ABSTRACT

AL-KATEEB, ALA’A QASEM MOHAMMAD. Structures and Properties of Cyclotomic
Polynomials. (Under the direction of Hoon Hong,.)

The cyclotomic polynomial ®,,(x) is the monic polynomial in Z[x] whose zeros are the
primitive n-th roots of unity. It has numerous application in number theory, abstract al-
gebra and cryptography. Thus it is important to understand its structures and properties.
In this dissertation, we report several newly found structures and properties of ®,,.

Let n = mp, where m is an odd square-free integer and p > m is a prime number.
Let ¢ = quo(p, m) and r = rem(p,m). Let f,,,,; be the i-th digit of ®,,, in the radix z*.
Let fp,; be the j-th digit of f,,,; in the radix ™. Let C,, ,;; be the list of coefficients

of frnpij-
The newly found structures are as follows:
L. Crpio == Cnpig-1-
2. Oy pig 1s a truncation of Cy, ;0.
Crpig=(1) ifr=1landi=0
Cimpiq=1(0) ifr=1landi>0
3. Let p—p =,,, 0. Then C,, ;0 = Crnpio-
4. Let p+p =,, 0. Then C,, ;.0 is a negated/rotated version of C, . 0.
5. Let i +7 = p(m) — 1. Then Cy, ;0 is a flipped/rotated version of Ch, . 0-

The newly found properties are as follows:



: Norm:||<1>mp||],z is linear over p’s that are equivalent modulo m. Moreover, ||¢)mp||’,z

and H<I>mﬁHZ are parallel if p+p =,, 0.

. Middle term: Let M(®,,,) denote the coefficient of the midterm of ®,,,. Then we

have M (®,,,) = £M(®,5) if pF p =, 0 and M (P,,,) = £1 if p =, £1.

. Number of terms: Let Nt.(®,,,) denote the number of terms with the coefficient ¢
in ®,,,. Then Nt.(®,,,) is linear over p’s that are equivalent modulo m. Moreover,

Nto(®Py,p) and Nt_.(P,,5) are parallel if p+ p =, 0.

. Number of terms in @, ,,,.: We provide explicit formulas for the number of terms

in ®,,,,p, for some special families of p;, p; and ps.
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Chapter 1

Introduction

In this dissertation, we study a fundamental family of polynomials in number theory,
namely the family of cyclotomic polynomials. A cyclotomic polynomial ®,(z) is the

monic polynomial in Z[x] whose zeros are the primitive n-th roots of unity.

Example 1.1.
Qi(z)=—-1+=z Oy(z)=1+x
Os(z) =1+ 2 + 2° Qy(z) =1+ 2°
Os(z) =1+ 2+ 22 + 2° + 2 Pg(r) =1 — 2 + 2
Or(z)=1+a+22+ 23 +2* +2° +2° dg(z) =1+ 2*
g(z) =1+ 2° +2° Pyp(x) =1 -z +2*—2° + 2

This set of polynomials has numerous application in number theory, abstract algebra

and cryptography:

1. Some important theorems were proved using the properties of those polynomial



like:

(a) Wedderburn’s theorem for finite division rings (see [5]).

(b) Proving a special case of Dirichlet’s theorem on primes in arithmetic progres-

sions (see [23]).
2. Some applications in cryptography:

(a) investigating the efficiencies of certain class of cryptosystems (see[27])

(b) constructing cryptosystems (see [34, 39])

Thus it is important to understand its structures and properties. In this dissertation, we
report several newly found structures and properties.

In Chapter 2, we review the definition, various known structures and properties of
cyclotomic polynomials. We also review the definition of inverse cyclotomic polynomials
and summarize some of its basic properties needed in the subsequent chapters.

In Chapter 3, we investigate the structure of cyclotomic polynomials. Let n = mp
where m is an odd square-free integer and p > m is a prime number. Let ¢ = quo(p, m)
and r = rem(p, m). Let f,,; be the i-th“digit” of ®,,, in the radix 2P. Let f,, ,;; be the
J-th “digit” of f,,; in the radix 2™. Let C,, ., ; be the list of coefficients of f,, ,; ;. Note
that C,,,.; is a consecutive sub-list of the list of the coefficients of ®,,,. Hence they
together form a partition of the list of the coefficients of ®,,,. We show the following

structures on the partition (Theorem 3.1).
1' Cm=p7i70 == Cm7p7i7q_1
2. Gy pig 1s a truncation of Cp, ;0.

Cpig=1(1) ifr=1landi=0



Cimpiq=1(0) ifr=1landi>0
3. Let P — ﬁ =m 0 Then Cm,p,i,O = Cm,ﬁ,i,o-
4. Let p+p=,, 0. Then C,, ;.0 is a negated/rotated version of Cy, ;0.

5. Let i +7=¢p(m) — 1. Then C,, 70 is a flipped/rotated version of C,, ;0.

We point out that the structural finding 1 was implicitly present in a recursive formula
and resulting algorithms in Arnold and Monagan ([4] Section 4), but they did not make it
explicit, maybe because their main concern was computational efficiency, not structural
study. We have made it explicit because the explicit structure is useful for studying many
other properties.

In Chapter 4, we investigate the norm of cyclotomic polynomial ||®,,,l,. We show

the following properties of norms (Theorem 4.1).
1. ||<I>mp||],z is linear over p’s that are equivalent modulo m.
2. HCIDmpH: and HCDmﬁHz are parallel if p +p =, 0.

In Chapter 5, we investigate the middle term of a cyclotomic polynomial. Let M (®,,,)
denote the coefficient of the midterm of ®,,,. We show the following properties of midterms

(Theorem 5.1).
1. M(®,) = £M () if pF P = 0.
2. M(®,,) = £1 if p =, £1.

In Chapter 6, we investigate the number of terms with prescribed coefficient in ®,,.
Let Nt.(®,,,) denote the number of terms with the coefficient ¢ in ®,,,. We show the

following properties of number of terms (Theorem 6.1).



1. Nt.(®,,,) is linear over p’s that are equivalent modulo m.
2. Nt.(®,,p) and Nt_.(®,,5) are parallel if p + p =, 0.

Finally, in Chapter 7, we study the number of terms in ®,,,,,,,,,. We report the following

findings on(Theorem 7.1). Suppose that p; =,, +1 or —1. Then
Lo hw(®ppypy) =N - (s —1)+1  if p3 =pyp, +1
2. hw(®pypopy) =N (p3+1) =1 ifps =, —1

where

N:2(])1_1)(<p1+4)(p2—1)—(r2—1))

3 P1p2

ro = rem(Pz,pl)



Chapter 2

Review

In this chapter we will review the definition and various known structures and properties

of cyclotomic polynomials.

2.1 Cyclotomic polynomials

In this section we will define the cyclotomic polynomials and review some of their basic
structures and properties.
Let n be a positive integer. Then the zeros of 2™ — 1 are all of the form e“n" where

1<k<n,

2mik

Let R(n) = {e"» ,k = 0,---,n} be the set of n-th roots of unity. Clearly R(n) is an
abelian group under multiplication. An n-th root of unity is called primitive if it is a

generator of the group R(n), i.e, ged(k,n) = 1.

Definition 2.1 (Cyclotomic Polynomials). The cyclotomic polynomial ®,, is defined to



be the polynomial whose zeros are the primitive n-th roots of unity, i.e,

b, = H (x — 627:%)

ged(k,n)=1
1<k<n

Example 2.1. Note

n| ®,

l|lox—e™=—-1+ux

2|lz—et =x—(-1)=1+2x

3 (x—e%i)~(x—e%):(x+%—‘/7§i)-(x+%+‘/7§i)):1+x+x2
Al (x—eT) - (z—eT)=(x—i) - (x+1i)=1+a?

6mi

5l(x—e) - (z—e3 ) (x—eF)-(z—e3)=1+z+22+2°+z*

Based on the last example, one might think that all coefficients of cyclotomic polyno-
mials are either £1 or 0, but this is not generally true. The first integer n for which &,
has a coefficient different from —1,0 or 1 is n = 105. That was found in 1883 by Migotti

[35).

Bros = 1+ a 422 —2° — 20— 207 — 25— 2% 4 212 4 213 4 2 4+ 210 4 216
LoplT 20 22 24 026 98 4 031y 032 033 4 34 35

G0 39 A0 91 42 43 46 L AT |48

the coefficients of 7 and %' equal —2.
Now review some basic structures and properties of ®,,. For this, we first recall two
essential functions in number theory, Euler’s and Md&bius functions. Those functions are

useful in proving many basic structures and properties of ®,,.



Definition 2.2 (Euler’s function). Let ¢ : Z — 7Z be the cardinality of {k : 1 < k <
n and ged(k,n) = 1}.

Remark 2.1. From the definition of p(n) we can see that the degree of ®,, is p(n).

Example 2.2. We have

pl) =1, 0(2) =1
p(5) =4, p(10) =8

Lemma 2.1. Let n,m € Z. Then

1.on=73,,¢(d)
2. If ged(n,m) = 1, then p(nm) = ¢(n)e(m)
3. If p is prime, then o(p*) = p* — pF~1

4. If n = p{ -+ pi* is the prime factorization of n, then
1
k k 1
w@)ZIIﬁ“Wm—l%:nfﬂl—;Q
i=1 i=1 t

Proof. For proof see any elementary number theory textbook such as [15, 25, 37| [

Definition 2.3 (Mobius function u). The function p: Zt — {—1,0,1} is defined by

1 if n=1
p(n) = § (=1 if n=pi--p
0 otherwise

where p;’s are distinct prime numbers.



Example 2.3. We have

p2)= -1
p(6)= 1
p(12) = 0

Theorem 2.1 (Mobius Inversion Formula). Let f,g : ZT — Z* be functions such that

F(0) = T 9(d). Then g(n) = S, (F ()"

Proof. Note
W w(d)
ny N\~
TG () =11 {1
din dln elg
ST (TLoter
eln \d2

Theorem 2.2. Forn > 1,

2" —1=]] Palx)

djn
Proof. Let ¢ be an n-th primitive root of unity such that (¢
root of unity and hence a root of ®4. Since d | n we have (
both polynomials 2" — 1 and [],, ®a(z) are monic and have

equal.

= 1, then ( is also a d-th
is a root of 2™ — 1. Since

same roots then they are

]



Theorem 2.3. Forn > 1 and v # +1,

O, (z) = [[(=* = 1)) = T[(a¥ — 1),

din dn

Proof. We have from Theorem 2.2

2" =1 =] Palz)

dln

Let f(n) = 2™ — 1. Then by applying Theorem 2.1 on f we have

b, (x) = H(;p% _ 1)“(d) — H(xd _ 1)#(%)

dln din

Example 2.4. Let n = 45. Then

Pys(z) =1—a*+2" -2+ 2% + 2

= (z — 1)u(45) ($3 _ 1)u(l5)(x5 _ 1)“(9)(x9 _ 1)u(5) (xIS _ 1)“(3)(9545 _ 1)#(1)

— ($3 _ 1)1<ZE9 o 1)_1($15 _ 1)—1(9345 _ 1)

Theorem 2.4. We have ®,, = ®raq(n) (xradn(") ).

Proof.

¢, = H(:ﬂ — 1)@ by Theorem 2.3



= H (zd —1)H@ since (k) = 0 if k is not square free
d|rad(n)

— H ((lvra(?(n))radd(n) _ 1>U(d)

d|rad(n)

n

= (I)rad(n) (m rad(n) )

Theorem 2.5. If n > 3 is odd, then ®y,(z) = ®,(—x).

Proof.

d|2n
= H(:cd - 1)“(2771) H(a:d - 1)“(2771) d is either odd or even
2|d dln
— H(xd — 1)HCF) (g2 — 1))
d|n
n 2n n
= [T+ 1)@ since u(—) = —u(=)
dn
- H(_xd — 1)@
dn
=&, (—x)

Theorem 2.6. Let n > 2 and ®,, = ng)) as,x. Then we have
1. ®, = 2¢M,(1)

2. Aypmy—s = as for 0 < s < p(n)

10



Proof. Since complex roots are coming in pairs we can write

13 L3]

T —27i 2
o, = (x—ean> : (a:—eTk> = || (2* — 2z cos (Lk) +1)

0|3

n
k=1 k=1
Now
1. Note
L3 21k
M, (z) = 7 H(m2 — 2x cos (—) +1)
k=1 n
5]
— (ﬁ—w(n) — 912" o (%) —¢(n))
k=1 n
=, (=~
)
2. Note
o(n) p(n) p(n)
s=0 s=0 s=0

Example 2.5. Let n = 15. Then ¢(15) = 8 and
Pis(z)=1—a+2° 2" +2° - 2" +2°
Note

1
P O(—) =2 (@t =2 e —a T T - e 4 )

5 8

=l—a+2—z*+2°—2"+2

= dy5(2)

11



Clearly

CLOZCLSZ]_ a1:a7:—1
CLQ:CL@:O a3:a5:1
a4:—1

Example 2.6. We have
1. ®3(z) =1+ + 22
2. ®g(z) = P3(x®) =1+ 23 + 26
3. ®ig(x) = Pg(—x) =1 — a2 +2°
Theorem 2.7. ®,(x) € Z[x] and monic.
Proof. We prove the theorem by induction on n.
1. &y =2—1¢€Zx].
2. Assume ¢, € Z[z] and monic for all d < n.

3. Recall 2" — 1 = @, - ([] din.d<n ®,). From the induction hypothesis, it follows that
®, € Z and monic. From the definition of ®,,, obviously ®,, a monic poly-
d|n,d<n

nomial. Thus, ®, € Q[z] and monic. Since 2™ — 1 € Z[x] and monic, we conclude

that @, € Z[xz].

