Abstract

VARGA, KATHERINE YVONNE. Portfolio Optimization with Stochastic Dividends and
Stochastic Volatility. (Under the direction of Tao Pang.)

We consider an optimal investment-consumption portfolio optimization model in which
an investor receives stochastic dividends. As a first problem, we allow the drift of stock
price to be a bounded function. Next, we consider a stochastic volatility model. In each
problem, we use the dynamic programming method to derive the Hamilton-Jacobi-Bellman
equation, which we proceed to prove existence of a classical solution. Our value function
is chosen to maximize the expected total discounted HARA utility of consumption. In
the Verification Theorem, we prove that the solution to the HJB equation is equal to the

value function.
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Chapter 1

Investment with Dividends and Debt

1.1 Introduction

In the classical Merton portfolio optimization problem, an investor distributes his wealth
between a risky asset (e.g., stock) and a riskless asset. The price P; of the risky asset is
governed by geometric Brownian motion:

dP,

N = pdt + odwy,

where 1 and o are the positive constant drift and volatility, respectively, and w; is a
one-dimensional standard Brownian motion. The controls are investment and consumption;
that is, at any time ¢ the investor chooses how much of his wealth to invest and how much
to consume. The goal is to maximize his expected discounted utility of consumption.
Our model is an extension of Merton’s model. We consider an economic unit with

productive capital and liabilities in the form of debt. Investment and consumption controls
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are chosen to maximize the expected discounted utility of consumption. In particular, we
consider the hyperbolic absolute risk aversion (HARA) utility function
1

u(c)=_C", (1.1)

where 7 is a constant parameter such that v < 1 and v # 0.

As an example in the Merton problem context, the economic unit may be interpreted
as an investor who receives dividends on his investments. The worth of the investor
depends on particular sources of uncertainty. Dividends and stock prices fluctuate over
time, so we allow them to be stochastic.

In this thesis, we diverge from the Merton model which assumes stock price is governed
by geometric Brownian motion. As a first problem, we consider a constant volatility
and allow the drift to be a bounded function of price. Several financial models, such as
the popular Black-Scholes-Merton model for option-pricing, assume for simplicity that
volatility is constant. However, historical data shows that volatility fluctuates over time,
and appears to have a mean-reverting quality [FPS00]. For this reason, in our second
problem we choose an Ornstein-Uhlenbeck (OU) model for a factor process driving the
stock price volatility.

Our work is motivated by similar models for optimal investment and consumption.
Fleming and Pang, in [FP04] and [FP05], assume stock price is governed by geometric
Brownian motion. In [FP04] they allow interest rates to be stochastic, and in [FP05]
they consider stochastic productivity. Hata and Sheu ([HS12a] and [HS12b]) consider
investment in m risky assets and one riskless asset. They allow both the drift and volatility

of price to be stochastic. In [KS06], Kaise and Sheu prove existence and uniqueness of
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ergodic type Bellman equations.

There are several extensions to the Merton portfolio optimization problem which
follow the dynamic programming approach. Here we note some other work in the field.
In [BP99] and [FS00], mean returns of securities are explicitly affected by underlying
economic factors. In addition to [FP04], [Pa02] and [Pa04] also allow interest rates to be
stochastic. Some stochastic volatility models are given in [FHO03], [FPS00], and [Za01].
In [FHO5], [Nal5], and [NK11]|, stochastic interest rates and stochastic volatility are

both incorporated.

1.2 Problem Formulation

Consider an investor who, at time ¢, owns N, shares of stock at price per share P;. The

total worth of investments is given by K; = N, P;,. Then we can write

dK; = NdP, + P,dN,

dP,
= K,—" + Idt, (1.2)
I

where I; is the investment rate at time t. For example, if dt represents one month and he
decides at time t to invest an additional $1000 per month at a $10 price per share, then

the number of shares purchased will be

I,dt
dN, = t? = 100.

t

The investor’s debt, L;, increases with interest payments, investment, and consumption,
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and decreases with income. Thus our equation for the change in debt is given by

st = (TLt + It + Ct - }/t)dt, (13)

where r > 0 is a constant interest rate, C; is the consumption rate, and Y; is the rate
of income from production. In other words, Y; is the total earned in dividends per unit
time at time t. The total in dividends is proportional to the productivity of capital, or
dividend rate, b;:

The investor’s net worth is given by

Xt - Kt - Lt' (15)

We require X; > 0.

It is worth noting that the model applies to any economic unit with productive capital
and liabilities. For another example, consider a farm on which produce is grown and
then sold for profit. N; may represent the number of acres of the farm, with P, being the
property value per acre. Debt increases with property taxes, the purchase of new land,
and consumption, and decreases with income from selling the produce. From here on, we
continue our explanations with the example of the investor.

We consider the dividend rate and stock price to be stochastic. In particular, we allow

the dividend rate to be governed by the following equation:

btdt = bdt + adwt, (16)
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where b, 0 > 0 are constants. The general equation for stock price is

dP,
—L = pdt + Gydiby. (1.7)
P,

Here w; and w; are one-dimensional standard Brownian motions, which we allow to be

correlated with correlation constant p € (—1, 1]. That is,

We restrict p # —1 for technical reasons, which will be apparent later. In addition, it
is reasonable to assume that the dividend process and the stock price process are not
perfectly negatively correlated. In Chapters 2 and 3 we place specific conditions on the
drift 4, and volatility &, of stock price.

The change in net worth of the investor is given by

dP,

t

The controls k; = Yt and ¢; = Yt are the proportion of wealth invested and the proportion
t t

of wealth consumed, respectively, with initial values ky = k£ and ¢y = c¢. Substituting

Ly = K; — X3, (1.4), (1.7), and our controls into (1.8), we simplify to obtain

O']{?tXt

t

b
dXt:Xt |:(_+,Ut—7") kt+(r—ct)1 dt +

dwt + 6'tk’tXtdYI)t. (19)
P,

In this thesis we specify certain conditions on the the stock price drift and volatility.

In Chapter 2 we allow the drift to be a bounded function of price, and take the volatility
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to be constant. In Chapter 3, we consider a constant p and a stochastic volatility. In each
case we use the dynamic programming principle to derive the Hamilon-Jacobi-Bellman
(HJB) equation, from which we proceed to prove existence of a classical solution using a
subsolution /supersolution method, and then verify that the solution obtained is equal to

our value function, the maximum expected discounted utility of consumption.



Chapter 2

Drift as a Bounded Function of Price

In this chapter we suppose the unit price of capital, P, satisfies the stochastic differential

equation
dP,
il w(Py)dt + Gdiy, (2.1)
I

where the volatility & > 0 is constant, and the drift parameter u is a bounded function

price. That is, we suppose there exists a constant M; > 0 such that
[u(By)] < M.

Using this particular equation for P;, we will derive the Hamilton-Jacobi-Bellman equation
in Section 2.1. In Section 2.3, we will prove existence of solution using the particular
subsolution and supersolution obtained in Section 2.2, and in Section 2.4, we will verify

that our solution is equal to the value function.
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2.1 Derivation of the HJB Equation

In Chapter 1 we derived a general equation for d.X;. We wish to write this equation with
our current specifications. Before doing so, we first introduce introduce a new variable.
Let

A = log P,.

For notational purposes, we will now write u(\;) rather than p(F;). Using Ito’s rule with

(2.1), we have

1 11
A\ = —dP,—>—=;
! Pt 2p?

(dF;)?
SO
= u(M)dt + adwy — 30 dt
_ (u()\t) - 15—2)6125 + Gy
2 Y
and so

where f(\;) = p(A) — 36°. Note that /i is also bounded:

- 1. 1.
B < [N+ 56° < My + 56° = My, (2.3)
Now we can rewrite (1.9) as
dX; = X, [(be—& + () = )k A+ (r — ct)] dt + X, [akte-Atdwt Y okdd,|.  (2.4)
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Note that we have two state variables, X; and \;. Let their initial values be given by
Xo = x and A\g = A. Recall that our controls k;, = K;/X; and ¢, = C;/X, are the
proportions of wealth invested and consumed, respectively. We require that they belong

to the admissible control space, II, as defined below.

Definition 2.1.1. (Admissible Control Space)
The pair (kg, c;) is said to be in the admissible control space II if (ki c;) is an R?-
process which is progressively measurable with respect to a (wy,w;)-adapted family of

o-algebras (Fy, t > 0). Moreover, we require that k,c; > 0, and

T T
Pr(/ kfdt<oo)—1, Pr(/ ctdt<oo)—1 for all T > 0.
0 0

Our goal is to maximize the expected total discounted HARA utility of consumption.

The objective function is given by

o 1
J(z, N\ k., c.)=E; [/ e_ét;(ctXt)th] , (2.5)
0

which we wish to maximize subject to the constraints (k¢, ¢;) € II and x > 0, while A € R.

The parameter 0 is a positive discount factor. The corresponding value function is

o 1
V(z,\)= sup E,, {/ e_&—(ctXt)“’dt} . (2.6)
0 v

(ktcr)€ll

Remark 2.1.1. The HARA utility function, as defined in Chapter 1, allows for any
values of v less than 1, excluding zero. The case of v = 0 corresponds to the log utility

function. In this thesis, we consider only positive values of the parameter. That is, we
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restrict 0 < v < 1. A natural extension for future work would be to consider negative

values for the parameter.

To get a partial differential equation for V' (z, A), we use the dynamic programming
method. This involves introducing a dummy variable, u, and splitting our integral into

the sum of an integral from 0 to ¢, and an integral from ¢ to infinity:

oo 1 t 1 © 1
/ ei5t_<CtXt)ﬁydu - / eiéu_(CuXuydu +/ eiéu_(cuxu)wdw (2.7)
0 Y 0 Y 3 v

We apply a change of variables so that the second integral is rewritten as an integral from

0 to infinity. Then we can write our objective function as follows:

t 1 e} 1
J(x, Mk c) = Eun { / e~ (cu X)) du + / e“s(“”)—(cf)X,f)”dv]
0 Y 0 Y

t 1 o) 1
= E,. [/ e "= (c, X,) du + €6tEXt,)\t/ e‘”’—(cf,Xi)”dv} . (2.8)
0 v 0 i

The second line is true because of the tower property of conditional expectations (see

[Et02], Section 2.3), which says that if F; and F; are o-algebras such that F; C F;, then
E[E[X|F;]|Fi] = E[X|F]. (2.9)

In the second term of (2.8), v is treated as a fixed value, and X! is a process with initial

value X;. Therefore we have

¢
1

J(z, N\ k., c.) =E; [/ e (o X)) du + e T (X, M, Koy | (2.10)
0 v

10
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and so
V(z,\) = sup J(z,\ k., c)
(k.,c.)ell
t 1
= sup (E,. [/ e‘s“—(cuXU)Vdu] +E; e sup J(Xy, A, koe)|
(k.,c.)ell 0 Y (k.,c.)ell
Note that
sup  J(Xi, Ay ke, e) = V(X A,
(k.,c.)€ll
so that
¢ 1
V(z,\) = sup {Em { / 65"—(CUXU)7du} +]E17A[e5tV(Xt,)\t)]}. (2.11)
(k.,c.)€ll 0 Y
Then

sup {]Em { /0 t 6_6“%(CHXU)7du] +Eox [ V(X A)] — V(m,)\)} =0. (2.12)

(k.,c.)ell

Working with the expression inside the braces, we divide by ¢ and take the limit as ¢

approaches zero. By the mean value theorem,

lim 7 = ~(cx)". (2.13)

We also have that
EL)\[V(XI‘/, )\t)] — V(CC, )\)
t10 t

= AV (2, \), (2.14)

where A is called the infinitesimal generator of the process (Xy, A). (See [Ok07], p. 121).

11
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We manipulate the second term of (2.12) and apply (2.14) to get

Eop [e7V (X, A)] = V(z, N)

lim
t10 t
et E LV (X, \) — Vi(z, A —ot —
. { [BerV(Xe 2) = V(e V)] | eV A) v<x,A>}
tl t t
— =0t _
= <1m ) (lim EaaVIXe, A) V(ZB’)\)) + V(z,\) (lime 1)
t10 t10 t t40 t
= AV (x, ) — oV (z, \). (2.15)

To derive the generator, A, we apply Ito’s formula to V' (X3, \):

dV (X, ) = vat{ [(be‘A‘ + () — )k + (r — ct)} dt + oke™ dw, + 6/<:tdzbt}
1
+ VA [ﬂ(At)dt + &dwt} + 5 Veu X [a%fe*”t 4 2p05k2e ™ + &Qkf} dt
1
‘I— §V/\)\C}2dt + ‘/1’)\ |:5-2k:tXt + pU&ktXte_At} dt

Rearranging and integrating from 0 to t, we get

V(X \) = Viz,\) = /Ot {Xu <be‘A“ + () — )k + (1 — cu)>Vx + () VA
+ = k2X2<J e~ 4 2poGe ™ + 6 )V
+ §6VM + ko X, (6% + pa&e_)‘“)VM} du
+ / t [ok, Xue V] dw, + / t 6k, XV, + V)] did,. (2.16)
0 0

We assume that E[A"] < co and E[X]"] < oo for all m > 0, and also that there exists

a constant A > 0 such that |Z,(\)| < A, where Z()\) is defined as a function such that

12
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V(w,A) = 227e™. This will ensure that the last two integrals in (2.16) are martingales.

In Section 2.4, we will prove that these conditions hold for our optimal control policy

(k¥,¢t), and solution Z(\, 6).

Taking the expectation in (2.16) causes the last two terms to vanish because they are

martingales. We then divide by ¢, and take the limit as ¢t approaches zero. This give us

the following equality:

Eox V(X M)] = Vi, ) Bz {/ot X, )\u)du}

= lim ,
t10 t

where
XA = Xe(be™ + (A = 1)k + (r = ) ) Ve + VA
1
+ 5/{:fo <O’2€_2)\t + 2poae ™ + 62>Vm
1
+ 50V + ki Xy (6% + pode ) Vi
Let

q(\) = o2 4 2po5e M 4 52

(2.17)

(2.18)

The left-hand side of (2.17) is equal to AV (z,A). By the mean value theorem, the

right-hand side is equal to f(x, A). Therefore, we have that

AV (z,\) = x(be_’\ +uN) —r)k+ (r— c))Vx + a(AN)Vy + %k%zq()\)Vm

1
+ 5&‘/,\)\ + kx (&2 + pa&e_)‘) Vex.

13

(2.19)
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We now combine (2.12), (2.13), and (2.15) to get

sup {l(cx)7 + AV (z,\) — 6V (x, )\)} =0. (2.20)
(k,c)ell Y

Substituting (2.19) into (2.20) and simplifying, we get the following dynamic programming

equation for V(z, \) :

oV = %V/\A + ANV +raV, + max {—cwi + ;(cx)q (2.21)
2,..2
| (be™ 1 () — kaV + (5 4 pose eV + LIy |

Equation (2.21) is the Hamilton-Jacobi-Bellman (HJB) equation for V(x, \) as defined in
(2.6).

We assume p # —1. To be more precise, we define a constant —1 < pg < 0 (that may
be arbitrarily close to —1), and require p € [pg, 1]. Then ¢()) is bounded below by a
positive constant. This is easily seen by looking at two cases, and using the fact that o, 7,
and e~ are all positive. For p € [0, 1],

q(\) > e + 5% > 5> 0.

For p € [po, 0),

A ~

qd(\) = —20%* — 2p06e = —20e *oe 4 p&).

