
ABSTRACT 

YOUNG, KEVIN MATTHEW. Informed Genetic Algorithm Crossover Operators for 

Market-Driven Design. 

 

Heuristic optimization algorithms have seen increased adoption as a means of finding 

solutions to complex and large-scale problems within the design community. Previous 

research looked into the promising results associated with tuning genetic algorithms when 

applied to solving product line optimization problems (i.e. computational benefits and 

improvements in solution quality). This study investigates the effects of developing crossover 

operators influenced by heuristic rules for product line optimization problems, specifically in 

regards to optimizing the market share of preference and profit of both an MP3 product line 

and an automobile product line. Informed crossover operators are developed and explored 

that use problem-related information to inform their behavior. Of the crossover techniques 

studied in this work, a crossover method that retained the product with the highest relative 

market share of preference within each product line was found to be most effective. The 

presented results indicate a significant improvement in computational efficiency and 

algorithm effectiveness when compared to standard genetic algorithm tuning methods. Future 

work in this subject will investigate the development of informed selection and mutation 

operators, as well as problem informed schema. 
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CHAPTER 1 – INTRODUCTION 

1.1 Introduction 

As consumers demand products that are more competitively configured and priced, 

companies have begun to leverage market research advancements that allow for a more 

comprehensive understanding of consumer preferences at an individual level [1–7]. 

Exploring the heterogeneous consumer preferences that are estimated by these market 

research models has revealed untouched market segments and demonstrated the missed 

business opportunities associated with a single-product offering [8,9]. To maximize market 

competitiveness, companies have established product line offerings that fill a wide variety of 

consumer needs while balancing business objectives associated with maximizing market 

share and profit. However, formulating product line design problems can lead to large, 

complicated design spaces that many optimization algorithms struggle to effectively navigate 

[10]. Companies must understand the delicate interaction between product line size and 

resulting product configurations, as the risks associated with poorly designed product lines 

can be great (i.e. product cannibalization, missed market capture, reduction of revenue, etc.). 

1.2 Product Line Design 

A product line is defined as “the set of related products that are offered by a single company” 

[11]. Product line design calls for the simultaneous development of multiple related product 

variants and abandons the commonly pursued strategy of designing “one product at a time,” 

allowing a company the luxury of expanding their product lines in simultaneous fashion to 
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respond to the ever-changing needs of a heterogeneous market [12]. When firms pursue 

efforts to alter products one at a time, many issues can arise. For example, a firm can update 

a product variant that seeks to maximize its respective market share. However, by capturing 

the market share associated with said product, the firm may inadvertently be diverting 

consumers in the market away from other products that the company offers, a process known 

as product cannibalization [13]. By developing product lines that contain products evolving 

to market changes together, companies can ensure that niche markets are identified and filled 

while preventing cannibalization. 

1.3 Market-Based Product Design 

With the ever-increasing computational resources available to engineers and designers, 

consumer preferences can be captured in increasingly more accurate ways and used to 

maximize objectives that firms consider important, the most common of which are market 

share and/or profit. One technique used to capture the information needed to estimate 

customer preferences is a choice-based conjoint (CBC) survey [14]. These consumer 

preferences can then be estimated in the form of part-worth coefficients, or values that dictate 

a respondent’s preference towards (or aversion to) a certain attribute level [15–18].  

As the number of part-worth estimates increases (as is common with most engineering design 

problems), the number of product line design possibilities increases exponentially [19,20]. It 

is often not reasonable to expect designers to be able to infer a product configuration that 

potential customers will be drawn to. Rather, optimization algorithms can be used to 
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determine optimal solutions by using part-worth estimates and maximizing an objective by 

designing around these preferences [21]. However, many optimization algorithms cannot 

handle problems of such magnitude and can fail to reach feasible solutions that improve upon 

the objectives being sought after. 

1.4 Product Line Optimization 

A commonly made assumption with product line design is that a product can be decomposed 

into product features, and that those features can be described in discretized levels [22]. The 

design variables for a product line optimization then become the feature levels used in each 

product being designed. In addition to feature levels, previous research has established the 

use of pricing as a design variable, increasing the size of the design string and often making 

the problem mixed-integer [23–25]. 

Large product line design problems were initially considered to have more than 20 binary 

variables [26], but others have expanded on this definition to include product lines of 6 – 8 

products with 20 – 24 variables per variant, resulting in problems with at least 1.8E+33 

possible configurations [27]. To highlight the computational challenges posed by these 

problems, Belloni et al. [28] introduced a problem with approximately 5E+15 feasible 

product line solutions. Solving this problem using complete enumeration would take over 

5,000 years, and over 1 week using a branch-and-bound algorithm running at a rate of 30,000 

evaluations per second. As product development times shorten [29], Belloni et al. [28] further 

explain that most firms would consider one week of computation to be an upper limit of 
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acceptable time. If limited to a single day of computation, only 8.6E-7 percent of the total 

design space could be explored. 

The complexity associated with product line configuration problems has led the engineering 

design community to focus research efforts on the development of heuristic optimization 

techniques to determine solutions and/or solution spaces for these problems [21,30–34]. 

These heuristic methods have proven to produce more complete and thorough solutions 

spaces when compared with greedy and rule-based approaches. 

1.5 Genetic Algorithms 

For the purposes of this research, a genetic algorithm (GA) is used to optimize product line 

configurations. Developed in 1975 by John Holland, GAs are heuristic algorithms based on 

Charles Darwin’s theory of natural selection. Ultimately, the basis of the algorithm is to 

promote a “survival of the fittest” directive to guide the search of complex design spaces 

[35]. A GA begins by initializing a “population” of possible designs, at which point a 

selection process is initiated to determine the strongest (i.e. best performing) design strings, 

which will be selected for “reproduction” (referred to as “parents”). These selected parents 

undergo a reproductive process referred to as crossover, where information from the two 

parental design strings are interchanged and “children”, or design strings made up of the 

information from the two parents) are generated and re-introduced into the population. 

Populations are then trimmed down via a culling procedure to maintain population size, at 
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which point a full “generation” cycle is completed. The process then repeats until a 

convergence of the population occurs. 

Research has revealed the significant advantages offered by GAs. First and foremost, GAs 

are highly receptive to parallel processing, as design strings can be evaluated by multiple 

computers/processors in parallel [35]. Another key feature of a GA is that it is highly tunable. 

Each operator is extremely customizable, and the research conducted in this thesis leverages 

this aspect of a GA in order to achieve computational benefits and improved solution quality. 

Finally, the heuristic nature of a GA allows it to be extremely effective in complex solutions 

spaces, allowing for the discovery of optimal solutions that analytical approaches may not 

find [35]. It is for these aforementioned reasons that a genetic algorithm is used in this 

research. 

1.6 Research Questions 

Previous research conducted on the topic of product line optimization has explored the 

implementation of problem-specific data in the tuning process of a GA, specifically in 

regards to tuning initial populations (referred to as targeted populations). This work, focusing 

on initializing populations for use in a genetic algorithm, implemented a sub-optimization 

algorithm that determined optimal products at the respondent level to seed a population. 

The research presented in this thesis extends the concept of problem-data informed operators 

for use in a genetic algorithm used to optimize product line configurations. However, the 

proposed research will implement problem-specific data at a population level, utilizing share 
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of preference data (that is dependent upon a population as opposed to a single respondent) to 

inform crossover methods. The implementation of this population-scale data within an 

operator where a majority of design string alterations occurs (the crossover operator) will 

theoretically yield stronger benefits when applied to complex product line optimization 

problems. Figure 1.1 details a proposed method for influencing an informed crossover using 

market share of preference data, and the method presented will guide the development of the 

proposed crossover method. The share of preference data in question will be used to inform 

the crossover methods so as to differentiate them from standard crossover methods that make 

design string changes based purely on random choices (i.e. a random uniform change, a 

random selection over a distribution, etc.) 

 

Figure 1.1: Process Overview of Proposed Research 
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The work in this thesis addresses two research questions concerning the implementation of 

problem-specific data within algorithms aimed towards optimizing a product line 

configuration. The first research question seeks to identify the advantages offered through the 

implementation of this data, and the second research question highlights how problem 

formulation affects the advantages offered by this proposed implementation. 

Research Question 1: What are the advantages of using problem-specific 

information within the crossover operator when optimizing product line 

configurations? 

Research Question 1 (RQ1) is intended to explore the effects of using problem specific 

information to develop more effective crossover operators for optimizing product line 

configuration. These crossover operators (referred to henceforth as informed operators) will 

be developed by leveraging information that is specifically related to product line 

configuration, namely market share and profit related information. A crossover operator was 

selected for this study because of its strong influence on updating the population of a GA. 

After developing a range of informed crossover operators in Chapter 3, a full factorial 

experimental design composed of varying problems, product line sizes, initialization 

techniques, and the crossover operators is used to fully explore the benefits attributed to the 

informed crossover operators. These benefits will be leveraged against a standard crossover 

method commonly used within genetic algorithms. 
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Research Question 2: How does problem formulation impact the performance of 

crossover operators that use problem-specific data? 

As previously mentioned, the effectiveness of the informed crossover operators will be tested 

using a full factorial experimental design. Following analysis of the advantages offered by 

these informed crossover operators when compared against a standard crossover method, an 

in-depth analysis of the advantages and disadvantages offered between the developed 

informed crossover methods is conducted. The various informed crossover methods will be 

compared and recommendations on the implementation of said operators will be made based 

on the data collected through test trials. 

1.7 Chapter Summary 

Chapter 2 provides background information that describes the foundational components of 

market-driven product line optimization. The experimental method used to collect data is 

presented in Chapter 3, and also contains information on the development of the informed 

crossover methods. Chapters 4 and 5 introduce two single objective test problems used to 

determine the advantages offered by the informed crossover methods. Chapter 6 then 

presents a multi-objective approach to the problem given in Chapter 5. Lastly, Chapter 7 

presents a summary of the findings of this research, answering RQ1 and RQ2 and presenting 

potential avenues for future work.  
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CHAPTER 2 – BACKGROUND 

2.1 Modeling Customer Preferences 

A significant challenge of engineering design is defining product line configuration and price 

in a way that does not unintentionally sacrifice profit for market share (or visa-versa, or both) 

[9]. Yet, polling a large customer base about their preference towards every possible product 

configuration is impractical. This has led to the development of customer preference models 

that allow designers to gauge preferences from a much smaller data source without 

sacrificing knowledge about market heterogeneity [2,5,36]. Shiau and Michalek [37] note 

that without models that accurately capture market heterogeneity, product line optimizations 

often yield suboptimal results with significant overestimation of expected performance. The 

research presented in this thesis uses information gained from heterogeneous customer 

preference estimates to discover effective product line configurations in a more informed 

way. 

A common survey approach to capture the information needed to estimate customer 

preference is a choice-based conjoint (CBC) analysis. Respondents are presented with 

multiple questions, called choice tasks, and asked to choose the product that they prefer from 

a set of hypothetical product configurations [38,39]. CBC analysis has gained traction in 

recent years because it more realistically models a consumer’s shopping experience of 

choosing an option within a marketplace defined by a finite set of choices [40]. 
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An underlying assumption of estimating customer preferences is that a product can be 

represented by a group of attributes, and that product attributes can be represented by 

continuous or discrete variables (i.e. price, color, material, etc.). For the purposes of fielding 

a CBC survey, all attributes must be discretized into a defined number of attribute levels. 

Table 2.1 details a set of hypothetical product attributes. The number of attribute levels 

offered is decided by the designer, who must balance a tradeoff between granularity and 

survey fatigue.  