Theorem 2.8. ®,, is irreducible over Q.

12



Proof. There are many different proofs for this result. For n is prime number there are
proofs by Gauss (1801), Kronecter (1845) and Eisenstien (1850). For general integer n
there are Dedekind (1827), Landaue (1929) and Schure (1929). For more proofs and

details one might see [41]. O
Theorem 2.9. For any a € Z there exists n € N such that a is a coefficient of ®,,.

Proof. Let t be an odd integer such that ¢ > 2. Then it is well known [38] that there

exist ¢ distinct primes such that

p1r<p2 < - <Dy

where p; +py > t. Let n =py---p; and p = p;. Then

¢, = (=" — 1)@

d|n
t
(xPr — 1) : .
= H — since n is square free
i=1 (z—1)
1 — P
=,p+1 ﬁ(l —aPt) . (1 — Pt t is odd
=t (1+z+--+27 (1 —a? — .. — P since p; +pr >p+1

from the last product and the fact that each p; < p — 1 we have a,(p) = —t + 1, where

a,(m) denotes the coefficient of ™ in ®,(z). Let

S :={a,(m)| V n,m € N}

Then we need to show that S = Z. We do the following steps

1. Let t =2, then {—1,0,1} C S.

13



2. For t > 3, we have a,(p) = —t+1< —-2. Thus {{ € Z,{ < -2} C S

3. Consider ®,, where n is as defined above. Then as,(p) = —a,(p) =t — 1. Thus

since t > 3 we have {{ € Z,{ > 2} C S

Hence S =7Z O]

2.2 Structures of cyclotomic polynomials

Generally, there is no explicit non-recursive formula for computing the coefficients of ®,,.
In this section we summarize some of the well-known formulas/descriptions for determin-

ing the structure of the polynomial ®,,.

Definition 2.4. Let n = p1---pr a product of k distinct prime numbers. Then ®,, is

called a cyclotomic polynomial of order k.

Remark 2.2. ¢, and @, ,,,, are called binary (k = 2) and ternary (k = 3) cyclotomic
polynomial respectively, the binary and ternary are the first non trivial cases that has

been studied.

The binary cyclotomic polynomial is the first non trivial case to be considered. There
are many studies on these polynomials like [10, 13, 20, 26, 32]. The following theorem

gives an explicit formula for ®,,,,. It can be found in [32].

Theorem 2.10. Let s,r be integers such that (py — 1)(p2 — 1) = rp; + sps. Then

T s p2—1 p1—1
(I)plm — § :xzm § :xjpz _ § : P § P2 | ppip2
i=0 j=0 i=r+1 j=s+1

Moreover, for any 0 < k < (p; — 1)(p2 — 1) we have

14



1. ar, =1 if and only if k = ipy + jpa for some i € [0,r],j € [0, s]
2. ar, = —1 if and only if k+p1ps = ip1+jp2 for somei € [r+1,pa—1],j € [s+1,p1—1]
3. a = 0 otherwise

Proof. Let

r 5 p2—1 p1—1
f(.il?) — (Z xim) (Z $J':D2> _ < Z iL‘im) ( Z xipz) xP1p2
i=0 §=0 i=r+1 j=s+1

clearly f € Z[z] is monic. We claim that deg(f) = @(pip2) and f vanishes at each
primitive p;ps-th root of unity.
The degree of the first product is rp;+sps = ¢(p1p2) and the degree of the second product

is (p2 — 1)p1 + (p1 — 1)p2 — p1p2 = p1p2 — p1 — p2 = @(p1p2) — 1 thus deg(f) = ©(pip2).

Let ¢ be a primitive p;po-th primitive root of unity. Then
Dp.ps (C) =0= ®p1<cp2> =, (Cpl)

fe 3 : T i -1 i s j -1 i
This implies that Zz‘:o(gpl) = - firﬂ(cpl) and ijo(cm)j = - ?1:s+1(§p2)j
Thus f(¢) = 0. Then f(x) = ®,,,,(x). All the monomials in f are different to see that
assume they are not different, then there exists i1,y € [0,p2 — 1] and jy, 52 € [0,p1 — 1]
such that i1p; + jipe = ia2p1 + Jopa OF i9py + jopa — P1p2, then we have py | (i; —iz). Hence

(il = ’iQ), Similarly jl = jg. ]

Ternary cyclotomic polynomial is the second non trivial case to be considered. There
are many studies on these polynomials like [6, 7, 12, 16, 18, 42] The following theorem

gives some formulas for the coefficients @, ,,p,. It can be found in [8, 14].

15



Theorem 2.11. Let ®,, = Zﬂﬁé cmx™ . Then c,, is determined by the number of parti-

tions of m of the form:

m = a+ apips + Bpips + Yp2ps + 01p2 + daps

where 0 < a < py,a, 3,7 > 0 and 6; € {0,1}. If m has no such partition, then c,, = 0.

Each partition of m in the given form contributes +1 to the value of ¢, if 61 = 02, but

—1if 5y # 6.

In [1, 3, 4, 2], Arnold and Monagan gave recursive formulas for the coefficients of
arbitrary cyclotomic polynomials. Using them, they also gave several algorithms. Below

we review a recursive formula.

Notation 2.1. Let

d,, = Z b,z v, = Z cj:cj D,p = Z apx®

Theorem 2.12. We have

ip+j=k
Proof. Note
Dy, (aP)
= D, (aP) Wy () (2™ — 1)

16



Thus

E apr® = — E b;z'? E c;x? g g = — g bic;x'PHITm — E g bicjxk
i j ij

k 1>0 ; k ip+j+im=Ek
1>0 1>0

Thus
A = — E biCj
ip+j+im=k
>0
Note
Aoy, = — 5 bicj = — E bicj = — E biCj
iptj+im=k—m ip+j+(+1)m=k ip+j+im=k
>0 >0 >1
Thus

A — Qp—yp — — Z biCj + Z biCj = — Z biCj = — Z biCj

ip+j+im=k ip+j+im=k ip+j+im=k ip+j=k
1>0 1>1 1=0

2.3 Property: norm

The Norm of a mathematical object (polynomial, matrix , vector, etc) is a measuring

tool for the size or length of that object, in this section we will define the norm for & ,,.

Notation 2.2 (Norm of a polynomial). Let f = ag+ --- + a,z"™. Then the k-norm of f
15 defined by
(Z5olasl)" if k< oo

max{la;|,j =0, ,n} ifk=oo

1Al =

Example 2.7. Let f = 2® — 22% + 5x — 3. Then

17



1Lflly = 1+ |=2] + 5] + |=3] =11
2. 1 flly = (1L + =2 + |5)* + |—3|%)2 = (39)% = 6.245

Remark 2.3 (Height). Note that | ®,||, = h(P,) = max{|a;|,j =0,--- ,n}, the height
of ®,,. ®,, is called flat when h(P,) = 1. The flatness of cyclotomic polynomial has been

studied heavily and there are many open problems in that area [11, 17, 29, 31, 42], also
there are many studies regarding the height of ®,, such as [7, 9, 16, 22, 30, 33, 40, 43].

In [21], Carlitz proved the following theorem for ||®,,[|, where n is a square-free odd

integer and p is a prime number. We will extend this result to ||<I>np||z in Chapter 4

Theorem 2.13 (Carlitz). Let r = rem(p,n). Then
||q@n1J|§ - f44ur]7 + 137LT

where A, ., B, , € Q and depends only on n and r.

2.4 Property: middle term

In this section we define the middle term of ®,, and present its well-known properties

e(n)

Notation 2.3. M(®,) = the coefficient of x 2

n P, middle term of ®,,.

Example 2.8. Note

n D, M(®,)
D 14+ gpt 1
8 1+ 0
15 l—z+2% -2t +2° — 2" 4 28 —1
21 |1 —ao+ 23—t + 25 — 28 + 29 — 2t + 212 1
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It has been shown that M (®,,,,) = %1 this result can be found in [10, 32], however,
this is not true when n is a multiple of three primes or more, for example M (P3g5) =

—3, M((I)4785) = 5 and M((I)7735) = —7
Theorem 2.14. M(®,,,,) = (—=1)", where r is (p1 — 1)(p2 — 1) = rpy + spo.

Proof. Let (p1 — 1)(pa — 1) = rp1 + spe, r and s are both even or both odd otherwise
rp1 + sp2 = (p1 — 1)(p2 — 1) will be odd. Let ¢ = w;pz—l)' Then we consider the

following cases:

1. If r and s are even, then ¢ = (5)p1 + (5)p2 and then by theorem 2.10 on page 14

we have a; =1 = (—1)".

2. If r and s are odd, then we can write £+pips = rp1+Spa+pi1ps = (H%)pﬁ(ﬁ%)pg,
now H% €[r+1,p;—1] and 54“% €[s+1,p1 —1]since r <py—1and s <p; —2.

Thus by theorem 2.10 on page 14 ay = —1 = (—1)".

3.If py = 2, then r = 221 = fand s = 0. Opp, = P, (—1x) = Szt (—2)!) here

a = (=1 = (-1y
[

Generally, the value of M(®,,) is a point of interest. It has been shown in [24] that M (®,,)

is either zero or an odd integer.

Theorem 2.15 (Dredsen). For n > 3 the middle coefficient of ®,, is either zero (when

n is a power of 2) or an odd integer.

2.5 Property: number of terms

In this section we will discuss the number of terms with prescribed coefficient in ®,,
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Notation 2.4. Let f be a polynomial. Then Nt.(f) denotes the number of terms with

the coefficient ¢ in f.

Example 2.9. Note

c —2|-1{0|1]2

Nt (®5) | 0|0 [0|5]0

Nt (®;) | 0|0 |o|7]o0

Nt (P15

)
Nt.(®s5)

Nto(Pro5) | 2 | 13 |16 [ 18| 0

Nto(Prg5) | 0 |33 |24 |14 10

Notation 2.5. Let ®,, = Zfi%) as,z*. Then we denote
1. C(®,) ={as:5s=0,...,0(n)}, that is, the set of all the coefficients of ®,,.
2. hw(®,,) be the number of nonzero terms of ®,,.

Remark 2.4. hw(®y) = >0 co(@,) Nte(Pn) = ¢(n) +1 — Nto(Py,).

hw(®,,,,) has been found by Carlitz [20] but hw(®,,) where n is a product of three primes

or more is still an open problem.

Theorem 2.16 (Carlitz). Let n =p; - ps. Then
hw(q)Ppo) = 2])_1 : p_g — 1.

where  p1-p1 =, p2—1 and py-p2 =, p1— L.
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Proof. Let 0(p1p2) = #{0 < i < p(p1p2) : ¢; = 1}. Since all the coefficients of ®,,,, are

either —1,0 or 1 and ®,,,,(1) = 1, we have
O(pips) = 1+ #{0 < i < o(pips) : ¢; = —1}

Now

)
CI)P1P2 - (1 . J}pl)(l . l’pQ)

p1—1

E x]m
1 — P £
p1—1 p1—1
1 . § x]pz E x2p2+1
— X 1

7=0

Since ®,,,, is a polynomial then each z77? associate a term 7> such that ips+1 =,, jpa

in other words

(Ipl _ 1) | (:Ejpz _ :L,ipz—i—l)

Hence

(i - j)pQ =p —1

S0 ¢ — j = —po. Then

1 R . - Pl , o
Dpip, = ( Z ($]P2 _ x(]_pQ)PQ-Fl) _ Z (ﬂpz _ m(J—Joz—pl)sz))

1 —am
Jj=0,j—p2<p1 Jj=0,j—p2>p1
p1—1+p2 p1—1+p2 )

1
— ( IP2P2+1 E Pz _ p1+p2 p2— 1 E b2t

1 —am
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the first part gives the positive terms and the second one gives the negative ones, clearly

(p1 + P2)(1 — pap2)

0(pip2) =
(0122) b1
Hence
hW((I)ppo) = 29(]31]72) —1
_ 2(171 +p2)(1 —papa) 1
b1
=2-p1-p2—1
since py - (p1 + P2) =p, p1 — 1 and p; - 17}’;—12’52 =p, D2 — 1. []

Example 2.10. Let p; = 3. Then

hW((bgpQ) =2 3p_2 -1

23—1 pQEgl

4.3—-1 py=32

2.6 Inverse cyclotomic polynomials

In this section we define the inverse cyclotomic polynomial ¥,, and present some of its
basic properties. As ®,, is defined as the monic polynomial whose zeros are the primitive
n-th roots of unity, ¥, is defined to be the monic polynomial whose zeros are the non
primitive n-th roots of unity. There are some recent studies on the inverse cyclotomic

polynomials [19, 28, 36].

Definition 2.5 (Inverse cyclotomic polynomial). The inverse cyclotomic polynomial
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U, (z) is defined to be the monic polynomial of degree 1(n) such that

v, = H (:p—e%)

gcd(k,n)>1
1<k<n

Example 2.11. Consider some cases with small values of n.

41
on:2:\112:’i:11:_1+x
‘n:43‘1’4:§;=—1+x2
‘n:33q’3=%:—1+x

Lemma 2.2. We have

k<n

Lemma 2.3. We have
1. Wy, = (1 —2™) - U, (—x) if n is odd.
2. Wy =V, (aP) if p | n.
3. Wy =W, (2P) - D, if ptn.

4' an = \Ijrad(n) (ZE radn(n) )

v
K
3
I
|
K
3
—~
|=
~—
&
S
5
2
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np__ np__ P —1
2. U, =2 pl = (ﬂ}) {bn)(xp) = U, (aP).

