ABSTRACT

SUTHERLAND, AMANDA KAY. Generalization of the Cartan and Iwasawa Decompos-
itions to SLy(k). (Under the direction of Loek Helminck.)

The Cartan and Iwasawa decompositions of real reductive groups were developed
over 100 years ago and have been extensively studied. They play a fundamental role
in the representation theory of the groups and their corresponding symmetric spaces.
These decompositions are defined by an involution with a compact fixed-point group,
called a Cartan involution. Removing the requirement of having a Cartan involution
or being defined over the real numbers causes this decomposition to break down. For
an arbitrary involution, one can consider similar decompositions over other fields. We
offer a generalization of the Cartan and Iwasawa decompositions for the algebraic group
G = SLy(k) over an arbitrary field & and a general involution. Additionally, we give a
detailed analysis of the structure of the symmetric and extend symmetric spaces over any

field and defined by a general involution.
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Chapter 1
Introduction

Decompositions of Lie groups allows us to study how they are constructed from subgroups
and subsets within themselves. Popular Lie group decompositions include the Cartan,
Iwasawa, Bruhat [Bor91], Langlands [Kna96|, and Jordan-Chevalley [Hel78, Hum72].
These decompositions of real reductive Lie groups are used as tools in representation
theory and in the structure of their corresponding real reductive symmetric spaces.

Originally developed in the late 1800’s by Cartan and Killing, the Cartan decomposi-
tion is integral in the structure and representation theory of Lie groups and algebras. The
Cartan decomposition of a real reductive Lie group G factors the group into G = HQ,
where H is a maximal compact subgroup and @ is the symmetric space with respect to
a Cartan involution. The Cartan decomposition is a generalization of the polar decom-
position or singular value decomposition of matrices [Kna96].

Constructed by Kenkichi [wasawa in the mid 1900’s, the Iwasawa decomposition is a
generalization of the Gram-Schmidt orthogonalization process. The Iwasawa decomposi-
tion of a real reductive Lie group G factors the group into analytical subgroups, G = HP,
where H is a maximal compact subgroup and P is a minimal parabolic R-subgroup.
This decomposition results from combining the Cartan decomposition of a semisimple
Lie algebra with the root space decomposition of its complexification [Hel78].

The classical Cartan and Iwasawa decompositions are constructed for real groups
using an involution with a compact fixed-point group, called a Cartan involution. In
this thesis, we work to generalize these notions to the algebraic group SLo(k) defined
over any field k£ with an arbitrary involution of the group. In particular, we consider

the algebraically closed fields, finite fields, and the real, rational, and p-adic numbers.



Additionally, we define and discuss the factors of these groups with respect to an arbitrary
involution of the group.

In Chapter 2, we review the necessary background material to set up our results. In
[HW93], a generalization of the notion of a Cartan involution is given and the Cartan and
Iwasawa decompositions are generalized to groups with such an involution, the details of
which are included in this chapter. The assumptions made in [HW93] are more restrictive
than in this thesis. We will also discuss the isomorphy classes of involutions of an algebraic
group. These will be important for out results because the factors of these decompositions
are defined by an involution of the group.

In Chapter 3, we introduce our initial combined generalization of the Cartan and
Iwasawa decompositions. For G = SLy(k), we generalize the Cartan and Iwasawa decom-
positions of G as G = HQU for any field k of characteristic not two with an arbitrary
involution 6. Here, H is the fixed-point group of 6, Q = {g | #(g) = g~'} is the extended
symmetric space, and U is a unipotent subgroup of GG. We also discuss the results for
fields of characteristic two.

After we have set up the notions of a generalized Cartan involution and decomposition,
we compare these new ideas with the traditional. In Chapter 4, we delve into a detailed
analysis of the symmetric and extended symmetric spaces of G = SLy(k). We look at
their relationship with respect to each other and determine cases in which they consist
of semisimple elements.

After discussing the details of the factors H, Q and U, we can begin to simplify our
result from Chapter 2. In Chapter 5 we begin to refine the decomposition. We study
several specific cases for when we can simply the decomposition G = HQU. In particular,
we find that for G paired with a Cartan involution, G = HU. We also deduce that for G
with a non-Cartan involution, G = HWU, where H and U are defined as above and W
is the Weyl group of a maximal torus.

In Chapter 6, the focus moves to analyzing the extended symmetric space on its
own. In many cases, the extended symmetric spaces has a finite number of connected
components, the symmetric space being the connected component containing the identity.
We characterize the quotient space @/Q and determine the coset representatives by
determining the intersection of the symmetric space with a maximal torus of the group.

In Chapter 7, we begin to extend earlier results to the larger group, SL, (k), n > 3. We

discuss tools and challenges to generalizing the result from Chapter 2 to larger dimensions.



At the conclusion of this thesis, one should have an understanding of the construction
of the Cartan and Iwasawa decompositions and their limitations. One should be able to
apply this generalization to G = SLy(k) and compare the properties of the traditional
decompositions to this generalization. Lastly, one will recognize the structure of the

extended symmetric space and determine its connected components in specific cases.



Chapter 2
Background

In this chapter, we review the relevant background material used in the research for this
thesis. This includes the derivation of the Cartan and Iwasawa decompositions [Hel78], a
characterization of the involutions of SLy (k) [HW02] and SL,, (k) [HWDO06], the structure
of the symmetric space of SLy(F,) [BHK*], the notion of a generalized Cartan involution
and a Cartan decomposition for groups with such an involution [HW93], H-conjugacy

classes of tori in SLy(k) [BH09, Nor13], and the polar decomposition of matrices [Ser02].

2.1 Symmetric spaces

Our main resources for the preliminaries concerning symmetric spaces and their general-
izations comes from [Hel78]. The study of symmetric spaces began over 100 years ago and
initially only concerned groups defined over the real numbers. In application, symmetric
spaces over the real numbers are seen in representation theory [Car29], differential geome-
try, and mathematical physics. More recently, work including [HW93], have begun to gen-
eralize this notion, defining symmetric spaces of algebraic groups over arbitrary fields of
characteristic not two, called symmetric k-varieties. Among other applications, these are
used in representation theory [vdB88], algebraic geometry [DCP83, DCP85], automorphic
functions, integrable systems [Dix94], number theory, perverse sheaves [Lus90, Gro92],
harmonic analysis, and singularity theory [LV83, HS90].

To construct a symmetric space, consider the vector space V = R". By choosing a

basis for V', we get GL(V') ~ GL,(R).

Definition 2.1.1. Let M, (k) represent the set of nxn matrices with entries in k, GL, (k)



be the general linear group (2.1.1), and SL,,(k) the special linear group (2.1.2).

GL(k) = {g € M,(k) | det(g) # 0} = {invertible matrices} (2.1.1)

SL(k) = {g € GL,(k) | det(g) =1} (2.1.2)

Because V is a Fuclidean vector space it has an inner product with which we can

define the symmetric bilinear form B(x,y) = 27 My, for some symmetric n xn matrix M.

Definition 2.1.2. The adjoint of A € GL(V') with respect to the bilinear form B is A’
such that B(A(x),y) = B(z, A'(y)).

Note that B(A(x),y) = B(x, A'(y)) implies the following.
(Az) My = 2T AT My = 2T M A’y (2.1.3)
Because (2.1.3) must hold for all z,y € V, we may solve for the adjoint of A as A’ =

M-TATM.

This leads to our initial definition of symmetric space.

Definition 2.1.3. The (Riemannian) symmetric space of GL(V') is
Q={AA" | Ae GL(V)}

where A’ is the adjoint of A e GL(V).

Consider the following subgroup H of GL(V') (2.1.4).
H={AeGL(V) | B(A(x),A(y)) = B(x,y)} (2.1.4)

If we let 6 be the automorphism of order two defined as 0(A) := (A’)~!, then H is the
fixed-point group of @ by a chain of equivalent statements (2.1.5).

B(A(z), A(y)) = Bz, A'A(y) = B(z) < A'A=1d < 0(A) = A (2.1.5)

Furthermore, H = O(V, B), the group of orthogonal reflections. We will show that
g € GL(V) can be written uniquely as an orthogonal matrix and a positive definite

symmetric matrix because we have a diffeomorphism from H x () to G.



Initially, the notion of a symmetric space was constructed over the real numbers.
There are several ways to define the symmetric space over an arbitrary field. We will
extend this idea to any field by defining a symmetric space of a group G with respect to

an involution of G.

Definition 2.1.4. An automorphism 6 of a group G is an involution if we have the

following:
1. 0+1id
2. 0%2=id
Here, ¢d is the identity automorphism.

We define the generalized symmetric space of G as the image of the map 7: G - G
defined by g — ¢gf(g)~", for some involution . We have Im(G) = @Q = {g0(g)~' | g € G}.

Definition 2.1.5. For an involution 6 of G, the fized-point group H (2.1.6) is the sub-

group of elements fixed under the action of 6.

H={geG|6(g) =g} (2.1.6)

Because the kernel of 7 is the fixed-point group H, we have @) ~ G/H by the first
isomorphism theorem. By definition, G, H, and @) are defined over the algebraic closure
of k, so we take G, and Hy, to be the k-rational points of G and H and Qj = {gf(g)! | g €
Gy}

Definition 2.1.6. The extended symmetric space Q of G (2.1.7) is the set of elements

in G mapped to their inverse under the involution 6.

Q={9¢G10(9)=9"} (2.1.7)
Lemma 2.1.7. The symmetric space is contained in the extended symmetric space.

Proof. For g6(g)~" € @, 0(g0(g)~") = (96(g9)~")~". (4.1.1)
0(960(9)7") =0(9)0(0(9)™") =0(g9)g™" = (98(9)~")" (2.1.8)

Hence g0(g)~1 € Q. O



Remark 2.1.8. If the group G is defined over a field k£ with a topology, then () is connected
as it is the image of the continuous mapping 7 on G. The symmetric space contains the
identity, thus @° = (). In particular, @° = () when k is algebraically closed, the real or

p-adic numbers.

Example 2.1.9. If M =1d, then A’ = AT and @ = {AAT}. Here, @ is the positive definite
symmetric matrices. The extended symmetric space is the set of symmetric matrices, @_‘5 =
{AeGL(V) | A= AT}. Furthermore, Q = Q°, the connected component of the extended
symmetric space containing the identity. The other connected components depend on the

number of negative eigenvalues of A € Q.

Riemannian symmetric spaces were first developed using involutions with a compact
fixed-point group H over the real numbers. Real reductive symmetric spaces are the
homogeneous spaces Gg/Hg, where Gy is a reductive Harish Chandra Lie group and Hg
is the fixed-point group of an involution of Gg [HC84]. The idea of symmetric spaces has
been generalized in several ways. First, by dropping the condition that H is compact, we

have the study of affine symmetric spaces [Hel78, Ber57].

Example 2.1.10. Let G = SLy(R) and 6 the automorphism of G defined by (2.1.9) for

all geG.
0(g) = ((1) ;)g((l) (1)) (2.1.9)

Note that 6 is an involution because 62(g) = Id gId = g, thus we can define the symmetric

space of g with respect to 6 (2.1.10).

| [ae*-b* —(ac-bd)
Q_{(ac—bd —02+d2)

Note that the fixed-point group H (2.1.11) in this case in not compact.

sl o) o o
sinh(z) cosh(z)

ad—bc:l} (2.1.10)

From here, mathematicians generalized the notion to algebraically closed fields [Spr85,
Ric82, Hel88, Vus74|. These are called symmetric varieties and are defined as the sub-
variety @ = {g0(g)~' | g € G} of an algebraic group G with involution #. As in the real

case, Q ~ G/H, and both are referred to as a symmetric variety.



Symmetric spaces were then generalized to algebraic groups defined over an arbitrary
field, called symmetric k-varieties [HW93]. Introduced in the late 1900’s, symmetric k-
varieties generalize real reductive symmetric spaces to similar spaces over other fields.
A symmetric k-variety of the algebraic group G defined over k£ with involution 6 is
Qr = {99(9)™' | g € Gx}. Again, Qy ~ Gy/Hy, and both are referred to as a symmetric
k-variety.

For a reductive algebraic group G, we use the following generalization.

Definition 2.1.11. For G with involution 6 and fixed-point group H, the generalized
symmetric space is Q@ ={g0(g)™' | ge G} ~G/H.

Example 2.1.12. Let GG be an arbitrary group GG. Then G may be viewed as a symmetric
space itself of the group G x G. Consider the automorphism 6 : G x G - G x G defined by
(z,y) = (y,x). Then clearly 6 has order two and thus is an involution. The fixed-point
group of 0 is H = {(z,y) e GxG | (y,z) = (x,y)} = {(z,z) | € G}. The symmetric space
is @ ={(z,9)-0(z,y)" | (z,y) e GxG} ={(zy ", yz™") |2,y e G} ={(z,27") [z e G} = G.

More recently, mathematicians have begun to expand this idea to automorphisms
7 of G of order greater than two. While the symmetric space is defined similarly, @ =
{g7(9)7! | g € G}, most of the properties regarding the symmetric space, fixed-point

group, and decompositions no longer hold.

2.2 Polar decomposition of matrices

The Cartan decomposition is a generalization of the polar decomposition of matrices.
The background material in this section comes for [Ser02]. The polar decomposition of a
matrix is analogous to writing a complex number x € C* as z = re?, where r is a positive

real number and e lies on the unit circle.

Notation 2.2.1. In this section, we will consider the fields £ = R or k = C. Let M, (k)
be the set of n x n matrices with entries in k. When k = C, HPD,, and U,, will be the
Hermitian positive definite matrices and unitary matrices, respectively. When k = C,
SPD,, and O,, will be the symmetric positive definite matrices and orthogonal matrices,
respectively. We will consider the polar decomposition of matrices in GL,,(k), the general

linear group.

The polar decomposition of GL, (k) is given as follows.



Theorem 2.2.2 (Polar Decomposition). For A € GL,(C), there exists Q € HPD,, and
H €U, such that A=QH. For AeGL,(R), there exists Q € SPD,and H € O,, such that
A=QH.

Theorem 2.2.3. For ) € HPD,,, there exists a unique Qo € HPD,, such that Qf = Q. If
Q) € SPD,,, then so is QQy. The element QQy is called the square root of Q) and is denoted

Qo=VQ.

Idea of Proof of 2.2.2. For A € GL,(C), AA* € HPD,,. By Theorem 2.2.3, define @ :=
VAA* e HPD,, and define H := Q1A e U, to get A=QH. O]

Remark 2.2.4. The polar decomposition of GL,(C) may also be described as GL,(C) =
U, x HPD,,, and similarly GL, (R) = O,, x SPD,,. Although A = HQ € GL, (k) can also be

written as A = Q1 Hy, H; is not necessarily the same as H, and the same for ); and Q.

We may extend this polar decomposition to subgroups of GL, (k).

Proposition 2.2.5. Let G be a subgroup of GL,(C). If G is stable under the map A — A*
and for all Q € HPD,,, we have \/Q € HPD,,, then G = (GnU,) x (G nHPD,).

Let G be a subgroup of GL,(R). If G is stable under the map A » AT and for all
Q € SPD,,, we have \/Q € SPD,,, then G = (GnO,) x (GnSPD,,).

2.3 Traditional Cartan decomposition

The background provided on the construction of the Cartan decomposition comes pri-
marily from [Hel78]. We begin with a description of the decomposition on the Lie algebra
and then lift to the group level. In this section, let G be a real, connected, semisimple
Lie group and g = Lie(G) the Lie algebra of G.

Definition 2.3.1. A group involution of G is a Cartan involution if it has a compact

fixed-point group.

Remark 2.3.2. The involution §(A) = (A")™! for A e GL( V') from Section 2.1 is a Cartan
involution.

By abuse of notation, we let 8 := df be the involution on the algebra level as well. For
example, for 0(A) = (A")~! for all A e GL(V), we use df(z) =0(x) = -z’ for all z e g. It

will be clear from context which 6 we are using.



Given a Cartan involution 6 of g, we will consider the +1 and -1 eigenspaces. The +1
eigenspace is h = Lie(H) = {z | 0(z) = x}, where H is the fixed point group of G. The -1
eigenspace is q = Lie(Q) = {z | 0(x) = -z}, where @ is the symmetric space of G. Then

the eigenspace decomposition of gis g=bh @ q.

