ABSTRACT

WHEELESS, WILLIAM BENNETT. Additional Symmetries of the Extended Toda Hierarchy. (Under
the direction of Bojko Bakalov.)

Some integrable hierarchies, such as the Korteweg-de Vries (KdV) hierarchy and the Toda hi-
erarchy, arise by modeling a physical process with a base differential equation then adding other
evolutionary equations that commute with it. This allows one to create a flow of solutions of the first
equation. In addition to this, Gromov-Witten invariants of certain projective manifolds (or more
generally, orbifolds) can be organized into a generating function that is a solution to an integrable
hierarchy. The extended Toda hierarchy (ETH) was introduced to find such a hierarchy that governs
the Gromov-Witten invariants of CP!. Similarly, the extended bigraded Toda hierarchy (EBTH) was
found to govern the Gromov-Witten theory of certain orbifolds of CP! after its introduction.

The evolutionary differential equations that form a given integrable hierarchy produce actions
that commute with one another and can be solved simultaneously; in other words, they are sym-
metries of one another. These equations form flows of solutions. For some hierarchies, such as
KdV and Kadomtsev-Petviashvili (KP), these are not the only flows that commute with the flows
of the hierarchy. These additional commuting flows are fittingly called additional symmetries. Af-
ter reviewing the tools necessary to the discussion of additional symmetries in the context of the
KdV and KP hierarchies, we discuss the Toda hierarchy, its symmetries, and the ETH. We define
additional flows for the extended Toda in Lax form, proving that these flows are indeed symmetries
of the ETH and that they commute with one another as the Virasoro algebra. We then show how
these symmetries act on the tau function of the hierarchy. Finally, we move to the EBTH, defining
additional symmetries for it and investigating these additional flows’ actions on the hierarchy’s Lax

operator, wave functions, and tau function.



© Copyright 2015 by William Bennett Wheeless

All Rights Reserved



Additional Symmetries of the Extended Toda Hierarchy

by
William Bennett Wheeless

A dissertation submitted to the Graduate Faculty of
North Carolina State University
in partial fulfillment of the
requirements for the Degree of
Doctor of Philosophy

Mathematics

Raleigh, North Carolina

2015
APPROVED BY:
Naihuan Jing Kailash Misra
Ernest Stitzinger Stephen Reynolds
Bojko Bakalov

Chair of Advisory Committee



DEDICATION

To my parents, who instilled in me a desire to learn and a love for mathematics.

ii



BIOGRAPHY

The author was born in in Raleigh, NC on November 10, 1987 to Mark and Sara Wheeless. He
has an older sister, Amy, and a younger brother, Daniel. For undergraduate studies, William also
attended North Carolina State University where, in 2010, he earned Bachelor of Science degrees in
Mathematics and Physics with a Minor in Computer Programming.

iii



ACKNOWLEDGEMENTS

First, I would like to thank my advisor, Bojko Bakalov, for all of his help; without him, I would not
have been able to get to this point in my career. I would also like to thank all of my friends and family
who motivated and believed in me, even when I didn't want to motivate or believe in myself; there

are too many to list, but they know who they are.

iv



TABLE OF CONTENTS

Chapter1 INTRODUCTION . .. ... ... . et 1
1.1 SymmEeLTies . . . . ..ot 1
1.2 Lax Form and FormationofaHierarchy ......... .. ... ... ... .. ... . ... 3
1.3 TauFunction ... ... ... e 8
1.4 Additional Symmetriesof KP ... ... ... ... . .. 8
1.5 OutlineofthisThesis . ... .. ... .. e 10
Chapter2 EXTENDED TODAHIERARCHY . ..... ... .. ... . ... . .. 11
2.1 The Toda Lattice Hierarchy . ... ......... . i, 11
2.2 Additional Symmetriesof Toda . . .. ..... ... . . 14
2.3 TheExtended Toda Hierarchy . .......... ... ..., 18
Chapter3 SYMMETRIESOFTHEETH....... ... .. .. ... .. .. ... . ... .. . ... 25
3.1 Constructing the Symmetries . . . ........ ...t 25
3.2 FirstMainTheorem . . ... ... .. . 30
3.3 ActionsontheTauFunction........ ... . ... . ... . . . . .. 36
Chapter4 EXTENDED BIGRADEDTODA ... ... ... ... ..t 55
4.1 Definition . ... ... . e 55
4.2 Additional Symmetries . . . ... ... 59
4.3 SymmetriesonTauFunction ............ ... .. . . . 63
BIBLIOGRAPHY . . . . . 68



CHAPTER

INTRODUCTION

Integrable hierarchies, such as those looked at in this thesis, are formulated in several ways. The
goal of this chapter is to introduce two such formulations, the Lax pair form and the tau function, as
well as what it means for two differential equations to be symmetries of one another. This is done
within the context of the Korteweg-de Vries and Kadomtsev-Petviashvili hierarchies so that these
concepts will be well-established when we introduce the corresponding notions for the Toda lattice
and extended Toda hierarchies in Chapter 2. The majority of this chapter’s material is adapted from
[7] and [15].

1.1 Symmetries

A central concept of this thesis is what it means for a set of evolutionary partial differential equations

to be symmetries of one another. We will first look at what this means for two such equations:

Definition 1.1. Suppose we have an evolutionary partial differential equation on u
J,u=K(u), (1.1

with K only depending directly on x and its derivatives (or other like operators). Let u(x,t) be a



1.1. SYMMETRIES CHAPTER 1. INTRODUCTION

solution of (1.1) and use it as an initial condition (i.e. u(x, t,0)= u(x, t) ) of a second evolutionary
partial differential equation on u
o,u=H(u), (1.2)

again with H only depending directly on x and its derivatives. We say that (1.2) is a symmetry of
(1.1) if there is some neighborhood of s =0 for which u(x, t, s) is a solution to (1.1) for all s in that
neighborhood.

Note that this definition is symmetric in the sense that (1.2) is a symmetry of (1.1) if and only if
(1.1) is a symmetry of (1.2).
Another way of saying (1.2) is a symmetry of (1.1) is that these two equations are compatible:

they can be simultaneously solved, which is equivalent to saying
0,(H(u))=0,0,u=08,6,u=0,K(u)). (1.3)

Taking the middle equivalence and taking the difference, we get the following definition of two

differential operators, 0, and J;, being symmetries of one another:
[0, 05]u=0, (1.4)
where [, -] is the commutator bracket used in Lie algebras; for two operators, A and B,
[A,B]=AoB—BoA,

where o denotes composition (this will be suppressed for much of the remainder of the thesis).
Equation (1.4) is the definition of symmetry that we will use for the rest of the thesis, replacing u
with various operators and functions.

If we can find such a symmetry for our base equation (1.1), then our common solution u(x, ¢, s)
gives us a flow of solutions for this equation; u(x, t,0) is a solution, but so is u(x, t, ¢), where ¢ is in
the neighborhood of s =0 referenced in Definition 1.1 above. This allows us to find new solutions
from known solutions by traveling along these so-called differential flows.

A set of such differential equations, J; u = K,(u), are all symmetries of one another if (1.4) is
satisfied for ¢ = t,, and s = t,,,, for any n, m in the set that indexes these equations. In this way, these

t,’s can be thought as variables in our common solution.
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Example: The KdV Equation

To illustrate how finding these symmetries can be accomplished, consider the Korteweg-de Vries
(abbreviated KdV) equation:

3 1
8tu=K(u):§uux+Zuxxx. (1.5)

This equation provides a model for the movement of waves through narrow, shallow channels, such
as those found in blood vessels. To find a symmetry for this equation, we first need to introduce a
grading that makes the right-hand side homogeneous. Letting deg(u) = 2 and deg(J,) = 1 makes
the right side homogeneous of degree 5. Assuming the H(u) is also homogeneous yields the first

non-trivial symmetry to be of degree 7:
2
Os=H(U)=C U Uy + CoUUyyy+ C3U U+ Callyyyyx-

For the sake of brevity, only part of the calculation is shown:

3 1
o0 u zas(K(u)):é‘s(Euux + Zuxxx)

= Eus Uy + Eu(us)x + i(us)xxx
3 3 1
= EH(u)l,tx +-u(H(u)), + Z(H(u))xxx-

\S}

Writing out H(u) and taking the appropriate number of derivatives, doing the same process for the
left side (1.3), then matching like terms allows us to come to the following relationship between the
constants cy:

2¢1 =6¢,=3c3=60¢,,

giving us the first non-trivial symmetry of (1.5) as
Oy =H(u)=30u?ty + 10Uty +20Uy Uy + Uy yxx (1.6)

up to some arbitrary non-zero multiple of the right-hand side.

1.2 Lax Form and Formation of a Hierarchy

The study of such hierarchies of differential equations as the KdV hierarchy, KP hierarchy, and Toda
hierarchies rely heavily on Lax pairs. For this reason, the vast majority of original results found in this

thesis are given in Lax pair form. We will realize the concept with the KdV hierarchy, then generalize



1.2. LAX FORM AND FORMATION OF A HIERARCHY CHAPTER 1. INTRODUCTION

it to the larger KP (Kadomtsev-Petviashvili) and other such hierarchies.

In general, we consider an operator L of some form that incorporates the solution of the partial
differential equation in which we are interested; this is what will be called the Lax operator. In the
case of KdV, this operator is the 1-D Schrédinger operator, L = 92+ u. Consider the following:

Ly = z%, (1.7)

where 1 =(x, z) is an eigenfunction of L of eigenvalue z2, also called a wave function. In general,

the power of z depends on the degree of the operator L; since L for KdV is of degree 2 according to

the previous grading scheme, the eigenvalue is z2.

For KdV, we find a formal solution for the family of eigenfunctions
Y =w(x,z)e** = exz(l +w z 4w,z +---),

whose coefficients can be found in terms of u and its derivatives. In addition to imposing (1.7), we

also want to find a symmetry of the form
o, =By, (1.8)

where B is another operator independent of z and its derivatives of finite order. Combining (1.7)

and (1.8), we get

o,(Ly)=z%0,y
v i(ay)=ay

‘2—1;1,0+LB¢ =z*By = B(z*y)=BLy
oL
(E—BL+LB)¢ =0
dL
(E—[B,L])tp =0.

Since the operator acting on ) in the last equality is of finite order and independent of z, there
must be a finite number of independent y that satisfy this equation. However, since there is an
independent i) for each z, there are an infinite number of independent ). Thus, this operator must

be 0. This gives us

a—L—[BL] (1.9
or 7 ’
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This is called the Lax equation and (L, B) is a Lax pair.
In particular for KdV, we assume that B takes the form

B=382+D,0,+by (1.10)

JL 3 1
and impose (1.9) for — = u,. Then, we find that b; = —u and by = —u, up to the addition of
arbitrary constants (assumed to be 0); the KdV equation (1.5) comes from the constant coefficient
(the 89 term) of the right-hand side. Note that this solution makes B homogeneous of degree 3.
Pseudo-differential Operators

To arrive at a more general method of finding these symmetries in Lax form, we need to introduce

the concept of pseudo-differential operators.

Definition 1.2. An operator A is a pseudo-differential operator of order n (n € Z) if it is of the form
n .
A= Z aiaxl) ai:ai(x)»
i=-00

where a,(x)#0.

Note that for any function f(x) and n € Z, we have the Leibniz rule for pseudo-differential

oMo f = Z(; (’;)(ax" flor.

We also have for any n € Z that 0" e** = z" e¢**. Thus, for any pseudo-differential operator A, as

n
Ae®* :( Z aizi)exz.

i=-00

operators:

given above, we have

Define the decomposition of the space of pseudo-differential operators into “plus” and “minus”
parts as follows: for such an operator A as defined before,
n ) -1 )
A, = Zai(x)a;, A = Z a;(x)d].
i=0

i=-00

Finally, suppose we have a pseudo-differential operator of the form

OO .
A:Za,-(x)a;,
i=0
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(e @)
where ay(x)# 0. Then A has a unique inverse, A™! = Z a; 1 83;", such that
i=0

AcAl=A"0A=1
and whose coefficients can be solved for recursively.

