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ABSTRACT 

Analyses of wa te r  r e s o u r c e  systems by d i g i t a l  computer s i m u l a t i o n  r e q u i r e s  

t h e  e x i s t e n c e  o f  s t reamflow sequences a t  one o r  more l o c a t i o n s .  S e v e r a l  

p o s s i b l e  f u t u r e  sequences  of f lows can be c r e a t e d  by g e n e r a t i n g  o b s e r v a t i o n s  

from a p r o b a b i l i t y  model c a l i b r a t e d  t o  h i s t o r i c a l  f lows.  By r o u t i n g  t h e s e  

new sequences  of f lows through computer-based models of r e a l  r e s o u r c e  systems 

and making s t a t i s t i c a l  summaries of s e l e c t e d  v a r i a b l e s  i n  t h e  model, proba- 

b i l i t y  s t a t e m e n t s  can be  made w i t h  r e s p e c t  t o  t h e  f u t u r e  behavior  of t h e  

system. 

Except i n  s p e c i a l  c a s e s , m u l t i v a r i a t e  s t reamflow models developed i n  t h e  

p a s t  have been r e s t r i c t e d  t o  t h e  p r e s e r v a t i o n  of f i r s t  and second moments of 

h i s t o r i c a l  s t reamflow frequency d i s t r i b u t i o n s ,  r e l y i n g  on t h e  u s e  of a r b i t r a r y  

normal iz ing  t r a n s f o r m a t i o n s  t o  apply  t h e  models t o  t h o s e  f r e q u e n t l y  encountered 

i n s t a n c e s  where s p e c i a l  c a s e s  a r e  n o t  a p p l i c a b l e .  Th i s  work ex tends  t h o s e  

models t o  p r e s e r v e  t h i r d  moments i n  genera ted  r e c o r d s  of monthly f lows ,  t h u s  

avo id ing  t h e  u s e  of a r b i t r a r y  t r ans format ions .  

The p r e c i s i o n  and accuracy w i t h  which system performance can b e  modelled 

i n  dependent on t h e  cho ice  of averag ing  i n t e r v a l s  f o r  s t reamflow sequences.  

While some systems may be adequa te ly  d e s c r i b e d  u s i n g  monthly averag ing  

i n t e r v a l s ,  extreme e v e n t s  such a s  f l o o d s  and low f lows  a r e  g e n e r a l l y  measured 

over  s h o r t e r  t ime i n t e r v a l s ,  namely, days and weeks. However, t h e  use  of 

s h o r t e r  i n t e r v a l s  w i l l  l i k e l y  l e a d  t o  ex t raneous  d e t a i l  d u r i n g  much of t h e  

s i m u l a t i o n ,  c r e a t e  problems of d a t a  s t o r a g e ,  and i n c r e a s e  computat ional  

expense s i g n i f i c a n t l y .  Methods a r e  r e p o r t e d  h e r e  t o  e i t h e r  a s s i g n  p r o b a b i l i -  

t i e s  t o  t h e  occur rence  of extreme e v e n t s  o f  sub-month d u r a t i o n  o r  t o  g e n e r a t e  

o b s e r v a t i o n s  on maximum o r  minimum sub-month flows. Methods a r e  then  p r e s e n t e d  

t o  superimpose d a i l y  and weekly sequences  on monthly f lows o n l y  as they may be 



r e q u i r e d  f o r  sys tem s imula t ion .  

Empi r ica l  work i s  based on s t reams  i n  North C a r o l i n a  and o t h e r  s e l e c t e d  

gages i n  t h e  e a s t e r n  and s o u t h e a s t e r n  s e c t i o n s  of t h e  United S t a t e s ,  



NO. - 
I- 1 

1-2 

1-3 

III-1 

111-2 

A-1 

A-2 

A- 3 

A-4 

A-5 

A- 6 

A- 7 

A- 8 

A-9 

A-10 

A-11 

A-12 

A-13 

LIST OF FIGURES 

FIGURES 

Schematic Diagram of New Hope Reservo i r  System 

Flow Diagram f o r  Operat ing Po l i cy  

Cumulative Frequency Funct ions  of Annual Extremes 
of Se lec ted  Var iab les  i n  t h e  Monthly Simulat ion 
Model f o r  New Hope Reservo i r  

Empir ical  Cumulative Frequency Funct ion of t h e  
Ra t io  of  Peak Daily-to-MonthJy Average Flow 

Inve r se  I n t e r p o l a t i o n  on Sample Frequency Funct ion 

Cumulative Frequency Function f o r  
Ra t io  of  Maximum Dai ly  Flow t o  
Monthly Flow: 

I 1  11 11 

I 1  I 1  11 

11 $ 1  !I 

Cumulative Frequency Funct ion f o r  
Rat io  of Minimum Weekly Flow t o  
Monthly Flow: 

II I 1  11 

I 1  11 11 

11 1 1  I t  

Dan River  a t  Wentworth 

Neuse River  a t  Clayton 

Haw River a t  P i t t s b o r o  

Yadkin River a t  Yadkin 
Col lege  

French Board River a t  
Ashev i l l e  

Susquehanna River  a t  
Sunbury, Pa. 

S. Branch of Potomac 
River ,  S p r i n g f i e l d  
W. V i r g i n i a  

Potomac River a t  
Point-of-Rocks, Md. 

Tombigbee River a t  
Columbus, Miss. 

Dan River  a t  Wentworth 

Neuse River  a t  Clayton 

Haw River a t  P i t t s b o r o  

Yadkin River  a t  Yadkin 
Col lege  

PAGE 

3 

5 

6 

32 

3 2 

5 3 

5 4 

55 

5 6 

5 7 

58 

5 9 

60 

6 1 

62 

6 3 

64 

65 



Cumulative Frequency Funct ion f o r  
Ra t io  of Minimum Weekly Flow t o  
Monthly Flow : French Board River  a t  

A s h e v i l l e  

Susquehanna River  a t  
Sunbury, Pa. 

S. Branch of Potomac 
River  a t  S p r i n g f i e l d ,  
W. V i r g i n i a  

Potomac River  a t  
Point-of-Rocks, Md. 

Tombigbee River  a t  
Columbus, Miss. 

S e l e c t e d  S t a t i s t i c s  f o r  Da i ly  and 
Monthly Flows : 

I 1  I! I 1  

1 1  I! I 1  

Dan River  a t  Wentworth 

F l a t  River a t  Bahama 

Neuse River a t  Clayton 

Haw River  a t  Benaja 

Haw River  a t  P i t t s b o r o  

Deep River a t  Randleman 

Deep River  a t  Moncure 

S e l e c t e d  S t a t i s t i c s  f o r  Da i ly  and 
Weekly Flows : 

Yadkin River  a t  
Wilkesboro 

Yadkin River a t  Yadkin 
Col lege  

French Board River  a t  
A s h e v i l l e  

Susquehanna River  a t  
Sunbury, Pa. 

S. Branch of Potomac 
River a t  S p r i n g f i e l d  

Potornac River a t  
Point-of-Rocks, Md. 

Tombigbee River  a t  
Columbus, Miss. 



S e l e c t e d  S t a t i s t i c s  f o r  Weekly and 
Monthly Flows: Dan River  a t  Wentworth 

F l a t  River a t  Bahama 

Neuse River  a t  Clayton 

Haw River  a t  Benaj a 

Haw River  a t  P i t t s b o r o  

Deep River  a t  Randleman 

Deep River  a t  Moncure 

Yadkin River  a t  
Wilkesboro 

Yadkin River  a t  Yadkin 
Col lege  

French Board River a t  
A s h e v i l l e  

Susquehanna River  a t  
Sunbury, Pa. 

S. Branch of Potomac 
River ,  S p r i n g f i e l d  
W. V i r g i n i a  

Potomac River  a t  
Point-of-Rocks, Md. 

Tombigbee River  a t  
Columbus, Miss. 





LIST OF TABLES 

TABLE PAGE 

1 0  

1 5  

2 4 

2 5 

2 6 

2 6 

2 3 

9 9 

100 

101 

102 

1 0 3  

104 

105 

106 

NO. - 

Est imated Means and Standard D e v i a t i o n s  of Monthly Flows 
f o r  t h e  Haw River  a t  P i t t s b o r o ,  N.C. 1929-1968 

L i s t  of Gaging S i t e s  and H i s t o r i c a l  Records f o r  D a i l y  
and Weekly Analyses 

Es t imates  of Means of Monthly Flows from H i s t o r i c a l  and 
Simulated Records 

Es t imates  of Standard Devia t ions  of Monthly Flows from 
H i s t o r i c a l  Simulated Records 

S p a t i a l  C o r r e l a t i o n  M a t r i c e s ,  Mg, f o r  Monthly Flows 
from H i s t o r i c a l  and Simulated Records 

One Lag C o r r e l a t i o n  M a t r i c e s ,  MI, f o r  Monthly Flows 
from H i s t o r i c a l  and Simulated Records 

Sample Th i rd  Moment f o r  H i s t o r i c a l  and 100-Year 
Simulated Records 

Auto-Regression and C o r r e l a t i o n  
f o r  Models of Da i ly  m d  Weekly 
Devia t ions  : Dan River  a t  

Wentworth, N.C. 

F l a t  River  a t  
Bahama, N.C. 

Neuse River  a t  
Clayton,  N.C. 

Haw River  a t  
Benaja, N.C. 

Haw River  a t  
P i t t s b o r o ,  N.C. 

Deep River  a t  
Randleman, N.C. 

Deep River  a t  
Moncure, N.C. 

Yadkin River  a t  
Wilkesboro, N.C. 

v i i i  



A- 9 Auto-Regression and C o r r e l a t i o n  
f o r  Models of Da i ly  and Weekly 
D e v i a t i o n s  : Yadkin River  a t  Yadkin 

Col lege ,  N.C. 107 

" French Broad River  a t  
A s h e v i l l e ,  N.C. 108 

" Susquehanna River  a t  
Sunbury, Pa. 109 

" S. Branch of Potomac 
River  a t  S p r i n g f i e l d ,  
W. V i r g i n i a  110 

" Potomac River  a t  
Point-of-Rocks, Md. 111 

" Tombigbee River  a t  
Columbus, Miss. 11 2 



SUMMARY AND CONCLUSIONS 

The q u a n t i f y  and q u a l i t y  of s u r f a c e  wa te r  r e s o u r c e s  i n  t h e  piedmont and 

mountain p rov inces  o f  North C a r o l i n a  a r e  t h e  o b j e c t s  of much a t t e n t i o n  i n  

a r e n a s  of p u b l i c  policymaking and p u b l i c  investment  decisionmaking.  If 

p r e s e n t  t r e n d s  i n  r e s o u r c e  development con t inue ,  f r o n t i e r s  of new r e s o u r c e  

development w i l l  c e a s e  t o  e x i s t  w i t h i n  t h e  nex t  q u a r t e r  c e n t u r y ;  i f  c u r r e n t  

r a t e s  of waste  g e n e r a t i o n  con t inue  t o  i n c r e a s e  a s  they  a r e  a t  p r e s e n t ,  t h e  

l i m i t s  of  o p e r a t i o n  was te  t r ea tment  technology w i l l  be approached a s  t h e  

urban a r e a s ,  i n d u s t r i a l  c e n t e r s ,  and u t i l i t i e s  seek  t o  d i s p o s e  of t h e i r  wastes .  

A s  t h e s e  r e s o u r c e  p r e s s u r e s  i n c r e a s e , a t t e n t i o n  w i l l  be i n c r e a s i n g l y  d i r e c t e d  

t o  t h e  more e f f i c i e n t  use  of e x i s t i n g  r e s o u r c e  developments. Inc reased  

e f f i c i e n c y  g e n e r a l l y  i m p l i e s  a combination of more complex c o n t r o l  systems 

and more complex o p e r a t i n g  p o l i c i e s  f o r  t h e  dynamic a l l o c a t i o n  of e x i s t i n g  

r e s o u r c e s  o v e r  t i m e  and space.  At tendan t  t o  t h e s e  i m p l i c a t i o n s  i s  t h e  need 

f o r  a n  i n c r e a s e d  c a p a c i t y  t o  ana lyze  a l t e r n a t i v e  development and management 

programs f o r  complex systems. 

I n  response  t o  t h i s  l a t t e r  need, c o n s i d e r a b l e  a t t e n t i o n  has  been g iven  

i n  r e c e n t  y e a r s  t o  t h e  use  of d i g i t a l  computer s i m u l a t i o n  t e c h n i q u e s  where 

symbolic models of complex r e s o u r c e  systems a r e  manipula ted a t  h igh  speed t o  

e x p l o r e  economic and p h y s i c a l  consequences of a l t e r n a t i v e  c o n t r o l  sys tems and 

o p e r a t i n g  p o l i c i e s .  These models have g e n e r a l l y  c o n s i s t e d  of (1) sys tems of 

e q u a t i o n s  t h a t  e x p r e s s  t h e  p r i n c i p l e s  of c o n s e r v a t i o n  of mass and energy,  

( 2 )  a s e t  of l o g i c a l  s t a t e m e n t s  t h a t  govern system o p e r a t i o n  under a l l  p o s s i b l e  

c i rcumstances  t h a t  could  a r i s e  w i t h i n  t h e  con tex t  of t h e  model, and ( 3 )  a n  

account ing system t h a t  t a b u l a t e s  and makes summary r e p o r t s  on economic and 

p h y s i c a l  consequences t h a t  r e s u l t  when sequences of s t reamflow a r e  rou ted  



through t h e  model. Because f u t u r e  sequences  of f low a r e  i n d e t e r m i n a n t ,  o n l y  

p r o b a b i l i t y  s t a t e m e n t s  can be made about  t h e i r  occur rence ,  t h e  ass ignment  of 

p r o b a b i l i t i e s  t o  t h e s e  s t a t e m e n t s  being based on t h e  r e l a t i v e  f r e q u e n c i e s  w i t h  

which c e r t a i n  e v e n t s  have occur red  i n  t h e  p a s t .  One t echn ique  f o r  making 

t h e s e  ass ignments  i s  t o  c r e a t e  one o r  more p o s s i b l e  f u t u r e  sequences  o f  f low 

by g e n e r a t i n g  o b s e r v a t i o n s  from a p r o b a b i l i t y  model c a l i b r a t e d  t o  t h e  

h i s t o r i c a l  r e c o r d  of f lows.  Th is  t echn ique  of g e n e r a t i n g  f lows  h a s  been 

v a r i o u s l y  r e f e r r e d  t o  a s  " s y n t h e t i c "  o r  " o p e r a t i o n a l "  hydrology. S t a t i s t i c a l  

summaries of s imula ted  system performance t h a t  r e s u l t  from t h e  r o u t i n g  o f  

t h e s e  new sequences  of f low through t h e  model form t h e  b a s i s  f o r  p r o b a b i l i t y  

s t a t e m e n t s  about  t h e  f u t u r e  behav ior  of r e a l  systems. 

The purpose  of t h i s  r e p o r t  i s  t o  a d a p t  and extend a s e l e c t e d  s e t  of 

p r o b a b i l i t y  models f o r  s t reamflows t h a t  have been p r e v i o u s l y  d i s c u s s e d  i n  t h e  

l i t e r a t u r e  t o  s e v e r a l  s t r eams  i n  North Caro l ina  and e lsewhere  i n  t h e  e a s t e r n  

and s o u t h e a s t e r n  s e c t i o n s  of t h e  United S t a t e s .  I n  p a r t i c u l a r ,  a  mul t i -s t ream 

monthly f low model i s  developed f o r  t h e  Yadkin, Deep, Haw, and Neuse R i v e r s  

i n  North Caro l ina .  Th is  model i s  based on a m u l t i v a r i a t e  weak ly-s ta t ionary  

p r o c e s s  t h a t  i s  extended t o  p r e s e r v e  i n  t h e  genera ted  r e c o r d s  t h o s e  t h i r d  

moments t h a t  were e s t i m a t e d  from t h e  h i s t o r i c a l  r ecord  a s  w e l l  a s  p r e s e r v i n g  

means, s t a n d a r d  d e v i a t i o n s ,  and s p a t i a l  and temporal  c o r r e l a t i o n  c o e f f i c i e n t s .  

To o b t a i n  sequences of d a i l y  and weekly f lows a s  t h e y  may be  r e q u i r e d  t o  

s i m u l a t e  system behavior  under f l o o d  and drought  c o n d i t i o n s ,  r e s p e c t i v e l y ,  a 

method i s  developed f o r  superimposing such sequences  on monthly f lows  a s  

genera ted  from e i t h e r  t h e  p rev ious  model o r  one t h a t  i s  s i m i l a r  t o  i t .  It i s  

no ted  t h a t  s t a n d a r d i z e d  d e v i a t i o n s  of d a i l y  f lows from t h e i r  expected v a l u e s  

a s  g i v e n  by t h e  s u p e r p o s i t i o n  model can b e  modelled by a f i r s t - o r d e r  au to -  

r e g r e s s i v e  o r  Markov t ime s e r i e s  p r o c e s s  w h i l e  s t a n d a r d i z e d  d e v i a t i o n s  f o r  



weekly f low can be modelled by a sequence of independent  random v a r i a b l e s .  