Table 2.1: Hypothetical Product Attribute Levels 

Size Color Price 

8 in. Blue $75  

10 in. Black $85  

12 in. White $95  

  Silver   

 

Once a set of product attributes and levels is defined, a CBC survey consisting of choice 

tasks (i.e. survey questions) is created by creating hypothetical products comprised of a 

selected level from each attribute. Using set methods for experimental survey design to 

ensure orthogonality, these tasks are designed to minimize the number of questions that need 

to be offered in order to capture enough information to fit an accurate model. The task of 

constructing a survey is often made available by many different software packages, as the 

development of an orthogonal survey can become increasingly difficult as more attributes 

and levels are introduced [41,42]. Table 2.2 details a hypothetical choice task composed of 

the attributes presented in Table 2.1. Note that the respondent has the option to choose 
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between the three presented hypothetical products or the “None” option. In this example the 

respondent chose the third product. 

Table 2.2: Hypothetical Choice Task 

Which product would you choose from these options? 

10 in.          

Silver          

$85 

12 in.           

Blue            

$75 

8 in.            

White           

$95 

None 

   

 

After an HB model, or a statistical model that implements Monte Carlo simulations to 

estimate preference data, is fit to the given survey responses (i.e. preference data), a set of 

part-worth means are reported. Research in market-based product design has shown that the 

hierarchical Bayes (HB) mixed logit model captures market heterogeneity more effectively 

[2,5]. For this reason, an HB model and Sawtooth Software’s CBC/HB module [43] are used 

to estimate preferences at the respondent level. 

A standard representation of these part-worth estimates can be seen in Table 2.3, where the 

rows correspond to respondents and the columns correspond to attribute levels. It should be 

noted that part-worth estimates cannot be compared across respondents, but can be compared 

across attributes for a single respondent to indicate an individual preference towards different 

attributes. Because a “none” option is presented within both models being used in this 

research, a part-worth estimate is also provided for this option. For the research presented, 

part-worth estimates will sum to zero within each attribute (as a means of normalization). 
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This normalization method is performed within the HB model and is included in most 

software packages used to estimate part-worths [43]. 

Table 2.3: Example representation of part-worth estimates for a hypothetical product 

  Attributes 

N
o
n

e   Size Color Price 

  8 in. 10 in. 12 in. Blue Black White Silver $75  $85  $95  

R
es

p
o
n

d
en

t 1 -1 0 1 3 1 -4 0 4 0 -4 6 

2 -3 1 2 -2 -1 4 -1 3 -2 -1 2 

3 -2 1 1 1 1 -1 -1 3 0 -3 3 

4 -2 0 2 -1 -2 -1 4 5 -2 -3 2 

 

Once a survey is fielded to a group of respondents and selection data is recorded, a random 

utility model can be estimated under the assumption that respondents are utility maximizers. 

The estimated part-worths quantify a respondent’s preference towards an attribute level and 

can be combined to determine a respondent’s utility for a product. Utility in a compensatory 

model is described by Equation (2.1), where 𝑈𝑖𝑗 is respondent 𝑖’s overall utility for product 𝑗. 

Utility is determined by the sum of an observable utility component 𝑉𝑖𝑗 and an unobservable 

utility component 𝜀𝑖𝑗. 

 𝑈𝑖𝑗 = 𝑉𝑖𝑗 + 𝜀𝑖𝑗 (2.1) 

 

The observable component of utility 𝑉𝑖𝑗 is defined by Equation (2.2). It represents the 

summation of the product of part-worth estimates (𝛽𝑖𝑘𝑙) and active attribute levels (𝑥𝑗𝑘𝑙) for 
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respondent 𝑖, product variant 𝑗, attribute 𝑘, and level 𝑙. For continuous variables (such as 

price in the given example), interpolation can be used to estimate part-worth estimates 

between two given levels. The number of product attributes is given by 𝑛𝑎 with 𝑛 𝑙
𝑘 levels 

per attribute. 

 𝑉𝑖𝑗 =∑∑𝛽𝑖𝑘𝑙𝑥𝑗𝑘𝑙

𝑛 𝑙
𝑘

𝑖=1

𝑛𝑎

𝑘=1

 (2.2) 

 

The unobservable utility component 𝜀𝑖𝑗 is an error term that serves to quantify the difference 

between the model estimation and the respondent’s actual decision. Discrete choice models 

are categorized by the distribution of the unobservable utility component. Normal 

distributions and extreme value distributions are commonly adopted, leading to formulations 

of the probit model [44] and logit model [45], respectively. Research has shown that the logit 

model generally showcases more accurate predictions due to the fat tail (or heavily skewed) 

assumption of the underlying distribution [38]. Additionally, the logit model is often 

preferred because of its closed form nature, leading to simplistic share of preference 

calculations. 

Assuming that the error term follows an extreme value distribution, a probabilistic choice 

rule can be developed [15,17]. Equation (2.3) defines an expression for the probability (𝑝𝑖𝑗) 

of respondent 𝑖 choosing product variant 𝑗. The probability is calculated by dividing the 

exponential of product 𝑗’s utility (𝑉𝑖𝑗) by the sum of the exponentials of the observed utility 
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for all product variants (𝑛𝑣) and competing products (𝑛𝑐), including part-worth estimates for 

the “none” option, which accounts for the respondent backing out of the market and opting to 

not purchase any products.  

 𝑝𝑖𝑗 =
𝑒𝑉𝑖𝑗

∑ 𝑒𝑉𝑖𝑣𝑛𝑣
𝑣=1 + ∑ 𝑒𝑉𝑖𝑐𝑛𝑐

𝑐=1

 (2.3) 

 

An alternative to the probabilistic choice rule is the first choice rule. Rather than calculating a 

probability of purchase based on product utility, the first choice rule models a respondent 

choosing one product with 100% probability. Stated another way, a respondent is modeled as 

selecting the product with the highest utility, regardless of the utilities associated with the 

other products considered in the market simulation. A first choice rule is sometimes preferred 

as the probabilistic choice rule is sensitive to the introduction of inferior products within the 

market. This occurs because the Independence of Irrelevant Alternatives (IIA) property is 

associated with a multinomial logit model. The first choice rule is less sensitive to IIA, 

rendering it a more robust in market simulations [46]. Both the probabilistic choice and first 

choice rules are used in this research. 

2.2 Market-Based Product Design 

Engineering design decisions using customer preference data began with the use of conjoint 

analysis [14] and the S-model [47]. Initial work in the area of decision-based design 

primarily focused on estimating designer utility for engineering decisions [44], but later 

evolved to consider consumer utility to help identify solutions that maximized profit margins 
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[48]. Choice-based conjoint studies and discrete choice analysis aided design decisions by 

providing an ability to model consumer heterogeneity using survey instruments formulated 

around the concept of product selection from a set of alternatives [15–17]. The initial usage 

of these methods within engineering design led to the first applications of a logit-based 

model for the design of a single product [49,50]. 

Product line development research has highlighted the need for more complex models than a 

standard logit model. This research area was later filled by Li and Azarm [18] who fielded 

conjoint surveys and fit utility functions at the respondent level, addressing the need for 

heterogeneity. Recent developments have begun to include continuous representations of 

heterogeneity within market-based engineering design, such as the nested logit and 

hierarchical Bayes mixed logit models. The advancements in this area have yielded richer 

market representations, allowing for more accurate product line optimization opportunities to 

be explored within the optimization realm. 

2.3 Algorithms for Product Line Optimization 

Before developing and testing the informed crossover operators, an optimization algorithm 

needed to be selected. Due to the discrete nature of the product line optimization problem, 

algorithms that are combinatorial in nature are better suited to assist in the optimization 

process. Additionally, the product line optimization problem is widely considered to be NP-

hard [32], implying that algorithms such as branch-and-bound [51] (that are generally 

adjusted to solve combinatorial problems) are not well suited for this problem formulation. 
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Recent research efforts have focused heavily on the use of heuristic algorithms being applied 

to product line optimization and other similar NP-hard problems. Early efforts focused on the 

implementation of greedy and other rule-based approaches [21,30,31,33,34,52], detailing that 

these approaches generated promising results with effective identification of single product 

solutions. Expanding this problem to a product line requires more robust heuristic methods 

with more allowable tuning, such as particle swarms [20], simulated annealing [53], and 

genetic algorithms [54]. 

This works focuses specifically on the development of operators for a genetic algorithm 

(GA) [55]. Past research has indicated that a GA is well suited to handle the combinatorial 

nature of product line design problems [56]. GA’s have also demonstrated appealing 

tradeoffs between objective performance and computational efficiency when compared with 

other heuristic algorithms [28]. Lastly, a GA can be easily altered to handle problems dealing 

with different or multiple objectives, making it extremely well suited for this research. 

2.4 Genetic Algorithms 

A genetic algorithm is a type of heuristic algorithm that consists of five main components: 

initialization, selection, crossover, mutation, and evaluation. The general process for a GA is 

outlined in Figure 2.1. 
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Figure 2.1: Genetic Algorithm Process Diagram 

 

A genetic algorithm (GA) begins by creating a set number of designs to generate an initial 

population. This population is evaluated against the objective function(s) to determine their 

initial performance. The selection process then occurs, which selects a pool of designs 

(“parents”) from the population to begin the generation of new designs through reproduction. 

Reproduction occurs during the crossover process by choosing designs from the selected pool 

to “cross” via a pre-determined method. These newly generated designs (“children”) are then 

altered slightly through the mutation process, so as to introduce randomness into the overall 

population. The updated children are returned to the overall population and the performance 

of the population is re-evaluated and compared against pre-determined convergence criterion. 

If convergence occurs, the optimal design(s) are chosen, otherwise the population returns to 

the selection operator and the process continues until convergence. 

A standard GA was developed to serve as a baseline for the conducted research. The chosen 

GA also needed to have the capability to handle multi-objective problems. NSGA-II has been 
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adopted in the research community as a standard genetic algorithm [57], but new self-

adaptive approaches such as the Borg MOEA have also demonstrated promising results when 

applied to product line optimization problems [58]. For the purposes of this research, the 

NSGA-II algorithm will serve as a baseline GA due to its prevalence within many 

programming packages (including MATLAB [59], the programming package used for this 

research). A random initialization, tournament selection, adaptive mutation, and generational 

convergence was adopted, and an archiving feature was also encoded that stored past designs 

to prevent the need for unnecessary re-evaluation. 

2.5 Targeted Initial Populations for Market-based Product Line Design Problems 

Previous research in the realm of product line optimization and informed genetic algorithm 

operators consisted of a strategy to improve population initialization [10,60,61]. This 

approach used customer preference estimates to drive the selection of effective initial design. 

Referred to as targeted initialization, the first demonstration of this approach identified 

products that maximized respondent utility for an optimization problem focused on 

maximizing a product line’s share of preference. These optimal products were then combined 

to create the initial population for a genetic algorithm [10]. 

This research demonstrated that targeted populations consistently generated product lines that 

yielded a higher market share of preference when compared to randomly initialized 

populations [62]. These targeted populations also converged to an optimum at a faster rate, as 

shown in Figure 2.2. 
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Figure 2.2: Targeted vs. Random Initialization Convergence [63] 

The approach described in Figure 2.3 can be extended to both single and multi-objective 

problem formulations [10]. When considering only a single objective, the targeted objective 

relates to the main objective (such as maximizing market share of preference). In addition to 

product configuration variables, price markup variables were included in the problem 

formulation. These variables indicated the price charged for a feature beyond base cost, and 

were added to the design string as a floating-point number.  

To create the initial population, respondents from the discrete choice survey were selected 

randomly. For each respondent selected, an objective was targeted (in the case of a two 

objective problem formulation, this selection was simulated via a coin flip). Using the 

preference estimates for each respondent, and pre-defined values for the price markup 

variables, an “ideal” product configuration was created. These individually optimized 
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products were then combined to seed a product line and product lines were combined to 

create the initial population [63]. 

 

Figure 2.3: Enhanced Targeted Initialization Approach [63] 

This informed initialization approach resulted in improved algorithm efficiency and solution 

quality. When multiple objectives were considered, significant improvements in final 

hypervolume were achieved when compared to solutions run with an initial populations 

generated by a Latin hypercube [63]. 