Remark 2.3.3. The Lie algebras of the symmetric and extended symmetric spaces are
equivalent, Lie(Q) = Lie(@). The topology disappears because the Lie algebra is the
tangent space at a point and the eigenspaces are isomorphic. Hence, we do not define the

notion of extended symmetric space on the algebra level.
Lemma 2.3.4. For a compact Lie group we have the following.
1. exp(h) = H°
2. exp(q) = Q
This leads to the traditional Cartan decomposition of a Lie group.

Theorem 2.3.5 (Cartan Decomposition). Let G be a Lie group with Cartan involution
0 then the map (H x Q) - G is a diffeomorphism onto, defined by (h,x) — h-exp(x) for
heH, xeq.

Lemma 2.3.6. For a compact connected Lie group G, we have the following.
1. G =G*3, where G*% is the set of semisimple elements in G.
2. All the eigenvalues of Lie(G) are imaginary.

Remark 2.3.7. Note that for g € G, g is uniquely written as g = h-exp(z). The map is
unique because H N () = @ since the eigenvalues of () must be real while eigenvalues of H

are imaginary.

Example 2.3.8. Let G = SL,(R) and 6 the involution of G defined by 6(g) = (¢7)! for
all g € G. The fixed-point group H is SO,, (2.3.1), which is compact.

H={geG|0(9)=(9")"}={9eG |g" =g} =50, (2.3.1)

The symmetric space @ (2.3.2) is the set of positive-definite symmetric matrices.

Q={99" | geG} (2.3.2)

10



By the Cartan decomposition, for g € GG, there exists unique orthogonal h €SO, and
positive-definite symmetric ¢ € ) such that g = hg.

Example 2.3.9. To highlight to necessity that the fixed-point group H is compact,
consider the case from Example 2.1.10 where G = SLy(R) with the involution 0(g) =

10 10

extended symmetric space Q (2.3.4) which contains the symmetric space Q.

w{(; )
{5 )

1 2(\/5-3)"1
Let g =1,
3(V5-3) 2
HQ, thus is not in HQ. If g € HQ, then there exists h~! = Y ¢ H such that h-lgeQ.

y x
Solving h~! such that §(h~1g) = (h~1g)~! (2.3.5) implies x = y, hence h~! ¢ H, therefore g

cannot be in HQ and thus g ¢ HQ.

1
0 1 0 1
( ) g ( ) . As demonstrated, H (2.3.3) is non-compact and we can determine the

2?2 = 1} (2.3.3)

ac+b* = 1} (2.3.4)

) € Gr. We will show that g is not in the larger set

9% y+x V53 49y —2y — &
O(h1g) = V53 VB3 Va3 N = (hlg) ™t (2.35
oo-(Fn Tl (B ) e e

The Cartan decomposition is derived from the study of real groups. Real groups are
convenient because of the relationship between the group and its Lie algebra. We must
have that the exponential map is defined and its image closed. Thus far, we have only
considered the real group GL(V'). The following theorem allows us to apply the Cartan

decomposition to any real Lie group.

Theorem 2.3.10 (Ado’s Theorem). Any Lie group is isomorphic to a subgroup of
GL(V).

Once we have a subgroup G ¢ GL(V') with Lie algebra g, we can align it appropriately

11



with the Cartan decomposition (2.3.6) by either conjugating the group or the involution.
G=(GnH).(exp(gnq)) (2.3.6)

Recall that an automorphism 6 of order two of a real reductive Lie group with a
maximal compact fixed-point group is a Cartan involution. The involution 6 of GL(V")
defined by 6(A) = A’ is a Cartan involution, which induces a Cartan Decomposition.
Conversely, given any maximal compact subgroup H, there exists a (Cartan) involution
f such that H is the fixed-point group of 6.

Theorem 2.3.11 (Cartan). Any reductive real Lie group has a unique (up to conjugation)

Cartan involution.

Given a real Lie group G, we will construct its Cartan involution using its Lie algebra
g. If g is a real Lie algebra, then g g C = g is a complex Lie algebra with real subspace

g. Moreover, g is two copies of g, g =g @ ig.
Definition 2.3.12. A map o :g — g is a conjugation if we have the following.
1. 02 =1d
2. o(z+iy)=x—iy, forall x+iyeg
3. o(\x) forallzeg, AeC
i.e. o is R-linear, but not C-linear.
For g c g, there is a conjugation o such that g={z€g | o(z) = x}.

Definition 2.3.13. A Lie algebra g is compact if the Killing form is negative definite on
g.
For an alternative definition, we say g is compact if ad(x) has imaginary eigenvalues

for all x € g. Hence, exp(g) lies on the unit circle and is compact.

Theorem 2.3.14. If g is a complex reductive Lie algebra, then g has a unique (up to

isomorphism) compact subalgebra g, called a compact real form.

Theorem 2.3.15. Let g c g be a real Lie algebra with conjugation o, then there exists
compact real form w of g with conjugation T such that ot = To. Moreover, 8 = 0T is a

Cartan involution.
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Lemma 2.3.16. Let 0 = o1 =70, then 6 is an involution of g which keeps g invariant.

We call 8 the Cartan involution of g and will show it induces a Cartan decomposition
of g. Consider the +1 (2.3.7) and -1 (2.3.8) eigenspaces of 6.

{reg|O(x)=ax}={zeg|7(x)=x}=gnu (2.3.7)
{reg|b(x)=-a}={xeg|7(x)=-2x}=gniu (2.3.8)

Because g = u@iu, we have g = (gnu) @ (gniu). Hence, u a compact real form implies
the Killing form « is negative definite on uxu and positive definite on 7u xiu. The Killing
form is negative definite on g nu and therefore g nu is a maximal compact Lie algebra.

From here, we can exponentiate to get the Cartan decomposition on the group.
Theorem 2.3.17. All compact real forms of g are conjugate.
Corollary 2.3.18. The Cartan involution of g is unique up to isomorphism.

Let G be a semisimple, connected Lie group with Cartan involution 6. Because of the
compactness of the fixed-point group H, G has a nice structure. We have the Cartan
decomposition, Lie(G) = g = h @ q, where h and q are as defined above. Because the
Killing form is negative definite on h and positive definite on q, both h and q consist of

semisimple elements.

Theorem 2.3.19. The symmetric space of G with the Cartan involution, exp(q) = Q =
{90(g)~' | g € G}, consists of semisimple elements.

Example 2.3.20. Let G = SLy(R) and € be the involution 6(g) = (¢7)~! for all g € G.
Then the symmetric space (2.3.9) is the set of positive definite symmetric matrices, hence

is semisimple.

Q={o((aY ) | 9€GY = {ag" | g€ ) - {( - ac+bd)

ac+bd c2+d?

ad - bc = 1} (2.3.9)

2.4 Parabolics acting on symmetric spaces

The orbits of parabolic subgroups acting on symmetric spaces have been characterized in

a number of ways. One can consider the P-orbits acting on the symmetric variety G/H

13



by twisted conjugation, as H-orbits acting of G/P by conjugation, or the (P x H)-orbits
on GG, where P is a parabolic subgroup and H is the fixed-point group of an involution.
These actions are studied in detail in [BHOO]. For an arbitrary field, as in the case we are
interested in, [HWO93] has characterized these orbits.

Notation 2.4.1. Let G be a connected, reductive algebraic group defined over a field %k or
characteristic not two. For a subgroup A of G, let A be the k-rational points of A.

Definition 2.4.2. A subgroup B c G is a Borel subgroup if it is a connected maximal
solvable subgroup. A subgroup P c G is a parabolic subgroup if it contains a Borel
subgroup. A subgroup P c G is a parabolic k-subgroup if it is a parabolic subgroup
defined over k.

Definition 2.4.3. A torus is a semisimple abelian subgroup. A subgroup is k-split if it
can be diagonalized over the base field k. For an involution 6, a subgroup A is 6-split
if (a) = a7t for all a € A. A subgroup is (6, k)-split if it is both k-split and -split. A
subgroup is #-stable if it is invariant under 6. A subgroup is k-anisotropic if it does not

contain a k-split torus.
Remark 2.4.4. The extended symmetric space Q is 6-split by definition.

Theorem 2.4.5 (Richardson [Ric82]). All mazximal 0-split tori are conjugate under the
fixed-point group of 6.

Remark 2.4.6. Theorem 2.4.5 does not hold for non-algebraically closed fields. Over other
fields, there may be more than one conjugacy class. For example, consider G = SLy(Q)
with the Cartan involution 6 defined by 6(g) = (¢7)! for all g € G. There are infinitely

many Hg-conjugacy classes of maximal #-split tori.

Example 2.4.7. Let G = GL,(R) with the involution 6 defined by 6(g) = (¢7)~*! for all
g € G. Then the fixed-point group of §is H = {g € G| 0(g) = g} = O,,, the symmetric space
isQ={geG|g" =g,qg is positive definite}, and the extended symmetric space is the set
of symmetric matrices. Let A be a maximal #-split torus, then A € Q. We can diagonalize

A via O,,. Therefore, all maximal 6-split tori are O,-conjugate to the diagonal matrices.

2.4.1 Iwasawa decomposition

Our main resources for the Iwasawa decomposition are Knapp and Helgason [Kna96,

Hel78]. The Iwasawa decomposition is another global decomposition, the advantage of
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this decomposition is that the factors are analytical subgroups.

Theorem 2.4.8. Let G be defined over k = R with a Cartan involution 0 and P c G a

minimal parabolic R-subgroup. Then Pg has a unique open orbit in Ggr/Hg = Qg.

Theorem 2.4.9 (Iwasawa Decomposition). Let G be a real semisimple Lie group and 6
a Cartan involution of G. Let H be the fized-point group of @ and P a minimal parabolic

subgroup. Then 6 induces the Twasawa decomposition G = HP.

Because any group can be written as a semisimple (or reductive) part and a unipotent
part, we can write Pg as Pr = Zg, (Ar)U, where U = (R, (P))r is the unipotent radical of
P and A is a maximal R-split torus. We can assume Ag ¢ Qg, thus Z¢(Agr) = Zpn, (Ar) Ar.
This implies Pr = Zp, (Ar)Ug. Finally, we arrive at the Iwasawa decomposition of Gg,
Ggr = Hr ArUg.

The Iwasawa decomposition of a Lie algebra arose as a combination its Cartan decom-
position and the complexification of its root space decomposition. This decomposition
is a generalization of the Gram-Schmidt orthogonalization process. The factors, while
similar to those of the Cartan decomposition, are closed subgroups.

To construct the Iwasawa decomposition of a Lie group G, we first look at the de-
composition on the Lie algebra g = Lie(G), and then lift it through the exponential
map to G. Let g = h & q be the Cartan decomposition of G and 6 the Cartan invo-
lution of g (and respectively GG) as above. Let a be a maximal torus contained in g,

which exists because q is finite. For a root A of g, we have the restricted root space
p={Xeg|(adY)X =XY)X forall Y €a}.

Proposition 2.4.10. The restricted root space decomposition of g is g = h® P ga, where
Aed
® s the set of roots such that gy # 0.

Let n = @ gy, where ®* is the set of positive roots of g. Then n is a nilpotent
Aed+
subalgebra of g, which leads to the Iwasawa decomposition of g.

Theorem 2.4.11 (Iwasawa decomposition of a Lie algebra). For a Lie algebra g with a
Cartan decomposition, g =h ® a ®n, where b, a, and n are as above. Furthermore, a®n

15 a solvable Lie subalgebra of g.

From Theorem 2.4.11, we can lift to the Iwasawa decomposition on the group level.
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Theorem 2.4.12 (Iwasawa decomposition). Let G be a semisimple Lie group with the
algebra-level Twasawa decomposition Lie(G) =g=hoaen. If H AU are the analytic
subgroups of G such that Lie(H) = b, Lie(A) = a and Lie(U) =n, then G = HAU.

Remark 2.4.13. Here, H is the fixed-point group of the Cartan involution 6, A is a

maximal (6, k)-split torus, and U is a unipotent subgroup.

Example 2.4.14. Let G = SL,(R) with the Cartan involution 6 defined by 0(g) = (¢7)!
for all g € G. The fixed-point group H is the special orthogonal group SO, (R). Because
G is a R-split group, we may take the minimal parabolic subgroup to be the Borel
subgroup consisting of upper triangular matrices. The unipotent radical of P, U, is the
upper triangular matrices with ones on the diagonal. Finally, let the maximal torus A be
the subgroup of diagonal matrices in G. By the Iwasawa decomposition, for g € GG, there

exists orthogonal h € H, diagonal a € A, and unipotent u € U such that g = hau.

Using the action of the parabolic subgroups on the symmetric space, we can form the
connection between the Cartan and Iwasawa decompositions. First, we give an alternate
Cartan decomposition of G defined over R.

Let G be defined over k£ =R and 6 a Cartan involution of G, i.e. the fixed-point group
H is compact. By the Cartan decomposition of G, we have G = HrQr = Qr Hg.

Lemma 2.4.15. All maximal (6,R)-split tori are Hg-conjugate.

Let A; and A be (0,R)-split tori in G. From [BT72, BT65], all maximal k-split tori
are Gy-conjugate. Hence there exists g € Gg, such that gA;¢g7! = A,. Because g = gh, for
some ¢q € Qr and h € Hg, and hA;h~! is maximal (0, R)-split, we may assume g = ¢q. Hence,
qA1qt = Ay where ¢ = exp(x) for some = € Lie(Q)) = q. On the Lie algebra if x,y € q,
then [z,y] € h. Thus for A; = exp(a;), we have gA;q7' = exp(z)exp(a;)exp(x)~! =
exp([z,a;]). However, [z,a;] c h which can not be the case, hence ¢ € @) must be the

identity. All elements of () are R-split semisimple, so they are contained in a torus,
therefore @Q = {hAh™' | h e H}. This implies G=HQ=H -HAH = HAH.

2.5 Parabolics acting on generalized symmetric spaces

For a general field k, the orbits of parabolics on generalized symmetric spaces are not

as simple as the case in Section 2.4, where £ = R and 6 is a Cartan involution. In the
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section let G be an algebraic group defined over an arbitrary k and 6 a generalized
Cartan involution, where the fixed-point group is k-anisotropic rather than compact.
Our primary resources in this section will be [HW93] and [BH09]. The fundamental tool
for studying the action of minimal parabolic k-subgroups on an algebraic group defined

over k is the Bruhat decomposition.

Definition 2.5.1. For a torus 7' c G, the Weyl group of T in G'is W (T') = No(T) | Za(T),
where Ng(T) ={g9€ G | gtg7' =t V t € T} is the normalizer of T and Zg(T) = {g €
G | gtg~' € T'} is the centralizer of T. For a subset A c G, W4(T) = AnWe(T).

Theorem 2.5.2 (Bruhat Decomposition). Let G be defined over a field k with minimal
parabolic subgroup P and A a mazimal k-split torus contained in P. Then G}, decomposes

as the disjoint union of double cosets of Py, parameterized by Wg(A) (2.5.1).

Gk = U Pkak (251)
UJEWG(A)

Remark 2.5.3. For a k-split group G, such as GL,(k), P = B is a Borel subgroup and

A =T is a maximal torus. For Gy, the Bruhat decomposition is Gy, = ) = BywBy.
UJEWG(T)

Example 2.5.4. Let G = SLy(k) with the Cartan involution € defined by 0(g) = (¢7)!,
T the subgroup of diagonal matrices (2.5.2), and B > T the Borel subgroup of upper
triangular matrices (2.5.3). Then the Weyl group in G of T"is W(T') (2.5.4) and we can
determine the Bruhat decomposition of Gy (2.5.5).

0 a'l
0 z1
0 1
W(T) = {Id, (0 _1)} (2.5.4)

0 1

ae k} (2.5.2)

rek,ye k*} (2.5.3)

To analyze the structure of the symmetric spaces, we must know the action of Hj on
Gy/Hy = Qy, and the action of the parabolic k-subgroups Py, on G/ Hj.
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Proposition 2.5.5. Let {A; | i € I} be representatives of the Hy-conjugacy classes of
6-stable mazimal k-split tori in G. Then H\Gr/Py ~|J W, (A:))[We, (4:).

iel
Example 2.5.6. By Theorem 2.4.8, |Pr/Ggr\Hg| = 1. The unique orbit contains the
identity, thus GR = P]RHR = HRPR.

