ABSTRACT

ACQUESTA, ERIN CAROLYN SOLFIELL. Cost and Benefit Analysis of Vaccination Strategies
for the HIV Virus. (Under the direction of Prof. Negash Medhin.)

For decades the human immunodeficiency virus (HIV), which left untreated leads to the
acquired immunodeficiency syndrome (AIDS), has plagued societies from both developed and
developing countries alike. Although there have been many successful intervention campaigns
for controlling the spread of the infection the fight to eradicate the virus continues. As an
important part of that fight, mathematical models of infectious diseases have been used to
better understand the spread of infection from an epidemiological perspective, as well as for the
purpose of analyzing the economic evaluation of intervention programs. An approach that is
not commonly applied considers the results from the epidemiological analysis in the economic
evaluation of intervention programs for the purpose of optimizing a strategy for intervention
that will control the spread of infections. For the research presented, we will consider an existing
HIV-transmission model, presented by Edwards et al. in the late 1990’s, that evaluated the costs
and benefits of vaccine programs. The original authors considered the economic evaluation of
vaccines with varying efficacy and duration to determine a minimum requirement for each that
will result with an outcome where the benefits, measured in quality-adjusted life years (QALYs),
have a broader impact than the introduction of adverse effects. In our research we will build
on Edwards et al.’s findings and consider optimizing a strategy for administering the vaccines
in the event that both vaccines are available.

Considering the success that various HIV vaccines have had in clinical trials, scientist are
very optimistic about the development of a vaccine in the future. This puts an emphasis on the
importance for understanding further analysis regarding the cost and benefits of various vaccine
programs, the impact that adverse effects can have, and the methods for comparing the benefits
to competing intervention programs. Therefore, the current research will start on the path of
exploring the epidemiological analysis of the HIV-transmission model with vaccine intervention
programs for the purpose of understanding more about the impact the vaccines will have on
controlling the spread of the virus. From a mathematical perspective this implies studying the
properties of the dynamics governing the projections of the model for the equilibria and their
stability. Then the consideration for how the vaccines are administered can be made in a way
that will result with an efficient balance between the multiobjective optimization for minimizing
monetary cost and increasing QALYs. To do so, we will utilize principles from optimal control
theory and multiobjective optimization, then apply appropriate numerical methods to derive the
solutions. Confirming that the result will generate a ‘better’ outcome will be done by comparing

the cost-effective analysis to alternative strategies and evaluate that it will meet the appropriate



criterion for optimality from the principles defined by optimal control theory.

To conclude a well-rounded analysis of the infectious disease model, the use of the adjoint
variable method will allow us to determine the impact that the variations in the parameters
will have on results for the objective function. Then consideration for the impact that the most
highly sensitive parameter will have on the outcome for the optimal intervention strategy is
further explored.

The results of the research as a whole indicate the importance of analyzing the dynamics of
an infectious disease model whenever the consideration for economic evaluation of intervention
programs is made. This will give researchers a full picture of the impact each program will have

on the spread of the infection, while highlighting primary areas of concern.
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Chapter 1

Introduction

For decades the human immunodeficiency virus (HIV), which left untreated leads to the acquired
immunodeficiency syndrome (AIDS), has plagued societies from both developed and developing
countries alike. According to the National Institute of Allergies and Infectious Diseases (NIAID),
a component of the National Institute of Health (NIH), there are 50,000 new infections in the
United States each year and over 34 million people worldwide currently living with HIV [40].
At the local, federal, and global levels, efforts have been made to both manage and treat those
who are already infected as well as addressing ways to prevent new infections from occurring.
Although researchers have been making significant progress in both areas, there is still much
more that needs to be done in the fight against HIV and AIDS.

A key component to this fight is the use of mathematical modeling. For HIV research
there are two primary types of models used. The first type of modeling, we will refer to as HIV-
pathogen models, are used to interpret the interaction between the virus and the human immune
system. Researchers will refer to this type of modeling when they are interested in understanding
the immunology of the HIV virus as a pathogen [26]. The second type of modeling, is HIV-
transmission models. These models interpret the likelihood that the virus will transfer from one
individual to another. Researchers interested in understanding the epidemiology of the virus
will refer to these types of models instead. The research we are presenting will focus on an
HIV-transmission model. The purpose is to understand the impact that various intervention
strategies will have on an infected society.

The model under consideration was developed, by Edwards et al. in the late 1990’s, to
determine what the expectations should be for both preventative and therapeutic vaccines to
be considered cost-effective [13]. For the preventative vaccine the researchers allowed both the
efficacy and duration of the vaccine to vary. This allowed them to evaluate the impact adverse
effects could have on cost-effectiveness. For the therapeutic vaccine, the primary parameters

were reduction to infectivity and duration in the asymptomatic phase of infection. They then



considered how cost-effective a therapeutic vaccine would be for various infectivity rates and
duration.

The contributions we make to the existing model include the dynamical analysis of four
variations of the model: (I) the baseline HIV-transmission model without an intervention; (2)
the impact of a therapeutic vaccine only, (3) the impact of a preventative vaccine only; and (4)
the analysis of the system when the combination of both vaccines is offered during the same
time period. This leads to the consideration of optimizing an intervention strategy, related to
the timing and duration for each, utilizing methods from control theory and multi-objective
optimization. To evaluate the validity of the results from the analysis it is also necessary to
address the sensitivity of the output relative to the parameters of the model.

The organization of the subsequent chapters will be as follows. In chapter 2 we offer more
detail regarding the motivation for the current research, and provide the reader an understand-
ing of the policies and prevention methods currently in place to reduce the number of new
infections as well as manage the symptoms and infectivity of those already infected. Then in
chapter 3, we give a full description of the model under consideration as it was defined by the
original authors, along with the trajectories for each of the four possible state spaces of the
model and the cost-effective analysis of each. This leads us to chapter 4, where we determine
the physically relevant equilibria for each variation of the model and asses the stability for each
using the Routh-Hurwitz criterion.

