ABSTRACT

HERMAN, AARON PAUL. Positive Root Bounds and Root Separation Bounds. (Under the
direction of Hoon Hong.)

In this thesis, we study two classes of bounds on the roots of a polynomial (or polynomial
system). A positive root bound of a polynomial is an upper bound on the largest positive
root. A root separation bound of a polynomial is a lower bound on the distance between the
roots. Both classes of bounds are fundamental tools in computer algebra and computational
real algebraic geometry, with numerous applications. In the first part of the thesis, we study
the quality of positive root bounds. Higher quality means that the relative over-estimation (the
ratio of the bound and the largest positive root) is smaller. We find that all known positive
root bounds can be arbitrarily bad. We then show that a particular positive root bound is
tight for certain important classes of polynomials. In the remainder of the thesis, we turn
to root separation bounds. We observe that known root separation bounds are usually very
pessimistic. To our surprise, we also find that known root separation bounds are not compatible
with the geometry of the roots (unlike positive root bounds). This motivates us to derive new
root separation bounds. In the second part of this thesis, we derive a new root separation for
univariate polynomials by transforming a known bound into a new improved bound. In the
third part of this thesis, we use a similar strategy to derive a new improved root separation

bound for polynomial systems.
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Chapter 1

Introduction

In this thesis, we study two classes of bounds on the roots of a polynomial (or polynomial
system). A positive root bound of a polynomial is an upper bound on the largest positive
root. A root separation bound of a polynomial is a lower bound on the distance between the
roots. Both classes of bounds are fundamental tools in computer algebra and computational
real algebraic geometry, with numerous applications.

We first study positive root bounds. Consider the following example.

Example 1.1. Let f = 22* + 823 4+ 822 — 7z — 6. The roots of f are plotted in Figure 1.1. The
largest positive root of f is .86. Hence, any number greater than or equal to .86 is a positive

root bound.
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Figure 1.1: Roots of f(x). The largest positive root is highlighted.

Note that the numbers greater than or equal to .86 are not all of equal quality. In this
example, 8.6 x 10?0 is a positive root bound, but it over-estimates the largest positive root by
a factor of 10?". A much better positive root bound can be found: .86, which is exactly the
largest positive root. Unfortunately this is not a practical bound. If we were willing to do the

work to compute all of the roots of f, we would have no need for a positive root bound in the



first place.

We now consider a well known due to Hong (Bj). The value of this positive root bound is
Bp(f) = 1.63. This bound over-estimates the largest positive root by a factor of 1.9. Clearly,
1.63 is a positive root bound of higher quality than 1 x 1026. This bound also has an advantage
over the exact bound. Unlike the exact bound, the Hong bound can be computed efficiently. So
we have a positive root bound that can be computed efficiently and is of very high quality for
this polynomial. Could we have known before computing the bound that it would be high quality
(or at the very least least, not arbitrarily bad)? We will answer this question in Chapter 3. [

Our main concern in Chapter 3 will be the quality of efficiently computable positive root
bounds. Higher quality means that the relative over-estimation (the ratio of the bound and the

largest positive root) is smaller. We report four findings.

1. Most known positive root bounds can be arbitrarily bad; that is, the relative over-estimation

can approach infinity, even when the degree and the coefficient size are fixed.

2. When the number of sign variations is the same as the number of positive roots, the
relative over-estimation of a positive root bound due to Hong (Byy) is at most linear in

the degree, no matter what the coeflicient size is.

3. When the number of sign variations is one, the relative over-estimation of By is at most

constant, in particular 4, no matter what the degree and the coefficient size are.

In the remainder of the thesis, we study root separation bounds. Consider the following

example.

Example 1.2. Let f(z) = 2% — 6023 + 100022 — 8000x. The roots of f(z) are plotted in
Figure 1.2. The lengths of the red line segments are the distances between the roots of f(x).
The root separation is the smallest of these distances. The root separation of f(z) is /200
(~ 14.14), so any number < /200 is a root separation bound.

As with positive root bounds, not all root separation bounds are of equal quality. For
example, 1.00 x 10719 is not a very good root separation bound. And also as with positive root
bounds, there exist a root separation bound of perfect quality: v/200. But computing the exact
root separation is not practical, since the computation of the exact root separation requires the
computation of all of the roots of f.

We now consider the well known Mahler-Mignotte bound (Bjsas). The Mahler-Mignotte
bound can be computed efficiently, and has a similar form to all other known efficiently com-

putable root separation bounds. We have

Buu(f(z)) = 826 x 107°
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Figure 1.2: Roots of f(z) (left), distances between roots (center), minimum separation high-
lighted (right)

Note that this value is much smaller than the exact root separation bound.

Now consider the polynomial f(xz/2). Clearly, the roots of f(x/2) are the doubled roots
of f. Hence the root separation of f(x/2) is doubled. Naturally, we expect a root separation
bound of f(x/2) to be doubled as well. Let us see what happens:

By (f(z/2)) = 1.05x 1076

It is not doubled; in fact, it is smaller! If we triple the roots, it turns out the Mahler-Mignotte
bound is even smaller. It appears that the Mahler-Mignotte bound is not compatible with the
geometry of the roots of f. O

It is well known that current root separation bounds are very pessimistic. It is less well
known that root separation bounds do not scale correctly (as we see in the above example). So

we have a challenge. Namely, we want to find new root separation bounds such that
1. the new bounds are less pessimistic (or almost always less pessimistic) than known bounds
2. the new bounds scale correctly
3. and of course, the new bounds can be computed efficiently.

The main contributions of Chapters 4 and Chapter 5 are two new root separation bounds which
meet the challenge. The new bounds are derived by transforming a known root separation
bound into a new improved root separation bound which meets the challenge. In Chapter 4, we
transform the well known Mahler-Mignotte bound into a new improved bound. In Chapter 5,
we transform a multivariate bound due to Emiris, Mourrain, and Tsigaridas [18]. Experimental
evidence indicates that the improvement is usually very large, especially when the magnitude

of the roots are different from 1.



Chapter 2
Background

This thesis considers three topics: Positive Root Bounds (Chapter 3), Root Separation Bounds
of Univariate Polynomials (Chapter 4), and Root Separation Bounds of Polynomial Systems
(Chapter 5). In this chapter, we present background material for each topic. For all three topics,
we define the category of bounds being considered. We then re-derive previously discovered

results that are necessary in later chapters.

2.1 Positive Root Bounds of Univariate Polynomials

In this section, we discuss positive root bounds. A positive root bound of a polynomial is an up-
per bound on the largest positive root. Positive root bounds play an important role in computer
algebra and computational real algebraic geometry (see [53, 50, 47] for some applications). As a
consequence, there has been intensive effort on finding such bounds [30, 10, 2, 27, 49, 2, 3, 22, 6].

First, we formally define a positive root bound. Let f = 2?:0 a;x' € R[] with positive

leading coefficient and at least one positive root.
Notation 2.1. z*(f) = the largest positive root of f.
Definition 2.1. B € R7 is a positive root bound if B > x*(f).

Example 2.1. Consider again the example from the introduction. Let f = 2z% + 83 + 822 —
7x — 6. The roots of f are plotted in Figure 2.1. The largest positive root of f is z*(f) = .86.

Hence, any number greater than or equal to .86 is a positive root bound. O
Some well known positive root bounds are listed below.

e Lagrange, 1798 [30]

Br(f)=1+ max
aq<0
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Figure 2.1: Roots of f(x). The largest positive root is highlighted.

where m = max{q : a4 < 0}.

e Cauchy, 1829 [10]

where A = #{q : a4 < 0}.

e Kioustelidis, 1986 [27]

e Hong, 1998 [22]
_1
a

By (f) = 2 max min
ap

q p
aq<0ap>0
p>q

Stefanescu, Akritas, Strzebonksi, Vigklas, Batra and Sharma [49, 2, 6] extended the above
bounds by splitting single monomials as sums of several monomials and considering different
groupings of positive and negative monomials. Batra and Sharma [6] showed that the tightest
bound in their framework improves on By by at most a constant. It is not clear whether a
similar statement holds for the framework in [2], but we have not been able to find a counter
example. Complex root bounds (upper bounds on the magnitude of the roots) are by definition
positive root bound as well (see [28, 20, 29, 35, 25, 23, 24, 41, 4, 26, 16]).

Of the positive root bounds listed above, the Hong bound will feature most prominently
in this thesis. To the best of the author’s knowledge, the Hong bound is the tightest linear
complezity positive root bound. It is not obvious that the Hong bound can be computed in
linear time, since it involves a max over a min. However, Melhorn and Ray [36] found an
ingenious way to compute it in linear time. Their algorithm will be crucial to the complexity
results in Chapter 4.

In the remainder of this section, we will consider the Hong bound. First, we re-derive the



Hong bound using a similar argument to that of Hong in [22]. Then we discuss the algorithm
of Melhorn and Ray.

2.1.1 Derivation of the Hong Bound

In this subsection, we re-derive the Hong bound. To the best of the author’s knowledge, every

positive root bound is derived using the following strategy:

1. Partition the monomials of f into a sum of the form

f=h++f

where every part has the form

fi(z) = apa? + Z aqx?
q€@
with a, < 0 and ¢ < p for all ¢ € Q.
2. Find a positive root bound for each partition.

3. Define B(f) as the maximum of the positive root bounds derived in Step 2.

We will use this strategy to re-derive the bound of Hong. We will utilize the following Lemma,
which was first presented by Kioustelidis in [27].

Lemma 2.1 (Kioustelidis, 1986 [27]). Suppose f has the form
f=apx? + Z aqr?
9€q

with a, > 0, ag < 0 and ¢ < p for all ¢ € Q. Then
f(z) >0 foral z>B

where
aq

aq

B = 2 max
q€Q

Proof. Let x > B. We have

f(z) = apa? + Z aqr?
9€@



a
=apa? [ 1+ Z a_qxq—p
€@ P
—axP 1= Z % | a-p
= apT x
€ P
aq
ap
- apl‘p 1- Z rd—p
q€Q
a,
ay .
Z apxp 1-— Z m simnce r Z B (21)
q€eQ

To complete the proof, we will show that right term in the right hand side of (2.1) is positive.
We have

q Aaq
o 1 ap
1_ZBpfq_1 Z 1 \Pq
q€Q 9€Q [ 2 max |2 |P71
qeqQ 19
Qq
—1_ tid
2P—4 max |24
q€Q qeQ | ap
max _\
>1-— 9€Q
2P—4¢ max |24
q€eQ qEQX ap
>(3)
1o 5)
q€Q
P—q
>1-Y% (_>
q<p
1 p—q
> 2 — - i th dis 1 wh =
%(2> since the summand is 1 when ¢ = p
0 N
> 2 — -
>(3)
=0
=0 (2.2)

Combining (2.1) and (2.2) we have



We have completed the proof of the Lemma. ]

To derive the Hong bound, we will partition f into a sum of polynomials of the form of
the polynomial in Lemma 2.1. There will be one part for every positive term of f. Negative

monomials will matched with the positive monomial that minimizes

1
Qg |P—a
- ) p>q

ap

This choice of partition is motivated by the simple observation that a smaller positive root

bound is a tighter positive root bound.

Theorem 2.1 (Hong, 1998 [22] 1).

z*(f) < Bu(f)

Proof. Let
1
. Qg |P—a
= arg min |—
p(g) = arg min 0
Consider the following partition of f:
f= Z fp where Jp = apz? + Z aqr? (2.3)
a:;O a;LO

u(g)=p

Note that every f, has the form of the polynomial in Lemma 2.1. Hence

fp(z) >0 for all z> B, (2.4)
where
p71q L(ql)—q
By =2 mgtx% =2 max % |’
aq<0 p aq<0 au(q)

wla)=p la)=p
Combining (2.3) and (2.4) we have

f(z) >0 foral z> mngp (2.5)

ap>0

n [22], Bu(f) is derived in a more general setting: absolute positivity of multivariate polynomials. Here we
simplify the proof by showing only that By (f) is a positive root bound.



To complete the proof, we will simplify the right inequality of (2.5). We have

1
Qq wla)—q
max B, = 2 max max
p p q a ( )
ap>0 ap>0 aq<0 K
n(q)=p
1
a w(e)—q
= 2 max
ag<0 | Au(9)
1 1
. Qa r—q . . Q. p—q
=2 max min -4 since u1(q) = arg min |
a >q |a
aq<0ap>0 p p=a 1 ap
p>q
— By(f) (2.6)

Combining (2.5), (2.6), and the fact that f has positive leading coefficient, we have

2" (f) < Bu(/f)

2.1.2 Computing the Hong Bound in Linear Time

In this subsection, we discuss Melhorn and Ray’s algorithm [36] for computing Bp. To derive
the algorithm, they interpret By geometrically. Then, using a strategy inspired by the Fast
Convex Hull algorithm, they compute By in O(d) algebraic operations and comparisons.

Consider the following rewrite:

1

By(f)=2H(f), where H(f)= max mpin Gq |7
aq<0ap>0 ap
p>q
We will compute
1 -1 b, — b
log (H(f)) = maxmin 0g(laq|) — og(|ap|) = max min -
a P p—q a P p—gq
aq<0ap>0 aq<0ap>0
p>q p>q
where b; = —log(|a;|). The current problem is interpreted as a geometric problem by viewing

(bp — bq)/(p — q) as the slope of the line between the points v, = (p,b,) and vy = (q,b,). We

distinguish between two classes of points. A point is a positive point point if a; > 0. A point is



Figure 2.2: All positive and negative points (left), computation of s4 (middle), computation of
so (right)

a negative point if a; < 0. Under this interpretation, we observe that the quantity

. by —b
Sq = H%n d g
ap>0 p—=a

P>q

is the slope of the tangent line of v, and the set of positive points P, = {v, : a, > 0,p > ¢}.
Equivalently, s, is the slope of the tangent line of v, and the Lower Hull of P,. We want to find

the maximum value of s, over all of the negative points.

Example 2.2. We illustrate the concepts above with a simple example. Let f = 4z + 425 +
2% — 22* — 23 — 42?2 4+ 642 — 4. The positive points are

(7a - 10g(4)), (67 - 10g(4)), (57 - 10g(2)), (17 - log(64)) = (77 _2)7 (6’ _2)a (57 _1)7 (17 _6)

and the negative points are

(47 - IOg(2))’ (37 - IOg(l))7 (2> - IOg(4))a (07 - lOg(4)) = (47 _1)7 (3a 0)7 (27 _2)7 (Oa _2)'

In the left hand plot of Figure 2.2, the positive points are plotted in green and the negative
points are plotted in red.

Consider the negative point v4 = (4,—1). The value of s4 is the minimum of the slopes
of the lines in the middle plot of Figure 2.2. The line which achieves the minimum slope is
highlighted.

