ (m-1) (1IV-5)

Ss =
it 32

The resulting series of standardized variates can be assumed to arise from a

single stochastic process {Xt; t=1,2,...,12mk} where the mean of X, is zero

and the variance of X, is unity.
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A widely applicable class of models to describe such series is the so-
called autoregressive process which takes the following form:
Xt = "‘I‘Xt_l - (IZXt_Z = eee — ahxt_h + ut

h

or I a
p=0

pXt—p = u; (do=1 (Iv=-6)
where h is the order of the series and u, is a random error term., The auto-
regressive series derives its name from the analogous multivariate regression
model for relationships among several variables where the time-order of
observations is unimportant. Here, the variable X, is regressed upon itself
in preceeding time periods. To adapt the model to specific locatioms,
observations on the series must be used to determine both the order of the
series, h, and the set of coefficients (CCl,CCZ,...,CCh). These two tasks
can be accomplished simultaneously using the following methods.
Autoregressive processes satisfy the following system of linear equatioms,

referred to as the Yule-Walker equations:12

@, + ey + Tgep + oee + Q

nPn-1 ~P1

Qyo, + Topy + Ty + wun + ooy 5 = Py (1V-7)

Qiopeg ¥ Tpppog ¥ Agepg F e v T = -0y

where pp is the autocorrelation, coefficient of lag p and can be estimated by

12mk
p =

p t£p+lxtxt_p/(12mk—p) (Iv~-8)

For the special case of the Markov series, where h=1, the coefficient a,,

12, M.G. Kendall and A. Stuart, The Advanced Theory of Statistics, Vol. 3,
(N.Y., Hafner Publ. Co., 1966), p. 417.

39




is equal to Py For higher—order processes (h>1) the system of equations
(IV=7) can be represented in matrix form by

Brd =G (19-9)
where By is the hxh matrix *

(1

S L

pl p2 LY ph_l\

LECIC IR A B I LR B S B S S A O A IR N I )

L~oh_1 Php Ph-3 ++= 1
A is the column matrix ( &y, Ap,..., crh), and G is the column matrix
(-pl,—pz,...,—ph). After estimating the elements of By and G, using (IV-8),
the coefficients can be obtained by solving (IV-9); i.e.

a=z'g (1V-10) -
Kendall and Stuart13 point out that these estimates are the same as maximum
likelihood estimates for normal variation, and, that for large sample sizes,
it has been shown that these estimates are equivalent to those of least~
squares regression analysis.

The goodness-of-fit for models of increasing order can be measured by

the multiple correlation coefficient, and, as suggested by Jenkins and Watt,14
the appropriate order of the series can be determined when the multiple
correlation coefficient ceases to increase significantly as the order increases.
Using the equivalence between estimates from the Yule-Walker equations and
those of ordinary regression analysis, multiple coefficients for successively

higher order models can be estimated from

1/2

ry = (1 - |By1/1B, D) for h>1 (Iv-11) .

13. Ibid., p. 476.

14. G.M. Jenkins and D.W. Watt, Spectral Analysis and Its Applications, (San
Francisco, Holden-Day, Inc., 1968), p. 477.
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where |Bh| represents the determipant of the matrix B,. Again for the
special case of h=1, Ti=pq.
In summary, then, the data analysis consists of:
(1) estimating the djz using expression (IV-2)
(2) calculating observations on the random component, ei3t
(3) standardizing the latter series by dividing the eijt by their

standard deviations, S;., as estimated by (IV-3), and

3

(4) recursively estimating the coefficients (Q, CCZ, vees O:h) and
multiple correlation coefficient ry, as h increases from 1 to
some arbitrary order beyond which little contribution to the
multiple correlation coefficient can be expected. This latter
task ié accomplished by estimating autocorrelation coefficients
using (IV-8), substituting these results into expression (IV-9),
solving the system of equation as in (IV-10) for the regression

coefficients, and evaluating the multiple correlation coeffi-~

cients using (IV-11).

