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and had access  t o  some of t h e i r  work dur ing  t h e  mon%h of 3=me 1965. The 

work was then  in t e r rup ted  duiring the  summer months of Ju ly  and August 1965 

while t h e  p r i n c i p a l  i n v e s t i g a t o r  was engaged i n  o the r  s t u d i e s  f o r  t h e  

Desert Research I n s t i t u t e  of t h e  Univers i ty  of Nevada a t  Reno according * 

t o  a previous committment. Af ter  h i s  r e tu rn ,  a good period of time was 

devoted by him and two graduate research  a s s i s t a n t s  i n  c o l l e c t i n g  f i e l d  

da ta .  It became obvious a f t e r  not  t o o  long, t h a t  such an e f f o r t  would 

never lead  t o  any cons t ruc t ive  r e s u l t s  due t o  t h e  c o n f l i c t  of opinion a t  

$Bat time between some i n d u s t r i a l  s ec t ions  and t h e  S t a t e  Government and 

a l s o  due t o  t h e  l ack  of comprehensive f i e l d  da ta  i n  t h e  Eas tern  Sect ion .  

For t h i s  reason t h e  f i e l d  i n v e s t i g a t i o n s  were completely discarded a l -  

though they  were s t a t e d  i n  t h e  o r i g i n a l  proposals .  

The statement of t h e  P~oblem, Object ives and b o c e d u r e s  i n  t h e  sub- 

mi t ted  propcsa l  were given a s  fol lows:  
% 

Statement of t h e  Froblem: 

  he study of multiphase flow systems and d i f f u s i o n  i n  porous media 
a r e  of p r a c t i c a l  importance i~ order  t o  be a b l e  t o  c o n t r o l  s a l t -  
water encroachment due t o  heavy pumping of water w e l l s  near  t h e  coas t .  
The problem i s  one of t h e  t r a n s i e n t  flow systems. It i s  intended t o  
review t h e  na ture  of t h e  s o i l  c h a r a c t e r i s t i c s  e s p e c i a l l y  t h e  
'Transmissivi ty q p  'Coeff ic ient  of Storage ' and t h e  'Speci f ic  Yield ' . 

A study of t h e  e f f e c t s  of water pressure  v a r i a t i o n  with time on 
these  c o e f f i c i e n t s  w i l l  he lp  i n  a b e t t e r  understanding of t h e  
mechanics of ground-water flow. A f u r t h e r  s tudy m i g h t  examine 
t h e  p o s s i b i l i t y  of recharging we l l s  f o r  t h e  purpose of prevent ing  
sa l t -wa te r  i n t r u s i o n .  " 

Object ives:  

"To e e t a b l i s h  an engiizeering approach t o  design wel l  f i e l d s  near  t h e  
coas t .  The pa t t e rn ,  capaci ty  and t h e  frequency of pumping these  we l l s  
a r e  necessary f a c t o r s  t o  t a p  f r e s h  water without a f f e c t i n g  t h e  water 
balance o r  sa l t -wa te r  i n t r u s i o n .  Also t h e  s tudy may lead  t o  some 
p r a c t i c a l  procedure t o  minimize growd-water 10sses. '~ 
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Procedures : 

- ''A c r i t i c a l  s tudy  of t h e  a v a i l a 5 l e  procedures  and t h e o r i e s .  

-- Acalys is  of t h e  a v a i l a b l e  f i e l d  d a t a  and ob ta in ing  o t h e r s  t h a t  may 
be needed i n  t h i s  s tudy.  

- Theore t i ca l  and experimental  arzalyses of t h e  problem. 

-Devis ing  a p r a c t i c a l  des ign  prccedure based on theory,  
per imenta l  f i n d i n g s  . " 

The o r i g i n a l  p o r j e c t  p roposa l  was l a t e r  reviewed by t h  

f i e l d  

e Of f i  

and ex- 

Water Resources ( c ~ R R ) ,  U. S .  Depa~tment  of  t h e  I n t e r i o r .  A l e t t e r  dated 

Febrvary, 1966 w a s  sertt from Dr. Roland R e  Reme, d i r e c t o r  of C%JRR, +o 

Professor  Davi5 R. Howells, d i r e c t o r  of WERI commenting on t h e  va r ious  

p r o J e c t s .  The f o l l o w i r g  i s  an  excerpf from t h e  s a i d  l e t t e r  concerning 

t h e  o r i g i n a l  proposa l  of t h e  p re sen t  s tady:  

"2. 'DiFfus5on and Dispersion i n  Porous Media' - Kashef (our  number 
A - O O ~ - U C )  Considerable  work i s  be ing  done i n  t h i s  problem a r e a  by 
t h e  s t a t e ,  g r ~ : ~ d - w a t e r  consu l t i ng  P i rns ,  acd i n d u s t r i a l  companies; 
and we suggest  t h a t  t h e  research  under A-007-ITC be d i r e c t e d  towards 
some narrow oSSective n o t  a l r e a d y  cove reda"  

The above reviewing c o m e n t s  a r e  ve ry  t r u e .  Accordingly, t h e  

p ~ i n c i p a l  i n v e s t i g a t o r  confined h i s  s tudy  t o  some problems t h a t  t o  t h e  

S e s t  of h i s  kcowledge were not  a l r e a d y  covered. Also, a n  e f f o r t  was made 

t o  r e s t u d y  such r e l a t e d  problems t h a t  had alrea,dy complex s o l u t i o n s  and 

t h a t  were d i f f i c u l t  t o  apply  o r  even t o  be accepted i n  p r a c t i c e .  It was 

hoped (and f i n a l l y  * h i s  was achieved) ,  t o  f i n d  s impler  ye t  more o r  l e s s  

exac t  s o l u t i o n s .  I n  t h i s  respec t ,  it may be S e t t e r  t o  quote what Professor  

C .  E .  JacoS s a i d  a s  a gene ra l  r e p o r t e r  of t h e  pane l  i n  which-the w r i t e r  

p a r t i c i p a t e d  i n  t h e  National  Symposia~  on Ground-Water Hydrology he ld  i n  

San Francisco,  November 1967 and where some of t h e s e  approaches were ex- 

p l a i n e d  



"Let me t a l k  f i r s t  abou t  t h e  p r e s e n t a t i o n  of t h e  a n a l y s i s  by Glover 
and by Kashef ,  These a r e  i n t e r e s t i n g  a d d i t i o n s  t o  our  fund o f  s o h -  

& 

t i o n s  of what we c a l l  'boundary-value problems '  i n  mathemat ica l  
p h y s i c s .  P r o f e s s o r  K a s h e f ' s  h a s  t o  do w i t h  t h e  approx imat ion  of a  
more a c c u r a t e  b u t  f m p r a c t i c a l  s o l u t f o n  t h a t  g i v e s  some p r a c t i c a l  
r e s u l t s ,  and i t  i s  a  c l e v e r  model,  and I t h i n k ,  t h e r e f o r e ,  u s e f u l  
f o r  e n g i n e e r i n g  c a l c u l a t i o n , . . , , ,  S u f f i c e  i t  t o  s a y ,  i t  i s  a  u s e f u l  . 
approach.  " 