Wave Operator

Define the pseudo-differential operator W, called the wave operator (or sometimes dressing oper-
ator), as

(1.11)

v
S
=
RQ)

=0

where wy(x) =1 and the w;(x) are the same as those of w(x, z) in the wave function y. Then we

have that
oo
t,-zl):Wexp(xz+ t,-zl).
i=1

Combining this observation with (1.7) gives us

o0

Y =w(x,z)exp (xz +

i=1

LWe Xz+ ZZ Wexz+-~~
— W(zzeszr---)

—Wale s,

which means that
L=wao*w™. (1.12)

The Hierarchy

In order to present a Lax pair representation of a family of symmetries to (1.5), define the pseudo-
differential operator
P=0,+pi(x)0;" + pa(x)07 +-- (1.13)

such that P = Wa, W-!, making P? = L. Due to this definition of P, we have that ' is also an
eigenfunction of P with eigenvalue z. We also have a well defined concept of the inverse of P:
Pl=wolw1with Py =z"1y.

Solving for the first few coefficients of W and then P, one can show that B = (P3),, for B defined
as before in (1.10).
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We define a hierarchy of evolutionary partial differential equations based upon the KdV equation

as follows:
Definition 1.3. The KdV hierarchy (in Lax form) is given by

oL
at,

=[(P"), L], n=135,..., (1.14)

where the t, are now new variables for L.

Each of these equations are symmetries of one another and of the KdV equation, which arises

from the equation for n = 3. We also have that J;, = J,, allowing us to interchange x and , freely.

JL
Note that since P2 = L, (P?¥), = L¥, making FT 0.
2%k

The KP Hierarchy
The flows of (1.14) induce similar actions on the operator P:

ap
at,

=[(P");,P], n=135,..., (1.15)

where the restriction to positive odd integers stems from the condition that P? is a purely differen-
tial operator. The broader KP (Kadomtsev-Petviashvili) hierarchy comes about by removing this

restriction on P and using it as the Lax operator:

Definition 1.4. On a pseudo-differential operator P = 0, + p;0.* + p,0* + - -+, the flows of the KP

hierarchy are defined to be
oP

at,

=[(P");,P], ne€Zs,. (1.16)

Now, all previous functions and operator, including w, W, and v, depend on t=(t, t, t3,...).
Restricting different powers of P to be purely differential operators gives us different reductions

of this hierarchy. As already seen, doing so for P? gives us the KdV hierarchy; doing so for P3 gives

us the Boussinesq hierarchy; doing so for any N € Zs, gives us the N Gelfand-Dickey hierarchy.
Finally, the KP hierarchy has a mirrored concept of a wave function and wave operator, and the

flows induce actions on each:

oy n

5. =P 1.17)
ow =—(P")_W (1.18)
ot, - '
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For the remainder of this chapter, we will focus on the KP hierarchy; statements about it can also be
made for the KAV hierarchy by restricting (P?)_ = 0.

1.3 Tau Function

The last major object discussed in this dissertation is the tau function. For a hierarchy such as the
ones studied in this thesis, the tau function is a single function with which the entire hierarchy can
be described.

Existence

For a function f of t=(1y, £, 13, ...), define the operator G(z) acting on f as

G(2)f ()= f(t—[z"]), (1.19)
where

[z]—(z 122 123 ) (1.20)

=(#5%03% ) .
More explicitly,
1 ;0
G(z)= —» -zt —.
(z) exp( lz:; iz 8ti)

Using this operator, we have the following theorem by Mikio Sato:
Theorem 1.1. For the KP hierarchy, there exists a function, t(t), called the tau function, such that

w(t z)= % (1.21)

Due to the nature of the definition of the coefficients of W and w and the result of Theorem 1.1,
o0

T is unique only up to multiplication by c exp Z c;t; |, where c, ¢y, ¢y, ... are arbitrary constants
i=1
with respect to the ¢; variables.

1.4 Additional Symmetries of KP

The flows of the KP hierarchy (and its reductions, such as KdV) are symmetries of one another.

However, these are not the only flows whose actions commute with the hierarchy. These flows are
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called additional symmetries, and there are an infinite number of them. These are not included in
the hierarchy itself because these extra flows do not commute amongst themselves.
Lax Form
Define a new operator, M, such that 8,y = M. This gives us
o0
M:=WxW'+> nt, 1" (1.22)
n=2

and, for any ¢ € Z and m € Z,,
¢ _ ¢ 0 _ ¢
P'M™p=08"z"y, M™PYyp=z'0"my.

It is important to note that this operator is only well defined when only finitely many of the ¢,
variables are nonzero.

Then, for such ¢ and m, define a new set of differential equations
Opr W= —(M™PY_w, (1.23)

where ¢/ are some new set of variables. The flows on the wave operator in (1.23) lead directly to
the actions on P:
o, P=[—(M"P")_,P]. (1.24)

We then have the following theorem by Orlov and Schulman from [16]:

Theorem 1.2. The flows defined in (1.23) and (1.24) give the Lax representation of additional sym-
metries for the KP hierarchy; i.e.
[3t" y 3%" ](I) == O,

where ® can be any one of W, P, or .

Actionon 7

The actions of the additional symmetries of the KP hierarchy on the wave function induce corre-

sponding actions on the tau function by means of the Adler-Shiota-van Moerbeke formula (as seen

in[1,2]:

Oy O T O T

M — G(Z)(t[_m)_tf_m (1.25)
Y T T
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Note that the previous formula can be found by treating 8t;m as a derivation and using the quotient
rule from calculus. The previous formula holds regardless of the hierarchy or the symmetry, as long
as there is a representation of the coefficients of the wave operator in terms of 7 similar to that
found in (1.21).

The corresponding actions of the additional symmetries on 7 are more easily represented within

a generating function: Define the operator

(o)

n n < -n -n 1 a
(u"—2 )tn)exp( A" =)= ) (1.26)

XA u)= exp(
p nadt,

n=1
The actions of 8,;’“ on 7 are then given by

M/Z(m-kl)f
tZ+m,mT = m—+1, (127)

where, expanding X(t, A, u) in all powers of A and nonnegative powers of y— A, we have

X > (u—A)F —jmk 1K)
=SSk
k=0 ' JjezZ

These Wj(k) operators satisfy the Adler-Shiota-van Moerbeke formula for the actions of the additional

symmetries.

1.5 Outline of this Thesis

The remainder of this thesis introduces and discusses its main topic, the extended Toda hierar-
chy. Chapter 2 introduces the Toda lattice hierarchy, its Lax form and relevant operators, and its
symmetries, similar to how this chapter does the same for the KP hierarchy. It then goes on the
extend this hierarchy to the extended Toda hierarchy. Chapter 3 contains the main original results
of this thesis, involving the definitions of the additional symmetries of the extended Toda hierarchy
as well as their actions on the Lax operator, wave functions, and tau function. We also show that
these flows commute with each other as the Virasoro algebra. Finally, Chapter 4 briefly discusses a
larger hierarchy originally defined in [4], the extended bigraded Toda hierarchy. We then define its

additional symmetries in Lax form and investigate how these symmetries act on its tau function.

10



CHAPTER

2

EXTENDED TODA HIERARCHY

This thesis’ main result involves additional symmetries of the extended Toda hierarchy. As the name
implies, this is an extension of a smaller hierarchy, the Toda lattice hierarchy. In this chapter, we
discuss the Toda lattice hierarchy, the functions and operators associated with it, its additional
symmetries, and ultimately, its extension. Material found in Sections 2.1 and 2.2 primarily comes
from [3], [5], and Section 6 of [20]. Section 2.3 contains material adapted from [5] and [17].

2.1 The Toda Lattice Hierarchy

In 1967, Morikazu Toda introduced a model describing the movement of particles in an infinite
one-dimensional crystal lattice in [18]. A simplified version of this model, rescaling variables so that
the masses of the particles do not appear, is

%4,

- = eanl_Qn — eqn_qn+1 , ne Z 2‘1

212 2.1

where ¢,, = q,(t) represents the position of the n'” particle at time ¢. This is the Toda lattice
equation.

In order to use the tools and theory developed for KP on Toda, we must change this second order

11
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equation into a first order one by way of a common method in solving partial differential equations.
Define the dependent variables v, and u,, by

17
Up=— aqtn’ Upn=qn—1—qn-

Using these variables, the Toda lattice equation can be recast into a system of first order equations:

31/,1 :eun+l_e”n

o1 , nez. 2.2)
u,

ot =Up—Up

Lax Form

The KP hierarchy considers pseudo-differential operators. In analogy with these types of operators,
the Toda lattice makes use of the shift operator A in place of J,:

Definition 2.1. Let f : Z — C be a function on the infinite lattice. Then the shift operator A is defined
such that

Afy = o
Note that A is well defined:
A-lfn = fna1-

In the context of this thesis, a difference operator is any formal power series in A and A" with
coefficients functions on the lattice.

Also in analogy with KB, for any such difference operator A = Z a;\', define the “plus” and
i€Z
“minus” parts of A, denoted A, and A_ respectively, as

A+:Za,-/\", A_:Zal-Ai.

i>0 i<0

With these concepts in mind, define the Lax operator L for the Toda lattice as
L=L,=A+v,+e" A" (2.3)

Then the Toda lattice equation can be rewritten in Lax form as

a—L—[L L] (2.4)
or T '

12
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Indeed, a direct calculation shows that the first equation of (2.2) follows from the A° terms of each
side of (2.4) while the second equation follows from the A! terms.

In order to discuss the formulation of the Toda lattice hierarchy and, ultimately, its additional
symmetries, we temporarily reformulate the Lax operator as an infinite matrix. We will return to the
form in (2.3) in Section 2.3.

Infinite Matrices

Define g/, to be the algebra of all Z x Z matrices with only finitely many nonzero diagonals. It is
clear that multiplication of any finite number of such matrices is well defined. Define A € g/, (the
shift matrix) such that Ay ., =1 for any k € Z and all other entries are 0:

)

-

I
© ©o o o o
© o ©o o ~
©c ©o o~ ©
o o = o o
© = o o o

5

This matrix has the property that for any infinite column vector f =(f,)nez, (Af)n = fus1, similar to
the shift operator in Definition 2.1. Also, define the infinite column vector {(z):=(z"),,cz. Note that
A = z'{ for i € Z. Similar to how KP considers operators that have finitely many positive powers
of d,, the Toda lattice will only consider such difference operators with only finitely many positive
powers of A.

Similar to how P is defined in the KP case, define the Lax matrix operator L = A+ ay+a;A™! (just

asin (2.3)) , where g and a; are matrices with only main diagonal entries:

(-

L,, 1 0 0 0
Lyo Lya 1 0

L= 0 Loq Ly 1 0
0 0 Lo L, 1

13
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Also as in the case with KP and the definition in the previous section, we consider the splitting
of such infinite matrices into their upper triangular (with diagonal) part, denoted as (), and their

lower triangular part (without diagonal), denoted as ()_. Itis clear that A, + A_= A, forany A€ gl .

Definition 2.2. The Toda lattice hierarchy (in Lax matrix form) is the set of differential flows of
11, t,... on L given by (similar to KP)

oL
— =[(L"),, L]. 2.5
5. =l @5)
Note that for n = 1, the right-hand sides of (2.5) and (2.3) are the same. Because of this obser-
vation, we say that ¢ = 1. There is an equivalent definition of the hierarchy using a modified Lax

matrix that will be discuss when talking about additional symmetries in Section 2.2.