Proposition 2.5.7. Let P be a minimal parabolic 0-split parabolic k-subgroup of G, A a

0-stable maximal k-split torus of P, then the following are equivalent.
1. ge Gy, n Hi P,
2. ge{reGy | v710(x) € Ny, (a-y(A)} P, where A~ are the 0-split elements in A
3. g€ Gy and gPyg™" is a 0-split parabolic k-subgroup of Gy

Example 2.5.8. Usually |H\Gy/ Pyl is infinite and minimal parabolic subgroups are not
Hj-conjugate. Let G = SLy(Q) with the Cartan involution 6 defined by 6(g) = (¢7)!
for all g € G, B the Borel subgroup of upper triangular matrices, and A the subgroup
of diagonal matrices. Here, we will consider “twisted orbits”. For g,z € GG, we define the
twisted action of g on x as g * x := gxf(g)~'. There are only a finite number of twisted
orbits in @ and each orbit is closed.

We define ay,as € Ag (2.5.6).

2 2 0 2 2 0
a; = i K i o = 2 K Y2 €A (256)
0 (zf+yi) 0 (23+y5)"
Then a; and as are in the same twisted Bg orbit if and only if (2% +y?)1(z3+y3) € (Q*)2.

Q*/(Q*)?| = co.

If follows that |Ho\Go/Bg| =

b
Furthermore, for g = (a ), g9(g)™' € A = Ny a)(A) if and only if ab + cd = 0.
c

d

t
Choose u,v,t € Q such that uwo(1+¢)2 =1 and (1+¢)2 ¢ (Q*)2. If we set g = (U Ut)’
-u Uu

2(1+¢2 0
then ¢gf(g)™' = vi( )
0 u?(1 +2)
maximal parabolic Q-subgroup of G. Then g ¢ Hg because (1+¢?) is not a square. Hence

). By the above proposition, gBg~! is a 6-split

the Borel (minimal parabolic) Q-subgroups are not Hg-conjugate to each other.
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2.6 Generalization of the Cartan decomposition

The traditional Cartan decomposition is defined for a Lie group G over k = C or R.
An involution 6 with a compact fixed-point group H is a Cartan involution. For the
symmetric space @ = {gf0(g)~! | g € G}, the Cartan decomposition of G is G = HQ. For
involutions of G with a non-compact fixed-point group H or for G an algebraic group
defined over k # R or C, we no longer have this decomposition.

In [HW93], the notions of a generalized Cartan involution and a generalized Cartan
decomposition for an algebraic group are defined. Specifically, conditions are given in

which the Cartan decomposition implies the Iwasawa decomposition and vice versa.

Notation 2.6.1. In this section, let G be a connected reductive algebraic group defined
over a field k with involution # and H the fixed-point group of #. Let 7 denote the map
on G defined by 7(g) = gf(g)! for g € G. For a group A, let A; be the k-rational points
of A. Let P be a minimal parabolic k-subgroup, U = R, (P) the unipotent radical of P,

and A a 6-stable maximal k-split torus contained in P.

Proposition 2.6.2. If Hy is k-anisotropic, then the following are equivalent.
1. (Zg(A)H); = A Hy,
2. Gy = U ArHy = U A HY

Remark 2.6.3. Proposition 2.6.2 is a generalization of the Iwasawa decomposition to

algebraic groups.

Corollary 2.6.4. If Hy, is k-anisotropic and Gy = U ApHy, then we have the following.
1. A is a mazimal 0-split torus and therefore A is a maximal (0, k)-split torus.
2. All mazimal (0, k)-split tori are Hy-conjugate.
3. Ng, (A) = AyNp, (A) and therefore We, (A) = Wy, (A).

Proposition 2.6.5. If Hy is k-anisotropic and G} = H,ALHy, then the following are

equivalent.
1. Q={g0(g)" | g€ Gy} consists of k-split semisimple elements.

2. Gy = U A Hy,
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3. If (k*)2 = (k*)*, then Gy = QHj,.

Remark 2.6.6. For a general field k, G}, = H, ApH), does not imply G, = HpQ).

The following result provides the conditions in which both versions or the Cartan de-
composition and the Iwasawa decomposition are equivalent, which leads to the definition
of a generalized Cartan involution.

Proposition 2.6.7. If Hy is k-anisotropic and (k*)? = (k*)*, then the following are

equivalent.

2. Gy =U,ALHy and @QQ consists of k-split semisimple elements.

3. Gy =QHy and Q consists of k-split semisimple elements.

Definition 2.6.8. For an involution 6 of G, we call 8 a generalized Cartan involution
of G if H is k-anisotropic, (k*)? = (k*)*, and Gy satisfies the conditions in Proposition
2.6.7.

Remark 2.6.9. By abuse of terminology, we refer to a generalized Cartan involution as
simply a Cartan involution. When k£ # R, it is assumed we mean generalized Cartan

involution.

2.7 Generalizing the concept of Cartan involution

Recall from Section 2.1, if  is a Cartan involution of a real Lie group, then the symmetric
space consists of semisimple elements. When we generalize to an algebraic group with a
Cartan involution, we have similar properties. In [HW93], this idea is studied extensively,

we summarize the results.

Proposition 2.7.1. Let G be a connected reductive algebraic group defined over a field k
and 6 an imvolution of G. For the fixed-point group H and minimal parabolic k-subgroup
P, Gy = (HP).

Proposition 2.7.2. Let G be a connected reductive algebraic group defined over a field

k with characteristic zero and 6 an involution of G. Then we have the following.

1. The symmetric space Q) of Gy consists of semi-simple elements.

2. The symmetric space q of g consists of semi-simple elements.
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2.8 Isomorphy classes of involutions of SLy(k)

The symmetric spaces of a connected reductive algebraic group G are defined by the
automorphisms of order two, called involutions, of G. To work with the symmetric spaces
of G = SLy(k) we must know what the involutions are and, more importantly, the k-
isomorphy classes of these automorphisms. A full classification of these involutions is
offered in[HW02].

Notation 2.8.1. In this section, let k be a field of characteristic not two and k the algebraic

closure of k. Let G be a generic group, G = SLy(k), and Gy, the k-rational points of G.

Definition 2.8.2. A group automorphism ¢ of G is an inner automorphism of G if there
exists g € G such that ¢(X) =gXg! for all X €g.

Notation 2.8.3. For B € GLa(k), let Inn(B) denote the inner automorphism of GLy(k)
defined by Inn(B)(X) = BXB™!; Inn(B) is an automorphism of G. Let Aut(G) denote
the automorphisms of G' and Aut(G, Gy) the group of automorphisms of GG which keep

G}, invariant.

Definition 2.8.4. Two automorphisms ¢, 0 € Aut(G) are isomorphic if there exists an
automorphism x € Aut(G) such that x¢x=! = 6; denoted ¢ ~ #. Two automorphisms
¢,0 € Aut(G, Gy,) are k-isomorphic if there exists an automorphism x € Aut(G, Gy) such
that y¢x~' = 6. This is denoted ¢ = 0 or simply ¢ ~ # when the field k is clear from

context.
From [Bor91|, we have the following.
Lemma 2.8.5. For ¢ € Aut(G), there exists B € GLy(k) such that ¢ ~ Inn(B).

Remark 2.8.6. For a non-algebraically closed field k, if ¢ € Aut(G,Gy), there exists
B e GLy(k) such that Inn(B)‘Gk = .

Definition 2.8.7. The order of an automorphism ¢ is the smallest positive integer n

such that ¢" =id. An automorphism ¢ of order two is an involution.

Lemma 2.8.8. For A € Gy, Inn(A) € Aut(G,G}.) if and only if A =pB for some p € k
and B € Gy,.

This allows us to recognize which automorphisms of GG will be automorphisms of Gy.

From here, we must determine which of these automorphisms are of order two.
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0
Lemma 2.8.9. Let ¢ € Aut(G,Gy) be an involution, then there exists A = ( Z(;) €

q
GLo(k) such that Inn(A)‘Gk =¢.

Because we can multiply A by any constant and not affect the action of the automor-

phism, we can determine the representatives of the k-isomorphy classes.

Corollary 2.8.10. The k-isomorphy classes of involutions of G, can be represented by
0 1

Inn(B), where B = ( 0) € GLo(k).
a

Lemma 2.8.11. Let Inn(B;),Inn(By) € Aut(Gy) (2.8.1).

0 1 0 1
B, = . DBy= 2.8.1

b
Then Inn(By) %Inn(Bg) if and only if b_l is a square in k.
2

Notation 2.8.12. For a field k, let k* denote the product group of non-zero elements in
k and (k*)? the normal subgroup of squares in k* defined by (k*)% = {a? | a € k*}. The

quotient group k*/(k*)? represents the set of square classes in k.
Corollary 2.8.13. The number of isomorphy classes of involutions of Gy, is |k*[(k*)?|.

Notation 2.8.14. Let m be a representative of the square class of m in k. We will use 6,,
to denote the involution Inn(M) of Gy, (2.8.2).

M = (0 1) (2.8.2)

m 0

Remark 2.8.15. For all involutions 6 € Aut(G, Gy), we can assume 6 > 0, for some m € k*,

the representative of the square class m. For the class of squares, we use 6;.

Example 2.8.16 (Real numbers). Let k£ = R. The square classes of R are R*/(R*)? =
{1,-1}. Up to isomorphy, there are two involutions of Gg; specifically 6; and 6_;.

The involution #_; is equivalent to 6 in Gg, where # is defined by 6(g) = (¢7)~! for
all g € Gg.
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Example 2.8.17 (Finite fields). For k = F, for some ¢ = p", p an odd prime, F}/(IF;)? ~
Zy. There are two square classes which can be represented by {1, N,}, where N, is the
“smallest non-square” in F,. Therefore ; and 0y, represent the two k-isomorphy classes

of involutions of GF,.

Example 2.8.18 (p-adic numbers). For k = Q,, for some odd prime p, there are four
square classes which can be represented by {1,p, N,,pN,}, where N, is the “smallest
non-square” not equal to p in Q,. Therefore 0,0,,0x , and 0,5, represent the four k-

isomorphy classes of involutions of Gg,.

Example 2.8.19 (Rational numbers). For k£ = Q, there are an infinitely many square
classes. Thus, there are an infinite number of (Q-isomorphy classes of involutions of Gy,
all represented by 6,,, for some m € Q*/(Q*)2.

2.9 Isomorphy classes of involutions of SL, (k)

Similar to the G = SLy(k) case, the k-isomorphy classes of involutions of SL,(k), n > 2,
have also been characterized. When n > 2, not all involutions are inner automorphisms
and therefore the characterization is not as simple as when n = 2. In [HWDO06], the
isomorphy classes of SL, (k) are given for fields k£ with characteristic not two. Further-
more, they discuss in which cases we have a generalized Cartan involution and when the

symmetric space consists of semisimple elements.

Notation 2.9.1. Throughout this section, let G = SL,(k) and G}, the k-rational points of
G. We take k to be a field of characteristic not two, and k to be the algebraic closure of
k. Let V = k™ be a finite-dimensional vector space defined over k. We will use the same

definitions of isomorphy and k-isomorphy classes of involutions as in Section 2.8.
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Given a bilinear form, we can induce an involution. Let 5 : V — V be a bilinear
form on V and B = {ey,...,e,} an ordered basis for V. Then the matrix Mg is the
matrix of § with respect to B, Mg = (8(e;,e;)). We can define the bilinear form f as
B(z,y) = x5 Mpyg, for all z,y € V where 25 and yp are the coordinate vectors of z and y

with respect to the ordered basis B.

Theorem 2.9.2. Two matrices My and My represent the same bilinear form if and only

if there exists Q € GL, (k) such that My = QT M1Q.

Notation 2.9.3. If there exists @ € GL, (k) such that My = QT M,Q, we write My ~ M,

and say M; and M, are congruent.

Recall that the adjoint of a matrix A € GL, (k) is the matrix A’ such that S(Ax,y) =
B(xz, A'y). Furthermore, the adjoint can be determined as A’ = M~ AT M, where M is the
matrix representative of the bilinear form §. We can then use this adjoint to construct
involutions of GL,, (k).

Proposition 2.9.4. If the bilinear form [ is symmetric or skew-symmetric, then the
automorphism Oy, defined by 0y (A) = MY (AT)IM for all A € G is an involution of
GL, (k).

Theorem 2.9.5. Let M, and My be the matrices of bilinear forms (1 and (o, respectively.
If My ~ My, then Oy, ~ 0Oy,

Theorem 2.9.6. Let My and My be matrix representatives of symmetric or skew-symmetric

bilinear forms. If Oy, ~ Opr,, then My = aQT M1Q for some @ € GL, (k) and « € k.

Notation 2.9.7. If there exists @ € GL, (k) and « € k such that M, = aQT M;Q, we write

My ~% My and say M; and M, are semi-congruent.

This allows us the classify the k-isomorphy classes of involutions of GL, (k) of the

form 6,,.

Theorem 2.9.8. Let My and My be matrix representatives of symmetric or skew-symmetric

bilinear forms as defined above. Then My ~° My over k if and only if Oy, ~ Onr, -
From here, we can restrict to the smaller group G = SL, (k).

Lemma 2.9.9. An automorphism 0y induced from a bilinear form with matrix repre-

sentative M is an involution of GL, (k) if and only if Oy is an involution of G.
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Theorem 2.9.10. Two involution 6, and 0 are isomorphic over GL, (k) if and only if

01 and 0y are isomorphic over G.

We now look at the two types of involutions, those which are outer automorphisms
and those which are inner automorphisms. Recall an automorphism 6 € Aut(G) is inner if
there exists A € G such that 6(g) = Inn(A)(g) = AgA~! for all g € G, denoted 6 € Inn(G).

Otherwise, we say it is an outer automorphism.
Lemma 2.9.11. If k is algebraically closed, then | Aut(G)/Inn(G)| = 2.

Lemma 2.9.12. All outer automorphisms of G are isomorphic to Inn(M )¢, where ¢ is
the fixed outer automorphism defined by ¢(g) = (g7)~1.

To construct the involutions of G which come from outer automorphisms, we will use
Or(A) =Inn(M)(p(A)) = M~ (AT)"1 M, where M is the matrix representative of a bilin-
ear form [ as defined above. All involutions of G which come from outer automorphisms

are of the form 6,,, for some M.

Theorem 2.9.13. If 0, and 0y are involutions and outer automorphisms of G, then
they come from symmetric or skew-symmetric bilinear forms represented by My and M,
respectively. Furthermore, 01 ~ 6y if and only if Inn(M;)¢ ~ Inn(My)¢ if and only if
Ml S MQ.

Theorem 2.9.14. Symmetric matrices are congruent to diagonal matrices whose entries
are representatives of the k*[(k*)?. Skew-symmetric matrices are congruent to Jo,, where
n=2m (4.2.19).

0 [mxm
Jom = 2.9.1
? (_Imxm O ) ( )

We can now classify the isomorphy classes of involutions of G which are outer auto-
morphisms. We will do so for certain fields and for each case, we will consider n even and

n odd separately.

Example 2.9.15 (k = k). Assume k is algebraically closed. If n is odd, then there
is one isomorphy class of outer involutions which can be represented by the standard
involution ¢. If n is even, then there are two isomorphy classes of involutions which are

outer automorphisms. These can be represented by ¢ and Inn(Jy,,)e.
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Example 2.9.16 (k =R). Assume k =R and define [,,_;; (2.9.2).

[n—ixn— 0
I i;= ! (2.9.2)
0 _Iixi

If n is odd, then there are ”T” isomorphy classes of involutions which are outer automor-

phisms of G. These are represented by ¢ and Inn(/,_;;)¢ fori=1,..., ”T‘l If n is even,
there are § + 2 isomorphy classes of involutions which are outer automorphisms. These
are represented by ¢, Inn(Js, )¢, and Inn(/,;;)¢ fori=1,..., 3.

Example 2.9.17 (k =F,,p # 2). Assume k =F, and define M, ,, . (2.9.3).

In—3><n—3 000
0 0 0
Moy = . (2.9.3)
0 0y 0
0 00 2

If n is odd, there are two isomorphy classes of involutions which are outer automorphism
of G, represented by ¢ and Inn(M,, 11,n,)®, where N, is the smallest non-square in F,,. If
n is even, we have the same two classes as the odd case and additionally Inn(.J5,,)¢ for

a total of three isomorphy classes.

We now discuss the isomorphy classes of involutions which are inner automorphisms

of G. We borrow the same results from Section 2.8 concerning inner automorphisms of

G.