To t h i s  end,  i t  may be  i n  o r d e r  i n  t h i s  p r e f a c e  t o  s t a t e  c l e a r l y  t h e  

phases  t h a t  have been completed i n  t h i s  s t u d y  w i t h i n  t h e  broad framework 

of t h e  f i e l d  of d i f f u s i o n  and d i s p e r s i o n  i n  porous  media .  I n  t h e  f o l l o w i n g  

a  r e s u m e ' f s  g i v e n  t o  e x p l a i n  t h e  main c o n t e n t s  of t h e  r e p o r t  i n  o r d e r  t o  

aware t h e  r e a d e r  w i t h  t h e  g e n e r a l  r e l a t i o n s h i p s  between t h e  v a r i o u s  s e c t i o n s :  

A v a i l a b l e  Concepts  and T h e o r i e s  i n  t h e  F i e l d  of Salt-Water Encroachment: 

T h i s  s e c t i o n  c o v e r s ,  i n  somewhat d e t a i l e d  manner, a rev iew of s a l t - w a t e r  i. 

i n t r u s i o n  c o n c e p t s  and t h e o r i e s  t h a t  a r e  e q u i v a l e n t  o r  r e l a t e d  t o  t h e  

g e n e r a l  p a t t e r n  of t h i s  i n v e s t i g a t i o n .  The assumptions  and s i m p l i f i c a t i o n s  
% 

adopted i n  t h e  v a r i o u s  a v a i l a b l e  approaches  a r e  emphasized i n  o r d e r  t o  formu- 

la te  a c l e a r - c u t  opfn ion  a s  t o  t h e  l i m i t a t i o n s  of a p p l y i n g  t h e s e  approaches  

and t h e  merits of one above t h e  o t h e r  a s  w e l l  a s  a thorough comprehension 

of t h e  s ta te  of t h e  a r t .  It should be  n o t i c e d  t h a t  most o f  t h e  a v a i l a b l e  

methods d e a l  w i t h  t h e  two-dimensional f low systems under  t h e  s t e a d y - s t a t e  

c o n d i t i o n s .  Very l i t t l e  a t t e n t i o n  was g i v e n  t o  r a d i a l  f l o w  sys tems  and 

t r a n s i e n t  c o n d i t i o n s  i n  t h e  s a l t - w a t e r  i n t r u s i o n  f i e l d ;  n a t u r a l l y  because  

of t h e  c o m p l e x i t i e s  invo lved .  

Two-Dimensional G r a v i t y  Flow Systems of F i n i t e  Lengths:  It was found 

n e c e s s a r y  i n  t h e  p r e s e n t  i n v e s t i g a t i o n  t o  deve lop  a s i m p l e  workable  method 

by which t h e  f r e e  s u r f a c e s  i n  t h e  two-dimensional g r a v i t y  f l o w  systems of  

f i n i t e  l e n g t h s  could  b e  de te rmined .  The f r e e  s u r f a c e s  a r e  ana logous  t o  

t h e  i n t e r f a c e s  between sal t-  and f r e s h - w a t e r s  under c e r t a i n  c o n d i t i o n s  



i n  t h e  c o a s t a l  a r e a s ,  Thus, t h e  s tudy of t h e  g r a v i t y  flow systems was 

considered e s s e n t i a l  and t h i s  sec t ion  e n t a i l s  a  comprehensive t h e o r e t i c a l  

t rea tment  f o r  t h e s e  cases  without r e f e r r i n g  to t h e  sa l t -wa te r  encroachment 

problem. The a p p l i c a t i o n  of t h e  tkeory, however, i s  given i n  t h e  fol lowing 

sec t ion .  The r e s u l t s  of t h e  i i z i e s t l g a t i m s  i n  t h i s  sec t ion  a r e  c o r s i d e ~ e d  

a s  t h e  backbone of t h e  e ~ t i r e  r epor t ,  although it w i l l  be immediately 

apparent  "b t h e  reader  t h a t  t h e  e r x i r e  sec$ion may be overlooked by 

a  p r a c t i c a l  worker occe a  f a i t h  i b - ,  t h e  r e s u l t s  does e x i s t .  The appraach, 

t h a t  t h e s e  rigax-3~1s mluki0:15 are 5 i f f i c ~ l t  t o  apply together  with aay  

o the r  imposed imbalacee i n  t h e  water flow ccndi t ions  i n  c o a s t a l  a q u i f e r s  

such a s  water pumpage. T ? e  developed nethod, however, was s tudied  w i t c  

such p o s s i b i l i t i e s  i n  r n i ~ ~ d  a s  discussed l a t e r .  

F r e s h _ S a l t u i f e r s :  The r e s u l t s  of t h e  p-.evio?is 

s e c t i o n  a r e  used ic t h i s  s e c t i o r  i n  order  t o  determine t h e  f r e s h - s a l t  water 

i n t e r f a c e  i n  co~cf i  ned and '~irconf iried aqt i i fe rs  assuming t h e  fresh-wa'cer f Low 

e f f e c t s  only and neglec t ing  momentarilly the  puxpbng e f f e c t s .  The analogy 

between f r e e  sur faces  and i m e r f a c e s  a r e  explained.  The r e , s ~ l t s  given i n  

t h i s  sec t ion  a r e  l a t e r  combire? with t k e  pumping e f f e c t s  i n  c o a s t a l  a-eas, 

Experimental I n v e s t i g a 3 o n :  A powerful experimental p r x e d u r e  was devised 

s e v e i ~ t y  years  aga by Hele-Shaw i n  Liverpool, England. Experimental models 

known a f t e r  h i s  name were and a r e  s t i l l  used i n  d i f f e r e n t  designs by 

var ious  i n v e s t i g a t o r s .  These Hale-Shaw models a r e  applied f o r  s teady-steSe 

a s  w e l l  a s  f o r  t r a n s i e n t  flow systems. They a r e  a l s o  applied f o r  two- 

dimensional and r a a i a l  flow systems. I n  t k e  present  r epor t ,  t h e  theory  of 



these  xodels a r e  e x p l a i ~ e d ~  Aim, tne m d e l  t k a ~  i$ espec ia l ly  desigred 

a ~ d  S u i l t  f o r  the  pwpose of t h i s  f c ~ e s t i g a t i o n  i s  explainedo Sone 

experiments were perfcrned t o  check the  f r e e  s-wfazes f o r  two-dimensional 

fLow sys t em urder both the  seeady and t r a r s i e n t  condit ions.  Xaturally, 

by analogy, t he  f r e e  surfaces a r e  equivalent t o  the  in te r faces  of the  

studied eases ,  ?he s teady-s ta te  flow r e s u l t s  were compared with the  

developed theory a s  well  a s  the  avai lable  ones. However, the re  were 

no means t o  check the  t rans ien t  f lcw resulTs awaiting sound and more o r  

i e s s  exact theor ies .  Also, t k s t s  were made applying two immiscible 

f l u i d s  w i t 5  d i f fe r%& v iscos iz ies  $0 simulate f r e sh  a ~ d  s a l c  wa,ters i n  

