
ABSTRACT

PANZA, NICOLE MARIE. Modeling Follicle Wave Dynamics in the Menstrual Cycle. (Under
the direction of James F. Selgrade.)

Though the discovery of the hormones that are critical to endocrine control of the human

female reproductive system was made over eighty years ago, more recent technological advance-

ments have provided additional information as to the mechanisms controlling the menstrual

cycle. With ultrasound technology, scientists have been able to confirm the existence of ovarian

follicle waves. It was long believed that a cohort of follicles is recruited once per cycle and from

that cohort one follicle is selected to ovulate. It is now known that recruitment of more than

one cohort of follicles occurs at regular intervals during each cycle. Each cohort is known as

a follicle wave. Follicle waves were discovered in humans after their earlier discovery in ani-

mals, most notably horses and cows. The most prominent work in human follicle waves was

conducted by Baerwald et al. [9, 10, 12]. The work was the first to measure follicle growth

in conjunction with corresponding hormone concentrations. The results showed that none of

the subjects had fewer than two follicle waves per cycle. It also showed that for every rise in

the levels of follicle-stimulating hormone (FSH), a follicle wave emerges. Thus, follicle waves

are a common occurrence and their emergence is a one-to-one relationship to rising levels of

follicle-stimulating hormone. Any previous assumptions and work should be updated to include

this phenomenon for biological accuracy and to help address any potential medical concerns

that follicle waves may cause. One such work is the mathematical model for endocrine control

of the human menstrual cycle.

Original work on the mathematical modeling of the human female reproductive cycle was

done by Schlosser and Selgrade [87, 90], Harris-Clark et al., [30], Pasteur [78] and Pasteur and

Selgrade [77]. Two sets of data compiled from the works of McLachlan et al. [66] and Welt et

al. [98] were used for these models. The original model is a system of thirteen nonlinear, delay

differential equations modeling five of the hormones that create a feedback loop between the

hypothalamus-pituitary and the ovaries. It was later expanded to sixteen differential equations

to allow for the inclusion of a sixth hormone. The original models were created under the

assumption that recruitment and growth of the cohort of follicles occurs once each cycle. This

work successfully builds upon the original five-hormone and six-hormone models to include two

follicle waves per cycle for normally cycling women. The work is completed by first modeling

just the ovarian component of the hormone loop and then taking the results and merging them

with the pituitary component for a complete feedback system. The five-hormone system is

successfully expanded to two waves for both the Welt and the McLachlan data sets in both

the ovarian component and the full merged model. In addition, the six-hormone system is also



successfully expanded to two waves for the Welt data for the ovarian and merged models.

In total, optimized parameters are obtained for six two-wave models. Sensitivity analysis is

conducted on the merged five-hormone system parameters.

Though much research is needed on the biological ramifications of follicle waves, some ideas

have arisen. One is that women who experience more than two follicle waves per cycle may reach

menopause earlier than those who only have two waves each cycle. The hypothetical hormone

interactions that could yield three follicle waves per cycle are tested in the ovarian and pituitary

component models. The numerical experiment succeeded as the ovarian component produced

three follicle waves per cycle and both component models yield the hypothesized hormone

profiles as a result. It is also possible that follicle waves could cause a rare form of superfecun-

dation, the fertilizing of two oocytes at two different points in time during one menstrual cycle

resulting in dizygotic twins. Potentially if each follicle wave in one cycle ovulates both could

be fertilized yielding two zygotes. Here the five-hormone merged model fit to the McLachlan

data is successfully amended to show an ovulating follicle in each wave with appropriate corre-

sponding hormones. Though there is still much to learn biologically, the mathematical model

for endocrine control of the female menstrual cycle with follicle waves not only more accurately

represents what is going on in the body but it also gives direction for future mathematical and

biological research.
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Chapter 1

Introduction

The number of women in the United States suffering from reproductive system disorders is of

concern. In a study by the United States Center for Disease Control and Prevention (CDC) [26],

in 2006-2010, it was predicted that 6% of all women between the ages of 15 and 44 are infertile

and 12% of women in the same age group suffer from impaired fecundity. Infertility is defined

as actively attempting to become pregnant each month over a twelve-month period of time

with the same partner with no resulting pregnancy. Impaired fecundity is more broadly defined

as difficulty in either becoming pregnant, carrying a pregnancy or delivering a live baby. It is

also estimated that 12% of women aged 15-44 have used some form of fertility assistance in the

process of becoming pregnant [27]. Though some countries provide public funding for assisted

reproductive technologies (ART) to help these women achieve their goals, the United States

provides next to nothing in terms of public support [31]. This along with the overall higher

healthcare costs in the United States compared to other countries makes the United States

the most expensive country for ART treatments. One cycle of in vitro fertilization (IVF) in the

United States was estimated to cost just over $12,000 in a 2009 study [25]. Reproductive system

disorders extend beyond fertility. Many life-threatening diseases attack the female reproductive

system. The CDC [97] reports in its last data collection in 2011 that over 20,000 women had been

diagnosed with ovarian cancer, over 12,000 with cervical cancer and over 220,000 with breast

cancer. All of these issues, their resulting side effects and their remedies can be specifically

linked to the endocrine control of the human female reproductive system.

Though the basics of the female reproductive system have been known for ages, the en-

docrine control of the menstrual cycle is a young area of research in comparison. This history is

summarized in Table 1.1. It was originally stated in the fifth century B.C. by Hippocrates that

male sperm and female menstrual blood formed a fetus [12]. A century later, Aristotle deemed

the ovary an organ with no physical purpose [6]. It was not until the 1500’s that the research

on the reproductive system became more engaged. In Italy in the 16th century the study was
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taken up again and passed down from mentor to mentee [40]. First, Vesalius through dissection

discovered what is now known as ovarian follicles and the corpus luteum. His student Fallop-

ius discovered the connection between the ovaries and the uterus known today as the Fallopian

tubes. Finally, the student of Fallopius, Fabricus, discovered the organ in birds that houses their

eggs and named it the ovary. Another student of the same university, William Harvey published

the first book on the anatomy and physiology of reproduction claiming ‘ex ova omnia’, that

all lifeforms start as an egg [12, 40]. Though it seems ovarian follicles were identified earlier, it

was not published until 1672 in “New treatise concerning the generative organs of women,” by

Regnier de Graaf, a Dutch physician [6]. He believed the follicles themselves were the eggs and

the ovary produced them. Ovarian follicles were later known as graafian follicles [40]. Not long

after this publication, he became embattled with one of his peers and one of his professors who

claimed they published the same findings weeks earlier [6]. A committee was assembled to look

into the matter and their findings were that a third independent party published this result be-

fore everyone else. De Graaf was also the first to describe the corpus luteum in publication [40].

However, Marcello Malpighi is credited with giving it its name in papers that were discovered

after his death and after de Graaf’s publication. This anatomical knowledge stayed relatively

the same until the early 1800’s when Karl Ernst von Buer discovered during a hysterectomy on

a dog that the follicles house the eggs and are not the eggs themselves equating the follicles to

the shell on a bird’s egg [6].

It was at this point in time that the endocrine contributions to the female reproductive

system came to light. In the mid 1800’s Carl Ludwig took note of how menstruation ends

after a hysterectomy [105]. By the end of the century, it had been determined that chemicals

from the ovaries were the cause of all of the changes. Edgar Allen’s studies on mice and rats

gave indication that the follicles themselves produce these chemicals. Edward Doisy and his

research group isolated estrogen while George Corner isolated progesterone, the former in work

on the follicles and the latter from the corpus luteum. As more and more reproductive health

issues became linked to the pituitary, the 1930’s saw the beginnings of the research to show

their link. In Fevold et al. [38], the link was established in the discovery of luteinizing hormone

and follicle-stimulating hormone. Around this time another link was being made with cycle

disruptions. It seemed that stress was disturbing a woman’s cycle which turned an eye toward

the nervous system [105]. The gonadotropin-releasing hormone was discovered as the trigger

from the hypothalamus on the hormone release from the pituitary. Ernest Knobil linked the

frequency and pattern of these hormone pulses from the hypothalamus to the release of the

luteinizing and follicle-stimulating hormones from the pituitary [74]. In the mid 1960’s, Treloar

[94] collected menstrual cycle data on the back of a postcard for women over the course of their

lifetime beginning in their early twenties. He discovered that any cycle outside of the length of

21 to 35 days should be assumed abnormal.
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Table 1.1 A historical summary of studies of the female reproductive cycle.

Date Researcher Contribution Reference

400’s B.C. Hippocrates Believed male sperm and female menstrual
blood formed a fetus.

[12]

300’s B.C. Aristotle Believed the ovary had no physical pur-
pose.

[6]

1500’s Vesalius Discovered ovarian follicles and corpus lu-
teum through dissection.

[40]

1500’s Fallopius Discovered the Fallopian tubes. [40]

1500’s Fabricus Determined the bird eggs are housed in the
ovary.

[40]

1600’s Harvey Published the first reproductive physiology
textbook which claimed all life starts as an
egg.

[12, 40]

1600’s De Graaf Published “New treatise concerning the
generative organs of women.” Described
ovarian production.

[6]

1600’s Malpighi Discovered and named the corpus luteum. [40]

1800’s Von Buer Discovered that eggs are housed in ovarian
follicles.

[6]

1800’s Ludwig Linked end of menstrual cycle to hysterec-
tomy.

[105]

1920’s Allen Determined that follicles release hormones. [105]

1920’s Doisy Isolated follicle secretion of estrogen. [105]

1920’s Corner Isolated corpus luteum secretion of proges-
terone.

[105]

1930’s Fevold Linked pituitary hormone secretion to re-
productive health.

[38]

1960’s Treloar Determined normal menstrual cycle length. [94]

1960 Rajakoski Discovered multiple waves of follicle re-
cruitment and growth in the bovine estrous
cycle.

[84]

1970’s Knobil Linked hormone pulses from hypothalamus
to release of pituitary hormones controlling
reproductive health.

[74]

1996 Gougeon Established stages of ovarian follicle
growth.

[45]

2003 Baerwald Linked follicle waves in humans with cor-
responding hormone concentrations.

[9, 10]
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There was only so much that could be gleaned from the methods available to this point

in history. Endocrinology could be performed with little harm to the research subjects. Hys-

terectomies could give information about the mechanisms in the organs at the time they were

removed. Knowing what happens over the course of the cycle was hard to piece together without

being able to look at a live person or animal with organs in tact.

In 1960, Rajakoski [84] published work stating that the bovine estrous cycle had two waves

of follicular growth per cycle. This work was considered groundbreaking as to the previous

belief that follicles grew once per cycle. However in the years following, conflicting results were

obtained from researchers trying to substantiate his claims [6]. Some found only one wave of

growth, some found up to four and some even believed that new growth was continuously

occurring. The lack of technology to view live ovaries created a thirty year disagreement.

Finally in the late 1970’s researchers took their first live look at ovaries using transabdominal

ultrasound [12]. This tool was able to illustrate follicle growth and atresia. In 1984, Pierson and

Ginther [80] were the first to use ultrasound technology to confirm the existence of follicle

waves in the bovine estrous cycle. By the late 1980’s, the transvaginal ultrasound provided

a look at the smaller follicles in growth. Ultrasound technology confirmed that follicle waves

occur, but not every wave ovulates [6]. It shows that a wave is chosen, from that wave one

follicle is selected to grow larger than the rest while the others undergo atresia and this large,

dominant follicle ovulates which suppresses the further growth of any follicles at this time.

Work by Gougeon [45] in 1996 established a classification for the stages of growth of ovarian

follicles. In 2003, Baerwald et al. [9, 10] was the first research group to identify follicle waves in

humans with hormone profiles. Later works have shown that these waves continue through the

menopause transition and are more pronounced with women undergoing ovarian stimulation

therapy [12]. To glean this information, all three areas of study, histology, endocrinology and

ultrasonography, give the full picture as to what is happening in the female reproductive system.

Knowing all of the intricacies of the cycle is important in the effort of helping women maintain

their reproductive health.

Many substances, known as endocrine disrupting compounds, and behaviors can cause cycle

abnormalities potentially resulting in health concerns. Endocrine disrupting compounds are

natural or synthetic substances that disrupt the normal endocrine operation of physiological

processes [32]. Endocrine disrupting compounds have been found in food, detergents, solvents,

pesticides, plastic additives, food wrappers and cans and water supplies [102]. A listing of

common endocrine disruptors is included in Table 1.2. Many endocrine disrupting compounds

are byproducts of industrial progress such as Dichloro-diphenyl-trichloroethane (DDT) which

was created in 1924 as a pesticide [65]. It is now classified as an unsafe endocrine disruptor and

it was banned in the United States in the 1970’s. Diethylstilbestrol (DES) was created to mimic

estrogen to help prevent miscarriages. Its use was discontinued in 1971 after studies showed that
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the daughters of mothers who took DES had higher rates of cervical, vaginal and breast cancers,

infertility and early menopause [32, 65]. Behaviors, lifestyle habits and physical characteristics

such as stress, amount of physical activity, age, weight, sexually transmitted diseases, caffeine

consumption, eating particular foods and smoking habits can also disrupt the cycle [23, 28].

Table 1.2 Endocrine disruptors alter a woman’s normal menstrual cycle. Some endocrine disruptors
are chemicals known as endocrine disrupting compounds that are found in items such as food, pollu-
tants, household cleaners and food wrappers. Other disruptions can be caused by behaviors and ac-
tions that a woman does or does not take part in. The following table addresses both common com-
pounds and behaviors that can cause serious cycle disorders [23, 32, 65, 102].

Chemical Substances Lifestyle habits

Benzene Lacking physical activity

Diethylstilbestrol (DES) Consuming caffeine

Polychlorinated biphenyls (PCBs) Contracting a sexually transmitted disease

Dichloro-diphenyl-trichloroethane
(DDT)

Eating foods high in insulin, trans fats and
proteins

Bisphenol A (BPA) Smoking

These endocrine disrupting compounds can directly affect the synthesis, release and clear-

ance of hormones from both the pituitary and the ovaries and how they interact with each

other [23]. A table of medical concerns due to endocrine disruptors is included in Table 1.3.

In a study of 48 endocrine disrupting compounds, 79% were shown to be carcinogenic, 52%

to be immunotoxic and 50% to be neurotoxic [29]. The most frightening information about

endocrine disruptors is that when more than one compound is affecting a woman, its combined

influence is greater than the sum of the individual parts so a compounding effect may occur

[65]. Women’s health is of great concern with so many substances in common household items

and in environmental pollutants silently affecting the ability to reproduce. Developing methods

to address these concerns is vital to women’s health studies.

Fertility is a growing concern for women. The percentage of women who experience fertility

issues jumps from 10% for women in their early twenties to 30% for women in their early forties

[28]. Most women who seek reproductive assistance in the United States are typically married,

older, non-Hispanic white, well-educated and with a good socioeconomic status [27]. Lack of

public support for these treatments in the United States likely excludes much of the population.

As of 2014, only fifteen states require health insurance to cover them. The Family Act of 2013

was proposed but never passed in the United States Senate and House of Representatives calling
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Table 1.3 Health consequences of endocrine disrupting compounds for women [32, 102].

Polycystic ovarian syndrome (PCOS)

Irregular menstrual cycles

Anovulatory cycles

Reduced quality and quantity of follicles and eggs

Premature ovarian failure

Endometriosis

Cancers

Heart disease

Osteoporosis

Alzheimer’s disease

for a tax credit to families seeking medical assistance for reproduction [1].

Perhaps as more studies are done on the cycle, these treatments may become more afford-

able. Ovarian stimulation by follicle-stimulating hormone increases the number of dominant

follicles [93]. In a recent study, it was shown that synchronizing the follicle-stimulating hor-

mone treatment with each follicle wave a woman has increases the number of dominant follicles

that develop and thus the estrogen concentration [14]. Unfortunately, after insemination no

improvements to the previous pregnancy rates were observed. Studies like these help pinpoint

more precise cycle mechanisms and hone the treatments available to address cycle disruptions.

Over the past century, much has been learned about how the cycle works and what prob-

lems could arise affecting the cycle. One method of studying the cycle in a cost-effective and

noninvasive way is by mathematically modeling the endocrine control of the menstrual cycle.

As in all mathematical biology scenarios, the biological research helps to develop and improve

the mathematical model and the mathematical model can be used to test hypothesis and treat-

ments in the most ethical way possible giving direction for further biological studies. Much

of the initial work modeling the cycle was done by Schwartz [89], Bogumil et al. [20, 21] and

Plouffe and Luxenberg [81]. The original model of the cycle that this work is based on was

developed by Schlosser and Selgrade [87, 90] and has gone through many improvements and

upgrades from its initial form.

This work will expand the model to include ovarian follicle waves for biological accuracy

and for use in hypothesis testing for medical concerns. Ovarian follicle waves should be included

in the model because in a study by Baerwald et al. [9], all women in the study had no fewer

than two waves per cycle. Medical concerns that the follicle wave model could help address

are the plausibility of follicle wave superfecundation and the discovery of the specific hormone
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balance needed for more than two follicle waves per cycle which could lead to early menopause.

Women’s reproductive health has become an important area of research due to the gravity of

the issues affecting fertility and long term health. The physical, emotional and financial costs

of attempting to remedy these situations are staggering. With infertility and cancer, even if

one can afford all of the costs no guarantees can be made as to the outcome. Mathematical

modeling of endocrine control of the human female reproductive system including follicle waves

can give an accurate representation of what is happening in the body and the opportunity to

test ideas on a computer simulation instead of on a person.

The following chapters will discuss the mathematical model for endocrine control of the

menstrual cycle with follicle waves and its uses:

Chapter 2: An in-depth biological background including discussion on follicle selection, follicle

waves and the data sets available for normally cycling women sets the scene for how the

model was developed.

Chapter 3: The five-hormone, two-wave model is discussed with results for two different data

sets. Parameter sensitivities are examined for the exploration of model behavior.

Chapter 4: The six-hormone, two-wave model is discussed with results for one data set.

Chapter 5: The working models are used to examine two proposed biological consequences of

ovarian follicle waves, early menopause and follicle wave superfecundation.

Chapter 6: Concluding thoughts and ways to continue this work are discussed.
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Chapter 2

Biological Background

Each human menstrual cycle, one follicle ovulates out of all the follicles left in a woman’s

ovarian follicle reserve. Follicle selection is a two part process. The first is the recruitment of a

cohort of approximately a dozen follicles to grow larger to compete to be the ovulating follicle.

The second is the selection of a dominant follicle to ovulate from that cohort. It was originally

believed that the first part of the process, recruitment, occured once per cycle. But that was

based on the known fact that the selection of the dominant follicle and subsequent ovulation

only occurs once per cycle. Now it is known that recruitment occurs more than once per cycle in

what are now known as follicle waves. This chapter addresses three issues necessary to building

a mathematical model for endocrine control of the human menstrual cycle with follicle waves.

The first is the process of follicle selection. The second is the biology of follicle waves and how

waves expand the previous beliefs on follicle selection. The third is the data for normally cycling

women that will later be used for modeling purposes. The aim of this chapter is to provide the

biological foundation needed to understand how the cycle should be modeled.

2.1 Follicle Selection

The purpose of endocrine control of the female reproductive system is to select and release

oocytes for potential fertilization. Folliculogenesis is the process of development and selection

of an oocyte for ovulation [63]. The menstrual cycle is the process of doing so repeatedly until

a fertilization event occurs. A woman typically has 36 years for which the ovaries can complete

this task [8]. The cycle repeats during that time until the body exhausts the pool of oocytes

[51]. After one year of anovulation due to a greatly reduced pool of oocytes, menopause has

occurred [75]. Oocytes are only created during gestation in a process called oogenesis [100].

The number generated can range from six to seven million in total [16]. At birth however, only

one to two million will have survived due to apoptosis or programmed cell death. The oocytes
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are stored in somatic cells, both granulosa and theca, and together are known as follicles [74].

Understanding folliculogenesis answers the questions of how one follicle is selected for ovulation

and what happens to the remaining millions of oocytes a woman had at birth.

The menstrual cycle is known as the interval between the start of menses [68]. The event

of ovulation, releasing the oocyte from a follicle, splits the cycle into two parts, the follicular

phase and the luteal phase. Figure 2.1 illustrates the cycle phases. On average, a typical cycle

length is 28 days with a follicular phase lasting 14.6 days and the luteal phase lasting 13.6 days

[36]. Approximately 400 oocytes are released during the reproductive years [74].

Figure 2.1 The hypothalamus-pituitary and ovaries create a hormone feedback loop for the female
reproductive system. Two hormones, FSH and LH, are secreted by the pituitary to stimulate growth
of follicles in the ovaries. The follicles and subsequent corpus luteum in the ovaries in turn produce
E2, P4, IHA and IHB which regulate the synthesis and release of FSH and LH. The cycle begins at
menstruation with follicle recruitment. Follicle growth continues in the follicular phase with the influx
of FSH and LH. Ovulation is triggered by the LH surge. The corpus luteum grows during the luteal
phase and secretes ovarian hormones. If fertilization does not occur, the corpus luteum degenerates
and the cycle begins again. Because ovarian hormones can both feedback positively and negatively on
the pituitary, +/- are used to illustrate that behavior.
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The menstrual cycle is a feedback system between the hypothalamus-pituitary and the

ovaries. Figure 2.1 illustrates this process. The cycle begins in the hypothalamus which dis-

charges gonadotropin-releasing hormone (GnRH) [51]. Gonadotropin cells in the pituitary pro-

duce lutenizing hormone (LH) and follicle-stimulating hormone (FSH) in response to pulses of

GnRH from the hypothalamus [74]. GnRH triggers LH and FSH to be released from the pitu-

itary [51]. Both LH and FSH are glycoproteins and are used to regulate the ovaries [74]. The

ovaries in response to LH and FSH release their own hormones estrogen (E2) and progesterone

(P4) which at normal levels feedback on the pituitary [51]. Thus, the release of FSH and LH are

regulated not only by GnRH, but also by E2 and P4. Also secreted by the ovary is the peptide

hormone inhibin. Inhibin is made up of an α-subunit and a β-subunit [56]. The β-subunit can

be of two forms, βA, known as inhibin A (IHA), or βB, known as inhibin B (IHB). IHA and

IHB also help regulate the pituitary hormones by a negative feedback process [100]. The feed-

back relationship between the pituitary and ovarian hormones is illustrated in Figure 2.1. The

theca cells and granulosa cells on the follicles in the ovaries are responsible for the production

of ovarian hormones [74]. The theca cells contain receptors that respond to LH secretions while

the granulosa cells contain receptors for FSH. With these six hormones in constant harmony,

folliculogenesis can occur.

Though ovarian follicles are created long before the cycle even begins, they are not fully

prepared to release their oocytes at that time. Figure 2.2 illustrates this growth process. At

about week five or six of gestation, germ cells begin to develop [51]. These germ cells are the

oocytes and by birth have multiplied in number. No additional oocytes are created after birth.

The oocytes are surrounded by flattened granulosa cells at this time and are called primordial

follicles [60]. These flattened granulosa cells are sometimes called pre-granulosa cells [51]. The

oocytes go into meiotic arrest until puberty [100]. Folliculogenesis begins with the growth of

these primordial follicles. The first step of primordial follicle growth occurs when the flattened

granulosa cells become cuboidal and begin dividing [60]. When more than one layer of granulosa

cells surround the oocyte, the follicle is known as preantral.

The number of layers of granulosa cells on the preantral follicle continue to increase as

the follicle grows [104]. As layers of granulosa cells are added, fluid begins to emerge between

the cells [79]. These preantral follicles also have FSH receptors in the granulosa cells, making

them available to future growth if an influx of FSH occurs [100]. When the number of layers of

granulosa cells on the preantral follicle is between six and seven, a layer of theca cells emerges.

A follicle with both granulosa and theca cells is known as a small antral follicle. A small antral

follicle is typically between 2 and 4 mm in diameter [15]. Theca cells have receptors for LH, so

the small antral follicle has the opportunity to develop further contingent on the availability of

LH and FSH [74]. Since the receptors for LH and FSH are not present until later in development,

little presence of hormones is needed for the development to the small antral stage. To grow

10



beyond the small antral stage, higher concentrations of FSH and LH are necessary. All follicles

not receiving hormones to further stimulate growth undergo atresia. Atresia entails both follicle

cell and egg death [100]. Primordial follicle growth is constantly occurring, but small antral

follicle growth is periodic, dependent on FSH and LH [64].

Periodic follicle recruitment starts from the small antral stage of follicle growth. Recruitment

is defined as a handful of small antral follicles growing in response to an influx of FSH to

become antral follicles [86]. Antral follicles are known for their antral cavities that form when

the fluid between the granulosa cells gathers in the center of the follicle [79]. It is believed that

recruitment occurs when FSH reaches a particular concentration called the FSH threshold [24].