Wave Matrix, Wave Vector, and Tau Vector

As in the KP case, the Toda hierarchy has a wave matrix operator W = I + uy A™' + w,A? +--- such
that

ow
ot,

We also have the wave vector i = (¢',,),,cz defined as

L=WAW?, —(L"_W

l/] — Weg(tnz)g,

oo
. 1%
where &(t, z) = E t;z". Note that these definitions give us that Ly = zy and 3 ;’b =(L"),y.
i=1 n

Finally, just as in KP, we have the concept of a T (vector) function for the Toda lattice hierarchy.

There exists T =(7,),cz such that we have the following relations on L and y for all n € Z:

17 T Ty T . G(z)t
Lpn= (log "-H)’ Lypa= R l’ wn:eg(t,z)zn (—) n’

ot T, 72 T,

where G(z) is the same shifting operator used in KP and KdV.

2.2 Additional Symmetries of Toda

In order to define the additional symmetries of the Toda lattice hierarchy, we must first introduce

an equivalent definition of the hierarchy. Define the diagonal matrix y =diag(...,7.1,70,71,...) with

14
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T
Y= :H . Using this, define the following modified operator matrices and vectors:
k
L=y"'Ly,
wW=y'w,
=7y

By using the 7 representation of the entries of L, it is clear that L is a symmetric matrix and that the
diagonal entries of L and L are equal. We also have that L = WAW !, ) = Weft2)Z, and L) = zy).
Introduce a different splitting of g¢ ., into anti-symmetric part, denoted (), and lower Borel

(lower triangular with diagonal) part, denoted ();. To demonstrate this splitting, consider the 2 x 2

1 2

A= .
L_fo2) , _[ro
ST 2 0) TP\ a)

If A is symmetric, then we have that A, =2A_+ Aj, where Ay denotes the diagonal part of A.

matrix

Then

Using this splitting and the modified Lax matrix, the following is an equivalent definition of the

Toda lattice hierarchy:

oL 1[
ot, 2

(L™, L]. (2.6)

The actions of the Toda lattice flows on the modified wave function and operator matrix are similar

to those on the original wave function and operator matrix:

ot =—5(L")b w,
oY 1., -
3ln - E(L )slp

Lax Form of Additional Symmetries

Just as in the KP case, we define an operator, M, such that M1 = 3,1):

oo
M:=WAW'+> nt, L,
n=1

15
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where A € gl is defined

0 0 00O

-1 0 0 0O

A= 00 0O
01 00

00 20

such that A{ = 9,. Just as with M for the KP hierarchy in (1.22), M is only well defined when finitely

many of the ¢, variables are nonzero.

Define flows on the modified Lax operator L as follows:

*
{,m

oL
17 th

=[-(M™L"),, L]. 2.7)

These flows have the corresponding actions on the modified wave vector and wave operator matrix:

ow

—=—(M"L", W,
ot}
oy -
—=—(M"L")p1.
ot

However, recall that L and L are tridiagonal matrices and that L is symmetric. So, actions that are to
act as derivatives on these matrices must preserve these properties. The only such actions that do
this are when m =0,/ € Z and when m =1, { € Z,,.

With these flows, we have the following theorem by Adler and van Moerbeke given in [3]:

Theorem 2.1. The flows defined in (2.7) are additional symmetries of the Toda lattice hierarchy; i.e.

when m =0,{ €Z or when m =1, { € Z,, we have

[51‘”» 31‘2‘”1 @=0,

16
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where® can be any one of W, L, or1). They commute with each other as follows:

{
[atzo» at,jyo] = _5 5£+k,0r
[até*,o’ atl:,l] =t at{:-k,o’
S

Note that the nonzero commutation relations of these symmetries mean that solutions of the Toda
lattice hierarchy are not functions of the ¢/, variables.

Actionon T

Similar to KP and KdV, the flows defined in (2.7) induce actions on the 7 vector function. They are

constructed from operators Wj(k) generated by expanding the following operator in powers of A and
u—A:

oo oo a
X(tAu —eXp(;Z(u”—/l” n)eXp(Z( rlzat )

n=1 n=1

k
(u— ) ik Wj(k)
JEZ

M8

~
Il
o

1
Note the factor of 3 in front of the ¢, term, differing this operator from (1.27). Expanding this
operator gives the first three terms:

_]0 5}10»
(1)_ (1)
w =0,

D=0 (n+1))0,

where
o, , n>0
JW=1{0 , n=0
1
E(_n)t'" , n<o0
and

17
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Finally, to more easily formulate the actions of these flows on 7, Adler and van Moerbeke define the
following operators:
Liag =W +2J W0 (2= W,
J o 1) 117(0)
Lo =2W " +2jW,".

Using these operators, we have the following theorem from [3]:

Theorem 2.2. The actions of the additional symmetries ,; (m =0,{€Z orm =1, € Zyy) on
T =(7j) jez for the Toda lattice hierarchy are induced by the actions ony = () ;) jez by the following:

O ;i cloroo (L or ittt
lym T —(G(2)—1) {,m ]+_ tLm* ] ~m Jj+1 .
Y i 2

(2.8)
Tj Tj+1

2.3 The Extended Toda Hierarchy

To extend an integrable hierarchy such as Toda, one needs to introduce a new set of variables with
corresponding evolutionary flows. The actions of these flows must commute with the actions of
the original hierarchy, just like additional symmetries. However, they must also commute with
each other, allowing them to be added to the original flows to make a larger hierarchy. As is briefly
discussed in [5], the flows of the Toda lattice hierarchy form a complete family of such commuting
flows when all functions are functions of discrete points on the lattice. New symmetries arise when

we view them as functions of a continuous variable, x € R.

The Interpolated Toda Hierarchy

For every function on the lattice f : Z — C, interpolate a corresponding function of a continuous
variable x € R, f : R — C, so that f(ne)= f,, n € Z. Here, € is called the string coupling constant,
which is a formal parameter that can be thought of as the lattice mesh. This interpolation also

changes our shift operator A so that A = e“%:

Af(x)=f(x+e).

Typically, € is kept as a formal parameter, as in [5]. However, in [17] and the material presented in
this thesis, € = 1 to simplify the notation. A change of variables allows one to recover the explicit

dependence on €. To differentiate the notations and remain consistent with the notation in [17],

18
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s= g will be used as the continuous variable instead of x. Thus, we have
Af(s)=f(s+1).
The Lax operator for Toda then becomes
L=L(s)=A+v(s)+e AT, (2.9)

and the splitting of such difference operators into “plus” and “minus” parts remains unchanged.
We use the following definition from [17]:

Definition 2.3. The (interpolated) Toda hierarchy is defined to be

JL
at :[An»L]! neZnZ]y (210)
n
where
Ap=o(L")— (L")
1
1
=-L"—(L")-
SL" (L")
Note that (2.10) amounts to J; L =[(L"),, L]=[—(L")_, L] since integer powers of L commute with
L.

This interpolation is what allows new symmetries to be added to the hierarchy. The simplest
symmetry of the Toda hierarchy that is not found within the hierarchy itself is translation along the
continuous variable s, s — s + ¢ for some constant ¢, found by acting with J;.

Wave Operators

Just as in the KP and Toda lattice hierarchies, we have the concept of a wave or dressing operator.
However, unlike in the Toda lattice, we consider all difference operators rather than just those that
have finitely many positive powers of A. Because we expand the operators that we are considering,
L no long has a well defined inverse as it did in the Toda lattice; only those operators of the form
A= Z a;\ or A= Z a; A" with ay # 0 have well defined inverses.

i>0 i<0

19
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Thus, we have two wave operators for the Toda hierarchy,
oo . oo .
W=14 wiA, W= @I, wol(s)£0,
i=1 i=0
such that
L=WAW'=WA'W™ 2.11)

The flows of the Toda hierarchy act on these dressing operator as

ow 1

— =A,W—=WA"=—(L")_W,

oat, 2 ©.12)

ow I _ )
=AW+ -WA"=(L"),W.

TS n 7 (L")

Logarithm of L and the Extension

In order to extend the Toda hierarchy, a new Lax operator must be introduced. The authors of [5]
define the so-called logarithm of L as follows
10w _ |, 10w __

1 1
logL:EWé’SW'l—EwaSW‘l:___W W

5 35 +2 s (2.13)

The J; in each term of log L cancels, showing that this operator is indeed a difference operator. Also,
using each representation of L in (2.11), it clear that L commutes with each term of log L. Thus, L
and log L commute.

Using this new difference operator, we have the following:

Definition 2.4. Introduce a new set of variables, Xy, X1, X, ..., With corresponding evolutionary flows
on L given by
oL n
=[L"0;+P,, L], neZsy, (2.14)
Jx, =
where

ow oW _
Pnz—(L”—W'l) —( " —w!
s + s B

=L"Wo,W'—(2L"logL)_—L",
=L"Wo,W'+(2L"logL), —L"0,.

These new flows along with the flows of the Toda hierarchy in (2.10) represent the extended Toda

20
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hierarchy (abbreviated ETH) in Lax pair form.

Again, note that (2.14) can be rewritten as d; L =[(2L"logL),, L]=[—(2L"logL)_, L].
The actions of these flows on the wave operators W and W are similar to those of the original

Toda flows:
gz: =(L"0;+ P,)W —WA"9;,=—(2L"logL)_W,
s ] ) ) (2.15)
0xy, =(L"0;+P,)W —-WA"3;=(2L"logL), W.

Note that when comparing this to (2.12), L", + P, plays the role of A,, and A*"; plays the role of
:I:lAi”.
2

ow
Consider the action on W and let n =0. (2logL)_= s W-1, making

oW oW
oxy 0Os

Similar formulas hold for W and L. For this reason, we can think of x, = s, and thus, translation

along s is a symmetry present in the new hierarchy.

The Wave Functions

The final pieces of information for the extended Toda that we need to continue are the wave functions
and tau function. There are two different wave operators, W and W. So, there are two different
wave functions i and ¢ for the extended Toda. Recall from the Toda lattice that we had an infinite
column vector { =(z"),,cz such that Al = zZ. Interpolating along the lattice clearly leads to the
function z*¢, with Az® = z57! = z - z%. To expand upon this observation, for any difference operator

A:ZaiAi,

i€Z

Azf:(zaiw)zs :(z)

i€Z i€Z
In [17], Takasaki generates the exponential terms of these wave functions by acting on z* with

the following exponentials:
l— !
exp| 2= A" | 2% = z%eFEb2T)
o 2)

oo
am(ﬁixwﬁ“&)zs=Z“ﬂ*fi

n=1

21



2.3. THE EXTENDED TODA HIERARCHY CHAPTER 2. EXTENDED TODA HIERARCHY

oo
recalling that &(t, z) = Z t;z". Note that these generators, A*" and A*" &;, are pulled from the second

i=1
terms in (2.12) and (2.15), respectively.

