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FPREFACE

Or

August 20, 1964, it was anncunced in the Official Bulletin of

lerth Carolina State University that "A Water Rescurces Research Institube

created at the uQL"ersity cf North Carcoline oy Presidert William

€]

Friday on July 9, 1964." TFaculty members, engaged in research related
t0o water rescurces, were urged to communicate with cne of the Beard

mexbers of that Institute (WRRI) on their campus. On September 30, 196k,

8 memorandur, was prepared by Professcor C, Smallwood of the Civil Engineering

2

Departwent, addressed to Dr. F. J. Hassler, then Acting Direchor of the

[

WERI, and inciuding four proposed investigations that could be handled by
the faculty of that Department. One of these proposals was submitted Ty
the writer to study the "Filtration Triangle Uoncept” irn connection with
the devermination of the flow pattern and the fres surface of gravity welle.

However, this study was completed before +he WRRI invited any formal proposals.

=

The writer improved the developed procedure since thern and +the modified treory

was included as a minor part of the present investigation.

The project proposal cf the present study was submitied cn March 28,

°

. X , - ) r Ol o gm o PR =~ 2 o o -~ = ?
1565 to the WRRI under the title "Diffusion and Dispersion in Porocus Media

in crder to study the salt-water encroachment probl
It was intended to confine the study to some of the problems that might
exlgs in the Eastern porbicn of the State of North Carslina. The proposal

was wade on the basis of hardling ore of the =0 many anticipated problems

on the basls of theory, laboratory experimente and field data. The

"

[
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©
=

wes approved and the actual worl
was extended uptill June 1968. The early pericd of the project was devoted

to some fleld studles. The principal investigator conbacted most of the

active crganizations in salt-wabter problems in the State of Norsh Jarclirza
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and had access to some of their work during the monbhﬂof‘June 1965. The
work was then interrupted during the summer months of Julyrand»August 1965
while the principal investigator was engaged in other studies for the
Desert Research Institute of the University of Nevada at Reno-according
to a previous committment. After his return, a good period of time was
devoted by him and two graduate research asgistants in collecting field
data. It became obvious after not too long, that such an effort would
never lead to any constructive resulis due to the cohflict of opinicn at
that time between some industrial sections and the State Government and
also dve to the lack of comprehensive fleld data in the Bastern Section.
For this reason the field investigations were completely discarded al-

though they were stated in the original proposals.

The statement of the Problem, Objectives and Procedures in the sub-

mitted propcsal were given as follows:

Statement of the Problem:

"The study of multiphase flow systems and diffusion in porous media
are of practical importance in order to be able to control galt-
water encroachment due to heavy pumping of water wells near the coast.
The problem is one of the transient flow systems. It 1s intended to
review the nature of the soll characteristics especially the
'Transmissivity’, 'Coefficient of Storage' and the "Specific Yield'.
A sgtudy of the effects of water pressure variation with time on
these coefficients will help in a better understanding of the
mechanics of ground-water flow. A further study might examine

the possikility of recharging wells for the purpose of preventing
salt-water intrusion.”

Objectives:

"To establish an engineering approach to design well fields near the
coast. The pattern, capacity and the frequency of pumping these wells
are necessary factors to tap fresh water without affecting the water
balance or salt-water intrusion. Also the study may lead to some
practical procedure to minimize ground-water losses.”
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Procedures:
— "A critical study of the available procedures and theories.

~— Analysis of the available field data and obtaining others that may
be needed in this study.

- Theoretical and experimental analyses of the problem,
— Devising a practical design procedure basged on theory, field and ex-
perimental findings."

The original porject proposal was later reviewed by the Office of
Water Resources (CWRR), U. S. Department of the Interior. A letter dated
February, 1966 was sent from Dr. Roland R. Renne, director of OWRR, %o
Professcr David H. Howells, director of WRRI commenting on the various
projects. The following is an excerpt from the said letter concerning
the original proposal of the present study:

"2, '"Diffusion and Dispersion in Porous Media' - Kashef (our number

A-007-NC) Considerable work is beilng done in this problem area by

the state, ground-water consulting firms, and industrial companiss;

and we suggest that the research under A-O007-NC be directed towards
some narrow objective not already covered.”

The above reviewing comments are very true. Accordingly, the
principal investigator confined his study to scme problems that to the
best of his knowledge were not already covered. Also, an effort was made
to re-study such related problems that hed already complex solutions and
that were difficult to apply or even to be accepted in practice. . It was
hoped (and finally this wae achieved), to find simpler yet more or less
exact solutions. In this respect, it may be better to quote what Professor
C. E. Jacob sald as a general reporter of the panel in whichtthe writér
participated in the Natlonal Symposium on Ground-Water Hydrology held in
San Francisco, November 1967 and where some of these approaches were ex-

plained:
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"Let me talk first about the presentation of the analysis by Glover
and by Kashef. These are interesting additions to our fund of solu-
tions of what we call 'boundary-value problems' in mathematical
physics. Professor Kashef's has to do with the approximation of a
more accurate but impractical solution that gives some practical
results, and it is a clever model, and I think, therefore, useful
for engineering calculation,..... Suffice it to say, it is a useful
approach."

To this end, it may be in order in this preface to state clearly the
phases that have been completed in this study within the broad framework
of the field of diffusion and dispersion in porous media. In the following
a resume' is given to explain the main contents of the report in order to

aware the reader with the general relationships between the various sections:

Available Concepts and Theories in the Field of Salt-Water Encroachment:

This section covers, in somewhat detailed manner, a review of salt-water
intrusion concepts and theories that are equivalent or related to the

general pattern of this investigation. The assumptions and simplifications
adopted in the various available approaches are emphasized in order to formu-
late a clear-cut opinion as to the limitations of applying these approaches
and the merits of one above the other as well as a thorough comprehension

of the state of the art. It should be noticed that most of the available
methods deal with the two-dimensional flow systems under the steady-state
conditions., Very little attention was given to radial flow systems and
transient conditions in the salt-water intrusion field; naturally because

of the complexities involved.