The FSH window or gate is the length of time the FSH concentration is above the threshold

[15]. When FSH rises above the threshold, recruitment occurs and the selected small antral

follicles continue to grow [51]. If recruitment does not occur, the small antral follicles that have

developed are not able to grow beyond that stage and will undergo atresia. In the very early

follicular phase, IHB is high suppressing FSH [68]. Then, IHB levels decrease allowing FSH to

rise and if it surpasses the threshold, recruitment occurs. Thus, at follicle selection, FSH is high

but it has been shown that E2 is low so there is an inverse relationship between their levels

[100]. Ovarian hormones E2 and P4 also determine the pattern of LH concentrations [73].

After recruitment occurs, FSH levels are still high enough to maintain growth of this cohort.

Folliculogenesis is the process of developing and selecting one follicle for ovulation. This follicle

is known as the dominant follicle because it grew larger than the rest. In the late follicular

phase, FSH levels begin to decrease due to a rise in E2 and IHB [86]. The larger the cohort

grows, the more theca and granulosa cells available to secrete even more E2 and IHA triggering

the pituitary to slow the release of FSH [100]. The rise in E2 designates the selection of the

dominant follicle [10, 42].

At the point in which FSH is once again below its growth threshold, the FSH window has

closed and follicle growth is no longer possible for the remainder of the follicles not selected as

the dominant follicle [74]. Thus, the rest of the cohort undergoes atresia. It is believed that the

dominant follicle does not need as much FSH to continue its growth, so while the FSH levels

have decreased enough so that the rest of the cohort cannot maintain growth, the dominant

follicle has just enough to maintain its course [100]. It is also believed that the dominant follicle

has more granulosa cells with more FSH receptors making it more sensitive to FSH needing less

than before to continue its growth. No order or pattern has been found as to which ovary, the

left or the right, contains the dominant follicle during any given cycle [36]. It is believed that

the width of the FSH window may play a part in how many and which follicles are recruited

and promoted for growth [15]. If the window is wide enough, more than one dominant follicle

could be selected for ovulation which could potentially result in multiple births if fertilized [86].

Schipper et al. [86] has shown that the width of the window may affect how many dominant
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Figure 2.2 The process of folliculogenesis is illustrated here: (1) Primordial follicles are oocytes sur-
rounded by flattened granulosa cells and are the follicles a woman is born with which are dormant
until puberty. (2) Preantral follicles have more than one layer of granulosa cells that have turned
cuboidal. (3) Small antral follicles have many layers of granulosa cells, a layer of theca cells and antral
fluid between cells. (4) Antral follicles are cohorts of follicles selected to grow larger and are marked
by the fluid between cells gathering to form a cavity in the center of the follicle. (5) One dominant
follicle is chosen to grow larger than the rest. (6) The dominant follicle ovulates.
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follicles are selected even more so than if the amount of FSH is very much higher than the

threshold.

At this point, the dominant follicle that was selected has been growing for about five cy-

cles as it prepares for ovulation [46]. The dominant follicle is on average 6mm in diameter at

recruitment, 10mm when chosen as the dominant follicle and around 21mm at ovulation [43].

FSH is continuing to decrease after the selection of the dominant follicle as E2 continues to

increase. IHA has a similar release pattern to E2 so in the late follicular phase, its level is high

[100]. Also, P4 is on the rise.

Ovulation occurs at the end of the follicular phase. The rising levels of E2 and a slight

increase in P4 trigger the LH surge, a spike in the concentration [75]. The LH surge occurs

about eighteen hours prior to and causes ovulation, the release of the oocyte from the dominant

follicle and the luteal phase begins [100]. Once the oocyte has been released, the remainder of

the follicle becomes the corpus luteum which secretes ovarian hormones in preparation for

pregnancy if the oocyte is fertilized. The corpus luteum has an interior fluid filled cavity that

grows after ovulation [11]. As with follicle growth, the larger the corpus luteum grows, the

higher concentration of ovarian hormones secreted [72]. FSH is again suppressed at this time

due to the higher ovarian hormone levels [104]. If the oocyte is not fertilized, the corpus luteum

and consequentially the ovarian hormones it produces to support a pregnancy are no longer

needed [51]. The corpus luteum degenerates and as it becomes smaller the ovarian hormone

levels decrease. As these levels drop, GnRH pulses increase and subsequently allow FSH to

increase during the late luteal phase approximately four days prior to menses [69]. The rise of

FSH once again marks the end of the luteal phase and the start of the next cycle [68].

2.2 Follicle Waves

Though many biological process have been long known, advances in technology are allowing

scientists to reexamine what we previously believed to be true. For the menstrual cycle, the

groundbreaking discovery of FSH and LH was made over 80 years ago and yet there is still much

to learn about how the cycle works [38]. One of the most current research breakthroughs is the

discovery of ovarian follicle waves. A follicle wave occurs every time follicle recruitment takes

place [10]. The word wave suggests recruitment occurs constantly and periodically throughout

the cycle. It was originally assumed that follicle development was strictly a follicular phase

event because luteal phase progesterone from the corpus luteum would suppress development

of more follicles however some reports of luteal growth refute this idea [9].

It was first thought that a woman experiencing luteal phase recruitment must be suffering

from an abnormal cycle or a medical issue [9]. Original conclusions were drawn from interpolat-

ing hormone results or from ovarectomy examinations due to the lack of technology available at
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the time. With the development of transabdominal ultrasound in the 1970’s and transvaginal

ultrasound in the 1980’s, visuals of follicle growth in women were available for the first time [12].

It was used to confirm that most women experience more than one wave of follicle growth per

cycle. Besides the lacking technology, data collection practices may also account for overlooking

follicle waves.

Many animals such as cattle, horses, sheep, goats, deer and primates have been shown to

exhibit follicle waves [12]. Follicles in cattle, mares and sheep grow to dominance and ovulate

throughout the entire cycle similar to women [39]. Ginther et al. [43] has spent much time

comparing mares with women while Adams et al. [5] has compared cattle with women. Animal

studies help direct human studies, but because of ethical and logistical restrictions on human

studies no exact relationships are known for certain [12]. Horses exhibit multiple follicle waves

and like women have only one follicle reach dominance per cycle regardless of how many waves

a mare has per cycle [44]. Women and horses have follicles that grow proportionately in size

and have similar growth times, growth diameters and cycle interval lengths [43].

Much research has been done on bovine follicle waves. Two waves of follicle growth in cattle

were first proposed by Rajakoski [84]. The idea was not corroborated until the late 1980’s when

ultrasound technology improved [92]. Two or three follicle waves per cycle are now known to

occur regularly per estrous cycle [19]. A bovine follicle wave is defined as a cohort of between

8 and 41 follicles that grow for two days before one is selected to become dominant and the

rest undergo atresia caused by progesterone [3]. Each bovine follicle wave has one follicle reach

dominance, but only one wave per cycle ovulates. Adams et al. [6] reported that most cattle

exhibit two or three follicle waves per cycle and that regardless of the number of waves per

cycle, the first wave emerges at ovulation. It was found that for two-wave cycles the second

wave emerges 9 or 10 days after ovulation. For three-wave cycles, the second wave emerges 8

or 9 days after ovulation and the third wave emerges 15 or 16 days after ovulation. Two-wave

cycles are three days shorter than three-wave cycles on average [53]. When the corpus luteum

from the previous ovulating follicle begins to regress, the next ovulating follicle wave emerges

[6]. Thus, since the corpus luteum in the two-wave case regresses earlier than in the three-wave

case, the lifespan of the corpus luteum may dictate the number of follicle waves per cycle [53].

Also, since the dominant follicle suppresses further follicle growth as it gets larger, the time

it takes to develop can delay the growth of subsequent waves and thus dictate the number of

waves per cycle [5].

No differences in resulting fertility and health were noted between cattle with two versus

three follicle waves per cycle [101]. Many different factors have been examined as to the cause

of two versus three follicle waves. Heat stress, parity and nutrition were shown to cause more

follicle waves per cycle but age, breed and season of the year were not [6, 18]. The number of

waves per cycle can switch from cycle to cycle [53, 83, 85]. Thus, cattle may not consistently
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have two waves or three waves each cycle over the course of their lifespans. It has been shown

that 70% of cycles repeated the same pattern while 30% switched between two and three waves

per cycle [53]. It has also been shown that the wave emerges concurrently in both the left and

right ovary and that the ovary from which the dominant follicle is selected is random [41].

Cauterization of cattle dominant follicles has shown that lower E2 and inhibin causes an

FSH surge approximately one day later and thus causes an earlier emergence of the next wave

[4]. Lower FSH and IHA levels have been found in anovulatory waves from three-wave cows

versus two-wave cows and may imply that these hormones affect the number of waves per cycle

as well [76]. When immunizing cows for IHA, the levels of FSH were able to increase and a

subsequent increase in the number of waves per cycle was indicated [67]. Thus, FSH has been

shown to influence wave recruitment in addition to dominant follicle selection [4]. It was later

shown that for every surge of FSH, a follicle wave emerges [2].

Both equine and bovine follicle waves have taught researchers much about follicle develop-

ment in women. Table 2.1 compares and contrasts bovine and human follicle waves. In the late

1980’s, two follicle waves per cycle with longer cycle lengths were reported after using transab-

dominal ultrasound [34, 47]. Baerwald et al. [9, 10] was the first to use transvaginal ultrasound

to detect ovarian follicle waves while measuring for hormone levels. Ultrasound images were

collected daily from the women in the study while blood was drawn every three days [9]. The

blood was drawn from women by staggering the days so that some women had day 1, day 4, day

7, etc., others had day 2, day 5, day 8, etc. and so on [10]. This procedure ensures that blood

measurements were collected for every day of a cycle but prevents any woman from having

blood drawn daily which is considered unfavorable from test subjects. Though the ultrasound

is now able to give a glimpse of growth and atresia of antral follicles, it cannot detect small

antral follicles or previous stages of growth, typically anything under 2mm in diameter.

Table 2.1 A comparison of bovine and human ovarian follicle waves [3, 9, 10, 12, 19, 34, 47, 53].

Bovine Human

Number of Waves per Cycle Two or three Two or three

Number of Waves per Cycle
with Dominant Follicles

All One

Number of Waves per Cycle
that Ovulate

One One

Two-Wave vs. Three-wave
Cycle Length

Three-wave cycle longer
than two-wave cycle

Three-wave cycle longer
than two-wave cycle

Cause of Follicle Waves Rise in FSH Rise in FSH
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In the study, 63 women who were deemed premenopause and healthy were selected for daily

ultrasounds from one ovulation to another [9]. Only 50 were included in analysis because 13

others had cycle or ovarian disruptions. Two waves, a follicular phase wave resulting in ovulation

and a luteal phase anovulatory wave were discovered in 68% of the women. The other 32% had

three waves per cycle, a very early follicular phase, nonovulatory wave, the standard follicular

phase ovulatory wave, and an anovulatory luteal phase wave. No women had one follicle wave

per cycle. An increase in FSH was detected prior to the emergence of a wave [9].

Figure 2.3 from Baerwald et al. [12] shows that the two-wave follicle growth is accompanied

by the hormone levels that have been long considered normal for healthy women [12]. The three-

wave hormones concentrations were quite similar but not exactly the same as the two-wave case.

Though close in concentration levels, these minor differences as seen in Figure 2.4 could have

monumental consequences. Again, from the hormone levels we can see that the two-wave case

has two surges of FSH and the three-wave case has three surges of FSH which is consistent with

the bovine results. No size differences were observed in follicle diameter based on the number

of waves per cycle [10]. As in bovine wave studies, it was shown that the length of the human

cycle is based on the follicle growth dynamics as well [9]. Thus like cattle, the more waves per

human menstrual cycle implies the longer the cycle length [10]. The left and right ovaries were

examined as a whole, because there were no differences or patterns detected between the left

and right ovaries based on wave emergence and dominant follicle emergence. The number of

waves per cycle was not dictated by age, physical characteristics, environmental conditions or

social factors. Like horses, only one follicle per cycle grew to be dominant due to the luteal

levels of E2 and P4 [12]. IHA, IHB and anti-müllerian hormone (AHM) are also believed to

prohibit the luteal phase wave from achieving a dominant follicle [48]. However, it has been

shown that selection of a dominant follicle may occur more than once per cycle, but only one

ovulates per cycle [9]. The presence of P4 in the luteal phase does not allow the luteal phase

wave to ovulate because it prevents another LH surge [10]. No difference has been reported in

hormone secretion or the size of the corups luteum in two-wave versus three-wave cycles [11].

It also seems that the more waves that occur, the higher the concentration of luteal E2 present

but the source of the E2 is unknown as both the corpus luteum and a luteal wave could be

responsible [12]. E2 has also been shown to increase earlier in three-wave situations than in

two-wave cases [9].

More research should be done as to specific environmental and biological factors causing

these waves [12]. It is hypothesized that the number of waves per cycle may indicate an earlier

arrival at menopause and knowing how many waves a woman experiences each cycle may

increase the opportunities for fertility treatments and optimize the chances for conception.

Though the discovery of follicle waves debunks the century-old belief that follicle recruitment

only occurs once per cycle, the recruitment class that ovulates, it is clear that knowing more
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about these waves could have drastic impacts on women’s reproductive health.

2.3 Data

Two sets of data have historically been used to model the menstrual cycle and are used here

to model ovarian follicle growth waves. Table 2.2 summarizes the similarities and differences in

both data sets. The first set was collected in an experiment by McLachlan et al. [66]. The goal

of this experiment was to study the relationship between the pituitary hormones and inhibin

with the hope of determining how it is controlled and secreted. Thirty-three women between

the ages of 21 and 35 were subjects in the study undergoing daily blood draws. The women

were deemed to have normal cycles and to be in good health under a number of specific criteria

such as normal blood chemistry, basal body temperature and luteal P4 levels used to determine

if ovulation occurred. The data seen in Figure 2.5 shows the average FSH, LH, E2, P4 and IHA

centered around ovulation (denoted by day 0). Note the data in Figure 2.5 has been scaled for

illustration. The data later used in modeling are adapted from Selgrade [91] and are shown in

their entirety for all 31 days in Appendix A. The error bars (scaled for illustration in Figure

2.5), were obtained using grabit in MATLAB on the figures from the McLachlan et al. [66]

publication.

The second set of data was collected in a study conducted by Welt et al. [98]. The purpose of

the study was to to examine IHA and IHB to determine their interaction with the pituitary and

their importance in the menopause transition. Forty-four women were selected for the study and

broken into two groups based on age, 23 were between 20 and 34 years of age and the remaining

21 were from 35 to 46 years of age. The age at which the groups were split was chosen since 35

years is typically when it is first possible to notice the rise in FSH levels marking the start of

the menopause transition. Again, the women were determined to be in good health and have

normal menstrual cycles under various specifications. Blood was drawn on each day of the cycle

for each subject and measurements for FSH, LH, E2, P4, IHA and IHB were recorded. The

average cycle was standardized to 28 days using the area under the curve and centered around

ovulation. The data for the younger women, scaled for illustration, is shown in Figure 2.6. The

values are also included in Appendix A as taken from Pasteur [78]. The error bars (scaled for

illustration in Figure 2.6), were obtained using grabit in MATLAB on the figures from the

Margolskee [62].

The benefit of modeling these two data sets is that blood samples were taken daily. Due

to financial constraints and reluctance of test subjects, many studies only take samples every

few days or stagger the draw days for women in the study so a data point for each day is

collected but not from each woman [10]. Thus, we have two complete sets of data for normally

cycling women. Having daily values for each woman studied results in less error in the data. The
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Figure 2.3 Figure from Baerwald et al., (2012) [12] based on results from Baerwald et al. (2003a,b)
[9, 10]. Two-thirds of the women in the study exhibited two follicle waves per cycle and the results
pertaining to those falling in this category are illustrated in this figure. Follicle diameter (panel (a))
and hormone concentrations (LH and FSH in panel (b), E2 and P4 in panel (c)) were studied. The
two-wave hormone levels resemble the hormone levels for normally cycling women for all four hor-
mones measured. Note that two follicle waves per cycle corresponds to two rises in FSH. From A. R.
Baerwald, G. P. Adams, and R. A. Pierson, Ovarian antral folliculogenesis during the human men-
strual cycle: a review, Human Reproduction Update, 2012, volume 18, issue 1, pages 73-91 by permis-
sion of Oxford University Press. Human Reproduction Update is published on behalf of the European
Society of Human Reproduction and Embryology (ESHRE).
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Figure 2.4 Figure from Baerwald et al., (2012), [12] based on results from Baerwald et al. (2003a,b)
[9, 10]. Approximately one third of women participating exhibited cycles with three follicle waves per
cycle and the results pertaining to those falling in this category are illustrated here. The hormones of
these women were averaged together centered around ovulation. Follicle diameters for these women
are in panel (d). The hormone measurements for FSH and LH are in panel (e) while E2 and P4 are
shown in panel (f). Note that here the hormone patterns are different than those from the two-wave
results and vary from hormones of normally cycling women. Of importance, here FSH has three dis-
tinct rises that correspond to three follicle waves. From A. R. Baerwald, G. P. Adams, and R. A. Pier-
son, Ovarian antral folliculogenesis during the human menstrual cycle: a review, Human Reproduction
Update, 2012, volume 18, issue 1, pages 73-91 by permission of Oxford University Press. Human Re-
production Update is published on behalf of the European Society of Human Reproduction and Em-
bryology (ESHRE).
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Figure 2.5 Data from by McLachlan et al. [66] for normally cycling women as recorded in Selgrade
[91]. Hormone concentrations for E2, P4, IHA, FSH and LH were measured daily for thirty-three
women. The resulting cycle length averaged to 31 days. Here, day 0 represents ovulation and values
were scaled for illustration. The data as recorded in Selgrade [91] is included in Appendix A.

20



Figure 2.6 Data collected by Welt et al. [98]. The data is from the younger age group, 20 to 34 years
of age, studied and hormone levels were found from daily blood draws. Hormones collected were FSH,
LH, E2, P4, IHA and IHB. The data collected for each woman was centered at ovulation and the val-
ues were averaged together. Here, day 0 denotes ovulation and the values are scaled for illustration.
Full data values can be found in Appendix A as taken from work by Pasteur [78].
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Table 2.2 A comparison of the McLachlan and Welt data sets [66, 98].

McLachlan Welt

Average Cycle Length 31 days 28 days

Hormones Collected FSH, LH, E2, P4, IHA FSH, LH, E2, P4, IHA, IHB

Number of Subjects 33 women 23 women

Ages of Subjects 21-35 years of age 20-34 years of age

When Blood Draws Oc-
curred Per Subject

Daily Daily

Welt data for younger women is used in this work as the menopause transition has abnormal

behaviors. Averaging the values for these women in both data sets does result in greater error

on each end of the cycle. Since these women may have cycles that ranged from 25-35 days in

length and were centered around ovulation, the first few days and last few days of the cycle are

a little more variable than the the days around ovulation. Most peak or surge values for the

hormones have larger error because peak amounts vary per woman. This can be seen in Figures

2.5 and 2.6. Finally, to model the cycle consistently for many periods, the data is repeated. The

McLachlan data ranges from day 0 to day 30. Thus, day 31 is the same as day 0 and the cycle

repeats. For the Welt data that ranges from day 1 to day 28, day 29 is the same as day 1 and

again the cycle repeats. The wealth of data available for normally cycling women enabled the

creation of a model including ovarian follicle waves.
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Chapter 3

Two-Wave, Five-Hormone Model

The main purpose of this work is to model the endocrine control of the menstrual cycle with

more than one follicle wave per cycle. The data available for normally cycling women has an

FSH profile with two rises. To show a correspondence between the rises in the FSH profile

and the number of follicle waves per cycle, we use data to optimize parameters of the model

equations. In this chapter, we discuss the five-hormone model and the parameters with fits

for both the McLachlan and Welt data sets. We review the original model and the three step

process of how its model was developed. We then discuss the two-wave model and the resulting

parameters. Finally, we discuss the behavior of the system using sensitivity analysis.

3.1 Original Model Development

The mathematical model for endocrine control of the human female reproductive system was

developed in three steps:

1. Pituitary Component Model: The first step involves modeling the hypothalamus-

pituitary axis. The pituitary component is a system of four delay differential equations

for the pituitary hormones LH and FSH. Here, exponential functions that fit the data for

ovarian hormones E2, P4 and IHA are used as fixed inputs into the system to represent

the ovarian half of the loop.

2. Ovarian Component Model: The second involves modeling the follicle growth and

resulting hormones of the ovaries. A system of nine differential equations represent the

stages of ovarian follicle growth and three equations that are the proportional sums of

these stages represent the ovarian hormones. Again, exponential functions that fit the

data for LH and FSH are used as fixed inputs into the system to represent the pituitary

part of the loop.
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3. Merged Model: The third and final step involves merging those two pieces into one

feedback cycle. The result is a system of thirteen delay differential equations (the four

from the pituitary component and the nine from the ovarian component) and the three

ovarian hormone equations with no input functions.

Modeling the hypothalamus-pituitary and the ovaries as separate component models in steps

one and two is a benefit because each simulates the full feedback process on a smaller scale using

fixed functions representing the other half of the loop as inputs into the system. The full merged

model is much larger. The parameters found in steps one and two provide a good starting point

for finding parameters in step three for a more accurate result and reduced computation time.

Since the follicle waves being modeled reside in the ovaries, steps two and three are of vital

importance to this work.

The original components for the hypothalamus-pituitary axis and the ovaries were presented

by Schlosser and Selgrade [87, 90]. In Harris-Clark et al., [30], the merged model taking the two

components and putting them together, was presented. Both of these works used the data from

McLachlan et al. [66] for modeling. As seen in the previous chapter, the model was written based

on the five hormones measured in that paper, E2, P4, IHA, LH and FSH. Later, in Pasteur [78]

and Pasteur and Selgrade [77] the same three step process was used to find parameters for the

system using the E2, P4, IHA, LH, and FSH data from Welt et al. [98]. The model was later

expanded to include the sixth hormone IHB. These fundamental models and available data sets

represent the cycles of normally cycling women. However, the models were developed under the

assumption that recruitment only occurs once during a menstrual cycle. Using these models as

a basis, the goal is to add a second follicle wave per cycle for these normally cycling women

during the luteal phase.

3.1.1 Pituitary Component

The pituitary model represents the synthesis, release and clearance of LH and FSH from the

pituitary and into the bloodstream. LH and FSH are each represented as a two compartment

model with two time-dependent, delay ordinary differential equations. The steps of the compo-

nent model are illustrated in Figure 3.1. The two components for the LH system are:

• RPLH(t) which represents the amount of LH produced in the pituitary and stored there

until its release.

• LH(t) which represents the concentration of LH released into and cleared from the blood-

stream.

Similarly, the two components for the FSH system are RPFSH(t) and FSH(t). LH and FSH

synthesis and release are determined by ovarian hormones. E2, P4 and IHA are represented
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as time-dependent inputs into these systems of differential equations. These functions used as

inputs into differential equations in component models will henceforth be referred to as input

functions. These input functions are exponential functions that approximate the data for the

hormones in the data set being used. Thus, the McLachlan and the Welt sets have different

input functions for E2(t), P4(t) and IHA(t) in the pituitary component model.

The differential equations for the compartment models can be simply thought of as the rate

of change of hormone in the pituitary and the rate of change of hormone in blood serum.

• The pituitary concentration changes in two ways, how much is produced and how much

is released from the pituitary.

• The serum concentration changes in two ways, how much enters the bloodstream and how

much clears from the bloodstream.

The difference here between the amount released from the pituitary and the concentration in

the bloodstream after the release is the blood itself. Upon release from the pituitary, we have

the exact amount sent forth but it becomes part of the overall volume of blood, a proportion

dictated by the blood volume V . The basic equations are as follows and will be expanded upon:

d

dt
RPLH = synthesisLH − releaseLH (3.1)

d

dt
LH =

1

V
· releaseLH − clearanceLH (3.2)

d

dt
RPFSH = synthesisFSH − releaseFSH (3.3)

d

dt
FSH =

1

V
· releaseFSH − clearanceFSH (3.4)

From previous work and using Figure 3.1 as a guide we determine the synthesis, release and

clearance actions of the system:

Synthesis E2 positively influences hormone production for LH while P4 inhibits LH production

and IHA inhibits FSH production, so synthesisLH(E2,P4) and synthesisFSH(IHA). The

synthesis terms are rational functions in which production effects are in the numerator

and inhibitory effects are in the denominator.

Release The release of LH and FSH are inhibited by E2 and promoted by P4. The amount of

LH or FSH released from the pituitary is also determined by how much has been produced

and stored so releaseLH(E2,P4,RPLH) and releaseFSH(E2,P4,RPFSH).

Clearance The rate of clearance is proportional to the amount that is in the blood, so

clearanceLH(LH) and clearanceFSH(FSH).
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Figure 3.1 Illustration of the compartment model for the pituitary. The compartment model is split
into three pieces, synthesis of hormones in pituitary, release of hormones from pituitary into the blood
and clearance of hormones from the blood. E2 promotes synthesis of LH, P4 inhibits synthesis of LH
and IHA inhibits synthesis of FSH. P4 promotes pituitary hormones to be released into the blood
while E2 inhibits it.

