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ABSTRACT 

 
This paper analyzes the soil-structure interaction (SSI) effect on vibration control effectiveness of active tendon 

systems for an irregular building, modeled as a torsionally-coupled (TC) structure, subjected to base excitations such 
as those induced by earthquakes. The SSI effect is governed by the slenderness ratio of superstructure and by the 
stiffness ratio of soil to superstructure. An ∞H  direct output feedback control algorithm that uses minimization of 
the entropy is implemented to reduce the seismic responses of TC structures. The control forces are calculated 
directly by multiplying output measurements by a pre-calculated frequency independent and time-invariant feedback 
gain matrix which is obtained based on a fixed-base model. Numerical simulations show that the required number of 
sensors and actuators and their locations highly depend on the degree of floor eccentricity. For a large two-way 
eccentric building, an one-way active tendon system placed at the opposite side of center of resistance (C.R.) can 
reduce both translational and torsional responses. If the SSI effect is significant, the proposed control system can still 
reduce the structural responses, but its performance is much worse than that of the corresponding fixed base model. 
Therefore, the TC and SSI effects should be considered in the design of active control devices, in particular, for a 
high-rise building founded on soft site. In this paper, an optimal, practical, and cost-effective design procedure for an 
active tendon system is proposed for the vibration control of irregular buildings under earthquake excitations.  

 
INTRODUCTION 

 
Since 1970, remarkable progress has been made in the field of active control of civil engineering structures 

subjected to environmental loadings such as winds and earthquakes [1]. In research studies and practical 
applications, various control algorithms have been investigated in designing controllers, such as LQ [2-3], LQR [4-
5], LQG [6,7], and ∞H  control [8,9]. Among those, the ∞H control theory has generated a lot of interest among 
researchers and, because it considers the worst external excitation case in the controller’s design, shows great 
potential for applications in earthquake engineering. In fact, this theory has already been applied for designing the 
control forces of a pair of hybrid mass damper systems to reduce the earthquake induced bending-torsion motions of 
an actual building in Tokyo, Japan [10]. 

In previous studies, most of researchers assumed that the controlled structure is a planar structure built on a 
fixed base. However, it is generally recognized that a real building is actually asymmetric to some degree even with 
a nominally symmetric plan. Because of this asymmetry, it will undergo lateral as well as torsional vibrations 
simultaneously, defined as torsion coupling (TC), under purely translational excitations. In addition, many buildings 
are constructed on soft medium where the soil-structure interaction (SSI) effect could be significant. The SSI would 
significantly modify the dynamic characteristics of a structure such as natural frequencies, damping ratios and mode 
shapes [11]. These modifications challenge the design of a structural control system since the dynamic 
characteristics of a structure are the required basic information that need to be provided in the control algorithm. The 
SSI effect on control effectiveness of multiple tuned mass dampers (MTMD) can be found in the study by Wang and 
Lin [12]. 

To understand the SSI effect on control efficacy of ∞H output feedback, a structural model of a building, 
considering TC and SSI effects, is investigated in this study. The methodology developed by Wu et al. [11] was 
applied to evaluate the floor responses of an irregular building-soil interaction system. Numerical results show that, 
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in an irregular building, the feedback gain matrix varies with the floor eccentricity and neglecting the TC effect 
could overestimate the control effectiveness. If the SSI effect is significant, the proposed control system can still 
reduce the structural responses, but its performance is much worse than that of corresponding fixed base model. In 
this paper, an optimal, practical and cost-effective design procedure for an active tendon system is proposed for the 
vibration control of irregular buildings subjected to earthquake excitations, including the TC and SSI effects.  
 
H∞ CONTROL FOR IRREGULAR BUILDING SYSTEMS 
 

Without loss of generality, a single story torsionally-coupled shear building equipped with active tendon 
control devices at each outer frame and subjected to bi-lateral ground acceleration, gx&& and gy&& , is shown in Fig. 1. In 
order to introduce a certain degree of asymmetry into the model, two-way floor eccentricities between the center of 
mass (C.M.) and the center of resistance (C.R.) along the -x  and -y directions ( xe  and ye ) are considered. The 
equations of motion for the controlled fixed-base system model can be expressed as 

