
ABSTRACT 

ZIAEI, SHOAYB. Large Inelastic Strain Deformation and Fracture of Hexagonal Close 
Packed Crystalline Alloys. (Under the direction of Professor Mohammed A. Zikry). 
 

A dislocation-density based multiple slip crystalline plasticity formulation, a 

nonlinear finite-element approach, and a microstructurally-based fracture methodology were 

developed and used to investigate behavior in hexagonal close packed (h.c.p.) with a focus 

on zircaloy-2 polycrystalline aggregates. The validated predictive framework can account for 

the interrelated effects of dislocation-density interactions, generation, and recovery. An 

energy criterion was formulated and used to identify 63 unique slip system interactions that 

can result in either junction formation or slip-system annihilation. These dislocation-density 

interactions, with the interrelated mechanisms due to recovery and generation, were then 

used to understand and predict why basal planes are strengthening planes and prismatic 

planes are the dominant toughening planes. 

Coherent interfaces, between face-centered cubic (f.c.c.) and h.c.p. crystalline 

systems, and semi-coherent interfaces, between body-centered cubic (b.c.c.) and h.c.p. 

systems, were developed to understand how large strain deformation and fracture modes in 

h.c.p. zircaloy aggregates with f.c.c. and b.c.c. hydrides evolve at different scales.  Thirty-six 

unique transformations were derived for both coherent interfaces between f.c.c. and h.c.p. 

systems, and semi-coherent interfaces between b.c.c. and h.c.p. systems. For the semi-

coherent interfaces, misfit strains were determined at the interfaces in terms of the 

deformation-rate tensor, then used these ORs and initial misfit strains with the dislocation-

density crystalline plasticity formulation, the non-linear finite-element and the fracture 

approach to account for crack nucleation and propagation, and how inelastic slip evolution, 

stress accumulation, lattice rotation, and adiabatic heating affected nucleation and crack path 



orientations. The predictions indicate that the physical representation of ORs affect local 

deformation and fracture behavior due to the interfacial incompatibilities between the matrix 

and the hydride precipitates. 

A physically representative framework for twin modes in h.c.p. materials was also 

formulated to understand and predict the fundamental mechanisms that affect large inelastic 

strain behavior and fracture.  Two twin modes of  ( 1121 [1126] and (0001) [1120]) in 

zircaloy-2, with each mode having 24 unique twin slip systems were incorporated with the 

dislocation-density crystalline plasticity, the nonlinear finite-element, and the fracture 

framework to account for crack nucleation and propagation. The predictions indicate that 

twin modes significantly affect local deformation and fracture behavior, and are, therefore, 

essential for the accurate representation of behavior at different physical scales in 

heterogeneous crystalline h.c.p. systems. 

The validated predictions from this investigation underscore that accurate and 

physically-based representations, at different physical scales, are needed to account for the 

collective effects of dislocation-density evolution and interactions on different crystalline 

systems, twin grains, hydrides, and ORs, such that heterogeneous behavior can be 

understood, identified, and potentially controlled for failure resistant systems comprised of 

myriad microstructural mechanisms and crystalline structures.  
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CHAPTER 1:  Introduction 
 

1.1  Overview 
Hexagonal close packed (h.c.p.) materials, such as magnesium (Mg), zirconium (Zr), 

and titanium (Ti), due to their low densities and high strength in systems subjected to high 

strains, strain-rates, and temperatures, have numerous applications in aerospace, automotive 

and nuclear systems. Magnesium with its high strength to weight ratios can be used in 

automotive applications [1,2,3,4,5]. Titanium has been used for aerospace and military 

applications [6,7,8], and zirconium’s corrosion resistance and low absorption of neutrons can 

make it attractive for high temperature mechanical, chemical, and nuclear applications 

[9,10,11].  

The inelastic deformation mechanisms in h.c.p. materials are mainly due to 

dislocation slip along basal, prismatic, and pyramidal planes and twinning. These 

deformation mechanisms have been extensively experimentally and theoretically investigated 

by Agnew et al. [12,13], Beyerlein and Tome[14], Capolungo et al. [15,16,17], Yin et al. 

[18], Yoo et al. [19], Wang et al., [20,21], Kaschner et al. [22], and Dunne et al. [23]. 

Through the use and adaption of experimental and crystalline plasticity and atomistic 

approaches, these investigations have provided insights related to texture development, 

identification of deformations mechanisms, and understanding of overall large strain inelastic 

behavior. Some specific findings include accounting for the variety of slip and twining 

modes present in a pure Zr grain [14,24], the identification of source mechanisms for non-
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basal <c+a> slip dislocation due to junction formation of prismatic plane into pyramidal 

plane[19], and predicting crystalline plasticity texture in magnesium [16]. 

Dislocation-density generation, immobilization, recovery and annihilation can 

significantly affect overall behavior in h.c.p. materials [15,25].  Experimental studies 

[16,19,26,27,28,29,30,31] have indicated that self-interactions along the prismatic, basal, and 

pyramidal planes affect local behavior and deformation mechanisms. Monnet et al. have 

investigated prismatic slip systems and their interactions in single crystals of Zr at low 

temperatures [32]. Capolungo et al. have investigated, through discrete dislocation dynamics, 

the effects of stored prismatic dislocations and twin growth in pure Zr [33], and they 

analytically postulate, based on possible slip-plane activity, 15 possible interactions type 

between basal, prismatic and pyramidal in Mg [16], and they also calculated 16 possible 

interactions in their latest work on Mg [17]. 

Zirconium based alloys, such as zircaloy-2 and zircaloy-4, have desirable high 

temperature corrosion resistance and mechanical properties, and they have been widely used 

in applications related to fuel cladding for light and heavy water reactors and automotive and 

structural applications [34,35,36]. Hydrogen embrittlement and cracking are dominant 

damage mechanisms for these zircaloys in water reactors [37,38,39,40]. During in reactor 

service, the fuel cladding tubes are subjected to the combined effect of neutron irradiation, 

corrosion, and hydrogen absorption that lead to the precipitation of zirconium hydrides. The 

mechanical strength and ductility of zirconium-based alloys can be significantly affected by 

the formation of these hydrides because they have lower fracture strength than pure 

zirconium, and they can be sites of fracture initiation.  
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   Mechanisms of crack growth in these high temperature environments can include the 

stress diffusion of hydrogen in zirconium to local regions near existing cracks, and the 

precipitation of excess hydrogen leads to hydride formation. The subsequent brittle fractures 

of these hydrides lead to crack propagation [41,42,43,44,45,46]. Understanding and 

predicting these fracture mechanisms are further exacerbated by the crystallographic 

structure of the hydrides, since the hydrides are f.c.c., and the matrix is h.c.p.. Furthermore, 

hydrides are more brittle than the ductile h.c.p. Zr matrix, which can lead to the 

embrittlement of these zircaloys [42,43,44,47,48]. 

Significant incompatibilities also exist due to the different crystallographic structures 

of the zircaloy and the hydrides. A coherent interface occurs when the two crystal systems 

match at the interface plane so that two lattices are continuous. This can only achieved if the 

interfacial plane has the same atomic configuration and lattice parameters in both phases, and 

this requires that the two crystals are oriented relative to each other in specific orientations to 

maintain phase coherency. When the two crystals are joined along their close packed planes 

with close packed directions, the resultant interface is completely coherent, and this 

necessitates physically representing ORs between the two phases of the f.c.c. and h.c.p. 

systems [36,49,50,51,52]. 

Twinning is a dominant deformation mechanism in h.c.p. materials, and it can 

significantly affect behavior, such as fracture, strength, and ductility, at different scales 

[53,54,55,56,57,58,59,60,61]. Kaschner and Tome [62] have proposed a dislocation barrier 

model, where tensile and compressive twins impede the propagation of dislocations and other 

twins in zirconium, and they concluded that twins play a dominant role in affecting the 
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overall hardening of h.c.p. crystalline systems. In contrast to face centered cubic (f.c.c.) and 

body centered cubic (b.c.c.) materials, which have a limited numbers of twinning systems, 

there are at least seven twinning modes in h.c.p. materials [63]. Twinning dislocations can 

also propagate more easily as they have short Burgers vectors, which clearly indicates that 

twinning is a dominant mechanism for accommodating plastic deformation along the c-axis 

of h.c.p. crystals [64]. 

Furthermore, in h.c.p. crystalline materials, there is a material competition between 

slip and twins. As noted by Wang et al. [65], plastic deformation in h.c.p. materials is due to 

both slip and twinning, and twinning adds significant strengthening and ductility. When 

twinning occurs, the parent crystal is sheared to a new orientation determined by the 

operating twinning mode. The crystallographic relationship between parent and twins can be 

uniquely represented by a correspondence matrix as shown by Niewczas [66].  The 

correspondence matrix can be used to transform the parent slip systems to twin slip systems 

under different twinning modes, and this provides a framework to relate the twin systems to 

the parent matrix. 

A number of modeling approaches have been used for investigating twinning and 

texture evolution.  Beyerlein and Tome [67] have proposed a probabilistic twin nucleation 

model at grain boundaries (GBs) within a crystal plasticity formulation for h.c.p metals; it is 

based on estimating the probability for a grain boundary dislocation to dissociate into partials 

that nucleate into a twin. This model has also been extended by Beyerlein et al. [68] into a 

crystal plasticity constitutive framework for twin nucleation and growth. Although they 

introduced grain size effects in the twin nucleation rate, their predictions of the twin volume 



 

 5 

fraction evolution are insensitive to grain size variations. Moreover, Lebensohn and Tome 

developed the VPSC model [69] to simulate the mechanical properties of materials, including 

texture evolution in zircaloys [61]. Furthermore, Niezgoda et al. have proposed a stochastic 

model for twin nucleation in Zr [64]; it is based on linking the probability of twin nucleation 

with normal stress accumulation at the GBs. A random fluctuating stress term is added to the 

stress increments to account for the random nature of twin nucleation.  Kalidindi [70] 

proposed a different scheme, which was applied with a crystal plasticity Taylor based 

approach. In this approach, the grains are subdivided into virtual matrix and twin domains 

upon the activation of twinning. The constitutive response at the matrix and twin domain are 

all subject to the Taylor approximation. This approach has been employed with some success 

for a variety of material for h.c.p. metals, such as titanium,  [71] and magnesium [72]. 

Notably, the calculations are performed in a relaxed (referential) configuration in which the 

misorientation between the twinned and untwined parent domains are fixed during 

deformation. This avoids unnecessary twin proliferation and, yet, permits the possibility that 

the parent and twin domains may not maintain their specific twin misorientation relationship 

as deformation evolves. 

1.2  General Research Objectives and Approach 
The objective of the present work, therefore, is to develop a dislocation-density based 

crystalline formulation that will extend previous relevant work by adapting a recently 

developed dislocation-density crystalline plasticity to investigate immobile and mobile 

dislocation-density evolution and interactions along the different planes for Zr aggregates. 