;la' LIZ 2 0 

Before t he  developed 

method was given ucder s h i s  section, a new concept of water-wells hydraulics 

i s  given. This approach was f x n d  useful  t o  allow the  workabil i ty of t he  

p r inz ip ie  of s ~ p e r p c s i t i o n  i n  order t o  be able  cc c~inbine the  various 

e f f e c t s  of a m l t i p l e  well system with tke e f f e c t s  produced by the  crigix:al 

n a t - ~ r a l  flow i n  the  coas ta l  a y ~ i f e r s ,  The presented method would serve 

the  pwpose of p lo t t i ng  the  eontow l i r e s  cf the  sal t-water  mom3s i n  

coas ta l  well  f i e l d s ,  The rne5hod, however, i s  not planned f o r  t r a m i e n z  

cases which require  f i r t h e r  i m r e s t i g a k i o ~  probably by applying t he  bas ic  

concepts of the  developed apprcach, Meanwhile, the  steady- s t a t e  cond i t ims  

t rea ted  i n  the  developed methcd may well be looked upon a s  a p r a c t i c a l  

xmservat ive  mezhod (with a high f a c t o r  of sa fe ty  value),  due t o  the  f a c t  

t h a t  the s teady-s ta te  cases represent  the  l imi t ing  conditions of the  

t r an s i en t  f;ow systems, 



ofhe proklen izvolv ing  leakage a r e  e s s e n t i a l l y  

t h e  t ransif& c o l ~ d i t i c n s ,  Zn c w r e n t  leakage probd&ms, steady- 

s t a t e s  of flow a r e  assqmed j u t  f o r  s impl i c i ty .  It was hoped 5n t h i s  

i n v e s t i g a t i o n  t o  &2;,dy t h e  eolp lex  t r a n s i e n t  c ~ n d i t i o n s  of leakage i n  

conneeti02 witk prmping effec-ks i n  m a s t a l  a q u i f e r s .  However, it would 

be obvioas t h a t  such a  t a s k  i s  almos; formidable i f  not  impossible. A 

modest at tempt was h ~ w e v e r  made and i s  included i n  appendix PEP i n  t h i s  

r epor t  f c r  t h e  b e n e f i t  of research  workers vho may f i n d  some u s e f u l  

concepts i n  t h e  s ~ g g e s t e d  approae5. The wrfSer wax h e s i t a n t  t o  inc lude  

t h i s  s e c t i o n  but decided co inc lude  it a s  an i npor t an t  ind iv idua l  phase 

of t h e  tackled  p roMem,  hoping t k a t  he would be a b l e  i n  t h e  f ~ t ~ e  t o  

use and expand these  concepts,  

a-s , 
A, I. Kashef 
f i i m i p a l  I n v e s t i g a t o r  
-%ofesscr of C i v i l  Engineering 
Korth Carol ina S t a t e  3 n i v e r s i t y  
ax Raleigh 
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The u l t imate  goal  of ?he present  i n v e s t i g a t i o n  i s  t o  f i n d  reasonable 

d a t a  t h a t  would be needed f o r  o p t i n i s i n g  t h e  c a p a c i t i e s  and p a t t e r n  of water  

wel ls  i n  e a a s t a l  f i e l d s  i~? s x h  a  macner t -ha -~  t h e  tapped water from t5.e 

m" aquif e r a  wo2Ld r o t  be contsnina-~ed by t h e  sal5-water. rue methods presenSed 

i ~ a y  we l l  be m d i f i e d  whexver  recharge wel ls  a r e  ~ . sed  t o  a l l e v i a t e  t h e  haza-6s 

of s a l t  waxer inzrrasio-. Each sectio;.. d e a l s  with a  c e r t a i n  major element 

a33 i c  the l a s t  s ec -30~  t h e  ef2ec-k~ aor" a l l  t hese  elements combined a r e  

i l l a s t r a t e d .  

Cverdraft of gro~n5.-water i r ~  coas-kel r e g i o m  z r e a t e s  se r ious  problems 

of fresh-water  c o n t a ~ i n a t i c n  which slffects  i n d m t r y ,  domestic usage, and 

a g r i c u l t u r e .  Yhus it i s  of maJor coreern t o  s tudy t h e  behavior of t h e  

in t ruded s a l t  water i n  grewd-water  a q u i f e r s  m d e r  va r ioas  condf t io r s  of re- 

charge and water withdrawal,  Coxplex s t a t e s  sf flow a r e  amenabie t o  l o g i c  

a l a l y s i s ,  cnce t h e  i n t e r f a c e  between sa l t - and  fresh-water bodies, wi th in  t h e s e  

aqu i fe r s ,  i s  loca ted  uader var ious  condi t ions  ef n a t u r a l  f;ow. The shapes of 

such i c t e r f a c e s  a r e  -~.sefu1 z ~ t  only i n  ezg inee r i sg  plaming, but  a l s o  52 

l e g a l ,  economi c, and p o l i t i c a l  ccrwiderasi  ons . 

i-rt ~ n e  salt-wa."~er i n t r u s i c -  p x k l e m  were r s c o g ~ ~ i z e d  more t h a ~  a  cei.a",.;.ry 

ago [Braithwai t e ,  1855 ] and weye h L e r  aizaiyzed :heoreLi c a l l y  by Ghyben [ 1889 1 
whose f indings ,  liow knsm as t h e  G9ybna-Berzbepg p r inc ip le ,  were c'rreekeci i n  

t k e  f i e i d  by varicv,,s iAr,?.-ers5iga-Lors herz1mrg9 1901; d 'Ardrimon';, 1902; 

Peanink, 1905; D.;?nis, 1305; Srovc, 2925; Swartz, 1937; Westworth, 1939; Serio,  

1951s . . . e t c  .I. I n  Ghy3ezgs C18893 sna lys i s ,  t h e  f resh-as2  sal t -waters  

a r e  t r e a t e d  a s  two i rmisc ib le  fl1A3s separatec?. by a  sharp i ~ t e r f a c e .  A l t h o ~ ~ g h  

both waters  mix i n  a  dispersed water b e l t  of var ious  degrees of s a l i n i t y ,  $he 

same assumpti02 i s  s t i l l  applied i n  r ecen t  i c 7 ~ e s t i g a t i o n 5  a s  a  f i rst  
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approximation [ ~ e ~ e i s t ,  19651 and i t s  study i s  useful  i n  determining t he  

nature of t he  fresh-water losses  below sea l eve l .  Also, it i s  ass-med 

t h a t  t he  in te r face ,  sea level ,  and the  water t ab l e  a l l  meet a t  one point ,  

thus contradic t ing the  a s sw~p t i on  of s t a t i c  f l c i d s ,  Taus t he  e x i s t e x e  of 

the  seepage surfaces  &-sove aid below sea l e v e l  were cot recognized by 

Ghyber and it i s  presenf ly  well  eo-lablished t h a t  h i s  curve l i e s  above the  

"exact" in te r face  considered as a d i s t i n c t  s ixface  r a the r  than a dispersed 

zoce . 

