
                                                            ABSTRACT 

 

KYIMBA, ELOI-ALAIN KYALONDAWA. Comparison of Monte Carlo Metropolis, 
Swendsen-Wang, and Wolff Algorithms in the Critical Region for the 2-Dimensional Ising 
Model. (Under the direction of Dean J. Lee.) 

          We measure the efficiency of the Metropolis, Swendsen-Wang, and Wolff algorithms in 

the critical region as characterized by the correlation timeτ .  This correlation time τ is then used 

to determine the dynamical critical exponent z using τ = L with L representing the linear 

dimension of the 2-dimensional Ising model. 
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Chapter 1

Introduction

1.1 Overview

Investigating thermal properties of a statistical system in which the nature

of the interactions between atoms or molecules is governed by a well-defined

Hamiltonian function H is one of the problems that preoccupy statistical

physics[16]. It is well documented that such an investigation may be carried

out using analytical methods or standard numerical methods, but since this

system is of an immense size and of various types, using the methods men-

tioned above will be unproductive. Thus, suitable methods are sought, and

one of methods that are up to this challenge is the Monte Carlo method.

As advertised, a Monte Carlo method is a very powerful numerical method

that in general efficiently tackles statistical systems, and, in particular, it is

a very attractive method for solving problems in statistical physics because

of its ability to adapt to various aspects that characterize statistical systems

such as their relationships with the environment. These relationships be-
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tween statistical systems and the environment define statistical ensembles.

A statistical ensemble is an ensemble of collection of states, subject to a least

one extensive constraint, and in this ensemble the entire statistical physics

can be formulated. In the following, we briefly discuss two of statistical

ensembles commonly used in statistical physics.

1.2 Statistical ensembles

• Canonical ensemble

Physically, the canonical ensemble represents a system in equilibrium

with a thermal bath or a thermal reservoir having a temperature T .

This enables the calculation of the average energy of the system[9].

This ensemble is good for studying the single phase thermal properties

of gases, liquids and solids, but unfit to investigate statistical systems

with varying densities, for example[13].

• Grand canonical ensemble

In the grand canonical ensemble, a statistical system can have any

number of particles, which is determined by external conditions to the

system. This ensemble is especially good for obtaining the equation of

state for a system as a function of density.

As said before, to effectively employ a Monte Carlo method for investigating

thermal properties of a statistical system, we must work within a statistical

ensemble which represents the system, and for a type of system that we will

investigate here, a canonical ensemble will be the ideal choice as a statistical
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ensemble. This choice will be explained later. Having stated that, let us

now start with the investigation. First, we must put the system on a lattice

of finite size[16] to facilitate the calculation of the thermal properties of this

system, and since the Monte Carlo method is the numerical method enabling

the investigation, we make the computer imitate the experiment or the pro-

cess reflecting the investigation so that the experiment can be repeated for

many times with different data. In fact, this process affirms the crucial role

that random numbers play in the Monte Carlo simulation. Finally, we draw

statistical conclusions on the results obtained in the investigation. On the

whole, what we have just described constitutes a general diagram for inves-

tigating thermal properties of a statistical system, and to prepare for this,

let us further elaborate on the canonical ensemble.

1.3 The Canonical ensemble

In general, when using a statistical ensemble such as the canonical ensemble

to formulate statistical physics, everything boils down to the relationship

between a statistical ensemble and its environment[13]. We have previously

defined a statistical ensemble as a collection of microstates subject to at least

one constraint.

A microstate can be, for example, a physical specification of all the enti-

ties of the system, coupled with an imposed constraint on the system such

as a fixed volume or a fixed total number of entities. One wants to know

the probability distribution that describes the likelihood for observing this
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microstate. Generally, this probability distribution is given by

P =
1

Z
e−βH ,

where β = 1
T
. H is the energy, which may include the total number of parti-

cles N or the volume V of the system, etc, and the quantity Z, which is called

the partition function, is the normalization constant, which may include a

set of parameters such as the temperature T . In a canonical ensemble, this

partition function is given by

Z =
∫

dxe−βH(x),

which serves as the link between statistical quantities, which are microscopic

quantities, and thermodynamical quantities, which are macroscopic quanti-

ties, via the free energy F as

F = − 1

β
lnZ.

Moreover, it has been shown in the canonical ensemble that the energy

of the system is free to fluctuate as the system and its environment are in

thermal contact, and this enables the calculation of the partition function Z

by summing over all the energies. Then, the partition function can be used

in the expression of the expected values of a physical quantity of a statistical

system of interest given by

< A >=
1

Z

∫

dxA(x)e−βH(x).
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The above expression constitutes the subject matter in this investigation,

and because it is a multi-dimensional integral, the Monte Carlo method is

the evaluating method here.

Before using the Monte Carlo method to evaluate the expected value

expression, let us reiterate why the Monte Carlo method is a valuable tool

for solving problems in statistical physics. As usual, a statistical system is

very large consisting of atoms or molecules whose overall behaviors can be

described by[16] the Hamiltonian’s equations of motion, expressed as

∂H(p, q, t)

∂pi
= q̇i

∂H(p, q, t)

∂qi
= −ṗi,

where q and p are the position and the momentum coordinates of these atoms

or molecules, and t is the time. Apparently, these equations of motion are

simple to express, but if N denotes the total number of atoms or molecules

in the system, then we have to solve at most 6N Hamiltonian’s equations

of motion, which is a daunting task as a typical statistical system has N in

an order of hundred thousands atoms or molecules. Now if we use standard

numerical methods such as the trapezoidal method, we have to numerically

solve an integral of 6N dimensions. For this reason, we must use the Monte

Carlo method to describe the behavior of a typical statistical system.

The Hamiltonian function H itself can be used to calculate the total

energies of the system for all accessible microstates or states. It is well doc-

umented [16] that the knowledge of the variation of the partition function Z

in temperature T of the environment can be sufficient to investigate thermal

properties of the system. For instance, the internal energy, which given by
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the expected value of the total energy of the system, can be calculated from

Z as

E = − 1

Z

∂Z

∂β
.

To properly investigate thermal properties of a statistical system, sta-

tistical physics employs a probabilistic approach: Finding the probability

measure that a system is in a state xi, having a value A(xi) for a physical

quantity A of interest in that state become essential tools for investigating

thermal properties of the system. These tools join forces with the properties

of the canonical ensemble to set up a program for evaluating the expected

value of a physical quantity A of interest of a statistical system once this

system reaches equilibrium, but before we get to that point, let us again

examine the canonical ensemble.

As we recall, in a canonical ensemble, the system is not isolated, but in

contact with its environment, and as a result, this sets up a calorific inter-

action between the system and its environment. Because of this, we define

the environment, maintained at an absolute temperature T , as a thermal

reservoir or a heat bath, which acts as a source, or a sink of energy for the

system[16]. Under such circumstances, the environment profoundly affects

the system as follows.

1. Acting as a source or a sink of energy for the system, the environment

frequently propels the system from one energy level to another.

2. During this process, the environment pushes the temperature of the

system toward its temperature T to inevitably establish a thermal equi-

librium status, which is a sufficient condition to reach before calculating
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the expected value of any physical quantity A of the system.