3. W, =20l = 2L =, (2P) D,

i (J} raél(n) )rad(n) -1

4 q]n _ a1 _ " —1 - — - =y ([L’rfﬁ"))
. o, i — - rad(n) .
(brad(n) ($ rad(n) ) (Drad(n) (.T rad(n) )
1
1y =1 1 1—a™ _ Uy _ 1 n—p(n)
5. Wn(y) = (L) 2r@a(D) | e, | gne) hence W, = =W, (3) - 2

Proposition 2.1. We have
1.V, =—-1+uw.

2. qulpz = (_1 +Ip2> ’ CI)pl'
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Chapter 3

Structures

Introduction

In this chapter, we investigate the structure of cyclotomic polynomials.

Let m be an odd square-free positive integer and p be a prime number such that!
p > m. Let ¢ = quo(p,m) and r = rem(p, m), the quotient and the reminder of p divided
by m respectively. Let f,, ,; be the i-th“digit” of ®,,, in the radix 2?. Let f,,,;; be the
J-th “digit” of f,,; in the radix 2™. Let C,,,;; be the list of coefficients of f,, ,; ;. Note
that C,,,;; is a consecutive sub-list of the list of the coefficients of ®,,,. Hence they
together form a partition of the list of the coefficients of ®,,,. We show the following

structures on the partition (Theorem 3.1).

L Crpio == Cnpig1
2. Chp.iq is a truncation of Cy, p; 0.

Cipig=(1) ifr=1landi=0

!The case p < m turns out to be uninteresting from certain structural point of view.
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Cimpiq=1(0) ifr=1landi>0
3. Let p— ]3 =m 0. Then Cm,p,i,O = Cm,ﬁ,i,o-
4. Let p+p =,, 0. Then C,, 5,0 is a negated/rotated version of C, . 0.

5. Let i +7=¢p(m) — 1. Then C,, 70 is a flipped/rotated version of Ci, ;0.

We point out that the structural finding 1 was implicitly present in a recursive formula
and resulting algorithms in Arnold and Monagan ([4] Section 4), but they did not make it
explicit, maybe because their main concern was computational efficiency, not structural
study. We have made it explicit because the explicit structure is useful for studying many

other properties.

3.1 Main results

In this section, we will state the main results of this chapter precisely. We will use the

following notations.

Notation 3.1 (Partition). Let ®,,, = > - c,x". For 0 <i < p(m)—1and 0 < j <q,
let

Cm,p,i,j = (Cip+jm7 <. 7Cip+jm+l)
where if j < q thenl=m —1 elsel =1 — 1.
We will illustrate the idea of partition by the following two examples.

Example 3.1. We will visualize a polynomial by a graph where the horizonal azis stands

for the exponents and the vertical axis stands for the corresponding coefficients.
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Let m = 11 and p = 41. Then ¢(m) —1 =9, ¢ = 3 and r = 8. The partition of the list

of the coefficients of @y, into Cp,pi5°s 15 tllustrated by the following diagram.

,,,,,,,,,, P . _p
7m—74>F7 mrfapf 'mrfapfrfa —-m - — — 7m774T:|7 m774T:|7r7»
N N N N
LT LI LI LI LI LI LI LT L L
c Cm.p.02 |Cmp03| Cmp10 Cm,p.1.1 Cmpi12 | Cmp13

Cm,p,0,0 m,p,0,1

Example 3.2. We will visualize a polynomial by a graph where the horizonal azxis stands
for the exponents and the vertical axis stands for the corresponding coefficients.
Let m =15 and p = 53. Then ¢(m) —1 =17, ¢ = 3 and r = 8. The partition of the list

of the coefficients of @y, into Cy,pi5°s 15 tllustrated by the following diagram.

77777777777 P - - - — — — — e — — — - — — - — — — D — - — — — - —
77m7—11—m7—11—m77 T - — — M — — —e— — — M — — —— — — M — — —=— - T

L | L | L L | L I ) NS T |
Cm,p,0,0 ‘ Cm,p,0,1 ‘ Cm,p,0,2 ‘Cm‘pwi)ﬁ Cm,p,1,0 Cm,p,1,1 Cm,p,1,2 Cm,p,1,3

We need to define some operations on C,, p; ;’s.

Notation 3.2 (Operation). For A = (ag,...am-1) and 0 < s < m, let

1. T,A = (ag,...,as 1) “Truncate from the s-th element”
2. NA:=(—ag,...,—n_1) “Negate”

3. FA = (am-1,-..,0a0) “Flip”

4. ReA = (as,. ., Qm_1,00,-.,05_1) “Rotate by s”

5. EA = (ap,0,...,0,a1,0,...,0,...,Qn_1) “Brpand by s”

where s — 1 zeros are padded between two consecutive elements
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Example 3.3 (Operation). Let A =(1,2,3,4,5). Then

o Hﬁﬂfjﬂﬂﬂ
R

We can now state the main theorem of this chapter regarding C,, ,; ;’s.

Theorem 3.1 (Structure). We have

'Z' Cm7p7i’0 == Cm,Pﬂ:,q—l

2' Cm7p7i’q = ﬂcm,p,i,()

Cm,p,i,q = (1) Zf?" =1landi=0
Conpig = (0) ifr=1andi>0
3 Cmpz() CYm,;o,i,O Zfﬁ —DP=m 0

4. Cm,p‘,z,o == RTNCm,p,i,O Zfﬁ + P =m 0 and 5“}‘@ = go(m) —1
5. Copio = RiFCrpio ifiti=p(m)—1and7+r=,¢em)—1,0<7F<m
Now we present a set of examples to illustrate the main theorem.

Example 3.4 (Structure 1). Let m =11 and p = 31. Then ¢(m) —1=9

and g = 2. Note

i 0 1 2 3 4 2 6 7 8 9

Cm,p,w%—:\fh—mfh—:\ﬂﬂfh—mﬂﬂﬂrﬂﬂﬂﬂf—tﬂﬂﬂf—tﬂﬂf—ﬂf—f

Cm,p%l%—%—m—m—mﬂﬂﬂrﬂﬂﬂﬂf—ﬂﬂﬂf—tﬂﬂf—ﬂf—f
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Example 3.5 (Structure 1). Let m = 15 and p = 53. Then o(m) —1 =17

and ¢ = 3. Note

l 0 1 2 3 4 5 6 7

Cm,p,i,O Y = A anan, o mann T, T
Om,p,z',l T . A nan, nnnn T, r M 1 ¢
Cm,p,i,Q - . o, man, . mmmn N, _ T 1

Example 3.6 (Structure 2). Let m = 15 and p = 53. Then ¢(m) — 1 =1,

q =3 and r = 8. Note

l 0 1 2 3 4 ) 6 7

Cm,P,i,O:-m—:r'&'-ﬁi:r'i-mﬂ:ﬁ-mt'ﬂ:r‘:rﬁ-ﬁn—mﬁ
Zcm,p,iyolﬁ#%miw;hﬁj';‘—i

Omvpviaqlﬁ#%miwgﬁﬁj';:_i

Example 3.7 (Structure 2). Let m = 15 and p = 31. Then ¢(m) — 1 =1,

q=2 andr =1. Note

{ 0 1 2 3 4 ) 6 7

Om,P,@Oﬂﬂ:l—-w-"—:w-“—""“—u—"-ﬂ—“—"—-“-w-"—'“-w-"—ﬁ-':'—
Z‘Cm,p,i,o

Om,p,l%q

Example 3.8 (Structure 3). Let m =11, p = 31 and p = 53.
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Then p(m) —1 =9. Note

v 0 1 2 3 4 5 6 7 8 9

Cmmiﬁ%—%—%—ﬁﬂﬂﬁ—ﬂﬂﬂﬂﬂrﬂﬂﬂﬂf—ﬂﬂﬂf—:ﬂﬂf—ﬁ—f

Cm,ﬁ,iﬂﬁ—%—m—mﬂﬁ—mﬂﬂﬂrﬂﬂﬂﬂf—tﬁﬂﬂf—tﬂﬂf—ﬂf—f

Example 3.9 (Structure 3). Let m = 15, p = 53 and p = 83.
Then p(m) —1 =T7. Note

l 0 1 2 3 4 ) 6 7

Cmypaip:'ﬁl_:l"&l'ﬁi:l"i-mﬂ:ﬁ'mtlﬂ:rt:r&'ﬁ:_ﬁ:
Cm,ﬁyi,oﬂ-ﬁl—:r&'t:ﬂ:r'i-mﬂ:wm&'ﬂ:r::ﬂﬁt‘—m—:

Example 3.10 (Structure 4). Let m = 11, p = 41 and p = 47.

Then p(m) —1 =9 and r = 8. Note

Example 3.11 (Structure 4). Let m = 15, p = 53 and p = 37.
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Then p(m) —1 =7 and r = 8. Note

Example 3.12 (Structure 5). Let m = 11 and p = 31.
Then p(m) —1=9,r=9 and 7 = 0. Note

? 0 1 2 3 4 bt

Cm,p,i,o T— tr— tr— ffif— AR ARRAF
fcm,pﬂﬁo —d —if —dJiiF —r AR TR

RiFCmpi0 ——f ——fF —ARF —AARF -RARRF  VARR-
7 9 8 7 6 5 4

Cm,p,io —F —dF —fiff —ARRF -JARRF TR

Example 3.13 (Structure 5). Let m = 15 and p = 53.
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Then o(m) —1 =17, r =8 and 7 = 14. Note

l 0 1 2 3 4 5 6 7

Cmap:iyoz-ﬁ_ﬂ-'&lt:ﬂ:l-'i-mﬂ:ﬁ-m&hl:r::r&ltj_ﬁ-:
chypviyo—m-::-'&'thﬂ:r::rm—mﬂ:rj-:r&r&ﬂ::ﬁ—:

Rffcmm,i,o — . M o oAn,, A, M o
7 7 6 5 4 3 2 1 0

Cmvpyivoj_ﬁ:j&l'ﬁﬁﬁ':ﬁ'mml:izlij&ﬂ::'ﬁ_

3.2 Proofs

In this section we prove Theorem 3.1. Previously we defined C,, ,,; ; as a list of coefficients.
However, it will be useful to have them in polynomial format, because it is easier to work
with polynomials rather than lists. Hence we begin by reformulating Notations 3.1 and 3.2

in terms of polynomials.

Notation 3.3 (Partition). Let f,,,; be the i-th digit of ®.,, in the radiz 2P and let fy,

be the j-th digit of fpp in the radiz ™, that is,

p(m)—1

Qpp = Z Jmp,i '
1=0
q
fopi =Y frpig @™
=0

Lemma 3.1. C,, ,; ; is the list of the coefficients of f, i, that is,
!

k
Jmpig = § Cipmij kT

k=0
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where if 1 < q thenl=m —1 elsel =1 — 1.
Proof. Immediate from comparing Notations 3.1 and 3.3.
Example 3.14. Let m =5 and p = 13. Then
Bogg =1 — a4+ 25 — a8+ 210 — g1 4 13— g1y 15 _ 16 4 g18 19

420 20 023 24 095 o7 | 98 20 | 30 32 o33

o 5 BT B8 A2 43 AT a8

Hence

foaz00=1—w fsazo2=1—1x
fsazi0=1—a+ 2 — 2 foasao=1—x+ 22
f51320 = —x + 22— 3 4 2t f51302 = —T + 72
f5,13,3,0 = _1'3 + $4 f571373y2 =0

Notation 3.4 (Operation). For f =ag+ -+ 1™t and 0 < s < m, let
1. T,f == apz’ + -+ ag_12° "
2. Nfi=—apz® — - — ap_ja™ !
3. Ffi=am_12°+ -+ apx™ !
4. Rof = a2+ + a2 179 4 qoz™) ... 4 gy 2™ !

5 Ef = ao:z:o +aix®+ -+ amilms(m—l)
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Lemma 3.2. Let f be a polynomial of degree less than m and 0 < s < m. Then we have
1. T, f = rem(f,2°)
2.Nf=—f
3. Ff=amf(z™h)
4. Ref =rem(z™ 5 f 2™ — 1)
5. &.f = f(a°)
Proof. Immediate from Notation 3.4. O
Example 3.15. Let f =1 — 3z + 2% — 22° + 2°,m = 6 and s = 3. Then we have
1. T3f =rem(f,23) =1— 32> + 2?
2. Nf=—f=—-1+30—2*+22%-2°
3. Ff=xf (a7 ) =1—-222+ 23— 3z +2°
4. Raf =rem(x3f 2 —1) = -2+ 2% + 2% — 3z* + 2°
5. &f = f(2®)=1—-32%+ 25— 229 + 2P
Proposition 3.1.
1. rem (i(m — r), m) = m — rem (ir,m)
2. "™ = rem (mD, " — 1)

Proof. Obvious. ]
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Lemma 3.3. We have

D, =— O, (2F) G

where
G=w, 3
u>0
Proof. Note
D, (xf
D,y = () from ptm
Dy,
v, o
= d,, (2F) | from Definition 2.5
rm —
1
= -, () ¥, . by rearranging
— xm

=—&,, () ¥, um by carrying out a formal expansion of
(«P) Zx y carrying ou rmal expansion of -—

Notation 3.5. Let

G = \IfmZ:E“m = Zetxt

u>0 >0

For0<i<e@(m)—1and0<j<gq, let

l
_ k
Impij = Cip+mj+kL
k=0

where if 1 < q thenl=m — 1 elsel =1r — 1.