Once we have determined the cost-effective analysis for the three intervention strategies,
as they relate to the baseline HIV-transmission model, as well as the dynamical analysis for
each state space, we can consider methods for optimizing an intervention strategy. In chapter
5 we introduce fundamental definitions, concepts and principles of optimal control theory and
multi-objective optimization, allowing us to structure a statement for the problem of optimizing
an intervention strategy. This implies that numerical methods for solving fundamental optimal
control problems can be applied to optimize an intervention strategy. While taking into consid-
eration the physical boundaries of the model, including the implications for the solution that
satisfies the optimality conditions we implement a direct numerical method that results in a
locally optimal solution. If the solution satisfies the necessary conditions for optimality, we can
then verify that the solution is also globally optimal. By comparing the results to the earlier
cost-effective analysis, we can further validate the solution as a more cost-effective strategy.

Up to this point, all of the analysis applied to the HIV-transmission model under consider-
ation took into account the assumptions for the parameters made by the original authors. In
chapter 6, we consider the sensitivity of the output for the model relative to its parameters.
Implementing the adjoint variable method for sensitivity analysis, we can quantify the impact
variations that the parameters have on the objective function as it relates to each interpretation

of the model. Comparing the results of the sensitivities for each of the model variations, we will



be able to evaluate the impact that variations from each of the parameters has on the overall
solution to the optimal intervention strategy.

We conclude in chapter 7 with a summary for the research completed. Once we have com-
pleted the analysis of the HIV-transmission model and the optimization strategy, we will have

insight into areas for future research.



Chapter 2

The Fight Against HIV and AIDS

Since the onset of the HIV/AIDS epidemic in the early 1980s efforts made by medical doctors,
scientists, researchers, and policy makers in the fight against HIV and AIDS have led to a
decrease in the number of new infections and an increase in life expectancy for those infected.
According to the Joint United Nations Programme on HIV/AIDS (UNAIDS) 2015 Facts Sheet,
there has been a 35% decrease in new infections since 2000 and a 42% decrease in AIDS related
deaths since 2004 [41]. Between prevention programs and treatment therapies the epidemic
has been on the decline for the last 10 to 15 years. Although there has been great success in
combating the virus, experts believe that progress will need to continue through 2030 before we
can expect to see an end to the HIV/AIDS epidemic. In joining the fight, we focus on analyzing
a deterministic HIV-transmission model for the purpose of optimizing cost-effective intervention

strategies with the intent to aid decision makers in allocating resources in an efficient manor.

2.1 Modeling the Spread and Control of Infectious Diseases

There are countless publications referencing mathematical modeling of infectious diseases. Some
are written for the purpose of defining the standards of modeling infectious diseases as well as
highlighting areas for development that will result with better accuracy [3, 4, 22, 26, 27]. Many
more focus on a particular disease, offering methods for deriving thresholds that characterize
conditions for model parameters that will result in an epidemic [2, 12, 37, 54, 38, 39]. This
mostly refers to epidemic models, where the analysis is restricted to the projections for a
single year [22]. The most notable development of analyzing epidemic models is known as
the Ry threshold. In epidemiological terms, Ry defines the number of secondary infections
expected for each infected individual. As an expression defined by the parameters of the model,
mathematically Ry is a bifurcation for which the stability of a disease-free equilibrium transfers

to the endemic equilibrium [22]. If Ry < 1, then the disease-free equilibrium is considered



asymptotically stable and the disease is not considered a threat to the population. Otherwise,
when Rg > 1 the endemic equilibrium is asymptotically stable and the disease is expected to
persist, resulting with an epidemic and a need for controlling new infections.

To offer a more detailed description of the Ry threshold we will introduce a simple SIR, (Sus-
ceptible, Infected, Recovery) model and give a brief description for the mathematical analysis
of the secondary infection rate, as it is presented by Hethcote in The Mathematics of Infectious

Diseases [22]. Consider the following system of differential equations,

dfifft) =uN — puS(t) — BI(t?NS(t) (2.1a)
410 1080 10 - 21
MO 1) - ur), (210

where S(¢) is the number of susceptible individuals at time ¢, I(¢) is the number of infected
individuals, R(t) is the number of individuals who have recovered from infection, and N =
S(t) + I(t) + R(t) is the total population size. For the model described by (2.1) there is an
assumption made that the inflow of newborns into the susceptible class, ulV, is equal to the
death rate for the total population, ©S(t), pl(t) and pR(t). This implies that the size of the
total population is constant for all ¢ > 0 and if we let S(0) = Sy, I(0) = Iy and R(0) = Ry, then
N = 5y + Iy + Rg for t > 0. The parameter u can be better described in terms of its reciprocal,
where 1/ is the average life expectancy for the population. The number of new infections,
BI(t)S(t)/N, can be described further in detail as the average number of contacts a susceptible
individual has with the infected population, BI(t)/N, where (3 is the average number of adequate
contacts. We will emphasize that in a more descriptive model the average number of adequate
contacts is typically broken down further into two distinct parameters for infectivity separate
from the number of contacts. For our current objective, to use the SIR model to briefly describe
the Ry threshold, assuming 8 to be the number of adequate contacts will be sufficient. The
final component of the model, vI(t), is the rate at which infected individuals recover from the
infection. As a more descriptive interpretation of the parameter -, its reciprocal 1/, represents
the average infectious period.