These expand the previous equations to the following:

d

dt
RPLH = synthesisLH(E2,P4)− releaseLH(E2,P4,RPLH) (3.5)

d

dt
LH =

1

V
· releaseLH(E2,P4,RPLH)− clearanceLH(LH) (3.6)

d

dt
RPFSH = synthesisFSH(IHA)− releaseFSH(E2,P4,RPFSH) (3.7)

d

dt
FSH =

1

V
· releaseFSH(E2,P4,RPFSH)− clearanceFSH(FSH) (3.8)

Time delays are incorporated into the ovarian hormones to represent the time span between

changes in their hormone levels and the effect on the synthesis of the pituitary hormones. The

delays are dE , dP and dIHA and are only included in synthesis terms. The full equations for the
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two compartment model for LH and for FSH are as follows:

d

dt
RPLH =

v0LH +
v1LH · E2(t− dE)a

Kma
LH + E2(t− dE)a

1 +
P4(t− dP )

KiLH,P

−
kLH · (1 + cLH,P · P4) · RPLH

1 + cLH,E · E2
(3.9)

d

dt
LH =

1

V
·
kLH · (1 + cLH,P · P4) · RPLH

1 + cLH,E · E2
− aLH · LH (3.10)

d

dt
RPFSH =

vFSH

1 +
IHA(t− dIHA)

KiFSH,IHA

−
kFSH · (1 + cFSH,P · P4) · RPFSH

1 + cFSH,E · E2
2

(3.11)

d

dt
FSH =

1

V
·
kFSH · (1 + cFSH,P · P4) · RPFSH

1 + cFSH,E · E2
2

− aFSH · FSH (3.12)

The release terms for LH and FSH are almost identical except for the exponent on E2.

As in Tsai and Yen [96] the inhibitory effect by E2 is stronger on FSH than on LH, so the

exponent is one on LH and two on FSH. Also note the Hill function on the synthesis of LH.

The levels of E2 when high induce the rapid synthesis of LH for its surge which makes the Hill

function appropriate. Most values in the system are parameters that need solved for through

optimization. However, four values are either known or have been derived:

• Blood volume in liters is a known constant at V = 2.5.

• From Harris et al. [30], the derived clearance rate for LH is aLH = 14 (1/day)

• Also from Harris et al. [30], the derived clearance rate for FSH is aFSH = 8.21 (1/day).

• The Hill function Hill coefficient a was derived to be 8 [30]

3.1.2 Ovarian Component

The ovarian component model is a system of nine time-dependent ordinary differential equations

for the five hormone system. Recall from Chapter 2 that the follicles and corpus luteum in the

ovaries secrete E2, P4 and IHA at different times throughout the cycle based on the current

stage of growth. Thus, these nine differential equations represent nine of the stages of growth in

the ovaries. This growth depends on hormones LH and FSH from the pituitary. Here, FSH and

LH are used as inputs into the ovarian follicle differential equations. The stages are as follows:

• (RcF ) Recruited Stage: FSH induced recruitment from the preantral pool
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• (GrF ) Growing Stage: FSH sustaining growth of cohort

• (DomF ) Dominant Stage: Selection of a dominant follicle

• (OvF1) First Ovulatory Stage: Follicle ovulation

• (OvF2) Second Ovulatory Stage: Follicle luteinization

• (Lut1−4) Luteal Stages: Four stages of corpus luteum decay

The stages of growth represent the mass of the follicles, singular follicle or corpus luteum

at that point in time. The stage increases until it reaches its full mass for that phase of growth

and then decreases as that stage ends and a new one begins. The mass is transferred from one

stage to another. Thus, to get to the growing stage one must come from the recruited and so

on. The transfer of mass is exhibited in the differential equations as a decay term from one

stage and the same exact term is used as a growth term in the following stage. The differential

equations for the stages of growth are as follows:

d

dt
RcF = b · FSH + c1 ·RcF · FSH− c2 · LHα ·RcF (3.13)

d

dt
GrF = c2 · LHα ·RcF + (c3 · LHβ − c4 · LH) ·GrF (3.14)

d

dt
DomF = c4 · LH ·GrF − c5 · LHγ ·DomF (3.15)

d

dt
OvF1 = c5 · LHγ ·DomF − d1 ·OvF1 (3.16)

d

dt
OvF2 = d1 ·OvF1 − d2 ·OvF2 (3.17)

d

dt
Lut1 = d2 ·OvF2 − k1 · Lut1 (3.18)

d

dt
Lut2 = k1 · Lut1 − k2 · Lut2 (3.19)

d

dt
Lut3 = k2 · Lut2 − k3 · Lut3 (3.20)

d

dt
Lut4 = k3 · Lut3 − k4 · Lut4 (3.21)

Due to the fast clearance rates of ovarian hormones from the blood, it is sufficient to write

the ovarian hormone equations not as differential equations but as the direct proportional sums

of the stages of growth that contribute to them. They will be referred to as auxiliary equations
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and are as follows:

E2 = e0 + e1 ·GrF + e2 ·DomF + e3 · Lut4 (3.22)

P4 = p0 + p1 · Lut3 + p2 · Lut4 (3.23)

IHA = h0 + h1 ·DomF + h2 · Lut2 + h3 · Lut3 + h4 · Lut4 (3.24)

3.1.3 Merged Model

The merged model combines the pituitary component model with the ovarian component model.

In the previous two steps, exponential input functions were used to represent the hormones

stimulating growth in that component model. In reality, the pituitary affects the ovaries which

in turn feedback onto the pituitary. The component models with set input functions do not

exhibit this feedback behavior because one half of the loop is fixed. The merged model allows

the grand total of thirteen differential equations and three ovarian hormone equations to work

together and rely on each other instead of relying on the input functions. Before embarking

on the two-wave model, we tested that the model produced the correct one-wave response and

improved the system parameters for all components and data sets. An example of this work

is in Figure 3.2. This figure illustrates a recreated merged model for the Welt five-hormone

system. It illustrates how well the hormone profiles match the data. Figure 3.3 illustrates the

ovarian follicle stages of growth that generate the hormones. Appendix B has the parameter

values for the five-hormone, one-wave merged model for both the McLachlan and Welt data

sets. The initial conditions for both of these models are included in Appendix C.

3.2 Two-Wave Model Development

This section shows how recent work on follicle waves and the FSH threshold concept can be

used to improve the model. An exploratory attempt at including follicle waves into the model

was conducted by Margolskee [62]. The biology of follicle waves dictates that two important

aspects of waves must be executed in the model:

1. The FSH threshold needs to be represented in the recruited stage of growth. Regardless

of whether we have one, two or even more follicle waves per cycle, the FSH threshold is a

vital part of the cycle and should be represented as such. There is a one-to-one relationship

between the number of rises in FSH and the number of follicle waves per cycle. With the

threshold in the recruited stage, we expect that the normal FSH curve with two rises will

result in two waves per cycle.

2. Typically, only one wave per cycle is a major wave resulting in the emergence of a dominant

29



0 10 20 30 40 50 60
0

20

40

60

80

100

120

140

  Time (days)

  
L

H

 

 

Welt LH data

LH ModelSSEres =
1,449.934

(a)

0 10 20 30 40 50 60
0

5

10

15

20

25

30

35

  Time (days)

  
F

S
H

 

 

Welt FSH data

FSH ModelSSEres =
498.479

(b)

0 10 20 30 40 50 60
0

50

100

150

200

250

300

  Time (days)

  
E

2

 

 

Welt E2 data

E2 ModelSSEres =
3,392.494

(c)

0 10 20 30 40 50 60
−5

0

5

10

15

20

  Time (days)

  
P

4

 

 

Welt P4 data

P4 ModelSSEres =
121.46

(d)

0 10 20 30 40 50 60
0

2

4

6

8

10

12

14

  Time (days)

  
IH

A

 

 

Welt IHA data

IHA ModelSSEres =
132.129

(e)

Figure 3.2 Hormone profiles for the five-hormone, one-wave merged model fit to the Welt data set
using the original equations in Pasteur [78]. These parameters (Appendix B) serve as a baseline for
the two-wave model. SSEres is the summed squared difference between the hormone and the data for
one cycle (Equation (3.36)).
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Figure 3.3 Stages of ovarian follicle growth and development for the Welt data set. The stages here
are produced from parameters resulting from the optimization process using the equations from Pas-
teur [78]. Since the original one-wave model is the starting point for the two-wave model, it made
sense to recreate that model first as a baseline.

follicle. An atresia term is required to modify the stages such that every stage from the

dominant through luteal have no second follicle wave per cycle.

The same three step component process used in the original, one-wave, model development will

be employed for the two-wave model.

Pituitary Component: The pituitary component stays exactly as it was in the one-wave

model outlined in the previous section. The follicle stages of growth are changed to accommodate

a second follicle wave in the luteal phase but the hormone profiles did not change. FSH for

normally cycling women should produce the ovarian hormone profiles and two follicle waves per

cycle. E2, P4, IHA should look as close to the original profiles as possible despite the changes

to the number of waves in the ovarian growth stages. If the ovarian hormone profiles do not

change, there is no need to reexamine the pituitary component model at this time. The goal is

to amend the ovarian component model to include the follicle waves but maintain the ovarian

hormone profiles and then to show these waves are also possible in the full merged model.

Ovarian Component:

FSH Threshold: The first piece of the follicle wave puzzle that needs to be addressed is the

second follicle wave. It is clear from the literature that follicle waves are a result of the FSH

threshold and/or window. When the FSH concentration is high enough so that the threshold

level is exceeded, recruitment occurs. We start by examining the recruited stage (Equation

(3.13)). Two terms in the recruited stage are based on FSH as it is the catalyst for recruitment

and growth of the follicles. The final term is the transfer of mass out of the recruited stage and
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into the growing stage based on LH and should be left as is. The first term is the independent

growth term based on the FSH levels at the time and again would do well to be left alone.

The second term is based on not only FSH but also on how much mass is already achieved in

the recruited stage. As this term takes in all factors, the FSH levels and the amount of mass

the cohort currently has, it seems reasonable that it is a prime candidate for the follicle wave

changes. The question is now, what should be used to represent the FSH threshold in this term?

Hill functions are used to represent how cooperative a substance is binding to a receptor. The

function is of the form:

V = Vmax
Sp

Kmp + Sp

Where:

• V is the velocity of the reaction

• Vmax is the maximum velocity

• S is the substrate concentration

• Km is the Michaelis constant that represents the substrate concentration at which half

of the maximum velocity is achieved

• p is the Hill coefficient which relates to the degree of cooperation of the substrate to its

receptors.

If the Hill coefficient is equal to one, no cooperation is achieved. If it is less than one then there

is negative cooperation and if it is greater than one there is positive cooperation. As FSH is

released into the bloodstream, it was stated in Chapter 2 that the receptors on the follicles react

to the FSH and the follicles undergo recruitment and growth. Thus, the Hill function is a logical

choice for the FSH threshold (Equation (3.25)). Here the Hill coefficient, p, should be greater

than one to indicate a positive cooperation which will cause the Hill function to look sigmoidal.

KmF is the concentration of FSH at which reaction velocity reaches half of its maximum in

binding to the follicles. Note that c1 now represents the Vmax. The recruited equation now looks

as follows to include the FSH threshold function (denoted in red):

d

dt
RcF = b · FSH + c1 ·RcF ·

(
FSH

KmF

)p
1 +

(
FSH

KmF

)p − c2 · LHα ·RcF (3.25)

Atresia: In theory, this FSH threshold function could trigger any number of follicle waves

dependent of the amount of FSH coming out of the pituitary. The cascading transfer of mass

from one follicle stage of growth to another should also pass whatever happens in the recruited
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stage through to every subsequent stage of growth. The theory of follicle waves also hinges on

the fact that the second follicle wave should not go through dominant follicle selection. With

no dominant follicle, that wave cannot go through ovulation or luteinization. An atresia term

can be included in the dominant follicle stage changing the original equation (Equation (3.15))

to stop the second wave at this stage and after.

The atresia term is a rational function decay term based on DomF to reduce the existing

mass. The goal of this term is to maintain the first wave but eliminate the second. LH plays a

large part in dominant follicle growth. It is required for a growing follicle to be selected to grow

to dominance. LH has one surge that promotes dominant follicle selection and ovulation, but

is relatively flat everywhere else throughout the cycle. Thus the shape of LH can be used to an

advantage in the atresia term. We want the dominant follicle to be high when LH is high and

low when LH is low. Therefore, using LH in the atresia term should suppress a luteal follicle

wave because LH itself is suppressed in the luteal phase. The atresia term is an addition to

the two existing terms that remain as they were originally written. The new dominant follicle

equation is as follows (with atresia term in red):

d

dt
DomF = c4 · LH ·GrF − c5 · LHγ ·DomF − atr ·DomF

1 +

(
LH

Kiatr

)pwrat (3.26)

The full system of equations for the ovarian stages of growth is listed below. No other

equation changes are needed.
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d

dt
RcF = b · FSH + c1 ·RcF ·

(
FSH

KmF

)p
1 +

(
FSH

KmF

)p − c2 · LHα ·RcF (3.27)

d

dt
GrF = c2 · LHα ·RcF + (c3 · LHβ − c4 · LH) ·GrF (3.28)

d

dt
DomF = c4 · LH ·GrF − c5 · LHγ ·DomF − atr ·DomF

1 +

(
LH

Kiatr

)pwrat (3.29)

d

dt
OvF1 = c5 · LHγ ·DomF − d1 ·OvF1 (3.30)

d

dt
OvF2 = d1 ·OvF1 − d2 ·OvF2 (3.31)

d

dt
Lut1 = d2 ·OvF2 − k1 · Lut1 (3.32)

d

dt
Lut2 = k1 · Lut1 − k2 · Lut2 (3.33)

d

dt
Lut3 = k2 · Lut2 − k3 · Lut3 (3.34)

d

dt
Lut4 = k3 · Lut3 − k4 · Lut4 (3.35)

Solving the System: All work done with these equations was done in MATLAB. For the

ovarian component model, ODE23 was used to solve the system with time dependent input

functions. For this subsystem, the delay was subtracted off of the time in the input functions

so no delay solver was needed. For the merged model, DDE23 was used to solve the system of

delay equations without input functions.

Optimization: Optimization was used for finding the parameters that fit a particular data

set using fminsearch. The fminsearch method finds a local minimum without using derivatives

by employing a Nelder-Mead Simplex method. The fminsearch takes in an argument that we

will refer to as a cost function which the method tries to minimize. The routine stops when

there are no more parameter changes within set ranges that minimize the cost function or

when other stopping criteria are met. Here, the cost function is the summed squared difference

between the model solution and a data set. The fminsearch is a beneficial method because no

numerical solutions or gradients are needed; however the downside is having to be meticulous

in the methods used to prepare the system so the solver finds an acceptable local solution.

There are many ways to encourage the optimizer to find a set of parameters that yields a stable

solution. The following are many that were employed in the optimization process in this work.

Though variations of each step or the order of the steps may change for each particular case
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for which results are found, the following is a general method:

Begin from Previous Results. It helps to start from previous parameter results. In this

case, the starting point for the ovarian component model would be previous one-wave

parameters for the respective data sets. For the merged models, the starting parameters

for the pituitary equations are the previous one-wave results and for the ovarian equations

are the two-wave ovarian component parameters.

Adjust Parameters by Hand. Manually changing parameters by hand to give the system a

general starting point typically helps.

Change Cost Function Length of Time. More than one cycle of data should be used in

the cost function to promote the cyclic nature. If the model is yielding results that do

not match the cycle length of the data, more cycles in the cost function can force the

optimizer to find a solution in that time frame. For most results, two cycles worth of data

were enough. Using too many can drastically extend the time it takes for the optimizer

to complete.

Build Up Cost Function. Typically optimization is done in steps in which the cost function

is built up over time. The cost function is a sum of the summed squared differences (SSE)

between the hormone model and the data.

SSE(hormone) =

end day∑
start day

(hormone model(day)− data(day))2 (3.36)

Here, the model can be any of the hormones. Build up the cost function means to sum the

summed squared differences for the hormones a hormone at a time. Typically P4 and IHA

are the easiest to fit while E2 and FSH are harder to fit. Also, FSH is of vital importance

to work with the wave. Using a particular order in how the cost function is built up is

important.

• For the ovarian component model, it is best to start with a cost function of just

SSE(E2) because it is the most difficult to fit and will have the highest cost. After

the routine finishes and any manual adjustments have been made, the next cost

function would be SSE(E2) + SSE(P4) and so on until all the ovarian hormones

are included. Starting with P4 in this case does not help to optimize the more

complex stages as it does by starting with E2. Starting with the total sum of all

three hormones would be a poor choice as well. Because P4 and IHA are easier to

fit, their piece of the cost function would be relatively small compared to E2. In this

case, the optimizer will yield a solution that is better for E2 than it is for P4 or IHA.
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By doing multiple optimizations and building up the cost function, the cost for E2

is brought down before P4 and IHA are included to level the playing field so each

has a good chance of a nice looking fit.

• For the merged model, FSH was the top choice to start with and then E2, LH, P4

and IHA in subsequent steps. FSH was chosen first because the second follicle wave

hinges on the FSH levels. The better FSH fits, the better the waves look. Typically,

if FSH fits fairly well, the rest of the hormones are also fairly accurate.

Set Optimization Boundaries. There are no boundaries on the optimization routine itself,

but boundaries can be set through the cost function. For example, if we desire that α stay

under 0.4, we can require the optimizer to return a large cost value if it tries to make α

larger than that value. Since the goal is to minimize the cost function, the routine will

move back to whatever its previous step was and keep the parameter value within its

acceptable range.

Match Model Peaks to Data Peaks. One final aid to optimizing, especially the merged

model where the length of a model cycle may differ from the cycle length of the data, is

matching a peak. Based on initial conditions, the solver does not find a stable solution

immediately. There is a small amount of time where the solver has some ‘runoff’ solution

that doesn’t fit the hormone profile before it finds an attracting cycle. This runoff is

typically not a full cycle length. Since the ovarian component model uses fixed input

functions, there typically is no runoff for component models, only for merged models. To

remedy this runoff, the time given to the solver must be a few cycles in length. It should

not be too long because that will increase the overall time for optimization which is

already long in the best of circumstances. The next step is to choose a hormone, typically,

E2, LH, or FSH, something with a distinct peak. Then for the first cycle chosen to use

for optimization, make sure the peak model value for that hormone lines up with the

peak data point. For example, once the index is found for the peak of E2 data for the

fourth cycle of the model, that cycle starts thirteen days earlier for the Welt data and

that should be the starting index in the cost function. Another aid is to change the initial

conditions to minimize the runoff. Though this helps find a stable solution faster, it does

not entirely eliminate the runoff time, so matching peaks is still necessary. Not matching

peaks encourages the optimizer to attempt to possibly match the model’s luteal phase

with the data’s follicular phase.

In subsequent sections, this process will be referred to as optimization. The same process was

used in each scenario and this serves as a general overview of the optimization process.
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3.3 Results

3.3.1 McLachlan Ovarian Component Model

Input Functions: The ovarian component model depends on the input functions that match

the McLachlan data set. The equations themselves represent one cycle length. When used in

the differential equations, modular arithmetic (here for 31 days) is used to extend the input

function to more than one cycle. The input functions were updated from those in Harris et al.

[30] and are illustrated in Figure 3.4. The equations are as follows for the pituitary hormones:

LH = 35 + 340e
−(t− 15)2

1.2 + 5e
−(t− 7)2

23 + 20e
−(t− 25)2

40 (3.37)

FSH = 75 + 110e
−(t− 4.5)2

46 + 210e
−(t− 15)2

0.75 + 50e
−(t− 17.5)2

20 − 12e
−(t− 25)2

10 (3.38)
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Figure 3.4 Input functions that fit the McLachlan data set for the pituitary hormones LH and FSH.
These input functions are used to solve and optimize the system of nine differential equations that
model the stages of ovarian follicle growth with two follicle waves. With these stages, the auxiliary
equations for the ovarian hormones can be solved.

Upon solving and optimizing the system using the steps outlined above, the parameters in

Table 3.1 were found as an optimized minimum solution to the system’s cost function. It is

important to note that e0, p0, p2 and h2 all optimized to values very small and are deemed
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negligible. These parameters should be assumed to be zero so they can be removed from the

system to aid in the efficiency and accuracy of the optimizer.

Cycle Results: As can be seen in Figure 3.5, the recruited and growing stages of growth

each have two follicle waves, the ovulatory follicular phase wave and the anovulatory luteal

phase wave. It is also important to note that the dominant and subsequent stages only have one

wave that follows from the follicular phase wave. Thus, the FSH threshold function successfully

inserted a second follicle wave into the cycle while the atresia term prevented it from moving

beyond the growing stage.

Parameter Results: Not only are the values that are listed in Table 3.1 for the five new

parameters that control the wave and the atresia important, but some other original stage

parameters were important to the wave as well.

• The parameter c1 was always in the model but now takes on a different role as the

maximum velocity of the Hill function and its value is now larger than one. Again, as a

way to manipulate the model to include follicle waves, the original model was compiled

based on results in Schlosser and Selgrade [87, 90] and Harris-Clark et al., [30]. The

original value of c1 was on the order of 10−3 so a 300 fold increase was needed.

• In the ovarian component model, the b parameter controls the height of the recruited stage.

It can be manipulated by hand to make the recruited stage as large as possible. When the

threshold function was included, the stage heights were reduced dramatically probably

due to the fact that FSH was no longer just a multiplicative factor but a threshold on the

current level of FSH. As a result, b is about 100 times larger to regain the height lost.

• Finally, c2 and α were changed in concert. The transfer out term from the recruited stage

contributes to the luteal wave height. This term is not only important to the recruited

waves but also to the growing stage waves as it is the starting point for that stage as the

mass is transferred in. The α parameter was cut by a little more than half and the c2

parameter was increased by almost 0.1. By investigating these two parameters by hand,

it seems that they are quite sensitive and will be explored further in a later section of this

chapter. Thus if α is reduced too much, increasing c2 helps offset some of that change.

Changing one without the other led to a loss of the wave or an unstable solution.

To obtain a fit for the ovarian hormones, a series of steps were taken based on the opti-

mization outline in the previous section. For the most part, the outline above was followed (two

cycle lengths of data in the cost function, peak matching, etc.) but a few items of importance

are pointed out here.

Adjust Parameters by Hand. First, a handful of parameter changes were made by hand.

Changing the existing equations while using the original parameters is a start, but chang-
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Table 3.1 Parameter results for the five-hormone, two-wave ovarian component model fitting the
McLachlan data set. All of the following optimized parameters were truncated to two significant deci-
mal digits.

Parameter Value Units

α 0.30 dimensionless

β 0.067 dimensionless

γ 0.010 dimensionless

b 0.42 L/day

c1 1.62 1/day

c2 0.49 (L/µg)α(1/day)

c3 0.077 (L/µg)β(1/day)

c4 0.025 (L/µg)(1/day)

c5 0.75 (L/µg)γ(1/day)

d1 0.50 1/day

d2 0.52 1/day

k1 0.47 1/day

k2 0.49 1/day

k3 1.33 1/day

k4 0.59 1/day

e1 0.022 1/kL

e2 0.027 1/kL

e3 0.047 1/kL

p1 0.010 1/L

h0 188.64 U/L

h1 0.044 (U/L)/µg

h3 0.89 (U/L)/µg

h4 0.0060 (U/L)/µg

KmF 101.93 µg/L

p 26.27 dimensionless

atr 380.87 1/day

Kiatr 5.20 µg/L

pwrat 1.98 dimensionless
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Figure 3.5 Ovarian follicle stages of growth from the ovarian component, five-hormone, two-wave
model fit to the McLachlan data set. The ovarian component model results come from optimizing sys-
tem parameters for the stages of follicle growth and the ovarian functions based on input functions for
FSH and LH. Here we see that the addition of a Hill function in the recruited stage of follicle growth
causes a second follicle wave of recruitment to occur during the luteal phase. The first picture isolates
the recruited, growing and dominant follicles for easier viewing and the second is of all nine stages of
follicle growth.

ing some parameters intuitively by hand, most obviously the recruited stage parameters,

gives the optimizer a better starting point. Also, the rise and fall of the height of all nine

stages of growth can be forced by hand as well. By just changing b to be larger so the

stages were all larger and increasing c1 to be larger than one, the second wave of follicle

growth emerged. As c1 increased, the timing of the second wave became more accurate.

Also, KmF seemed to be quite sensitive which will be tested in a later section.