Lemma 2.9.18. Suppose 0 is an inner automorphism and involution of G and define
L (2.9.4).

.. 0 0)
x 0 ... 00
Lpz=|t + - (2.9.4)

z 0

There ezists Y € GL,, (k) such that 6 = Inny, where Y = cl,,_y; for somei=0,1,...,n
and cek* orY ~ Ln , for some p € k*[(k*)?.
.,
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The following list of lemmas allows us to determine which involutions are isomorphic

to each other.

Lemma 2.9.19.
1. Ii;~cly,_j; for some cek if and only ifc=1 andi=7 orc=-1 and j =n-1.
2. Forp,qek*[(k*)?, Lz, ~cLz, if and only if & e (k*)*.
3. Inn(Yy) =~ Inn(Y3) if and only if Yy ~ ¢Yy for some c € k.

4- Ln,l = ]nxn

Theorem 2.9.20. Suppose 0 is an involution of G which is an inner automorphism.
Then up to isomorphism, 0 = Inn(Y') where Y = I,,_;; € GL,(k) where i € {1,2,...,[ 5]}
orY =Lan, € GL, (k) where pek*[(k*)* p ¢ 1.

Corollary 2.9.21. The number of involutions of G which are inner automorphisms is

[k*[(k*)?) + % =1 if n is even and “5* if n is odd.

Example 2.9.22 (k = k). If k is algebraically closed, then there are | 5] isomorphy

classes of involutions of G which are inner automorphisms. These isomorphy classes are

n—1

represented by 6 = Inn(Y') where Y = I,,_;;, fori=1,2,... S ifnisevenori=1,2,..., %

if n is odd.

Example 2.9.23 (k =R). Assume k = R. If nis odd, then there are “;* isomorphy classes
of involutions of G which are inner automorphisms. These are represented by 6 = Inn(Y"),
where Y =1,,_;;, fori=1,2,..., "T_l If n is even, then there are § + 1 isomorphy classes.

These are represented by 6 = Inn(Y), where Y = L, y or Y =1,,;;, fori=1,2,...,%.

Example 2.9.24 ( F,,p #2). Assume k = F,,p # 2. If n is odd, then there are 2! iso-
morphy classes of involutions of G which are inner automorphisms. These are represented
by § = Inn(Y'), where YV = I,_;;, for i = 1,2,..., %% If n is even, then there are % +1
isomorphy classes. These are represented by 6 = Inn(Y’), where Y = L, n, or Y = I,,_;;,
fori=1,2,...,%

Example 2.9.25 (k=Q,,p #2). Assume k = Q,. If n is odd, then there are %5 isomor-
phy classes of involutions of G which are inner automorphisms. These are represented
by 6 =Inn(Y'), where Y = I,,_;;, for i =1,2,..., %% If n is even, there are % + 3 isomor-
phy classes. These are represented by 6 = Inn(Y'), where y = I,,_;;, for i = 1,2,..., 5% or

Y =L,,, for ae{p,N,,pN,}.
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Example 2.9.26 (k=Q). If k£ = Q, then there are infinitely many isomorphy classes of
involutions of GG. The isomorphy classes of involutions which are inner automorphisms
are represented by § = Inn(Y'), where Y = I,,_;; for i =1,2,...,%, or Y = L, , for a ¢ 1.
Similarly, there are an infinite number of isomorphy classes of involutions of G which are

outer automorphisms.

As far as the fixed-point groups of these involutions of SL,,(k), it turns out there very
few, if any in some cases, have k-anisotropic fixed-point groups. In [HWDO06] the cases
when k£ =R and k = Q, are considered.

When £ = R, the only involution with a compact fixed-point group is ¢, defined by
o(g) = (¢7)7! for all g € G. When k = Q,,p # 2, the following cases have k-anisotropic
fixed-point groups.

1. n=3: Inn(M;11,)¢ and IHH(Mg’Ll,pr)Qﬁ
2. n=4: Inn(My1,p)¢, if p=1 mod 4

3. n>4: none

2.10 Hj-conjugacy classes of tori in SLy(k)

The tori in SLy(k) play a role in the structure of its symmetric spaces. In [BH09, Nor13],
these tori are analyzed in detail. This section offers a summary of the key results used in
the results of this thesis.

Notation 2.10.1. In this section, let £ be a field of characteristic not two, G = SLQ(E),
G, the k-rational points of G, and # an involution of Gy. We continue with the same
definitions from Section 2.4. Let H be the fixed-point group of § and Qx = {g0(g)™" | g €
Gy} the symmetric space of Gy.

Lemma 2.10.2. In a symmetric space Q, all maximal 0-split tori are maximal k-split.

Example 2.10.3. Let G be defined over k£ = R and 6 the involution defined by 0(g) =
(¢g7)~! for all g € G. The symmetric space is the set of positive definite symmetric matrices,
Qr ={g9" | g € Gr}. The torus T of diagonal matrices is maximal in @). Additionally, all
elements in Tg (2.10.1) are (¢,R)-split.

ze R+} (2.10.1)
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Theorem 2.10.4. If Q. is k-split and consists of semisimple elements, then we have the

following.
1. All 0-split tori of G are k-split.
2. All mazimal 0-split tori in G are mazimal (0, k)-split.
3. For q € Qy, there exists a mazximal (0, k)-split torus of G containing q.

We will focus on the Hy-conjugacy class of tori in GYy.

2.10.1 (0, k)-split tori in G
The Hj-conjugacy classes of (6, k)-split tori of Gy are characterized in [BH09].

Notation 2.10.5. Let T be a maximal torus. In G, we may assume 7' is the diagonal

matrices because all maximal tori are conjugate. Let 6,, be the involution Inn(M), where

0 1
M = ( O) and m is the representative of the square class m € k*[(m*)?2.
m

Theorem 2.10.6. For Gy with the involution 0,,, let U = {g € k*[(k*)? | x3-m™1a2 = ¢!
has a solution in k}. The number of Hy-conjugacy class of (0, k)-split tori is |UJ{1,-m}|.

In the case that there is one Hi-conjugacy class, we may assume the (6, k)-split torus

is T'. If there is more than one Hy-conjugacy class, they can be determined as follows.

Theorem 2.10.7. Let U be defined as in Theorem 2.10.6. For y € U, there exists r,s € k

rosym-

1
such that r?> —m™ts? = y=1. Let g = ), then the representatives of the Hj-

s Ty
conjugacy classes of mazimal (0,k)-split tori in Gy are {T, =g 'Tg | yeU}.

Example 2.10.8 (k = k). For G}, defined over an algebraically closed field k, up to
isomorphy there is one involution, 6;. By Theorem 2.10.6, there is one H-conjugacy class
of (0, k)-split tori.

Example 2.10.9 (k = R). For Gy defined over k = R, up to isomorphy there are two

involutions, ¢y and 6_;. In either case, there is one Hg conjugacy class of (6, R)-split tori.

Example 2.10.10 (k = Q). For Gy defined over k = Q, there are an infinite number of
involutions. For each involution 6, there are an infinite number of Hg-conjugacy classes
of (0,Q)-split tori.
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Example 2.10.11 (k =F,,n # 2). For G, defined over k =, up to isomorphy there are
two involutions, ¢; and fy,. The number of Hp -conjugacy classes of (¢, [F,)-split tori is
given in Table 2.1. We consider the cases where p=1 mod 4 and p =3 mod 4 separately.
The major difference is ~1 € (F5)? if and only if p=1 mod 4.

Table 2.1:  Hp,-conjugacy classes of (6,F,)-split tori in G,

Involution D Hy -conj. classes
0, p=1 mod 4 2
0, p=3 mod 4 1
QNp D= 1 mod 4 1
On, p=3 mod 4 2

Example 2.10.12 (k = Q,, p # 2). For G}, defined over k = Q,, up to isomorphy there are
four involutions, 61, 6,, fy,, and 0,y,. The number of Hg, -conjugacy classes of (6,Q,)-
split tori is given in Table 2.2. For the same reason as when & = I, we consider the cases

where p=1 mod 4 and p =3 mod 4 separately.

Table 2.2:  Hg,-conjugacy classes of (6,Q,)-split tori in Gg,

Involution P Hg,-conj. classes
0, p=1 mod 4 4
0, p=3 mod4 2
0, - 1
HNp p= 1 mod 4 1
On, p=3 mod4 2
Opn, - 1

Example 2.10.13. From [Beu08] we have the following example of an instance when Gy

has more than once Hy-conjugacy class of (6, k)-split tori. Let G be defined over k = Q5

737515

01
and 0 = Inn(1 0) the involution of G. We will let N, = 3, then U = {1,%,% L} We
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know Tp, is a maximal (0, Qj)-split torus. For y € U, we must find k,l € Q5 such that

kKl
y~t = k% — 2. We then conjugate ¢t € T" with A; = - to get representatives of the
Y

Hg,-conjugacy classes. Solving y=t = k? — [2 for each y € U, we get the matrices A;, for

i=1,...,4(210.2).
4 L
, Ag=| B (2.10.2)
L5

10
Ay = A=
o))

Conjugating t € T' by A, fori=1...4, we get the Hg,-conjugacy classes of (6, Q5)-split
tOFi, T17 Tz, Tg, T4 (2103)-(7‘?)

7= (AgA ey = 4" °
0 z!

—
N
Wi wl—
SN—
b
w
Il
—_——

w
[SHIVCNGIN]

2

xe Qg} (2.10.3)

1 2
T2 = {Aﬂ';AEl | te T} - {(3(4x_2m—1) g(x—fiﬁ) )

3(z~1-z) 3(4z~l-z)

xe @g} (2.10.4)

L 6
T3 = {A3tA§1 | te T} — {(5(9x:461x—1) 5(93_11_x) )

5(z~1-z) 5(9z~1-4x)

o @g} (2.10.5)

1 4
Ty ={AstA" | teT} = {(15(16‘39&1) 15(3311_96) )

15(z~1-x) 15(16z~1-x)

T e Qg} (2.10.6)

2.10.2 #-split, k-anisotropic tori in G

The Hy-conjugacy classes of 0-split, k-anisotropic toral subalgebras of sly(k) are studied
in [Nor13]. We use these results and lift the toral subalgebras to the group level through
the exponential map to obtain the Hy-conjugacy classes of #-split, k-anisotropic tori in
G

Definition 2.10.14. On the algebra level, a toral subalgebra is an abelian, semisimple
subalgebra. A toral subalgebra a is 6-split if 6(a) = —a for all a € a. A toral subalgebra is

k-anisotropic if it can not be diagonalized over the base field k.

The maximal 6-split, k-anisotropic toral subalgebras in sly(k) take on two forms.
Using the terminology from [Norl3], we will refer to these forms as Type II and Type
III. Type I are the (6, k)-split toral subalgebras.
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For the involution 6, of sly(k) we have the toral subalgebras of Type II (2.10.7).

o)

For a € ay, we can lift to the group level using Exp(ta), for some parameter ¢ to get
the #-split, k-anisotropic Type II tori in Gy, (2.10.8).

)

Again, we are concerned with the Hi-conjugacy classes of the #-split, k-anisotropic

ze k;} (2.10.7)

remyt=1, z,y¢€ k} (2.10.8)

tori in Gj,.

Lemma 2.10.15. Let Gy, be defined over k with the involution 6,,. There is exactly one
Hy.-conjugacy class of maximal 0-split, k-anisotropic tori of Type I1I.

Example 2.10.16 (k = k). For G defined over an algebraically closed field k, there are
no H-conjugacy classes of 6-split, k-anisotropic Type II tori in G, because all tori can be

diagonalized over the base field.

Example 2.10.17 (k = R). For G}, defined over k = R, there are two isomorphy classes of
involutions, which can be represented by 6; and 6_;. In the Lie algebra sly(R), the toral

0 1 0 1
subalgebras of Type II are generated by ( Lo for ¢, and Lo for 6_;. When m =1,

the eigenvalues of the generator are +¢, hence the toral subalgebra is R-anisotropic There
is one Hg-conjugacy class of 6;-split, R-anisotropic Type II tori in Gg. When m = -1,
the eigenvalues of the generator are +1, hence the toral subalgebra is R-split and there

are no Hg-conjugacy class of 6_;-split, R-anisotropic Type II tori in Gg.

Example 2.10.18 (k = F,, p # 2). For Gj defined over k = F, with the involution 0,
the number of Hp -conjugacy classes of f-split, IF,-anisotropic tori of Type II are given

in Table 2.3.
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Table 2.3:  Hp, -conjugacy classes of f-split, F,-anisotropic Type II tori in G,

Involution P Hy -conj. classes
01 p=1 mod4 0
0, p=3 mod 4 1
On, p=1 mod4 1
On, p=3 mod4 0

Example 2.10.19 (k = Q,, p # 2). For Gy defined over k = Q, with the involution 0,

the number of Hg,-conjugacy classes of 0-split, Q,-anisotropic tori of Type II are given
in Table 2.4.

Table 2.4: Hg,-conjugacy classes of f-split, Q,-anisotropic Type II tori in G,

Involution D Hg,-conj. classes
0, p=1 mod 4 0
0, p=3 mod 4 3
0, - 3
On, p=1 mod4 3
On, p=3 mod 4 0
Opn, - 3

Example 2.10.20 (k = Q). For G}, defined over k = Q with the involution 0 = 6,,, —m ¢
(Q~)2, there is exactly one Hg-conjugacy class of #-split, Q-anisotropic Type II tori.

For the involution 6, of sly(k), we have the toral subalgebras of Type III (2.10.9).
ag = {( ’ yx) | v fixed s.t. 1—m~y? ¢ (k*)Q} (2.10.9)
-myr -x

For a € a3, we can lift to the group level using Exp(ta), for some parameter t to get
the #-split, k-anisotropic Type III tori in G}, (2.10.10).

Agz{($+y R ) ‘vﬁxed s.t. 1—m72¢(k*)2;$2—(1—m72)y2:1} (2.10.10)
-myy -y
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For Type III tori, this classification has not yet been completed, although [Norl3]

offers an upper bound when the exact number of Hj-conjugacy classes is not known.

Example 2.10.21 (k =Q). Let Gy be defined over k = Q with the involution 6,,. There
are an infinite number of conjugacy classes of maximal 6,,-split, Q-anisotropic Type III

tori.

Example 2.10.22 (k =T, or Q,, p #2). For G}, defined over k =TF, or k = Q,, [Norl3]
offers an upper bound for the Hy-conjugacy classes. For G, defined over k = I, there is
either one or two Hp -conjugacy classes of maximal #-split, IF)-anisotropic tori of Type
III. For Gy defined over k = Q,, there is at most 12 Hg,-conjugacy classes of maximal

0-split, Q,-anisotropic tori of Type III.
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Chapter 3
Generalizations to SLo(k)

We begin to generalize the Cartan and Iwasawa decompositions to the algebraic group

SLy(k), where k is an arbitrary field of characteristic not two and 6 is any involution.

3.1 Factors of the decomposition

Notation 3.1.1. Throughout this chapter, let G = SLy(k), where k is a field of character-
istic not two and k is the algebraic closure of k. We will denote the k-rational point of

G by Gg. In general, the k-rational points of a set A will be denoted A. Recall the iso-
0 1

morphy classes of GG from Section 2.8. Using the same notation, we let 6,, = Inn( 0),
m

for m € k*/(k*)2, be an involution of G.

We define the fixed-point group, symmetric and extended symmetric spaces with
respect to different involutions, thus we add the following notation. The H? is the fixed-
point group of 0, QY is the symmetric space with respect to #, and @6 is the extended

symmetric space with respect to 6.

For G}, with an arbitrary involution 6,,, we can determine the fixed-point group H%

(3.1.1), symmetric space Q% (3.1.2), and extended symmetric space Q% (3.1.3) of Gy.

mb a
6, a?-mb?  —=(ac-bd)
 \m(ac - bd) L2 4 2
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a,bek, a2—mbz=1} (3.1.1)

a,b,c,d ek, ad—bc=1} (3.1.2)




vl a b
L _{(—mb c)

Example 3.1.2. Consider G defined over k£ = R. The square classes of R are represented

a,b,cek, ac+mb® = 1} (3.1.3)

by {1,-1}. The fixed-point group of 6_; is the special orthogonal group SO(2) which is
compact, thus #_; is a Cartan involution of G. The symmetric space with respect to 6_;
is the set of positive-definite symmetric matrices, while the extended symmetric space is
the set of all symmetric matrices.