To introduce the Ry threshold, Hethcote choses to reduce the system of differential equations
(2.1) by dividing the equations by N and only considering the dynamics for the resulting state
space with s(t) defining the proportion of the susceptible population at time ¢ and i(¢) is the
proportion of the infected population. Then we can assume the proportion of the population
that has recovered is r(t) = 1 — s(t) — i(t). Thus, the system of differential equations we will
use to describe the secondary infection rate, Ry, that still holds all of the same properties as
(2.1), is defined by
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with the initial conditions s(0) = sop and i(0) = 4. The two equilibria of system (2.2) are defined

in terms of the parameters as the following,

(st iaf) = (1,0)
[ (pty) pB=(pt+)
(se’ze)_< B 7 Blutn) )

In epidemiological terms, (sqf,iqr) is the disease-free equilibrium and (se,i.) is the endemic
equilibrium. For this model we will not give the full analysis to derive Ry, instead we will
present Hethcote’s findings along with a brief examination of the properties of the equilibria
with various parameter selections. For the infectious disease model, described by (2.2), the

secondary infection rate is defined as

s

Ry = ,
T (ut )

where 1/(u + ) is described as the average death-adjusted infectious period. Therefore, if we

reconsider the endemic equilibrium point for the system in terms of Ry we get

. 1 p(Rop—1)
(Seyde) = (RO, ﬂ)l

As we mentioned earlier, in mathematical terms the Ry threshold defines a bifurcation at
which the stability of the disease-free equilibrium transfers to the endemic equilibrium. To check
that this condition is met we will make a couple of couple of parameter selections so that we
can evaluate the stability for each equilibrium. The fixed assumptions we will make include
the following: (I) the average life expectancy is 60 years (1/u = 60 = p = 1/60) and (2) the
average infectious period is 3 years (1/y = 3 = v = 1/3). We will chose 3 to be defined such
that 8 = Ro(u+ ), allowing us to consider each case for Ry < 1 and Ry > 1. To determine the
stability for each equilibria with particular parameter selections, we begin by linearizing system

(2.2) to get the following Jacobian matrix,

—Bi—p  —Bs—p

J: )
Bi  Bs—(u+")

(2.3)



and the corresponding characteristic polynomial,

p(x) =2 + (B(i — 5) + 2 + 7)z + (Bi + p) (1 +7) — Bs) — Bi(Bs + p). (2.4)

Thus, the roots of (2.4) can be solved at each of the equilibrium points, (sq,iqr) and (se, ie),
giving us the eigenvalues for the system in a neighborhood of each equilibrium, which can then
be used to determine their stability. Therefore when we check each case, Ry < 1 and Ry > 1, we
will make the parameter selections such that Ry = 1+ 6 for 0 < §. In table 2.1 we set § = 0.001
and evaluate the roots to the characteristic polynomial at each of the equilibrium points. From
the choice of the § in these two cases the results show a stable disease-free equilibrium when

Ry < 1 and a stable endemic equilibrium when Ry > 1.

Table 2.1: Roots to the characteristic polynomial for an si infectious disease model for Ry < 1
and Ry > 1.

Ry = 0.999 Ry = 1.001

(s i) r ~ —0.01667 x ~ —0.01667
df > df x ~ —0.00035 r~ 0.00035
(502i2) z ~ —0.01701 r ~ —0.01631
erte r~~ 0.00036 x ~ —0.00037

We will emphasize that the simple SIR model has been presented to give a sufficiently
reasonable understanding for the Ry threshold for those that may not be familiar with the
mathematical analysis of infectious disease models. We will also note that, although a solution
for an Ry threshold cannot be evaluated for the model used in the current research, the impor-
tance for having a preliminary understanding is essential whenever the discussion of infectious
disease models is presented from an epidemiological perspective.

In addition to the epidemiological implication of a virus, infectious disease models are also
used quite extensively in the economic evaluation of intervention programs for controlling the
spread of infectious diseases [2, 10, 12, 13, 14, 15, 20, 28, 50, 53]. For the past century the most
successful means of controlling an infectious disease is by means of vaccinating [14]. Although
vaccinations have controlled the spread of infectious diseases like influenza, pertussis and the

human papillomavirus (HPV), to name a few, not all vaccines can be considered cost-effective.



This is where transmission models are useful in determining which ones are not before they
are made available to the population. Taking into consideration the possibility of introducing
adverse effects, analyzing the cost-effectiveness of new and emerging vaccines is essential in
understanding when the benefits will out weigh the costs. To measure benefits of vaccinating,
researcher use a utility assessment for each health status, as they relate to a particular infectious
disease, known as quality-adjusted life years (QALYs) [45, 43]. The utility for each disease
related health status is defined on an interval between 0 and 1, where 0 indicates death and the
uninfected population will assume the value 1 since this is the standard of good health for which
all other health status’ will be measured against. After the introduction of QALYSs in the 1970s
they have become the most commonly used parameters for measuring the undesirable health
consequences of acquiring an infection, allowing researchers a quantifiable means to measure
the benefits as they relate to the human factor of vaccinating the population [45].

Of the publications referenced thus far only two address the implications that the epidemi-
ological analysis has on optimizing intervention programs to control the spread of infections.
Castillo-Chavez and Feng defined an age-structured model to determine an optimal vaccination
strategy for a tuberculosis (TB) vaccine that determined the ideal age for which individuals
should be vaccinated [12]. Alister et al. analyzed a standard susceptible, infected, recovery (SIT)
model to evaluate optimal allocation of prevention and treatment resources for populations with
and without mixing [2]. A similar method for optimizing a strategy was implemented in both
cases. The group of researchers first determined the Ry threshold for their model then used
this as the objective to be minimized while considering constraints defined by the limited re-
sources available to do so. By targeting the Ry threshold to be minimized the conclusion that
the optimal result will define the best control for reducing the spread of the infection is a direct
result from the original interpretation of the dynamics. Although minimizing Ry results with
a reduction to the number of secondary infections it does not capture the full benefits of an
intervention. Alister et al. addresses this fact when they consider sensitivity analysis and con-
sider the alternative measure for QALYs gained. This leads to the possibility that optimization
methods can be applied with the objective of maximizing QALYSs, especially for models that
do not define an Ry threshold.

Today the means to controlling the spread of HIV does not include any form of vaccina-
tion, but progress is being made with regards to both preventative and therapeutic vaccine
research. In anticipation for the future availability of a preventative vaccine and in considera-
tion that current therapies for infected individuals offer similar benefits to that of a therapeutic
vaccine, the research we will present in the subsequent chapters offers detailed analysis for an
HIV-transmission model with vaccine intervention for the purpose of optimizing the timing of

interventions.