Two-Dimensional Gravity Flow Systems of Finite Lengths: It was found

necegsary in the present investigation to develop a simple workable method
by which the free surfaces in the two-dimensional gravity flow systems of
finite lengths could be determined. The free surfaces are analogous to

the interfaces between salt- and fresh-waters under certain conditions




in the ccastal areas. Thus, the study of the gravity flow systems was
considered essential and this section entalls a coumprehensive theoretical
treatment for these cases without referring to the salt-water encroachment
problem. The application of the theory, however, is given in the following
section. The regults of the lnvestigations in this section are consgidered
as the backbone of the entire repcrt, although it will be immediately
apparent to the reader that the enftire section may be overlcoked by

a practical worker once a faith in the results does exist. The appreach,
theory and concepts glven in this ssction afe in +he writer's belief

an lmprovement to the avallablie present rigorous theories due to the fact
that these rigorous solutionsg are difficult Lo apply together with any
other impcsed imbalarce in the water flow conditions in coastal aquifers
such as water pumpage. The developed method, however, was studied with

such possibilities in mwind as discusssd later.

Fresh-Salt Water Interface im Coastal Aquifers: The results of the prévious
section are used in this section in order to determine the fresh-salt water
interface in confined and unconfined aguifers assuming the fresh-water flow
effects only and neglecting momentarilly the pumping effects. The anslogy
between free surfaces and interfaces are explained. The results given in

this secticn are later combined with the pumping effects in coastal areas.

Experimental Investigation: A powerful experimental procedure was devised

seventy years ago by Hele-Shaw in Liverpcol, Englsnd. Experimental models
known after his name were and are still used in different designs by
various invegtigators. These Hele-Shawimodels are applied for steady-state
ag well ag for transient flow systems. They are algo applied for two-

dimensional and radial flow systems. In the present report, the theory of
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these models are explained. Also, the model that 18 especially designed
and bullt for the purpose of this investigation is explained. Some
experiments were performed to check the free surfaces for two-dimensional
flow systems under both the steady and transient conditions. Naturally,
by analogy, the free surfaces are egquivalent to the interfaces of the
studied cases. The steady-state flow results were:compared with the

developed theory as well as the avallable ones. However, there were

no means to check the transient flow results awaiting sound and more or

!

ess exact thecrles. Also, tests were made applying two immiscible
fluide with differert vigcosities to simulate fresh ard salt waters in

nature.

Effect of Well Pumping on Salt-Water Encroachment: Before the developed

method was given under this section, a new ccncept of water-wells hydraulics
is given. This approach was found useful to allow the workability of the
principle of guperposition in order toc be able tc cowbine the varicus
effects of a wultiple well system with the effects produced by the criginal
natural flow in the cocastel aguifers. The prezented method would serve

the purpose of plotting the contour lines of the salt-water mcunds in
coastal well fields. The method, however, i1s noct planned for transient
cases which reguire further investigation probably by applying the basic
concephs of the developed apprcach. Meanwhile, the steady-state conditions
treated in the developed methed may well be looked upon as a practical
conservative method {(with a high factor of safety value), due to the fact
that the steady-state cages represent the limiting conditions of the

trangient filow systems.




leakage of Confining Beds: The problem involving leakage are essentially

under the transient conditions. In current leakage pfob&éms, stéady-
states of flow are assumed just for simplicity. It was hoped dn this
investigation to study the complex “ransient ccnditions of leakage in
connection with pumping effects in coastal aguifers. However, it would
be cobvious that such a task is almost formidable if not impossible. A
modest attempt was however made and is included in appendix IIT iﬁ this
report for the benefit of research workers who may find some useful
concepts in the suggested approach. The writer waes hegitant te include
this sectiocn but decided to include it as an ilmportant individual phase
of the tackled problems, hoping that he would be able in the future +o

use and expand these concepts.

CcAWNE

. Kashef

Principal Investigator
Profegscr of Civil Engineering
North Carclins State University

. at Raleigh
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The ultimate goal of the present investigation is to find reasonable
data that would be needed for optimising the capacities and pattern of water
wells in coagtal fields in such a manner that the tapped water from the
aguifers would not be contaminaited by the salt-water. The methods presented
may well be modified whenever recharge wells are used to alleviate the hazards
of salt water intrusion. Each section deals with a certain major element

and in the last section the effects of all these elements combined are

1llustrated.

Overdraft of ground-water in coasial regions creates serious problems
of fresh-water contamination which affects industry, domestic usage, and
agriculture. Thus it is of major concern to study the behavior of the
intruded salt water in ground-water aquifers under various conditions of re-
charge and water withdrawal. Complex states of flow are amenable tc logic

4

analysls, once the interface between salt.and frech.water bodies, within these
aguifers, 1s located under variocus conditicns ¢f natural fiow. The shapes of
such interfaces are useful not only in enginesring planning, but also in

Y =

legel, economic, and political cecnsiderations.

o B

The salt=waiser lntrusicn prcblemz were recognlized more then a cenbury
age [Braithwaite, 1855] and were later analyzed theoretically by Ghybai[1889j
whose Tindings, now known as the CGhyben-Herzberg principle, were checked iz
the field by varicus invesbtigstors EHerzbergp i201; d'Arndrimont, 1902

Pennink, 1905; Dubkois, 1905; Brown, 1925; Swartz, 1937; Wentworth, 1939; Senioc,
1951, . . . ete.]. In CGhyben's (18897 analysis, the fresh-and salt-waters

are treated as two immiscible fiulds separated by a sharp interface. Although

both waters mix in a dispersed water belt of various degrees of salinity, the

e
[

seme assumption 8till applied in recent lnvestigations as a first




approximation [DeWeist, 10657 and its study is useful in determining the
nature of the fresh-water losses below sea level, Also, it 1s assumed
that the interface, sea level, and the water table all meet at one point,
thus contradicting the assumption of static fluids. Thus the existence of
the seepage surfaces above and below sea level were not recognized by
Ghyben and it is presently well established that his curve lies above the
"exact" interface considered ss a distinct surface rather than a dispersed

zone.

Hubbert [1940], Glover [1959], and Henry [1959] recognized the analogy
between the free surface 1n esarth dams and the interface. For simplicity,
the surface of seepage 1s considered elther vertical or horizontal rather than
the true natural shape. In the most recent viscous model studies by
Columbus [1965], the water table elevation is assumed to represent the
average head along any vertical secticn within the aguifer; an assumption
eliminated in‘this report. Although in Columbus' approximate analysis the
Ghyben-Herzberg principle is assumed tc be valid and Dupuit's assumptions are
adopted, partial use of Henry's [1959] exact soluticn is introduced. Rumer
and Harlmen [1963] introduced also an approximate analysis based on Henry's

golution.