We then have the following definitions for the wave functions for the extended Toda hierarchy:

Y(s,tx,z) =Wy =w(s,z)y,

7 S _ (2.16)
Ys,tx,2) =Wx=1w(s,z)j,
where
2 _Zs+§(x,z)e%§(tz),
g =zstimzle 2Etz) 217
and
o .
w(s,z)=w(s,t,x;z)=1 +Z w;(s)z™,
i=1
oo .
(s, z)= u'J(s,t,x;z)zz w;(s)z".
i=0
These wave functions are formulated in such a way that
Ly=zy, L=z, (2.18)
and that the actions of the flows of the extended Toda hierarchy on them are
oy oy -
o, Y o, Y
aJ 515 (2.19)
=(L"0;+ Py, =(L"0;+ P,)y.
oy, “UGER S =L+ B

The Tau Function

Now that we have explicit formulas for the wave functions, we can define the tau function for the
extended Toda hierarchy in terms of them. These definitions follow from the work in [17] but were

not explicitly written. The tau function for the extended Toda hierarchy is represented in terms of
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the wave functions as:

y = T(s,t—[z’l],x)x _ G(2)t(s,t,x)
(s, %) (s, 6x)

- t(s+Lt+[z]x) . G(2)1(s,t,X) _ (2.20)
B 7(s,4,X) (s, 6x)

where [z] and G(z) are defined in Chapter 1 in (1.20) and (1.19), respectively, and G(z) is defined on
functions of s and t as
G(2)f(s,t)=f(s+1,t+[z]), (2.21)

or more explicitly,
O n
Glz)=exp (as +> %atn) :
n=1

Dividing by y and j respectively, we get the following relationships between the tau function

and the coefficients of the dressing operators:

wis,z) = G(z)T
_ ’ R )T' 2.22)
w(s,z) = —

Change of Variables

A final note in this section is the matter of differences in notation. The standard formulation of the

extended Toda hierarchy in Lax form (as introduced in [5]) is as follows:

JL
eat%k =[Ag i, L], a=1,2, k€Zs, (2.23)
where )
Al,k = E(Lk(logL_ Ck))+,
1 k+1) (2.24)
A = L ,
2k (k+1)!( *
and
0 1+1+1+ +1 (2.25)
=0, cp= — =t — .
0 k 23 k

are the harmonic numbers.
As Takasaki points out in [17], this formulation is useful in 2D topological field theory, but the

differences between this formulation and that used in this thesis are superficial. It is for this reason
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2.3. THE EXTENDED TODA HIERARCHY CHAPTER 2. EXTENDED TODA HIERARCHY

and the simplified notation that we use the definition of the hierarchy found in [17]. One can shift
from the notation of (2.23) to that used in this thesis by way of the following change of variables:

X =€S,
tbk =eklxy, k €Zy, (2.26)

t2k =e(k+ 1)!(tk+1 +20k+1xk+1)-

This change of variables creates the following relationship between the derivatives with respect to

the standard variables and the derivatives of the variables used in this thesis:

o 0
“ox " 7s’
€ g :l( g —2cC i)
otk KN\ ox, ko )
0 1 2

otk T k+1)0tery

It is clear that this change of variables can be used to recover the standard definition of the extended

Toda hierarchy.
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CHAPTER

3

SYMMETRIES OF THE ETH

This chapter contains the primary results of this thesis. We begin by going through the process of
constructing the additional symmetries of the extended Toda in Lax form in Section 3.1. Section 3.2
involves proving that these flows are indeed symmetries of the ETH as well as how these symmetries
commute with one another. Finally, in Section 3.3, we discuss the actions these symmetries have on

the tau function of the hierarchy.

3.1 Constructing the Symmetries

M and M

Recalling the actions of L on the wave functions in (2.18), we begin by constructing two correspond-

ing operators, M and M, such that

My =38,y, My =3,
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Note that since the wave operators W and W do not depend on z, we will focus on the functions y

and y first. For these functions
Ny=2z"y, AN'jy=z"y, (nez)
Osy =log(z)y, ;7 =log(z).
First, we derive an operator I' such thatTy =2, y:
0,7 =0, ( Zs+5(x,z)e%5(t,z))
=0,

elog(z)(s+§(x,z))+§g(t,z))

1
=2, (log(z)(s +E0x,2))+ 5t z)) elogas+ixa)hetea)
] _ _ 1 _
:(sz Ty E (xnz” Yynx,z" llog(z)+§ntnz" 1))){
1
:(SA'1+Z(xn+nxn85+§ktn)A”_1))(.

n>1

We define I as the operator acting on y in the last line above:

1
I:= sA'l+Z(xn+nxn85+§ntn)A”_1. 3.1

nx1

Then, we define the operator M by “dressing” (conjugating) I' with the wave operator W:

1
M=WIw!l=wsAlw! +Z (xn +nx, Wo,wt+ " tn) L 3.2)

nx1
Similarly, to define M, we first find an operator I such thatT7 =9,.1 j:

az»l)z = az-l (Zs+§(x'z-l)e_%§(t,z'l))

—_2%3, ( elog(z)(s+<:(x,z-1))—;;'(t,z-l))

——z%, (log(z)(s+§(x,z-l))—lé(t,z-l))'elog(z>(s+€(w"))—%W”
2

) e e 1 1)) -
:—zz(sz 1+Z:(xnz " _nx,z" 1log(z)+§ntnz " 1))){

nx>1
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1
:—(3A+Z(xn —nx,0+ Entn)A'(”_l))Z.

n>1

Just as before, T is the operator acting on j in the last line:

- 1
F::—(3A+Z(xn—nxnas+§ntn)A'("_1)), 3.3)

nx>1

and M is defined by dressing I’ with W:

M::WFW'I:—(WSAW'l+Z(xn—non53W'1+Entn)L"_l). (3.4)

n>1

Once again, note that M and M are only well defined when only finitely many of the ¢,, and x,, are
nonzero, just as with KP and the Toda lattice.
Based on the definitions of M and M, we have the following lemma:

Lemma 3.1. We have[L,M|=[L,M]=1.

Proof. Note that since L commutes with itself and does not affect ¢, or x,,, [L, M]=[L, WsA W]
and [L,M]=[L,—W sAW-']. Then

[L,M]=[L,WsAtw1]
=WI[A, sA Wt
= W(AsA'l—s) wt
=W(s+1-s)W!
=wwl=1

[L,M]=[L,—~WsAW™]
=W[A L, —sA]W !
=W (—ATsA+s) W
=W((s=1)+s)W"
=Www'l=1.
O

This lemma and the Leibniz rule for commutator brackets lead to the following corollary, given
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without proof:
Corollary 3.1. [L",M]=[L",M]=nL""!,
Next, we determine the action of the flows of the extended Toda hierarchy on M and M.

Lemma 3.2. The actions of the original flows of the Toda hierarchy on the operators M and M are

atnM :[An:M]:

i _ (3.5)
o, M =[Ay,M].

Proof.

8, M=o, (Wrw)
=0, WIW'+w(o, W'+ wT(e, w)
1
=—(L")_WIw'l+w (EnA"_l) wlswrw L ww!
1
=—(L")_M+ EnL’H +M(L")_

= (L") M+ 5L, MI=[A,, M)

o, ¥ =d, (WIW™)
— (@, WIEW + W6, W™ + WE(e, W)
:(L”)+W1_"W'1—W(%nA'”“) W WIW (L), W W
:(L”)+M—%nL”_1—M(L")+
= (L"), M1 5L, W)= (A, M1
O

Lemma 3.3. The actions of the logarithmic flows of the extended Toda hierarchy on the operators M

and M are
8, M =[L"3,+ Py, M),

- _ (3.6)
0, M =[L"0;+ Py, M].
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Proof.

o, M=0, (WIw™)
=8, WIIW'+W(o, DW'+WT(, W)
=(L"0;+P,)M—L"WOW ' M+L" '+ nL" 'Wo,W' —M(L"0,+P,)+ ML"W,W!
=[L"8,+ P, M]—[L"Wo,W, M|+ L" ' +nL" 'Wwo,w
=[L"8,+P,,M]|—L"[Wo,W ', M]—[L", MWW+ L" 1y nL" two,w
=[L"0,+ P, M]|—L"W[3,,TIW ' —[L", MWW+ L" 1+ nL" 'wo,w!
=[L"3;+ P, M]|—L" ' —nL" 'Wo,Wl+L" 4+ nL" 'wo,w!
=[L"3,+ P,, M.

8, M =0, (WIW™)
= (@, WIEW ™ + W(@, D)W + Wi(o, W)
=(L"3,+P)M—L"WOW M —-L" '+ nL" 'Wo,W ' —M(L"3,+P,)+ML"Wo,W!
=[L"0,+P,, M|—[L"Wo,W L, M]|—L" ' +nL" 'wo,w
=[L"0,+P,,M]|—L" [Wo,W L, M]—[L", MWW —L" 4+ nL" ' Wo,W!
=[L"0,+ P, M|—L"W[3,,TIW ' —[L", MWW —L" 1+ nL" 'wo,w!
=[L"0,+ P, M|+ L" ' —nL" 'Wo,Wl—L" 1+ nL" 'wo,w

=[L"8;+ P, M].
O
Finally, it is useful to consider the difference of the operators M and M:
M-—M=Ws\'W!+WsAW! +Z(2xn +2nx,logL+nt,) L™, (3.7)

nx1
Lemma 3.1 clearly leads to the following about this operator:
Corollary 3.2. We have[L,M —M]=0.

Note that, while the presence of the J, terms in M and M makes these operators not difference

operators, the terms cancel in M — M. So, M — M is in fact a difference operator.
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Definition of Additional Symmetries

Define additional flows, denoted é’tf ( € Zs), on the wave operators as follows:

8, W =—(B)-W,

_ _ (3.8)
I W =(B)+W

where
By:=(M—M)L' + WAV Ww L, (3.9

Note that [ By, L] = 0 due to Corollary 3.2. Also, because of Lemmas 3.2 and 3.3, Equations (2.10) and

(2.14), and the Leibniz rule, we have the following:

Corollary 3.3. We have

0;, By =[A,, B], (3.10)
., By =[P, +L"0;, By]. (3.11)

The flows defined in (3.8) have corresponding actions on the wave functions:

Ipy =—(B)-y,

i ; (3.12)
at;*l/’ =(By)+y;
as well as actions on the Lax operator L and the operators M and M:
at[*L :[_(Bf)—)L]:[(Bf)-HL]’ (3.13)
oM =[—(By)_, M],
M [—(By) - ] (3.14)
at/*M = [(B[)+,M].

3.2 First Main Theorem

Next, we will show that the actions of these additional flows commute with the actions of the
hierarchy. To aid us in proving this, we will use Lemmas 3.4 and 3.5. The proof Lemma 3.4 follows
that of Lemma 2.1 in [2]:

Lemma 3.4. Let W and W be operators of the forms W = Z WA and W = Z W AF. Also, let a
k>0 k>0
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and b be difference operators of the form

such that A and B contain only finitely many positive powers of A and A and B contain only finitely
many negative powers of A. Suppose the vector fields 8 and o acton A, B, A, B, W, and W in the

following ways:
oW =—a_W, o, W =—b_W,
a;W:a+W, 5;W=b+W,
0;B=[-a_+a,,B], O A=[-b_,A],
a;B:[a++d.,B], a;A_:[b+,A_],

where a, and a, are operators with finitely many positive and negative powers of A, respectively. Then

[0, 8,]W =8*W =—c_W,
(05, 0;,]W =8:W=c, W,

(3.15)
where ¢ =[A, B]—[A, B]—[a., B]+[d., B].
Proof. Note that for any operators a and 3,
ey, By =[a_,B], =0.
Using the methods found in the proof of Lemma 2.1 in [2], we find that
[0),0,]W=—C_W

where

C=-3;b+0o,a—[a_,b_]
=—|—a_+a., Bl+[a, +d., Bl+[—b_, A]—[b,,Al—[a_, b_]
= [A—!B]_[A—)B]_[ao’B]+[A+)B]_[A+rB]+ [a_nB]
—[B_,Al+[B_, A]—[B,,A]+|B., Al
—[A_,B_]+[A_,B_]+[A_,B_]—[A_,B_]
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=+[A_,B]+[A, B_]—[A_, B_]
—[A_,B]+[A B.]+[A_,B.]
+[A,, B]—[A B_]+[A_, B ]
—[A,, B]—[A, B;]-[A_,B]
—la., B]+[a., B]
=[A_, B,J+[A, B]—[A_, B,]+[4 B,]
+[Ay, B]-[A,, B_]-[A,, B]-[A,, B,]-[A_, B]
—la., B]+[a., B]
=[A, B]—[A;, B+ [AL, B, ]+[A,, B.]—[A, B]—[A,, B,]
—la., B]+[d., B].

Since [a 4, B.]- = 0 for any operators « and 3, we can safely drop any term of that form from C,

giving us
(0], 0,1W =—c_W,

where ¢ =[A, B]—[A, B]—|a., B] +[d., B]. Thus ends the proof for W.