14
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Now ¢'(\) = 0 when e * = —pg. Substituting this into the equation for ¢, we have
o
Gmin = 6°(1 — p*) > 3*(1 = p3) > 0.

We see that 6% > 62(1 — p3), and set gy = 62(1 — p3). Thus g(\) > qo for all p € [po, 1].
Notice that if we allowed p to equal —1, then ¢ would obtain the value zero. We need a
positive lower bound on ¢ for later proofs. It is for this reason that we restrict p € [po, 1].

For the non-log HARA utility function, we can show that V(x, \) is homogeneous in

x with order A. Using equation (2.4) for dX;, and for any constant £ > 0, we have

d(§Xy) = € - d X, (2.22)

§xo = &, (2.23)

and

J(&L‘,)\, k., C.) = Ex,)\ |:/OO e—5t%<ct€Xt)’Ydt:|
0

o 1
= é"YE%/\ |:/ €6t—<CtXt)’Ydt:|
0 v

= OJ(x ke,

15



DERIVATION OF THE HJB EQUATION

2.1.
Then
V(z,\) = sup J(z,\ k., c)
(k.,c.)ell
= sup 2VJ(1,\ k., c)
(k.,c.)€ll
= 2"V(1,\).
We can then write V' in the form
1
V(z, ) = =2"W(N). (2.24)
Y

Using equation (2.24), we get a reduced DPE for W:

2

~2
oW = %W,\)\ + A MWy +~yrW + max [— W + 7]
k
Wy — - (L =v)g(MW

-\ _ ~2 Y
+7max (be™ + p(X) = r)kW + (6% + poge™™) 5
(2.25)
Let Z(\) =log W (). Then
4% 1%
W)\ = Z>\ and % = ZA)\ + Z>2\ (226)
So the equation for Z is
5,2
b = 7(Z>\,\ + Z3) 4+ (N Zy 4+ yr + max [ — vce? + 7]
k’2
+ ymax { [be_”\ +p(A) —r+ (5% + pcr&e_’\)Z,\} k— ?(1 - v)q()\)} . (2.27)

16



2.1. DERIVATION OF THE HJB EQUATION

The maximum over all ¢ > 0 occurs at
cF=ert, (2.28)

which gives us
_ Z 9 — _ 7%
n;?g([ yce —i—c}—( 'y)ev L.

Using this expression, we simplify (2.27) to get

0= %(Z)\)\ + Z3) + (N Zy +r + (1 — y)ei—
]{32
+ ymax { [be’A +u(XN) —r+ (5% + pa&e’)‘)Z)\} k— 7(1 — ’y)q()\)} . (2:29)

The maximum over all £ > 0 occurs at

. [be* a7+ (5 pa&ek)ZAr, (2.30)

(1=7)a(N)

where at = max(a,0). Note that (k*,c*) is our candidate for admissible control. In the
Verification Theorem (Section 2.4), we will prove that (k*,¢*) € IL.

Define

G\, p) = max { [be_A + (X)) = r + (5% + poge M)p|k — %(1 — y)q()\)} : (2.31)

and

e p )
vy ={  20N1-7) hem ) == 0 (2.32)

0 otherwise.

17



2.1. DERIVATION OF THE HJB EQUATION

Then

G(A\,p) >0, G(\0)=T(N), (2.33)

and Equation (2.29) reduces to

2

2

§ = (Zan+ Z2) + [N Zy + 97 + (1 = Y)erT +7G(N, Zy). (2.34)

v |

To prove (2.33), note that

bf)\ ) — ~2 =~ ,—A
k*(A,p)zmax(e + ) —r+ (0" + pode )p,0>20.

(T —=7)q(N)

We can write G as a quadratic in k*:

k* 2
GOp) = [be ) — 1+ @+ pore ]k — B 05000
= a(k*)? + bk,
If k* = 0, then G = 0.
-A _ ~2 = A
If B — be " + pu(A) —r + (6° + poge)p > 0, then
(1 =7)a(N)
—b?
GAp) = -~
2
[be_)‘ +u(N) —r+ (6% + pa&e"\)p]
p— Z 07
2(1 = 7v)a(A)

18
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since v < 1 and ¢(A) > 0. So G(A, p) > 0. Substituting in p = 0 above, we see that
G(A,0) = T(N).

Define
5.2

H(A z,p) = —7192 — i(\)p = 7G(\,p) =7 + 0 — (1= 7)e . (2.35)

Note that H is a continuous function in each variable. Now we can rewrite Equation

(2.34) as
~2

%ZM = H(\ Z,2y). (2.36)

Equation (2.36) is the Hamilton-Jacobi-Bellman equation for Z(\) corresponding to the

value function (2.6), where V(x, \) = %qﬂez(’\).

2.2 Subsolution and Supersolution

To prove existence of solution to (2.36), we use the method of subsolution/supersolution.

Information on the use of this method can be found in [BSW68]|, [Pa92], and [Wa98].

Definition 2.2.1. Z(\) is a subsolution (supersolution) of (2.36) provided that

~2

%ZM > (<) H\, Z, Zy). (2.37)

In addition, if Z is a subsolution, Z is a supersolution, and 7 < Z, then we say that

(Z, Z) is an ordered pair of subsolution/supersolution.

We wish to identify a particular subsolution and supersolution. In doing so, we will

19
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make use of the following lemma.
Lemma 2.2.1. V(\), as defined in (2.32), is bounded.

Proof. We first consider the case 0 < p < 1. Using the identity

(a+b)* < 2a* + 207, (2.38)

and the fact that o,5,e > > 0, we have

(be™ + u(\) —r)?
2(1 —vy)(02e=2* + 2poge=* + 52)
(be™ + p(A) —r)?
2= ) (e B+ )
20272 + 2(u(\) — 1)?
2(1 —v)(o2e 22 +52)°

v(A) =

VAN

IA

By performing some simplifications and applying our upper bound on u()\), we get

20 +2(u(N) — 1) Ve o + 0% (u(A)? —r)?

2(1 —y)(02e=22 +52) 02(1 —)(02e"2 +52)

V?(0%e 2 + 62) + o2 (u(N)? — r)? — b*52
0%(1 —7)(c2%e* 4+ 52?)

O
- o2(1=7)  (I—79)(c%e P +45?)
b? (M, + 7”)2 — bz—(f

IA

o} (l—7v) (I1—=9)(c%e +5%)

The last step is true because

(A —r| < |JpN)|+r <My +r, 7>0.

20
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If (My +1r)? —b*6%/0? <0, then

Otherwise, we have

P2 (M; +7)? — £

T\ < + o

o?(1—7) (1—~)5?
(My +7)?
(1 —7)

Thus, for 0 < p <1,

W(/\)Smax{ v? (M1+r)2}

P(1=7) @(1=7)

We can get a similar bound if p is negative. If pg < p < 0, then
ploe™ =5)* <0,

which implies

2pode N > pole 4+ p&l.
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2.2. SUBSOLUTION AND SUPERSOLUTION

Then we have

(be™ + p(A) —7)?
2(1 —v)(02e=2) 4+ 2poge=> 4 62)
(b + () — 1)’

2(1 —y)(02e2* + po?e=2* + pa2 + 52)
(be™ + p(A) —7)?
=)0+ ) (%> 1 57)
20%e 2 + 2(u(\) — )2
=)0+ ) (0% 1 57)

- { ©o (M —i—'r’)Q}
X .
1+ po o?(1—7)" 6*(1—7)

Let

R 2 2

\I/(/\):max{ 5 b ’(~]\241+7“) }

o*(1—7v) ¢*(1—7)
and
\Ilzmax{\if, v }
L+ po

Then

0< ¥\ <V < oo,

and so we see that W(\) is bounded.

We now identify an ordered pair of subsolution/supersolution to (2.36).

Lemma 2.2.2. Suppose 0 < v <1 and

0 > ~r.
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2.2. SUBSOLUTION AND SUPERSOLUTION

In addition, define

Ki=(y—1)log ﬁ__ﬂ. (2.44)

Then any constant K < K is a subsolution of (2.36).

Proof. We want to show
~2

%KM > H(\ K, Ky).

Since K is a constant, Ky = 0 and K, = 0. So we want to show that
0> —=-(0)* = A)(0) = YG(A,0) = 47 +6 — (1 = 7)e7 1,

or

0> —yW\) —yr +6 — (1 —y)ei-T.

)
Since K < Ky = (v —1)log (1—W>, and (v —1) < 0, we have
gl

and so
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2.2. SUBSOLUTION AND SUPERSOLUTION

Therefore
_K
—AUA) —r+d—(1—=7v)er 1 < —AVA)—yr+d+r—9
= =Y
< 0,
since U(\) > 0. O
Lemma 2.2.3. Suppose 0 < v <1 and
§ > y(r+ ), (2.45)
where U is defined by (3.27). In addition, define
J— v
Ko = (v—1)log [f(frj)} . (2.46)

Then any constant K > Ky is a supersolution of (2.56).

Proof. The proof is similar to the proof of Lemma (2.2.2), but instead we want to show
that
A TN) — 4§ — (1 —A)erT > 0.

§—y(r+ )

Since K > Ky = (7 — 1)log(

A< e i (w)]

L=vy
§—(r+0)
L=

> and (v — 1) < 0, we have

Y
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2.2. SUBSOLUTION AND SUPERSOLUTION

and so
—(1=7)er T > —5+~(r+ )
Therefore
—YU(N) —yr +0 — (1—’}/)6% > —AUYA)—r+6—0+y(r+¥)
= A —w()
>0,
since U(\) < V. O

Lemma 2.2.4. Suppose K; and Ky are defined by (2.44) and (2.46) respectively, (2.45)
holds, and 0 < v < 1. Then (K1, K3) is an ordered subsolution/supersolution pair of
(2.36).

Proof. Since ¥ >0, § > y(r + W) implies § > 7, and so

S—y(r+Vv) < d—nr
log {5 —y(r+ \11)} < log {5 - vr]
L=y L=y
(5—7(7“4—@)} [5—77“]
—1)lo > —1)lo
(v—-1) g[ T > (y—1)log —
Ky, > K,

We have that K7 is a subsolution, K, is a supersolution, and K; < K,. Thus (K, K>) is

an ordered subsolution/supersolution pair of (2.36). O
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2.3. EXISTENCE OF SOLUTION

2.3 Existence of Solution

The following theorem gives existence of a classical solution to (2.36). The result follows

from Lemma 3.8 of [FP04].

Theorem 2.3.1. Suppose Ky and Ky are defined by (2.44) and (2.46) respectively, (2.45)
holds, and 0 < ~y < 1. Then (2.36) has a bounded classical solution Z(\) which satisfies

K < Z(\) < K,. (2.47)

Proof. By Lemma 2.2.4, we have that (K;, K) is an ordered subsolution/supersolution
pair of (2.36). Note that H is strictly increasing with respect to Z. In order to use Lemma

3.8 from [FPO04], we need a bound on H in the following form:
[H(X, 2,p)] < CL(p* + Ca), (2.48)
for some constants C; > 0 and Cy > 0. We start by obtaining such a bound on G(\, p) :

0 < G(Ap)
= max { [(’Je*A +p(A) —r+ (5% + pa&e”\)p} k— k—z(l — ’y)q()\)}

k>0 2
[be™ + pu(X) —r+ (6% + pa&e*A)p}Q
2(1 =7)q(X)
2(be™ + u(A) — )2 + 2(6% + poge=)*p?
2(1 = 7)q(A)
)

P (2.49)

IN

IN
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2.3. EXISTENCE OF SOLUTION

Consider the coefficient of p? in the second term of (2.51), and note that it is positive. If
we let y = e, we see that this coefficient is a rational expression involving a quadratic
in y divided by another quadratic in y, where y > 0. The limit as y tends to infinity
(A — —o0) of such an expression is a constant. Since g(\) > go > 0, the denominator does
not approach zero as y tends to 0. Therefore this coefficient is bounded above by some

positive constant Ci:
2(62 + poge)?

< (. 2.50
= - 20
Using (2.50) along with (2.42), we have that

0 < G\ p) < Cip?+20. (2.51)

Now using (2.35), (2.3), (2.51), and (2.47), we get the following bound for K; < z < Kj:

~2
g - _z
|H(\, z,p)| < 5 p°+ [BN)p| + vG(A, p) +yr 40 + (1 — 7)er T
G52 ~ Ky
2 2 T,
5P + Ma|p| + y(Cip? +20) + yr + 6 + (1 — 7)er-1.

IA

Each term above is a constant or a constant multiple of p?, other than the term Mo|p|.

But we can bound this term as well. We use the fact that
(My+p)*>0 and (My—p)*>0

imply
Lo o Lo o
—§(M2 +p°) < Myp and Myp < §<M2 +p°),
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2.4. VERIFICATION THEOREM

respectively. This gives us the inequality
Lo o
| Map| = Ma|p| < §(M2 +p7).

So we have that

‘H()\, Z,p)’ S 01(p2 + CQ), z € [Kl, KQ], (252)

where C and Cy are positive constants. Therefore by [FP04], since H is strictly increasing
with respect to Z and we can bound H as in (2.52), (2.36) has a classical solution Z(\)
such that

K, < Z(\) < K,.

2.4 Verification Theorem

Now that we have existence of a classical solution Z()\) to the HJB Equation (2.36), we
want to show that
3 1 -

V(x,\) = —z7e?W (2.53)
g

is equal to the value function defined by (2.6). In effect, we will have maximized the
expected total discounted utility of consumption of an investor whose net worth is given
by (2.4). This so-called “Verification Theorem” is given in Theorem 2.4.4.

Before stating the Verification Theorem, we will need a few results.

Lemma 2.4.1. Suppose 0 < v < 1 and (2.45) holds. If Z()\) is a classical solution of
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2.4. VERIFICATION THEOREM

(2.36) which satisfies (2.47), then Zx(\) is bounded. That is, there ezists a constant A > 0
such that

1Z\(V)] < A, (2.54)

Proof. We know Z()\) is bounded by constants K; and Ks. Since Z is a classical solution
of (2.36), Z € C2. So its first and second derivatives are defined everywhere. For this
reason, we do not need to worry about Zy being undefined anywhere, but we must verify
that Zy is bounded at its local maxima and minima. Such an example where this may
not be true is if Z is oscillatory, with slopes becoming more steep with each oscillation.
Thus to prove that 7y is bounded, it is sufficient to prove that it is bounded at its local
extrema.

