ABSTRACT

BRYAN, TIMOTHEE WILLIAM. Hall-Littlewood Vertex Operators and the Kostka-Foulkes
Polynomials. (Under the direction of Naihuan Jing.)

The familiar Hall-Littlewood polynomials, Ly[X;t] form a basis for symmetric functions

and are related to the Schur function, s)[X], basis via

LX) = 3 Kau(t)sa[X]
AF g

where K, is the Kostka-Foulkes Polynomial. Lascoux and Schiitzenberger proved that for

semi-standard Young tableaux

Ly [X, t] = Z tChaTge(T)Sshape(T) [X]
TeSST>

where the charge of a tableau T is a value obtained by weighting the entries of a reading
word corresponding to a filling using content . We define an explicit algebraic formula for the
Kostka-Foulkes polynomials using Hall-Littlewood vertex operators and Jing’s Hall-Littlewood
inner product which does not utilize Lascoux and Schiiteznberger’s result. We also introduce
new Young-like tableaux to discuss combinatorially significant lattice symmetries which arise

during and as a result of the calculations and proof of the Kostka-Foulkes polynomial formula.
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Chapter 1

Introduction

1.1 Partitions and Tableaux

Definition 1.1.1. A partition A consisting of [ parts of a positive integer n is an unordered

collection of positive integers summing to n.
Example 1.1.2. Consider n = 3. The four partitions of 3 are

3 = 3

= 2+1
1+2
= 1+1+1

Because addition is commutative, we could rearrange the entries of third partition of 3 into
the second partition. As we will not be concerned with counting the number of partitions of n,
we will consider 241 = 1+ 2 in this paper and subsequently we will consider only those unique

partitions of n which are not rearrangements of each other. Hence the partitions of 3 are

3 = 3
= 241
1+1+1.

For the duration of this paper we will represent an [-part partition A of n by a sequence
A = (A1, A2,..., ;) such that Ay > A2 > ...\, > 0 and say that A has weight n or |A\| = n.
We adopt the notational shorthand where an entry j in the sequence of A does not represent
the m-th power of j but rather represents m consecutive \; = j for 1 < ¢ < [, i.e. m is the
multiplicity of an element j. We say that A\ has length [, denoted I(\) = [, and will write A - n

to denote that ) is a partition of n.



It is possible and often convenient, in this paper and in general, to graphically represent a

partition as a collection of stacked cells or boxes called a Young tableau.

Definition 1.1.3. For a partition A, the Young tableau, represented T or simply T" when there
is no confusion, for A is a left aligned collection of rows of cells stacked one on top of another

via the rule that row ¢ of T contains \; boxes for 1 < ¢ <.

Following the English notation style, we arrange I' such that row 1 is the top-most row, row
2 is directly below row 1, and so on until row [ is the bottom-most row of the tableau. For this

reason, A is said to be the shape of T'.

Remark 1.1.4. Let A and \ be partitions. It is clear from Definition 1.1.8 that if Ty and Ty
have the same shape, then \; = A\; for 1 <i <1 =1(\) =1()\). Thus, A\ = \ and there exists a

unique Young tableau for each partition A.

Example 1.1.5. For A\ - 9 where A = (32,2,1) and A - 17 where \ = (5,4, 32,2), the Young

tableaux T\ and T% are shown in Figure 1.1.

Tiz221) = T(54322) =

Figure 1.1: Young tableaux of A = (32,2,1) and \ = (5,4, 32,2)

Given a partition A, it is sometimes useful to define the conjugate of a partition.

Definition 1.1.6. For A - n with I[(\) = [, the conjugate of A, denoted ), is the partition
X' n whose j-th entry is the number of boxes in the j-th column of A. Graphically, this can
be thought of as the tableau T} obtained by reflecting T about the main diagonal.

Example 1.1.7. For A - 9 where A = (32,2,1) and A\ - 17 where A = (5,4, 32, 2), the conjugate

Young tableaux T3 and 7§ are shown in Figure 1.2.



T(/32,2,1) - T(/5,4732,2) -

Figure 1.2: Conjugate Young tableau for A = (32,2,1) and A = (5,4, 32,2)

There is another realization of a Young tableau which will be useful later.

Definition 1.1.8. Given a partition A, locate it’s Young tableau such that the upper left corner
of the first box in row 1 has (z,y)-coordinate (0,0) in the plane. Then the entire left edge of
column 1 of T} is on the negative y-axis and the entire top edge of row 1 is on the positive
z-axis. Because X has a unique tableau it is possible to describe the shape of a partition using a
doubly infinite sequence of up and right steps of unit length, denoted U and R respectively, by
moving up the negative y-axis until reaching the bottom edge of the tableau and then tracing
along the exterior edge of T until reaching the z-axis and moving right. We call the sequence

of up and right steps to be the code, [5], of the partition .

Example 1.1.9. Let A = (32,2,1) and\ = (5,4,32,2). Then the Young tableau for A and X in
quadrant IV of the xy-plane with the bold path formed by moving along the bottom and right

edges of the tableau are shown in Figure 1.3.

Figure 1.3: Young tableaux and codes for A = (32,2,1) and A = (5,4, 32,2)



Code

A= (32,2,1) ...UUURURURUURRR...
A= (5,4,32,2) | ...UUURRURUURURURRR. ..

Regardless of the representation chosen for a partition A\, where \ # (1), we see there are
smaller partitions contained within ), i.e. by subtracting 1 from );. Because containment will

be of central importance in Chapter 3, we define it in the following way.

Definition 1.1.10. Let A = (A1, Ao, ..., N) Fnand pu = (1, po, ..., ux) Fm with m < n and
E<UIfp; <\ foralll <j<i<lI, then uis contained within A\ and is denoted p C A.

We can construct a Young lattice for a partition A and all tableaux p contained within A in
the following way. Beginning with the Young tableau of A we remove one cell at a time from
T), such that partition shape is always maintained, to arrive at a subtableau T, and write T},
below T and draw an edge between them.

Observe that, though is it not a partition according to Definition 1.1.1, we can define the
empty partition to be the unique “partition“ whose Young tableau consists of zero cells and is
denoted by (. As () is contained within each Young tableau, we can extend the Young lattice for
any partition A\ so that it ends at the Young tableau for the empty partition instead of ending
at the Young tableau for the partition A = (1).

Example 1.1.11. Consider the Young tableau corresponding to A = (3,2, 1), the Young lattice
formed by g C A is show in Figure 1.4.



v
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Figure 1.4: Young lattice for A = (3,2,1)

Having defined containment for any partition A, we introduce another important type of

tableaux created by removing the cells corresponding to a subtableau of A\ from T).

Definition 1.1.12. Let A and p be partitions with u C \. A skew tableau, denoted \/p, is a

tableau formed by removing the upper leftmost cells corresponding to T}, from the cells of T}.



Example 1.1.13. Let = (3,2%), A = (32,2,1) and A = (5,4, 32,2). Then the skew tableaux
A/p and A/p are shown, respectively, in Figure 1.5.

]

]

Figure 1.5: FExamples of skew tableaux

There exists a special type of connected, skew tableaux, called ribbon tableaux, which we

will utilize later in this paper.

Definition 1.1.14. Let A = (A, A\o,..., \) and p = (A2 — 1,A\3 — 1,..., \; — 1) be partitions.
Consider the skew tableaux formed by A/u. Because \/u is a connected strip with no 2 x 2
subtableaux, graphically, a ribbon tableau is the rightmost edge of T which is still connected
and of unit width.

Example 1.1.15. Consider the partitions A = (32,2,1) and A = (5,4,32,2). Then for p = (2,1)
and i = (3,22,1), A/ and \/ji produce the ribbon tableaux shown in Figure 1.6.

Figure 1.6: Examples of ribbon tableaux

Let A and X be partitions of n such that A # A for n > 2. This means that neither partition
of n is contained within the other, because there must exist entries i and j where \; > \; and

Aj < Aj for 1 < 4,5 < max{l(\),I(\)}. Hence we need to introduce an ordering for A and A so



that we can determine whether \ is less than A or vice versa. This ordering is important during
the calculation of the main result of Chapter 2 and is motivational to the combinatorial results

presented in Chapter 3.

Definition 1.1.16. Let A = (A1, A2,...,\;) and A = (A1, A2,..., Ay) be unique partitions of
_ _ ko k
n. We say that A is less than A, denoted A < A, in the dominance ordering if > A\; < > A; for

i=1 i=1
all k > 1.

We visualize the dominance ordering for partitions n using a Young lattice where nodes
are the tableaux of partitions of n and an edge between nodes denotes that the upper node
dominates the lower node.

As Definition 1.1.16 suggests, there is no direct connection between partition containment
and the dominance ordering. If we consider the partitions (5,1) and (4, 2), it is clear that (5,1)
dominates (4, 2) even though neither partition of six is contained within the other.

In the following example, we select the first “interesting® value of a partition of weight n

for which there exists more than one Young tableau per horizontal level of the Young lattice.

Example 1.1.17. Consider the unique partitions of n = 6. Then the dominance ordering for

partitions of n are shown in Figure 1.7.



Figure 1.7: Dominance ordering for Young tableau of weight 6



1.2 Content

Definition 1.2.1. For a partition A of n with Young tableau T and pu = (u1, 2, ..., pim) b n
where p© < X in the dominance ordering, we define the content of T to be a filling of the boxes

of T" with p; number of entries ¢ for 1 < i < m.

Definition 1.2.2. Given a tableau 7' of shape A and content u, we say T is a standard Young
tableau, or just a standard tableau, if the entries in a filling of T" are strictly increasing from left

to right along the rows and from top to bottom along the columns of 7.

Since the rows and the columns of cells must be strictly increasing, a standard filling cannot
contain more than more number ¢ in any row or column and, as a result, u; = 1. Since pu is
a partition, puy; > po > ... > py, > 0 implies that each p; = 1 and hence p = (1™). Thus, a
standard tableau 7' with shape A corresponding to a partition of n has the entries {1,2,...,n}
appearing exactly once in a filling. Observe, a standard tableau 7" of shape A may have multiple

fillings resulting from permutations of the entries.

Example 1.2.3. Let T be a tableau with shape A and content p where A = (32,2,1) and
p = (1°). Two standard fillings of T are shown in Figure 1.8.

’@\IC\DH

1

4

718

9
Figure 1.8: Examples of standard tableau of shape (32,2,1) and content (1%)

By easing the conditions for a filling of the rows of a tableau, we can define a set of fillings

of T where entries can appear with multiplicity greater than one.

Definition 1.2.4. Given a tableau T of shape A and content u, we say T is a semi-standard
Young tableau, or just a semi-standard tableau, if the entries in a filling of T" are weakly increasing
from left to right along the rows and strictly increasing from top to bottom along the columns
of T.

Observe that by definition, the set of all standard tableau T of shape A where |\| = n are

precisely those semi-standard tableau with content (1™).



Example 1.2.5. Let T be a tableau with shape A and content y where A = (32,2,1) and
p = (24,1). Then the fillings of T" which are semi-standard are show in Figure 1.9.