2.2 Controlling the Spread of HIV

2.2.1 Preventative Vaccine Research and Current Prevention Programs

As the worlds leading researcher in HIV/AIDS, the NIH has sponsored over 80 clinical trials of
more than 50 preventative vaccine candidates, both individually and in combination [1]. The
vaccine known as RV144, the first to demonstrate modest prevention, is the most notable and
only HIV vaccine tested in a Phase III clinical trial. Although the modest results were not
sufficient to receive FDA approval for production to the general public, it did give researchers
insight into developing a vaccine that one day will be. This led to HTVN 100, the latest
preventative vaccine candidate currently in Phase I/II clinical trials in South Africa. Building
from the successes of RV144 there is great anticipation that HVTN 100 will show more potential
for preventing HIV infection.

In the meantime, in the absence of a preventative vaccine, policy makers have had to con-
sider alternatives for preventing the spread of HIV. These efforts include screening for infected
individuals, running HIV awareness campaigns, and early education programs. Noting again
that there has been a decrease by 35% of new infections since 2000 implies these efforts have

been effective, most notably in developed countries.

2.2.2 Therapeutic Vaccine Research and Antiretroviral Therapies

The prospects of developing a therapeutic vaccine have proven to be even more challenging than
the preventative vaccine. By definition, a therapeutic vaccine is a treatment that is designed to
stimulate the body’s immune system for the purpose of controlling an infection. The problem
with developing a therapeutic HIV vaccine relates to the virus’ ability to hide in particular
cells and going undetected for decades. By eluding researchers the development of a vaccine
that produces an effective immune response has been close to impossible. This does not imply,
however, that researchers have given up hope.

As an alternative to a therapeutic HIV vaccine the FDA has approved of more than 35
antiretroviral therapies. This form of treatment differs from a vaccine because they do not
enhance the immune system for fighting the virus. Instead, an antiretroviral therapy suppresses
the virus from replicating, thus mitigating the effects on the individuals system. Although the
antiretroviral therapies can be reasonable responses to the infection, when only one treatment
is administered the virus is capable of becoming immune. This leads to treatment plans known
as highly active antiretroviral therapy (HAART). HAART is the combination of three or more
drugs that can be used by newly infected individuals as well as patients with AIDS.



Chapter 3

HIV-Transmission Model with

Vaccine Intervention Programs

The model that we will use as the focus of our analysis defines a deterministic compartmental
model for HIV-transmission for the homosexual male population of San Francisco, CA during
the early to mid 1990s [13]. Introduced by Edwards et al. in the late 1990s, the model was
generated for the purpose of analyzing how cost-effective vaccine programs will be with vary-
ing efficacy and duration, resulting with minimal requirements each vaccine must meet to be
considered a dominant program.

To begin the analysis of the model for the purpose of optimizing an intervention strategy
we will introduce the HIV-transmission model with vaccine intervention in detail, then evaluate

the short term projections for four variations of the model.

Table 3.1: HIV-transmission model with vaccine intervention programs: compartment classifi-

cations.
Y; (%) Disease Status, i Vaccination Status, j
Yool | g ceptible |- - - Unvaccinated
Y0.1(¢) Vaccinated (Preventative)
Yi,0(t) Asymptomatic Unvaccinated
Yia(t) Unaware  Vaccinated (Preventative)
Y5.0(t) Asymptomatic Unvaccinated
Yau(t) Aware  Vaccinated (Therapeutic)
Y3.0(t) Symptomatic Unvaccinated
Yao(t) AIDS Unvaccinated
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3.1 Model Description

The dynamics for HIV-transmission with vaccine intervention is given as the following system

of ordinary differential equations:

dY(():ég(t) =In0 — vp(t)Yo.0(t) — 1Yo 0(t) — poA(t)Yoo(t) +wYo1(t)
dY(C)éi (t) =vp(t)Y0,0(t) — pY0,1(t) — wY¥o1(t) — po(1 — &)X\ () Yo 1 (2)
dY;(t)(t) =I10 4 poA(t)Yo,0(t) — oY1 0(t) — vp(t)Y1,0(t) + wY11(t) — p1,0Y1,0(t) — pnY1,0(¢)
lec; (t) =po(1 — &) A (t)Yo1(t) + vp(t)Y10(t) — wY11(t) — 0€Y11(t) — 11 Y11 (t) — pY11(t)
de,;J(t) =L+ c&(Y10(t) + Y11(t)) — ve(t)Ya,0(t) — pa0Y2,0(t) — uYa,0(t)
dyiii(t) =vi(t)Ya,0(t) — p21Y21(t) — pY21(2)
dYgo(t) j=1i=2
o =l + ) Y wigYi(t) — waoYao(t) — uYao(t)
j=0 i=1
dy‘g’i(t) =p3,0Y3,0(t) — pa0Yao(t) — pYao(t).

The initial population is distributed amongst the unvaccinated states according to the initial
prevalence and the average duration for each stage of infection. Both vaccine programs will
be initiated at time t = 0, therefore all three states related to the vaccinated populations are
initially set to zero. This gives us the following initial populations for each compartment of the

model,

Yo,0(0) = (1 = ¢0)Yo

1/ i
Yw(O) = k=4,
Zk:l 1/Hk,0

Yi1(0) =0, for i =0,1,2,

boYo, fori=1,2,3,4

such that Yy = Zzé Yi0(0) and denotes the total size of the initial population. The state
variables Y; ;(t) represent the total population for each compartment of the model corresponding
to a classification for disease status ¢ and vaccination status j. Each of the 8 compartments of
the model are defined in table 3.1. The fixed parameters, as well as the numerical assumptions
for each, can be found in tables 3.2 and 3.3.