The proposed approach is based on modifying an approach developed by Zikry and Shanthraj 
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[73] that has been used to model dislocation-density interactions and evolution in f.c.c. and 

b.c.c. polycrystalline aggregates. Based on that framework, we will consider all 24 possible 

dislocation-density self-interactions in h.c.p. crystals by applying Frank’s energy criterion to 

determine the strength of the interactions and the reaction products. These interactions will 

then be used with dislocation-density evolution equations that are coupled to a multiple slip 

crystal plasticity formulation and finite-element techniques.  [74] Predictions of deformation 

mechanisms in zircaloy-2 along the pyramidal, basal, and prismatic planes for a fundamental 

understanding of dislocation-density evolution and interactions in h.c.p. polycrystalline 

aggregates will provide fundamental understanding of local deformation mechanisms and 

behavior. 

In the current study we consider the effect of ORs in two different crystal structures. 

Hence, in this paper, we used our experimental validated method [5]and we develop ORs that 

account for this coherency between the f.c.c. and h.c.p. interfaces. We use these ORs with a 

dislocation-density crystalline plasticity formulation, and a high strain-rate fracture approach 

that account for crack nucleation and propagation within a nonlinear finite-element 

framework. We then investigated how these ORs affect crack nucleation and propagation, 

dislocation density and inelastic slip evolution, stress accumulation, lattice rotation, and 

adiabatic thermal increases in h.c.p. zircaloy aggregates with f.c.c. hydrides. 

The effects of twinning on fracture have not been investigated for zircaloys within the 

framework of accounting of how large inelastic strain behavior, dislocation-density 

evolution, twin orientations and modes and parent orientation affect crack nucleation and 

propagation.  Hence, in this paper, we introduce an approach that we have previously used 
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and validated in [5] for pure h.c.p. systems, and we couple that approach with the twin modes 

normally associated with zirconium alloys [66]. We use these new twin slip systems and 

parent slip systems in h.c.p. materials with a dislocation-density crystalline plasticity 

formulation, and a fracture approach that accounts for crack nucleation and propagation 

within a nonlinear finite-element framework. We then investigated how these new twin slip 

systems can affect crack nucleation and propagation, dislocation density and inelastic slip 

evolution, stress accumulation, and lattice rotation in h.c.p. zircaloys.  

1.3  Dissertation Organization 
This dissertation is outlined as follows: Chapter 2 presents the dislocation-density-

based crystal plasticity formulation, the derivation of the dislocation-density interaction, the 

coherent and semi-coherent model, and the representation of twin grain microstructure. 

Chapter 3 presents the microstructure-based failure criterion, the numerical implementation 

of overlapping element method for fracture, and the computational techniques for 

dislocation-density-based crystal plasticity. Chapter 4 covers the investigation into the effects 

of dislocation-density interaction, generation, and recovery on behavior of h.c.p. materials. 

Chapter 5 contains the results on orientation relationships between coherent and semi-

coherent interfaces in h.c.p./f.c.c. and h.c.p./b.c.c. crystal structures. Chapter 6 outlines the 

results on the effects twinning modes on h.c.p. materials and fracture modes. Finally, in 

Chapter 7 recommendations for future research are given. 
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CHAPTER 2:  Microstructure Modeling and Representation 
 

2.1  Multiple Slip Crystal Plasticity Dislocation-Density Based Formulation 
The crystal plasticity constitutive framework used in this study is based on the 

formulation developed by Asaro and Rice [75] and Zikry [74]. It is assumed that the velocity 

gradient is decomposed into a symmetric deformation rate tensor Dij an anti-symmetric spin 

tensor Wij. Dij and Wij are then additively decomposed into elastic and inelastic components as 

𝐷!" = 𝐷!"∗ + 𝐷!"
! ,                                                   (2.1) 

𝑊!" =𝑊!"
∗ +𝑊!"

!.       (2.2) 

The inelastic parts are defined in terms of the crystallographic slip-rates as 

𝐷!"
! = 𝑃!"

(!)𝛾(!),      (2.3) 

𝑊!"
! = 𝜔!"

(!)𝛾(!),      (2.4) 

where α is summed over all slip-systems, and  and   are the symmetric and anti-

symmetric parts of the Schmid tensor in the current configuration respectively. 

A power law relation can characterize the rate-dependent constitutive description on 

each slip system as 

𝛾(!) = 𝛾!"#
(!) !(!)

!!"#
(!)

!(!)

!!"#
(!)

!
!!!

,    (2.5) 

where  is the reference shear strain-rate which corresponds to a reference shear stress , 

and m is the rate sensitivity parameter.  is the resolved shear stress on slip system α. The 

€ 

Pij
(α )

€ 

ω ij
(α )

!

! 

˙ " ref
(# )

€ 

τref
(α )

€ 

τ (α )
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reference stress used is a modification of widely used classical forms[76] that relate reference 

stress to immobile dislocation-density  as 

,                                          (2.6) 

where  is the static yield stress on slip system α, G is the shear modulus, nss is 

the number of slip systems,  is the magnitude of the Burgers vector, and  are Taylor 

coefficients, which are related to the strength of interactions between slip-systems (Devincre 

et al., 2008 [77]; Kubin et al., 2008a, 2008b [78,79]), T is the temperature, T0 is the reference 

temperature, and ξ is the thermal softening exponent. 

2.2  Mobile and Immobile Dislocation-Density Evolution 
Following the method of Zikry and Kao (1996) [80], it is assumed that, for a given 

deformed state of the material, the total dislocation-density, , can be additively 

decomposed into a mobile and an immobile dislocation-density,  and . During an 

increment of strain on a slip system, a mobile dislocation-density rate is generated and an 

immobile dislocation-density rate is annihilated. Furthermore, the mobile and immobile 

dislocation-density rates can be coupled through the formation and destruction of junctions as 

the stored immobile dislocations act as obstacles for evolving mobile dislocations. This is the 

physical basis for taking the evolution of mobile and immobile dislocation densities as 

𝜌!
(!) = 𝜌!"#"$%&'(#

(!) − 𝜌!"#$%&'#!("!
(!) ,                                  (2.7) 

𝜌!"
(!) = 𝜌!"#$%&'#!("!

(!) − 𝜌!""#!!"#$!%&
(!) ,                                 (2.8) 

€ 

ρim

τ ref
(α ) = τ y

(α ) +G b(β )
β=1

nss

∑ aαβρim
(β )

"

#
$$

%

&
''
T
T0

"

#
$

%

&
'

−ξ

€ 

τ y
α( )

€ 

b(β )

€ 

aαβ

€ 

ρ(α )
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where 𝜌!"#"$%&'(#
!  is the mobile dislocation-density rate that is generated and  𝜌!""#!!"#$!%&

!  is 

the immobile dislocation-density rate that is annihilated.  𝜌!"#$%&'#!("!
!  is the interaction rate 

related to the formation of junctions, and 𝜌!"#$%&'#!("!
! is related to the annihilation of 

junctions.  

The rate of dislocation-density generation is related to the distance 𝑦!"#$ travelled by 

the emitted dislocation from a dislocation source with density 𝜌!"#$%&
(!) . If 𝜐 !  is the average 

source velocity of mobile dislocations, the generation rate can be written as [73] 

 
,     (2.9) 

where 𝑦!"#$ is proportional to the average spacing between forest obstacles. Using the 

Orowan relation of 𝛾(!) = 𝜌!
(!)𝑏(!)𝜈(!), we obtain the following for the generation rate as 

𝜌!"#"$%&'(#
(!) =

! !!"
(!)

!

!(!)
!!"
(!)

!!
(!) 𝛾(!),                        (2.10) 

where 𝜑 is a geometric parameter and 𝑏(!) is the magnitude of Burgers vector. 

2.3  Dislocation-Density Interactions For H.C.P. Aggregates 

As noted earlier, the dislocation-density interaction rates are related to the rate at 

which mobile segments are immobilized by interactions with immobile dislocation densities 

in junction forming slip systems. The frequency with which mobile dislocations on slip 

system 𝛼 intersect mobile and immobile dislocations on an interacting slip system 𝛽 can be 

!ρgeneration
(α ) = ρsource

(α ) ν (α )

yback
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given by 𝜌!
(!)𝜌!

(!)𝜈(!") and 𝜌!
(!)𝜌!"

(!)𝜈(!"), where 𝜈(!")is the relative velocity between 

mobile dislocations on slip systems 𝛼 and 𝛽, and based on Orowan’s equation, it is 

𝜈(!") = !(!)

!!
(!)!(!)

+ !(!)

!!
(!)!(!)

  ,                                            (2.11) 

where only a fraction 𝑓!" of these intersections are assumed to form stable junctions. This 

fraction is related to the strength of the interaction between slip system 𝛼 and 𝛽 and is given 

by by 𝑓! 𝑎!" (also see Eqn. 2.6). The average junction length, lc, can then be approximated 

[77] as 

𝑙! =
!

!!"
!

!

  ,                            (2.12) 

 The fraction of mobile dislocations on slip system α that are immobilized are 

𝑓!"𝜌!
(!)𝜌!

(!)𝜈(!") and 𝑓!"𝜌!
(!)𝜌!"

(!)𝜈(!), which is due to mobile and immobile dislocations 

interactions of slip systems α with slip system 𝛽. The total rate 𝜌!"#$%&'#!("!
(!)  at which mobile 

dislocations on slip system α are immobilized can then be obtained by using Eqns. (2.10-

2.11) with the fraction of immobilized slip systems and summing over all interacting slip 

systems to obtain 

 

𝜌!"#$%&'#!("!
(!) = 𝑓! 𝑎!"! 𝜌!

(!)𝑙!
!(!)

!(!)
+ 𝜌!

(!)𝑙!
!(!)

!(!)
+ 𝑓! 𝑎!"!,! 𝜌!"

(!)𝑙!
!(!)

!(!)
,       (2.13) 

 

is the interaction rate, which would result in annihilation, due to mobile-mobile dislocation 

interactions and mobile-immobile dislocation interactions.  
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To obtain the total rate 𝜌!"#$%&'#!("!
(!) , which is the rate of junction formation, we 

define an interaction tensor. The interaction tensor, , is defined as having a value of 1 if 

dislocations on slip-systems β and γ interact to form an energetically favorable junction on 

slip system α, and a value of 0 if there are no favorable interactions. This interaction tensor is 

used to map the dislocation-density interactions with the corresponding slip systems by 

applying an energy criterion, based on Frank’s law and Burgers conservation law. This is 

used to determine whether junctions form or not, as follows,  

        (2.14) 

The interaction tensor can now be used to obtain the rate at which immobile junctions 

are formed on slip systems 𝛼 due to the interactions between slip systems 𝛽 and 𝛾 as  

𝑛!
!"𝑓!"𝜌!

(!)𝜌!
(!)𝑙!𝜈(!"),                                                       (2.15) 

𝑛!
!"𝑓!"𝑙!(𝜌!

! 𝜌!"
! 𝜈 ! + 𝜌!

(!)𝜌!"
(!)𝜈(!),                              (2.16) 

for the mobile-mobile and mobile-immobile interactions. The total rate 𝜌!"#$%&'#!("!
(!)  can then 

be obtained by summing over all interacting slip systems 𝛽 and 𝛾. We use Eqns. (2.13), 

(2.14), (2.17), and (2.18) to obtain the total interaction rate of junction formation as  

𝜌!"#$%&'#!("!
(!) = 𝑓! 𝑛!

!"

!,!

𝑎!"𝑙! 𝜌!"
(!) 𝛾(!)

𝑏(!)
+ 𝜌!"

(!) 𝛾(!)

𝑏(!)