RESULTS

This analysis has been applied to daily and weekly flows for each of the
gaging stations identified in Table I-2. Systematic variation in monthly and
daily flows, average deviations of daily flows from monthly flows, and
standard deviations of the daily flows for each of those fourteen stations
are shown in Figures A-19 through A-32 in the appendix to this report.
Similar statistics for weekly and monthly flows are shown in Figures A-33
through A-46. Regression coefficients and multiple correlation coefficients
for autoregressive models of orders one to five for standardized random
components in daily and weekly models are given in Tables A-1 through A-14 of

the appendix.
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For daily flow patterns, Figures A-19 through A-32 exhibit large varia-
tions in main values and standard deviations from one daily interval to the
next., These variations may be attributed to variability inherent in any
statistical sampling program. However, because of the intuitively appealing
notion that underlying natural processes which gave rise to these statistics
follow within-year transitions which, if sampled over a long period of time,
could be described by smooth curves, these raw estimates should be smoothed
by filtering them with a moving average or other weighting process as in
other time series analyses, Otherwise, synthesized flow records will contain
sampling variation about parameter estimates which themselves contain large
sampling variations, and whi:e this condition cannot be eliminated completely,
it can be reduced considerably by smoothing. For the North Carolina streams,
the large variations in late summer are caused principally by hurricanes,
processes which should be modelled as separate phenomena.

Results given in Tables A-1 through A-14 indicate that for the daily
flow model given by expression (IV-1l), the random component is described by
a one-lag autoregressive, or Markov, process. For the 14 gages included
within the study, the correlation coefficient for the one-lag models ranged
between 0.5 and 0.9 with multiple-lag models contribufing every small

increases to multiple correlation coefficients.

For weekly flow patterns, Figures A-33 through A-46 exhibit variations
in statistics that, although less severe than in Figures A-19 through A-32,
are similar to those for daily flows., Again, smoothing of these estimates
is recommended. Results given in Tables A-1 through A-14 indicate that
random components for the weekly flow models can be modelled as independent
random variables. While these autoregressive models have significant

increases, some of that dependence is attributable to the fact that every
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fourth observation in the series is completely determined by the proceeding
three observations, a condition that is shown in Chapter V. In any case, the
correlations are not large.

As a result of these analyses, a Markov process is adopted for the
random component in daily flow models, and independent random variables are

adopted for the random component in weekly flow models.
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CHAPTER V

SUPERPOSITION

Using the model postulated in Chapter IV, the problem of superimposing
within-monthly variability on given monthly flows reduces to a problem of
generating sample sequences for the random component in that model, However,
these sequences must be generated subject to certain side conditions. As
shown in this chapter, sample sequences must sum to zero if averages of sub-
monthly flows are to equal given monthly flows. Furthermore, if maximum or
minimum submonthly flows are exogenously generated using methods of Chapter
ITI, then generated sequences should pass through those points. But, because
random sequences cannot be made to satisfy these conditions apriori, adjust-
ments to generated sequences are required. Any such adjustments are likely
to introduce distortions into statistical properties of the original model,
distortions, which if they can be shown to be sufficiently small, can be
neglected.

In the first section of this chapter, a technique is examined for adjust-
ing sequences of random components in daily and weekly flow models so that
these sequences sum to zero. For daily flows, the random component is

assumed to be given by a Markov process while for weekly flows, the random

component is assumed to arise from a sequence of independent random variables,

approximations that are based in results given in Chapter IV. The extent to
which properties of the original model are distorted is examined, The latter
section of this chapter discussed the problem of selecting sequences that

pass through generated extreme values.
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SEQUENCES WITH ZERO SUM
For the model given by expression (IV-1),

+

Aige = Qg * d5e F egye

averaging over all subintervals, t, within month j of year i, yields the

results
_ 1 k 1
Qs = Q5 * % 24 T T Ciie or
: o
. g d.
& F

But, by averaging both sides of equation (IV-2), it can be shown that Zdjt

is zero, and hence, the condition results that the sum of random components,

eijt’ over all subintervals within a given month must be zero. For conveni-

ence in subsequent discussions, subscripts i and j will be dropped and it *
will be understood that all variables refer to some given month of the

synthetic record for which the monthly flow has been previously generated.