Tn the present study, these assumptions are not congldered in locating
the interface permitting a more systematic yet simple spproach. The results
compare favorably with Muskat's [1937] and Henry's [1959] rigorous soluticns.
Moreover, in comparing the solutions of unconfired and confined cases, the
results support Charmonmen's [1965] gereral conclusions, although he considered
a horizontal seepage surface rather than a vertical one ag is the case in the

present work.
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Studies of confined and unconfined aguifers of limited extent are ccu-
ducted, although they are extended tTe semi-infinite cases to allow comparison
with available solutions. o counsideraticn is given to dispersion, tidal
effects, evaporation and leakage from confining beds in determinirg the

o

interface in the steady-state, two-dimersional systems cof rnatural fresh-

water flow.

The leocation cof the interface in artesian a

i3

d unceonfined ground-water
aguifers is detvermired on the basis ¢f the analyeis of the hydraulic forcas
within the freshawater zediux. The prcblem is analogous Lo the free surfac
problem in earth sectiong with vertical Faces. Eguations for the interfacs,
and the poteuntlal distribution are develcoped. The differences in the con-
diticns of ccnfined and vnconfired basine are discussed. The degree of re-=
liahility, of some of the present coenceptis of treating the unconfined bvasins

as artesgian, is clarified.

The interface and tae hydropctential distributicn within the fregh-
water zones are determined as mentioned in the preceding paragraph by
analogy ¢ the two-dimensioral gravity fiow systems cf finite lenghths.
Accordingly, an ertire sectlen, in thisg report, is devoted to these anslogous

cages of gravity flow systems of limited lengths. They are aralyzed on the

4

W
o

B

<8

asls of the relaticuship tetweern the hydraulic forces within the flow regiocum.

€

4]

Ar equation for the free surfsce iz developed from which the lceation of the
free gurface and the extent of the discharge face are determined. The hvirs-
potential distribution within the flow medium alsc can be determined, includizg
the base pressures. Dinensionless solutions for 130 different cases are
programmed for the FORTRAYN language for the IBM system 360 computer and the

results are summarized in tabular and graphical forms. The eguaticns applied

are simpls for direct englueering use and the desk calculator ig sufficient
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to sclve gpecific prcblems. Otherwise, the given curves cover most of the

practical cases. The proposed wmethod 1s general for cases with or without

tall water and Dupult-Forchheimer ass

mptions are entirely eliminated. The

presented solutions are further compared with the velocity hodograph solutions

A coumparisgon also is made with tThe Shaw-Southwell prcblem solved by the

"Relaxaticn Techniques”. Thece comparative siudies indicate +tha® +the propossd
are very close to the best known techrigues, yet the method

is simpler. Tasgter eguations and graphs can be used if only the discharge

poins is needed.

s

A Hele-Shaw nodel was designed and constructed in the Hydraulic lakcraiory

~ o
’

Civil Engineering, North Carclina State University to study the two-

9]
s
ot
oy
[

dimensional flow fields of two immigcible flulds cf different vigcosities.

Tests were made Tor both steady ard transient flow systems. BSome other tesgts

were made to verify the available theories as well as the developed tusory

for gravity flow systems of finlte lengths.

An attempt to combine the individual effects of natural flow in coasgtal

aguifers and multiple well pumpage 1 explained. The developed approach

=3

would lead to the deberwiration of the pattern of salt-water mounds due o

natural and artificial causea. The study negessitated a review of the

simple well thecrieg under the steady-state conditions irn order to sclve two

tvpes of probliems: (i) Ar overpumped artesiar well where the conditions in
&

.
1i) the

the proximity of the well casing are similar to a gravity well, and

P

determination of the frse surface and pohential distributicn within the flow

!

medium of the gravity well systems. These results are ccmbined with the two-

dimensional flow effects and are used to determine the approximate comvours

of the salt-waser mouvnde on the assumption that the circumferential seepage

velocities, dispersion, tidal effects, leakage, and evaporation are neglected.

e
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In appendix III of this report (Leakage of Confining Beds), an attempt
was made to study just one phase of the overall problem whenever confining
beds madia and their storage affect the flow pattern within the main artesian
aguifer. It was hoped,but not yet fulfille@,to apply the conclusions of that
section to the transient or steady-state flow systems within the main aguifers.
For this reason, the study made on leakage under this project was given as an

appendix although it includes some concepts werth exploring in the future.



IT - CRITICAL REVIEW CF AVAITIABIE CONCEPIS AND THECRIES

The phenomenon of salt-water intrusion was well recognized in history, yet
the first known published reference in recent times, may be that of Braithwaite
[1855]o His paper illustrated the salinity provlems caused by well pumpage

o

in ILorndon and Liverpcol and suggests that the in

[a]

1ltration of sea water is
caused by lowering the ground-water below the sea level. It is presently
obvicus, however, that even when the water table level is higher than that

of the gea, salt-water inbtrusicn may still take place.

Baden Chyben [1888-18897 and Herzberg [1901] proved independently that
fresh ground-water fleoate above salt.water because of its lower density.
Their principle presently known as Ghyben-Herzberg Theory was used and
checked by several lunvestigators and was extensively used aund accepted.
Referring to Fig.-1 and considering point A on the interface between fresh-

and salt.water bodies, then from the ccnsiderations of eguilibrium at that

point, Ghyben-Herzberg Egquation fcollows:

Dy - L Dux (1)
o
where: a = (Y, - Yel/ve [2)

Vg and yo = unit welgnte of the salt.and fresh-
ol : 3
wasers respestively

D% = depta of fregh-wgber zone belcw the mean sea level and
at & distance x from the origin according to Ghyben and
Herzberg
DHX = height of the free surface above the mean sea level and
at a digtance x from the crigin

Substituting in Bg.-2, vy, = 1.026 gms/cm3; and v. = 1.0 gm/cm3: then
(1/0) = 38. TIn other words, the depth of the fresh-water below the cea
level should be 38 times as much az the height ‘px of the fresh=water abcove

the same level. Herzher [1901] gave an approximate value for (l/a) ag 37.
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He alsc noticed that Eg.-1 does nct hold exactly in all cases and it is
strongly influenced by the fineness or coarseness of the dune sandse which
were the media of his field tests. He algo realized the rise and fall cof
water levels due to the tidal effect and that the change effects lag thres
to four hours behind the tide. Herzberg [1901] remarked also that the
salinity of the ground-water increased during a dry season and during

periods of heavy pumping.