For the involution ; of G, the fixed-point group is the indefinite special orthogonal
group SO(1,1) (3.1.4). The symmetric space is Q% (3.1.5) and the extended symmetric
space is Q71 (3.1.6).

hz sinh
g =80(1,1) =4 T per (3.1.4)
sinhx coshx
282 —ac+bd
o[ WP b e dek, ad—be=1 (3.1.5)
ac—bd —c%+d?
ff{j:{(“" y) z,y, 2 €k, xz+y2=1} (3.1.6)

3.2 Generalizing the Cartan and Iwasawa decompo-
sitions

As previously discussed, the Cartan and Iwasawa decompositions are defined for real
semisimple Lie groups when paired with a Cartan involution. In general, for any field
k with an arbitrary involution 6, the set H/Q? is contained in, but not equal to, Gy.
In fact, even for G defined over £ = R with the non-Cartan involution 6;, the Cartan
decomposition fails, as shown in Example 2.3.9. When we switch to another field, such as
a finite field, it is also clear that the Cartan decomposition fails, even with the generalized
Cartan involution. In [BH09], we get the fixed-point group of H%» is k-anisotropic if and
only if m ¢ 1. In other words, 6, is a generalized Cartan involution if and only if m is

not a square in the field.

Example 3.2.1. Let GG be defined over k£ =F; and 0 = _; the involution of G. Because
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11 —
—1 ¢ (Fz)2, 0 serves as a Cartan involution. Let g = (0 1). If g e HY QY c HE QY , then

b —
there exists h~! = ( ¢ ) € Hf such that h™lge Qf (3.2.1).

-b a

a a+b
h™lg= 3.2.1
g (_b a_b) (3.2.1)

5b b
. For det(h™1) =562 = 1, it must be that 3 €
6b 5b

(F7*)2, which is not true. Hence, G, ¢ H§7@§; and therefore the Cartan decomposition

G, = H Q% does not hold.

For h~1g to be symmetric, h~! = (

To account for the missing elements, we introduce the unipotent subgroup U of G

consisting of upper triangular matrices with ones in the diagonal (3.2.2).

Al )

With the addition of the new subgroup, we have the following result.

aek} (3.2.2)

Theorem 3.2.2. For G defined over with the involution 0, fized-point group HY, extended

symmetric space @hé and unipotent subgroup U, Gy = Hg@:ﬂUk.

This decomposition simultaneously serves as a generalization of both the Cartan and
Iwasawa decompositions. It contains the fixed-point group and symmetric space similar to
the Cartan decomposition. Additionally, because the maximal k-split torus is contained
in @5 and we have a unipotent subgroup, it generalizes the Iwasawa decomposition. The
proof of Theorem 3.2.2 relies on the Bruhat decomposition of GG. Recall from Exam-
ple 2.5.4, the Bruhat decomposition of G. We establish the necessary results to prove
Theorem 3.2.2 here.

Theorem 3.2.3 (Bruhat Decomposition of SLa(k)). Let G be defined over k, B c G a
Borel subgroup, T a mazimal torus, and W(T) the Weyl group of G. Then we have the
Bruhat decomposition of Gy (3.2.3)

0 1
weW (T) -1 0
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Let the maximal torus 7" be the subgroup of diagonal matrices in G (3.2.4) and the
Borel subgroup B > T be the upper triangular matrices (3.2.5).

we{fe )
{2

For the Borel subgroup B, we can write B = T'U, where T is the k-split maximal torus

ae k} (3.2.4)

rxek* ye k} (3.2.5)

and U is the unipotent radical of B.

Lemma 3.2.4. Let G be defined over k with the involution 6 and T" a k-split maximal

torus. Then T is invariant under 6 and is mazximal (0, k)-split.

0
Proof. Let 6 = 0,, be the involution of G and t = ((g 1) € T. Then T is #-split and
o

0 1\[a O 0 m! al 0 »
T [ W I

]

0(t) €T (3.2.6).

Lemma 3.2.5. Let G be defined over k and 0 an involution of G. If Hf = {+1d}, then
k ~ ]F3

Proof. From [HW93], the fixed-point group of an involution is always reductive. Thus for
G, the fixed-point group is a torus. Since H ~ k*, if |[H| = 2, then k ~ Fs.
O

Remark 3.2.6. For G defined over k = F3, H™ = {+1d} only for m € (F$)2 = {1}.

Proof of Theorem 3.2.2. Let 6 = 6, be the involution of G .Because Hg,’\:i, and Uy
are contained in Gy, H!Q{Uy ¢ Gy is clear. We will show the reverse containment,
G c H,fQZUk, using an equivalent statement (3.2.7), replacing G}, with its Bruhat de-

composition.
0

BkUBk( )

1 —
0) By ¢ HIQIU;, (3.2.7)
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First, consider g € By. Then there exists u € U, such that u='g =t € T},. By Lemma
3.2.4, utg =t is f-split, hence u'g € QY. Therefore, g € QU c H!QIU,.

0 1
Second, consider g € Bk( . 0) By. Then for some a,b € k* and «,f € k, we can

o« 0 1\[(b P
g“(o a—l)(—l 0)(0 b—l) (3:2.8)

ma2-b2-maBab

If a+0, let u= (0 ma1“b2 ) Then gu € @2 (3.2.9) and therefore g € H,f@—iUk.

rewrite g (3.2.8).

_a?m=b® b
O(gu) = ( ”2;””‘" m“) = (gu)™ (3.2.9)
a —ab
T Y 1 mxaQ—xbj—myﬁb .
If a=0,let h= € H)~ {1d}, and u = mb%y . Then hgu € QY
my T 0 1
(3.2.10) and therefore g € HYQ}Uj.
_yb zb
Q(hgu) = _é a2m2y2—?nn;2x2+b2m2 = (th)_l (3.2.10)
a abmy

Now assume HY = {+Id}, then by Lemma 3.2.5 we may assume k = F3 and 6 = 6,. By
direct calculation of Gr,, we get that most of Gy, is already in Hf ,QY , or Ug,. We can

calculate the factorization directly of the remaining elements (3.2.11).

(HS LOF B 2 0 2 1 2 2 1 0
SLy(F3) (HFBUQFSUUF3)—{i(2 2),1(1 1),i ) 1),1(2 1)} (3.2.11)
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o3 ) )

Therefore, the decomposition Gy = H! é,’ﬂUk for an arbitrary involution 6 and any field

k of characteristic not 2.
O]

Remark 3.2.7. For a general field k and involution 0, Gy # H!QIU} and thus expanding
to the extended symmetric space is necessary. Further on, we give cases in which the

symmetric space will suffice.

For G defined over a field k& with the involution 6, we can consider the (Hf x Uy, )-orbits
on Gy, defined by (h,u) e g := hgu for h € H},u € Uy and g € Gy. From [HW93], we have

the following result which allows us to choose orbit representatives in Qg.
Proposition 3.2.8. Ifge¢ é;i, then there ezists u € Uy, such that ugd(u)=t e Ng(T).

Similarly, we can define the twisted Ug-orbits on @Z using the f-twisted action u*q :=
utqf(u) for u € Uy, and g € QF. We have QY ~ Gy/H{, thus the Uy-orbits of QY are in
bijective correspondence with the (Hf xUy,)-orbits of Gy, if and only if H QYU = HY QYU

Example 3.2.9. Let G be defined over £ = Q and # = 6_; the involution of G. For
convenience, we will use Q% = {g716(g) | g € Go}. Let the (HY x Ug)-orbits on Gg and
twisted Ug-orbits on Q) be as above. Consider the map from Ug * Qf to (H{ x Ug) ¢ G,
where ¢ = g710(g) (3.2.12).

Ug *q (HS x Ug) e g (3.2.12)

For q € Qf, assume there exists gi,go € Gg such that ¢ = ¢7'0(g1) = g5'0(g2). Then
g1 = hgs for some h € H& by the following implications (3.2.13).

91'0(91) = 92'0(92) = (192" = 195" = g195" € H (3.2.13)

The map is well-defined because it is independent of coset representative and surjec-

tive by definition of Q%. We may also reverse the map (3.2.14).

(HyxUg)e g~ g'0(g) (3.2.14)
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By Theorem 3.2.2, let g = hqu, where h € H(S,q € @g and u € Ug. Then (H(S xUg)eg
maps to Ug * qo, for some go = 72 € Q) (3.2.15).

(97'0(g9) = (hqu)'0(hqu) =u ¢ 'h '0(h)0(q)0(u) = u'q ' 0(q)0(u) =uxqo (3.2.15)

Over k = Q, this map is not surjective because not all elements of Q(% can be written
as ¢ 2 for some q € Q%. From Proposition 3.2.8, the Ug-orbits on Q% can always be
represented by an element from the normalizer in G of a #-stable, maximal Q-split torus
T, Ng(T). In this case, Ng(T) n Q% is the set of diagonal elements in Gg. Furthermore,

0
/\_1) € No(T) n QY cannot map to another element

1

A
the action of (H{ x Ug) on A = ( 01

pr 0 -
= e Ng(T)nQ2, if 1+ £\,
I (0 ull) c(T) n Qg if p
(H(%XUQ)OAZh)\UZ a b\[(M 0)[1l « _ a\;  aad +bA7! _[m 0
b aJ\0 A'J\O 1 -bA1 —bA\ja+al? 0 puit
(3.2.16)
Solving (3.2.16), we get h = £Id and u = Id. If we let ¢7! = (a: y) € C’Q?@, then
Yy oz

the only Ug-orbits on Q% which correspond to the (H(% x Ug)-orbits on Gg are the

x? +y? 0
ones whose representative in Ng(7') are of the form ¢y = Y . Let
0 (22 +y?)!

0 !
(H{ x Ug) ® g cannot be obtained as a Ug-orbit on Qf). Hence, Gg # H&@T%UQ.

A O
g = ( ! ) € Gg such that A; > 0 and A; is not the sum of two squares. Then

3.3 Results for GLy(k)

The results for GLy(k) are much simpler. Ensuring that the factors in Theorem 3.2.2
have a determinant of one makes the decomposition over SLy(k) more involved. Note
that the characterization of isomorphy classes of involutions of SLo(k) in [HW93] also

serves as a characterization over GLy(k).

Theorem 3.3.1. Let G = GLy(k) be defined over a field k of characteristic not two and
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6 an involution of G. Then Gy = HY QY.

b —
Proof. Let g = (a d) € Gy and 6 = 6, be an involution of G. Then hg € QY for h =
c

__m(a+d) 1
e | € HE (33.0).
m " Tbm+e

( c— ma(a+d) cd-mab .

hg — bm+c bm+c € 0 (331)
cd—mab md(a+d) k

_m( bm+c ) bm - bm+c

Hence, geH,féZ. Note that if bm + ¢ =0, then ge@z. O

Example 3.3.2 (k = R). Let G be defined over k£ = R. In this case, there are two
involutions, 6 = 6_; and 0 = #,. In both cases, we can simplify the decomposition to
Gr = HJQ%. For 6 = 6_;, Hf is compact, and therefore # is a Cartan involution and

the traditional Cartan decomposition holds. For 6 = 8;, we will show in section 4.1 that
Qp = Q%

Example 3.3.3 (k =F,,p # 2). Let G be defined over k = F,. In section 4.1, we will
show Qgp = Q(%p for any involution # of G. Thus, we can simply the decomposition to

Gr, = Hy Qf .

3.4 Results for fields of characteristic two

Dealing with fields of characteristic two presents a new challenge. In [Sch13], the isomor-
phy classes of involutions of SL,, (k) are classified for such fields. We use these results to
verify Theorem 3.2.2 for fields of characteristic two.

Note that in a field k with characteristic 2, we have x = —x for all x in k. The finite
field Fy = {0, 1} has characteristic two and is the smallest of the finite fields. While most
fields of characteristic two are isomorphic to [F, these are not the fields of characteristic

two. We will also consider algebraically closed fields. The algebraic closure of a finite field
is defined as IF_p = J Fpn.

neN
Notation 3.4.1. In this section, let G = SLy(k), k a field of characteristic two, and G}, the

k-rational points of G.

42



Theorem 3.4.2. Ifk is a finite field or algebraically closed, then there is one isomorphism

class of involutions of Gy.

Notation 3.4.3. For k = Fyr or k = k, we will represent this isomorphy class of involutions

11
by 0y = Inn(N), where N = (O a

Remark 3.4.4. The fixed-point group of 6, is the unipotent subgroup H% (3.4.1) and the
extended symmetric space of 6 is Q (3.4.2).

a b
H) =
=[x v
k Z T+z

Because the fixed-point group of 6y is unipotent, we will not need to include the

a? = 1} (3.4.1)

v+ az+yz= 1} (3.4.2)

unipotent subgroup U from Theorem 3.2.2.

Theorem 3.4.5. Let G be defined over an algebraically closed field or finite field k and
0 = 0y the involution of G. For the fized-point group HY, extended symmetric space 6272, and
Weyl group of the mazximal k-split torus W(T'), we can factor the group as a generalized
Cartan decomposition (3.4.3).

Gr= U HlwQ’ (3.4.3)
weW (T)
01 a b ) ] arcd
Proof. Let W(T) =141d, . For g = € G withce k*, let h = ¢ |eH!
10 c d 0 1
d 1+cd+d? __ — b
and ¢ = CZ ccl € QY, then g = hq € HYQY. For g = NE Gy, let h =

1 a?+ab 01\ ~ __ 0 1
R I H} and ¢ = “1e@Y, then g = hwg € HiwQ?, where w = .
0 1 a a 1 0

Theorem 3.4.6. If k is an infinite field which is not algebraically closed, then there is

an infinite number of isomorphy classes of involutions of Giy.

Notation 3.4.7. For an infinite field k such that k # k, we will represent the isomorphy
0 1

classes of involutions by 6, = Inn(M), where M = ( o
m
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Remark 3.4.8. We have the fixed-point group (3.4.4) and extended symmetric space
(3.4.5) of G defined over k with the involution 6,,.

b
m =1 a,bek, a®+mb =1 (3.4.4)
g mb a
@»é:{(a b) a,b,cek ac+mb2=1} (3.4.5)
k mb c ) Y i

Theorem 3.4.9. Let G be defined over a field k with characteristic 2 and 6 = 60, the
involution of G. For the fized-point group H?, extended symmetric space @5, and the

1 —_—
unipotent subgroup Uy, = {(O U11) | ue k}, then Gy, = HY QU

1 Tr+w O b
Proof. Let g = vy €eGg. If z+0, for u= * eUgand h = € HY, we
z 0 1 mb 0

w
have O(hgu) = (hgu)~! (3.4.6). Hence, hgu € @2 and g € H,f@;iUk-

bm(1+2x%) bx

bhgu) = ( mbx bz

) = (hgu)™! (3.4.6)

Y

1 ¥
If =0, the g = (ﬁ y1) € Gy. For u = (0 :{) € Uy, we have 0(gu) = (gu)~" (3.4.7).
-

0(gu) = (O 0) = (gu)™ (3.4.7)

Hence, gu € ’QE and g € HY EQEUk. The reverse containment is clear. O]
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Chapter 4
Structure of the Symmetric Spaces

To understand the symmetric and extended symmetric spaces of G, we will analyze the

relationship between them and then the semisimplicity of their elements.

4.1 Relationship between the symmetric and extend-

ed symmetric spaces

Notation 4.1.1. In this section, let G' = SLy(k) be defined over the field k, &k the algebraic

0 1
closure of k, and GG, the k-rational points of GG. Let 6,,, denote the involution Inn( O)’
m

for m € k*/(k*)2. Let QY = {g0(g)™" | g € Gy} be the symmetric space of G and @72 =
{g€Gr | 0(g) =g} the extended symmetric space of Gy.

As their names would suggest, there exists a strong relationship between the sym-

metric and extended symmetric spaces.

Lemma 4.1.2. For a group G with involution 0, the symmetric space is contained within

the extended symmetric space. i.e. Q7 c 679.

Proof. For g0(g)™ € Q}, 0(90(9)™") = (90(9)™")* (4.1.1).

0(96(9)7") =0(9)0%(9) " =0(g)g™" = (90(9)™")" (4.1.1)

Hence, gf(g)~" € QY.
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In general, this containment is proper and the symmetric and extended symmetric

spaces are not equivalent. We will determine the cases in which we get equality.