 )()()()()( 11 ttttt wEUBKxxCxM +=++ &&&  (1) 
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with m  being the floor mass and r  represents the radius of gyration of the floor.  In this study, the assumption of 
proportional viscous damping is considered so that the superstructure possesses classical normal modes. 
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Fig. 1  TC building with active tendon control devices 
 

The quantities rexex /=λ , reyey /=λ , rBxBx =λ , rByBy =λ , with xB  and yB  being half of floor width along 
x  and y  directions, respectively., are dimensionless parameters that refers to the building eccentricity and to the 
geometry of the structure.  The vector [ ]T2,1,2,1, )()()()()( tUtUtUtUt yyxx=U  is the vector containing the tendon 
displacements with ck , txθ , and tyθ  being the stiffness and inclination angles of the tendon, respectively. 
In control theory, Eq. (1) can be conveniently rewritten in a state-space form as 

 )t()t()t()t( cc EwBUAXX ++=&  (2) 

where 

C.M. 
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are the 16×  state vector, the 66×  system matrix, the 46×  controller location matrix, and the 26×  external 
excitation location matrix, respectively.  
Let us now define a 16 ×  control output vector )(tZ  and an 1s×  output measurement vector )(tY  as 

 )()()( 1 ttt c DUXCZ +=  (3) 

 )()( 2 tt cXCY =   (4) 

where 1C , D , and 2C  are 66× , 46×  and 6×s  matrices that relates the control output vector and the measurement 
vector to the state vector cX  and to the tendon displacement vector U. In this study, the control output vector 
satisfying IDD =T and 01

T =CD  is defined as  
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to denote the combination of floor lateral displacement responses and tendon displacements. The control weighting 
factor, α , determines the relative importance between response reduction and control force requirement. The larger 
value of α , the greater reduction of responses. α =0 represents uncontrolled case. Moreover, 2C  determines the 
location and number of measurements. For instance, IC =2  represents full-state measurement. In the absence of 
control force execution time delay, the tendon displacement vector of direct output feedback control is expressed by 

 )()( tt GYU =  (6) 

where G  is a s×4  time-invariant feedback gain matrix. The entries of this G matrix can be obtained following the 
H∞  control algorithm developed by Lin et al.[13]. 

Once the values of the gain elements in the G matrix have been determined, the state-space formulation of the 
equation of motion can be expressed as: 

 )()()()( 2 ttt cc EwXBGCAX ++=&  (7) 

The controlled system poles or eigenvalues are obtained by solving the following sets of homogeneous algebraic 
equations 

 0)( 2 =+−⋅ BGCAIλ  (8) 

where λ  represents complex eigenvalues of  controlled system. The corresponding controlled frequency and 
damping ratio are given as 

 λω =c  , cc ωλξ /)Re(−=  (9) 

 
TORSION COUPLING EFFECT 
 

A single story TC shear building, with mass equal to 3109235.2 × , uncoupled natural frequencies in the x -, 
y - and θ -direction equal to 3.47, 3.51 and 4.14 rad/sec and equal damping ratio for all the 3 modes ( =ξ  1.24%), 

is used to demonstrate the TC effect on control effectiveness of proposed control algorithm. The tendon stiffness kc 
is chosen to be equal to 510721.3 ×  and the angle of inclination is 36o. All the different control cases are shown in 
Table 1, considering different conditions of the input excitation, of the eccentricity and of the control force location. 
The excitation is represented by the ground acceleration records obtained during the 1940 El Centro earthquake. 
Both transfer function and time history of floor responses of the irregular building with different number of sensors 
and controllers under bi-directional real earthquake excitations are compared to illustrate the optimal number and 
location of sensors and actuators. It is obvious that the more actuators, the better is the control performance. Based 
on practical and economic considerations, only one or two control forces are applied in all cases. According to 
previous study [13], only direct velocity feedback (DVF) is investigated in this paper since its control performance is 
as good as that of full state feedback. 
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Table 1.  Excitation, measurement, and control force of different control cases 
 