+ 𝑓! 𝑛!
!"

!,!

𝑎!"𝑙! 𝜌!
(!) 𝛾(!)

𝑏(!)
+ 𝜌!

(!) 𝛾(!)

𝑏(!)
. 

(2.17) 

€ 

nα
βγ

nαβγ =
0   otherwise.
1    if  Gb(α )2<Gb(β )2+Gb(γ )2  and  b(α )=b(β )+b(γ )
!

"
#

$
#
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2.4  Taylor Interaction Coefficient  

The Taylor interaction coefficients, , are needed to update the reference stress. For 

the 24 slip-systems for the four slip-planes, which are listed in Table 2.1, these interactions 

were determined by considering all the possible interactions between the 24 slip systems. 16 

unique interaction types were identified based on Burgers conservation law. These 

interactions are: self-interactions on the same slip system, co-linear interactions between slip 

systems with parallel Burgers vectors, co-planar interaction between planar slip systems, and 

non-planar and non-collinear interactions. There were a total of 24×24 mobile-mobile 

interactions and 24×87 mobile-immobile interactions for all 16-interaction types.  

The Taylor interaction coefficients 𝑎!" are such that 𝑎!" represents the average 

strength of the interaction between two slip systems 𝛼 and 𝛽 (see, for example, Kubin,. 2008) 

[79] . To determine the dislocation-density interactions, we will adapt the approach 

previously used by Shanthraj and Zikry for f.c.c. and b.c.c. aggregate interactions [73,81,82]. 

We assume that the average strength of an interaction is proportional to the energy of the 

dislocation dissipated due to the self-interaction, and this can be expressed as 

,     (2.18) 

This dissipated energy is calculated for the sixteen interaction types in h.c.p. crystals 

using Frank’s energy criteria, and the Taylor interaction coefficients for the self-interaction 

are assumed as 0.4 (Shanthraj and Zikry) [73]. The calculated interaction types calculated 

values are given in Table 2.4. The relative contribution of each interaction is directly related 

€ 

aαβ

aαβ
( aαβ )self

=
(Dissipation)αβ
(Dissipation)self
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to the crystal’s intrinsic properties, the c a ratio, the stacking fault energy on all slip systems, 

and the loading conditions. Therefore, metals with different c a ratios will result in different 

interaction values. In our calculations, for Zr alloys, we assumed a ratio of c a = 1.594 [83].  

2.5  Dislocation-Density Recovery 

The dislocation-density annihilation rate  𝜌!""#!!"#$!%&
(!)  _ is due to the recovery process. It 

has been shown [84] that the recovery rate obeys an Arrhenius type relation, and it is given 

by 

𝜌!""#!!"#$!%&
(!) = 𝜈(!)𝑒

!!
!" ,                                             (2.19) 

where the attempt frequency 𝜈(!) is related to the frequency with which immobile 

dislocations are intersected by mobile dislocations on interacting slip systems, and the 

activation enthalpy H is related to the ratio of the immobile dislocation-density to the 

saturation density. This can be recast as 

𝜌!""#!!"#$!%&
(!) = 𝑓! 𝑎!"𝜌!"

(!)𝑙!
!(!)

!(!)! 𝑒

!!!(!!
!!"
(!)

!!
!"

,                 (2.20) 

2.6  Coefficients For The Immobile And Mobile Densities 
The evolution equations for mobile and immobile dislocation densities, the Kocking-

Mecking equations [85], can now be obtained by considering the generation, interaction, 

immobilization, and annihilation of dislocation densities, by using Eqns. 2.7 and 2.8 to obtain 

𝜌(!) = 𝜌!
(!) + 𝜌!"

(!) = 𝜌!"#"$%&'(#
(!) − 𝜌!""#!!"#$!%&

(!) ,                   (2.21) 
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and by using Eqns. 2.9-2.20 we obtain the evolution equations,   

,                         (2.22) 

 ,                              (2.23) 

where gsour is the coefficient pertaining to an increase in the mobile dislocation-density due to 

dislocation sources, 𝜌!"#"$%&'(#
(!)  (eqn. 2.9),  gmnter is the coefficient related to the trapping of 

mobile dislocations due to forest intersections, cross-slip around obstacles, or dislocation 

interactions, 𝜌!"#$%&'#!("
(!)  (eqns. 2.12, and 2.16), grecov is a coefficient related to the 

rearrangement and annihilation of immobile dislocations which is related to 𝜌!""#!!"#$!"#
(!)  

(eqn.2.18), and gimmob are coefficients related to the immobilization of mobile dislocations 

which is also shown in 𝜌!"#$%&'#!("
(!) . These coefficients, which have been 

nondimensionalized, are summarized in Table 2.3 where f0, and 𝜑 are geometric parameters. 

H0 is the reference activation enthalpy, and ρs is the saturation density. It should be noted that 

these coefficients are functions of the immobile and mobile densities, and hence are updated 

as a function of the deformation mode. 

2.7  Transformation Of Hexagonal Indices To Orthonormal Coordinate System  
 For computational purposes, it is more convenient to recast the four-index Miller-Bravais 

indices of the hexagonal crystallographic planes and directions in terms of a three-index 

Cartesian coordinate system. The general method for calculating the correspondence 

dρm
α

dt
= !γα gsour
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ρim
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!
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relations between h.c.p. lattices involves the transformation of crystallographic planes and 

directions to a Cartesian system. The overall technique for this calculation has been 

introduced by Hofmann et al.  [86] and Niewczas [83].  

  The transformation equations for a direction R and a plane n, with Miller Bravais 

indices [u v t w] and (h k i l) in a hexagonal system corresponding to a three index Miller 

notation [U V W] and  (H K L) are transformed as follows,   

,    (2.24) 

,               (2.25) 

,                            (2.26) 

.                   (2.27) 

We used a transformation matrix, A, to transform from the rhombohedral system to 

the Cartesian (x, y, z) coordinate system. This matrix A is given by  

 ,     (2.28) 

 ,                 (2.29) 

U = u− t,V = v− t,W = w

u = 1
3
(2U −V ),v = 1

3
(2V −U), t = −(u+ v),w =W

H = h,K = k,L = l

h = H,k = K, i = −(h+ k), l = L

A =

1 −
1
2

0

0 3
2

0

0 0 c
a

"

#

$
$
$
$
$
$
$
$

%

&

'
'
'
'
'
'
'
'

R[ xyz] = AR[UVW ]



 

 17 

where  R[xyz] and R[UVW] are vectors, which can then be used to relate the Miller indices to the 

global Cartesian coordinate system. 

2.8  Thermo-Mechanical Coupling 
For dynamic loading condition, the adiabatic heating generation caused by plastic 

work is given as 

qmechanical = χσ ij
' Dij

p                                            (2.30) 

where χ is the fraction of plastic work transformed to heat energy, and σ ij
'  is the deviatoric 

stress. Plastic work acts as heat sources, and thermal evolution is decomposed as adiabatic 

part and heat conduction part, which is given as   

                       ρcp T = λ∇
2T + qmechanical                                          (2.31) 

where ρ is the mass density, cp is the specific heat capacity, and λ is the thermal conduction 

coefficient. The discretized finite element heat conduction equation is given as (LaBarbera 

and Zikry, 2013) 

      C[ ] T!" #$+ K[ ] T[ ] = RT[ ]                                          (2.32) 

where [C] is the matrix of rate of change of temperature proportional coefficients, [K] is the 

matrix of temperature proportional coefficients, [RT] is the vector of nodal input heat sources 

for plastic work.  

2.9  Coherent and Semi-Coherent Interfaces 

2.9.1  Orientation Relations (ORs) Between F.C.C. and H.C.P. Phases 
The polycrystalline zircaloy-2 aggregate consists of the h.c.p. matrix and the f.c.c. 

hydrides. Hence, For 24 slip systems in h.p.c. and 12 slip sytems in f.c.c. (Tables 2.1, 2.2), 
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ORs are needed to account for the coherency between the crystalline phases. The lattice 

parameters of these two phases are such that the (111) f.c.c. plane is identical to the (0001) h.c.p. 

plane [52]. When the two crystalline phases are along their close packed planes and 

directions, the resultant interface is fully coherent. This coherency results in an ORs between 

the two crystalline phases, such that the slip planes and directions are parallel for the systems 

of (111)!//(0001)! and 110 ! ∕∕ 1120 !, where 𝛼 denotes an f.c.c. system and 𝜅 

denotes an h.c.p. system [51,52,87]. Based on this, 36 unique ORs can be obtained for the 

parallel directions and planes between the f.c.c. and h.c.p. phases. Furthermore, the hydride 

f.c.c. orientations have to be related to the global orientation, and, therefore, two 

transformations are needed. The first transformation, [T]1, relates the hydride f.c.c. (α) OR to 

the parent h.c.p. (κ) Euler grain orientations (Table 2.6). The second transformation, [T]2, 

relates the h.c.p. Euler grain orientation to the global coordinates. These transformations are 

given by [X]Global = [T]2 [T]1 ∗ [X]!.  

 To calculate the transformation for the first ORs (Fig. 2.1), we define two 3x3 

matrices, which are related to the f.c.c. and h.c.p. parallel slip systems as follows. One 

matrix, which is the f.c.c. (111)![101]!slip system is given by 3x3 f.c.c. matrix related to 

(111)![101]!slip system as  

 

1 1 1
1 0 2
1 1 1

 ,                                           (2.33) 
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The first column is related to the normal of the plane, the second column is the slip 

direction, and the third column is the cross product of the first and second columns. 

We perform a similar operation for the h.c.p. systems, where we assumed a ratio of  

𝑐  𝑎 = 1.594 because this a physically realistic value for zirconium [83]. We then 

transformed the hexagonal system to a Cartesian system, and we also obtained a 3x3 matrix 

h.c.p. slip system. So for example, slip system (0001)![2110]!in the hexagonal system with 

𝑐 𝑎 = 1.594 is (0 0 0.6274)![1 0 0]! in the Cartesian system (see [5] for how the 

hexagonal system is transformed to a Cartesian system).  

 

𝐴 =
0 1 0
0 0 0.6274

0.6274 0 0
.                                                        (2.34)  

 

Now to relate the two crystalline phases, we calculate the three angles, for each x, y, z 

component, between the two crystalline phases (Fig. 2.2) as   

 

𝑘 = cos ∡between 𝑓. 𝑐. 𝑐. ℎ . 𝑐.𝑝.normal planes = 0.3622,                             (2.35) 

𝑔 = cos ∡between 𝑓. 𝑐. 𝑐. ℎ . 𝑐.𝑝. direction = 0.7071,                                    (2.36) 

𝑛 = cos ∡between 𝑓. 𝑐. 𝑐. ℎ . 𝑐.𝑝.  z axis = 0.2561,                                         (2.37) 

 

The f.c.c. phase  is then projected to the h.c.p. phase by defining a matrix B as 
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𝐵 =
0.3622 −0.7071 0.2561
0.3622 0 −0.5123
0.3622 0.7071 0.2561

.                              (2.38) 

The transformation relation between matrix A, the h.c.p. system, and the matrix B, 

the f.c.c. projection onto the h.c.p. system is then given by 

 

[𝑇]! = transformation matrix = B×A!! =
−0.7071 0.4082 0.5774

0 −0.4082 0.5774
0.7071 0.4082 0.5774

,      (2.39) 

 

and this is the OR between the (111)!//(0001)! and [101]!//[2110]!. 