9v.bbert [19401~ Glcver [19593, and Benry [1959] recognized the  amlogy  

between the  f r e e  surface i n  s a r t h  dams a;?d t ke  in te r face ,  For simplici ty,  

the  surface of seepage i s  c m s i d e ~ e d  e i t h e r  v e r t i c a l  o r  hor izonta l  rather than 

the  t r u e  na tu r a l  shape. i n  5ke most recent  viscous model s tud ies  by 

Colx~bv,s [1965l9 ",he water t ab l e  e levat ion i s  assvmed t o  represen* "Jie 

average head along any v e r t i c a l  aect fsn  wizhin t he  aqizifer; ar_ a s smp t ion  

eliminated i n  t h i s  repor t .  Altho~glh i n  Colwnbast approximate axa lys i s  t he  

Ghyben-Herzberg p r inc ip le  i s  assu~rned ta be va l id  and Dupuft % aassimpticrs &re 

adopte3, p a r t i a l  ?;.L-.se of Harzryos [1959] exact soP~.+izn i s  i r t r 0 6 ~ ~ ~ e . d ~  PAX~T 

and Harlman [19&3] introCkxed a l ~ o  ar approxinate analys is  based 02 Henry's 

s s l l ~ t i o l .  

Li the  present  atndy, these  acsxnptioirzs a r e  not considered i r z  l oca t ing  

the  in te r face  permitt ing a m r e  sys5emt ic  yet  ximple approach. Tne resu l t ;  

cDil;pare favorably with Muskat ' s  el9373 a:zd Eenry 's el9591 rigorous s o l a t i a s  a 

Moreover, i n  comparing the  aol.o.tiona of -axonficed and confined xises, t he  

r e s u l t s  support; Charmonma-r ' s  Li965 1 geceral  cor,clv.sions, althoagh he considered 

a hor izonta l  seepage surface racier than a v e r t i c a l  one as i s  t he  case i n  t k e  

present  work. 
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Stud ie s  of cor f ined  azd a ~ r ; ~ ~ f f n e d  a q c i f e r ~  3f l i m i t e d  e x t e n t  a r e  c e i -  

ducted, a i thougk they  a r e  exter2ied ;o semi - in f in i t e  ea ses  t o  a l low c o m p a r i s x  

wi th  a v a i l a b l e  s o l a t i o m .  Ko considera5ion i s  giver- t o  d i s p e r s i m ,  t i d a l  

1 e f f e c t s ,  evapora t ion  %nd leakage from conf in ing  beds i n  de te rmini rg  fhe 

i - t e r f a c e  i n  t 5 e  s5eady-szate,  zwc-dimersio-?a1 syn5ers  cf c a t u r a l  f r e s k -  

water  f lm.  



A IZeLe-Shaw ..ads; was dec, igxa and cor .e r rx ted  ic the  Hydraulic k1car&"; 3-y 

of" ",e CJEvil Enginrerizg, 3'~ti-i rdaxli-a %ate  %r_iversir,y -t;c study t t e  1;wc;- 

dixer,sional flow f i e l d s  cf" two iac;ii;eible f i u i d s  cf d i f f e r e a t  viseosii ; ies,  

Zests were made for kcth 6teady ard t r a n s i e ~ t  flow systems. Scme c ther  t e ~ t s  

were made t o  ve r i f y  She availa"ule thaor ies  a s  we19 a s  the  developed t i- ie~ry 

f o r  gravi ty  flow s y s t e x  of f i n i t e  lengths ,  

%re  praxiixity of she well 2asi-g a r e  s i r i l a r  t3 a  gravi ty  weil, a.-d ( l i j  

d e t e rmi r a t im  of the  f r e e  s ~ r f a c e  azd po%e.zZial d i s t r i bu t i on  wishin t 5e  flow 

of t h e  ralc-wazer so-~;ds on the  asssnptfor  t h a t  5ke c i reunfe ren t ia l  seepage 
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In  appendix I11 of t h i s  repor t  (Leakage of Corfining ~ e d s ) ,  an a t t exp t  

was made t o  study jus t  one phase of the  overa l l  problem whenever ccnfining 

beds madia and t h e i r  skcrage a f f e c t  the  flow pa t t e rn  within the  main a r t e s i a r  

aquifer .  It was hopedgbut not yet  f u l f i l l edB to  apply the  conclusions of t ha s  

sect ion t o  the  t rana ie rk  o r  s teady-s ta te  flow cys tem within the  n:afn aqu i f e r so  

For t h i s  reason, the  study made 03 leakage under t h i s  project  was given a s  a3 

appecdix alfhough it includes soEe emcepts  werth exploring i n  the  fz t -me.  



The phenomenor of sal t-water  i n t r ~ s i c n  was well  recagnfzed i n  h is tory ,  ye5 

the  f i r s t  known published re fe re rce  i n  recent  times, may be t h a t  of Braithwaite 

caused by lowering the  grcwnLwater below the  sea l eve l .  It i s  present ly  

o b v i u ~ s ,  however, t h a t  e f ec  when t k e  watey ta31e l e v e l  i s  higher than t h a t  

of the  sea, sa l t -water  ia.trulsic2 may sti1.l take  place.  

Baden Slybe:? [1888-1869] an2 Herzberg [1901] proved independently t h a t  

f resh  grol~nd-wa%er f l o a t8  a -oo~e  salt-water because of i t s  lower densi$y, 

Their p r inc ip le  prese:?$ly kncrwn a s  Gbyben-Rerzberg Theory was .xed and 

checked by several  inv-estigators and was extensively used and accepted, 

Referring t o  Fig.-1 acd cossidering point  A on xhe i r t e r f a c e  betweep f resh-  

and salt,water bodies, then f r m  the  ccnsiderat ions of e q u i l i b r i ~ m  at t h a t  

point,  Ghyben-Eerzberg Eq-~at ioa  follows : 

(lla) = 38. Ir? ozher words, t2.e depth af "ce fresh-water beiow the  ,ma 

l e v e l  should be 38 t i n e s  ads nncr, a s  -tke heighzn '-P of the  fresh-water alacve 

the  same l eve l .  Berzbe~g  [lg01] gave ar, approximate value f o r  (l /a) as 37. 
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He a l s o  not iced  t h a t  Eq.-1 does not  hold e x a c t l y  i n  a l l  caxes acd i z  i s  

s t r o c g l y  inf luenced  by t h e  f i n e n e s s  o r  coarsecess  of t h e  d ~ m e  sands wkich 

were t h e  media of h i s  f i e l d  t e s t s .  He a l s o  r e a l i z e d  t h e  r i s e  and f a l l  z f  

water  l e v e l s  due t o  t h e  t i d a l  e f f e c t  and ,hat t h e  change e f f e c t s  l a g  t c r e e  

t o  f o u r  hours  behind t h e  t i d e ,  Herzberg [ l g ~ l ]  remarked a l s o  t h a t  t k e  

s a l i n i t y  of t h e  ground-water increased  du r ing  a  d r y  season acd dur ing  

per iods  of heavy pumping. 