Consider the negative point v; = (0, —2). The value of sy is the minimum of the slopes of
every line between v; and a positive point. Clearly this minimum is attained by a line between
v1 and a point in the lower hull of the positive points. Hence we need only to calculate the
minimum of the slopes of lines connecting vy and points on the lower hull. In the right hand

plot of Figure 2.2, the positive points in the lower hull are circled. The value of sy is the

10



minimum of the slopes of the two lines. ]

To compute the quantity log(H(f)) in O(d) algebraic operations and comparisons, we use
an algorithm inspired by the Fast Convex Hull algorithm of computational geometry. At each

step of the algorithm, we store and potentially update the following:

sg+ = the maximum value of s, over the set of negative points

L = the lower hull of the set of positive points

We process the points v; from right to left (equivalently: from the points of the highest degree

coefficients to lower degree coefficients).

e If v; is a positive point, we update £ using the standard update from the Fast Convex

Hull algorithm.
e If v; is a negative point, we update s+ (if necessary).

The total work done processing the positive points is O(d), since the Fast Convex Hull algorithm
is O(d)?. Tt is not obvious that we can process the negative points in a total of O(d) algebraic
operations and comparisons. In a naive algorithm, we would calculate s; for every negative
point. Furthermore, in a naive calculation of s; we would iterate through L starting from the
leftmost (or rightmost) point until we find the point of tangency, then use the point of tangency
to calculate s;. This naive strategy would require O(d) operations for every negative point.

To speed up the processing of the negative coefficients, we make the following observations.

Observation 2.1. Let vy, and vy, be two negative points with ¢; < g2. Note that by definition
vg, lies to the left of vy, and Py, D P,,. Let

Lg, = the Lower Hull of P,
L4, = the Lower Hull of Py,
7T = the tangent point of vy, and L,

[ = the line from vy, to T

Then
1. If T € L4, and vy, lies above [, then s4, < s4,.

2. If T € L, and vy, lies below [, then the tangent point of v,, and L, lies to the right of

T, and 54, > 5q,.

2Under the assumption that the points are already sorted from left to right.

11
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Figure 2.3: Computation of H(f)

3. If T ¢ L,,, then every point to the left of 7 in L, is not in £,,.

Example 2.3. We illustrate the above observations and the main ideas behind the algorithm
Compute’H with the same example as before. We will process the points from right to left and
at the end of the computation we will have found H(f). We will use Observation 2.1 to avoid

unnecessary computations.

v7: Since vy is a positive point, we add the point to the (currently empty) lower hull L.

vg: Since vg is a positive point, we compute the lower hull of £ U vg. Since the lower hull of

two (non vertical) points is simply the same two points, we have £ = (vg,v7) .

v5: Since vs is a positive point, we compute the lower hull of £Uwvs. We use the standard fast
convex hull update. We first set
L = (vs,ve,v7)

then check if we need to delete points from L. We consider the first three points of L.
Since a right turn is made on the path v; — vg — vs5, we do not have to delete any points
from L. See the top left of Figure 2.3.

v4: Since vy is a negative point and we have yet to compute a value of s+, we compute s4.
To do so we search through £ from the left until we find the tangent line with smallest
slope. We store the current maximum s, = s4, the line [ whose slope is s4 (the line from

v4 to vg), and the tangent point 7 = vg. See the top middle of Figure 2.3.

12
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Since v3 is a negative point, we potentially have to update sq,«. However, v3 lies above
the line [. Hence s3 will clearly be smaller than s4, and there is no need to compute s3
(Observation 2.1.1). See the top right of Figure 2.3.

Since vy is a negative point, we potentially have to update s,«. We notice that v lies below
[. Hence we cannot use Observation 2.1.1 to avoid the computation of so. However, we
can use Observation 2.1.2 to speed up the computation. We search through L to the right
starting at 7 = vg to find the value of s3. In this manner, we avoid having to calculate
the slope of the line connecting v3 and vs. We note that s, is larger than s4, hence we set

54+ = s2 . See the bottom left of Figure 2.3.
Since v; is a positive point, we update £. We calculate the lower hull of
LUy = (1)5, Vg, ’U7) U (Ul)
We first set
L = (v1,v5,v6,v7)

Then consider the first three points in £. Since a left turn is made on the path vg — vs —

v1, we delete vs from £. We now have
L = (v1,vs,v7)

Again, we consider the first three points in L. Since a left turn is made on the path
vr — vg — v1, we delete vg from L. Note that 7 = vg was deleted from L, as was every
point to the left of 7 in £ (in this case, the only point to the left was vs), confirming
Observation 2.1.3.

Since the current tangent point (vg) was deleted from £, we will reset [ and 7:

T:’Ul

[ = the line from v; to (0, c0)

See the bottom middle of Figure 2.3.

Since vg is a negative point, we potentially update s,«. We notice that vy lies below [.
Hence we cannot use Observation 2.1.1 to avoid the computation of sy. We search for
the point of tangency of vy and L starting from 7 = vy, and find that v; is the point of
tangency. The slope of the line from vy to vy is sg. We see that this number is smaller

than sg« = so (which is the slope of the line from v3 to ve). Hence we do not update sg«.

13



Finally, all of the points have been processed, and we return sg= = H(f). ]

Let us summarize the strategy in the above example. We use Observation 2.1 to efficiently
process the points from right to left. For a negative point v;, we first check if v; above [. If v; lies
above [, then there is no need to calculate s; (Observation 2.1.1). If v; lies below [, we will search
through £ to the right starting at 7 (Observation 2.1.2). We use the new point of tangency to
calculate s;. Once the point of tangency is found, we set 7 to be the new point of tangency and
I to the line from v; to 7. When processing a positive point, we potentially remove 7 from L.
If 7 is removed from £ we set 7 to be the left-most point in £. When later negative points are
processed, no iteration to the right in £ will traverse an edge that has already been traversed
(Observation 2.1.3). When 7 is reset, we set [ to be the line from 7 to (0, 00), so that the next
negative point is guaranteed to be below [.

We are now ready to present the algorithm ComputeH (Algorithm 3) and discuss its com-
plexity (Theorem 2.2). We make the crucial observation that no logarithms are necessary for

the computation of H(f). By taking advantage of the simple fact that
log(A) <log(B) < A<B

we can modify the algorithm discussed above to avoid logarithm computations.

For the following algorithms:
e We represent points (i, —log(|a;|) with the pair (i, |a;]).

e For P; and P, represented by (p1,|ap,|) and (pa, |ap,|) respectively, let

1
a P1—P2
SP177D2 — (‘ p2|)

|ap, |

e For P; and P represented by (p1,|ap,|) and (p2, |ap,|) respectively, the line from Py to
Ps is represented by

((p1, ’apl‘)7 (P2, |ap2’)>

14



Algorithm 1: Lower HullUpdate

Input : £ = a list of points which form a lower hull, sorted from left to right.
P = a point to the left of L. 7 = a point in L. [ = a line.

Output: (£, 7',1") where £ = the lower hull of PUL. T/ =T if T € L. Otherwise
T=P.I'! =1ifT e L. Otherwise [ =the line from P to (0, c0).

1 begin

2 L — (P, L);

3 T T,

4 I 1

5 P1, P2, P3 « the first 3 elements of £';

6 while size(L') > 2 and Sp, p, > Sp, p,// A right hand turn is made on the

path P; — Py — Ps

7 do

8 Remove Py from L;

9 if Py =7 then
10 T — P;
11 " «—the line from P to (0, 00);
12 P1,Pa, P3 «— the first 3 elements of L;
13 end

Algorithm 2: TangentPoint

Input : £ = a list of points which form a lower hull, sorted from left to right.
P = a point to the left of L.
7T = a point in L.

Output: 7’: The tangent point of P and the points to the right of 7 in L.

1 begin

2 T T,

3 if 77 is not the right most point in L then

4 Y « the point to the right of 77 in L;

5 while 77 is not the rightmost point in L and Sp 7+ > Spy// The slope of the
line from P to 7' is greater than the slope of the line from P
to )V

6 do

7 T —Y;

8 end
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Algorithm 3: ComputeH

Input : f= Z;‘i:o a;zt € R[z]
Output: H(f)

1 begin

2 T (d]ad)

3 L < |[T;

4 I« LineThrough( T, (0,00) );

5 H — —o0;

6 for i fromd—1 to 0 by —1 do do

7 P = (i |ag]);

8 if a; is positive then

9 (L, T,1) « LowerHullUpdate(L,P,T,1);

10 else

11 if Spo) < Sippe // P lies below [
12 then

13 T « TangentPoint(L,P,T);

14 Il « LineThrough( P, T);

15 H o~ max{H, S}

16 end

16




Remark 2.1. In [36], the point 7 and line [ are not reset when 7 is removed from £ (as we
did when processing vy in the previous example, and as we do in Algorithm 1). This appears

to a minor oversight which we correct here.

Theorem 2.2 (Melhorn, Ray, 2010 [36]). Bg(f) can be computed in O(d) algebraic operations

and comparisons using
Br(f) =2 - ComputeH(f) (Algorithm 3)

Proof. We have already argued that that the total number of algebraic operations and com-
parisons required to process the positive points is O(d), since the Fast Convex Hull algorithm
requires O(d) algebraic operations and comparisons. We also already argued that no edge can
be traversed twice when processing negative points, due to Observation 2.1.3. In the Fast Con-
vex Hull algorithm, O(d) total edges appear in the lower hull. Hence the negative points are

processed in O(d) algebraic operations and comparisons as well. O
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2.2 Root Separation Bounds of Univariate Polynomials

In this section, we discuss root separation bounds of univariate polynomials. The root separa-
tion of a polynomial is the minimum distance between every pair of roots. A root separation
bound is a lower bound on the root separation. Root separation bounds are a fundamental
tool in algorithmic mathematics, with numerous applications in science and engineering. For
instance, they are employed in the study of topological properties of curves [31], exact geomet-
ric computation [32], algebraic number theory [19], sign evaluation of algebraic expressions [8],
quantifier elimination [46], and real root isolation [52, 51].

First, we provide a formal definition of a root separation bound. Let f = Z?:o a;xt =

aa [Tz Tl = i) € Cla)
Notation 2.2. A(f) = min;»; oy — o] is the root separation of f.
Definition 2.2. B € R™ is a root separation bound if B < A(f).

Example 2.4. Consider again the example from the introduction. Let f(z) = z* — 602> +
100022 — 8000z. The roots of f(x) are plotted in Figure 2.4. The lengths of the red line seg-
ments are the distances between the roots of f(x). The root separation is the smallest of these
distances. The root separation of f(x) is v/200, so any number < /200 is a root separation

bound. 0
10 ° 10] 0]
o E 51200
Im o [ ] ® Im o Im o
104 ® 104
i 0 o % 30 e E) N 0 o 2 30 & s e 0 o )
Re Re Re

Figure 2.4: Roots of f(z) (left), distances between roots (center), minimum separation high-
lighted (right)

Most root separation bounds are functions of the discriminant and polynomial norms.

Definition 2.3. The discriminant of f is

dis(f) = a7 [[ (i — @)
i#]

18



Some well known root separation bounds are listed below.

Mahler-Mignotte, 1964 [33, 37]

3|dis(f)l
Bum(f) = W

Rump, 1979 [43]
min(1, ag|)* ™| dis(f)]
2d—1qd—1|| | ’f(ln(ng)

BRum(f) =

Mignotte, 1995 [40]

_ 6dis (/)]
d2((d — 2)(2d — 1) V2[[ f][

The DM M; bound [52] 3

a0 v/Idis(f)]

2dd=1/2=2| f||371

Bpy, (f) =

There are many more root separation bounds in the literature (see [14, 5, 8, 37, 7, 44, 42,
39, 17] for more examples). Most have a structure similar to the bounds above.

In Chapter 4 of this thesis, we will present a framework for transforming a known root
separation bound into a new improved root separation bound. We will choose to transform the

Mabhler bound. In the remainder of this section, we will re-derive the Mahler-Mignotte bound.

2.2.1 Derivation of the Mahler-Mignotte Bound

In this subsection, we re-derive the Mahler-Mignotte bound. We follow the commonly used
convention of combining Mahler’s original result from [33] and a result due to Mignotte [37].
Mignotte derived a bound on the Mahler Measure of a polynomial. This result is combined
with Mahler’s root separation bound (which depends on the Mahler measure of a polynomial)
to derive a new root separation bound which depends on the discriminant, degree, and norm

of a polynomial.

3In [52], an aggregate separation bound is presented. Aggregate separation bounds are generalizations of root
separation bounds. An aggregate separation bound is a lower bound on products of factors of the form |a; — ;.
Here, we specialize the bound to the case when the product has a single factor. We also generalize the bound to
the case when f has complex coefficients. This is done by using the lower bound |a;| > |ao|/M(f), instead of
lai| > M(f) (which only applies to integer polynomials).
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Definition 2.4. The Mahler Measure of f is

d
M(f) = |aq| ] [ max{1, e}
i=1
We first re-derive Mignotte’s bound on the Mahler measure. We require the following

Lemma.

Lemma 2.2. Let v € C. Then

@+ 1) flla = -1 <m+ %) 1l

Proof. Let a—1 = agy1 = 0. To prove the claim, we will expand the squares of both sides of the

above equation and observe that they are equal. Consider the following chain of equalities:

d+1

1z + )15 :Z |ai1 +vail?
i=0
d+1
= Z(ai—l +7a;)(ai-1 + vai)
i=0
d+1
:Z(|ai—1’2+'yaiai—1 +Ja;_1@; + |y*|ail?) (2.7)
i=0
Similarly, we have
] d+1 w2
o0 (o 2 ) 1B =7 3 e + 2
" i=0 v
AR, a\ [ a\
=77 Z <ai1 + :2) <ai1 + :Z>
d+1
=Y (Fai-1 + a;) (Va1 + @)
i=0
d+1
= Z(|7|2|a171|2 + 7481 + Yai—1@; + |a;|*)
i=0
d+1
:Z(\ai—l\z + 0@ 1 + Jai1@ + y*lail’)  since ag = agr1 =0 (2.8)
i=0
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Combining (2.7) and (2.8) yields

I+ A= 1P -1 (x+ %) 712

Taking the square root of both sides completes the proof.

Theorem 2.3 (Mignotte, 1974 [37]). We have

MCf) < Ifll2

Proof. Without loss of generality, suppose that 0 < |ai| < ... ]Jag] < 1 < Jagsr < ... |agl

Define h(zx) = Hle(a: — ;). We have

d
/12 =laal | TT (= —az)nll2
j=k+1
1 d
=l|ag||ag+1| - || <:E - > H (x — o )h|2 from Lemma 2.2
Ok+1/) .~
j=k+2
a 1
=|ag||agi1] - |aal | H <x—5> hll2 from Lemma 2
j=k+1 J
d d 1
~faal [Lmax(t, oty 1| TT (- ) e
i=1 j=k+1 J
a 1
(011 T (2= ) ol
j=k+1 J

Since h is monic, the polynomial H?:k 11 <a; — aé) h is monic as well. Hence
J

I TT (o= ) e

j=k+1 J

Combining (2.9) and (2.10) yields
M(f) < I£ll2

We have completed the proof of the Lemma.