’Cﬂﬂkl\bi—l

’cn WIN |-
’»ka N | —
’»bc,o N |

’0100 DN | =
’ka N | —
’.ka N | —

1

2

313

4
Figure 1.9: Semi-standard tableau of shape (32,2,1) and content (2%,1)

The arrangement of the tableau in Figure 1.9 is meant to be illustrative of a process to
assure that one records all possible semi-standard fillings of a tableau. In this case, the first
row of tableaux correspond to fixing the 1 entries in the highest rows possible, followed by

fixing the 2 entries in the highest remaining rows, and then fixing the 3 entries in the highest

10



remaining rows before recording the possible fillings. The second row of tableaux correspond
to fixing the 1 entries in the highest rows possible and then fixing the 2 entries in the highest
rows before recording the possible fillings. The third and fourth rows of tableaux proceed in a

similar manner to the first and second rows.

1.3 Charge

For semi-standard tableaux T of shape A and content p, Lascoux and Schutzenberger, [12],
showed that it is possible to define the charge of T, denoted ¢(T'), for all fillings. In order to
define the charge for a semi-standard tableau T, it is first necessary to construct the reading
word, w, of T via the following process.

For A = (A1, A2, ..., \;), begin by recording each entry of a filling of the tableau from left to

right starting at row [ and moving upwards until reaching row 1.

Example 1.3.1. Consider A = (5,4,32%,2) with content x = (32,24 13) and filling shown in
Figure 1.10.

O |IJ|WwW |~

DO W | N |~
|| =N

Figure 1.10: Example of a tableau of shape (5,4,32,2) and content (32,24, 13)

Hence, the reading word w for the semi-standard filling of T" shown in Figure 1.10 is
w = 68569347223511124.

As the content of the previous tableau is not giving by u = (1'7), there are repetitions of
cell entries. However, Lascoux and Schutzenberger’s charge statistic requires a multiplicity of
one for each entry of u in a reading word. To adjust for multiple entries we need to then form
reading subwords, w;, of w for 1 <4 < g by scanning from right to left across w and recording
the position of the first entry 1, followed by the first entry 2, and so on until we either reach

the far left end of w at which point we “wrap“ back to the far right end of w and continue

11



the process or we record m where [(@) = m. We then construct the first subword, w; of w, by
writing the sequence of numbers {1,2,...,m} in the order they were found in w from left to
right. Next, we delete the entries of w; from w. We repeat this process until every entry of w
appears in a subword w; for 1 <14 < .

For Figure 1.10 the reading subwords of w = 68569347223511124 are

wp = 869372514
wy = 654231
w3 = 12.

Once we have formed the subwords of w, we find the charge of w by weighting the entries j,

denoted w(j), of w; for 1 <4 < uy according to the following rule:

w(j) =0 ifj=1
w(i+1)=w(j) if (j + 1) appears to the left of j in w;
w(j+1)=w(j)+1 if (j+ 1) appears to the right of j in w;

and summing of the entry weights of its subwords. The charges of the subwords for the tableau

in Figure 1.10 are

w; = 869372514
213020101 charge = 10

wy = 654231
111010 charge =4

w3 = 12
01 charge = 1.

Hence the charge of the tableau in Figure 1.10 is 15.

Let A= (A1, A2,y Ny e = (1, 42, -+, i) F noand p < A, Amongst all possible fillings of
a tableau with shape A and content p there exist two special situations for the charge, namely
those fillings corresponding to the maximum and minimum charges of T'.

We begin by considering the minimum charge for a semi-standard tableau. Clearly, for any
tableau T', ¢(T') cannot be negative by the weighting algorithm above. Suppose A = u. Then
I=mand \; = pu; for 1 < i <. Because we have a semi-standard tableau, every entry of a row
1 in filling of the tableau is exactly i. Hence, there exits only one filling of T" with shape A and

content u. Further, because it is formed by recording the entries from row [ upwards to row 1,

12



the reading word w of T" must be in weakly decreasing order. Thus, the weight of every entry
in w is 0. Therefore, when \ = i, the minimum charge of a tableau T is ¢(T') = 0.

We now consider the maximum charge of a tableau 7. It is apparent from the weighting
algorithm above that the multiplicity and ordering of the entries affect the sum which composes
the charge, i.e. to produce a maximum charge we want to arrange the entries j and (j + 1) in
such a way so as to make w(j) and w(j + 1) as large as possible. This is accomplished in two
ways. First, to produce a maximum charge, p must have the form (1™) because any repetition
of an entry j in the reading word can have weight at most (5 — 1). Second, for every pair of
successive entries j and (j + 1) of w, (5 + 1) must appear to the right of j in w, otherwise,
w(j) =w(j + 1), for 1 < j <1 — 1. To achieve this, the length of A must equal one, because
otherwise there must exist some pair of entries j and (j + 1) where (j 4+ 1) appears in a row

beneath the row that j appears in, i.e. (j + 1) would appear to the left of j in the reading word.

=1 [-1)l
Therefore the maximum charge of a tableau is > i = ( )

1=0 2
p=(1").

Example 1.3.2. For T\ with A = (3%,2,1) and content p = (32,2,1) and T} with A\ = (9) and
content fi = (1%), the reading word and charges of Ty and T} are shown in Figure 1.11.

and occurs when A = (n) and

ri- [[2[3[als o] 7[s]9]

’»lkwl\DH
w

reading word | charge

Ty | 433222111 0
Tx 123456789 36

Figure 1.11: Examples of maximum and minimum tableau charges
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Chapter 2

Symmetric Functions and the
Hall-Littlewood Inner Product

2.1 Symmetric Functions

Let Z[x1, z2, . .., x,) be the ring of integer polynomials in n independent variables x1, za, . . ., Zy.
The symmetric group S,, acts invariantly upon Z[z1, z2, ..., z,] by permuting the elements of
the polynomial, i.e. S(x1,z2,...,x,) is a symmetric polynomial if and only if for every function
¢ € Sy, where ¢ : S,, — Sp,

S(x1,72, .y Tn) = S(Ty(1), Tp2)s -+ - T(n))-

Provided that n is large enough, the number of variables x; is usually unimportant. However,
it is frequently useful to work with symmetric function rings in infinitely many variables, denoted
Z[x1,x9,...,Zy,...]. In such cases there exists a natural embedding of Z[z1, xa, ..., zy,...] into

Z|xy1,xa, ..., x,] by sending x; to itself for 1 < z; < n and sending z; to 0 for i > (n+ 1).

2.2 Symmetric Function Bases

For the symmetric functions there exists five classical bases which can be found in every text-
book, [11], [13], [15], on symmetric functions. We will introduce all five bases for the symmetric
functions as well as their generating functions, though we will focus exclusively on the last one.

In all cases, we let A = (A1, A2, ..., \;) be a partition of a positive integer n.

14



Definition 2.2.1. Define the monomial symmetric function, denoted my, as the sum of the

product of [ variables x; such that

_ A1, A2 Al
my = E rplwt T

1<i<l
where each monomial is distinct having exponents Ay, Ao, ..., A

Definition 2.2.2. Let n be an non-negative integer. The n-th elementary symmetric function,
denoted e, is defined as the sum of the product of n variables x;, where the z;’s are distinct,
such that eg = 1 and
en = Z iy Tiy - - - Tj,, = Myn
i1 <i2<...<in

for n > 1.

Proposition 2.2.3. The generating function, denoted E(t), for the elementary symmetric func-
tions is given by

E(t) =) ea(x)t” =J(1 +z:t)

n>0 i>1

for another variable t.

We observe that if we add all the square-free monomials of a degree n, we obtain the n-th

elementary symmetric function e,,.

Definition 2.2.4. Let n be a non-negative integer. The n-th complete homogeneous, or simply
complete, symmetric function, denoted h,, is defined as the sum of all monomials of degree n

of the variables x; such that hg = 1 and

h,, = g Tiy Tig - - - Ty, = E my.

We note that, by definition, e; = h; and observe that h, is the sum of all n-th degree

monomials.

Proposition 2.2.5. The generating function, denoted H(t), for the complete homogeneous

symmetric functions is given by
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Definition 2.2.6. Let n be a positive integer. The n-th power sum symmetric function, denoted

Dn, is defined as the sum of the n variables x; such that

Pn = Zm? = m(n).

i>1

Proposition 2.2.7. The generating function, denoted P(t), for the power sum symmetric func-

tions is given by

P =y @)

n>1 tn—l

= 22

i>1n>1

it
tn—l
X
izl 1— CL‘it

1
= Y1 alog (1 — :L‘it)'

I
(]

Because they are instructive, we will provide two equivalent definitions for the fifth basis of
the symmetric functions, the Schur symmetric functions, first introduced by Issai Schur in his

dissertation in 1901 and which bear his name.

Definition 2.2.8. For a partition A, define the Schur symmetric functions, denoted sy, to be

sx(z) = ZzT
T

where the sum is over all semi-standard tableau T' of shape A and = = $i‘1$§‘2 e xl)‘l.

This basis for the symmetric functions is often useful to work with as it allows the symmetric
functions to be represented by their accompanying Young tableau and is often seen when finding
the irreducible characters of symmetric functions.

We note that, when defined this way it is easy to see, the Schur symmetric function basis
provides a generalization for the complete homogeneous symmetric function basis when the
length of X is one, i.e. T" is a horizontal strip. When A = (1"), i.e. T is a vertical strip, then the
Schur symmetric functions generalize the elementary symmetric functions. Finally, the Schur
symmetric functions can be written as the sum of the product of the Kostka numbers, denoted

K ,, and the monomial symmetric functions, m,, for a partition u < A. Hence,

smy(x) = hn(x),
samy(z) = en(z), and
S\ = Z K)x,,um;r
P
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The second definition for the Schur symmetric function basis is expressed as a ratio of matrix

determinants and will be motivational in the next section.

Definition 2.2.9. Given a partition A = (A1, Ag,...,\;), let A[z] be the ring of symmetric
functions in « where x is the set of variables given by x = {x1,x2,...,2;}. Then by forming
the [ x [ determinant o\ given by

ay = det(a:?j)

for 1 <1,5 <, we can define the Schur symmetric functions, sy, by

AN+6
%)

S\ =

where 6 is the partition 6 = (I—1,1—2,...,0), oy is the Vandermonde determinant [] (x; —z;),
1<j
and the addition of A and § is done component-wise.
By properties of the determinant of a matrix, we note that the choice of « in the above
definition is meant to be evocative of the fact that under any transposition of the variables, a)
will alternate signs. Then since the Vandermonde determinant is also alternating, we have that

the Schur functions are indeed symmetric.

2.3 Hall-Littlewood Functions and Kostka-Foulkes Coefficients

Introduced implicitly by Philip Hall in terms of the Hall algebra and later explicitly defined
by D.E. Littlewood, the Hall-Littlewood functions provide a generalization for the complete
homogeneous symmetric functions as well as the Schur symmetric functions and serve as the

foundation for the operators utilized to prove the main result of the next section.