The condition that must be satisfied can then be stated as

k
t=1

Using the transformation (IV-4) that standarizes e_ and assuming that the

t
standard deviation of e, is constant throughout the month, the above expression
is equivalent to

k

rx =20

t=1 ¢
where the {xt,t=l,2,...,k} are standardized variates (zero mean and unit
variance)., The problem is to generate a sequence of {xt,t=l,2,...,k} from
which the sequence {et=sxt;t=l,2,...,k} can be constructed (s is the standard
deviation of et) such that conditions (V-2) is satisfied.

One approximate method for solving this problem is to generate a sequence .

of X, using a Markov structure in the model for daily flows and an independent
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random variable structure in the model for weekly flows. This sequence can

then be summed to a value A where

k
A= tglxt’
and an adjusted sequence given by
1. - -
X (xt A/k)/ct (v-3)

can be constructed which (1) satisfies condition (V-2), (2) maintains zero

1

means for X, and (3) maintains unit variance for X%. In the above expression

Oy is the standard deviation of the adjusted variate (x. - A/k). The only

difference that arises between the sequence {x.} and the adjusted sequence
{x:tl:‘} is in their correlation structures. These differences are examined
below.

For the case where x, is generated by a Markov process

t

x, = &% + ue (V-4)

the correlation between x¢ and x,_; is p=Q, the correlation between x; and

Xpop 18 aP, and the variance of u, is (l-dz). Then, if xy 1s given,

-Pp

X1 = C[x0+ul

_ 2
xz—axl +u2 CLXO+CI,ul+u2

xg = AXy + uqg CC3XO + CC2ul + G’.‘u2 + ugy

t Lo t-1
Xp = Ax g + U = ATy + iglcc uy (V-5)

The sum A is then given by

Kk ko, kot i
A= Ix =x1 + I ru,at? or
t=1 t=1 t=lj=l J
k
A= Co%p ¥ (E1Ccte
K+l kot g1
where C0 = [1-(1~C Y/ (1-a@)] and Cp = '21(13 . Using the expression for
= ~

the variance of a linear combination of independent random variables, the

variance of A is:
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_ 2 2, K 2
var(A) = Cy + 1-a¢©) tZ1 Cie V-6)

The variance of (xt—A/k) is given by o

ci = var(xt) + var(A)/k2 - 2Cov(xt,A)/k

where the co-variance of X. and 4, Cov(xt,A), is
k k k

Ixd= IE(xx)= IQ it=Jr, (V-7)

Cov(x, ,A) = E{x.,A] = E[x
t? t t 4=1 j=1 t] j=1

E is the expectation operator. Thus,

k -
o = 1 + Var(a)/k? - 210 1t=31 /x (V-8)
where Var(A) is given by expression (V-6).

The serial correlation coefficient between X% and X%—l is given by:

1_ _ 1
o7 = Cov[(x=A/k) /oy, (x _;-A/k)/oy_4] " Sorg El (xg~A/k) (x.~A/K)] = .
—&-Fl;—l— [EGegxe ;) = EGeA) = & Exe_18) + 5y B(a2)] ,

The first term within the brackets is d, the second and third terms are
given by expression (V-7), and the last term is simply Var(A)/kz. Thus the

serial correlation coefficient between adjusted variates is

‘pl =[x - Cov(A,xt)/k - Cov(A,xt)/k - Cov(A,xt_l)/k + Var(A)/kz]/
Ot0,_1s (V-9)
a function of (€ and.the time interval t. Over the range of @ from 0.5 to
0.9 as found in Chapter IV, the value of pl deviates from the serial correla-
tion coefficient p=Q by .06 to 0.13 or by approximately 11 to 13 per cent.
If that distortion is considered to be neglible, then this process offers a
method for generating random components in the daily flow model given by .
expression IV-2,
In summary, the process .consists of:

(1) generating k(k ~30) observations {x;,t=1,2,...,k} from a Markov
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(IV-4) where the initial value X is generated from a distribu-
tion having zero mean and unit variance,

(2) summing that sequence to get A,

(3) adjusting the sequence according to expression (V-3) where o
is given by (V-8).

(4) multiplying each element in the adjusted sequence by the
standard deviation S to get the sequence of adjusted observa-

tions on the random component,{et = gx, ,t=1,2,...,k} and,

£
(5) adding these observations to the sum of the monthly flow and
the average daily deviation from monthly flow, as in (IV-1) to
get a sequence of daily flows.