(2.9)

(2.10)

O]

We will now re-derive Mahler’s original bound: a root separation bound which depends on

the Mahler measure of f.
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Theorem 2.4 (Mahler, 1964 [33]). We have

3|dis(f)]
>
A(f) = d(d+2)/2M(f)d—1
Proof. Without loss of generality, suppose that |ag — as| = A(f), with |aq| > |aa]. We

will expand the expression for |dis(f)| using the determinant of the Vandermonde matrix of

{aq,...,a4}.

2
1 1 1
|dis(f)] | . Q2 Qg
|ad|2d—2 - :
ofllfl agfl aifl

2
0 1 1
|dis(f)| a1 — Q2 Qz Qg
|ad|2d—2 -
acll 1 agfl ag 1 ozg*l
Hence 2
qo0 1 1
|dis(f)| 9| @ Qg Qg
oz = e =l | S0 ; 1)
qd—1 agil e agil
where go = 0 and
041 — a2 j
= . 2.12
an = a1 — ay Z 04104 ( )

Applying Hadamard’s inequality to the right hand side of (2.11), we have

. d

dis(f

“d‘—(d)‘ < Jor — s (laol> + 11 + -+ + laar ) [ o (2.13)
1=2

where

d—1
i = Z |ai|2j~
=0
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Dividing both sides of (2.13) by M(f)??=2/]aq|??~? yields

. d
|dis(f)] 2 (90 +1a1]* + -+ + lga—1]*) pi
< — 2.14
G e L g § Sy
Fori=2,...,d we have
d—1 2] d—1
< 1=d 2.15
max{1, \a | }2d—2 ]Z max{1, ]az\}d 1 _j:0 (2.15)
We also have
d—1
(a0l +las? + -+ + laas?) _ a |
max{1, |a|}2¢-2 — max{1, | |}d-1
d—1 h=1 j h—j |2
ala
=Y 25=0 2192 from (2.12)
max{1,|a|}d-1
h=0
d-1|n-1 |?
< Zl since || > |ag] and h < d
h=0 | j=0
d—1
=) n? (2.16)
h=0
Combining (2.14),(2.15), and (2.16), we have
|dis(f)| d—1 2
W<| oy — as?d Zh (2.17)
Note that i
— —D(2d -1
> nr= )6( ) < (2.18)
h=0

Combining (2.17) and (2.18), we have

|dis(f)] 2 d-1d
WS’@l-&Q’d Ezlal
Solving for |a; — az| and recalling that |a; — ag| =
3|dis(f
Ay > YT

_a2’
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O]

We now complete the derivation of the Mahler-Mignotte bound. Note that we present a
separation bound which has a slightly different form than those at the beginning of this section.

The bound in Proposition 2.1 depends on a parameter k > 2, and is a function of the k—norm

of f.
Proposition 2.1. Let k € Ry, k > 2 and

VILEGI

d—
A1

Bum(f) =

where

3 V3
N dd/2+1(d + 1)(%—%)(05—1)

Py.(d)
Then A(f) > By

Proof. When k = 2, we apply Theorem 2.3 to the expression in Theorem 2.4. For k > 2, we

then apply the well known norm inequality

1fl2 < (d+ 1)@ ||k
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2.3 Root Separation Bounds of Polynomial Systems

In this section, we discuss root separation bounds of polynomial systems. The root separation
of a polynomial system is the minimum distance between every pair of roots. A root sepa-
ration bound is a lower bound on the root separation. The study of root separation bounds
on polynomial systems is more recent than root separation bounds on univariate polynomials.
Many applications arise when generalizing algorithms for univariate polynomials; for example,
subdivision algorithms of polynomials systems can be analyzed with root separation bounds
[18, 34].

First, we will extend the definition of a root separation bound from the previous section to
polynomial systems. Let F' = (f1,...,fn) € C"[x1,...,2,] be a zero dimensional polynomial

system with no multiple roots. Let {a;} denote the roots of F'.
Notation 2.3. A(F) = min,4; ||o; — ;|2 is the root separation of F.
Definition 2.5. B € R™ is a root separation bound if B < A(F).

Example 2.5. Let F' = (f1, f2), where

fi =7+ 23 — 100

f2:$%—$%—25

The roots of F are plotted in Figure 2.5. Note that the root separation A(F') is v/150. Hence,
any number less than or equal to /150 is a root separation bound. O

Figure 2.5: The curves f; =0 and fo = 0 (Left), the roots of F' (center), with root separation
highlighted (right).

The study of root separation bounds on polynomial systems is relatively new. As a conse-
quence, we cannot present a list of efficiently computable separation bound formulas from the
literature (although there are bounds which are defined implicitly, eg [15]). We will concern

ourselves mainly with the Emiris- Mourrain-Tsigaridas bound.
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e Emiris, Mourrain, and Tsigaridas, 2010 [18] 4

|diS(Tfo)|
Bpur(F) = P(d,...,dn,
) = "

- V3
DD/2+1 . pl/2( . ( VD +1(n+1)PCP I, (diczn)Mi )D_l

Ty, = the resultant of (fo, fi,..., fn) which eliminates {z1,..., 2y}

fo = a separating element in the set

IN
£}
|

=
R
Nl
~_
H,_/

{u—:vl—img—"'—i"_l:vnzogi

M;=]]d

JF

o~ ()

In Chapter 5 of this thesis, we extend the framework of the previous chapter to transform a
known root separation bound on polynomial systems. We will choose to transform the Emiris-
Mourrain-Tsigaridas bound. In the remainder of this section, we re-derive the Emiris-Mourrain-
Tsigaridas bound.

2.3.1 Derivation of the Emiris-Mourrain-Tsigaridas Bound

In this section, we re-derive the Emiris-Mourrain-Tsigaridas bound. We will use the following

overall strategy:

1. Construct a u—resultant T'(u). This is the resultant of F' and a specially chosen fy €

Clu, x1,...,zy,) which eliminates {z1,...,z,} We choose fy so that T'(u) is square-free.
2. Relate the root separation of F' and the root separation of T
3. Apply the Mahler bound to T

4. Combine steps 2 and 3 to construct the new root separation bound.

In [18], the authors apply the univariate root separation bound DM M; (Theorem 1 in that
paper) in Step 3. Unfortunately Theorem 1 as stated has a slight error; it cannot be applied to

“The bound presented here is a slight modification of the bound in [18]. We perform the modification to
correct a slight error in the original bound. See the next section for more details.
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non-integer polynomials. To derive the multivariate root separation bound, we need to apply a
univariate root separation bound which can be applied to complex polynomials. One strategy
is to modify DM M; so that it applies to complex polynomials. Another strategy is to apply a
different bound; here, we simply apply Baran,co to T

Before constructing the u—resultant 7'(u), we require the following definition.

Definition 2.6. Let fo = u —riz; — -+ — rpzy, € Clu,xy, ..., 2,]. We say fy is a separating
element of F if the mapping

V(F)—C
Brrifr+ -+ b
is injective.

If fo is a separating element of F', then the polynomial T'(u) is square-free. We illustrate

the definition and square-free property by a simple example.

Example 2.6. Let F' be the same as in Example 2.5. Consider
Jo=u—m

In the left plot Figure 2.6, we project every point in Ry onto its z; coordinate (the red line).
The projections of the four roots are the red dots. We can clearly see from this projection that
the mapping 3 +— (1 is not injective on the roots of F'. Hence fj is not a separating element of

F. Now consider the u-resultant
T(u) = res(fo, f1, f2) which eliminates x; and 2

It is simple to verify that T'(u) = (2u? — 5)2. Clearly this polynomial is not square-free. Hence
any root separation on 7T'(u) will trivially be zero.

Now consider the polynomial

f():u_xl_x2

In the right plot of Figure 2.6, we project every point in Ry onto its x; +x2 value (the red line).
The projections of the four roots are the red dots. We can clearly see from this projection that
the mapping 3 — (1 + B2 is injective on the roots of F'. Hence fj is a separating element of F'.

Now consider the same u—resultant construction as before, with the new choice of f;. We have

T(u) = 4u? — 800u? + 2500
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We compute
dis(T) = 5.76 x 101 #£ 0

Hence T'(u) is square-free, and a root separation bound on T'(u) will not be trivially 0. O

Figure 2.6: Not a separating element (left), separating element (right)

Following [18], we will now present a well known set which has at least one separating

element.

Lemma 2.3 (Proposition 6 in [18]). The set

D
{u—xl—ixg—---—i"1xn20§i§(n—1)(2>}

has at least one separating element.

The construction of the set above is motivated by the simple observation that there can be
at most (n—1) (? ) directions (1, ..., 7,) which yield a non-injective projection. The set is also

chosen so that all polynomials in the set have integer coefficients.
Example 2.7. In the above example, fj is the element of F defined by i = 1.

To relate the root separation of F' and the univariate polynomial T', we require the Cauchy-

Schwartz inequality.

Lemma 2.4 (Cachy-Schwartz Inequality). Let a € C" and b € C™. Then

[athy + - - - 4+ @nbp)® < (la1> + - + |an|>) (01> + - - - + |ba]?)
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Lemma 2.5. Let fo = u—riz1 — - —rpxn € Rlu, 21, ..., 2y]. Let T (u) denote the resultant

of F' and fy which eliminates z1,...,z,. Then

A(T)
A(F) > (r% +---+r%)1/2

Proof. Let {7}2, denote the roots of T. Without loss of generality, assume that

Yi =711 + -+ ThQn (219)
A(F) = [lar — az|]2 (2.20)
We have
71 — 72|2 =|(riong + - +rpon ) — (riogy + -+ rpoey)| from (2.19)

=|r(a1 —ag1) + - +rploa, —azn)|
< (r% 4+ 4 Ti) ((ozm — a2,1)2 +- 4 (o — Clgyn)Z) from Lemma 2.4
=i+ +7n) |l — aofl3

= (12412 A(F)? from (2.20)

Rearranging and solving for A(F') yields

A(F) > =

(P24 r2)'?
. A
T (2 4r2)'?
We have completed the proof of the Lemma. O

Lemma 2.6. Let fy € F and Ty, the resultant of ( fo, F') which eliminates x1,...,2,. Then

n . n n—l—dI M;
7l < T CP 0+ 102 T ("5 )
i=1 v

i=1
Proof. Fori=0,...,n, T (u) is homogeneous of degree
dodldg . di—ldi—i-l s dn = d1d2 . di—ldi+1 s dn since do =1
— M,

in the coefficients of f;. It is well known that T, (u) is a homogenous integer polynomial in the
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coefficients of (F, fy) with degree D in u. We can write

n
T (u) = + <pk7ﬂ]l€>knc%;> b
=1

where pi, € Z, cﬁ\/‘g is a monomial in the coefficients of f; of total degree M;, and r

monomial in the coefficients of fy with total degree D — k. Since

M; _ _er er
Ci,k = CLl a

T

with all a; coefficients of f; and e; + --- + e, = M;, we have

c%j = af'---ayr
< Ifillss - I fills
= |[fill
M.
= |fills’
Hence
n n
M. .
Hci,kz < HHsz%Z
i=1 i=1

Under identical reasoning, we have
re[P7F < I foll " < CPF
From Theorem 1.1 of [48], we have

n
max [p| < H(# of monomials of degree di)Mi

=0

Since fp € F, the number of monomials of degree dy is (n+1). Note also that My = dy - - -

Hence
(# of monomials of degree do) Mo = (n + 1)P
For i > 0, we have
n 4 d;\ M
(# of monomials of degree d;)i < < 5 Z)

30

(2.21)

D—k .
L 1S a

(2.22)

(2.23)



Combining (2.24), (2.25), and (2.26), we have

"4 d\ M
max|pk<(n+1)DH< M ) (2.27)
i=1 v

Now we bound the norm of T,. We have

-k
Pkrk H Cik k

Tiolloe = e

—k
< max |pery] H\IfZI\M from (2.22)
n
i D—k
=T max |per}) |
1=
n
< [Tz ZOQI}CQXD‘%CD"“’ from (2.23)
=1
n
— M; ~D
—1_[1|le| CP max. ol
1=
HHszMZCD oA (n+1) DH< i ) from (2.27)
=1 =1 v

3

S | (D (G
i=1 =1 t

We have proved the Lemma.

Theorem 2.5 (Emiris, Mourrain, and Tsigaridas, 2010 [18]). Let

|di5(Tf0)|

B(F) =
) (TTy 11 fil1Me)”

_1P(d1,...,dn,n)

where

V3
N\ D—
DD/2+1 . pl/2( . ( VD +1(n+1)PCP I, (dljn)M% ) 1

1

P(d17"'7dnan):

Ty, = the resultant of (fo, fi,..., fn) which eliminates {z1,...,z,}

fo = a separating element in the set

D
{u—xl—ixg—---—i"1xn20§i§(n—1)<2>}
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M;=]]d

JFi

Then A(F) > B(F).

Proof. Clearly, we can write

fo=u—rizy — —rpay

Since fo € F, we have
Irel <C, k=1---,n

Combining (2.28), (2.29), and Lemma 2.5, we have
A(Tfo) > A(Tfo) . A(Tfo)

(r%+...+T2)1/2 T (n-02)\2 nl2.C

n

A(F) >

We now apply the bound Bjsqn,eo to T,. Recall that the degree of T, is D. We have

A(Tfo) > BMah,oo(Tfo)
_ 31dis (T, )|
DR/ D 17| Ty, |27
3|di3(Tfo)|

>
o D-1 n i n n+dy\ Mi b-1
Do/ DT (I, I O+ DP T, (75)™)

where the last inequality is from Lemma 2.6. Combining (2.30) and (2.31) yields

dis(T
A(F) > Sldis(T,)| b
D/2+1 D=1 n M; ~D DT, (™)
DDP/2+1/D +1 -n/C-(Hi:IHfiHooC (n+1) Hi:l(di) )
dis(T
= n | ZS( ]\J/ZO)L)flP(dlw‘"dn’n)
(TTizy 113l 1M)
= B(F)

We have completed the proof of the theorem.
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Chapter 3

Positive Root Bounds of Univariate

Polynomials

Introduction

In this chapter, we investigate the quality of known positive root bounds. Of course, every
positive root bound over-estimates the largest real root. Higher quality means that the relative
over-estimation (the ratio of the positive root bound and the largest positive root) is smaller.

We report three findings.

1. We show that most known positive root bounds can be arbitrarily bad; that is, the relative
over-estimation can approach infinity, even when the degree and the coefficient size are
fixed. A precise statement is given in Theorem 3.1. Contrast this result with similar results
on root bounds (upper bounds on the magnitude of the roots): it has been shown that
a root bound due to Fujiwara over-estimates the largest magnitude by at most twice the
degree [54].