Suppose Z \ has a local max or min at A\g. Then Z (Ao) = 0. Therefore we have

5'2

- ~ Z00) =
0= EZ/%()\()) —+ /1()\0)2)\<)\0) + yr — ) + (1 — ’)/)6 -1+ ’)/G()\(), Z)\()\0>>

Z K. —
Since G > 0 and (1 — 'y)e% > (1-— ’)/)677—21 =0 —yr — Y, we have
5.2

7Z§<)\0) + i1(Mo)Zx(Xo) + 97 — 6+ — yr — 4P <0,

or

1\9|qu3

Z3(No) + fi(Xo) Zx(Ao) — 4T < 0. (2.55)

The left-hand side of (2.55) is a quadratic expression in Zy()\). Since the quadratic is

concave up, the only Z,-values that satisfy (2.55) are those bounded between the two
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2.4. VERIFICATION THEOREM

roots of the quadratic. The roots are given by

i) — V2O — 26240 — (N 2(Ng) — 25270
- i(ho) — Vi2(No) — 262y and 1y = fi(Ao) + v/ i2(Ao) ST 056

o a?

where r; < r5. We need bounds for Z, that are independent of \o. Using (2.3), we have

L —My - VM2 — 25290 My + /M2 — 2524V
= ~ = 12,
J2

=7 and 71 <

so that

< Z)\()\(]) < Ts. (2.57)

Thus Z, is bounded at A. Since A\ was an arbitrary maximum or minimum point of Zj,

Z, is bounded at its maxima and minima. Therefore, Z, is bounded. O

Lemma 2.4.2. Suppose 0 < v < 1 and (2.45) holds. Let Z()\) denote a classical solution
of (2.36) which satisfies (2.47). Define k*(\,p) as in (2.30). Then there exist positive
constants A1 and Ay such that

k*()‘hZ)\) S Ala (258)

and

e M (N, Zy) < As. (2.59)

Proof. Note that kf > 0, so we do not need to bound it in absolute value. We bound
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2.4. VERIFICATION THEOREM

k*(Mi, Zy) and e M Ek* (N, Z)) as follows:

(M, Zy) = be ™ + p(\) — 1+ (6 + poge ™) Zy (M) '
(1 =7)a(M)
- e + p(Ne) — 1 + (67 + pode™) Zy(\y)]
- (1 =7)a(M)
- be™™ + My + 1+ (62 + |ploge ™) A
- (1 —=)a(\)
< A, (2.60)

and

e [be™™ + My +r + (6% + |ploge™ ) A]
(T —=)a(N)
As. (2.61)

e Mk (N, Z))

IN

IA

To justify (2.60) and (2.61), we apply the same reasoning we used for the bound (2.50)
in the proof of Theorem 2.3.1. Let y; = e~*. Note that (2.60) is the quotient of a linear
expression in y; and a quadratic expression in y;, where y; > 0. Since ¢();) is bounded
below by a positive constant, the limits of (2.60) as A; approach positive and negative
infinity both exist. Therefore the quotient is bounded.

The expression in (2.61) is the quotient of a quadratic in y; by another quadratic in y;,

and it’s limits as \; approaches both positive and negative infinity exist as well. Therefore

(2.61) holds. O

Lemma 2.4.3. Suppose 0 <y < 1 and (2.45) holds. Let Z(\) denote a classical solution

of (2.36) which satisfies (2.47). For the process X; defined in (2.4), and k*(\,p) and
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2.4. VERIFICATION THEOREM

c*(\,p) defined by (2.30) and (2.28), respectively, we have

E[X{"] < o0 (2.62)

for any fixed m > 0.

For a proof, refer to [Pa02] Chapter 1, Lemma 1.1.

We now state our main result.

Theorem 2.4.4. (Verification Theorem) Suppose 0 < v < 1 and (2.45) holds. Let

Z(X) denote a classical solution of (2.36) which satisfies (2.47). Denote

. 1 -
V(z,\) = —27e?W, (2.63)
7
Then we have
Ve, \) =V, ), (2.64)

where V(x, \) is the value function defined by (2.6). Moreover, the optimal control policy

18

- be > + p(\) — r + (62 + poge ) Zx(\) . 200
E*(\, Zy) = , (N Z)=erT. 2.65
Proof. Since Z is a classical solution of (2.36), we have
7% - cor A ~ _Z
0= 5 (2w + Z3) + (N Zy +7G(A, Zy) +yr + (1 = 7)erT. (2.66)
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2.4. VERIFICATION THEOREM

We can show that V is a classical solution of (2.21). From (2.63) we get
W=2V, V= (Z}+2Zu)V,

. - 1) - 5 s
TARA AR VA L O euli0 L R %ZAV.

x 2

Substituting these values into the right-hand-side of (2.21) and simplifying, we get

52 - - -1

_ 7 _ _ Y

5 Vaa + g V) + rzV, + Iilzagc [ cxV, + 7<C$) ]

kaq(N)

+ max {(be‘A + u(N) = PkxV, 4+ (6% + pose NkaVi +

v}
0’

o o ) 1 NES
5 (Z3 + 22V + @GN Z\V +ryV + <; — 1) <zv> !

T

. -~k
+ max [(be_)‘ + () = Pk V + (5% + poge N kyV Zy +

k>0

~

~2 0
_ 7% o2, 5 oNY7 1 AR Ve
— v{ (Z2+ Zon) + i(A) 2o + 17 + (7 1) (z) v

+ v max {(be_’\ +p(A) =7+ (5% + pa&e_’\)Z,\)k: - %2(1 - ’y)q()\)} }

- 152 - - N 7 -
= V{U (Z3 + Zs) + (N Zy + 1y + (1 = y)eT +4G(), ZA)}

= Vs. (2.67)

Therefore V is a classical solution of (2.21).
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2.4. VERIFICATION THEOREM

For any admissible control (k¢, ¢;) € II, using Ito’s rule for f(t,V) = e %V, we get
dle ™V (X, M)] = —0e %V (X, A )dt 4 e 71 dV (X, ). (2.68)

Applying Ito’s rule to V, we have

AV(X;, N) = VedX, + Vad, + %V;x(dxf + Vo (dX) (dXy) + %VM(d)\t)Q

= VX [(,u()\t) +be™™ — ) kydt + (r — ¢)dt + ky(Fdi, + ae_Atdwt)}
+ VA (a(\o)dt + Gdi,) + %V [k:fxf((}? + 2pGoe ™ + aQe—%)dt}
+ Viaki X (6% + pooe ™ )dt + %f/w}%lt

~2

= [%VM + AV + 1 X Ve — eXo Vi + (be™ + p(hy) — 1)k XV,

thXtQQ()‘t)

+ B X, (6% + pooe )V + v] dt

+oe M X Vodw, + (65X, V, + 6V3) diy.

The integral form of (2.68) is

T T
= / eV (X, \y) — / 5e 7V (X, Ay )dt
0 0
T 5.2 _ 5 B B B
_ / e [TV WA+ XV — XV, + (b + () — XY,
0

K Xiq

T
+ kX,(6% + pooe )V, + 5 ()\)f/m]dt— / 5e MV (X, N )dt
0

T T
+ / oe kX, Vydw, + / (GkX,V, + 6V3) diby. (2.69)
0 0
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2.4. VERIFICATION THEOREM

In (2.67) we have equality when the maximum over all k, ¢ > 0 is obtained. For arbitrary
k,c > 0, we have the following inequality:

- 52 . ~ - - 1 -
oV (x,\) > %VA,\ + ANV +raV, — caV, + ;(cx)7 + (be™ + p(N) — r)kzV,

Ka?q(M) -

+ (6% + pa&e_k)kxf/z)\ + 5 Vi

We replace x, A\, k, and ¢ with X;, A, k;, and ¢, respectively, and rearrange to get

72 -

?VA/\ + ﬂ(At)‘N/A + Tth/z - Ctth/J: + (be_kt + p(Ae) — T)ktXt‘Zc

thXtQCI()\t
2

N ~ ~ 1
+ (62 + pcr&e_’\t)ktXtV;A + )Vm < OV(x, ) — ;(cXt)V.

(2.70)

Combining (2.69) and (2.70), we have

e TV (Xp, M) — V(z, \)

T 5 1 T 5
< / et [6V(Xt,)\t)—;(ctXt)7}dt— / 50 (X, A )dt
0 0
T 5 T B B
+/ O'@Atk'tXtvde)t“—/ (&ktXth—F&V)\)d/IIJt
0 0

T
1
= — / e“St—(ctXt)”dt + mp + My, (2.71)
0 Y

where

T T
mr = / Ue_Atk:tth/wdwt and mT = / (5-ktXt‘7:E -+ &VA)d'lI]t
0 0

are local martingales. They are local martingales because they are martingales on the
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2.4. VERIFICATION THEOREM

closed ball {z? + \? < R?}.

Let us start by proving that mr is a local martingale. It is sufficient to show that

TATR B
Pr (/ (ce ™Mk X, V,)2dt < oo) =1,
0
where
TR = inf{t > 0; X7 + \? = R*}.

(See [KS91], p. 146). Since we are restricted to the region {z* + A\* < R*} on which X,
and )\; are bounded, we know that f/m = X/ ~1eZ(\) is also bounded. So there exists a

constant A for which

TATR _ TATR
/ (ce ™Mk, X, V,)2dt < A / k2dt.
0 0

Recall that (k,, ¢;) € II, so that Pr ( T k2dt < oo) = 1. Then Pr (A ST g2y < oo) -

1, and so

TATR -
Pr (/ (ce™ME,X,V,)2dt < oo) =1
0

Therefore mr = fOT ge M k:tth/xdwt is a local martingale.
Similarly, we can show that 7 is a local martingale. By Lemma 2.4.1, Z, is bounded.

Then Vy = VZ,()) is bounded on {2 + X\* = R?}. So there exists a constant A such that

TATR 5 N2 TATR 9
/ (GhXcVo +3T) dt < A / (k2 4 1) dt
0 0

TATR
< 2A/ kZdt 4+ 2A(T A 7g).
0
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Again, since (k¢, ¢;) € 11,
T/\TR _ _ 2
Pr ( / (&ktXth + &VA) dt < oo) _ 1
0

So my is a local martingale.

Rearranging equation (2.71) to obtain a bound on f/, we have
- T 1 N
Vi, \) > / e = (e, Xy)Vdt 4 e TV (X, A\p) — mp — g (2.72)
0 Y
Next we replace T' with T' A g,

_ TATR 1 _

Viz,\) > / e"St;(ctXt)”dt + e INEY (Xpprp, Moarg) — MTarg — s (2.73)
0

Since mr and iy are local martingales, E[mya,,| = 0 and E[mra-,] = 0. So taking the

expectation of both sides gives us

TATR 1 B
V(z,\) > E, / e“”;(ctXt)th+Eme“STATRV(XT,\TR,)\TATR) (2.74)
0

TATR 1
Z Em’)\ / 6_5t—(CtXt)’Ydt. (275)
0 g

The second inequality is true because V > 0. Now we take the limit as R tends to infinity

and use Fatou’s lemma, which states

E [hm inf Xn} < lim inf E[X,,].

n—oo n—o0

37
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So we have

» TATR 1
V(z,\) > lim E,, { / e‘;t—(ctXt)”dt}
0 Y

R—o0

T 1
> E,\ [/ e_dt—(ctXt)th} )
0 Y

Now, letting T" tend to infinity and using Fatou’s lemma again,

T
1
V(z,A\) > lim Ew,/\/ e (e, Xy)dt
0 g

T—o0

e 1
> B, / e L, x, . (2.76)
0 Y

Since (2.76) holds for any arbitrary values of ¢, > 0 and k; > 0, we have

o 1
V(z,\) > sup Em)\/ e (e, X,)dt
0 v

(kt,Ct)EH

= V(z,N). (2.77)

Next we must show the reverse inequality, V(z, A) < V(z, ). We start by showing

that (kf,c;) € II. First, we note that

- +
be M + (M) — 7 + (6% + poge M) Zy (M)

(1 =7)g(x)

~ Z(Mp)

K (M, 2)) = and (A, Z) =e1

are progressively measurable because at every time ¢ their values are known. Second, we

Pr </OT(k;<)2dt < oo) =1 (2.78)

must show that
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T
Pr (/ cdt < oo) =1 (2.79)
0

By Lemma 2.4.2, we have that & < Ay, and so (2.78) follows. (2.79) follows from the fact

and

that K; < Z(\) < Ks. Therefore (k,¢}) € I1.

Using k; and ¢} instead of arbitrary k;, ¢, > 0, we have equality in (2.72):

T
1 -
V(r,\) = / e“”;(cht)“*dt + e TV(Xp, A\p) — mi — i, (2.80)
0

where m’ = fOT oce Mk X, Vydw, and mj = fOT <6k;th‘~/w + 6‘7,\>du7t.
We wish to show that mj. and m}. are martingales, so that these terms vanish when

taking the expectation of both sides in (2.80). We will do so by using the fact that
T
B | [ 00 ] < (281)
0
implies that fOT f(Xy)dw, is a martingale. Using Lemmas 2.4.1, 2.4.2, and 2.4.3, we have

T 1 2\ 2
/ (O‘G_)‘t ki Xy - —X?ez) dt
0 v

T
U_zA%€2K2/ E%A [XE(H"Y)} dt
Y 0

T
Ea.x { / (ae_’\fk:thf/x)zdt} = K,
0

IN

< oo,
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and

T
]Em{ / (&k;‘Xth—k&V,\)th}
0

= Ea:)\

T 1 : 1 N2
/ <6kZ‘Xt . —Xt”eZ +0o- —X?eZZA) dt
0 Y Y

IN

T =2 - T ~2 _
E. .\ [/ 20—2(]{;:)2Xt2(1+v)622dt} +Ean {/ 20—2Xt2762ZZfdt]
o 7 o 7
52 T =2 T
2%&@% / Ee | X7047] dt+2%62K2A2 / E,\ [X2] dt
0 0

IN

< Q.
Therefore m% and mJ. are martingales. Taking the expectation in (2.80), we obtain
- T 1 -
V(e \) =E, { / eét—(c;‘Xt)vdt] + e T, , [V(XT, AT)} . (2.82)
0 gl

Since V(z, ) < V(z, \), as shown above, we see that

oo 1 ~
Exa {/ e“st—(cth)dt} <V(x,\) < 0. (2.83)
0 Y
This implies that
s —oT 1 *
liminf E, » {e —(CTXT)7:| =0, (2.84)
T—o0 y

which is easily seen with a proof by contradiction. Note that c; is bounded below by a

positive constant:

*

c; >er1=c>0.
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Then we have

T—o00 T—o00

1 1
0 = liminf E, ) [eéT;(c}XT)”] > ¢ liminf E, le‘ST;X%} >0,

which implies

1
lim inf E, \ [(f”—X%] = 0. (2.85)

T—o0 Y

Using (2.85) and the fact that ¢Z < eX2 we have
lim inf E, [e*”f/(XT,AT)} —0. (2.86)
—00
Now taking the lim inf of (2.82) as T" approaches infinity, we get

- T sl
V(z,\) = liminf E, [/ e_ét—(c:Xt)Wdt}
0

T—o00 y

oe 1
= E,. [/ 6_&5(02“&)%&} , (2.87)
0

by the monotone convergence theorem. Finally, by (2.87) and the definition of V, we have

V(z, ) < V(z, ). (2.88)
Combining (2.77) and (2.88), we get

Viz,\) =V (z, ).
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In conclusion, we have proved that our solution ‘7(3:, A) to the HIB equation for V/
given by (2.21) is equal to the value function. In effect, we have maximized the expected

discounted HARA utility of consumption.
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Chapter 3

Stochastic Volatility

3.1 Background and Motivation

It is widely accepted that volatilities exhibit random characteristics, which presents
limitations in models that assume a constant volatility for stock prices. One commonly
noted example is the discrepancy between observed option prices and the prices predicted
by the Black-Scholes formula [FPS00]. If observed prices were equal to the Black-Scholes
prices, then the implied volatility would equal the historical volatility. In other words,
the implied volatility would be the same for all derivative contracts. In reality, this is not
the case. Implied volatilities are known to vary with strike price (for a fixed maturity),
creating a wolatility smile or smirk. Stochastic volatility models capture this smile/smirk
effect.

Fouque, Papanicolaou, & Sircar discuss further benefits of stochastic volatility models,
including the generation of more realistic return distributions with fatter tails. They also

discuss more difficulties presented by such models, and ways to address the challenges.
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3.1. BACKGROUND AND MOTIVATION

See Chapter 2 of [FPS00] for a detailed discussion.
In this chapter, we return to our stock price equation and now consider a constant

drift and stochastic volatility. That is,

dPp,
t

where p is constant.