Definition 2.3.1. Given a partition A = (A1, Ag, ..., \;) and set of variables x = {z1, 22, ..., 2}

and t, define the Hall-Littlewood symmetric functions, denoted Ly[x;t], to be

o= (T 125 £t 115 %)

i>0 j=1 weS)
where m(i) is the multiplicity of an element i as defined in chapter 1.

We observe the Hall-Littlewood functions generalize the complete homogeneous symmetric
functions by letting ¢ — 1 and generalize the Schur symmetric functions by letting ¢ — 0 in the

definition above.

17



Given their relation, it is not surprising that the Hall-Littlewood symmetric functions can
be expanded in terms of the Schur symmetric function basis. For partitions A and u of n, with

1 < A this expansion is given by
L[z t] = ZK,\,u(t)SA[«T]
A

where the coefficients K ,(t) are the Kostka-Foulkes numbers in variable ¢ with non-negative
integer coeflicients.

In 1978, Lascoux and Schutzenberger, [12], proved that

K/\Jl — ZtC(T)

T

where T' is a semi-standard tableau of shape A and content p and ¢(7") is the charge statistic
for T.

As an immediate consequence of Lascoux and Schutzenberger’s theorem, we see that each
semi-standard filling of a tableau contributes exactly one monomial in ¢ to the summand.

Combinatorially, this means that the coefficient ¢, € N of a term in the polynomial
o= 0
T

counts the number of tableaux with charge m and for this reason the coefficients are known as

the Kostka-Foulkes numbers.

Example 2.3.2. Let T be a semi-standard Young tableau of shape A = (4,1?) with content
p = (2,1%). Every semi-standard filling of T with its respective charge is shown in Figure 2.1.
By Lascoux’s and Schutzenberger’s theorem, the Kostka-Foulkes coefficients for a tableau with
shape A = (4,12) with content u = (2,1%) is

K2y =+t +2t° + 10 17

Example 2.3.3. By definition of the charge statistic and the combinatorial statement made

above, we highlight four special cases for the Kostka-Foulkes coefficients:

Kyu(0) = 0 if X#p, Case (2.3.3.1)
Ky,(0) = 1 if A=y, Case (2.3.3.2)
Ky ,t) = 0 if |A] #|pl. Case (2.3.3.3)
Ky,(t) = 1 if[A = |ul. Case (2.3.3.4)

18
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Figure 2.1: K4 12)(2,14) utilizing charge

Recall that for a tableau 7" with shape A and content p, it is not possible to find a filling if
A < p. Hence the charge of T) ,, equals 0 in Case (2.3.3.3) (Case (2.3.3.1) is by convention).
Further, as we saw in section 1.3, there is exactly one filling of T when A = p and the
reading word is strictly increasing from left to right. Thus, the charge of T is exactly equal to
1 in Case (2.3.3.4) (Case (2.3.3.2) is due to the fact that there is exactly one way to represent

the “empty“ partition as an “empty“ tableau, i.e ().

Although the Kostka-Foulkes coefficients can be calculated utilizing Lascoux and Schutzen-
berger’s charge statistic, the process quickly becomes difficult to perform by hand. This can be
seen when considering the difference in the number of semi-standard fillings for a partition of
weight and content six as in the previous example versus the number of semi-standard fillings
for a partition of weight and content fifteen in the following example, i.e. 6 as compared to
35,035.

Example 2.3.4. Let T be a semi-standard tableau of shape A = (6,4,3,2) with content
p = (3,1'2). Then the Kostka-Foulkes coefficients are K64,32),3112) =
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t16 + 3t + Tti8 + 15t + 2820 + 48t
+ 79122 + 122t 4+ 180t 4+ 256t 4+ 351t%6 4+ 46577
+ 600t28 4+ 75120 4+ 91730 4+ 1093131 4+ 1273132 4+ 14473
+ 1613t 4+ 17583 4 187836 4+ 1965137 + 201738 4+ 20273
+ 2001t 4+ 1933t*t 4+ 1832t%2 4+ 1701t*? 4+ 1549t* 4+ 1378t
+ 120346 4+ 1025t47 4 855t 4+ 69519+ 552150 4 425451
+ 320692 4+ 232t%% 4+ 163t 4+ 11067 4 72t + 4457
+ 26t°8 + 145 + 760 + 361 + 62

While there exist computer software packages, including Maple and Sage, capable of calcu-
lating them using the charge, it has long been the goal to develop an explicit algebraic formula
for the Kostka-Foulkes coeflicients. This goal is both intellectually and practically driven as
we clearly would prefer to have a more efficient mechanism for calculating the Kostka-Foulkes
coefficients and, thus, a more efficient transition between the Schur symmetric functions and
the Hall-Littlewood symmetric functions. Further, the Kostka-Foulkes coefficients appear in
the calculations of even more general families of polynomials such as the Lascoux, Leclerc, and
Thibon (LLT) polynomials and the Macdonald polynomials, [3], [4], [9], [10]. Moreover, the
pursuit of an explicit algebraic formula for the Kostka-Foulkes coefficients is motivated by the
hope that such a formula would reveal additional relationships between partitions and their

corresponding Young tableaux.

2.4 An Explicit Algebraic Formula for the Kostka-Foulkes Poly-

nomials

To determine an explicit algebraic formula for the Kostka-Foulkes coefficients we develop an
explicit algebraic formula for the Kostka-Foulkes polynomials utilizing vertex operators. Let b
be the Heisenberg algebra generated by the central element ¢ and the n nonzero integer elements
hy,, with the relation

[(hm, ] = MOy, —pc.

We reintroduce the Hall-Littlewood vertex operators defined by Jing in [7] and utiilized
subsequently in [8].

Definition 2.4.1. The vertex operators B(t) and H(t) on the space V with parameter ¢ are

defined as . L
B(t) = Zhopt" — — hpt™" Y,
(0 exp{zn }exp{ > }

n>1 n>1
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1—¢n 1—¢n
H(t):exp{z - hnt"}exp{—z - hnt_”}.

n>1 n>1
Remark 2.4.2. The above defintion for the Hall-Littlewood vertex operators differ from those
defined by Zabrocki in [18] and utilized in [17] and [19].

We refer the reader to [7] and [8] for an explicit proofs of the following results.

Corollary 2.4.3. We have the following relations:
H,H, 1 =tH, 1Hy;
n ;+1 = tH;HH:;-

Observe for n > 0, we can consider either the H,, operator or the H_,* operator as an

annihilation operator.

Lemma 2.4.4. One has that

H, - 1=0; n>Q0;
H* -1=0; n>0; and
Hy 1=Hi-1=1.

Proposition 2.4.5. (1) Given a partition A = (A1,...,\;), the element H_y,, H_,,---H_j,-1
can be expressed as

1— Ry
H—)\17‘H—)\27'”H—)\l.1:H7w

where R;; is the raising operator given by

RijP(M17H/27“'7ul) = P(Ml7#27---7Mi+17---7ﬂj_17---7Ml)

where P( =P,,-P,,,--- , Py, which ensures that the expression has finitely many terms.

B2 550
Moreover, the product of the vertex operators H_y.1 = H_y H_,,--- H_y,.1 are orthogonal such
that

(H_x.1, H_y.1) = 6,b2(1),

where by(t) = 1;[1 G0 () and ¢ (t) = (L—1)(1 — %) -+ (1 —t™).
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(2) Let u = (u1, 2, ..., ) be any composition. The element of the product of the vertex

operators B_, B_,,---B_,, -1 can be expressed as

By Bopy - By - 1 = H(l = Rij)suySps -+ Sue = Sp
1<j

which is the Schur function associated to p. In general s, = 0 or £sy for a partition A =

(A1, A2y ..oy Ap) such the X € Si(u+6) — 3. Here 6 = (1 — 1,1 —2,---,1,0).

We will need to make use of another definition from [7], in the following proposition.
Definition 2.4.6. The Kostka-Foulkes polynomials (or the t-analogue of the Kostka-Foulkes
numbers) Ky ,)(t) are defined for all © < A by

1
S\ = ; wKw(t)Lu(t)

where by, (t) = [[i>1 @m0 (@), @ (8) = (1 —8)(1 — t2)--- (1 —t"), and m;(\) is the number of

occurrences of 7 in .

Proposition 2.4.7. The Kostka-Foulkes polynomials are the matriz coefficients of vertex op-
erators. Specifically,
Kyu(t) = (B_x-1,H_,-1).

Proposition 2.4.8. The commutation relations for the Hall-Littlewood inner product are:
1. Bsn = $nBm + $Sn—1Bm+1 (It follows for B(z)s(w) = (1 —
h_
ea:p{ > nz”} = sp2".)
n

2. H\B, =t 'B,H}, +t 'H* B, 1+ ("™ —tvmg, ..

)s(w)B(z). Here s(z) =

w
z

Example 2.4.9. Let T be the Young tableau of shape A\ = (3,2,1) with content (22,1?). By
applying second relation from Proposition 2.4.8 for the dual Hall-Littlewood inner product, the
Kostka-Foulkes polynomial for 7' is
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=

921),(21%) + ¢~ (BsH3 By By, HyH?)
—(1 = O[K31),212) + K22y,2,12) + K(2,12),(2,12)]
(22,1),(213) + t*(BsHj BY, HyH}) + t~*(B3 By H3 By, HyH?)
—(1 = )[K(31),2,12) + K22),2,12) + K(2,12),2,12)] — (1 = )t 2 K31 (2,12
22 1y,2,18) — (1 = ) K(2.12),(2,12) — (1 — ) K(22) (2,12

—(1 =K 1),2,12) — (1 =)t K31y 2,12) — t 2 K(31),(2,12)
= Kp21),213) — (1 = 1) K212),212) — (1 — 1) K(92) (2,12

—(—tT 1= ) K31 2,12
= (t+8) -1 -1)(1) - (1 -1)1)
= —(—tr+1-t)(t+1t?)

t 4 2t2 + 13,

Ki321),02212) =

I
=

I
=

The result of the above calculation of the Kostka-Foulkes polynomial for a tableau of shape
(3,2,1) with content (22,1?) is easily verified utilizing Lascoux and Schutzenberger’s charge
statistic or by using mathematics software (our results were verified using the Kostka-Foulkes
polynomial function found in Sage).

Given the relative simplicity involved in the calculation of K3 5 1) (22,12) through other means
we include Example 2.4.9 as a reference to verify two remarks about the action of dual Hall-
Littlewood vertex operator found in [1]. First, the action of the dual Hall-Littlewood operator,
H}, on By always leaves the B);s in partition order. Second, the number of dual Hall-Littlewood

operator, H;, actions on By is bounded by (11 + I()) — 2).

Remark 2.4.10. The action of the dual Hall-Littlewood operator, Hj,, on By always leaves the

By, s in partition order.

Proof. By part 2) of Proposition 2.4.5, since the Schur function B,,.1 for any composition ; can
always be reduced to that of a partition or it vanishes, the action of the dual Hall-Littlewood
vertex operator H) on the B).1s will terminate in a combination of genuine Schur functions
after finitely many steps.

We observe that applying Proposition 2.4.8, one often uses the simple fact
H}B),By, By, -1=0

when n > |Al.