In fact, we prove a more general result: we show that every positive root bound which is
also an absolute positiveness bound (a bound on the largest positive root and the positive
roots of the derivatives, see Definition 3.1) can be arbitrarily bad. All positive root bounds
listed in Chapter 2 are absolute positiveness bounds, as well as every positive root bound
derived in the framework in [6]. It also appears that every positive root bound derived in

the framework in [2] is an absolute positiveness bound, although we do not have a proof.

2. We show that when the number of sign variations is the same as the number of positive
roots, the relative over-estimation of the Hong Bound ( By ) is at most linear in the degree,

no matter what the coefficient size is. A precise statement is given in Theorem 3.2.
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The motivation for considering number of sign variations is as follows. Theorem 3.1 is
a consequence of the fact that for fixed degree and coefficient size, the largest positive
root of a polynomial can be arbitrarily smaller than the largest root of its derivatives.
Therefore one might wonder if the quality is better when the largest positive root bounds
the roots of the derivatives also. One natural case when this happens is when Descartes

Rule of Signs is exact (Lemma 3.5).

It is immediate from an example in Theorem 5.3 of [22] that the relative over-estimations
of By, Be, and Bg (presented in Chapter 2) can approach infinity, even when the degree
is fixed and when the number of sign variations is the same as the number of positive
roots. The proof strategy for Theorem 3.2 can be easily adapted to show that the relative
over-estimation of every positive root bound in the framework in [6] is at most linear in
the degree. It also immediate that there exists at least one positive root bound (namely

By) in the framework from [2] whose relative over-estimation can approach infinity.

3. We show that when the number of sign variations is one, the relative over-estimation of
By is at most constant, in particular 4, no matter what the degree and the coefficient

size are. A precise statement is given in Theorem 3.3.

It is again immediate from an example in Theorem 5.3 of [22] that the relative over-
estimations of Br, B¢, and By can approach infinity, even when the degree is fixed and
when the number of sign variations is one. It is not clear if there exists a constant bound
on the relative over-estimation for every positive root bound in the framework from [6].
It also immediate that there exists at least one positive root bound (namely Bg) in the

framework from [2] whose relative over-estimation can approach infinity.

3.1 Main Results

In this section, we will precisely state the main results of this chapter. Let f = Z?:o a;z’ € R[z].

We will assume the following throughout the chapter.

Assumption 3.1.

1. f has a positive leading coefficient.

2. f has at least one positive root.

We will use the following notations.
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Notation 3.1.

|ai

171l = 05135(—1 laq|

V(f) = the number of sign variations of f

(f)
C(f) = the number of positive roots of f, counting multiplicities
x*(f) = the largest positive root of f
B(f) = an upper bound on z*(f)
B(/f)
R p—

Remark 3.1. From Descartes Rule of Signs, we have V(f) > C(f) and V(f) = C(f) mod 2.
The symbol B stands for a positive root bound. The symbol R stands for “relative over-

estimation”. For every positive root bound B, we obviously have Rp(f) > 1.

Definition 3.1 (Absolute positiveness bound [22]). B : Rlzx] — R4 is an absolute positiveness
bound if
B(f) = a*(f)

where a*(f) is the threshold of absolute positiveness
a*(f) =max{aeR:Fie0,....d=1] [O(a)=0}

First we show that every absolute positiveness bound can be arbitrarily bad.

Theorem 3.1 (Over-Estimation is unbounded). Let B : R[z] — R4 be an absolute positiveness
bound. Let d > 4 and b > 0. Then

sup Rp(f) =00
deg(f)=d
[1f11=b

Next we show that when the number of sign variations is equal to the number of positive

roots, the relative over-estimation of By is at most linear in the degree.

Theorem 3.2 (Over-Estimation when Descartes Rule of Signs is exact). We have

2d
sup  Rp,(f) <
deg(f=d In(2)

V(H)=C(f)

Finally we show that when the number of sign variations is one, the relative over-estimation

of By is at most constant, in particular 4.
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Theorem 3.3 (Over-Estimation when there is a single sign variation). We have

sup Ry (f) = 4
V(f)=1

Example 3.1. We will illustrate the result by a simple example.

f=a®+92%—-32z—6
v(f) =1
z*(f) =~ 0.94
1
Br(f) =2 max min A
q€{0,1} pe{2,3} | ap

el %) ()" 0

~ 1.63

B(f)

() ~1.73

RBH(f) =

Thus we have
Rp,(f) =173 < 4,

confirming Theorem 3.3. O

Remark 3.2. It turns out that when the sign variation is fixed at 1, the index at which the
sign variation occurs affects the average value of the relative over-estimation. We discuss this

phenomena in Appendix 3.B.

Remark 3.3. What if the number of sign variations is greater than one and not the same as
the number of positive roots? It turns out that the relative over-estimation of every absolute
positiveness bound can approach infinity even when the degree is fixed. Precisely, for every

absolute positiveness bound B and k£ > 1, one can show that

sup  Rp(f) =o0
deg(f)=d
V(f)=k
C(H#V()

We include a proof of this statement in Appendix 3.C.
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3.2 Proof of Theorem “Over-Estimation is unbounded”

In this section, we will prove Theorem 3.1. Let B be an absolute positiveness bound. Let

d > 4,b> 0 be fixed. We will exploit the following polynomial parameterized by c:

w4tz —c)(z+e)((z—5)2+2) b<4
234 (z — ¢)(x +¢) ((x —Vb)?2 + 02) b>4
2d — ppd—1 4 %$d—2 1 2ppd3 _ 2 (% i Cz) 24 b< 4

)
)

0
2 3 1 2 3 1 2 3
x x x
-1 -1 o1

Figure 3.1: Plot of f. for b=5 and ¢ =1 (left), ¢ = .5 (middle), ¢ = .2 (right)

We will use two key Lemmas.

Lemma 3.1. We have

1. f. satisfies Assumption 3.1.

2. deg(f.) = d.

3. 3¢ >0 Vee (0,e) ||f]|=0.
Proof. We prove them one by one.

1. Obvious.
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2. Obvious.

3. Suppose b < 4. Let ¢ be any positive number such that
c<1 (3.1)

and
b2
¢ <Z +62> <b (3.2)

Such a ¢ exists because the left hand side of (3.2) can be made arbitrarily small for fixed
b. Then for all ¢ € (0,¢), we have

b2 2 2 b2 2
1£.ll = max{b,z,c b (z e )}

= max{b b, ? <b—2 +c2>} since 9 <1
) ) 4 4
b2
= max {b, ? <Z + 02> } from (3.1)
=b from (3.2)

Suppose b > 4. Let ¢ be any positive number such that
t<1 (3.3)

and
2. (b+e)<b (3.4)

Such a ¢ exists because the right hand side of (3.4) can be made arbitrarily small for fixed
b. Then for all 0 < ¢ < ¢, we have

|| fel| = max {2\/5, b,c?- 2\/1_)7 2. (b+ 02)}

= max {2\/5, b,c?-(b+ 02)} from (3.3)
=max {b,c* (b+c*)} since 2 < Vb
—b from (3.4)
We have proved the Lemma. ]

Lemma 3.2. There exists w > 0 such that for all ¢ > 0

1. z*(f.) =c
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2. B(f.) > w

Proof. We prove them one by one.

1. Obvious.

2. Suppose b < 4. Let w = g and ¢ > 0. We have
JEAD = (@)d=1) () w = (@ = 1)(d=2) (1) b
Hence 2*(f,)(@ D = g = w. Since B is an absolute positiveness bound, we have
B(fe) = 2*(f)) =w
Suppose b > 4. Let w = %E and ¢ > 0. We have
FOD = (@)d = 1)+ ()~ (d = 1)(d = 2) -+ (1) -2
Hence z*( fc)(dfl) = %E = w. Since B is an absolute positiveness bound, we have

B(fe) > x*(fC)(d_l) =w

We have proved the Lemma.

Proof of Theorem 3.1. Let ¢,w be defined as in Lemmas 3.1 and 3.2. We have

B(f)
sup Rp(f)= sup —
deg(f)=d 5(f) deg(f)=d T*(f)

[[fl|=b [1£1]=b

B(f.)
= ()

O<c<e
_ B(j)
=2 (1)
B(f.)

= lim ———= from Lemma 3.2
c—0 C

from Lemma 3.1

> lim o from Lemma 3.2

c—0 ¢

=

We have proved Theorem 3.1.
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3.3 Proof of Theorem “Over-Estimation when Descartes Rule
of Signs is exact”
In this section, we prove Theorem 3.2. Essentially, we prove Theorem 3.2 by showing that if

V(f) =C(f), then a*(f) = 2*(f). We then use Theorem 2.3 of [22] to complete the proof. We

break the proof into several Lemmas for clarity.

Lemma 3.3. If

V(f) =C(f)
then
V(f') =C(f')
Proof. From Descartes Rule of Signs
C(f") = V() (3.5)
and
C(fY=V(f) mod 2 (3.6)

From repeated application of Rolle’s Theorem, f’ has at least C(f) — 1 positive roots. Hence

c(f)=ce(f) -1
=V(f)—1 since C(f) = V(f) (3.7)
Combining (3.5) and (3.7), we have
V(f)—1<C(f) < V() (3.8)
Clearly,
V(f) <V(f) (3.9)
Combining (3.8) and (3.9), we have
V(f) —1<C(f) <V <) (3.10)
Combining (3.6) and (3.10), we have
C(f) =v(f)
We have proved the Lemma. O
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Lemma 3.4. If

and f’ has a positive root, then

z*(f) < 2" (f)

Proof. Let k = V(f). Without loss of generality, suppose that the positive roots of f are ordered
so that

Suppose that z*(f") > z*(f) = ai. We will derive a contradiction. From repeated application
of Rolle’s Theorem, f’ has k — 1 roots in the interval [aq, ..., ag]. Since f’ has at most k roots
by Descartes Rule of Signs and z*(f’) > ay, f’ has k roots

Br <. Br—1 < B

where Br_1 < ai < Ok. Since f has positive leading coefficient and «; is the largest root of f,
f is strictly positive on (ay, 00) (3.11)

By identical reasoning
f! is strictly positive on (B, 00) (3.12)

Since (3 is not a double root of f’, it follows that f is strictly negative on the interval (8x_1, B )-
In particular,

f is strictly negative on the interval (o, B) (3.13)

Since f(ax) =0, from (3.13) we have
f is strictly negative on the interval (ay, Bi) (3.14)

Combining (3.11) and (3.14) yields the desired contradiction.
We have proved the Lemma. ]

Lemma 3.5. If C(f) = V(f), then a*(f) = 2*(f).

Proof. Suppose that

From Lemma 3.3, we have
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Hence we can repeatedly apply Lemma 3.4 to show that

2 (f) < <2t (f) <2 (f)

where 7 is the largest index such that f(") has a positive root. Hence

We have proved the Lemma.
Proof of Theorem 8.2. From Theorem 2.3 of [22], we have

Bu(f) < 2d

a*(f) ~ In(2)

if deg(f) =d

Hence

sup Rp,(f)= sup »
deg(f)=d u () deg(f)=d ¥ (f)
V(f)=C(f) V(f)=C(f)

from Lemma 3.5

from (3.15)

We have proved Theorem 3.2.

(3.15)

O]

3.4 Proof of Theorem “Over-Estimation when there is a single

sign variation”

In this section, we will prove Theorem 3.3. Let f be a polynomial with positive leading coefficient
and V(f) = 1. Note that ag > 0 and a; < 0, where a; is the trailing coefficient of f. We will

crucially exploit the following polynomial

We begin by claiming and proving a key lemma.
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Lemma 3.6. #@ > IBu(f).

Proof. Repeatedly rewriting g, we have
1 d d d d
_ d _ d - d—i __ i j
g = —z°f (5) = —z Zaix o= Z—aix ' = Z—ad,jx] = ijmJ
=0 =0 7=0 7=0

where b; = —aq—;. Note that g has a positive leading coefficient (namely, —a;) and at least one

negative coefficient. Recalling the definition of By, we have

1 1
. P . | —ag—q|7 e . lag—q|7e
Bp(g) = 2max min |— =2 max min 1 =2 max min 4
a_ P |by q P —aq—p q P |ag—p
bg<0 bp>0 —aq—q<0—aq_p>0 aqg—q>0aq_p<0
p>q p>q p>q

For later convenience, we carry out the somewhat unusual re-indexing d —q — pand d—p — q,

obtaining
1 1
. Qy | (d=a)—(d—p) o lay|ra
Bp(g) = 2m§Lx min £ = 2m3x min | ==
a a
ap>0  ag<0 q ap>0ay<0 !4
d—g>d—p p>q

Since V(f) = 1 and f has positive leading coefficient, the condition p > ¢ is redundant. Dropping

the condition, we have

A, | P—a

Qq

By(g) = 2mgx mqin (3.16)

ap>0aqe<0
Note that the reciprocal of the maximum of a set of positive numbers is the minimum of the set
of the reciprocals. Likewise, the reciprocal of the minimum is the maximum of the reciprocals.

Thus we have )

1 _ 1 . g [P
B 2,
Using the well known min-max inequality, we have
_1
! > 1max min Gq 17
Br(g) ~ 2 1,0 apo0 | 0P

By adding back the redundant the condition p > ¢, we have

1

1 1 a, | P—a
> — max min |— (3.17)
BH(Q) 2 aqq<0 app>0 Ap
P>q
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By combining the (3.17) and the definition of By (f), we finally have

>

We have proved the lemma. ]

Proof of Theorem 3.3. We will first show that Rp, (f) < 4, using the previous Lemma. Note
that the polynomial g has a positive leading coefficient, namely —a;. It also has single sign

variation. Thus from [22], we have
Rpy(g) =1 (3.18)

From Descartes’ rule of sign, x*(f) is the unique positive root of f. Likewise x*(g) is the unique

positive root of g. Thus, we have
1

z*(9)
By combining Lemma 3.6 and Equations (3.19) and (3.18), we have

—2*(f) (3.19)

Bu(f) _ 4/Bu(g) 4 = 4/R(g) < 4

Real) = 200 = rte) ~ " Baly) <

We will now show that the over-estimation bound is optimal. More precisely, we will show
that there exist polynomials with positive leading coefficient, V(f) = 1, and relative over-
estimation arbitrarily close to 4. We will use the following family of polynomials paramterized

by d as a “witness” for optimality.
ho(x) = 2% + 2@ 4 f - 1.