Example 4.1.3. Let G be defined over £ = R with the Cartan involution 6_;. The
symmetric space consists of the positive-definite symmetric matrices which is contained
in, but not equal to, the extended symmetric space which consists of all symmetric

matrices.
Theorem 4.1.4. Let G be defined over k = k and 0 = 0, the involution of G. Then the
extended symmetric space is equivalent to the symmetric space.

a

Proof. Let q = (

that g0(g)~' = ¢q. Depending on the value of ¢, choose g € G according to Table 4.1.

b —
) € QY. For ¢ to be in the symmetric space, we need g € G such
c

Choosing the appropriate g will yield gf(g)~! = ¢ € Q?. The reverse containment follows

from Lemma 4.1.2.

Table 4.1: g€ G such that ¢ = gf(g) e Q? for k =k

c b geG
R
c#+0 - (O \/E)
0 /—
c=0 b=1 (\/_—a _b\/—ﬁa)
C:0 b:—]. (1%0 ;_11)
2 2

O
Theorem 4.1.5. Let G be defined over k =R and 0 = 0, the involution of G. Then the

extended symmetric space is equivalent to the symmetric space.

b\  —
Proof. Let q = ab € Q%. As in the proof of Theorem 4.1.4, we need g € Gg such
c

that gf(g)~! = ¢q. Depending on the value of a, choose g € Gy according to Table 4.2.
Choosing the appropriate g will yield gf(g)~' = ¢ € Q?. The reverse containment follows

from Lemma 4.1.2.
]
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Table 4.2: g € Gg such that ¢ = g6(g)™' € Q for k=R

a b gEGR
0
a>0 - (_\/LE 1)

In [BHK*], the structure of the symmetric spaces of G) and GLy(k) defined over
k =T, are analyzed and they provide the following result.

Theorem 4.1.6. Let G be defined over k = Fy, with characteristic of k not 2, and 0 an

involution of G. The symmetric space is equivalent to the extended symmetric space.

4.2 Results for the p-adic fields

We want to determine the relationship between the symmetric and extended symmetric
space when G is defined over k = Q,, for some prime p # 2. Working over the p-adic fields
creates a number of challenges. First, there are four isomorphy classes of involutions
because [Q,/(Q%)?| = 4, namely Q,/(Q2)? = {1,p,N,,pN,}, where N, is the “smallest
non-square” in Q,. Second, the cases when p =1 mod and p = 3 mod 4 are handled
separately. This is because —1 is not a square in k = Q, if p =3 mod 4 but -1 is a square
if p=1 mod 4. For example, v/-1=21in k = Q5. When p =3 mod 4, we let N, =-1.

4.2.1 Hilbert’s Symbol

A useful tool when studying G over the p-adic fields is Hilbert’s symbol [Cas78|.

Definition 4.2.1. For a,b e Q,, Hilbert’s symbol is defined as

1 az?+ by? - 22 is isotropic
(a, b)p = )
1 otherwise
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Remark 4.2.2. The polynomial ax?+bx? - 22 is isotropic over Q,, if there exists non-trivial

(7,y,2) in Q} such that az? + bx? - 22 = 0.

Proposition 4.2.3 (Properties of the Hilbert Symbol). For all a,b,z,y € Q,, p # 2, we
have the following.

1. (a,b), = (b,a),

2. (a,0)p =1 if a e (Q;)?
3. (a,-a), =1

4. (az?,by?), = (a,b),

5. For a=ap™,b=bp™, with a; and by units, (a,b), = (=1|p)"™(a1|p)™(b1|p)", where
(alp) is the Legendre symbol.

Definition 4.2.4. The Legendre symbol (a|p) =1 if a is a square in F, and (a|p) = -1 if

a is not a square in I,

b
We first consider G defined over £ = QQ, with the involution ¢ = ¢,. For ¢ = ( ab ) €
-b ¢

%p, we must show there exists g € G, such that ¢ = gf(g)~*. To find such g € Gg,, we

solve for z,y, z,w € Q, such that the following equations hold simultaneously.

rw-yz=1 (4.2.1)
?-22=a (4.2.2)
w?-2%=c (4.2.3)
yw—-xz="b (4.2.4)

Using Hilbert’s symbol, we obtain solutions to (4.2.2) and (4.2.3) in Q,. The Hilbert
symbol shows that (4.2.2) has a solution because the equivalent equation (4.2.5) below

is isotropic over k = Q,.

1 1
P2 a0 5$2+(_5) 2_,2 (4.2.5)
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By Proposition 4.2.3, (1, -1), = 1. Therefore (4.2.5) has a non-trivial solution (z, z,y)
in Q2. We then scale our solution such that y = 1. Similar calculations show (4.2.4) has
a solution.

For a simultaneous solution to (4.2.1)-(4.2.4), let

-b+aw

T8

7y:a7zz/8

where

b+ 2 _
oo WOEVVIC o e
Cc

We must verify there exists 5 € Q,, for all ¢ € Q, such that 52 = w?-c. Using the Hilbert
symbol, this equation corresponds to (1,-1), = 1 and therefore 5 € Q, exists. Depending
on the value of ¢, choose g € G, according to Table 4.3. Choosing the appropriate g will
yield gO(g)' =q € Q%p. Because the reverse containment is clear by Lemma 4.1.2, we

have the following result.

Table 4.3: g € Gg, such that ¢ = gf(g)~' € Q%p for k=Q,

& b g€ GQP
“betrw?brwvw?-c  wbtVw2—c
c#+0 - evw?=c c
w? —c w
L1
— — 2 2
c=0] b=l ( 1 _1)
c=0|b=-1 (j _1;)
2 2

Theorem 4.2.5. Let G be defined over k = Q, with p # 2, and 0 = 6, the involution of

G. The extended symmetric space is equivalent to the symmetric space.

We can show by example that for the involution 6,,, m ¢ (Q;)?, the symmetric and

extended symmetric spaces are not equivalent.

Example 4.2.6. Let p = 3 and consider the involution # = #5. The extended symmetric
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space is @é; (4.2.6).

__ b
Q(9@3 ) {(—Zb c)

a,b,ce Qs and ac+ 3b* = 1} (4.2.6)

19 —
Let g = ((3) 3) € Q?@g' Then g = gf(g)~! and det(g) = 1 implies ¢ is g; or g, where
a=V3E2-9 (4.2.7).

3o 1q +lg
-3 : o 4.9.7
n (0 \/5) 92 (ia d ( )

Because 3 ¢ (Q%)2, g1 ¢ Gg,. For g2, a = V3d*> -9 =/3Vd?-3 € Q; if only if d? -3 = 3,
which implies d = /6. Because 6 is in the square class pN, = =3 and is not a square,
d ¢ Q3. Thus there is no g € Gg, such that ¢ = g8(g)~! and the symmetric space and

extended symmetric space are not equivalent for the involution = 6, when p =3 mod 4.

We will do the same calculations for the other cases. For each, we will get two options

for g, and for similar reasons, neither g will be in Gg, .

Example 4.2.7. Let p =5 and consider the involution 6 = 6;. The extended symmetric

space is @Te@; (4.2.8).
— a b
Vo, - {(—51) c)

1 —
Let ¢ = (8 2) € Q%S. For g such that ¢ = gf8(g)~' and det(g) = 1, g must be of the

a,b,ce€Q, andac + 5b* = 1} (4.2.8)

form g, or go, where a = V/5d? - 10 (4.2.9).

%\/5 0 ~ %d iliooz
g1 = ( 0 \/i)’ 92 = ( ) (4.2.9)

Using calculations similar to Example 4.2.6, we see that ¢; and g, are not in Gg,. There-

fore, @—%; is not contained in Q%S when 6 =60, and p=1 mod 4.

Example 4.2.8. Let p = 3 and consider the involution 6 = 0. Because p=3 mod 4, we
Muse 6=6.,. Lot g=|7 ° e’ . T h that ¢ = g8(g)" and det(g) = 1 t
will use 0 =60_4. Let ¢ = 0 3 0, For g such that ¢ = gf(g)~"' and det(g) = 1, g mus
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be of the form ¢; or go, where oo = v/-d? + 3 (4.2.10).

1/3 0 1 +iq
=13 : oy 3 4.2.10
o ( 0 \/§) 92 (ia d ) ( )

We can show ¢g; and g, are not defined over Q5 using the same method as in Example
4.2.6. Therefore, Qf’@g is not contained in Q%g when 6 =0y, and p=3 mod 4.

Example 4.2.9. Let p = 5 and consider the involution 6 = fy,. Choose N, = 2, then
19 —

0 =0, Let g = (8 - € Q%S. For g such that ¢ = gf8(g)~! and det(g) = 1, g must be of

the form g, or go, where av = v/2d? - 10 (4.2.11).

1/5 0 14 1
g1 = Vo o= |00 T (4.2.11)
0 V5 +0 d

Again, both ¢; and g9 are not defined over Q5. Hence, 62%; is not contained in Q& if
p=1 mod4 and 0 =0y,.

Example 4.2.10. Let p = 3 and consider the involution 6 = ,y,. Then pN, = -3, so the
1

0y —
involution is 6 = 6_3. Let g = ( 03 3) € Q%S. For g such that ¢ = gf(g)~! and det(g) =1,

g must be of the form g; or go, where a = /-3d? +9 (4.2.12).

-iV/=3 0 -1d +la
(-3 R s L 4.2.12

Again, g is not defined over Q3. Therefore @g; is not contained in Q%S for 6 = 0,n, and

p=3 mod 4.

Example 4.2.11. Let p = 5 and consider the involution 0 = 0,y,. Let N, = 2, then 0 = 6y.
Let g = ((%) g) For g such that ¢ = g6(¢)~' and det(g) = 1, g must be of the form g; or
go where a =/10d? - 20 (4.2.13).

%\/5 0 ~ %d iziooz
91:( . \/i) 92_( ) (4.2.13)
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Clearly g; is not defined over Q5 by definition of N,. For g, we need to consider when
o is in Q5. Because o = v10d? - 20 = /5v/2d? — 4, o will be in Qj if 2d? — 4 = 5. Solving
for d we get d = %\/5 which is not defined over Q5. Therefore, there is no g € G, such
that ¢ = gf(g)~! and @g; is not contained in Q& when 6 =0,y and p=1 mod 4.

These examples serve to show that for G defined over £ = Q, with the involution 6,,,

@g; = Q%p only when m e 1.

Theorem 4.2.12 (Strong Hasse Principle). Let f be a regular quadratic form over Q.
Then f is isotropic over Q if and only if f is isotropic over Q, for all p, including p = oo.

By Theorem 4.1.5, equations (4.2.1)-(4.2.4) have a simultaneous solution over k =
R = Qo Applying Theorem 4.2.12 to Theorems 4.1.5 and 4.2.5, equations (4.2.1)-(4.2.4)

must also have a solution over k = Q, yielding the following result.

Theorem 4.2.13. Let G be defined over k =Q and 6 = 0, the involution of G. Then the

extended symmetric space is equivalent to the symmetric space.

Corollary 4.2.14. For G defined over k and 6 = 6, the involution of G, the extended
symmetric space and symmetric space are equivalent over the following fields of charac-

teristic not two.

1. k algebraically closed

2. k=R
3. k=F,
4 k=Q,
5. k=Q

Corollary 4.2.15. For G defined over a field listed in Corollary 4.2.14 with the involution
0 =01, or G defined over k = F, with any involution 0, the decomposition in Theorem

8.2.2 can be simplified to Gy, = H}QUj.
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4.2.2 Semisimplicity of the symmetric and extended symmetric

spaces

We will determine when the symmetric and similarly the extended symmetric spaces con-
sist of semisimple elements. From [HW93] and [BH09], respectively, we have the following

results.

Theorem 4.2.16. Let k be a field with characteristic zero. If HY is k-anisotropic, then

the symmetric space consists of semisimple elements.

Theorem 4.2.17. Let G be defined over a field k and 0 = 0, the involution of G. The
fized-point group of 0,, is k-anisotropic if and only if m ¢ 1.

Combining the previous two results, we have the following corollary.

Corollary 4.2.18. Let G be defined over a field k with characteristic zero and 6 = 6,

the involution of G. If m ¢ 1 then the symmetric space consists of semisimple elements.

Example 4.2.19. For G defined over a field k£ with the involution 6,,,, the corresponding

symmetric space consists of semisimple elements in the following cases.
1. k=R and m=-1
2. k=Q, and m =p, N,, or pN,
3. k=Qand m¢1

Remark 4.2.20. To complete Theorem 4.2.16 and Corollary 4.2.18 for fields of charac-
teristic not 2, we need to determine if the symmetric space contains only semisimple

elements for the involution 6,,, when m # 1, over fields with prime characteristic p.

Theorem 4.2.21. Let G be defined over a field k and 6 = 0, the involution of G. If

m ¢ 1, then the extended symmetric space consists of semisimple elements.

a —_—
Proof. Let q = ) € QY. To determine if ¢ is semisimple, we analyze its eigenvalues
-mb ¢

(4.2.14). If q has two distinct eigenvalues, then ¢ is semisimple. The cases of concern are

when ¢ has one eigenvalue with multiplicity 2.

1
eigenvalues of ¢ = {5 (a +exVe2-2ac+a? - 4mb2)} (4.2.14)
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Because det(q) = 1, (a+c¢)? =4 is a necessary and sufficient condition for ¢ to have one

eigenvalue. This implies, ¢ has one eigenvalue if and only if a + ¢ = 2.

a b
Assume a +c¢ =2, then g = and det(q) = 1 implies y = +Z=. By assump-

a=\_ 2_@) (9) plies y = + 32 By P

tion, /m ¢ k, which implies a = 1 and b =0, i.e. ¢ = Id. If you assume a + ¢ = -2, similar
calculations yield ¢ = —Id. Hence, ¢ has two distinct eigenvalues and is diagonalizable or

q = £ Id which is already diagonal. O

Corollary 4.2.22. Let G be defined over k and 6 = 0,, the involution of G. If m ¢ 1,

then the symmetric space consists of semisimple elements.

Proof. By Lemma 4.1.2 and Theorem 4.2.21, the elements of the symmetric space must

be semisimple. O

Remark 4.2.23. While combining Theorems 4.2.16 and 4.2.17 proves this result for fields
with characteristic zero, our result and proof holds for any field with characteristic not
2.

As shown in the following examples, if m € 1 then the symmetric space, and hence

extended symmetric space, contain unipotent elements.

Example 4.2.24. Let GG be defined over k£ = R and consider the involution # = 6. For

3 -1 2 1 11
=2 2|eGgr,q=4g0(g)" = € Q%. The Jordan form of ¢ is J = :
9=\" R, ¢ = 90(9) (_1 0) Qr q (0 )

which cannot be diagonalized and therefore ¢ is not semisimple. Hence, not all elements

of the symmetric space or extended symmetric space are semisimple.

Example 4.2.25. Let GG be defined over k = F; and consider the involution 8 = 6;. For

1 2 4 3 11
= €Gr,, q=g0(g)" = € Q% . The Jordan form of ¢ is J = hich
g (5 4) Frs ¢ = 99(9) (4 5) o, q 0 1"

cannot be diagonalized and therefore ¢ is not semisimple. Hence not elements of the

symmetric space (which is equivalent to the extended symmetric space) are semisimple.

Lemma 4.2.26. Let G be defined over a field k and 0 = 01 the involution of G. There

exists elements in the symmetric space which are not semisimple.

Proof. We will construct an element in the symmetric space with a unipotent factor. Let

2 1
g= e T Gy for some x € k~ {~1}. Then ¢ = gf(g)~! € Q° has a Jordan
—(z+1) -z
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decomposition with a unipotent factor (4.2.15), thus ¢ is not semisimple.

o[ 3+2 2+2x \ 11
1=90(9) _(—(2+2x) —(2x+1))_5 (0 1)S (4.2.15)

]

Corollary 4.2.27. Let G be defined over k and 6 = 6, the involution of G. There exists

elements in the extended symmetric space which are not semisimple.
Proof. This follows from Lemmas 4.1.2 and 4.2.26. [

Corollary 4.2.28. Let G be defined over k and 6 = 0,,, the involution of G. The symmetric

space and extended symmetric space consist of semisimple elements if and only if m ¢ 1.

Lemma 4.2.29. Let G be defined over k, 6 an involution of G, and A a (0,k)-split
torus of G. Then the image of Ay under conjugation by HY is contained in the extended

symmetric space.