Applying Eq.-1 at the sea front, 1t would be cbvious that the sea water
surface, the water table and the interface all meet at one point. This
result in itself would invalidate the use of this eguation because, the
curved nature of the water table would produce a fresh water flow toward
the sea without any outlet (discharge face) at the exit. Although Eg.-1

has been used in some recent investigations yet it cannct be considered

rigorous due to the static conditions implied in its derivation.

In a series of publications in the Annales de la Socié%é'Géologique
de Belgique (Annual Proceedings of the Belgium Gelogical Society), df-
Arndriment [19025 1903, 190k, 19057 published hig studies of the gsolcgy
and hydrclogy of the Belgian coast inzliuding the sand dune areag. e
referred to Herzberg's theory (a'Andrimont 19027 and the need for itz
modification in the case of an unconfined aquifer overlying a confined cons.
He further illustrated the salt-water intruded zcnes in both aguifers as
shown in Fig.-2, which is reproduced from Brown's Paper [Brown, 1925, p. 367
D'Andrimont [1903] observed that the water flows in the dune aguifer toward
the sea rapidly enough to prevent sea.water infiltration. The works of
Van Ertborn [1902], Dubois [1905] and Pennink [19OLL]y were discussed also
by d'Andrimont [19C:, 19057]. The papers of Van Ertborn [1902, 19037 were

rainly critical to d'Andrimont's work based on his field investigations.
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The field work of Duboils [1905] indicated that the salinity of ground-
water increases with depth. He algo noted the increase of salinity due

to pumping. Iﬁ his paper, Dubois [1905] stated that Ghyben-Herzberg theory
could not be applied without modification due to the peculiar topographic

and geclogic features in Holland.

The comprehensive hydrologic study in the coastal dune sand areas of
Amesterdam, made by Pennink [1905], led him to defend Ghyben-Herzberg
theory. From his detailed studies and drawings, he indicated how the
sglt-water may be sucked into a well even when the bettom of the screen
is above the original salt water level. A conclusion which is presently

accepted.

Brown [19257] made a comprehensive study along the Connecticut coast
investigating 186 wells. He applied and commented on the Eurcpean studies.
Seasonal variations of salinity and a description of the salt-water cone
induced by pumping were studled at length. Brown [1925], concluded that
the ratio ef the depth of the well below sea level to distance from the
ghore should not exceed unity in order to avold pumping salt water. Later,
Brown and Parker [19M5]ystudied the salt water encroachment in limestone in
southern Florlda caused by lowered water table resulting from the construction

of drainage canals. They tried to apply Ghyben-Herzberg theory, Tuht they
found that the theory failed beyond 2500 feet inland. They found that the
actual interface is lower than that given in that theory. This conclusion

has been verified in recent investigations.

In his study on fresh and salt ground-water occurrences on New Providence

Island, Bahama Islands, Riddel [1933] concluded that the awmount of waber




avaellable from ground-waber storage shouid not exceed thab derived from

-

rainfall. He suggested that a multip
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punping rates are better thar a high capaclity single well.

Swartz [1937] checked and found valid the CGhybsn-Herzberg principle

U‘

by applying resistivity - measurements 1a the fleld in the Hawaiilan Islands

°

It seems that since Ghyben-Herzberg eguation had been developed the

analytical breakthrough in the sslt-wabter insSrusion field was first
accomplished by Nomitsu et. al. [1927] and later by Xitagawa [19397.

Unfortunately, the writer did not have access to these Japanese papers, yet

-

in the excellent work of David Todd [¢93J], some abgtracts were given, In
his abstracts, Todd described the work of Nomit su, Toychara ard Kamlmoto

(19277 as 3

"Baged on hydrodynamic principles, the eguaticn for a boundary
gurface between fresh ard salt water is developed for s long
straight coast and for a sandy lsland ef circular form. Mentions
that from these equations the horizontal limit of sea water
percolation can be determined if the thickness of the pervious
stratum is known tates that the theory ig tased con an ideal
caoe, and that the following items will cause discrepancises:
nen=-homogenecus goll conditions, vertiecal B
bOu“aary surface, disturbances cf wabter near fthe boundar
surface, diffusion of salt water, and adsorption o i
oy the sand stratum. Mcodels for verifying the thecretical
gtudieg were congtruched consighting of recbangular wooden
with compartments at each eund partiticned off by wire. gauze fcz
fresh and salt water.

']
433
m
,.-.
C+
!5
o
ct
[0]
)

The work of Kitagawa [19397] was summerized by Todd [19537 asz:
"Describes some of the ground water s4udies wiilch have developed
in Japaq. Three of the studies merbicned are concernsd with sea

:

water Intrusion. The first of these derives parabolic eguat
for the fresh-salt interface, and compares them with equation
developed by model gtudies. The three examples shown, bazed on
different salt water densities, all show good agreswment. The
second study generalizes the equatiocns of the first study. Tae
third study verfies the shape of the interface peostulated in the
two previous stu 1es by use of dyes and cbservation wells along
e coagtal section.”

icns
8
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Wentworth [19397, stressed the relation of ground and sea temperatures
to measurements of the specific gravity in his application to Ghyben;Herzberg
equation. He favored using a value (l/g)'= 38. Although, he had faith in
Eq.-1, he later [Wentworth, 19427, discussed the growth and shrinkage of
the fresh-water lens together with the time variations inveived. He dis-
cussed four hypothetical cases to indicate the complexities, interrelations,
and time-variations of head, head lag, bottom equivalent head, infiltration,
natural and artificial leakage, draft and changes in top and bottom storage.
Wentworth [19517], also stated that according to the available data, a
particular system may suffer salt.water encroachment so rapidly that 1t is
interpreted as an original condition; on the other hand, there may be a
history of several decades before the encroachment is destructive at some
of the accessible discharge points. Brief sketches of history and present
(at that time)  conditions of Ghyben-Herzberg were also given by Weniworth
(19517 for several of the better known areas, such as the Netherlands, Hawaii,

New Jersey, Florida, and the Pacific Islands. -

Poland [19477, suggested several practical methods of controlling sea=
water intrusion such as: balancing long~term basin-wide draft and replenishment;
maintenance of fresh-water head above sea level inland from the saline frount
either by regulated draft or by artificial replenishment; dewatering through
wells near but coastward from the saline front; and construction of impervious
subsgrface dikes. Almost the same recommendations were made by Banks et. al.