Note that hy has a positive leading coefficient and V(hg) = 1. Since every coefficient of hy is

+1, we have

By (hg) = 2 (3.20)
It is easy to verify that
dlim x*(hg) =1/2 (3.21)

(In Appendix 3.A we include a detailed proof). Combining (3.20) and (3.21), we have

2
I = =4
Jim Riha) = 175

We have proved Theorem 3.3. O
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3.A Root of witness polynomials approaches 1/2

In this appendix, we prove equation 3.21. We require the following Lemma.
Lemma 3.7. For all d > 0, we have z*(hg) > z*(hqt1)-

Proof. We will prove it by contradiction. Suppose that for some d > 0, we have
2*(ha) < @ (has).
Then
¥ (hg) T 4 2*(hg)? + - + 2 (hg) — 1 < 2 (hg) T 4 2% (hae)? + - + 2% (hgpr) — 1 (3.22)
From the definition of x*, we have

¥ (hg)t+ -+ 2*(hg) —1=0 (3.23)
x*(hd+1)d+1 + 1‘*(hd+1)d + -+ l‘*(hd_H) —1=0 (3.24)

Combining (3.22), (3.23), and (3.24) we have
z*(hg)™ <0

which contradict the fact that x*(hg) > 0. O

Proof of Equation 3.21. We will prove the limit using the squeeze theorem. First, we prove that
the limit is bounded below by % Let d > 1. Note that hg has positive leading coefficient a single

sign change. Hence from Theorem 3.3, we have

Rpy(ha) <4 (3.25)

Since every coefficient of hg is £1, we have

Bp(hg) 2-1
h = = ¢2
R (ha) z*(ha) z*(ha) (3:20)
Plugging (3.26) into (3.25) and solving for x*(hg) yields
. 1
Hence 1
lim z*(hg) > B (3.27)
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We will now show that the limit is bounded above by % Let d > 2. By definition, we have

ha( x*(ha) ) = a*(hg)®+ - +a*(hg) —1 = 0

We will perform the following rewrite:

{E*(hd)d+"'+$*(hd)—1 — x*(hd)d+"'+$*(hd)+l—2

By combining (3.28) and (3.29), we have

o (ha)’ + - + 2" (ha) +1 =2

Since
. . 1 — z*(h,)¢+1!
o*(ha)t + - + 2" (hg) + 1= #(dfzd)
we have
1—az*(hg)
We will now solve for z*(hg).
1— $*(hd)d+1 _
1-— .CC*(hd) -
1—a2*(hg)™™ = 2 —22%(hy)
20%(hg) = 1+ a*(ha)**!
N 1 z*(hy)4t!

Note that by Lemma 3.7, we have

$*(hd) < .%*(hg) < .%*(hl) =1

Hence
1 :U*(hg)d+1
x ( d) S5 -+ 5
where z*(ha) < 1. It follows that
, 1 af(hy)t 1
1 * < lim =4 23=/ _ -
Jim @%(ha) < lim o 4+ —— 2

By combining (3.27) and (3.30) and applying the squeeze theorem, we have
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d—oo

lim z*(hg) = =

O]

3.B Average relative over-estimation for polynomials with sin-

gle sign variation

In this appendix, we observe that the average value of Rp,, (f) is affected by the index of the

first negative coefficient of f. To generate data points, we found the average value of Rp,, (f)

2.8
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2.4

2.2

2.8

2.6

2.4

2.2

2.0

2.8 2.8
2.6 2.6
R .
. 2.4 2.4 .
.
B
2.2 . 2.2 .
o
.
. 2.0 2.0 .
1.8 ° 1.8 °
. . °
1.6 1.6 .
1 2 3 4 0 1 2 3 4 5 6 7 8 9 0 2 4 6 8 10 12
First Negative Coefficient First Negative Coefficient First Negative Coefficient
Degree=5 Degree=10 Degree=14
2.8 2.8
2.6 2.6
.
. 2.4 244
. .
. 2.2 * . 2.2 *e
. . .
.. ., ‘e,
. 2.0 ‘e, 2.0 te.,
. . LY
° . ®e .,
1.8 . 1.8 *
. .
. . .
. 1.6 B 1.6 .
3 4 6 8 1o 12 14 1s 0 5 10 15 20 0 5 10 15 20 25
First Negative Coefficient First Negative Coefficient First Negative Coefficient
Degree=18 Degree=22 Degree=26

Figure 3.2: Average value of Rp,, (f) for fixed sign change location

for 1000 randomly generated polynomials of the form

ad:cd + -t agx

k+1
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where k is the index of the first negative coefficient, aq, ar # 0, a; € Z>o, and 0 < a; < 1000. All
experiments were performed in Maple. It is clear from the plots that the average overestimation
decreases as the sign change location increases.

Note that the above plots demonstrate the average behavior of Rp,, (f). A natural question
is whether we can improve the overestimation bound using the index of the first negative

coefficient. The set of polynomials
gag =+ a2ttt — b

can be used to show that we cannot significantly improve the constant in Theorem 3.3. For
fixed d, Rp, (f) rapidly approaches 4 as k decreases. We illustrate this behavior by plotting
RB, (926 k) for k=0,...,25 in Figure 3.3.

49 © 0 0 0 0 0 0 0 0 0 0 0 o 0 0 0 0 ¢
]

°
3.94
3.89
3.79
3.6
3.59
3.4+

3.34

10 15 20
First Negative Coefficient
Degree=26

Figure 3.3: Rp,(g926) for k=0,...,25

3.C Relative over-estimation when the number of sign varia-

tions is not equal to the number of positive roots

We have already shown that relative over-estimation bounds can be derived when the number
of sign variations is equal to the number of positive roots. We have also shown that when the
sign variation is fixed at 1, a tight over-estimation bound exists for By. A natural question
to ask is if we can derive a relative over-estimation bound which depends on the number of
sign variations, even when the number of sign variations is not equal to the number of positive
roots. It turns out that the answer to this question is no. In this appendix, we precisely prove

this statement.

Proposition 3.1. Let B : Rlz] — Ry be an absolute positivity bound. Let k£ > 3 and d > k.
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Then
sup Rp(f) =0
deg(f)=d
V(f)=k
0<C(f)<V(S)
Remark 3.4. By Descartes Rule of Signs, if V(f) = 2, then f has 0 or 2 positive roots. Hence
it V() =2,
0<C(f) <V(f)

is impossible.
Proof of Proposition 3.1. We will distinguish between two cases: k odd and k even.
Suppose that k is odd. Define the following set of polynomials:

U:{fc:0<c§%}

where

Cc

fole) = gelw)+

0le) = @+ —ga— 1!

0.2

0.1

0.2 0.4 0.6 0.8 1 1.2
T
-0.1

-0.2

-0.3

Figure 3.4: Plot of f. (red) and g. (blue) for d = k = 3 and ¢ = .3 (left), ¢ = .2 (middle),
¢ = .05 (right).

We will first show that

U C {f: f satisfies Assumption 3.1, deg(f)=d, V(f) =k, 0<C(f) <V(f)}
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Clearly, deg(f.) = d for all c. By construction, f. has positive leading coefficient and a single
positive root, which is in the interval (0,c¢). We will now show that V(f.) = k. Note that g, is
a polynomial with all real roots and exactly k positive roots. Hence by Descartes rule of signs,

v(ge) = k. Since the trailing coefficient of f, is

c C
— _=—_——_ <0
c+2 2<

and every higher degree coefficient of f. is unchanged from g, it follows that V(f.) = k. Since
fc has a single positive root and k > 3, we have
0<C(f) <k=V(f)

Hence
U C {f: f satisfies Assumption 3.1, deg(f) =d, V(f) =k, 0<C(f) <V(f)} (3.31)
We will now show that for all 0 < ¢ < %
(f) < and B(f)>1

Since k > 3, k—1 > 2. Hence x = 1 is a multiple root of g., and so ¢’(1) = 0. Since f/(z) = g.(z),

we have f/(1) = 0. Since B is an absolute positivity bound, we have

B(fe) 21 (3.32)

Since the leading coefficient of g is positive and 1 is the largest positive root of g, g. is strictly
positive on the interval (1,00). Since k is odd, k — 1 is even. Hence g, is also strictly positive

on the interval (¢, 1). Hence

C
fc:gc+§

is strictly positive on the interval (¢, 00). Hence, f. has no roots which are larger than c¢. Thus

2 (f) < c (3.33)

To complete the proof of the claim for the case when k is odd, note that

lim Rp(fe) = lim B(fe)

0*(fe)

> lim

1
- =0 z*(fc)

from (3.32)
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1
> lim — from (3.33)
c—0 ¢

e (3.34)
Combining (3.31) and (3.34), we have

sup Rp(f) =00 Vodd k>3 (3.35)
deg(f)=d
V(f)=Fk
0<C(H<V(S)

We now consider the case when k is even. We will use a similar strategy to the above. Define

the following set of polynomials:
1
U:{fc:0<c§§}
where

fe(@) = gc+e(o)
ge(@) = (2 + 1)z~ )(x — 2)(x — )7

€(c) = any positive number < max |[g.(z)|
c<w<2c

8

0.039

0.054 0.02

0.01

04 0.6 0.8 1.0 12
x

Figure 3.5: Plot of f. (red) and g. (blue) with appropriately chosen €(c) for d = k = 4 and
¢ =.3 (left), ¢ = .2 (middle), ¢ = .1 (right).

We will first show that

U C {f: f satisfies Assumption 3.1, deg(f)=d, V(f) =k, 0<C(f) <V(f)}
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Clearly, deg( f.) = d for all c. By construction, f. has positive leading coefficient and 2 positive
roots, which are in the interval (¢, 2¢). It remains to be shown that V(f) = k. Since the trailing
coefficient of g is positive, €(c) > 0, and every higher degree coefficient of f. is unchanged from
ge, it follows that V(f.) = k. Since f, has 2 positive roots and k > 4, we have

0<C(f) <k=V(f)
Hence
U C {f: f satisfies Assumption 3.1, deg(f) =d, V(f) =k, 0<C(f) <V(f)} (3.36)
We will now show that for all 0 < ¢ < %
x*(f.) <2c and B(f) >1

Since k > 4, k—2 > 2. Hence x = 1 is a multiple root of g., and so ¢’(1) = 0. Since f.(z) = g.(z),

we have f/(1) = 0. Since B is an absolute positivity bound, we have
B(fe) > 1 (3.37)

Since the leading coefficient of g is positive and 1 is the largest positive root of g., g. is strictly
positive on the interval (1,00). Since k is odd, k — 1 is even. Hence g, is also strictly positive

on the interval (2¢,1). Hence
fe=gc+€(c)

is strictly positive on the interval (2¢, 00). Hence, f. has no roots which are larger than c¢. Thus
z*(fe) < 2¢ (3.38)

To complete the proof of the claim for the case when k is even, note that

: _ iy BUE)
Py Rele) = I )

z*(fe)

1
> lim from (3.37
S Py (337)
> lir%1 from (3.38)
CcC— C
— 0 (3.39)

Combining (3.36) and (3.39), we have
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sup Rp(f) =00 Vevenk >4
deg(f)=d
V(f)=k
0<C(f)<V(f)

Finally, combining (3.35) and (3.40), we have

sup Rp(f) =00
deg(f)=d
V(f)=k
0<C(f)<v(f)

We have proved Proposition 3.1.
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Chapter 4

Root Separation Bounds of

Univariate Polynomials

Introduction

In this chapter we present a new improved root separation bound for univariate polynomials.
Root separation bounds are fundamental tools in algorithmic mathematics, with numerous
applications [21, 31, 19, 8, 46, 52, 55, 9, 51]. As a consequence, there has been intensive effort
in finding and studying such bounds [33, 37, 43, 40, 52, 18, 11, 12, 7, 45], resulting in many
important bounds. Unfortunately, it is well known that current bounds are very pessimistic.
Furthermore, we have found another issue with current bounds. If the roots of a polynomial
are doubled, the root separation is obviously doubled. Hence we naturally expect that a root
separation bound would double if the roots are doubled. This does not happen: frequently, the
well known Mahler-Mignotte becomes even smaller when the roots are doubled. In other words,
root separations bounds do not scale correctly; they are not compatible with the geometry of
the roots. (We elaborate further on this phenomena in the next section).

So we have a challenge. Namely, we want to find new root separation bounds such that

1. the new bounds are less pessimistic (or almost always less pessimistic) than known bounds
2. the new bounds scale correctly

3. and of course, the new bounds can be computed efficiently.

The main contribution of this chapter is to provide a new univariate root separation bound
which meets the challenge. We derive the new bound by transforming the celebrated Mahler-

Mignotte Bound [33, 37] into a new bound which meets the challenge. Experimental evidence
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indicates that the improvement is usually very large, especially when the magnitude of roots
are different from 1.

The structure of this chapter is as follows. In Section 4.1 we elaborate on the challenge
discussed above. In Section 4.2 we present the new univariate bound which meets the challenge.
In Section 4.3 we derive the new bound. In Section 4.4 we discuss the experimental performance

of the new bound.

4.1 Challenge

In order to motivate our search for new root separation bounds, we recall the celebrated Mahler-

Mignotte root separation bound [33, 37].

3|dis(f)]

Bum(f) = PN

where dis(f) is the discriminant of f and d is the degree of f. Let us apply the Mahler-Mignotte

bound to an example.

Example 4.1. Let f(z) = 2* — 6023 + 100022 — 8000x. As we saw in Example 2.4, the root
separation of f is v/200 (=~ 14.14). How does the Mahler-Mignotte bound perform on this

polynomial? Let’s see. We have
\dis(f)| = 2.56 x 10'°, || f||> = 8.06 x 10°
and obviously the degree of f is 4. Combining these pieces, we have
By (f(z)) = 8.26 x 107°,

This bound is significantly smaller than the root separation of f (by several orders of magni-
tude)!

Now we consider the polynomial f(x/2). Obviously, the root separation of f(x/2) is twice
the root separation of f. Hence we naturally expect that the Mahler-Mignotte bound of f(x/2)
is twice the Mahler-Mignotte bound of f. Let’s see what happens.

Bua(f(z/2)) = 1.05x 1076

It is not twice the Mahler-Mignotte bound of f. In fact, it is even smaller than the Mahler-
Mignotte bound of f! This is very surprising. Maybe this is a peculiarity of our choice of 2. We
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will try scaling by a different number.
Bum(f(z/3)) = 3.12x 1077

What happened? The Mahler-Mignotte bound of f(x/3) is even smaller than the Mahler-
Mignotte bound of f(x/2). It appears that the Mahler-Mignotte bound is decreasing as we
increase the distance between the roots. Can this be true? Lets calculate Bpsa( f(z/s)) for

many different values of s and see. In Figure 4.1 we plot Bya( f(x/s) ).

0.0015

0.0010

0.0005

Figure 4.1: By ( f(z/s))

Unfortunately, our suspicions are correct. Look at s = 1, where Bysas( f(x/1) ) is simply the
Mahler-Mignotte bound of f. To the right of s = 1, the function Bpsa( f(z/s)) is decreasing.
In fact, the Mahler-Mignotte bound is approaching zero as the root separation increases. The
situation is equally strange to the left of the Mahler-Mignotte bound of f. When we decrease
s, we see that until s reaches a value around .18, the Mahler-Mignotte bound is increasing. In
other words, the Mahler-Mignotte bound is increasing when the root separation is decreasing.
This is very odd. 0

Let us summarize the observations from the above example.