2.9.2  Orientation Relations (ORs) Between B.C.C. and H.C.P. Crystalline Systems 
The polycrystalline zircaloy-2 aggregate consists of the h.c.p. matrix and the b.c.c. 

hydrides. Hence, For 24 slip systems in h.p.c. and 24 slip sytems in b.c.c. (Tables 2.1, 2.3), 

ORs are needed to account for the coherency between the crystalline phases. The lattice 

parameters of these two phases are such that the (110) b.c.c. plane is identical to the (0001) h.c.p. 

plane. When the two crystalline phases are along their close packed planes and directions, the 

resultant interface is semi-coherent. This coherency results in ORs between the two 

crystalline phases, such that the slip planes and directions are parallel for the systems of 

(110)!//(0001)! and 111 ! ∕∕ 1120 !, [88]where 𝛽 denotes an b.c.c. system and 𝜅 

denotes an h.c.p. system. Based on this, 36 unique ORs can be obtained for the parallel 

directions and planes between the b.c.c. and h.c.p. phases. Furthermore, the hydride b.c.c. 

orientations have to be related to the global orientation, and, therefore, two transformations 

are needed. The first transformation, [T]1, relates the hydride b.c.c. (𝛽) OR to the parent 
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h.c.p. (κ) Euler grain orientations (Table 2.7). The second transformation, [T]2, relates the 

h.c.p. Euler grain orientation to the global coordinates. These transformations are given by 

[X]Global = [T]2 [T]1 ∗ [X]!.  

 

 To see the approach how to calculate each OR between two specific parallel planes 

and directions in both b.c.c./h.c.p. you need to Ziaei and Zikry. 

2.9.3  Misfit Strains Between B.C.C./H.C.P. Crystalline Systems 
R. N. Singh et al. [89]calculated the misfit strain of hydrides of zirconium. Referred 

the atomic radii definition he proposed in his paper. The in-basal plane misfit strain is given 

by 

𝑒!! =
!!!!!!!

!!!!
,                                                    (2.40) 

and misfit strain normal to basal plane is given by  

𝑒!! =
!!!!!!!

!!!!
,                                                    (2.41) 

𝑒!! is the misfit strain along the hydride and 𝑒!! is the misfit strain normal to the hydride. 

Then he calculated 𝑒!!! ≅ 0.03888 and 𝑒!!! ≅ 0.06646. 

We used these to initial strain in our calculation as an initial misfit strain and we 

added this initial misfit strain and updated our deformation rate tensor with these values. Our 

new deformation rate tensor is given by  

𝐷!" = 𝐷!"∗ + 𝐷!"
! + 𝑡𝑟(𝐷!"! ),                                           (2.42) 
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2.10 Twin Effects On H.C.P. Materials 
 H.C.P.  materials and alloys deform by slip and twinning, but due to a limited 

number of slip modes imposed by the h.c.p. lattice, twinning is an essential mechanism 

pertaining to the behavior of zircaloys [60]. When twinning occurs, the parent crystal is 

sheared to a new orientation by the operating twinning mode. By using Niewczas’s method 

[66], we obtained the sheared parent slip systems for Zr and the tensile loading conditions for 

twinning deformation (Table 2.8). There are four interdependent twinning elements 

𝐾!,𝐾!, 𝜂!, and 𝜂!  [59,90,91]. The twinning shear occurs in the 𝐾! plane along the 𝜂! 

direction. The 𝐾! plane contains the  𝜂! direction, which is the conjugate twinning direction 

or conjugate shear direction 

 
 
 

 
 
 
  



 

 23 

2.11  Tables and Figures 
 

Table  2.1: 24 parent slip systems in h.c.p. zircaloy-2 

# Slip Systems Plane Direction 
1  

Basal 
(0001) [2110] 

2 (0001) [1210] 
3 (0001) [1120] 
4  

Prismatic 
(1010) [1210] 

5 (0110) [2110]  
6 (1100) [1120] 
7  

 
Pyramidal <a> 

(1011) [1210] 
8 (0111) [2110] 
9 (1101) [1120] 

10 (1011) [1210] 
11 (0111) [2110] 
12 (1101) [1120] 
13  

 
 
 

 
Pyramidal 

<c+a> 

(1011) [1123] 
14 (1011) [2113] 
15 (0111) [1123] 
16 (0111) [1213] 
17 (1101) [2113] 
18 (1101) [1213] 
19 (1011) [2113] 
20 (1011) [1123] 
21 (0111) [1123] 
22 (0111) [1213] 
23 (1101) [2113] 
24 (1101) [1213] 
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Table 2.2: 12 slip systems in f.c.c. 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Slip Systems Plane Direction 
1 (111) [101] 
2 (111) [110] 
3 (111) [011] 
4 (111) [011] 
5 (111) [110] 
6 (111) [101] 
7 (111) [101] 
8 (111) [110] 
9 (111) [011] 

10 (111) [011] 
11 (111) [110] 
12 (111) [101] 
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Table 2.3: 24 slip systems in b.c.c. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Slip Systems Plane Direction 
1 (111) [110] 
2 (111) [101] 
3 (111) [011] 
4 (111) [112] 
5 (111) [121] 
6 (111) [211] 
7 (111) [110] 
8 (111) [101] 
9 (111) [011] 

10 (111) [211] 
11 (111) [112] 
12 (111) [121] 
13 (111) [110] 
14 (111) [011] 
15 (111) [101] 
16 (111) [121] 
17 (111) [112] 
18 (111) [211] 
19 (111) [101] 
20 (111) [011] 
21 (111) [110] 
22 (111) [112] 
23 (111) [211] 
24 (111) [121] 
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Table  2.4: Interaction coefficient values for the reaction types between slip systems in HCP 
crystals 

Interaction type  Dissipation aij 
1 Self interaction on 

the basal plane 
2Ga2 0.4 

2 Self interaction on 
the prismatic plane 

2Ga2 0.4 

3 Self interaction on 
the pyramidal plane 

<c+a> 

2G(a2+c2) 0.4[1+(c/a)2]2 

4 Self interaction on 
the pyramidal plane 

<a> 

2Ga2 0.4 

5 Coplanar 
interaction on the 

basal plane 

Ga2 0.1 

6 Non-coplanar 
interaction on the 
prismatic plane 

Ga2 0.1 

7 Collinear basal-
prismatic 

interaction 

2Ga2 0.4 

8 Non-collinear basal 
prismatic 

interaction 

Ga2 0.1 

9 Pyramidal-basal 
interaction (type I) 

Ga2 0.1 

10 Pyramidal-basal 
interaction (type II) 

2Ga2 0.4 

11 Pyramidal-
prismatic 

interaction (type I) 

Ga2 0.1 

12 Pyramidal-
prismatic 

interaction (type II) 

2Ga2 0.4 

13 Non-collinear 
pyramidal 

interaction (type I) 

2Gc2+Ga2 0.4[0.5+(c/a)2]2 

14 Non-collinear 
pyramidal 

interaction (type II) 

2Gc2 0.4(c/a)4 

15 Non-collinear 
pyramidal 

interaction (type I) 

Ga2 0.1 

16 Non-collinear 
pyramidal 

interaction (type II) 

2Ga2 0.4 
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Table 2.5: g coefficients 

g Coefficients Expression 
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Table 2.6: Orientation Relations between f.c.c. (𝛼) and h.c.p. (𝜅) 
ORs Parallel Planes Parallel Directions ORs Parallel Planes Parallel Directions 
1 (111)!//(0001)! [101]!//[2110]!  19 (111)!//(0001)! [011]!//[2110]!  
2  [101]!//[1210]! 20  [011]!//[1210]! 
3  [101]!//[1120]! 21  [011]!//[1120]! 
4  [011]!//[2110]!  22  [101]!//[2110]!  
5  [011]!//[1210]! 23  [101]!//[1210]! 
6  [011]!//[1120]! 24  [101]!//[1120]! 
7  [110]!//[2110]!  25  [110]!//[2110]!  
8  [110]!//[1210]! 26  [110]!//[1210]! 
9  [110]!//[1120]! 27  [110]!//[1120]! 
10 (111)!//(0001)! [101]!//[2110]!  28 (111)!//(0001)! [110]!//[2110]!  
11  [101]!//[1210]! 29  [110]!//[1210]! 
12  [101]!//[1120]! 30  [110]!//[1120]! 
13  [110]!//[2110]!  31  [011]!//[2110]!  
14  [110]!//[1210]! 32  [011]!//[1210]! 
15  [110]!//[1120]! 33  [011]!//[1120]! 
16  [011]!//[2110]!  34  [101]!//[2110]!  
17  [011]!//[1210]! 35  [101]!//[1210]! 
18  [011]!//[1120]! 36  [101]!//[1120]! 
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Figure  2.1 Phase boundaries between f.c.c. and h.c.p. 

 

 

 

 

 

 

 

 

 

 

 

 



 

 30 

 
Figure  2.2 Angles between the f.c.c. and h.c.p. axes, where the lowercase symbols are for the 

f.c.c. system and the uppercase symbols are for the h.c.p. system.  
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Table 2.7: Orientation Relations between b.c.c. (𝛽) and h.c.p. (𝜅) 
ORs Parallel Planes Parallel Directions ORs Parallel Planes Parallel Directions 
1 (110)!//(0001)! [111]!//[2110]!  19 (110)!//(0001)! [111]!//[2110]!  
2  [111]!//[1210]! 20  [111]!//[1210]! 
3  [111]!//[1120]! 21  [111]!//[1120]! 
4  [111]!//[2110]!  22  [111]!//[2110]!  
5  [111]!//[1210]! 23  [111]!//[1210]! 
6  [111]!//[1120]! 24  [111]!//[1120]! 
7 (101)!//(0001)! [111]!//[2110]!  25 (101)!//(0001)! [111]!//[2110]!  
8  [111]!//[1210]! 26  [111]!//[1210]! 
9  [111]!//[1120]! 27  [111]!//[1120]! 
10  [111]!//[2110]!  28  [111]!//[2110]!  
11  [111]!//[1210]! 29  [111]!//[1210]! 
12  [111]!//[1120]! 30  [111]!//[1120]! 
13 (011)!//(0001)! [111]!//[2110]!  31 (011)!//(0001)! [111]!//[2110]!  
14  [111]!//[1210]! 32  [111]!//[1210]! 
15  [111]!//[1120]! 33  [111]!//[1120]! 
16  [111]!//[2110]!  34  [111]!//[2110]!  
17  [111]!//[1210]! 35  [111]!//[1210]! 
18  [111]!//[1120]! 36  [111]!//[1120]! 
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Table  2.8: Transformation of parent slip system to slip system inside the twin Zr 𝑐 𝑎 =
1.594, twinning mode (1121) [1126], twinning shear = 0.627353. 