In the dynamics there are two distinct representation for the rate of infection. The first,

A(t), relative to the likelihood an unvaccinated susceptible individual becomes infected and the
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Table 3.2: HIV-transmission model with vaccine intervention programs: state dependent pa-
rameters and the numerical value for each.

Mean duration
of disease Contact
State Immigration Infectivity stage rate
variable Iio Bi.; 1/ (years) pi (per year)

Yoo 0.9(uYo) - - 2

You - . . 2

Yl,O 0.04(#1/0) 0.066 7.1 2

Yi1 - 0.066 7.1 2

Yoo 0.04(uYp) 0.066 8.1 2

Va1 ) (0.066 - (1 — ) (8.14dy) 9

’ 0.25 <6, <0.9 5<d <20
Y30 0.02(uYp) 0.147 2.7 2
Ya0 - 0.147 2.1 0.667

Table 3.3: HIV-transmission model with vaccine intervention programs: state independent pa-
rameters and the numerical value for each.

Description Parameter Value
Percent of susceptible and asymptomatic-unaware
populations that receives the preventative vaccine at time ¢ vp(t) 075
Percent oflthe asympto.matic—aware . . . u(t) 075
population that receives the therapeutic vaccine at time ¢
Initial size of total population Yo 55,816
Initial prevalence of the disease b0 0.493
Non-AIDS-related annual death rate " 0.0222
Fraction of population screened annually for HIV o 0.15
True-positive rate of screening process 13 0.983
Efficacy of preventative vaccine € 0.75<e<0.9
Mean duration, in years, of preventative vaccine 1/w 10<1/w <20
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second, A, (), for the likelihood a vaccinated susceptible individual will acquire the infection,

=1 i—4
720 221 PiBi,j100,; Y3, (1)

=1 =4

720 221 PiBi 01, Yi (1)
e .
> im0 im0 PiYij(t)

At) = — P
S s piYiy(t)

A(t) =

As a means to model the adverse effects of vaccinating, Edwards et al. introduced an ad-
ditional parameter 7 ;; defining the probability that a partnership, between an individual in
disease status £ with vaccination status k£ and an individual in disease status i and vaccination
status j, is not protected by a condom. Resulting with the distinction for the rate of infection
between susceptible individuals who are not vaccinated and those that are. The adverse effect
addressed by the model is the concern that vaccinated individuals will not practice the same
precautions that unvaccinated individuals do, by assuming vaccinated individuals reduce their
condom use by 25%. To emphasize the impact the individual behavioral changes will have on
the partnerships that result in transmission of the disease, the authors started with the in-
dividuals probability for condom use (h; ;) as they relate to each compartment of the model,
presented in table 3.4. In defining gy ;;, the maximum of the two individuals probabilities for
using a condom, hyj and h; ; results with the probability that a condom is used in a partnership
between an individual in disease status £ and vaccination status k& with an individual in disease

status i and vaccination status j,

Gek,ij = max(hy g, hi ;).

Table 3.4: HIV-transmission model with vaccine intervention programs: individuals probability
of using a condom.

‘Yo,o Yoo Yio Y1 Yoo Yo1  Y3p Yo
hi7j‘0.55 0.415 0.55 0415 0.77 0.5775 0.85 0.85

Concluding with the probability that a partnership with a susceptible individual is not
protected by a condom, 7g0,;; and 7)91,;;, is the sum between the two mutually exclusive events
that the partnership can result in transmission of the virus: (I) the condom is used, but fails to
work (which is assumed to occur 10% of the time); or (2) a condom was not used at all. This

description gives us the following expressions,

Nok,ij = (0.1)gok,i; + (1 — gok,i5) for k=10,1,
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along with table 3.5 where the probability for each partnership has been calculated.

Table 3.5: HIV-transmission model with vaccine intervention programs: probability that a
partnership is NOT protected by a condom.

| Yoo You Yio Yii Yoo Yoy  Yao  Yig
Yoo | 0.505 0.505 0.505 0.505 0.307 0.4803 0.235 0.235
Y1 | 0.505 0.6287 0.505 0.6287 0.307 0.4803 0.235 0.235

We will point out that the adverse effects of vaccinating is not simply restricted to suscep-
tible population that is vaccinated. Notice that the probability that the partnership between a
susceptible individual and an asymptomatic and aware individual is not protected by a condom
increases when individuals from the asymptomatic and aware population become vaccinated,
regardless of whether or not their susceptible partner has been vaccinated. Alternatively, the
adverse effects for administering a preventative vaccine only occur when there is a partnership
between an individual that has received the preventative vaccine with an individual that is
unaware that they are infected with the virus. According to the calculations presented in table
3.5 we can see that the likelihood that the partnership between two individuals that are both
susceptible and vaccinated also goes up, but since there is no danger of this contact resulting
in a new infection it does not contribute to the adverse effects of vaccinating.

This concludes the introduction to the variable and parameter definitions of the HIV-
transmission model with vaccine intervention programs and leads us to a brief description
of the analysis presented by Edwards et al. to evaluate the cost-effectiveness of various vaccine
programs; where analyzing the preventative vaccine independently from the therapeutic vac-
cine. For the preventative vaccine there are three parameters in the HIV-transmission model
that relate directly to introducing the vaccine to the system: (I) the percent of susceptible and
unaware-asymptomatic populations that receive the vaccine at time ¢ (,(¢)); (2) mean duration
of the vaccine, in years, (1/w); and 3) vaccine efficacy, (¢). The first of the three parameters
was assumed to be fixed, while the focus of their analysis was to allow both duration and effi-
cacy to vary. Similarly, the model introduces three therapeutic vaccine specific parameters: (I)
the percent of the aware-asymptomatic population that receives the vaccine at time ¢, (v4(t));
(2) average additional years added to the asymptomatic stage of the infection, (1/u,); and (3)
change in infectivity (1 — 3,). Again, the first of the three parameters was fixed and the other
two were allowed to vary for evaluating the cost effective analysis for alternative therapeutic

vaccine programs.
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To evaluate the cost-effectiveness of each vaccine program two integral equations were de-
fined. The first to quantify the expected accumulated cost, for both direct and indirect monetary
costs. As well as a second integral equation to measure the accumulated QALYs over a specified

time horizon,

Il
W~

j=11i
Ci}/;’jeirtdt

T TJ—
C(T) = /0 [vap(t)(Y070 (t) + YLO (t)) + Rlt (t)YZ[)(t)] eirtdt + /0
7=01

Il
o

T J=11i=4
Q(T) = /0 quz‘Yz,j(t)e_”dt.

j=0 i=0

This introduces additional parameters related to the costs and benefits of vaccinating that are

presented and defined with their numerical values in table 3.6.