1. The Mahler-Mignotte bound is very pessimistic (several magnitudes smaller than the root

separation).
2. The Mahler-Mignotte bound does not scale correctly (“covariantly”) with the roots of f.

We have also observed similar phenomena for other efficiently computable root separation

bounds. So, we have a challenge.
Challenge 4.1. Find a function B : C[z] — R} such that

1. B(f) is a root separation bound.
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2. B(f) is almost always larger (hence less pessimistic) than known root separation bounds.
3. B(f) scales covariantly.

4. B(f) can be computed efficiently.

The main contribution of this chapter is a new root separation bound which meets the

challenge.

4.2 Main Result

In this section we will precisely state the main result of the chapter. We require the following

notation.

Notation 4.1.

f = Y’ = ]I, (= — ) € Cla]
A(f) = min|a; — oy

dis(f) = aid_Q [T (i — )
Definition 4.1. A function B : Clz] — Ry is a root separation bound if B(f) < A(f) for all
f € Clz].

We begin by recalling the Mahler-Mignotte bound [33, 37]

Bumi(f) = MPk(d)
115
where
Py (d) v3

- dd/2+1(d 4+ 1)(z= R’

We are now ready to present the main contribution of this chapter: a new univariate root

separation bound which meets the challenge in the previous section.

Definition 4.2 (New Univariate Bound). Let k& > 2. Define

Brew(f) = V2l p a)

where
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1
1 =
5, = max min <|h(q)|>k |aq] )
g P lh(P)l)  lapl

h(q)<0 h(p)>0
. d . 1
h(l) = 5 —1+ m

Theorem 4.1 (New Univariate Bound). Let & > 2. Then

1. BNew,k is a root separation bound.

2. If £ = oo, then Byewr > Buwmi (when £ < oo, see the discussion in the following

remark).
3. BpNew,: scales covariantly.

4. §j can be computed in O(d) algebraic operations and comparisons using Algorithm 4.

Example 4.2. Let f = 2% — 602% 4+ 100022 — 8000z. Recall that the root separation of f is
approximately 14.14. We have

BMMoo = 7.56 x 1077

1
1 (a—p)
Sco = mMax min <_|h(q)|>k M
ge{3.4ype{12y \ \|h(p)| ) lap|

= max < min ﬂ%l ﬂﬁ min &ﬁ ﬁﬁ
a |8000] "\ |1000] ’ 18000 "\ |1000]

= max {6.00 x 1072,3.16 x 1072}
=6.00 x 1072
|zt = 3.6023 + 3.600% — 173z

HOO - 4 1
(6.00 x 10-2)2 " 51
3.60

(6.00 x 10-2)3
=3.91 x 10?
BNewoo = 6.45 x 1073

Note that Byew,co is @ root separation bound for f, and is significantly larger than Basar,c0. To

demonstrate the covariance, we plot the function Byey,oo( f(z/s)) in Figure 4.2. O

Remark 4.1. Experimental evidence indicates that By i is almost always larger than B

for finite k. For example, with the same polynomial as in the preceding examples, we have

Brewa2(f) = 202x107% > Buyma(f) = 826 x 1076
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0.009
0.0081
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0.0067
0.0057
0.0041
0.0031
0.0021
0.0011

02 04 06 08 10 12 14

Figure 4.2: Scaling covariance of Bnew,oo

Furthermore, Byey r is almost always larger for smaller k, as the same example illustrates:
BNewa(f) = 2.02x 1072 > Brewoo(f) = 645 x 1073

In Section 4.4 we will provide theoretical justification for this observation.

Remark 4.2. For square-free integer polynomials, the discriminant has a lower bound of 1.
Hence in practice the discriminant is almost always replaced by 1. In this case, part (4) of The-
orem 4.1 implies that B¢y, can be computed in O(d) algebraic operations and comparisons.

Note that removing the discriminant sacrifices the scaling covariance.
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4.3 Derivation

4.3.1 Overall framework

In this subsection, we present the framework we will use to derive the new bound. We require

the following notation.

Notation 4.2.

o /O =sif(afs)

Note that in the above notation we scale the roots of f using a slight modification of the
scaling operation in the introduction. Since the only difference between the two scaling operation
are the leading coefficients, the two operations are equivalent. We use this scaling operation for
later convenience. In Propositions 4.1-4.3 we will incrementally develop the framework used to

meet the challenge stated at the beginning of this chapter.

Proposition 4.1 (Scaled Bound). Let B : Clz] — R, be a root separation bound and s € R...

Let
B(f))

S

B*: f—
Then
1. B* is a root separation bound.

We will illustrate the result by a simple example, since the proof is simple.

Example 4.3. Let f(x) = 2* — 6023 4+ 100022 — 8000z. We have
Buna2(f®) = Buyaa(24f(2/2)) = 1.05 x 1075, (4.1)
Since B2 is a root separation bound, it follows that
Baa(fP) < A(F®) = 2A(f)

Rearranging yields
< A(f) (4.2)

Combining (4.1) and (4.2) we have

1.05 x 1076

5 = 525 %1077 < A(f).

Note that 5.25 x 1077 < Buyv2(f). So 2 was not a good choice for s.

60



How should we choose s? In Figure 4.3 we plot the function Bpsara( £))/s. Clearly, we
should choose s so that the function is maximized. We see that for s ~ .16, the the new bound is
approximately 2.00 x 1072, This new bound is significantly larger than Buarva(f) = 8.26 x 107,

O

0.0201

0.016

0.010
0.006

0.002-

01 0.2 03 0.4 0.5

Figure 4.3: Scaled bound for Bysas2 and f.

Proposition 4.2 (Covariant Bound). Let B : C[z] — Ry be a root separation bound and
o:Clz] - R4 . Let

B*: f—

If Vf € Clz] and Vv > 0 we have

then

1. B* is a root separation bound.

2. B* scales covariantly

Proof. The first property follows from Proposition 4.1.
We will now prove the second property. Let f € C[z] and v > 0. By definition

B ( ( fm)(a(f(m))

BX( O =
Since o(f()) = %a(f), we have
o (f
( fw))( U _ ots) _ koot _ 4ot (4.3)
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Hence

x(r(V)y — =
B*(f\") o (FO)) o (FO) from (4.3)
B( () B( () .
_BUCY) _ BUCO) o
5o(f) o(f)
We have proved that B* scales covariantly. ]

Proposition 4.3 (Optimal Bound). Let B : C[z] — R, be a root separation bound. Let

B(f¥)

B* : f — max
S
Then

1. B* is a root separation bound.

2. B* scales covariantly
3. B*(f) = B(f)

Proof. The first property follows from Proposition 4.1.
To prove the second property, we will show that ¢ has the scaling property described in
Proposition 4.2. Let f € C[z] and v > 0. We have

B ( (f('v))(s) )

o(f) = arg max

s>0 S
B ( frs) )
= argmax ———~
s>0 S
1B( 09
= arg max —L since v > 0
s>0 7y S
B ( frs) )
= argmax ———=
>0 Sy
1 B ( f(S) )
= — arg max
y s>0 S
1
= —0 f
~o(f)
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Hence by Proposition 4.2, B* scales covariantly.

We will now prove the third property. We have

* B(f®) _ B(fM) _ B(f) B
=1 > g g
B (f) s>a(})){ S - 1 1 (f)
We have proved the Proposition. ]

Let us summarize the framework built up in this section. We have seen that

B(f®)
max
s$>0 S

meets the challenge if the mazimum can be computed efficiently. If the maximum cannot be
computed efficiently, we can approximate the maximum. We can then use Proposition 4.2 to

guarantee that the new bound is scaling covariant.

4.3.2 Derivation of New Univariate Bound

In this section we derive the new univariate bound. We will find a tight approximation $; of

. _ Buaeg( f)
s, = argmax ——————=
s>0 S
We will then use Proposition 4.2 and a result due to Melhorn and Ray to show that the bound

Bae( fG9)

BNew,k = 3
k

meets the challenge.
First, we find a find a simplified expression for s;. We will take advantage of the following

easily verifiable identities:
Lemma 4.1. Let g : R — R4, and ¢ > 0. Then

1. argmaxg~o g(s) = argmaxgsg ¢- g(s)

2. argmaxsso ¢(s) = argmaxsso (g9(s))°

-1

3. (argmaxssg ¢(s))~" = argmingso g(s)

Lemma 4.2. Let f € Clz]. Then

sy = argmin Ry (s)
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where

1/l

$2 d-1

Rk(s) =

Proof. To prove the claim, we will expand the expression for

Burari( f&))
S

then simplify this expression with the identities of Lemma 4.1. We have

Since

we have

Hence

|dis(f )]

Banara 1) = ¥ Pild) (4.4)
k

d d
) = st f(x/s) = st ay H(w/s — sq;) = aq H(a: — sa;)
i=1 i=1

dis f( 2d 2 H S0y — sa)
i#]

— 2244 H(ai —a)
i#]
= 544D dis(f) (4.5)

Buni(f®) _ 14/|dis(f©)]

= —— P;(d)
s s || fO|E!

1/ D dis(f)]
s O

Py(d) from (4.5)
T dis(h)]
s||f&]|¢1

d(d dd-1) 4
Hf(s |d 1\/|dzs | P (d

SE d—1

d__1 d—1
=<—) Vdis(f)|Pe(d)

Py.(d)

£
1 d—1
= (%) V|dis(f)|Py(d) (4.6)
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Now we apply the identities from Lemma 4.1 to the expression in (4.6):

Burarr( )
arg max —mm—— = arg maX
s>0 S

)| Pr(
(Rk B ) VIdis(f)|Pe(d
= argmax <Rk 5 ) (Identity 1)

= argmax > (Identity 2)
k;
= arg mm Ry(s) (Identity 3)
We have proved the Lemma.

Lemma 4.3. Let £ > 2. Then

sh= ()
where t* is the unique positive root of
d
Qu(t) =D h(i) |a;|" - ¢+
i=0

and h(i) =4 —i+ 7.

Proof. For later convenience, we first rewrite Rg(s).

IEasA
Rk(s) d_ 1
2 d—1
%
(Z?:o |57 ail )
= 4 1
§2 d—1
1
d kil k\E
(Zz‘:o shd kz|ai| )
= d_ 1
g2 d—1

kd k

S 2 d—1

1
Zfl:o gkd—Fki |ai!k) k
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d d
— (Z(Sk)2_i+dl la |k>

i=0

d k

4 d 1
_ k\h(3) k _ 2 _ -
(;(s )" ay ) since h(7) 5 i+ 1

= Ry(s)* (4.7)

Combining Lemma 4.1 and (4(), we have
Sk arg Isn>161 Rk(S) arg r8n>1(r)1 k(S) ( )

Hence from Calculus, we have

Ri(sh) =0 (4.9)
Note that J
Ri(s) =Y _ s kh(i) |a;l*
i=0
Define the polynomial
d
Qu(t) =Y hli) |ai* - 47
i=0
We have
—kd__k__4 E _kd_ _k__4 a k k\d
ks> TT1 T Qu(s) = 572 T Y T kA() Jail” - (s7)
i=0
kd 1 : k  (.k\d
=572 T Y kb [agl* - (sF)
=0

I
V)
x
—~
v
<
U
—
—
—
™
>
—~
-~
N—
B
=
>
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Skh(i)fl . kh(’b) ‘GZ’k

I
-
I M a
(e}

= Rj,(s)
Hence
Ri(s)=0 < Qu(s*) =0 Vs>0 (4.10)

Note that Qx(t) has a single sign change, since h(i) is strictly decreasing with i. By Descartes
Rule of Signs, Q(t) has a single positive root t*. Combining (4.8), (4.9), and (4.10), we have

We have proved the Lemma. O

Since @ is a polynomial with a single sign change, we can derive a tight approximation of

its single positive root using Theorem 3.3.

Lemma 4.4. Let f =3 " c¢;z% have a single sign change, and z* be the unique positive root
of f. Then

L<z*<U
where
L= 2
2
U =2H(f)
1
H(f) = max min <M> v
d p |cp]
cq<0 ¢p>0
ep>eq

Proof. The upper bound is simply the Hong bound applied to f. To derive the lower bound,
solve for z*(f) in Theorem 3.3. O

Lemma 4.5. Let £ > 2. Then

bl

G) " HQW)E < st < 28 (HQW)

Proof. From Lemma 4.3, we have
st= (t*)* (4.11)
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where t* is the unique positive root of Q(t). Since Q(t) has single sign change, we can apply
Lemma 4.4. We have

L<t'<U (4.12)
where

L= SH(Qw)

U =2H(Q)

Combining (4.11) and (4.12), we have

Equivalently

We have proved the Lemma. O

Lemma 4.6. Let £ > 2. We have

and
lim 3§, = H(G)
k—o0
where ) )
D S R Y
» |ap| q |ag|
h(p)>0 h(q)<0

Proof. We have

h(o) \aqu) SR
0D 0y

('H(Qk))% = | max min (
h(q)<0 h( p)>0

1

h N
_ mxmn@@&i)

h( %<0h (p)>0 |h(p)| |ap|k

1
h k\ k(¢—p)
:mwmmGﬁMi>

k
(q¢§<0 h(p)>0 |h(p)| ‘ap|
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L (g—p)
- ()5
h(q)<0 h(p)>0 p p

We now consider the limit. We have

\h(q)\ % |a ’ (¢—p)
lim §, = lim max min LA VAR s Lt
k—o0 k—oo 4 P ’h p)’ ‘ap|

h(q)<0 h(p)>0
1
. |aq| (¢—p)
= max min | —
q p |ap|
h(q)<0 h(p)>0
We also have
ﬁ (d=p)—(d—q)
. a,
H(G) = max  min T
h(g)<0  h(p)>0 lap]
(d—p)>(d—q)
1
1\ 7>
_ : ‘aq|
= max min i
D 1
h(g)<0  h(p)>0 ap|
(d—p)>(d—q)
1
. |ap|\ r
= max min —
aq|

-

= max min <—

lap| '\ o>
q P lag
h(q)<0 h(p)>0
q<p
_1
. (\ap|>”
= max min —
q p aq|
h(g)<0 h(p)>0
= lim §
k—oo

Lemma 4.7. Let £ > 2 and
. By f©))
s, = arg max ———————
s>0 S
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Then

where

1
1 Ta=p)
. . (rh<q>|)kaq| o
k= max min
T iy \NRD) ]

h(q)<0 h(p)>0
) d . 1
h(’L) = 5 — 1+ ﬁ

Proof. Let k > 2 and
. B f9))
s, = arg max ———————
s>0 S

Combining Lemmas 4.2, 4.5 and 4.6, we have

We have proved the Lemma. O

We are now ready to define the new bound. From Lemma 4.7, we observe that 5 is a tight
approximation of s;. As k increases, the approximation becomes tighter. Thus we choose to

approximate the bound
Bk ()
max ————~=
s>0 S

with the bound

BMM,kN( FE) V |di8(f)|Pk(d) (4.13)

BNew,k (f) =

5k HI!