The proof for W is similar: we have that
0%, 8;]W = D, W
where

D=-03b+38;a+[a,,b,]
= |-a_+a., B]+[a, +a., Bl+[~b_,A]—[b,, Al +[a,, b,]
= [A—:B]_[A_—’B]_[avB]+[A+)B]_[A+rB]+[a_uB]
—[B_,Al+[B_, Al—[B,, Al +B,, A]
+[Ay, B{]—[Ay, By ]—[Ay, By ]+[A4, By]
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—[A_, B]+[A,B_]+[A,, B,]

—[A_, Bl+[A, By]-[A;, By]

+[A4, BI=[A, B_]—[Ay, B,]

—[A4, B]—[A, B, ]+[A,, B;]

—[a.,B]+[d.,B]
=[A_, B]+[A., B]+[A_,B_.]—[A_, B]+[A_, B,]

+ [A-H B—] _[A’ B—] + [A+» B] - [A—’ B+]
=[A,B]+[A_,B_]—[A_,B_]—[A_,B_]—[A,B]+[A_, B_]

—[a.,B]+[d.,B].

Since [a_, B_]; = 0 for any operators a and 8, we can safely drop any term of that form from D,
giving us
[a;,a};k]W = C+W,

where ¢ =[A, B]—[A, B]—|a., B] +[d., B]. Thus ends the proof for W. O

Given that we have the previous lemma, we also need to determine how these flows act on L

and similar operators:

Lemma 3.5. Let 3} be a vector field, S be an invertible difference operator, and K = SQS™ such that
0Q2=0. Suppose that S = AS for some operator A. Then 3K =[A, K].

Proof. Note that for any derivation 3 and invertible operator S, 9*S' =—§1(8*S)S™!. Then
_ 1
97K =0(S0s™)
=(8r8)0s" —sqs(ar5)s™!

=ASOST1—80S1tA
=AK—KA=[AK].

First Main Theorem

We split the main theorem into two propositions proving that the é}; flows commute with the J;,
and J,, flows, respectively.
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Proposition 3.1. The actions of the flows at; commute with the actions of the original flows of the

Toda hierarchy, i.e.
[atn’ at[* =0,

where n € Zs, and® canbe W, W, or L.

Proof. Recall that
1 1

So, using Lemma 3.4 and setting

A=1L", A=0,
1 1
a,=—-L", a,=——1L1",
2 2
B=ML!, B=ML —WA W,

we have that

[atn,at;]W:a:W:_C_W,
[atn, at;k]W:a:W: C+W,

and, using Lemma 3.5,
[a[ny 5[[*]14 = [_C—r L])

where
n V4 1n J4 ln‘Z 77 A-l+1ya7-1
c=[L",ML ]—E[L ML ]—E[L ML= WA W
1 1 )
:+[L",M]L€+E[L”,M]LZ—E[L”,M]LK
=+nLZ+n—1_lnL£+n—1_lnLl+n—l =0
2 2 '

O

Proposition 3.2. The actions of the flows é‘,; commute with the actions of the logarithmic flows of

the extended Toda hierarchy, i.e.
[axn» at;‘](p =0,

wheren € Zsy and® canbe W, W, or L.
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Proof. Recall that
P,+L"3,=—(2L"logL)_+L"W3,W™'=(2L"logL), + L"Wo, W,

So, using Lemma 3.4 and setting

we have that

[0, 0 ]W =87 W =—C_W,
(0x,, 0 1W = 3 W = ¢, W,

and, using Lemma 3.5,
[ax,,r al‘;‘]L = [—C,, L]r

where

c=+L"Wo,W ', ML= [L"Wo,W ', ML — WA W]
—[L"Wo,W I ML +[L"Wo,W, ML — WA W]=0.

Combining Propositions 3.1 and 3.2 proves the first main theorem of this thesis:

Theorem 3.1. The flows 8t[*, whose actions on the wave operators are given in (3.8) and whose actions
on the Lax operator L are given in (3.13), define additional symmetries of the extended Toda hierarchy.
In other words, the actions of the flows commute with the actions of the flows of the hierarchy when
acting on the wave operators and on L, i.e.

(0,0, 12 =0,

where y can be any of the t,, or x,, variables and ® can be W, W, or L.
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How Additional Symmetries Commute

Now that we have proven that the flows defined in (3.8) and (3.13) are indeed additional symmetries
of the extended Toda hierarchy; it is natural to consider how their actions commute with each other

when actingon W, W, and L.

Theorem 3.2. The map 3t7 — Ly_1,{ € Z>( defines a homomorphism between the flows of (3.8) and
(3.13) acting on W, W, and L and the Virasoro algebra; i.e.,

[at;y 3[;]@):(5—]9)3%”71(1), (3.16)

where® can be W, W, or L.

Proof. InLemma3.4,let A=ML!, A=ML! — WA W', B=MLP, B=MLP —WAP*'W-!, and
a,=d,=0.Then,

[5;;, 3t;]W = aC*W = _C_W

[at[*,at;]w aC*W = C+W

and Lemma 3.5 gives us that
[047) 0z )L =[—c_, L] =[c4, L],

where
c=[ML, MLP]—[ML' — WA "W, MLP —WAPH W
=MJ[L", M]LP + M[M, LP1L* —M[L', M]LP — M[M, L”]L"
+[M, WAPHTW L + (WA W MLP
— EML£+p_1 _ pMLZ+p_1 _EML[-FP—I + pMLl-‘rp—l
—(p—DWAPW !+ —1)WAPW!
=(l—p)(M=M)LHP T+ WA P W) =(l = p)Brapr.
Since ) =Wy, =W 7, and 6tf* X = 6’t; 7 =0, the statement for 1 and v also holds true. O

3.3 Actions on the Tau Function

The actions of the ; flows on the wave functions induce actions on the tau function by means of
the Adler-Shiota-van Moerbeke formula (1.25). More explicitly in the case of the extended Toda, we
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want to find operators, £,_;, of the #; and x; variables and their derivatives such that ﬁt[w: =Ly 47T

and

)

opyp = (G(z)(££;17)_ Ez;ﬂ') G(:)T

at;lﬁ Z(G(z)(ﬁg_ﬂ')_ﬁg_lﬂ:) G(Z)T)Z,

T T T

(3.17)

recalling the definitions of G(z) and G(z) from (1.19) and (2.21), respectively.
Note that due to the manner in which we shift the variables #; and s in these previous equations,
these £, operators are only unique up to the addition of a function of x periodic in s = x, of period

1. This is because

G(z)((ﬁp +f(s,X))T)_(Ep +f(s,x))T =G(Z)(Epf)+f(s,x)r Lyt fls@)r

T T T T T T
L,T L,T
T T

as well as a similar statement involving G(z). We will derive the minimal such Ep operators that
satisfy (3.17), beginning with the first four. However, we will first present a few helpful lemmas.

Lemma 3.6. Forn € Zs,,

—(L"™)_ L"),
%:% w, );+w:atnw+5n,0w' (3.18)

Recall that if either J; or t, for n <0 are present in a term, that term is 0.

Proof. We have

—(L"N Yy L") Wy
X X
LWy
X
_ (G, W)y
X
_ (G, w)y
X
=0, w.
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Note that (L°), = 1. Then we have

LMy (L") W7

7 7
_(@m.wy
X
o, W Wy
_ ( th V4 46,0 Z}(
2. 7 T
- ( tnfU)X +5n,0w__x
X X
O
Lemma 3.7. Forn €Zs,,
—(2L" 2L"1logL),
“ellogl)y _, , GLUSLLY_, 4 (3.19)
X 4
Proof.
—(2L"logL)_y _ —(2L"logL) Wy
X X
_ (=(2L"logL) W)y
X
(Ox, W)y
X
_ (Oy, w)y
X
=0y w
An identical proofis used for the second statement. O
Lemma3.8. Fory=t, ory =x,,
ow = (G(z)(ay_f)_ay_f) Gla)r
e T T v’
= 3.20
o,w =|G(z) ay_T _ay_T G(2)7 20
y T T T
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Proof. First, note that 9, G(z) = 9, G(z) = 0. The proof of this lemma is a simple application of the
quotient rule from calculus:

G(z)t
6’yw=3y( . )
_ 19,(G(2)7)—(G(2)7)(9, 7)
= =
_ G(2)0y7)G(z)t 9T G(a)T
 G(a)t T T T
=(G(Z)(63’_T)_6J’_T) Glz)r
T T T
G
An identical process proves the statement for w = (:)T. O
Corollary 3.4. Forne€Zs, andp €Zs,,
nt,o0; T nt,o; T o ™G
nt,o,, w =(G(z)( My 7| M e +z’”G(z)( v )) (Z)T,
e T T T T 3.21)
_ nt,o; T nt,o;, T _ 0., T\\ G :
nt,é, w :(G(z)( [Ty )— L Tnp —Z”G(z)( i )) 2)T
e T T T T
Proof. Using Lemma 3.8, we have
o, T o T\G
nt,o; w:(ntnG(z)(ﬂ)—ntnﬂ)ﬂ
P T T T
-n 7 7 -n % ™\ G
=(n(tn—z—)c;(z)(—t"*” )—ntn—’"“’ +nZ—G(z)( sy D (&)
n T T n T T
_ (G(z)(m”at"*”)— iy +z'”G(z)(—at"+pT)) Gle)r,
T T T T
A similar proof is used for the second statement. O

We use the previous lemmas and corollary in the proof of the following:

Corollary 3.5. For p € Zs 4, let S, be the summation portion of (M —M)LP*1; i.e.

o
Sy =Z(2x,, +2nx,logL+nt,)L"™P, peZs,.

n=1
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Then
—(S,)— D D 2 T
5)-v :(G(z)(ﬂ)—ﬂ+zzm(z)( e )) Gl
X T T — T T
(S,)s B,r\ Dy & G(2) (8-22)
plt :(G(z)(L)—L—Zz”G(z)( In+p )_5p 1z(x0+1)) £ )
b4 T T T
where -
D, = Zan é’tm +nx, 5xn+,, +nt, 6[n+p (3.23)
n=1

and D, =Dy, + 6, 1(t1 Xo + 2 X1).

Proof. Combining Lemmas 3.6, 3.7, and 3.8, Corollary 3.4, and linearity, gives us the first equality.

We also combine them for the second statement:

] - 5 ]
(Sp)eth :(@@(%)—%— ZnG(Z)( t"+”f)+5,,,_1(tl+le)) G(z)r

)Z g n=1 T T
_ D D o0 } o. T
=(G(z)(ﬁ)_ﬂ_ z"G(z)(_fn+p )
T T n=1 T
+5,,,-1((t1+z)(x0+1)+2(x0+1)x1_t1x0_2x0x1_z(x0+1)))G(:)r
) D D R o 1 .
= (G(z)(i)—i—zznG(z)( In+p )—5p,-1z(x0+1)) G(Z)T.
T g n=1 T T
O
Lemma3.9. Forp €Zs ;,
— -1 [e°)
(WsAP W)y :(_Szp_zzp_n(;(z)(am)) Gz
X n=1 T T
(WsAPW )y oo .\ G (3.24)
T — :(sz'p +ZZ'P+’1G(Z)( n )) .
Z n=1 T T
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Proof.

—(WsAPW ) —(WSAPW Wy —WsAPy —WszPy
4 4 X X
oo . _i
_ —szPWy +sz iw; Nty
X = A
_—sz’”w;( pzlw,z 5%

=—szPw+zP E iw;z"!
i=0
o

=—sz” w—z”Jrlz(-i)wiz'i_1

i=0
=—szPw—zP o, w

P G(z)t _ il (G(Z)T)
T ‘Ut

- G(z)t _pil i G(z)o;, T -1

T P T
i J, 7\\ G(2)7
=|—sz"/—->» 2ZP ”G(z)(L)) .