Assume the inner product is of the form
—k
t <B>\(172)HZQB/\(171)B>\17**>

and 1o > A(_1). By Proposition 2.4.8 we see that
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t_k<B>\(zfz)H;aB>\(171>B>\za k) = t_k_l<B>\(l—2)HZa—lB)‘(lfl)_lBAl’ k)
k-1
—+t <BA(Z_2)B)\(Z_1)H;&B)\Z, **)

—(1—- t)tA(l—l)_”a_k_l<B)\(l_2)8( By, skok )

A(l=1)—Ha)

where sy yB», is the Littlewood-Richardson multiplication of S(\1—1)—ta) and By,.

(1-1) " Ha
Therefore, the action of the dual Hall-Littlewood operator, H ;, action on B) always leaves the

B),s in partition order.
O

Remark 2.4.11. The number of dual Hall-Littlewood operator, Hy,, actions on By is bounded
by (u1 +1(N) — 2).

Proof. Combinatorially, we proceed in the manner of a stars and bars proof where H} _. is
inserted into By = By, By, --- By, - 1.

Define r; j where i = # of B, in front of H;jl_j and j is such that i4+j+1 = the exponent k
of t7F.

In the second relation of Proposition 2.4.8, H/ _; acts by either removing a box from the

B, following it and itself or H ;1_ acts by trading places with the B) following it. This means

J
that minuses from B) form a weak composition of j in exactly i + 1 parts.

We have that ¢ is bounded below by 0 and above by k — 1 while j is also bounded below
by 0 and k£ — 1. Hence, there are (kzl) ways to insert H;jl_j into B) following ¢ entries. Thus

> ()

=0

there are

ways to insert H;l ; into By in total.

It is well known that the number of weak compositions of j into ¢ + 1 parts is counted by

j+i+1-1\  [j+i
i+1—-1 ) \ i )

By construction, i + j + 1 = k, which gives ¢ + 7 = k — 1 and thus there are

> (")

=0
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weak compositions of j into ¢ + 1 parts.

Thus, the number of ways to insert H* _. is equal to the number of weak compositions of

p1—j
7. Hence,
k—1
k—1
R
i=0
forall k =1,2,....

Then, assuming a sufficiently large B), the action of H} is either
e Hold in place (with 1 — 1) < pq — 1 times because HiB), = t’\iB,\i, or
e Move < [(A) — 1 times because H; - 1 =0 for all ¢ > 0.

Therefore, the action of the dual Hall-Littlewood operator, Hj;, on By terminates in < (1 +
[(X) — 2) steps. O

We are now ready to prove our main result found in [1], an explicit algebraic formula for
the Kostka-Foulkes polynomials utilizing Hall-Littlewood vertex operators found in [7]. In our
theorem and subsequent proof, we will make repeated use of removing the j-th entry of a
partition A and adding 1 to each entry \;, where 1 < i < j <. Accordingly, we introduce the

notational convenience A for this action and define it in the following way.
Definition 2.4.12. Let X)) = (A + 1, A +1,..., 1 + 1, Aig1, ..., \).
Theorem 2.4.13. For partitions A, p b n with A = (A1, A2, ..., N\,
l
HiB) = Z(_1)i_1t>\i_k_i+13/\i—k—i+lB)\(i)
i=1

where sy is the multiplication operator by the Schur function sy.

Proof. We argue by induction on |A| + k, where \ is a partition and k is the degree of the dual
vertex operator for the Hall-Littlewood symmetric function. First of all, the initial step is clear.

Thus, the inductive hypothesis implies that

H A1—k A2—k
;: 1B)\1 1B)\2---B)\l = "7 %sy, kB)\QH-B)\l — 17278, kB/\lB)\S"'BAl —
H Ao—k Az—k—1
;;B/\QH-B)\Z = 17?7 "%s)y, kB)\su-B)\l—tS SA\s—k 1B)\2 1B)\4~--B)\l—---.

25



Now we have

H;;B/\ = t_lB)\lHZBAQ-"B/\l
+t_1H];k_1B)\l_1B)\2 ce B)\l

= t_lB)\l (tAQ—kS)\Q_kB/\?) cee B)\
ekl

l
Sxs—k—1Bx,+1Bx, - - By,
HtM TR 2sy k9B, 11 Bag 1By - By — - --)
+t71(#*MFsy, By, -+ By
—t)‘z_kS)\z_kB)\lB/\g cee B>\l
+trsk=Lgy k1B By,11Bx, By, — )
—}—(t)‘l_k _ t>\1—k—1)3>\1_k3>\2 .- By

l

-
Using the first commutation relation in Proposition 2.4.8, the first parenthesis can be put

into

Ao—k—1 A3—k—2
(t™2 Sxg—kBx, By -+ By, — t7® Sxs—k—1Bx, Bax,41Bx, - By,

A—k—3

+tM Sxy—k—2B8x Bag+1Bxs41Byg -+ By, — -+ )
Aa—k—1 As—k—2

+(t*2 Sxg—k—1Brx+1Bxg - By, — 7 Sxs—k—2Bx+1Bxy+1Bx, -+ By,
A—k—3

HMTE s\ k—3Bx 4+1Brx, 1 1Bas41Bas - By, — ).

Combining with the other terms, they are exactly the following sum

l

Z(_1)i71t)\iikii+1SAi—k—i—&-lB)\(i) )
=1

O]

Remark 2.4.14. We are aware of Zabrocki’s result in [18] involving the Kostka-Foulkes poly-
nomials in the action of a modified vertex operator for the Hall-Littlewood operator, H,, ,, on
the Schur symmetric function basis and wish to highlight three differences. First, an explicit
formula for the calculation of the Kostka-Foulkes polynomials is not provided by the action of
the operator H,y, . Second, the action of the operator in [18] is combinatorial in nature in that
it requires fillings for semi-standard tableauz based upon the height their k-snake (or modified
k-ribbon) whereas our formula is strictly algebraic. Third, the recursion resulting from Theorem
2.4.13 does not rely upon the iteration defined by Morris in [14).

In the following remark we highlight several interesting features of the Kostka-Foulkes

polynomial formula in Theorem 2.4.13.

Remark 2.4.15. For partitions A\, = n with A = (A1, A2, ..., Ap),
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e 2.4.15.1 The formula has at most [ nonzero summands, although in many cases there are
fewer by the Littlewood-Richardson multiplication rule that s_,,Byu) = 0 for a positive

integer m.
e 2.4.15.2 The formula depends only upon p; from the content partition.

e 2.4.15.3 The exponent A; — k — i+ 1 of ¢ is evocative of the exponents of the determinant

defintion of the Schur symmetric functions.
e 2.4.15.4 Despite the alternating signs in the formula, positivity is assured.

Example 2.4.16. Given A\ = (4,12) and u = (2,1%), the Kostka-Foulkes plolynomial formula

gives

3 A ,
H3By = Y (=1)7'hmmilsy i B
=1

= t°s9B,a) — t*QS_QBA(z) + t*33_3B>\(3)
= ?5.B1B;

t?[K31),04 + K2,12),04)]

(3 + 1 +5) + (t+ 2 + t3)]
(412 4+ 263 + t4 4+ 19)
13t 25 416 47

— K(4’12)’(2712).

We include another example for calculating the Kostka-Foulkes polynomial using our formula
to demonstrate its improvement over using Lascoux and Schutzenberger’s charge statistic. We
consider the semi-standard tableau T shape A = (6,4,3,2) with content pu = (3,1'%?). As we
saw in Example 2.3.4, there were 35,035 unique fillings of T and, thus, 35,035 summands in the
calculation of K (g4 3 9),(3,112) using the charge.

Example 2.4.17. Given A = (6,4,3,2) and p = (3,1'2), the dual Hall-Littlewood inner prod-

uct algorithm gives

(_l)z‘flt/\rmfzﬂrl

op

HiB, = Sa1—p1—i+1Bx®)
1

1°s3By\a) — tOSOB)\(z) + t_28_3B)\(3) + t_48_4B)\(4)
= t383B)\(1) — B)\(z)

©
w ||
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Using the Pieri rule, the above formula gives that

Keaso)612) = K39 12+ Kga2) a12) + Kes2),112)
+K(63,2,1),112) T K(54,3),(112) + K(54.2,1),112)
+K(5,32,1),(112) + K (5,322),(112) + K42 31),(112)
+ K42 22) (112) + K(a,32,2),112)] — K(7,3,2),112)

which is easily verified using Sage or repeated applications of our iterative formula

While example 2.4.17 clearly illustrates the computational superiority of the recursion de-
fined in Theorem 2.4.13, requiring only two summands of a combined 12 Kostka-Foulkes polyno-
mials, we again wish to draw attention to the fact that our result provides an explicit algebraic,
instead of combinatorial, formula for the Kostka-Foulkes polynomials.

As consequences of Theorem 2.4.13, in the next section we introduce several combinatorial
results about partitions and their corresponding Young tableaux, develop a new lattice structure
for tableaux, and define two new classes of symmetric polynomials, the first of which possesses

the stronger condition of being monic.
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Chapter 3

Littlewood-Richardson Tableaux

3.1 Littlewood-Richardson Cores and Tableaux

In 1981, while extending the Murnaghan-Nakayama formula to generalized characters, James

and Kerber, [6], showed any partition A\ can be associated with a k-core.

Definition 3.1.1. Define the k-core Ay, of a partition A of n to be the unique partition obtained
by removing ribbons of size k, called k-ribbons, from the Young tableau representation of A

such that partition shape is always maintained.

Let [A)| = m be the number of k-ribbons removed in acquiring the k-core of X. Note that,
regardless of the method utilized to obtain a k-core for a partition, m is always the same. We
then introduce the weight of A(;), denoted p, to be (1™). By numbering the removed k-ribbons
from 1 to m, where the label 1 represents the last ribbon removed, the number 2 represents the
second to last ribbon removed, and so on, we can identify distinct methods of obtaining the

k-core.

Example 3.1.2. Let n = 17 and X = (5,4, 3%,2). Then the six tableaux of A/A() with A(5) =
(12) and weight p = (1°) are shown in Figure 3.1. Observe that the first and second pairs of
tableaux have the exact same k-ribbons to be removed to respectively reach A3y = (12) with

differing orderings.
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213 113
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213 213
114 115
3
214
115
1 5
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3

Figure 3.1: A3y = (1?) for A = (5,4,32,2)

As there are often multiple methods for reaching a k-core, we wish to generalize to k-ribbon

tableaux of a general shape and weight.
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Following Lascoux, Leclerc and Thibon, [10], we denote a k-ribbon by R and consider the
upper rightmost cell of R to be its initial cell. Then define a skew shape ¥ to be ¥ = v/§ and
set 0+ = (1) A J such that a horizontal strip consisting of the upper cells of ¥ if formed by
04 /6. If U can be tiled by w k-ribbons with initial cells contained in ¢4 /4§, then ¥ is a horizontal
k-ribbon strip with weight w.