Before proving Theorem 4.1, we present an algorithm for computing 5. We combine Lemma 4.6
and the algorithm due to Melhorn and Ray (see [36] and Chapter 2) to compute H(Q) in O(d)

algebraic operations and comparisons. We recall their complexity results in the Lemma below.

Lemma 4.8 (Melhorn, Ray, 2010 [36]). Let g € R[z] with m non-zero coefficients. Then H(g)
can be computed in O(m) algebraic operations and comparisons with the algorithm ComputeH
(Algorithm 3 in Chapter 2).

Proof of Theorem 4.1. We prove them one by one.

1. Combine (4.13) and Proposition 4.1.
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Algorithm 4: Computes

Input : f= Z;‘i:o a;zt € Clz]

k>2
Output: 5
1 begin
2 if k is finite then
3 Q = Tiloh(i) laif" - 147
4 5 «— C’omputeH(Q)%
5 else
Qe X ﬁsdﬂ’ - > ﬁsd*q;
P P q 4
6 h(p)>0 h(q)<0
7 5 «— ComputeH(Q)
8 end

2. From Lemma 4.7, we have

So0 = S
Hence

B 0 (500)
_ Buvoof fl))

*
SOO

Bunoo( f©))
= argmax ——————~
s>0 S

Hence by Proposition 4.3, Bnew,0o(f) > Baa,oo(f) for all f.

3. Let v > 0. We have

h(q )<0h

- e o (B

h(q)<0 h(p

= ((LZ?',)%’@—J)

1
7 h(q)<0 h(p)>0
1
v

1

1 dq
s (FO)) — [h(g)]) * |ag|
sk(fV) max mln <<| p|) d p’ap|
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Hence by Proposition 4.2, Byew i scales covariantly.
4. Combine Lemma 4.6, Lemma 4.8, and Algorithm 4.

We have completed the proof of Theorem 4.1. O

4.4 Performance

In this Section, we discuss the experimental performance of the new bound. We first repeat the
observation of Remark 4.1: experimental evidence indicates that By i is almost always larger
for smaller k. This is unsurprising once we consider the derivation strategy in the previous
section. Let k1 < ky. We have

B ( £ ) Bk, ( f )

BNew,kl ~ max ) BNew,k2 ~ max
s>0 S s>0 S
and
) B o) B Fl) (5
Bumg () MMk MM k2 By, ( )
max > > = max
>0 s s3 sy s>0 S
k‘z k?2

We have also observed that the improvement is usually very large for the new bounds, espe-
cially when the magnitude of roots are different from 1. To generate data points, we generated
100 random monic polynomials with fixed degree and height (defined below) and calculated the

average value of the improvement:

BNew,k(f) ”fk’” -1
B i (f) < )

_ n
Note that the improvement is independent of the discriminant for both new bounds. This

observation allowed us to avoid many expensive computations when performing experiments.

We defined the height of a monic polynomial with the binomial height:

|ai‘ dii

og?ﬁf_l (?)

11l =

It is well known that the binomial height is related to the size of the roots. To generate a
polynomial with the height r,/r4, we uniformly generated an integer c in the range (—ry,,7q)
for every trailing coefficient. The corresponding integer for one coefficient was randomly chosen
to be fixed at r,. We then set



and defined f = 2 + trailing polynomial.

In Figure 4.4, we plot the log of the average improvement of By, 2 for 100 monic polyno-
mials of degree 4 and given B — Hetght. We see similar plots both for other degrees and other
choices of the norm (Bpeyr With & # 2). As we can see from Figure 4.4, the improvement

increases as the magnitude of the roots becomes much different from 1.

6 -4 -2 0 2 4 6
Iogz(B—height)

Figure 4.4: Average Improvement for given B—Height and Degree 4

We will also study the experimental performance of the new bound on a special class of

polynomials known as Mignotte polynomials [38]. A Mignotte polynomial is defined as
Mig(d,h) = 2% — 2(ha — 1)?

It is well known that Mignotte polynomials have very small root separation. In Figure 4.5, we
plot the log of the improvement of Byey,2 when h is fixed at 10 and degree varies, and the log

of the improvement of Byey,2 when the degree is fixed at 3 and h varies.

1.0
0.9
0.8

159
log Brew2 . log Byew.2 | 0.64
2| B 101 2| B 0.5
MM, 2 MM, 2 0.41

20+ .

o MR

Figure 4.5: Improvement for Mignotte Polynomials
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Chapter 5

Root Separation Bounds of

Polynomial Systems

In this chapter we present a new improved root separation bound for polynomial systems.
Unsurprisingly, known root separation bounds on polynomial systems suffer from the same
issues as their univariate counterparts. Namely, they are very pessimistic and they do not scale
correctly. So we face the same challenge as in the proceeding chapter: we want to find new root

separation bounds such that
1. the new bounds are less pessimistic (or almost always less pessimistic) than known bounds
2. the new bounds scale correctly
3. and of course, the new bounds can be computed efficiently.

The main contribution of this chapter is to provide a new root separation bound for poly-
nomial systems which meets the challenge. We derive the new bound using a similar strategy
as in the univariate case. We will transform a known bound into a new bound which meets the
challenge. The bound we will transform is the bound due to Emiris, Mourrain, and Tsigaridas
[18] (discussed in Chapter 2). While the overall strategy is the same as in the univariate case,
we will see that the derivation of the new multivariate bound requires completely new tools
which were not required to derive the univariate bound. Experimental evidence again indicates
that the improvement is usually very large, especially when the magnitude of roots are different
from 1.

The structure of this chapter is as follows. In Section 5.1 we present the new univariate
bound which meets the challenge. In Section 5.2 we derive the new bound. In Section 5.3 we

discuss the experimental performance of the new bound.
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5.1 Main Result

In this section we will precisely state the main result of the chapter. We require the following

notation.

Notation 5.1.

F,, = {F € (Clz1,...,zp))" : F has finitely many (at least two) solutions,
and all solutions are simple. }

F = (fla"‘7fn)€Fn

A(F) = min pgzgecr || = B2l

0 I;(ﬂl):F(ﬁz)zo
dis(f) = ag™" Hi;&j(ai —ay)

E(f) = Support(f)

di = deg(fi)

D =dy---dy

M; = Hj;éi d;

Definition 5.1. A function B : F,, — Ry is a root separation bound if B(F) < A(F) for all
Fel,.

We begin by recalling the multivariate bound due to Emiris, Mourrain, and Tsigaridas [18]

(7))
Bpyr(F) = P(d, ... dy,
) = iy gy P e

where
V3
D1
DD/2+1 . p1/2( . ( VD +1(n+ 1)PCPTTL, (dic;:n)Ml )

Ty, = the resultant of (fo, fi,..., fn) which eliminates {z1,...,2,}

P(dy, ... dp,n) =

fo = a separating element in the set

D
{u—xl—ixz—---—i"_lxn:0§i§(n—1)<2>}

o (o B)”

We are now ready to present the main contribution of this chapter: a new multivariate root

separation bound.
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Definition 5.2 (New Multivariate Bound). Define

Jdis(T
V1dis(Ty)| f0)|P(d1,...,dn,n)

BNew(F) ==

HDfl
where
H = min B(s)
R(s) = iy | Zeegm fdi"e'lael 13

S 2 D—-1

Theorem 5.1 (New Multivariate Bound). We have
1. Bnew is a root separation bound.
2. BNew > Beur.
3. Bpew scales covariantly.

4. The minimizer of R(s) can be computed in O (n-m + n-d) algebraic operations and

comparisons using

D 1
FindMinimizer (F, (M, ..., My), 5 —) (Algorithm 6)

D -1
where

m = # monomials of F'
n

1=,
i=1

Example 5.1. Let F = (fi, f2), where

fi= a3+ 22 — 100

fo=a3 2% 25

It is simple to verify that the root separation of F'is v/150 (/ 12.2). It is also simple to verify
that

fo=u—z1— a2
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is a separating element in F (see Chapter 2 for a more detailed discussion on separating ele-

ments). We compute

Ty, = 4u® — 800u® + 2500
\dis(Ty,)| = 2.40 x 108
P = V/30/48348866242924385372681011200
|| 1lloo = 100

|| f2lloo = 25
11211 f2l % = 6.25 x 10°

Hence

2.40 x 108 V3

(6.25 x 100)1  13348866242024385372681011200 ~ " 107"

Beur(F) =

Now we compute H. We compute

4 1
s* = FindMinimizer(F,(2,2), = — ——)
2 4-1
=1.00 x 107*
Hence
H = R(s")
=4.64 x 10!
Hence
2.40 x 108 V3

BNew(F) = ~ 271 x107%

(4.64 x 1()1)4 | 48348866242924385372681011200

Note that this number is still quite pessimistic; however, the new bound is significantly larger
than By (F). To demonstrate the covariance, we plot the function Byew( F(z1/8,22/s)) in
Figure 5.1. O

Remark 5.1. Note that By, is only defined for the co—norm. It turns out that generalizing

the result to arbitrary norms is more difficult than in the univariate case.

Remark 5.2. For F' € IF,,, T}, is a square-free integer polynomial; hence dis(T%,) has a lower

bound of 1. Hence in practice the discriminant is almost always replaced by 1. In this case,
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25%x10 1
2.x10°
1.5x10 "]
1.x10

5.x10 1

Figure 5.1: Scaling covariance of By

part (4) of Theorem 5.1 implies that Bye, can be computed in O (n-m + dlog(d)) algebraic
operations and comparisons. As with the new univariate bound, removing the discriminant

sacrifices the scaling covariance.

5.2 Derivation

5.2.1 Overall framework

In this subsection, we present the framework we will use to derive the new bound. It turns out
that we can use the same framework as in the previous chapter. Every proposition in this section
generalizes the propositions of the previous chapter to root separation bounds on polynomial
systems. The proofs are also almost identical.

As in the previous chapter, we begin by precisely defining a scaled polynomial system.
Notation 5.2.
o F(8) = (fl(s),...,fés)) where fi(s) = sdifi(azl/s, cey Tp/S).

In Propositions 5.1-5.3 we will incrementally develop the framework used to meet the chal-

lenge.

Proposition 5.1 (Scaled Bound). Let B : F,, — R, be a root separation bound and s € R.

Let
B( F(S))

S

B*: Fw—
Then

1. B* is a root separation bound.

We will illustrate the result by a simple example, since the proof is simple.
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Example 5.2. Let F' = (f1, f2), where

fi =23+ 25— 100

fo=a? — a3 —25
Then F®) = (fl(z), f2(2)), where

1 =22 ((21/2)° + (22/2)” — 100)
= 3 4 23 — 400
159 =22 ((21/2)? = (w2/2) — 25)

=22 — 23 - 100

The roots of F' are plotted in the left plot Figure 5.2, with the minimum root separation
highlighted. In the middle of Figure 5.2 we plot the roots of F(2) (in orange) with the roots of
F, and in the right plot we highlight the root separation of F(2). Note that the root separation

of F@ is twice the root separation of F.

2/150

150

w0 1o 0
[ ] [ ]

X, 0 X, o X, o
[ ] [ ]

10 10 -0

Figure 5.2: Root Separation of F' and Root Separation of F(2)

We have
Bpur(F®) = 4.25 x 107, (5.1)

Since Bgpr is a root separation bound, it follows that
Bpur(F®) < A(FP) = 2A(F)

Rearranging yields
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Combining (5.1) and (5.2) we have

4.25 x 1046

5 = 213 x 1071 < A(F).

Note that 2.13x 10746 < Bgasr(F). So 2 was not a good choice for s. As in the previous chapter,
we observe that the best choice of s is the value which maximizes B(F())/s. In Figure 5.3 we
plot the function Bgyr( F*))/s. The maximum value of this curve is approximately 2.7 x 10725,

which is significantly larger than Bgysr(F). O

2.5x10 7

1.5x10 "]

0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18 0.20
s

Figure 5.3: Scaled bound for Bgpr and F'.

Proposition 5.2 (Covariant Bound). Let B : F,, — R, be a root separation bound and
o:F, - R4 . Let

(o(F))
B*: Fw— —B(F )
o(F)
IfVF € F,, and Vv > 0 we have
1
o(FO)) = ;U(F)

then

1. B* is a root separation bound.

2. B* scales covariantly

Proof. The first property follows from Proposition 5.1.
We will now prove the second property. Let F' € F,, and v > 0. By definition

B ( (Fm)w(m»)

B*(f(’Y)) = O'(F('Y))
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Since o(F0) = %O’(F), we have

o(F(O

(F(ﬂ{))( (FO)) _ plye(FO) _ F(W.%.U(F)) _ plo(F) (5.3)

Hence
(7))o E?)
*((Y) Y (F ) B(F(U(F))) ¢
B*(F\) = o (FO) = TP rom (5.3)
B(F(e(F) B(F(e(F) .
= o e )
¥

We have proved that B* scales covariantly. O

Proposition 5.3 (Optimal Bound). Let B : F,, — R be a root separation bound. Let

B(F()
B*: F — max ( )
s s

Then

1. B* is a root separation bound.
2. B* scales covariantly

3. B*(F) > B(F)

Proof. The first property follows from Proposition 5.1.
To prove the second property, we will show that ¢ has the scaling property described in
Proposition 5.2. Let F' € F,, and v > 0. We have

B < (F(v))(s) )

o(FO)) = arg max

s>0 S
B ( FOrs) )
= argmax ———
s>0 S
1B(F0) :
= argmax ——— since v > 0
s>0 7y S
B ( FOrs) )
= argmax ——
>0 Sy
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Hence by Proposition 5.2, B* scales covariantly.
We will now prove the third property. We have
B(F®)) _B(FW) B(F)

B*(F) = > - — B(F
(F) = max ———— > —— 1 (F)

We have proved the Proposition. O

Let us summarize the framework built up in this section. We have seen that

B(F®))
max ———
s>0 S

meets the challenge if the maximum can be computed efficiently. In the previous chapter, we
were not able to compute the maximum value for By efficiently; instead, we had to ap-
proximate the maximum. In this chapter we will see that we can compute the maximum for
By efficiently. As a consequence, Properties 2 and 3 (scaling covariance and guaranteed

improvement) will follow immediately, with no extra derivation required.

5.2.2 Derivation of New Multivariate Bound

In this subsection, we derive the new multivariate bound. For the remainder of this subsection,
let F' € F), be fixed, and fy a fixed separating element of F'. Similar to the previous chapter,
we will begin by deriving a simplified expression for

Bpur(F©)

s = argmax ————~.
s>0 S

We first need to understand the affect that root scaling has on the discriminant of T%,. We

make of use the following result from the proof of Proposition 5.8 of [13].