2.6 Problem-Informed Crossover Operators 

Improving the initial population gives the algorithm a better starting point, but design string 

variations are achieved by the crossover and mutation operators. Previous research efforts 
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into various other complex optimization problems have altered crossover operators to 

enhance algorithm performance for a specific problem. Many of these efforts have focused 

on the traveling salesman problem. Zhou et al. [64] created offspring designs based on 

comparative parental performance between nodes, while Vahdati et al. [65] compared the 

distances between two bounding locations of a selected city for both parent designs. 

Experimental design procedures were used by Ho and Lee [66] to create a level-based 

technique that employed effects-based data from the parent strings to generate more robust 

offspring. A real-encoded crossover was proposed by Garcia-Martinez et al. [67] who created 

offspring within the fitness neighborhood of one parent, while the neighborhood size was 

defined by the other parent. Others have tailored crossover techniques to suit other 

specialized optimization problems, such as a capacitated vehicle routing problem [68]. 

Overall, these modifications improved algorithm effectiveness while preventing premature 

convergence. 

2.7 Chapter Summary 

Building on the motivation of these efforts, this research aims to combine the informed 

operator method established in the targeted population work with a market-based crossover 

method that uses information from the market domain to improve algorithm performance and 

solution quality. 
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CHAPTER 3 – METHODOLOGY 

3.1 Introduction 

The following chapter will cover an overview of the testing procedure used throughout the 

remainder of this work. A design string formulation will be established for the optimization 

algorithm and the calculations for pricing will also be covered. After an overview of these 

problem basics is completed, the informed crossover operators to be tested will be developed 

and the genetic algorithm specifics will then be introduced. 

3.2 Design String Formulation 

The product line optimization problem formulation includes both pricing and feature 

configuration variables, as both of these influence both market share of preference and 

overall profit associated with a product line. Product configuration variables represent the 

different product features included in the product line and take on discrete values to indicate 

the feature level used in the solution. 

For the purposes of this work, a design string representation is defined as depicted in Figure 

3.1. A product line will be denoted by a vector consisting of pricing variables (placed at the 

front of the vector) and feature variables (placed at the back of the vector) [63]. As shown in 

Figure 3.1, the product line is defined by 𝑚 pricing variables and 𝑛 products, where each 

product has 𝑘 features. Price variables are encoded as real variables varying between 0 and 1, 

where a price value of 0 implies that the feature is sold at cost and a 1 indicates a 100% 
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markup on the corresponding feature. The 𝑚 price levels are determined by the total number 

of feature levels modeled in the problem, and are sorted by feature (i.e. if there are two 

features where feature 1 has two levels and feature 2 has three levels, then there would be 5 

pricing variables). Following the 𝑚 pricing variables, the design string then has 𝑘 × 𝑛 

variables to denote the product variant formulations. 

 

Figure 3.1: Representation of Design String for Product Line Optimization 

There are two options for encoding the discretized product configuration variables: as integer 

variables or as binary representations of the integer variables. To describe the differences 

between an integer representation of a product’s features and a binary representation of a 

product’s features, consider a hypothetical product line containing two product variants as 

shown in Figure 3.2. Each variant is described by two features, where feature 1 has two 

levels and feature 2 has three levels. Here, product variant 1 is defined by the second level of 

feature 1 and the third level of feature 2, while product variant 2 is defined by the first level 

of feature 1 and the first level of feature 2. The binary representation of this product uses 1’s 

to indicate if a level of a feature is active and 0’s if it is inactive. In the example shown in 

Figure 3.2, the white boxes correspond to feature 1 and the gray boxes correspond to feature 
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2. The binary representation of the hypothetical product line can be seen beneath the integer 

representation in Figure 3.2. 

 

Figure 3.2: Integer and Binary Depictions of a Hypothetical Product Line 

3.3 Pricing Calculation 

The cost of a product is determined by summing the cost of each feature included in a 

product with the base price of each product. When calculating the cost of each product from 

the design string, the product feature string is converted to a binary representation, as shown 

in Figure 3.2. This binary representation is then multiplied component-wise by the price 

variable string (as they will be the same length) to yield the overall markup added to the base 

price. Figure 3.3 provides an example of how corresponding price markups are determined 

from the design string. In this example, feature 1 has three levels and feature 2 has four 

levels. The product in question is defined by level 2 of feature 1 and level 3 of feature 2. The 

arrows in Figure 3.3 denote which price markup value corresponds to the selected feature 

level. 
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Figure 3.3: Pricing Determination Using Design String 

To provide an example of how the pricing calculation is performed, consider Attributes 1 and 

2 in Figure 3.3. Equation (3.1) details the component-wise vector multiplication completed to 

determine the pricing offered by these first two attributes. The resulting vector consists of 

price markup values to be multiplied by the correlating level costs, and these resulting values 

are then summed to provide the overall cost of the product. 
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3.4 Objective Development 

Three objective functions will be explored: maximizing market share of preference, 

maximizing profit, and a multi-objective optimization problem that seeks to maximize both 

objectives simultaneously. Equation (3.2) defines the problem statement for maximizing 

market share of preference [10]. 

 

Maximize: Share of Preference 
Change: Feature levels (𝑋𝑗𝑘𝑙) 

Subject To: Price level bounds 
No identical product variants in a line 
Feature level bounds 

(3.2) 

 

The share of preference (𝑆𝑜𝑃𝑗) for a single product variant 𝑗 can be calculated using Equation 

(3.3). The share is determined by dividing the total probability of choice (𝑝𝑖𝑗, calculated with 

Equation (2.3)) for a respondent 𝑖 by the average value over the entire respondent base (𝑛𝑟). 

Share of preference for an entire product line can be found by summing the share of 

preference for all product variants. 

 𝑆𝑜𝑃𝑗 =
∑ 𝑝𝑖𝑗
𝑛𝑟

𝑖=1  

𝑛𝑟
 (3.3) 

 

Maximizing market share of preference often has adverse effects on profit maximization, as 

an increase in product utility can be achieved by simply lowering the price of a product. This 

requires a profit maximization function which simultaneously enforces some degree of 
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variant desirability. The profitability of a product is approximated using the contribution 

margin per person in the market. This metric, which is also referred to as per capita 

contribution margin (PCCM), estimates the profit relating only to a product line, as it does 

not account for investments, fixed costs, or the time value of money. 

The equation for the PCCM metric is defined in Equation (3.4) [10]. The PCCM of a product 

line is calculated by summing the PCCM of each individual product variant within the line. 

The PCCM for product 𝑗 is calculated by finding the margin of the product, or the price of 

the product (𝑃𝑗) minus the cost of the product (𝐶𝑗), and multiplying it by the share of 

preference for the product (𝑆𝑜𝑃𝑗) (found with Equation (3.3)).  

 𝑃𝐶𝐶𝑀𝑗 = (𝑃𝑗 − 𝐶𝑗) ∗ 𝑆𝑜𝑃𝑗 (3.4) 

 

The problem statement for the profit maximization objective is given by Equation (3.5). 

 

Maximize: Per Capita Contribution Margin 
Change: Feature levels (𝑋𝑗𝑘𝑙) 

Subject To: Price level bounds 
No identical product variants in a line 
Feature level bounds 

(3.5) 

 

3.5 Crossover Development 

Having established a design string formulation, the construction of informed crossover 

operators can now be covered. Crossover methods were developed so that they included 

problem specific data, as described in Figure 1.1. Ultimately, each informed crossover 
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method incorporates market share of preference data to influence their actions (the profit 

calculation utilizes share of preference data within its calculation). For product line 

optimization problems, this information includes customer preference data, pricing variables, 

and attribute level information. Four different crossover methods were created that use the 

aforementioned problem-specific information: 

1. Lowest Share Crossover 

2. Lowest 𝑘-Share Crossover 

3. Mixed Share Crossover 

4. Price Sorting Crossover 

Each crossover method is thoroughly explained and examined in the following sections. 

3.5.1 Lowest Share Crossover 

The Lowest Share Crossover Method is driven by a hypothesis that the market share of 

preference of a product line is significantly lowered by the poorest performing product within 

the line. By altering this product it is expected that the market share of the entire line will 

also increase. This operator sorts two product lines in ascending order by relative market 

share of preference, which is defined as the relative percentage of market share that each 

product in the line captures with respect to the other products in the line for the purposes of 

this work. Equation (3.6) describes the relative share of preference of product 𝑗 in relation to 

the share of preference of the product line. 
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 𝑆𝑜𝑃𝑗,𝑟𝑒𝑙𝑎𝑡𝑖𝑣𝑒 =
𝑆𝑜𝑃𝑗

𝑆𝑜𝑃
 (3.6) 

 

The two poorest performing products are then isolated from each product line and scattered 

crossover is implemented between these two products, as depicted in Figure 3.4. 

 

Figure 3.4: Representation of Lowest Share Crossover 
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A pseudo-code for this method is provided in Figure 3.5. 

 FOR i = 1 : (1/2)*size of population 

   Choose rows i and i+1 in selected population 

   Calculate market share of preference for both product lines 

   Calculate relative market share of preference for each product in each line 

   FOR j = 1 : number of products in product line 

      Sort product lines in ascending order by relative market share 

      Re-index products in both product lines 

   END 

   Perform scattered crossover on pricing variables 

   Perform scattered crossover between first products of each line 

END 

 

Figure 3.5: Pseudo-Code for Lowest Share Crossover 

3.5.2 Lowest 𝒌-Share Crossover 

The Lowest 𝑘-Share Crossover method is driven by the hypothesis that overall performance 

of a product line is driven by its strongest performing products. Similar to the Lowest Share 

Crossover method, this crossover operator identifies the 𝑘 poorest performing products 

(where performance is gauged by the relative market share of preference) to be altered via 

crossover. This crossover method again sorts two product lines in ascending order by their 

relative market share of preference. The lowest 𝑘 products (where 𝑘 is an integer ranging 
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from 2 to 𝑛 for a product line with 𝑛 products) are then selected and scattered crossover 

occurs between corresponding products. 

A visual depiction of the Lowest 𝑘-Share Crossover Method can be seen in Figure 3.6. 

 

Figure 3.6: Respresentation of Lowest k-Share Crossover 
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A pseudo-code for this method is provided in Figure 3.7. 

 FOR i = 1 : (1/2)*size of population 

   Choose rows i and i+1 in selected population 

   Calculate market share of preference for both product lines 

   Calculate relative market share of preference for each product in each line 

   FOR j = 1 : number of products in product line 

      Sort product lines in ascending order by relative market share 

      Re-index products in both product lines 

   END 

   Perform scattered crossover on pricing variables 

   FOR k = 1 : selected number of products 

      Perform scattered crossover between products 1 through k from each line 

   END 

END 

 

Figure 3.7: Pseudo-Code for Lowest k-Share Crossover 

 

3.5.3 Mixed Share Crossover 

The Mixed Share Crossover method is motivated by the hypothesis that mixing the best and 

worst performing products in a product line will lead to a stronger design string. By “mixing” 

two product lines, there is a possibility of equilibrating the two product lines so that further 

niches can be explored. The Mixed Share Crossover scheme takes two design strings, sorting 

one product line in ascending order and one product line in descending order (by relative 
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market share of preference). Scattered crossover then occurs between each corresponding 

product, as shown in Figure 3.8. 

 

Figure 3.8: Representation of Mixed Share Crossover 
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A pseudo-code for this method is provided in Figure 3.9. 

 FOR i = 1 : (1/2)*size of population 

   Choose rows i and i+1 in selected population 

   Calculate market share of preference for both product lines 

   Calculate relative market share of preference for each product in each line 

   FOR j = 1 : number of products in product line 

      Sort product lines in ascending order by relative market share 

      Re-index products in both product lines 

   END 

   Perform scattered crossover on pricing variables  

   FOR k = 1 : number of products in line 

      Perform scattered crossover between products 1 through k from each line 

   END 

END 

 

Figure 3.9: Pseudo-Code for Mixed Share Crossover 
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3.5.4 Price Sorting Crossover 

The Price Sorting Crossover method uses product price calculated from the pricing variables 

and product configuration profiles to sort a design string. This clusters similarly priced items, 

with the motivating concept being that items in similar price categories may have shareable 

attributes that can be swapped to maximize line performance. Scattered crossover then occurs 

between products in corresponding similarly priced products, as depicted in Figure 3.10. 