Lemma 3.4. For all 0 < i < ¢(m) — 1, we have

1' gmvpvivo == gm7p7i7q_1 = Rrem(ir7m)qjm
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2. Gmpiq = Tr Gmp,io

Proof. Let 0 <j <gq. Let ¥, = Zszo bsx®. Since deg ¥, < m, we see immediately that

€t = brem(t,m) for 0 < t. We consider two cases:

1. 1 <q

Impij =

x>
[e=]

3

brem(i’r-l—k,m) T

ol

=0

-1

bs

3

»
Il
=)

T

m—1
k
Cip+mj+k T

k

rem(s+i(m—r),m)

m—1
Z by rem (x5+i(m_r), ™ — 1)
s=0

rem (

m—1

Db

s=|

S

l,s+i(mfr)’ ™ — 1)

m—1
rem (mi(m_r) Z bex®, x™ — 1)
s=0

rem ("™ W,, 2™ — 1)

rem(x

rem(i(m

Mg, ™)

36

from Notation 3.5

since €jptjm+k = Drem(ip+jm-+k,m)

= brem(ir-ﬁ-k,m)
by re-indexing k with
s =rem(ir + k,m) which can be easy
shown to be a bijection

N<,,—1 — N, with the inverse

map k =rem(s+i(m—r),m)

by Proposition 3.1

since b, does not depend on x

by factoring out z*(™")

by recalling ¥, = Z bsx®

s>0

by Proposition 3.1



= rem (g™ TRy g™ ) by Proposition 3.1

= Rerem(ir,m) ¥m from Lemma 3.2
2.7=4¢
r—1
Gmpig = E Ciptma-tk z* from Notation 3.5
k=0
r—1
k N

= E brem(ir-i—k,m) x SINCE €ip+tjm+k = brem(ip+jm+k,m) = brem(ir+k,m)
k=0

=T, Gmp,io from the second line in the previous case.

Lemma 3.5. For all0 <i < ¢(m)—1 and 0 < j < q, we have

7
Jmpig = — E s Grm.p,(i—s).j
s=0

where O, = L, a2’

Proof. Note
D, = =, (2P) G from Lemma 3.3

= —(Z asx’?) G from ®,, = Z asx’®
s>0 s>0

=— Z asx*? Z e G = Z exa”
520 k>0 k>0

q

= — Z asx’? Z Z Gmpiij Im g from Notation 3.5 and ¢ = pm d

s>0 >0 7=0
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q
= - Z Z Z Qs Grpig TP by collecting the exponents of

50 i>0 j=0

a
- Z Z E :asgmp,&j P by re-indexing

>0 s,i>0 j=0
s+5=1

i q
- Z Z Z asgm,p,(ifs),jﬂfjmﬁp by re-indexing and 5 =17 — s

i>0 s=0 j=0

q i
= - Z Z Z asgm,p,(i—s),jwjm+ip by changing the summation order

i>0 j=0 s=0

= Z (i <— iasgm,p,(i—s),j> xj’”) P by grouping

i>0 \j=0 s=0
Recall that deg ¢y p.i; < m. Thus
deg Z AsGm,p,(i—s),j <m
s=0
Furthermore deg ¢ p.iq < . Recall that p = gm + r. Thus
q i ‘
deg Z - Z asgm,p,(i—s),j 7™ <p
j=0 s=0

Thus finally from Notation 3.3, we have

fm»p,iyj == E AsGm,p,(i—s),j

s=0
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Lemma 3.6. For0<i<p(m)—1and0<j<g,

NRrem(ir,m)(\I/m : gr%—l—lq)m) 0< j <q- 1
fm,p,i,j =
T fmp.i0 J=q

Proof. We consider two cases:

1. 1 <q
fpij = — Z AsGm.p,(i—s),j from Lemma 3.5
5=0
= - Z asRerem((i—s)rum) Ym from Lemma 3.4
s=0
=— Z asrem (g™ rem (Mg gm ) from Lemma 3.2
s=0
= —rem(gremm-rmy Z asx® , x™ — 1) by Proposition 3.1
s=0
= —rem (g™ remlrmy Z asz® ™ — 1) by Proposition 3.1
s=0
- NRrem(ir,m)(\Ijm : ET,Z;—HCDm)
2. j=q

i
Jmpiqg=— § :asgm,p,(i—S),q
s=0

= — Z asTrGmp,(i-s).0
s=0

= -7, Z AsGm.p,(i—s),0 from Lemma 3.4
s=0
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=T, finpio from Lemma 3.5

[l
Lemma 3.7. We have rem(¥,,®,,(z"), 2™ —1) =0
Proof. Note
rem(V,,®,,(z"), 2™ — 1) = rem(V,,P,,(2?),z™ — 1) D, (2P) =pm_q Py
= rem(¥,,0,,P,,,, 2™ — 1) D, (2F) = @, Py
= rem((®y,,)(2™ —1),2m -1) ¥, &, =2 -1
= 0 rem(z™ — 1,2 —1) =0
[l

Finally we are ready to prove Theorem 3.1.

Proof of Theorem 8.1 (Structure 1). From Lemma 3.6 on page 38 we see that f,,,;; does
not depend on j. Hence

szp’i70 == Cm7p7i’q71

Proof of Theorem 3.1 (Structure 2). From Lemma 3.6 it is immediate that

Om,pﬂ}q = /Eom,pﬂlo
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From now on, let » = 1. Note

fm,p,i,q = ,]’INRrem(i&,m)(\Ijm : 517§+1¢’m) Lemma 3.6

= rem (—rem (mm_i tha:t Zasms, ™ — 1) ,x1>
t

s<i

—rem | — E : btasZ,lrem(m—z—l—t—s—s,m)7 l’l

0<t<m—p(m)
0<s<t

= — Z btas

0<t<m—¢p(m)
0<s<s
rem(m—i+t+s,m)=0

= — Z thLS

0<t<m—gp(m)
0<s<1
m—i+t+s=m

since0<m-—1+t+s<2m

= —coeff; (2™ — 1)
1 1=0
0 1#£0
Thus
(1,0,...,0) 1=20
Crnpig =
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Proof of Theorem 3.1 (Structure 3). Note

fm7ﬁ7i70 = NRrem(ir,m)OI/m : STZ+1®m)

Thus

Jmpio = Jmpio

Hence

Crnpio = Cmpio

Proof of Theorem 3.1 (Structure 4). Note

fini0 = N Riem@rm) (Y - ExTiy1P,) from Lemma 3.6
= —rem(¥,, gmoremirm) i: as 27 2™ — 1) from Lemma 3.2
5=0
= —rem(z"em@m="m) g i as 2 2™ — 1) by Proposition 3.1
5=0
= —rem(z'™ " ¥, ias o5 ™) by Proposition 3.1
5=0
= rem(—xi(m_f) v, i: Ap(m)—s o ™ — 1) since Gy(m)—s = s
s=0
= rem(—z#M 10T iaw(m)_s 2* M=) gm 1) i=p(m)—1—1
s=0

and 7 =m —r

= rem(—z™ 170" @, Z Ap(m)—s gr(lm=s) gm _ 1) by rearranging
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e(m)
= rem(—gremm-+irm) g Z a2 — 1) by re-indexing with
t=i+1

t=p(m)—-s

= rem(—gremm-+rm) ¢ (P, (27) — Z a;x'), 2™ — 1) since

=0
(m)
D, (z") = Z ax’”
=0
= rem(grem(m-+irmyy Z a2 — 1) by Lemma 3.7
=0

i
_ rem(xrem(mfr,m) . xrem(mfzr,m)qjm E :atxtr’ ™ — 1)
t=0

= rem (2™ (N frnio) 2™ — 1) by Lemma 3.6
=rem(z™ " (N frpio), 2™ —1)

= Rerm,p,i,O

Hence

Crmpio = ReNCrpio

Proof of Theorem 3.1 (Structure 5). From Lemma 3.6 on page 38,

fm7p»7770 = NRrem(ir,m)(\Ijm : g””,]%"rl@m)

= —rem(wm_rem(ir’m)\ﬂm Z asx® ™ — 1) by Lemma 3.2
s=0

_ _rem(xm—rem(ir,m) \Ijmq)m (.TT)
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e(m)
. xm—rem(ir,m) v, Z ast'ST), ™ — 1)

s=1+1
e(m)
rem<xm—rem(ir7m) v, Z asl,s*r7 2" — 1)
s=1+1
p(m)
rem<xrem(i(m—r),m)\pm Z asxsr’ 2" — 1)
s=1+1
p(m)
rem(x’(m O, Z asx® ™ — 1)
s=1+1
e(m)
rem(W,, Z az " g™ — 1)
s=1+1

rem(—z" x¥ M"Y, (271 Z ax” " ™ — 1)
=0

rem(z" TP £ o(xTh), 2™ = 1)
rem(m”m_‘p(m)ﬂffm’p’i,o, m 1)
rem(xm_fffm7p7i7o, ™ —1)

Rfﬂffm,p,i,o

44

o(m)
D, (") = Z asx®"
s=0
by Lemma 3.7
by Proposition 3.1
by Proposition 3.1

by distributing and

™ =rm_1 1

w=s—171—1
SINCE Gyp(m)—s = s

by factoring x”

$(m) = m — o(m)

Ffm,p,i,O = xm_lfm,p,i,0<x_1)

by Proposition 3.1

by Lemma 3.2



Hence Cm’p7570 == R;«./T-Om%i’o
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Chapter 4

Property: Norm

Introduction

In this chapter we study the norm of ®,,,. Recall

Notation 4.1 (Norm of a polynomial). Let f = ag+ --- + a,z"™. Then the k-norm of f
15 defined by
(z;;o |aj|’f)5 if k < oo

max{la;|,j =0, ,n} ifk=oo

1Al =

There have been intensive research on the norms of cyclotomic polynomials.
1. Numerous works on the infinity norm [7, 9, 11, 16, 17, 22, 29, 30, 31, 33, 40, 42, 43]
2. Carlitz’s [21] showed that HCI>mp||§ is linear over p’s that are equivalent modulo m.
We show the following newly found properties of norms (Theorem 4.1).
1. HCIDmpH: is linear over p’s that are equivalent modulo m.

2. HCIDmsz and HQDmﬁHZ are parallel if p + p =, 0.
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4.1 Main Results

In this section state the main result of this chapter. We start by the following notation.
Notation 4.2. Let p € P,,, and k is finite. Then let

p(m)—1

k

@I}, = Z [ fmpi0ll
=0
p(m)-1

k
lomrlle =Y N fmpially

=0

a
Al = L2zl

HBm,er = ”bmﬂ“Hk -Tr HAm,er

We can now state the main Theorem of this chapter.
Theorem 4.1 (Norm). Let p € P,,, and k is finite. Then

1. [Linear] ||®uplly = | Amslly 2+ Busll,

2. [Parallel] [ Amm—rlly = [[Amr[l; [Bimm—rlly = = [ Bl
Example 4.1. Let m = 15.

1. Let p1 =17 and po =47. Then r =2

k 1 2 00
1@asp)lli | 75 9|2
|1P1sp) 15 | 211 223 | 2
I1Pisp)lly | Sp— 3| Bp—3 | 2
1®usplly, | 5P — 55 | /TP — 15 | 1
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2. Let p1 =43 and py = 73. Then r =13

Example 4.2. Let m = 15.

1@ 1555 = <

The following figure shows the relationship between p and ||®ysp||5.

\

36 21
5P~ 15
72 39
5P~ 15
120, , 4
5Pt 15
84 3
5P~ 15
84 3
Pt 1
120, 4
15 15
72 39
P+ 15

k 1 2
@15 )l | 197 209
@15l | 333 353
1Pisp)lly | Sep+ 35 | T+ 32
1P1sp)ll, | S5+ 55 \/ B+

if p=151
if p=152
if p=i54
if p=1sT
if p=158
if p=1511
if p=1513
if p=i1514

Then we have
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700
600
500
400
2
(o}
15p B
300

200

100

4.2 Proofs

Proof of Theorem 4.1.

1. (Linear)
. p(m)—-1 ¢ .
[Pyl = Z Z | fimpsig Iy from Notation 3.1
i=0  j=0
p(m)—1 o(m)—1
= Z q Hfm,p,i,OHZ + Z Hfm,p,i,qHZ Theorem 3.1 (Structures 1, 2)
i=0 i=0
=dq Ham,er + Hbm,er fI'OHl Notation 4.2
(p—r) p—r
= m,r bmr —
lam.rll, ===+ llbmrl ¢=—
= “Am,'erp + ||erH,g from Notation 4.2

2. (Parallel) For p € Py, ,—r, without loss of generality we may assume p > m. Then
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we have ged(m, m — r) = ged(m,r) = 1 because p is prime

we have
e(m)-1 ¢
k k
1mslly = D D fmpailly
i=0  j=0
o(m)—1 p(m)—1
N k k
= > G fmprols+ D sl
i=0 i=0
(m)—1 (m)—1
_ k k
=G Y MNmgaoli+ D Mfmpiolly = [ fmpial
i=0 i=0
=q ||am,T”k+||am,r||k_ HbmmHk

p—m-+T
= Jamalh (Z ) = ol

= HAm,er p— HBm,er

4.3 Application

and p t m. Therefore,

k
k

In this section we provide a fast algorithm for computing || @], -
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from Notation 3.1

from Theorem 3.1

(Structures 1, 2)

from Lemma 6.1

from Notation 4.2

p—(m—r)

q=

from Notation 4.2



Algorithm 4.1 (Norm).
Input m, p and k such that p>m and k > 1

Output |||,

1. Find small primes py, ps > m such that p =,, p1 = po

k
2. Ny H(I)mmHk

Ny ||<I>mp||]lz through direct computation

3. HAm,THk — %

HBm,er — N — HAmmHkpl

1
4. return (| Anyll, 2+ | B ll,) *

Remark 4.1. The algorithm depends on the linear property of H@mpHZ

We implement the last algorithm in the following two examples to show how fast and

useful it is. In the next example we fix the values of r and change the values of k.

Example 4.3. Let m = 105,r = 1. In Step 1, we used p; = 211, py = 421. We compare

the time needed to find || Py, and || Ppyll, by Algorithm 4.1 and direct computation.