Definition 3.1.3. Define the k-ribbon tableau T of shape A/v and weight u = (u1, o, .. ., fr)
to be a chain of partitions
v=6'csc.-ci =)

such that 6°/8°~! is a hortizontal strip k-ribbon strip of weight ;.

k-ribbon tableaux have been utilized to calculate the skew Kostka-Foulkes polynomials
K /v0(q) where the skew tableaux have shape A\/v and weight w as well as playing a role in
the creation of LLT polynomials which are single variable symmetric functions in ¢. Haglund
then showed that LLT polynomials are strongly connected to MacDonald polynomials via skew
ribbon diagrams.

As we saw in chapter 2, the Littlewood-Richardson rule for the multiplication of Young
tableaux was central to the calculation of the algebraic Kostka-Foulkes polynomials Ky)(,)-
Furthermore, we showed that given a partition of shape A and content u, every non-zero term
in the Ky, calculation had a shape containing (A2, A3,...,A;). Similar to the k-cores of

Kerber and James, we introduce a a Littlewood-Richardson core (LRC) for a partition A.

Definition 3.1.4. Given a partition A = (A1, A2, ..., ;). Then the Littlewood-Richardson core
(LRC) of Xis Ay = LRC(X) = (A2, A3, ..., Ar). In the case where [ = 1, we take LRC(A) = (.

In the language of LLT polynomials, this process produces a skew tableau of shape \/v
where v = (Ag, A3,..., ;). In the following sections, we will not be producing skew tableaux
for a partition A though we still wish to record the LRC(A). For the remainder of this paper,
for a partition A\ we will graphically denote the LRC(\) shading the upper leftmost cells of the
Young tableau of A, those having shape (A2, A3, ..., A;), in gray. For example, when A = (3,2, 1),
the LRC is shown in Figure 3.2.

Figure 3.2: Littlewood-Richardson core for A = (3,2, 1)
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The next result proves the Littlewood-Richardson core of a partition is always present within

the explicit Kostka-Foulkes polynomial algorithm of Theorem 2.4.13.
Theorem 3.1.5. The Littlewood-Richardson core of a partition X has shape A,

Proof. Let A = (A1, A2,...,N) and p = (u1, p2, ..., pg) be partitions of n with g < A as in
Theorem 2.4.13.
Clearly, (A2, ..., \) = A1,

Consider

Ko = Ko 1a. 2.+t By Hyy By, - By, %)
—(1 — t)t/\li’ulils)\l_ul <B)\2 ce B/\H >l<*>

We proceed inductively.
Case 1: As A1 > ji1, Sy, —y, is non-negative. Thus, each tableau resulting from the Littlewood-
Richardson multiplication rule has length either [ or ({—1). Hence, (A; — 1) cells may be added
to A1), This means a row may have at most (A; — x1) added to it. Therefore the intersection
of the tableaux resulting from the Littlewood-Richardson multiplication rule is A(1).
Case 2: If H), > B,,, the Hall-Littlewood inner product from Theorem 2.4.13 equals 0. Else,

<B/\1H;13/\2 By, Hy, -+ HMk> = t71<B)\1H;1—1B>\zle)\3 - By, **)
+t7 (B, Brn, H}; By, - -+ By, %)

—(1 — t)t)‘Qf‘ul*l(B,\lS)\Q,ul <B,\3 . 'B>\z7 *>I<>>

If Ao < pu1, the Hall-Littlewood inner product becomes By, By, - - - By,. Since By, > B),, 2D
is contained within the tableaux resulting from the Littlewood-Richardson multiplication rule.
If Ao > w1, then A is contained within the tableaux resulting from the Littlewood-Richardson
multiplication rule.

Assume the k-th Hall-Littlewood inner product is not zero. Then the (k + 1) Littlewood-

Richardson multiplication is either

<B)\1 T BAIQ‘S)\kH*m <B>\k+2 T B)\l’ **>> or
<B>\1B>\2—i1B)\3—i2 T B>\j_ij—18>\j+1_(ﬂl_k) <B/\_7'+1 T B>\l’ Huz T H/‘«k * *>>

In the first case, since By, > By, > ...By, > 0, A1) is contained within the (k + 1)-
—ij_, = B,y forall j € 1,k by
assumption. Thus, A(!) is contained within the (k+ 1)-st Littlewood-Richardson tableaux. This

means that

st Littlewood-Richardson tableaux. In the second case, B,

l
ﬂ i-th Littlewood-Richardson tableaux = A1),
i=1

Therefore, the Littlewood-Richardson core of a partition A has shape A(). 0
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Remark 3.1.6. It is because of the common tableaux containment resulting from the Littlewood-
Richardson tableaux multiplication rule in Theorem 2.4.13 that we introduced the terminology

of Littlewood-Richardson cores.

If we fix the LRC of the partition and begin removing only those boxes not in the LRC(\),
we can produce every tableau contained within A which still contains the LRC(\) using the
dominance ordering. For example, every tableau corresponding to a weight five partition which
is contained in (3,2,1) with LRC = (2, 1) is shown below.

[ |

Figure 3.3: Young tableaux contained in T(3 1) obtained by removing one cell not contained
in the LRC((3,2,1))

Definition 3.1.7. Given a tableaux T and a partition A, define the Littlewood-Richardson
tableauz, LRT, of A by
LRT(A) ={T|Tprc(x) € T C Th}-

Observe that if A\ - n has shape (n), then 7= () is an element of LRT(\).

Similar to Young lattices, we can create LRT lattices using the dominance ordering so that

a partition shape is always maintained. For example, when A\ = (2) we get the lattice

L]
[ ]

Figure 3.4: LRT lattice for A = (2)
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Theorem 3.1.8. Littlewood-Richardson Tableaux are not k-ribbon tableaux for I(\) > 2 and
A2 /{/)\1 with k > 1.

Proof. Let A\ = n with A = (A1, A2,...,\) and T be the Young tableau of A. By definition,
[ILRC(N)| = (n = A1)

Observe that fixing the upper leftmost cells in 7' corresponding to LRC(A) means that if
[ > 3 there are no cells directly above row [ which are not in the Littlewood-Richardson core.
As (n — A1) > 2- Ay, the cells in row [ cannot be part of a (n — A;)-ribbon. Thus, LRC()) is
not a k-ribbon for I(\) > 2.

Assume [(A\) = 2 and that \; = p and Ay = ¢ with ¢ / p. Then, by the division algorithm,
p=mq+rand 0 <r <gq. Since |LRC(\)| = q, row 1 of T" has the rightmost r cells not in a

g-ribbon.
Therefore, Littlewood-Richardson Tableaux are not k-ribbon tableaux for [(A) > 2 and Ay f
A1 with & > 1. O

3.2 Littlewood-Richardson Tableaux Lattices

Having defined the Littlewood-Richardson Tableaux in the previous section, we now wish to

introduce a standardizing algorithm for recording LRT lattices.

Definition 3.2.1. We define the Littlewood-Richardson Tableauz lattice algorithm as follows:
Given a partition A = (A1, A2, ..., ;) of n with Young tableau T

1. Shade the upper leftmost cells in T' corresponding to the LRC'(\)

2. Below T', draw every tableau which has had exactly one cell removed from 1" which is on
the right end of a row and not in LRC(\). Arrange these diagrams such that for i < j,
the tableau having had a cell removed from row i appears to the left of the tableau having
a cell removed from row j for 1 < i <[ — 1. Thus, every tableau in this row has exactly
(n—1) cells.

3. Draw a line between T and every new tableau which is contained within it.

4. Repeat steps 2) and 3) for each tableau until there are no more non-LRC(\) cells which

can be removed.

5. Draw the LRC()) (Recall if [(A) = 1, the LRC(\) = 0)) and draw lines to it from each

tableau in the row immediately above it.
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Example 3.2.2. Let A = (3,2,1). By Definition 3.2.1, the LRT lattice is shown in Figure 3.5.

Figure 3.5: LRT lattice for A = (3,2,1)

Observe that if if we count the number of tableaux appearing in each horizontal level of the
LRT lattice and record the results, we see that we have the symmetric and monic sequence of
integers 1 —3 — 3 — 1. As we will see in the next two examples, fixing non-LRC(\) cells does

not, in general, produce a symmetric and monic sequence of integers.

Example 3.2.3. Let A = (3,2,1). We know |LRC()\)| = 3. Instead of fixing the upper leftmost
cells corresponding to the shape of LRC()), fix A\; and shade it as before and proceed with
steps 2) through 5) from Definition 3.2.1.

Counting the tableaux appearing in each horizontal level in Figure 3.6 and recording the

results produces the integer sequence 1 — 2 — 1 — 1 which is monic but not symmetric.

Example 3.2.4. Let A = (3,2,1). We know |LRC()\)| = 3. Instead of fixing the upper leftmost
cells corresponding to the shape of LRC()), fix \| and shade it as before and proceed with
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.

LT

Figure 3.6: Example of fixing A\; which does not produce a symmetric lattice

steps 2) through 5) from Definition 3.2.1.

Counting the tableaux appearing in each horizontal level in Figure 3.7 and recording the
results produces the integer sequence 1 —2 — 1 — 1 which is monic but not symmetric. Observe
that we have fixed every set of |[LRC(\)| = 3 cells in T" which have partition shape and only
fixing the LRC()A) produced a symmetric and monic integer sequence.

We now define a new polynomial in Z[t] from the LRT lattice of a partition which is always
symmetric and monic and proves that the LRT'(\) lattice is also symmetric and monic if you

count the number of tableau appearing in each horizontal level.

Definition 3.2.5. Given a partition A, define the map
¢ : LRT(\) — Z[t]

by T € LRT(\) —s thr|=IERCO]

where Ar is the partition corresponding to the tableau T
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Figure 3.7: Example of fixing A} which does not produce a symmetric lattice

Define the T-polynomial, T'(\), of X by

T\ = S ArI=IZRCO]
TELRT()\)

Equivalently,

T(\) = S Arl=ILRCOV)]
TELRT())
IAl=[LRC(N)]|

mt""

m=0

A1
= 5 Cptm
m=0

where Cy, is the number of tableaux of weight |[LRC(X)| + m where m is the number of
boxes added to the LRC'(A).
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Example 3.2.6. Let A = (3,2,1). The T-polynomial for A is shown in Figure 3.8.

1t3

32

Figure 3.8: T-polynomial for A = (3,2, 1)

Theorem 3.2.7. For any partition A = (A1, A2,...,N) of n, T(\) is symmetric and monic.

Proof. Since there is exactly one unique Young tableau for each partition A, there is also exactly
one unique Young tableau for LRC(\). This means the first and last terms of T'(\) are always
1 and, therefore, T'(\) is monic.
We proceed inductively to proof symmetry.

Case 1: Suppose [(\) = 1. Then the Young tableau for A is a horizontal strip and LRC(\) = ().
This means that every cell in the Young tableau needs to be removed in order to create the
LRT()) lattice. However, since we must maintain partition shape after each removal, only the
rightmost cell may be removed at each step. Hence, there will be exactly (n + 1) levels in the
LRT()) lattice each containing exactly one LRT'(X). Thus, T'(\) = t" +t"~! 4 ...+ ¢! +1 which

is symmetric.
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Case 2: Suppose [(A) = 2 with |[LRC(\)| = A2 = m.