Remark 3.1.1. We assume that p is constant here because our focus is on the stochastic
volatility condition. A natural extension would be to allow p to be a bounded function of
A, (or @), as in Chapter 2. Note that fi, defined in the next section, is a function of 6,

whether or not | is constant.

We require that the function () € C*'(R), and that it is bounded above and below

by positive constants,

0<L<a(0)<U. (3.2)

We also require its derivative to be bounded:

| = 5'(0)] < U. (3.3)

d&(6) ‘

These conditions result in the Lipschitz continuity of 7(0) and 52(6).
In addition, we suppose that the volatility is driven by a mean-reverting OU-process.

This captures the tendency of the random volatility to revert back to its invariant, or
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3.2. DERIVATION OF THE HJB EQUATION

long-run, distribution. The driving process is given by
d9t = CL(&L — Ht)dt + 7TdUA)t, (34)

where a,m > 0, and 6, are constants, and w; is a one-dimensional standard Brownian
motion.

We proceed as in Chapter 2, using our new equation for P,. In Section 3.2, we derive
the HJB equation, to which we identify a subsolution/supersolution pair in Section 3.3.
In Section 3.4, we prove existence of a classical solution, and in Section 3.5, we state and

prove the Verification Theorem.

3.2 Derivation of the HJB Equation

Using (3.1), Equation (1.9) can be written as follows:

b k: X
dXt — Xt |:(F + om— 7”) kt —+ (7“ — Ct):| dt —+ il tdwt + 6(0t)ktXth~}t (35)
t t
Let \; = log P;,. Then
where
N 1.
[i(b) = p — 502(90- (3.7)
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3.2. DERIVATION OF THE HJB EQUATION

Note that () is bounded:

- 1._ 1 "
(6 = ‘u - 150)| <ul+ Svr= (3.8)

Our equation for d.X; becomes
dX, = X;| (be™ + p — 1)k + (r — ct)] dt + X, [ak:te_)‘fdwt + &(Qt)ktdwt] . (3.9)

With the introduction of a new stochastic process driving the volatility, we now have
three one-dimensional standard Brownian motions, wy, w;, and w,;. We again allow w; and
Wy to be correlated with correlation constant p € [po, 1] for some constant py € (—1,0),

and we suppose w; is uncorrelated with w; and w;. That is,
E[wt . U~}t] = pdt, E[wt . wt] == E[ﬁ)t . wt] = 0.

We wish to maximize the expected total discounted HARA utility of consumption
subject to the constraints (k;,¢;) € IT and X; > 0, while (A, 6;) € R The objective

function is

o 1
J(x, N, 0,k c.) =K, 0 {/ e‘st—(ctXt)thl : (3.10)
0 v
and the corresponding value function is given by
o 1
V(z,\,0)= sup E;g [/ e_ét—(ctXt)vdt} : (3.11)
(ct,ke) €Ml 0 g

In the above equations, x, A\, and 6 are the initial values of X;, \;, and 6;, respectively.
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3.2. DERIVATION OF THE HJB EQUATION

The discount factor 6 > 0 is constant, and ~ is the HARA utility parameter. We restrict
v to the interval (0,1). The admissible control space, II, is defined in a similar manner as

in Chapter 2, now with the inclusion of our third Brownian motion, w;.

Definition 3.2.1. The pair (k¢ ¢;) is said to be in the admissible control space II if
(kt, ¢i) is an R?-process which is progressively measurable with respect to a (wy, Wy, W) -

adapted family of o-algebras (F;,t > 0). Moreover, we require that ky, c; > 0, and

T T
Pr(/ k:fdt<oo):1, Pr(/ ctdt<oo>:1 for all T > 0.
0 0

Our 3 state variables are X, \;, and 6;, given by equations (3.9), (3.6), and (3.4),
respectively.

Using the dynamic programming method, we get the following HJB equation for
V(z,\0):

5%(9)
2

2 1
oV = Vi + %Vee +raV, + [IJ(Q)V)\ + CL(QL — 9)‘/9 + m>ag< [;(Cm)W — C$Vx:|

2,.2

+ max {(by +p—r)kzV, + q(A, 0) Vg + kx(5°(0) + pa&(&)y)vxk}, (3.12)

where q(), 0) = o%e™? + 2po5(0)e=* + 5%(0). We leave out the details in the derivation
of Equation (3.12) because they are similar to the steps for deriving Equation (2.21) in
Section 2.1.

Restricting p € [po, 1], we can show that ¢(A,6) is bounded below by a positive

constant. That is,

q(A\, 0) > qo > 0. (3.13)
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3.2. DERIVATION OF THE HJB EQUATION

Consider p € [0, 1]. We note that 02e=2* > 0 and 2pad(6)e=* > 0. Then
q(\,0) > &*(0) > L* > 0.

Now consider p € [pg,0). The minimum of ¢ in the A-direction is given by the function

52(0)(1 — p*), which we can then bound below in 6. So we have
g(\,0) 2 6*(0)(1 - p*) = L*(1 = pp) > 0.

Since L? > L*(1 — p?), we set gy = L*(1 — po). Therefore (3.13) holds for all p € [po, 1].
The value function V' (z, A, 0) is homogeneous in z with order «, which allows us to

write it in the following form:

V(x,\,0) = %ﬁwu, ). (3.14)

Substituting this form into the DPE for V' gives us an equation for W:

siv =2 2( Wyt %Wae W+ J(B) W + a0y, — )Wy + max [¢7 — eIV ]
2

(3.15)

Let Z = log W. Then

4%
=7y, —2=2w+ 2}

"
|44 W

48



3.2. DERIVATION OF THE HJB EQUATION

W, W,
o and ﬂIZQQ—i—ZHZ

_2297

W

Substituting these values into (3.15) gives us the following equation for Z:

~2 0 2

5 _ 0 2( )22+ 20 + (23 + Zaa) + 7 + 0) 2+ (b, — 0)Zp + max [¢7 — ee”]
2

+ 7 max { [be_’\ + =1+ (6%(0) + poc(0)e ) Zx |k — %(1 —¥)q(A, 9)} (3.16)

The maximum of the expression involving c is obtained at

Z(\,0)
(N0, Z)=enT, (3.17)
and so
Yo Z7 _ %
mex [ —vce?] = (1 —y)erT.
Let
/{32
G0 8.5) = { [be 4 0= 52(6) + poa @) ] 0= a0.0) |
(3.18)
The maximum occurs at
be™ +p— 1+ (5%(0) + pa&(@ewﬂ : (3.19)
(1 =7)q(X,0) ‘ '

(X, 0, Zy) = {

The pair (k*,¢*) is our candidate for optimal control. Note that if k* = 0, then G = 0. If
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3.2. DERIVATION OF THE HJB EQUATION

k* > 0, then
o [be ™+ — 7+ (62(0) + poc(0)e=*)p]? -0 (3.20)
2(1 = 7)q(A.0) T
and so G(A,0,p) > 0. We define
.Y 2
(be 2+ p—r) if be™+p—1r>0,
w(x,0) = { 200 =7)a(A.0) (3.21)
0 otherwise.
Then
G(A,0,0) = V(N 0).

Our simplified equation for Z is
*(0) L ~
(Z3+ 2Zo0) + 5 (2 + Zoo) + 7 + U0) 25 + a0z — ) Z
(3.22)

5 —
+9G (X0, Zy) + (1 —7)ert.
Let
G*0) o m 5 =1
H(\60,2,p,8) = T A —a(@)p—a(@,—0)s—~vG(\,0,p)+d—~r—(1—v)er-T1.
(3.23)
Then we have
~2 2 2
) T G = H(N0,Z, 2y, Zy), (3.24)

2
which is our reduced HJB equation for Z(\, #) corresponding to the value function (3.11),

where V(z, A\, 0) = %x”ez()‘ﬂ).
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3.3. SUBSOLUTION AND SUPERSOLUTION

3.3 Subsolution and Supersolution

In order to prove existence of solution to (3.24), we will use the method of subsolu-

tion/supersolution.

Definition 3.3.1. Z(\,0) is a subsolution (supersolution) of (3.24) if

*(9)
2

2
T + %de > (VH(N 0, Z, Zy, Zy). (3.25)

In addition, if Z isa subsolution, Z is a supersolution, and 7 < Z, then <Z, Z) is an

ordered pair of subsolution/supersolution.

To identify a subsolution and supersolution to (3.24), we will use the fact that ®(\,0)

is bounded. To prove this, we consider two cases. First, let 0 < p < 1. Then

(be™ + p—r)?

2(1 —y)(02e=2* + 2poa(0)e=> + 62(0))
(be™ + p—r)?

2(1 —v)(02%e2* + L?)

220%™ +2(u —1r)?

2(1 —v)(02e=2* + L?)

RePo? 4 o2(u? — 1)’

o2(1 — ) (0%e 2> + L2)

(0% + L2) + 0%(u2 — 7)? — b2L2

02(1 —7y)(o2e=2* + L?)

Ve

e A e )

T(\, 0)

IN

IA
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3.3. SUBSOLUTION AND SUPERSOLUTION

If (u—r7)*—b*L?/0* <0, then

b2
U\ 0) <
(1.9) o?(1 =)
Otherwise, we have
R s
U\ 0) < g
R (e R (T
_ (=)
L1 —7)

Thus, if 0 < p <1, then

A (i G
Y0 < ma{ o T b = 0

We can get a similar bound if p is negative. If py < p < 0, then p(oe™ —

implies

2005 (0)e™ > pote ™ 4+ pa*(h),

52

(3.26)

() <0



3.3. SUBSOLUTION AND SUPERSOLUTION

and so

(b= + =1’
2(1 —y)(02e=2* + 2poa(0)e=> + 62(0))
(b= + 1= 1)?

T(\0) =

IA

(1 —7)(02e 22 + po2e=2A + pi2(0) + 52(0))
(be™ +p—r)?
1L =91+ p)(o2e=2* +52%(0))
20%e 22 + 2(p — 1)?

21— 7)1+ p)(o%e > + L?)

1 a { b? (n—r)? }
" max :
1+p o*(1—7) L*(1 =)
1 -
v,
1+ po

2
2(

IN

IN

IA

Let

Then

Thus, ¥(A,#) is bounded.

Lemma 3.3.1. Suppose 0 < v <1 and

d > r.

In addition, define

5 —
Klz(y—l)log{l_?ﬂ}

Then any constant K < K is a subsolution of (3.24).
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3.3. SUBSOLUTION AND SUPERSOLUTION

Proof. We want to show

~2 2

%K)\A + %Kee > H(\0,K, Ky, Ky)

K is a constant, so all of its derivatives equal 0. This reduces the inequality we are trying

to prove to the following:

0> —yT(\,0) — 7 +0 — (1 —7y)erT.

J
Since K < Ky = (y— 1) log [ 1 W‘], and (y — 1) < 0, we have

Then

~(1 =7 < ~(1-9)
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3.3. SUBSOLUTION AND SUPERSOLUTION

and
—YY (N, 0) —yr+6— (1 —fy)e% < AU\ 0) —yr+d+qr =6
< 0,
since U(\) > 0. O
Lemma 3.3.2. Suppose 0 < v <1 and
§ > y(r+ V), (3.31)
where U is defined by (3.27). In addition, define
§— v
Ky=(y—1)log [#} : (3.32)
-7

Then any constant K > K is a supersolution of (3.24).

Proof. The proof is similar to the proof of Lemma (3.3.1), but instead we want to show
that

TN, 0) — A+ 5 — (1 —y)erT > 0.
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3.4. EXISTENCE OF SOLUTION

§—y(r+0)

Since K > Ky = (v — 1) log [ } and (7 — 1) < 0, we have

el < exp {bg (—5 —or+ \1;))]
-y
0= (r+7)
= 1

—(1=9)er T > —§+~(r+ D).
Therefore

TN, 0) — 0 — (1 — )T > —y (N, 60) — 1+ — 06 +(r + )

= (T - ¥\, 0)

v

0,

since U(\,0) < V. O

Lemma 3.3.3. Suppose 0 <y < 1 and (5.31) holds. Then (K, K5) is an ordered pair of
subsolution/supersolution to (3.24), where Ky and Ko are defined by (3.30) and (3.32),

respectively.

The proof follows from Lemmas 3.3.1 and 3.3.2.

3.4 Existence of Solution
In this section we prove the existence of a classical solution to (3.24):

5%(6)
2

2
T + %Zea — H(X\,0,2, 7y, Zs).
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3.4. EXISTENCE OF SOLUTION

Our method follows the approach used in Section 3 of [HS12a]. We first prove that there
exists a classical solution to the following boundary value problem on the closed ball

Br={(\0) €R2: \2+ 6% < R?},

~2 9 2
! )ZM T e — HONO,Z,25,Zs) =0 on  Bg,
2 2 (3.33)

Z =1 on 0Bg,

for a particular choice of ¥. Once we have a solution to (3.33) on By for each R, we take
the limit as R — oo to show existence of solution to (3.24). The details are provided in

the proof of Theorem 3.4.9.

3.4.1 Sufficient Conditions for Existence of Solution to the Bound-

ary Value Problem

We wish to use to prove existence of a classical solution to (3.33), and we use the approach
taken by Hata and Sheu in [HS12a]. We start by introducing the parameter 7 € [0, 1]
into our equation:

*(9)
2

2
Zis+ 523y — H(\ 0,27, 23, Z,7) = 0. (3.34)

Here, H(\, 0, z,p,s,7) is equal to H(\, 0, z,p, s) with v replaced by 77 :

~2 2
H()\a 97 Z, P, 577—) = _O.T@pQ - %82 - /:L(e)p - CL(QL - 9)8 - T,YGT(/\v evp)
zZ

+6—Tmyr— (1 —79)e™ — 1 (3.35)
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3.4. EXISTENCE OF SOLUTION

where

2

G"(\,0,p) = max { [be*’\ + =1+ (5%(0) + poc(0)e Mp|k — %(1 —77)q(A, 0)} :

and G7(\,0,0) = U7(A,0), where

b -2 )2
(be+p—r) be +p—r >0,
v (), 0) = { 21— 77)a(A.0) (3.36)
0 otherwise.

For 7 € (0, 1], (3.34) is the HJB equation corresponding to the value function

e° 1
VT (z,\,0) = sup Egng {/ e*‘St—(ctXt)mdt . (3.37)
0

(kt,ct)ell e

We can consider 7 = 0 to be a limiting case of 7 € (0,1]. This corresponds to the
consumption problem for log utility, for which (3.34) has a unique solution given by
(3.111).

The corresponding boundary value problem is

~2 0 2
o >Z§)\—|—W—Zg@—H(/\,H,ZT,Z;,Zg,T):0 on Bpg,
2 2 (3.38)

ZT =T on O0Bpg.

Theorem 3.4.1 states the sufficient conditions for existence of solution to (3.33).
Theorem 3.4.1. Let a € (0,1) and R > 0 be fized. We assume the following conditions:

(a) H(\,0,z,p,8,1)=H(\0,z0p,s).
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3.4. EXISTENCE OF SOLUTION

sidered as a mapping from [0,1] into C*(Br x R x R2). The functions 52(0) and
H(X\,0,z,p,s,7) are continuous.
(c) & € C**(Bg).

(d) There exists a constant M such that every C*(Bg)-classical solution Z™ of (3.38)
satisfies

|1ZT(\,0)| < M, (), 0) € Bg,
where M s independent of Z™ and T.