All calculations were made using Maple 18 and the time is in seconds.

Table 4.1: Norms of ®,,,, where m = 105 and r =1

P |@rpll, | Direct (sec) | Improved (sec)
10501 | 114401 0.984 0.031
10711 | 116689 0.990 0.039
12391 | 134993 1.178 0.040
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Table 4.1(continued)

15121 16473 1.373 0.037
16381 | 178465 1.484 0.036
17011 | 185329 1.563 0.034
20161 | 219649 2.038 0.039
200341 | 2182753 17.781 0.043
200971 | 2189617 17.346 0.037
300301 | 3271841 34.446 0.043

Table 4.2: Norms of ®,,,, where m = 105 and r = 1

P | @rplly, | Direct (sec) | Improved (sec)
10501 | 340.5892 0.992 0.036
10711 | 343.978 1.012 0.047
12391 | 369.974 1.217 0.043
15121 | 402.706 1.452 0.040
16381 | 402.706 1.452 0.040
17011 | 433.499 1.644 0.042
20161 | 471.933 1.946 0.038

200341 | 1487.710 17.735 0.039
200971 | 1490.047 18.314 0.039
300301 | 1821.428 42.18 0.047

Example 4.4. In this example we fix k and change the values of r. Let m = 165. We
compare the time needed to find || @y, by Algorithm 4.1 and direct computation. All

calculations were made using Maple 18 and the time is in seconds.
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Table 4.3: || ®pypll, where m = 165

P ro| p1 | pe 1P | Direct (sec) | Improved (sec)
80527 | 7 | 337 | 997 | 2871.585451 16.161 0.238
81517 | 7 | 337|997 | 2889.183103 17.168 1.983
81847 | 7 | 337 | 997 | 2895.025216 17.346 0.212
82507 | 7 | 337|997 | 2906.674216 17.915 0.200
82837 | T | 337 | 997 | 2912.481245 17.719 0.300
81203 | 23 | 353 | 683 | 3582.830307 18.447 0.204
81533 | 23 | 353 | 863 | 3590.103202 17.592 0.193
82193 | 23 | 353 | 683 | 3604.604971 16.999 0.183
83843 | 23 | 353 | 683 | 3640.606680 17.142 0.189
84503 | 23 | 353 | 683 | 3654.908070 17.176 0.192
80621 | 101 | 431 | 761 | 6629.918930 21.089 0.261
81281 | 101 | 431 | 761 | 6657.001202 18.969 0.210
81611 | 101 | 431 | 761 | 6670.501106 25.286 0.229
82601 | 101 | 431 | 761 | 64710.837876 21.929 0.234
83591 | 101 | 431 | 761 | 6750.933639 21.875 0.243
80177 | 152 | 317 | 647 | 4571.239329 19.188 0.201
82487 | 152 | 317 | 647 | 4636.624311 19.269 0.187
83477 | 152 | 317 | 647 | 4664.365873 19.778 0.185
84137 | 152 | 317 | 647 | 4682.768946 19.891 0.200
84467 | 152 | 317 | 647 | 4691.943414 20.140 0.185
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Chapter 5

Property: Middle term

Introduction

In this chapter we investigate the middle term of a cyclotomic polynomial.

Notation 5.1. Let ®,, = Zfi%) asx®. Then M(®,) = aeww , that is, the coefficient of the
2

middle term of ®,,.

There have been some research on the middle term of cyclotomic polynomials.
1. Clearly, M(®,) =1
2. In [24], Dredsen proved that M (®y) = 0, and M (®,,) is odd if n # 2.
3. In [10, 32}, Beiter and (Lam and Leung) gave a formula for M(®,,).
We show the following newly found properties of midterms (Theorem 5.1).
1. M(®pp) = =M (Dy5) if pF P = 0.

2. M(®,,) = +1if p=,, 1.
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5.1 Main results

Theorem 5.1 (Middle term). We have

1. M(®,) = +M (D)
2. M(®,,,) =

Example 5.1. Let m = 15. Then

_M(q)mﬁ)

if p+p=,0

P=Em 1l | p=n 14| M(Ppn) | M(Pp) | p=Em 2 | Pp=m 13| M(Dpn) | M(Pp)
31 29 1 —1 17 43 —1 1
61 59 1 —1 47 73 —1 1
151 89 1 —1 107 103 —1 1
Theorem 5.2 (Middle term). We have
1 M(®py) =+1  ifp=n,+1
2. M(®pp) = —1  if p=p —1
5.2 Proofs
Lemma 5.1. We have
p(m) < ¢(mp) < p(m)\
2 2 2
Proof. Note
p(m) p(m)p
-1 _ _
(5 -n)p= 20y

%)



_elmp - e(m)  p(m)

T g TPt 2
w(mp) | (p(m)
(el
< #lmp)

=9

On the other hand

(£ -, olm) et

2 2 2 2
_plmp) p(m)
2 2
- #(mp)
=2

_ p(m
Proof of Theorem 5.1. Let I = @T) -1

1. In order to show that M(®,,,) = M(®,,5) we need to show that comp = Coimp -

2 2

Note
M(®,,;) = Coptomp) by Notation 5.1

= Co(m)(-1) by distribution

2
= Cppppem from Lemma 5.1
= Crprgmer—eln p=qm+r
c r < €m

M‘

Ip+(G—1)m+(m4r—£0)

S
3

. m >
CIp-&-qm-i—(r—%) rZ

M‘
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s
2

m~+(m+r— ‘p(m) r< =5
= SIrtamn ) > Theorem 3.1 (Structures 1, 3)
p(m)
CIp-‘rqm—i-(r—@) "z 2
= CIp+p ‘P(m)
= Cye(mp)
2
= M(Ppyp)
2. Note
Crmp1,0 = ReNCrprs10 by Theorem 3.1(Structure 4)
Then we have
.
m)
C,. F—1)m— (m-7— @(m) r < £
M((I)mf)> _ Ip+-(G—1)m~+(m+ 5—) 2
=~ p(m)
| Crptame+ (- 252) rz 5y
(
= _ p(m
_ Clﬁ—&-((j—l)m—i-(m—i-m—r—@) r< T2
=~ p(m)
kcfﬁﬁ-lim-i-(m—r—@) r= 2
(
— Crpt(mam—r—ggy T =T < me) by Theorem 3.1
_ e(m)
| Crpr(mor—glpy M > =5 (Structure 1)
(
_ “C 1) ptrem((mAm—r— £l Ly m) m—r< @Tm) by Theorem 3.1
_ _ e(m)
\ L4 1)t (m—r— 200 ¢ m—r 2>+ (Structure 4 )

Ip+p+m W(m)

“Crpypetm by Theorem 3.1
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(Structure 1)
= — Cyp(mp)
2

= - M((I)mp)

Proof of Theorem 5.2.

1. Let I = @ —1. Then from Lemma 5.1 and the proof of Theorem 5.1 we can easily
see that

M<q)mp) -

CIp+rem(r7 L(zm) ,m)

Let r = 1. Then rem(r — @,m) =m+1-— @ ; by Lemma 3.6

fmvpyLO = NRrem(I,m)(\I]m : 817}+1¢m)

I
_p(m)
= Nrem(z™t "2 0, Z asz®, ™ — 1)
s=0

o (et m—p(m)

_elm

= Nrem [ 2™~z g aobzt + - + E arbet™ ] 2™ —1
t=0 t=0

Note that, for 0 < s < T and 0 <t <m — p(m),

m—l—l—@—i—s—i—tzmm—i-l—@

<~ s+t=,0

< s+t=0
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fromOSs—FtSI%—m—gp(m):m—l—@<m. Hence

M((Dmp> = —aobg = ]_

2. Follows from the last part and Theorem 5.1.

5.3 Application

In this subsection we provide an efficient algorithm to find M (®,,,) for a very large prime

number p.

Algorithm 5.1 (Middle Term).
Input m, p such that p >>m
Output M(P,,,)

1. Find a primes po > m such that p =, po
2. mid «— M(®y,p,)  through direct computation

3. return mid

Example 5.2. Let m = 105. We compare the time needed to find the middle term by
Algorithm 5.1 and direct computation. All calculations were made using Maple 18 and

the time is in seconds.
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Table 5.1: Time needed computing M (®,,,)

P r | po | M(®y,,) | Direct (sec) | Improved (sec)
15017 | 2 | 107 -1 2.102 0.007
17117 | 2 | 107 -1 2.187 0.016

Table 5.1(continued)
18587 | 2 | 107 -1 2.355 0.015
15439 | 4 | 109 1 1.782 0.007
16069 | 4 | 109 1 1.950 0.015
1.7959 | 4 | 109 1 2.237 0.015
15131 | 11 | 431 3 2.235 0.033
16811 | 11 | 431 3 2.440 0.040
19121 | 11 | 431 3 2.734 0.046
15973 | 13 | 223 -3 2.597 0.023
18493 | 13 | 223 -3 2.751 0.026
19753 | 13 | 223 -3 2.986 0.033
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Chapter 6

Property: Number of terms

Introduction

In this chapter, we investigate the number of terms with prescribed coefficient in & ,.

Notation 6.1. Let f be a polynomial. Then Nt.(f) denotes the number of terms with

the coefficient ¢ in f.

There have been some research on the number of term of cyclotomic polynomials.

c=1
1. Clearly, Nt.(®,) =

0 c#1

2. In [20], Carlitz founds an explicit formula for the number of terms of ®,,,,(z).

We show the following newly found properties of number of terms (Theorem 6.1).
1. Nt.(®,,,) is linear over p’s that are equivalent modulo m.

2. Nt.(®,,p) and Nt_.(P,,,5) are parallel if p + p =, 0.
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6.1 Main results

In this section we state the main result of this chapter.
Definition 6.1. P,,, = {p: p prime, p >m and p =, r}.

Theorem 6.1 (Number of terms with coefficient c). Let p € P,,,. Then there exist

Aprcs Bre € Q such that

1. [Linear] Nt.(®y,p) = Amyre D+ Bmre

2. [Parallel] Amm—r—c = Amre Brm—r—c = =By
Example 6.1. Let m = 15.

1. Let py =17 and ps = 47. Then r = 2

c 2| -1 0 1 2
Nt (®1517) | 0 37 56 34 2
Nt (r547) | 0 | 105 164 | 94 6
Nte(Pisp) | 0 |55p— 22 | 2B — T2 | 2P | 5P — 15

2. Let py =43 and ps = 73. Then r =13

c —2 —1 0 1 2
Nt (P15.43) 6 86 146 99 0
Nt (P15.73) 10 146 254 167 0
Nte(P1sp) | 50+ 15 | 52 | 35p — 52 | 0+ 12 | O

Remark 6.1. We can easily see from the last example that Nt.(®,,,) and Nt (P..;),

where p+ p =, 0 are not parallel.
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Example 6.2 (Hamming weight). In this ezample we focus on the number of non-zero
terms in ®@,,,. Clearly

hw (@) = @(mp) + 1 — Nto(Pryp)
Hence for all p € P, , we have
1. [Linear] hw(®,,,) = Apmr p+ By
2. [Parallel] Apmm—r = Ams Brm—r = =B, r

where

Ay = p(m) +1— Apro

Bm,r =—-1- Bm,r,O - gp(m)

Example 6.3. Let m = 15. Then we have

Bp—2 if p=151

66, 2T p . _
EP— T if p=152
78 3 p .
Pt i p=is4
72 0 oo
EP— 1 if p=isT
hW(‘pmp) = ig 0 .
EPt i if p=158
78 3 oo
EP— 1 if p=is11

?—SM?—Z if p=1513

?—§p+f—§ if p=1514
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300
hw(q)lsp) 200
100 +
O T T T T T T T 1
0 10 20 30 40 50 60 70
p
6.2 Proofs
Definition 6.2. Ntc(Cm,p,i,j) = Ntc(fm,p,i,j)
Notation 6.2. Let
p(m)—1
Am,rc = Z Ntc(om,p,i,l))
=0
p(m)—
mrc = Z Nt m,p,i ,q
Appre = M
m

Bm,’r,c - bm,r,c - TAm,r,c

The above notation is justified because of Theorem 3.1 (Structure 3).

Lemma 6.1. Let p > m. Then Cp5:5 = Re(NCripio+ Cmpiag)
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Proof. From Theorem 3.1 (Structure 4) we have
Cimgio = ReNCrpio
Hence ¢z, .. ., Ciprm—1—r 0 Cry g0 are the same as Cipiry - - ., Ciprm—1 0 NCyypio which

implies

Cm,ﬁ,i,(j = Rr(-/\[cm,p,i,o + Cm,p,i,q)

Proof of Theorem 6.1.

1. (Linear)
p(m)—1 ¢
Ntp(c) = Z Z Nte (Crnpij) from Notation 3.1
i=0  j=0
p(m)—-1 p(m)-1
= Z q Nt (Crupio) + Z Nte (Crpiq) Theorem 3.1
i=0 i=0
(Structures 1 and 2 )
=q Qpre+ b from Notation 6.2
= Qmrc (p — T) + bm,r,c q= p—r
m
=Apre P+ Boye from Notation 6.2

2. (Parallel) For p € Py, n—r, without loss of generality we may assume p > m. Then

we have ged(m, m — r) = ged(m,r) = 1 because p is prime and p t m. Therefore,
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we have

e(m)—-1 ¢
Nt_o(Dyp) = Nt_e(Crpij) from Notation 3.1
i=0 =0
(m)—1 (m)—1
= g Nt_c (Cupio) + Z Nt_. (Cppig) from Theorem 3.1
i=0 i=0
(Structures 1, 2)
p(m)—1
= Cj Nt (Cm,p,i,O)
i=0
(m)—1
+ Z Nte (Crupio) — Nte (Conpig) from Lemma 6.1
i=0
= G Gmyrct Ompe— bmre from Notation 6.2
= Qe (p il T) by g=b=(m=r
m m
= ApreD— Buyre from Notation 6.2

6.3 Application

In this section we will apply the linearity property in Theorem 6.1 to compute Nt .(®,,,)

when p > m.
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Algorithm 6.1 (Nt.(®,,,)).
Input m, p and ¢ such that p > m and c € Z

Output Nt.(P,,,)

1. Find small primes py, ps > m such that p =,, p1 =m po

2. Ny« Nto(Dyp, )

Ny — Nto(®y,p,)  through direct computation

A . No—Ny
3. Amre p2—p1

Bm,r,c — Nl - Am,r,c P

4. return Apm e D+ Bimre

We implement the last algorithm in the following two examples to show how fast and

useful it is. In the next example we fix the values of r» and change the values of c.