Cumulative f requency f u n c t i o n s  a r e  a l s o  e s t i m a t e d  f o r  t h e  r a t i o s  of 

maximum daily-to-monthly f lows and f o r  t h e  r a t i o s  of minimum weekly-to-monthly 

f lows  f o r  s e l e c t e d  s t reamflow gages. Thses f u n c t i o n s  form t h e  b a s i s  f o r  

e i t h e r  making p r o b a b i l i t y  s t a t e m e n t s  about  t h e  occur rence  of within-month 

extreme e v e n t s  o r  f o r  g e n e r a t i n g  o b s e r v a t i o n s  on maximum d a i l y  and minimum 

weekly f lows  when monthly f lows a r e  given.  These s t a t e m e n t s  o r  o b s e r v a t i o n s  

may t h e n  be used t o  determine when d a i l y  o r  weekly f low sequences a r e  

necessa ry  f o r  sys tem s i m u l a t i o n .  

x i i  





CHAPTER I 

BACKGROUND 

A w a t e r  r e s o u r c e  system can be viewed a s  a  d e v i c e  t h a t  a l t e r s  t h e  form 

and t ime and s p a t i a l  d i s t r i b u t i o n s  of t ime ordered  sequences  of f lows of mass 

and energy.  The sequences  w i t h  t h e i r  i n i t i a l  c h a r a c t e r i s t i c s  may be r e f e r r e d  

t o  a s  sys tem i n p u t s  w h i l e  t h e  a l t e r e d  sequences may be  r e f e r r e d  t o  a s  sys tem 

o u t p u t s .  For example, i n  a municipal  water-supply system, t h e  i n p u t s  may 

c o n s i s t  of t ime-ordered sequences of h i g h l y  v a r i a b l e  f lows of w a t e r ,  suspended 

and d i s s o l v e d  chemical  s u b s t a n c e s ,  and b i o l o g i c a l  organisms at  a  p o i n t  i n  a  

s t r e a m  and sequences  of f lows of e l e c t r i c a l  energy and chemicals  a t  a t r e a t -  

ment p l a n t .  Outputs would c o n s i s t  o f ,  among o t h e r  t h i n g s ,  sequences of t r e a t e d  

w a t e r  f lows throughout  t h e  d i s t r i b u t i o n  system. I n p u t  f lows of carbon,  phos- 

phorous,  and n i t r o g e n  may be  combined i n  a  l a k e  sys tem t o  produce a n  o u t p u t  

s t ream of a l g a e .  These, and numerous o t h e r  sys tems,  can b e  r e p r e s e n t e d  

s c h e m a t i c a l l y  a s  fo l lows  : 

- x ( t > -  f ( * )  - y ( t ) -  0 
where x  r e p r e s e n t s  a  sequence of t ime-ordered i n p u t s ,  y  r e p r e s e n t s  t h e  time- 

o rdered  sequence of o u t p u t s ,  and £ ( * )  i s  t h e  f u n c t i o n  which maps t h e  i n p u t  

i n t o  t h e  o u t p u t ;  i . e .  y  = f ( x ) .  Engineers  r e f e r  t o  t h e  f u n c t i o n  f ( * )  as t h e  

1 1  system" f u n c t i o n ;  economists r e f e r  t o  i t  a s  t h e  p roduc t ion  f u n c t i o n .  

Understanding t h a t  f u n c t i o n a l  r e l a t i o n s h i p  between i n p u t s  and o u t p u t s  

and how i t  i s  a f f e c t e d  by a l t e r n a t i v e  sys tem des igns  i s  t h e  o b j e c t  of much 

e n g i n e e r i n g  a n a l y s i s  and systems r e s e a r c h .  I f  t h e  n a t u r e  o f  t h o s e  r e l a t i o n -  

s h i p s  a r e  unders tood,  then  i t  i s  p o s s i b l e  t o  p r e d i c t  o u t p u t  sequences  from a  

g iven  s e t  of i n p u t  sequences .  The u s u a l  approach t o  t h e  a n a l y s i s  of t h e s e  

systems i s  t o  w r i t e  an  e q u a t i o n  ( o r  sys tem of e q u a t i o n s )  t h a t  r e p r e s e n t s  t h e  



p r i n c i p l e  of c o n s e r v a t i o n  of m a s s  o r  energy,  an  e q u a t i o n  ( o r  sys tem of equa- 

t i o n s )  t h a t  may t a k e  t h e  form of an  a l g e b r a i c  e q u a t i o n  o r  a d i f f e r e n t i a l  

equa t ion .  I f  t h e  e q u a t i o n  i s  well-behaved, t h a t  i s ,  if i t  satisfies c e r t a i n  

d e s i r a b l e  c o n d i t i o n s ,  i t  may be  p o s s i b l e  t o  s o l v e  t h e  e q u a t i o n ,  e i t h e r  by 

a n a l y t i c a l  o r  numer ica l  methods, t o  determine t h e  f u n c t i o n a l  r e l a t i o n s h i p  

between i n p u t  and o u t p u t  f lows.  I n  those  i n s t a n c e s  where such s o l u t i o n s  a r e  

p o s s i b l e ,  an  a n a l y s i s  of t h e  f u n c t i o n a l  r e l a t i o n s h i p  may be  s u f f i c i e n t  t o  

determine how t h e  sys tem should be  des igned t o  y i e l d  o u t p u t  f lows t h a t  b e s t  

s a t i s f y  o b j e c t i v e s  t o  be  s e r v e d  by t h e  system. 

For those  a l l - t o o - f r e q u e n t l y  encountered problems i n  which no known 

s o l v a b l e  e q u a t i o n  o r  sys tem of e q u a t i o n s  i s  adequa te  t o  d e s c r i b e  t h e  r e a l  

sys tem of i n t e r e s t ,  d i g i t a l  computer s i m u l a t i o n  t echn iques  may be  employed t o  

e m p i r i c a l l y  i n v e s t i g a t e  t h e  time-system of o u t p u t  f lows t h a t  r e s u l t  when a  

g iven  sequences  of i n p u t  f lows a r e  passed through a l t e r n a t i v e  sys tem des igns .  

These methods have proved t o  b e  powerful  a i d s  f o r  t h e  a n a l y s i s  of complex 

n a t u r a l  and a r t i f i c i a l  sys tems,  e s p e c i a l l y  where one o r  more v a r i a b l e s  i n  t h e  

system i s  s u b j e c t  t o  c o n s i d e r a b l e  u n c e r t a i n t y  and i s  d e s c r i b e d  by some random 

process .  Under t h o s e  c i rcumstances ,  d i g i t a l  computer s i m u l a t i o n  can be  

employed t o  e s t i m a t e  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  o u t p u t  f lows.  Of p a r t i c u -  

l a r  i n t e r e s t  h e r e  i s  t h e  a n a l y s i s  of i n l a n d  w a t e r  r e s o u r c e  sys tems t h a t  develop 

o r  c o n t r o l  one o r  more s u r f a c e  w a t e r  f lows f o r  which t h e  f u t u r e  behav ior  can 

o n l y  be  d e s c r i b e d  by p r o b a b i l i t y  models. While numerous o t h e r  methods have 

been sugges ted  f o r  coping w i t h  t h i s  u n c e r t a i n t y ,  a t t e n t i o n  i s  r e s t r i c t e d  h e r e  

t o  s i m u l a t i o n  methods us ing  e i t h e r  recorded  sequences  o f  h i s t o r i c a l  f lows  o r  

s y n t h e t i c a l l y  c r e a t e d  sequences  of f low t h a t  have c e r t a i n  s t a t i s t i c a l  pro- 

p e r t i e s  t h a t  a r e  s i m i l a r  t o  t h o s e  of t h e  h i s t o r i c a l  r ecord .  



To i l l u s t r a t e  t h e  method, u s i n g  a  s i m p l i f i e d  model o f  t h e  New Hope 

Reservo i r  on t h e  Haw River  i n  North C a r o l i n a ,  c o n s i d e r  t h e  schemat ic  diagram 

of t h e  sys tem a s  shown below. 

New Hope Reservo i r  

Cape Fear  River  
Haw River  B 

FIGURE 1-1. SCHEMATIC DIAGRAM OF NEW HOPE RESERVOIR SYSTEM 

Inf lows t o  t h e  r e s e r v o i r  have been e s t i m a t e d  t o  be  approximately  1 .2  

t imes  t h e  f low a t  P o i n t  A, t h e  l o c a t i o n  of t h e  U.S. Geolog ica l  Survey gage 

n e a r  P i t t s b o r o ,  North C a r o l i n a  whi le  f lows  a t  P o i n t  B y  L i l l i n g t o n ,  N.C. ,  a r e  

approximately  2.6 t imes  t h e  f low a t  A. Thus, i f  annual  t ime p e r i o d s  a r e  

d i v i d e d  i n t o  n  d i s c r e t e  i n t e r v a l s ,  each of l e n g t h  A t  t h e n  f lows of i n t e r e s t  

a r e  g iven  by: 

where q i j ,  x  and z i j  r e p r e s e n t  t h e  f lows a t  t h e  r e f e r e n c e  gage,  i n f l o w  t o  i j  ' 
t h e  r e s e r v o i r ,  and f low a t  P o i n t  B y  r e s p e c t i v e l y ,  dur ing  i n t e r v a l  j i n  t h e  

i t h  y e a r  of r e s e r v o i r  o p e r a t i o n .  

During any i n t e r v a l ,  t h e  fo l lowing  o p e r a t i n g  p o l i c y  i s  assumed: 

(1) I f  n a t u r a l  f low a t  B would exceed f l o o d  s t a g e ,  F ,  reduce t h a t  

f low t o  f l o o d  s t a g e ,  i f  p o s s i b l e ;  o t h e r w i s e  reduce t h e  f low 

a t  B by t h e  maximum p o s s i b l e  amount by s t o r i n g  w a t e r  i n  t h e  

r e s e r v o i r .  



(2) I f  n a t u r a l  f low a t  B i s  below f l o o d  s t a g e ,  r e l e a s e  as much 

w a t e r  as p o s s i b l e  from f l o o d  s t o r a g e  wi thou t  exceeding f l o o d  

s t a g e  a t  B. 

(3) I f  f low a t  B exceeds t h e  c o n s e r v a t i o n  t a r g e t ,  C ,  and t h e  

c o n s e r v a t i o n  poo l  i n  t h e  r e s e r v o i r  a t  t h e  start of  t h e  p e r i o d  

i s  l e s s  t h a n  f u l l ,  conserve w a t e r  by reduc ing  t h e  f low a t  B 

t o  a r a t e  t h a t  e i t h e r  j u s t  s a t s i f i e s  t h e  t a r g e t  C o r  f i l l s  t h e  

c o n s e r v a t i o n  pool.  

(4)  I f  t h e  n a t u r a l  f low a t  B p l u s  any r e l e a s e  from f l o o d  s t o r a g e  

i s  l e s s  than t h e  t a r g e t  C, augment t h e  f low a t  B by r e l e a s i n g  

w a t e r  from t h e  r e s e r v o i r  a t  a  r a t e  t h a t  e i t h e r  j u s t  s a t i s f i e s  

t h e  t a r g e t  o r  empt ies  t h e  r e s e r v o i r .  

A f low c h a r t  f o r  t h i s  o p e r a t i n g  p o l i c y  i s  shown i n  F igure  1-2. 

Then, g iven  a sequence of i n f l o w  r a t e s  xij  over  some s p e c i f i e d  economic 

l i f e  of t h e  r e s e r v o i r ,  i t  would be  p o s s i b l e  t o  r o u t e  t h e  i n f l o w s  through t h e  

sys tem i n  accord  w i t h  t h e  assumed o p e r a t i n g  p o l i c y  t o  determine t h e  sequence 

of r e l e a s e s ,  s t o r a g e  l e v e l s ,  and flows a t  B. F requen t ly  diagrams f o r  r e l e a s e s ,  

s t o r a g e  l e v e s ,  and f lows a t  B could  be  c o n s t r u c t e d  t o  e s t i m a t e  p r o b a b i l i t y  

f u n c t i o n s  f o r  t h e s e  o u t p u t s .  R e s u l t s  of r o u t i n g  h i s t o r i c a l  sequences  of 

monthly f lows o v e r  t h e  p e r i o d  1928 t o  1968 through t h e  New Hope Reservo i r  

under  t h e  g iven  p o l i c y  w i t h  t h e  c o n s e r v a t i o n  t a r g e t  C set a t  600 c u b i c  f e e t  

p e r  second ( c f s )  and t h e  f l o o d  s t a t e  F  s e t  a t  8000 c f s  a r e  shown i n  F i g u r e  1-3. 

OPERATIONAL HYDROLOGY 

Rel iance  on h i s t o r i c a l  r e c o r d s  h a s  been c r i t i c i z e d  on t h r e e  grounds.  . 
F i r s t ,  t h e  h i s t o r i c a l  r ecord  i s  n o t  l i k e l y  t o  be r e p e a t e d  i n  t h e  f u t u r e ;  

second, t h e  h i s t o r i c a l  r e c o r d  p rov ides  on ly  one sample of p o s s i b l e  f u t u r e s  



Read  o r  g e n e r a t e  n a t u r a l  flows 
q i j ,  X i j f  and z i j  

J 

Would f l o o d s  occur  under  
a t u r a l  condj- t ions  ( z i j  > F ) ?  

C a l c u l a t e  minimum p o s s i b l e  
r e l e a s e  from r e s e r v o i r ,  rmin: 

C a l c u l a t e  maximum r e l e a s e  
from f l o o d  s t o r a g e ,  rmax : 

rmax =max [ o ,  min [(sij  + 

/ Can f l o o d s  be o reven ted  \ 

no yes  

C a l c u l a t e  increment  
of release t h a t  
e i t h e r  s a t i s f i e s  
c o n s e r v a t i o n  t a r g e t  
o r  empt ies  r e s e r v o i r  

Re lease  t h a t  amount 
which j u s t  b r i n g s  
downstream f low t o  
f l o o d  s t a g e :  

r=(F-1  .4qi j )At  
7 

Arzmin [(s j+xi 

( new s t o r a g e  l eve l .  : 

I rare o f  r e l e a s e :  I 
r a t e  of  f low a t  B: I e 4 q i j  + r / ~ t  

F I G U R E  1-2 ,  FLOW DIAGRAM FOR OPERATING P O L I C Y  



Annual Minimum Flow a t  B x ~ o - ~ ,  cubic f e e t  per  second 
Annual Maximum Flow a t  B x lom5,  cubic f e e t  per  second 

I I I I I I I I I I I I I I 
1 2 3 4 5 -  6 

I 

Annual Minimum and Maximum Storage  Levels x 1 0 - ~ ,  a c r e - f e e t  

FIGURE I -3 . Cumulative Frequency Functions of Annual Extremes of Se lec t ed  
Variables  i n  t h e  Monthly Simulation Model f o r  New Hope Reservoir  



and i s  i n s u f f i c i e n t  t o  measure u n c e r t a i n t y  i n  sys tem response  t h a t  i s  a s s i g n -  

a b l e  t o  v a r i a b i l i t y  i n  t h e  hydrology; t h i r d ,  e x i s t i n g  r e c o r d s  may be of 

i n s u f f i c i e n t  l e n g t h  t o  p rov ide  even one sample o v e r  t h e  economic l i f e  of t h e  

p r o j e c t .  A s  a consequence,  c o n s i d e r a b l e  a t t e n t i o n  h a s  been g iven  t o  t h e  

development of methods f o r  g e n e r a t i n g  pseudo-random sequences of f low on a 

d i g i t a l  computer where t h e  genera ted  sequences  have similar s a t i s t i c a l  

p r o p e r t i e s  as t h o s e  e s t i m a t e d  from t h e  h i s t o r i c a l  record.  

At tempts  t o  b u i l d  mechan is t i c  models of t h e  complex of h y d r o l o g i c a l  

p r o c e s s e s  t h a t  genera ted  t h e  f lows of r e c o r d  have been l i m i t e d  by incomplete  

knowledge o f  t h e  v a r i o u s  s u r f a c e  and ground w a t e r  phenomena invo lved  and by 

t h e  l a c k  of a s u f f i c i e n t  d a t a  b a s e  t o  e s t a b l i s h  u s e f u l  approximat ions .  

Furthermore,  t h e  h y d r o l o g i c a l  p r o c e s s e s  a r e  t r i g g e r e d  t o  a s i g n i f i c a n t  degree  

by m e t e o r o l o g i c a l  p r o c e s s e s  t h a t  a r e  s u b j e c t  t o  a l a r g e  amount of u n c e r t a i n t y  

over  time. Because of t h e s e  c o n s i d e r a t i o n s  and because  good r e c o r d s  of 

s t reamflows a r e  g e n e r a l l y  a v a i l a b l e  a t  o r  n e a r  l o c a t i o n s  of i n t e r e s t  i n  t h e  

Uni ted S t a t e s ,  s t a t i s t i c a l  methods have been a p p l i e d  d i r e c t l y  t o  observed 

f lows t o  determine which of a l a r g e  c l a s s  of mathemat ical  p r o b a b i l i t y  func- 

t i o n s  o r  s t o c h a s t i c  p r o c e s s e s  could b e  used t o  g e n e r a t e  pseudo-random t ime  

s e r i e s  f o r  which s e l e c t e d  s t a t i s t i c s  a r e  n o t  s i g n i f i c a n t l y  d i f f e r e n t  from 

corresponding s t a t i s t i c s  c a l c u l a t e d  from t h e  h i s t o r i c a l  record.  Of p a r t i c u -  

l a r  i n t e r e s t  have been those  p r o c e s s e s  t h a t  have t h e  c a p a c i t y  t o  p r e s e r v e ,  

i n  t h e  genera ted  r e c o r d ,  t h e  f i r s t ,  second,  and t h i r d  moments of h i s t o r i c a l  

f lows over  some given day,  week, month, o r  season  w i t h i n  each of t h e  y e a r s  

of r e c o r d ,  and which has  t h e  c a p a c i t y  t o  p r e s e r v e  s e r i a l  c o r r e l a t i o n  c o e f f i -  

c i e n t s  between s u c c e s s i v e  t ime i n t e r v a l s .  These moments measure t h e  c e n t r a l  

tendency o r  average  behav ior ,  t h e  v a r i a b i l i t y ,  and t h e  skewness of f lows 

w i t h i n  each t ime i n t e r v a l  of t h e  y e a r ,  r e s p e c t i v e l y .  S e r i a l  c o r r e l a t i o n  



c o e f f i c i e n t s  measure t h e  l i n e a r  dependence between f lows i n  s u c c e s s i v e  t ime 

i n t e r v a l s .  