(e) There are k > 0,c, ¢, such that the following inequalities hold for (\,0) € Bg,|z| <

M,n € R* 1 € 0,1], and arbitrary (p,s):

Zn 0)n; + nzﬁcz:n?,
=1

952 (0)
BY.

(3.39)

’H(AjeaZ’Pas,T)H‘ 'gé(l 47+ )2

(f) There is an My > 0 such that
’ZS()\,G)l < M17 (>‘70> € BR;

where Z°(+) is an arbitrary solution of

~2 9 2
? 2( )7t %Z% — TH(\6,Z, 75, %4,0) =0 on Bg,

Z =0 on OBpg.
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3.4. EXISTENCE OF SOLUTION

where T € [0, 1].
Then the boundary value problem (8.33) is solvable in C**(Bg).

In order to prove Theorem 3.4.1, we need the following fixed-point theorem from Hata

and Sheu in [HS12a].

Theorem 3.4.2. Let B be a Banach space with norm || - ||g. T is a continuous compact

mapping of B x [0,1] into B. Assume there ezists an M > 0 such that
I€lls < M

holds if €& satisfies
{=T( 1) or £=7T(£0)

for some T € [0,1]. Then there exists a £ € B such that T(§,1) =¢&.

For a proof of Theorem 3.4.2, see Appendix A of [HS12a].

We now prove Theorem 3.4.1. The proof resembles that of Theorem 3.4 in [HS12a].

Proof of Theorem 3.4.1. Consider the following boundary value problem for u:

~2 2 2
d ( >U)\)\—|—W—UQQ—H(A,Q,U,U/\,UQ,T) =0 on BR7
2 2 (3.40)

u =TI on O0Bg,

where v is any C'#(Bpg) function, and 7 € [0, 1]. It follows from assumptions (b) and (c)
that (3.40) has a unique solution @ € C**?(Bg), by Theorem 6.14 of [GT77].
For all v € C*? 7 € [0, 1], the operator T is defined by T'(v,7) = @. It follows from

assumption (b) that 7" is continuous and compact.
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3.4. EXISTENCE OF SOLUTION

If Z7 =T(Z7, 1), then substituting into (3.40) gives us

~2 I 2
#Z;)\ + %Zgg —H\0,Z27,Z,Z;,7) =0 on Bg,
ZT =T on OBg,

and so (3.38) is satisfied. By assumption (d), there exists a constant M such that
|Z7(\,0)| < M. Then by Theorem 3.4.2, there exists a Z € C'#(Bg) such that

T(Z,1)=Z.

Substituting this into (3.40) gives us (3.33). Hence there exists a solution Z € C*#(Bg)

to (3.33). 0

3.4.2 Using Theorem 3.4.1

The next step is to prove that the conditions in Theorem 3.4.1 hold for our particular
problem. This will ensure existence of solution to the boundary value problem (3.33).

Several results are needed before this can be done. We begin with the following definition.

Definition 3.4.1. Let Z, Z be continuous second order differentiable functions defined

on Bg. Z is called a subsolution of (3.33) if

5*(6)

2
Tor + %ZQO ~H\0,Z,7,,75) >0  on Bp,

Z

IN B

(0 on O0Bg.
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3.4. EXISTENCE OF SOLUTION

7 is called a supersolution of (3.33) if

~20 B 2 o B
d ( )Z/\A+%ZQH_H()‘7Q72)Z)\7ZQ)SO on BR7

2
> on OBpg.

\N]

In addition, (Z, Z) is called an ordered pair of subsolution/supersolution if they

also satisfy

Z(0) < Z(X0),  (\.0) € Br.
We can define an ordered pair of subsolution/supersolution to (3.38) in a similar manner.

Lemma 3.4.3. Let 7 € (0, 1]. Assume Z, Z are second order continuous differentiable

functions on Br and satisfy

9 ZA)\"‘?ZGQ_H()\,@,Z, Z)\,ZQ,T) >0 on BR,
52(0) - 2 _ _o_
02< ) AA"‘%ZQQ—H()\,G, Z, 75\, 29, 7) <0 on Bg, (3.41)
7<7 on OBp.

Then 7 < Z holds in Bp.

Proof. Suppose sup (2 — Z)(\,0) > 0. Since Z < Z on OBp, this implies that Z — Z
(\0)eBRr
obtains its maximum at (Ao, 6y) € Bg. So we have that

A —

(Z = Z)ax(Mo,00) <0, (Z = Z)ga(Xo,b0) < 0, (3.42)

Zx(No,00) = Zx(No,00), and  Zp(Xo,60) = Zy( Mo, 0o). (3.43)
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3.4. EXISTENCE OF SOLUTION

By (3.41) we have that, for (), 0) € Bg,

5.2(0) 2

9 (ZAA - Z)\/\) + %(299 - Z@@) - H(A797 27 ZA)\a Z@vT) + H()Uea Zy Z)\v 2977—) Z 0.

Evaluating this inequality at (Ao, 0p) and applying (3.42), we have
H<)\07 007 Z()\O, 00)7 Z)\(/\07 00)7 Z@(A(h 80)7 T) > H(A()? 007 ZA(A07 90)7 ZA)\()\07 90)7 20()\07 00)7 T)'
By applying (3.43), this reduces to

Z(X,99) Z(Xg,9)

—(1=71y)e ™1 >—(1—71y)e 1,

or Z(o,0p) > Z()\o, 6o), which is a contradiction. Therefore 7 < 7 on Bp. O
Corollary 3.4.3.1. For 7 € (0, 1], the solution Z™ € C?(Bg) of (5.38) is unique.

Proof. Suppose Z', Z? € C?(Bg) are both solutions of (3.38). Then Z! = Z2 on 0Bg,

and

~2 [ 2
O-T()(Zi)\ - Z)l\)\) + %(ZGQG - Z910) - H()\,Q,ZQ,Zi,Zg,T) + H<)‘7(97 Zlvz)l\azalaT) =0

(3.44)

in Bgr. Suppose sup (Z? — Z') > 0. Then Z% — Z! attains its maximum at some
(Ave)EBR

()\0,90) € BR. Then

(ZiA - Z;\A)()‘O’ 90) < O? (2929 - Z019>()‘0> 90) < 07 (3'45)
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3.4. EXISTENCE OF SOLUTION

Z;\()\Q,eo) = Zi()\o,e(]), and ZQI(A(),H(D = Zg()\o,eo) (346)
Evaluating (3.44) at (Ao, 6p) and applying (3.46) and (3.45), we arrive at

22(A\0,00) Z1 (2p,90)

(I—=77y)e =1 >(1—71y)e » T |

or Z%*(Xo, 00) < Z'(Xo,6p), which is a contradiction.
Note that if we assume sup (Z'—Z?) > 0, we would arrive at another contradiction.

_ (Ave)EBR
Therefore Z' = Z? on Bp. H

We now wish to discuss some properties of the coefficients of the HIB equation (3.24).

Recall from (3.20) that for £* > 0, G is defined by

[be™ + p— 1+ (62(0) + pod(0)e ) Z,]? -0
2(1 = 7y)q(A.0) -

G0, Zy) = (3.47)

or in the trivial case, G = 0 otherwise. Consider the expression for G' given above. We

can expand G to quadratic form in Z):

G(N0,2)) = 273 + 912 + go, (3.48)
where
~(8%(0) + poa(B)e ) ~ (be™ + = 1)(5%(0) + poc(9)e )
R 7w B (1147, 0) ’
and go(\8) = et H—T) (3.49)

2(1 - 7>Q<)" 0) '
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3.4. EXISTENCE OF SOLUTION

Remark 3.4.1. Note that |g2|, |g1|, and |go| are all bounded. We rationalize this by first
applying the bounds (3.2) and (3.13), after which we are left with continuous rational
expressions in X. The expressions are quotients of quadratic functions of y = e~*, whose
denominators are bounded below by a positive constant, namely (1 — ~y)qo. Therefore the

limits as A tends to infinity and negative infinity exist. Hence |gs|, |g1|, and |go| are bounded

for all (\,0) € R2.

Remark 3.4.2. [t follows from (3.48) and Remark 3.4.1 that there exist constants
C~'1, 02 > 0 such that
G(M,0,p) < Cy + Cop. (3.50)

Remark 3.4.3. The coefficients of (3.24), 2(0), ii(9), go(X, 0),g1(X, 0), and go(X,0), are
Lipschitz continuous for all (X,0) € R. If Z(\,0) € CY(Bg), it follows that H(\,0, Z, Zx, Zy) €
C*(Br x R x R?),

*(9)

70 and

Proof. By (3.2), (3.3), and the definition of ji(#) given in (3.7), we have that

di(9)
do

continuous.

are bounded for all § € R, and so the coefficients %(#) and ji(6) are Lipschitz

The bounds (3.2) and (3.3) also imply that gg, g1, and go are Lipschitz continuous.
To see this, we look at the derivatives of gy with respect to A and 6. After applying the

bounds on &(#) and &'(#), we have that

046_4)\ + 036_3>\ + 026_2)\ + 016_/\ + Oo
< .51

for some positive constants Cy, C, Cs, Cy, and Cj. Take y = e~*. Using the same reasoning

as in Remark 3.4.1, this time with a quotient of quartics in y, we see that the partial
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derivatives of g are bounded. Thus |Dgo| is bounded, and gy is Lipschitz continuous. We
use the same reasoning to arrive at the Lipschitz continuity of g; and gs.

On the ball Bg, Z(), ) is bounded. Therefore the term €T is locally Lipschitz for
(\,0) € Bg. The Lipschitz continuity of the coefficients of H imply that H is locally
Holder continuous. That is, there exists an « € (0,1) such that H(\, 0,7, Zy, Zy) €

C*(Bgr,R,R?). O
The next two theorems provide us with bounds on Z7.
Theorem 3.4.4. Suppose 52() € CY*(Bg), is continuous, and let Z be a supersolution
of (3.38) for T = 1. Suppose that Z7 is a solution of (3.38) with 7 € (0,1]. Then
eZ ) < 7200 L (1 — 1) f(),0), (3.52)

where f(X,0) satisfies

( ~2 2
O 0 0u8) + T fon(0.8) + () (2.
+al0, —0)fo(\.0) —0f(A\,0)+1=0 on Bg, (3.53)
[ F(\0) =1 on OBp,
and 1s given by
FA0) = % + (1 - %) Eo[e 7], (3.54)

where

tr = inf {t >0,/ A2+ 07 = R} . (3.55)
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Moreover, for 0 <~ <1,

Z7(\,0) > —log (max{%,l})— sup  {[Y(, 0|}, (3.56)

A24+62=R?

Proof. We first prove inequality (3.56). Let

77 = —log (max{%, 1}) — sup {|v(\0)|} (3.57)

- A2+62=R?

We will show that Z7 is a subsolution of (3.38). Since Z7 is a constant function, its

derivatives are equal to zero. Therefore on Bpg,

*(9)
2

2
2% %de —H\0,27,Z,Zy,7) = Ty¥T(X,0) — 6 + myr
sup [3(A, 6)]

: ( { : })} BT
log [ max< ——, 1 exp ,
— Ty 1—7 1—77

(3.58)

+ (1 - 77) exp L

where WT(\, 0) is defined in (3.36). Note that ¥7(\,6) > 0, and

sup (A, 0)]
A2+02=R

1 —7y

>1

exp
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because the argument is nonnegative. We reduce (3.58) to the following inequality:

°(0)
2

2
Zis+ 5 Lgy— HON 6,27, 23, 25, 7)

ST S S
et e e (s { D] ws

Suppose 6 > 1 — ~. Then the right-hand-side simplifies to

Y

—6+ (1 —)exp {logl_v] =—0+6=0. (3.60)

Now suppose § < 1 — . Then (3.59) simplifies to
—0+ (1 —7)exp [logl] =—0+ (1 —~) > 0. (3.61)

We also have that Z7 < T = Z" on 0Bg. Therefore Z7 and Z7 satisfy

=2 6) - 2 R ~ ~
U 2( )Z;A + %Zga —H(\0,27,20,727,7) >0  on Bg,
~2 8 2

¢Z 2( >Z;A + %Zgg —H(\0,27,7],2;.7)=0  on Bpg, (3.62)
ARl on OBgp.

Ve

Then by Lemma 3.4.3, Z7 < Z7 holds in Bp, which gives us (3.56).

Next we prove (3.52). It is equivalent to show that

(eZ — f). (3.63)
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Define
1., 1 )
V(N 0) = =27eZA9 and V7(z,\,0) = —a7eZ 0, (3.64)
v ™
Note that
1 —
max |:§(CI)A/ — cha;} =(1- 7)6% -V, and
T en) eV | = (1 r)er VT
max - cx cxVl| = Ty)e :
Now define
1 _
Vo(a, A, 6) = —(a7eZ00 — F(),6)) (3.65)
Y
and
1 r
Vi (,X,0) = —(a7e”" M) — f(),0)). (3.66)
™

Since f does not depend on x, we have that (V5), =V, and (V7). = V7. So

s E(Cﬂf)v - CfL’(VO)x} — (1—y)eiT-V

and
ZT

max [—(cm)m - c:z:(Vo)gc] = (1—1y)emT - V7.

c>0 T
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3.4. EXISTENCE OF SOLUTION

Then on Bgi we have the following:

622(8) (Vo) + %2(‘/6)99 +rz(Vo)e + (0)(Vo)r + alfr — 0)(Vo)e — 6Vo
1, N

e[ = en(Vi)] e { 0 = otV

S0 O) (Vi) + Kel6*(6) + po5(6) ) Vi) | >

a2(0) , - _ w2 _ o
2( )(ZM+Z§) +7(299+Z(;2)+W+M(9)ZA

=V

vally — 07— 6+ (1 —)era

B -1 ;

+ Y max {(be‘A +pu—r)k+ 5 q(\, 0) + k(5%(0) + pU&(@)e_’\)Z,\}

O 2
_ % {0 Q(Q)fm + %fee +rafe+ (@) fx+allp —0)fog—0f + 1]

2O, P
=V 5 (Z)\)\—FZ)\)—F?(ZQQ—FZO)—H(A,H,Z,Z)\,Zg,l) — [0]

1
v

<0, (3.67)

since f satisfies (3.53) and Z is a supersolution of (3.38) for 7 = 1. We also have
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3.4. EXISTENCE OF SOLUTION

5-2(0) T 7T2 T T ~ T T T
T(Vo I+ 7(‘/0 Yoo + (Vi ) + 1(0)(Vy ) + a0 — 0)(Vy )e — 6V
1

o TY T - o T

+ma [m(“) cal(Vg »] i {(be = Pka(V),s
2.2
1
SN OV o 4 hol6%(0) 4 pos 0 )V ) | -
=V 2( )<Z)\>\ + (Z,\)Q) + 7(299 + (29)2) + 7y + [(6)Z;

ZT

+all, —0)Z; —6+ (1 —T1y)em—T + 717 max {(be‘A +p—r)k

+ 2O y00) + K6%0) + poo(0) )25

s ,
_ % [0 (Q)fM + %faa +rafe 4+ p0)fr+al@r —0)fo—0f + 1}

5°( m !
_— { ©) 5+ (25 + o (Zio+ (25)°) = H(A, 0, ZT,ZK,Z(SM} g

= 0. (3.68)

Suppose that the optimal controls for the above equation are given by k and ¢ Then we

can rewrite (3.68) as

d 2<0) (Vo + %(VJ)% +ra(V )z + a0) (Vi )x + a0 — 0) (Vi)
SOV () = GV + (0 = ()
UV )or + Fa(@(0) + prd(0)e ) () = — =0 (3.09)
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The difference between equations (3.67) and (3.68) is the function

9(y) = —(z* = 1) (3.70)

for z = cx > 0 with y = v in (3.67) and y = 77 in (3.68). We will show that ¢ is

nondecreasing in y, for fixed z > 0. Differentiating, we obtain

—2Y + 1+ yz¥log 2
y' '

J(y) =

Let h(y) = —z¥ + 1 + yz¥log z. Then

R (y) = yzY(logz)> >0 for y > 0.