 
 
 
  

 Parent slip system Twin slip system 
1  

Basal 
(0001) [2110]  (0001) [1210] 

2 (0001) [1210] (0001) [2110]  
3 (0001) [1120] (0001) [1120] 
4  

Prismatic 
(1010) [1210] (0111) [2110]  

5 (0110) [2110]  (1011) [1210] 
6 (1100) [1120] (1100) [1120] 
7  

 
Pyramidal <a> 

(1011) [1210] (0110) [2110] 
8 (0111) [2110] (1012) [1210] 
9 (1101) [1120] (1101) [1120] 

10 (1011) [1210] (0112) [2110] 
11 (0111) [2110] (1010) [1210] 
12 (1101) [1120] (1101) [1120] 
13  

 
 
 

 
Pyramidal <c+a> 

(1011) [1123] (0110) [0001] 
14 (1011) [2113] (0110) [2113] 
15 (0111) [1123] (1012) [2243] 
16 (0111) [1213] (1012) [1011] 
17 (1101) [2113] (1101) [0111] 
18 (1101) [1213] (1101) [1213] 
19 (1011) [2113] (0112) [0111] 
20 (1011) [1123] (0112) [2243] 
21 (0111) [1123] (1010) [0001] 
22 (0111) [1213] (1010) [1213] 
23 (1101) [2113] (1101) [2113] 
24 (1101) [1213] (1101) [1011] 

𝐾! 𝜂!  (1121) [1126] (1121) [1126] 
𝐾! 𝜂! (0001) [1120] (0001) [1120] 



 

 33 

CHAPTER 3:  Fracture Approach and Computational Method 

3.1 Microstructurally-Based Failure Criterion 

The inherent fracture mode in h.c.p. material would be cleavage fracture on the basal 

planes [92]. To account for this as a microstructural failure criterion, the orientation of the 

cleavage planes for each variant in the global coordinate system is obtained by applying the 

series of transformations as  

 

n!"#$%# = [T!][T!]n!"#$%#,! ,     (3.1) 

 

where  [T]1, relates the f.c.c. ORs to the parent h.c.p. Euler grain orientation, and the second 

transformation,  [T]2, relates the parent h.c.p. Euler grain orientation to the global 

coordinates. 

The global orientation of the cleavage planes in the current configuration is then 

obtained by updating, at every time-step, the lattice rotations as n!"#$%# = W∗n!"#$%#. The 

normal component of the traction acting on each cleavage plane has a direct influence on 

fracture along that plane [92,93]. Therefore the maximum normal component of the traction 

on cleavage planes is monitored and compared with a critical fracture stress σfrac to determine 

failure. The failure criterion is then given by 

 

t!"#$%# > σ!"#$,                                                     (3.2) 

 

where t!"#$%#  = max !!!" ,!"#$%& n!"#$%#! [σ]n!"#$%# .                 .  
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3.2 Numerical Implementation of Overlapping Element Method 
For the fracture analysis, we want to physically represent the nucleation and 

propagation of failure surfaces. We follow the approach of Wu and Zikry [94] and Hansbo 

and Hansbo [95], and consider one element with a crack defined implicitly by f(X)=0. This 

divides the element domain into two subdomains with areas Ae1 and Ae2. The direction of 

crack propagation would be along the most favorable cleavage plane [96,97]. Adding 

phantom nodes on top of the existing nodes, the original cracked element is replaced by two 

overlapping elements. The two overlapping elements do not share nodes, and therefore can 

have independent displacement fields. For each overlapping element, only the subdomain 

with area Ae1 or Ae2, corresponding to one of the two subdomains for the original cracked 

element, is considered as active. Details for implementation of overlapping element method 

are given in Wu and Zikry [94]. (Fig. 3.1) 

3.3  Computational Approach 

The total deformation rate tensor D!" and the plastic deformation rate tensor D!"
!, are 

needed to update the material stress state. The method used here is that developed by Zikry 

[74] for rate-dependent crystalline plasticity formulations, and only a brief outline will be 

presented here. For quasi-static deformations, an implicit FE method with BFGS (Broyden, 

Fletcher, Goldfarb, and Shanno) iteration is used to obtain the total deformation rate tensor 

D!". To overcome numerical instabilities associated with stiffness a hybrid explicit-implicit 

method is used to obtain the plastic deformation rate tensor D!"
!. This hybrid numerical 

pattern is also used to update the evolutionary equations for the mobile and immobile 

densities. The hybrid approach is based on using explicit Runge Kutta, and an implicit Euler 
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method, when numerical stiffness is encountered. Numerical stiffness can be encountered 

when due to different rate changes along slip systems, slip-rates, resolved shear–stresses, and 

dislocation-densities can vary widely.  
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3.4  Tables and Figures 

f (X) = 0

f (X) > 0

f (X) < 0
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34

1p 2p

34

1 2

3p4p

f (X) > 0

Element 2

f (X) < 0

Element 1

Ae1

Ae2

 

Figure 3.1 Decomposition of a cracked element with two overlapping elements. 
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CHAPTER 4:  Modeling the Effects of Dislocation-Density Interaction, Generation, and 
Recovery on the Behavior of H.C.P Materials 
 

In this chapter, a nonlinear finite-element approach was developed and used to 

investigate behavior in h.c.p. crystalline systems  with a focus on zircaloy-2 aggregates. The 

validated predictive framework can account for the interrelated effects of dislocation-density 

interactions, generation, and recovery. An energy criterion is used to identify 63 unique slip 

system interactions that can result in either junction formation or slip-system annihilation. 

These dislocation-density interactions, with the interrelated mechanisms due to recovery and 

generation, can then be used to understand and predict why basal planes are strengthening 

planes and prismatic planes are the dominant toughening planes.    

4.1 Computational Implementation 

For the computational analyses, 40 parent Zircaloy-2 grains were oriented based on a 

loading plane of  (001) and a loading direction of [010], which is the normal direction. A 

convergent plane strain FE mesh of 6,466 elements was used for a mesh of 5mm × 8mm. 

Displacements were applied along the loading direction for a quasi-static nominal strain rate 

of 0.1×10!! 𝑠!! with symmetric boundary conditions applied on the left and bottom edges 

(Fig. 4.1). It is assumed that he maximum Euler angle misorientation is less than 150 for a 

random low angle GB misorientation distribution [98]. The material properties for the 

zircaloy-2 aggregate [27], are given in Table 4.1.  

The accuracy and the predictive capabilities of the proposed formulation were 

validated by the simulation of experimental results in uniaxial tension and compression for a 
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Zircaloy-2 slab that was used in experiments by Xu et al.  [99] and Mareau et al. [27] The 

material properties assumed for the constituent crystals are representative of zircaloy-2 

crystals. The comparison between the experimental and calculated stress-strain response for 

both tension and compression are shown in Figs. 4.2- 4.3. As both simulations indicate, the 

predicted results have a maximum difference of less than 2% in tension and approximately 

7% in compression, which is an indication that the proposed dislocation-density crystalline 

plasticity formulation is valid for these loading conditions. The differences are most probably 

due to the three dimensional experimental aspects and the model’s plane strain assumptions 

and the assumed values of the Euler angles and grain sizes for the zircaloy-2 slab used in the 

modeling.  Nevertheless, based on the global stress-strain behavior, the comparisons indicate 

that the model can provide accurate predictions.   

4.2 Result and Discussion 

4.2.1 Plane Strain Tension Analysis 

To further understand local microstructural effects on the zircaloy-2 aggregate, we 

investigated how dislocation-density evolution affected behavior. We used the same quasi-

static loading and model dimensions that we used for the experimental validation. The 

contours for the normalized mobile dislocation densities and normalized immobile 

dislocation densities (normalized by the initial immobile dislocation-density values) for the 

four most active slip systems, at nominal strains of 5% and 10% tension, are shown in Figs. 

4.4-4.6. The maximum normalized mobile dislocation-density value is 6.5×10! for slip 

system (1100) [1120] on the prismatic plane. Based on the mobile and immobile dislocation 

densities, the most active slip systems were (1100) [1120] for the prismatic 
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plane, (0001) [1120] for the basal plane, and  (0111)[1213] for the pyramidal plane.  The 

prismatic immobile and mobile dislocation densities were higher than the pyramidal by a 

factor of 7 and the basal by a factor of 12. This is an indication that the prismatic plane would 

have the most dominant effect on slip and shear slip activity. This is consistent with 

experimental observations by Xu et al. [99], and this is mainly due to the orientation of the 

prismatic planes with respect to the loading axis.  

The normalized (by the static yield stress of zircaloy-2) normal stress and the lattice 

rotations, at nominal strains of 5% and 10%, are shown in Fig. 4.7. The maximum 

normalized stress is 2.45 and the maximum lattice rotation is 2.5 degree. The maximum 

normalized normal stress occurs on the basal plane, and it is 7 at a nominal strain of 10% 

(Figure 4.7), which is approximately three times higher than the normal stress on the 

prismatic planes. These dominant basal stresses are consistent with the experimental 

observations of Beyerlein and Tome [14], and Xu et al. [100]and the high stresses on the 

basal plane are mainly due to the lack of slip activity on that plan and its orientation with 

respect to the loading axis. The basal normal stresses were obtained by transforming the 

normal stress to the basal planes of {1000}. 

To further understand how dislocation-density interactions affect local behavior, the 

interaction density on slip system α, which relates the increase in immobile dislocation-

density due to junction formation on the slip system relative to the decrease of mobile 

dislocation-density, can be defined as 
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,  (28) 

which can be used to characterize the dominant interaction mechanism on the most active 

slip systems in the crystalline material. Values of 𝜌!"#$! < 0 would indicate that the 

annihilation of dislocation-density junctions is dominant, while values of 𝜌!"#$!  > 0 would 

indicate that the formation of dislocation-density junctions is dominant (Shanthraj and Zikry 

2012 [73]). The normalized (by the initial immobile dislocation-density) total interaction 

immobile dislocation-density, at a nominal strain of 10%, is shown in Fig. 4.6, and the 

maximum normalized total interaction dislocation-density is -1600. This indicates that the 

dominant interaction mechanism in zircaloy-2 is the annihilation of dislocation junctions 

along the c axis, which can result in shear strain accumulation as shown in Figure 8. This 

annihilation would occur on the prismatic plane, because it had the highest immobile and 

mobile dislocation-density activity in comparison with the other two planes. 

4.2.2 Plane Strain Compression Analysis 
We also investigated the compressive behavior of the zircaloy-2, so that we could 

compare behavior with the tensile plane strain case. The contours for the normalized mobile 

dislocation densities and normalized immobile dislocation densities corresponding to the 

three most active slip systems, at compressive nominal strains of 5% and 10%, are shown in 

Figs. 4.9-4.10. The maximum normalized mobile is 6×10!, and for the immobile dislocation 

densities it is 60000 for the prismatic slip system of (1100) [1120].  

There is no discernible basal slip activity, which indicates that the basal plane is mainly a 
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strengthening plane. This is substantiated by the high stresses, which attain a maximum value 

in comparison with the other planes (Figure 4.12). The normalized normal stress and lattice 

rotation, at nominal strains of 5% and 10%, are shown in Fig. 4.12. The maximum value for 

normal stress is 2.07 and -50 for the lattice rotation. The maximum stress occurs on basal 

plane (Fig. 4.12) and it is -9.5, which is significantly higher the normal stress. The low values 

of the lattice rotation indicate that there is not enough lattice rotation, which can result in a 

favorable orientation for slip activity. The maximum normalized total interaction dislocation-

density (Eqn. 33) is -2500 (Fig. 11). This indicates that the dominant interaction mechanism 

in zircaloy-2 for compression, as it was with the tensile loading case, is the annihilation of 

dislocation junctions along the c axis. This can soften the material and lead to shear strain 

accumulation. The normalized total generation, interaction, and recovery dislocation-density, 

at a nominal strain of 10%, compression are shown in Fig. 11, and it can be seen that the 

highest dislocation-density corresponds to dislocation-density generation, and that is the 

main mechanism for slip activity on the prismatic plane.  