While t h e r e  a r e  a l a r g e  number of p r o b a b i l i t y  f u n c t i o n s  t h a t  might be 

used f o r  a n a l y s i s ,  s p e c i a l  a t t e n t i o n  has  been g iven  t o  a p a r t i c u l a r  c l a s s  of 

models w i t h  which i t  i s  r e l a t i v e l y  easy  t o  work, namely t h e  c l a s s  of auto-  

r e g r e s s i v e  models. These models are analogous t o  o r d i n a r y  r e g r e s s i o n  models, 

t h e  d i f f e r e n c e  b e i n g  t h a t  independent  v a r i a b l e s  i n  t h e  o r d i n a r y  r e g r e s s i o n  

model a r e  t aken  t o  be p r i o r  o b s e r v a t i o n s  on t h e  dependent v a r i a b l e  i n  t h e  

a u t o r e g r e s s i v e  model. The l a t t e r  model h a s  t h e  g e n e r a l  form 

x = a. + alxjml + a2xje2 + ... + ahxj-h + e 
j j 

when x i s  t h e  v a r i a b l e  of i n t e r e s t  i n  t ime i n t e r v a l  j ,  t h e  xjml, ..., 
j 

X j -h 

a r e  o b s e r v a t i o n s  on t h a t  v a r i a b l e  i n  p r i o r  t ime p e r i o d s ,  t h e  aga l , . . . ,  ah 

a r e  c o e f f i c i e n t s  t h a t  must be e s t i m a t e d  from f i e l d  d a t a  u s i n g  some c r i t e r i a  

such a s  l e a s t - s q u a r e s ,  and e i s  a random e r r o r  term t h a t  i s  n e i t h e r  dependent 
j 

upon t h e  x ' s  n o r  upon o t h e r  e r r o r  terms. The number of t ime l a g s ,  h,  i n c l u d e d  

i n  t h e  model i s  t h e  s o - c a l l e d  o r d e r  of t h e  model and can be determined by 

examining i n c r e m e n t a l  c o n t r i b u t i o n s  of s u c c e s s i v e  terms t o  t h e  e x p l a n a t i o n  of 

v a r i a t i o n  i n  x 
j 

The f i r s t  wide ly  accep ted  model f o r  g e n e r a t i n g  monthly f lows was an  auto- 

r e g r e s s i v e  Markov ( h = l )  model sugges ted  by Thomas and ~ i e r i n ~ . '  The model was 

similar t o  t h e  form: 

1. H.A. Thomas, Jr. and M.B. F i e r i n g ,  "Mathematical S y n t h e s i s  of Stream- 
f low Sequences f o r  t h e  Ana lys i s  of River  Basins  by Simulat ion, ' '  Chapter  
12 i n  A. Maass, e t . a l .  Design of Water Resource Systems (Cambridge, 
Harvard Univ. P r e s s ,  1962).  



where qij  was t h e  flow averaged on month j of y e a r  i, p was t h e  mean of q 
j i j  

e s t i m a t e d  by averag ing  qi j  over  t h e  h i s t o r i c a l  r e c o r d ,  o j  was t h e  s t a n d a r d  

d e v i a t i o n  of q i j ,  p was t h e  a u t o c o r r e l a t i o n  c o e f f i c i e n t ,  and uij  was a random 

v a r i a b l e  w i t h  a mean of ze ro  and a s t a n d a r d  d e v i a t i o n  of u n i t y .  It was shown 

t h a t  t h i s  model would produce,  w i t h i n  t h e  l i m i t s  o f  sampling v a r i a b i l i t y ,  t h e  

same f i r s t  and second moments and a u t o c o r r e l a t i o n  c o e f f i c i e n t s  f o r  monthly 

f lows i n  t h e  s i m u l a t e d  r e c o r d  a s  those  e s t i m a t e d  from t h e  h i s t o r i c a l  r ecord .  

I?iering2 l a t e r  demonstra ted t h a t  i f  t h e  u i j l s  were genera ted  from a p r o c e s s  

having a t h i r d  moment, yu, g iven by t h e  fo l lowing  r e l a t i o n s h i p :  

t h e n  t h e  t h i r d  moment of s t reamflow,  yq,  can be approximately  p rese rved  i n  

t h e  genera ted  record .  Using recorded monthly f low o v e r  t h e  p e r i o d  1928-1968, 

t h e  above model f o r  t h e  Haw River  a t  P i t t s b o r o ,  N.C. i s :  

(qi j -p j ) /o j  = 0.2093(qij-yj-1)/~j-l + 0 . 9 7 7 9 ~ ~ ~  (1-3) 

where e s t i m a t e d  monthly means and s t a n d a r d  d e v i a t i o n s  a r e  g iven  i n  Table  1-1, 

t h e  e s t i m a t e d  t h i r d  moment o f  s t reamflows i s  1.649, and t h e  r e q u i r e d  t h i r d  

moment o f  t h e  random v a r i a b l e  U i s  1.747. 

3 
A s t a n d a r d i z e d  log-normal p rocess  can b e  used t o  g e n e r a t e  t h e  uij by 

g e n e r a t i n g  pseudo-random numbers vij  from a normal p r o c e s s  w i t h  z e r o  mean 

and v a r i a n c e  a 2  where 

- [exp(vi j )  - exp (a2 /2 )  l/[exp (2a2)  - exp (a2)  l4  
ui j  - (1-4) 

and a 2  i s  given by t h e  s o l u t i o n  of 

2. M.B. F i e r i n g ,  fi tat is tical Ana lys i s  of t h e  Reservo i r  Storage-Yield 
R e l a t i o n , "  Chapter  1 i n  H.A. Thomas, Jr. and R.P. Burden, Opera t ions  

+ Research i n  Water Q u a l i t y  Management, a r e s e a r c h  r e p o r t  t o  t h e  P u b l i c  
Hea l th  Serv ice ,  Dept. of Hea l th ,  Educat ion and Welfare ,  Cont rac t  
Ph86-62-140, Harvard Univ., Cambridge, Mass., February,  1963. 

3. N.C. Matalas ,  "Mathematical Assessment o f  S y n t h e t i c  Hydrology," Water 
Resources Research,  4 (4 th  q t r . ,  1967) ,  pp. 937-945. 



TABLE 1-1. ESTIMATED MEANS AND STANDARD DEVIATIONS OF MONTHLY FLOWS FOR THE 
HAW RIVER AT PITTSBORO, N.C.  1929-1968. 

Month Est imated Mean Standard Devia t ion  
Flow, c f s .  o f  Flow, c f s .  

October 

November 

December 

January  

February 

March 

A p r i l  

May 

June  

J u l y  

August 

September 



yu = [exp (302) - 3  exp (02) + 2  1 /[exp (02) - 11 312 (1-5) 

For t h e  s t a t i o n  of i n t e r e s t ,  a v a l u e  of 02=0.249 s a t i s f i e s  e q u a t i o n  (I-5) ,  

s o  t h a t ,  from (1 -4 )  

uij = 1.6605exp(vij)  - 1.8808 

Thus, g iven an  i n i t i a l  monthly flow, which can be  a r b i t r a r i l y  s e t  a t  t h e  

average  f low i n  December, and a  d i g i t a l  computer program f o r  g e n e r a t i n g  

pseudo-random numbers from a  normal d i s t r i b u t i o n ,  s t reamflow sequences  of 

a r b i t r a r y  l e n g t h  can be  c r e a t e d  by r e c u r s i v e l y  (1) g e n e r a t i n g  normal ly  d i s -  

t r i b u t e d  numbers vi j ,  (2) t r ans forming  t h e  v i j  t o  log-normally d i s t r i b u t e d  

numbers uij through e x p r e s s i o n  ( I -  and ( 3 )  c a l c u l a t i n g  q i j  from t h e  model 

(I-l), a s  t h e  index  j c y c l e s  from 1 t o  1 2  and a s  t h e  i n d e x  i i n c r e a s e s  from 

1 t o  an a r b i t r a r i l y  s p e c i f i e d  number of y e a r s  f o r  which t h e  r e c o r d  i s  d e s i r e d .  

These r e c o r d s  can t h e n  be r o u t e d  through t h e  s i m u l a t i o n  program i n  t h e  same 

manner a s  w a s  done w i t h  t h e  h i s t o r i c a l  r ecord ,  

For more complex systems i n v o l v i n g  s e v e r a l  s t r eams ,  o r  a  more r e f i n e d  

a n a l y s i s  of t h e  example g iven  i n  t h i s  c h a p t e r ,  s imul taneous  r e c o r d s  o f  stream- 

f low a t  s e v e r a l  l o c a t i o n s  i n  space  may be d e s i r e d .  To supply  t h e s e  needs ,  

I4atalas4 extended t h e  Thomas-Fiering model by u t i l i z i n g  a  m u l t i v a r i a t e  p r o c e s s  

a s  fo l lows :  

where dki i s  t h e  s t a n d a r d i z e d  flow v a r i a t e  a t  l o c a t i o n  k  (k = 1, 2,  ..., p) j 

i n  y e a r  i dur ing  t ime i n t e r v a l  j g iven  by 

4. I b i d .  - 



w i t h  q k i j  r e p r e s e n t  f low a t  l o c a t i o n  k i n  y e a r  i dur ing  i n t e r v a l  j ,  pkj 

r e p r e s e n t i n g  t h e  mean f low a t  k dur ing  i n t e r v a l  j ,  and okj r e p r e s e n t i n g  t h e  

corresponding s t a n d a r d  d e v i a t i o n  of flow. The u k i j ' s  a r e  a s e t  of indepen- 

d e n t l y  d i s t r i b u t e d  random v a r i a b l e s  each having ze ro  mean and u n i t  v a r i a n c e .  

The above s e t  of e x p r e s s i o n s  can be  w r i t t e n  i n  m a t r i x  form a s  fo l lows :  

D .  = A D  -1-j - -ij-l .Z Zij 
where gij i s  t h e  column v e c t o r  (dkij, k l r  . . . , p ) ,  & i s  t h e  pxp m a t r i x  of 

c o e f f i c i e n t s  (aek),  and Ui j  i s  t h e  column v e c t o r  (ukij, k=l , . . . ,p) .  As shown - 
by Matalas ,  i f  A and 2 a r e  determined by r e l a t i o n s h i p s  g iven  i n  Chapter I1 of 

Z 

t h i s  r e p o r t ,  t h e  f i r s t  and second moments and f i r s t - o r d e r  a u t o c o r r e l a t i o n  

c o e f f i c i e n t s  of f lows  a t  each l o c a t i o n  and a l l  zero-order s p a t i a l  c o r r e l a t i o n  

c o e f f i c i e n t ' s  among f lows  a t  d i f f e r e n t  l o c a t i o n s  can b e  p rese rved  i n  sequences  

genera ted  by t h i s  model. However, excep t  i n  s p e c i a l  c a s e s ,  t h e  above model, 

i n  i t s  p r e s e n t  form, does n o t  p r e s e r v e  skewness p r o p e r t i e s  of t h e  h i s t o r i c a l  

r e c o r d ,  p r o p e r t i e s  t h a t  a r e  q u i t e  s i g n i f i c a n t  f o r  many s t reams ,  e s p e c i a l l y  

f o r  t h o s e  i n  t h e  South A t l a n t i c  Basins .  P rev ious  a p p l i c a t i o n s  o f  t h e  model 

have r e l i e d  upon t r a n s f o r m a t i o n s  t h a t  have made f requency d i s t r i b u t i o n s  of 

t ransformed f lows appear  t o  f o l l o w  a normal d i s t r i b u t i o n ,  a wel l -unders tood 

d i s t r i b u t i o n  t h a t  i s  complete ly  s p e c i f i e d  by i t s  f i r s t  two moments. The u s e  

of such t r a n s f o r m a t i o n s  i s  n o t  e n t i r e l y  s a t i s f a c t o r y  on t h e o r e t i c a l  grounds,  

and on p r a c t i c a l  grounds t h e i r  u s e  r e q u i r e s  c o n s i d e r a b l e  computation e f f o r t  

i n  a t r i a l  and e r r o r  s e a r c h  f o r  t h e  a p p r o p r i a t e  t r a n s f o r m a t i o n s .  I n  Chapter  

I1 of t h i s  r e p o r t ,  t h e  model i s  extended t o  p r e s e r v e  t h i r d  moments t o  account  

f o r  skewness w i t h o u t  hav ing  t o  u s e  t r a n s f o r m a t i o n s ,  and t h e  r e s u l t i n g  model 

i s  a p p l i e d  t o  monthly f lows i n  f o u r  streams i n  North Caro l ina .  



CHOICE OF SOLUTION INTERVAL 

The cho ice  of s o l u t i o n  i n t e r v a l ,  A t ,  i s  obviously  c r u c i a l  t o  any simula- 

t i o n  a n a l y s i s .  S i n c e  f l o o d  damages a r e  r e l a t e d  t o  peak f lows over  r e l a t i v e l y  

s h o r t  i n t e r v a l s  of t ime,  g e n e r a l l y  t aken  a s  6 t o  24  hours ,  a  s o l u t i o n  i n t e r v a l  

of one month a s  used i n  t h e  example, and a s  commonly used i n  t h e  a n a l y s i s  of 

w a t e r  supp ly  r e s e r v o i r s ,  would obscure  t h e  performance of systems under peak 

f l o o d  c o n d i t i o n s .  For many wate r  q u a l i t y  c o n t r o l  problems, accep ted  averag ing  

i n t e r v a l s  a r e  of t h e  o r d e r  of a  week o r  l e s s .  Again, a  system s i m u l a t i o n  

based on monthly averages  would t e n d  t o  obscure  sys tem behav ior  under  c o n d i t i o n s  

of extreme low f lows of s h o r t  d u r a t i o n .  I n  g e n e r a l ,  t h e  s o l u t i o n  i n t e r v a l  

should  be s u f f i c i e n t l y  s m a l l  t o  d e t e c t  any s t a t e  of t h e  system t h a t  may e x i s t  

d u r i n g  t h e  s i m u l a t i o n  t h a t  h a s  s i g n i f i c a n c e  i n  des ign  and decision-making 

p rocesses .  I f  a s i n g l e  s o l u t i o n  i n t e r v a l  i s  chosen f o r  t h e  s i m u l a t i o n  of a  

multi-purpose sys tem f o r  which o u t p u t  v a r i a b l e s  a r e  measured by averag ing  

over  i n t e r v a l s  t h a t  va ry  from one purpose t o  a n o t h e r ,  then t h e  a p p r o p r i a t e  

cho ice  of i n t e r v a l  i s  t h e  s m a l l e s t  of t h e  s e v e r a l  p o s s i b l e  v a l u e s .  A l l  

r e sponses  measured over  l o n g e r  averag ing  i n t e r v a l s  can t h e n  be o b t a i n e d  by 

averag ing  over  two o r  more of t h e  s m a l l e r  i n t e r v a l s .  

However, t h e  cho ice  of a s m a l l  s o l u t i o n  i n t e r v a l ,  s a y  24  hours ,  may l e a d  

t o  e x c e s s i v e  computation t ime and may g e n e r a t e  a l a r g e  volume of numer ica l  

d a t a  on system performance t h a t  i s  i r r e l e v a n t  under l e s s  than  extreme condi- 

t i o n s .  Only under extreme c o n d i t i o n s  of f l o o d s  o r  d roughts  would i t  be of 

i n t e r e s t  t o  s i m u l a t e  sys tem behav ior  over  s h o r t  i n t e r v a l s  of time. One approach 

t o  overcome t h e s e  d i f f i c u l t i e s  i s  t o  s i m u l a t e  sys tem behav ior  over  s h o r t e r  

t ime  i n t e r v a l s  on ly  d u r i n g  t h o s e  months i n  which c r i t i c a l  f lows a r e  r e a l i z e d .  

Flow sequences f o r  t h o s e  i n t e r v a l s  can be  o b t a i n e d  by superimposing weekly and 

d a i l y  f lows on g iven  monthly f lows.  A method f o r  accomplishing t h a t  t a s k  i s  

t h e  s u b j e c t  of t h e  Chapters  111, I V Y  and V of t h i s  r e p o r t .  



Two problems a r e  r a i s e d  by fo l lowing  t h i s  t a c t .  F i r s t ,  a method must b e  

found t o  de te rmine  when submonthly f low sequences  shou ld  be  superimposed,  and,  

second, a t echn ique  must be dev i sed  t o  g e n e r a t e  p a t t e r n s  of e i t h e r  weekly o r  

d a i l y  f lows t h a t  a t  l e a s t  approximately  s a t i s f y  two c o n d i t i o n s :  (1)  t h e  

average  o f  submonthly sequences must e q u a l  t h e  monthly flow, and ( 2 )  s t a t i s t i c a l  

p r o p e r t i e s  o f  i n t e r e s t  f o r  submonthly flows i n  t h e  h i s t o r i c a l  r e c o r d  must be  

preserved.  

A t  l e a s t  two a l t e r n a t i v e  approaches can be  t a k e n  t o  t h e  s o l u t i o n  of t h e  

f i r s t  problem. Submonthly f low sequences can b e  superimposed when t h e  monthly 

f low i s  above o r  below v a l u e s  a t  which t h e  p r o b a b i l i t y  t h a t  t h e  maximum o r  

minimum submonthly f low f a l l s  w i t h i n  a c r i t i c a l  r e g i o n  i s  e q u a l  t o  some 

s p e c i f i e d  l e v e l .  The a l t e r n a t i v e  approach i s  t o  g e n e r a t e  r e a l i z a t i o n s  o f  

maximum o r  minimum submonthly f lows from which i t  i s  p o s s i b l e  t o  de te rmine  

d i r e c t l y  whether o r  n o t  c r i t i c a l  f lows occur .  With e i t h e r  approach,  i t  i s  

n e c e s s a r y  t o  know t h e  p r o b a b i l i t y  d i s t r i b u t i o n s  o f  maximum and minimum sub- 

monthly f lows g iven  t h e  monthly flow. I n  Chapter I11 of t h i s  r e p o r t  proba- 

b i l i t y  d i s t r i b u t i o n s  f o r  r a t i o s  of maximum day-to-monthly f low and minimum 

week-to-monthly f low a r e  e s t i m a t e d  f o r  t h e  14 gaging s t a t i o n s  l i s t e d  i n  

Table 1-2. D i s t r i b u t i o n s  of maximum d a i l y  and minimum weekly f lows can t h e n  

be  ob ta ined  by m u l t i p l y i n g  those  r a t i o s  by monthly f lows.  The cho ices  of 

t h o s e  p a r t i c u l a r  r a t i o s  a r e  based on t h e i r  a n t i c i p a t e d  use  f o r  s i m u l a t i n g  

wate r  r e s o u r c e  systems t h a t  i n c l u d e ,  among o t h e r  purposes ,  f l o o d  c o n t r o l  and 

low f low augmentation f o r  w a t e r  q u a l i t y  c o n t r o l .  