We break this into two cases:

e Suppose that A = (m,m). Then the only cells from the Young tableau of A\ which may be
removed are in row 2. Thus, we have the same situation as Case 1) involving m removable
cells. Hence, T'(\) = t™ +¢™ 1 4+ ... +t! + 1 where m = %. Therefore, T((m,m)) is

symmetric.

e Suppose that A = (m + 1,m). By definition of the LRT(\), there is only one removable
cell in row 1 of the Young tableau of A, specifically the rightmost cell. Label this cell a.

If @ is the first cell removed from the Young tableau of A, then beginning one level down
and to the left we have the same LRT'(\) lattice as when A = (m, m). Moreover, removing
a at any step prior to the last step results in a Littlewood-Richardson tableau already
contained in LRT'((m,m)). Thus, we need consider only those LRT'(\) where a is fixed.

However, fixing a leaves the only removable tableau of A to be precisely those of A =
(m,m). Thus fixing a results in the same T-polynomial as when A = (m,m) except it is

shifted one degree higher. There are two further cases to consider:

i. T((m,m)) has odd length. Then adding the coefficients of the T-polynomial gives

1, vy 1 odd number m + 1
+ 1, ..., 1 odd number m + 1
1, 2, A | even number m + 2

ii. T'((m,m)) has even length. Then adding the coefficients of the T-polynomial gives

1, R | even number m + 1
+ 1, ..., 1 even number m + 1
1, 2, A | odd number m + 2

Since the sum of two symmetric polynomials having the same sequence of coefficients and

differing by exactly one degree is symmetric, T'((m + 1,m)) is symmetric.

Assume that T'()\) is symmetric for A = (m+i,m) where i > 1. Consider A = (m+i+1,m).
As before, label the last cell in the first row of the Young tableau of A with an a. If a is
the first cell removed from the Young tableau of ), then beginning one level down and to
the left we have the same LRT()) lattice as when A = (m + 1,m). Moreover, removing
a at any step prior to the last step results in a Littlewood-Richardson tableau already

contained in LRT(X). Thus, we need consider only those LRT(\) where a is fixed.
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However, fixing a leaves the only removable cells of A to be precisely those of A\. Thus
fixing a results in the same T-polynomial as when A\ = (m + 1, m) except it is shifted one

degree higher.

Since T'()\) is symmetric for A = (m + i,m), by assumption, and T'()\) is obtained by

adding the coefficients of T'(A) shifted by one degree, T'(\) is also symmetric.

Therefore, for every partition A of length two, T'(\) is symmetric.

Case 3: Assume [(A\) > 2 with T'()\) being symmetric. We need only consider two cases for
when add a new row to the top of the Young tableau of A, i.e. when we create a new partition

A= ()\0,)\1, - .,)\l) from A.

e Suppose \g = Ai. Since no additional cells can be removed from the Young tableau of A

which are not contained in the Young tableau of A\, T'(A) = T'(\). Since T'()) is symmetric,

by assumption, T'()\) is also symmetric.

e Suppose A\g = (A1 + 1). Label the last cell of the top row of the Young tableau of A a
as before. Hence, the T-polynomial of A is the shifted sum of two symmetric polynomials

differing by one degree. Then since T'(\) is symmetric, 7'(\) is also symmetric by above.

Assume that T(A) is symmetric for A = (Ao + 4, A1, ..., A;) where ¢ > 1. Consider A =
(Mo+i+1,A1,..., ). As before, label the last cell in the first row of the Young tableau of
A with an a. If a is the first cell removed from the Young tableau of A, then beginning one
level down and to the left we have the same LRT'()) lattice as when A = (Ag+i, A1, ..., \).
Moreover, removing a at any step prior to the last step results in a Littlewood-Richardson

tableau already contained in LRT'(\). Thus, we need consider only those LRT'(\) where

a is fixed.

However, fixing a leaves the only removable cells of A to be precisely those of A. Thus
fixing a results in the same T-polynomial as when A = (Ao + 4, A1, ..., \;) except it is

shifted one degree higher.

Since T'(\) is symmetric for A\ = (Ag+4, A1, ..., ), by assumption, and T'(\) is obtained by

adding the coefficients of T'(A\g, A1, ..., A;)) shifted by one degree, T'(\) is also symmetric.

Therefore, for every partition A\ of n, T'(\) is symmetric. O

Definition 3.2.8. Given a partition A, define the i-th shifted T-polynomial of X\, T;(\), by
adding i to the exponent of T'(\) where 1 = ¢°.
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Corollary 3.2.9. Given a partition X\,

A1—A2
T() = L GLRC)

where T;(LRC(\)) is the i-th shifted T-polynomial of the Littlewood-Richardson core of .

Proof. This result follows immediately from Theorem 3.2.7. O

Graphically, we can interpret Corollary 3.2.9 as the LRT'(\) lattice is (A} — A2+ 1) diagonally
shifted bands of the LRT'(LRC())) lattice. In the next two examples we denote those tableaux
contained in a band with a black line between them and the connections between bands of

tableaux with red lines.
Remark 3.2.10. For a partition X, if A1 = A, then T(\) = T(LRC())).

Example 3.2.11. Consider the partitions A = (2,1) and A = (3,1). In both cases, the

LRC(X) = LRC(\) = (1). By Theorem 3.2.7, T(LRC(\)) = T(LRC(N)) = (1 +t) and the
LRT lattices of LRC(\) and LRC(\) consist of two levels each containing one tableau.

Thus, for A = (2, 1), the Littlewood-Richardson Tableaux lattice consists of two bands each
consisting of two levels each containing one tableau, i.e. one band for the LRC(\) and an
additional band because A\; — Ay = 1. The LRT'((2, 1)) lattice is shown in Figure 3.9.

Similarly, for A = (3, 1), the Littlewood-Richardson Tableaux lattice consists of three bands
each consisting of two levels each containing one tableau, i.e. one band for the LRC()) and two

additional bands because A\; — Ay = 2. The LRT((3,1)) lattice is shown in Figure 3.10.

Figure 3.9: LRT lattice for A = (2,1)
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Figure 3.10: LRT lattice for A = (3,1)

Though it is well defined, our next example proves that the function ¢ : LRT(\) — Z[t],
where T' € LRT(\) — tATI=ILRCI and Ap is the partition corresponding to the tableau T,

does not have an inverse.

Example 3.2.12. Let \ be a partition and suppose T'(\) = t* + 3t3 4- 4% 4 3t + 1. As before,
by considering coefficients only we observe below that three shifted sums of 1 — 2 — 1 and two
shifted sums of 1 =2 —2—1equals 1 —3—-4—-3—1.

1 2 1
+ 1 2 1 2 2 1
+ 1 2 1 + 1 2 2 1
1 3 4 3 1 1 3 4 3 1

Consider the partition A = (4,2,1). The LRT'((4,2, 1)) lattice is shown in Figure 3.11.
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Figure 3.11: LRT lattice for A = (4,2,1)

Hence, T'((4,2,1)) = t*+3t3 4412+ 3t +1 and is the result of three shifted sums of 2 +¢4-1.
Now consider the partition A = (4,3,1). The LRT((4,3,1)) lattice is shown in Figure 3.12.
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Figure 3.12: LRT lattice for A = (4,3,1)

Hence, T((4,3,1)) = t*4+3t3+4t?4+3t+1 and is the result of two shifted sums of t3+2t24+2t+1.
Thus ¢~ (t* + 3t3 4 4% + 3t + 1) is not unique. Therefore, ¢ does not have an inverse.

In addition to creating symmetric lattices, LRT are combinatorially significant in other

ways.
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Theorem 3.2.13. There exists a unique k-letter word W consisting of the letters U and D
which encodes the T-polynomial of a partition X where U represents adding a row of |\1| cells
above row one of the previous Young tableau and D represents extending row one of the previous
Young tableau by one cell, beginning with T = 0, and

IA-1
ko= (X Xi—Xig1) + A
=1

Remark 3.2.14. The letters U and D were chosen to mirror the arrangement of tableaux within

a Young lattice and the diagonal bands of lattices seen in Section 3.4.

Proof. In each step, we record the letters of W from right to left.

We've already seen that if Ay = Ao, then T'(A\) = T(LRC())). In this case, record a U and
remove A1 from A.

If \; # Ao, then T(A\) = TM(AD) where A = (A} — 1, Xa,..., \;) and TW(AD) is its T-
polynomial. In this case, record a D and remove the rightmost cell from row one of the Young
tableau of A. Repeat until \; = As.

Remove ;.

Repeat this process for every entry A\; of A for 1 <i <[ —1.

Suppose that W; and Wy are words encoding T'(A) such that W; # Wa. Let i be the first
entry where Wi differs from Ws. Then through the first (i — 1) letters, Wi and Wy form the
same subpartition, A, of A with [A| = m.

Consider A\;. When a U is encountered, the next partition formed is (A1, A1, A2, ..., Am)-
When a D is encountered, the next partition formed is (A1 + 1, A2, ..., Am).

As this process only adds a new row or extends a row by one cell in the Young tableau
at each step, there exists a subpartition formed by W; which is different from a subpartition
formed by Wos.

This contradicts the fact that every partition has a unique sequence of integers which com-

prise its entries. Therefore Wy = Wh. O
Reading W then from left to right provides the unique up and diagonal path to A from 0.

Example 3.2.15. Beginning at 7' = () and creating its unique Littlewood-Richardson core, the
up and diagonal path to A\ = (5,4,32%,2) is given by the code DDUDUUDU D and is shown in
Figure 3.13.
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Figure 3.13: Littlewood-Richardson up and diagonal paths from @ to A = (5,4, 32,2)
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Corollary 3.2.16. For a partition A # 0, there exist exzactly C(k,r) unique partitions reachable
from X\ with a k-length word W with r letter Ds. If A = (), there exist exactly C(k — 1,7 — 1)
unique partitions reachable from A with a k-length word W with r letter Ds.

Proof. For A\ # (), since the order of the Ds doesn’t matter and there are (k —r) Us in W,
there exist (r,kk—r) = C(k,r) words of length k& with r Ds. Therefore, there are C(k,r) unique
partitions reachable from X # () with a k-length word W with r letter Ds.

For X\ = (), the first letter of W must always be a D. This is because a U represents adding
a new row above \ of length \;. However, if A = (), \; = 0 for ¢ > 1 and adding a new row does
not change A. Therefore, since the first letter of W is fixed as a D, we have (r — 1) remaining

r—1

C(k—1,r—1) words of length k with r Ds. Therefore, there are C(k—1,r—1) unique partitions
reachable from X\ = () with a k-length word W with r letter Ds. O

Ds to place in the remaining (k — 1) spaces of W. Hence, there exist (T_1 (kﬁ;)l_(r_l)) = (k_l) =

3.3 T-polynomials and t-analogues

In 1997, Lascoux, Leclerc, and Thibon [10] introduced a family symmetric functions called LLT
polynomials which are the product of ¢g-Analogues of the Schur symmetric functions arising
from the rows of a semi-standard Young tableau for a partition. Because Haglund, Haiman,
Loehr, [3], proved the Macdonald polynomials, the symmetric functions which generalize the
Hall-Littlewood symmetric functions and thus the Schur symmetric functions, can be expanded
in terms of them, the LLT polynomials are of particular interest. This connection was further
enhanced in 2015, when Grojnowski and Haiman [2] proved the positivity conjecture for the
LLT and Macdonald polynomials.