[1950] and by Banks and Bockman [19517.

In his theoretical analysis of two-fluild flow systems in porcus media,
King Hubbert [19407], concluded that the continuous flow of fresh-water to
the ocean must be balanced by sufficient recharge to maintain a state of

equilibrium between the fresh.and salt-water bodies. In the case of recharge
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abgence, the fresh-water would ultimately be wastied and the salt-water would
intrude everywhere in the basin. Hubbert [1940, p. 957 considered the
dynamic rather than the hydrostatic equilibrium of the fresh water-salt
water interface. Hies analysis indicated that the actual interface should
be located below that detérmined ty Ghyben-Herzberg (Eqnul)° The slope of

the interface (Fig,-s), is determired by the following eguaitiocn:

. oy = v .V I + £
sin e = - __f_ ° o+ e i ‘ 3"
os k KS ol '
where: 6 = the slope angle at any point "a” on the actual interface,

k and k, are the hydraulic conductivities (coefficients of
permeebilities) of the fresh-and salt-water regions
regpectively,

Ve and vy are the discharge velocities {macroscepic or Darcian
velocities) of the fresh-and salt-water particle at
point "a" (Fig.-3) assuming that both water bodies
(fresh and salt) are moving.

If it is assumed that the salt-water body ic stagnant and only the fresh

water 1s flowing, then Ve 3& 0 and‘vs = 0; ard Eg.-3 reduces toc:

sin g = _%_ Ve (%?:>

Eq.-l4 indicates that whenever ve increases towards the sea, the 8 value should

increase and sin § > 0 asg far as the fresh-water ig fiowing (v. %h 0). Hubbert,
e

[

alsc, showed that the vertical intercept Ay between the peints of intersechtion of
any two consecuetive equipotential lines with the interface is related to the M
value (Fig.-3) as follows:

ry = (th)/a (5)
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Ground surface

Free surface: :Di.scharge

face
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Figure 3. King Hubbert [1940] Treatment of the Interface
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Eg.=-5 18 analcgous to Eg.-1 derived by CGhyken and Herzberg.

The ground-water leader in the United States in our recent time, Uscar

Meinzer [l9h5], warned of overpumping in coasbtal aguifers on the basis of

0

various field cbservations made by the Ground Water Division of the United
Stateg Geoclegical Survey, predicting s continucus encroachment of salt-

water.

Senio [19517] disagreed with Herzberg [19017] and Nomitsu [1927] in
asguming that the sea water below the interface is staticnary on the hasisz

cal

I_Ja

of scme data on the Japanese and Holland coasts. He cowputed the statist
pressures of ground-water and found thait there are pressure gradients even
in salt_water, proving that the salt_water is not staticnary. Based on his
analysis, he derived the fellowing two equaticns for beth the water table

and the interface (Fig.-1):

4
(b = Dy) = by - DY) = 25" alx-xy)/k(2-K) (6)
and
v N
h - (h - 2 s R 1Y {xex ) £
( +4,x> o+“xo> ‘_T(\i+i‘:§”q>\ o) (7)
where hy == depth belcw the sgea level to the lower impervious boundary,
DXO = actugl depth of fresh-water zone below the sea waser level
at x = x4
QMXOJ = height of the free surface {waser table) above the asa waber
level at a distance Xy
g & gf = total rate of flow in the fresh.and salt_water medis
respectively
R” D! nat ‘ tion)
= D}/Dy constant (by assumption)
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/
and DUxo =0R D

X0

Apparantly the solutions of Egs.-6 and 7 depend upon field observaticns.
Moreover the gradients were taken in accordance with Dupuit's assumptions.
In his derivation, Senio assumed a constant value of Rf although he
recognized that it is a function of x. Accordingly, if E”is consldered

constant, 1t simply means that the actual interface 1s parellel to

Ghyben-Herzberg curve contradicting the final form of Egs.-6 and 7.

1

The University of California [19537], published a report on the
analytical and model investigations concerning the equilibrium pesition of
the salt-water wedge. Assuming that the fiow is steady, that the soll is
homogeneous and isotroplc; and that the diffusion at the interface iz
neglected, 1t was found that the interface is analogous to the free surface
determined by Muskat [1937] for a rectangular earth dam. Accordingly the
length of intrusion was determined by an eguation [University of Califorria,

19537 exactly similar to Eq.-65 derived in this investigation.

Henry [19597, applied the conformal mepping technigues under the
steady~state condition in analyzing the two-dimensional saltnwatér intrusion
problems. He developed an equation for the interface assuming a horizcontal
discharge face. Also, he determined the depth of the vertical. discharge face
by means of ah equation which is similar to that derived by Polubarinova-
Kochina [19627. Henry's rigorous work is compared with the resulte of

this report and is discussed in some details.

Considering a horizontal discharge face, Glover [19597] developed an
equation for the interface and determined the flow pattern in exactly an
analogous manner to Kozeny's solution for earth dams with horizontal filter
blankets [Casagrande, 1937] except for the comnstant k which 1s replaced by

k'= k.
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The dynamic conditions of the interface, whose location changes with
time 1s analyzed by Polubarinova-Kochina [1952, p. 5&2], In her wmathematical
analysils, the horizontal component of the velccity at any point is asgsumed
independent of the vertical ccordinate. The vertical velocity compeonents
are then derived ilndependently from the continuity eguation. The resgulting

equations are two non-linear differential equaticons which do not have simple

practical soluticns.