I n  Chapter I V  s t a t i s t i c a l  p r o p e r t i e s  of d e v i a t i o n s  of d a i l y  and weekly 

flows from monthly f lows a r e  examined t o  determine t h e  s t r u c t u r e  of models 

t h a t  can be  used t o  g e n e r a t e  submonthly flows. Chapter V i s  devoted t o  an  

examinat ion of methods f o r  superimposing d a i l y  and weekly f lows on a g iven  



Index  
No. 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 0  

11 

1 2  

1 3  

1 4  

S i t e  
No. 

2071000 

2085500 

2087500 

2093500 

2097000 

2099500 

2102000 

2112000 

2116500 

3451500 

1554000 

1608500 

1638500 

2441500 

TABLE 1-2. LIST OF GAGING SITES AND HISTORICAL RECORDS 
FOR DAILY AND WEEKLY ANALYSES 

Gaging S i t e  

North Caro l ina  S i t e s  

Dan River a t  Wentworth 

F l a t  River a t  Bahama 

Neuse River a t  Clayton 

Haw River at Benaja 

Haw River  a t  P i t t s b o r o  

Deep River a t  Randleman 

Deep River a t  Moncure 

Yadkin River a t  Wilkesboro 

Yadkin River a t  Yadkin Col lege  

French Board River  a t  A s h e v i l l e  

Other  S i t e s  

Susquehanna River ,  Sunbury, Pa. 

S. Branch o f  Potomac River ,  Spring- 
f i e l d ,  W. Va.  

Potomac River a t  P o i n t  o f  Rocks, Md. 

Tombigee River  at Columbus, M i s s .  

Drainage 
Area Sq. M i .  

1 ,050 

150 

1,140 

168 

1,310 

124 

1 ,410  

493 

2,280 

945 

18,300 

1 ,470 

9,000 

4,490 

Record I n t e r v a l  
Used i n  Ana lys i s  



monthly flow where the time-dependency of those flows are based on results 

presented in Chapter IV. 



CHAPTER I1 

A THIRD-MOMENT MULTIVARIATE MONTHLY FLOW MODEL 

The purpose  of t h i s  c h a p t e r  i s  t o  c o n s t r u c t  a model f o r  monthly stream- 

f low s y n t h e s i s  f o r  s e v e r a l  s t r eams  t h a t  f low through t h e  North C a r o l i n a  Pied- 

mont where they a r e  i n t e n s i v e l y  u t i l i z e d  f o r  urban needs ,  e s p e c i a l l y  w a t e r  

supp ly  and waste  d i s p o s a l .  The b a s i s  f o r  t h e  model i s  a weak ly-s ta t ionary  

m u l t i v a r i a t e  s t o c h a s t i c  p r o c e s s  t h a t  was f i r s t  d i s c u s s e d  i n  t h e  c o n t e x t  of 

s t reamflow s y n t h e s i s  by ~ a t a l a s . ~  It was shown t h a t  t h e  model would p r e s e r v e  

f i r s t  and second moments of h i s t o r i c a l  s t reamflows,  and i n  s p e c i a l  c a s e s  i t  

would p r e s e r v e  p r o b a b i l i t y  d i s t r i b u t i o n s  t h a t  were i d e n t i f i e d  as be ing  repre -  

s e n t a t i v e  of t h e  h i s t o r i c a l  r ecord .  However, t h e  model does  n o t  i n  g e n e r a l  

p r e s e r v e  h i g h e r  moments of s t reamflow d i s t r i b u t i o n s .  The t h i r d  moments, a 

measure of t h e  skewness of f requency d i s t r i b u t i o n s ,  i s  e s p e c i a l l y  impor tan t  

f o r  s t reams  t h a t  d r a i n  a r e a s  o f  moderate s i z e  i n  t h e  South A t l a n t i c  Basins .  

A p p l i c a t i o n s  t o  a r e a s  where t h e  s p e c i a l  c a s e s  were n o t  a p p l i c a b l e  and where 

h i g h e r  moments were impor tan t  have had t o  r e l y  on t r a n s f o r m a t i o n s  of d a t a  

t h a t  made r e l a t i v e  f requency d i s t r i b u t i o n s  of t h e  t ransformed d a t a  appear  t o  

have a r i s e n  from normal d i s t r i b u t i o n s ,  d i s t r i b u t i o n s  t h a t  a r e  complete ly  

s p e c i f i e d  by t h e i r  f i r s t  two moments. Aside from t h e  f a c t  t h a t  such p r a c t i c e  

i s  n o t  d e f e n s i b l e  on t h e o r e t i c a l  grounds,  t h e  use  of t r a n s f o r m a t i o n s  r e q u i r e s  

a  c o n s i d e r a b l e  e f f o r t  i n  t ime and money t o  conduct a  t r i a l  and e r r o r  s e a r c h  

f o r  a p p r o p r i a t e  t r a n s f o r m a t i o n s .  To overcome t h i s  d i f f i c u l t y ,  t h e  f i r s t  p a r t  

of t h i s  c h a p t e r  i s  devoted t o  an e x t e n s i o n  of t h e  m u l t i v a r i a t e  monthly f low 

model t o  i n c l u d e  c o n s i d e r a t i o n  of t h i r d  moments. The r e s u l t i n g  model i s  t h e n  

c a l i b r a t e d  t o  gaging s t a t i o n s  on t h e  Yadkin, Deep, Haw, and Neuse Rivers  i n  

North Caro l ina .  
- - 

5. N.C. Matalas ,  "Mathematical Assessment of S y n t h e t i c  Hydrology," o p . c i t .  



THE MODEL 

The b a s i c  model p r e s e n t e d  by Matalas  i s  based on a m u l t i v a r i a t e  weakly 

s t a t i o n a r y  Markovian p r o c e s s  d e f i n e d  by 

Zi+l = L .Si + E (11-1) 

where _Xi+l and X .  a r e  ( p x l )  m a t r i c e s  whose k t h  e lements  a r e  ~ k , ~ + ~  and xk i, 
~1 

r e s p e c t i v e l y ,  where x k , i + l  and xk i a r e  e v e n t s  a t  t i m e s  i+l and i, r e s p e c t i v e -  

l y ,  and ,Ui+l i s  a random v e c t o r  whose e lements  a r e  mutua l ly  independent  and 

independent  of t h e  e lements  of X . .  _A and 2 a r e  (pxp) m a t r i c e s  g iven  by 
...I 

A = I$ 
A (11-2) 

and t h e  s o l u t i o n  of 

-- = -Mo - -1 M M - ~ ~ J ~  -0 1 (11-3) 
T where M and M a r e  t h e  (pxp) m a t r i c e s  E ( ~ ~ + ~ X T )  and E ( x ~ & ) ,  r e s p e c t i v e l y ,  

-1 -0 1 C 

w i t h  E deno t ing  t h e  e x p e c t a t i o n  o p e r a t o r .  It was shown t h a t  t h e  model w i l l  

p r e s e r v e  mean 

w i l l  p r e s e r v e  

$1. 

Young 

assumption 

r e s i d u a l s ,  

convenient  

shown t h a t  

v a l u e s  of 5 a s  e s t i m a t e d  from t h e  h i s t o r i c a l  r e c o r d ,  and i t  

t h o s e  second-order moments r e p r e s e n t e d  by t h e  m a t r i c e s  go and 

and p i sano6  subsequen t ly  made t h e  model o p e r a t i o n a l  under t h e  

t h a t  s t a n d a r d i z e d  s t r e a n f l o w  v a r i a t e s ,  which t h e y  r e f e r r e d  t o  as 

s a t i s f y  t h e  weakly s t a t i o n a r y  assumption.  They a l s o  p r e s e n t e d  a 

method f o r  s o l v i n g  e q u a t i o n  (11-3) f o r  2. Moreau and p y a t t 7  have 

t h e  same model can be v a l i d l y  a p p l i e d  bo th  t o  problems i n  which 

more t h a n  a s i n g l e  t ime l a g  i s  necessa ry  t o  d e s c r i b e  t h e  p r o c e s s  and t o  

problems i n  which second-order moments a r e  pe rmi t t ed  t o  v a r y  from one t i m e  

i n t e r v a l  t o  t h e  n e x t  over  an  annual  t ime cyc le .  These same g e n e r a l i z a t i o n s  

6. G. K. Young and W. C. P i sano ,  "Opera t iona l  Hydrology Using R e s i d u a l s  , I 1  

Journ.  o f - ~ ~ d r a u l i c s  D i v i s i o n ,  Amer. Soc. C i v i l  Eng., 94 ( H Y ~ ) ,  pp. 
909-923, 1968. 

7. D.H. Moreau and E.E. P y a t t ,  "Weekly and Monthly Flows i n  S y n t h e t i c  
Hydrology," Water Resources Research,  6 ,  1 (Feb., 1970) ,  pp. 53-61. 



app ly  t o  c o n s i d e r a t i o n s  of t h i r d  moments as developed i n  subsequent  paragraphs .  

For convenience,  assume t h a t  t h e  model i s  w r i t t e n  f o r  s t a n d a r i z e d  v a r i a t e s  

s o  t h a t  each xki and each component, Uki, of t h e  random v e c t o r  zi has  a mean 

of z e r o  and a u n i t  v a r i a n c e .  Each element of t h e  v e c t o r  Xi+l can be  w r i t t e n  
N 

i n  expanded form a s  fo l lows :  

P 
= E ak jx j i  + , C  b u . .  X k , i + l  jj=l k j  ~ l + l  (11-4) ]=I 

Upon cubing bo th  s i d e s  of t h a t  e x p r e s s i o n ,  t h e  f o l l o w i n g  r e s u l t  i s  ob ta ined :  

S ince  each random v a r i a b l e  uk j  i s  assumed t o  be independent  of every  o t h e r  

ukj and every xkj ,  and s i n c e  e x p e c t a t i o n s  of a l l  of  t h e s e  random v a r i a b l e s  a r e  

ze ro ,  a p p l i c a t i o n  of t h e  e x p e c t a t i o n  o p e r a t o r  t o  b o t h  s i d e s  of (11-5) r e s u l t s  

i n  t h e  e x p r e s s i o n  below: 



3 where p i s  a ( p x l )  v e c t o r  whose e lements  Bj a r e  E ( u ~ ~ + ~ ) .  Le t  yki be  used 
Z 

denote  E[ (ak l,ak2,..., akp ) -1 X . ] ,  and l e t Y b e  t h e  column v e c t o r  [ E ( Y ~ ~ ) ~  3 

3 3 E ( Y ~ ~ ) s * * * s E ( Y ~ ~ ) I *  Then i f  deno tes  t h e  column v e c t o r  (y1,y2, . . . ,yp) ,  

3 where Y ~ = E ( X ~ ~ + ~ ) ,  and i f  i s  t h e  pxp m a t r i x  whose e lements  a r e  t h e  e lements  

o f  r a i s e d  t o  t h e  t h i r d  power, then  e x p r e s s i o n  (11-6) can be g e n e r a l i z e d  t o  

p  dimensions i n  t h e  equa t ion :  

~ = Y + c &  
W C N  

The l a t t e r  e q u a t i o n  can b e  s o l v e d  t o  o b t a i n  t h e  t h i r d  moments f o r  t h e  random 

v a r i a b l e s  ,Ui+l i n  terms of t h i r d  moments f o r  z, m a t r i c e s  A and B ,  and t h e  
u Y 

lagged v a r i a b l e s  as fo l lows :  

Q = c- l ( r -y )  
C 

(11-7) 

I f  t h e  d a t a  from a  s e t  o f  s t reamflow gages t o  which t h i s  model i s  a p p l i e d  

s a t i s f y  a t  l e a s t  approximately  t h e  assumptions  made i n  t h e  d e r i v a t i o n  of 

t h e s e  r e s u l t s ,  t h e n  by e s t i m a t i n g  from t h e  d a t a  t h o s e  parameters  con ta ined  

i n  t h e  r i g h t  hand s i d e  of (11-7), t h i r d  moments f o r  t h e  random variables:  

t h a t  a r e  r e q u i r e d  t o  p r e s e r v e  t h i r d  moments of t h e  s t reamflows X can be 
N 

c a l c u l a t e d .  

A s t e p w i s e  p rocedure  f o r  o b t a i n i n g  t h e s e  e s t i m a t e s  i s  a s  f o l l o w s :  (1) 

s t a n d a r d i z e  o b s e r v a t i o n s  i n  t h e  h i s t o r i c a l  d a t a  s e t  by f i r s t  s u b t r a c t i n g  from 

each o b s e r v a t i o n  t h e  e s t i m a t e d  mean f low f o r  t h a t  t i m e  i n t e r v a l ,  where mean 

f l o w s a r e  e s t i m a t e d  by averag ing  t h o s e  f lows  t h a t  occurred d u r i n g  t h e  same 

i n t e r v a l  of t i m e  dur ing  each y e a r  of t h e  h i s t o r i c a l  r e c o r d ,  and second,  

d i v i d i n g  t h e  r e s u l t i n g  d e v i a t i o n s  by e s t i m a t e s  of s t a n d a r d  d e v i a t i o n s  ob ta ined  



by a  method similar t o  t h a t  used t o  e s t i m a t e  means; ( 2 )  e s t i m a t e  go and_M1 

by t a k i n g  a p p r o p r i a t e  product-moment c o r r e l a t i o n s ,  and t h e n  c a l c u l a t e  and 

B u s i n g  e q u a t i o n s  (11-2) and (11-3); (3)  e s t i m a t e ;  by t a k i n g ,  a t  each gaging 
C 

s i t e ,  t h e  average o v e r  a l l  t ime i n t e r v a l s  of t h e  t h i r d  power of s t a n d a r d i z e d  

v a r i a t e s ;  (4)  e s t i m a t e 2  by f i r s t  computing v a l u e s  of y j i  f o r  each t ime  

i n t e r v a l  a t  each s i t e ,  and second, t a k i n g ,  a t  each s i t e ,  t h e  average  over  a l l  

t i m e  i n t e r v a l s  of t h e  t h i r d  power of t h e  y j i ;  (4) i s  ob ta ined  by cubing 

i n d i v i d u a l  e lements  of z; and (5) 8 can be ob ta ined  by s u b s t i t u t i o n  of t h e  
ly 

above e s t i m a t e s  i n t o  e q u a t i o n  (11-7). 

A p p l i c a t i o n  of t h e  model g iven by (11-1) w i t h  d e s i r e d  t h i r d  moment 

p r o p e r t i e s  r e q u i r e s  t h e  g e n e r a t i o n  of pseudo-random number sequences  f o r  each 

e lement  of t h e  v e c t o r  such t h a t  each component comes from a  p r o b a b i l i t y  

d i s t r i b u t i o n  having z e r o  mean, u n i t  v a r i a n c e ,  and a t h i r d  moment g iven  by 

t h e  corresponding element of $. The f i r s t  two p r o p e r t i e s  a r e  s a t i s f i e d  by 
N 

t a k i n g  t h e  s t a n d a r d i z e d  v a r i a t e  f o r  any p r o b a b i l i t y  d i s t r i b u t i o n  f o r  which 

f i r s t  and second moments e x i s t .  For t h e  c a s e  where e lements  o f  @ a r e  p o s i t i v e ,  

two d i s t r i b u t i o n s  a r e  l i k e l y  c a n d i d a t e s  f o r  g e n e r a t i n g  pseudo-random numbers 

w i t h  given t h i r d  moments, namely t h e  gamma d i s t r i b u t i o n  and t h e  log-normal 

d i s t r i b u t i o n .  It can b e  shown t h a t  f o r  a gamma d i s t r i b u t i o n  w i t h  t h e  f r e -  

quency f u n c t i o n  

f ( x )  = A ( ~ x ) ~ - l e - A ~  f o r  x  r 0 ,  A > 0 ,  r = 1,2. . .  
( r r l )  ! -- 

t h e  s t a n d a r d i z e d  v a r i a t e  has  a  t h i r d  moment of 2 f i ,  and f o r  t h o s e  c a s e s  where 

a  n o n - i n t e g r a l  v a l u e  o f ' r  i s  necessa ry  t o  y i e l d  t h e  a p p r o p r i a t e  t h i r d  moment, 

Naylor,  -- e t .  a l .  have sugges ted  a use£ u l  t echn ique  i n v o l v i n g  a  l i n e a r  combina- 

t i o n  of gamma v a r i a t e s .  For t h e  log-normal d i s t r i b u t i o n ,  i t  i s  known t h a t  

i f  w i s  a  normal ly  d i s t r i b u t e d  v a r i a b l e  w i t h  ze ro  mean and v a r i a n c e  a2 ,  then 

8. T.H. Naylor ,  et .al . ,  Computer S imula t ion  Techniques,  (N.Y., John Wiley 
& Sons, 1968) ,  p. 88. 



t h e  v a r i a b l e  v = eW h a s  a mean of exp(a2 /2)  and a v a r i a n c e  o f  [exp(2a2) - 
2 exp(o ) ] ,  and t h e  s t a n d a r d i z e d  v a r i a b l e  u = (v - uv)/ov h a s  t h e  t h i r d  moment 

Then, f o r  a s p e c i f i e d  t h i r d  moment, e q u a t i o n  (11-8) can be so lved  by methods 

of numer ica l  a n a l y s i s  t o  o b t a i n  t h e  a p p r o p r i a t e  v a r i a n c e  of t h e  u n d e r l y i n g  

normal d i s t r i b u t i o n  from which log-normal v a r i a t e s  can be  genera ted .  

To t e s t  whether  o r  n o t  sequences  of numbers genera ted  by t h e  model (11-1) 

y i e l d  t h e  same t h i r d  moments as t h o s e  e s t i m a t e d  from t h e  h i s t o r i c a l  r e c o r d ,  

a long genera ted  sequence i s  r e q u i r e d  t o  reduce t h e  i n h e r e n t l y  l a r g e  sampling 

v a r i a b i l i t y  of sample t h i r d  moments. Some i n d i c a t i o n  of t h e  magnitude o f  

sampling v a r i a t i o n  i n  t h e  t h i r d  moment o f  s t reamflow v a r i a t e s  i s  g iven  by an  

examinat ion o f  sample v a r i a t i o n  i n  t h e  t h i r d  moment of t h e  random component. 