4.3 Conclusion 
A multiple-slip crystal plasticity rate-dependent constitutive formulation that is coupled 

to the interaction, generation, and annihilation of mobile and immobile dislocation-densities 

have been used to study behavior in zircaloy-2 under plane-strain tension and compression. 

The proposed formulation accounts, based on the 24 slip systems, for unique mobile and 

immobile dislocation-density interactions, which can result in either junction formations 

(strengthening) or annihilation (softening). The predictions, which were validated with 

experimental comparisons, delineate how different mobile and immobile dislocation-
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densities, due to generation, recovery, and interactions affect microstructural behavior. For 

both tensile and compressive loading conditions, the stresses on the basal planes were the 

highest, which indicates that basal planes are strengthening planes for these loading 

conditions. The prismatic planes had the highest dislocation-densities and slip-rates, which 

indicates that these planes are the dominant sources of toughening and ductility. This 

delineation of different mobile and immobile dislocation-density mechanisms, such as 

interactions, recovery, and generation enable insights of microstructurally induced behavior. 

This provides a fundamental understanding of the  inherent material competition between 

slip-planes and the potential for optimizing desired behavior at the microstructural scale for 

h.c.p. aggregates.  
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4.4 Tables and Figures 
Table 4.1: Mechanical Properties we used in Calculations 

E (GPa) Young’s Modulus 180 
𝜈 Poisson’s ratio 0.34 

𝜎!(MPa) Static yield stress 250 
m Rate sensitivity coeff. 20 

𝛾 (𝑠!!) Shear strain rate 1×10!! 
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Figure 4.1 Computational and microstructural model 
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Figure  4.2 True Stress-strain curve for experimental and numerical model in tension 
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Figure  4.3 True Stress-strain curve for experimental and numerical model in compression 
 

 

 

 

 

 



 

 47 

      

                      (a)                (b) 

 

                      (c)                (d) 

 
Figure  4.4 (a) Mobile and immobile dislocation densities contours at nominal strains of 5% 
and 10% for slip system (1100) [1120], (b) mobile dislocation-density at nominal strains of 

5% and 10%, and (c, d) immobile dislocation at nominal strains of  5% and 10%. 
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                      (a)                (b)  

     

                      (c)                (d)                               

Figure 4.5 (a) Mobile and immobile dislocation densities contours at nominal strains of 5% 
and 10% for slip system(0111)[1123], (b) mobile dislocation-density at nominal strains of 

5% and 10%, and (c, d) immobile dislocation at nominal strains of  5% and 10% 
. 
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                      (a)                (b)                                   

 

                      (c)                (d) 

Figure 4.6 (a) Mobile and immobile dislocation densities contours at nominal strains of 5% 
and 10% for slip system (0001) [1120], (b) mobile dislocation-density at nominal strains of 

5% and 10%, and (c, d) immobile dislocation at nominal strains of 5% and 10%. 
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               (a)                                        (b)                                                (c)                                      

 

                      (d)                (e) 

Figure 4.7 (a, b) Normalized normal stress at nominal strains of 5% and 10%, (c) normalized 
stress at a nominal strains of 5% and 10% on the basal plane, (d, e) lattice rotation 
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             (a)                (b)                       (c) 

Figure 4.8 (a, b, c) Normalized generation, interaction, and recovery contours for immobile 
dislocation-density rate (normalized by initial value) at a nominal strain of 10% 
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                      (a)                (b) 

 

                      (c)                (d) 

Figure 4.9 (a) Mobile and immobile dislocation densities contours at nominal strains of 5% 
and 10% for slip system (1100) [1120], (b) mobile dislocation-density at nominal strains of  

5% and 10%, and (c, d) immobile dislocation-density at a nominal strain of 5% 
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                      (a)                (b) 

 

                      (c)                (d) 

Figure 4.10 (a) Mobile and immobile dislocation densities contours at nominal strains of 5% 
and 10% for slip system (0111)[1213], (b) mobile dislocation-density at nominal strains of 
5% and 10%, and (c, d) immobile dislocation densities at nominal strains of 5% and 10%. 
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             (a)                (b)                       (c) 

Figure 4.11 (a) Normalized generation, (b) interaction, and ,(c) recovery contours for 
immobile dislocation-density rate (normalized by the initial immobile dislocation-density) at 

a normalized strain of 10% 
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               (a)                                        (b)                                                (c)                                      

 

                      (d)                (d) 

Figure   4.12 (a, b, c) normalized normal stress at nominal strains of 5%, 10%, and the 
normalized basal stress at a nominal strain of10%, (d, e) lattice rotations at nominal strains of 

5% and 10% 
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CHAPTER 5:  Orientation Relations Between Coherent and Semi-Coherent Interfaces 
in H.C.P.-F.C.C and H.C.P.-B.C.C. Systems for Quasi-Static and High Strain-Rate 
Deformation and Fracture Modes 

  

In this chapter, we investigated how coherent and semi-coherent interfaces, between 

f.c.c./h.c.p. and b.c.c./h.c.p. systems, affect large strain deformation and fracture modes in 

h.c.p. zircaloy aggregates with f.c.c. and b.c.c. hydrides. We derived 36 unique 

transformations related to coherent interfaces between f.c.c. and h.c.p. systems and another 

36 unique transformations related to semi-coherent interfaces between b.c.c. and h.c.p.. We 

then used these ORs and misfit strain for semi-coherent with a dislocation-density crystalline 

plasticity formulation, a non-linear finite-element and a fracture approach that account for 

crack nucleation and propagation. We investigated how these ORs and misfit strain affect 

crack nucleation and propagation, dislocation density and inelastic slip evolution, stress 

accumulation, lattice rotation, and adiabatic heating. The predictions indicate that the 

physical representation of ORs and misfit strain affect local deformation and fracture 

behavior, and are, therefore, essential for accurate predictions of behavior at different 

physical scales in heterogeneous crystalline systems. 

5.1  Computational Implementation  

The multiple-slip dislocation-density-based crystal plasticity formulation, and the 

overlap fracture method were used to investigate the microstructural failure behavior of 

Zircaloy-2. The parent h.c.p. zircaloy-2  grains and the f.c.c. and b.c.c. hydrides are assumed 

to have random low angle misorientations, where the maximum misorientation was assumed 

to be less than 5°. In this investigation, it is assumed that the hydride volume fraction is 
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approximately 3%, which is physically representative of zircaloys [37,46,101,102]. A 

convergent plane strain FE mesh of 6000 elements, with a model size of 4mm × 5mm, with 

symmetric boundary conditions, was subjected to tensile loading for a dynamic nominal 

strain rate of 5000 s-1  (Fig. 3). The material properties that are used for zircaloy-2 and the 

hydrides are given in Tables 1 and 2 [27,103,104,105]. For computational purposes, the four-

index Miller-Bravais indices of the hexagonal crystallographic planes and directions are 

recast in terms of a three-index Cartesian coordinate system, and this approach has also been 

used by Hofmann et al. [86], Niewczas [83], and Ziaei and Zikry [5]. 

5.2  Results and Discussion 

5.2.1  Dynamic Behavior of Aggregate with Coherent F.C.C. ZrH2 Hydrides 
We investigated the behavior of zircaloy-2 and the hydrides at a strain rate of 5000s-1 

for a case without existing cracks. We wanted to understand how the ORs would affect 

behavior by examining two cases, one case with ORs and one case without ORs between the 

coherent h.c.p. zircaloy parent and the f.c.c. hydrides.  

The effects of the ORs can be clearly seen by examining the local behavior through 

spatial contours. At a nominal strain of 10%, the maximum lattice rotation without ORs was 

4.5°, and with ORs was 7°, which occurred at the interfaces of the f.c.c. hydrides and the 

h.c.p. parent material (Figures 4a-b). The accumulated plastic slip due to activity on all the 

active h.c.p. slip-systems, at a nominal strain of 10%, is shown in Figures 5a-b with and 

without the ORs. The maximum accumulated slip is 0.16 with the ORs and without the ORs, 

was 0.12 (Figure 5a-b). Almost all of the inelastic deformation is in the zircaloy matrix, with 

the hydrides being essentially brittle as indicated by the insignificant shear slip accumulation.  
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Furthermore, for the ORs case, most of the inelastic accumulation is at the interface of the 

different crystalline phases, which is consistent with experimental observations [47,101,106]. 

The maximum normalized (the temperatures were normalized by the initial room 

temperature) temperature with OR had a maximum value of 1.47 and without ORs, the 

maximum was 1.32. (Figures 6a-b), and these maximum thermal values occurred at the 

f.c.c./h.c.p. interfaces. These differences between aggregates with and without ORs are 

significant, and they underscore the need for the accurate ORs representation of the different 

crystalline phases and interfaces. 

The effects of the ORs can also be clearly seen in the distribution of the normal 

stresses (Figures 7a-b). At a nominal strain of 10%, the maximum normalized (the stresses 

were normalized by the static yield stress), occurred at the f.c.c./h.c.p. interfaces with a 

maximum normalized value of approximately 8. For the case without ORs, in the same 

locations, the maximum stress value was 5.  These effects can also be seen in the distribution 

of the dislocation-densities (Figures 8a-b). At a nominal strain of 10%, with the ORs, the 

most active immobile dislocation density slip system is the pyramidal 0111 1213  system. 

For the case with ORs, the maximum dislocation density is at the f.c.c./h.c.p. interface, and 

without the ORs, the dislocation-densities are lower with no accumulation at the interfaces.  

The dominance of the pyramidal slip system in the system with hydrides is also consistent 

with experimental observations [107,108]. 

5.2.2  Dynamic Fracture Behavior of Aggregate with Coherent F.C.C. ZrH2 Hydrides 
We then investigated how a crack in an aggregate subjected to a nominal strain-rate 

of 5000/s. We, again, examined two cases, one case with the ORs and one case without the 
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ORs. The crack length was taken as a/w=0.1, and it is an edge crack as shown in Figure 3. As 

noted earlier, the crack is allowed to dynamically propagate when the maximum fracture 

stress is exceeded on the cleavage basal plane (Eqn. 15).  

At a nominal strain of 4%, the maximum lattice, with and without the ORs are shown.  

As it can be clearly seen, the fracture behavior is different for both cases. For the case with 

ORs, the propagating crack is non-planar, and it deviated around the hydrides. Furthermore, 

cracks also nucleated at the bottom and at the top for both cases, and these cracks nucleate 

due to the reflecting inelastic waves.  For the case without the ORs, the crack is planar, and 

the lattice rotations were significantly higher by approximately 60%. These higher lattice 

rotations were due to not physically representing ORs. Furthermore, the deviation of the 

cracks, for the case with ORs, is consistent with experimental observations pertaining to 

zircaloys with hydrides that show that cracks deviate around the hydrides. Hence, these 

results clearly indicate the necessity of accurately accounting for f.c.c./h.c.p. interfaces.  