More recently, Harleman and Rumer [1963 37 developed an approximate

eguation for the steady.state interface betwsen the fresh and salt_water,

o
[22]
0
[
o
'_J
Q
5

They introduced Dupuit-Forchheimer's assumpticns and improved th
by substitubing the exact depth cf the discharge face which was derived by
Henry [1959]. Their equations are discussed and compared with the proposed
eguations in this report. Harleman and Rumer [1963] studied alsoc the rate
of intrusion of the salt wedge tce agsuming an idealized condition where the

fraesh water flow to the ocean 1s zero.

In the most recent viscens model sbudies by Columbug [1965], the water
table elevation ig assumed to represent the average head alcong any veriical
section within the aguifer; an assumption which implies those of Dupuilt.
Although in Columbus® [19657, approximate aralysis the Ghyben~-Herzterg
principle is assumed to be valid, yet his sclution iz improved by making

partial use of Henry's [1959] exact soclution.

Finally, the effect of salt-water intrusion in a two-dimensional
cage of an unconfined coastal aguifer is cleverly treated by Charmonman
[1965j. The results of the present report support Charmonmarn's general
conclusions in dealing with umconfined aguifers, although & vertical
discharge face is considered. in the‘pre ent study rather than a horizontal cne

as assumed in Charmonman’s work.
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III. TWO-DIMENSIONAL GRAVITY FLOW SYSTEMS

OF FINITE LENGTHS

The analysis presented in this section deals with the determination
of the flow pattern and the frée surface of gravity flow systems in
earth sections of finite lengths under the steady-state conditions. The
proposed method is simpler to use than the powerful, yet complex velocity
hodograph method. Although it is an approximate method, the Dupuit-
Forchheimer assumptions are not used and the existence of the down-
stream tail water is considered with the solution. From a practical
point of view there is little or no difference in the values for the
130 computed cases solved between the proposed and the velocity hodograph
method. The solutions given are programmed in the FORTRAN language
for the IBM system 360 computer, yet for special problems the solution
may be determined simply by solving the derived Eqs.-29, 30 and 31 by
means of a desk calculator. One case is compared with the Shaw and
Southwell [1941] problem (relaxation) and it has been shown that the
difference in the results in the location of the free surface does not
exceed n;l.SZ of hu and that the differences in the hydraulic head
values do not exceed ~+47% of hu at very few points in the grid.

The procedure can be applied [Kashef, 1967 (b), (c)] to some
specific salt-water intrusion problems that were solved previously by
the velocity hodograph method [Henry, 1959]. The analogy holds true
only when m = 0 (no tail water), where the proposed method is in close

agreement with the velocity hodograph method (Fig.-10).
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Equation of Free Surface and Hydropotential Distribution

It is assumed that the flow is steady, the soil material is
homogeneous and isotropic, and that Dracy's law is valid within the
flow medium. The effects of evaporation, leakage to or from the
horizontal impervious boundary, temperature changes, rainfall, and
capillary flow above the free surface are neglected. These assumptions
are generally adopted in similar cases. Then the Laplace equation

governs the flow:

V2¢ =0 o0r V¢ =0, (8)

where velocity potential at a point (x,y), or

©
]

¢ = -k(p +y) = -k¢, (9

where ¢ = E.+ y = total hydraulic head at point (x,y)
k

it

hydraulic conductivity of the soil material

D = pressure head at point (x,y)
= Q/vglp
p = the pore-water pressure at point (x,y)

Y. = unit weight of water

position head above the datum at the impervious boundary.

<
1]

Referring to Fig.-4(a), the boundary conditions are:

Along surface oa,

o + khu

]
o

(10-a)

Along. curve ab,

]
o

& + kDX (10-b)

Along surface bc,
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6 + ky =0 (10-c)
and
B _Wayp (10-4)
dn 08
Along surface cd,
¢ + kmhu =0 (10-e)
Along base od,
= W -
(vy)x,o 5y~ ox 0 (10-£)
where hu = depth of upstream water body

m = hd/hu
h, = depth of downstream water body
Y = the stream function

s and n = the tangential and normal directions, respectively,

at any point (x,D) on the free surface
D_ = height of free surface above the base at a vertical

section distance x from the erigin

(v‘) = the component of the discharge velocity normal to

the base at any point (x,0).

It has been shown by Charney that [Kashef, 1965 (b); Polubarinova-
Kochina, 1962] at any vertical section of height DX and distance x from

the origin [Fig.-4(a)],

D
2 x= - _ 2g9°x
—DX + 2 fo ¢'x,ydy = k + Cl’ (ll)

where q is the rate of flow per unit length and Cl is a real constant.
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Applying Eq.-11 between the vertical sections x = 0 and x = x, then

2, .2 By Dy 29
-h +D_ + 2[,/‘O q>o’ydy - ¢x’y]= - (=)
0
or
g_1l.
= SRR, (12)
h h he
where P =/ Yp dy=/ " dy - —
a 0 ©sY o ©sY 2

the area of total pressure head diagram along the vertical
gsection at x = 0, and
D D 2

Dg

—
P =/ dy = f dy - %
x = P,y 0¢X’yy >

the area of total pressure head diagram along the vertical

section at any distance x from the origin.

Similarly, applying Eq.-1l between sections oa and bd [Fig.-4(a)],

1-2 -2), (13)

where the distance od = B [Fig.-4(a)] and Pb is the area of total
pressure head diagram along the vertical

section bd [Fig.-4(a)].

Then, combining Egs.-12 and 13,

X Pa B PX
5T P 14

Eq.-14 indicates that the total pressure head diagram or the PX line
is linear between sections aa' and bb' [Fig.-4(b)] and that Pk at any

vertical section can be determined, once Pa»and Pb are known.
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In porous media of finite lengths and vertical ends, the upstream
and downstream angles are equal to n/2, P, = hﬁ/Z, and P = m2h§/2.

Thus Eq.-13 reduces to

h2

- ‘2—1];-(l—m2). (15)

In fact, Eq.-15 is the same as the Dupuit equatien, which is based on
neglecting the vertical velocity compenent and assuming a uniform
gradient across a vertical section equal to the gradient of the upper-
most point. In spite of these assumptions, the gq/k value as given by
the Dupuit equation was proved to be exact by I. A, Charney in 1951, as
reported by Polubarinova-Kochina t1962]. However, the free surface in
Dupuit's solution lies above the base by a value hx < Dx at any vertical
section except when X = 0. At a vertical section a distance x from

the origin, Eq.-12 reduces to

g _1 hi
k=—'—2-—Px . (16)

X

From Dupuit's equation at the same section,

1 hi h}z{ |
s e A ‘ (7)

where hx is the depth of free surface according to Dupuit's solution

at a distance x from the origin.