Set Optimization Boundaries. Once a sampling of parameter changes were made, opti-

mization took place on the whole ovarian component system as outlined in the previous

section. The optimizer gives more accurate stage heights. Though the goal is to have a

second wave of follicle growth, the optimizer is only looking at matching ovarian hor-

mones and does not care what the stages look like. In some instances the optimizer felt

the better option was to eliminate the second wave of growth and though despite the

fact that the FSH threshold function was included, the stages looked quite similar to the

original model. In this case, a more drastic approach was needed. To eliminate the wave

altogether, the optimizer reverted some of the parameters that were changed by hand

before optimization. To aid in optimization, the cost function in the optimizer was given

some limitations. For example, c5 was limited to stay below 0.76. This was because the
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optimizer was making that value too large which greatly reduces the size of the dominant

follicle because too much is transferring out. In the original model, a large value for c5

would have been acceptable but now that it is not the only decay term on the dominant

follicle with the inclusion of the atresia term, a large value would be too much for the

system. Likewise, a restriction on γ was made as well since those two parameters are

partners on the transfer of mass.

Word of Caution - Retain Results, even Seemingly Unfavorable Ones. In the case that

the optimizer reduced the height or completely eliminated the second wave of growth, the

results were retained and that round of optimization was not considered a failure. Those

results were then changed by hand to regain the second follicle wave and the optimization

procedure was run again. The second follicle wave is not controlled by every parameter of

the system, so just because one set of parameters that is returned after optimization does

not display a second follicle wave does not mean every parameter is poor, just the ones

that control the wave are of a concern. Since the FSH threshold was included, the param-

eter values for OvF1 through Lut4 may change, though not by much, to accommodate

that threshold. Since they are not supposed to have a second wave of growth anyway, the

values the optimizer gives may be better results than the originals.

Be Selective in Parameters to Optimize. This optimization procedure is repeated until

two follicle waves of good height are seen and maintained. The final step of the procedure

is to optimize just the auxiliary equation coefficients. The stage parameters and auxiliary

equation coefficients were all optimized to this point. However, too much tinkering with

the stage parameters may eliminate the wave. Once stage parameters were found that

maintained both follicle waves, they were held constant and just the auxiliary equation

coefficients were optimized to find the best hormone profiles based on the waves in exis-

tence. This procedure only works for the ovarian component model. In the merged model,

changing auxiliary coefficients would in turn change the FSH and LH profiles which would

feedback and change the stages of follicle growth regardless of whether their coefficients

are held constant or not. So even though the wave looks good, the extra step in finding

even better auxiliary equation coefficients is important because these ovarian component

model parameter results in Table 3.1 will become the starting point for the merged model.

As can be seen in Figure 3.6, this optimization procedure resulted in curves that fit the data

quite well upon inspection. Looking closer, the hardest hormone to match of the three ovarian

hormones, E2 is within the data error of its peak. Note that SSEres on each graph image

represents the sum squared error for each hormone for one cycle. The error results confirm

that P4 is one of the easiest to match. However, leaving IHA until last in inclusion in the cost
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function puts it at a disadvantage because most of the parameters for the stages will not change

after E2 has been optimized. Thus, IHA has a higher error and misses many points around the

peaks and troughs.

3.3.2 McLachlan Merged Model

After a set of parameters from the ovarian component model are obtained, the next step is to

merge the model. Historically, the parameters obtained in the pituitary component and ovarian

component models are used as a starting point for the optimization of the full merged system.

However, the resulting merged parameters and curves change regardless of how accurate the

individual component models are. This is due to the high accuracy of the input functions. The

input functions were fixed for the component models. Now, hormones depend on one another

and everything needs to find a balance. Though harder to solve for a set of optimal parameters,

the parameters yield a more realistic solution than the component models both biologically and

mathematically. It is more biologically realistic because it is a more authentic representation of

the cycle. It is more mathematically realistic because the model is not as easily manipulated

as the component models. Another concern to be aware of in the merged model is timing. The

timing of the component models is always very good because the input functions are fixed. Now

that the feedback loop is in effect, the cycle length may vary in the merged model.

The merged model for the five-hormone, two-wave system has all thirteen ordinary differen-

tial equations (Equations (3.9)-(3.12), (3.27)-(3.35)). The exponent a (Equation (3.9)) in some

previous work on the original model was changed from eight to eleven in order to increase the

sharpness of LH synthesis so changing the value for the merged follicle wave model was consid-

ered. It was tested at both eight and eleven. Eleven seemed to help promote the second follicle

wave and was fixed in the model at that value. Again, e0, p0 and h2 all optimized to 0 and were

eliminated. The resulting parameters are included in Table 3.2 and the stages with two waves

of ovarian follicle recruitment and growth are shown in Figure 3.7.

Cycle Results: Though typically the hormone profiles may not give as good of a fit to

the data for a merged model as opposed to the fits for the respective component models, the

overall interaction of the pituitary and the ovaries is much more accurate. The mass of the

follicle stages, shapes of hormones and parameter values tend to level off to more reasonable

results in the merged model because it is harder to manipulate these values by hand to have the

system do what one wants. Follicle stage heights were easily manipulated by the b parameter

in the ovarian component, but it is much harder to accomplish in the merged model. Thus, the

expectation for the results of the merged model are for less accurate profiles, but much more

knowledge of how the waves interact with the pituitary. The five-hormone, two-wave merged

model for the McLachlan data accomplished just that. Both pituitary hormones have peaks
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Figure 3.6 Models for (a) estrogen, (b) progesterone and (c) inhibin A from the ovarian component,
five-hormone, two-wave model fit to the McLachlan data set. The ovarian component model results
come from optimizing system parameters for the stages of follicle growth and the ovarian functions
based on input functions for FSH and LH. Note here that even though a second follicle wave is present
in the luteal phase, the same profiles for the ovarian hormones were achieved. SSEres is the summed
squared difference between the hormone and the data for one cycle.
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Table 3.2 Parameter results for the merged, five-hormone, two-wave model fitting the McLachlan
data set. All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

v0LH 1577.78 µg/day

v1LH 25,288.06 µg/day

KmLH 228.645 ng/L

KiLH,P 3.01 µg/L

kLH 12.26 1/day

cLH,P 0.085 L/µg

cLH,E 9.22E-08 L/ng

dE 0.47 days

dP 0.80 days

vFSH 5190.68 µg/day

KiFSH,IHA 654.11 U/L

kFSH 12.83 1/day

cFSH,P 2.46 L/µg

cFSH,E 0.0019 (L/ng)2

dIHA 1.66 days

α 0.31 dimensionless

β 0.022 dimensionless

γ 0.011 dimensionless

b 0.60 L/day

c1 1.59 1/day

c2 0.51 (L/µg)α(1/day)

c3 0.057 (L/µg)β(1/day)

Param. Value Units

c4 0.025 (L/µg)(1/day)

c5 0.30 (L/µg)γ(1/day)

d1 0.70 1/day

d2 0.59 1/day

k1 0.66 1/day

k2 0.63 1/day

k3 0.60 1/day

k4 0.80 1/day

KmF 115.18 µg/L

p 19.80 dimensionless

atr 615.89 1/day

Kiatr 4.69 µg/L

pwrat 2.36 dimensionless

e1 0.023 1/kL

e2 0.025 1/kL

e3 0.14 1/kL

p1 0.0063 1/L

p2 0.0020 1/L

h0 208.76 U/L

h1 0.0040 (U/L)/µg

h3 0.66 (U/L)/µg

h4 0.00098 (U/L)/µg
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Figure 3.7 Ovarian follicle stages of growth from the merged, five-hormone, two-wave model fit to
the McLachlan data set. The model maintains both follicle waves for the recruited and growing stages
of growth that were seen in the ovarian component model.
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within the error for the peak data, but all three ovarian hormones miss the mark. Again, IHA

is the most ill-fitting of the five hormones as it was left for last in the cost function build up.

Unlike the ovarian component, IHA did not even attempt to capture its first small rise. This is

not uncommon now that the system is merged. Three major areas of interest are important to

discuss:

Cycle Length: The first thing to note is that the overall cycle length is just slightly longer

than the 31 days of data for the McLachlan data set. This is easily seen in Figure 3.8.

The first cycle for all hormones in the figure was centered to the day of the LH peak. It

is clear from the panel for LH that the LH peak for the second cycle is just after the data

point for the peak making the cycle slightly longer than 31 days. This is not unexpected.

Changing parameters not only helps the magnitude of hormones but also changes the time

length. The costs of having a better magnitude here outweigh the length of the cycle. Also

interesting to note about timing is FSH. All of the hormones in Figure 3.8 had their first

cycle centered around the day of the LH peak for the picture. Four of the five hormones

fit their data peaks fairly well timing wise. FSH however is late. This could be due to

the shortened trough width of P4 since it determines the release of FSH. The bulk of the

hormones all have correct timing. This early and slow rise in P4 is directly caused by the

follicle stages. This slow rise was also present in the ovarian component model.

Magnitude: IHA and P4 are shorter in height than they were in the ovarian component model

but their timing is correct. The curve for LH looks quite accurate for its fit to the LH

peak. This is the most important part of the curve, so the curve reaching its peak is a

benefit.

Shape Oddities: There is a slight bump in the luteal phase LH that does not match the data.

This is ultimately due to the second follicle wave. E2 is vital to synthesis and release of

LH. E2 itself is composed of the growing (GrF ), dominant (DomF ) and fourth luteal

(Lut4) stages of growth. The two follicle waves are seen in Figure 3.7 for GrF . The stage

itself looks very much like the profile for E2 so on the surface it seems like having an

extra follicle wave in one of the stages needed for an auxiliary equation will not impact

the hormone (note that E2 is the only hormone with an auxiliary equation that uses a

stage with two waves as opposed to just one). However, GrF in combination with Lut4

could make the second rise in E2 too large. Lut4 cannot be downplayed or eliminated

because its width is an accurate profile for the second rise in E2 while the second wave

in GrF is too narrow to span the width itself. GrF in turn cannot be downplayed either

because it contributes to the width and height of the first rise in E2. Thus, the result

as seen in Figure 3.8 is that the second rise in E2 is higher than its data. It should be
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noted that E2 does not reach its peak and its first rise is actually shorter than it was in

the ovarian component model. So not only is the second rise in E2 larger, the first rise

is shorter. It would be very difficult to shorten the second rise in E2 because clearly the

peak height would suffer even more. So with the E2 curve as good as it can be, the larger

second rise in E2 causes the extra bump in LH. Therefore the second wave in GrF causes

E2 to be too large in the luteal phase and ultimately results in the extra bump in LH.

Overall, the profiles of the five hormones were maintained in the merged model after the re-

cruited stage was changed to include the FSH threshold and a second wave of follicle growth.

Parameter Results: For the most part, the parameters in Table 3.2 for the merged model

are quite similar to those in the ovarian component model as seen in Table 3.1. This should not

be surprising as the results from the ovarian component were the starting point for the work on

the merged model. Recall since fminsearch finds local solutions, it would be surprising if every

parameter in the system changed by a lot. However, a few did change somewhat dramatically.

The most surprising was the atr parameter on the atresia term for the dominant follicle. The

parameter value is just shy of double its value which seems extreme on the surface. Looking

closer at the results, Kiatr and pwrat decreased in conjunction with that change. Though the

atr probably increased to maintain that no second dominant (or subsequent) wave occurs, it

was balanced by these other changes and the increase is probably not as dramatic as it looks.

Also, c5, the transfer out parameter from the dominant to the first ovulatory stage decreased.

Thus, the atresia term may be reducing the dominant follicle but c5 is transferring less out and

again there is some semblance of balance here. Typically, when one parameter changes in cases

like this, the rest of the parameters in that term change to keep the system in balance.

It will be interesting to see if the relationship between the figures and parameters between

the Welt ovarian component model and the merged model behave as similarly and as predictably

as those for the McLachlan model did here.

3.3.3 Welt Ovarian Component Model

Once the two-wave model was successfully completed for the McLachlan data set, the whole

process was repeated for the Welt data set beginning with the ovarian component model.

Though the process and the differential equations are exactly the same as they should work for

any data set, there are subtle differences between modeling to fit the Welt versus the McLachlan.

Timing: The Welt data set is three days shorter than the McLachlan. Not only is it shorter

in length, the days are counted differently. The McLachlan starts counting on day zero

while the Welt starts on day one. The cycle is marked by hormone events and the days

they occur. By counting on day one, there is less time in the follicular phase in the Welt

than there is in the McLachlan. That means certain parameters may take much longer to
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Figure 3.8 Models for (a) follicle-stimulating hormone, (b) luteinizing hormone, (c) estrogen, (d)
progesterone and (e) inhibin A from the merged, five-hormone, two-wave model fit to the McLachlan
data set. SSEres is the summed squared difference between the hormone and the data for one cycle.
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identify as parameters dictate both magnitude and timing. The timing difference will be

even more noticeable in the merged model when not relying on fixed input functions.

Magnitude: The magnitude of the Welt data is much less than the McLachlan based on the

units used in hormone measurement. Initially using the McLachlan parameters in the

Welt model may seem reasonable but the values of the parameters may lead the model

astray. For instance, KmF is the FSH concentration at half the maximum velocity. Since

FSH is much shorter in numerical value based on units of measure in the Welt than the

McLachlan, the parameter value found to fit for the McLachlan data is higher than the

maximum FSH value in the Welt.

These differences need to be considered when transitioning from one data set to another. Here,

we know the differential equations will produce a wave and we know the process that was used

to find the data set works but will start from parameters that fit the one-wave system.

Input Functions: To begin the ovarian component model, we need the LH and FSH input

functions that fit the Welt data set. The Welt input functions are taken directly from Pasteur

[78]. They are as follows and are illustrated in Figure 3.9:

LH = 10 + 100e
−(t− 14)2

0.8 + 12e
−(t− 13.5)2

50 (3.39)

FSH = 4 + 8.5e
−(t− 5)2

40 + 11e
−(t− 14)2

1 + 4.5e
−(t− 16.5)2

20 (3.40)

Again, in fitting the parameters the same process was followed that was used for the McLach-

lan data.

Adjust Parameters by Hand. The first step is to change parameters manually since the

optimizer is looking for local solutions. The benefit for this model is that it has already

been established as to which of these parameters will yield the second follicle wave. As

before, b was increased to scale the stages, c1 was increased above one, α was reduced

by a little over half and c2 was adjusted accordingly to maintain a stable solution. Also,

since the magnitude of the McLachlan FSH is about sixteen times larger, the KmF and

p parameters on the FSH threshold were reduced as well.

Build Up Cost Function. At this point, the optimization plan was put into effect, building

up the cost function until a second follicle wave and hormone profiles that upon visual

inspection match the Welt data set were found. The parameters for the Welt five-hormone,

two-wave ovarian component model are listed in Table 3.3.
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Table 3.3 Parameter results for the five-hormone, two-wave ovarian component model fitting the
Welt data set. All of the following optimized parameters were truncated to two significant decimal
digits.

Parameter Value Units

α 0.30 dimensionless

β 0.79 dimensionless

γ 0.17 dimensionless

b 1.03 L/day

c1 1.39 1/day

c2 0.46 (L/IU)α(1/day)

c3 0.064 (L/IU)β(1/day)

c4 0.049 (L/IU)(1/day)

c5 0.58 (L/IU)γ(1/day)

d1 0.73 1/day

d2 0.62 1/day

k1 0.51 1/day

k2 0.51 1/day

k3 1.24 1/day

k4 0.65 1/day

e0 4.0052 pg/mL

e1 0.016 (pg/mL)/IU

e2 0.014 (pg/mL)/IU

e3 0.0091 (pg/mL)/IU

p0 0.00019 ng/mL

p1 0.0020 (ng/mL)/IU

p2 0.0015 (ng/mL)/IU

h0 1.32 IU/mL

h1 0.00046 1/mL

h2 0.00069 1/mL

h3 0.00041 1/mL

h4 0.00021 1/mL

KmF 6.68 IU/L

p 7.66 dimensionless

atr 86.66 1/day

Kiatr 5.33 IU/L

pwrat 3.14 dimensionless
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Figure 3.9 Input functions that fit the Welt data set for the pituitary hormones LH and FSH. These
input functions are used to solve and optimize the system of nine differential equations that model the
stages of ovarian follicle growth with two follicle waves. With these stages, the auxiliary equations for
the ovarian hormones can be solved.

Cycle Results: The ovarian follicle stages are included in Figure 3.10. The Welt stages

look slightly different than the McLachlan. Here, the second follicle wave is much taller for the

Welt data than for the McLachlan data. The proportion of height from the first wave to the

second wave is much higher for this data set as is seen in Figure 3.10. However, the heights may

be closer together but the second wave does not dissipate as much. The wave peaks may be as

high as they are because the troughs are not nearly as low. There simply is not as much distance

to grow. It will be interesting to see if this trough behavior remains after the system is merged.

The ovarian hormone profiles are displayed in Figure 3.11 and appear to fit the data quite well.

All three ovarian hormones reach the peak value of the data. They are all within the error of

the peak data amounts as well. However, since the ovarian stages do not meet their trough,

it is not surprising to see that IHA does not meet its trough either. Typically, the low levels

of the hormone data have less error than the peak amounts. Not only does IHA have trouble

meeting its trough, there is also very little data error in the trough compared to other parts of

the cycle and IHA does not make it within the data error on the through either. However, IHA

has a lower summed squared error for one cycle than it did for the McLachlan data results in

the previous two sections. This could be due to the nature of the IHA data or the shape of the

ovarian follicle stages.

Parameter Results: As expected, the value for KmF is much smaller since the scale of

FSH is much smaller for the Welt than the McLachlan. Similarly, atr is much smaller as well.
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Overall, the parameter values in Table 3.3 are similar in most respects to the set obtained for

the McLachlan as were the images. It is important to point out that e0, p0 and h2 did not

optimize to zero as they did in the McLachlan work.
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Figure 3.10 Ovarian follicle stages of growth from the ovarian component five-hormone, two-wave
model fit to the Welt data set.

3.3.4 Welt Merged Model

Finding parameters for the merged model to fit the Welt data set was approached the same as

it was for the McLachlan data set.

Begin from Previous Results. The parameters obtained from the ovarian component model

were used as the starting point for our new parameters for the merged model which

helps put the optimizer in prime position to find an appropriate solution to the thirteen

dimensional system.

Build Up Cost Function. The optimization procedure was the same except for one small

change in the order hormones were added into the cost function. One by one the ovarian

hormones were added, E2, then P4 then IHA before LH and finally FSH was added in.

Here, the reasoning for using FSH last is because it tends to be difficult to match to data,

its peak especially.

Adjust Parameters by Hand. With such a good looking luteal wave from the ovarian com-

ponent model, merging this model became more of tweaking parameters by hand to fine

51



0 10 20 30 40 50 60
0

50

100

150

200

250

300

  Time (days)

  
E

2

 

 

Welt E2 data

E2 ModelSSEres =
3919.3742

(a)

0 10 20 30 40 50 60
0

5

10

15

20

  Time (days)

  
P

4
 

 

Welt P4 data

P4 ModelSSEres =
110.1987

(b)

0 10 20 30 40 50 60
0

2

4

6

8

10

12

14

  Time (days)

  
IH

A

 

 

Welt IHA data

IHA ModelSSEres =
49.897

(c)

Figure 3.11 Models for (a) estrogen, (b) progesterone and (c) inhibin A from the ovarian compo-
nent five-hormone, two-wave model fit to the Welt data set. SSEres is the summed squared difference
between the hormone and the data for one cycle.
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tune the model than major overhauls. Part of the tweaking was changing the parameters

manually to obtain stage of growth order and higher proportion of the first and second

wave height.

Change Cost Function Length of Time. Another part of the tweaking was adjusting the

number of cycles given to the optimizer. Like the McLachlan merged model, the Welt

seemingly had a much different cycle length than the data. Changing the optimizer to

three cycles instead of two helps force a cycle length for the model closer to the Welt

28 day cycle. It is considered tweaking because it should be done after the optimization

process has found a local solution that is close to approximating the data. Adding a cycle

length in cost function will add to the length of time the optimization process takes, so

doing so too early will be very heavy computationally.

The resulting parameters from this process are found in Table 3.4. Note that p0 optimized to

zero and was left out.

Cycle Results: As the merged model typically does, the Welt five-hormone, two-wave

model balances out many of the issues that arose from the ovarian component model. The

most obvious from looking at the stages in Figure 3.12 is that the trough of the luteal follicle

wave is much deeper before recruitment occurs again going into the follicular phase. This figure

looks more like the McLachlan merged model than the Welt ovarian component looked like the

McLachlan component. The luteal follicle wave height did not suffer due to the trough change

however. The proportion of the first wave to the second wave is still very good, though not

as good as in the ovarian component model. The better overall shape of the waves is much

more important than the reduced height of the second wave. The waves are still much larger

than the McLachlan merged model. This is due to the FSH as seen in Figure 3.13. The FSH

not only fits the data fairly well, it is also taller than the data in many places. The higher the

FSH concentration, the more likely it surpasses the threshold allowing the follicle wave to grow

larger. For FSH to be taller than the data, most of the other hormones are also taller than the

data. The only one that is not (but still fits much better than the McLachlan set) is P4. Here,

the ovarian hormones, in particular IHA, also reach their troughs which was an issue in the

ovarian component. Very similar to the McLachlan merged model, the second rise in the merged

Welt E2 is much taller than its data. Since its second rise is also narrow and pointy at the top,

it is obvious that the growing stage luteal wave causes this extra rise and not the fourth luteal

stage. As was seen earlier, this extra height causes a luteal phase bump in the LH profile. Also

like the McLachlan merged model, the Welt merged model is slightly longer than the 28 day

cycle reported in the data. The cycle is longer than the data despite using three cycle lengths

of data because the manual tweaking in searching for a final parameter set alters the length

of time. Though it is not exactly 28 days in length, the model length is still in the acceptable
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Table 3.4 Parameter results for the merged, five-hormone two-wave model fitting the Welt data set.
All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

v0LH 635.68 IU/day

v1LH 4000.00 IU/day

KmLH 192.72 pg/mL

KiLH,P 6.13 ng/mL

kLH 16.52 1/day

cLH,P 3.23 mL/ng

cLH,E 0.35 mL/pg

dE 0.21 days

dP 1.03 days

vFSH 440.00 IU/day

KiFSH,IHA 4.44 IU/mL

kFSH 2.97 1/day

cFSH,P 12.34 mL/ng

cFSH,E 0.0010 (mL/pg)2

dIHA 1.68 days

α 0.30 dimensionless

β 0.85 dimensionless

γ 0.096 dimensionless

b 1.15 L/day

c1 1.32 1/day

c2 0.47 (L/IU)α(1/day)

c3 0.00024 (L/IU)β(1/day)

c4 0.045 (L/IU)(1/day)

Param. Value Units

c5 0.60 (L/IU)γ(1/day)

d1 0.73 1/day

d2 0.63 1/day

k1 0.59 1/day

k2 0.55 1/day

k3 0.50 1/day

k4 0.55 1/day

e0 12.32 pg/mL

e1 0.022 (pg/mL)/IU

e2 0.018 (pg/mL)/IU

e3 0.021 (pg/mL)/IU

p1 0.0015 (ng/mL)/IU

p2 0.0013 (ng/mL)/IU

h0 0.54 IU/mL

h1 0.00090 1/mL

h2 0.00040 1/mL

h3 0.00082 1/mL

h4 0.00075 1/mL

KmF 6.90 IU/L

p 11.21 dimensionless

atr 66.48 1/day

Kiatr 4.44 IU/L

pwrat 3.19 dimensionless
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biological range. The peak amount of pituitary hormone both exceed the data and the error

associated with the data. However their summed squared error is low. That is exceptional for

FSH due to the difficulty of modeling compared to the other hormones. Its fit is vital to the

follicle waves.
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Figure 3.12 Ovarian follicle stages of growth from the merged, five-hormone, two-wave model fit to
the Welt data set.

Comparison of McLachlan and Welt Results:

Cycle Results: The merged models for both the McLachlan and the Welt data set look very

similar despite the much more dramatic differences between their ovarian component models.

Thus, merging the models tends to weed out some of the issues that arise from the component

models being easily manipulated due to the fixed time dependent input functions.

• Both models have a significant sized luteal phase second follicle wave of recruitment and

growth.

• In the merged model, both data sets optimized the model to an E2 profile with a second

rise that is too tall because of the second follicle wave and causes an extra bump in the

LH profile which was an unexpected result.

• Also, both merged models had final parameters that gave a slightly longer cycle length

than their respective data sets.

Again, since fminsearch finds local solutions, these results could be different with a different

cost function and procedure however, they would not be dramatically different.
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Figure 3.13 Models for (a) follicle-stimulating hormone, (b) luteinizing hormone, (c) estrogen, (d)
progesterone and (e) inhibin A from the merged, five-hormone, two-wave model fit to the Welt data
set. SSEres is the summed squared difference between the hormone and the data for one cycle.
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Parameter Results: It is important to note that KmF , c1 and p have great influence

on the height of the second follicle wave as they make up the FSH threshold. If KmF was

lowered by hand too much, chaotic behavior occurred. Changes to other parameters, like c2

and α also helped regulate the second follicle wave so control of the wave is not limited to

the threshold but is more widespread to the entirety of the recruited stage of growth. These

parameters tend to change how the model behaves. In some cases tweaking parameters quite

drastically changed the model from a stable solution. The next logical step before expanding

the six-hormone model to include two waves would be to conduct sensitivity analysis on the

merged five-hormone, two-wave models.