Since the system must reach thermal equilibrium before calculating the

expected value of A, finding the equilibrium probability distribution that de-

scribes the likelihood of generating states of the system becomes indispens-

able. In fact, in 1902, Gibbs[6] revealed that, for a system in the thermal

equilibrium with its thermal reservoir at the temperature T , the equilibrium

probability distribution is given by

p(x) =
1

Z
e−βE(x), (1.1)

where

Z =
∫

dxe−βE(x).

and, β = 1
T
. Eq.(1.1) is the Boltzmann probability distribution. As the

environment or the thermal reservoir propels the system from one energy

level to another, a system of energy states is being constructed to eventually

form an ensemble. Such an ensemble is called a canonical ensemble, and its

properties will join forces with probability measures on the universe of the

possible states of the system to calculate the expected value of any physical

quantity of the system of interest.
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1.4 Calculating the expected value of a phys-

ical quantity A

As previously stated, the recipe for calculating the expected value of a phys-

ical quantity A is to determine the values of the total energy E and A as the

system evolves in one state to another[5], but, before we commit ourselves

to this task, let us candidly observe the expression

< A >=
1

Z

∫

dxA(x)e−βE(x). (1.2)

As put, Eq.(1.2) is the correct expression for the expected value of A because

it is of the form

E[A] =
∫

Ω
dωA(ω)P (ω),

which is the relation that describes the expected value of a random variable

A defined on Ω. For a given ω, P (ω) is the probability for ω and A(ω) is the

value of the observable A. Note that, Eq.(1.2) mainly deals with continuous

systems, but it can also be written as

< A >=

∑

x A(x)e−βE(x)

∑

x e−βE(x)
(1.3)

to accommodate discrete systems. Either form described above expresses

the expected value of A, but here we consider the continuous form to later

show why the Monte Carlo method is the correct method for investigating

thermal properties of a statistical system[5].
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Chapter 2

Monte Carlo Methods

2.1 Introduction

As previously mentioned, a Monte Carlo method is a very powerful numerical

method that makes use of random numbers and probability measures on a

sample space to, for instance, solve problems in statistical physics[16] such as

evaluating the expected value of a physical quantity A of a statistical system

of interest expressed as

< A >=
1

Z

∫

dxA(x)e−βE(x).

The Monte Carlo method was originally used to solve mathematical problems

such as estimating finite integrals using a simple sampling method[5]. Since

the use of random numbers is vital in this method, we shall report here how

these random numbers can be independently and uniformly drawn in the

interval [0, 1].

9



2.2 Random number generators

Real numbers x1, x2, · · ·, all lying in the interval [0, 1], are said to be randomly

selected if they are distributed haphazardly in this interval, and no pattern

in generating them is noted[4]. For instance, a random number xi cannot be

obtained from its predecessor via a well-defined rule.

A candidate for a good random number generator, which generates qual-

ity random numbers, is the congruential generator[21][3], and this congruen-

tial generator can be described as follows: Starting with an integer x1 and

generate successive integers by the recursion,

xi+1 = a × xi + b (mod m)

where a, b and m are integers. The term a is called the generator or multi-

plier, b the increment and m the modulus. This equation signifies that we

deliberately start with an integer x1, between zero and m− 1. We calculate

a × x1 + b. Then, we divide the result by m and find the remainder, call it

x2. We proceed in this fashion and generate a sequence of pseudo random

integers x1, x2, · · ·, initiated by the seed x1. This sequence can be converted

to floating numbers by dividing each by m. Addressing all the issues related

to the randomness of a sequence of numbers is beyond the scope of this the-

sis. The book of Knuth[12] considers the randomness of random numbers,

their generating and testing.
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2.3 Sampling from a probability density p(x)

Let us denote a sequence of random numbers by {ri; i = 1, 2, · · ·}. These

random numbers distributed independently and uniformly in the unit inter-

val can be used to construct a sequence of independent random number xi

distributed according to a probability density p(x). The way we construct

these random numbers xi is through[7] the expression

F (x) =
∫ x

−∞
p(t)dt, F (∞) = 1

with F (x) denoting the cumulative probability distribution, which is defined

as the probability for choosing a value less than or equal to x. We pick

a random number ri in the interval [0, 1] and then solve for xi satisfying

F (xi) = ri. These generated random numbers xi are therefore distributed

according to the probability density p(x). An interesting area of application

for this is the evaluation of a simple integral given by

I =
∫ b

a
f(x)dx.

2.4 Evaluating integrals using the Monte Carlo

method

The integral

I =
∫ b

a
f(x)dx
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can be solved analytically or numerically. Numerically, a standard numerical

method such as the trapezoidal method can be used by dividing the interval

[a, b] into N equal intervals. Here, N is a very large number. If xi given by

xi = a + (i − 1

2
)
b − a

N

denotes the mid-point of the ith interval, then the integral I can be approx-

imated to:

I ≃ b − a

N

N
∑

i=1

f(xi).

Now, instead of choosing xi as above, we randomly choose them according

to the constant probability density given by

p(x) =















1
b−a

if a ≤ x ≤ b

0 otherwise

Let ri be a sequence of random numbers independently and uniformly dis-

tributed between 0 and 1. In this case

F (x) =
∫ x

−∞
p(t)dt =































1 x > b

x−a
b−a

a ≤ x ≤ b

0 x < a

We solve F (xi) = ri and find xi = a + (b− a)ri. We construct a sequence of

random numbers xi = a + (b − a)ri, which can then be used in the Monte

Carlo method to evaluate

I =
∫ b

a
f(x)dx

12



as

Iest

b − a
=

1

N

N
∑

i

f(xi),

where in this case N is the number of terms in the sequence. The quantity

Iest is called the estimator for the integral I, and the question now is to

know how large must N be so that the estimator Iest is a real estimate of

the integral I? Before we tackle this question, let us consider the expected

value of a physical quantity A expressed as

< A >=
1

Z

∫

A(x)e−βE(x)dx

with

Z =
N
∑

i

e−βE(x).

This formula can also be written as

< A >=
∫

A(x)p(x)dx

with the probability distribution

p(x) =
1

Z
e−βE(x)

If the sequence xi can be generated according to the probability density p(x),

then we can assert that

Aest =
1

N

N
∑

i

A(xi)

13



is a Monte Carlo estimate of < A >.

It is important to note that in the limit N → ∞, Aest →< A >. Further-

more, the central limit theorem, 1states that as N → ∞, the distribution[2]

of the random variable Aest approaches that of a random variable with mean

< A > and variance σ2/N , where

σ2 =
∫

[A(x)− < A >]2p(x)dx

In this case, we expect Aest to lie within ±σ/
√

N around < A > with a

probability

p(x) =

√
N

σ
√

2π

∫ b

a
e−

N(x−<A>)2

2σ2 dx,

where a =< A > −σ/N and b =< A > +σ/N .

2.5 Calculating the statistical error

As noted, we do not know σ, but we can approximate it by using the Monte

Carlo technique as

EN =
1

N

N
∑

i

A2(xi) − [
1

N

N
∑

i

A(xi)]
2.

The quantity ±EN/
√

N is called the statistical error, and as we observe, the

sample size N must be large to have a viable estimate of the error. This

1Let x1, x2, · · · be a sequence of independently, identically distributed random variables,
each with mean value µ and variance σ2[7]. Define the sum yn as the average of n values
of xi:

yn =
1

n
(x1 + x2 + · · · + xn).

Then, yn has mean µ and variance σ2/N .
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statistical error is independent of the dimensionality of the integral that rep-

resents the expected value of A. On the other hand, the error for using other

numerical methods such as the trapezoidal method is proportional to 1/N1/d

with d representing the dimensionality of the integral. As portrayed above,

it is clear that the Monte Carlo method is the better numerical method to

evaluate integrals when the dimensions d ≥ 3, but this assumes N uncorre-

lated samples. We must also consider the problem of correlations between

successive Monte Carlo trials.

2.6 Practical use of a Monte Carlo method

Ulam, Von Neumann, and Fermi were the first to propose and employ the

Monte Carlo method as a viable numerical method for solving practical prob-

lems. After this, the Monte Carlo method became a prominent numerical

method in active research when Metropolis, Von Neumann and others used it

at the Los Alamos National Laboratory in Mexico to build the first atomic

bomb. Now, with the power of modern computer, the Monte Carlo has

become a widespread numerical method for solving problems in statistical

physics and other fields. To show how this method can be used to solve prac-

tical problems, let us consider an experiment involving the toss of a single

die loaded with six faces[4].