Applying Eq.-1 a t  t h e  sea  f r o n t ,  it would be obvious t h a t  t k e  sea  water  

surface, t h e  water  t a b l e  and t h e  i n t e r f a c e  a l l  meet a t  one p o i n t ,  3 i s  

r e s u l t  ic i t s e l f  would i n v a l i d a t e  t h e  use of t h i s  equat ion  becaase, t h e  

curved ~ a t u r e  of t h e  water t a b l e  would produce a  f r e s h  water  f low taward 

t h e  sea  without  any o u t l e t  (d i scharge  f a c e )  a t  t h e  e x i t .  Although Eq.-1 

has been used i n  some r e c e l t  i n v e s t i g a t i o n s  y e t  it cannot be cors idered  

r igo rous  due t o  t h e  s t a t i c  condi t ions  implied i n  i t s  de r ivaz ion ,  

/ # '  # I n  a s e r i e s  of pub l i ca t ions  i n  t h e  Armales de l a  Sceie2e C k o l o g i ~ c e  

de Belgique ( ~ n n ~ a l  Proceedings of t h e  B e l g i l a  Gelogieal  Soc ie ty ) ,  d  q -  

A ~ d r i n e n t  [l902, 1903, 1904~ 19053 p d d i s h e d  h i s  c t u 3 i e s  of t h e  geolcgy 

-- 
and hydrology of t k e  Belgian coas t  i c - ixd ing  t h e  sazd d u e  a r e a s ,  ~-&e 

r e f e r r e d  tg Herzberg 's  t heo ry  ki 'Ar,dr imnt  19023 and t 5 e  need f o r  i t s  

x o d i f i c a t i o n  i n  :he ease of an  nnconfined a q u i f e r  ove r ly ing  a  ~ o n f f z e d  c2s, 

Ee f u r t h e r  i l l u s t r a t e d  t h e  s a l t - w a t e r  in t rcded  zores  i~ koth  a ~ ~ i f e r s  a s  

shew i n  F ig .  -2, which i s  reproduced from 3rown7s Paper [ ~ r o w r ,  1925, P O  363 - 
3'Andrimont [1903] observed t h a t  t h e  water  f lows i n  t h e  dune a q u i f e r  soward 

t h e  sea  r a p i d l y  enough t o  prevent  seaswater i n f i l t r a t i o c .  ?he wcrks of 

Van Ertborn  [1902], Dw-bois [1905] and Pemink [1904], were d iscussed  a152 

by d % n d r i s o ~ , t  [ lg&,  19051. The papers  of Van Er tborn  Ll902, 19031 were 

x a i n l y  c r i t i c a l  t o  d'Andrimontls work based oe  h i s  f i e l d  i n v e s s i g a t i a ~ s .  





10 

The f i e l d  work of Dubois [1905] indica ted  t h a t  t h e  s a l i n i t y  of gromd- 

water inc reases  with depth. He a l s o  noted t h e  increase  of s a l i n i t y  due 

t o  pumping. I n  h i s  paper, Dubois 119051 s t a t e d  t h a t  Ghyben-Herzberg theory  

could not  be appl ied  without modif icat ion due t o  t h e  pecu l i a r  topographic 

and geologic f e a t u r e s  i n  Eolland. 

The comprehensive hydrologic s tady i n  t h e  c o a s t a l  dune sand a r e a s  of 

Amesterdam, made by Pennink [1905], l ed  him t o  defend Ghyben-Herzberg 

theary .  From h i s  d e t a i l e d  s t u d i e s  and drawings, he indica ted  how t h e  

sa l t -water  may be sucked i n t o  a we l l  even when t h e  bottom of t h e  screen 

i s  above t h e  o r i g i n a l  s a l t  water l e v e l .  A conclusion which i s  p r e s e n t l y  

accepted. 

Brown 119253 made a comprehensive s tudy along t h e  C s n n e c t i c ~ t  coas t  

i n v e s t i g a t i n g  186 wel ls .  He appl ied  and commented on t h e  Enropean s t a d i e s ,  

Seasonal v a r i a t i o n s  of s a l i n i t y  and a desc r ip t ion  of t h e  sa l t -water  cone 

induced by pumping were s tudied  a t  length .  Brown [1925], concluded t h a t  

t h e  r a t i o  of t h e  depth of t h e  wel l  below sea  l e v e l  t o  d i s t ance  from -?he 

shore should not exceed ~znity in order to avoid pumping salt water, Later, 

Brom and Parker [1945] s tudied  t h e  s a l t  water encroachment i~ l i m e s t m e  En 

southern F lo r ida  caused by lowered water t a b l e  r e s u l t i n g  from t h e  c o n s z r . ~ c t i o 2  

o f  drainage canals .  They t r i e d  t o  apply Ghyben-Herzberg ",exy, 5zi",2ey 

found t h a t  t h e  theory  f a i l e d  beyond 2500 f e e t  in land.  'hey found t h a t  t 4 e  

a c t i ~ a l  i n t e r f a c e  i s  lower than  t h a t  given ir, t h a t  theory.  This  conclusic~r_ 

has been v e r i f i e d  i n  r ecen t  i n v e s t i g a t i o r s .  

I n  h i s  s tudy on f r e s h  and s a l t  ground-water occurrences on Rew 3e"evidence 
* 

Is land,  Bahama Is lands ,  Riddel  [1933] coneluded t h a t  $he a m m t  of water 
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a v a i l a b l e  frsm ground-water s5orage ;hauX r o t  e x c e ~ ?  khaf der ived  f-cn 

r a i n f a l l .  He saggested t h a z  a  m - i t f p l e  w e l l  ~ y s t e z  w i t c  5m311 i ~ d i v i d ~ ~ l  

pumping r a t e s  a r e  b e t t e r  25x1 a  h igh  capac i ty  s i n g l e  w e l l .  

Swar:z [1937] ekeckeci arA r"o~.-c! v a l i d  ->ke 2 ;I"3?-r-T:;. --. -0 lzberg  p r i n s ~ p i e  

by apply ing  r e s i s t i v i t y  - rrea;wwss;s fn %e ?fez3 ;I? t?? X~~watia-? Is~azds, 

It seems t h a t  sEnce Ghybec-Berzberg e q m t i o l  had bee- developed t h e  

TT-. v d o r t u a t e l y ,  t h e  w r i t e r  d id  no t  have azzes s  tc xkese Japacese papers,  y e t  

i n  t h e  e x e e l l e s t  work of ;avid Todd [i953], scze a k s z r a e t s  were given.  Ir 

h i s  abs t r aezs ,  Todd descr ib& t h e  work of Nonit3::, Ycychara aed &,zfcoco 

" ~ e ; c r i ~ e s  some of ",e ggromd water  6 '1;~disa w?:ich have de~elopec!  
i n  Japan. Three of t t e  s-cu5ies ~ ~ e d :  icned a r e  concermd wi th  sea  
wafer intrusio:2. The f i r s t  of -5hese & r i v e s  pa rabo l i c  eqv.a;fom 
f o r  t h e  f r e s k - s a l t  inker face ,  and eoqsares  Y ~ e x  with e q , a t i o ~ s  
developed by model s t x d i e s ,  The t h r e e  examples snown, based az 
d i f f e r e n t  s a l 5  water  deno i t i e s ,  a l i  sh3w good ag reenem,  The 
second s t c d y  gene ra l i ze s  t h e  eqzzatiocs of t h e  f i r s t  s tudy .  T3e 
t h i r d  s tudy  v e r f i e s  t h e  skape cf t h e  i n t e r f a c e  p 3 ~ t - ~ l a $ e d  fz t h e  
two previous  s5udies  by m e  of dyes asd  c b s e r v a t i m  we l l s  a l o ~ c g  
a  c o a s t a l  s e c t i o n . "  



Wentworth 119397, stressed the relation of ground and sea temperatures 

to measurements of the specific gravity in his application to Ghyben-Herzberg a 

equation. He favored using a value (lla) = 38. Although, he had faith in 

Eq.-1, he later [~entworth, 1942-1, discussed the growth and shrinkage of 

the fresh-water lens together with the time variations involved. He dis- 

cussed four hypothetical cases to indicate the coxplexities, interrelations, 

and time-variations of head, head lag, bottom equivalent head, infiltratim, 

natural and artificial leakage, draft and changes in top and bottom storage. 