The s t a n d a r d  e r r o r  of t h e  sample t h i r d  moment of t h e  v a r i a b l e  u, g iven  above 

as a s t a n d a r d i z e d  log-normal v a r i a t e ,  i s  

where n i s  t h e  number of o b s e r v a t i o n s .  Using t h i s  e x p r e s s i o n  and (11-8), a 2 

v a l u e s  of 0.30 and 0.50 y i e l d  expected t h i r d  moments of 2.00 and 2.93, 

r e s p e c t i v e l y ,  whi le  corresponding s t a n d a r d  e r r o r s  f o r  sample moments a r e  

24.7/fi  and 6 4 . 8 / n .  There fore ,  a sample s i z e  o f  1200, corresponding t o  a 

100-year s i m u l a t i o n  of monthly f lows,  r e s u l t s  i n  s t a n d a r d  e r r o r s  of 0.71 and 

1.87, v a l u e s  which are q u i t e  l a r g e  when compared w i t h  expected v a l u e s .  Even 

f o r  a sample s i z e  o f  10,000, t h e  s t a n d a r d  e r r o r s  a r e  0.25 and 0.65 f o r  t h e  

a 2  v a l u e s  o f  0.30 and 0.50, r e s p e c t i v e l y .  



RESULTS AND CONCLUSIONS 

The m u l t i v a r i a t e  s t reamflow model a s  extended i n  t h i s  c h a p t e r  h a s  been 

made o p e r a t i o n a l  f o r  monthly f lows a t  f o u r  gaging s t a t i o n s  l o c a t e d  on f o u r  

d i f f e r e n t  s t reams  t h a t  have t h e i r  headwaters  i n  t h e  u r b a n i z i n g  Piedmont 

H i s t o r i c a l  r e c o r d  

r e g i o n  of North C a r o l i n a  and on which s e v e r a l  mul t ipurpose  p r o j e c t s  have been 

and a r e  be ing  c o n s t r u c t e d .  S i t e  1 is  l o c a t e d  on t h e  Neuse River  a t  Nor ths ide ,  

N.C.; S i t e  2  i s  l o c a t e d  on t h e  Haw River  a t  P i t t s b o r o ,  N.C.; S i t e  3  i s  a t  

Ramseur, N.C. on t h e  Deep River ;  and S i t e  4  i s  l o c a t e d  on t h e  Yadkin River  a t  

Yadkin Col lege ,  N.C. The h i s t o r i c a l  d a t a  s e t  u t i l i z e d  t o  e s t i m a t e  model 

parameters  c o n s i s t e d  of 34 y e a r s  of o b s e r v a t i o n s  a t  each s i t e  ex tend ing  o v e r  

wa te r  y e a r s  1929-1962. 

I n  Tab les  11-1, 11-2, 11-3, and 11-4 a r e  shown e s t i m a t e s  of means, 

s t a n d a r d  d e v i a t i o n s ,  and s p a t i a l  and temporal  c o r r e l a t i o n  m a t r i c e s  f o r  b o t h  

t h e  h i s t o r i c a l  r e c o r d  and a  100-year s imula ted  r e c o r d  a t  t h e  f o u r  s i t e s .  

Those s t a t i s t i c s  of p a r t i c u l a r  i n t e r e s t  i n  t h i s  c h a p t e r ,  t h i r d  moments of 

s t a n d a r d i z e d  monthly f lows f o r  bo th  t h e  h i s t o r i c a l  and s imula ted  r e c o r d s ,  a r e  

shown i n  Table  11-5 below. 

TABLE 11-5. SAMPLE THIRD MOMENTS FOR HISTORICAL AND 
100-YEAR SIMULATED RECORDS 

Thi rd  Moments o f :  1 - 2  - 3  - 4  - 

100-year s imula ted  
r e c o r d  1.244 1 .141 1.034 1.010 

A comparat ive  examinat ion of s t a t i s t i c s  f o r  t h e  h i s t o r i c a l  r e c o r d  and 

t h o s e  of t h e  s imula ted  record  i n  t h e  f i r s t  f o u r  t a b l e s  i n d i c a t e s  t h a t  means, 

s t a n d a r d  d e v i a t i o n s ,  and c o r r e l a t i o n  c o e f f i c i e n t s  of t h e  h i s t o r i c a l  r e c o r d s  

a r e  wel l -preserved i n  t h e  s i m u l a t e d  record ,  d e v i a t i o n s  be ing  w i t h i n  t h e  



-- - 

TABLE 11-1. ESTIMATES OF MEANS OF MONTHLY FLOWS FROM HISTORICAL 
AND SIMULATED RECORDS 

Month 

Oct. 

Nov . 
Dec . 
J a n .  

Feb. 

March 

A p r i l  

May 

J u n e  

J u l y  

Aug . 
Sep t .  

S i t e  1 

q h ( a )  q s (b )  
-- 

290 328 

374 385 

487 539 

796 772 

1 0 0 1  984 

910 930 

849 881  

402 396 

285 302 

372 346 

376 407 

303 317 

S i t e  2 

4h - 4 s  - 
776 897 

876 8 9 3  

1 1 9 1  1 2 3 3  

1899 1 9 7 3  

2333 2317 

2086 2124 

1894 2008 

940 984 

764 839 

783 712 

795 789 

796 788 

S i t e  3 

qh  - 4 s  - 
208 236 

211 211 

322 330 

522 536 

667 650 

590 603 

511  525 

256 266 

199 222 

222 1 9 9  

246 237 

227 227 

S i t e  4 

'h - 4 s  - 
638 676 

613 571  

703 688 

8 3 3  8 4 1  

932 935 

997 1015  

1 0 0 1  975 

783 770 

679 701 

640 595 

696 679 

592 613 

( a )  means f o r  h i s t o r i c a l  r e c o r d  i n  c u b i c  f e e t  p e r  s econd  

(b)  means f o r  s i m u l a t e d  r e c o r d  i n  c u b i c  f e e t  p e r  s econd  



Month 

O c t .  

Nov. 

Dec. 

J a n .  

Feb. 

March 

A p r i l  

May 

J u n e  

J u l y  

Aug . 
Sep t .  

TABLE 11-2. ESTIMATES OF STANDARD DEVIATIONS OF MONTHLY 
FLOWS FROM HISTORICAL AND SIMULATED RECORDS 

S i t e  1 S i t e  2 

Sh - Sh - 
909 1167  

835 720  

789 7 5 1  

1462  1245  

1268  1136  

1076  1 1 8 1  

990 949 

536 643  

482 492 

637 574 

790  923 

1342  1 2 4 0  

S i t e  3 

Sh - Sh - 
276 357 

223 1 9 5  

234 215 

381  373 

385 352 

314 371  

269 2 4 1  

157 185  

1 6 3  165  

1 6 2  147  

235 267 

351  343 

( a )  s t a n d a r d  d e v i a t i o n s  i n  c u b i c  f e e t  p e r  second 

(b)  s t a n d a r d  d e v i a t i o n s  f rom s i m u l a t e d  r e c o r d  i n  c u b i c  
f e e t  p e r  second 

S i t e  4 

Sh - Sh - 
427 506 

317 266 

287 263 

425 446 

387 376 

325 381  

358 312 

275 287 

264 235 

301  279 

684 796 

372 403  



TABLE 11-3. SPATIAL CORRELATION MATRICES, Mo, FOR 
MONTHLY FLOWS FROM HISTORICAL AND 
SIMULATED RECORD S 

Site - 
Site - 1 2 3 4 

1 1 .88(.87)a 80 (. 80) .56(.58 

2 1 .93(.94) .66(.67) 

3 1 .63 (. 66) 

(a) estimate from historical record at left with estimate from simulated 
record in parenthesis 

TABLE 11-4. ONE LAG CORRELATION MATRICES, MI, FOR 
MONTHLY FLOWS FROM HISTORICAL AND 
SIMULATED RECORDS 

Site - 1 2 3 4 

(a) estimate from historical record at left with estimate from simulated 
record in parenthesis. 



l i m i t s  of sampling v a r i a b i l i t y .  I n  Table 11-5 t h e  d i f f e r e n c e s  between t h i r d  

moments of t h e  two r e c o r d s  a r e  s u f f i c i e n t l y  s m a l l  when compared t o  s t a n d a r d  

e r r o r s  of sample t h i r d  moments of t h e  e r r o r  term t o  conclude t h a t  t h e  model 

a t  l e a s t  y i e l d s  a c c e p t a b l e  approximat ions  t o  t h i r d  moment p r o p e r t i e s .  Some 

i n s i g h t  i n t o  t h e  magnitude o f  sampling e r r o r s  i n h e r e n t  i n  such e s t i m a t e s  can 

be o b t a i n e d  by computing t h e  s t a n d a r d  e r r o r s  g iven  by e x p r e s s i o n  (11-9). 

Those v a l u e s  range from 35 t o  80 p e r c e n t  of expected v a l u e s  w h i l e  t h e  observed 

d e v i a t i o n s  f o r  sample t h i r d  moments of f lows a r e  l e s s  t h a n  30 p e r c e n t  of 

expected va lues .  

To s t u d y  t h e  behav ior  of t h i r d  moments of s imula ted  r e c o r d s  genera ted  by 

t h i s  model under l o n g e r  p e r i o d s  of r e c o r d  where sampling v a r i a b i l i t y  i s  

reduced, f lows at  t h e  f o u r  gaging s t a t i o n s  were genera ted  f o r  10,000 monthly 

i n t e r v a l s .  Third  moments from t h i s  d a t a  s e t  were c a l c u l a t e d  t o  be 1.66,  

1.45,  1 .3  , and 1.12 a s  compared w i t h  v a l u e s  1 .73,  1.51,  1.43,  and 1.17 from 

t h e  h i s t o r i c a l  r ecord .  Devia t ions  of t h i r d  moments i n  t h i s  sample from t h o s e  

o f  t h e  h i s t o r i c a l  r ecord  were l e s s  t h a n  f i v e  p e r c e n t  of t h e  h i s t o r i c a l  

e s t i m a t e s  and a r e  e a s i l y  a t t r i b u t a b l e  t o  sampling v a r i a t i o n s .  Th i s  ev idence  

j u s t i f i e s  t h e  conc lus ion  t h a t  t h e  model does i n  f a c t  p r e s e r v e  t h i r d  moments. 





CHAPTER I11 

PROBABILITIES FOR AND GENERATION OF EXTREME 
EVENTS OF SUBMONTH DURATION 

The behav ior  of wa te r  r e s o u r c e  sys tems under extreme hydro log ic  e v e n t s  

having a d u r a t i o n  of l e s s  t h a n  one month i s  masked by d i g i t a l  computer 

s i m u l a t i o n  a n a l y s e s  f o r  which monthly averag ing  i n t e r v a l s  have been s e l e c t e d .  

However, t h e  adop t ion  of s m a l l e r  averag ing  i n t e r v a l s  l e a d s  t o  s e v e r a l  d i f f i -  

c u l t i e s .  F i r s t ,  r e l a t i v e l y  s imple  mathemat ical  models f o r  monthly f lows  a r e  

w e l l  e s t a b l i s h e d  i n  t h e  l i t e r a t u r e  and have been a p p l i e d  w i t h  c o n s i d e r a b l e  

s u c c e s s  t o  a l a r g e  number of s t reams  w h i l e  more complex models a r e  r e q u i r e d  

f o r  d a i l y  and weekly f lows ,  and t h e  s t r u c t u r e  o f  such models t e n d s  t o  v a r y  from 

one l o c a l e  t o  ano ther .  More e x t e n s i v e  t e s t i n g  o f  a l t e r n a t i v e  models i s  

r e q u i r e d  i n  t h e  l a t t e r  case .  Second, i f  weekly o r  d a i l y  averag ing  i n t e r v a l s  

a r e  s e l e c t e d ,  computation t ime  i s  i n c r e a s e d  four-  t o  t h i r t y - f o l d  t h a t  of 

monthly f low s i m u l a t i o n .  Th i rd ,  weekly and d a i l y  averag ing  i n t e r v a l s  in -  

c r e a s e  d a t a  s t o r a g e  and management problems cons iderab ly .  F i n a l l y ,  f o r  

t h a t  l a r g e  p o r t i o n  of t ime  i n  which extreme e v e n t s  w i t h i n  a month have l i t t l e  

economic o r  p h y s i c a l  consequences,  monthly average  f lows a r e  s u f f i c i e n t  t o  

r e p r e s e n t  systems behav ior  and s i m u l a t i o n  over  s m a l l e r  in te rva l s  of t ime 

g e n e r a t e s  ex t raneous  d e t a i l .  

An approach i s  sugges ted  i n  t h i s  s t u d y  t o  overcome t h e s e  d i f f i c u l t i e s ,  

namely t h a t  t h e  s i m u l a t i o n  of wa te r  r e s o u r c e  systems can proceed us ing  monthly 

averag ing  i n t e r v a l s  excep t  d u r i n g  t h o s e  months i n  which e i t h e r  t h e  p r o b a b i l i t y  

of a c r i t i c a l  submonthly f low i s  s u f f i c i e n t l y  l a r g e  o r  genera ted  r e a l i z a t i o n s  

of maximum and minimum submonthly f lows f a l l  w i t h i n  ranges  of e i t h e r  f l o o d  o r  

drought  f lows .  During t h o s e  months, p a t t e r n s  of d a i l y  and weekly f lows  can 

be superimposed on t h e  given monthly f low,  and t h e  system can be  s imula ted  



over  t h e  s h o r t e r  t ime  i n t e r v a l s .  With e i t h e r  of t h e  two c r i t e r i a  mentioned 

above f o r  d e c i d i n g  when t o  superimpose submonthly f lows,  i t  i s  n e c e s s a r y  t o  

know p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  maximum and minimum submonthly f low g iven  

t h e  monthly flow. I n  t h i s  c h a p t e r ,  p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  r a t i o s  of 

maximum daily-to-monthly f low and of minimum weekly-to-monthly f low a r e  

e s t i m a t e d  f o r  s e l e c t e d  gages.  Under t h e  assumption t h a t  t h e s e  r a t i o s  a r e  

independent  of monthly f low l e v e l s ,  p r o b a b i l i t y  d e n s i t i e s  f o r  maximum d a i l y  

and minimum weekly f lows can be o b t a i n e d  by m u l t i p l y i n g  t h e  r a t i o s  by g i v e n  

monthly f lows.  It i s  t h u s  p o s s i b l e  t o  determine t h a t  v a l u e  of monthly f low,  

qh, a t  which t h e  p r o b a b i l i t y  of maximum d a i l y  f low be ing  i n  t h e  range  of 

f l o o d  f lows  i s  a s p e c i f i e d  l e v e l .  S i m i l a r l y ,  v a l u e s  of monthly f low,  q R ,  can 

b e  determined a t  which t h e  p r o b a b i l i t y  of minimum weekly f lows  be ing  i n  t h e  

range of drought  f lows i s  a  s p e c i f i e d  l e v e l .  The f i r s t  c r i t e r i a  f o r  super-  

p o s i t i o n  s t a t e s  t h a t  d a i l y  f lows should be used when monthly f lows  exceed qh, 

weekly f lows should be used when monthly f lows  a r e  l e s s  t h a n  q k ,  and monthly 

f lows a r e  t o  be  used o therwise .  While t h i s  s t u d y  i s  based on monthly i n t e r v a l s  

f o r  average  c o n d i t i o n s ,  d a i l y  i n t e r v a l s  f o r  h i g h  f lows,  and weekly i n t e r v a l s  

f o r  low f lows ,  t h e  p r i n c i p l e  i s  obv ious ly  a p p l i c a b l e  t o  o t h e r  combinat ions  of 

averag ing  i n t e r v a l s .  

The p r o b a b i l i t y  d i s t r i b u t i o n s  f o r  r a t i o s  can a l s o  be used t o  g e n e r a t e  

r e a l i z a t i o n s  o f  maximum d a i l y  and minimum weekly f lows a s  shown i n  a l a t e r  

s e c t i o n  of t h i s  c h a p t e r .  These r e a l i z a t i o n s  i n d i c a t e  whether o r  n o t  s i m u l a t i o n  

over  s h o r t e r  i n t e r v a l s  of t ime i s  necessa ry .  

DISTRIBUTION FUNCTIONS FOR RATIOS 

Le t  a  monthly t i m e  i n t e r v a l  be d i v i d e d  i n t o  K s u b i n t e r v a l s  each o f  

width  A t ,  and l e t  {qi; i=1 ,2 ,  ..., K) r e p r e s e n t  a t ime-ordered sequence of 



s t reamflow averages  o v e r  each of t h e  s u b i n t e r v a l s .  Then, i f  7 r e p r e s e n t s  

s t reamflow averaged over  t h e  monthly i n t e r v a l ,  r a t i o s  o f  maximum and minimum 

s u b i n t e r v a l  f low t o  average  monthly f low a r e  g i v e n  by: 

max Rh < K and - 

min , O < R R < l  
R~ = i=1 ,2 , .  .,K {:} - - 

These r a t i o s  can be  assumed t o  be random v a r i a b l e s  having some p r o b a b i l i t y  

d i s t r i b u t i o n  t h a t  i s  unknown bu t  f o r  which samples a r e  a v a i l a b l e  from t h e  

h i s t o r i c a l  r ecord .  Sample v a l u e s  f o r  t h e s e  r a t i o s  t h e n  p rov ide  a b a s i s  f o r  

e s t i m a t i n g  cumulat ive  p r o b a b i l i t y  o r  d i s t r i b u t i o n  f u n c t i o n s ,  Fh(rh)  and 

F ( r  ), f o r  t h e  random v a r i a b l e s  Rh and RR;  i . e .  
R R 

F R ( r R )  = Prob { R ~  2 r R )  , 0 - < F k ( r k )  - < 1 

where rh and rR a r e  s p e c i f i e d  v a l u e s  of t h e  random v a r i a b l e s  Rh and Rk 

r e s p e c t i v e l y .  