So ¢'(y) > 0, which means g(y) is nondecreasing for y > 0. Since 7 € (0,1] and v €

(0,1), 7y < ~y. Therefore

g(my) < 9(v), (3.711)

or

1 ™ _
Sle)7 1) <

((cx)” = 1). (3.72)

2| =

Applying the left-hand-side of (3.68) to V; and using (3.72), we have the following
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inequality:
622(0) (Vo)ax + %2(%)09 +rz(Vo)e + (0)(Vo)r + a(fr — 0)(Vo)o — 0Vo
! T —cx max e —r)kx

+Hclzag< [H(cx) (‘/O)ac:| + nas {(b +p—r)kx(Vo),
+ ka q(A, ) (Vo) aw + ka(3°(0) + pa&(@)e_)‘)(vo)x/\} - %

< 522(9) (Vo)ar + %2(%)09 + rz(Vy)a + 1(0)(Vo)a + a0, — 0)(Vy)g — 0Vi

l cx)! —cx max < (be —rkx

+ max L( ) (Vo):c} + may {(b o — ) kz(Vo)a
+ k; q(A 0)(Vo)aw + kx(5°(6) + pa&(@)e"\)(%)m/\} - %

=0 (3.73)

by (3.67). If we evaluate (3.73) at any values of k and ¢ that are less than optimal, the

inequality will still hold. So we evaluate (3.73) at k and ¢ to obtain the following;:

522(9) (Vo)a + %2(‘/0)99 e (Ve)w + 0 (Vo)s + a(8r — 0)(Vo)e — 0V0
+%<&U)m — r(Vo)o + (b~ + i — 1)k (Vo)s + kzngq(A, 0)(Vo)a
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Subtracting (3.74) from (3.69) gives us the inequality

5-2(0) T 7T2 T T ~ T
5 (Vo = Vo) + 7(% — Vo)oo +ra(Vy — Vo)a + (0)(Vy — Vo)a
+a(l, — 0)(Vy — Vo)g — 6(Vy — Vo) — ex(Vy — Vo)u + (be™ + p — )k (V] — Vp)a
k222 -
+Tq<A 0) (Vg — Vo)aw + kx(52(0) + pac(0)e ) (Vi — Vo)ar > 0,

(3.75)

which will be used to show a contradiction later in this proof. Note that (3.75) holds for
x> 0, ()\,0) € Bg.

To prove the estimate in (3.63), we wish to show that for z > 0, (),0) € Bg,

Vo (z, A, 0) < Vo(z, A, 0), (3.76)

or

(27e” = f). (3.77)

— (@7 — f) <
™

m»—

We then take x = 1 to get the desired result. We first note that f(X,6) > 0. This is easily

seen by rearranging equation (3.54) for f:

(-

A8 = <+
( _]E)\G 5tR>+E)\79[6_5tR].

| = | =

Since 8ty > 0, we have that 0 < e %% < 1. Then we see that each term above is greater

than zero, and hence f > 0. Therefore
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L (3.78)
e Y

On the boundary, Z > 1. Using (3.71) with z = ze%/7, we have that for z > 0, (\,0) €

8BR7
Vy = i(x”ew —1) < l(x7ez —1)="j. (3.79)
oy !
Note that for z = 0 and 7 € (0, 1),
VI000) = —— < —X Zyi00,0,0) (3.80)
0 ) - ™ v — vo\Y, V). .

Now consider large values of z with 7 € (0,1). We can take x to be large enough such

that

So this along with (3.78) implies that

Vo <V (3.81)

for large z and 7 € (0, 1).

Next we prove that Vi <V, for (A, 60) € Bg. Suppose on the contrary that
sup  {Vy(x, A\ 0) — Vo(x, A\ 0)} > 0. (3.82)

z>0,|(A0)[<R

Then the maximum is attained at some (xg, Ao, 0y), where zq > 0 and |(Ag, 0p)| < R. So
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at (xg, Ao, 0p) we have the following:

Vo(xo, Ao, bo) < VOT(IO, Ao, Bo), (3.83)

(Vo = Vo)z(0, Ao, bo) = (Vi — Vo)a(To, Mo, 0o) = (Vi — Vo)a(wo, Ao, o) =0,  (3.84)

and D?*(Vy — Vj) is negative semi-definite at (xo, Ao, 6p), where D? is the 3 x 3 matrix

operator of second derivatives (the Hessian). That is, for any n € R3,

n" D*(Vy = Vo) (20, Ao, 6o)n < 0, (3.85)

or in expanded form, for any 7,172,713 € R,

(V5 = Vo)aa (@0, Mo, 00)1% 4+ (V5 — Vo)an(@o, Ao, 00)ms + (Vi — Vo)es(wo, Ao, 0o)13
+2(Vy = Vo) (o, Ao, Oo)mme + 2(Vy" — Vo)we(xo, Ao, 80)mims

+2(Vg = Vo)re(zo, Ao, bo)nams < 0. (3.86)

Note that this implies

Vo = Vo)az, (Vg —Vo)ar, (Vg —Vo)ee <0 (3.87)

at the point (29, Ao, 0y) (for any 4, set n; = 1,7; = 0 for each i # j in (3.86)).
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3.4. EXISTENCE OF SOLUTION

We also note that

g\, 0) = &%(0) + 2poGe* + o’
> 52(0) 4+ 2poGe™ + pPote

= (6(0) + poe™)2. (3.88)

Now we evaluate (3.75) at (z9, Ao, 0p) and apply conditions (3.83) and (3.84). So at the

point (xg, Ao, 0), we have

52(0 2 k22
2( )(%T - ‘/0))\)\ + 7(‘/07- — %)09 + _q()‘7 9) (%T - ‘/O)xx

+ kx5 (0)(6(0) + poe ™) (VT — Vo)aa > 0. (3.89)

PO Vi + 6 0) 4 00— Vo)
+ kz5(0)(5(0) + poe™) (VT = Vi)ar > 0 (3.90)

at (]30, )\0, 90) Takmg
kx ) a(0)
e p— + , — i fr O
T \/5(0- poe ) 2 \/5 13

gives us a contradiction to (3.86). Therefore Vi < Vj for (A, 0) € Bg. Thus (3.77) holds.
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We take z = 1 in (3.77) to get

Thus we have proved (3.52). O

Theorem 3.4.5. Let 7 € (0,1]. Suppose 6%(0) € CY*(Bg), and that Z° is a solution of

~2 2
Oy T g TH(\0,Z,2\,75,0) =0  on Bp,
2 2 (3.91)
Z =0 on OBgp.
Then
— 0E[tg] < Z)(A, 0) <log(1 + E[tg]), (3.92)
where

tR:inf{t>0;\/>\§+6’t2:R},

and A, 0, are defined by
dj\t = Tﬁ(ét)dt + &(ét)dwt, 5\0 = )\,

dét = TCL(GL — ét)dt + 7Td'llA)t, 6_0 =0.

Proof. Note that

~2 2
O0) o T e 0V 2, — alOy — 0)Zg+ 6 — 7.

H()‘787Z7Z)\72070>:_ 2 9
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3.4. EXISTENCE OF SOLUTION

Since Z? is a solution of (3.91), we have that

2
(Z)3+ %(Zg)g + () (Z\ + a0 — 0)(Z0)g =5 +e % | =0

(3.93)

on Bpg. Subtracting some of the nonnegative terms gives us the following inequality:

5'22(0) (ZS))\)\ + %2(22)99 + Tﬂ(@)(ZB))\ -+ TCL(@L _ 8)(22)9 -7 < 0. (394)

Applying Ito’s rule to Z°(\, 6;) and using (3.94), we have that for 0 < t < tp,

dZ; (N, 0r) = (27

—

iu(8,)dt + a—(ét)dwt} (2% [m(eL —8)dt + det]

+

- [5—22@

- 1
(ZB),\)\5'2((9t)dt + §(Z£)997T2dt

—_ N

(220 + (200 + D205 + (b - e)(ZS»] it

< 78dt + 5(0,)(Z2°)adivy + 7(Z2°)gdaiy. (3.95)

In integral form, we write
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_ _ tr tr B tr
290, 05,) — Z°(\, 0) < / rodt + / 5(0,)(20) i, + / T(Z0)sdidy.  (3.96)
0 0 0

Taking expectations, we have EZ%()\;,,0;,) = 0 since Z° = 0 on dBp. For 0 < t <
tr, (A, 0;) € Bg. So for 0 < t < tr, we have that 5(6;)(Z%), and m(Z%)y are bounded.

Thus

tr _ lr
/'a%meSwt / w2 (70)2dt
0 0

Therefore fo 5(0,)(Z°)rdi; and fo 7(Z2)gdid; are martingales, which gives us

tr
0

E <oo and E

th
E/ 5(0,)(Z%)zdi; | = E
0

Then (3.102) reduces to

—Z%\,0) < TOE[FR).

Since 7 € (0, 1], we have

~Z2(),0) < 6Elf],

which proves the first inequality in (3.92).
Define
d(\, 0) = 77O, (3.97)

Then
¢>\ = QS(ZB)A’ ¢9 = ¢(ZS)97
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O = O((ZD)a+(Z2))3),  and  ¢eo = O((Z))e0 + (Z7)3).-

Now on Br we have

"D+ Tt — L0 + w68) + Tl 0)6n + by~ 6)ou) + 71— 50
= T o2+ (293 + (20 + (22
L—7 2(70\2 2 42 r70\2
- S FOFRZR + 720
OO (201 + al6, — O)(ZDe) + (1~ 60
- ¢{ O 2000+ T 2000+ | T 20+ T 208+ 0) (20

+ CL(@L — 9)(Z2)9i| — 70 + T@Zg}

— 0. (3.98)

On the boundary, ¢ = €° = 1. Therefore ¢ satisfies

(5%(6)
2

1—171
2¢
+7(u0)dr + alf — 0)dg) + (1 —0¢) =0  on By, (3.99)

(6*(0)¢3 + *p)

2
T
Oax + 7@)0 —

(¢=1 on OBg.

Since the terms — 7-(62(9)qb§\ + m%¢2) and T6¢ are nonnegative, we can add them to our

expression to get an inequality:
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5*(9)
2

2
Oa+ 560 + 7 ((6)6x + a0, — 6)a) + 7 > 0. (3.100)

Next, we can apply Ito’s rule to ¢()\;, 8;) and use the above inequality to obtain

Ao, B:) = oy [Tﬂ(ét)dt + &(ét)dwt} + oo [m(eL —8)dt + Wdﬁ)t]

1 _ 1
+ §¢)\)\(~72(9)dt + §¢997T2dt

{62;975)

2 o _ - - N
O+ 7%6 + 7(0)ox + Talf, — Qt)%] dt + 7 (0;) padivy + mwpgdiy

> —7dt + 5(0;)ppdid; + Thedil;. (3.101)

In integral form, we have

60, B5,) — SN, 0) > — / rdt + / " (8 badity + / " oy, (3.102)
0 0 0

We can again show that the last two integrals are martingales since their arguments are

bounded for 0 < t < t». Taking expectations, these terms vanish and we can rearrange to

get
1—o¢(\0) > —7E[tg]
¢% <1+ 7E[tg]
7Z? <log(1 + TE[tg)),
and then

7} <log(1 + E[tg]),
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since 7 € (0, 1]. This proves the second inequality in (3.92). O

The following theorem gives us existence of solution to the boundary value problem

; _ 7 D _ 2.2 2 2
. — 9 R — 3 . -~ .
(3.33) with ¢» = Z, on the closed ball B = {(A,0) € R*: \* +0° < R*}

Theorem 3.4.6. Suppose 6%(0) € CY*(Bg), (3.24) has an ordered pair of subsolu-
tion/supersolution (Z,Z), and Z € C*P(Bg) for some § € (0,1). Suppose further that Z
is a supersolution of (3.38) for T =1, and Z7 is a solution of (3.38) with 7 € (0,1]. Then

the boundary value problem

~2 2 2
i )ZAA+7T_Z€0_H()‘797 Z,7Zx,7Z) =0  on Bg,
2 2 (3.103)

~

77 on OBgp,

has a unique solution in C*P(Bg).

Proof. Notice that (3.103) is equivalent to (3.33) with ¢y = Z. We use Theorem 3.4.1
to prove existence of solution. Note that conditions (a), (b), and (c) are automatically
satisfied.

By Theorem 3.4.4, we have inequality (3.52):
eZTN0) < 1eZN6) 4 (I—=7)f(\0).
Since 7 € (0,1] and f > 0, we can write

eZT ) < 200 1 f(\6), (3.104)
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or

Z7(\,6) <log [¢ZO0 4 f(X,0)] = M.

Also by Theorem 3.4.4, we have the following inequality:

ZT(\0) > — sup {|Z(\,0)|} —log <max{%,1}) =M.

A2+02=R?

Note that M and M are independent of both 7 and Z7. Here we take

M = max{|M|, M} + C,

where C' is any positive constant. Then we have the bound

|1Z7(N\,0)] < M,

(3.105)

(3.107)

(3.108)

where M is independent of 7 and Z7. Hence condition (d) of Theorem (3.4.1) is satisfied.

For condition (e), take ¢ = min{L? 7%} and ¢ = max{U?, 72}. Then for any (n;,7:) €

R2

c(mi +m3) < 3*(0)ni + s < c(ni + n3).
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For the second part of condition (e), we have that for |z| < M,

[H (A0, 2,p,s,7)| +25(0)

d5(0)
df
B ‘_62(9) , .

5 P =5 —i0)p—albL—0)s —1G(\,0,p) + 6 — 7 — (1 —y)er

+25(0) |~

dé(6) ‘

U2 7T2 - - ~ M -
< P+ 58+ Mlp| + Als| +9(C1 4 Cop®) + 8+ 7lr| + (1 = 7)e5T +20T.

Using the identity |2a| < a®+ 1, we can bound the linear terms in |p| and |s| by expressions
of the form C;(1 + p?) and Cy(1 + s?), for positive constants C; and Cs. Therefore, for

|z| < M and some constant C' > 0,

& (0
IH(\, 0, 2, p, 5)| + 26(0) ‘%‘ <C+p*+52). (3.109)

Thus condition (e) is satisfied, with k = 2.

By Theorem 3.4.5, we have estimate (3.92). Thus
1Z5 (A, 0)] < M, (3.110)

where M; = max {JE[tg],log(1 + E[tg])} + Ci, for some constant C; > 0. So condition
(f) of Theorem 3.4.1 is satisfied.
In (3.38), take ¢) = Z. For the 7 = 0 case, (3.38) has the unique solution

Zy =log f, (3.111)
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where f is given by (3.54). Indeed, setting 7 = 0 in (3.38) and substituting (3.111) into

the equation satisfied on Bpg, we obtain

Al 1 § 1 ~2
Ué){ fzf”ff“%%[ f2+ff09} U§>f2fA 2f2f9
+/1((9)%fx+ a(@L—g)%fG_(H_%
- )
_ % [o— 2(9)f>\>\‘|‘%f09+/1(9)f>\+a((9L 0 fy—6f 41
h (3.112)

by (3.53). On the boundary 0Bg, Tr = 0. Then by (3.54) we see that f = 1, and so Z] =0
on dBpg. Therefore Z] = log f is a solution to (3.38) for 7 = 0. Uniqueness can be proven
using a method similar to that in Corollary 3.4.3.1.