Control case Excitation Measurement Control force eyλ  exλ  BxBy λλ =

Case 1 [ −gx&&  ] [ θ&& rx − ] [ −−2,1, xx uu ] [0.3  0.0] 2/3  

Case 2 [ −gx&&  ] [ θ&& rx − ] [ −−−1,xu ] [0.3  0.0] 2/3  

Case 3 [ −gx&&  ] [ θ&& rx − ] [ −−− 2,xu ] [0.3  0.0] 2/3  

Case 4 [ gg yx &&&& ] [ θ&&& ryx ] [ 2,2, yx uu −− ] [0.3  0.0] 2/3  

Case 5 [ −gx&&  ] [ θ&& rx − ] [ −−2,1, xx uu ] [0.3  0.3] 2/3  

Case 6 [ gg yx &&&& ] [ θ&&& ryx ] [ 2,2, yx uu −− ] [0.3  0.3] 2/3  

Case 7 [ gg yx &&&& ] [ θ&&& ryx ] [ −−− 2,xu ] [0.3  0.3] 2/3  

 
For brevity of explanation, only the general cases of a two-way eccentricity will be presented, considering the one-
way eccentricity cases as limit cases for one of the eccentricities going to zero. 

Cases 5-7 in Table 1 represent an irregular building with two-way eccentricity under gx&&  and/or gy&&  
excitations. The controlled frequency and damping ratio with control parameters 2.0=α  and 01.0=γ  ( =γ  
threshold of the H∞  norm)  are listed in Table 2 while the transfer functions of the floor displacement with respect to 

gx&& are shown in Fig 2. The comparison of Case 5 with Case 1 indicates that two-way torsional coupling increases 
the control damping ratios in x , y , and θ  directions (14.77%, 4.78% and 10.76% vs. 13.34%, 1.24%, and 3.29%). 
Two control forces in the same directions can adjust each other to achieve optimal control performance not only in 
the translation direction but also in torsion. Similar results are seen in comparing Case 4 and Case 6. As expected, it 
is also found that the damping associated with the torsional mode does not increase significantly because of one 
control force applied in each lateral direction. As obtained for Case 3 in the case of one-way eccentricity, Case 6 
shows that one controller placed at each opposite side of C.R. will perform well in reducing all the structural 
responses. In the case of two-directional ground excitation (along x  and y ), since the first modal damping ratio 
increases significantly, the peak floor lateral and torsional responses are dramatically reduced, as shown in Table 3. 
It is also seen that one optimally placed controller (Case 7) is sufficient in reducing both lateral and torsional 
responses of two-way eccentric buildings under bi-directional earthquake excitations with peak control force less 
than 10% of the building floor weight. 
 

Table 2. Controlled frequencies and damping ratios of different control cases 
 for the two-way eccentric example building 
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Fig. 2 Transfer functions of floor response of the two-way eccentric example building 

 
Table 3.  Peak displacement responses and control forces under 1940 El Centro  

bi-lateral Earthquake for the two-way eccentric example building 
Case 5 Case 6 Case 7 Control case w/o control
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SOIL-STRUCTURE INTERACTION EFFECT 
 

In this paper, the methodology presented in the work by Wu et al. [11] is employed to evaluate the SSI effect 
on the floor response of irregular buildings subjected to earthquake excitation. A two-way eccentric building 
supported on soil and subjected to free field ground motion along two perpendicular directions, gx&& and gy&& , is 
investigated. Fig.3 illustrates the responses of one-way eccentric building due to gx&& . In addition to the parameters 
describing the TC building superstructure, a rigid foundation, of mass bm , and axially inextensible columns, of 
height h, are introduced. The soil is characterized by its mass density, ρ , shear wave velocity, sv , and Poisson’s 
ratio, ν . The dynamic behavior of the entire system can be completely described by the following eight degrees of 
freedom: x , y  and θ , horizontal translations and angle of twist of the floor with respect to the foundation; bx , by  
and bθ , horizontal translations and angle of twist of the foundation with respect to a fixed coordinate system; and 

xφ  and yφ  representing the rocking about the x-axis and y-axis of the entire building. Applying the substructure 
method conventionally adopted in the SSI analysis, the response of the building subsystem can be solved by using 
the interaction forces developed at the foundation-soil interface to replace the soil subsystem. These interaction 
forces include the horizontal shear, xV  and yV , the overturning moment, xM  and yM  , and the torque, T . Defining 

xhx φφ = , yhy φφ = , θθ rt = , bb rt θθ =  where br  is the radius of gyration of the foundation, the equations of 
motion of the superstructure can expressed as: 
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Fig. 3 Soil-building interaction system for one way eccentric building 
 