Wentworth 119511, also stated that according to the available data, a 

particular system may suffer salt-water encroachment so rapidly that it is 

interpreted as an original condition; on the other hand, there may be a 

history of several decades before the encroachment is destructive at some 

of the accessible discharge points. Brief sketches of history and present 

(at that time) conditions of Ghyben-Herzberg were also given by We;?tworth 

El9511 for several of the better known areas, such as the Netherlands, Hawaii, 

New Jersey, Florida, and the Pacific Islands. 

Poland [1947], suggested several practical methods of controlling sea- 

water intrusion such as: balancing long-term basic-wide draft and replenish:flekt; 

maintenance of fresh-water head above sea level iriland from the saline fr~::t 

either by regulated draft or by artificial replenishment; dewatering shrwgh 

wells near but coastward from the saline front; and construction of i~per-qious 

subsyrface dikes. Almost the same recommecdatiom were made by Banks eS. ai, 

[l950 ] and by Banks and Bookman [1951]. 

In his theoretical analysis of two-fluid flow systems in porom media, 

King Hubbert [1940], concluded that the continuous flow of fresh-water to 

the ocean must be balanced by sufficient recharge to maintain a state of 

equilibrium between the fresh-and salt-water bodies. In the case of recharge 
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absence, the  fresh-water would ul t imate ly  be wasted and t he  sal5-water wozld 

in t rude everywhere i n  the  basin.  Hu3bert [19k0, p. 953 considered t he  

dynamic ra the r  than the  hydrosta t ic  e q u i l i b r i w  of t he  f r e sh  water-sa l t  

water in te r face .  His analys is  indicated t ha t  t he  ac txa l  in te r face  should 

be located below t 5 a t  deternined ky Ghyben-Berzberg (~q.-1), The slope cf 

the  in te r face  ( ~ i g .  - 3 ) ,  i s  determice6 by the foilowing eqaazicr  : 

a~ = V 
s i n  8 = vs b + , a  

T- f o - 
k k 

s a 

where: 8 = the  slope a ~ g l e  a t  any point  "a" en t h e  a e txa l  in ter face ,  

k and ks a r e  the  hydraulic co:;d;e$ivitie~ (coefficiei;ts of 

perrneabil i t ies)  of tne  fresh-and sa2.t-wa6,er regions 

respectively,  

vf a i d  vs a r e  the  discharge ve loc i t i e s  (xaerasecpic o r  Darcia l  

ve loc i t i e s )  of the  fresh-and sa i t -water  p a r t i c l e  a t  

point  'ha'' ( ~ i g . - 3 )  assvming t h a t  Isok'r, water bodies 

( f resh  and s a i t )  a r e  moving. 

I f  it i s  assumed t h a t  the  sal t-water  3ody i c  sagnay-% azd only 5ke f resh  

water i s  flowing, the3  vf + 0 and v, =z. 0; a ~ d  Eq. -3  r e d x e s  t o :  

s i n  0 = a 
T Vf 

~q.-4 ind ica tes  t ha t  whenever 

increase and s i n  8 > 0 a s  f a r  

7f i m r e a s e s  towards t he  sea, t i e  8 value E ~ C C X  

a s  t he  fresh-water i s  Sbwizg  (v, o), EFlc3Se-,, 

also ,  showed t h a t  the  v e r t i c a l  i n k r c e p t  Ay between the  p o i m s  sf i.'re?secSim of 

any two consecuetive equipotent ia l  l i n e s  with the  in fe r face  i s  re la ted  t o  t k e  Q 
L. - 

value (Mg.  -3) a s  follows: 

& = ( & > / a  
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Free  s u r f a c e  

F igure  3 ,  King Hubbert [I9401 Treatment of t h e  I n t e r f a c e  



Eq . - 5 i s  analogous t o  Eq . -1 derived by Gkyken a rd  k r z k e r g  

The ground-water leader  i n  the  Tnited Xzates i n  cur recent  time, Zscar  

Meinzer [19453, warned of overpuiiping ir  eoas5al aq-Afers on the  ba s i s  af 

vari&@s f i e l d  cbservations made by the  G m a 3  i d a t e  > i r i s i o n  of t he  Yzirad 

S t a t e s  Geolegical Survey, predictf-g a ? o ~ t i ~ ~ m x s  ercr3achmert af salt- 

water. 

Senio [1951] disagreed with Herzberg [ igOl]  and XomPtsn 119271 ir 

assuning t ha t  the  sea water below the  in te r faze  i s  s t a t ionary  on the  7xisis 

-- of sone data  on the  Japaicexe and Hollacd coasts .  He carnp~ted the  s t a t i s t f z a ;  

pressures of grourrd-wa-ker agd fo - a6  thaz the re  a r e  pressure g m d i e r t s  w e n  

i n  salt-water, proving t h a t  the  salt-water i s  not s t a t i m a r y ,  3ased o r  h i s  

analys is ,  he derived the  following t w 3  equations f o r  bcth the  wa$er t a b l e  

and the  in te r face  ( ~ i ~ .  -1) : 

~i"61ere h, depth below the  sea l e v e l  t o  t k e  Izwer i :3per-~io~, ,  cxm..;"a.~y, 

DXo a c tua l  depth of fresh-water zone 'nehsw m e  sea w a k r  i~: -e i  

a t  x = xo 

D = height  of the  f r e e  surfase  :wa:er t a b l e )  abcve t he  sea wa5s- 

l e v e l  a t  a d is tance  xo 

q & q '  = t o t a l  r a t e  of flow i n  the  fresL%i-d salk-waxer media 

respect ively  

R' = D4/Dx cors tant  (by a s  swaption) 



PI 
and Dvxo = a R Dxo 

Apparantly the  solut ions  of Eqs.-6 and 7 depend ~ p o ~  f i e l d  05serva t ims .  

Moreover the  gradients were taken i n  accordance with Dupui t9s  assunptioss.  

# Ir h i s  derivation,  Senio assumed a constant value of R, although he 

/i' 
recogxized t h a t  it i s  a fu;cctiol of x. Acco~dizgly,  i f  R i s  considered 

constart ,  it simply means t h a t  the  a c k a l  in te r face  i s  p a r e l l e l  t o  

Ghylsen-Herzberg curve contradic t ing the  f i n a l  fo r9  of Eqs,-6 and 7 .  