A similar process is performed for 1:

(WsA'PW'l)zp (WsAPW-! )W)( WsA’”)( WszPj

V4 X V4 V4
sz’”W)( pzzw,A)(
V4
e
X -p iwz' 7
BLLEE Yy
X z Vs

=szPw+2zP E iw;z"
i=0
oo
=szPw+zP E izt
i=0

=szPw+zP"o,w
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I G(z)T ) ( G(z)’r)
T T

_ o A
- G(z)t g Z G(z)0, 7 -l
T

n=1 T

(SZ p+Zz PGz )(3t,, )) G(:)T.

O

We now can show how the additional symmetries act on the tau function. The next four proposi-

tions give the actions of the first four symmetries on the tau function and are proven by construction.

Proposition 3.3. The action of 9,» on the tau function for the extended Toda hierarchy is given by
6’tasT =L7, where

o0
L= Z (an O, tnx,0y  +nt, 8[n_1) + 1 X9+ 2X0X;. (3.25)

n=1
Proof. Note that (WsA'W1)_=WsA'Wand (WsAW)_=(WAW1)_=0. Then

I —~(M—M+WAW1) 4

X X
—(WSsA W+ WsAW 1+ 8, + WAW)_y
X
_ WMWY (Sa)y)
- X X
:( —> ! ( T)+G(z)(D”) D”+Z MGz )( ))G(TZ)T
n=1
=(x0(t1—z'1+2x1—t1—2x1)+G(z)(D;T)— Tl )G(:)T

_ (G(Z)((D-l + t1x0+2x0x1)7)_ (D.l + 11 Xp +2x0x1)7:) G(Z)T
T T T

_ (G(z)(ﬁiﬁ[)— ,C:;T) G(:)T.

In the steps above, we can add any arbitrary function of the x variables, allowing us to obtain the

2XoX; term we find when we perform similar steps on :
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g (M—M+WAW1), ¢
X X
(WA WL+ WsAW 1+ S, + WAW 1), ¢
- Z_ - -
_WAWY AW (5.9
X X X

X 4

In either case, we get that 97 =L ;7. O

Proposition 3.4. The action of 9,» on the tau function for the extended Toda hierarchy is given by
0T = Lo7T, where

oo
Lo= Z (2x,0;, + nx, 0y, + 11,0, )+ x;. (3.26)

n=1

Proof. We have

o —(M—M)L+1)_y

X X
—(WsWII+ WsW !+ 85 +1)_y
X
_ ~Wsw'y N (Wstw ),y + —(So)-y
X X X
_ —Wsw'y L Swx +—(So)_¢
X X X
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_ S -n al‘nT Dyt Dyt — n atnT G(z)t
—(—S—;z G(Z)( - )+S+G(2)(T)—T+;z G(z)( - )) .
- (G(z)((DO J;xg)f)_ (Do J;xg)f) G(:)T

_ LoT Lot G(2)T

_(G(z)( T )_ T ) T

Just as with £_;, we can add the x§ to each term without affecting the action on ¢ to give us the

operator obtained when we perform similar actions on y:

Oy (M—M)L+1),4)

X X
(WsWL+WsW 148, +1),.9

X

X X X V4
(e Brin( om0 -2 S
n=1

:(G(z)((Do‘:_Xg)T)_(Do"‘xg)T) G(2)T

T T
_ (G(z)(ﬁOT)— £0r) G(z)’r'
T T T
In either case, we get that 0+ 7 = L. O

Before we present the £, and £, operators, we need to explicitly expand the 7 definitions of
w(s,z) and w(s, z) from (2.22) in powers of z'! and z, respectively. Doing so yields the following
formulas for the first couple of coefficients of W and W:

oy

wy(s)=— T
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1(;1 @
wZ(s)=—( Z —’i)

2 T T

=l p oyt N o, 2_6t2’r
2\ " ¢ T T
7

1
=5 (_@1 wy(s)+ wy(s) — %)

2

wy(s)= T(S;_ 1)»
B O t(s+1)
w;(s)= —

We also need the first coefficients of W and W ! in terms of the coefficients of W and W, respec-

tively:

wy'(s)=—w(s),

Finally, the derivations for £_; and £, were both shown from acting on both v and 1) to show that
the extra terms added (2xx; for £_; and xg for L) were not arbitrary. For £, and £,, we will only

show the derivation from the action on v; no such additions are necessary in these cases.

Proposition 3.5. The action of 9,; on the tau function for the extended Toda hierarchy is given by
O 7= L7, where
o0
L= (25,0, + N0y, +N1n0,,,, ) +2%00),. (3.27)
n=1
Proof. We'll begin by looking at a portion of the proof to come and rewriting it as an operator applied

G(z)t
tow = :

sL— S iwi(s)A'”lW‘l) Y
(WSAW'I)#/J — ( Z +

i=1

X X
_ sLyy . wy(s)y
X X
W, Ly wlsy
X X
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= (sz +50;, — wl(s))w

(sz+G(z)(satIT)— $O, T N 8,17:) G(Z)T;

T T T T

L+ [ W; Ai_IW'l
(WA W)y (S 2 iw) )_w

% x
s
Z

(G( )(s@;r)_ S@;T) G(:)T'

Then we have

Oy —~(M—M)L?+ L)_y

4 X
_—(WSAW WA W+ 8§+ L) ¢
X
_WsAW Ty (WsAW )y WMWYy —(S)y Ly
X 4 X X 4

2 7} 250 250 17

:(—sz—Zz'”“G(z)(i)+sz+G(z)( ’ tlf)— ST OnT
o T T T T

Dy Dt S L, (3, W78 Glarr
+6(a) 25 )2 +Z G(z)( )+G( )( )—T) -

— (G(Z)((Dl +2Tx08t1)7)_ (Dl +2ant1 )T) G(Z)T

=(G(z)(£1T)_£1T)G(Z)T ' ’
T T T

Thus, we get that atzw =L7T. O

Proposition 3.6. The action of 9,: on the tau function for the extended Toda hierarchy is given by
Oy T = Lo7, where

oo
= Z (an 6., t X0y ,+ 0L, 3t,,+2) +2x00;, + 3:. (3.28)
n=1

Proof. We will begin by determining the form of the term that would produce the 65 term when
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acting on w:

azw:az(G(Z)T)

| t T
2, ((G(z)(aﬁf)_ 9@?) G(z)r)
T T T
a2 52 2
WELN -
T T T T T <
(G(Z)(@?T)_ o;7 _zé’tlf (G(z)(aﬂ)— 8[17)) G(z)t
T T T T T =

o2t 0%t G
G(z)(L)_ t; +2wlaﬁ) —(TZ)T.

T

So, we have that

T

ot Oit
aéw_zwlahw:((;(z)( 131 )_ 141 )G(Z)T

The é’é w portion of this would derive from

OfW =0, (—L-W)
=(L_, L+ (L)W
=(L_v(s)—v(s)L_+(L_Y)W.

As in the case of £, we begin by looking at portions of the proof to come and rewriting them
separately. First, based on the definition of L in terms of W, recall that

v(s)=w;(s)+ wl'l(s +1)=w;(s)— w;(s+1).
Also, using the definitions of the action of J, on W, we see that
8y wi(s)=—eW=—L A=—L (L—v(s)—L_)=—L_L+L_v(s)+(L_).

Finally, recall that

0,7
2uy(s) = wn(s) ==y, wi(s) = ==
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Then

(WsA2W™), =sL? —Z iw; ()N W
i=1
= 5(L); — w,(s)+ wi(s)w; (s + 1)+ wy(s)A)

=512 —5(L%)_—(2wy(s)— wi(s)’) — wy (s)(v(s) + A)

=sL?—s(L?)_+0, w( ati—
= _+ 0, wy(s)+ . wy(s)Ly

0,7
—— w;(s)L+ wy(s)L_

=sL?—s(L?)_—L_L+L_v(s)+(L_)*+

7272y _ 2 afi
=sL—s(L?)_—L_L+L_v(s)—v(s)L_+ (L) + -

—w;(s)L+2w;(s)L_—wy(s+1)L_

o, T
—— wi(s)L+2w(s)L_—w;(s+1)L_.

=sL*—s(L*)_—L_L+(L_,Ll_+(L_)*)+

This gives us

(WsA2W)
X

2 2 9,7
§z2°+$0,+z0; +6’t1 —2w;($)0;, —zwy(s)+ wy(s +1)J;, + - w

8, + 02 8, + 02
:(G(z)((s Al ﬁ)T)—(S l tl)T+szz+zG(z)(ati)
T T T

o, o, t(s+1) 0,7\ G(z)T
—z—— —zw(s)— A
T T(s+1) T T
Next, based on the definition of L in terms of W, recall that
L_=e" N =wy(s)wy' (s — 1A
and that w;'(s) = (i0(s))". Then
oo
i i sL?+ iw-(s)Ai_ZW'l) Y
(WsA2W )y _( Zl ’ _
X X
_ (L*)_y N Wy (8) g () (Wo(s) 1wy (s — 1A )y
X 4
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(L), @i(s)dg ()L
x 4
= (=58, — ()5 (5)9, ) w

_(G(Z)(sa:’[)_ Sath N arlT(S-l- l)atl) G(Z)T'

T T(s+1) T
Using Lemma 3.9, Corollary 3.5, and the previous results, we find that

Iz —(M—M)L*+L?)_y

x 2
_—(WsNW T+ WSAZW !+ 8,4+ 1%) ¢
X
_—WsAzW'lw+(WsA2W'1)+¢_(WsA'ZW'le —(S)— 1,0 —(L?)_y
X X X X X

o0 (Dy+250,+02)T\ (D2+253,+02)T 0,1
=[-> 2 ”+2G(z)( )+G(z) — |- —

n=1

+Z nG(Z( — )+ Gz )(y)—zaﬂ—zwl(s)+G(z)(asz)_3tzf)G(Z)T
T T .

T T
_ (G(z)(ﬁif)— L;T + a‘;T —zG(z)(af)—G(z)(a‘;T)

+ZG(Z)(5I;T)_Z6IIT +Zat1T +G(Z)(at2f)— atzT) G(Z)T

T T T T T

_ (G(z)(ﬁiT)— E;T) G(:)T.

Thus, we see that 8t3*T =L,T. O

While we can derive these operators for specific symmetries, it is clear that the process will
become more complex as we progress to higher symmetries. Since the first four symmetries have
been derived, the next two propositions allow us to find the actions of the remaining flows on the
tau function without the need for such computations.

Proposition 3.7. Suppose we have a family of operators Ly, k € Z> | that commute as the Virasoro
algebra and so that 8t;£p = 0 for { € Zy,. Also, suppose that two of these operators, L, and L,
p # q, can be derived from the Adler-Shiota-van Moerbeke formula (3.17) so that 6t;+1 T=L,T and
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8%1 T=Ly7. Then L, , can be derived from the Adler-Shiota-van Moerbeke formula as well; i.e.

af;wﬂw = (G(Z)(EP;”JT)_ [’pﬂﬂ') G(z)7

X T T

and 6’t;+q_1 T=LpigT-

Proof. Using similar methods to those used to prove Lemma 3.1 in [3], we have that

[8r: ., 3rs 1w=(c;(z)([£'ﬂ"q]f)_[ﬁnrﬁqh)G(z)rx_
p+1 q+1 T T Z

Since the £, commute as Virasoro by assumption and by the result of Theorem 3.16, the previous

equation becomes

(p—q)0

[,p+qT)_ £p+q7) G(Z)T)(

T T T

s =—a) (G(z)(
or, with common terms canceled,

a[;+q+1¢ — (G(Z)(£p+qf)— £P+6IT) G(Z)T.
X T

T T

Thus, £, ,, can be derived from the Adler-Shiota-van Moerbeke formula and at;w T=Lyig7. O

Proposition 3.8. Define operators L, forp € Z , as

M8

L, = (an O, tnt,o,  +nx, EXH) + 1 Xg+2x0%;
n;l

Lo =Z(2xn8tn +nt,0;, +nx, 0y, )+ x; (3.29)
no:ol p—1

L, = (2x,8,,, +ntd,, +nx,0,, ) +2x08, + > 8,8, ,, PELs.
n=1 n=1

These operators commute as the Virasoro algebra; i.e.
[Ep) [’q] =(p— q)£p+q-

Note that the operators derived in Propositions 3.3, 3.4, 3.5, and 3.6 are part of these £, operators.