The accumulated plastic slip due to all h.c.p. active slip-systems, at a nominal strain 

of 4%, is shown in Figures 10a-b with and without the ORs. The maximum accumulated slip 

was 0.032 with the ORs, and without the ORs, the maximum plastic slip was 0.042.  For the 

temperatures, with the ORs, and the maximum normalized temperature was 1.12 without the 

ORs (Figures 11a-b), and these maximum thermal values occurred at the h.c.p/f.c.c. 

interfaces.   

The effects of the ORs can also be clearly seen in the distribution of the normal 

stresses (Figures 12a-b). At a nominal strain of 4%, the maximum normalized stress occurred 

ahead at the crack front with a maximum normalized value of approximately 4. For the case 



 

 60 

without ORs, the maximum value was 8 in the same region, which is twice the value of the 

ORs case.  These effects can also be seen in the distribution of the dislocation-densities 

(Figures 13a-b). At a nominal strain of 4%, with the ORs, the most active immobile 

dislocation density slip system was the pyramidal 0111 1213  system with a normalized 

immobile dislocation density of approximately 1700, and this is consistent with the 

experimental results [19,108]. Without the ORs, the immobile dislocation-densities are 

lower, and the maximum normalized immobile dislocation density was approximately 1400.  

These differences in the evolution of the immobile densities at the interfaces was due to the 

ORs, which clearly affected crack propagation and orientation. For the case with ORs, the 

cracks deviated around the hydrides, and this results in higher dislocation densities due to the 

more active and ductile h.c.p. aggregate.   

5.2.3 Quasi Static Behavior For Semi-Coherent B.C.C. ZrH Hydrides 
 

We investigated the behavior of zircaloy-2 with a distribution of ZrH hydrides at a 

strain rate of 0.1×10!!s-1  for an aggregate without existing cracks. We wanted to understand 

how the ORs and misfit strain would affect behavior by examining three cases, one case with 

ORs, one case with ORs and misfit strain elements distributed at crystalline interfaces 

between h.c.p./b.c.c. phases, and one case with ORs and a higher volume of misfit strain to 

further understand how misfit strains affect local and global behavior.  

The effects of the ORs can be clearly seen by examining the local behavior through 

spatial contours. At a nominal strain of 10%, the maximum lattice rotation with an OR, was 

3° (Figure 4a) with ORs and the two different misfit strains, the maximum lattice rotation 
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was -7° for the lower volume of misfit strains  and -10° for the higher volume of misfit 

strains (Figures 4a-c). These maximum values occurred at the interfaces of the b.c.c. hydrides 

and the h.c.p. parent material. The accumulated plastic slip due to the active h.c.p. slip-

systems, at a nominal strain of 10%, is shown in Figures 5a-c, with and without the misfit 

strain elements. The maximum accumulated slip is 0.32 without the misfit strains and with 

the misfit strains, it was 0.3 (Figure 5a-c). The spatial distribution was different for the 

different misfit strain volume fractions. Almost all of the inelastic deformation is in the 

zircaloy matrix, with the hydrides being essentially brittle as indicated by the insignificant 

shear slip accumulation.  Furthermore, for the ORs case, most of the inelastic accumulation is 

at the interface of the different crystalline phases, which is consistent with experimental 

observations [47,101,106].  

The effects of the ORs can also be clearly seen in the distribution of the normal 

stresses (Figures 6a-c). At a nominal strain of 10%, the maximum normalized (the stresses 

were normalized by the static yield stress), occurred at the b.c.c./h.c.p. interfaces with a 

maximum normalized value of approximately 4. For the case without misfit strain, in the 

same locations, the maximum stress value was 2.7.  These effects can also be seen in the 

distribution of the dislocation-densities (Figures 7a-c). At a nominal strain of 10%, with the 

misfit strain elements, the most active immobile dislocation density slip system is the 

pyramidal 0111 1213  system. For the case with misfit strain elements, the maximum 

dislocation density is at the b.c.c./h.c.p. interface, and without the misfit strain elements, the 

dislocation-densities are lower with no accumulation at the interfaces.  The dominance of the 
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pyramidal slip system in the system with hydrides is also consistent with experimental 

observations [107,108]. 

5.2.4 Quasi Static Behavior With Fracture For Semi-Coherent B.C.C. ZrH Hydrides 
We then investigated how a crack in an aggregate subjected to a nominal strain-rate 

of 0.1×10!!s-1. We, again, three cases, one case with ORs, one case with ORs and some 

misfit strain elements around interfaces between h.c.p./b.c.c., and one case with ORs and 

more misfit strain elements around interface to see the effect of misfit strain elements 

between the semi-coherent h.c.p. zircaloy parent and the b.c.c. hydrides. The crack length 

was taken as a/w=0.1, and it is an edge crack as shown in Figure 3. As noted earlier, the 

crack is allowed to propagate when the maximum fracture stress is exceeded on the cleavage 

basal plane (Eqn. 15).  

At a nominal strain of 3%, the maximum lattice rotation, with and without the misfit 

strain are shown in Figures 5.17.  As it can be clearly seen, the fracture behavior is different 

for the three cases. For the cases with misfit strains, the propagating crack is non-planar, and 

it deviated around the hydrides. Furthermore, cracks also nucleated at the bottom for the case 

with the higher volume of misfit volume fraction.  For the case with the higher volume 

fraction misfit strain, the lattice rotations were also significantly higher by approximately 

100% (Figure 5.17 a-c) than the case with no misfit strains. The accumulated plastic slip due 

to all h.c.p. active slip-systems, at a nominal strain of 3%, is shown in Figures 9a-c with and 

without the misfit strains. The maximum accumulated slip was 0.032 with the ORs, and 

without the ORs, the maximum plastic slip was 0.7.  
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The effects of the misfit strain elements can also be clearly seen in the distribution of 

the normal stresses (Figures 11a-b, c). At a nominal strain of 3%, the maximum normalized 

stress occurred ahead at the crack front with a maximum normalized value of approximately 

5. For the case without misfit strain elements, the maximum value was 4 in the same region.  

These effects can also be seen in the distribution of the dislocation-densities (Figures 12a-b, 

c). At a nominal strain of 3%, with the misfit strain, the most active mobile dislocation 

density slip system was the pyramidal 0111 1213  system with a normalized (normalized 

by the initial mobile dislocation-density) mobile dislocation density of approximately 6.5e7 

in the case with more misfit strain elements. Without the misfit strain, the mobile dislocation-

densities are lower, and the maximum normalized mobile dislocation density was 

approximately 3e7.  These differences in the evolution of the mobile densities at the 

interfaces are clearly affected by the misfit strains, since the dislocation-densities are coupled 

to the slip-rates. The overall global stress-strain behavior is shown in Fig. 12. As it can be 

clearly seen the fracture cases result in unstable behavior and global stress unloading, and 

this is unstable behavior is associated with the large crack lengths and highly curved crack 

orientations . 

 

5.3 Conclusions 
We have presented a dislocation density based multiple slip crystal plasticity 

formulation that accounts for ORs between f.c.c. and h.c.p. systems. We investigated the 

effects of ORs for an aggregate with and without cracks subjected to dynamic loading 

conditions. We used the 36 unique ORs between parallel directions and planes between the 
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relevant f.c.c. and h.c.p. systems. The ORs significantly affected local behavior, in 

aggregates without cracks, related to shear slip accumulation, dislocation-density evolution, 

lattice rotation, thermal, and stress buildup.  

For the case with a preexisting crack, the ORs had a significant effect on crack paths 

and orientations.  The edge crack curved around the hydrides for the aggregate with ORs, and 

for the cases without ORs, the crack path was planar. This crack deviation and nonplanar 

behavior was due to the ORs and the higher stresses ahead of the crack front. For the 

aggregates with ORs, there was higher dislocation-density accumulation along the pyramidal 

plane due to lattice rotation in comparison with the case without ORs. These crack 

orientations are also consistent with experimental observations. This study underscores the 

need to represent the coherency between f.c.c. and h.c.p. interfaces in heterogeneous 

crystalline systems for accurate predictions of local behavior.  

We also accounted for ORs between b.c.c. and h.c.p. systems and initial misfit strain at semi-

coherent interfaces. We investigated the effects of ORs and misfit strains for an aggregate 

with and without cracks subjected to quasi-static loading conditions. We used the 36 unique 

ORs between parallel directions and planes for the relevant b.c.c. and h.c.p. systems. We 

calculated the misfit strains at the semi-coherent interfaces between b.c.c. and h.c.p. systems, 

and the deformation rate tensor was modified to account for these initial misfit strains. The 

ORs and misfit strains significantly affected local behavior, in aggregates without cracks, 

such as shear slip accumulation, dislocation-density evolution, lattice rotations, and stress 

buildup.  
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 Tables and Figures 
 

 
Figure 5.1 Microstructural model of zircaloy-2(h.c.p.) and the hydrides (f.c.c.) 
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Figure 5.2 Microstructural model of zircaloy-2(h.c.p.) and the hydrides (b.c.c.) 
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Table 5.1: Properties of Zircaloy-2 

E (GPa) Young’s Modulus 80 
𝜈 Poisson’s ratio 0.34 

𝜎!(MPa) Static yield stress 250 
m Rate sensitivity coeff. 20 

𝛾 (𝑠!!) Shear strain rate 1×10!! 
𝜌!"! 	 Initial	immobile	dislocation	density 1×10!" m!! 
𝜌!! 	 Initial	mobile	dislocation	density 1×10! m!! 
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Table 5.2: Properties of the Hydrides 

E (GPa) Young’s Modulus 110 
𝜈 Poisson’s ratio 0.32 

𝜎!(MPa) Static yield stress 400 
m Rate sensitivity coeff. 20 

𝛾 (𝑠!!) Shear strain rate 1×10!! 
𝜌!"! 	 Initial	immobile	dislocation	density 1×10!" m!! 
𝜌!! 	 Initial	mobile	dislocation	density 1×10! m!! 
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   (a)                           (b) 

Figure 5.3 Lattice rotation (a) no ORs (b) with ORs at 10% nominal strain 
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                                 (a)                                  (b) 

Figure 5.4 Shear slip (a) no ORs (b) with ORs at 10% nominal strain 
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                                 (a)                                         (b) 
Figure 5.5 Temperature (a) no ORs (b) with ORs at 10% nominal strain 
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                            (a)                                             (b) 

Figure 5.6 Normal stress (a) no ORs (b) with ORs at 10% nominal strain 
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                             (a)                                        (b) 

Figure 5.7 Most active immobile density for pyramidal system 0111 [1213] (a) no ORs  
(b) with ORs. 
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 (a)                                  (b) 

Figure 5.8 Lattice rotation at 20% (a) no ORs (b) with ORs at 4% nominal strain 
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        (a)                                  (b) 

Figure 5.9 Shear slip (a) no ORs (b) with ORs at 4% nominal strain 
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(a)                                          (b) 

Figure 5.10 Temperature (a) no ORs (b) with ORs at 4% nominal strain 
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(a)                          (b) 

Figure 5.11 Normal stress at (a) no ORs (b) with ORs at 4% nominal strain 
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                                 (a)                          (b) 
Figure 5.12 Most active immobile density, pyramidal system 0111 [1213] (a) no ORs (b) 

with ORs at 4% nominal strain 
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                        (a)                                   (b)                                   (c) 