In this experiment, the sample space, which is a set of all possible out-

comes of the experiment, is defined as

Ω = {1, 2, 3, 4, 5, 6},
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and the probability for each outcome ω is equal to 1
6
. Let F be the set of

all the subsets of Ω. A probability measure P is a function mapping F into

[0, 1] with the following properties:

1. P (Ω) = 1

2. If A1, A2, · · · is a sequence of disjoint sets in F , then

P

(

∞
⋃

i=1

Ai

)

=
∞
∑

i=1

P (Ai)

This probability measure, which is denoted by P (A), signifies that there is

a certain probability, a number between 0 and 1, that when the experiment

is performed, the outcome ω will lie in a set A ∈ F . As the probability for

each outcome is P{ω}, and

∑

ω∈Ω

P{ω} = 1,

we have

P (A) =
∑

ω∈A

P{ω}, ∀A ∈ F .

As an example, let A be the set of odd values, A = {1, 3, 5}.

P (A) = P{1} + P{3} + P{5} = 3 × 1

6
=

1

2
.

This is the exact answer for this problem. Now, let us use the Monte Carlo

method to this experiment. Using a good random number generator, which

generates quality random ri in the unit interval, we should be able to generate

16



integer random numbers 1, 2, 3, 4, 5 and 6 with equal probabilities using

xi = integer(6ri) + 1

We repeat this experiment for many trials. If in a given trial we register the

outcome 1, or 3, or 5, we increment the counter n = n+1. This counter n is

set to zero before we start the Monte Carlo simulation. Now, if N denotes

the total number of trials, then the probability for getting an odd outcome

is

P =
n

N
.

If the number of trials N is large enough, this probability P will be close to

1
2
, which is the exact result.

2.7 Using the Monte Carlo method in statis-

tical physics

For problems in statistical physics, we are mainly interested in evaluating

the expected value of physical quantity A of a statistical system expressed

as

< A >=

∑

x A(x)e−βE(x)

∑

x e−βE(x)
, (2.1)

and we use the simple sampling method to evaluate it.
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2.8 Simple Sampling Method

We show how to use the simple sampling method[5]to evaluate Eq.(2.1):

1. First, we select a state xi at random in the phase space.

2. Next, we calculate A(xi) and E(xi) , which are the values of the phys-

ical quantity A and the total energy of the system E(xi) in the state

xi, respectively.

3. Then, we assign to that state a weight e−βE(xi).

4. Finally, we evaluate the corresponding contribution of the state xi to

the sum in (2.1).

5. We repeat the above steps for many trials to draw statistical conclu-

sions.

The problem is that the simple sampling method often picks a state xi where

the weight e−βE(xi) is negligible small[5]. This is clearly an inefficient method.

2.9 Importance Sampling Method

The inability of the Monte Carlo simple sampling method to generate states

that greatly contribute to the sum in

< A >=
1

Z

∑

x

A(x)e−βE(x), (2.2)

prompted Metropolis et al.[5] to formulate a new sampling method, which

is called the importance sampling method. As previously established, in the
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canonical ensemble, the equilibrium probability distribution is given by

p(x) =
1

Z
e−βE(x),

with

Z =
∑

x

e−βE(x)

The goal is to be able to randomly select states from the important regions

of the sample space. Eq.(2.2) can be transformed into[7]

< A >=

∑

x
A(x)
p(x)

e−βE(x)p(x)
∑

x
1

p(x)
e−βE(x)p(x)

. (2.3)

Now, if a sequence of states xi are generated according to the probability

density p(xi), then Eq.(2.3) turns into

< A >=

∑N
i

A(xi)
p(xi)

e−βE(xi)

∑N
i

1
p(xi)

e−βE(xi)
.

Although any form of probability distribution p(xi) can be used in the above

equation, according to Metroplis et al[5], the best choice for p(xi) is the

Boltzmann probability distribution

p(xi) =
e−βE(xi)

∑

xi
e−βE(xi)

.
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With this choice, the Boltzmann factor in Eq.(2.3) cancels out altogether,

and as a result, Eq.(2.2) becomes just a simple average expression given by

< A >=
1

N

N
∑

i

A(xi). (2.4)

We do not need to know the partition function Z to generate states

according to the probability distribution

p(xi) =
1

Z
e−βE(xi).

The random selection of states from important regions of the sample space

can be rendered possible through the Markov process[14].

2.10 The Markov process

A Markov process is a sequence of random variablex x1, x2, x3, . . . where the

next element in the sequence xn+1 depends only on the the current term xn

and not the prior history, xi for i < n. Metropolis outlined the program

for the importance sampling method as follows: Like in the simple sample

method, the importance sampling method randomly generates a state, but,

this time, this state is generated by modifying its predecessor in steps called

Monte Carlo updates. That is, a state x1 is modified using a Monte Carlo

update to obtain a state x2. By continuing to modify states x2, x3, and so

on, we obtain a Markov chain of states x1 → x2 → · · · → xN .

We let f be a function that we call here an update which modifies an

existing state x to obtain a new state x′, x
f→ x′. For our Markov chain, let

20



W (x → x′) be the transition probability that if xi = x then xi+1 = x′.

• We assume the transition probability W (x → x′) is only a function of

x and x′.

• Since W (x → x′) is a probability, it must satisfy the constraint:

∑

x′

W (x → x′) = 1. (2.5)

Eq.(2.5) tells us that the Monte Carlo update f will propel a state xi = x

somewhere in the phase space with total probability equal to unity. A good

Monte Carlo update f must satisfy the following conditions:

1. The Monte Carlo update must be ergodic. That is, by repeatedly

applying a Monte Carlo update f on an existing state, any state in the

phase space can be reached from this existing state.

2. The Monte Carlo update f must satisfy the equilibrium condition,

∫

dxW (x → x′)peq(x) =
∫

dxW (x′ → x)peq(x
′), (2.6)

where peq(x) = e−βE(x)

Z
is the equilibrium probability of the state x. The

physical interpretation of Eq.(2.6) is that, at equilibrium, the average

number of moves away from x is the same as the average number of

moves into x. Now, using
∫

dxW (x′ → x) = 1, Eq. (2.6) becomes:

∫

dxW (x → x′)peq(x) = peq(x
′). (2.7)
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From Eq. (2.7), if follows that if a system, which is already in equi-

librium, is submitted to transformations x
f→ x′ that obey Eq. (2.6),

the Monte Carlo update f preserves the equilibrium probability peq(x),

and, hence, the system will remain in equilibrium.

In the following, we briefly describe the transition probabilities W (x → x′)

that are commonly used in Monte Carlo simulations.

2.11 Examples of a transition probability W (x →

x′)

1. Metropolis function WM(x → x′)

Let Pi(x) be the probability that a step i in our Markov chain, xi = x.

Then

Pi+1(x) − Pi(x) =
∑

x

[W (x′ → x)Pi(x
′) − W (x → x′)Pi(x)

gives the new probability for x at step i + 1. This equation is often

called the master equation. The system must reach equilibrium be-

fore calculating the expected value of any physical quantity A. The

requirement of equilibrium is that

Pi+1(x) = Pi(x)
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which implies

∑

x′

W (x → x′)Pi(x) =
∑

x′

W (x′ → x)Pi(x
′),

However, we find it easier to use a more stringent condition called

detailed balance,

W (x → x′)Pi(x) = W (x′ → x)Pi(x
′),

for every x and x′. It is clear that detailed balance implies Eq.(2.6).

If we now set Pi(x) equal to the Boltzmann probability distribution,

Pi(x) =
1

Z
e−βE(x),

and with this probability distribution, the expression of the detailed

balance condition becomes

W (x → x′)

W (x′ → x)
= e−β∆E,

where ∆E = E(x′)−E(x). The Metropolis function[2] is chosen to be,

WM (x → x′) =















e−β∆E if ∆E > 0

1 otherwise
,

It is easy to check that

W (x → x′)

W (x′ → x)
= e−β∆E.
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Suppose we are at step i in the Markov chain with state xi = x. We

apply a Monte Carlo update f on it to generate a trial state x′[16].