Example 6.4. Let m = 105,r = 1. In Step 1, we used p; = 211, py = 421. We compare
the time needed to find Nt1(®,,,) and Nto(P,,,) by Algorithm 6.1 and direct computation.

All calculations were made using Maple 18 and the time is in seconds.

Table 6.1: Ntl ((13105p)

P Nty (Pygsp) | Direct (sec) | Improved (sec)
10501 56401 1.300 0.055
10711 57529 1.314 0.056
12391 66553 1.632 0.051
15121 81217 1.836 0.055
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Table 6.1(continued)

16381 87985 2.084 0.053

17011 91369 2.251 0.060

20161 108289 2.589 0.055

21001 112801 2.724 0.062
Table 6.2: Nto(P105)

P Nto(P10sp) | Direct (sec) | Improved (sec)
10501 400 1.352 0.053
10711 408 1.342 0.051
12391 472 1.541 0.056
15121 D76 1.890 0.053
16381 624 2.068 0.056
17011 684 2.104 0.055
20161 768 2.522 0.050
21001 800 2.675 0.065

In the next example we fix ¢ and change the values of r.

Example 6.5. Let m = 165. We compare the time needed to find Nts(®,,,) by Algorithm

6.1 and direct computation. All calculations were made using Maple 18 and the time is

in seconds.
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Table 6.3: th (@165]3)

D r | p1 | p2 | Nts(Piesp) | Direct (sec) | Improved (sec)
80527 | 7 | 377 | 997 111275 39.572 0.338
81517 | 7 | 377 | 997 112643 22.119 0.232
81847 | 7 | 377 | 997 113099 19.796 0.262
82507 | 7 | 377 | 997 114011 21.954 0.250
82837 | 7 | 377 | 997 114467 18.392 0.223
81203 | 23 | 353 | 683 197834 24.263 0.186
81533 | 23 | 353 | 683 198638 21.125 0.207
82193 | 23 | 353 | 683 204266 21.966 0.182
83843 | 23 | 353 | 683 200246 24.722 0.203
84503 | 23 | 353 | 683 | 205874 21.338 0.216
80621 | 101 | 431 | 761 415320 25.539 0.239
81281 | 101 | 431 | 761 418720 21.761 0.233
81611 | 101 | 431 | 761 420420 21.861 0.228
82601 | 101 | 431 | 761 425520 21.295 0.40
83591 | 101 | 431 | 761 430620 22.903 0.229
80177 | 152 | 317 | 647 409138 23.278 0.180
82487 | 152 | 317 | 647 420926 21.774 0.188
83477 | 152 | 317 | 647 | 425926 21.684 0.191
84137 | 152 | 317 | 647 409138 23.278 0.180
84467 | 152 | 317 | 647 431030 22.182 0.176
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Chapter 7

Property: Number of terms in ©) .,

In the chapter, we investigate explicit formulas for the number of terms in cyclotomic

polynomials. The only previously known results are as follows:
1. Clearly, hw(®,(z)) = p.
2. In [20], Carlitz founds an explicit formula for the number of terms in ®,,,,(z).

In this chapter, we show explicit formulas for the number of terms in the following cases:
1. p2 =p, £1 and p3 =p,,, +1.

2. pp =, £1 and p3 =,,,, —1.

7.1 Main Results

In this section we state the main results of this chapter.
Theorem 7.1. Suppose that ps =,, +1 or —1. Then

1. hW((I)plp2p3) =N (pd — 1) + 1 pr3 Ep1p2 +1
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2. hw(Pp pops) =N - (p3+1) —1 if P3 =pipy —1

where
o 2= +4)(pp—1) — (2~ 1))
3 P1p2
T = rem(szpl)
Example 7.1.
1. Let

p1 =170141183460469231731687303715884105727
p2 =19396094914493492417412352623610788052879
p3 =2772062616341349718440289381107988513974840

91203319282999801642607689554229994773

Then py =, +1 and p3 =,,.p, +1. From Theorem 7.1, we have

hw (D), p,ps) =31442800944722794411398673999914603816453631
93783142644102273813658808597364717079870210

3022370537039135233707348104609

2. Let

p1 =170141183460469231731687303715884105727

p2 =13611294676837538538534984297270728458159
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p3 =67622580114592658127365455245073738185509803

3130497314468262207083921533518765157

Then py =5, —1 and p3 =p, .p, +1. From Theorem 7.1, we have

hw(®,, p,ps) =76702572062314586199903198061612901540538320
13481075468240750312978706994728287761069675

8415342362606954703001208582545

3. Let

p1 =170141183460469231731687303715884105727
p2 =19396094914493492417412352623610788052879
p3 =75901714495060766100150780673194923596930

1678294802798689933069044864255629747589

Then py =,, +1 and p3 =p, ., —1. From Theorem 7.1, we have

hw (P, pops ) =86093383539121937078829702618813796164099
23030596700096946702108827690207070058671

0731948751728851416679806579643619759
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4. Let

p1 =170141183460469231731687303715884105727
p2 =13611294676837538538534984297270728458159
p3 =4631683569492647816942839400347516314076

0139255513514689607000485200105035531859

Then py =,, —1 and p3 =p, ., —1. From Theorem 7.1, we have

hw (P, pops ) =5253600826185930561637205346685815174009473981
8363530604388700773826760237864984664860793435

16600178558541301452642639

Remark 7.1 (Sparsity of ®,,,0,). For large p1,ps and ps, the families of cyclotomic

polynomials considered in this chapter are very sparse. To see this, consider the ratio

b (B ) | 2 NOHEN ) (1) 11

p1p2

deg ((I)plpzp:s) (pl - 1) (p2 - 1) (p3 - 1)

p1 (plpz-?"z)p
P1p2 3

P1p2p3
2 p1pi1p2
3 pip2 D3

b1p2p3
N 21

2
3

Q

~
~
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7.2 Proof

Notation 7.1. Let

m = pip2

g2 = quo(p2,p1)
ry = rem(ps, 1)
g3 = quo(ps, p1p2)

r3 = rem(ps, p1p2)

Remark 7.2. From lemma 3.6 from chapter 3, we have

fm7p7i70 = NRrem(ir,m) (\Ijm : grr’];Jrl (I)m)

)
— _rem(xm—rem(zr,m)\pm E asxsr7 ™ 1)

s=0
where ®,,(x) = fi%”‘) asx®. In this chapter we frequently use both versions of the previous
equation.
Lemma 7.1. Let ro = 1. Then
.
1l—=z 1=0
fphpz,i,O =
—x+ Pt 1 #£0
;
1 i=0
Joipaiiar =
0 i#0
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Proof. Note

Joip2,i0 = N,R’l“em(i'lypl)(\llpl &1 Ti1Pyp,) Lemma 3.6
= —rem(z" " (x —1) sz,:r:pl - 1)
s=0

= —rem(z” " (' — 1) 2" — 1) cancelling

= —rem (2T — 2P 2P — 1)

x—aP™" i #0
11—z 1=0
—x+ Pt i £0

@(plpz)J 9

(Notepl—inl—qzzpl—{
P2

fpl,p%iJJQ = 7-1fp1 ,P2,%,0
4

rem(l — z, z!) i=0

rem(—x + 2P xt) i #£0
\

1 72=0

0 i#0

\

Lemma 7.2. Let ro = 1. Then for i # 0 we have

p1—1—1t
1. @, - (—z+az") = (=1+2") - Z z’
s=1
p1—1—1
2. (I)pl'fpl,pz,i = (_1_|_xp1q2>_ Z z’
s=1

Proof.

1)



1. Note

D, - (—x+ P = (Z ms) (—x + 2P

s=0
p1—1 p1—i—1
= (Z xs) (—1+2) < Z xs) factoring
5=0 s=1
p1—1—1t
= (—1+2a™) ( Z :ES> cancelling
s=1

2. Note

q2
. — . E _pdP1
(I)Ih fp17p272 - (I)pl fpl»pzﬂdx

=0
p1—1 q2—1
- Z z’ (Z(—x + 2P P 40 xq2p1) Lemma 7.1
s=0 7=0
p1—1 g2—1
- Z 2 | (—x + a7 (Z x]’m)
s=0 j=0
p1—1 p1—i—1 q2—1
= Z z° | (=1 +2) ( Z x5> (Z acjm) factoring
s=0 s=1 7=0
p1—i—1 q2—1
= (—1+2) Z x8> (Z acjm) cancelling
s=1 7=0
p1—i—1 q2—1
= < Z 2 | (=1 +2™) ( ij1>
s=1 7=0
p1—i—1
- < Z x| (=14 x®P) cancelling

Lemma 7.3 (Multiples of p;). Let 7o = 1,73 =1 and i = (ugy + v) p1, where
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0§u§(p1—2_1)—1 and 0 < v < gy — 1. Then

hw (fm,pg,i,()) = 2(]71 - u)

Proof. Let i = (ugs + v)p;. Then we consider the following cases:

e Case v = 0. Then we claim that
p1—1 p1—1
_ ,.m—1 s +s
Jmpsio=2""" + § z° — § P

s=u-+1 s=u

we will use induction on u to prove the claim.

1. If u =0, then
fmps00 = —rem(¥,, - (apz”),z™ — 1)) by Lemma 3.6
= — (rem(¥,, - (1),2™ — 1)) ap =1
- v,
p1—1 p1—1
:1+Z:BS— me*s
s=1 s=0
2. Assume

p1—1 p1—1

— ,Mm—u—g2p1 s p2+s
fm,m,u@pl,o_x + E , r — E ,I

s=u-+1 s=u
3. Consider f, ps.i0, where i = (u+ 1)gops
i
fmpsio =—rem(z™ "W, Z asx®, ™ — 1) 1 <m
s=0
u
= —rem(z™ "V, - Zwsmfpljpw, ™ —1) by Lemma 7.2
5=0
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_ m—p1q2
= rem(z Jm.ps,ugaps 0

xm+u—p1qz \Ilmfpl,pg,ua M — 1)
p1—1 p1—1
= rem(z™ " + Z gStmoPa Z x°
s=u+1
p1—1-u

(ZEU—H . xpz-l—u — puP1a2 + :L,u) Z ZL'S,,I’m _ 1)

p1—1 p1—1 p1i—1-u
— ™ Z pSTm=p142 Zx8+1+ Z pStutl
s=u+1
p1—1l—u —1- pl—l—u

— P2 E : xs § ’ s+u—P1Q2+ E IS-HL
s=1 s=1

p1—1l-u p1—1-u
— M p1 + Z pStutl _ ope Z et
s=1 s=1
p1—1 p1—1
m—(utl)g2p1 Z 75 — P2 Z 5t
s=u+2 s=u+1

Hence we proved the claim.

Case v = 1. Consider f,, p,.i0 where i = (uga + 1)p1

1
Smpsio = — rem(z™ "W, Z asx®, ™ — 1)

s=0

= rem(—xm_i\llm : (fm,pg,() + -

by induction

by Lemma 7.1

since all

exponents

are <m—1

by cancelation

+ 2 (2P — ), 2™ — 1) by Lemma 7.1

=rem (2™ fopsugeps + 7 W, — W) 2™ — 1) by the case v =0

p1—1 p1—1

:rem((zm p1( m—uq2p1 + Z pr2+8

s=u+1
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+ TPy ) 2™ 1)

p1—1 p1—1
=™ 4 Z gstmoP Z gPrPrts since exponents
s=u+1 S=u
p1—1 p1—1
— Z pstutlEm—pr Z gPrpitutlts 4 are < m — 1
s=0 s=0
u u
=" — Z z® + P Z x5 PP g by cancelation
s=0 s=0
p1—1 p1—1
= g gP2TPITu Z x® — aP? Z x®
s=u+1 s=u+1

e Case v > 1. Consider fy, p,i0 where i = (ugs + v)p;

;
m—i s ,..m
fmpsio = —rem(z™ "W, E asx® ™ — 1)
s=0
(ug2j+1)p1
= —rem(z" "V, E asx® ™ — 1) as = 0 for
s=0

(uga + )p1 < s < (uga +v)p1

_ m—pi(v—1) m
= —rem(w Jm.ps,(uga+1)p1,0, T 1)

Hence hw( fi, ps.50) = 2(p1 — ) as desired. O

Lemma 7.4 (Non Multiplies of py). Let 7o = 1,73 = 1 and i = (ugs + v) p1 + t, where

Ogug(pl—;”—l,ogvng—l and 1 <t <p; —1. Then

2(pr1 —u) t=1,--- u
hW(fphsz,O):
22 4u) t=ut o op—1

79



Proof. We consider the following cases:

e Case 1 <t < u. We have a(ugotv)p,++ = 0 by Lemma 7.2. Therefore

Jmpsio=rem(x™ o i0,2™ —1). Thus for 1 <t <u

hw(fm,pg,i,o) = 2(pl - U)

since the rotation does not change the number of terms
e Case t = u+ 1. Here we have two cases:

1. v=20

i
frps.0 = — rem(x™ "W, Z asz®, ™ — 1)

s=0

= —rem(z" "Wy, (foypu0 +
pogpum D gimtruD)y pm )

_ m—(u+1 m
= rem(x ( )fm7p37i,t70 + U, 2™ —1)
p1—1
— rem(xm*(““) (xmfert + § 8
s=u+1
p1—1

— Z T + U, 2™ — 1)

p1—1
:xm—(p2u+1))+ Z l,s—u—l
s=u-+1
p1—1

+ Z xpz-l-s—u—l =+ \Ijm

p1—u—2

= gm—(p2utl) _ pp2—1 E / 8
s=0
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p1—u—2

Z ot 4+, by changing index
p1—1
_ xmf(p2u+1) _ prfl _ Z z°

s=p1—u—1

p1—1

+ Z P ts by cancelation

s=p1—u—1

u+1 u+1

= gm2utl) _ ppa—l Z P8+ Z a2P11P27% by changing index
2. Case v # 0. Then i = (ugs +v)p1 +u+1

(2
Fnpaio = rem(=2" "Wy, > a a2 1)

- rem<_xm_iqjm : (fp1,p270 +eoet xm(u_l)fpupz,u—l

v—1
+ P Z(xm_“ — )gPt — gPatPietly pm )
w=0
v—1
= rem(z™ PV (20 f o — Ui Z(:cpl’“ —x)zh"
w=0
+ VU, 2™ —1)
p1—1 p1—1
= rem(z™ (p1v+u+l)( mop1g2u | Z Z .Tp2+s
s=u+1
v—1
— gty Z(xpl_“ — )" + U, 2™ — 1)
w=0
p1—1
_ xm—z’ - xpz—plv—l LMY Z z° —u—1

s=u+1
p1—1 -1
U 2 Z xpg—&-s—u—l — ™ p111+1 Z P x)mmw + \Ijm
s=u =0

p1—u—2 p1—u—2

— i xpgfplvfl + Py E : 5 — pmpv § xngrs
s=0 s=0
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-1
P1v+1 E xpl u xp1w+\11

w=0
p1—u—2 p1—u—2
_ xmfi _ xpgfplvfl + Z 5 — Z pp2ts + U,
s=0 s=0
p1—1 p1—1
= gt gpp2piv—l Z s — Z rP2ts
s=p1—u—1 s=p1—u—1
u+1 u+1
— gt gp2mpiv=l Z P Z pPatpi—s
s=1 s=1

e Case u+1 <t <p —1 Theni= (gu+v)p +t.
From Lemma 7.1 we have as =0 for (uga+v)p1+u+2 < s < (uga+v)p1 +p1— 1.

Hence

i—t+utl
m—1 s m
Fmpsio = rem(—z" ", E asx®, ™ — 1)

s=0

_ t—u—1 m
= rem(—x fm,Ps,(uq2+v)p1+(j+1),Oa r — 1)

Thus hw(fm,p&i,(]) = hW(fm7p37(UQ2+U)p1+(j+1),0)

From all the previous cases we have

2(p1 —u) t=1,---,u
hW(fm,pp,(uqurv)pwt,o) =
224u) t=utlep—1

Lemma 7.5. Let ry = 1,r3 =1 and i = (ugz +v) p1 + 1, wher60<u<(p1 V1,
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0<v<qgp—1and1 <t<p —1. Then

2(p1 —u) t=0,--- u
hW(fm,pg,i,O):
22 4u) t=utl o op—1

Proof. Immediate from the previous two lemmas. O

Example 7.2. We will illustrate Lemma 7.5 by an example. Let p1y = 5,pos = 11 and
p3 = 331. Note that ro = 1 and r3 = 1. The following figure presents the relationship

between © and hw( f5p4..0)-

[
o

hw(f55,p5,1,0)

o - NoWw o0 O N 0 ©

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Lemma 7.6. Let ro = p; — 1. Then f,, 05 = (1 —a'™).

Proof. Note

For 2.0 = NR(py 1) for 2 10 by Structure 4
(

/\/‘R(pl,l)(l—$) i=p1—2
= by Lemma 7.2

(N Rz +2%) i p =2
)
rem(—zP' (1 — z), 2P — 1) i=p —2

rem(—aP' " (—x + 22), 2P i A p -2
\
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=1 — "

fp17p27i7q2 = 7;31—1fp17p2,i,0

=1 — gt

Lemma 7.7. Let ro = p; — 1. Fori # 0, we have
1@y (12 = (1—a) - Yo
2. @y forpai = (1 — x(qzﬂ)pl) . Zi:o e
Proof.

1. Note

(I)pl . (1 _ xz’—i—l) — (Z_ IS> (1 _ IH_I)

s=0
= (1+£U+~--+:Up1’l)—(xi+1+xi+2+

:(1+"-—|—xi)—(1‘pl—I—“'—l—:L‘leri)

2. Note

q2
(1)191 . fm,pz,i — CI)p1 . (1 _ xz—f—l) ZxSpl
s=0
7

q
— (1 _mpl)zxs ‘i$sp1
5=0

s=0
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q2 q2 7
— § 5P P2 E 5P E :xs
s=0 s=0

s=0

= (1 — gPrleth) Z z° cancelling

Lemma 7.8 (pou+t). Let i = pou +t where 0 < u < (pl—;l) and 0 <t <wu. Then

W(finpai0) = 2(p1 — )

Proof. We consider the following cases:

1. Case t = 0. We claim that

p1—1 p1—1
Fopaio = " =+ 3 2t = 3 s
s=u+1 s=u-+1

We will use induction on u to prove the claim

1 -1
(2) frupp00 =™+ a2 + S0 g — S gpets = @,
(b) Assume that fo, 0 = ™% —aP2 + S P gs  SPIL gpats
(c) Consider fi, o ps(u+1),0

p2(u+1)

_ m—p2(u+1 s .m
Jmpspo(ut1)o = — rem(z 2wty E asx®, x™ — 1)
s=0

u
= — rem(xm_pQ(“+1)\Ifm- E P frnpa s
s=0

4 gty gp2(udl) gm 1)
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= — rem(mm_m (fm,pg,pzu,o - \Ijmf’rmp&u

— U, (1 —2P?)), 2™ —1) by induction
p1—1
= —rem(z™ P20t 1 4 Z AR C
s=u+1

p1—1

s m—p2
= D P T g

s=u+1

— U, (=™ P24 1),2™ — 1)

p1—1 p1—1
= — gm p2(ut1) 1+ 2 strm P2 2 s
s=u+1 s=u+1

+ 2" W frnpyu — U - (—2™77 +1) by expanding

u+1
= — gmplutl) _ Z x® 4 Z ot by carrying
p1—1 p1—1
- Z P2 Z x® calculations
s=0 s=0
p1—1 p1—1
_ xm—pg(u—l—l) — P2 4 Z 5 — Z rb2ts
s=u+2 s=u+2

2. Case t # 0. Since a; = 0 for s = pou+ 1, -+ , pou + t. Hence we have

(2
frnpsio = —rem(z™ "W, Z asx® ™ — 1)

s=0

= — I‘em(xm_tfm,pg,pgu,07 ‘rm - 1)

From all cases above we have hw( f,,, p,:0) = 2(p1 — u) as desired. O

Lemma 7.9 (pou + p1v). Let i = pou + prv where 0 < u < (pl D ognd1 <o < g — 1.
Then
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hW(fm,pg,i,O) = 2(]71 - u)

Proof.

i
frpsio = —rem(z™ "W, Z x® ™ —1)

s=0
u—1 v—1
= —rem(z™ "W, - (Z kafphpm + P2 Z(l — gt gr
k=0 w=0
+ PPy g™ ) by Lemma 7.6

u
= — I‘em(a:mfplvfmyps’pw’o + Q;m*plk(l _ $P2)(1 _ xmk) . sz

s=0
— W, - (=™ PR 1) 2™ — 1)

v—1
= = rem(mmivm Jmpspau0 — ™ Wy - (1 - $u+l) Z at
w=0

— W, - (1 =™ 2™ — 1)

p1—1 p1—1
= — g gp2vn g xTOPt — E gP2ts—vp since all
s=u-+1 s=u+1
u
+ (1 —aP) (™ —1) - E =Wy, - (=™ 1) exponents > m
s=0

u

s=0
— W, - (—2™ P £ 1) by accumulation
u
— ™ PP (=] 4 gP?) sz -, by cancelation
s=0
p1—1 p1—1
_ xmfz' — pP2—vp1 + Z s — Z xp2+s
s=u—+1 s=u-+1

87



Lemma 7.10 (ups + qop1). Let i = ups + qop1, where 0 < u < @. Then we have

hw(fm,pg,,i,o) = 2(]91 —u— 1)

Proof.

i
Jmpsio = — rem(z™ "W, Z asx® ™ — 1)

s=0
up2+(g2—1)p1
= —rem(z" "W, - ( asr® — pP T 2 ™ 1) by Lemma 7.6
s=0
= rem (2" P frnpsiopr0 — Wi - (1 — 2™ TUFI7Pr) m 1)
p1—1
= gt g2 (@2 Z gmopLts since all
s=u+1
p1—1
— Z gP2mPits g pmtutlopnyg exponents > m
s=u+1
p1—2 p1—1
S Y e 3 g
s=u+1 s=u-+1
Hence hw( fmpsu0) = 2(p1 —u — 1) as desired. O

Lemma 7.11 (upy + vpy +t). Let i = ups + vpy +t, where 0 < u < (I’l_;U and

u+1<t<p—1and0<v <qy. Then

hw(fimpsi0) = 2(2 + u)

Proof. We consider the following cases:
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1. Casev=0and t=u+1

7
frpsio = —rem(z™ "W, Z asx® ™ — 1)

_ rem(xm*i\lfm . (f() 4ot x(ufl)pgflh1 + mum(l _ qurl))7 2" — 1)

. m—(u+l
=T ( )fm7p37up2,0 + Uy

p1—1
_ Im—i _xpg—u—l + Z xs—u—l
s=u+1
p1—1 p1—1 p1—1
. Z gPets—u—1 _ Zx + prg—i-s
s=u+1
—2—
=gt — g 4 Z x®
s=
p1—u—2 p1—1 p1—1
_ Z xp2+8 Z xs + Z xp2+s
s=0
P1—1 p1—1
= gmt _ gp2rusl Z x® + Z xP2ts
s=p1—u—1 s=p1—u—1
u+1 u+1

— pmet xpg—u—l _ § P E xp2+p1—8
s=1 s=1

2. Casev=0and t>u+1

KA
m—1 S m
fmpsio = —rem(z" "W, E asx® ™ — 1)
s=0
up2+u+1
= —rem(z™ W2ty E asx®, ™ — 1)

because as = 0 for ups +u+2 < s < upy + k

= rem(a’:m_t—j_lfm7p37up2+u+1707 ':Cm - 1)
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3. Case v #0

7
fm,p3,i,0 = = rem(:):m_i\llm Z z%, 2" = 1)
s=0
= = rem(xmii‘lfm(fphm,ﬁ +ot xpz(U71)fm7P27U*1

+ xupg(l . $u+1)\I’m szpl)7 ™ — 1)
s=0

= rem(l’m_t_vpl_u_l(.fm,pg,up2+(u+1),0)
v
— (] — g Z P 2™ — 1) by direct
s=1
calculations

_ xm—t(x—(upz-i-vpl) _ l,pg—u—vm)
u+1 u+1

_pmet 2 :xpl—s+1 + E pP2tpi—stl
s=1 s=1

From all the cases above we can see that

hw(fm,pg,i,()) - 2(2 + U’)

]

Lemma 7.12. Let i = ups+vpy+t, where 0 < u < (p12_3)7 0<v<gandd<t<p—1.
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Then

Proof. Immediate from the previous four lemmas

/

2(p1 — u) t=0,...,u andv =20
2(p1 — u) v=1,....,q2—1andt =0
hw ( finps.i0) = 4 2(pr—u—1) t=0andv=q
2(2 +u) t=u+1,...,p1—1
and v=20,...q9

\

]

Example 7.3. We will illustrate Lemma 7.12 by an example. Let py = 5,py = 19 and

ps = 191. Note that ro = 4 and r3 = 1. The following figure presents the relationship

between i and hw( fos ps.i0)-

=
o

hw(f95,p5,i,0)

o = NW ke O N 0 ©

—4

e

I s A S A

= 4

[

w —+

-
T T T T T T T T T T T T T T T T T T T T T T T T T T T T
8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35

,;Ak
o
> 4
R

i

Next we will prove the main theorem of this chapter

Proof of Theorem 7.1 (ps =,, +1 and ps =p,p, +1). We have 7, = 1 and r3 = 1. Note

hW((I)mps) =

p(m)—1

Z hW(fm,Ps,i)

=0
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p(m)—1
= q3 hw (finps.i0) | +hW(finpsias) Structure 1
1=0

e(m) 4

V]

= 2¢3 hw (fonpsio) | +1 Structures 2 and 5

Note that
m —1

#_ :((p12 —1)Q2+(Q2—1))p1+(1?1—1)
Thus

- . _ p(m) B . pr—1

Z.OS@ST—I ={(uge +v)p1+t:0<u< 5 -1,

0<v<gp-1,0<t<p —1}

Hence

hw(q)mpg) = 2q3 hw (fm,ps,(uq2+v)p1+t,0) +1

T Tlge-1 u p1—1
= 2¢; ( 2p —u)+ Y 2(2+u)> +1 Lemma 7.5

u=0 v=0 t=0 t=u-+1
2 .
= 3B®n (1 —1)(p1+4)+1 summing and
simplifying
2ps—1 -1
=B = 1) (= D +4) + 1 g =2
P1P2 P1
p3—1
q3 =
P1p2
2 —1 4 —1) - —1
== (1 ) ((pr+4) (p2—1) — (r2 — 1)) (p3—1)+1 rearranging
3 P1p2
=N(ps—1)+1
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Proof of Theorem 7.1 (ps =,, —1 and p3 =p,p, +1). We have ry = 1 and 3 = 1. Note
I @) = 3 )
=3 Z hw (frps,io) | +0W(frpsigs) Structure 1
= 2¢3 Z hw (finpsio) | +1 Structures 2 and 5