 

Figure 3.10: Representation of Price Sorting Crossover 
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A pseudo-code for this method is provided in Figure 3.11. 

 FOR i = 1 : (1/2)*size of population 

   Choose rows i and i+1 in selected population 

   Calculate price of each product in each product line 

   FOR j = 1 : number of products in product line 

      Sort product lines in ascending order by price 

      Re-index products in both product lines 

   END 

   Perform scattered crossover on pricing variables 

   FOR k = 1 : selected number of products 

      Perform scattered crossover between products 1 through k from each line 

   END 

END 

 

Figure 3.11: Pseudo-Code for Price Sorting Crossover 
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3.6 Testing Procedure 

For the purposes of testing, certain aspects of the genetic algorithm were maintained as 

constant throughout all trials. The constant parameters of the algorithm are listed below. 

 Population Size: fixed at two times the number of design variables 

 Selection: tournament with four candidates 

 Crossover Rate: fixed at 0.8 

 Mutation: uniform at a rate of 0.05 

 Evaluation: only retain unique product lines [69] 

 Convergence: 600 generations 

The problem, objective function, size of the product line, initialization method, and crossover 

method were all altered each experiment, and 5 – 10 trials were run per experiment. A 

collection of experimental designs consisting of combinations of the aforementioned 

parameters was constructed using the different options presented in Table 3.1. The 

parameters listed in this table were chosen to test the validity of the developed informed 

crossover operators. The following chapters are divided based on components of this 

experimental design: Chapter 4 covers the single objective MP3 Problem, Chapter 5 the 

single objective Vehicle Problem, and Chapter 6 is an overview of the results from a multi-

objective optimization of the Vehicle problem. In total, 800 trials are conducted on the MP3 

problem, 1,600 on the single objective Vehicle problem, and 160 trials were conducted on 

the multi-objective Vehicle problem (for a total of 2,560 trials). 
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Table 3.1: Experimental Design Parameters 

Problem Objective 
Number of 

Products 
Initialization Market Model Crossover 

MP3 
Market 

Share 
4 Products Random 

Probabilistic 

Choice 
Lowest Share 

Vehicle Profit 5 Products Targeted First Choice 
Lowest 𝑘-

Share 

  
Multi-

Objective 
6 Products 

  

 
 Mixed Share 

    7 Products 
 

  
 Price Sorting 

      
  

 
 Scattered 

 

To determine the validity of the test trials, a baseline was established for each combination of 

problem, objective function, and product line size. The baseline experimental design uses a 

random initialization and scattered crossover. For single objective trials, the average and 

standard deviation of both the objective performance and the generations required for the 

strongest performing design to stagnate (referred to as stall generations) are compared to the 

baseline model. These two measures served to determine effectiveness and efficiency, 

respectively. The measures used to analyze the multi-objective trials are introduced in 

Section 6 as they relate to the various newly created values introduced with multi-objective 

optimization. 

The following chapters will discuss the results from these test trials, beginning with the 

objective and generational results from the single objective MP3 problem. 
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CHAPTER 4 – MP3 PROBLEM 

4.1 Problem Introduction 

The first case study analyzed in this research concerns the optimization of a product line 

consisting of MP3 players. The preference model for the MP3 player problem was 

constructed from a choice-based conjoint survey fielded to 205 respondents. Choice task 

questions were based on the 12 attributes detailed in Table 4.1. The price for each feature 

level is noted in Table 4.2. Sawtooth’s CBC/HB software [43] was used to estimate the part-

worth coefficients for each respondent. The “none” option was also included in the choice 

tasks, and its part-worth was also estimated.  

Marketplace competition was included in the MP3 market simulation to increase the 

difficulty of locating an optimal product line and to more accurately simulate a “real-world” 

market scenario. These competitive products were configured by running an optimization for 

a five product line solution against the outside good. The configurations of these products are 

shown in Table 4.3. 

It should be noted that due to the relatively low number of product combinations (393,216 

total combinations) a valid solution can be found relatively easily with standard genetic 

algorithm operators. This allows the MP3 product line development problem to be used to 

determine if (a) the developed crossover operators negatively affect the optimization, and (b) 

if the informed crossover operators render any improvements in computational efficiency.  
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Table 4.1: MP3 Player Attributes and Price Levels [10] 

Level 
Photo/Video/ 

Camera 

Web/App/ 

Ped 
Input Screen Size Storage 

Background 

Color 

Background 

Overlay 

Base 

Price 

1 None None Dial 
1.5 in 

diagonal 
2 GB Black 

No Pattern/Graphic 

Overlay 
$49  

2 Photo Only Web Only Touchpad 
2.5 in 

diagonal 
16 GB White 

Custom Pattern 

Overlay 
$99  

3 Video Only App Only Touchscreen 
3.5 in 

diagonal 
32 GB Silver 

Custom Graphic 

Overlay 
$199  

4 
Photo and Video 

Only 
Ped Only Buttons 

4.5 in 

diagonal 
64 GB Red 

Custom Pattern and 

Graphic Overlay 
$299  

5 
Photo and Lo-Res 

Camera 

Web and App 

Only 
 

5.5 in 

diagonal 
160 GB Orange  $399  

6 
Photo and Hi-Res 

Camera 

App and Ped 

Only 
 

6.5 in 

diagonal 
240 GB Green  $499  

7 
Photo, Video, and 

Lo-Res Camera 

Web and Ped 

Only 
  500 GB Blue  $599  

8 
Photo, Video, and 

Hi-Res Camera 

Web, App, 

and Ped 
  750 GB Custom  $699  
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Table 4.2: MP3 Player Cost per Feature [10] 

Level Photo/Video/Camera Web/App/Ped Input 
Screen 

Size 
Storage 

Background 

Color 

Background 

Overlay 

1 $0.00  $0.00  $0.00  $0.00  $0.00  $0.00  $0.00  

2 $2.50  $10.00  $2.50  $12.50  $22.50  $5.00  $2.50  

3 $5.00  $10.00  $20.00  $22.50  $60.00  $5.00  $5.00  

4 $7.50  $5.00  $10.00  $30.00  $100.00  $5.00  $7.50  

5 $8.50  $20.00    $35.00  $125.00  $5.00    

6 $15.00  $15.00    $40.00  $150.00  $5.00    

7 $16.00  $15.00      $175.00  $5.00    

8 $21.00  $25.00      $200.00  $10.00    
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Table 4.3: MP3 Player Competition Design [10] 

  Product 1 Product 2 Product 3 Product 4 Product 5 None 

Photo/Video/

Camera 

Photo, Video, and       

Hi-Res Camera 

Photo, Video, and          

Hi-Res Camera 

Photo, Video, and          

Hi-Res Camera 

Photo, Video, and              

Hi-Res Camera 

Photo, Video, and     

Hi-Res Camera 

N/A 

Web/App/   

Ped 
Web and App Only 

Web and App 

Only 
Web and App Only Web, App, and Ped 

Web, App, and 

Ped 

Input Dial Touchscreen Touchscreen Touchscreen Touchscreen 

Screen Size 1.5 in Diagonal 4.5 in Diagonal 4.5 in Diagonal 4.5 in Diagonal 6.5 in Diagonal 

Storage 16 GB 16 GB 16 GB 64 GB 160 GB 

Background 

Color 
Silver Silver Silver Custom Green 

Background 

Overlay 

Custom Pattern and 

Graphic Overlay 

Custom Graphic 

Overlay 

Custom Pattern and 

Graphic Overlay 

Custom Pattern and 

Graphic Overlay 

Custom Graphic 

Overlay 

Price $132.59  $211.39  $216.39  $438.89  $504.14  $0.00  

Preference 

Share 
25% 27% 20% 15% 10% 3% 
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4.2 Tuning the Lowest 𝒌-Share Crossover 

Before running the experimental design (consisting of a full factorial combination of 

objective function, product line size, market model, initialization method, and crossover 

operator), testing was completed to determine an optimal relationship for the value 𝑘 

associated with the Lowest 𝑘-Share Crossover method. Ten trials were conducted using the 

baseline GA settings with a market share maximization objective, a probabilistic choice rule, 

random initialization, the Lowest 𝑘-Share Crossover method, and product line sizes of 5, 6, 

and 7 products (a product line size of 4 products was removed due to the overly simplistic 

nature of the problem). The market share objective was chosen due to the crossover method’s 

usage of market data. For each product line containing 𝑛 products (for 𝑛 ∈ [5,6,7]), 𝑘 was 

varied from 1 to 𝑛. The average market share was determined over the ten trials for each 

value of 𝑘, and the results of these experiments are presented in Figure 4.1. 

From Figure 4.1 it can be seen that improved algorithm performance was often associated 

with 𝑘 values equal to 𝑛 − 1. It can be theorized that the improved performance of this 

crossover method was due to the fact that the strongest product in each line is left unaltered, 

and the remaining products are subsequently changed through scattered crossover. The 

conceptual basis of this is similar to the reasoning behind the Lowest Share Crossover 

method, which aims to only alter the poorest performing product based on market share. 

Given these findings, 𝑘 = 𝑛 − 1, for the remainder of this thesis, and Lowest k Share 

Crossover will be referred to as the Lowest 𝑛 − 1 Share Crossover method.  
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Figure 4.1: Results of Testing Varying 𝒌 Values across Different Product Line Sizes 
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4.3 Full Factorial Experimental Design Trial Results 

The four crossover methods previously described were encoded in MATLAB [59], including 

the baseline scattered crossover. These operators were incorporated into a genetic algorithm 

with the experimental standards presented below for population size, selection operator, 

crossover rate, mutation operator, mutation rate, evaluation method, and convergence 

criteria. 

 Population Size: fixed at two times the number of design variables 

 Selection: tournament with four candidates 

 Crossover Rate: fixed at 0.8 

 Mutation: uniform at a rate of 0.05 

 Evaluation: only retain unique product lines [69] 

 Convergence: 600 generations 

To account for the heuristic nature of a genetic algorithm, ten trials were conducted for each 

combination of the full factorial design from Table 3.1 (consisting of every combination of 

objective function, market model, and crossover method). Objective function values and stall 

generations were collected for each trial. Random initialization was only used with the MP3 

product line problem to remove any positive effects contributed by a targeted population and 

to allow for a full investigation of the effects of the informed crossover methods. Multi-

objective trials were not conducted for this problem. 
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The following sections are subdivided by the objective used to maximize the problem in 

order to analyze the results collected from the test trials. Plots of all relevant data are also 

presented in these subsections. 

4.3.1 Maximizing Market Share of Preference 

Data was collected for the ten trials being run with the market share objective concerning 

objective and generational performance. The results of these trials are presented in Figure 4.2 

– Figure 4.5. Figure 4.2 presents the objective results using the probabilistic choice rule, 

Figure 4.3 presents the generational results using the probabilistic choice rule, Figure 4.4 

presents the objective results using the first choice rule, and Figure 4.5 presents the 

generational results using the first choice rule. 

The following figures present the relevant data using box plots. A box plot is composed of 

two components: a box and whiskers. The box presents the median value (the middle red 

line) and the upper and lower quartiles of the data (bounding the edges of the box). The upper 

lower datums are presented as the whiskers, or tail ends of the boxes. If a data point falls 

outside of 1.5 times the inner-quartile range (or the upper quartile minus the lower quartile), 

it is presented as an outlier and is not considered in the maximum and minimum values for 

the whiskers. 
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Figure 4.2 indicates that the developed informed crossover operators do not have a negative 

impact on the objective performance of the space. Every crossover method reaches optimal 

performance, as indicated by the asymptotic behavior of the box plots presented within these 

figures. This behavior was expected, as a traditional GA was capable of locating the optimal 

solutions for these product line sizes when market share was being maximized. The 

variations in the plots are due to the probabilistic nature of heuristic algorithm solutions, and 

it is theorized that with ample time and resources, enough sampling could be conducted to 

construct a reasonable spread of data around a definable mean. 