Proof. Clearly, the formula holds for p = q. So, let p # q. We will first compute [ D,,, D, ], where these
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are defined in (3.23) as the summation portion of £,, and £, respectively. Take note of the following
non-zero commutators of the summands in D, and D;:

[2x,,0; iy ML 3tm+q Om, nip2(n+p)xy, 3t,,+p+q
[anat+ »mxm X+ nm+q2mxmat +p+q +5q 15n16m lleat )

[I’Ll’ at+ y My, at mn+pn(n+p)tnat,,+p+q_5n,m+qm(m+q)tmat

m+q m+p+q’

=
=
=
=

[nxn Xnip? mxm Xim+q mn+pn(n+p)xn Xniptq 5n,m+qm(m+q)xmaxm+p+q-

We then have that

oo
[Dy, Dyl = ZZ(n + p)xnathM + annar,,ﬂ,ﬂ, +n(n+ p)tnatnﬂm +n(n+ p)xnaxwpm

n=1
o0

—Z 2(n+q)xn0,,,,, +2nx,0y,,, +nn+q)t,0, +nn+q)x,ox, .
n=1

—5p'_1x13tq + 5q,_1x13tp

=(p—a)D 2%48,,,,., + NXnBx, ., +N1nB,,,,. —Op 1518, + 84,1510,

n=1

=(P—q)Dpyq 5p,-1x13tq+5q,-1x15r,,~

Similarly, we compute that [D),, 2 x, 8tq] =—2qxg ﬁtpw +0p,12x 8tq.

Since D, does not involve any J; or J, forp>n,

[Dy, t1 X0 +2x0%1]1 =06 011 Xo +4XpX1), p =0,
[Dp, xg] = 5py_12x0x1.
p—1

Next, we want to compute » [; ¢; ,D,]for p >2:for -1,
p nYtp-n g p q

n=1

p—
Z[at,, 8., . Dyl= Znat,,_naw+(p—n)a[,,a[p+q_,,
n=1
p—1 p+q—1
=2 (P= 2,8, + D> (n—-q)8,o,,, .,
n= n=q
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and for g =-1,
p—1 p—1 p—2
(8,8, ,,Dal=>_nd, 8, ,+> (p—n), 8,
n=1 n=2 n=1
p—2
=>(n+ l)at,,_,,_l 0, +(p—n)o;, at,{,_,,_1
n=1
p—2
=(p+1)>.8,0,, .,
n=1
We also have that .
.
> 18,8, 1%l =2%0;
n=1
and that

[2x05tp, L Xxgl= 5p,12x§.

So, let us compute [Lo, £,], [£1,£.1], and [£,,, L] for p > 2:

(Lo, L4]=[Dy+ x(.)z, Dy + 11 Xp +2x0 %]
=[Dy, D1 ]+ [Dy, t; Xp +2x0 X1 ] + [xg,D-ﬂ
= D_1 + 11 Xp +4x0x1 —2x0x1

:D_1 + t1x0+2x0x1 = [’—1;

(L1, L4]=[Dy +2x00;, Dy + t1 X9 +2 X0 %1 ]
=[Dy, D] +[2x00;,, D]+ [2x00;,, 1 Xo]
=2Dy+ x,0;, —2x; 3t12x§
= Z(DO + xg) =2Ly;
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p—1
[ﬁp,ﬁ_l] = [Dp + 2x05[p +Z é’tn atp_n,D_l + t1xp+ szxl]
n=1
p—1 p—1
=Dy, D11 +[2%08,,, D1+ > [8,,8,,,, Dal+ > [8,,8,,,, 11 %]
n=1 n=1
p—2
=(p+1Dp1+x10,, — %10, +2px00;, , +(p+ I)Z 9,0,_,_, +2X00y,_,
n=1
p—2
=(p+ 1)(1),91 +2x08,,,+ D2, %_H) =(p+1)L, 1.
n=1

So, the relations hold when one of the operators is £ ;.

Next we compute [L,,, L] for p € Z, to show it holds for either operator being Ly:

p—1
[y, Lol =Dy +2x08;, + > 8,8, Do+ ;]
n=1

p—1
=Dy, Do]+[2x08;,, Dol + > [8;,6,,,, Dy
n=1
p—1
=pDy+2pxg0,, +p D 0,0,
=1

n

p—1
=p (Dp +2.7C05tp +Z atn atpn) = p‘cp

n=1
Finally, we compute [L,, L,] for p,q € Z3,:

p—1 qg—1
(£, Lq]=1D, +2x08,, +Z 8,0, ,» Dy +2%00,, +Z 2,,,.,]
n=1 n=1

p—1 p+q—1
=(p—@)Dprq+2p%e8;,, + > (P—1)3, 8, + > (n—4)3,,0, ., ,
n=1 n=q
q—1 p+q-1
~2q4x08,,.,— > (a—=n)8,,8,.,,— > (n—p), o,
n=1 n=p

p+q-1
= (p — q) (Dp+q + ZXOathrq + Z atn 3tp+qn) = (p — q)£P+6]'
n=1

Thus, the commutation relations hold for any such £, £,. O
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The combination of Propositions 3.7 and 3.8 prove for us the second main theorem of this thesis:

Theorem 3.3. The actions of the additional flows on the wave functions in (3.12) induce actions on
the tau function:

5;;’[ = E[_lT, (3.30)
where L,_, are defined in (3.29).

Finally, recall from (2.26) that we performed a change of variables to simplify the notation for
the extended Toda hierarchy. If we perform the reverse change of variables,

X
s =—
€
1 2,n 1,n+1
n+1 :m(t ’ _26n+1t ! ), (3.31)
1
x, =—1tb",
en!

on the Virasoro operators of (3.29), we obtain the following formulas for £,

o 1
ﬁ,l = Z ta'nata,n—l + — tl'o [2'0,
62

n=1
oo
Lo = Z Rt i + 2" Bpont )+ 261 By + - (tl,O)Z’
"=}9§_1 < (p+n) (3.32)
=2 (p—n) e 2 : ‘(1,0 . 2,n—1 .
£p ‘ n=1k P i G l+n:1 (n—1) (t Oprpin+1 Op2p 1)

where

_ _(p+n) Ay}
ap(0)=pl aylm)=1 ]Z - >0

and sums that include ** are implied to be sums over @ = 1,2. These £, of (3.32) precisely match
those given by Dubrovin and Zhang in [9].
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CHAPTER

4

EXTENDED BIGRADED TODA

Attention is now turned toward a hierarchy of which the extended Toda is a special case. Instead of
considering a Lax operator whose powers of A stop at 1 and -1, we consider difference operators
whose highest power of A is k and whose lowest power is -m, where k, m € Z;. This hierarchy was
first introduced by Carlet in [4] as a generalization of the extended Toda and was further investigated
by Carlet and van de Leur in [6]. Using these two papers, Section 4.1 will consist of the definitions
of the bigraded Toda and extended bigraded Toda. We define the additional symmetries of the
hierarchy in Lax form in Section 4.2, very similar to what was done in Chapter 3. In Section 4.3, we
determine the action of these flows on the tau function.

4.1 Definition

Just as with the ETH, the extended bigraded Toda hierarchy is an extension of a smaller hierarchy,
the bigraded Toda hierarchy. Thus, this section will first define this hierarchy and then move on to
define the extended bigraded Toda.
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Bigraded Toda Hierarchy

Consider a Lax operator of the form
L=AF+up A e g A, AT 4.1)

where k, m € Z>; and u_,, # 0. In the special case where k = m =1, it is clear that this form reduces
to the Lax operator of the Toda hierarchy.

Just as with the Toda and extended Toda hierarchies, the Lax operator has representations using
dressing operators,

oo
w=1 +Z w;(s)A!
i=1
and
Oo .
W :Z Wi(s)A!,  wy(s)#0:
i=0
L=WArwl=wamw1 4.2)

Similar to how the KP hierarchy and its Lax operator were introduced in Chapter 1, (4.2) allows us to
define fractional power of L:

Lt =WAW! =A+ > ai(sN7, L =WAIW! = D bi(s)A'. 4.3)

i>0 i>-1

Note that L commutes with both of these operators and that we have
k m
(%) =(L7)" =L.

. . . 1
It is heavily stressed that, due to the powers of A involved in each operator, L% # L, unless we are

in the notable case k = m = 1. We will use the notation
P [ -
LE=(LF) =warw?, L7=(L7) =WAPW!, pez.
With these new operators in mind, we have the following:

Definition 4.1. Define variables t,, and t,, n € Zs,, with a system of flows on the Lax operator L
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given by
aL n n
57 —lL8)y LI=[=(LF)-, L],
or (40

ot,
where (), and()_ are defined as in Toda and extended Toda. These flows define the bigraded Toda

hierarchy.

Using this notation, it is important to note that we consider ¢, = f,,, since their flows on L are

identical. The flows of (4.4) also induce flows on the dressing operators:

ow s oW .

=—(L¥)-W, =(L¥).W,
at, at, 45)
W _wkrw, WowkLw |
o, - 0, o

Logarithm of L and Definition of the Hierarchy

Extending the bigraded Toda involves the same steps as with the Toda hierarchy. Define the loga-
rithm of L as before: )
logL=> (Wo,w'—wao,w).

Just as before, this operator commutes with L and all integral powers of L. However, the composition
of a fractional power of L and log L is not well defined.

Using log L, we have the following:

Definition 4.2. The extended bigraded Toda hierarchy (abbreviated EBTH) consists of a system of
flows given in Lax pair form by (4.4) and by

oL
Jx,

=[(2L"logL),,L1=[—(2L"logL)_,L], n€Zsy. (4.6)

Just as with extended Toda, these new flows induce corresponding actions on the dressing

operators:

oW ow _
——(2L"logL)_W, —(2L"logL), W. .
x, ( ogl) ox, ( oglL), (4.7)

Change of Variables

The version of the extended bigraded Toda hierarchy presented in this thesis is not the version
originally introduced by Carlet in [4] nor the one used in [6] by Carlet and van de Leur. We will
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compare our version with [6] since that is the more recent publication. In that paper, the authors

consider a Lax operator of the form
L=A*+u, A" ooy A, s #0,

the reverse of what this thesis considers. Recalling the use of the spectral parameter € from Section
2.3, the form of the Lax operator used in this thesis can be obtained by making the change € — -e.
Doing so also changes A — A™! and { — ¢! (z in this thesis) in [6].

After making this change, the authors define the extended bigraded Toda hierarchy as the

following flows on L:
JL

—5 =B LI=—((B))- L], neZsx (4.8)
9 dn
where 1 (B
B _ n—ﬁ-k—l —
= [.= L , =12,...,k—1,
Bn Ek( k)—n—l i P g
1 (B—k -
B :_(ﬁ__1) LS =kt Lk42.. ktm, (4.9)
eEm m n—1

2 c, (1 1
ko — L T

the harmonic numbers c,, are defined in (2.25), and for ¢ € Z,,
(q)O = 1»

!
(@e=] Ja—i+n),
i=1
0

1
— o -1
(o= [ ] a=i+0"=—-

i=-(+1

Using Takasaki’s logic again, the use of the harmonic numbers and the use of (g),, are necessary
for the study of the underlying manifold. Otherwise, they are superficial and are dropped for this
thesis. As with the ETH, we have the following change of variables allowing us to convert from the
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definition of [6] to the one used here:
X =€s,

a
qr’f_“ :ek(n+—) thkrer Q=1,2,...,k—1,n€Zs,
1

k/n+
o =em(n+ﬁ) Fumep B=12,.m—1, (4.10)
m Jp+1
k+m | 1 1
q, =em(n+ 1! f{uynr+ Cupr E"'_ Xi+1 |
m
g% =enlx,,

keeping in mind that ¢, = ,,,. The inverse of this change can be used to translate the results of the

next section back to the version of the hierarchy used by Carlet and van de Leur.