These d i s t r i b u t i o n s  can be used t o  make p r o b a b i l i t y  s t a t e m e n t s  about  

within-month extreme v a l u e s  t h a t  a r e  averaged over  some one of t h e  s u b i n t e r -  

v a l s  of wid th  A t  when t h e  average v a l u e  o v e r  a l l  s u b i n t e r v a l s  i s  known o r  i s  

g iven  by a model f o r  monthly f lows.  The s t a t e m e n t  

i s  e q u i v a l e n t  t o  t h e  s t a t e m e n t  

Prob {Rh 5 rh) = 

where r h  i s  t h e  v a l u e  q/q o r  q = rhq. S i m i l a r  s t a t e m e n t s  ho ld  f o r  minimum 

submonthly f lows.  As d i s c u s s e d  l a t e r  i n  t h i s  c h a p t e r ,  t h e s e  r e l a t i o n s h i p s  

can be used t o  g e n e r a t e  extreme e v e n t s  w i t h i n  a month when t h e  average  f low 

f o r  t h a t  month i s  known. 

- -- - - .- -- - - 



Est imates  f o r  e i t h e r  of t h e  f u n c t i o n s  Fh( rh)  o r  F R ( r g )  can  be  made u s i n g  

methods of e m p i r i c a l  f requency a n a l y s i s .  Consider t h a t  a s e t  of t ime-ordered 

r a t i o s ,  e i t h e r  maximum o r  minimum i s  a v a i l a b l e  from a s t r e a n f l o w  gaging record .  

Denote t h a t  sequence of r a t i o s  a s  { r i j ;  i=1,2,.. . ,m; j=1,2 ,  ..., 12)  where m i s  

t h e  number o f  y e a r s  i n  t h e  h i s t o r i c a l  r ecord .  L e t  n be t h e  t o t a l  number of 

r a t i o s  i n  t h e  sequence ( i f  t h e  h i s t o r i c a l  r e c o r d  i s  a n  i n t e g r a l  number of 

y e a r s ,  t h e n  n = 12m). Th is  time-ordered sequence of r a t i o s  can  be rank- 

o rdered  o r  r e a r r a n g e d  accord ing  t o  i n c r e a s i n g  magnitude. L e t  t h i s  new 

sequence be denoted ( r ( i ) ;  i = 1 , 2 ,  ..., n)  where r ( i )  i s  t h e  i t h  s m a l l e s t  r a t i o  

i n  t h e  sequence { r i j  1 ,  i . e . ,  r ( l )  < r ( 2 )  < * * *  < r ( n ) .  By u s i n g  one  o f  t h e  

9 
s e v e r a l  methods summarized by Chow, o r d i n a t e s  o r  " p l o t t i n g  p o s i t i o n s , "  pi, 

c a n  be  a s s i g n e d  t o  each of t h e  e lements  i n  t h e  sequence so  t h a t  t h e  p a i r e d  

e lements  { ( r  ( i ) ,  pi, i = 1 2 .  . n a r e  sample p o i n t s  f o r  t h e  d i s t r i b u t i o n  

f u n c t i o n  F ( r ) .  One of t h e  most widely  used of t h e  p l o t t i n g  p o s i t i o n  fo rmulas  

i s  t h e  Weibull  formula  where p i s  g iven  by i 

A s  a n  example, c o n s i d e r  t h e  fo l lowing  sequence of 24 peak d a i l y - t o -  

monthly average  r a t i o s  f o r  each month of a two y e a r  p e r i o d :  

I r i j ;  i=1 ,2 ;  j ,  2 = (4.9, 2.7, 1 .9 ,  5.1, 4.5, 5.5, 1.2,  3.5, 6.0, 

4.7, 3.7, 1 .8 ,  2.3, 1.7,  6.4, 3.6, 5.0, 5.2, 

1.6, 3.3, 2.8, 4.2,  3.1, 4.6) 

Then, t h e  s e t  of sample p o i n t s  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n  F ( r )  i s  g i v e n  

by t h e  sequence { ( r  ( i ) ,  i / 2 5 )  i=1 ,2 , .  . . ,241 a s  shown i n  F i g u r e  111-1. 

S e v e r a l  d i f f e r e n t  t e s t a b l e  hypotheses  can be made w i t h  r e s p e c t  t o  t h e  

o r i g i n  o f  samples t a k e n  from on h i s t o r i c a l  r e c o r d  of s t reamflows.  F i r s t ,  i f  

9. Ven Te Chow, (ed . ) ,  Handbook of Appl ied Hydrolopy, (N.Y.,  McGraw-Hill 
Book Co., 1964) ,  p. 8-29. 
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i t  i s  assumed t h a t  d i s t r i b u t i o n s  f o r  t h e  r a t i o s  a r e  i d e n t i c a l  f o r  each month 

of t h e  y e a r  and f o r  t h e  e n t i r e  range  o f  monthly averages ,  q, t h e n  a l l  of t h e  

r a t i o s  { r i j ;  i = 1 , 2 . . . m ;  j = 1 2  1 2  can  be  assumed t o  samples from a  

s i n g l e  d i s t r i b u t i o n .  I f  t h e r e  i s  r e a s o n  t o  b e l i e v e  t h a t  s i g n i f i c a n t  d i f f e r e n c e s  

e x i s t  between e s t i m a t e d  d i s t r i b u t i o n s  f o r  d i f f e r e n t  months of t h e  y e a r  and 

t h a t  t h e s e  d i f f e r e n c e s  would have s u b s t a n t i a l  p h y s i c a l  o r  economic i m p l i c a t i o n s  

on system o u t p u t s ,  t h e n  s e p a r a t e  d i s t r i b u t i o n s  f o r  d i f f e r e n t  months o r  groups 

of months can be  e s t i m a t e d  from t h e  h i s t o r i c a l  r ecord  by us ing  sequences  of 

r a t i o s  g iven by { r . . ;  i = 1 , 2 ,  ..., m} where j ranges  on ly  over  t h o s e  months f o r  
1J 

which i d e n t i c a l  d i s t r i b u t i o n s  a r e  hypothesized.  S i m i l a r l y ,  i f  t h e r e  i s  ev idence  

t h a t  d i f f e r e n t  d i s t r i b u t i o n s  a r e  r e q u i r e d  t o  d e s c r i b e  t h e  behavior  of t h e s e  

r a t i o s  under d i f f e r e n t  r anges  of monthly f low,  then  d i f f e r e n t  d i s t r i b u t i o n s  

could  be  e s t i m a t e d  f o r  t h o s e  d i f f e r e n t  r anges  o f  monthly f lows.  Hypotheses 

s t a t i n g  t h a t  any two d i s t r i b u t i o n s  e s t i m a t e d  from two d i f f e r e n t  sets of r a t i o s  

a r e  t h e  same a r e  s u b j e c t  t o  a  formal  s t a t i s t i c a l  t e s t ,  namely t h e  Kolmogorov- 

Smirnov two-sample test.'' Less  formal  methods could  be employed t o  i n v e s t i -  

g a t e  t h e  impact on s imula ted  sys tem o u t p u t s  of u s i n g  more t h a n  one d i s t r i b u t i o n  

f u n c t i o n  f o r  r a t i o s ;  one approach i s  simply t o  compare s i m u l a t e d  r e s u l t s  u s i n g  

t h e  two d i f f e r e n t  hypotheses .  The approach t a k e n  i n  t h i s  work i s  t o  assume 

t h a t  a l l  r a t i o s  f o r  peak daily-to-monthly average  f lows a t  a  g iven  l o c a t i o n  

come from one set o f  i d e n t i c a l  d i s t r i b u t i o n s  and minimum week-to-monthly aver -  

age  f lows a t  t h a t  gage come from a  d i f f e r e n t  s e t  of i d e n t i c a l  d i s t r i b u t i o n s .  

E s t i m a t e s  of t h e s e  d i s t r i b u t i o n s  f o r  n i n e  s e l e c t e d  gaging s i t e s  are g iven  

i n  two series of  f i g u r e s  i n  t h e  appendix t o  t h i s  r e p o r t .  The s e l e c t e d  gages ,  

10. Sidney S i e g e l ,  Nonparametric S t a t i s t i c s ,  (N.Y., McGraw-Hill Book Co., 
1956) ,  pp. 128-136. 



r e p r e s e n t i n g  f i v e  major North Caro l ina  streams and f o u r  o t h e r  s t reams  i n  t h e  

Eas t  and S o u t h e a s t ,  a r e  t h o s e  gages having Index Numbers 1 ,3 ,5 ,9 ,10,11,12,13 

and 1 4  l i s t e d  i n  Table  1-2 where p e r i o d s  of h i s t o r i c a l  r e c o r d  a r e  a l s o  shown. 

F igures  A-1 through A-9 a r e  e s t i m a t e s  o f  cumulat ive  f requency o r  d i s t r i b u t i o n  

f u n c t i o n s  f o r  maximum day-to-monthly average f lows w h i l e  F i g u r e s  A-10 through 

A-18 a r e  e s t i m a t e s  of d i s t r i b u t i o n  f u n c t i o n s  f o r  t h e  r a t i o  of minimum week-to- 

monthly average flow. 

GENERATION OF EXTREME EVENTS 

- To o b t a i n  pseudo-random o b s e r v a t i o n s  on maximum d a i l y  f low qmax - 
max(q1,q2, . . . , q ~ )  when t h e  monthly average f low i s  known, i t  i s  s u f f i c i e n t  

t o  g e n e r a t e  a pseudo-random o b s e r v a t i o n  on t h e  r a t i o  Rh and m u l t i p l y  t h a t  

- 
r a t i o  by t h e  average  monthly flow; i . e .  qmax = rhq.  Pseudo-random observa- 

t i o n s  on Rh can be genera ted  u s i n g  t h e  so -ca l l ed  inverse - t rans form method 
11 

which i s  based on t h e  fo l lowing  p r i n c i p l e .  I t  i s  known t h a t  t h e  cumulat ive  

d i s t r i b u t i o n  f u n c t i o n  f o r  any cont inuous  p r o b a b i l i t y  d i s t r i b u t i o n  F ( r )  i s  

i t s e l f  a  random v a r i a b l e  having a  uniform p r o b a b i l i t y  law o v e r  t h e  i n t e r v a l  

0 .  C a l l  t h i s  v a r i a b l e  P ;  i . e .  P=F( r ) .  There fore ,  t o  g e n e r a t e  observa-  

t i o n s  on r i t  i s  p o s s i b l e  t o  g e n e r a t e  an  o b s e r v a t i o n  on P,  say  p ,  from one 

o f  t h e  s e v e r a l  commonly a v a i l a b l e  methods and programs f o r  uniformly d i s t r i -  

buted random v a r i a b l e s ,  and t h e  corresponding v a l u e  of r can be found by 

r = F " ( ~ )  where F - ~  i n d i c a t e s  t h e  i n v e r s e  t r a n s f o r m  of F; i . e ,  r i s  t h a t  

v a l u e  f o r  which F ( r )  = p. Although i n  t h i s  s t u d y  on ly  sample v a l u e s  of t h e  

f u n c t i o n  F a r e  known, and consequent ly  t h e  e x a c t  a n a l y t i c a l  form of t h e  

i n v e r s e  f u n c t i o n  i s  unknown, i t  i s  p o s s i b l e  t o  o b t a i n  pseudo-random observa- 

t i o n s  on t h e  v a r i a b l e  r by i n v e r s e  i n e r p o l a t i o n  on t h e  sample v a l u e s  of r and p. 

11. T.H. Naylor,  e t .al . ,  Computer S imula t ion  Techniques,  (N.Y., John Wiley 
& Sons, l 9 6 8 ) ,  p. 70. 



One techn ique  f o r  t h i s  p r o c e s s  i s  a s  fo l lows .  For a g iven  r e a l i z a t i o n  

of t h e  random v a r i a b l e  P ,  say  p, which i s  o b t a i n e d  from a uniform random 

number g e n e r a t o r ,  t h e  problem i s  t o  f i n d  t h e  v a l u e  r such t h a t  F ( r )  = p. By 

u s i n g  t h e  method of l e a s t - s q u a r e s ,  a smooth cont inuous  curve  f o r  t h e  d i s t r i -  

b u t i o n  f u n c t i o n  can be o b t a i n e d  by f i t t i n g  a polynomial through ne ighbor ing  

sample p o i n t s  f o r  t h e  d i s t r i b u t i o n  f u n c t i o n  a s  shown i n  F igure  111-2. The 

cho ice  of polynomial i s  q u i t e  a r b i t r a r y ;  a t h i r d  degree  polynomial f i t t e d  t o  

f i v e  a d j a c e n t  sample p o i n t s  i s  chosen f o r  purposes  of i l l u s t r a t i o n .  For  t h a t  

curve,  t h e  r a t i o  r i s  g iven  by: 

where p i s  t h e  p l o t t i n g  p o s i t i o n  o f  t h e  sequence { ( r ( i ) ,  pi) ; i = 1 , 2 , .  . . , n )  
j 

t h a t  i s  n e a r e s t  t o  t h e  given v a l u e  of p ,  and t h e  c o e f f i c i e n t s  ao ,  a l ,  and a 2  

a r e  g iven  by: 

- r j -  + 1 2 r j  + 17r( j )  + 12r ( j+ l )  - 3 r ( j f 2 ) ) / 3 5  
a. - (111-2) 

when r ( j )  i s  t h e  r a t i o  corresponding t o  p and d i s  t h e  p l o t t i n g  i n t e r v a l  
j 

l/ (n+l) . 
I n  summary, extreme e v e n t s  of l e s s  d u r a t i o n  t h a n  a month can  be g e n e r a t e d  

from monthly average  f low by g e n e r a t i n g  pseudo-random o b s e r v a t i o n s  from e s t i -  

mated d i s t r i b u t i o n  f u n c t i o n s  f o r  r a t i o s  of peak-to-average o r  minimum-to- 

average  f lows and m u l t i p l y i n g  t h e s e  r a t i o s  by monthly average  f lows.  The 

pseudo-random o b s e r v a t i o n  f o r  r a t i o s  can be o b t a i n e d  by f i r s t  g e n e r a t i n g  

uniformly d i s t r i b u t e d  v a r i a t e s  on t h e  i n t e r v a l  ( 0 , l )  and then  f i n d i n g  cor re -  

sponding r a t i o s  by i n v e r s e  i n t e r p o l a t i o n  on t h e  d i s t r i b u t i o n  f u n c t i o n  u s i n g  

t h e  method of l e a s t  squares .  Extreme e v e n t s  genera ted  i n  t h i s  manner i n d i c a t e  



when simulation over time intervals of less than a month is necessary. When 

such simulations are necessary, mathematical models discussed in Chapters IV 

and V can be used to superimpose submonthly variations in flow on monthly 

averages. 





CHAPTER I V  

MODELS FOR DAILY AND WEEKLY DEVIATIONS 

The f i n a l  t a s k  of t h i s  s t u d y ,  t h a t  of d e v i s i n g  a  scheme t o  superimpose 

within-month v a r i a t i o n s  of s t reamflow on monthly average  f lows ,  i s  p r e d i c a t e d  

on t h e  assumption t h a t  a  model e x i s t s  t o  e x p r e s s  p r o b a b i l i s t i c  r e l a t i o n s h i p s  

among d a i l y  and weekly s t reamflows and between t h e s e  flows and t h e i r  averages  

over  a month. While numerous mathemat ical  forms a r e  a v a i l a b l e  as c a n d i d a t e  

models, t h i s  c h a p t e r  i s  focused on t h e  i d e n t i f i c a t i o n  and c a l i b r a t i o n  of 

s p e c i f i c  models from one c l a s s  of mathemat ical  c o n s t r u c t s  t h a t  may be t aken  

t o  r e p r e s e n t  s e l e c t e d  s t reams  i n  North Caro l ina  and e lsewhere  i n  t h e  e a s t e r n  

and s o u t h e a s t e r n  r e g i o n s  of t h e  U.S. 

THE MODEL 

The u s u a l  approach t aken  i n  t h e  a n a l y s i s  of t ime s e r i e s  d a t a  i s  t o  

p o s t u l a t e  t h a t  t h e  s e r i e s  i s  produced by t h e  a d d i t i v e  e f f e c t  of two o r  more 

components r e p r e s e n t i n g  a  t r e n d ,  an  o s c i l l a t o r y  e f f e c t ,  a  s e a s o n a l  e f f e c t ,  

and a  random o r  i r r e g u l a r  e f f e c t .  Ana lys i s  o f  such d a t a  g e n e r a l l y  proceeds  

by e s t i m a t i n g  s y s t e m a t i c  v a r i a t i o n s  i n  t h e  d a t a  and s u b t r a c t i n g  t h e s e  e s t i m a t e s  

from t h e  d a t a .  The r e s i d u a l  s e r i e s  i s  t h e n  assumed t o  be genera ted  by some 

p r o b a b i l i s t i c  on s t o c h a s t i c  p r o c e s s  f o r  which parameters  of t h e  p r o c e s s  do 

n o t  change over  t i m e ,  b u t  from which many d i f f e r e n t  sequences  of o b s e r v a t i o n s  

a r e  p o s s i b l e ,  t h e  h i s t o r i c a l  sequence be ing  only  one. 

The model p o s t u l a t e d  i n  t h i s  s t u d y  i s  o f  t h e  form 

- 
q i j t  - Qij + d j t  + e i j t  (IV-1) 

where qij t  r e p r e s e n t s  f low over  s u b i n t e r v a l  t i n  month j of t h e  i t h  y e a r  of 

e i t h e r  t h e  observed r e c o r d  o r  of a genera ted  record ,  Qi j 
i s  t h e  average  

monthly f low i n  month j of t h e  i t h  y e a r ,  d j t  i s  t h e  average  d e v i a t i o n  of f low 



i n  s u b i n t e r v a l  t from t h e  mean f low i n  month j ,  and e i j t  i s  t h e  random 

component. S u b s c r i p t  t t a k e s  on i n t e g e r  v a l u e s  from i t o  K,  t h e  number of 

s u b i n t e r v a l s  w i t h i n  a  month; j ranges  from 1 t o  1 2 ;  and i assume i n t e g e r  

v a l u e s  from i t o  m, t h e  number y e a r s  o f  r ecord .  