3.3.5 Sensitivity Analysis

Sensitivity analysis aids in estimating parameters and evaluating the behavior of a system.

There are two immediate goals of the sensitivity analysis conducted here. The first is to con-

firm whether the parameters that seemed to be sensitive through all of the manual adjusting

of parameters to aid with optimization really are considered sensitive. The second is to com-

pare whether the sensitive parameters are the same across both merged models or are there

differences between the Welt and the McLachlan models.

Sensitivity analysis measures how much a system changes with respect to a perturbation in

parameters [103]. The purpose is to identify the parameters that have the largest impact on the

system output and thus are the major contributors to the system’s behavior. The parameters

that greatly affect the model output when changed slightly are known as sensitive parameters

while the parameters that have little effect on the model output are known as insensitive

parameters [82]. In this respect, sensitivity analysis is a key component to model design and

parameter estimation. Insensitive parameters can affect optimization by giving poor fits and

unrealistic parameters outside the physiological realm. There are two types of analysis, local

sensitivity analysis and global sensitivity analysis [103]. Local sensitivity analysis examines the

effects the system undergoes when each parameter is changed one at a time. Global sensitivity

analysis investigates the system after simultaneous changes to more than one parameter. For

our purposes, we will be using local sensitivity analysis.

Let the vector y be our model output and q be our vector of parameters. Model output

can be defined to whichever and however many states are deemed important to investigate.

For instance, say there are N states for y. Also, assume we have m parameters. The goal for

local sensitivity analysis is to make changes to each parameter one at a time and to investigate

our model output for subsequent changes. Let ∆qi be the perturbation to the ith parameter

in q. As vector using the standard basis vector ei, we can represent the change to the system

parameters as q + ∆qiei. As a scalar, we can represent the change to qi as qi + ∆qi. Then for
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each state j, we can represent yj in a Taylor series expansion [103]. The 1st order series is given

for particular time tk is as follows:

yj(q + ∆qiei, tk) = yj(q, tk) +

m∑
i=1

∂yj
∂qi

(tk)∆qi (3.41)

Here, the partial derivative
∂yj
∂qi

(tk) is known as the 1st order local concentration sensitivity

coefficient. The absolute sensitivity matrix for all states and all parameters at a particular time

tk is thus given by the Jacobian:

S(tk) =
∂y

∂q
(tk) =



∂y1
∂q1

(tk)
∂y1
∂q2

(tk) · · · ∂y1
∂qm

(tk)

∂y2
∂q1

(tk)
∂y2
∂q2

(tk) · · · ∂y2
∂qm

(tk)

...
...

. . .
...

∂yN
∂q1

(tk)
∂yN
∂q2

(tk) · · ·
∂yN
∂qm

(tk)


(3.42)

Each column of the Jacobian recognizes the change in each state in the system due to that

column’s parameter perturbation and each row recognizes change in a particular state due to

each parameter perturbation. To examine more than one time step, the matrices S(tk) can be

stacked to form:

S =


S(t1)

S(t2)
...

 (3.43)

Thus S has all the states wished to be examined for all the time steps wished to be investigated

for all parameters in one place.

Many methods have been formed to create the above Jacobian of local sensitivities. The

most basic is the forward finite difference method [103]. The finite difference method is given

as follows:
∂yj
∂qi

(t) =
yi(q + ∆qiei, t)− yi(q, t)

∆qi
(3.44)

There are three useful concepts that help make the sensitivities more relatable. The first

is taking the natural logarithm of the parameters. Since all of the parameters are of different

magnitudes and the goal is to compare each parameter’s sensitivity to another, we can take

the natural logarithm of our parameters [82]. Let q̃ = ln (q). The second is the idea of relative

sensitivities. Relative sensitivities normalize the sensitivities to allow for comparisons among a

large array of magnitudes. The relative sensitivity for state j and parameter i for yi 6= 0 for all
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t is:
∂yj
∂q̃i

q̃i
yj

(3.45)

The final concept is the total sensitivity. The Jacobian contains the sensitivity per parameter,

per system equation and per time step. In order to compare and rank these sensitivities, we want

to examine the entire body of work. To do so, we take the Euclidean norm of the jth parameter’s

column in the Jacobian. After all three steps, we can rank the total relative sensitivities for each

parameter from largest to smallest with the largest being the most sensitive and the smallest

being the least sensitive parameters.

We have seen in the previous sections’ optimization results and from manually adjusting

parameters that certain parameters are quite sensitive. It would be interesting to note whether

they are in line with the process outlined here. Also, it would be interesting to see how sensitive

the wave parameters are because they are the new parameters in the system. This knowledge

will aid in creating the six-hormone model, in testing biological ideas using the model and in

future work involving bifurcation analysis if desired.

Sensitivity analysis can be limited to whichever states, however many states and for whatever

time periods deemed to be important. For this model, peak amounts of the hormones are critical

to ovulation and the FSH curve is critical to the follicle waves. Hormone models are solved at

a tenth of a day interval. Here, two scenarios are analyzed for sensitive parameters:

1. As the E2 peak controls many of the aspects of the cycle that keep it going, the time

interval of two days around the peak is one scenario to be examined. Without the E2

peak, the LH surge does not occur which in turn causes ovulation. At the tenth of a day

interval, we compute sensitivities using 41 time steps for the E2 peak.

2. The other scenario is the entire FSH curve for one period due to its continuous regulation

of the ovarian follicle waves. For FSH we compute sensitivities for either 281 or 311 time

steps for the Welt and the McLachlan respectively.

One important item to consider is that changing any parameter could change both the length

of the cycle and the amount of runoff the merged model needs to find its stable solution. Thus,

it is important to match the peak E2 for the original model with the peak E2 for the perturbed

model. The same applies to FSH. Here, we use the natural logarithm of the parameters to keep

the parameters on a narrower scale and the perturbation used is changing the parameter by

1% of its value. Because the parameters span such a wide magnitude range, comparing the

sensitivities themselves will not yield as much information as the relative sensitivities so those

will be computed and ranked from most sensitive to least sensitive.

The ranked sensitivities for the McLachlan and Welt five-hormone, two-wave merged models

are listed in Table 3.5. The McLachlan are on the left and the Welt are on the right.
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Table 3.5 The six most sensitive parameters and the eight least sensitive ranked in order from great-
est to least for the five-hormone, two-wave merged model. Panel (a) is for the McLachlan and panel
(b) is for the Welt. These sensitivities are ranked relative sensitivities. Relative sensitivities were used
to account for the vast range of parameter magnitudes.

(a)

Rank E2 Peak FSH Cycle

1 vFSH vFSH
2 KmF v0LH
3 v0LH KmF

4 α KmLH

5 KiFSH,IHA α

6 KmLH KiFSH,IHA

37 b b

38 β β

39 cLH,P h1
40 h1 cLH,P
41 h4 dIHA
42 dIHA h4
43 dP cLH,E
44 cLH,E dP

(b)

Rank E2 Peak FSH Cycle

1 v0LH vFSH
2 KmLH v0LH
3 vFSH KmLH

4 α h3
5 e2 KmF

6 h3 e1

39 d1 kFSH
40 e1 dE
41 kFSH d1
42 c3 c3
43 b b

44 k2 k2
45 dP dP
46 β β

McLachlan Sensitivity: The six most sensitive and eight least sensitive are displayed in

order from greatest to least. The cutoff as to how many were chosen is arbitrary. From the

table, it is easy to see that the method used, (E2 peak vs. entire FSH cycle) may change the

rankings slightly but not so much that something is no longer sensitive or insensitive. The six

most sensitive for the McLachlan for the E2 peak method are the same parameters for the FSH

method, just in a different order. The same applies for the least sensitive McLachlan parameters.

It is important to note that for the McLachlan, both KmF and α are quite sensitive. It was

hypothesized earlier that these parameters could be sensitive and testing proved that to be true.

Though not included in the chart, c2, which was also included as a possible sensitive parameter

from the previous section, is in the top ten on both of the McLachlan lists. It is also interesting

to see b on the list of the most insensitive parameters. In the ovarian component model, b was

shown to control much of the magnitude of the ovarian follicle stages but that role diminished

in the merged model because of the full feedback loop. The relative sensitivity rankings for all

44 system parameters can be seen in Figure 3.14 for the E2 peak and Figure 3.15 for the FSH

cycle. These figures display from left to right the most sensitive to least sensitive parameters

and their respective relative sensitivities.

Welt Sensitivity: Turning to the Welt, it is clear that there is less consistency between
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the two methods. Only four of the top six most sensitive parameters are the same for both

methods. Also, only one of the wave controlling parameters is in the top six for each ranking.

The parameter α is sensitive for the E2 peak while KmF is sensitive for the FSH cycle. It is

quite telling that the parameter on the FSH threshold, KmF is sensitive on the FSH cycle.

Thus the importance of taking FSH into account for the follicle wave model. If we expand the

list to the top 11, both methods for the Welt include α, KmF and c2. The five most insensitive

parameters for the Welt model are the same for both methods and seven of the bottom eight

are the same for both methods. Figures 3.16 and 3.17 show the ranked relative sensitivities for

the E2 peak and FSH cycle methods, respectively.

Comparing Data Sets: Comparing methods between data sets, four of the top six sensitive

parameters for the E2 peak are the same for both the McLachlan and Welt models but only

three of the most insensitive. For the FSH cycle, four of the top six most sensitive are the same

and the top two are ranked the same for both the McLachlan and the Welt. Again only three

of the bottom eight for the FSH cycle are the same for both data set models.

Two important results were discovered through this sensitivity analysis. First, the parame-

ters that control the wave were confirmed to be sensitive as was believed from manually fitting

the parameters during the optimization process. And second, using the FSH curve for sensitiv-

ity is important for examining the parameters that control the wave. These results could help

in parameter identification. In the next chapter, parameters will be identified for the expanded

six-hormone model.
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Figure 3.14 Relative sensitivities for the McLachlan five-hormone, two-wave merged model around
the E2 peak ranked from most sensitive to least sensitive.
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Figure 3.15 Relative sensitivities for the McLachlan five-hormone, two-wave merged model for the
one FSH cycle ranked from most sensitive to least sensitive.
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Chapter 4

Two-Wave, Six-Hormone Model

The original five-hormone model was updated to include the profile for IHB. The availability of

Welt data set allowed for this model expansion. From Chapter 2, recall IHB affects the synthesis

of FSH. Also, since FSH determines the number of follicle waves per cycle the logical next step in

the progression of modeling ovarian follicle waves is to model them in the six-hormone system.

4.1 Original Model Development

Recall from Chapter 2, IHB is considered the follicular phase inhibin as opposed to IHA which

is considered the luteal phase inhibin. Because IHB is active in the follicular phase, the ovarian

follicle stages of growth were not comprehensive enough to model IHB as they were originally

written in the five-hormone model. The original work transforming the five-hormone model to

the six-hormone model was done by Pasteur [78] and the model was fit to the Welt data for

younger women. The model was created in the same three step process of the five-hormone

model, the pituitary component, the ovarian component and the final merged full feedback

model.

Pituitary Component: Just like IHA, IHB is also under a time delay. Because IHB

inhibits the synthesis of FSH, it is included in the pituitary reserve pool differential equation

in a term similar to the one that represents IHA. IHB is included in the denominator as an

inhibition agent and has its own delay dIHB. The inclusion of IHB expands the number of

parameters by two for the FSH differential equation. The FSH reserve pool differential equation

with IHB is below and the additions to expand the five-hormone model are denoted in red:

d

dt
RPFSH =

vFSH

1 +
IHA(t− dIHA)

KiFSH,IHA
+

IHB(t− dIHB)

KiFSH,IHB

−
kFSH · (1 + cFSH,P · P4) ·RPFSH

1 + cFSH,E · E2
(4.1)
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Thus, all four pituitary component differential equations are as follows:

d

dt
RPLH =

v0LH +
v1LH · E2(t− dE)a

Kma
LH + E2(t− dE)a

1 +
P4(t− dP )

KiLH,P

−
kLH · (1 + cLH,P · P4) ·RPLH

1 + cLH,E · E2
(4.2)

d

dt
LH =

1

V
·
kLH · (1 + cLH,P · P4) ·RPLH

1 + cLH,E · E2
− aLH · LH (4.3)

d

dt
RPFSH =

vFSH

1 +
IHA(t− dIHA)

KiFSH,IHA
+

IHB(t− dIHB)

KiFSH,IHB

−
kFSH · (1 + cFSH,P · P4) ·RPFSH

1 + cFSH,E · E2
(4.4)

d

dt
FSH =

1

V
·
kFSH · (1 + cFSH,P · P4) ·RPFSH

1 + cFSH,E · E2
− aFSH · FSH (4.5)

Ovarian Component: For the ovarian component model, input functions are needed for

FSH and LH. Recall both five and six-hormone models exist for the Welt data set. Thus, the

input functions used for the six-hormone ovarian component model to represent FSH and LH

are the same that were used in the five-hormone model (Equations (3.39) and (3.40)) shown in

Figure 3.9. The ovarian component model only needs three additional stages and an additional

auxiliary equation. Two preantral stages of growth are necessary in addition to the remaining

follicle stages to accurately model the follicular phase peak of the hormone profile for IHB.

In addition an extra ovulatory stage was included for timing purposes of all of the ovarian

hormones. Since they all peak on separate days, a new stage was needed to maintain these

distinct days in their respective auxiliary equations. The system of differential equation that

represents the varying stages of follicle growth has thus been expanded to twelve. The stages

of ovarian follicle growth were expanded to include a prenatal (PrAn), small antral (SmAn)

and an additional ovulatory stage (OvF3). The stages of growth are as follows for the one-wave
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model and the three new stages for the six-hormone model are in red:

d

dt
PrAn= f2 ·

(
FSH

f1

)η
1 +

(
FSH

f1

)η − f3 · FSH · PrAn (4.6)

d

dt
SmAn= f3 · FSH · PrAn− f4 · LHδ · SmAn (4.7)

d

dt
RcF = f4 · LHδ · SmAn+ c1 · FSH ·RcF − c2 · LHα ·RcF (4.8)

d

dt
GrF = c2 · LHα ·RcF + (c3 · LHβ − c4 · LH) ·GrF (4.9)

d

dt
DomF = c4 · LH ·GrF − c5 · LHγ ·DomF (4.10)

d

dt
OvF1 = c5 · LHγ ·DomF − c6 ·OvF1 (4.11)

d

dt
OvF2 = c6 ·OvF1 − d1 ·OvF2 (4.12)

d

dt
OvF3= d1 ·OvF2 − d2 ·OvF3 (4.13)

d

dt
Lut1 = d2 ·OvF3 − k1 · Lut1 (4.14)

d

dt
Lut2 = k1 · Lut1 − k2 · Lut2 (4.15)

d

dt
Lut3 = k2 · Lut2 − k3 · Lut3 (4.16)

d

dt
Lut4 = k3 · Lut3 − k4 · Lut4 (4.17)

One subtle yet important change in the stages listed above is in RcF . Previously, RcF was

the first stage so it began with b · FSH and the b was important in the ovarian component

model for increasing the size of the follicle stages. Here however, there is no b · FSH term

because there is now a transfer term to start RcF . This may or may not have an impact on the

work moving forward, but it is important to note. Additionally, adding in the third ovulatory

stage reparameterizes the system slightly but all of the terms still look and behave as they did

previously. The only previously existing stage that had a term change with regards to behavior

is the recruited stage. The auxiliary equations for the three ovarian hormones E2, P4 and IHA

are the same as the five-hormone model (Equations (3.22)-(3.24)). The additional stages of

growth needed for the auxiliary equation for IHB were not needed to model E2, P4 or IHA.

IHB utilizes the small antral stage of growth and its auxiliary equation is as follows:

IHB = j0 + j1 · SmAn+ j2 ·DomF + j3 ·OvF1 (4.18)
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The work done by Pasteur to model the one-wave, six-hormone system was recreated as a

baseline for modeling the two-wave scenario as was done in Chapter 3 for the five-hormone

model. The resulting hormone profiles and follicle stages of growth are shown in Figure 4.2

and 4.1. The optimized parameters can be found in Appendix B and the initial conditions in

Appendix C.
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Figure 4.1 Ovarian follicle stages of growth such that the hormone profiles for the six-hormone, one-
wave merged model fit the Welt data set. The original six-hormone equations from Pasteur [78] were
used to find parameters to fit the Welt data and were used to model these stages. Since the original
one-wave model is the starting point for the two-wave model, it made sense to recreate that model
first as a baseline.

4.2 Two-Wave Model Development

The beauty of this model is that we already know from Chapter 3 what types of equations

worked well to develop a second follicle wave in the recruited and growing stages and only those

stages, as well as which parameters are important to controlling the wave. The most obvious

concern when one considers adding a follicle wave to the six-hormone model is where the FSH

threshold goes as the recruited stage is no longer the first equation in the system. Biologically,

follicle waves are a recruited cohort of antral follicles.The FSH threshold goes in the recruited

stage of growth just as it did in the five-hormone model, despite now having two stages prior.
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Figure 4.2 Hormone profiles for the six-hormone, one-wave merged model fit to the Welt data set
using the original equations by Pasteur [78]. The parameters (Appendix B) are a starting point for the
two-wave model. SSEres is the summed squared difference between the hormone and the data for one
cycle.
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The six-hormone model recruited stage is almost identical to its five-hormone counterpart with

exception of the first term. The threshold will again go on the c1 term as it did previously. We

know the atresia term is critical to suppressing growth beyond the growing stage, so that can

be immediately included in the dominant follicle stage as well. The sixteen equations for the

two-wave, six-hormone model are the same four pituitary equations from the one-wave system

(Equations (4.2)-(4.5) ) and the following stages (with the FSH threshold and atresia terms in
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red):

d

dt
PrAn = f2 ·

(
FSH

f1

)η
1 +

(
FSH

f1

)η − f3 · FSH · PrAn (4.19)

d

dt
SmAn = f3 · FSH · PrAn− f4 · LHδ · SmAn (4.20)

d

dt
RcF = f4 · LHδ · SmAn+ c1 ·RcF ·

(
FSH

KmF

)p
1 +

(
FSH

KmF

)p − c2 · LHα ·RcF (4.21)

d

dt
GrF = c2 · LHα ·RcF + (c3 · LHβ − c4 · LH) ·GrF (4.22)

d

dt
DomF = c4 · LH ·GrF − c5 · LHγ ·DomF − atr ·DomF

1 +

(
LH

Kiatr

)pwrat (4.23)

d

dt
OvF1 = c5 · LHγ ·DomF − c6 ·OvF1 (4.24)

d

dt
OvF2 = c6 ·OvF1 − d1 ·OvF2 (4.25)

d

dt
OvF3 = d1 ·OvF2 − d2 ·OvF3 (4.26)

d

dt
Lut1 = d2 ·OvF3 − k1 · Lut1 (4.27)

d

dt
Lut2 = k1 · Lut1 − k2 · Lut2 (4.28)

d

dt
Lut3 = k2 · Lut2 − k3 · Lut3 (4.29)

d

dt
Lut4 = k3 · Lut3 − k4 · Lut4 (4.30)

The optimization procedure used to find parameters for the six-hormone, two-wave model

is very much the same as for the five-hormone process. One notable update to the optimization

process is needed with the addition of another hormone.
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Build Up Cost Function. IHB is the last hormone to be added into the cost function. There

is a major reason for this choice. IHB is composed of three stages of growth that should

not show any signs of a second follicle wave. It will be harder to fit E2 because both waves

directly affect it which is an important reason why it remains as the first hormone in the

cost function. The dominant and first ovulatory stage height should be fairly accurate

after fitting E2, so few changes should occur in them as the other ovarian hormones are

added to the cost function. P4 and IHA fitting will work through the ovulatory and luteal

stages. With most of the stage heights established with hopefully a second follicle wave

there would hopefully be little left to do to fit IHB. Since the dominant and first ovulatory

stages are already fit for E2, the only stage left to consider for IHB is the small antral

stage which does dictate much of the shape of IHB. However, SmAn is very small in mass.

That means changing SmAn will not greatly impact the future stages. Here it is much

more likely that the auxiliary equation coefficients for IHB will do much of the work for

fitting IHB. Thus, it will be added last into the cost function.

4.3 Results

4.3.1 Welt Ovarian Component Model

As was done in the five-hormone model, we start with the ovarian component when creating

the six-hormone, two-wave model for the Welt data set. The parameter set is larger so initial

expectations are that solving and optimizing a new set of parameters will be a much more time

consuming process. With that thought process in mind, it is important to set the model up for

the best results.

Begin from Previous Results. Unlike introducing a second follicle wave into the five-hormone

model from scratch, the six-hormone model has the five-hormone model to lean on for pre-

vious parameter results and sensitivities. The initial parameters used for the six-hormone,

two-wave ovarian component model are from both the new parameters (in Appendix B)

found to fit the equations from Pasteur that yield the results in Figures 4.2 and 4.1 for the

one-wave model and the parameters from the five-hormone, two-wave ovarian component

model results for the Welt data from Table 3.3. The only parameters used from Table

3.3 are the ones that control the wave, like KmF . The rest are from the six-hormone,

one-wave model.

Adjust Parameters by Hand. Parameters for the six-hormone, one-wave model have histor-

ically been harder to fit, so the expectations that many adjustments by hand and possibly

restricting parameters was met for modeling two follicle waves. Fitting parameters for this
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model became a battle between two scenarios. The first scenario is two beautiful follicle

waves per cycle in the appropriate stages of growth but unflattering hormone profiles. The

second scenario is wonderful hormone profiles fit to the data but no second follicle wave.

After each step taken in the optimization process, parameters were manually tweaked to

try to force the system from one of these scenarios towards the other.

Set Optimization Boundaries. Again, the ovarian component model has much more free-

dom in fitting parameters than the merged model due to the use of input functions. Just

because c1 (Equation (4.21)) should be larger as we saw in Chapter 3 to increase the

stage mass for the entire system, does not mean it should be unrestricted. The rest of

the parameters should contribute to making the stage mass larger as well. Manually de-

creasing c1 and putting restrictions on the auxiliary equation parameters for IHA helped

this matter. By not letting the optimizer make the coefficients for IHA too large, the

optimizer needed to make the luteal stages larger to fit the data for IHA. In turn, this

makes all of the stages larger overall. Once a better set of parameters is obtained, the

restriction can be removed because fminseearch will not vary the solution too much from

its starting point. Thus removing the restriction allows for fine tuning after a general set

of parameters was found.

It should be noted that p0 from the auxiliary equation for P4 optimized to something quite

small and was assumed to be zero and removed. The final parameters for the ovarian component

for the Welt six-hormone, two-wave model are shown in Table 4.1.

Parameter Results: For the most part, many of the parameters for this six-horomone

system are similar to their five-hormone counterparts including KmF , p and atr. However,

one that changed to help increase the height proportion between the first and second follicle

wave is α (Equation (4.21)). Recall that the starting point for α was from the one-wave six-

hormone model. From the work in Chapter 3 it should not be surprising to see that this value

must decrease to accommodate the wave. What is surprising is that its optimized value is a

little larger than it was in the five-hormone model. This is likely due to the fact that the

recruited stage now has a transfer term from the small antral stage. The small antral stage

gives the recruited stage more shape than just FSH itself as in the b · FSH term for the five-

hormone model. Thus, α probably does not need to be reduced nearly as much because it has

more support in shaping the wave from the first term than it did previously. This probably

also accounts for why KmF and the other FSH threshold parameters did not change very much

through the optimization process either. These parameter changes yield the hormones in Figure

4.4 and the stages in Figure 4.3.

Cycle Results: The stages in Figure 4.3 exhibit a second follicle wave of recruitment and

growth. The stages here have a wideness to them like the Welt five-hormone, two-wave ovarian
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Table 4.1 Parameter results for the six-hormone, two-wave ovarian component model fitting the Welt
data set. All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

η 3.78 dimensionless

δ 0.15 dimensionless

α 0.37 dimensionless

β 0.027 dimensionless

γ 0.048 dimensionless

f1 10.86 IU/L

f2 2.17 IU/day

f3 2.24 (L/IU)/day

f4 0.57 (L/IU)δ(1/day)

c1 2.06 1/day

c2 0.58 (L/IU)α(1/day)

c3 0.058 (L/IU)β(1/day)

c4 0.027 (L/IU)/day

c5 0.86 (L/IU)γ(1/day)

c6 0.85 1/day

d1 0.78 1/day

d2 0.70 1/day

k1 0.60 1/day

k2 0.75 1/day

k3 0.75 1/day

k4 0.72 1/day

Param. Value Units

e0 16.37 pg/mL

e1 0.019 (pg/mL)/IU

e2 0.029 (pg/mL)/IU

e3 0.037 (pg/mL)/IU

p1 0.00099 (ng/mL)/IU

p2 0.0047 (ng/mL)/IU

h0 0.12 IU/mL

h1 0.0012 1/mL

h2 0.00096 1/mL

h3 0.0010 1/mL

h4 0.0016 1/mL

j0 5.31 (pg/mL)

j1 86.65 (pg/mL)/IU

j2 0.0032 (pg/mL)/IU

j3 0.0022 (pg/mL)/IU

KmF 6.13 IU/L

p 7.53 dimensionless

atr 8.77 1/day

Kiatr 3.02 IU/L

pwrat 2.13 dimensionless
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Figure 4.3 Ovarian follicle stages of growth such that the hormone profiles for the six-hormone, two-
wave ovarian component model fit the Welt data set. The panel on the left shows just the recruited,
growing, dominant and first ovulatory stages while the panel on the right has all twelve stages of
growth.