The next step is to calculate ∆E = E(x′) − E(x), which is used to

write the probability for accepting the trial state x′ as

p = min(1, e−β∆E).

Now, if a random number r, generated between 0 and 1, is such that

r < p, then we accept x′ as a new state and set xi+1 = x′. Otherwise,

we reject x′ and set xi+1 = xi = x. This part is called the acceptance

or rejection of the update.

2. Another transition probability commonly used in a Monte Carlo sim-

ulation is the Glauber function WG(x → x′) , which is defined as:

WG(x → x′) =
1

2
(1 − tanh(

β∆E

2
)),

where ∆E = E(x′) − E(x) is the change in energy. We check that

WG(x → x′)

WG(x′ → x)
=

1
2
(1 − tanh(β∆E

2
))

1
2
(1 + tanh(β∆E

2
))

= e−β∆E

3. The last transition probability that we consider here is called the heat

bath function, which is given by

WH(x → x′) = e−βE(x′).
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We can check that

WH(x → x′)

WH(x′ → x)
=

e−βE(x′)

e−βE(x)
= e−β∆E

In conclusion, the importance sampling method randomly selects states

according to the Boltzmann probability distribution

p(x) =
1

Z
e−βE(x).

This turns the traditional expression of the expected value of a physical

quantity A

< A >=
1

Z

∑

x

A(x)e−βE(x)

into a simple algebraic expression given by

< A >=
1

N

N
∑

i

A(xi),

where xi are the elements of our Markov chain. Now, let us use this simple

expression to investigate thermal properties of the Ising model.
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Chapter 3

The Ising Model

3.1 Introduction

In 1923, Professor Lenz proposed to his student, Ising, a very simple model

to study magnetism. While studying this model, Ising went on to solve the

model analytically in one dimension. Since that time, this model, called the

Ising model, has been intensively investigated for the betterment of statistical

physics.

3.2 Definition

The Ising model is considered as a lattice of sites containing N spins, a

structure, as we will find out, that gives the model computational advantages

over other statistical systems. A spin of the Ising model has two states: an

up state and a down state. If we denote a spin at a site i by the symbol Si,

then the up state takes the value of Si = 1 and the down state Si = −1.
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Let i and j refer to two nearest neighbor sites on the lattice and let Si and

Sj be the spins on these sites, which are also considered as dipole moments.

Having the spins of the Ising model as dipole moments, we consider this

model as a real magnetic material, in which constant dipole interactions

are taking place. With that in mind, the energy associated with a pair of

nearest neighbor spins is then given by −JSiSj, meaning that, if the two

spins are aligned (up or down), then the energy associated with them is −J ;

otherwise, this energy is +J . Physically, the value of J measures the strength

of a spin-spin interaction such that J > 0 corresponds to a ferromagnetic

material; J < 0, the anti-ferromagnetic material. In this thesis, we consider

the two-dimensional Ising model.

3.3 Preview for calculating thermal proper-

ties

When taking into account all the spin-spin interactions for the whole two-

dimensional lattice, the energy of the Ising model in a state xi is then ex-

pressed as

E = −J
∑

<ij>

SiSj + H
∑

i

Si, (3.1)

where the symbol < ij > means that the spin-spin interaction SiSj is added

up over possible nearest neighbor pairs. In this expression, a possible inter-

action between spins and an external magnetic field is indicated by the term

H
∑

i Si. Eq. (3.1), which gives us the lowest energy of the Ising system

when the spins are aligned up or down, is called the Ising Hamiltonian func-
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tion, and this quantity will enable us to calculate the expectation value of

any physical quantity of the Ising model. The common physical quantities

of the Ising model for which we calculate expectation values are the total

magnetization and total energy,

M =
∑

i

Si

and

E = −J
∑

<ij>

SiSj − H
∑

i

Si,

respectively. Other pertinent quantities such as the specific heat and mag-

netic susceptibility can be derived from the total energy and total magneti-

zation.

The Ising model exhibits certain interesting properties. For instance,

when the temperature T is lower than the critical temperature Tc, most of

the spins are aligned, giving a large total magnetization. On the other hand,

as the temperature rises from Tc, spins become more randomly oriented to

give a zero total magnetization for small external magnetic field H .

During a Monte Carlo simulation of the Ising model, the magnetiza-

tion stands as good order parameter to study the phase transitions in the

ferromagnetic case. As previously mentioned, this order parameter is zero

in a high temperature regime and non-zero in a low temperature regime.

As stated before, Ising analytically solved this model in one dimension and

showed that there is no phase transition. In one dimension, the magne-

tization decreases slowly and continuously as the temperature increases.

Onsager[17] exactly solved the two dimensional Ising model and revealed
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that the model exhibits a phase transition at a temperature Tc = 2J
ln(1+

√
2)

.

3.4 Representing the Ising model on a com-

puter

The spins S1, S2, · · · , SN on the lattice specify a state or a configuration

of the Ising model. Since a spin Si can only take two values, the total

number of states for the Ising model is hence 2N . These states constitute

the phase space. The computer language of choice here is FORTRAN. The

state is stored in a two-dimensional array, each individual spin is referred by

a subscripted variable. If, for example, L = 4, then the subscripted variables

given by
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spin(1,1)

spin(1,2)

.

.

.

spin(4,4)

such that each subscripted variable can take a value 1 or −1 stored on the

lattice sites. In general, we denote a subscripted variable at a lattice site

(x, y) by

spin(x,y)

As there are N = L × L spins to be stored, we specifically instruct the

computer to allocate N memory spots in which integer values of 1 and −1

are stored. On a 4 × 4 lattice sites, for example, a state can be depicted as:

1 1 1 -1

-1 -1 1 1

-1 -1 1 1

-1 -1 -1 1

We approximately mimic an infinite lattice by applying periodical bound-

ary conditions to a finite large lattice[2]. These periodic boundaries condi-

tions are such that neighboring spins wrap around the edges in a way that:

(L, y) is neighbor to (1, y), and (x, L) is neighbor to (x, 1). For a square

lattice, a lattice site (x, y) has four nearest neighbors depicted as1

1In FORTRAN codes, neighbors to a site (x, y) can be written as (mod(x + 1, L), y),
(x, mod(y + 1, L)), (mod(x − 1 + L, L), y) and (x, mod(y − 1 + L, L))
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(x,y+1)

|

|

|

|

(x-1,y)--------(x,y)--------(x+1,y)

|

|

|

|

(x,y-1)

Having configurated a site and its nearest neighbors on a lattice that mimics

an infinite lattice, let us now describe in which order we go through the sites

on a lattice to perform an update. In principle, choosing an order we go

through a lattice depends on the type of problem we are dealing with. In

the following, we give the common orders that are used to represent a state

on a computer:

• Typewriter ordering: Going through the sites row by row from left to

right, this ordering can be coded in FORTRAN as

do x = 0, L-1

do y = 0, L-1

........

enddo

enddo
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• Random ordering: we randomly pick a site (x,y) of the lattice as:

do i = 1, L*L

x = mod(int(r*L),L)

y = mod(int(r*L),L)

...................

enddo

Here, r is a real random number generated between 0 and 1.

Armed with this, let us now discuss the program that does the Monte Carlo

computer simulation of the Ising model.
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Chapter 4

The program

In general, implementing a Monte Carlo computer simulation of the Ising

model follows the following steps: Initialization, calculation of thermal aver-

ages, and interpretation of data.

4.1 Initialization

A buffer temporarily stores values of variables and retrieves them later. The

last in/first out buffer is known as a stack. The first in/first out buffer is

also known as a queue. These are the commonly used forms in Monte Carlo

simulations. Here, we will discuss a stack. Adding a item to a stack is

analogous to dropping that item in a bucket. It is obviously implemented as

an array in which the first element and the last element represent the bottom

and the top of the stack, respectively. We can define the variable top as the

holder of the position of the top element of the stack, and this variable can

also play the role of keeping track of the number of items in a stack as these
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items are added or removed. At any time, this number is always pointing to

the last item added to the stack.