A similar analysis can be made for the case of weekly flows where the
random component in the model (IV-1) is assumed to be generated by a sequence
of independent random variables,

In this case A = Xy +x, + x5+ Xy The variance of A = 4, and the
variance of (xt—A/4) is

oi = Var(xt) + Var(a)/16 - 2 Cov(xt,A)/4

where the covariance of X, and A is

4
E(xtA) = t;lE(xtxi) =1

so that 02 = 3/4 or Oy = ¥3/2. The serial correlation coefficient of adjusted

t

variates is
ol = Covi2(x-A/8) /3, 2(x,_,-A/&)W3] = %E(xt-A/4)<xt_l—A/4) =

SIEGx TE(x) - FE(xp_1A) + E(42)/16] = -1/3.

t¥e-1)
While this built-in correlation of (-~1/3) shows significant distortion from

the model that assumes independence (p=0), it compares more favorably with
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empirical results found in Chapter IV where most of the weekly models had
serial correlation coefficients of approximately -0.1l. 1In any case, none of
these correlations are large and therefore they can be considered to be
neglible,
The superposition process for weekly flows can then be summarized as

follows:

(1) generate four observations on independent random variables each

having zero mean and unit variance,
(2) construct adjusted observations according to the following

relationship,

=

= 2[xy - (xptxytxgtx,)/41/¥3, t=1,2,3,4,

(3) multiply each of the Xy by the standard deviation of the random
component to get the sequence {et = sx%, t=1,2,3,4}. These
random components can then be added to sum of the monthly flow
and the average deviation of weekly flows from monthly flows,
as in (IV-1) to get sequence of weekly flows.

Further precision can be brought to the analysis if observations on the
standardized variates as computed from the historical record are used to
identify probability distributions from which those observations could have
arisen. The above analysis requires only that the variates be generated from
some distribution for which the first two moments, the mean and variance, are
specified to be zero and one, respectively, Any distribution for which the
first two moments exist can be used as a basis for generating such variates,
the normal distribution being the most common., If other distributions give
a better description of observations from the historical record, they can be

used to generate new observations,




For the first strategy considered in Chapter I, namely that of super-
imposing a sequence of within-month flows when the monthly flow is such that
the probability that the extreme event is greater than or less than critical
values is some specifiéd level, the above process describes a method for
superimposing such flows. In that case the only side condition that gener-
ated sequences must satisfy is that deviations sum to zero. In the second
strategy where the actual value of an extreme event is generated and it is
greater than or less than critical values, then the sequence must satisfy a
second side condition; the sequence must yield the same extreme value as that

previously generated by the process described in Chapter III,

SEQUENCES PASSING THROUGH GIVEN EXTREMES

Obviously one way to generate sequences that satisfy the latter condi-
tion is to multiply a zero sum sequence of deviations by the ratio of a
maximum deviation given by methods of Chapter III to the maximum deviation of
the zero sum sequence. However, this approach would appear, without further
analysis, to introduce considerable distortions in the statistical properties
of resulting sequences,

As an alternative it proposed that a number of zero sum sequences be
generated according to methods discussed earlier in this chapter. The result-
ing maximum deviations of submonthly flows from monthly flows in these
sequences can then be rank-ordered and tabled together with those integer
values which when entered as arguments for the pseudo-random number generator
give rise to those deviations. Then, during those months in which maximum
or minimum submonthly flows as generated by the method given in Chapter III
lie within critical ranges of flow, it is only necessary to locate in the

tables a maximum deviation of magnitude similar to the difference in the
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given monthly flow and the generated maximum or minimum submonthly flow and
recreate the sequence having that maximum deviation by entering the corre-~
sponding integer value or ''trigger'" in the random number generator.