Lemma 5.1. Let F' be zero-dimensional, have no solutions at infinity, and have no singular
solutions. Let

fo=u+mrz+ -+ rpx,
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and Ty, be the resultant of (F, fo) which eliminates (z1,...

Ty =C H fo()

YEV(F)
where
C = Res(F)
F=(fi, fa)
ﬁ- = Z aeX®
e€E(f;)
le|=d;

S
0

, Zp). Then

Lemma 5.2. Let s > 0. Let T} ) be the resultant of F®) and fo. Then

dis(T}")) = sPP~Vdis(Ty,)

Proof. To prove the claim, we will first show that the leading coefficients of T, and T}j) are

the same. Then we will use the definition of the discriminant to complete the proof.
Let C be the leading coefficient of Ty, and C'](cz) the leading coefficient of T(%). From

Lemma 5.1, we have

C = Res(F) and C*®) = Res(F®))

Note that

(s) Te

Sdifi(xl/sv v 71'11/8)

(5.4)

e
= Sdi Qe (X(S))
le|=d;
. Sdi a (ﬂ>81 <l‘_n>€n
e\ S s
le[=d;
1 e1+-+en
= g g) aex' -



Hence
Combining (5.4) and (5.5), we have

Note that the roots T’ are

{rivin 4+ rvint 2,

and the roots of T}S) are
{s- (rvin+ - +7ra%in) Hoa

We will now expand the discriminant of T]E(f). We have

o D(D-1)
d’LS(T}O)) = <C(s)) H (3 : ("“1%‘,1 +---+ Tn'Yi,n) - S5 (Tlryj,l +oet Tnlyj,n))

i#]
= CPPIT](s - (ryin + -+ +7mn%in) = 8- (r1v0 + -+ + r¥in) from (5.6)
i#]
— SD(D_l)CD(D_l) H((TIWz,l + e _|_ rnfyi7n) — (T17j71 + “ e + Tn’Y],n))
i#j

= sD(Dfl)dis(Tfo)

Lemma 5.3. Let s > 0. Then

Bpur(F®)  /|dis(Ty,)] P, d,n)

s R(s)P-1

where

7;: fl(s) %z

1

§2 D-1
Proof. We have
c o ((s)
Beur(F) _1_ MMl
S i S n (S) M,(D—l) 1y« Un,
[Tz i oo
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D(D—1

) -
2 ‘dls(Tfoﬂ

1 s
=3 ® 5 P(d1, ... dn,n) from Lemma 5.2
S
(T 172718
dis(T
_ | (N{‘?)‘DilP(dl,...,dn,n)
(H;; 141188 >
D__ 1
s2 " D—1
|dis(T'y,)|
= WP(dl,,dn,n)
O
Lemma 5.4. We have
§" = argmin R(s)
Proof. To prove the claim, we will again make use of the identities in Lemma 4.1 . We have
BEMT(F(S)) ‘ 1S T)’
argmax ——-~— = aIgmax R(s)P—T P(dy,...,dn,n) from Lemma 5.3
1 .
= argmax - <5y R(5)P (Identity 1)
1
= argmax - R) (Identity 2)
= arg min R(s) (Identity 3)
s>0
O

We will now consider the computation of arg mins~o R(s). For the sake of generality, we will

study all functions of the form

A

R(s) = v
where Uy, ..., Uy, V € Rsyg. Let s* = argming~( R(s). We will show that s* can be computed in
O(n-m+mn-d) algebraic operations and comparisons. Our overall strategy will be to trans-
form the problem into a new problem which is stated in terms of linear functions. More precisely,
we will show that log(R(s)) can be viewed as the upper envelope of a set of linear functions.
We will make use of a technique for efficiently computed upper envelopes known as the Convex

Hull Trick to compute s* efficiently.

85



Lemma 5.5. Let ¢ = log(s). We have

n

log(R(s)) = ) _ Ui~ max ((di —lel) -t +log(lacl) ) =V -#

Proof. We have

n &) u;
log(R(s)) = log <1—LZIL¢>

= Ui -log(|If;”]]) = V - log(s) (5.7)
=1
Note that

tog([l£]]) = log ( max s llq,) )

e€E(f;)

— 6&3&) ( log (sdi_‘d\ae\) )

= eg&}i) ((di — le]) - log(s) +log(lacl) )

= eg;&)( (di — le]) - t +log(|acl) ) (5.8)

Combining (5.7) and (5.8), we have

n

log(R(s)) = p Ui~ max ((di—le]) -t +log(|ac]) ) =V -#

O]

Since the sum of upper envelopes is an upper envelope, log( R(s)) is an upper envelope. The
upper envelope of a set of linear functions [;(¢) = 3;-t+&; on t > 0 is represented by an ordered

sequence (1;;,0), (liy, tiyis)s - -+ (lins ti,_1 i, ) such that

max [;(t) =

lir (t) tir—lyi'r S t S o0

Given such a representation, finding the ¢ which minimizes the upper envelope is trivial: we

simply find the corner point ¢ where the slopes of the lines in the upper envelope switch from
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negative to positive. In fact, this representation contains more information than is necessary to
find the minimizer. We need only store the slopes of functions which lie on the upper envelope,
as well as the corner points.

Hence we have the following initial strategy. For i = 1, ..., n, we compute the upper envelope
representation of

eg]l;&)( (di — le]) - t + log(|acl) ) (5.9)

The most efficient algorithm for computing upper envelope representations of linear functions
is known as the Convex Hull Trick. It is not clear who deserves credit for this trick; it appears
to be folklore, not published in the literature. See [1] for a concise summary. We can combine
the upper envelope representations to find the representation of

n

log(R(s)) =) Ui- eg]l;}?)( (di — le]) - t +log(|ac|) ) =V - ¢
i=1 ‘

We then read off the minimizer ¢* of log(R(s)) and return

We will now discuss improvements to the above strategy. Note that in the above strategy we
must take logarithms. Recall that the current goal is to present an algorithm which produces
the minimizer in

On-m+mn-d)

algebraic operations and comparisons. It turns out that is a relatively trivial matter to modify
the Convex Hull Trick algorithm to avoid logarithm computations for the current application.
In the Convex Hull Trick algorithm, we compare corner points ¢;, ;, and t;, ;,. In our case, the

corner points for the upper envelope of (5.9) are the points where
(di — lea]) -t +log(lac, ) = (di — |ea|) - t + log(|ac,|)-

The above equality holds if and only if

1
, _ Doa(jac,) —lom(acs) _ (laelr) EzAY
e[ — e e,

Clearly,
log <‘CL61’> |€1\1|€2\ < log <’a83‘> ‘e3|i‘e4| <‘ae1’> ‘el‘ileﬂ < <’a63‘> ‘eBli‘e‘ll )
|ae, | - [ |ac, | = \ae|
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We can use this equivalence to perform all of the necessary comparisons in the Convex Hull
Trick algorithm without computing any logarithms.
It is also possible to speed up the computation of the upper envelope representations by

making use of the following Lemma.
Lemma 5.6. Let s > 0. Then

O] = b
1 ]|oo ngngldae}:{g(f)s )

where

d = deg(f)

by = max |a|
e€E(f)
le|=k

Proof. Note that

€n

) = s f(z1/s,... an)s) = st Z ae <E>el (Q)@(ﬂ) = Z slelg, - 2

ecE(f) 5 5 e€E(f)

Hence

®)||, = max s%l¢l|q,
17l = s 5%

= max { max s ¥|a,|
0<k<d | ecE(f)
le|=k

= max { max s9F|a,|
0<k<d | ecE(f)
le|=k

= max 7% { max |a|
0<k<d c€E(f)
le|=k

= max s?7F. by,
0<k<d
O

We are now ready to present FindMinimizer (Algorithm 6). For each f;, we first find
the coefficient of largest magnitude for each total degree (Lemma 5.6). We then use the sub-

algorithm Upper EnvelopeSlopes (Algorithm 5) to compute the slopes of the lines which lie on
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the upper envelope of log(Hfi(s)Hoo), as well as the points se, . such that t., .. = log(se, ;) is
a corner point of the upper envelope. Upper EnvelopeSlopes is a straightforward modification
of the Convex Hull Trick algorithm. Once the upper envelope slopes are computed for each

log(| \fi(s) ||so), we search for the smallest s such that the slope of log(R) is positive for ¢t > log(s).

We are now ready to discuss the complexity of FindMinimizer.

Lemma 5.7. Let Uy,...,U,,V € Ry and

T, 11712

R(s) = v

Then

in R
arg min R(s)

can be computed in O ( n-m+ n -d) algebraic operations and comparisons, where

m = # monomials of F'
=3
i=1

Proof. We consider the total time spent on each line of FindMinimizer.

In Line 3, we compute
Ll%[((d’b_k% O)a k‘:O,,dl]

which requires a total of O(}_;" , d;) algebraic operations.

In Lines 5 and and 6 we check and potentially update the entry L;[|e|][2]. This is done for
every e € E(f;). Since the computation of |e| requires O(n) algebraic operations, the number
of algebraic operations in lines 5 — 6 is O(n - Y ;" | #E(fi)) = O(n-m).

In Line 7 we compute

Z; «— Upper EnvelopeSlopes(L;)

It is straightforward to see that Upper EnvelopeSlopes requires O(r) algebraic operations and
comparisons when r linear functions are input. Since L; has O(d;) elements, line 7 requires
O(d;) algebraic operations and comparisons. Hence the total amount of work performed in Line
9is 0>, di).

In Line 8 we compute

M «— the list of triples (f3,1, s), sorted in ascending order with respect to s
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Algorithm 5: Upper EnvelopeSlopes

Input : L =1[l,...,l,;] where
ll(t) = ﬂz -+ log(ﬁi)
& >0 for all 4
0<p1<B2<...0;
l;(t) is represented by (53;,&;)
Output: M: an ordered list [(5;,,0), (Biy, Si1in)s - - -+ (Biys 8,4, )] such that

/Bil i+ log(&i) —00 <t< ti17i2

Biy -t + 10g(£i2) tivio St < Tiy,
max [i(t) =<
7 .

ﬁir : t + log(flr) tirflyir S t S o0

where tij,ik = IOg(Sijﬂ'k).
1 begin
// L will store the indices of the linear functions which lie on the
upper envelope in the order which they appear. We construct L using
a slight modification of the Convex Hull Trick algorithm.
L—[1];
for i from 2 to r do
Append i to L;
while size(L) > 2 and

[SLO" R

1 1
(éL[SiZE(L)*l])BL[size(L)] —BL[size(L)—1] < (5L[size(L)f2] > BLlsize(L)—1] ~PL[size(L)—2) do
éL[size(L)] EL[size(L)—l]

6 Remove L[size(L) — 1] from L;
7 M« [(Brp,0));
8 for i from 2 to size(L) do

S N
Append <5L[ﬂ’ <_£L[1:1]) [’L[ilﬂL[i11> to M,

9 L[]

10 end
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Algorithm 6: FindMinimizer

Input : F,UV

n s)nU;
Output: s* = argmin LIy 171
. >0 SV

1 begin

2 for i from 1 to n do do

3 L; —[((di—k), 0), k=0,...,d;] // Lines are represented by
(Slope,eintercept);

4 for e € E(f;) do

5 if L;[|e]][2] < |ae| then

Li[le|][2] = |ac| // Find the largest magnitude coefficient for
each degree (Lemma 5.6);
Z; « Upper EnvelopeSlopes(L;);
8 M «— the list of triples (f3,1, s), sorted in ascending order with respect to s, where
(8, s) is an element of Z;;
// Search for the first s where log(R) has positive slope after log(s):

9 C «|[0,...,0]// C][i] stores the slope of 10g(||fi(s)|\oo);

3

10 for m in M do

11 C[m]2]] = m[l]// Update the slope for log(||fi(s)||oo);

12 a—U -C[l]+---+U,-C[n] —V// Calculate the slope of log(R) for ¢
immediately after log(s) = log(m[3]);

13 if o > 0 then

14 return m|3;

15 end
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where ([, s) is an element of Z;

Note that every list Z; is already sorted in ascending order with respect to s, and Z; has O(d;)
elements. Hence constructing M requires O(n- >, d;) algebraic operations and comparisons.

Line 9 can clearly be computed in a constant number of algebraic operations.

In the remainder of the algorithm, we potentially loop over all O(>"}" ;| d;) elements of M.
Lines 11 and 13 both require a constant number of algebraic operations and comparisons. Line
12 requires O(n) algebraic operations. Hence the total number of algebraic operations and
comparisons performed in lines 10 — 14 is O(n - >, d;)

Combining all of the above, the total number of algebraic operations and comparisons

required to compute FindMinimizer(F,U,V) is

n

O<H'Z#E(fi)+n-2di> =0m-m+n-d)

=1 =1

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. Note that

VSTl
BNew(F) = R(S*—)Diolp(dl’ . ,dn,n)
dis(T
= s Th)l  pg g
(arg ming~q R(s))
Bpnr(F®)

=max ———M= from Lemma 5.3
s>0 S

Hence parts 1,2 and 3 of the Theorem follow immediately from Proposition 5.3. The fourth
part follows from Lemmas 5.3 and 5.7. O

5.3 Performance

In this Section, we discuss the experimental performance of the new bound. We have observed
that the improvement is usually very large for the new bound, especially when the magnitude
of roots are different from 1. To generate data points, we generated 100 random square Pham

polynomial systems with fixed degree and height (defined below) and calculated the average
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value of the improvement:

Byew(F) _ <H?1 HfiHM")Dl
Beyr(F) H

Note that the improvement is independent of the discriminant for the new bound. This ob-
servation allowed us to avoid many expensive computations when performing experiments (in
particular, no resultants need be computed). We extended the binomial height used in the

previous chapter Pham polynomials of degree d with the definition

|ae| TTel

HfHB - eeSupport(traﬂriﬂga);olynomial of f) (z)

It is well known this height is linearly related to the size of the roots. To generate a polynomial
system with the height r,/rqy, we uniformly generated an integer ¢ in the range (—ry,,rq) for

every trailing coefficient. The corresponding integer for one coefficient was randomly chosen to
be fixed at r,,. We then set
d—lel
Tn d
rq e

and defined f; = x¢ + trailing polynomial.

In Figure 5.4, we plot the log of the average improvement of By, for 100 Pham systems
with n = 3 and the degree of every polynomial 3. We see similar plots both for other degrees and
other choices of n. As we can see from Figure 5.4, the improvement increases as the magnitude

of the roots becomes much different from 1.

10000+ o
8000+ .
B
_New 60004 °
log
? Beur 4000 ‘
L]
2000y . o
® o . e °
-6 -4 -2 0 2 4 6
Iong—Height

Figure 5.4: B—Height and Multivariate Improvement
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