Proof. Let a€ Ay and he H?. Then hah™' € Q9 (4.2.16).

0(hah™) = 0(h)0(a)0(h™) = ha 'h™' = (hah™) ™ (4.2.16)
0

Theorem 4.2.30. Let G be defined over k and 6 = 0,, the involution of G. If m ¢ 1 then
the extended symmetric space decomposes as the disjoint union of the HY-orbits of the
mazimal k-split tori {A; | iel} (4.2.17).

Qf = Hy - (A (4.2.17)

iel
Proof. Let 0 = 0, with m ¢ 1. By Lemma 4.2.16, Hy, - (4;)x c C’sz for all {A; | iel}. For
q € QZ, q is #-split and semisimple by Corollary 4.2.28. Thus ¢ must be contained in the
HY-conjugacy class of some k-split torus (4;),. O

Corollary 4.2.31. Let G be defined over k and 6 = 0,, the involution of G. If m ¢ 1,

then Gy decomposes as Gy = |2 Hp (A;), HLUy., where {A; | i € I} are the HY-conjugacy
i€l

classes of maximal k-split tori.
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Notation 4.2.32. Let (Q?)** and (@5)55 denote the subset of semisimple elements in the

symmetric space and extended symmetric space, respectively.

Lemma 4.2.33. Let G be defined over k and 6 = 0y the involution of G. Then Gy
decomposes as Gy = H)(QY)**Uy,.

Proof. By Theorem 3.2.2, it suffices to show @7‘; N @288 € H,f(@vz)“Uk. Using the con-

- 1 - ——S8S
struction of ¢ as in Theorem 4.2.21, let ¢ = . v ;7 e Q' Q! x # 1. Take
—x 92—
a b 1 2b(—ax—bx+b)
h= (b ) e H)~ {+1d} and u = (0 2b2m7{’2+x2 ) € U,. For u to be defined, choose a,b
a

such that z # —b% + ba. Then 0(hqu) = (hqu)~! (4.2.18), hence hqu € Q°.

2a2bx?—2abz2—2a>bx+ab?z—ax-b3z+ba3 +2ax2+b3 —bx?

— 2b2z-b?+a?
H(hgu) h ( _ 2a2bz?—2ab*z?+3ab’x—az’ b3 z+bad —ab®+ax? —2bx>
2b2z—b%+22

—-ax +bxr +a

) = (hqu)™" (4.2.18)

ar —bx+b

Furthermore, the Jordan decomposition of hqu is hqu = S~1JS (4.2.19). Therefore
hqu is semisimple.
_( fAilabx) 0
J = ( 1 0 f2(a,b,x)) (4219)

O
We can now simplify our main result, Theorem 3.2.2.

Corollary 4.2.34. Let G be defined over k and 6 = 6, an involution of G. Then Gy
decomposes as Gy = H}(Q9)*3U,.

Proof. If m =1, use Lemma 4.2.33. If m # 1, then @72 = (@2)55. O
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Chapter 5

Refining the Decomposition

—_——

5.1 Pairwise intersections of H g, 2, and U

We will begin refining the decomposition by determining the pairwise intersections of the
fixed-point group, the extended symmetric space, and the unipotent subgroup. Doing so

will allow us to determine when we can simplify the decomposition Gy, = HY @Uk.

Notation 5.1.1. In this chapter, let G = SLQ(E), G, the k-rational points of G, and 0 = 0,,
the involution of G. Let H? be the fixed-point group, @; the extended symmetric space,
and U the unipotent subgroup of upper triangular matrices with ones on the diagonal.
Let Id denote the 2 x 2 identity matrix.

Proposition 5.1.2.
0730 12
H.Q(\Uy = “
N0

ar—mby  ay+bz

aek”, bek, aQ—mb2:1}

m(bx —ay) mby+az
Then X e Uy, implies there exists u € Uy such that X =u (5.1.1).

ar—-mby  ay+bz _ 1 « (5.1.1)
m(bx —ay) mby+az 0 1

Solving (5.1.1), we obtain a = 2 O

a

Proof. Let X = ( ) € H,f@vz for some a? —mb? =1 and zz +my? = 1.
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Example 5.1.3. For GG defined over k = F3 with an arbitrary involution 6, we have
Hg:i@&%; NUr, = {£1d}. The only solutions when m = 1 which give us a? - b? = 1 are
{a =+1,b=0}. The only solutions when m = 2 which give us a?+b*> =1 and {a = +1,b =0}
and {a=0,b=+1}.

Example 5.1.4. For GG defined over k£ = 5 with the involution 6 = 6;, we have the

intersection H§5@EHUF5 = {xId}. For the same group with the involution 6 = 65, we
— 1 2
have the intersection HY Q% MU, = {:I: Id, + (O 1)} .

Example 5.1.5. For G defined over k = F; with the involution # = 0, we have the

— 1 +3
intersection H§7 QI&M NUr, = {Id, (O ) )} For the same group with the other involution,

o 1«1
0 = 03, we have the intersection HJEQ7QI?«‘7 NUs, = {Id, (0 il )}

Example 5.1.6. For GG defined over k£ = R with an arbitrary involution @, the intersection
HY Q% NUg is infinite.

Remark 5.1.7. The order of Proposition 5.1.2 is equivalent to the order of H,f minus the

elements of Hf with zeroes on the diagonal (5.1.2).

b=+

|%@ﬂ%ﬂﬁhww*

Vi_m}‘ (5.1.2)

Proposition 5.1.8.
H{ Q= U, HY = U, Q = +1d

Proof. This is clear by the definitions of HY, AZ, and Uy.

Proposition 5.1.9.

— b
H{ QLU = {(;jb )

T ar +y

ack” bek, aQ—mb2=1}

-my -mya+z
there exists h € HY such that X = h (5.1.3).

Proof. Let X = ( ) € @Uk, for some zz +my? = 1. Then X € H? implies
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x ar + vy a b
= (5.1.3)
-my —-mya+z mb a

Solving (5.1.3), we obtain x = a, y = -b and a = 2

]

Remark 5.1.10. The size of Proposition 5.1.9 is the order of H/ minus the elements in
H} with zeroes on the diagonal (5.1.4). Furthermore, the size of Proposition 5.1.9 is

equivalent to the size of Proposition 5.1.2.

N\ QLUW)| = [HIQE UL = || - Hb e

- ij_m}‘ (5.1.4)

This intersection is almost equivalent to H ,f.

-~ 0 b
Hg\(HngzUk):{( )‘ bek, —m62:1}
mb 0

Lemma 5.1.11. Let G be defined over k and 0 = 0,,, the involution of G. The fixed-point
group of by, is contained in QIUy, if and only if —m ¢ 1.

Proof. This proof follows from a chain of equivalent statements.

chzjéUk ~
0 0o 0 b 2
H!~ (HIOQUUy) = |bek, -mb*=1}=0 <
mb 0
b=+ ! ¢k

o
[

Example 5.1.12. When H} c @Uk, we do not necessarily have Gy = @Uk. Let G
be defined over £ = R and 6 = 6, the involution of G. By Lemma 5.1.11, Hg c Q%UR.

0
Consider ¢g = (

O W=

— 1
) € G, then gu ¢ Q% for any u = (O Cf) € Ur (5.1.5). Therefore

0(gu) - (‘20‘ ‘02) y (zo‘ ‘05) - (gu)"” (5.1.5)

1
2

Gr # @\%UR
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5.1.1 Generalization of the Iwasawa decomposition

The following results lead to a simplified generalization of the Iwasawa decomposition

for certain involutions and fields.

Proposition 5.1.13.

o)

-my =z

rek®, y,zek, xz+my2:1}

a aa+b

Proof. Let X = ( ) € HYUy, for some a?—mb? = 1. Then X ¢ @2 implies there

mb mba +a
exists ¢ € @72 such that X =¢ (5.1.6).

a aa+b x oy
= (5.1.6)
mb mba +a -my =z
2y

T

Solving (5.1.6), we obtain a =z, b= -y, and « =
L]

Remark 5.1.14. Similar to Remark 5.1.10, Proposition 5.1.13 is almost equivalent to the

extended symmetric space (5.1.7).

@Z\(Hg(]kﬂ@):{(—iy Z)| y ek, myzzl} (5.1.7)

Lemma 5.1.15. Let G be defined over k and 6 = 6, the involution of G. Then the

extended symmetric space is contained in HYUy if and only if m ¢ 1.

Proof. This proof follows from a chain of equivalent statements.

QZcHgUk <=
—~ —~ 0
ng(HgUkﬂQZ):{( y)‘yek, my2=1}=® <
-my z
y=ii¢k

Jm
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Theorem 5.1.16. Let G be defined over k and 6 = 0,, the involution of G. If m ¢ 1, then
Gy = HYU,.

Proof. Let g € Gy and 6 = 0, the involution of G with m ¢ 1. By Theorem 3.2.2 write
g = hqu for some h e HY q e Q} and u € Uy. By Lemma 5.1.15, write ¢ = hyu; for some

hi € H? and u; € Uy. Thus, g = hhyuyu € HlU,. The reverse containment in clear. O

Theorem 5.1.17. Let G be defined over k and 6 = 61 the involution of G. Then Gy, =
U HYwU,,, where W(T) is the Weyl group of a mazimal k-split torus T.
weW (T)

Proof. Let W(T') = {Id,( 01

1 —
O)} and g € Gy. If g € HIU,NQY, then g € HU,. If
gt HgUkﬂ@z, write g = hqu as in Theorem 3.2.2, where ¢ € @Z\(HgUkﬂ@é). By Remark

0 1 1 -
5.1.14, let ¢ = ( ) without loss of generality and u; = (0 12), then g € HlwUj, for

-1 =z

0 1
w=( 1 O)eW(T) (5.1.8).

0 1 0 1
=hqu=nh e HY U, 5.1.8
g = hqu (_1 O)UW k(_l 0) K (5.1.8)

]

Remark 5.1.18. Recall that 6, is a generalized Cartan involution if and only if m ¢ 1
by Theorem 4.2.17. Therefore, this generalization of the Iwasawa decomposition aligns

nicely with the traditional version.

—_——

5.2 Commutativity of H]f, Z’ and Uy

We will discuss whether or not the order of the factors in Gy = H,f@,éUk effect the

decomposition.
Lemma 5.2.1. Let G be defined over k and 6 an involution of G. Then H}g@z = @H{j.

Proof. Let g € @Hﬁ, then g = g1hy for some ¢; € @2 and hq € H,f. Using Lemma 4.2.16,
ge HIQY (5.2.1).
9= qh1 = hi(hi'q1hy) € HLQY, (5.2.1)
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Similarly, let g = hyq € H,f@,é, then g € @ZH,? (5.2.2).

g=hig = (higihi")hy € QVZH}Z (5.2.2)

Remark 5.2.2. In general, UyH} # H{ U, and Uk@‘i # @Uk_

Example 5.2.3. Let G be defined over £ = R with the involution ¢ = 6#,. For h =

J1I0 3 11 JI0 V10+3
€ H9 and u = € U, hu = € HOUg. If hu € UgHY,
( 3 /10 R 0o 1] ¢ 3 /10+3 RVE EUR

then there exists a,b, a € R such that a? - b% =1 and (5.2.3) has a solution.

v10 10+ 3 b b
hu = " = avra aaw =u1h1 (523)
3 Vv10+3 b a

This implies b =3 and a =+/10 + 3, but then a? + b # 1, hence there is no solution.

Example 5.2.4. Let G be defined over k = R with the involution § = 6;. For

O D=

2 o
) e

—_

1 -3 AN —~ 1
and u = (O ) ) € U, qu = ( 22 8) € Q4 Ug. If qu € UrQ%, then there exists u; = (0 (f)

L_9q 1
urqu = | 2 2
14 ( _9 0

—_—

Clearly, no matter the choice of a, uiqu ¢ Q.

such that u;qu € @%.

Lemma 5.2.5. Let G be defined over k and 0 an involution of G, then Gy = UkH,f(:sz.
and Gy = QU HY.

The proof of Lemma 5.2.5 follows the same technique as the proof of Theorem 3.2.2,
using the Bruhat decomposition. One can construct uy,us € Uy and hq, hy € H ,f such that
hiuig € QZ and ghous € QZ-

Corollary 5.2.6. Let G be defined over k and 6 an involution of G. The following

decompositions of Gy, are equivalent.

1. Gy = HQIU,
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2. Gy = HOULQY
3. Gy = QU HU,
4. Gp=QUULH!
5. Gy =UHIQ?
6. Gy = UpQP H?

This corollary combines Lemmas 5.2.1, 5.2.5, and Theorem 3.2.2.
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Chapter 6

Components of the Extended

Symmetric Space

We want to characterize the connected components of the extended symmetric space for
G = SLy(k) defined over an arbitrary field with any involution. Let Q° and Q° be the
extended symmetric and symmetric spaces of G with respect to the involution #. We
will do this in several steps. First, we will determine Ay N Q% in order to find the coset
representatives of Ay/(Ax N QY). Here, A is a maximal (6, k)-split torus. For a review of

the tori in SLy(k), see Section 2.10. Second, we will determine if (-)a;Qf = Ag, where
iel

Ap/(AxnQY) = {a; | i € I'}, in which case we can determine Q9/Q%. By abuse of notation,

QY/Q% will represent the set {a; | i € I}.

6.1 Extended symmetric space and (0, k)-split tori

Notation 6.1.1. In this section, let Gy = SLy(k) be defined over a field k with char(k) # 2.

0 —
Let 6,,, denote the involution of GG isomorphic to Inn ol Q? the extended symmetric
m

space (6.1.1), and QY the symmetric space of G (6.1.2). Let A be the maximal (6, k)-split

torus of diagonal matrices in G.

(B

x,y,z €k, xz+my2:1} (6.1.1)
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QL ={90(9)" | g€ Gy} (6.1.2)

Example 6.1.2. Let G = SLy(R) and 6 the Cartan involution of 6 defined by 0(g) =
(g7)~! for all g € G. The extended symmetric space has two connected components.
First is the connected component containing the identity, (6?2\%)0 = %, which is the set
of positive definite-symmetric matrices. The other connected component is the set of
matrices with two negative eigenvalues. Note that no matrices in G can have one positive

and one negative eigenvalue because det(g) =1 for all g € G.
Lemma 6.1.3. If Q% = Q?, then Ay/(A,n Q%) = {1d}.
Proof. Because A is a 0-split torus, Ay c 62% = QY. Hence A, n QY = Ay. O
Lemma 6.1.4. (-1d)Q¢ c @2
Proof. Let —g0(g)~" € (~1d)Q%. Then 0(-g6(g)~") = (-g8(g)~*)! (6.1.3).
0(=90(9)™) =-0(9)g™" = —(90(g)™" (6.1.3)

Hence, —g0(g)~" € QY. O

6.1.1 £=R

Let GG be defined over k£ = R. With the involution 6 = 6, the extended symmetric and
symmetric spaces are equivalent, hence Ar/(Ar N Q%) = {Id}.

For the involution 6 = #_;, we know the extended symmetric and symmetric spaces
0

are not equivalent. For a = .

xz

0
then a = g(g)~' € Q4 for g = (\{]E ) )

)EAR,WehaveaeQ?Rifandonlyifx>0. If z >0,

NG
The diagonal elements of matrices in Q% are sums of squares. Hence, if x < 0, then
a¢ Q% For —1d € Ag and a € Ag such that a ¢ Q%, we have (-Id)a € QY. Therefore,

Ar/(Ar n Q%) = {+1d} and we have the following result.

Theorem 6.1.5. Let G be defined over k =R with the involution 6 =60_1, then @%/QR =
{£1d}. Furthermore, Q% = Q% J(-1d)Q%.
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— 1y
Proof. Let q¢ (93 y) € QY. If 2> 0, then ¢ = g6(g)™"' € QY for g = (\62 \7_) eGr. If 2<
Yy z

z
1 Y

0, then (-1Id)g = gf(g) € QY for g=| V> V=2 | € Gg. Note that z = 0 is not an option
0 -z

because det(q) = -y? = 1 does not have a solution in R. Thus, Q% c (Q% u (-1d)Q%)

and the reverse containment is clear from Lemmas 4.1.2 and 6.1.4. The union is disjoint

because for X € Q% n (-1d)Q%, X =0 (6.1.4).