Sys temat ic  v a r i a t i o n  i n  t h e  s e r i e s  can be  r e p r e s e n t e d  by s imple  averages  

f o r  each month and f o r  each s u b i n t e r v a l  w i t h i n  each month. The d e v i a t i o n  

term i n  I V - 1 ,  d j t ,  i s  e s t i m a t e d  by 

- - - 
d j t  - q . j t  - Q e j  (IV-2) 

where ';i i s  t h e  mean f low i n  s u b i n t e r v a l  t o f  month j ,  and 5 i s  t h e  mean . j t  j 

monthly f low i n  month j. Observa t ions  on t h e  random component can be  o b t a i n e d  

by s u b t r a c t i o n ;  i . e .  

- 
e i j t  - q i j t  - Qij - d j t  (IV-3) 

By s imple  averag ing  o f  t h i s  e x p r e s s i o n  o v e r  t h e  y e a r s  of r e c o r d  (summing o v e r  

t h e  s u b s c r i p t  i )  i t  may be  no ted  t h a t  e  i s  ze ro  f o r  a l l  v a l u e s  of j and t . j t  

s o  t h a t  t h e  mean v a l u e  of e i j t  remains c o n s t a n t  o v e r  time. To i n s u r e  t h a t  

t h e  a n a l y s i s  w i l l  proceed w i t h  a  s e r i e s  t h a t  a l s o  has  c o n s t a n t  v a r i a n c e ,  t h e  

s e r i e s  of e i j t V s  can be  t ransformed t o  a  s e r i e s  of s t a n d a r d i z e d  x i j t  g i v e n  by 

- x i j t  - e i j t /S j t  

o r  e i j t  = S.  x J t  i j t  ( I V - 4 )  

where Sj t  i s  t h e  e s t i m a t e d  s t a n d a r d  d e v i a t i o n  of e i j t  f o r  month j and sub- 

i n t e r v a l  t ;  i . e .  

The r e s u l t i n g  s e r i e s  of s t a n d a r d i z e d  v a r i a t e s  can be  assumed t o  a r i s e  from a  

s i n g l e  s t o c h a s t i c  p r o c e s s  (Xt; t=1 ,2 ,  ..., 12mk) where t h e  mean of Xt i s  z e r o  

and t h e  v a r i a n c e  of Xt i s  u n i t y .  



A widely  a p p l i c a b l e  c l a s s  of models t o  d e s c r i b e  such s e r i e s  i s  t h e  so- 

c a l l e d  a u t o r e g r e s s i v e  p r o c e s s  which t a k e s  t h e  fo l lowing  form: 

xt = - qxt-l - a2xte2 - ... - a h X t m h  + U t  

where h  i s  t h e  o r d e r  of t h e  s e r i e s  and u t  i s  a  random e r r o r  term. The auto-  

r e g r e s s i v e  s e r i e s  d e r i v e s  i t s  name from t h e  analogous m u l t i v a r i a t e  r e g r e s s i o n  

model f o r  r e l a t i o n s h i p s  among s e v e r a l  v a r i a b l e s  where t h e  t ime-order  o f  

o b s e r v a t i o n s  i s  unimportant .  Here, t h e  v a r i a b l e  Xt i s  r e g r e s s e d  upon i t s e l f  

i n  p receed ing  t i m e  p e r i o d s .  To adap t  t h e  model t o  s p e c i f i c  l o c a t i o n s ,  

o b s e r v a t i o n s  on t h e  s e r i e s  must be used t o  determine b o t h  t h e  o r d e r  of t h e  

series, h ,  and t h e  set of c o e f f i c i e n t s  ( a l , a 2 ,  . . . , a h ) .  These two t a s k s  

can  be accomplished s imul taneous ly  u s i n g  t h e  fo l lowing  methods. 

A u t o r e g r e s s i v e  p r o c e s s e s  s a t i s f y  t h e  fo l lowing  system of l i n e a r  e q u a t i o n s ,  

r e f e r r e d  t o  as t h e  Yule-Walker equa t ions :  
1 2  

- 
= l p h - l  + a2ph-1 + a3pn-3 + . . . +  an - -pn 

where p i s  t h e  a u t o c o r r e l a t i o n ,  c o e f f i c i e n t  o f  l a g  p  and can be e s t i m a t e d  by 
P  

For t h e  s p e c i a l  c a s e  of t h e  Markov s e r i e s ,  where h = i ,  t h e  c o e f f i c i e n t  Ql, 

12. M.G. Kendal l  and A. S t u a r t ,  The Advanced Theory of S t a t i s t i c s ,  Vol. 3 ,  
(N.Y., Hafner Publ.  Co., 1966) ,  p. 417. 



i s  e q u a l  t o  pl. For h igher-order  p r o c e s s e s  ( h > l )  t h e  system of e q u a t i o n s  

(IV-7) can b e  r e p r e s e n t e d  i n  m a t r i x  form by 

where NBh i s  t h e  hxh m a t r i x  

A i s  t h e  column m a t r i x  (C1 ,Q2,  ...,a h ) ,  and i s  t h e  column m a t r i x  
ry 

(-pl,-p2,. . . ,-ph). A f t e r  e s t i m a t i n g  t h e  e lements  of Bh and G,  u s i n g  (IV-8), 

t h e  c o e f f i c i e n t s  can be  o b t a i n e d  by s o l v i n g  (IV-9); i . e .  

A = B-IG -h - (Iv-10) 

Kendal l  and s t u a r t 1 3  p o i n t  o u t  t h a t  t h e s e  estimates a r e  t h e  same as maximum 

l i k e l i h o o d  e s t i m a t e s  f o r  normal v a r i a t i o n ,  and, t h a t  f o r  l a r g e  sample s i z e s ,  

i t  has  been shown t h a t  t h e s e  e s t i m a t e s  are e q u i v a l e n t  t o  t h o s e  of l e a s t -  

s q u a r e s  r e g r e s s i o n  a n a l y s i s .  

The goodness-of-f i t  f o r  models of i n c r e a s i n g  o r d e r  can be  measured by 

t h e  m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t ,  and, as sugges ted  by J e n k i n s  and Watt, 24 

t h e  a p p r o p r i a t e  o r d e r  of t h e  s e r i e s  can b e  determined when t h e  m u l t i p l e  

c o r r e l a t i o n  c o e f f i c i e n t  c e a s e s  t o  i n c r e a s e  s i g n i f i c a n t l y  a s  t h e  o r d e r  i n c r e a s e s .  

Using t h e  equ iva lence  between e s t i m a t e s  from t h e  Yule-Walker e q u a t i o n s  and 

t h o s e  of o r d i n a r y  r e g r e s s i o n  a n a l y s i s ,  m u l t i p l e  c o e f f i c i e n t s  f o r  s u c c e s s i v e l y  

h i g h e r  o r d e r  models can b e  

13. I b i d . ,  p. 476. 

e s t i m a t e d  from 

\2h+1/ /lib/ )'I2 fo r  h>l (Iv-11) 

14. G.M. J e n k i n s  and D.W. Watt ,  S p e c t r a l  Ana lys i s  and I t s  A p p l i c a t i o n s ,  (San 
Franc i sco ,  Holden-Day, Inc . ,  l 9 6 8 ) ,  p. 477. 
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where I B~ / r e p r e s e n t s  t h e  de te rminan t  of t h e  m a t r i x  _Bh. Again f o r  t h e  
CI 

s p e c i a l  c a s e  of h = i ,  r l=p l .  

I n  summary, then ,  t h e  d a t a  a n a l y s i s  c o n s i s t s  o f :  

(1) e s t i m a t i n g  t h e  djk  u s i n g  e x p r e s s i o n  (IV-2) 

(2) c a l c u l a t i n g  o b s e r v a t i o n s  on t h e  random component, e i j t  

(3)  s t a n d a r d i z i n g  t h e  l a t t e r  s e r i e s  by d i v i d i n g  t h e  e i j t  by t h e i r  

s t a n d a r d  d e v i a t i o n s ,  S j t ,  a s  e s t i m a t e d  by (IV-5), and 

(4)  r e c u r s i v e l y  e s t i m a t i n g  t h e  c o e f f i c i e n t s  ( Ul, Q2,,  . . , a h )  and 

m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t  rh a s  h  i n c r e a s e s  from 1 t o  

some a r b i t r a r y  o r d e r  beyond which l i t t l e  c o n t r i b u t i o n  t o  t h e  

m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t  can be  expected.  T h i s  l a t t e r  

t a s k  i s  accomplished by e s t i m a t i n g  a u t o c o r r e l a t i o n  c o e f f i c i e n t s  

u s i n g  (IV-8), s u b s t i t u t i n g  t h e s e  r e s u l t s  i n t o  e x p r e s s i o n  (IV-9), 

s o l v i n g  t h e  sys tem of e q u a t i o n  a s  i n  (IV-10) f o r  t h e  r e g r e s s i o n  

c o e f f i c i e n t s ,  and e v a l u a t i n g  t h e  m u l t i p l e  c o r r e l a t i o n  c o e f f i -  

c i e n t s  us ing  (IV-11). 

RESULTS 

This  a n a l y s i s  has  been a p p l i e d  t o  d a i l y  and weekly f lows f o r  each of t h e  

gaging s t a t i o n s  i d e n t i f i e d  i n  Table  1-2. Sys temat ic  v a r i a t i o n  i n  monthly and 

d a i l y  f lows,  average d e v i a t i o n s  of d a i l y  f lows from monthly f lows ,  and 

s t a n d a r d  d e v i a t i o n s  of t h e  d a i l y  f lows f o r  each of t h o s e  f o u r t e e n  s t a t i o n s  

a r e  shown i n  F i g u r e s  A-19 through A-32 i n  t h e  appendix t o  t h i s  r e p o r t .  

S i m i l a r  s t a t i s t i c s  f o r  weekly and monthly f lows a r e  shown i n  F i g u r e s  A-33 

through A-46. Regress ion c o e f f i c i e n t s  and m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t s  

f o r  a u t o r e g r e s s i v e  models of o r d e r s  one t o  f i v e  f o r  s t a n d a r d i z e d  random 

components i n  d a i l y  and weekly models a r e  g iven  i n  Tab les  A-1 through A-14 of  

t h e  appendix. 



For d a i l y  f low p a t t e r n s ,  F i g u r e s  A-19 through A-32 e x h i b i t  l a r g e  v a r i a -  

t i o n s  i n  main v a l u e s  and s t a n d a r d  d e v i a t i o n s  from one d a i l y  i n t e r v a l  t o  t h e  

n e x t .  These v a r i a t i o n s  may be a t t r i b u t e d  t o  v a r i a b i l i t y  i n h e r e n t  i n  any 

s t a t i s t i c a l  sampl ing program. However, because  o f  t h e  i n t u i t i v e l y  a p p e a l i n g  

n o t i o n  t h a t  under ly ing  n a t u r a l  p r o c e s s e s  which gave r i s e  t o  t h e s e  s t a t i s t i c s  

f o l l o w  wi th in -year  t r a n s i t i o n s  which, i f  sampled over  a l o n g  p e r i o d  of t ime,  

could be d e s c r i b e d  by smooth curves ,  t h e s e  raw e s t i m a t e s  should b e  smoothed 

by f i l t e r i n g  them w i t h  a  moving average o r  o t h e r  weight ing p r o c e s s  as i n  

o t h e r  t i m e  s e r i e s  a n a l y s e s .  Otherwise,  s y n t h e s i z e d  f low r e c o r d s  w i l l  c o n t a i n  

sampling v a r i a t i o n  about  parameter  e s t i m a t e s  which themselves  c o n t a i n  l a r g e  

sampling v a r i a t i o n s ,  and whi-e t h i s  c o n d i t i o n  cannot be  e l i m i n a t e d  complete ly ,  

i t  can be reduced cons iderab ly  by smoothing. For t h e  North C a r o l i n a  s t reams ,  

t h e  l a r g e  v a r i a t i o n s  i n  l a t e  summer a r e  caused p r i n c i p a l l y  by h u r r i c a n e s ,  

p r o c e s s e s  which shou ld  be  modelled a s  s e p a r a t e  phenomena. 

R e s u l t s  g iven  i n  Tables  A-1 through A-14 i n d i c a t e  t h a t  f o r  t h e  d a i l y  

f low model g iven  by e x p r e s s i o n  ( IV-l ) ,  t h e  random component i s  d e s c r i b e d  by 

a one-lag a u t o r e g r e s s i v e ,  o r  Markov, p rocess .  For t h e  1 4  gages i n c l u d e d  

w i t h i n  t h e  s t u d y ,  t h e  c o r r e l a t i o n  c o e f f i c i e n t  f o r  t h e  one-lag models ranged 

between 0.5 and 0.9 w i t h  m u l t i p l e - l a g  models c o n t r i b u t i n g  every  s m a l l  

i n c r e a s e s  t o  m u l t i p l e  c o r r e l a t i o n  c o e f f i c i e n t s .  

For weekly f low p a t t e r n s ,  F i g u r e s  A-33 through A-46 e x h i b i t  v a r i a t i o n s  

i n  s t a t i s t i c s  t h a t ,  a l though  l e s s  s e v e r e  t h a n  i n  F i g u r e s  A-19 through A-32, 

a r e  s i m i l a r  t o  t h o s e  f o r  d a i l y  f lows. Again, smoothing of t h e s e  e s t i m a t e s  

i s  recommended. R e s u l t s  g iven  i n  Tab les  A-1 through A-14 i n d i c a t e  t h a t  

random components f o r  t h e  weekly f low models can be  modelled as independent  

random v a r i a b l e s .  While t h e s e  a u t o r e g r e s s i v e  models have s i g n i f i c a n t  

i n c r e a s e s ,  some of t h a t  dependence i s  a t t r i b u t a b l e  t o  t h e  f a c t  t h a t  e v e r y  



f o u r t h  o b s e r v a t i o n  i n  t h e  s e r i e s  i s  complete ly  determined by t h e  proceeding 

t h r e e  o b s e r v a t i o n s ,  a c o n d i t i o n  t h a t  i s  shown i n  Chapter  V. I n  any c a s e ,  t h e  

c o r r e l a t i o n s  a r e  n o t  l a r g e .  

A s  a r e s u l t  of t h e s e  a n a l y s e s ,  a Markov p r o c e s s  i s  adopted f o r  t h e  

random component i n  d a i l y  f low models, and independent  random v a r i a b l e s  a r e  

adopted f o r  t h e  random component i n  weekly f low models. 





CHAPTER V 

SUPERPOSITION 

Using t h e  model p o s t u l a t e d  i n  Chapter I V Y  t h e  problem of superimposing 

within-monthly v a r i a b i l i t y  on g iven  monthly f lows reduces  t o  a problem of 

g e n e r a t i n g  sample sequences  f o r  t h e  random component i n  t h a t  model. However, 

t h e s e  sequences  must be  genera ted  s u b j e c t  t o  c e r t a i n  s i d e  c o n d i t i o n s .  As 

shown i n  t h i s  c h a p t e r ,  sample sequences must sum t o  z e r o  i f  averages  of sub- 

monthly f lows a r e  t o  e q u a l  g iven monthly flows. Furthermore,  i f  maximum o r  

minimum submonthly f lows a r e  exogenously genera ted  us ing  methods of Chapter  

111, then  genera ted  sequences  should p a s s  through t h o s e  p o i n t s .  But, because  

random sequences  cannot  be made t o  s a t i s f y  t h e s e  c o n d i t i o n s  a p r i o r i ,  a d j u s t -  

ments t o  genera ted  sequences  a r e  r e q u i r e d .  Any such ad jus tments  a r e  l i k e l y  

t o  i n t r o d u c e  d i s t o r t i o n s  i n t o  s t a t i s t i c a l  p r o p e r t i e s  of t h e  o r i g i n a l  model, 

d i s t o r t i o n s ,  which i f  they can be  shown t o  be s u f f i c i e n t l y  s m a l l ,  can b e  

n e g l e c t e d .  

I n  t h e  f i r s t  s e c t i o n  of t h i s  c h a p t e r ,  a t echn ique  i s  examined f o r  a d j u s t -  

i n g  sequences  of random components i n  d a i l y  and weekly f low models s o  t h a t  

t h e s e  sequences  sum t o  zero.  For d a i l y  f lows ,  t h e  random component i s  

assumed t o  be given by a Markov p r o c e s s  w h i l e  f o r  weekly f lows,  t h e  random 

component i s  assumed t o  a r i s e  from a sequence of independent  random v a r i a b l e s ,  

approximat ions  t h a t  a r e  based i n  r e s u l t s  g iven  i n  Chapter  I V .  The e x t e n t  t o  

which p r o p e r t i e s  of t h e  o r i g i n a l  model a r e  d i s t o r t e d  i s  examined. The l a t t e r  

s e c t i o n  of t h i s  c h a p t e r  d i s c u s s e d  t h e  problem of s e l e c t i n g  sequences t h a t  

p a s s  through genera ted  extreme v a l u e s .  



SEQUENCES WITH ZERO SUM 

For t h e  model g iven by e x p r e s s i o n  (IV-I), 

- q i j t  - Q~~ + dj t  + e i j t  

averag ing  over  a l l  s u b i n t e r v a l s ,  t ,  w i t h i n  month j of y e a r  i, y i e l d s  t h e  

r e s u l t s  

But, by averag ing  b o t h  s i d e s  of e q u a t i o n  (IV-2), i t  can be  shown t h a t  Edjt 

i s  ze ro ,  and hence,  t h e  c o n d i t i o n  r e s u l t s  t h a t  t h e  sum of  random components, 

e i j t '  over  a l l  s u b i n t e r v a l s  w i t h i n  a g iven  month must be  zero .  For conveni- 

ence i n  subsequent  d i s c u s s i o n s ,  s u b s c r i p t s  i and j w i l l  be dropped and i t  

w i l l  be unders tood t h a t  a l l  v a r i a b l e s  r e f e r  t o  some g iven  month of t h e  

s y n t h e t i c  record  f o r  which t h e  monthly f low h a s  been p r e v i o u s l y  genera ted .  