Now, if we consider a L × L square lattice, how do we go by creating a

stack on this lattice? Since we previously stated that a stack is implemented

as an array, we will instruct the computer to reserve a sequence of 2× topmax

memories which will store the items of the stack in a two-dimensional array

defined as stack(topmax, 2), where topmax represents the size of the stack.

If we want to add items to a stack such as item1 and item2, we call the

subroutine push in the main program as

subroutine push(item1,item2,stack,topmax,top)

integer top,topmax,stack(topmax,2)

if (top.lt.topmax) then

top = top + 1

stack(top,1) = item1

stack(top,2) = item2

return

else

stop ’stack is full ’

endif

end

On the other hand, if we want to remove these items from the stack, we can

call the subroutine pop in the main program as

subroutine pop(item1,item2,stack,topmax,top)
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integer top,topmax,stack(topmax,2)

if (top.gt.0) then

item1 = stack(top,1)

item2 = stack(top,2)

top = top - 1

return

else

stop ’stack is empty’

endif

end

We need an initial state of spins to begin our Markov chain of states.

For example, one of the following three initial state setups can be used as a

starting state in the construction of a Markov chain of states:

1. All the spins are pointing up.

do x = 0, L-1

do y = 0, L-1

spin(x,y) = 1

enddo

enddo

2. All the spins are pointing down.

do x = 0, L-1

do y = 0, L-1
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spin(x,y) = -1

enddo

enddo

3. Spins are randomly selected:

do x = 0, L-1

do y = 0, L-1

if (r.lt.0.5) then

spin(x,y) = 1

else

spin(x,y) = -1

endif

enddo

enddo

where r is a generated random number, 0 ≤ r < 1.

4.2 Calculating thermal averages

A key element in this calculation is the use of a Monte Carlo update to

construct a Markov chain of states. We have previously dealt with this

question in general terms, but now, we have the opportunity to illustrate

this notion with specific Monte Carlo update steps. Let us describe the

Monte Carlo update steps used the Ising model simulation[16].

1. The single-spin flip update, Si → S ′
i = −Si, has the potential of con-

structing a Markov chain of states depending of the change in energy,
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∆E = E ′ − E of the system, which is a result of flipping the spin. To

decide whether to reject or accept the flipped spin, we use this change

in energy ∆E = E ′ − E in the following manner: If r < e−β∆E , then,

we accept the flip. Otherwise, we reject the flip, meaning we leave the

spin orientation the way it was before we flipped it. Here, r is a real

random number generated between 0 and 1. The single-spin flip Monte

Carlo update, which does not leave the total magnetization of the Ising

model constant, is the most used Monte Carlo update for simulating

the Ising model.

2. The second on the list is the spin-exchange Monte Carlo update, also

known as Kawasaki method, which in a simple form involves nearest

neighbor pairs. In this case, we randomly choose random a pair of near-

est neighbors and then determine the change in energy ∆E between

the states of the system before and after the spins are interchanged.

We accept or reject the move with the Metropolis probability

p = min(1, e−β∆E).

This updating method only exchanges the values of the spins involve

in the update. Hence, the total magnetization is unchanged remains

during the simulation[16].

3. Other Monte Carlo updates such as flipping a bunch of like spins will

be used in the simulation of the Ising model using cluster algorithms

such as Wolff and Swendsen-Wang algorithms.
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All these Monte Carlo updates described above aim at constructing a Markov

chain of states, and to achieve this, we need an algorithm. The first algorithm

we will discuss here is the Metropolis algorithm.
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4.3 Metropolis Algorithm

As stated before, in the Metropolis algorithm, the transition matrix W (x →

x′), which enables us to construct a Markov chain of states, consists of two

independent parts: the selection part and the acceptance/rejection part. To

construct a Markov chain of states, we start, for example, with a configura-

tion of spins, denoted by x, on a 4 × 4 square lattice,

1 1 1 1

1 1 1 1

x = 1 1 1 1

1 1 1 1

Then, we randomly and independently select a spin to flip and flip it to

obtain, for example, the following configuration of spins:

1 1 1 1

1 1 1 1

x_prime = 1 1 -1 1

1 1 1 1

We call the resulting state x′ the trial configuration. After this stage, we

apply the acceptance/rejection part of the matrix W (x → x′) to decide

whether to accept or to reject the trial configuration x′, and this is done as

follows: To begin with, we must calculate the change in energy ∆E = E(x′)−

E(x) to be used in p = min(1, e−β∆E), the probability for accepting x′. If

∆E ≤ 0, we accept x′ as the new configuration xnew, meaning that xnew = x′.
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Else if ∆E > 0, we accept x′ with the probability e−β∆E . Thus, we select a

random number r between 0 and 1. If r < e−β∆E , then xnew = x′, or else

xnew = x. In this manner, we can construct a Markov chain x1, x2, . . . , xN .

For each xi we can measure A(xi) for some physical quantity of interest A.

The expectation value of A is then

< A >=
1

N
(A(x1) + A(x2) + · · ·+ A(xN )),

where N is the number of trials. We can now apply all this in evaluating

expectation values of real physical quantities of the Ising model such as the

total magnetization

< M >=
1

N

N
∑

i

M(xi),

Since we are using the single spin-flip as the update, the trick here for deter-

mining these values of M as we construct the Markov chain of states is to

first calculate the total magnetization at the start of the simulation and then

update it as we flip spins[16]. Using our previous example, the total magne-

tization M before the simulation is 16 in the initial configuration, which is

given by

1 1 1 1

1 1 1 1

1 1 1 1

1 1 1 1

The routine executed in FORTRAN as
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M = 0.0

do x = 0, L-1

do y = 0, L-1

spin(x,y) = 1

M = M + spin(x,y)

enddo

enddo

will enable us not only to store the initial state in the computer but also

to calculate the initial value of the total magnetization. In the process of

flipping 16 spins to measure M(x1), for example, we update the total magne-

tization as M = M +∆M , and this change ∆M in total magnetization M is

equal to ±2. In the following, we give the necessary steps of the Metropolis

algorithm for simulating the 2-dimensional Ising model.

sum_M = 0 .

do 20 mcs = 1, mcsmax

Here, mcsmax is the total number of trials or

the total number of experiments.

For each trial mcs, we attempt flipping N spins as

do 10 j = 1, N

Pick a spin at random. That is, the spin

coordinates x, and y are randomly picked

between 1 and L:

x = mod(int(r*L),L)

y = mod(int(r*L),L)
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Flipping this spin will result in a new

configuration that we call the trial configuration.

This trial configuration will be accepted

according to the probability exp(-beta*deltaE).

That is,

If (r .lt. exp(-beta*deltaE)) then

spin(x,y) = -spin(x,y), the spin is flipped,

and the total magnetization is updated as

M = M + 2*spin(x,y)

endif

10 continue

Here we start measuring the total magnetization

and construct the sum as

sum_M = sum_M + M to obtain the average value

20 continue

At the end, the average is given by: sum_M/mcsmax

End of the program.

4.3.1 Discussing the results obtained via the Metropo-

lis algorithm

Following the above steps, we can obtain the average magnetization per spin

over a range of temperatures for different sizes for the external magnetic field

H = 0, and the results are illustrated by the following plots:
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Figure 4.1: Mean magnetization per spin versus temperature T in units of
J for system sizes L = 20, 24, 60, 100 with H = 0

In these plots, the average magnetization per spin of the 2-dimensional

Ising model behaves like a smooth function as the temperature goes from zero

to infinity for small sizes. As for large sizes, this is not the case: The transi-

tion from a small magnetization to a large magnetization becomes sharper,

and this abrupt change in magnetization around the temperature T = 2.2J

is a sign of a phase transition.

Other physical quantities can be measured such as the specific heat per
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lattice site,

C =
β2

N
(< E2 > − < E >2)

with < E > representing the average value of total energy of the Ising model.