Figure 5.13 Lattice rotation (a) with ORs (b, c) with ORs and misfit-strains at 10% nominal 
strain 
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                        (a)                                   (b)                                   (c) 
Figure 5.14 Shear slip (a) with ORs (b, c) with ORs and misfit-strains at 10% nominal strain 
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                        (a)                                   (b)                                   (c) 

Figure 5.15 Normal stress (a) with ORs (b, c) with ORs and misfit-strains at 10% nominal 
strain 
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                        (a)                                   (b)                                   (c) 

Figure 5.16 Most active mobile density for pyramidal system 0111 [1213] ((a) with ORs 
(b, c) with ORs and misfits at 10% nominal strain 
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                        (a)                                   (b)                                   (c) 
Figure 5.17 Lattice rotation (a) with ORs (b, c) with ORs and misfit-strains at 3% nominal 

strain 
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                        (a)                                   (b)                                   (c) 
Figure 5.18 Shear slip (a) with ORs (b, c) with ORs and misfit-strain at 3% nominal strain 
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                        (a)                                   (b)                                   (c) 

Figure 5.19 Normal stress (a) with ORs (b, c) with ORs and misfit-strain at 3% nominal 
strain 
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                        (a)                                   (b)                                   (c) 

Figure 5.20 Most active mobile density for pyramidal system 0111 [1213] ((a) with ORs 
(b, c) with ORs and misfit-strain at 3% nominal strain 
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Figure 5.21 Comparison of global stress-strain behavior for the three cases 
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CHAPTER 6:  Effect of Twinning Modes on H.C.P. Materials and Fracture Modes 
 

In this chapter, we investigated how twin modes in hexagonal close packed (h.c.p.) 

materials can affect large inelastic strain behavior and fracture.  We considered the two twin 

modes of  ( 1121 [1126] and (0001) [1120]) in zircaloy-2, with each mode having 24 

unique twin slip systems. We then incorporated these twin and parent slip systems with a 

dislocation-density crystalline plasticity, a non-linear finite-element, and a fracture 

framework that accounts for crack nucleation and propagation. We investigated how these 

twin modes affect the interrelated effects of crack nucleation and propagation, dislocation 

density and inelastic slip evolution, stress accumulation, and lattice rotation. The predictions 

indicate that twin modes significantly affect local deformation and fracture behavior, and are, 

therefore, essential for the accurate representation of behavior at different physical scales in 

heterogeneous crystalline h.c.p. systems. 

6.1  Computational Implementation 

 
The multiple-slip dislocation-density-based crystal plasticity formulation, and the 

overlap fracture method were used to investigate the microstructural failure behavior of 

Zircaloy-2 [109]. The parent h.c.p. zircaloy-2 grains and the h.c.p. twin grains are assumed to 

have random low angle GB misorientations, where the maximum misorientation was 

assumed to be less than 5°. In this study, 40 parent Zircaloy-2 grains and 46 twin grains 

(10% volume fraction) were oriented based on the loading plane (0001) and a loading 

direction of [2110].  A convergent plane strain mesh of 16,177 elements was used with a 

model size of 5mm ×8mm, and a displacement load is applied for a quasi-static nominal 
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strain rate with a fixed bottom edge (Fig. 1).  

The material properties assumed for the constituent crystals are representative of zicaloy-2 

(Table 2) [109,110], and the three deformation h.c.p. slip system modes are assumed as 

potentially active; prismatic, basal, and pyramidal for both parent and twin slip systems 

(Table 1). 

6.2 Results and Discussion 

6.2.1 No Fracture 

The effects of the twin slip systems can be clearly seen by the local behavior through 

spatial contours (Fig. 2). At a nominal strain of 10%, the most active immobile slip system in 

parent grains corresponded to the pyramidal system (0111) [1213], and the maximum 

normalized (the immobile densities are normalized by the initial immobile densities) value 

was 600,000. The most active immobile slip system in the twin grains was 

the pyramidal (1101) 1213  system, and its maximum normalized value was 70,000, 

which occurred at the interfaces of the twin grains and the zircaloy parent material. As these 

results indicate (Fig. 2), the matrix deformation affects twin deformation and morphology. 

This is due to the extensive dislocation-density matrix activity near the twin boundaries, 

which impinges on the twins. Furthermore, there was significant twin lattice rotation in these 

regions. The maximum lattice rotation within the twin slip systems was 300 (Fig. 3a). At a 

nominal strain of 10%, the high dislocation-densities resulted in the accumulation of shear 

slip both within the matrix and the twins (Fig. 3b), and the maximum accumulated plastic 

slip was approximately 0.7. The normalized normal stress (normalized with the static yield 
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stress) is shown in Figure 4 at a nominal strain of 10%, and the maximum normalized value 

was 5 within one of the twins.  These results indicate that the twins both strengthened the 

aggregate and increased ductility, which is significantly different than the behavior of pure 

zircaloys [109,110]. This is consistent with experimental observations 

[59,60,111,112,113,114,115] of zircaloy-2 aggregates that indicate that twinning structures 

are both sources of ductility and strengthening.  

We then compared the change of pyramidal immobile dislocation density activity 

along the interface between parent and twin grains. The dislocation density activity in parent 

and twin grains are significantly different from each other.  For the parent slip system, we 

have a minimum dislocation density activity inside the twin grains (Fig. 5),  when the most 

active dislocation density activity is a maximum inside the twin grains, we have minimal  

activity within the parent grains (Fig. 6). This difference in slip and dislocation-density 

activity indicates that interfacial gradients (Fig. 5-6) would develop between twins and 

parent, and this results in higher ductility of the crystalline system. 

6.2.2 Fracture of Zircaloys 
To investigate fracture in zircaloy aggregates, we introduced an edge crack in the 

model (Figure 1) with a crack length, a, of a/w of 0.1 where w is the width of the model and a 

is the length of the crack. The most active immobile dislocation density slip systems were the 

same as the case without fracture for both twin and parent grains. The crack propagated in a 

planar manner, and this can be due to the low angle GB misorientations between grains 

[110]. Furthermore, due to the different slip systems between the parent and the twins, which 

results in slip, dislocation density, and stress incompatibilities. There were higher normal 
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stresses within the twins; these higher stresses act as obstacles to the propagating crack, and 

the crack deviated around the twins (Figs. 7 a-b). The twins also added more ductility to the 

system as shown in Figures 8 (a-c) at different nominal strains of 2%, 3% and 8%. The 

higher ductility associated with twins  has been observed experimentally [116,117] .The 

evolution of crack propagation is shown in Figs. 9 (a-d) for different nominal strains, and as 

seen the crack propagates around the twins, and this is also consistent with experimental 

observations [118,119]. Because of high stresses and low mobile and immobile dislocation 

density activity on the basal planes, crack nucleation and propagation occurs on the basal 

planes, which is consistent with experimental observations [120].  

6.3 Conclusions 
We have introduced a dislocation density based multiple slip crystal plasticity 

formulation that accounts for the behavior of parent and twin slip systems, and we 

investigated the effects of twin and parent grains for an aggregate with and without fracture. 

We introduced 24 unique twin slip systems based on two specific twin modes of 

1121  1126  and 0001 [1120]. The twins significantly affected local behavior, in 

aggregates without cracks, such as shear slip accumulation, dislocation-density evolution, 

lattice rotation, thermal and stress growth. Higher mobile and immobile dislocation density 

activity occurs on prismatic and pyramidal planes, and lower dislocation density activity 

occurs on the basal planes for both the twins and the parent.  

The twins resulted in higher strength, ductility and the activation of different slip 

systems and orientations than those of the parent zircaloy, and they resulted in interfacial 

mismatches with the matrix. These interfacial incompatibilities resulted in higher stresses and 
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ductilities, and this significantly affected crack nucleation and propagation in that the twin 

systems acted as barriers in the path of the propagating cracks. The predictions also indicated 

that cracking will be on the basal planes, which is consistent with experimental observations 

[120] related to the failure of zircaloys. This study underscores the need to accurately 

physically represent twin modes and parent interactions and orientations to better understand 

local deformation and fracture behavior for large strain inelastic deformations.  
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6.4  Tables and Figures 
 

 

Figure 6.1 Computational and microstructural model 
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Table 6.1: Properties of Zircaloy-2 

E(GPa) Young’s Modulus 180 
𝜈 Poisson’s ratio 0.34 

𝜎!(MPa) Static yield stress 250 
m Rate sensitivity coeff. 20 

𝛾 (𝑠!!) Shear strain rate 1×10!! 
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Figure 6.2 Immobile dislocation density activity (a) pyramidal parent slip system (0111) 

[1213](b) pyramidal twin slip system (1101) 1213   
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Figure 6.3 (a) Lattice rotation (b) shear slip at 8% nominal strain 
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Figure 6.4 Normalized normal stress with yield stress value at 8% nominal strain 
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Figure 6.5 Immobile dislocation density activity for pyramidal (0111) [1213] parent slip-

system  
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Figure 6.6 Immobile dislocation density activity for pyramidal (1101) [1213] twin slip 

system  
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Figure 6.7 Immobile dislocation density activity (a) pyramidal  parent slip system (0111) 

[1213] (b) pyramidal twin slip system (1101) [1213] 
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Figure 6.8 Shear slip (a) at 2% nominal strain (b) at 3% nominal strain (c) at 8% nominal 

strain 
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Figure 6.9 Normalized normal stress (a) at 1% nominal strain (b) at 2% nominal strain (c) at 

3% nominal strain (d) at 7% nominal strain 
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CHAPTER 7:  Recommendations for Future Research 
 

1. Microstructural optimization of interaction coefficients for h.c.p. materials: The 

interaction coefficients for h.c.p. dislocation-densities has been formulated and presented in 

chapter 4. In the future, non-planar and non-collinear interaction coefficients should be used 

to further understand local behavior.   

2. Extending ORs for precipitates in h.c.p. materials: The ORs between two parallel 

planes and direction for two different crystal structures for fully coherent interfaces and 

semi-coherent interfaces has been developed and investigated in Chapter 5. These 

formulations can be used to investigate other coherent and semi-coherent precipitates that are 

common to h.c.p. materials.  

3. Investigates other h.c.p materials, such as magnesium and titanium: The 

behavior of zircaloys has been investigated in different loading conditions. So, the next step 

could be to study the effect of twin grains, hydrides for different h.c.p. materials, and account 

for different lattice parameters, such as a/c ratios, related to the c-axis. 

4. Microstructural fracture analysis for twin grains in compression: A 

microstructural fracture analysis for fracture due to compression should be undertaken, and 

this requires development of contact algorithm coupled to the fracture approach to account 

for frictional effects. 

5. 3-D microstructure representation and simulation: The slip system and fracture 

planes are in 3-D configuration. Currently the model is planar, and the fracture planes are 

projected onto 2-D plane. It is important to extend the current 2-D model to 3-D to further 
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understandand out-plane behavior. Furthermore the three dimensional representation of the 

microstructure would be more informative to understand the deformation and failure 

behavior of the interfaces between hydrides and zircaloy. 

6. Microstructural optimization of zircaloys: a comprehensive optimization approach 

should be undertaken to determine, identify, and predict dominant mechanisms and 

characteristics.  
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