This solution for 7 = 0 corresponds to the solution of the log utility problem, the case
in which the HARA utility parameter ~ is equal to 0. We do not discuss this case in detail
because our focus is on the non-log HARA utility with v € (0, 1).

By Theorem 3.4.1, (3.103) has a solution in C?%(Bg). For 7 = 1, (3.38) is equivalent

0 (3.33), which is equivalent to (3.103) when ¢ = Z. Therefore by Corollary 3.4.3.1, the

solution to (3.103) is unique. O

3.4.3 A Uniform Bound for supg, |DZ|*

Before proving existence of a classical solution to (3.24), we must prove the existence of a

uniform bound for supp, |[DZ|* for any R. We start with the following result.

Lemma 3.4.7. Let Z(z) € C*(RY), and a™(x) € C*(RY) for all i,j ranging from 1 to
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N. Then
N
2¢

i.jk=1 ij=1

where € > 0 1s a small constant.

Proof. By the Cauchy-Schwarz Inequality, we have

> Dw?DyZDyZ = <Z DkaikaZ> Di;Z
k

i,k (2]

< > |Dd"||DZ|- Dy Z.
1,

Now using the identity ab < %(aQ + %) and simplifying, we get

17]

1 ij (2 2, € 2
< X (5 Ipariz + (0s27)

1]

1 y €
= 5 <Z |Da]|2> |DZ|* + §Z(Dij2)2

ij

—_

ij

y 1
> |Da¥||DZ| - D;;Z = Zﬁ'Dal]“DZV\/EDijZ
i

N
ij 1 ij(2 2, €122
> Dy DyZDyZ < 5 (Z |Da™| ) D2 + S| D*2P,

ij

ij €
= 5 (Z |Da’|2> |DZ|?* + §|DzZ|2.

(3.113)

]

Theorem 3.4.8. Let Zj be a smooth function satisfying the HJB equation (3.24) in Bj.
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3.4. EXISTENCE OF SOLUTION

For each R > 0 and R > 2R, we have
sup |DZz|* < Cr+ C(6 —qr), (3.114)
Br

where C'is a nonnegative constant independent of R and R, and Cg, is a constant depending

only on R.

Proof. We write GG in its quadratic form,
G(N,0.2)) = 19223 + 79125 + 790,

where g9, g1, and go are defined in (3.49). Then Z satisfies

~2 6 2 1 2
? 2( )Z/\)\ + %Zae + 5 (5%(0) + 27g2(N, 0)) Z3 + %Zez

+ (ji(0) + vg1 (X, 0)) Zx + a6, — 0)Zg + vgo( N, 0) + (1 — y)er T =5 — r

(3.115)

on Bpy. Note that this is the case of be™ + p — 7 > 0. The more simple case of G = 0 (if
be > + 1 — 1 < 0) can be proved using the same steps as this proof, so we will not prove
this case explicitly. For simplicity, we drop the subscript R and set Z = Z - Differentiating

(3.115) with respect to A and 6, we obtain
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3.4. EXISTENCE OF SOLUTION

52(0) m? ~2 2 2
5 Z)\)\)\ + 72@9)\ + (0’ ((9) + 2’}/92>Z>\Z)\)\ + ’}/(gz))\Z)\ + 7 Z@Z@)\

+ (1(0) +791)Zxx +7(91)2Zx + a(0r — 0) Zox + v(g0)r — €77y =0
(3.116)
and
%0 o, w2 ~
2( )Z,\Ae +5(0)5'(0)Z\ + 72990 + (2(0) + 2792) ZxZ e
+(5(0)5"(0) + v(g2)0) Z5 + 7 Zg Zgg + (71(0) + v91) Zxo
(I (0) + 7(g1)2) Zn + a0y, — 0) Zog — aZp + (go)g — €77 Zg =0 (3.117)

respectively. Next, we take the sum of Equation (3.116) multiplied by Z,, and Equation

(3.117) multiplied by Zy. Rearranging the result (to a form that will be useful in a later

step), we get

52(0 2 52(0 2
( >Z)\/\)\Z)\ — —ZgorZx — 2< )Z)\)\OZG — ?Zeweze

2 2
— (62(0) + 2792) (20 ZoxZx + Z2Zxo Zo) — T (Zo ZorZx + ZoZp9 Zs)

— (1(0) +vg1)(ZnZx + ZroZp) — a(01, — 0)(ZoaZ) + ZooZy)

= 5(0)3"(0) ZanZo + V(920723 Zx 4 (5(0)5" (0) + 7(92)0) Z3 Zo

+9(91)r2ZxZx 4+ (W (0) +v(91)0) Z0Zo — aZpZy + ¥(go)xZx + Y(90)e Zo

- G%Z)\Z)\ - G%ZQZQ. (3118)
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3.4. EXISTENCE OF SOLUTION

Define

1
d=_|DZ*= §(Z§ +Z3), (3.119)

N | =

so that

D)\(I) = Z)\Z)\)\ + Z@Z@)\, ng) = Z,\Z/\g + Zngg, (3120)
D)\)\(I) = Zi/\ -+ Z)\Z)\)\)\ -+ Zi@ + ZQZQ)\)\, and Dg@ = Z/%g + Z@Z)\gg + 2929 + Znggg.
Then by (3.118),

5*(6)
2

2
Da® — %D%@ — (52(0) + 2792) Z\DA® — 12 Zy Dy®

— (f1(0) + v91) DA® — a(0, — 0) Dy®
a2(6 w2 52(0 72
== 2( )Z,\,\AZA — 5 Zondn — ( )ZAM)ZO = 5 o0 Zo

— (62(0) + 2792) Z\(ZonZx + ZrgZp) — 7 Zo(ZorZx + ZooZp)

— (f1(0) + v91)(Za\Zx + ZroZg) — a(O1, — 0)(ZorZx + ZpgZp)
a2(0 w2
2( )(Zix + Z3) — ?(Zie + Zjy)

= 6(0)3"(0) ZoaZo + V(920723 Zx + (6(0)5"(0) + v(92)0) Z3Zo + V(91)2ZrZ

_Z
+ (1(0) +v(91)0) Z0Zo — aZoZy + ¥(go)aZx + Y(90)9Zo — €771 Zx 2
o

L ULy N Sy 3.121
e =1 ZgZy 5 (Z3x + Z5o) 5 (Z3o + Zgp)- (3.121)
By Lemma (3.4.7), we have that
1
5(0)5'(0)ZaZon < 1-(25(0)5' (0))X(23 + 23) + i(z; + 272, + 72) (3.122)
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3.4. EXISTENCE OF SOLUTION

Then

~ ~ €
(3.121) < —(26(0)5'(0))*(Z3 + Z3) + Z(Zik + 273, + Z3)

1
4de
+6(0)5"(0) ZonZo +V(92)2Z3 25 + (6(0)6"(0) + v(92)0) Z3 Zo + V(91) 2222

_Z
+ (') +v(91)0) ZxZo — aZyZy + (90)aZx + V(go)oZo — €71 Zx 2
~2
g

= (0) o 2 ™ 2
— et ZyZy — i (Z5x+ Z39) — Z(Zw + Zgo)
(0 2
- #(Zi,\ + Z3) — Z(Zie + Zp) (3.123)
L . ~/
< =(5(0)5'(0))* (23 + Z5)
+6(0)5"(0) 23 Zo + (92022325 + (5(0)5"(0) + 7(92)0) Z3Z0 + V(91223
+ ((0) +1(91)0) ZaZo — aZ2 +4(g0)aZx +Y(g0)o Zo — €77 (Z3 + Z2)
*(0) ’

T
1 (Z3x + Z3p) — Z(Z,%a + Zgy), (3.124)

where the last step uses the fact that

~2(6)) 71_2
(Z3x+ 2239 + Z55) 1 (Z3x+ Z3) — Z(Zia + Zp)
1
= e BO)Z + 2 - 520) ~ 7By + (e~ )23
<0

for any constant € such that 0 < ¢ < min{L? 72}, and L given by (3.2).
Consider the matrix inequality (tr(AB))? < Nvy(tr(AB?)), where A and B are N x N

symmetric matrices, A is positive semidefinite, and 15 is the maximum eigenvalue of A.
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3.4. EXISTENCE OF SOLUTION

a2 0 AVVAY.
We use this inequality with A = and B = to get
0 7T2 Z>\9 Zgg
1 1
—1 52(0) 723, + (62(0) + ) Z3, + WZZQQG] < —87(&2(6)ZM + 72 Zgg)?. (3.125)
2
So then
*(0)

2
5 Dn® - %D%@ — (5%(0) + 27g2) ZDA® — 12 Zy Dy®

— (4(0) +791) Da® — a(0L — 0) Dy®
1
< Cr|DZ| + Cr|DZ|* + Cr|DZ|* — S (52<9)ZA,\ 4 WQZ@9)2 in Bop.
2

(3.126)

We use Cg to represent an arbitrary constant depending only on R; C' is a nonnegative
constant independent of R and R.
Fix arbitrary £ € By and let Bg(§) be an open ball with radius R and center &. Let

¢ € C5°(R?) be a cutoff function such that

0<¢<1inR% ¢(¢)=1 ¢=0in (Br(§)),

|Dg| < Co'/?, D] < C. (3.127)

Suppose the maximum of ¢® in Br(€) is attained at (\g, fy). By the maximum principle,
at (Ao, ) we have

Di(¢p®) = ¢D;® + ®D;¢p = 0,
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3.4. EXISTENCE OF SOLUTION

and Z D; j(¢®)nin; <0,

1,3
where the second condition means that the Hessian of (¢®)(Ao, 6p) is negative semidefinite.

Then at (Ao, 0), we have
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3.4. EXISTENCE OF SOLUTION

02~ D (60) — T Dua(60) — ((0) + 210 5DA(69) — 52 ZuDy(9)
— (A(0) +791) DA(¢®) — a(0r — 0)Dy(¢®) (3.128)
5(0) a*(0)

2
T
= ¢D\® — 5°(0) DypD\D — DPDy\¢ — ?¢D09<I’ — 12Dy Dy®

2 2
2
7

®Dggp — (6°(0) + 2792) ZA(¢DAP + P Dp) — 7°Zy(¢pDg® + P Dyh)

*(0)

2
- T
— (f(0) +791)Dr\® — a(0r — Q)Decb} - DD\\¢ — Eq’Deeﬁb
— 62(0)Drx¢D® — w2 Dy Dy® — (6°(0) + 2792)PZ Dy — m°®Zy Dy

— (a(0) + 791)CI>DA¢ —a(fy — 0)®Dypg (3.130)

52 0

— (ju(0) + v91) DA® — a(fy, — Q)D(;(I)} + Crd + Cp'/2P%? (3.131)
< ¢{CR|DZ| + Cr|DZ|? + Cr|DZ|* — 8%2 (6%(0)Z + 7r2299)2 }

+ Cr® + C¢' 2032 (3.132)
- ¢{CR|DZ| + Cr|DZ|* + Cr|DZ|* — 2%2 [ - %( 2(0) +2v92) Z3 — 7Za

— (1(0) +v91)Zx — a(0 — 0)Zg — vgo + 0 —yr — (1 = 'y)e”zlr}

+ Crd + Cp2d%2 (3.133)
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3.4. EXISTENCE OF SOLUTION

where (3.132) is true by (3.126), and (3.133) follows from (3.115).

Note that there exist 0 < p; < pg such that
palnl* < (6(0) + 2vg)ni + w0 < polnf* - for all (X, 0),n € R?.

In fact, take py; = min{L?, 72} and py = max{U? + vC,}, where Cy is the bound of the
coefficient to p? in (3.50). Then we have
Loy o T
—5(5%(0) +2v92) 23 — 5 Z5 — (1(0) +791)2x — a1 — 0)Zs — 790
z
+d—yr—(1—7)er-1
_Z
< —m|DZ* + CrlDZ| = vgo + 6 — yr — (1 = 7)er

Z

< —k|DZP?+Cr—7go+6 —yr — (1 —y)erT, (3.134)

where k > 0 is a constant that depends only on p, and the last step follows from the
identity [DZ| < 3(|DZ|* +1).
Now we split the problem up into cases. First, consider the case —x|DZ|? + Cg —

Y90+ —yr — (1 — ’y)e“%l >0 at (Ag,0p). Then
H’DZ‘Q()\(), 90) < CR + o — yr.

Note that

%yDZF(f) = B(E)B(E) < (Mo, 0)$ (Mo, b).
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3.4. EXISTENCE OF SOLUTION

since (g, 0) is the maximizer of ¢® in Bx(£); and so

KIDZI*(§) < &|IDZ*(Mo, 00)( Mo, 0o)
< ¢(Xo,00)[Cr + 0 — ]
< Cr+686—nr (3.135)
So in this case, we have
1
|DZP(€) < Cr+— (6 —7). (3.136)

Next, consider the case —k|DZ|?> +Cr —vgo+ 06 —yr — (1 — 7)6% < 0 at (Ao, 6p). Then
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3.4. EXISTENCE OF SOLUTION

by (3.134), we obtain

1
(3.133) < ¢{CR]DZ\ + Cr|DZ> + Cr|DZ|* — Sl kK|DZ[>+ Cr — g0 + 6 —
2

— (1~ v)ew%] 2} + Crd + C¢'/29%?

= ¢{OR|DZ| + Cr|DZ* + Cr|DZ|?
— 2LV2 [52|DZ\4 - 2/@\DZ|2(CR —vgo+0 —yr—(1— 7)6%)
+ (CR g S — (1 — 7)6721>2} } F Cp® + CpM 2032

22
Vg

< gb{ORtbl/z + Cr® + Crd®/? — =2

2 z

- V_HCD(CR — Y90+ 6 —r— (1 - v)eﬁﬂ } + Cr® + C¢'/20%?
2

= ¢{CR<D1/2 + Cr® + Crd*/?

— 2—H<I> [K(I) - (CR —vgo+0 —yr—(1— v)e%ﬂ } + Cr® + Co'/20%2

V2

(3.137)

at (N, 00). f K& < Cr —vgo+ 9 —yr — (1 —’}/)6% = CRr+ 6 — vr, then

RP(E) = rP(E)P(E) < KP(Xo, 00)P(Mo, 00) < KP(No,00) < Cr+6 =, (3.138)

so that

[DZP(€) < CR+%(5—W). (3.139)
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If Cr > ®(XNo, 0p), we have a similar result:
IDZ*(€) < Cr < Cr+ C(5 —7r), (3.140)

for some nonnegative constant C.
Finally, suppose both k® > Cr — vgo + 6 — yr — (1 — 7)6%1 =Cr+9—~r and
CR S (I)()\(),@()). Then

(3.137) < ¢{<1>3/2 + Cr® + ORcI>3/2} + Cr® + Co'/23/2

< Cl¢(b2 + C2¢1/2CI)3/2 + égq) at (/\0, 00), ég = CgCR, (3141)

where Cy, Cy and Cs are positive constants independent of R, R, and (6 —~r). (3.4.3) uses
the inequality

1
Crd*? = CrdV2P < 5(01%@ + 3?),

and the fact that ¢ < 1.