Table 3.6: HIV-transmission model with vaccine intervention programs: cost and benefit pa-
rameters and the numerical value for each.

Description Parameter Value
Per-person cost of preventative vaccine Kp $1,000
Per-person cost of therapeutic vaccine Kt $1,000
Annual discount rate r 0.05
Time horizon T 20
Average annual medical expenses:
Susceptible population o $3,307
Unaware-asymptomatic population c1 $5,467
Aware-asymptomatic population Cco $5, 467
Symptomatic population c3 $12, 586
AIDS population ca $35,394
Quality-adjustment for a year of life:
Susceptible population Qo 1
Unaware-asymptomatic population qn 1
Aware-asymptomatic population Q2 0.83
Symptomatic population q3 0.42
AIDS population q4 0.17

For the purposes of the research that we will present in the subsequent sections and the
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following chapters we will consider only dominant vaccine programs. A dominant vaccine pro-
gram is one that will save money and increases QALYs. The conclusion from the original authors
analysis, on a 20 year time horizon, resulted with two cases that a preventative vaccine program
is considered dominant: (I) the efficacy of the vaccine is at least 75% and the mean duration
is at least 10 years; or (2) the efficacy is at least 50% and the mean duration is at least 50
years. With regards to the therapeutic vaccine program there are three cases that result with a
dominant program: (I) the vaccine adds at least 10 years to the asymptomatic stage of infection;
(2) the vaccine decreases infectivity by at least 50%; or (3) the vaccine adds at least 5 years to
the asymptomatic stage of infection and decreases infectivity by at least 25%.

Based on these results we will make the following assumptions for the analysis regarding
optimization for the timing of vaccine strategies that minimizes cost and maximizes QALYs.

Assumptions:

e 75% of the respective population will be vaccinated, whenever either vaccine is adminis-
tered.

e The efficacy of the preventive vaccine is 75%.

The mean duration of the preventative vaccine is 10 years.
e The therapeutic vaccine adds 5 years to the asymptomatic stage of the infection.
e The therapeutic vaccine reduces infectivity by 25%.

Thus, initiating our analysis of the model we begin by evaluating the projected outcomes and
cost-effectiveness on a time horizon of 20 years for each variation of the model: (I) the baseline
HIV-transmission model without an intervention; (2) the impact of a therapeutic vaccine only,
(3) the impact of a preventative vaccine only; and (4) the analysis of the system when the
combination of both vaccines is offered during the same time horizon. Then concluding the
current chapter by comparing the results for each and determining which of the four alternatives

is the most cost-effective.

3.1.1 HIV-Transmission Dynamics without an Intervention

To apply the cost-effective analysis for each of the vaccine programs we begin with introducing
the baseline analysis for the system without an intervention. Removing all of the vaccine related

compartments and parameters we have the following system of ordinary differential equations:
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dYp,(t)

T In,o — (1 + poA(t))Yo,0(t) (3.1a)
dYi ot

11’2( ) _ I10 + poA(t)Yo,0(t) — (0§ + p10 + 1) Y1,0() (3.1b)
dYs o(t

22( ) = I 0+ 0&Y10(t) — (p2,0 + 1) Ya0(t) (3.1c)

1=2

dYso(t

iég( ) I30 + ;Mi,oyi,o(t) — (k3,0 + 1) Y30(t) (3.1d)
dYyo(t

80U 0 Yo(t) — (140 + 1Yo (t). (3.10)

with the initial value

Y0,0(0) = (1 — ¢0)Yo (3.2a)
1/Mi,0
>zt 1tk

Resulting with just one of the two rate of infection functions,

Yio(0) = Yo, for i =1,2,3,4. (3.2b)

S = piBionoo.ioYio(t)
At) = ! =4 ) (3'3)
Z@':o PiYi,O (t)

and the integral functions for the accumulated cost and QALY simplify to the following,

C(T):/OT(A
/(Zqz ol ) —rt g, (3.4b)

For the model without an intervention program we get a base understanding for the costs of

1=

4
cm,o(t)) e tdt (3.4a)
=0

doing nothing. The accumulated monetary cost, C(T'), represents the general medical expenses
for the population as a whole. The accumulated QALYs, Q(T'), without an intervention present,
gives us a projection for the quality of life for the total population if nothing is done to control
the spread of infections.

To determine the expected cost for not implementing an intervention strategy we will turn to
numerical solvers to evaluate the initial value problem and corresponding integrals. Setting up
the problem in MatLab we add the two integrand expressions, (3.4a) and (3.4b), as additional
equations to the system (3.1). By applying the second fundamental theorem of calculus, given
<Zié ciYiolt )> t and <ZZ —0%iYio(t ) " are each continuous on the open interval (0,7'),
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for all T > 0, then the following holds true for any ¢ € (0,7")

i=4
dflit) - (;cmo(t))ert (3.52)
Q) _ (N~ y (1)) ort 3.5b
a (;q’ 0 )>€ ‘ (3.5b)

By adding (3.5a) and (3.5b) to system (3.1) and setting C(0) = Q(0) = 0 we have the

following initial value problem:

T Iy~ (o + 2oAD) Yool (3.60)
PO _ 1,4 poME)Y00(t) — (o€ + o + ) ¥io() (3.6b)
dYZg(t) = I o+ 0&Y10(t) — (p2,0 + 1)Ya0(t) (3.6¢)
=2

dyi’ég(t) = I30 + ; 1i,0Yi0(t) = (p3,0 + 1) Y3,0(t) (3.6d)
dYZ;g(t) = 13,0Y3,0(t) — (a0 + p)Yao(t) (3.6e)
dC —

dit) = ( ; Cz'Yz‘,o(t)> e " (3.6f)
p i=4

20 _ (S arao)e s

with the initial values

¥0,0(0) = (1 = ¢0)Yo (3.7a)
: _ 1/pi0 fi—

Yi0(0) = S 1/%0%1/0, fo 1,2,3,4 (3.7b)

C(0)=0 (3.7¢)

Q(0) = 0. (3.7d)

Setting T' = 20 and the parameters to their numerical values as they are defined in section 3.1
we applied the Runge-Kutta(4,5) algorithm using MatLab to generate the following projections.
For the expected cost and accumulated QALYs when no intervention is introduced during a
time horizon of 20 years we get the results presented in table 3.7. These values will be the bases

from which we will measure any gains and losses that each intervention program is projected
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to produce.

Table 3.7: Model without an intervention: expected accumulated cost and QALYs over a 20
year time horizon.

Monetary Cost, C(20) Accumulated QALYs, Q(20)
$3,778,541,557 495,630

Evaluating accumulated cost and QALYs only gives us part of the story, without an inter-
vention and an initial prevalence of 49.3%, over the course of 20 years, the total population is
projected to drop from 55,816 to a population of 35,714. In addition, we can expect to see a
drop in the prevalence of infection from 49.3% to 20%. Noting that the time horizon and the
total expected duration of infection, sz 1/1k.,0, are both equal to 20 years and the initial
prevalence of the infection is 49.3% implies that at the end of only 20 years 49.3% of the initial
population is expected to die from AIDS related causes. We point this out with the purpose of
emphasizing the overall impact the infection has already had on the population. Alternatively,
with constant immigration into both uninfected and infected states, the population is continu-
ally replenishing guaranteeing that a distribution to all compartments of the model exists for
all time.

To get more detail about the mixing of the population, new infections, and the expected

trajectories for each compartment of the model we now address the graphs showen in figure 3.2.
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Figure 3.1: Model without an intervention: total population projections for a 20 year time
horizon.
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It is noted that each of the asymptomatic states are strictly decreasing, unlike the other three
states where we see more interesting behavior. For the first 4-6 years both the symptomatic and

AIDS populations are growing fairly consistently, while the susceptible population is strictly de-
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Figure 3.2: Model without an intervention: projections for each classe over a 20 year time
horizon.
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creasing. At the end of 6th year, even without an intervention, both the symptomatic and AIDS
population start to decrease, which is due to the already decreasing asymptomatic populations.
The impact the trajectories of the infectious states has on A(t), the probability of acquiring the
infection at time ¢ from any one partner, is shown in figure 3.3. Comparing the results for A\(¢) to
the projections for the susceptible population, we can see that once the rate of infection drops
below about .009 (less than a 1% chance of acquiring the infection) the susceptible population
starts to increase. Even though it appears as though the system seems to correct itself, we
need to keep in mind the major impact the disease has already had on the population. Recall,
by the end of the 20 years, if nothing is done to intervene against the spread of the virus the
population is expected to decrease by 36%, with at least 46% of the initial population passing

away due to AIDS related causes.
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Figure 3.3: Model without an intervention: probability of acquiring the infection.

The results from analyzing the projections for the system without an intervention highlight
the need for a program that will control the spread of HIV. In the subsequent sections of this
chapter we will evaluate the predictions the model makes for each of the vaccine programs
independently then as a combined strategy, allowing the comparison to the made between each

alternative.

3.1.2 Therapeutic Vaccine Program

Introducing a vaccine program to the analysis of the model results in the addition of one
state, Y5 1(t) representing the asymptomatic, aware and vaccinated population. Recall, from
section 3.1 we made the assumption that a therapeutic vaccine is administered to 75% of the

asymptomatic and aware population. Setting the percentage of the population that receives the
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vaccine as a fixed parameter we will remove the time dependency from the notation, v, = 1(t) =
0.75 for all ¢ € [0,20]. For those that receive the vaccine their infectivity will be reduced by
25% and an increase of 5 years added to the asymptomatic stage of the infection. By receiving
the vaccine there is also the assumption that the likelihood partnerships with the susceptible
population is not protected by a condom increases. After the vaccination wears off it is assumed
that infected individuals will transfer directly to the symptomatic stage of the infection. This
results with the following initial value problem governing the projections for each trajectory of
the model:

OO _ gy — (-t poA ) Yool (3:82)

dylcé‘;(t) = I10 + poA(t)Yoo(t) — (0§ + p10 + #)Y1,0(2) (3.8b)

deg(t) = I0 +0&Y1,0(t) — (Ve + p20 + 1) Y2,0(?) (3.8¢)

T2 ) ya0t) — (paa (8) + Yo (1) (3.80)
1 =2

dYL = 130+J pijYij(t) — (30 + p)Yso(t) (3.8¢)
=0 i=1

dYZ(t)(t) = p3,0Y3,0(t) — (a0 + p)Yao(t), (3.8f)

with the initial values

Y0,0(0) = (1 — ¢0)Yo (3.92)
Yi0(0) = S 1/%/(1%0(?50%: for i = 1,2,3,4, (3.9b)
3/271(0) =0. (3.90)

We will now use the original expression for the rate of infection function that was introduced

in the beginning of the chapter,

=1
—0 Zz 1 PiBim00,i; Yij ()

A(t) = :
ZopiYi ()

(3.10)