75



component model exhibited in Figure 3.10. The second follicle wave (as easily seen in panel (a))

almost looks wider than it is tall. When the five-hormone model was merged, that behavior

vanished so the hope is that will happen with the six-hormone model as well. The waves in this

figure, however, do not have the same wave proportion for the height of the first to the second

as the Welt five-hormone model. The second wave in the six-hormone model is much shorter

compared to the first wave than in the five-hormone model. There is little concern here however

for a few reasons.

• First, the McLachlan five-hormone, two-wave model had a much smaller proportion in

wave height as well.

• Second, the trough between the luteal phase wave and the subsequent follicular phase wave

is much deeper than its five-hormone, two-wave Welt ovarian component counterpart.

• And third, when the model is merged, this behavior may change.

For now, the system exhibits the second wave and is a good starting point for the merged model.

We can see in Figure 4.4 that the model fits the data fairly well. Three out of four ovarian

hormones reach their peak heights, IHB being the only one that does not quite reach it. However,

all four do reach within the data error bars. All four actually overshoot their trough amount.

One other interesting occurrence is that the timing changed slightly. Timing issues are much

rarer in the ovarian component model because the input functions are rigid as opposed to the

merged feedback model. Here however, the ovulatory and luteal stages are early. It is hard to

pick this up just from Figure 4.3 but it is much easier to see in Figure 4.4. The E2 model

meets its peak data point at the correct time. IHB also appears to fit its initial rise and final

decline to the data well timing-wise. That indicates that up through the dominant or possibly

first ovulatory stage the timing is correct. IHA and P4 have their initial rises and final declines

earlier than the data points, which indicates the luteal stages that make up all of the auxiliary

equation for P4 and most of the auxiliary equation for IHA are occurring early. Also, the second

rise in E2 is early as well which again is composed of the second follicle wave from the growing

stage and the luteal stage. The dominant follicle is flat at that point in time and does not

contribute to the rise.

As the battle for good hormone profiles along with good second follicle wave heights con-

tinued on, the compromise between the two yielded a parameter set that caused this timing

issue. As noted above, many of the parameter values are quite similar to the parameters they

started from. This could be a direct result of having the preantral and small antral stages or

the second follicle wave itself. This issue should be kept in mind for the merged model. There

is a good possibility the merged model will have a shorter cycle length than the Welt 28 day
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cycle length. The chance for a shorter cycle is even better if the wideness of the second follicle

wave of growth is eliminated as is hoped causing the next cycle to start earlier.
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Figure 4.4 Hormone profiles for the six-hormone, two-wave ovarian component model fit to the Welt
data set. SSEres is the summed squared difference between the hormone and the data for one cycle.
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4.3.2 Welt Merged Model

Historically the hardest of all of the one-wave models to merge, it is finally time to merge the

six-hormone, two-wave model. Like the five-hormone model, it is expected that the hormone

fits will be less accurate but hopefully the behavior, especially of the second follicle wave will

be more accurate as the full feedback loop is employed. It is also expected that the cycle length

for a merged model will differ from the the data set that it is compared to. From the ovarian

component model results, it seems likely that the merged model will have a shorter cycle than

the 28 days worth of Welt data. As usual, certain steps for optimization are taken.

Begin from Previous Results. The starting point for this work are the results from the

ovarian component model in the previous section and the pituitary component parameters

from the new set of parameters for the merged one-wave six-hormone model that can be

found in Appendix B).

Adjust Parameters by Hand.

Parameter a: The original model development, Pasteur [78] opted to increase a (Equa-

tion (4.2)) to 10 from 8. In Chapter 3, a was increased to 11 from 8 to help promote

the wave. In this case it seems that from previous results an increase is required for

both this model having six hormones and for having two follicle waves per cycle.

Hence a in this model was set and fixed to 13 to promote wave development.

Sensitivity Results: The optimization process started slightly differently because of

the number of parameters. Here, based on the five-hormone, two-wave merged Welt

parameter sensitivities, two parameters were set to be constant through the initial

optimization process. The two parameters that were chosen to be fixed were the

delays for P4 and E2, dP and dE (Equation (4.2)). They were chosen because they

are on the Welt insensitive list in Table 3.5 for the FSH cycle method and because

those values have a direct biological significance. It does not make sense biologically

for the P4 delay to be 3 days, for example. So, dP was fixed at 1 and dE was fixed

at 0.45. Many of the other most insensitive parameters for the five-hormone model

were stage transfer parameters that all change a little if one of the previous stages

change. As the system is trying to adjust to find the appropriate solution, it did not

make sense to fix just the ones that are least sensitive because they all work together

as a team. The optimization of the remaining 57 parameters begins after those two

are fixed.

Word of Caution - Maintain Biological Accuracy. As fminsearch optimizes parameters,

it is important to pay attention to the values the method yields as to whether they are
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biologically accurate. After all the hormones were in the cost function, the delays for IHA

and IHB were both larger than two days which is quite long. The values were adjusted by

hand to be below two and restrictions were put on the cost function to make sure they

remained below two.

Set Optimization Boundaries. If one hormone is struggling with being fit, weighting it (or

even just part of it) can make a difference. Since the curve for FSH was struggling to

match the data, multiplying its term in the cost function by a constant value forces the

optimizer to think FSH is contributing to more of the cost function than it did previously.

Thus, when fminsearch is trying to minimize the cost function, making FSH better will

help it reach that goal since it is a large contributing factor. Since the follicle wave depends

greatly on FSH, the shape of that curve is vital to the system.

As the model fits the data better and as the second follicle wave is grown, alternating between

manually adjusting parameters and optimizing the system continues. When the system is in the

general area for an appropriate parameter set, the restrictions are taken off of the inhibin delays.

The delays for E2 and P4 are also allowed to vary to see how far, if at all they stray from what

they were fixed at. In the end, the balance of beautiful hormone profiles and a beautiful second

follicle wave yields the parameter results in Table 4.2 from the initial conditions in Appendix

C.

Parameter Results: Many of the changes in parameters from previous results to what are

shown from the optimization process in Table 4.2 are not surprising. Many of the parameter

values seem appropriate because they did not change drastically.

• The dominant follicle saw c5 decrease and atr increase, so overall the mass may be the

same because both decay terms adjusted in opposite directions.

• Allowing dE and dP to vary after the part of the optimization process when they were

fixed proved worthwhile. The E2 delay did in fact change from its fixed value of 0.45 to

dE = 0.395.

Cycle Results: The twelve ovarian follicle stages are displayed in Figure 4.5 and resulting

hormones are in Figure 4.6 . As was hoped, the wideness of the second follicle wave dissipated

in the merged model giving both the first and second waves the same overall shape.

Wave Proportion: The wave proportion between the first and the second wave is not as

large as it was in the five-hormone merged model for the Welt data, but is not concerning

because it does resemble the proportion from the six-hormone ovarian component model.

Shape Oddities: One interesting result in the stages is the second bump in the dominant

follicle. In all five of the previous results sections, the dominant follicle had an extra
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Table 4.2 Parameter results for the six-hormone, two-wave merged model fitting the Welt data set.
All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

v0LH 747.07 IU/day

v1LH 3046.49 IU/day

KmLH 180.26 pg/mL

KiLH,P 18.18 ng/mL

kLH 2.24 1/day

cLH,P 0.31 mL/ng

cLH,E 0.0060 mL/pg

dE 0.39 days

dP 1.00 days

vFSH 795.60 IU/day

KiFSH,IHA 2.18 IU/mL

kFSH 2.04 1/day

cFSH,P 17.42 mL/ng

cFSH,E 0.44 (mL/pg)2

dIHA 1.75 Days

KiFSH,IHB 119.83 pg/mL

dIHB 1.90 Days

η 5.26 dimensionless

δ 0.076 dimensionless

α 0.36 dimensionless

β 0.055 dimensionless

γ 0.064 dimensionless

f1 9.82 IU/L

f2 1.79 IU/day

f3 1.11 (L/IU)/day

f4 0.94 (L/IU)δ(1/day)

c1 1.94 1/day

c2 0.57 (L/IU)α(1/day)

c3 0.023 (L/IU)β(1/day)

Param. Value Units

c4 0.035 (L/IU)/day

c5 0.74 (L/IU)γ(1/day)

c6 0.73 1/day

d1 0.60 1/day

d2 0.62 1/day

k1 0.71 1/day

k2 0.90 1/day

k3 0.88 1/day

k4 0.90 1/day

e0 12.09 pg/mL

e1 0.013 (pg/mL)/IU

e2 0.019 (pg/mL)/IU

e3 0.026 (pg/mL)/IU

p0 0.00058 ng/mL

p1 0.00080 (ng/mL)/IU

p2 0.0034 (ng/mL)/IU

h0 0.096 IU/mL

h1 0.00098 1/mL

h2 0.00070 1/mL

h3 0.00092 1/mL

h4 0.0010 1/mL

j0 16.85 (pg/mL)

j1 115.58 (pg/mL)/IU

j2 3.9E-06 (pg/mL)/IU

j3 0.0018 (pg/mL)/IU

KmF 6.17 IU/L

p 18.03 dimensionless

atr 124.66 1/day

Kiatr 4.07 IU/L

pwrat 10.71 dimensionless

80



0 10 20 30 40 50 60
0

2000

4000

6000

8000

10000

  Time (days)

  
O

v
a

ri
a

n
 S

ta
g

e
s

 3
−

7

 

 

RcF

GrF

DomF

OvF1

(a)

0 10 20 30 40 50 60
0

2000

4000

6000

8000

10000

  Time (days)

  
A

ll
 O

v
a

ri
a

n
 S

ta
g

e
s

 

 

PrAn

SmAn

RcF

GrF

DomF

OvF1

OvF2

OvF3

Lut1

Lut2

Lut3

Lut4

(b)

Figure 4.5 Ovarian follicle stages of growth such that the hormone profiles for the six-hormone, two-
wave merged model fit the Welt data set.

bump due to LH and the extra bump in the dominant follicle very much resembled the

extra bump in LH (that was caused by the second follicle wave’s resulting contribution to

E2). In other words, it was very flat on either side of the bump. Here, the trough on the

left between the first and second follicle waves does not decline very far let alone allow

for almost complete flatness. Examination of the hormones in Figure 4.6 reveals that LH

does in fact have an extra bump. It appears smaller than it is in all of the previous merged

models. This shortness of the extra bump is likely due to the fact that the second rise in

E2 is not greatly exceeding the data as it was in all of the previous cases. Since the profile

for LH is not flat on either side of the bump, this likely contributes to that extra bump in

the dominant follicle. The extra bump also carries into the first ovulatory stage, so this

could also be a legitimate second follicle wave that the atresia term did not eliminate.

Cycle Timing: It is important to use the hormones with the data to examine timing. As was

predicted earlier, the cycle length for this model is less than the 28 days worth of Welt

data used for optimization. Because the system is so large and is quite complicated to find

parameter sets to create profiles to fit these hormones, the cost function was never set to

three cycles here as an attempt to force the model period due to computation time. The

cycle length here is shorter but is still a reasonable length for normally cycling women.

Magnitude: The ovarian hormones have trouble meeting their troughs which was also noted

in the previous Welt results, so again this is not surprising. The most interesting hormone

profile in Figure 4.6 is the one for FSH. The profile for FSH has historically been the
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hardest to fit, especially to its peak value. The rest of the hormone profiles and the follicle

stages look quite nice, but FSH is struggling to be large enough. For the most part,

the shape is quite nice, but overall the curve is too short, especially at its peak. The

impressive part of this FSH profile is the size of the follicle waves it was able to produce

despite the smallness of the FSH. Not reaching peaks and troughs drastically increases

the error on these hormones. For example, the LH profile is within the error bars of for

the data for most of the data points, but by not reaching its peak value the summed

squared difference is driven up, perhaps misleadingly. Both the cycle error and the error

bars examined together give an overall idea of how the curve fits.

Despite the larger system, the six-hormone, two-wave model fit to the Welt data set maintains

many attributes from both the six-hormone, one-wave and five-hormone, two-wave scenarios.
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Figure 4.6 Hormone profiles for the six-hormone, two-wave merged model fit to the Welt data set.
SSEres is the summed squared difference between the hormone and the data for one cycle.
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Chapter 5

Consequences of Follicle Waves

Multiple follicle waves should be addressed in modeling the cycle not only to create the most

accurate representation of what occurs in the body but also because there are biological con-

sequences resulting from follicle waves. Two such issues are early menopause and the superfe-

cundation form of dizygotic twinning.

• With the discovery of follicle waves, it seems women are using their follicles faster than

was previously believed [12]. The more follicles selected for recruitment each cycle speeds

up the progression towards menopause. Thus, multiple follicle waves per cycle could po-

tentially be an indicator of early menopause in women. If that is the case, we need to

know this threshold model will work for any number of follicle waves depending on the

number of rises in FSH.

• Superfecundation is the fertilization of two oocytes at two different points in time during

one cycle. Superfecundation results in dizygotic (fraternal) twins and could, though rare,

be caused by the occurrence of follicle waves. Most cases of superfecundation only go

noticed when the children have two different fathers because they look drastically different

or by chance a paternity test is conducted. A recent child support case was deemed

“groundbreaking” because the paternity test on a woman’s twins showed that they have

two different fathers and the father who was being sued only has to pay support for one

of the twins [71].

Early menopause and rare cases of dizygotic twinning are both hypothesized results of having

multiple follicle waves per cycle and possibly elevated levels of FSH. Modeling both of these

medical concerns may shed some light on what is occurring in the body and direct future

biological research. Here, we discuss how the working models in Chapters 3 and 4 can be used

to predict hormone behaviors.
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5.1 Early Menopause

Menopause occurs when all viable follicles have gone through recruitment or atresia. The tran-

sition to menopause lasting between four and seven years begins when a woman is in her mid

40’s [95]. It is believed that as the ovarian follicle reserve decreases, FSH is able to remain at a

higher level for longer periods of time than was allowed previously [33]. The observed decrease

of IHB is an assumed contributing factor to this rise in FSH [55]. If this is the case, inhibin

levels could be a marker for the start of the transition to menopause and the decline in ovarian

follicle count [98].

Luteal out of phase (LOOP) events occur during the menopause transition when E2 rises

in the mid to late luteal phase similar to its typical rise in the follicular phase from the growing

and eventually ovulating follicle [49]. Because E2 is higher in the luteal phase and the levels

carry over into the following follicular phase, everything including the LH surge occurs earlier

causing a shorter cycle overall. Even though LOOP events occur due to atypical secretions in

hormones, no concrete relationship to waves have been established. In work by Hale et al. [49],

it is proposed that LOOP events are a result of a dominant follicle being selected out of phase.

In other words, the typically anovulatory luteal phase wave is ovulatory and causes the LOOP

event. Since FSH levels are known to be higher during the menopause transition, a follicle in

the luteal phase could go on to become dominant since the likelihood of surpassing the FSH

threshold is much greater. It is important to note that regardless of whether a woman has two

or three waves per cycle, a LOOP event is caused by the second or luteal phase wave. These

LOOP events very likely mark the start of the transition to irregular cycles and thus menopause.

Potentially, the increased FSH levels may lead to exceeding the FSH recruitment threshold more

often and by much higher amounts and thus could cause more than one dominant follicle to

emerge. Though the resulting waves may act differently during menopause, currently there is

no known information as to whether follicle wave dynamics themselves change over a woman’s

lifetime.

It is believed that the more follicle waves a women has per cycle, the faster she uses her

ovarian follicle reserve and therefore reaches menopause earlier. Biological research is still being

conducted to confirm this, but the mathematical model can be used to understand what the

cycle is doing to consistently produce three waves each cycle. The ovarian component models

are used to increase number of follicle waves per cycle to three and to examine the resulting

hormones profiles that result.

As we saw in the previous chapters, two follicle waves are fairly typical based on normal

hormone concentrations modeled in the Welt and the McLachlan data sets. We also saw that two

rises in FSH resulted in two waves per cycle. The threshold function should produce any number

of follicle waves depending on the number of rises in FSH. But more than two follicle waves
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per cycle would be the result of more than two rises in FSH each cycle which is potentially an

abnormal profile for FSH. Thus, more than two follicle waves each cycle could indicate potential

medical concerns. Our goals are to test whether we are able to achieve more than two follicle

waves per cycle and to explore the hormone profiles associated with such patterns.

The follicle wave model was created using a Hill function for the current levels of FSH. If

FSH rises above the threshold, another wave occurs. The commonality between the McLachlan,

Welt and Baerwald data are the relatively normal looking FSH profiles with two rises in FSH.

For the Baerwald data, that happens to be the two-wave measurements. Recall however, the

Baerwald research also has three-wave measurements that correspond to three individual rises

in FSH as depicted in Figure 2.4. The results support the one-to-one concept of the number of

rises in FSH to the number of follicle waves per cycle, but three rises in FSH do not occur in

the FSH profile for normally cycling women. It does not necessarily indicate a medical issue,

but it is a less common measurement as only approximately one-third of the women studied

exhibited three waves [9].

Unfortunately, if three rises in FSH is abnormal, there is very little information on the other

hormones and what they may or may not look like as a result. The Baerwald data includes

two ovarian hormones, E2 and P4. No measurements for IHA or IHB were taken. Since FSH

synthesis results from inhibin feedback, it is easy to hypothesize that the inhibin profiles should

be different from the normal cycle results of McLachlan or Welt. The Baerwald results indicate

that the extra rise in FSH occurs in the early to mid follicular phase so it stands to reason that

IHB is the hormone to cause this third rise as it is high in the follicular phase.

Here we test two individual pieces in each component. First, we show that a FSH input

function with three rises in FSH causes three follicle waves to emerge in the ovarian component

model. Second, we show that an amended IHB input function causes FSH with three individual

rises in the FSH component model. Without more concrete information on what three-wave

hormone profiles should look like, we are not able to test the full merged model for the three

(or more) wave occurrence.

5.1.1 McLachlan FSH with Three Rises

To determine whether an FSH curve with three separate rises produces three waves in the the

recruited and growing stages of ovarian follicle growth, we use the ovarian component model.

Because the McLachlan data set is much smoother for most hormones than the Welt data set, it

was the logical system on which to experiment. Recall, the FSH input function used to produce

the two-wave ovarian stages is as follows:

FSH = 75 + 110e
−(t− 4.5)2

46 + 210e
−(t− 15)2

0.75 + 50e
−(t− 17.5)2

20 − 12e
−(t− 25)2

10 (5.1)
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To test this hypothesis, a new input function needs to be created. Theoretically, the new input

function itself should be able to produce three follicle waves. The ovarian component model

parameters will likely need adjusting to improve the results. Since this new input function

will not match any existing data sets, some liberties were taken in its creation. The spacing

between rises are fairly evenly spaced and the magnitudes have been purposely exaggerated to

produce more dramatic waves. Using the existing McLachlan two-rise FSH input function and

the Baerwald concentrations in Figure 2.4 as examples for timing and magnitude, a new input

function was created with three rises. Its equation is as follows:

FSH = 82.5 + 190e
−(t− 8)2

10 + 180e
−(t− 0.3)2

0.4 + 400e
−(t− 15.2)2

3 − 20e
−(t− 24)2

15 (5.2)

Figure 5.1 depicts both the two-rise and three-rise FSH input functions.

Replacing the two-rise input function with the three rise input function dramatically de-

creased the size of the follicle stages. Matters needed to be taken to increase their height and to

help promote the third wave. Since the goal is to predict, there is no expectation for hormone

fits because there is no concrete information on what the hormones should look like. The general

optimization steps used in Chapters 3 and 4, including employing fminsearch, help to settle on

a stable solution with proper magnitude and timing.

Adjust Parameters by Hand. Adjusting the coefficients on the recruited stage, in particular

the b multiplier (Equation (3.27)), caused the stages to grow in height. Also, because of the

higher and sustained amounts of FSH from having three rises, the KmF parameter needed

to be increased as well. With these changes, three follicle waves of proper magnitude were

produced.

Build Up Cost Function. Optimization was completed using just P4 for the cost function

and the stage size increased more appropriately. P4 was chosen because the Baerwald

concentration is very similar to the normal levels observed in both McLachlan and Welt.

Next, IHA was added in the cost function simply because it is better to assume IHA looks

normal in the three-wave case and use what is available to us for optimization than it is to

leave it out completely. IHA is very heavily composed of luteal phase stages which should

remain the same regardless of the number of follicle waves per cycle. So if any differences

are involved in IHA they should be very slight which means it is more beneficial to add

in IHA for optimization than it is to only use P4.

Set Optimization Boundaries. The ovarian component model is of benefit here because of

the fixed input functions. This means we can use restrictions on our cost function to

optimize certain parts of our system since there is no feedback loop at work. Once the
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Figure 5.1 Two rise and three rise FSH input functions created for two-wave and three-wave ovarian
component models. The number of follicle waves per cycle generated by the ovarian model should be a
one-to-one relationship with the number of rises in FSH
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stages reached an appropriate height with a definitive third wave, optimization on just

the auxiliary function coefficients was completed. Doing so meant that the pituitary input

functions and the follicle stages were both fixed letting the optimizer attempt to reach

peaks and troughs on the hormones by adjusting only the auxiliary coefficients.

Word of Caution - Manipulating E2. The coefficients for E2 were changed by hand so that

E2 model would be similar to the E2 in the McLachlan data. The E2 auxiliary equation

is made up of the growing, dominant and fourth luteal stages of growth. Because the

growing stage now has a third wave, the E2 function could possibly have a third rise as

well. The Baerwald concentration in Figure 2.4 depicts a third rise in E2 but the third

rise is in the luteal phase while the additional wave we gain is in the follicular phase which

is contradictory. The coefficient on the growing stage was greatly downplayed to hide the

extra follicular phase rise in E2 to match the McLachlan E2 data and the coefficient on

the dominant follicle was increased to maintain the E2 peak height. Those could very

much be adjusted so the third rise is present. In a merged model however, this not likely

possible because changing these coefficients changes the entire system. This is why a full

merged three-wave model is not possible without further knowledge about the hormone

concentrations or what is causing the recorded amounts.

After adjusting the coefficients by hand one last time to maintain the height order of the

stages, the final results for the stages are depicted in Figure 5.2 and for the three ovarian

hormones in Figure 5.3. Error bars were included on the data and all three hormones had peaks

within those error bars. No summed squared differences were given because these figures are

meant to predict and not necessarily to fit data. The data is included on the graphs for reference

purposes. The final parameters are included in Table 5.1. Note that though p0 remains zero, e0

and h2 are no longer negligible and have results reported in Table 5.1.

Based on the information available, the hypothesis that three rises in FSH cause three

follicle waves per cycle is supported through mathematical modeling. It stands to reason that

any number of waves could be created with this system of equations for a particular FSH input

function. The next concept that needs to be addressed is the instigator of the three rises in

FSH.

5.1.2 Welt IHB with Three Rises

Now that it has been shown that three rises in FSH causes three follicle waves per cycle in

the mathematical model, it is time to examine whether IHB could be causing the extra rise in

FSH. Since the extra rise in FSH is in the follicular phase, it stands to reason that IHB, the

follicular phase inhibin and inhibitor of the synthesis of FSH, could be the culprit. We know

that normal IHB has two peaks as does FSH. There could be a one-to-one relationship between
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Figure 5.2 Follicle stages as a result of FSH input function with three rises in the ovarian component
McLachlan model. The image on the left isolates the first three stages of follicle growth and the image
on the right is the complete set of nine follicle stages. The left panel emphasizes the results showing
the recruited and growing stages, RcF (-) and GrF (-), exhibit three follicle waves but the dominant
stage, DomF (-) exhibits only one wave.
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Table 5.1 Parameter results for the five-hormone, three-wave ovarian component model fitting the
McLachlan data set. All of the following optimized parameters were truncated to two significant deci-
mal digits.