Note that

(pl - 1)
2

3
) D2 + q2p1 +

Thus

{i0<i<®Dpl — fupy+op+t: 0<u< 22 0<0<gp0<t<py — 1)

Notice that @ —1= W -1< %pg, thus in computing hw(®,,,,) we need

only fin ps.i0 Where 0 <14 < @ — 1. Hence

v=0 t=0
P21 g u p1—1
=2g5 | Y 2<Z(p1—U)+ Z(2+U)>>
u=0 v=0 t=0 t=u+1
q2 p12_3 p1—1
p1+3 p1+1 p1+1
+2g3 Z Z 9 + Z 2 + 2
v=0 t=0 p=P1—1
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+2¢3(p1 —1—u)+1 Lemma 7.12
2

=3 (1 — 1) (p1 4+ 4pr1ge + P; + pige — 6) + 1 summing and
simplifying
2ps — 1 ps—pi+1
=3 ) (p1 — 1) (4p2 — 2p1 + pip2 — 2) + 1 @ =
p1p2 pl
ps—1
g3 =
P1p2

_ g(pl - 1) ((Pl + 4) (P2 - 1) — (T2 — 1)) (pg _ 1) +1 rearranging

3 P1DP2
=N(ps —1)+1

Proof of Theorem 7.1 (ps =, +1 and p3 =p,,, —1). This follows from the case

P2 =p, +1 and p3 =,,, +1

hw(®,p,) = A1 P3 — Bt Theorem 6.1

= Np3+ (N —1) from the case

P2 =p, +1 and p3 =,,,, +1

=N(ps+1)—1

Proof of Theorem 7.1 (ps =,, —1 and p3 =p,p, —1). This follows from the case

P2 =p, —1 and p3 =,,,, +1
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hw () = A -1 D3 — Bt Theorem 6.1
= Nps+ (N —1) from the case
P2 =p, —1 and p3 =, +1

=N(ps+1)—1
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Appendix A
Maple Codes

A.1 Utilities

restart:
with(numtheory) :
with(ListTools):
with(plots):
with(plottools):
with(FileTools):
unprotect (negate) :
unprotect(rotate):

hwp := proc(f)

local fe;

fe := expand(f);

return nops([coeffs(£)]);
end:

hw := proc(n)
return hwp(cyclotomic(n,x));

end:

plist := proc(n,r,t,N)

local S,i,p;
S :=[];
p :=t;

for i from 1 to N do
p := nextprime(p);
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while pmod n <> r or n mod p = 0 do
p := nextprime(p);

od:
S := [op(8),p];
od;
return S;
end:

findprime := proc(p0O,n,r)
local q,p,P;
for q from ceil((pO+1-r)/n) to 1000 do
p = nxq + r;
if isprime(p) then return p fi;
od:
print ("findprime: FAIL"):
end:

list_plot := proc(C,w,h)
local i,P,X;
P :=[];
for i from O to nops(C)-1 do
P := [op(P),[i-0.5,C[i+1]],[i+0.5,C[i+1]1]];
od;
P := display(CURVES(P),color=red,thickness=1);
X := display(CURVES([[-0.5,0], [w-0.5,0]]),1linestyle=dot, thickness=1);
return display(P,X, axes=none,view=-h..h,size=[w*5, (h+1)%*20]);
end:

A.2 Partition

block := proc(m,p,i,j)
local f,r,q,c,Cij,e,l;
q := iquo(p,m);
r := irem(p,m);
f := cyclotomic(m*p,x);
c := k—>coeff(f,x,k);
if j < g then

1 :=nm-1;
else
1l :=1r-1;
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fi;
Cij := [seq(c(ixp+j*m+e),e=0..1)];
return Cij;

end:
partition := proc(m,p)
local q,r,k,h,P,j,1,Cij;
k := phi(m)-1;
q := iquo(p,m):
r := irem(p,m):
h := norm(cyclotomic(m*p,x),infinity):
P := Array(0..q,0..k):

for j from O to q do
for i from 0 to k do
Cij := block(m,p,i,j);
P[j,i] := list_plot(Cij,m,h);
od;

od:

return display(Array(P));

end:

A.3 Operation

truncate := (A,s) —> A[1l..s]:
negate = A -> map(a->-a,A):
flip = A -> Reverse(A):
rotate = (A,s) —> Rotate(A,s):
expan = (A,s) -> [seq(op([A[i],08$(s-1)]),i=1..nops(A)-1),A[-1]1]:
operations := proc(A,t,r,re)
local w,h,P;
w := nops(A);
h := max(map(a->abs(a),A));

P := Array(1..2,1..5);

P[1,1] := 1list_plot(A, w,h);

P[2,1] := 1list_plot(truncate(A,t), w,h);
P[1,2] := 1list_plot(A, w,h);

P[2,2] := 1list_plot(negate(A), w,h);
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P[1,3] := 1list_plot(A, w,h);

P[2,3] := 1list_plot(flip(A), w,h);
P[1,4] := 1list_plot(A, w,h);
P[2,4] := 1list_plot(rotate(A,r), w,h);
P[1,5] := 1list_plot(A, w,h);
P[2,5] := 1list_plot(expan(A,re), wxre,h);
display(P);

end:

A.4 Structure 1

structurel := proc(m,p)
local k,h,q,r,PP,P,j,1,Cij;
k := phi(m)-1;
h := norm(cyclotomic(m*p,x),infinity);
q := iquo(p,m);
r := irem(p,m);
PP := []:
for j from O to g-1 do
P :=[];

for i from 0 to k do
Cij := block(m,p,i,j);
P := [op(P),list_plot(Cij,m,h)];
od;
PP := [op(PP),P];
od:
display(Array(PP));
end:

A.5 Structure 2

structure2 := proc(m,p)
local h,k,q,r,C0,TCO,Cq,P,1;
k := phi(m)-1;
h := norm(cyclotomic(m*p,x),infinity);
q := iquo(p,m);
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irem(p,m);

-
I

P := Array(1..3,0..k);
for i from 0 to k do
Co[i] := block(m,p,i,0);
P[1,i] := list_plot(CO[i],m,h);
od;

for i from O to k do
TCO[i] := truncate(CO[i],r);
P[2,i] := list_plot(TCO[i],m,h);
od;

for i from 0 to k do

Cqlil = block(m,p,i,q9);
P[3,i] := list_plot(Cqli],m,h);
od;
display (Array(P));
end:

A.6 Structure 3

structure3 := proc(m,p)
local h,k,r,pt,q1,92,P,Cp,Cpt,1i;
k := phi(m)-1;

h := norm(cyclotomic(m*p,x),infinity);
ql := iquo(p,m);

r := irem(p,m);

pt := findprime(p,m,r);

g2 := iquo(pt,m);

print (evaln(pt)=pt);

P := Array(1..2,0..k);
for i from O to k do

Cpl[i] := block(m,p,i,0);

P[1,i] := list_plot(Cpl[il,m,h);
od;
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for i from 0 to k do

Cpt[i] := block(m,pt,i,0);
P[2,i] := list_plot(Cpt[i],m,h);
od;
display(Array(P));

end:

A.7 Structure 4

structured4 := proc(m,p)
local h,k,r,i,pt,rt,it,P,C,RC,NRC,Ct;
h := norm(cyclotomic(m*p,x),infinity);
k := phi(m)-1;
r := irem(p,m);
rt := -r mod m;
pt := findprime(m,m,rt);

print (evaln(pt)=pt);

P := Array(1l..4,0..k);
for i from 0 to k do

C[i]
P[1,i]
od;

block(m,p,i,0);
list_plot(C[i],m,h);

for i from 0 to k do

RC[i]
P[2,i]
od;

:= rotate(C[i],r);
:= list_plot(RC[i],m,h);

for i from 0 to k do

NRC[i]
P[3,i]
od;

:= negate(RC[i]);
:= list_plot(NRC[i],m,h);

for i from 0 to k do

it

Ct[it]

P[4,i]
od;

=k - 1;
:= block(m,pt,it,0);
:= list_plot(Ct[it],m,h);
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display (Array(P));
end:

A.8 Structure 5

structureb := proc(m,p)
local h,k,r,i,rt,it,P,C,FC,RFC,Ct;
k := phi(m)-1;
h := norm(cyclotomic(m*p,x),infinity);
r := irem(p,m);
rt := k-r mod m;

P := Array(1..4,0..k);
for i from O to k do
C[i] := block(m,p,i,0);
P[1,i] list_plot(C[i],m,h);
od;

for i from O to k do

FC[i] := flip(c[i]);

P[2,i] := list_plot(FC[i],m,h);
od;

for i from O to k do
RFC[i] := rotate(FC[i],rt);
P[3,i] := list_plot(RFC[i],m,h);
od;

for i from O to k do
it =k - 1i;
Ct[it] := block(m,p,it,0);
P[4,i] := list_plot(Ct[it],m,h);
od;

display(Array(P));
end:
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A.9 Norm

algorithm_norm := proc (m,p,k)
local r,pl,p2,N1,N2,f1,£2, A, B;
r := irem(p,m);
pl := findprime(m,m,r);
p2 := findprime(pl,m,r);
f1 := cyclotomic(m*pl,x);
f2 := cyclotomic(m*p2,x);
N1 := (norm(f1,k)) k;
N2 := (norm(£f2,k)) k;
A (N2-N1) / (p2-p1) ;
B := Ni-A%pl;
return (A*p+B)~(1/k);
end:

compare_norm := proc(m,ps,k)
local p,r,tp,tn,wp,wn;

printf ("%4s %10s %4s %18s %15s %15s\n","m","p",
"r","Norm(mp)","prev(sec)","new(sec)");

for p in ps do

algorithm_norm (m,p,k);
norm(cyclotomic (m*p,x) ,k) ;

tn := time() - tn;
tp := time() - tp;

printf ("%4d %10d %4d %18f %15.3f %15.3f\n",m,p,r,wp,tp,tn);

r := irem(p,m);
tn := time(): wn :=
tp := time(): wp :=
od:
end:

A.10 Mid terms

M := proc(m,p)
local f;
f := cyclotomic(m*p,x);
return coeff (f,x,phi(m*p)/2);
end:

algorithm_M := proc(m,p)
local r,pO,mid;
r := irem(p,m);
pO0 := findprime(m,m,r);
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mid := M(m,p0);
return mid;
end:

compare_M := proc(m,ps)
local p,r,tp,tn,wp,wn;

printf ("%4s %10s %4s %12s %10s %10s\n","m","p","r","M(mp)"

,"prev(sec)","new(sec)");
for p in ps do

r := irem(p,m);
tn := time(): wn := algorithm_M (m,p);
tp := time(): wp := M(m,p); tp := time() - tp;

tn

time() - tn;

if wp <> wn then print("ERROR:",m,p,r,wn,wp); return fi;
printf ("%4d %104 %4d %124 %10.3f %10.3f\n",m,p,r,wp,tp,tn);

od:
end:

A.11 Number of Terms

Nt := proc (m,p,c)
local nt,i,f,ph;

f := cyclotomic (m*p,x);
nt := 0;
ph := phi(m*p);

for i from O to ph do
if ¢ =coeff(f,x,i) then
nt:= nt+1;
fi;
od:
return nt;
end:

algorithm_Nt := proc (m,p,c)
local r,pl,p2,N1,N2, A, B;
r := irem(p,m);

pl := findprime(m,m,r);
p2 := findprime(pl,m,r);
N1 := Nt(m,pl,c);

N2 := Nt(m,p2,c);

A = (Nt2-Nt1)/(p2-pl) ;
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B := N1-Axpl;
return Axp+B;

end:

compare_Nt

:= proc(m,ps,c)

local p,r,tp,tn,wp,wn;
printf ("%4s %10s %4s %18s %15s %15s\n",

"m","p","r","Nt(mp,c)","prev(sec)", "new(sec)");
for p in ps do

r := irem(p,m);

tn := time(): wn := algorithm Nt (m,p,c);

tp := time(): wp :

Nt(m,p,c); tp := time() - tp;

tn :

time() - tn;

printf ("%4d %104 %4d %18f %15.3f %15.3f\n",m,p,r,wp,tp,tn);

od:
end:

ntc := proc(L,c)
local h,n;

h := 0;

)

for n in L do
h :=h + “4f‘(n=c, 1, 0);

od;
return
end:

h;

ABmpc := proc(m,p,c)
local k,h,q,r,A,B,1,Ci0;

k := phi(m)-1;
q := iquo(p,m);
r := irem(p,m);
A := 0:
B := 0;
for i from 0 to k do
Ci0 := block(m,p,i,0);
A = A + ntc(Ci0,c);
B =B + ntc(CiO[1l..r],c);
od;

return A/m, B-r*A/m;

end:
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Amp := proc(m,p,c)
local k,h,q,r,A,B,1,Ci0;

k := phi(m)-1;
q := iquo(p,m);
r := irem(p,m);
A :=[]:

for i from 0 to k do
Ci0 := block(m,p,i,0);
A := [op(A), ntc(Ci0,c)];
od;
return add(A[i],i=1..nops(A)),A;
end:
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