The Universi ty of California [1953], published a repor t  on the  

ana ly t i c a l  and model invest igat ions  coccerning the  equ i l ib r icx  p o s i t i o r  cf 

the  salt-water wedge. Assl~.ming t h a t  the  flow i s  steady, t h a t  5ke s o i l  i s  

homogeneous and i s o t r q i c ,  and t h a t  tke  d i f fus ion  a t  the  i n t e r f ace  i s  

ceglected, it was found t h a t  the  in te r face  i s  analogous t o  the f r e e  surface 

detemined by Muskat f o r  a rectangular  ea r th  dam, Accordir,gly she 

length of in t rus ion  was determined by an equation [Yaiversity sf Califorrcia,, 

1953 1 exact ly  s imi lar  t o  E ~ .  -65 derived i n  t h i s  investiga-ei on. 

Eenry [1959], applied the  conformal mapping techr,iqiee imder t he  

steady-state condition i n  analyzing the  two-dimemional sa l t -water  i n f r u s i a t  

problems. He developed an equation f o r  the  in te r face  assxming a korizc13aL 

discharge face .  Also, he determined the  depC,h O f  t h e  v e r t i c a l  discharge face 

by means of an equation which i s  s imi lar  t o  t n a t  derived by Polu5arimva- 

Kochina [1962]. Henry's rigorous work i s  empared with the  r e s u l t s  of 

t h i s  repor t  and i s  discussed i n  some d e t a i l s .  

Considering a hor izonta l  discharge face, Glover el9591 developed a r  

equation f o r  t he  in te r face  and determined the  flow patterr ,  i n  exact ly  as 

analogous manner t o  Kozeny's s o l u t i o ~  f o r  ea r th  dams with hor izonta l  f i l t e r  

b l a lke t s  [Casagrande, 19371 except f o r  the  constant k which i s  rzplazed by 

k' r a k, 



1% 

The d p a n i e  condikions of t he  fnte?facs, w b s e  i s c a t i m  changes wES5 

t i a e  i s  analyzed by Polubarinova-Kcchina [1952, p. 5421, I n  her na5hematical 

analysis ,  the  hor izonta l  emponent of t he  ve l cc i t y  a t  way point  i s  ass-xm3 

indepecdent of the  v e r t i c a l  ccordinate. v e r t i c a l  ve loc i ty  eompofie~ts 

a r e  then derived iadepensently f - r a n  the  e cirzziwit y eqm5io2. -7% ems; lzf-g 

equations a r e  two non-linear d i f f e r e n t i a l  e y ~ a t i x s  which do nct  have s f r p l e  

p r a c t i c a l  solut ions .  

More recently,  Earleman an3 3 m e r  11963 3 de-,-eloped an approximaze 

eq.~.at iol  f o r  the  steady-state in te r face  &%ween t ke  f resh  and salt,wa:er, 

They ir troduced Dupuit-E'orck"leimerfs asaumpt;io.m a,nd hproved the  sol.j",ioz 

5y s'~:5stituC,ing the  exact depth cf $lie 6ischarge face  whick was 6eri3ed by 

Hemy [195930 Their equatiocs a rz  disccssed and compared with the  prsposed 

eqaations ir, t h i s  repor t .  Harlexan and Exmey. C19633 s-kudied. a l ~ o  the  raze  

of in t rus ion  of the  s a l t  wedge t c e  assuxicg an ideai ized eo:x3ition wkere the  

f r e sh  water flow t o  zhe ocean i s  2ero. 

I n  the most r e ce r~ t  viscens model s?adies by CoLx4ns [I-9651, tke w s m -  

-,able e levat ion i s  assumed t o  represent  the  average head ~102g agy ver';Ic%I. 

~ e c t f o c  withix the  aq*;lifer; an assmpt icr ,  which i x p l i e s  6,iz~se o-C Gqxi - , ,  

Although i n  Colaa3b~s ' 11965 3, apprcximace a r ~ ~ l y s i  s ~ 2 e  Gkyben-Eerz:sesl.g 

priecPple i s  assumed t o  be val id ,  yet  h i s  soldAo: i s  fmprmed by makil~g 

Finally,  the  e f f e c t  of salt-wa6,er in-kmsion i n  a two-dimensicmai 

ease of an nncorfined cca s t a i  aquifer  i s  c lever iy  t r ea ted  by Sharmmr>az 

rig65 3. The r e s u l t s  of the  p resem reparf s ~ p p o r t  Charmmar! % g e m r a l  

conclusions i n  deal icg  with uxorzfined aq-dfers,  a l tkmgh EL ve?tEcaL 

discharge face  i s  considered LP the  present  study m t h e r  than a hor izonta l  sze 

a s  assimed i n  Charmonman's work. 



111. TWO-DIMENSIONAL GRAVITY FLOW SYSTEMS 

OF FINITE LENGTHS 

The a n a l y s i s  p r e s e n t e d  i n  t h i s  s e c t i o n  d e a l s  w i t h  t h e  d e t e r m i n a t i o n  

of t h e  f l o w  p a t t e r n  and t h e  f r e e  s u r f a c e  of g r a v i t y  f l o w  systems i n  

e a r t h  s e c t i o n s  of f i n i t e  l e n g t h s  under  t h e  s t e a d y - s t a t e  c o n d i t i o n s ,  The 

proposed method i s  s i m p l e r  t o  u s e  t h a n  t h e  power fu l ,  y e t  complex v e l o c i t y  

hodograph method. Although i t  i s  a n  approx imate  method, t h e  Dupuit-  

Forchheimer assumpt ions  a r e  n o t  used and t h e  e x i s t e n c e  of t h e  down- 

s t ream t a i l  w a t e r  i s  c o n s i d e r e d  w i t h  t h e  s o l u t i o n ,  From a p r a c t i c a l  

p o i n t  of v iew t h e r e  i s  l i t t l e  o r  no d i f f e r e n c e  i n  t h e  v a l u e s  f o r  t h e  

130 computed c a s e s  so lved  between t h e  proposed and t h e  v e l o c i t y  hodograph 

method. The s o l u t i o n s  g i v e n  a r e  programmed i n  t h e  FORTRAN language  

f o r  t h e  IBM system 360 computer,  y e t  f o r  s p e c i a l  problems t h e  s o l u t i o n  

may b e  determined s imply by s o l v i n g  t h e  d e r i v e d  Eqs,-29, 30 and 3 1  by 

means o f ' a  d e s k  c a l c u l a t o r .  One c a s e  i s  compared w i t h  t h e  Shaw and 

Southwel l  519411 problem ( r e l a x a t i o n )  and i t  h a s  been shown t h a t  t h e  

d i f f e r e n c e  i n  t h e  r e s u l t s  i n  t h e  l o c a t i o n  o f  t h e  f r e e  s u r f a c e  does  n o t  

exceed  PI^. 1 .5% of hU and t h a t  t h e  d i f f e r e n c e s  i n  t h e  h y d r a u l i c  head 

v a l u e s  do n o t  exceed -4% of h  a t  v e r y  few p o i n t s  i n  t h e  g r i d .  u  

The p rocedure  can be  a p p l i e d  [Kashef ,  1967 ( b ) ,  ( c ) ]  t o  some 

s p e c i f i c  sa l t -wa te r  i n t r u s i o n  problems t h a t  were  s o l v e d  p r e v i o u s l y  by 

t h e  v e l o c i t y  hodograph method [ ~ e n r ~ ,  19591. The ana logy  h o l d s  t r u e  

o n l y  when m = 0 (no t a i l  w a t e r ) ,  where t h e  proposed method i s  i n  c l o s e  

agreement w i t h  t h e  v e l o c i t y  hodograph method (Fig.-PO). 