4.2 Additional Symmetries

In this section, we use the methods found in Chapter 3 to formulate additional symmetries for the
EBTH in Lax form. As a result, many of the propositions and theorems found here have proofs very
similar to those found in the previous chapter. Those proofs will be omitted, and any significant

differences will be highlighted instead.

Wave Functions

To derive additional symmetries of the EBTH as was done for the ETH in Chapter 3, we need to
introduce an appropriate pair of wave functions, 1y and . Similar to how Takasaki does this for

the ETH in [17], the exponential terms of the wave functions are generated by acting on z* with the
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undressed generators of the flows of the hierarchy:

o0

1 n_1 nk

exp(g tnA”—EtnkA”k)zszzseztnz 2 2 tuk 2"
n=1

o
exp (Z an"kas) 28 = zstumwme"t

n=1
o)
- 1_ 7 ,-ngl 7 -nm
exp(z tnA-n_EtnmA-nm)Zs — 7S 2in? "3 X inmz ,
n=1

o0
exp (Z an”””as) 28 =gt

n=1
This gives us the following definitions for wave functions of the EBTH:
Y =Wy=wy,
Yy =Wyi=wy,

where w = w(s, z) and w = w(s, z) are defined as in the extended Toda and

(4.11)

¥ = Zs+2xnzk”eZtnz"—%Zt,,kz"k’

7= Zs+2x,,z"""e-anz‘"+%Ztnkz"””.
We thus have that

Ly = zkI/J,
Ly =z"™y
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and that the flows of the hierarchy act on these wave functions as follows:

j’f —(Lhy, ngkze,
el GRS Y )
oLy, ngmz.,
aa;/; =(L"8;+ Py,

jf’ S, n¢kZ,
jt"”m ~(1wn.-527),

jf’ — (LR, ngmZs,
j;fn =(L"o+ P,y

Here, P, is defined as in the ETH in Definition 2.4.

M and M

With the introduction of wave functions for the hierarchy, we can now derive the operators M and

M. Just like before, we want these operators defined in such a way that
[L,M]=[L,M]=1.
To this end, M and M are to act on their respective wave functions as follows:
My =0y, My =0,m.

Mirroring the derivations from Section 3.1, we have the following definitions for M and M:
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1 /(1 |
M::EWSA"CW'1+ E (Ean”—lJrnxnwaSW'lL"‘lJrEtnLk—EntnkL"—l), (4.12)
n=1

1 - _ (1 o n_ nm 1 _
M :=— —WsA’"W'1+§ (—an”—l—nxnwasW'lL"—l+—tnL m ——ntnmL"_l) . (4.13)
m el m

m 2

The flows of the EBTH act on M and M as follows:

0, M=[~(L¥)_+L%,M], n¢kZs,,
1
alnkM = [_(Ln)—+ ELnrM]»

o, M=[~L")_,M], n¢mZs,
ang =[L"0;+ Py, M]

o, M=[(L%),,M], n¢kZs,,

_ 1 _
atnkM:[(Ln)+_ELn’M]’
af,,M:[(L%)+_L%’M]’ n¢mZZIr
8y, M =[L"3;+P,, M].

Finally, we have the following difference operator that commutes with L:

_ 1 1 (11
M—M :—WsA‘kW‘1+—WsA’”W‘1+Z((—+—)an”_1+nxn(2L”_llogL)
k m —\\k  m (4.14)
n n—k n _ n—-m "= '
+EtnL k +El’nL m —ntnkL”_l).
Additional Symmetries

With the previous two sections in mind, the additional symmetries for the extended bigraded Toda

hierarchy are defined identically to those of the ETH: define additional flows denoted by @; that act
on the Lax operator L by

O L=[(B)s, L] =[—(B)-, L], (4.15)
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where
By = (M—M)Lf _ EWA/C(E—I)W-I + m_+1 v A D1
2k 2m

These flows induce actions on the wave operators, wave functions, and M and M:

at;W:—(Bg)_W, at;W:(Bg)+W; (4.16)
Oy =—(B)-p,  Optp =(By)iyp. 4.17)
0psM =[—(B;)_,M], 3;zM =[(B;);M]. (4.18)

The main result of this chapter is the following theorem:

Theorem 4.1. The flows 3z;‘ defined in (4.15) on L and in (4.16) on W and W define additional
symmietries in Lax pair form for the extended bigraded Toda hierarchy; i.e. for ® being L, W, or W
and y being any of the t,, t,, or x,, variables, we have that

[0y, 0;x1®=0.
The proof of this theorem is fundamentally the same as the proof for Theorem 3.1 and is therefore
omitted. These additional symmetries commute with one another as the symmetries of the ETH do:

Theorem 4.2. The map 6}7 — L1, € Zy defines a homomorphism between the flows of (4.16)
and (4.15) actingon W, W, and L of the extended bigraded Toda hierarchy and the Virasoro algebra;
ie.,

[O1) Oz 1@ = (€ — p)ﬁt;+p_l o, (4.19)

where ® can be any of W, W, and L.

Again the proof of this theorem is fundamentally the same as the proof for Theorem 3.2 and is

omitted.

4.3 Symmetries on Tau Function

Continuing with the process set forth in Chapter 3, the next step is to use the Adler-Shiota-van
Moerbeke formula in (1.25) to determine these symmetries’ actions on the tau function of the
EBTH. To do this, we require the representation of the coefficients of W and W in terms of the tau

function, such as (2.22) for the ETH. Carlet and van de Leur provide such formulas in [6], and after
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the appropriate change of variables, we have the following:

w(s, z) = GI(TZ)T, (s, z)= 2T (4.20)

Here, G;(z) and G,(z) are defined on functions of s, t=(t1, t,,...), t=(f;, f,...), and x=(x7, X, ...) by
GI(Z)f(S,t,E,X):f(s,t—[z_l],i,X)

and
G (2)f(s,t,t,x)=f(s+1,t,t+[z],x)

where [z] is defined in (1.20).
We again want to find operators L, p € Z_, such that 8%1 T=L,7 and

a[;ﬂw=(Gl(z)(£)—ﬁ)w

T T
and r r
at;Hl/_’ = (Gz(z)(%f)— %T)l/:'

Actions of £, and £,

Proposition 4.1. The first additional symmetry of the EBTH acts on the tau function as 0,:7 = £, 7,

where

o
1 1 n n _
L, = Z ((% + E) X0y, )+ M50 s,y + 7 0y, 4 —EnBy, =1Ly katk(n—l))
n=
m—1 (4.21)

(Bip)((m—B)im—p).
p=1

k—1

1 Xo + (l + %) XoX + = Y (aty)((k—a)tp_q)+

1
k 2k & 2m
a=1

Since this proof and the proof for £, use many of the same methods that were used in Chapter

3, many details have been omitted. Also, note that, even though it shifts the 7,,, variables since
tum = twr, the presence of the nt, ké’tk(H) term in £_; and similar terms in the remaining Virasoro

operators effectively makes the shifting operator G;(z) only affect the %tn 0;, . terms. Similarly,

G,(z) effectively only shifts the % £,0;, , termsof L.
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Proof. We have

Op 1 } -1
}1/1 = —(—(M—M)_+ k—WA'kW'l)W;(

2k

1{ 1
- (——WsA'k wl—
X k

~ nk k—1 -k1p7-1
(—tn(L z )_+---)+7WA w|wy

+Z (% tn0r, (Gl(z)(at";_kf ) - at";kf ) 4 )) _GI(TZ)T

n=1

_ (Gl(z)(ﬁjf)— L_lf) Gi(z)T

T T

since the G;(z) shift operator does not affect any of the x,, or the strictly 7,, variables. A similar
m—1
- _ _ 1 1
calculation involving the action on ) gives rise to the Z Btg(m—p)i,_p and (E + E) Xp X1 terms,
p=1
thus proving the proposition.
O

Proposition 4.2. The second additional symmetry of the EBTH acts on the tau function as o;:t = Ly,

where .
1 1 -
EO = ((—‘l‘_) xnatkn+nxnaxn+2tnatn+ z tnafn_ntnkatkn)
Z k m k m
P (4.22)

+1(1+ 1) 2+k2—1+m2—1
—|=+— X .
2\k m)™° 24k = 24m

Proof. We have

Oy _
)‘{w (~(M—M)L)_Wy)

(_%w5w-1+%—i(%tﬂﬁj---)) Wy

n=1

R~ R~
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oo

:(_%zaz+z(gtnatn+...))w

n=1

oo 2 = 5,1\ & G
:(—%Zz'”GﬂZ)( f)+z(%tn(@(z)( ;_T)— ;T)+...)) (a)e

n=1

- (G1(Z)(£OT)_ ﬁof) G\(2)e

T T T

The same calculation using the action on 1) and the shift operator G,(z) gives rise to the % (% + %) xg
term. Note that the last two terms of £, vanish when converting from the action on 7 back to the
action on 1 or ). Thus, their presences are not necessary when viewing the action of £, alone.
However, to maintain the Virasoro commutation relations so that [£;, £.;]=2L,, these two terms

are added to L. O

The Remaining Actions

Finally we present the following theorem for the actions of the remaining symmetries on the tau
function, the proof of which to be presented in a future publication:

Theorem 4.3. For p € Zs,, the actions of the additional symmetries 8[;“ on the tau function are

given by

L, =Z

n=0

1 1 n n _
((% + —) Xp é}kwp) +nx, 5xn+,, + T ty 8[n+pk + - Iy 8;n+pm — Ntk 6tk(n+p))

m
1 pk—1 1 pm—1 (4.23)
+or Z Or Pty 5 ,32 81,8, -
a= =1

Combining a constructive proof for £, verification that these £,, operators commute as Virasoro,
and Proposition 3.7 would prove this theorem. However, as of the writing of this thesis, no such
proof of £, has been produced. The proof of this theorem that will be given in the future involves
using the commutators of the operator £_; and the Heisenberg algebra to show that the remaining
L,, operators must be of the form given in (4.23). The last statement given in this thesis is these
operators do in fact commute as the Virasoro algebra:

Proposition 4.3. The L, operators of (4.21), (4.22), and (4.23) commute with one another as the
Virasoro algebra; i.e.

Ly, Lyl=(p—@)Lprgy P GELs,.

Since many of the calculations for this proposition are virtually identical to those given in the
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proof for Proposition 3.8, we will not include the rigorous proof of this proposition. Instead, only the
particular calculations that are wholly different from those previously shown will be given below.

Note that the presence of the nt, katkw) termin £, (p € Z»_;) ensures that there is only one
such term in the operator. This effectively allows partial derivatives involving t,, to only affect the
n t, a,w . term and those involving ,, to only affect the n t, afnerm term. Because of this observation
and that the £,, operators do not mix the t, and £, variables, we will omit the 7, variables with these
calculations.

We will determine the commutator of a double derivative term, such as those found in £, for

p € Zs1, and the new term found in £ _;. For the terms from £; and £_;, we have

k— k—1 k—1
1 1 1
e ; 6’taé’tk_a,/5tﬁ(k—/3)tk_ﬁ]:—2k2;a(k—a)taﬁta+—2k2;a(k—a)

1 & k2—1
=ﬁ;a(k—a)ta8ta+ TR

Recalling that [£,, £_1]=2L,, the last term provides the constant terms added to £, in (4.22). For
the terms from £, (p >2) and L_;, we have

pk—1k—1
4k2 Zl ﬁzl[ﬁtac?rpk Btk =Pte—pl= 15 Za k= ety
a=
1%
= E a(k_a)taal‘(p—l)k-v-a'
a=1

The summations in each of these results combine with other terms in their respective commutators

n
— tnat,,+pk terms for 1 < n < k —1 after taking into account that [L,, L;]=(p + 1)L,

to give th
o give the —
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