We show in fig. 4.2 the specific heat per lattice site versus temperature.
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Figure 4.2: Specific heat C per spin versus temperature T on a square lattice
of 8×8 sites with J = 1 and H = 0 simulated using the Metropolis algorithm

As revealed in the measurements of the average magnetization per spin

in a range of temperatures, the 2-dimensional Ising model exhibits a phase

transition at the critical temperature Tc. Theoretically, the value of this

temperature was found to be Tc = 2J
ln 1+

√
2
≈ 2.269J by Onsager[17]. This

compare well with the location of the peak in the specific heat in Figure 4.2.

One of the striking phenomenon of the Ising model in the critical region

is the fluctuations < M2 > − < M >2 and < E2 > − < E >2 of the
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total magnetization and the total energy, respectively. The increase in these

fluctuations is the result of the fact that, in the Ising system, large clusters

of like spins are formed as the temperature T approaches the critical tem-

perature Tc. The size of the formed cluster is given by the correlation length

ξ, which can be measured by calculating the spin-spin correlation function

C(r).

4.3.2 Calculating the spin-spin correlation function C(r)

Investigating the spin-spin correlation function

C(r) =< S(i)S(i + r) >

has been a very active area of research in statistical physics, and the deter-

mination of this spin-spin correlation function for the two-dimensional Ising

model is regarded as one of the major results in statistical physics[20][15][1].

On the other hand, very little is known about this function for statistical

systems in a magnetic field at the critical temperature. Here, we will discuss

the spin-spin correlation function C(r) for the Ising model in a zero magnetic

field.

As we embark in this discussion, let r be some fixed distance separating

two spins. We compute the spin-spin correlation function C(r) as follows:

1. We pick a lattice site i.

2. We multiply the value of the spin at that site by the the average value

of the 4 spins which are r steps away.
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3. We repeat steps 1 and 2 over all the sites and average the results.

In FORTRAN, this routine can be coded as

sum = 0

do x = 0, L-1

do y = 0, L-1

sum = sum + [spin(x,y)*(spin(mod(x+r,L),y) +

spin(mod(x-r+L,L),y) + spin(x,mod(y+r,L)) +

spin(x,mod(y-r+L,L))]/4

enddo

enddo

sum = sum/N

This function C(r) measures the likelihood that spins separated by r steps

are related in the following manner:

1. For C(r) = 1, the spins at two sites separated by r are always the

same.

2. When C(r) = −1, the spins at these sites are always the opposite.

3. Lastly, in the C(r) = 0 situation, the spins at the two sites r-steps

away are completely independent.

We expect large clusters of like spins as the temperature tends to the critical

temperature Tc. We plot the spin-spin correlation function C(r) against the

distance r separating the spins in fig. 4.3. We find:

1. C(r) for a fixed separation r increases as the temperature decreases.
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Figure 4.3: The spin-spin correlation C(r) versus separation distance r for
30× 30 Ising model with T = 3J and H = 0 simulated using the Metropolis
algorithm.
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2. As the temperature decreases, C(r) will be non-negligible for increas-

ingly larger values of r.

3. At a fixed temperature T > Tc, C(r) falls off exponentially for increas-

ing separation r and, consequently, takes the following form:

C(r) ∼ e−r/ξ(T )

This correlation length ξ(T ) is expected to be of the order of zero when

the temperature T is far greater than the critical temperature Tc because, at

this temperature T , the spins are totally independent. As the temperature

T decreases to Tc, the correlation length ξ(T ) diverges for an infinite system.

For a finite system, which is our case, this correlation length ξ(T ) is of the

order of the size of the system. It is important to note that no Monte Carlo

method can reduce the increase of the fluctuations in the magnetization

and in the energy of the Ising model[19] as the temperature approaches

the critical temperature, so more measurements are needed to get a desired

accuracy. This brings us to a very important property in the critical region

that we call the critical slowing down.

4.3.3 Explaining the critical slowing down

Before we tackle this problem, let us first discuss the notion of correlation

time, which is a very important tool that will help us decide on which Monte

Carlo algorithm to use to simulate the Ising model in the critical region.

Simply put, the correlation time[10] τ is the time necessary for the system
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to forget previous states or configurations. It is important to note that there

is a relationship between the the correlation length ξ and the correlation

time τ . For the infinite system at the critical temperature Tc, we write

τ = ξz with z representing the dynamical critical exponent. For a finite

system, as is our case, the relation becomes τ = Lz with L representing

the linear size of the Ising system. Since we already know the linear size

L, we calculate the dynamical critical exponent z by first calculating the

correlation time τ , which is estimated from the autocorrelation function Φ(t)

of the magnetization at the critical temperature Tc. Φ(t) is given by

Φ(t) =
< M(t + t0)M(t0) > − < M(t0) >2

< M2(t0) > − < M(t0) >2
,

where M(t) is the magnetization at time t, and M(t0) is the magnetization

at some reference time t0. The time refers to computer time or the number of

steps along our Markov chain. To calculate Φ(t) up to a time tmax, we aver-

age M(t+∆t)M(t) over all possible times. The results of the magnetization

autocorrelation function Φ(t) from the Metropolis Monte Carlo simulation

of the 2-dimensional Ising model are displayed in the fig. 4.4. For sufficient

t, Φ(t) decays exponentially with t with the decay or the correlation time

τ . This correlation time τ can be determined from plotting lnΦ(t) versus

t(a semi-log plot), or from τ =
∑

t=1 Φ(t) by cutting the sum off at the first

negative value of Φ(t)[7]. Using this latter to estimate the correlation time

τ over a range of temperatures, we obtain the results shown in Fig. 4.5.

As the results show, the correlation time τ diverges as temperature T ap-

proaches the critical temperature Tc, and this divergence of τ as T → Tc is
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Figure 4.4: The magnetization autocorrelation Φ(t) versus time t measured
in Markov steps with T = 3J on a square lattice of 10× 10 sites with J = 1
simulated using the Metropolis algorithm.
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Table 4.1: Fitting data from the magnetization autocorrelation function sim-
ulated using the Metropolis algorithm

log L log τ
0.602 1.770.
0.778 2.141.
0.903 2.411.

1 2.632.
1.079 2.789.
1.204 2.920.
1.301 3.425.

called the critical slowing down. The immediate consequence of this criti-

cal slowing down is that the Metropolis algorithm slows down for T → Tc,

and we plot the magnetization autocorrelation function at T = 2.269J for

L = 4, 6, 8, 10, 12, 16, 20 and obtain the correlation time τ by fitting the data

to an exponential form, aebx. The results are displayed in the table

Using τ = Lz and fitting these data into y = ax + b, we obtain an approx-

imate value of the dynamical critical z equal to 2.2. This means that the

statistical error becomes large especially when the system size L increases.

A caution about the fitting method for estimating the correlation time τ is

that this method is very sensitive to the range over which we perform the

fit, and this can have a negative effect on the resulting value of τ . To avoid

this problem, we must perform the fit over the exact range of time for which

true exponential behavior is present.

Having the dynanical critical exponent z greater than 2 is a major issue

for the Metropolis algorithm. However, this issue of critical slowing down

can be addressed by employing the cluster algorithms such as the Swendsen-

Wang algorithm[18], and the Wolff algorithm[22].

53



4.4 Cluster algorithms

4.4.1 Swendsen-Wang algorithm

When using Metropolis algorithm to simulate the Ising model at the critical

temperature Tc, two major problems occur: A noted increase in fluctuations

in total magnetization and total energy, which implies that more measure-

ments are needed to reduce statistical errors. Also, critical slowing down,

which implies that more updates are needed to get statistically independent

states or configurations. More efficient algorithms are needed to reduce the

critical slowing down. It has been documented that different Monte Carlo

algorithms exhibit this critical slowing down at the critical point with dif-

ferent outcomes. The Swendsen-Wang algorithm was invented by Swendsen

and Wang[18]. The Metropolis algorithm was inefficient in the critical region

because we encounter large areas in which spins are oriented in the same di-

rection. When attempting flipping one of these spins, the change in energy

∆E takes the value of 8J , assuming that the external magnetic field is zero.