Having defended the ability of the informed crossover operators to locate an optimal point 

using the probabilistic first choice rule, the computational efficiency of these operators can 

now be analyzed. Figure 4.3 presents the average number of generations needed to reach 

convergence for each of these crossover methods (where methods with higher computational 

efficiency will minimize the generations required to reach convergence). Analyzing this 

figure reveals that as product line sizes increase, the computational efficiency of all the 

developed crossover methods increases when compared to scattered crossover. The same 

experimental setup will be applied using the first choice rule to determine the efficacy of 

these informed crossover operators when applied to a different choice model. 
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Figure 4.2: Objective Function Results for MP3 Case Study Using a Probabilistic Choice Rule and Maximizing 

Market Share of Preference (Larger is Better) 
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Figure 4.3: Generational Results for MP3 Case Study Using a Probabilistic Choice Rule and Maximizing Market 

Share of Preference (Smaller is Better) 
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Figure 4.4 provides the objective results from the trials conducted on the MP3 problem using 

a first choice rule. Similar to the trials conducted with the probabilistic choice rule, each 

crossover method reaches optimal performance. This indicates the informed crossover 

operator abilities to arrive at an optimum under a more robust choice rule. Similar variations 

in objective performance are observed, but this is again due to the inherently random nature 

of a GA. 

Figure 4.5 present the average number of generations needed to reach convergence for each 

of these crossover methods (where methods with higher computational efficiency will 

minimize the generations required to reach convergence). Disregarding slight performance 

discrepancies with product lines consisting of 4 products (when using the Mixed Share 

crossover method), all informed crossover operators provide improvements in the number of 

generations required to converge on an optimum. This again suggests that the informed 

crossover methods are robust enough to handle larger problems and more robust choice 

models. 
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Figure 4.4: Objective Results for MP3 Case Study Using a First Choice Rule and Maximizing Market Share of 

Preference (Larger is Better) 
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Figure 4.5: Generational Results for MP3 Case Study Using a First Choice Rule and Maximizing Market Share of 

Preference (Smaller is Better)
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An overview analysis of the findings from all trials conducted with the MP3 problem 

maximizing market share of preference indicates strong performance by the informed 

crossover operators. They offer improvements in algorithm efficiency without sacrificing 

solution quality. This suggests that the informed crossover methods are robust enough to 

handle larger problems (a product line composed of 7 products would have 2.88E+35 total 

possibilities). To help support these findings, the same experimental setup will be applied to 

the profit maximization problem. 

4.3.2 Maximizing PCCM 

Data was collected for the ten trials being run with the PCCM objective concerning objective 

and generational performance. The results of these trials are presented in Figure 4.6 – Figure 

4.9. Figure 4.6 presents the objective results using the probabilistic choice rule, Figure 4.7 

presents the generational results using the probabilistic choice rule, Figure 4.8 presents the 

objective results using the first choice rule, and Figure 4.9 presents the generational results 

using the first choice rule. 
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Figure 4.6: Objective Results for MP3 Case Study Using a Probabilistic Choice Rule and Maximizing PCCM (Larger 

is Better) 



55 

 

 

 

 

 

Figure 4.7: Generational Results for MP3 Case Study Using a Probabilistic Choice Rule and Maximizing PCCM 

(Smaller is Better) 
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Due to the more complex nature of the PCCM maximization problem (as it combines both 

share of preference data and pricing data, the algorithm does not demonstrate as clear results 

as the share of preference objective following analysis of the data. When examining the 

results from the use of the probabilistic choice rule, it can be seen in Figure 4.6 that objective 

improvement is provided by each of the informed crossover operators. Consistent objective 

performance is provided by the Price Sort Crossover, as would be expected when 

maximizing the profit of the product line (due to the incorporation of product price within the 

Price Sort Crossover method). 

Analysis of the generational performance provided by the informed crossover methods when 

used with the probabilistic choice rule (in Figure 4.7) again demonstrates near consistent 

improvements in computational efficiency. The one contradiction to this statement occurs 

with the Lowest 𝑛 − 1 Share Crossover for a product line with 6 products. This spread is due 

to the inherent randomness associated with a GA and further test trials conducted with this 

step would reverse this behavior (yielding overall improvements in computational 

efficiency). 
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Figure 4.8: Objective Results for MP3 Case Study Using a First Choice Rule and Maximizing PCCM (Larger is 

Better) 



58 

 

 

 

 

 

Figure 4.9: Generational Results for MP3 Case Study Using a First Choice Rule and Maximizing PCCM (Smaller is 

Better) 
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Analysis of the informed crossover methods when applied with the first choice rule reveal 

slightly different results. Algorithm effectiveness is not demonstrated by the informed 

crossover methods until product line sizes increase past five products. This could be due to 

the fact that the first choice rule creates a design space that is more robust, or more difficult 

to locate an optimum in, due to the binary nature of the rule. Small changes to a product will 

have less of an impact on the overall share of the product line when compared with share 

calculated using the probabilistic choice rule, due in part first choice rule’s insensitivity to 

IIA. By having product lines with less than 5 products, there are less options for respondents 

to choose from, ultimately making it more difficult to create products that respondents will 

want to migrate towards. 

Despite these issues, it can be theorized that these crossover methods are more robust than 

the standard scattered crossover, as they show improvements with a more rigorous market 

model and larger scale problems (as evidenced by the data presented in Figure 4.8). Analysis 

of Figure 4.9 demonstrates the computational gains provided by the informed crossover 

operators. In contrast to the probabilistic choice rule, it seems that the developed crossover 

operators simply match computational performance when compared with the baseline 

scattered crossover. No significant generational spreads are noted in Figure 4.9, indicating 

that the informed crossover operators are comparable to scattered crossover. 
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4.4 Chapter Summary 

Overall analysis of the initial test trials conducted with the MP3 problem indicates either 

slight computational improvement or generational improvement provided by the informed 

crossover methods. Considering the fact that the MP3 product line design optimization 

problem is relatively simplistic and can be solved with a standard GA, these results prove 

that the developed crossover operators provide some indication of improvement when 

applied to product line optimization problems and should be tested on more rigorous 

problems to determine the benefits they can provide. Further test trials will explore the 

effectiveness of these informed crossover operators when applied to a more complex product 

line optimization problem (that standard genetic algorithms often struggle with). 
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CHAPTER 5 – VEHICLE PROBLEM 

5.1 Problem Introduction 

In order to test the full range of benefits offered by the informed crossover operator, a more 

complex product line optimization problem is needed. The automobile packaging problem 

concerns a product line constructed of various automobiles and is based on customer 

preference data that was developed from a choice-based conjoint survey fielded to 2,275 

respondents [10]. The observed part-worth estimates were established using an HB mixed 

logit model that was fit using the Sawtooth CBC/HB [43] module. Each respondent in the 

HB model had 73 total part-worth estimates: 60 for the features offered, 12 for the price 

levels, and an estimate for the “none” option (i.e. the outside good). 

Due to the proprietary nature of the problem, the feature and cost breakdowns cannot be fully 

included in this document. They are, however, similar in nature to the breakdowns shown in 

Table 4.1 and Table 4.2. The total number of levels available for each of the 19 attributes 

pertaining to the automobile packaging problem, as well as the listed price markups, are 

shown in Table 5.1. Note that the price markup values are normalized according to the 

maximum possible price level and are presented in the form (𝑀𝑎𝑟𝑘𝑢𝑝 1 |… | 𝑀𝑎𝑟𝑘𝑢𝑝 𝑛 ). 

For example, Attribute 1 has 3 levels, and the price markups corresponding to each of those 

three variables are 0.8, 2.2, and 3.2. The base cost will be assumed to be a normalized $0.00. 

Accounting for all possible feature combinations yields 1,074,954,240 total product 

possibilities, justifying this product line development problem as both large-scale and 
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complex. Due to the complexity of this problem, the outside good will serve as the source of 

competition when optimizing product lines in the market simulator. 

Table 5.1: Automobile Feature Levels per Attribute [10] 

Attribute 

Number 

Number of 

Levels 
Price Markup 

1 3 ( 0.8  |  2.2  |  3.2 ) 

2 2 ( 0  |  0 ) 

3 5 ( 5  |  5  |  5  |  5.1  |  0 ) 

4 6 ( 0.5  |  1.3  |  1.4  |  1.9  |  2.7  |  0 ) 

5 2 ( 0.5  |  0 ) 

6 3 ( 0.6  |  3.3  |  0 ) 

7 3 ( 1.1  |  2.4  |  0 ) 

8 2 ( 2.2  |  0 ) 

9 4 ( 2.3  |  3  |  3.1  |  0 ) 

10 2 ( 1.9  |  0 ) 

11 3 ( 2.2  |  5  |  0 ) 

12 2 ( 0.5  |  0 ) 

13 4 ( 1  |  1  |  2.1  |  0 ) 

14 3 ( 0.1  |  0.6  |  0 ) 

15 3 ( 5.1  |  5.3  |  0 ) 

16 4 ( 0.4  |  0.6  |  0.6  |  0 ) 

17 4 ( 1.3  |  1.3  |  2.7  |  0 ) 

18 3 ( 0.9  |  5.9  |  0 ) 

19 2 ( 2  |  0 ) 
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The four crossover methods previously described were encoded in MATLAB, as well as the 

base scattered crossover. These operators were incorporated into a genetic algorithm with the 

listed experimental standards for population size, selection, crossover rate, mutation, 

mutation rate, evaluation method, and convergence criteria. 

 Population Size: fixed at two times the number of design variables 

 Selection: tournament with four candidates 

 Crossover Rate: fixed at 0.8 

 Mutation: uniform at a rate of 0.05 

 Evaluation: only retain unique product lines [69] 

 Convergence: 600 generations 

To account for the heuristic nature of a genetic algorithm, ten trials were run for each 

combination of the full factorial design and the objective values and stall generations were 

collected for each trial. The full factorial test trial collection resulted in 1,600 total trials, each 

conducted for 600 generations. 

The following sections are subdivided by objective function to allow for a structured analysis 

of the data collected from the conducted test trials. The full set of figures created from the 

aforementioned test trials can be found in Appendix A. 
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5.2 Maximization of Market Share of Preference of the Vehicle Problem 

The maximization of market share of preference within the vehicle product line design 

problem yielded numerous trends indicating the benefits of informed crossover operators. 

Due to the large amount of data collected and presented within these trials, only product lines 

containing 6 and 7 products are presented in this chapter. The remaining results are provided 

in Appendix A. specific product line sizes corresponding to combinations of market model 

and initialization method are presented that highlight the discussed trends. 

5.2.1 Results Using the Probabilistic Choice Rule 

Figure 5.1 presents objective and generational data for a product line with 6 products using 

the probabilistic choice rule with a random initialization. It can be clearly noted from this 

figure that the Lowest 𝑛 − 1 Share Crossover method offers objective improvement over the 

baseline scattered crossover. A smaller spread of data points is also provided by this 

crossover method, indicating a more effective means of reaching an optimum and the 

crossover operator’s ability to counteract the inherent randomness within a GA. 

The lower half of Figure 5.1 provides generational data concerning the same set of test trials, 

and again it is clearly evident that the Lowest 𝑛 − 1 Crossover method is computationally 

more efficient. Besides the two outlier points within the corresponding box plot, all 

remaining trials conducted by the crossover method were completed in a fewer number of 

generations than every trial completed with scattered crossover. These computational 
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benefits are reflected in other product line sizes, further validating the benefits in 

computational efficiency provided by the Lowest 𝑛 − 1 Crossover method. 