Equat ion of F r e e  S u r f a c e  and H y d r o p o t e n t i a l  D i s t r i b u t i o n  

It i s  assumed t h a t  t h e  f l o w  i s  s t e a d y ,  t h e  s o i l  m a t e r i a l  i s  

homogeneous and i s o t r o p i c ,  and t h a t  D r a c y ' s  l aw i s  v a l i d  w i t h i n  t h e  

f l o w  medium. The e f f e c t s  of e v a p o r a t i o n ,  l e a k a g e  t o  o r  from t h e  

h o r i z o n t a l  impervious  boundary,  t empera tu re  changes ,  r a i n f a l l ,  and 

c a p i l l a r y  f low above t h e  f r e e  s u r f a c e  a r e  n e g l e c t e d .  These assumpt ions  

a r e  g e n e r a l l y  adopted i n  s i m i l a r  c a s e s .  Then t h e  Lap lace  e q u a t i o n  

governs  t h e  f low:  

2 2- 
V q 3 0 o r V $ = O ,  

where $ = v e l o c i t y  p o t e n t i a l  a t  a p o i n t  ( x , y ) ,  o r  

- 
$ = - k ( i +  y)  = -k$, 

- - 
where 4 = p  + y  = t o t a l  h y d r a u l i c  head a t  p o i n t  (x ,y )  

k = h y d r a u l i c  c o n d u c t i v i t y  of t h e  s o i l  m a t e r i a l  
- 
p  = p r e s s u r e  head a t  p o i n t  (x ,y )  

p = t h e  pore-water p r e s s u r e  a t  p o i n t  (x ,y )  

Yf = u n i t  weight  of wa te r  

y  = p o s i t i o n  head above t h e  datum a t  t h e  fmpervious  boundary.  

R e f e r r i n g  t o  F ig . -4 (a ) ,  t h e  boundary c o n d i t i o n s  are: 

Along s u r f a c e  o a ,  

Along c u r v e  a b ,  

Along s u r f a c e  b c ,  

( lo-a)  



Figure 4 .  General Section of Flow Region and Eydraul ic  Head Diagrams 
i n  Gravity Flow Systems of F i n i t e  Lengths 



and 

Along s u r f a c e  c d ,  

Along b a s e  od,  

where hU = d e p t h  of upst ream wate r  body 

m = hd/hu 

hd = d e p t h  of downstream wate r  body 

I) = t h e  s t ream f u n c t i o n  

s and n  = t h e  t a n g e n t i a l  and normal d i r e c t i o n s ,  r e s p e c t i v e l y ,  

a t  any p o i n t  (x,D) on t h e  f r e e  s u r f a c e  

Dx = h e i g h t  of f r e e  s u r f a c e  above t h e  b a s e  a t  a  v e r t i c a l  

s e c t i o n  d i s t a n c e  x  from t h e  o r i g i n  

(vy)x,  0 
= t h e  component of t h e  d i s c h a r g e  v e l o c i t y  normal t o  

t h e  b a s e  a t  any p o i n t  ( x , o ) .  I 

It h a s  been shown by Charney t h a t  [Kashef ,  1965 (b ) ;  Polubar inova-  

Kochina, 19621 a t  any v e r t i c a l  s e c t i o n  of h e i g h t  D and d i s t a n c e  x from 
X 

t h e  o r i g i n  [ F i g .  -4 ( a ) ]  , 

where q i s  t h e  r a t e  of f low p e r  u n i t  l e n g t h  and C1 is  a r e a l  c o n s t a n t .  
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Applying Eq.-11 between t h e  v e r t i c a l  s e c t i o n s  x = 0 and x = x ,  t h e n  

= t h e  a r e a  of t o t a l  p r e s s u r e  head diagram a long  t h e  v e r t i c a l  

s e c t i o n  a t  x = 0 ,  and 

= t h e  a r e a  of t o t a l  p r e s s u r e  head diagram a l o n g  t h e  v e r t i c a l  

s e c t i o n  a t  any  d i s t a n c e  x from t h e  o r i g i n .  

S i m i l a r l y ,  a p p l y i n g  Eq ,-11 between s e c t i o n s  o a  and bd [ ~ i ~  .-4 ( a ) ]  , 

1 9 = -fP -P 1 ,  
k B a b  (13) 

where t h e  d i s t a n c e  od = B [F ig . -4 (a ) ]  and P i s  t h e  a r e a  of t o t a l  b  

p r e s s u r e  head diagram a long  t h e  v e r t i c a l  

s e c t i o n  bd [ F i g . - 4 ( a ) ] .  

Then, combining Eqs.-12 and 1 3 ,  

Eq.-14 i n d i c a t e s  t h a t  t h e  t o t a l  p r e s s u r e  head diagram o r  t h e  Px l i n e  

is  l i n e a r  between s e c t i o n s  a a '  and bb'  [ F i g . - 4 ( b ) l  and t h a t  P a t  any 



I n  porous media of f i n i t e  l eng ths  and v e r t i c a l  ends, t h e  upstream 

2  2  2  
and downstream ang le s  a r e  equal  t o  n/2, Pa = hU/2, and Pb = m hu/2. 

Thus Eq.-13 reduces t o  

I n  f a c t ,  Eq.-15 i s  t h e  same a s  t h e  Dupuit equat ion ,  which is  based on 

neglec t ing  t h e  v e r t i c a l  v e l o c i t y  component and assuming a  uniform 

g rad ien t  a c r o s s  a  v e r t i c a l  s e c t i o n  equal  t o  t h e  g rad ien t  of t h e  upper- 

most p o i n t .  I n  s p i t e  of t h e s e  assumptions, t h e  q/k value  a s  g iven  by 

t h e  Dupuit equat ion  was proved t o  be exac t  by I. A. Charney i n  1951, a s  

repor ted  by Polubarinova-Kochina [ 19621 . However, t h e  f r e e  s u r f a c e  i n  

Dupuit ' s  s o l u t i o n  l i e s  above t h e  base by a  va lue  hx < Dx a t  any v e r t i c a l  

s e c t i o n  except when x  = 0. A t  a  v e r t i c a l  s e c t i o n  a  d i s t a n c e  x  from 

t h e  o r i g i n ,  Eq.-12 reduces  t o  

From Dupuit ' s  equat ion  a t  t h e  same s e c t i o n ,  

where hx is  t h e  depth of f r e e  s u r f a c e  according t o  Dupui t ' s  s o l u t i o n  

a t  a  d i s t a n c e  x  from t h e  o r i g i n .  

From Eqs.-16 and 17 ,  t h e  s i g n i f i c a n c e  of hx i n  Dupui t ' s  equat ion can be 

seen t o  be 
































































































































































































































































































































































































































































