With this value of ∆E, the Metropolis probability p = min(1, e−β∆E) be-

comes very small, slimming the chance of flipping that spin and subsequently

resulting in rejecting most moves.

This problem can be solved by using the Swendsen-Wang algorithm be-

cause, instead of a flipping a spin at a time, large domains of like spins are

flipped in a single move. Therefore, this shortens the correlation time τ , a

factor that characterizes the efficient of the algorithm.

Motivated by the work of Fortuin and Kasteleyn[11], Swendsen and Wang

outlined in their paper[18] a new Monte Carlo method in the following steps.
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1. We begin with a spin configuration such as

do x = 0, L-1

do y = 0, L-1

spin(x,y) = 1

enddo

enddo

and use this configuration to create bonds among neighboring sites

with the same spin with a probability p = 1−e−2Jβ . This is translated

in FORTRAN as

if (spin(x,y).eq.spin(x-1,y) .and. r.lt.p) then

a bond is created between spin(x,y) and spin(x-1,y)

else

attach no bond between these spins

endif

with r representing a real random number drawn uniformly between 0

and 1. The creation of these bonds result in the formation of clusters

of spins, in which all spins will have the values.

2. The next step is to identify these formed clusters. This routine, which

is the key to success in this algorithm, will be discussed shortly.

3. Finally, we assign values ±1, with equal probability, to each identified

cluster and to each spin in that cluster to obtain a new spin configu-

ration.
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The key step for implementing this algorithm is the labeling of the clusters.

The purpose of labeling clusters is to give all spins within the same cluster

the same label. Hoshen and Kopelman[8] invented an algorithm that serves

this purpose.

Let us use an example to describe how this algorithm assigns labels to

clusters. Below, we draw a portion of a lattice as

1 -- 1 -- 1 2 3

| |

1 4 -- 4 -- 4 -- x

To begin with the labeling, let us go through this portion of lattice as we

are reading this paper and assign a label 1 to the first site we encounter. To

keep track of the number of sites in the cluster with the label 1, we associate

with this label a number N(1) = 1. Since the next site in the row is linked

to this site, we assign it with the same label, and the array N is updated,

N(1) = N(1) + 1. This means that the cluster with label 1 is grown by

one more site. With the same reason, we assign the 3rd site the label 1,

and now N(1) = 3. As for the fourth site in the row, we assign to it a

new label 2 because it is not linked to the previous one, and we associate

with it a number N(2) = 1, meaning that the cluster with the label 2 has

only one site. In the second row, the first site takes the label 1 because it

is linked to the top neighbor in the first row, and as usual, we update the

array N , N(1) = N(1) + 1. We continue the process of labeling the sites

and updating the array N until we encounter the site denoted by X, where

a conflict occurs: This site is linked to two sites carrying different labels, 3
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and 4, and this physically means this site is a linked between two clusters.

As a result, these clusters coalesce at this site to form a big cluster, and we

then assign to this big cluster a single label l = 3 , which is derived from

l = min(3, 4), according to Hoshen-Kopelman algorithm. In the process, the

array N is updated as N(3) = N(3) + N(4) + 1.

Having the big cluster with a single label 3 means that we should go back

and relabel all the previously labeled sites. This is a backward relabeling,

and Hoshen and Kopelman avoided this in this in the following way: We still

have the label for the big cluster as the smallest of the labels that coalesce

to form a big cluster. In our case l = 3 and N(3) = 5, but this time we also

set N(4) = −3. A positive element of the array N denotes the size of the

cluster, and a negative element of N indicates the negative of the new label

for a cluster ready to merge into a big cluster. Moreover, a label l is proper

if N(l) > 0. If N(l) < 0, then the label is improper. With the help of the

Hoshen-Kopel algorithm, we obtain the following cluster labeling.

1 1 1 2 3

1 3 3 3 3

It possible that the left or the top neighbor of the site denoted by X has an

improper label, say l1, meaning that N(l1) = −l2 < 0 . In this situation, we

must examine if the label l2 is proper. If yes, then l2 is the root label for l1.

Otherwise, we must search until we obtain the root label.

The Hoshen-Kopelman algorithm has been a very important tool in per-

colation and Monte Carlo simulations for counting clusters. When using
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the Swendsen-Wang algorithm to simulate the 2-dimensional Ising model in

the critical region, we employ a labeling algorithm similar to the Hoshen-

Kopelman algorithm[10].

In this labeling algorithm, the label at a site i denoted by label(i) is

initialized to label(i) = i, meaning that the site i has label i. A proper label

is expressed as label(i) = i, and if label(i) < i, then the label of site i is the

same as the label of the site i′ = label(i). As we check the existence of bonds

among the neighboring sites, we suppose s site i has the label label(i). Now,

if label(i) = i, then i is the proper label. Otherwise, we iterate as shown

below.

j = label(i)

10 if (j.gt.label(j)) then

j = label(j)

goto 10

endif

We eventually get some proper label

j = label(label(...label(i)...))

such that j = label(j)

We now go over all the essential steps for implementing the Swendsen-

Wang algorithm to simulate the 2-dimensional Ising model.

1) We start with a spin configuration, say

do x = 0, L-1
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do y = 0, L-1

spin(x,y) = 1

enddo

enddo

2) In the Monte Carlo simulation,

- we establish bonds between spins to form clusters.

- we label these clusters using labelling methods such

as Hoshen-Kopelman method.

- we assign values +1 or -1 to these clusters to generate

a new spin configuration.

- At the end of each Monte Carlo step, total magnetization

or total energy of the ising system is calculated from this

new configuration of spins up(+) and down(-).

3) We accumulate the sums of these generated values and finally average

them over the sample space.

4) We repeat the process, going back to step 2.

Following the above steps, we easily obtain the mean magnetization per

lattice site over a range of temperatures, and the results are plotted in Figure

4.6.

To investigate the efficiency of this algorithm in the critical region, we

measure the correlation time, which is obtained from the autocorrelation

function plotted as Then, this correlation time τ is used to determine the

dynamic critical exponent Z by using τ = Lz. To accomplish this, we first

measure correlation times for L = 10, 20, 30, 40, 50, 60, 70, 80, and the results

are displaced in the table 4.2. The fit of these data into y = ax + b gives the
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Figure 4.6: Mean magnetization per lattice versus temperature in units of J
for L=30

Table 4.2: Fitting data from the magnetization autocorrelation function sim-
ulated using the Swendsen-Wang algorithm

log L log τ
1 0.274.

1.301 0.358.
1.477 0.395.
1.602 0.413.
1.699 0.446.
1.778 0.439.
1.845 0.459.
1.903 0.471.
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dynamical critical exponent z ≈ 0.2.

4.4.2 Wolff algorithm

As has been noted, the critical slowing down, which is a major issue for the

Metropolis algorithm, can be overcome by employing the Swendsen-Wang

algorithm. However, in the Swendsen-Wang algorithm, small clusters do not

contribute to the critical slowing down, so computing efforts toward forming

them are a waste. Because of this, Ulli Wolff[22] proposed an algorithm,

called the Wolff algorithm, which consists of forming a single cluster from a

single site.

The Wolff algorithm, which is based on the Swendsen-Wang algorithm,

forms a single cluster as follows.

1. The process of forming a big cluster using the Wolff algorithm begins

with a random choice of a single spin on a L × L square lattice as

x = int(r*L)

y = int(r*L)

with r representing a random number drawn between 0 and 1.