From Eqs.-16 and 17, the significance of hx in Dupuit's equation can be

seen to be

h =\/§'P;. (18)
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TABIE A, V=2

Computed Values of Ex and hy (Egs. - 26_& 30) Corresponding
to Various Values of m and B = 0.4

m = 0.0 m =0,1 m=0.2 m = 0.3 m =0,k

x/B] Dx hy, Dy by Dy by, Dy hy Dy by,

0.1] 0.9969 0.9263 0.9970 0.9271 0.9969 0.9293 0.9969 0.9331 0.9970C 0.9383
0.2f 0.9882 0.8542 ©.9882 0.8557 0.9882 0.8603 0.9883 0.8679 ©.9883 0.578k
0.3} 0.9742 0.7824 0.9743 0.7847 0.97h4 0.7916 0.9745 0.8031 0.9748 0.8192
0.%] 0.9555 0.7098 ©.9556 0.7129 0.9558 0,.7223 0.9562 0.7379 0.9569 0.7597
0.5} 0.9324 0.6353 0.9325 0.6393 0.9329 0.6513 0.9337 0.6712 9348 0.6990
0.6f 0.9049 0.5578 0.9051 0.5627 0.9058 0,5775 0.9071 0.6022 9090 0.6365
0.7) 0.8731 0.k760 0.8735 ©.L820 0.87h6 0.4999 0.8765 0.5297 8795 0.5712
0.8 ¢.8371 0.3885 0.8376 0.3956 0.8392 0.4171 0.8420 0.4528 8Lhel  0.5022
0.9 0.7965 0.2933 0.7972 0.3018 0.7995 0.3275 0,8034 0.3698 8096 0.428L
1.0} 0.7510 0.0000 0.7520 0,1000 0,7551 0,2000 0.7606 0.3000 0.7689 0.4%000

m=0.,5 =0,6 m=0,7 m=0,8 m = 0,9

x/3] Dy by Dy by Dy By Dy By b b

0.140.9970 0.9%51 0.997¢c 0.9534k 0.9970 0.9631 0.9971 0.97kk 9974k  0.,9870
0.2 0.9885 0.8921 0.9887 0©.9087 0.9890 0.9282 0.9897 0.9507 991k  ©.9756
0.3 0.9752 0.8398 0.9759 0.864L9 0.9770 0.8945 0.9790 0.9281 9836 0.9649
0.4 1 0.9578 0.7876 0.9593 0.8215 0.9616 0.8612 0.9658 0,9062 9748 0.9546
0.5 0.9366 0.7346 0.9393 0.7778 0.9435 0.8281 9509 0.8845 9655 0,94k4L
.6 0.9119 0.6803 0.9163 0.7333 0.9231 0©.7946 9345 0.8628 9559 0.93L1
0.7 10,8840 0.6240 0.8906 0.6875 0.9006 0.7606 9170 0.8410 oLec  0.9239
0.8 0.8528 0.5650 0.8622 0.6400 0.8763 0.7257 0.8985 0.8189 9360 0.9135
0.9 10,8185 0,502k 0.8313 0.5904 ©.8503 0.6898 0.8793 0.796k 9258 0.9030
1.0} 0.7808 0.5000 0.7979 0.6000 0.8226 0.7000 8593 0.8000 9155 0.9000
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Tables A.VII, Computational Results of Single Gravity Well Problems (Cont.)

re—¥ ) 9 — = — — - —
(re—rw ° Dr Pr br Dr Pr hbr
r h r h
= =300, —==25m=0.2] [-£=600,—==25 m=0.2]
¥ T r r
w w W w
0 1.0000  0.5000 1.0000 1.0000  0.5000 1.0000
40 0.9563  0.4572  0.9562 0.9610  0.4618 0.9610
60 0.9202  0.4233  0.9201 0.9289  0.4314  0.9289
70 0.8939  0.3993  0.8936 0.9056  0.4100 0.9054
80 0.8557  0.3657  0.8549 0.8717  0.3797 0.8714
86 0.8212  0.3362 0.8195 0.8409  0.3532  0.8403
92 0.7660  0.2906 0.7606 0.7911  0.3119 0.7892
96 0.6995  0.2356 0.6801 0.7281  0.2614 0.7205
98 0.6434  0.1835 0.5887 0.6683  0.2123  0.6437
100 0.5580  0.0200  0.2000 0.5391  0.0200 0.2000
r h T h
[-2 = 1000, =2 = 25, m = 0.2] [== =175, —= =25, m = 0.4]
r r r r
w w W w
0 1.0000  0.5000 1.0000 1.0000  0.5000 1.0000
40 0.9639  0.4646 0.9639 0.9507  0.4512  0.9495
60 0.9343  0.4364  0.9343 0.9105  0.4128  0.9077
70 0.9128  0.4165 0.9127 0.8818  0.3859 0.8768
80 0.8815  0.3884 0.8813 0.8423  0.3485 0.8312
86 0.8533  0.3638  0.8529 0.8096  0.3164 0.7886
92 0.8074  0.3253  0.8062 0.7658  0.2682  0.7167
96 0.7490  0.2780 0.7439 0.7285  0.2139  0.6225
98 0.6919  0.2315 0.6748 0.7081  0.1683  0.5336
100 0.5502  0.0200 0.2000 0.6892  0.0800 0.4000
r h r h
& =150, —2 =25, m=0.4] [=2=2300,—==25 m=0.4]
rW rW rW rW
0 1.0000  0.5000 1.0000 1.0000  0.5000 1.0000
40 0.9568  0.4576  0.9565 0.9619  0.4625 0.9618
60 0.9213  0.4240  0.9207 0.9306  0.4329  0.9304
70 0.8955  0.4004  0.8945 0.9078  0.4119  0.9076
80 0.8587  0.3673  0.8563 0.8750  0.3825  0.8744
86 0.8262  0.3386 0.8212 0.8455  0.3567  0.8442
92 0.7771  0.2945  0.7627 0.7986  0.3168  0.7947
96 0.7253  0.2426  0.6831 0.7425  0.2686 0.7284
98 0.6897  0.1958 0.5982 0.6948  0.2231  0.6553
100 0.6501  0.0800  0.4000 0.6199  0.0800  0.4000