Parameter Value Units

α 0.31 dimensionless

β 0.20 dimensionless

γ 0.035 dimensionless

b 1.86 L/day

c1 1.31 1/day

c2 0.42 (L/µg)α(1/day)

c3 0.14 (L/µg)β(1/day)

c4 0.035 (L/µg)(1/day)

c5 0.39 (L/µg)γ(1/day)

d1 0.59 1/day

d2 0.56 1/day

k1 0.56 1/day

k2 0.63 1/day

k3 0.60 1/day

k4 0.58 1/day

KmF 122.10 µg/L

p 19.09 dimensionless

atr 285.45 1/day

Kiatr 8.58 µg/L

pwrat 1.83 dimensionless

e0 16.00 ng/L

e1 0.01 1/kL

e2 0.045 1/kL

e3 0.13 1/kL

p1 0.011 1/L

p2 0.001 1/L

h0 188.05 U/L

h1 0.087 (U/L)/(µg)

h2 0.01 (U/L)/(µg)

h3 0.95 (U/L)/(µg)

h4 0.18 (U/L)/(µg)
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the number of rises in IHB and FSH. Personal correspondence with Dr. Baerwald seems to

confirm this idea, though her results are for perimenopausal women. Thus, the next hypothesis

to test is whether IHB with three rises causes FSH with three rises on the six-hormone pituitary

component model.

Up until this point, the systems needed to examine follicle waves have been the ovarian

component model and the subsequent merged model. The FSH component model, half of the

pituitary component model, has not been discussed because the stages of ovarian follicle growth

do not directly affect the synthesis and release of FSH.

To begin, the component model has two differential equations, the FSH reserve pool and

the FSH serum level that were previously seen in the merged model. The four input functions

for E2, P4, IHA and IHB that fit the Welt data and when used in the pituitary component

yield a FSH profile that fits the data are as follows and are shown in Figure 5.4:

E2 = 55 + 135e
−(t− 13)2

4 + 60e
−(t− 11)2

15 + 110e
−(t− 22)2

15 (5.3)

P4 = 0.4 + 17.5e
−(t− 21)2

21 (5.4)

IHA = 1 + 11e
−(t− 19.5)2

30 (5.5)

IHB = 25 + 125e
−(t− 7)2

40 + 115e
−(t− 14.75)2

2 (5.6)

To create a FSH with three rises, the only change that should be made is to the IHB input

function and very few changes to the parameters of the FSH differential equations. As in the

previous section where the magnitude of the FSH input function was exaggerated to create a

more distinct wave, the same is done with IHB in this model. Here however, the magnitude is

decreased. Recall higher amounts of IHB stifle FSH so in order to test this three rise theory

but not lose much of the character of FSH, the IHB curve with three rises is shorter than the

original. It is as follows and is shown in Figure 5.5:

IHB = 25 + 100e
−(t− 9)2

15 + 95e
−(t− 14.75)2

2 + 75e
−(t− 2)2

2 (5.7)

Without any parameter changes from the original values obtained in Pasteur [78], the input

function created a FSH profile with three distinct rises.

Adjust Parameters by Hand. Since this model only has one hormone to use in a cost func-

tion unlike the ovarian component model, there is no way to optimize this model and any

parameter changes must be made by hand. In order to increase the height of the FSH
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Figure 5.4 Input functions (-) for the FSH component model fit to the Welt data set (·). The input
functions are for E2, P4, IHA and IHB. The FSH component model is used to show whether an IHB
input function with three rises could potentially create an FSH curve with three rises. This is the orig-
inal IHB curve before it is amended to accommodate three rises.
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Figure 5.5 The input function for IHB has been changed from its original form based on the Welt
data to have three rises. The input function is used in the FSH component model to show that the
three rises in IHB will cause three rises in FSH.
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Table 5.2 Parameter results for the original Welt FSH component model from Pasteur [78] and the
amended parameters to make the curve taller while using the IHB input function with three rises.

Parameter Original Value New Value Units

vFSH 756 756 IU/day

KiFSH,IHA 2 2.5 IU/mL

kFSH 2 1.75 1/day

cFSH,P 38 38 mL/ng

cFSH,E 0.35 0.35 (mL/pg)2

dIHA 2.5 1.5 Days

KiFSH,IHB 77.5 80.5 pg/mL

dIHB 2.5 1.5 Days

peak amount, a handful of parameter changes were made.

The parameter values for the original values and the changed values are in Table 5.2 and Figure

5.6 shows the resulting FSH curve and the FSH data with error bars for reference as to how

this is a change from the normal FSH profile.

Though the ability to put these two pieces together may not be possible right now because

of a lack of hormone data, we have shown that changing the IHB profile causes three rises in

FSH and that three rises in FSH cause three follicle waves per cycle.

5.1.3 Welt FSH with Three Rises

A merged model is not possible with the information available to use for optimization but an

implied loop is suggested through the component models. The previous two sections almost

completed that implied loop. However, the two previous steps were done for different data sets.

Once the hypothesis as to IHB being the major ovarian component feeding back to the pituitary

to cause three increases in FSH was supported, it was obvious that the ovarian component model

would need to be recreated for the Welt data set.

The next hypothesis to test is that not only will FSH with three rises produce three follicle

waves per cycle for the Welt data set but that it will also produce an IHB curve with three

distinct rises as well. Again, a full merged model will not be possible so the best that can be

done is to show that both the pituitary component model and the ovarian component model

for the Welt data set support the dual feedback control by accurately describing the biological

hypothesis.

Similar to the work done in the previous section for the McLachlan three-wave ovarian

component model, the work with the Welt begins with a FSH input function with three rises.
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Figure 5.6 The resulting FSH curve from the IHB input function in Figure 5.5 with three rises based
on the Welt data and the parameter changes in Table 5.2. Having an IHB input function with three
rises does in fact create a FSH curve with three distinct rises. Though we have no data for FSH with
three rises, it should be noted that this FSH model does reach the peak for the Welt data FSH with
two rises. This result could be important for future work if the model is merged.
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Creating the input function was a little more difficult in this case due to the timing. The Welt

data is three days shorter per cycle than the McLachlan, so accommodating an extra rise into

the follicular phase was going to be more challenging. The Welt data set starts counting at day

one as opposed to the McLachlan at day zero, so not only is the overall cycle length shorter but

the follicular phase is shorter as well. To remedy this problem, the FSH input function starts

the first rise in FSH beginning in the late luteal phase as opposed to the early follicular phase.

As we know from previous sections, the FSH window in addition to the threshold is just as

important to consider. Starting the rise toward the first peak of FSH in the late luteal phase

gives the opportunity for a decent spread on the rise as well. Again, both of the initial two

rises of FSH are of similar width and height and the peak FSH amount was exaggerated for the

purpose of testing whether three waves and IHB with three peaks is possible. The three-rise

FSH input function used is as follows and is shown in Figure 5.7:

FSH = 5 + 10e
−(t− 8)2

+ 8e
−(t− 1)2

3 + 19e
−(t− 14)2

2 + 2e
−(t− 29)2

9 (5.8)

As in the previous section, the FSH input function was used in the ovarian component

model and the stages were greatly reduced in height. Following similar methods in changing

parameters by hand and optimizing to P4 and IHA, the two hormones we suspect will be the

same for three-wave concentrations, three follicle waves and three rises in IHB were created.

The stages of growth are shown in Figure 5.8. The ovarian hormone profiles are in Figures 5.9

and 5.10 and full parameter values are in Table 5.3.

There are some items to note with this system that are specific to the Welt ovarian compo-

nent model for four ovarian hormones as opposed to the three ovarian hormone model.

1. There is no b parameter (Equation (3.27)) as in the previous section to act simply as

a multiplier on FSH to increase stage height. Greatly increasing f2 (Equation (4.19))

worked well enough, but the preantral stages are larger than they have historically been.

Auxiliary coefficients for IHB needed to be changed to accommodate this increase. Since

the first term on the recruited stage is now a transfer term in from the previous stage as

opposed to just a coefficient on FSH, there is no way to just increase the recruited stage

and subsequent stages.

2. The dominant follicle in the resulting model is quite wide. In the McLachlan work in the

first section of this chapter, the dominant follicle was emphasized while the growing stage

was downplayed in the auxiliary equation for E2 to hide the first follicle wave that could

potentially be exhibited in the E2 curve. The curve for the Welt E2 can be seen in Figure

5.9. Here, since the dominant follicle is so wide, emphasizing it takes away the trough

between the first and second rise in E2. When it came to adjusting these coefficients by
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Figure 5.7 Three-rise FSH input function created for three-wave ovarian component model for the
Welt data set. The number of follicle waves per cycle generated by the ovarian model should be a
one-to-one relationship with the number of rises in FSH and for the Welt data set could cause three
distinct rises in IHB. Unlike the McLachlan three-rise FSH because of the shorter cycle length, the
Welt three-rise FSH has a first peak almost as soon as the follicular phase begins with the rise actu-
ally starting in the luteal phase.
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hand (again no optimization should be done on E2) it was a better idea to let the growing

stage of growth take on the burden of the peak E2 amount even if that meant a third rise

in E2 is present. Thus, this Welt E2 looks different than the McLachlan E2 in the previous

section, but until more biological information is gleaned, either curve could potentially

represent a three-wave E2.
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Figure 5.8 The input function for three rises in FSH shown in Figure 5.7 and the parameter values in
Table 5.3 create three follicle waves per cycle in the recruited and growing stages of follicle growth for
the Welt four ovarian hormone component model.

It seems that two follicle waves per cycle create hormones that fit the historical data for

normal hormone profiles for women that were measured long before the existence of human

ovarian follicle waves was confirmed. Three follicle waves, as was shown in the previous sections,
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Figure 5.9 The input function for three rises in FSH shown in Figure 5.7 and the parameter values
in Table 5.3 cause three follicle waves per cycle and these subsequent E2 and P4 hormone profiles.
Though P4 looks normal, the E2 curve has an extra rise due to the third follicle wave. Very little is
known for sure as to what the E2 curve with three follicle waves per cycle should look like, so this
third rise in E2 though not fitting the Welt data set, may not be abnormal for a three-wave system.
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Figure 5.10 The input function for three rises in FSH shown in Figure 5.7 and the parameter val-
ues in Table 5.3 causes three follicle waves per cycle and these subsequent inhibin curves with the
Welt data. IHA looks to be fairly similar to two wave case. The goal was to show that IHB would have
three distinct rises if there were three follicle waves per cycle and this behavior was observed.
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Table 5.3 Parameter results for the ovarian component three-wave model using the FSH input func-
tion for three rises and fitting to the Welt data set. All of the following optimized parameters were
truncated to two significant decimal digits.

Param. Value Units

η 2.35 dimensionless

δ 0.25 dimensionless

α 0.39 dimensionless

β 0.078 dimensionless

γ 0.16 dimensionless

f1 10.29 IU/L

f2 70.58 IU/day

f3 3.96 (L/IU)/day

f4 0.90 (L/IU)δ(1/day)

c1 2.10 1/day

c2 0.32 (L/IU)α(1/day)

c3 0.12 (L/IU)β(1/day)

c4 0.030 (L/IU)/day

c5 0.25 (L/IU)γ(1/day)

c6 0.63 1/day

d1 0.80 1/day

d2 0.90 1/day

k1 1.08 1/day

k2 0.99 1/day

k3 1.05 1/day

k4 1.20 1/day

Param. Value Units

e0 8.06 pg/mL

e1 0.045 (pg/mL)/IU

e2 0.010 (pg/mL)/IU

e3 0.079 (pg/mL)/IU

p0 0.00023 ng/mL

p1 0.0050 (ng/mL)/IU

p2 0.010 (ng/mL)/IU

h0 0.36 IU/mL

h1 0.0014 1/mL

h2 0.0014 1/mL

h3 0.0034 1/mL

h4 0.0040 1/mL

j0 1.98 (pg/mL)

j1 6.33 (pg/mL)/IU

j2 0.0062 (pg/mL)/IU

j3 0.0069 (pg/mL)/IU

KmF 10.99 IU/L

p 6.76 dimensionless

atr 50.00 1/day

Kiatr 14.95 IU/L

pwrat 14.73 dimensionless
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cause hormone patterns that are slightly different than the norm. Using mathematical modeling

to confirm some suspicions as to the cause of three follicle waves per cycle could benefit the

long term health of women especially if more follicle waves per cycle could cause them to reach

menopause sooner. Biological research on the relationship between FSH, IHB and follicle waves

is important based on these model predictions.

5.2 Superfecundation

Though rare, superfecundation, a form of dizygotic twinning, can be a direct consequence of

multiple follicle waves per cycle. Potentially if each wave of one cycle ovulates and if both eggs

are fertilized, fraternal twins could occur due to a follicle wave event. Our goal is to use the

two-wave model to examine if this scenario is possible and if so to examine what the associated

hormone profiles must resemble.

By definition, dizygotic twinning occurs when ovulation occurs more than once during a

menstrual cycle and two oocytes are fertilized [50]. In this case, two follicles grow to dominance

during the cycle [52]. Much research has been done on dizygotic twinning in recent years due

to increased likelihood of multiple births with women receiving fertility treatments and in older

women [22, 99]. In both cases, higher FSH levels lead to the increase in recruitment [15, 88].

Research has actually shown that in general, many mothers of fraternal twins have elevated

FSH throughout the cycle [57, 58]. Many factors such as body composition, mother’s height,

mother’s weight, season of the year, geographic location and whether the mother smokes also

contribute to the frequency of dizygotic twinning in women [7, 17, 22, 35, 37, 59, 70].

Biologically, two potential cases could result in dizygotic twins in the two-wave case. The

first is that FSH greatly exceeds its threshold or the FSH window is wider than normal for first

follicle wave so that two follicles grow to dominance during that wave and are fertilized at the

same time [15]. The second is superfecundation which is when two ova are fertilized at different

times during the same cycle [54]. The occurrence of superfecundation is usually investigated

due to discordance, difference in size, of the dizygotic twins. Since there are other reasons

for discordance, the easiest case of superfecundation to identify is the case of heteropaternal

superfecundation where there are two different fathers of the twins. There are many specific

biological cases that could result in superfecundation including the case of follicle waves. If

there is enough FSH in each wave so that one dominant follicle emerges in each wave of the

cycle, both could ovulate and be fertilized during that cycle. Though rare because hormones

levels after a zygote has formed should prevent further ovulation, we aim to model this follicle

wave case of superfecundation. Thus the main goal here is to have two dominant follicles, one

per follicle wave, and two LH surges to cause ovulation from each dominant follicle.

Expectations: To demonstrate superfecundation in the model, the following hormone and
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follicle stage behaviors could occur if particular changes are made in the model:

Follicle Stages: To demonstrate follicle wave superfecundation we need two fully dominant

follicles and two corpus lutea, one resulting from the follicular phase wave and one resulting

from the luteal phase wave. For this to happen, the atresia term needs to be removed

so that the second follicle wave can occur beyond the growing stage of ovarian follicle

development.

LH Surge: Also necessary for follicle wave superfecundation is a second LH surge. The LH

surge in a normal cycle triggers the release of the oocyte from the dominant follicle. It is

not enough to just have two dominant follicles per cycle, we also need a second, luteal-

phase LH surge to cause ovulation in the second dominant follicle for the purpose of

fertilization for fraternal twins. Baerwald et al. [9] proposed that P4 inhibits the luteal

phase LH from rising high enough to allow for the luteal follicle wave to develop to a

dominant follicle and an LH surge to allow for ovulation. In other words, if P4 decreases,

a second dominant follicle and LH surge could be possible.

Timing: It as been reported that women undergoing ovarian stimulation therapy have follicles

that grow faster than women with natural cycles or those using oral contraceptives [13].

Thus a shortened follicular phase would not be all that surprising for the ovarian follicle

stages.

It is important to note that most women typically do not have two dominant follicles consistently

during each cycle over her lifetime. More often, a double ovulation is a rare occurrence due to

a perfect storm of hormone levels. The nature of the mathematical model is that whatever

we are trying to demonstrate is carried out repeatedly for any number of cycles specified. We

should see stable, periodic cycles with two of every stage of growth repeated over and over.

With these ideas in mind, the goal is to examine whether removing the atresia term completely

and adjusting parameters accordingly would yield two dominant follicles and two LH surges

per cycle.

The merged two-wave model for the McLachlan data set is used for demonstration of this

phenomenon. As in the early menopause case, the McLachlan data set was chosen as it is easier

to fit through optimization if possible. Though data are available for the five-hormone, two-wave

model for optimization, that does not mean optimization will be possible because the goal is

to have two complete waves for all nine stages of ovarian follicle growth. Since all three ovarian

hormone profiles are proportions of the stages themselves, it is very much expected that all the

five hormone profiles change since the experiment is taking place on the merged model. The

hope is for a second LH surge and a similar FSH profile to the original.
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Unlike the early menopause case in which component models were used, the merged model

does not allow for as much freedom with optimization or changing parameters by inspection.

Changing one parameter even slightly in the merged model can completely alter the hormone

profiles and follicle stages since they are all intertwined. Thus, if superfecundation can be

shown, the hormone profiles may not be as accurate as they would be in the component model.

However, the merged model would be a more accurate representation of the cycle because it is

the full feedback loop and the parameters cannot be manipulated beyond a reasonable estimate

to obtain a desirable profile as is the case in the component model.

Cycle Results: The model performed very much to the expectations laid out above.

Follicle Stages: The model for follicle wave superfecundation does produce a second complete

wave from recruitment through luteinization with the removal of the atresia term and

alteration of parameters. As can be seen in Figure 5.11, a second dominant follicle, second

ovulatory follicles and second corpus luteum are present in the amended model. Figure

5.12 indicates that the second corpus luteum is apparent in both P4 and IHA as well.

These hormones exhibit two rises since every stage of growth now has two rises.

Timing: As expected, the cycle length is shorter than the 31 days of McLachlan data for one

cycle as is easily seen in Figure 5.12 and Figure 5.13.

LH Surge: Figure 5.13 shows that two LH surges were also created. It stands to reason that

this LH surge is made possible by E2. We can see in Figure 5.12 that E2 has a much

higher and much sharper second rise than it did originally due to the second dominant

follicle wave (recall E2 is a proportional sum of the growing, dominant and fourth luteal

stage). Since E2 promotes the synthesis and release of LH, this large amount of E2 in the

second rise most likely promotes the LH surge. This also explains why the second follicle

wave is much higher than the first. Also as per the idea from Baerwald et al. [9] as to the

lowering of P4 and its relation to the LH surge, as the coefficients p1 and p2 were lowered

by hand, the second LH surge did in fact increase.

FSH: FSH is also quite interesting looking. FSH still reaches its peak despite all of the other

changes due to the fact that IHA is much shorter than its corresponding data. Historically,

the FSH peak is one of the hardest points of the model to reach and this merged model

does just fine. However, the rest of the FSH curve is much shorter and there is an extra

rise in FSH after the FSH peak. Since FSH synthesis and release is controlled by all three

ovarian hormones, it is likely that the extra rises and especially the dramatic changes in

E2 cause these issues.

Like the previous work on early menopause, here parameters were both optimized and

changed by hand.
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Figure 5.11 Models for (a) the first three growth stages, (b) the last six stages of growth and (c)
all nine stages from the merged, five-hormone model representing superfecundation compared to the
McLachlan data. Follicle wave superfecundation requires each wave of follicle growth to encounter ev-
ery stage. Here, we can see that the model was successful after removal of the atresia term and alter-
ation of the original two-wave parameters from Chapter 3.
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Figure 5.12 Models for (a) estrogen, (b) progesterone and (c) inhibin A from the merged, five-
hormone model representing follicle wave superfecundation compared to the McLachlan data. P4 is
much shorter in order to accommodate a second LH surge while IHA is much shorter so FSH can sur-
pass its threshold enough to cause two dominant follicles, one in each wave. The sharp dip and narrow
second rise in E2 is due to the second dominant follicle in the luteal phase wave.

108



0 10 20 30 40 50 60
0

50

100

150

200

250

300

350

400

  Time (days)

  
F

S
H

 

 

McL FSH data

FSH Model

(a)

0 10 20 30 40 50 60
0

50

100

150

200

250

300

350

400

450

  Time (days)

  
L

H

 

 

McL LH data

LH Model

(b)

Figure 5.13 Models for (a) FSH and (b) LH from the merged, five-hormone model representing folli-
cle wave superfecundation compared to the McLachlan data. A second LH surge is present due to the
rising E2 levels from having a second dominant follicle. A second LH surge allows for ovulation of the
second dominant follicle for potential fertilization resulting in superfecundation.

Adjust Parameters by Hand.

• Obviously, the first step was to remove the atresia term but the immediate second

step was somewhat unexpected. Since the atresia term changed the weighting of

the dominant follicle as a decay, the transfer term out of the dominant follicle and

into the first ovulatory follicle needed increased to balance out this change. So c5

(Equation (4.23)) needed increased to keep the mass of the dominant follicle at a

realistic level compared to the other stages around it.

• Also upon removing the atresia, v0LH (Equation (4.2)) needed to be reduced as well.

The parameter was lowered by hand slightly toward the beginning of the optimiza-

tion process and the optimizer lowered it even more. It is not unexpected that RPLH

and LH parameters should change drastically as the goal is to obtain a very different

LH profile. Here a reduction in v0LH helps the second LH surge to be larger. This

significant drop is likely due to the lower levels of P4. Recall P4 occurs in the denom-

inator of the same term with v0LH so it could be quite possible that the parameter is

so much smaller to balance out some of the changes to the ovarian hormones. Also,

with all other parameters held at their value in Table 5.4, lowering v0LH below its

optimized value of 212.68 makes both LH surges much larger. Raising it a little makes

the second LH surge decrease in size. Raising it to a value substantially higher than

212.68 actually eliminates the second LH surge. Raising it even higher eliminates the
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second follicle wave entirely from the dominant stage and beyond.

• Another parameter of note that was changed is v1LH (Equation (4.2)). Increasing it

allowed the LH levels to remain high to its peak amount. Other hormone changes

were made by hand before any optimization took place to get the system to a place

where the optimizer would find an appropriate solution.

Build Up Cost Function. Also similar to the last section, it made little sense to use certain

hormones in the cost function for the optimizer. In this case, LH was obviously never

used in the cost function because the goal was for it to look drastically different from the

data set. The final cost function was a sum of FSH, E2 and IHA. Again, follicle wave

superfecundation is rare with no known data on hormone levels so we must assume that

the hormones besides LH are normal. P4 was intentionally left out of the cost function. As

was stated above, lowering the auxiliary coefficients on P4 increased the second LH surge

height. Putting P4 into the cost function would be counterproductive to these changes.

P4 is one of the easiest functions to optimize because it is so simple. If the optimizer

matches luteal stages and auxiliary coefficients to P4, we would likely lose the height of

the second LH surge if not lose it entirely.

The final parameters for this simulation can be found in Table 5.4.

Though hormone data and biological studies may be lacking, mathematical modeling sup-

ports hypotheses about the relationship of follicle waves and the hormones that result from

them.

• No one knows for certain if more than two follicle waves per cycle leads to early menopause

in women, but we have shown that three rises in FSH cause three follicle waves per cycle

and in turn causes three rises in IHB that feeds back on FSH. Thus, the relationship be-

tween FSH and IHB could be an important place to start an investigation as to answering

the question on early menopause.

• Superfecundation from ovulating follicles in different follicle waves of the same cycle is

possible as was shown in mathematical modeling. Superfecundation is hard to identify

biologically and occurs in rare situations. Though the model produces two dominant

follicles and two LH surges per cycle repeatedly which is unlikely in real life, it does show

that a second dominant follicle could manipulate the ovarian hormones enough to cause

a second ovulation and subsequent corpus luteum.
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Table 5.4 Superfecundation parameter results for the merged, two-wave model fitting the McLachlan
data set. All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

v0LH 212.68 µg/day

v1LH 35,656.90 µg/day

KmLH 170.00 ng/L

KiLH,P 2.81 µg/L

kLH 11.41 1/day

cLH,P 0.084 L/µg

cLH,E 0.0020 L/ng

dE 0.50 days

dP 1.00 days

vFSH 4500.00 µg/day

KiFSH,IHA 646.30 U/L

kFSH 11.55 1/day

cFSH,P 3.16 L/µg

cFSH,E 0.0023 (L/ng)2

dIHA 1.74 days

α 0.30 dimensionless

β 0.020 dimensionless

γ 0.010 dimensionless

b 0.60 L/day

c1 1.56 1/day

Param. Value Units

c2 0.55 (L/µg)α(1/day)

c3 0.051 (L/µg)β(1/day)

c4 0.027 (L/µg)(1/day)

c5 0.60 (L/µg)γ(1/day)

d1 0.70 1/day

d2 0.70 1/day

k1 0.60 1/day

k2 0.65 1/day

k3 0.70 1/day

k4 0.80 1/day

KmF 115.00 µg/L

p 15.00 dimensionless

e1 0.025 1/kL

e2 0.047 1/kL

e3 0.060 1/kL

p1 0.0047 1/L

p2 0.00016 1/L

h0 140.00 U/L

h1 0.020 (U/L)/µg

h2 0.63 (U/L)/µg

h3 0.020 (U/L)/µg
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Chapter 6

Conclusions

6.1 Concluding Remarks

For many years, only basic knowledge of how the human menstrual cycle works was known.