While this approach may at first sight appear to be equally as time
consuming as simulation over all submonthly time intervals, it should be
noted that computation time required to synthesize zero sum sequences on
third generation computers is quite small when compared with computational
times and storage requirements to obtain and store results of system simula-

tion over daily time intervals.
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FIGURE A=1 . CUMULATIVE FREQUENCY FUNCTION FOR RATIQO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:
DAN RIVER at WENTWORTH, N. C.
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FIGURE A-2 . CUMULAT{VE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:
’ NEUSE RIVER at CLAYTON, N. C.
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FIGURE A-3. CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:

HAW RIVER at PITTSBORO, N. C.
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FIGURE A-4 . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:
YADKIN RIVER at YADKIN COLLEGE, N. C.
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FIGURE A-5 . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:

FRENCH BROAD RIVER at ASHEVILLE, N. C.
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CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:
SUSQUEHANNA RIVER at SANBURY, PA.
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FIGURE A-7 . CUMULATIVE FREQUENCY FUNCTION FOR RAT{O OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:
S. BRANCH OF POTOMAC RIVER at SPRINGFIELD, W.VA.
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POTOMAC RIVER at POINT of ROCKS, MD,
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CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE:
TOMBIGBEE RIVER at COLUMBUS, MISS,
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CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MIN{MUM WEEKLY FLOW TO MONTHLY AVERAGE:
DAN RIVER at WENTWORTH, N. C.
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FIGURE A-T1. CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MINIMUM WEEKLY FLOW TO MONTHLY AVERAGE:
NEUSE RIVER at CLAYTON, N. C.
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FIGURE A-12, CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MINIMUM WEEKLY FLOW TO MONTHLY AVERAGE:
HAW RIVER at PITTSBORO, N, C.
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FIGURE A-13. CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MINtMUM WEEKLY FLOW TO MONTHLY AVERAGE:
YADKIN RIVER at YADKIN COLLEGE, N. C.
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CUMULATIVE FREQUENCY FUNCTION FOR RATI0 OF MIN{MUM WEEKLY FLOW TO MONTHLY AVERAGE:
FRENCH BROAD RIVER at ASHEVILLE, N. C.




PERCENT OF TIME RATIO 15 EQUAL TO OR LESS THAN STATED VALUE

20

100

90

80

70 4

60 1

50 1

40

30 1

FIGURE

T t T t t t T - 1

2 .3 R .5 6 .7 .8 9

Ratio of Minimum Weekly Flow to Monthly Average

A-15 CUMULATIVE FREQUENCY FUNCTION FOR RAT10 OF MINIMUM WEEKLY FLOW TO MONTHLY AVERAGE:
SUSQUEHANNA RIVER at SANBURY, PA.
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CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MINIMUM WEEKLY FLOW TO MONTHLY AVERAGE:
S. BRANCH OF POTOMAC RIVER at SPRINGFIELD, W.VA.
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FIGURE A-17 . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MINIMUM WEEKLY FLOW TO MONTHLY AVERAGE:

+

POTOMAC RIVER at POINT of ROCKS, MD.
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FIGURE A=18 . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MINIMUM WEEKLY FLOW TO MONTHLY AVERAGE :
TOMBIGBEE RIVER at COLUMBUS, Miss,




D H CHINOMINGA Ly 9dR18 WG i
1SAQTS AHLNOM BV ATIVE w04 SIEISIAVLS 031I31IS ° 61-v wn9l4

1es) 3ien o Aeq

“89¢ "9s2 “whe “efe ‘52 “Lee 561 "EBT iy 651 TLhl “hEl “eal oLy 196 6788 B EL [ 5] S'6k bLE £°52 (321 0071 _M
by 3 J{——l \{hl'\—‘|‘_‘ i | { i i i i i SO S— —— 1 i J ] 1 Y
o Aezv 2 T R N 77 T UL NE7d l Aop T 250

i
|

D-;“ WA A 4 ‘ LN

Y ARV <<_

10be

=

1500

4 E%
V]

-7
=
q?

<\5 v |
| o £
8=
& @
g .
&7
LS 2
S
o i
SHPRIAY ATHING WOBA SKOLL ATIV 40 NOLLVIAZD NYH 5 :
HOT ATIVO 40 501 ] !
HOVS ATHENOH NVAW 2
a
B3