The c o n d i t i o n  t h a t  must be s a t i s f i e d  can t h e n  be s t a t e d  a s  

Using t h e  t r a n s f o r m a t i o n  (IV-4) t h a t  s t a n d a r i z e s  e t  and assuming t h a t  t h e  

s t a n d a r d  d e v i a t i o n  of e t  i s  c o n s t a n t  throughout  t h e  month, t h e  above e x p r e s s i o n  

i s  e q u i v a l e n t  t o  

where t h e  {xt , t=1,2 , .  . , , k )  a r e  s t a n d a r d i z e d  v a r i a t e s  ( z e r o  mean and u n i t  

v a r i a n c e ) .  The problem is  t o  g e n e r a t e  a sequence of { x t , t = l , 2 ,  ..., k)  from 

which t h e  sequence (e t=sxt ; t=1,2 ,  ..., k l  can b e  c o n s t r u c t e d  ( s  i s  t h e  s t a n d a r d  

d e v i a t i o n  of e t )  such t h a t  c o n d i t i o n s  (V-2) i s  s a t i s f i e d .  

One approximate  method f o r  s o l v i n g  t h i s  problem i s  t o  g e n e r a t e  a sequence 

of x t  u s i n g  a Markov s t r u c t u r e  i n  t h e  model f o r  d a i l y  f lows and an  independent  



random v a r i a b l e  s t r u c t u r e  i n  t he  model f o r  weekly flows. This sequence can 

then be summed t o  a  value A where 
k 

A = C xt ,  
t=1 

and an ad jus ted  sequence given by 

x1 t = (xt - A/k)/ot 0 - 3 )  

can be constructed which (1) s a t i s f i e s  condit ion (V-2), (2) maintains  zero 

1 means f o r  x1 and (3 )  maintains u n i t  var iance  f o r  xt. I n  t h e  above expression 
t '  

ot i s  the  s tandard  dev ia t ion  of t he  ad jus ted  v a r i a t e  (xt - A/k). The only 

d i f f e r ence  t h a t  a r i s e s  between the  sequence {xt)  and t h e  ad jus ted  sequence 

1 { x t l  i s  i n  t h e i r  c o r r e l a t i o n  s t r u c t u r e s .  These d i f f e r ences  a r e  examined 

below. 

For t h e  case where xt i s  generated by a  Markov process  

the c o r r e l a t i o n  between xt and xt,l i s  p = a ,  t he  c o r r e l a t i o n  between xt and 

Xt-p i s  P, and the  var iance  of ut i s  ( 1 - a 2 ) .  Then, i f  xo i s  given, 

The sum A i s  then  given by 

t h e  var iance  of a  l i n e a r  combination of independent random va r i ab l e s ,  t he  

var iance  of A i s :  



The v a r i a n c e  of (x  -A/k) i s  given by 
t 

o2 = v a r ( x t )  + v a r  ( n ) l k 2  - 2Cov(xt ,A)/k t 

where t h e  co-var iance of x t  and A, Cov(xt,A), i s  

k k k 
Cov(xt,A) = E[xtA] = E[x C x . ]  = C E(x x . )  = C c t . i t - j l .  

t j = l J  j=1 t J  j= l  

E i s  t h e  e x p e c t a t i o n  o p e r a t o r .  Thus, 

where Var(A) i s  g iven  by e x p r e s s i o n  (V-6). 

1 The s e r i a l  c o r r e l a t i o n  c o e f f i c i e n t  between xi and x ~ - ~  i s  g iven  by: 

The f i r s t  term w i t h i n  t h e  b r a c k e t s  i s  a, t h e  second and t h i r d  terms a r e  

2 given by e x p r e s s i o n  (V-7), and t h e  l a s t  t e r m  is  simply Var(A)/k . Thus t h e  

s e r i a l  c o r r e l a t i o n  c o e f f i c i e n t  between a d j u s t e d  v a r i a t e s  i s  

= [a - Cov(A,xt)/k - Cov(A,xt)/k - Cov(A,xt-,)/k + ~ a r ( ~ ) / k ~ ] /  

o t o t - l '  (V-9) 

a f u n c t i o n  o f  a and t h e  t ime i n t e r v a l  t. Over t h e  range o f  a from 0.5 t o  

I 
0.9 a s  found i n  Chapter I V ,  t h e  v a l u e  o f  p d e v i a t e s  from t h e  serial  c o r r e l a -  

t i o n  c o e f f i c i e n t  p = a  by .06 t o  0.13 o r  by approximately  11 t o  1 3  p e r  c e n t .  

I f  t h a t  d i s t o r t i o n  i s  cons idered  t o  be  n e g l i b l e ,  then  t h i s  p r o c e s s  o f f e r s  a 

method f o r  g e n e r a t i n g  random components i n  t h e  d a i l y  f low model g iven by 

e x p r e s s i o n  IV-2. 

I n  summary, t h e  p r o c e s s  c o n s i s t s  o f :  

(1)  g e n e r a t i n g  k(k-30) o b s e r v a t i o n s  { x t , t = 1 , 2 ,  ..., k )  from a Markov 



(IV-4) where t h e  i n i t i a l  v a l u e  xo i s  g e n e r a t e d  from a d i s t r i b u -  

t i o n  having ze ro  mean and u n i t  v a r i a n c e .  

(2) summing t h a t  sequence t o  g e t  A, 

(3) a d j u s t i n g  t h e  sequence accord ing  t o  e x p r e s s i o n  (V-3) where o t  

i s  g iven  by (V-8). 

(4) m u l t i p l y i n g  each element i n  t h e  a d j u s t e d  sequence by t h e  

s t a n d a r d  d e v i a t i o n  S t o  g e t  t h e  sequence of a d j u s t e d  observa- 

t i o n s  on t h e  random component j e t  = s x  t=1 ,2 , .  . . ,k} and, t ' 
(5) adding t h e s e  o b s e r v a t i o n s  t o  t h e  sum of  t h e  monthly f low and 

t h e  average d a i l y  d e v i a t i o n  from monthly flow, a s  i n  (IV-1) t o  

g e t  a sequence of d a i l y  f lows. 

A similar a n a l y s i s  can be made f o r  t h e  c a s e  of weekly f lows where t h e  

random component i n  t h e  model (IV-1) i s  assumed t o  be  genera ted  by a sequence 

of independent  random v a r i a b l e s .  

I n  t h i s  c a s e  A = x + x2 + x3 + x4. The v a r i a n c e  of A = 4,  and t h e  
1 

v a r i a n c e  of (xt-A/4) i s  

where t h e  covar iance  of x t  and A i s  

4 
E(xtA) = t & E ( ~ t ~ i )  = 1 

so  t h a t  o: = 314 o r  o t  = a / 2 .  The s e r i a l  c o r r e l a t i o n  c o e f f i c i e n t  of a d j u s t e d  

v a r i a t e s  i s  

While t h i s  b u i l t - i n  c o r r e l a t i o n  of (-113) shows s i g n i f i c a n t  d i s t o r t i o n  from 

t h e  model t h a t  assumes independence (Q=O), i t  compares more f a v o r a b l y  w i t h  



e m p i r i c a l  r e s u l t s  found i n  Chapter I V  where most of t h e  weekly models had 

s e r i a l  c o r r e l a t i o n  c o e f f i c i e n t s  of approximately  -0.1. I n  any c a s e ,  none of 

t h e s e  c o r r e l a t i o n s  a r e  l a r g e  and t h e r e f o r e  t h e y  can be cons idered  t o  be 

n e g l i b l e .  

The s u p e r p o s i t i o n  p r o c e s s  f o r  weekly f lows  can t h e n  be summarized a s  

f o l l o w s  : 

(1) g e n e r a t e  f o u r  o b s e r v a t i o n s  on independent  random v a r i a b l e s  each 

having z e r o  mean and u n i t  v a r i a n c e ,  

(2) c o n s t r u c t  a d j u s t e d  o b s e r v a t i o n s  accord ing  t o  t h e  fo l lowing  

r e l a t i o n s h i p ,  

x1 t = 2[x t  - (xl+x2+x3+x4)/4]/fi, t=1 ,2 ,3 ,4 ,  

(3)  m u l t i p l y  each of t h e  xt  by t h e  s t a n d a r d  d e v i a t i o n  of t h e  random 

component t o  g e t  t h e  sequence ( e t  = sxl  t=1,2 ,3 ,4}.  These 
t '  

random components can then  be  added t o  sum of t h e  monthly f low 

and t h e  average d e v i a t i o n  of weekly f lows from monthly f lows ,  

as i n  (IV-1) t o  g e t  sequence o f  weekly f lows.  

F u r t h e r  p r e c i s i o n  can b e  brought  t o  t h e  a n a l y s i s  i f  o b s e r v a t i o n s  on t h e  

s t a n d a r d i z e d  v a r i a t e s  a s  computed from t h e  h i s t o r i c a l  r e c o r d  are used t o  

i d e n t i f y  p r o b a b i l i t y  d i s t r i b u t i o n s  from which t h o s e  o b s e r v a t i o n s  could  have 

a r i s e n .  The above a n a l y s i s  r e q u i r e s  on ly  t h a t  t h e  v a r i a t e s  be  genera ted  from 

some d i s t r i b u t i o n  f o r  which t h e  f i r s t  two moments, t h e  mean and v a r i a n c e ,  a r e  

s p e c i f i e d  t o  be zero  and one, r e s p e c t i v e l y .  Any d i s t r i b u t i o n  f o r  which t h e  

f i r s t  two moments e x i s t  can be  used a s  a b a s i s  f o r  g e n e r a t i n g  such v a r i a t e s ,  

t h e  normal d i s t r i b u t i o n  be ing  t h e  most common. I f  o t h e r  d i s t r i b u t i o n s  g i v e  

a b e t t e r  d e s c r i p t i o n  of o b s e r v a t i o n s  from t h e  h i s t o r i c a l  r e c o r d ,  they  can be  

used t o  g e n e r a t e  new o b s e r v a t i o n s .  



For t h e  f i r s t  s t r a t e g y  cons idered  i n  Chapter I ,  namely t h a t  o f  super-  

imposing a  sequence of within-month f lows when t h e  monthly f low i s  such t h a t  

t h e  p r o b a b i l i t y  t h a t  t h e  extreme even t  i s  g r e a t e r  t h a n  o r  less t h a n  c r i t i c a l  

v a l u e s  i s  some s p e c i f i e d  l e v e l ,  t h e  above p r o c e s s  d e s c r i b e s  a  method f o r  

superimposing such flows. I n  t h a t  c a s e  t h e  o n l y  s i d e  c o n d i t i o n  t h a t  gener- 

a t e d  sequences  must s a t i s f y  i s  t h a t  d e v i a t i o n s  sum t o  zero .  I n  t h e  second 

s t r a t e g y  where t h e  a c t u a l  v a l u e  of an  extreme e v e n t  i s  genera ted  and i t  i s  

g r e a t e r  than  o r  l e s s  t h a n  c r i t i c a l  v a l u e s ,  then  t h e  sequence must s a t i s f y  a  

second s i d e  c o n d i t i o n ;  t h e  sequence must y i e l d  t h e  same extreme v a l u e  a s  t h a t  

p r e v i o u s l y  g e n e r a t e d  by t h e  p r o c e s s  d e s c r i b e d  i n  Chapter 111. 

SEQUENCES PASSING THROUGH GIVEN EXTREMES 

Obviously one way t o  g e n e r a t e  sequences  t h a t  s a t i s f y  t h e  l a t t e r  condi- 

t i o n  i s  t o  m u l t i p l y  a  ze ro  sum sequence o f  d e v i a t i o n s  by t h e  r a t i o  of a 

maximum d e v i a t i o n  g iven  by methods o f  Chapter  I11 t o  t h e  maximum d e v i a t i o n  of 

t h e  ze ro  sum sequence. However, t h i s  approach would appear ,  wi thou t  f u r t h e r  

a n a l y s i s ,  t o  i n t r o d u c e  c o n s i d e r a b l e  d i s t o r t i o n s  i n  t h e  s t a t i s t i c a l  p r o p e r t i e s  

o f  r e s u l t i n g  sequences.  

As a n  a l t e r n a t i v e  i t  proposed t h a t  a  number of ze ro  sum sequences  be  

genera ted  accord ing  t o  methods d i s c u s s e d  e a r l i e r  i n  t h i s  chap te r .  The r e s u l t -  

i n g  maximum d e v i a t i o n s  of submonthly f lows  from monthly f lows i n  t h e s e  

sequences can then b e  rank-ordered and t a b l e d  t o g e t h e r  w i t h  t h o s e  i n t e g e r  

v a l u e s  which when e n t e r e d  a s  arguments f o r  t h e  pseudo-random number g e n e r a t o r  

g i v e  r i s e  t o  those  d e v i a t i o n s .  Then, d u r i n g  t h o s e  months i n  which maximum 

o r  minimum submonthly flows a s  genera ted  by t h e  method g iven  i n  Chapter I11 

l i e  w i t h i n  c r i t i c a l  r anges  of f low,  i t  i s  on ly  n e c e s s a r y  t o  l o c a t e  i n  t h e  

t a b l e s  a maximum d e v i a t i o n  of magnitude s i m i l a r  t o  t h e  d i f f e r e n c e  i n  t h e  



given monthly f low and t h e  genera ted  maximum o r  minimum submonthly f low and 

r e c r e a t e  t h e  sequence having t h a t  maximum d e v i a t i o n  by e n t e r i n g  t h e  c o r r e -  

sponding i n t e g e r  v a l u e  o r  " t r i g g e r "  i n  t h e  random number g e n e r a t o r .  

While t h i s  approach may a t  f i r s t  s i g h t  appear  t o  be e q u a l l y  a s  t ime 

consuming a s  s i m u l a t i o n  o v e r  a l l  submonthly t ime i n t e r v a l s ,  i t  should be 

noted t h a t  computation t ime r e q u i r e d  t o  s y n t h e s i z e  z e r o  sum sequences  on 

t h i r d  g e n e r a t i o n  computers i s  q u i t e  s m a l l  when compared w i t h  computat ional  

t imes  and s t o r a g e  requirements  t o  o b t a i n  and s t o r e  r e s u l t s  of sys tem simula- 

t i o n  over  d a i l y  t ime  i n t e r v a l s .  
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R a t i o  of Maximum D a i l y  Flow t o  Monthly Average 

FIGURE A - l  . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE: 
DAN RIVER a t  WENTWORTH, N .  C .  





R a t i o  o f  Maximum D a i l y  Flow t o  Monthly Average 

FIGURE A - 3 .  CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE: 
HAW R I V E R  a t  P ITTSBORO,  N .  C .  



R a t i o  o f  Max lmum D a l l y  F l o w  t o  M o n t h l y  A v e r a g e  

F IGURE A - 4  . CUMULATIVE FREQUENCY FUNCTION FOR R A T I O  OF MAXIMUM D A I L Y  FLOW TO MONTHLY AVERAGE: 

YADKIN R I V E R  a t  YADKIN  COLLEGE, N .  C .  



R a t i o  o f  Maximum D a i l y  Flow to M o n t h l y  A v e r a g e  

F IGURE A-5 . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM D A I L Y  FLOW TO MONTHLY AVERAGE: 
FRENCH BROAD R I V E R  a t  ASHEVILLE,  N .  C .  
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R a t i o  o f  Maximum D a i l y  Flow t o  Monthly  Average 

FIGURE A - 6  . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE: 
SUSQUEHANNA R I V E R  a t  SANBURY,  PA .  



Rat io  of  Max lmum D a l l y  F l o w  to M o n t h l y  A v e r a g e  

F IGURE A-7  . CUMULATIVE FREQUENCY FUNCTION FOR R A T I O  O F  MAXIMUM D A I L Y  FLOW TO MONTHLY AVERAGE: 
S .  BRANCH OF POTOMAC R I V E R  a t  S P R I N G F I E L D ,  W.VA.  
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R a t i o  o f  Maximum D a i l y  Flow t o  Monthly  Average 

FIGURE A-8  . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE: 
POTOMAC R I V E R  a t  POINT o f  R O C K S ,  MD. 
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R a t i o  o f  Maximum D a i l y  Flow t o  Monthly Average 

FIGURE A-9 . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MAXIMUM DAILY FLOW TO MONTHLY AVERAGE: 
TOMBIGBEE RIVER a t  COLUMBUS, MISS. 



Rat io  of  Minimum Weekly Flow t o  Monthly Average 

FIGURE A-10 . CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MINIMUM WEEKLY FLOW TO MONTHLY AVERAGE: 

DAN RIVER a t  WENTWORTH, N .  C .  





R a t i o  o f  Minlmurn Weekly Flow t o  M o n t h l y  Average 

FIGURE A-12. CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF HlNlHUH WEEKLY FLOW TO MONTHLY AVERAGE: 

HAW RIVER a t  PITTSBORO, N .  C .  
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R a t i o  o f  M i n i m u m  W e e k l y  F l o w  t o  M o n t h l y  A v e r a g e  

F IGURE A - 1 3 .  CUMULATIVE FREQUENCY FUNCTION FOR R A T I O  O F  M I N I H U H  WEEKLY FLOW TO MONTHLY AVERAGE: 

YADKIN  R I V E R  a t  YADKIN  COLLEGE, N .  C .  



R a t i o  o f  M i n i m u m  Weekly Flow t o  Monthly  Average 

FIGURE A-14. CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF MlNlHUM WEEKLY FLOW TO MONTHLY AVERAGE: 

FRENCH BROAD RIVER a t  ASHEVILLE, N .  C. 





Rat io  o f  Mlnimum Weekly Flow t o  Monthly Average 

FIGURE A - 1 6 .  CUMULATIVE FREQUENCY FUNCTION FOR RATIO OF nlNlMun WEEKLY FLOW TO MONTHLY AVERAGE: 
S .  BRANCH OF POTOMAC RIVER a t  SPRINGFIELD, W.VA. 





R a t i o  o f  M i n i m u m  W e e k l y  F l o w  t o  M o n t h l y  A v e r a g e  

F IGURE A-1 8 . CUMULATIVE FREQUENCY FUNCTION FOR R A T I O  O F  M I N I M U M  WEEKLY FLOW TO MONTHLY AVERAGE: 
TOMBIGBEE R I V E R  a t  COLUMBUS, M I S S .  






















































