Until technology developed enough to gather more information as to the mechanisms and actions

taking place, it was believed that the recruitment leading to ovulation was all that took place

each cycle. Though the basic ideas of ovulation and reproduction were maintained, current

research gives a more complete picture of what truly happens during a woman’s cycle. Follicle

waves are one such area of research that has very much changed the way the cycle is viewed.

Further research on waves can only expand that view. For many women, a second follicle

wave each cycle may not mean anything to their long term well-being or health. But for others,

a second follicle wave could lead to dizygotic twins due to a superfecundation event or a LOOP

event indicating the transition to menopause. And for some, their cycles may have more than

two waves per cycle which could potentially propel them to menopause sooner than if they

only had two waves per cycle. On the surface, follicle waves may seem like something extra

and unimportant happening during the cycle because ovulation and fertilization is the purpose

of the reproductive cycle but follicle waves can lend much information to health and wellness

studies. Thus, including them in the mathematical model of the menstrual cycle is essential for

a precise picture of what is happening between the hypothalamus-pituitary and the ovaries.

With an abundance of data for normally cycling women available, many scenarios for mod-

eling follicle waves were successfully approached. The five-hormone, two-wave model was con-

structed for two data sets. Though the parameters are different to accommodate different units

of measure, the Hill function for the FSH threshold and the atresia term construct a work-

ing model yielding two follicle waves in the recruited and growing stages of growth and only

one dominant follicle ovulation and resulting corpus luteum per cycle. This model outlined in

Chapter 3 works for not only the ovarian component model that uses pituitary hormones as
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input functions but also works for the full merged feedback model. This model accurately repre-

sents the follicular phase wave going through recruitment, ovulation and luteinization and the

luteal phase wave just going through recruitment. The concentrations for two-wave cycles per

Baerwald et al. [9] very much mirror the profiles of the McLachlan and Welt data for normally

cycling women so not only did the model succeed in producing two follicle waves per cycle it

also maintained the hormone profiles for the data sets it modeled. It was also confirmed through

sensitivity analysis that some of the parameters that were believed intuitively to be sensitive

actually are, including some that control the follicle waves.

Chapter 4 expanded the two-wave model to include all six hormones outlined in the Welt

data set. The same FSH threshold function and atresia term were used, but the FSH threshold

was incorporated slightly differently because the recruited stage of growth is no longer the first

stage in the six-hormone model. Again, success was found in both the six-hormone ovarian com-

ponent model as well as the merged model. Two follicle waves of recruitment and growth were

produced while only one went on to dominance and luteinization. The model also accurately

produced profiles for the two pituitary hormones and four ovarian hormones of the Welt data

set.

A benefit of the mathematical modeling of biological systems is using the model to test what

we cannot, should not, or prefer not to test on human beings. There is much that has not been

confirmed about the role follicle waves play in the lives of women, but with an accurate model

of the cycle some theories have been tested. In Chapter 5, hypothesis testing as to what causes

three follicle waves per cycle and if follicle waves could cause superfecundation was completed.

Though the biological significance of more than two follicle waves per cycle is still unclear,

the suggestion that it could be an indicator of an earlier onset of menopause is a reason to

investigate. The FSH threshold Hill function works on a one-to-one relationship between the

number of rises of FSH and the number of follicle waves being produced. Though the Baerwald

et al. [9] concentrations do not include profiles for the inhibins, IHB is a logical choice for the

cause of the follicular phase differences between the two-wave and three-wave profiles. This

theory was tested using the mathematical model. Success was found by first showing that using

an FSH input function with three rises in the five-hormone ovarian component model produces

three follicle waves per cycle. Thus, the follicle wave model should produce any number of follicle

waves desired by altering the FSH inputed into the system. It was also shown that an IHB input

function with three rises used in the pituitary component model produces an FSH profile with

three rises. Finally circling back to the ovarian component model with the three-rise FSH input

function, it was retested on the six-hormone system to confirm that three-waves are produced

but also to show that the IHB profile has three rises as a result. The three-wave results from

mathematical modeling of follicle waves indicate that IHB should be an important candidate

for further investigation of more than two follicle waves per cycle.
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Chapter 5 also focused on the hypothesis testing of superfecundation, the fertilization of two

oocytes on two separate occasions during the same cycle. Though there are different possible

combinations of when the two oocytes are released and when they are fertilized, follicle waves

are one such possibility. On rare occasions, a follicle could grow to be dominant and release

an oocyte in each wave of follicle growth during a cycle and be fertilized. The two-wave, five-

hormone merged model was successfully changed to demonstrate this case by removal of the

atresia term from the dominant follicle. The removal of that term caused two waves for all nine

stages of follicle growth. Thus, each wave went through recruitment, growth, ovulation and

luteinization. An LH surge was produced for each wave as well as would be needed to trigger

ovulation. Even though most women do not typically have two ovulating follicles during one

cycle and most definitely do not have two ovulating follicles per cycle repeatedly each month,

the model does show that superfecundation could result from ovarian follicle waves.

6.2 Future Work

Much work is still possible for modeling follicle waves. The most prominent as mentioned

previously is a full merged model for three follicle waves per cycle. Unfortunately, the Baerwald

et al. [9] data only accounted for four of the six hormones that would need to be examined. Not

only does that mean that there are two hormones that are unavailable for optimization purposes,

but we are not sure what the hormones should look like either. We speculated in Chapter 5 as

to what type of curve should represent IHB in general but variations are possible. Also, we have

no indication as to whether the curve for the average concentration of IHA should change or

not. For the most part, P4 looks normal but the E2 curve has an additional and unaccounted

for luteal rise. At this point in time, there is not enough information as to what the hormone

concentrations are for IHA and IHB or as to why the other three-wave hormones look the way

they do to merge the model. As more information becomes available, this would be the next

logical step for the follicle wave model in showing that the two components in Chapter 5 can

be merged and the full feedback cycle holds.

Also in Chapter 5, the five-hormone model was used to represent the dual ovulation for

follicle wave superfecundation. All of the hormone profiles that were a result of that model

were slightly different from the normal data, most especially the LH with two surges. It would

be interesting to test follicle wave superfecundation on the six-hormone model to see what

changes occur in IHB, if any. The major change in the follicle stages was that two dominant

follicles, two ovulatory follicles and two corpus lutea were produced. Since IHB is active in the

follicular phase, little change would be expected in its hormone profile. Testing would confirm

that suspicion.

The six-hormones outlined in the McLachlan and Welt data sets are not the only things
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believed to be influencing the development of follicle waves. In Hale et al. [49] it was suggested

that AMH may play a part in triggering a follicle wave. Including AMH in the model could be

another possibility in the future. At this time, there does not seem to be any concrete evidence

that it does affect the development of follicle waves which means there is no information on

how it could trigger them. The inclusion of AMH in the follicle wave model could influence the

waves in the existing model.

Also in the work by Hale et al. [49], the concept of LOOP events is believed to be caused by

follicle waves. LOOP events could potentially be modeled as well. To model a LOOP event, the

model would need to trigger the luteal wave to become dominant instead of the follicular phase

wave. It seems a LOOP event is a one time occurrence that has a domino affect on the cycle so it

remains in flux until the end of the menopause transition when cycling ends entirely. Like follicle

wave superfecundation, modeling a LOOP event would likely first start as attempting a non-

ovulatory follicular phase wave and an ovulatory luteal phase wave that is repeated each cycle.

Then it can be investigated as to whether the E2 levels that result correspond to the results

that have been found biologically. Demonstrating LOOP events would be a likely candidate for

the ovarian component model, at least to start. Reversing which wave is ovulatory may prove

quite difficult for the merged model so starting with the ovarian component model may give

insight into some factors that could cause this LOOP event.

While very little is known as to how follicle wave dynamics change over the course of

a woman’s lifetime, a lifelong model of follicle waves would be a worthwhile endeavor. As

the levels of FSH rise through the menopause transition, not only could LOOP events occur,

the number of follicle waves per cycle may change as well. Personal correspondence with Dr.

Baerwald indicates that research has been conducted on follicle waves and older women, so

more information might be available in the near future. We have seen that as the levels of FSH

and IHB change, more follicle waves per cycle are possible. It has also been shown biologically

that FSH levels are higher and IHB levels are lower through the transition to menopause. As a

woman ages, do more follicle waves per cycle occur? Incorporating follicle waves into a life-long

model similar to the one developed by Margolskee and Selgrade [61] could answer that question.

Finally, as seen in Chapter 3, there are many sensitive parameters in this model. The

results of the sensitivity analysis reported in Chapter 3 can be used in bifurcation analysis.

The original one-wave models have been analyzed for bifurcations, so examining this model is

important to see how the parameters affect the dynamical behavior of the model. The more

sensitive parameters are the most likely candidates for causing bifurcations, so the results from

Chapter 3 can easily be put to use with the MATLAB DDE-BIFTOOL. The parameters from

the recruited stage, especially on the FSH threshold are of extreme interest.

There is much still to learn about human ovarian follicle waves. While most of that learn-

ing will be done in a research lab through blood testing and ultrasounds, some can be done
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through mathematical modeling. Through creating a more biologically accurate model of the

cycle by including ovarian follicle waves, many suspicions have been confirmed and directions as

to further mathematical and biological research have been found. Updating the original math-

ematical model for endocrine control of the human female reproductive system to include two

follicle waves each cycle for both the five-hormone and six-hormone models still produces the

same hormone profiles as it did before the changes were made. Thus, a two-wave cycle produces

normal hormone profiles and should be considered commonplace for all women. Modeling three

follicle waves per cycle indicates that IHB should be investigated as to how more than two

follicle waves per cycle affects women and if it is a potential problem. Showing that ovulation

in each follicle wave is possible in the model sheds more light on the possible reasons why

superfecundation occurs. As more biological research becomes available, more questions can

be answered and more precision can be added to the model. Mathematical modeling of follicle

waves is a cost-effective, ethical and safe way to test hypotheses as to what biological steps

could be taken next. Though follicle waves are a very young topic in reproductive health with

respect to other aspects of the cycle, mathematical modeling has shown that it is vital that

they are investigated further.
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Appendix A

Data Sets

McLachlan Data and Units

The data were taken from Selgrade (2001) [91] that were rescaled after original acquisition from

McLachlan, et al. (1990) [66] and are included in Table A.1. For simplicity during study, the

units from the Selgrade publication were converted to parts per liter, but the scaling remained

the same. Hormone units of measure are listed in the table. The error bars on the data were

acquired from the McLachlan publication using grabit in MATLAB and the units were converted

to match. Though no measurements were taken for follicular mass, note that the ovarian stages

of growth are measured in µg in accordance with the units of measure for the hormones that

produce them and the hormones that they in turn produce.

Welt Data and Units

Data were taken from Pasteur (2008) [78] based on the work by Welt, et al. (1999) [98]. The

error bars on the data were acquired from Margolskee [62] using grabit in MATLAB. Note that

all ovarian stages of follicle growth are measured in IU .
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Table A.1 Data from McLachlan, et al. [66] as taken from Selgrade [91] and undergoing change of
units. The values for the thirty-one day cycle beginning at menses at day 0 for E2, P4, IHA, FSH and
LH are included.

day E2 (ng/L) P4(µg/L) IHA (U/L) FSH (µg/L) LH (µg/L)

0 56.387 0.468 297.9 142.5 25.34

1 49.168 0.227 284.1 158.3 28.74

2 56.087 0.519 313.8 175.1 29.36

3 59.465 0.43 308.7 168 33.71

4 55.76 0.417 299.3 179.1 34.29

5 59.138 0.406 298.7 180.6 36.78

6 68.4 0.392 302.2 177.3 37.35

7 68.236 0.379 301.5 177 38.88

8 78.696 0.292 339.8 166.1 38.52

9 92.67 0.279 352 153.4 35.28

10 104.3 0.418 329.7 144.4 38.71

11 143.04 0.254 346.3 134.5 34.54

12 181.75 0.393 388.8 118.9 37.02

13 231.05 0.381 461.7 116.6 56.62

14 296.92 0.52 625.4 155.3 142.9

15 248.43 1.189 745.8 325.4 369.2

16 123.4 1.934 636.9 210.7 124

17 93.76 3.966 584.2 138.9 44.63

18 114.82 7.897 778.3 127.1 41.39

19 133.5 11.52 993.9 118.2 34.32

20 149.85 13.401 1279 107.3 29.18

21 155.57 15.741 1486 101.2 21.18

22 174.28 16.483 1632 86.53 17.95

23 178.83 15.486 1597 81.36 16.64

24 162.19 12.366 1440 75.29 13.38

25 149.06 10.306 1154 76.79 12.02

26 130.04 7.111 919.5 82.1 13.54

27 112.23 4.749 711.1 91.23 16.02

28 92.044 3.827 675.8 100.4 16.56

29 75.373 2.45 532.2 121.9 24.72

30 66.983 1.604 423.4 133.9 28.2
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Table A.2 Data from Welt, et al. [98] as taken from Pasteur [78]. Measurements were taken from E2,
P4, IHA, IHB, FSH and LH for the 28 day cycle. Here day 1 corresponds to the onset of menses.

day E2
(pg/mL)

P4
(ng/mL)

IHA
(IU/mL)

IHB
(pg/mL)

FSH
(IU/L)

LH
(IU/L)

1 51 1.1 1 79 11.4 12

2 55 0.6 1.1 109 11.6 14

3 53 0.6 1 116 11.7 15

4 59 0.6 1.1 123 12.4 14

5 60 0.6 1.1 140 12.6 17

6 62 0.6 1 135 11.3 17

7 66 0.6 1.1 140 12.1 19

8 72 0.6 1.2 144 11.3 18

9 95 0.6 1.7 147 10 17

10 119 0.6 2.3 130 8.7 17

11 138 0.6 3.2 113 8.6 17

12 188 0.6 4.5 98 8.2 25

13 237 0.7 7.4 83 10.4 50

14 215 1.2 9.3 147 19.6 123

15 127 2 7.7 167 12.1 41

16 91 5 8.1 106 9.2 22

17 102 8.9 10.1 57 8.7 20

18 119 11.2 8.9 44 8.6 20

19 140 15.6 9.5 43 7.4 18

20 133 17.3 11.5 38 7.2 16

21 152 17.9 9.1 32 6.1 12

22 142 17.2 8.7 30 5.4 9

23 140 14.4 7.5 29 5.2 11

24 155 12.6 6.6 36 5.4 10

25 133 10.3 5.7 30 5.3 11

26 114 8.1 4.1 37 6.1 11

27 70 4.3 2.2 35 6.7 11

28 55 1.9 1.7 55 8.3 11
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Appendix B

One-Wave Parameters

Before modeling the two-wave endocrine control of the menstrual cycle, parameters were op-

timized for the one-wave systems to ensure the systems and computer coding produced the

expected results and so we have the best possible starting point. Three merged one-wave sys-

tems, the five-hormone McLachlan, the five-hormone Welt and the six-hormone Welt merged

model parameters are included in the following three tables. The initial conditions for these

three systems are included in Appendix C. The parameters for both Welt systems in Tables

B.2 and B.3 were used to obtain the Figures 3.2, 3.2, 4.2, and 4.1.
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Table B.1 Parameter results for the five-hormone, one-wave merged model fitting the McLachlan
data set. All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

v0LH 1327.30 µg/day

v1LH 40480.61 µg/day

KmLH 275.20 ng/L

KiLH,P 8.81 µg/L

kLH 2.76 1/day

cLH,P 0.049 L/µg

cLH,E 1.41E-07 L/ng

dE 0.88 Days

dP 2.0053 Days

vFSH 5386.74 µg/day

KiFSH,IHA 629.0064 U/L

kFSH 9.21 1/day

cFSH,P 540.21 L/µg

cFSH,E 0.17 (L/ng)2

dIHA 1.49 Days

α 0.77 Dimensionless

β 0.25 Dimensionless

γ 0.0066 Dimensionless

b 0.0012 L/day

c1 0.0059 1/day

Param. Value Units

c2 0.045 (L/µg)α(1/day)

c3 0.00093 (L/µg)β(1/day)

c4 0.0022 (L/µg)(1/day)

c5 1.017 (L/µg)γ(1/day)

d1 0.85 1/day

d2 0.60 1/day

k1 0.67 1/day

k2 0.90 1/day

k3 0.99 1/day

k4 0.73 1/day

e0 0.096 ng/L

e1 0.20 1/kL

e2 0.0019 1/kL

e3 0.48 1/kL

p1 0.026 1/L

p2 0.042 1/L

h0 184.44 U/L

h1 0.91 (U/L)/µg

h2 0.12 (U/L)/µg

h3 0.0024 (U/L)/µg

h4 5.11 (U/L)/µg
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Table B.2 Parameter results for the five-hormone, one-wave merged model fitting the Welt data set.
All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

v0LH 698.70 IU/day

v1LH 6153.58 IU/day

KmLH 218.20 pg/mL

KiLH,P 4.81 ng/mL

kLH 6.92 1/day

cLH,P 2.92 mL/ng

cLH,E 0.20 mL/pg

dE 0.088 Days

dP 0.35 Days

vFSH 419.87 IU/day

KiFSH,IHA 3.15 IU/mL

kFSH 1.96 1/day

cFSH,P 14.025 mL/ng

cFSH,E 0.0028 (mL/pg)2

dIHA 1.84 Days

α 0.77 Dimensionless

β 0.014 Dimensionless

γ 0.13 Dimensionless

b 0.15 L/day

c1 0.13 (L/IU)(1/day)

c2 0.16 (L/IU)α(1/day)

Param. Value Units

c3 0.020 (L/IU)β(1/day)

c4 0.027 (L/IU)(1/day)

c5 0.56 (L/IU)γ(1/day)

d1 0.58 1/day

d2 0.40 1/day

k1 0.59 1/day

k2 1.00 1/day

k3 0.73 1/day

k4 0.72 1/day

e0 28.40 pg/mL

e1 0.0039 (pg/mL)/IU

e2 0.016 (pg/mL)/IU

e3 0.023 (pg/mL)/IU

p0 0.45 ng/mL

p1 2.40E-08 (ng/mL)/IU

p2 0.0030 (ng/mL)/IU

h0 0.46 IU/mL

h1 8.97E-07 1/mL

h2 0.00094 1/mL

h3 0.00020 1/mL

h4 0.0011 1/mL
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Table B.3 Parameter results for the six-hormone, one-wave merged model fitting the Welt data set.
All of the following optimized parameters were truncated to two significant decimal digits.

Param. Value Units

v0LH 750.00 IU/day

v1LH 2828.48 IU/day

KmLH 192.083 pg/mL

KiLH,P 14.55 ng/mL

kLH 1.99 1/day

cLH,P 0.25 mL/ng

cLH,E 0.0070 mL/pg

dE 0.44 Days

dP 1.0059 Days

vFSH 866.40 IU/day

KiFSH,IHA 2.17 IU/mL

kFSH 4.16 1/day

cFSH,P 28.87 mL/ng

cFSH,E 0.70 (mL/pg)2

dIHA 2.31 Days

KiFSH,IHB 116.030 pg/mL

dIHB 1.84 Days

η 8.98 Dimensionless

δ 0.98 Dimensionless

α 0.75 Dimensionless

β 0.090 Dimensionless

γ 0.065 Dimensionless

f1 9.50 IU/L

f2 2.56 IU/day

f3 0.80 (L/IU)/day

f4 0.091 (L/IU)δ(1/day)

c1 0.19 (L/IU)/day

Param. Value Units

c2 0.20 (L/IU)α(1/day)

c3 0.059 (L/IU)β(1/day)

c4 0.03 (L/IU)/day

c5 0.50 (L/IU)γ(1/day)

c6 0.81 1/day

d1 0.66 1/day

d2 0.55 1/day

k1 0.51 1/day

k2 0.57 1/day

k3 0.77 1/day

k4 0.88 1/day

e0 14.11 pg/mL

e1 0.010 (pg/mL)/IU

e2 0.025 (pg/mL)/IU

e3 0.063 (pg/mL)/IU

p1 0.0055 (ng/mL)/IU

p2 0.0015 (ng/mL)/IU

h0 0.065 IU/mL

h1 0.0012 1/mL

h2 0.0018 1/mL

h3 0.0017 1/mL

h4 0.00071 1/mL

j0 27.60 (pg/mL)

j1 66.00 (pg/mL)/IU

j2 0.0012 (pg/mL)/IU

j3 0.020 (pg/mL)/IU
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Appendix C

Initial Conditions

Initial conditions are needed for each differential equation in the system to find a solution. Six

sets of initial conditions are included in this appendix. Three sets are for merged one-wave

models and three sets are for merged two-wave models. In all cases, the initial conditions for

FSH and LH are their respective data values for the first day of the cycle. The initial conditions

for the merged two-wave models are used in conjunction with the parameters in Chapters 3

and 4 to yield their respective figures.
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Table C.1 Initial conditions for the McLachlan five-hormone, one-wave merged model. Parameter
values for this model can be found in Appendix B.

State Value Units

RPLH(0) 243.50 µg

LH(0) 25.34 µg/L

RPFSH(0) 100.60 µg

FSH(0) 142.50 µg/L

RcF (0) 150.00 µg

GrF (0) 590.00 µg

DomF (0) 67.80 µg

OvF1(0) 145.30 µg

OvF2(0) 151.50 µg

Lut1(0) 176.20 µg

Lut2(0) 203.20 µg

Lut3(0) 233.70 µg

Lut4(0) 252.10 µg

Table C.2 Initial conditions for the McLachlan five-hormone, two-wave merged model. Parameter
values for this model can be found in Chapter 3.

State Value Units

RPLH(0) 83.43 µg

LH(0) 25.34 µg/L

RPFSH(0) 442.29 µg

FSH(0) 142.50 µg/L

RcF (0) 790.68 µg

GrF (0) 1160.43 µg

DomF (0) 113.01 µg

OvF1(0) 24.77 µg

OvF2(0) 15.19 µg

Lut1(0) 14.94 µg

Lut2(0) 37.76 µg

Lut3(0) 104.52 µg

Lut4(0) 140.12 µg
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Table C.3 Initial conditions for the Welt five-hormone, one-wave merged model. Parameter values for
this model can be found in Appendix B.

State Value Units

RPLH(0) 29.50 IU

LH(0) 12.00 IU/L

RPFSH(0) 10.60 IU

FSH(0) 11.40 IU/L

RcF (0) 5.25 IU

GrF (0) 9.25 IU

DomF (0) 3.50 IU

OvF1(0) 3.00 IU

OvF2(0) 15.00 IU

Lut1(0) 44.00 IU

Lut2(0) 63.00 IU

Lut3(0) 76.00 IU

Lut4(0) 105.00 IU

Table C.4 Initial conditions for the Welt five-hormone, two-wave merged model. Parameter values for
this model can be found in Chapter 3.

State Value Units

RPLH(0) 25.52 IU

LH(0) 12.00 IU/L

RPFSH(0) 6.08 IU

FSH(0) 11.40 IU/L

RcF (0) 173.30 IU

GrF (0) 479.49 IU

DomF (0) 27.55 IU

OvF1(0) 23.21 IU

OvF2(0) 49.94 IU

Lut1(0) 152.93 IU

Lut2(0) 501.65 IU

Lut3(0) 1392.90 IU

Lut4(0) 2174.70 IU
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Table C.5 Initial conditions for the Welt six-hormone, one-wave merged model. Parameter values for
this model can be found in Appendix B.

State Value Units

RPLH(0) 83.00 IU

LH(0) 12.00 IU/L

RPFSH(0) 11.49 IU

FSH(0) 11.40 IU/L

PrAn(0) 0.07 IU

SmAn(0) 0.22 IU

RcF (0) 1.74 IU

GrF (0) 8.21 IU

DomF (0) 8.23 IU

Ov1(0) 10.79 IU

Ov2(0) 42.65 IU

Ov2(0) 208.47 IU

Lut1(0) 649.37 IU

Lut2(0) 1123.31 IU

Lut3(0) 1191.70 IU

Lut4(0) 1344.30 IU
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Table C.6 Initial conditions for the Welt six-hormone, two-wave merged model. Parameter values for
this model can be found in Chapter 4.

State Value Units

RPLH(0) 76.73 IU

LH(0) 12.00 IU/L

RPFSH(0) 17.85 IU

FSH(0) 11.40 IU/L

PrAn(0) 0.04 IU

SmAn(0) 0.23 IU

RcF (0) 42.05 IU

GrF (0) 344.20 IU

DomF (0) 277.38 IU

Ov1(0) 590.44 IU

Ov2(0) 1113.43 IU

Ov2(0) 1461.18 IU

Lut1(0) 1590.26 IU

Lut2(0) 1535.22 IU

Lut3(0) 1942.47 IU

Lut4(0) 2333.00 IU
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