 

Figure 5.1: Objective and Generational Results for the Optimization of a Vehicle 

Product Line’s Market Share with 6 Products Using the Probabilistic Choice Rule and 

Random Initialization 
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The data associated with the test trials that implemented a targeted initial population with the 

probabilistic choice rule are presented in Figure 5.2. Similar to the data presented in Figure 

5.1, using the Lowest 𝑛 − 1 Share Crossover operator demonstrates objective and 

generational improvement. However, these improvements are shown through the spread of 

data collected through the 10 trials. While the baseline scattered crossover can find solutions 

that achieve 70.3% market share, the box plot details a much larger spread of optimal 

performance over the 10 trials (a spread of 0.5 percentage points) when compared with the 

spread provided by the Lowest 𝑛 − 1 Share Crossover (a spread of 0.25 percentage points). 

Analysis of the generational plot indicates even stronger advantages when using the Lowest 

𝑛 − 1 Share Crossover method. Ignoring the two outlier points on the box plot (located at 

roughly 150 and 390 generations), all trials conducted using the Lowest 𝑛 − 1 Share 

Crossover reach convergence conditions within 100 generations. The baseline scattered 

crossover consistently reaches convergence within 300 generations (again, ignoring the two 

outlier points located at roughly 540 and 550 generations). 
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Figure 5.2: Objective and Generational Results for the Optimization of a Vehicle 

Product Line’s Market Share with 7 Products Using the Probabilistic Choice Rule and 

Targeted Initialization 
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5.2.2 Results Using the First Choice Rule 

The remaining trials are conducted using a first choice rule and are presented in Figure 5.3 

and Figure 5.4 for a random initialization and targeted initialization, respectively. The results 

presented for both random and targeted initialization indicate significant objective 

improvements while still following the same previously mentioned trends highlighted by the 

probabilistic choice rule trials. The improvements are slightly less conclusive due to binary 

nature of the first choice rule, but are still conclusive nonetheless. The objective 

improvement provided by the Lowest 𝑛 − 1 Share Crossover method shown in Figure 5.3 

reveals that 50% of the conducted trials outperformed the trials conducted with scattered 

crossover. 

These consistent improvements are also validated by generational improvements. Scattered 

crossover trials indicated a large spread of performance, ranging between 100 to 600 total 

generations to reach an optimum. Trials conducted with the Lowest 𝑛 − 1 Share crossover 

reduced this range to 100 – 350 generations, providing more consistent guarantee that an 

optimum will be found much quicker. Interestingly, the Price Sort and Lowest Share 

crossover operators also demonstrate similarly strong generational improvements, but did not 

yield consistent objective improvements. Therefore, it is recommended that neither of these 

crossover methods be implemented for large-scale engineering design problems. 
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Figure 5.3: Objective and Generational Results for the Optimization of a Vehicle 

Product Line’s Market Share with 6 Products Using the First Choice Rule and Random 

Initialization 
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Investigation of the targeted initialization trials conducted with the first choice rule (depicted 

in Figure 5.4) indicates a recurrence of the trends noted by Figure 5.1, Figure 5.2, and Figure 

5.3. The Lowest 𝑛 − 1 Share crossover operator again yields improved objective 

performance, increasing the algorithm effectiveness over the baseline scattered crossover. 

The lower half of Figure 5.4 again details the generational data collected from the test trials 

in question. Eliminating outlier data points, it can be seen that the Lowest 𝑛 − 1 Share 

crossover method offers the same generational improvements as scattered crossover. When 

compared with the generational results in Figure 5.3, it can be seen that the improvements in 

computational efficiency can be largely accredited to the targeted population initialization. 
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Figure 5.4: Objective and Generational Results for the Optimization of a Vehicle 

Product Line’s Market Share with 6 Products Using the First Choice Rule and 

Targeted Initialization 
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Ultimately, the analysis of the results presented from the maximization of market share of 

preference indicates the strong computational and algorithmic benefits provided by the 

Lowest 𝑛 − 1 Share crossover method when compared with both the baseline scattered 

crossover and with the other developed informed crossover operators. The following section 

will analyze the results from the maximization of the per capita contribution margin to 

determine if this recommendation holds for other objectives commonly used with product 

line optimization. 

5.3 Maximization of Per Capita Contribution Margin of the Vehicle Problem 

Contrary to previous sections, the analysis of the maximization of PCCM is subdivided by 

initialization method, so as to highlight the benefits provided by the informed crossover 

methods and separate these benefits from the ones offered by targeted initialization. Figure 

5.5 depicts the test trial results conducted using a random initialization and a probabilistic 

choice rule, while Figure 5.6 depicts the test results conducted using a random initialization 

and a first choice rule. Following discussion of these two figures, Figure 5.7 and Figure 5.8 

are presented, which depict the test trial results conducted using a targeted initialization for 

the probabilistic and first choice rules, respectively. 
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5.3.1 Results Using the Probabilistic Choice Rule 

Analysis of Figure 5.5 again shows computational and generational benefits through the 

application of the Lowest 𝑛 − 1 Share crossover operator. The operator provides optimal 

objective results that encompass the spread yielded by scattered crossover. However, roughly 

half of the optimum objectives provided by the trials outperform the strongest objective data 

points provided by scattered crossover, indicating fairly consistent benefits. The lower half of 

Figure 5.5 also shows that roughly half of the trials conducted with the Lowest 𝑛 − 1 Share 

crossover yield generational improvement when compared to the strongest candidate from 

the scattered crossover trials. Interestingly, strong generational improvement is also provided 

by the Lowest Share crossover method, and some slight objective improvement is also 

offered by this operator. It should also be noted that the Price Sort crossover no longer 

indicates strong performance when used with the profit objective. 
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Figure 5.5: Objective and Generational Results for the Optimization of a Vehicle 

Product Line’s Profit with 6 Products Using the Probabilistic Choice Rule and Random 

Initialization 
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Figure 5.6: Objective and Generational Results for the Optimization of a Vehicle 

Product Line's Profit with 7 Products Using the First Choice Rule and Random 

Initialization 
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Figure 5.6 depicts the results from trials conducted with 7 products, a random initialization, 

and the first choice rule. The introduction of the first choice rule produces a more robust 

simulation space, theoretically yielding limited performance from trials. However, the trials 

conducted with the Lowest 𝑛 − 1 Share crossover method still indicated capabilities of 

reaching the same optimal point discovered in the trials conducted with the probabilistic 

choice rule. The spread of these optimal points is ultimately driven downward, but optimal 

performance is still achieved by this crossover when compared with scattered crossover and 

the other developed informed operators. Notably, poor objective performance is displayed by 

the Price Sort crossover, behavior which is not expected considering the maximization of 

PCCM for the respective trials. 

The lower half of Figure 5.6 also indicates generational maintenance achieved by the Lowest 

𝑛 − 1 Share crossover method when compared to the baseline trials. Behavior noted in some 

trials also hints at improved algorithm performance, as evidenced by the lower quartile of the 

box plot for this crossover method. Interestingly, the strongest crossover method for 

algorithm efficiency is the Price Sort crossover, implying that there may still be benefits to 

implementing pricing data when maximizing the per capita contribution margin of a product 

line. 
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Figure 5.7: Objective and Generational Results for the Optimization of a Vehicle 

Product Line's Profit with 6 Products Using the Probabilistic Choice Rule and Targeted 

Initialization 
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5.3.2 Results Using the First Choice Rule 

Figure 5.7 and Figure 5.8 present the results collected using targeted initialization with the 

probabilistic and first choice rules, respectively. The trends noted in these two figures are 

similar in nature and will be discussed concurrently. Both sets of test trials again indicate 

strong objective performance for trials conducted with the Lowest 𝑛 − 1 Share crossover 

operator when compared to scattered crossover trials. Interestingly, all of the informed 

operators show capabilities of outperforming scattered crossover, but the spread of the box 

plots depicting these trials also indicates unpredictability associated with these methods. This 

attribute is undesirable to a firm looking to consistently arrive at a product line configuration. 

It can also be noted that implementation of the first choice rule eliminates this data spread in 

all crossover operators except the Lowest 𝑛 − 1 Share crossover, also indicating the 

robustness of this informed operator. 

The lower halves of Figure 5.7 and Figure 5.8 again detail generational results. It seems that 

the utilization of targeted initialization provides additional generational benefits that were 

initially noticed with only the Lowest 𝑛 − 1 Share crossover and random initialization. All 

tested crossover methods (informed and scattered) indicate a baseline of roughly 600 

generations to reach an optimal design, indicating that more than likely the convergence 

criteria of 600 generations played some role in limiting the performance of the algorithm. 

Utilization of the first choice rule in Figure 5.7 shows a much larger spread of data points, 

indicating each crossover method’s capability of arriving at an optimum in less generations. 
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Ultimately, all crossover operators used with a targeted initialization indicated comparable 

performance, leading one to refer to objective performance when analyzing these methods. 

 

Figure 5.8: Objective and Generational Results for the Optimization of a Vehicle 

Product Line's Profit with 5 Products Using the First Choice Rule and Targeted 

Initialization 
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5.4 Chapter Summary 

Overall analysis of the test trials to optimize a vehicle product line configuration yielded 

some notable trends. Most importantly, it is evident from the data collected that the Lowest 

𝑛 − 1 Share crossover method outperforms the baseline scattered crossover and the other 

previously developed informed crossover operators when applied to a more complex and 

robust problem. This crossover method introduced significant objective improvements when 

maximizing both market share of preference and per capita contribution margin. In addition 

to these objective improvements, it was also noted that these gains were achieved in a fewer 

number of generations than other crossover methods (informed or scattered), indicating gains 

in computational efficiency. With no additional function calls necessary to run the Lowest 

𝑛 − 1 Share crossover operator, the author highly recommends implementation of this 

operator when optimizing product lines with numerous attributes and implementing a single 

objective. 

The experimental data and analysis presented in the following chapter will pertain to the 

efficacy of using the Lowest 𝑛 − 1 Share crossover method when optimizing more than one 

objective simultaneously. The trials conducted will again be compared against the baseline 

scattered crossover to determine the value of using the Lowest 𝑛 − 1 Share crossover method 

with multi-objective product line optimization problems. 
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CHAPTER 6 – MULTI-OBJECTIVE OPTIMIZATION 

6.1 Multi-Objective Optimization Background 

The past two chapters have focused on the benefits provided by informed crossover operators 

when applied to single-objective product line optimization problems, namely maximizing 

market share of preference (Equation (3.3)) and PCCM (Equation (3.4)), or profit. Ideally, 

one could identify a solution that maximizes both objectives simultaneously without 

sacrificing benefits provided by the optimal solutions to each objective problem. Previous 

research into multi-objective optimization problems has revealed that most often this is not 

possible [11,70–75]. Past work concerning targeted populations used the vehicle case study 

presented in this work and revealed the optimal solutions for both market share and profit 

maximization [10], pictured in Figure 6.1. 

 

Figure 6.1: Performance of Optimal Share Configuration and Optimal PCCM 

Configuration for Vehicle Case Study [10] 
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Due to the lack of a single optimal solution within the design space, the designer is left with a 

tradeoff decision. Many firms typically drive their decisions based on profit maximization, 

but there are instances when firms will sacrifice profit in exchange for increased market share 

to establish a footprint within a marketplace. Between the two points noted in Figure 6.1 are 

a collection of non-dominated points denoted a Pareto Frontier [76]. The Pareto Frontier 

defines a full set of solutions over the range of objective function values, providing designers 

with a collection of designs to consider when faced with a tradeoff decision [77]. The 

construction of a Pareto Frontier requires a multi-objective optimization approach. 