Let Y = ¢(Ao, 00)P(Xo, bp). Then from (3.4.3) we have
0< —C Y2+ Y + Cs. (3.142)

The quadratic on the right-hand side is concave down. Since the quadratic is greater than

or equal to zero, Y is bounded by the zeros of the quadratic. This, along with the fact
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that Y > 0, implies

= 2
(N, 0) =2 < (VIR EAOG
20,
_ G C? +4C,Cy
S ot T e
€2 205Cp
- oo
1 1

Again, we use the fact that |[DZ]?(€) < ¢(Xg, 00)|DZ|*(No,6p), and we obtain the bound
IDZ]*(§) < Cr+ C.

In each case, we have a bound for |DZ|? in By that can be written in the form Cx +

C(8 —~r), where Cg is a constant depending only on R, and C'is a positive constant. [

3.4.4 Existence of Solution to the HJB Equation

Finally, we have our existence theorem.

Theorem 3.4.9. Suppose 52(f) € C*(Bg). Define Z = Ky and Z = Ko, where K, and
K, are given by (3.30) and (3.32), respectively. Then there exists a solution Z € C*P(R?)
to (3.24) such that Z < Z(\,0) < Z for all (\,0) € R2

Proof. By Theorem 3.4.6, there is a unique solution Z* to

~2 0 2
alt >ZM + L Zy—H(N0,Z,20,Z,) =0 on B,
2 2 (3.143)

7 -7 on 0B,
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for [ =1,2,3,.... Since Z and Z'*! satisfy the following,

r ~2 9 N 2 " PR .

g 2( )ZM i %Zgg — H(\NO, 2,25, Z4) > 0 Y (\6) €R

~2 (9 2
12 2( L7+ %Zé‘gl —H(\0,Z2", Z7 Z ) =0 on By, (3.144)
\ZA =zt on 0B,

we see that they satisfy (3.41) with 7 = 1. Thus by Lemma 3.4.3,

In particular,

On 0B, we also have Z! = Z. Therefore

Zt< 7" on OB,

Now we see that Z! and Z!*! satisfy

( ~2 9 2

"2( )ZlMJr%Z},@—H(/\,@,Zl,Zg,Zé) =0 on B,

~2 9 2

TOA T - HOW 2T A =0 o B, (89)
\Zl < Zi! on 0DB;.

By Lemma 3.4.3 again,

Zt< 7% in B,.
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Thus for any k such that |(\,0)| < k, Z'(\,0) is nondecreasing in [ for [ > k, and is
bounded above by Z. So by taking | — oo, {Z!(\, #)} converges pointwise to some function
Z(\,0).

By Theorem 3.4.8, we have a uniform bound for |[DZ!|? on Bg for any R > 0. By
the Arzela-Ascoli Theorem, {Z'} contains a subsequence that converges to a function
7 € C*P(Bg) as | — oo. Since {Z'} also converges pointwise to Z, then we must have

Z = Z. By (3.109) and (3.114), it follows that Z is a solution to (3.24) on By, for any R.

Take R to infinity, and we have that Z is a solution to (3.24) on R2. O

3.5 Verification Theorem

In Section 3.4, we proved existence of a classical solution Z (A, 0) to the HIB equation

(3.24). In this section, we prove that V = %aﬂez is equal to the value function (3.11). In
effect, we will have maximized the expected discounted utility of an investor whose net
worth depends on stochastic dividends and stochastic volatility of stock price.

We begin by stating a useful result.

Lemma 3.5.1. Let Z(\,0) be a classical solution to (3.24) such that Ky < Z < Ko,
where Ky and Ky are defined by (3.30) and (3.32), respectively. Define k*(\, 0, Zy) and
(X, 0,2Z) by (3.19) and (3.17), respectively. For the processes M\, 0, and X, defined in
(3.6), (3.4), and (3.9), we have

E\"], E[07], E[X™] < 0o (3.146)

for all fized m > 0.

101



3.5. VERIFICATION THEOREM

For a proof, refer to [Pa02], Lemma 1.1 of Chapter 1.

We now state and prove the Verification Theorem.

Theorem 3.5.2. (Verification Theorem) Suppose 0 < v < 1 and (3.31) holds. Let

Z(\,0) denote a classical solution of (3.24) which satisfies Ky < Z < K. Denote

- 1 i
Ve, \0) = —a7eZ00), (3.147)
Y
Then we have
V(z,\,0) = V(x,\0), (3.148)

where V(x, A, 0) is the value function defined by (3.11). Moreover, the optimal control

policy s
002 — [P+ (0 4 prr(B)e) 2 (00) ! (00,7) — B
» Uy = , C , 0, =€ 7
* (1 - V)Q()V 9)
(3.149)
Proof. Since Z is a classical solution of (3.24), we have
~2 6) - 5 2 ~ ~
5= 2 2( )(Zf + Zn) + %(292 + Zog) + 7 + 1(0) 2y
+ally — 0)Zg+ (1= 7)eisT +~G(N 0, 2y). (3.150)
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Using (3.150) we can show that V is a classical solution of (3.12). From (3.147) we get

Ve = 1‘7, V=VZ,, Vy=V1y,
x
_ MV, Via =VI(Z3+ Z0n), Voo = (Z5 + Zpp)V, and V= %Z'\V.

Substituting these expressions into the right-hand side of (3.12) and simplifying, we get

*(9)
2

- 2. - - 1
Vi + %Vee +raVy 4+ w(0)V\ + a0, — 0)Vy + max {;(cx)”’ — chm}
2.2 R

OO+ Ka(5(0) + po3 (0)e Vo |

+ max {(be"\ + o —r)kaV, +

k>0

CF0) y p o Ty o

= 5 (Z)\‘f‘Z)\)\)V—f‘ 9 (Z9 ‘f‘Z@g)V‘FT’}/V—f—M(Q)Z)\V‘f‘CL(QL H)ZQV

1 Yo\ 12 A -k o

+(§—1> (5V> —I—rgxg{{(be —|—,u—r)k7V—|—?7(7—1)q()\,0)V
+ kY (62(0) + poi(0)e ™) }V}
50) o 5T o :

=V 9 (Z)\—FZ)\)\)—{—?(ZQ —|—Z99)+T")/+M(9)Z)\+(I((9L—9)Zg

+ (1 —7y)em +7G(\, 6, ZA)}

= V.

Therefore V is a classical solution of (3.12).

For any admissible control (k;, ¢;) € II, using Ito’s rule for f(t,V) = e %V, we get

df = fidt+ f,dV + %fw(oW)2

dle™ "V (X, M\, 0,)] = —6e %V (Xe, A, 0p)dt + e 01 dV (X, A, 0,). (3.151)
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Using Ito’s rule on V, we have

dV(Xt,/\t,Qt) —

In integral form,

~ ~ ~ - 1~ 1~
Vod Xy + VadNy + Vodb; + =V (dX,)? + QVM(d)\t)Q + 5%9@1@)2

1
2
FVar(dX ) (dN) 4 Var(dX,) (dN) + Vag(d) (d6y)
v, [Xt [(be™ + = 1)k + (r — )] dt + ke Xyoe ™ dw, + k:tXt&(Qt)dwt)]
4T [ﬂ(&t)dt + 5(9t)dwt} 7, [a(eL —9,)dt + wdwt}
1~ 1~
+5 Vs [kfxf(a(etf +2p05(0)e ™ + 026—%)6@ + 5V (0,)
1~ .
5 Voor?dt + Vorki X, [&(992 + pa&(et)e%] dt
5(0)? - 2~ NP - - a -
T3V Voo + 00)Va+ 1 X0V — XV + (be ™ 4+ = 1)k X,V
) _2X2(0\, 0
+G(9L — et)‘/g + ktXt(ﬁ(Q)Z + pa&(@t)ef)‘t)vx)\ + W

+oe Mk X, Vydw, + |:5'<6t)ktXt‘Zv + 5(91‘/)‘7/\} iy + wVyduiy.

f/m] dt

e TV (XA, 07) — V(z, ), 6)

T T
= / eiétd‘N/(Xt, )\t, 9,5) — / 567&‘7()(,5, )\ta Qt)dt
0 0

:/OT

+ ktZXtZQ()‘taet)

5(0 2 2 - - ~
e~ 0 [—U<2) Var + %Vae + A(0)VA+ 1 XV — o Xi Vs

(be ™ 4 i — T)ktXth +a(f, — Qt)% + kX (5(0)* + pa&(ﬁt)e*&)f@A

T T
; V;x]dt— / 5e 7V (X, Mg, 0,)dt + / oe Mk, X, Vodw,
0 0

T

T
+ / (a(et)ktxtw+5<etm)dwt+ / 7 Vydiby. (3.152)
0 0
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We showed above that
~ 7'('2 ~ ~ ~ ~
Vi + EVQG +r Xy Ve + a(0,)Vy + a(fr, — 6,) Vi

~ a%(0
(5V<Xt, )\t, 91}) == é t)
1 ~
+ max {—(CtXt)'y — CtXt‘/m} + max {(be)‘t + om— T)ktXt‘/w
>0 | 7y k>0
ki X? : -9 YA
+—5 q( Mty 0) Vg + ke X (6°(6:) + poG(0:)e™ ) Vix ¢ (3.153)

Thus for arbitrary ¢, k; > 0,
- 2(0;) ~ w2~ - ~ ~ ~
OV (X, M\, 6y) > 9 Vo + 7‘/(90 +rXeVe + 4(0:) Vi + a(0r, — 0,)Vy + ;(CtXt)’y
- k2 X2 -
— e XiVi + (be™ + pp— 1)k X, Vi + 5 La(Ae, 00) Vis
(3.154)

+ k:tXt((}Q(Qt) + pU&(et)e_At)%A.

Then we have

Qe

2 9 N 2 B B ~ - -
; t) Vi + %Vgo +1r XV, + [L(Qt)v/\ + CL(QL - Qt)Ve — XV + (be_)\t + = T)ktXtV
2Xt2 ~ ~92 ~ =X\ 1/
q(Ae, 00) Vg + ke X (67(0r) + poc(Oy)e™ ) Vo
(3.155)

t

T3

1
< V(X A 0) — — (e Xy)7.
v
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Now (3.152) becomes

e TV (Xp, Ar, O7) — V(x, ), 0)

T _ 1 T .
< / e~ 0 [6V(Xt,)\t,9t)—;(ctXt)7] dt — / 5e 7V (X, Ay, 0,)dt
0 0

~—

T T
+ / Ue_)\t ktXtVzdwt + / (5(9t)/€tXth + &(Qt)‘/)\> dwt + ™ gdwt
0 0

T

1

= — / 676t—(CtXt)'ydt + mp + mp 4+ M, (3156)
0 Y

where my = [, ce Nk X, Vadwy, iy = [} (50K XoVe + 5(6,)13 ) diy, and iy =
fOT mVydid, are local martingales. That is, they are martingales in the region {2242+ <
R%}.

Rearranging (3.156) to get a bound on V, we have

T

- 1 -

V(x,\,0) > / e*&;(ctxt)w + e TV (X, Ap, 07) — mp — p — g, (3.157)
0

Since my is a local martingale, E[mza.,] = E[mg] = foo oe Mk, X, Vydw, = 0. Similarly,

E[mrar,] = E[g] = 0. Replacing 7" with T'A 75 in (3.157) and taking expectations, we

arrive at the following:

TATR 1 _
V(z,\,0) > E;xg [/ 6_6t;(CtXt)’ydt} +E; a0 |:e_6T/\TRV(XT/\TRv /\TATR79T/\TR)]
0

TATR 1
> Eop { / e—ﬁt—(ctXt)vdt} . (3.158)
0 Y

The second inequality is true because V > 0. We let R approach infinity and use Fatou’s
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lemma, giving us

B TATR 1
V(%, )\, 6) Z lim E%)\,@ l/ €6t—(CtXt>7dt:|
0 8

R—o00

T 1
Z ]Ex)\ﬂ |:/ 6_5t—(CtXt)’Ydt:| .
0 Y

Now, letting T" — oo and using Fatou’s lemma again,

S |
V(z,\,0) > lim E,,, {/ e_‘st—(ctXt)th]
T—o0 0 Y

e 1
> Ezae {/ 6_5t—(CtXt)7dt} . (3.159)
0 Y

Since (3.159) holds for all arbitrary values of (k, ¢;) € I, then

. o0 1
V(z,\,8) > sup E,g {/ e_&;(ctXt)th}
0

(kt,cr)€ll

= V(z,\0). (3.160)

Next we must show the reverse inequality, V(z, A,0) < V(z, A, 8). We start by showing
that (k;, c¢f) € II. Note that both k; and ¢} are progressively measurable because for every
time ¢ their values are determined.

We must show that Pr (fOT(k:f)th < oo) =1 and Pr (fOT crdt < oo) = 1. If
k; = 0, this is trivial. If &} > 0,

T (T (e =+ (5(6)2 + pod(0)e ) (M B0) )
[, wora= | ( (= 1)40.0) > “

We know that q(A\,0;) > qo > 0, so the denominator in the above expression does
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not approach zero. This, along with the fact that Z, is well-defined, implies that k; is
well-defined for ¢ € [0, T]. Therefore

T
Pr (/ (k)*dt < oo) = 1. (3.161)
0
Z(M\,01) ~
We also know that ¢ = e +-T  is bounded because Z is bounded, so
Pr ( fOT cydt < oo) = 1. Using k; and ¢ instead of arbitrary k;, ¢, > 0, we have equality
in (3.157):

T
1 3
V(z, A, 0) = / e_&%(c;‘Xt)”dt + e TV (Xp, Ap, 07) — mi — s — 10, (3.162)
0

where mJ,, m}, and m}. are equal to the expressions for mr,my, and mp, respectively,
with arbitrary k; and c¢; replaced with £k} and c;. These integrals are martingales, so these

terms vanish when the expectation is taken in equation (3.162):

- T 1 -
V(z,\60) =E { / e&;(cht)’vczt] Y E [e*‘;TV(XT, )\T,GT)] . (3.163)
0
It is apparent that
o0 1 ~
E [/ eat—(cth)dtl <V(z,\0) < o0 (3.164)
0 v

since V(x, \,0) < V(z,\,0), as shown above. This implies that

1
liminf E {e“ST;(c}XT)”} =0, (3.165)

T—oo

which is easily seen with a proof by contradiction. Note that ¢; is bounded below by a
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positive constant:

Then we have

1 1
0 = liminf E {e‘ST—(c*TXT)”} > ¢ liminf E {MT—X;} > 0,
gl gl

T—o0 T—o00

which implies

T—o0

1
lim inf E {e_‘sT—X%} = 0. (3.166)
r‘)/

Using this along with the fact that e < ef2 we have that

liminf E [e"sTV(XT, )\T,HT)] ~0. (3.167)

T—o00

Now taking the liminf of (3.163) as T" approaches infinity, we get

T—o00

- T 1
V(z,\,0) = liminf E [/ eét—(cIXt)'ydt}
0 v

= E { /0 h e—‘”l(cjxt)vdt] : (3.168)

v

The second equality is true due to the monotone convergence theorem. Finally, by (3.168)

and the definition of V, we have

V(z,\0) < Viz, A\ 0). (3.169)
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Combining (3.160) and (3.169), we have

Viz,\0) =V(z,\0).

]

In conclusion, we have proved that our solution to the HJB equation is equal to the
value function. In effect, we have maximized the expected discounted HARA utility of

consumption.
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