In this section we prove that the T-polynomial of a partition is the product of t-analogues,
an introduced statistic closely related to g-analogues and so-named to match the notation of
T-polynomials.

Though they appear in many contexts, see [3], [10], [17], g-analogues frequently arise in
combinatorics. For this reason, we use a standard combinatorial definition for g-analogues as
defined in [16].

Definition 3.3.1. Let n € N. Define the g-analogue of n! to be the polynomial 1(1+¢)(1+q+
) (1+q+q¢*+---+¢* 1) and denote it (n!). Moreover, we let (n) denote the g-analogue
of n where
2 no1_ 1—¢"
(n):1+q+q +---+q :ﬁ
so that

()= (1)(2)--- (n).
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Using Stanley’s definition of a g-analogue is done for two reasons. First, specifying the value
of ¢ to be 1 in the definition of a ¢-analogue returns the original integer n. Second, while
g-analogues overwhelmingly require more than just the previous property in their definitions,

there is no universal agreement about what “more“ is required.

Definition 3.3.2. Let A = (A1, \2,...,\;) be a partition of n. For each row i of the Young
tableau A/LRC()), for 1 < i <[, number the cells (1,2,...,A; — Aj+1) from right to left where
Ai+1 = 0if ¢ +1 > [. This is equivalent to numbering the order in which the cells of each row
will be removed in the process of moving between the Young tableaux of A and LRC(\).

For each row numbering, construct a (A\; — A;41)-th degree polynomial of the form
A1—Aig1

>0

§=0

Clearly, this assignment yields the t-analogue

A1 = Xig1 + 1s.

!
Theorem 3.3.3. T(\) = [][A1 — Nit1 + 1]:.

i=1
Proof. We proceed inductively to prove symmetry.

Remark 3.3.4. As a notational convenience, we reverse the ordering of the terms of the t-
Analogues so that the resulting multiplication matches the ordering of the terms of the T'-

polynomials.

Case 1: Assume [ = 1. Then LRC(\) = (). Thus, T(\) & [n—0+1] =" +t"" 1 + ...+t + 1.
Then, for length one partitions, 7'(A) is isomorphic to the product of t-analogues.

Case 2: Assume [ = 2. We break this into two cases:
e Assume A\; = \o. Then [\; — Ay + 1]; = t% = 1. Thus,
M=o+ 1A =0+ 1 =1+ 1]y =22 +t2 7 4o ft 4+ 1.
e Assume \; # \o. Let [A\; — A2| = p. Then
M —=Xo+1]; A2 —0+1]; = 1p+1]s[Ao+1]; = P +tP -t 1) (2 + 1227t 41).

If we record this product in the form
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ptre gt (e-1) 4+ ol o
4+ tle=D+re o 4e-D+0Ge-1) + 4 gl
+ + + +
+ 1 + et 4 + ot + 1

we see that the result is exactly (p + 1) shifted sums of [Ag + 1];. Thus, since [Ag + 1]; &
th2 +t>‘2_1+-"+t+1,
[)\1 — Ao+ 1]13[)\2 + 1]15 = T()\)

Then, for length two partitions, T'(\) is isomorphic to the product of t-analogues.

l
Assume for all I <r, T(A) = [][Ni — Aig1 + 1¢.
i=1
Case 3: Consider [ = r + 1. We break this into two cases:

e Assume A\; = Ay. Then

M =X+ 1 =[0+1;=[1];=t"=1.

Thus,
r+1 r
TI0 = X+ 100 = [T = Ao + e = T(A/A)
=1 =1

by assumption.
e Assume A\; # \o. Let [A\; — A2| = p. Then

r+1

A=A+ 1A= A3+ 1 [Ny1 =0+ 1)y = [p+1e TT[N — Nitale
1=2
= [p4+1) [T — Nit1 + 1]
=1

T
after reindexing. Thus, by assumption, we have (p + 1) shifted sums of [][A\i — Xit1+ 1]¢
i=1

which is isomorphic to (p+1) shifted sums of 7'(A/A1) which equals T'(A). Then, for length
(p + 1) partitions, T'()A) is isomorphic to the product of t-analogues.

Therefore, for all partitions A with [(A) > 1, the T'(\) is isomorphic to the product of

t-analogues. O

This result allows us to determine the symmetry of the LRT lattice without actually

having to construct the LRT lattice for a partition. This result also explains why the map

49



¢ : LRT(\) — Z[t], where T' € LRT(\) — tI=ILEC)] and \p is the partition corresponding
to the tableau T', does not have an inverse. Specifically, since a T-polynomial is the product of
polynomial factors, any permuting of those factors produces the same T-polynomial. However,
as each polynomial factor results from the difference between consecutive rows of a Littlewood-
Richardson tableau, any permutation of the polynomial factors of the T-polynomial must result
in a distinct Littlewood-Richardson tableau.

In the next example, up to the insertion of rows i having the same length as row (i + 1)
into a Littlewood-Richardson tableau, we provide every unique partition having A such that
T\) =4 +3t3 + 42 + 3t + 1.

Example 3.3.5. Consider the partitions \; = (4,2,1), A\ = (4,3,1), and A= (4,3,2). By
constructing the t-analogues for each row of the partitions in Figure 3.14 we verify the result of
Example 3.2.12 that T'((4,2,1)) = T((4,3,1)) = t*+3t3 +4¢t>+ 3t + 1 and prove that T'((4,3,2))
is also t* + 3t3 + 4¢% + 3t + 1.

|| (2 4+t41)
(t+1)
(t+1)

| (t+1)
(t2+t+1)
(t+1)

| (t+1)
(t+1)
2 +t+1)

(t+ 122+t +1) =t + 33 + 42 + 3t + 1

Figure 3.14: Products of t-analogues for A = (4,2,1), A = (4,3,1), and X = (4,3,2).
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3.4 Shifted Littlewood-Richardson Tableaux and Lattices

To highlight additional LRT' lattice symmetries and combinatorial identities obscured by the
shapes of the varying LRT present within the lattice, we introduce the following tableaux

normalizing algorithm.

Definition 3.4.1. For a given partition A\ with LRT lattice, we define the Shifted Littlewood-
Richardson Tableaux, SLRT, lattice algorithm as follows:

1. Recall that the LRT(\) lattice consists of (A — A2 + 1) diagonally shifted bands of the
LRT lattice for LRC(\). Within each band, arrange the tableaux so that the first entry
of level j is directly below the last entry of level ¢ for all ¢ < j, i.e. within each band draw
the tableaux such that the first tableau of a partition of weight k is directly below the
last tableau of a partition of weight (k4 1). Observe this does not change the ordering or
tableaux containment of the LRT'()) lattice.

2. Replace each tableau with E

In the next example, we continue to denote those tableaux contained in a band with a black

line between them and the connections between bands of tableaux with red lines. The SLRT

lattice has also been drawn so that the are evenly spaced vertically and horizontally, i.e. the

tableau of the partition of greatest weight within each band begins a new column of tableaux.

Example 3.4.2. Consider the partitions A\ = (4,2,1) and X\ = (4,3,1). Using Definition 3.4.1,
the SLRT lattice of A = (4,2,1) is shown in Figure 3.15.

Counting the E appearing in each column in Figure 3.15 and recording the results produces
the integer sequence 2 — 4 — 4 — 2 which is symmetric but not monic.
For A = (4,3,1), the SLRT lattice is shown in Figure 3.16.

Counting the E appearing in each column in Figure 3.16 and recording the results produces

the integer sequence 2 — 4 — 4 — 2 which is again symmetric but not monic.
We make one final modification to the SLRT'(\) lattice.

Definition 3.4.3. Define the Condensed SLRT(X\), CSLRT()), lattice in the following way:

e Remove all horizontal and vertical spacing between E in the lattice.

e Denote the bands of tableaux with a solid black outline, i.e form polygons.
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Figure 3.15: SLRT lattice for A = (4,2,1)

Remark 3.4.4. Observe that, under Definition 3.4.3, a tableau Ty is contained within the
tableau Ty if T appears in a strictly lower level of a shared polygon or if the upper right corner

of T, is the same as the lower left corner of T}.

Remark 3.4.5. Definition 3.4.3 records bands of tableaux as ribbons and thus the CSLRT()\)
is the shifted sum of ribbons by Theorem 3.2.7 and Corollary 3.2.9.

Example 3.4.6. Consider the partitions A = (4,2,1) and A = (4, 3, 1). Using Definition 3.4.3,
the condensed SLRT lattice of A = (4,2, 1) is shown in Figure 3.17.

Figure 3.17: Condensed SLRT lattice for A = (4,2,1)
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Figure 3.16: SLRT lattice for A = (4,3,1)

For A = (4,3,1), the condensed SLRT lattice is shown in Figure 3.18.

Figure 3.18: Condensed SLRT lattice for A = (4,3,1)

We now define a new polynomial in Z[t] from the CSLRT lattice of a partition which is
always symmetric and proves that the CSLRT()) lattice is also symmetric if you count the

number of tableau appearing in each vertical column.
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Definition 3.4.7. Given a partition A, define the map

0 : CSLRT()\) — Z[t]

by E € CSLRT(\) — tk
where k is the k-th vertical column of CSLRT()) from the left and

A1
1<k< (Z(Cm—1>+(>\1—/\2+1))
k=0
where C), is the number of tableaux of weight |[LRC())| +m where m is the number of boxes
added to the LRC(\).
Define the T’-polynomial, T'(\), of X by

A1
T'(\) = DytF
k=1

where Dy, is the number of tableaux in the k-th vertical column C'SLRT()) lattice.

Example 3.4.8. Consider the partition A = (4,2, 1). Using Definition 3.4.7, the T"-polynomial
of A = (4,2,1) is shown below the condensed SLRT lattice in Figure 3.19. To highlight the
advantage of drawing the L RT-tableaux in condensed shifted fashion, note that reading across

the horizontal levels of the C'SLRT lattice preserves the T-polynomial of \.

° t4

° ;7: ° 3t3
ele|e| ap
(o oo 3t
. 1

ott 412 443 214

Figure 3.19: T and T’-polynomials for A\ = (4,2,1)
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Theorem 3.4.9. The map 6 : SLRT — Z[t] does not have an inverse.

Proof. This proof is similar to the proof that the T-polynomial map does not have an inverse.
We saw in Example 3.4.8 that 77(4,2,1) = 2t' 4 4t> + 4¢3 + 2t* and observe from Figure
3.18, the 77(4,3,1) = 2t + 4¢% 4 413 4 2t*. O

As with T-polynomials, our next result proves that T’-polynomials and, thus, CSLRT

lattices are symmetric.