The simplest means of solving a multi-objective optimization problem is through a weighted 

sum approach [78], which establishes combinations of weights for each single-objective to 

reduce a multi-objective problem to a single objective one. However, a weighted sum 

approach does not generate solutions in the non-convex region of the Pareto Frontier, cannot 

create an even spread of solutions, and is computationally expensive when compared with 

other approaches [78]. Conversely, this research uses a multi-objective genetic algorithm 

(MOGA) to search for product line configurations. The NSGA-II algorithm [57] is a 

commonly used MOGA and is used for this research. The defining difference between a 

standard GA and a MOGA is the ability of a MOGA to determine which solutions are 

dominated by others. The GA settings discussed in Section 2.4 are used and combined with a 

non-dominated sorting algorithm to establish the MOGA used in this research. 

To quantify and analyze the solution quality produced from the MOGA, a hypervolume 

metric is adopted [79]. The hypervolume metric captures both the distance and spread of the 
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frontier in a single value, making it an effective metric for determining solution quality in a 

space. A larger hypervolume value corresponds to a better frontier, or set of non-dominated 

points. The implementation of a hypervolume metric requires that all objectives be 

normalized before analysis, so that one objective isn’t unfairly weighted over another. For 

the purposes of this research, the PCCM objective is normalized to be on a 0 to 1 scale, so as 

to match the scale used by the market share of preference (the true values are backed out for 

analysis after completion of the optimization trials). 

When analyzing a two-objective case study (as is the case with this problem) the 

hypervolume corresponds to the area underneath the curve in reference to the origin. It 

should be noted that this area calculation is only valid if both objectives have lower bounds 

of 0. Figure 6.2 depicts an example of this using the frontier in Figure 6.1 [10]. 

 

Figure 6.2: Example Hypervolume for MP3 Case Study [10] 
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6.2 Experimental Procedure for Multi-Objective Optimization 

To conduct an analysis of the benefits of implementing an informed crossover with a 

MOGA, only the Lowest 𝑛 − 1 Share crossover will be applied (due to the promising results 

it displayed in Chapter 5). The full-factorial design outlined in Section 3.4 is applied to the 

multi-objective experiment with some minor alterations. Due to the relatively simplistic 

nature of the problem, the MP3 product line optimization problem is not explored with the 

MOGA. The number of trials conducted for each experimental setup is reduced to 5 trials (as 

opposed to the previously used 10 trials). The 600 generation convergence criterion is 

maintained, but due to the nature of the multi-objective problem, generational information is 

not presented (as each point on the frontier would have generational data associated with it, 

yielding an inordinate amount of points). The population size is initially two times the size of 

the design string and expands as more non-dominated designs are discovered. 

The goal of each optimization trial is to maximize both the market share of preference and 

PCCM. The problem formulation can be seen in Equation (6.1) [10]. 

 

Maximize: Share of Preference 
Per Capita Contribution Margin 
Change: Feature levels (𝑋𝑗𝑘𝑙) 

Subject To: Price level bounds 
No identical product variants in a line 
Feature level bounds 

(6.1) 
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Having established an experimental setup, the following sections will discuss the results of 

these test trials. In contrast to past data analyses, the collected data will be analyzed using the 

hypervolume metric and a visual inspection of the developed Pareto frontier. 

6.3 Experimental Results from MOGA Trials 

The following subsections are divided by market model for analysis of the collected 

hypervolume metrics, followed by a visual analysis of the generated Pareto frontiers. A full 

enumeration of all generated frontiers is presented in Appendix B for reference. 
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6.3.1 Multi-Objective Optimization Using the Probabilistic Choice Rule 

Figure 6.3 presents the hypervolume spread collected across the five trials conducted for each 

product line size (i.e. 4, 5, 6, and 7 products) using a random initialization. The 

implementation of the Lowest 𝑛 − 1 Share crossover operator yielded an average percent 

increase in hypervolume of 2.334%. Inspection of the data collected from the trials reveals 

the performance improvements offered by the Lowest 𝑛 − 1 Share crossover method. A 95% 

confidence interval around the mean hypervolume is presented in Table 6.1. The calculated 

confidence intervals have very little overlap, indicating consistent improvement offered by 

the Lowest 𝑛 − 1 Share crossover when compared to the baseline scattered crossover. 

Table 6.1: 95% Confidence Interval around Mean Hypervolume for Random 

Initialization Multi-Objective Trials Using the Probabilistic Choice Rule 

  Crossover Method 

  Lowest 𝒏 − 𝟏 Share Scattered 

P
ro

d
u

ct
 L

in
e 

S
iz

e 

4 Products 1797.3 ± 26.0 1770.1 ± 20.1 

5 Products 1865.2 ± 19.8 1816.5 ± 17.3 

6 Products 1901.7 ± 16.3 1842.6 ± 15.7 

7 Products 1919.8 ± 14.8 1883.9 ± 25.2 
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Figure 6.3: Hypervolume Data for Trials Conducted Using Random Initialization and 

the Probabilistic Choice Rule 
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The results from the five trials conducted using a targeted initialization method and the 

probabilistic choice rule are presented in Figure 6.4. Product lines with 5 and 7 products 

yield improved hypervolume values when optimized using the Lowest 𝑛 − 1 Share crossover 

method. However, lines with 4 products seem to render no benefit from implementation of 

the informed operator, and lines with 6 products seem to occasionally yield richer solution 

spaces when scattered crossover is used. These discrepancies can be due to differences within 

the design space as the problem formulation changes. Another potential reason could be due 

to the inherent randomness associated with genetic algorithms. This explanation can be 

further defended by the relatively small confidence interval spread noted by the optimization 

trials using the Lowest 𝑛 − 1 Share crossover method with 6 product optimization trials, as 

show on Table 6.2. Ultimately, implementation of targeted initialization within these trials 

indicates that the Lowest 𝑛 − 1 Share crossover may not offer significant hypervolume 

benefits when compared to initializing with a targeted population. 

Table 6.2: 95% Confidence Interval around Mean Hypervolume for Targeted 

Initialization Multi-Objective Trials Using the Probabilistic Choice Rule 

    Crossover Method 

    Lowest 𝒏 − 𝟏 Share Scattered 

P
ro

d
u

ct
 L

in
e 

S
iz

e 

4 Products 1789.5 ± 22.1 1797.4 ± 16.8 

5 Products 1858.1 ± 31.4 1833.6 ± 23.0 

6 Products 1882.3 ± 5.5 1893.5 ± 34.8 

7 Products 1922.3 ± 21.8 1889.5 ± 13.2 
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Figure 6.4: Hypervolume Data for Trials Conducted Using Targeted Initialization and 

the Probabilistic Choice Rule 
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6.3.2 Multi-Objective Optimization Using the First Choice Rule 

The data presented in Figure 6.5 and Table 6.3 was collected through test trials conducted 

using the first choice rule with a random initialization technique. As seen with the trials 

conducted using a random initialization with the probabilistic choice rule, the Lowest 𝑛 − 1 

Share crossover method offers a solution space with a larger hypervolume, indicating the 

informed crossover operator provides a more even and tighter frontier of solutions for the 

designer to select from. It should be noted that the interval ranges presented in Table 6.3 are 

slightly larger than the ranges calculated using the same experimental setup with the 

probabilistic choice rule. This is likely due to the robustness of the first choice rule and 

showcases the informed crossover operator’s ability to handle the more complicated design 

space. 

Table 6.3: 95% Confidence Interval around Mean Hypervolume for Random 

Initialization Multi-Objective Trials Using the First Choice Rule 

    Crossover Method 

    Lowest 𝒏 − 𝟏 Share Scattered 

P
ro

d
u

ct
 L

in
e 

S
iz

e 

4 Products 1766.3 ± 35.5 1733.2 ± 22.0 

5 Products 1800.2 ± 23.7 1751.7 ± 21.7 

6 Products 1830.2 ± 24.9 1807.3 ± 19.6 

7 Products 1853.5 ± 23.3 1792.9 ± 17.7 
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Figure 6.5: Hypervolume Data for Trials Conducted Using Random Initialization and 

the First Choice Rule 
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Table 6.4 and Figure 6.6 present a summary of the experimental results conducted using a 

targeted initialization using the first choice rule. Similar to the results presented from the test 

trials conducted with a targeted initialization and the probabilistic choice rule, the informed 

Lowest 𝑛 − 1 Share crossover method appears to show limited to no improvement when 

used with a targeted population. In fact, the 95% confidence interval created for product lines 

with 7 products show an overall improvement through the implementation of scattered 

crossover, indicating the Lowest 𝑛 − 1 Share crossover reached a false optimum, potentially 

stalling during the optimization along a false frontier. 

Table 6.4: 95% Confidence Interval around Mean Hypervolume for Targeted 

Initialization Multi-Objective Trials Using the First Choice Rule 

    Crossover Method 

    Lowest 𝒏 − 𝟏 Share Scattered 

P
ro

d
u

ct
 L

in
e 

S
iz

e 

4 Products 1763.3 ± 11.8 1741.6 ± 27.6 

5 Products 1805.0 ± 24.6 1768.9 ± 12.3 

6 Products 1827.6 ± 24.5 1802.2 ± 19.9 

7 Products 1859.9 ± 23.3 1849.0 ± 14.9 

 

Generally, some hypervolume improvements are still shown through the use of the informed 

crossover operator. These improvements have shown limitations when combined with an 

informed initialization operator or a more robust market model when compared to standard 

crossover operators. A further analysis of the actual frontiers produced through test trials is 

needed to fully determine the benefits provided by the informed crossover operator. 
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Figure 6.6: Hypervolume Data for Trials Conducted Using Targeted Initialization and 

the First Choice Rule 
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6.3.3 Pareto Frontier Analysis 

To analyze the effects of implementing an informed crossover method (specifically, the 

Lowest 𝑛 − 1 Share crossover operator), a standard product line size of 7 products was 

selected for comparison. The following discussion highlights the test trials conducted with 

the aforementioned product line size with variations in population initialization and market 

model used in the optimization algorithm. The frontiers displayed include the full collection 

of all five frontiers created through the five trials conducted through the experimental design, 

so as to discover any trends created through the different trials. A numerical analysis of the 

collected hypervolume metrics was completed in subsections 6.3.1 and 6.3.2. The analysis 

included in this subsection is comprised of a visual inspection of the generated frontiers. 

Figure 6.7 and Figure 6.8 present the results from multi-objective optimizations conducted 

with a random initialization and the probabilistic and first choice rules, respectively. Visual 

inspection of both of these figures reveals interesting trends within the frontiers. Within the 

sections of the frontiers with lower market shares, it appears as if performance from both 

crossover methods is generally comparable. As the market share of preference increases, 

noticeable improvements are provided by the Lowest 𝑛 − 1 Share crossover method. The 

generated frontiers expand outwards in these regions, indicating improved performance in 

areas with higher market share. It can be inferred that the expansion of the frontiers in this 

area is due to the fact that the informed crossover method being tested leverages products 

within the product line with higher shares, theoretically boosting the market share of the 

whole line. Another interesting trend to note is the “knee” in the Pareto frontier presented in 
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Figure 6.8. This indicates a trend towards an optimal solution (as opposed to a frontier of 

solutions) and showcases the frontier strength offered by the Lowest 𝑛 − 1 Share crossover 

method. 

 

Figure 6.7: Pareto Frontiers for Test Trials Conducted with the Probabilistic Choice 

Rule and a Random Initialization 
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Figure 6.8: Pareto Frontiers for Test Trials Conducted with the First Choice Rule and a 

Random Initialization 
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The implementation of a targeted initialization significantly improved the performance of the 

trials conducted with scattered crossover, as evidenced by Figure 6.9 and Figure 6.10. These 

figures indicate only slight improvements of the performance of trials run with the Lowest 

𝑛 − 1 Share crossover. Combining the visual analysis of these frontiers with the 

hypervolume data depicted in Figure 6.4 and Figure 6.6 indicates that using a targeted 

initialization method with an informed crossover operator does not aid the optimization of 

complex product lines significantly. Using one method or the other (with a robust market 

model such as the first choice rule) will produce comparable results. The improvements in 

the frontier provided by the scattered crossover method in Figure 6.10 are attributed to a sup-

optimum present within the design space that the Lowest 𝑛 − 1 Share crossover is driven to 

during the optimization routine. It is theorized that these optimal products are generated in 

the targeted initialization and are thus not altered during the optimization routine. 