Since the foundation impedance functions of the soil subsystem are dependent on the frequency of excitation, ω , it 
is most convenient to perform the dynamic analysis of the entire system in the frequency domain.  This will enable 
us to easily combine the three subsystems: the superstructure, the foundation and surrounding soil. Following an 
approach developed in the work by Wu et al. [11], the response spectra of the translational and rotational motions of 
the structural floor can be expressed through a modification of its corresponding fixed-base structural response as: 

 )()()()()()(
)(
)(
)(

ωωωωωω
ω
ω
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gygx YX
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Y
X

&&&& ΓSΦHΓSΦH yx +=
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where )(ωH  represents the transfer function matrix of the modal displacement of the fixed-base model while 
xΓ and yΓ indicate the influence vectors of fixed-base irregular building model subjected to base excitation.  The 

diagonal matrices )(ωxS , )(ωyS  represent the modal SSI transfer matrices whose terms are functions of the 
foundation’s transfer functions with respect to the free field displacements [11].  

When an active control system is installed, its effects will appear as a modification of the original damping and 
stiffness matrices of the superstructure.  Hence, the new damping matrix, cC , and stiffness matrix, cK , for the 
controlled system can be expressed as:  

 ac CCC += , ac KKK +=  (12) 

where T
aaa 1BGC1C 2−= , T

bba 1BGC1K 2−= , are added damping and stiffness matrices provided by the control 

system, and [ ]3333 ××= I01a , [ ]3333 ××= 0I1b . 
Since the most important parameters in the SSI analysis are the relative stiffness of the soil with respect to the 

superstructure, σ , and the height-to-base ratio of structure, hλ , various cases have been analysed to describe the 
influence of these two parameters on the performance of the active control system. Small values of σ  will indicate 
soft soil conditions while large values will indicate situations where the soil is much stiffer than the structure. 

The transfer functions of floor lateral displacement to ground acceleration for the TC building of Case 3 in the 
previous section with two different height-to base ratios ( hλ  = 5 (slender building) and 0.2 (squatty building)), two 
different soil conditions (σ =0.5 and ∞ ) are presented in Fig. 4 for the controlled and uncontrolled case.  It is shown 
that, when the SSI effect is included, active control can still reduce the structural responses, although its efficiency 
depends on the value of σ  and hλ . In the case of a slender structure, the control action provides substantial 
reduction of the peak amplitude for the translational mode while, for a squatty structure, the control maintains its 
efficiency when no SSI effect is considered.  In the case of a squatty structure on a soft soil ( 5.0=σ ), the control 
system still provides a reduction in the amplitude of the translational response but not as substantial as for the case of 
building on stiff soil. 
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Fig. 5 shows the transfer functions of the floor lateral displacements for the case of the controlled structure 
supported on different soil conditions. Here it is interesting to see the SSI effect on the case of a controlled slender 
building on a relatively soft soil.  The natural frequency of the first modes is dramatically reduced with respect to the 
corresponding fixed-base mode, 1ω , and this has an effect on the control performance.  These results are also 
confirmed in Table 4 where the peak displacement response and control performance for a structure subjected to the 
1940 El Centro and 1985 Mexico City earthquake are presented.  These two earthquakes are representative of rigid 
(El Centro) and soft (Mexico City) soil conditions.  
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Fig. 4  Transfer functions with and without control on different foundation conditions  
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Fig. 5  Comparison for controlled transfer functions on different foundation conditions for Case 7 

 
Table 4.  Peak displacement responses and control forces under 1940 El Centro Earthquake  
(hard site, ∞=σ ) and 1985 Mexico Earthquake (soft site, 5.0=σ ) with SSI effect for Case 6-7 
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CONCLUSIONS 
 
This paper deals with ∞H  direct output feedback control of buildings under earthquake excitations considering 

floor torsion coupling and soil-structure interaction effects. For a large, two-way eccentric building, one-side active 
tendon located far away from the center of stiffness can reduce both two-way floor translation and torsion responses. 
If the SSI effect is significant, the control performance based on fixed-base feedback gains can still reduce the 
structural responses, but is less effective than that obtained from the fixed base model. Thus, the TC and SSI effect 
should be considered in the design of active tendon control devices, in particular, for a high-rise building founded on 
soft site. 
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