Tables continued
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Tables A.VII, Computational Results of Single Gravity Well Problems (Cont.)

re~r — = — = = n
(re—rw)A Dr Pr hbr Dr Pr br
r h r h
£ =75, —==150, m=0] [===150, == =150, m = 0]
r r r r
w w w A\

0 1.0000  0.5000  1.0000 1.0000  0.5000  1.0000
40 0.9659  0.4419  0.9277 0.9548  0.4495  0.9448
60 0.9379  0.3962  0.8681 0.9192  0.4096  0.8981
70 0.9222  0.3641  0.8228 0.8965  0.3814  0.8623
80 0.9059  0.3196  0.7557 0.8694  0.3420  0.8075
86 0.8963  0.2814  0.6951 0.8510  0.3078  0.7553
92 0.8875  0.2240  0.6005 0.8319  0.2553  0.6684
96 0.8827  0.1594  0.4915 0.8201  0.1936  0.5591
98 0.8808  0.1052  0.3993 0.8153  0.1378  0.4574

100 0.8796  0.0000  0.0000 0.8122  0.0000  0.0000
r h r h
[—£ = 300, —= =150, m = 0] -2 = 600, == = 150, m = 0]
r r r r
w A\ w w

0 1.0000  0.5000  1.0000 1.0000  0.5000  1.0000
40 0.9558  0.4554  0.9537 0.9596  0.4602  0.9592
60 0.9199  0.4201  0.9150 0.9265  0.4286  0.9255
70 0.8948  0.3951  0.8861 0.9026  0.4062  0.9007
80 0.8612  0.360L  0.8425 0.8687  0.3747  0.8642
86 0.8347  0.3294  0.8007 0.8393  0.3471  0.8302
92 0.8018  0.2819  0.7278 0.7967  0.3041  0.7717
96 0.7770  0.2246  0.6278 0.7558  0.2515  0.6880
98 0.7654  0.1703  0.5252 0.7314  0.2004  0.5938

100 0.7572  0.0000  0.0000 0.7105  0.0000  0.0000
r h r h
[—= = 1000, = = 150, m = 0] = =75, —£ =150, m = 0.1]
r r r r
w w w w

0 1.0000  0.5000  1.0000 1.0000  0.5000  1.0000
40 0.9625  0.4631  0.9623 0.9660  0.4424  0.9285
60 0.9317  0.4338  0.9313 0.9383  0.3972  0.8696
70 0.9093  0.4130  0.9087 0.9227  0.3655  0.8248
80 0.8771  0.3838  0.8756 0.9064  0.3214  0.7585
86 0.8485  0.3581  0.8452 0.8969  0.2836  0.6986
92 0.8040  0.3180  0.7943 0.8881  0.2268  0.6051
96 0.7548  0.2687  0.7227 0.8833  0.1628  0.4973
98 0.7190  0.2203  0.6394 0.8815  0.1091  0.4061

100 0.6796  0.0000  0.0000 0.8802  0.0050  0.,1000

Tables continued
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Tables A.VII, Computational Results of Single Gravity Well Problems (Cont.)

re—r o —-— = — —_ = —_—
(re-rW)A Dr Pr hbr Dr Pr hbr
r h r h
[=2 =300, == =150, m = 0.2] [—==600, —= = 150, m = 0.2]
r r r r
w w w w
0 1.0000  0.5000  1.0000 1.0000 0.5000  1.0000
40 0.9575  0.4572  0.9556 0.9613  0.4618  0.9609
60 0.9231  0.4233  0.9186 0.9296  0.4314  0.9286
70 0.8991  0.3993  0.8910 0.9067 0.4100  0.9049
80 0.8667  0.3657  0.8495 0.8742 0.3797  0.8701
86 0.8412  0.3362  0.8099 0.8461 0.3532  0.8378
92 0.8093  0.2906  0.7410 0.8052 0.3119  0.7823
96 0.7852  0.2356  0.6464 0.7658  0.2614  0.7035
98 0.7737  0.1835  0.5492 0.7420  0.2123  0.6147
100 0.7656  0.0200  0.2000 0.7216  0.0200  0.2000
r h r h
[2 = 1000, =& = 150, m = 0.2] [ = 75, =2 = 150, m = 0.4]
rW rW rW rW
0 1.0000  0.5000  1.0000 1.0000 0.5000  1.0000
40 0.9640  0.4646  0.9639 0.9690  0.4512  0.9406
60 0.9345  0.4364  0.9342 0.9441  0.4128  0.8919
70 0.9131  0.4165  0.9125 0.9300 0.3859  0.8549
80 0.8824  0.3884  0.8809 0.9151  0.3485  0.8000
86 0.8550  0.3638  0.8520 0.9062  0.3164  0.7503
92 0.8125  0.3253  0.8036 0.8979  0.2682  0.6725
96 0.7654  0.2780  0.7361 0.8933  0.2139  0.5825
98 0.7309  0.2315  0.6578 0.8916 0.1684  0.5061
100 0.6924  0.0200  0.2000 0.8903 0.0800  0.4000
r h r h
[2 =150, == =150, m = 0.4] [=2=300, =2 = 150, m = 0.4]
r r r r
w \" w w
0 1.0000  0.5000  1.0000 1.0000 0.5000  1.0000
40 0.9613  0.4576  0.9543 0.9628  0.4625  0.9613
60 0.9310  0.4240  0.9159 0.9328  0.4329  0.9293
70 0.9113  0.4004  0.8868 0.9117 0.4119  0.9056
80 0.8876  0.3673  0.8426 0.8833 0.3825  0.8703
86 0.8713  0.3386  0.8007 0.8607 0.3567  0.8368
92 0.8539  0.2945  0,7308 0.8321 0.3168  0.,7791
96 0.8430  0.2426  0.6425 0.8099 0.2686  0.7000
98 0.8384  0.1958  0.5599 0.7991  0.2231  0.6185
100 0.8354  0.0800  0.4000 0.7914  0.0800  0.4000

Tables continued










