1500




Tubic Feet per Second

A x + L]
g
b~ |
z
2
4
g
g
MEAN MONTHLY FLOW
51 MEAN DRILY FLOR
m STANDARD DEVIATICK OF DAILY FLOW
MEAN DEVIATION OF DAILY FLONS FROM MONTHLY AVERAGES
4
]
g
-
2
A
g8
< \d
1 A < 2
g CG v L
A
\WVA /ALY N\ ' A \ = - " TN
ocT HNov I Dpec JAan 3 ARy QORI i - &Sé\. _S\EM . . ,\S.w\ ) \m«\n , - SePr
- 1 Ay 1 —tt— T T 1 1 e P W W
3 _— 0 _—u 1 IMm 3 _m.~ 4 ".w s _mu 7 _qu k] _nm 3 8.1 t10. 122. .:a. 147. 158, 171, 183, 195 207. 218 252, 24%, 256. 268. 289. 292. 0%, 6. 329 ELl) 3.
3 . N . X . . . .
©

Day of Vater Year

FIRURE A-20 .
FLAT RIVER AT BAJIA

SELECTED STATISTICS FOR DAILY AND MONTHLY FLOMS:
ER




3R CHOLAVTT L¥ ¥3IAIN 3NN
251074 ATHINOW GHY ATHVG Y03 SI1ISILVAS €ILIFIS

away sazeq Jo Aeq

0z un

ENES e TP

| ﬁ 1)

SIWNNEAY ATHINGE, WOUJ 53073 ATHYA 40 NOELYIAI0 NVAH
KCI4 ATIVG JO HOMLVIAIG QYVONYLS -

AOT1 ANV NV

HOVE ATHINGH NVIW

3098

4000 3500

4500

pucass Jad 1933 516N




Cubic Feet per Second

S
s
=
S
8
3
8
HEAN MORTIILY FLOW
g MEAN DALY FLON
° STANDARD DEVIAT
MCAN DEVIATION OF DAILY FLOGWS FHOM MONTHLY AVERKGES

w%@ﬂ&ybﬂbﬁmb«&@@\/i HM

) £
, ) acr . 1 , \_\9\_ | _hmn : L . ,\N\,\_ o , =8 1 , \_\\NQ__\ __ \_A\%\b , [ ALY . 1, _,\N\,\M : T ez, k_ | . e . 1 . Sy .
m 1.00 13.1 25.3 374 %3.5 61.7 3.8 B85.9 Q8.1 110, 122, 134, [S 2 159, 171 183. 195, 207. 219, 232. 2%, 256, 268 280. 292, 304. 316, 329, EL1N 353. 365,

Day of Uater Year

FIGURE A-27 . SELECTED STATISTICS FOR DAILY AUD HONTHLY FLOWS:
HAA RIVER AT BEWAJA, 3. C.




3 N ‘QUOASLLtd

1Y WIATY MVH

N0 ATHINO GNY ATIVG ¥OJ SIILSIIVLS QILDITIS ° £2-v untd
eop soren 30 Aeg

9% “ESE ..rn_ d:-\. Aran_ NQN_ ‘aoN_ ,nww. amw_ .!..N_ .ww~_ .mnN_ .EN_ .wﬂ_ .nn__ .:L. .mm—, “thl ,em_b N«-— o1 o5 S
[ IO EE— _ _ » .
2a7E T T Aml EZ/a T Aeww I et T R T ZZ24 T 2%
i [ &
\/ H
? Lia
4
~ < )
? J D 2
2
_ | =
€ 2
; | &
A
| .
s
2
ﬁ . -
3
3
2
2
2
2
SIIVHIAY ATHLNOW WOMd SHOTS ATIVG 40 NOTLYIA3Q YW
HOY3 ATIVD 40 HO1LVIAXD QUYONYLS .
MO AHYO NYIH 5
MO ATHEINOW N¥IW
C |2

pucas J3d 3993 21410




Cublc Feet per Second

%
MEAN MONTHLY FLOW
MEAN DAILY FLOW
STANDARD DEVYATICN OF DAILY FLOW
MEAN DEVIATION OF DAILY FLOWS FROM MONTHLY AVERAGES

et c AR
v ( A A
A
N < - V ‘ Y,
ocr ~vov L DEC JAN 1 FEB 1 ALARCH 1 APRIL 1 Atay N TUE | Juy 1 Aus ST
T t T T T T T T T T T 1 T T T T 1 1 1 T 1 1
1.00 19.1 25.3 379 43.5 .E..\ _Nu,a B5.9 96,1 110, 122, 13% 197 158, 171 183, 195 207. 213 232 29% 256, 268 280. 292, 30% 316. 328 1. 3%3.

Day of Vater Year
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