X:( a2 + b? mq+h%):({ﬂ@+@) —wwwhﬂﬂ) (6.1.4)

aic1 + bldl C% + d% a9Cy + bgdg) —(Cg + d%)

O

6.1.2 k=T,

Let G be defined over k = IF,,. For all involutions 6, the extended symmetric and symmetric
spaces are equivalent, hence A, /(Ar, N Q%q) = {Id} and ng / Q%q = {Id}.

6.1.3 k=Q,

Let G be defined over k = Q,. We break this example up into several cases. First, for
each of the four involutions of G and when necessary, for p=1 mod 4 and p =3 mod 4.
Case 1: For the involution 6 = 6, the extended symmetric and symmetric spaces are
equivalent, hence Ag,/(Ag, N Qg ) = {Id} and @—%;/Q%p = {Id}.
Case 2: Let p =3 mod 4 and consider the involution ¢,. Because —1 ¢ (Q5)?, we let

0 dx [ Lz
N,=-1.Fora-= (g ) eAQp,wehavea:gH(g)*leQap for g = L

1 g¢ﬁﬁ? p
x p

We must determine when there exists w, d € Q) such that xd*-2w? = 1. This is equivalent
to determining the Hilbert’s symbol (z,-2), (Table 6.1).

Thus, aeQ%p for z €1 or x e =p. If v €p, then —x € p and if v € -1, then —x € 1.
Therefore if a ¢ Q%p, then (—Id)a € Q%P and Ag,/(Ag, N Q%p) ={z1d}.

Theorem 6.1.6. Let G be defined over k=Q,, p=3 mod 4, with the involution 0 = 0,,
then Q%p/@%p = {£1d}. Furthermore, Q%p = Q(HQP U(—Id)Q(HQp.
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Table 6.1: Hilbert symbol for a € er, 6=0, p=3 mod4
reEm (x,—g)
_ p
el | (1,-p)p = (=1p)°(Lp)* (- 1|p)0 = 1
zep | (p,-1)p = (=1p)°(1p)°(-1|p)* =
ze-1] (=1,p), = (=1|p)°(-1lp)' (1|p)° =
ze=p| (-p,1),=(-1p)°(- 1|19)0(1|P)1 = 1

x‘ —_—
Proof. Let q = ( 1—2@/2) € Q%p. Note that x # 0 because det(q) = py? = 1 has no
-Py p

solution in @Q,. Then ¢ = gh(g) 1 e Q% for g = (\/l—py2
' 0

when there exists w,y € Q, such that py? +zw? = 1. This is equivalent to determining the

y\/l —Py

—py
T

value of the Hilbert’s symbol (p,x), (Table 6.2).

Table 6.2: Hilbert symbol for ¢ € Qgp, 0=0, p=3 mod4

T em (p, ),

zel | (p,1),=(-1p)°(lp)°(lp)*t =1
zep | (pp)p=(-1p)'(1p)' (1[p)' = -1
ze-1] (p,-1),=(-1p)°(1p)°(-1lp)"' = -1
ze=p | (p,-p)p=(-1p)'(1lp)' (-1lp)" =1

) We must determine

Thus, ¢ € Q?Q for € 1 and = € =p. In the other cases, (-Id)q = gf(g)~* € Qf’@p for

py?-1
xT

or equivalently, (p,-z), =1 (Table 6.3).
Hence Q%p c (Q%p U (—Id)Q%p) and the reverse containment is clear from Lemmas

4.1.2 and 6.1.4. [l

Yy
(\/py2 ! \/py2 1) We can verify that there exists y, w € Q, such that py? -zw? = 1,

In this case —1 € (Q3)?, so
0

I_l

Case 3: Let p =1 mod 4 and consider the involution 0,.

we let N, represent the “smallest non-square” in Q,. For a = ( ) € Ag,, we have
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Table 6.3: Hilbert symbol for (-1d)q € Q"p, 6=0, p=3 mod4

TEM (p, _x)p
zep | (p,-p)p=(-1p)'(Ap)' (-1lp)' =1
ze-1] (p,1),=(-1p)°(lp)°(lp)t =1

dr [d2x2-x
P . We must determine when there exists

a=g6(g)te Q%p for g = ( 5
NE=I

d,w € Q, such that xd? - 2w? = 1, or equivalently, when (z,-2), =1 (Table 6.4).

Table 6.4: Hilbert symbol for a € Q%p, 0=0, p=1 mod 4

vem (0-5), - (09),
zel (1,p)p = (=1lp)°(1p) ' (1fp)° = 1
zep (p,1)p = (-1|p)°(1lp)°(Llp)* = 1

e, | (Vo) = I NIp) () = -1

v epN | (PN i) = (1)) (h1p) =1

— N, 0
Thus, a € Q%p forxeland zep. Ifa¢ Q%p, then ( Op N‘l)a € Q%p (6.1.5).

P
— N, 0 N2 0
zeN,: |7 a=[""" eQl, (6.1.5)
D) A RS A
— N, 0 2N} 0
x € pN,: i S € Q%
0 Nt 0  (a®NZp) '
N, 0 — N, 0
0 B D 0 /] p 6
Therefore, AQp/(A@meQp) = {Id, ( 0 Np_l)}. Note that Q@p + QQpU( 0 Nz;l) QQP

N, 0 —
because [~ 7 0 g .
Case 4: Let p =3 mod 4 and consider the involution # = 6, . Because —1 ¢ (Q*)?, let
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e a x - a?
€ Ag,, wehave a = gf(g)~"' € Qg, forg=| /= .
We must determine for which values of x, there exists a,w € Q, such that %aQ + %wQ

or equivalently, when (1,1), =1 (Table 6.5).

x’x

0

-1

Ny, =~1. Then for a = (x
0 =z

Table 6.5: Hilbert symbol for a € Q%p, 0=60_41,p=3 mod4

vem (1),

vel | (L1, = Clp)°0p)°(lp)° =1
vep | (3.3), = )" (Up) (1p) ! = -1
ve=T | (-1,-1),= (-1p)°(-1]p)° (-1Jp)" = 1
rep | (—.-5) = CUp) (L) (-1p)" = -1

p 0
0 p-
p 0
0 pt

a€ Q%p because

IfxeTorxe—_l,thenaeQ?@p.Ifa:eporxe—_p,then( )

p? € 1 and —p? € —1. Therefore, Ag,/(Ag, N Q%p) = {Id, } Note that @g; *

p 0 p 0 o~
0 U ®  because 0 0.
QQP (0 p—l) QQP (0 p—l) QQP ¢ QQP

Case 5: Let p =1 mod 4 and consider the involution ¢ = fy,. Let N, represent the
0

) € Ag,, we have a = gf(g)™' € Q%p for g =

_ x
“smallest non-square” in Q,. For a = (
-1

[ 22
N, \/d;z de . To determine if there exists d, w € Q, such that xd*- %wQ =1,
z N,
we evaluate (z, —%)p (Table 6.6).
p 0

0 ol a e Q%p because

Thus, a € Qf if veloraxeN, If:ceﬁora:Epr,then(

p
_ — 0
p? € 1 and p?N, € N,. Therefore, Ag,/(Ag, N Q?@ ) =+<1d, ][j 1)} Again, note that
p p—

Q%p * Q%p v (O p—l) Q(G@p because (0 p—l) Q%p ¢ Q(%P.
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Table 6.6: Hilbert symbol for a € Q%p, 0=0x,, p=1 mod4

rem (), = (.13,
zel (1,Np), = (=1]p)°(1|p)° (Nylp)® = 1

rep | (p.5) = (CUp) (D) (Nplp) = -1
reN, | (N,1), = (-1p)° (N,|p)" (1]p)° = 1
vepN, | (pNong) = (1) (Np) ™ (1p)" = -1

Case 6: Let p =1 mod 4 and consider the involution ¢ = 0,,. Let N, represent the

0
“smallest non-square” in Q,. For a = 1k Ag,, we have a = gf(g)™"' € Q%p for g =
-
dr [d2z?-x
PNo 1 To determine if there exists d, w e Q, such that zd? - P 2 = 1
pNp  [d2x2-2 d T
T pNp

we evaluate (z, —pTN”)p (Table 6.7).

Table 6.7: Hilbert symbol for a € Q%p, 0=0,n,, p=1 mod 4

rem (0.5, - (0. 29),

zel | (LpNy),=(-1|p)°(1[p)' (N,[p)° =1
zep | (p,Ny), = (=1lp)°(Lp)° (Nplp)* = -1
zeN, | (N,p),=(-1]p)°(N,lp) (1|p)" = -1

x € pN, (pr7 1)p = (—1|p)0(Np|p)O (1|p)1 =1

0
0
e Q@p because

If x €1 or x € pN,, thenaeQ%ﬁ. If 7 € p or z € N, then

. Again, note that

- — p
p* € 1 and pN, € pN,. Therefore, Ag,/(Ag, N Q%p) = {Id, 0 p

— p 0 p 0 —
0 Q% u % because 4 0
Qp Qp (O p—l) QQP (0 p—l) @p ¢ QQP

Case 7: Let p=3 mod 4 and consider the involution 6 = 6,,,. Because -1 ¢ (Q*)?, we
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0

let N, =-1. For a = .
-

) € Ag,, we have a = gf(g)~' € Q%p for

dr T
P ]. To determine for which values of z there exists d,w € Q,

9= _p [xz-d3x? d
AV

such that zd? + Zw? = 1, we evaluate (z,2), (Table 6.8).

Table 6.8: Hilbert symbol for a € er, 6=0_,,p=3 mod4

vem (=.%)
vel | (Lp),=CLp)°(p)°(p) =1
vep | (p1),= L))’ (Up)'=1

re-1[(-1,-p), = (-1lp)° (-1|p)" (-1]p)" = -1
ze=p | (-p,-1), = (-1p)°(-1lp)° (-1|p)" = -1

Thus, if € 1 or o € p, then a € Q(%gp. If 2 € -1 or x € =p, then (-1d)a € Q%p because
(-1)2 €1 and —(-p) € p. Therefore, Ag,/(Ag, N Q%p) ={+1d}.

Theorem 6.1.7. Let G be defined over k = Q,, p=3 mod 4, with the involution 0 = 6_,,
then Q%p/@%p = {£1d}. Furthermore, Q%p = Q(g@p U(—Id)Q(H@p.

x
Proof. Let q = ( 1+in ) Note that x # 0 because det(q) = —py? = 1 has no solution in
py ——

x
X

Q- Then g =g0(g)'e Q%p for g = ( v 1(;1) v? 11;; yj) We must determine when there

exists y,w € Q, such that —py? + zw? = 1, or equivalently, we evaluate (—p,z), (Table
6.9).
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Table 6.9: Hilbert symbol for ¢ ¢ Q"p, 6=0_,, p=3 mod4

Tem (-p, ),

zel | (-p,1),=(-1p)°(-1|p)°(1lp)' = 1
zep | (pp)y=Clp)'Alp) ' (Hlp) =1
ze—1| (-p,-1),=(-1lp)° (-1lp)° (-1[p)" = -1
2e=p | (-p,-p), = (-1p)" (-1lp)' (-1]p)" = -1

Thus, q € Q%)p forrelorzep Ifzxe—-1orxe=p,then (-Id)g=gf(g) e Q%gp for g =

-z —y -z
(\/py2+1 \/py2+1 ) We can verify that there exists y, w € Q, such that —-py? —zw? =1

py2+1
0 V -z

by evaluating (-p,-z), (Table 6.10).

Table 6.10: Hilbert symbol for (-1d)ge Q% ,0=0_,, p=3 mod 4
Qp p

rem (-p,—x),

re1 | (-p.1), = (p)°(<Lp)°(Ip)' = 1
1€ | (p.p)y = (1p) (1p) (~1p)' = 1

Hence, C’Q%Tp c (Q%gp U (—Id)Q%p) and the reverse containment is clear from Lemmas

4.1.2 and 6.1.4.
[l

We have shown that when -1 ¢ (k*)? and —(Id) ¢ Ay N QY, we can determine the

— — 0
quotient Q9/Q% as QY/Q% = {+1d}. Note that for a = z . | the only values of z such

T

that aQf c @7‘1 are x = +1.
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Chapter 7

Results for SL3(k)

Ideally, most of the results for SLy(k) in this thesis will extend nicely to SL, (k) as the
group is generated by multiple copies of SLy(k). We begin by extending some results to
SL3(k).

7.1 Fixed-point group

Notation 7.1.1. In this chapter let G = SLy(k) and Gy, = SLs(k) defined over a field k of
characteristic not two. We will only consider the involution 6 of G defined by 6(g) = (¢7)*
for all g € G. If k has a topology, then the fixed-point group H is k-anisotropic and 6 is

a Cartan involution. For a review of the involutions of SL, (k) for n > 2, see Section 2.9.

For the Cartan involution @, the fixed-point group H is the special orthogonal group
SO(3). Note that SO(3) is generated by three copies of SO(2) (7.1.1).

a 0 b a b 0

1 0 0
SOB)=(lo a« b|,] 0 1 0],|-b a 0]|a*+b*= 1) (7.1.1)
0 b a) \-b 0 a 0 01

Notation 7.1.2. The 3 x 3 permutation matrices are contained in H and we will denote
them with h;,i=1...6 (7.1.2).

1 0 0 010
hi=Idha={0 0 1|,hs=|1 0 0 (7.1.2)
0 -1 0 001
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0 1 0 00 1 0 01
hay=10 0 1),hs=|0 1 O),hs=| 0 1 O
0 -1 0 001 -1 00
Lemma 7.1.3. Let g € G, then there exists h € H such that the (1,1)-entry of hg is

nonzero.

Proof. For g € G, if the (1, 1)-entry is nonzero, then for A = Id the (1, 1)-entry of hg = g is
nonzero. Assume the (1,1)-entry of g is zero. Because det(g) = 1, there exists a nonzero
entry in the first column of g. Left multiplication by a permutation matrix exchanges the
rows. By choosing the appropriate permutation matrix h;,i = 2...6, we get the (1,1)-

entry of h;g is nonzero.

]

Definition 7.1.4. Let g be an n xn matrix. The (7, j)-minor of g is the (n—1) x (n—1)
matrix obtained from deleting the ** row and j** column from g, denoted M;;. The
(i,7)-cofactor of g is the value g;; = (-=1)™7 det(M;;).

Lemma 7.1.5. Let g € G, then there exists h € H such that the (3,3)-cofactor of hg is

nonzero.

a b c
Proof. By abuse of notation, let g = |d e f|. The (3,3)-cofactor of g is ae — bd. If
g h 1

ae —bd + 0, then we are done. If ae — bd = 0, then for hy as in Notation 7.1.2, the (3,3)-
cofactor of hyg is ah —bg (7.1.3).

a b ¢
hag=1 g h i (7.1.3)
-d -e —f

If ah —bg # 0, then we are done. If ah —bg = 0, then the (3, 3)-cofactor of hghag is eg — dh
(7.1.4).

—d -e -f
-a -b -c

The determinant of hghsag is —c(eg — dh), which must equal one and therefore eg — dh is

nonzero. OJ
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7.2 Generalizing the decomposition

For G with a Cartan involution 6, the extended symmetric space is the set of symmetric
matrices (7.2.1). The unipotent subgroup will be the upper triangular matrices with ones
on the diagonal (7.2.2).

Q={9eG| (¢ =g"={g]9=9"} (7.2.1)

U= a,B,vek (7.2.2)

o O =
— 2 @

o
1
0
Theorem 7.2.1. For G with the involution Cartan involution 0, G}, = Hk@;Uk.

Proof. Let g € Gj. By Lemmas 7.1.3 and 7.1.5, there exists h € Hy such that the (1,1)-
entry and (3, 3)-cofactor of hg are nonzero (7.2.3).

b c
hg = e f (7.2.3)
h

?

Q QU

Choosing u € Uy appropriately (7.2.4), hgu € Qp; thus g € Hk@;Uk(TZb) .

d-b —ace+adf —adh+aeg+bed—cd?

1 a (ae-bd)a
_ —af+ah—bg+cd
u=[0 1 “aftahbyved (7.2.4)
0 0 1
1 d g
hou=|d ocbdrd® ah-bg+dg (7.2.5)
a a
ah-bg+dg  a?ei—a? fh+a’h?—abdi+abfg—2abgh+acdh—aceg+aeg?+b>g%—bdg>
9 a (ae-bd)a

]
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