2. The next step is to establish bonds between nearest neighbors with the

probability p = 1 − e−2βJ . Before revealing how bonds are formed, let

us write down the coordinates of these neighboring spins. For this end,

let us declare an integer array nn(4,2), which is a matrix of 4 rows and

2 columns. The elements of this array are related to the coordinates

of the seed spin at a site (x, y) by
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nn(1,1) = x + 1

nn(1,2) = y

nn(2,1) = x

nn(2,2) = y + 1

nn(3,1) = x - 1

nn(3,2) = y

nn(4,1) = x

nn(4,2) = y - 1

In this view, a nearest neighbor has, for example, nn(1,1) and nn(1,2)

as its x and y coordinates, respectively, and these nearest neighbor

coordinates are used in the formation of bonds as follows.

do i = 1, 4

nx = n(i,1)

ny = n(i,2)

if (spin(nx,ny).eq.spin(x,y) then

if (r .lt. p) then

a bond is formed between spin(x,y)

and spin(nx,ny)

endif

endif

When a bond between the seed spin and its nearest

neighbor is formed, add that neighboring spin,

spin(nx,ny), to the cluster.

enddo
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Since in the Wolff algorithm, every spin that is added to the clus-

ter will be checked for possible bond formations, we must establish a

mechanism which will allow us to store important information about

the spin. The relevant information about this spin is its coordinates,

and we store these coordinates in a stack.

Since the single cluster has not yet been formed before starting the

process of the bond formation, we set the content of the stack to zero

by setting the variable top = 0, which represents the top element of

the stack and the content of the stack. So, when a nearest neighbor,

spin(nx, ny), is added to the cluster, the variable top is incremented by

1, and the coordinates of that neighboring spin are saved in the stack

as

stack(top,1) = nx

stack(top,2) = ny

3. After adding that neighboring spin to the cluster, we must make sure

that it is eliminated from any future bond formation process, and this

can be accomplished by changing its sign:

spin(nx,nx) = -spin(nx,ny)

In the process of forming the cluster, we check the content of the stack.

If the stack is not empty, we pop a spin from it and check its nearest

neighbors for possible bond formations. Then, those neighboring spins

that satisfy the bond formation requirements are added to the cluster,

and their coordinates are stored in the stack for future process. It is
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worth noting that every time a spin is popped from a stack, the variable

top is reduced by 1. We repeat these steps until the stack is empty.

That is, top = 0

The above steps are essential for implementing the Wolff algorithm

to simulate the 2-dimensional Ising model, and let us translate these

steps into FORTRAN codes. As a standard processes in Monte Carlo

simulation, we start with an existing configuration such as this one:

do x = 0, L-1

do y = 0, L-1

spin(x,y) = 1

enddo

enddo

At the start of the Monte Carlo simulation, we randomly pick the seed

spin as

x = int(r*L)

y = int(r*L)

and we begin with an empty stack (top = 0), and a cluster containing a

single spin (icluster = 1), which is the seed spin. Immediately, we flip

the seed spin to eliminated for participating in the next bond formation

process.

ispin = spin(x,y)

spin(x,y) = -ispin
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10 nn(1,1) = x + 1

nn(1,2) = y

nn(2,1) = x

nn(2,2) = y + 1

nn(3,1) = x - 1

nn(3,2) = y

nn(4,1) = x

nn(4,2) = y - 1

do i = 1, 4

nx = nn(i,1)

ny = nn(i,2)

if (spin(nx,ny).eq.ispin)) then

if (r.lt.p) then

spin(nx,ny) = -spin(nx,ny)

icluster = icluster + 1

top = top + 1

stack(top,1) = nx

stack(top,2) = ny

The coordinates nx and ny are for a spin whose

nearest neighbors have not yet been checked for

bond formations.

endif

enddo

When the cluster reaches its maximum size (top = 0), we proceed with
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the statistics.

Otherwise, we continue with the bond formation process.

if (top.eq.0) goto 20

x = stack(top,1)

y = stack(top,2)

Here, x and y are the coordinates of a spin whose neighbors

have not yet been checked. In this case, the site of the

stack is diminished by 1:

top = top - 1

goto 10

20 get the maximum size

As mentioned above, after completing the formation of the single cluster,

one can compute thermodynamics response functions. In the wolff algorithm,

large areas of like spins are flipped in the critical region. On the other hand,

small clusters are formed as the probability p = 1 − e−2βJ becomes very

small, and it is hard to see when these small clusters flip over. In Figure 4.7,

we plot the average size of the clusters flipped over a range of temperatures,

and the observation from this figure is that the clusters become small for

temperatures greater than the critical temperature Tc.

When it comes to determine the effectiveness of this algorithm in simu-

lating the 2-dimension Ising model at the critical temperature, T = 2.269J ,

one has to evaluate the autocorrelation function Φ(t), which is plotted below.
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68



-0.2

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  10  20  30  40  50

a
u

to
c
o

rr
e

la
ti
o

n
 f

u
n

c
ti
o

n

time t

susc. autocorr.

Figure 4.8: The magnetic susceptibility autocorrelation function versus time
measured in Markov steps on a 30× 30 square lattice with T = 2.269J . The
results are obtained using the Wolff algorithm.
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When the correlation time τ is computed at the critical temperature, we

measure the dynamic critical exponent z from τ = Lz, with L representing

the linear size of the Ising model. Having stated that, comparing the corre-

lation τ of the Wolff algorithm obtained through Monte Carlo steps to that

of the Metropolis algorithm is not entirely fair. One must use τ ≃ τsteps
<n>
L2

with < n > representing the mean cluster size to put this comparison with

the Metropolis algorithm on an equal footing[22]. However, since the com-

putation of the mean size < n > can be erroneous, one can determine the

dynamic critical exponent z by using

z = zsteps +
γ

ν
− d,

where zsteps is obtained from Monte Carlo steps, and for the 2-dimensional

Ising model, γ = 7
4
, ν = 1, and d = 2.

To determine the dynamic critical exponent zsteps, we plot the magnetic

susceptibility autocorrelation function versus time measured in Markov steps

for L = 10, 20, 30, 40, 50, 60, 70 and fit the data to an exponential form, ae−bx.

The results are displayed in the table 4.2.

Now, fitting these data into y = ax + b, we obtain zsteps ≈ 0.44326. With

this value, the dynamic critic exponent z ≈ 0.19.
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Table 4.3: Fitting data from the magnetic susceptibity autocorrelation func-
tion simulated using the Wolff algorithm

log L log τ
1 0.212.

1.301 0.357.
1.477 0.427.
1.602 0.491.
1.699 0.544.
1.778 0.543.
1.845 0.592.
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Chapter 5

Conclusion

Monte Carlo simulations of the two-dimensional Ising can be hampered by

critical slowing down. As we approach the critical temperature, Tc ≈ 2.229J ,

the correlation time τ diverges as τ ∼ ξz, where ξ is the correlation length,

which also diverges at this temperature, and z is the dynamic critical expo-

nent. On a finite lattice, we have the relation τ ∼ Lz with L representing

the linear size of the system.

It is well documented that states or configurations generated via the

Markov process are not statistically independent within a time period of

order, and this renders the expectation value of a physical quantity of in-

terest inaccurate. So, efficient sampling techniques are required to remedy

this problem. When using the Metropolis algorithm to simulate the two-

dimensional Ising model at the critical temperature Tc, we find that the dy-

namic critical exponent z is about 2.2, and this eventually increase the corre-

lation time τ as the system size increases. This indicates that the Metropolis

algorithm is by no means the best algorithm for investigating thermal prop-
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erties of the Ising system in the critical region, and hence, there is a need

for efficient algorithms to circumvent this unfortunate situation.

Swendsen-Wang and Wolff algorithms are used in this situation, and they

indeed reduce the critical slowing down because of their low values for the

dynamic critical exponent, which were found to be around 0.2 and 0.19,

respectively, in this thesis. This also reveals that in the Ising system the

Wolff updating is superior to those of Metropolis and Swendsen-Wang in the

critical region as the Ising system increases in size, and this comparison can

be extended beyond the critical temperature. In this regime, it is hard to

argue which algorithm is superior between the Metropolis algorithm and the

Wolff algorithm, but, at the end, one sides with the Metropolis algorithm

because of its versatility.
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