Overall analysis of the Lowest 𝑛 − 1 Share crossover method when used in multi-objective 

optimization trials of product lines indicates higher hypervolume values and expanded Pareto 

frontiers within the generated solution spaces. The hypervolume and frontier benefits 

generally offered by this method provide significant improvements over results generated 

through standard crossover method driven test trials. Ultimately, the author strongly suggests 

implementation of this crossover method (or an informed initialization method) when 

optimizing complex product lines. 
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Figure 6.9: Pareto Frontiers for Test Trials Conducted with the Probabilistic Choice 

Rule and a Targeted Initialization 
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Figure 6.10: Pareto Frontiers for Test Trials Conducted with the First Choice Rule and 

a Targeted Initialization 
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CHAPTER 7 – SUMMARY AND CONCLUSIONS 

7.1 Research Overview 

The research conducted in this thesis follows the structure presented in Figure 7.1. The 

Creation phase (covered in Chapter 3) encompasses the development of the informed 

crossover operators to be tested were formally developed. Following the creation of these 

operators, the Hypothesis Testing phase of the study was entered. Within this phase (covered 

in Chapter 4), the informed crossover operators were validated with a relatively simple 

product line development optimization problem (the single objective MP3 product line 

problem). This phase served to ensure that the informed crossover operators matched 

standard crossover performance before testing the operators on a more complex problem. 

 

Figure 7.1: Flow Diagram Overview of Presented Research 

Within the Down-Selection phase, the crossover operators were then tested on a more robust 

problem (the single-objective vehicle product line configuration problem) to determine which 

informed crossover operators offered added computational and/or generational benefits when 

implemented. It was discovered that the Lowest 𝑛 − 1 Share crossover method outperformed 
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all other informed crossover operators and was ultimately selected for implementation with a 

problem that was indicative of a true product line optimization being conducted by an 

engineering firm. The final phase (Implementation) tested the selected informed crossover 

method on an extremely complicated multi-objective vehicle product line configuration 

problem to gauge the benefits of this method when applied to a problem more representative 

of the design decisions faced by firms engineering complex systems. 

7.2 Research Question 1 

The initial research question posed by this work aimed to determine the advantages of using 

consumer preference data (and other relevant problem information) to alter crossover 

techniques applied to product line optimizations. 

Research Question 1: What are the advantages of using problem-specific 

information within the crossover operator when optimizing product line 

configurations? 

The main focus of RQ1 lies in the comparison of the performance of the developed informed 

crossover operators against the baseline scattered crossover used in this research. An analysis 

of the data presented within Chapter 4 reveals that objective performance of the developed 

informed crossover operators matched the baseline scattered crossover. This served to 

validate the methods, ensuring that no unintended effects were seen due to the 

implementation of problem-specific data (i.e. a restriction of the design space, convergence 

upon a local optima, etc.). The generational results from these trials did indicate 
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improvements in computational efficiency when compared against the baseline scattered 

crossover. Significant decreases in the number of generations required to reach the reported 

optimum were discovered through implementation of each informed crossover method. 

Interestingly, it appeared as if crossover techniques that used data that was more relevant to 

the objective being optimized seemed to reach an optimum sooner than those that did not (i.e. 

the Price Sort crossover offered improved computational efficiency when used with a profit 

maximization objective for the MP3 problem, and the Lowest Share crossover method 

improved computational efficiency when used with a market share maximization objective). 

These trends were then tested with the vehicle product line configuration problem. 

Test trials for the single-objective maximization with the vehicle product line configuration 

problem again revealed advantages offered through the implementation of informed 

crossover operators, though these improvements were lessened due to the complexity of the 

problem being implemented. Oftentimes improvements in computational efficiency came at 

the cost of objective performance, implying that some of the informed crossover methods 

were susceptible to converging on local minima. It is theorized that the problem data used in 

some of the methods overly reduced the heuristic nature of the standard crossover operator, 

ultimately at the detriment of solution quality. However, a majority of the test trials again 

revealed an overall improvement in solution quality and the number of generations required 

to reach said solution. 

The final set of test trials were conducted using the chosen Lowest 𝑛 − 1 Share crossover 

when applied within a MOGA. The informed crossover operator generally rendered a higher 
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hypervolume metric, indicating improvements in frontier size and concentration when 

compared against scattered crossover. These improvements were also noted to expand 

frontiers at points with higher market share, indicating improved solution quality within these 

design regions. It is theorized that these improvements are due to the informed crossover 

methods ability to retain information on the strongest performing product within each line. 

7.3 Research Question 2 

The focus of RQ2 surrounds comparisons between informed crossover methods, and help to 

guide the selection of the Lowest 𝑛 − 1 Share crossover method as the recommended 

informed crossover method for product line optimization. 

Research Question 2: How does problem formulation impact the performance of 

crossover operators that use problem-specific data? 

As previously noted, the implementation of the informed crossover techniques with a 

relatively simpler problem (i.e. the MP3 product line problem) revealed that crossover 

techniques using problem data more closely related to the objective being maximized tended 

to outperform (both in computational efficiency and algorithm effectiveness) those that did 

not. However, as the informed crossover methods were applied to more complex problems, 

the advantages attributed to the Lowest 𝑛 − 1 Share crossover method became more 

pronounced. Many of the informed crossover methods would sacrifice objective 

maximization for algorithm performance, but the Lowest 𝑛 − 1 Share crossover continued to 

yield improved solution quality in a fewer number of generations than other informed 
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crossover methods. The Lowest Share crossover method seemed to indicate the potential for 

improved performance and efficiency with the probabilistic choice rule and random 

initialization. This is likely due to the similarities between the Lowest Share and Lowest 𝑛 −

1 Share crossover methods (in retaining a certain number of strong products). 

The final recommendation of the author is to implement the Lowest 𝑛 − 1 Share crossover 

for all product line optimization problems. The crossover method does not require any 

additional function calls over a standard scattered crossover method, and any increases in 

computational time added by the method are easily made up for in improvements in solution 

quality and computational efficiency. 

7.4 Future Work 

There are numerous avenues that this research can be taken, the most obvious of which is 

implementation in other problems. Design research often suffers from validation issues due 

to the complexity of the problems being solved and the uncertainties associated with market 

predictions and analysis. The easiest means of attempting to overcome this issue is through 

increased test trials, which can be conducted on various other problems to ensure that the 

trends noted in this research are repeatable. 

Another potential avenue of research is through the development of other informed operators. 

The research proposed in this thesis leveraged the concept of informed operators from past 

work on targeted initialization, and it is assumed that further improvements can be realized 

from the development of informed mutation operators (the logical next step in the genetic 
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algorithm process). Other potential avenues for informed operator developments include 

further searches into informed crossover methods and implementation of multiple informed 

crossover methods (i.e. use an informed operator for 50 generations, then switch over to 

another informed operator for the remainder of the search). 

Future research may also explore the implementation of other sources of problem 

information within crossover methods. These may include more product attribute related data 

(such as dependencies between attributes by leveraging DSM data) or the use of schema 

designed to guarantee combinations of certain products within a product line. Ultimately, the 

potential for problem data implementation within GA operators is seemingly limitless, as 

there are a myriad of potential information sources and implementation methods available to 

a designer for usage due to the heuristic nature of the optimization. 
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Appendix A: Experimental Design Results for Single Objective Optimization of Vehicle Product Line Configuration Problem 

 

Figure A.1: Objective Results for Vehicle Case Study Using a Probabilistic Choice Rule, Random Initialization, and 

Maximizing Market Share of Preference 
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Figure A.2: Generational Results for Vehicle Case Study Using a Probabilistic Choice Rule, Random Initialization, 

and Maximizing Market Share of Preference 
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Figure A.3: Objective Results for Vehicle Case Study Using a Probabilistic Choice Rule, Targeted Initialization, and 

Maximizing Market Share of Preference 
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Figure A.4: Generational Results for Vehicle Case Study Using a Probabilistic Choice Rule, Targeted Initialization, 

and Maximizing Market Share of Preference 
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Figure A.5: Objective Results for Vehicle Case Study Using a First Choice Rule, Random Initialization, and 

Maximizing Market Share of Preference 
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Figure A.6: Generational Results for Vehicle Case Study Using a First Choice Rule, Random Initialization, and 

Maximizing Market Share of Preference 
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Figure A.7: Objective Results for Vehicle Case Study Using a First Choice Rule, Targeted Initialization, and 

Maximizing Market Share of Preference 
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Figure A.8: Generational Results for Vehicle Case Study Using a First Choice Rule, Targeted Initialization, and 

Maximizing Market Share of Preference 
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Figure A.9: Objective Results for Vehicle Case Study Using a Probabilistic Choice Rule, Random Initialization, and 

Maximizing Per Capita Contribution Margin 
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Figure A.10: Generational Results for Vehicle Case Study Using a Probabilistic Choice Rule, Random Initialization, 

and Maximizing Per Capita Contribution Margin 
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Figure A.11: Objective Results for Vehicle Case Study Using a Probabilistic Choice Rule, Targeted Initialization, and 

Maximizing Per Capita Contribution Margin 
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Figure A.12: Generational Results for Vehicle Case Study Using a Probabilistic Choice Rule, Targeted Initialization, 

and Maximizing Per Capita Contribution Margin 
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Figure A.13: Objective Results for Vehicle Case Study Using a First Choice Rule, Random Initialization, and 

Maximizing Per Capita Contribution Margin 
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Figure A.14: Generational Results for Vehicle Case Study Using a First Choice Rule, Random Initialization, and 

Maximizing Per Capita Contribution Margin 



131 

 

 

 

 

 

Figure A.15: Objective Results for Vehicle Case Study Using a First Choice Rule, Targeted Initialization, and 

Maximizing Per Capita Contribution Margin 



132 

 

 

 

 

 

Figure A.16: Generational Results for Vehicle Case Study Using a First Choice Rule, Targeted Initialization, and 

Maximizing Per Capita Contribution Margin
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Appendix B: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Problem 

 
Figure B.1: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Random Initialization, and 4 Products 

 

 

 



134 

 

 

 

 

 
Figure B2: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Random Initialization, and 5 Products 
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Figure B.3: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Random Initialization, and 6 Products 
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Figure B.4: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Random Initialization, and 7 Products 
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Figure B.5: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Targeted Initialization, and 4 Products 
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Figure B.6: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Targeted Initialization, and 5 Products 
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Figure B.7: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Targeted Initialization, and 6 Products 
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Figure B.8: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using Probabilistic Choice Rule, Targeted Initialization, and 7 Products 
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Figure B.9: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product Line 

Configuration Using First Choice Rule, Random Initialization, and 4 Products 
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Figure B.10: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product 

Line Configuration Using First Choice Rule, Random Initialization, and 5 Products 
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Figure B.11: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product 

Line Configuration Using First Choice Rule, Random Initialization, and 6 Products 

 

 

 



144 

 

 

 

 

 
Figure B.12: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product 

Line Configuration Using First Choice Rule, Random Initialization, and 7 Products 

 

 

 



145 

 

 

 

 

 
Figure B.13: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product 

Line Configuration Using First Choice Rule, Targeted Initialization, and 4 Products 
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Figure B.14: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product 

Line Configuration Using First Choice Rule, Targeted Initialization, and 5 Products 
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Figure B.15: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product 

Line Configuration Using First Choice Rule, Targeted Initialization, and 6 Products 
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Figure B.16: Pareto Frontiers for Multi-Objective Optimization of Vehicle Product 

Line Configuration Using First Choice Rule, Targeted Initialization, and 7 Products 

 