Theorem 3.4.10. Let A = (A1, A2,...,\;) be a partition of n. The column weights of the
(condensed) SLRT(N) lattice form a symmetric polynomial, T'(\), consisting of copies of
T'(LRC())).

Proof. We proceed inductively to proof symmetry.

Case 1: Assume [(A\) = 1. Since the Young diagram of X is a horizontal strip, LRC(\) = ()
and the SLRT(() lattice consists of a single E Then since, T(A\) = 2™ + 2" 1 + .-+ 4+ 1,
the SLRT(X) lattice consists of (n + 1) E in a single column. Thus, 7/(\) = nt! which is

symmetric.
Case 2: Assume [(\) = 2. We break this into two cases:

e Assume A\ = A\y. Then T'(\) = T(LRC(X)). Since LRC(A) is a horizontal strip, by Case
1) we have that SLRT(LRC())) is a single vertical column consisting of (A2 + 1)
This means that SLRT'()) is also a single vertical column consisting of (A2+1) . Thus,
T'(\) = (%)tl which is symmetric.

e Assume A\; # \y. Let |[A\; — A2| = p. By Theorem 3.2.7,

A1—A2

T(\) = Y Ti(LRC(N).

1=0

Hence, the SLRT'()) lattice consists of (p+ 1) shifted vertical columns of height (Ay + 1).
Thus, 7"()\) is symmetric.

Therefore, every length two partition has a symmetric 7”-polynomial.
Case 3: Assume [(\) = 3. We break this into three cases:

e Assume A\; = Xy. As we have seen previously, T(\) = T(LRC())). Since every T'-

polynomial of a length two partition is symmetric, 77(\) must also be symmetric.
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e Assume A} # Ay and Ay = A3. Let |\ — Aa| = p. As before, the SLRT'()\) lattice consists
of (p+ 1) shifted vertical columns of height (A2 + 1). Thus, 77()\) is symmetric.

e Assume A\; # Ay and Ay # A3. Let [\ — A2| = p. Clearly, the SLRT()) lattice consists of
(p+1) shifted copies of the SLRT((A2, A2, A3)) lattice which is the same as (p+ 1) shifted
copies of the SLRT(LRC (X)) lattice.

As the SLRT(LRC())) is not a vertical strip, we need to verify that the SLRT () lattice

is still symmetric.

Since SLRT(LRC (X)) is symmetric by Case 2), T'(LRC())) is symmetric.
Let T'(LRC())) have length r. There are two further cases to consider:

i. Assume r is odd. Then T'(LRC())) is of the form

T’(LRC()\)) = Cltl + C2t2 “+ .4 C"%]_lt’—g‘_l —|—C[%1t[g1 + C’_§.|_1t’—§-‘+1 “+ .. —{—CgtT_l —{—C{

where ¢; is the height of the i-th column from the left (or right) and 1 <4 < [5].

As the SLRT'()) lattice is the result of diagonally shifting (p + 1) copies of (condensed)
SLRT(LRC (X)) lattice, which are each ribbons, we need only consider the action of the
coefficients of T"(LRC(N)).

“ €2 rgl-1 Cr51 Cp1-1 o 2 a
p+1
Cl CQ Cl’%'l_l Cl—%.l C’—%W—l 02 Cl
e S b e S £ N - S 2 a

which is a symmetric polynomial of degree (r + p + 1).
ii. Assume r is even. Then 7"(LRC())) is of the form

T'(LRC(N) = ext' + cot® + -+ et2 +est2 oo oot ]

where ¢; is the height of the i-th column from the left (or right) and 1 < < 3.

As the SLRT(\) lattice is the result of diagonally shifting (p + 1) copies of (condensed)
SLRT(LRC(X)) lattice, which are each ribbons, we need only consider the action of the
coefficients of T'(LRC(X)).
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which is a symmetric polynomial of degree (r +p + 1).

Therefore, every length three partition has a symmetric 7'-polynomial.

Case 4: Assume [(\) > 3 and that T'(LRC(\)) is symmetric for all [(LRC()\)) < n. Consider
A such that [(A\) > n+ 1 > 3. We break this into two cases:

e Assume \; = \y. Then T7(\) = T'(LRC(\)) and the SLRT()) lattice is symmetric.

e Assume A\ # Ag. Let [A\; — A2| = p. Then the SLRT'(\) lattice consists of (p + 1) shifted
copies of the SLRT(LRC())) lattice. Then since the SLRT(LRC(\)) is symmetric, the
SLRT()) is also symmetric.

Therefore, the T’-polynomial is symmetric for all partitions A with I(\) > 1. O

Even though the map 6 : SLRT — Z[t| does not have an inverse, we observe that exists
a finite number of unique shapes of condensed SLRT lattices which can occur given a T-
polynomial and these shapes are uniquely determined by the value (A; — Ag). This is to say
that given a T-polynomial there exists a finite number of unique 7”-polynomials which can be

constructed and they are uniquely determined by the t-analogue associated to (A1 — A2).

Theorem 3.4.11. Let |D,| be the number of unique, non-constant, polynomial factors of a T'-
polynomial. There exists |Dy| T'-polynomials which can be constructed via the condensed SLRT

lattice algorithm. Furthermore, if no pair of consecutive entries are equal, there exists

| Dl

Z( -1 )
ml,mg,...,mi—l,...,m‘Dﬂ ’

i=1
unique partitions having the desired T -polynomial where m; is the multiplicity of the i-th unique

factor of the T-polynomial.

Proof. Let A = (A1, Ag,..., A7) be a partition with T-polynomial given by 7'(A) and Littlewood-
Richardson tableau T). For each entry A; such that \; # A;11, record the degree of the cor-
responding t-analogue as defined in Theorem 3.3.3 as d; for 1 < ¢ < [. Define m; to be the
multiplicity of d;.
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Define the sets
D, = {dij1<i<l} and
My, = {mil<i<lI}.

If there exists j, 1 < ¢ < j <, such that d; = d;, remove d; from D) and increment m; in
M) by one. Repeat this process until d; # d; in D). Re-index the d; in Dy and the m; in M)
such that i < k for all 1 <i < k <|D,]|.

Since a T-polynomial is isomorphic to the product of t-analogues of the rows of its LRT, if
unique partitions A and A have Dy = Dy and My = My, T(\) = T()\).

Without loss of generality, let A; be the first entry such that (\; — A\j+1) = d;. Then there
exists (mq — 1) entries A; in A, such that (\; — A\;11) = di, mgy entries \; in A such that
(A\i — Aix1) = do2, m3 entries \; in A such that (A; — A\j+1) = d3, ... in the remaining (I — 1)
entries of \. As these differences correspond to the polynomial factors of T'(\), any arrangement
of the rows of T'(\) will produce the same T-polynomial. Hence, every partition such that the
first entry \; with (\; — A1) = d; has the same T-polynomial.

Therefore, since T'-polynomials are the shifted sums of T-polynomials, every such partition
also has the same T’-polynomial and condensed SLRT lattice shape. As there are exactly |D,|
unique, non-constant, polynomial factors of T'(\), there are |Dy| T'-polynomials which can be
constructed via the condensed SLRT lattice algorithm.

If A\; # Ajy1 for all 1 <4 <, then there exists ( -1 ) unique partitions such

m1,mz,...,mi—1,...,mp,|
that A1 — A9 = d;. Hence, there exists

[D|

: ml,mg,...,mi—l,...,mwﬂ

=1

unique partitions having the desired T-polynomial where m; is the multiplicity of the i-th

unique factor of the T-polynomial. O

Example 3.4.12. Consider the T-polynomial 1+ 4t + 7t2 4+ 7t3 + 4t* +1° = (1 +1)3 (1 +t +2).
For partitions A\ = (5,3,2,1), A = (5,4,2,1), and A = (5%,3,2,1), by Theorem 3.3.3, T()\) =
T(A) = T(X\) = 144t + T2+ 7t3 +4t* +15. However, by Theorem 3.4.11, T/(X), T"()), and T"(})
are uniquely determined by the difference between the number of cells contained in the first
and second rows of their LRT and thus their T’-polynomials and respective condensed SLRT
lattices are pairwise non-equal. We consider the condensed SLRT lattices of each partition
individually.

Let A = (5,3,2,1) as shown in Figure 3.20. Then D) = {2,1} and M, = {1,3} and
(M —A2) =2.
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Figure 3.20: LRT for A = (5,3,2,1)

This means that the remaining three consecutive rows of LRT'(\) must differ in length by
exactly one cell and hence, there exists (g) = 1 unique partition, specifically (5,3,2,1), up to
insertion of an entry A\; = A\;41 into A for i # 1, where T”()) is the shifted sum of three copies
of T((3,2,1)).

Therefore, if a partition has the T-polynomial 144t + 7% 4+ 73 + 4t +1° = (1+1)3(1+t +12)
and (A1 — A2) = 2, it must have the condensed SLRT lattice shown in Figure 3.21 and there is
only one such unique partition A = (A1, Ag, ..., \;) where \; # A\j4q for 1 <14 </[.

Figure 3.21: Condensed SLRT lattice for A = (5,3,2,1)

Let A = (5,4,2,1) as shown in Figure 3.22. Then Dy = {1,2} and M5 = {3,1} and
= X) = 1.
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Figure 3.22: LRT for A = (5,4,2,1)

This means that two of the remaining three consecutive rows of LRT'(\) must differ in
length by exactly one cell and the other set of consecutive rows must differ in length by exactly
two cells. As it does not matter the order in which the lengths of the rows differ, there exists
(2:7)’1) = 3 unique partitions, specifically (5,4,2,1), (5,4,3,1), and (5,4, 3,2), up to insertion of
an entry A; = ;41 into A for @ # 1, where T”(\) is the shifted sum of two copies of T'((4,2,1)).

Therefore, if a partition has the T-polynomial 1+ 4t +7t2 473 +4t* +°> = (1+1)3(1 4+t +12)
and (A1 — A2) = 1, it must have the condensed SLRT lattice shown in Figure 3.23 and there
are three such unique partitions A = (A1, A2, ..., ;) where \; # A1 for 1 <i <.

Figure 3.23: Condensed SLRT lattice for A = (5,4,2,1)

Let A = (52,3,2,1) as shown in Figure 3.24. Then D = {2,1} and M; = {1,3} and
(A —XA2)=0.
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Figure 3.24: LRT for A = (5%,3,2,1)

This means that three of the remaining four consecutive rows of LRT()\) must differ in
length by exactly one cell and the other set of consecutive rows must differ in length by exactly
two cells. As it does not matter the order in which the lengths of the rows differ, \ is the unique
partition, up to insertion of an entry \; = \;11 into A for i # 1, where T'(\) is the shifted sum
of one copy of T'((5,3,2,1)).

Therefore, if a partition has the T-polynomial 1+ 4t +7t2 4+ 7t3 + 4t +1° = (1+1)3(1+t +12)
and (A1 — A2) = 0, it must have the condensed SLRT lattice shown in Figure 3.25.

Figure 3.25: Condensed SLRT lattice for A = (52,3,2,1)
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