Regarding the integral equations we will account for the additional cost of the therapeutic

vaccine in the accumulated cost equation,

22



C(T) = /O ' (HtVth,o(t) n j:: : cmj(t))e*”dt (3.11a)
O(T) = /O T( iqiﬂo(t))e—”dt. (3.11b)
=0

Following the approach we took for solving the state trajectories in addition to the accu-

mulated cost and QALYs for the model without an intervention, we will add the corresponding

dC(t dQ(t

expressions for Z}E ) and ?li) to system (3.8), resulting with the following initial value
problem:
dYp ot

B0) _ oy — Gt poA ) Yool (3.122)
dYyo(t

L) _ 1o 4 oA ¥oolt) — (o€ + o + ) Yio(0) (3.12))
dYoo(t

32( ) =1+ Ufyl,()(t) — (n + W20 + ,M)Yzo(t) (3.12¢)
dYo1(t

Zi( ) _ Yo o(t) — (n2,1(t) + p)Y21(2) (3.12d)
dYs0(t) iy
— g ~ Dot Z Z 1,5 Yi5 () — (p3,0 + p)Ya0(t) (3.12¢)

§=0 i=1
dYyo(t
W) s 0¥i0(t) — (a0 + ) ¥iol0) (3.126)
dC(t =3 )
di) = (fitl/tyz,o(t) + cl-Ym-(t))e rt (3.12g)
§=0 i=0
i=4
dQ(t _r
di) = (Zqui,o(t)>e t (3.12h)
i=0
with the initial values,
Y0,0(0) = (1 — ¢0)Yo (3.13a)
1/ .
Y;0(0) = #%YO, fori=1,2,3,4 (3.13b)
> k=1 1/bk0

Y21(0) =0 (3.13c¢)
c0)=0 (3.13d)
Q(0) = 0. (3.13¢)

Setting T = 20 and the parameters as they are defined in section 3.1 we again used the

23



Runge-Kutta(4,5) algorithm in MatLab to generate the following projections. In table 3.8 the
outcomes related to the accumulated cost and QALYs for the therapeutic vaccine program
are presented in comparison to the outcomes when no intervention is introduced. The results
show a savings of $31,138,862 and an increase of 11,178 QALYs when the therapeutic vaccine
program is offered. This confirms the conclusions of Edwards et al. that a therapeutic vaccine
that decreases infectivity by 25% and prolongs the asymptomatic stage of infection by 5 years

will result with a dominant program.

Table 3.8: Therapeutic vaccine program: expected accumulated cost and QALYs over a 20
year time horizon.

No Intervention Therapeutic Vaccine Program
Cost, C(20) $3,778,541,557 $3,747,402,695
QALYs, Q(20) 495,630 506,808

Taking the analysis of the therapeutic vaccine program a step further we consider the
projections for the population trajectories shown in figures 3.4 and 3.5. At the end of 20 years the
total population is 37,218 with a 26% prevalence of the infected individuals. This is an increase
in the size of the total population and prevalence of the infection compared to the results for the
population over 20 years when no intervention is introduced. Intuitively a vaccine that decreases

infectivity and prolonged life expectancy for the infected asymptomatic population benefits both

Total Population Proportion of Total Populutation
36000 Infected with HIV/AIDS
b 0.6 7
54000 — 1
52000 4 0.5 ;
50000 —
= ] g
8 ' 04
= 48000 — K]
3 1 =
g -
£ 46000 = B 034
e
g 44000 — 2L
3 1 E
42000 3027
] A
40000 —
] 01
38000
36000 L L L DL DL B B BN R L 0 T T T T T T T T T 1
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time (years) Time (years)

Figure 3.4: Therapeutic vaccine program: total population projections for a 20 year time hori-
zon.
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the susceptible and infected populations, but taking into consideration the adverse effects of
vaccinating we find that the results of the therapeutic vaccine for the susceptible population
are actually undesirable. This is apparent from the trajectory for the susceptible population
presented in figure 3.5. After decreasing for the first 10 years the susceptible population starts
to increase, but only recovering to about half the size of the initial susceptible population. For
the projections when nothing was done to intervene with the spread of infections the susceptible
population decreased for the first 9 years, then recovered to a susceptible population size larger
than its initial population. Exploring the properties of the model a bit further to determine
the impact the adverse effects has on the spread of the infection we will start by considering
B2,0Mm00,20, representing the likelihood that an asymptomatic and aware individual infects a
susceptible individual. Referencing tables 3.2 and 3.5, 82,0 = 0.066 and 1920 = 0.307 resulting
with B82,07m00,20 = 0.020262. Implying there is approximately a 2% chance the disease will spread
from partnerships between the asymptomatic, aware and unvaccinated population with the
susceptible population. Alternatively, when an asymptomatic and aware individual receives the
therapeutic vaccine their infectivity is reduced by 25%, resulting with (27 = 0.066 % 0.75 =
0.0495. From table 3.5 the probability that their partnerships with a susceptible individual
is not protected by a condom was evaluated to be 79921 = 0.4803. Therefore, B2 1m00,21 =
0.0495 * 0.4803 = 0.02377485 which implies there is approximately a 2.38% chance that a
susceptible individual will become infected by means of a partnership with an asymptomatic and
aware individuals that have received the vaccination. Although the therapeutic vaccine reduces
infectivity, the impact the adverse effect has on the population has a much greater impact.
Resulting with an increase of 17.34% for the likelihood the asymptomatic and aware population
will spread the infection after they become vaccinated. Not only does the introduction of the
therapeutic vaccine increase the likelihood that the disease will spread, but it also extends
the period of time for which this population is unknowingly more dangerous than they were
before they were vaccinated. All of which resulting in an undesirable outcome for the susceptible
population.

This leads us to considering the outcome for \(¢) with the therapeutic vaccine program and
how it relates to to the results when no intervention is introduced. Referring to figure 3.6, the
graph of the function shows an initial increase to the probability of acquiring the infection when
the therapeutic vaccine is first offered. This peak is directly attributed to the adverse effects
that out weigh the benefits of vaccinating for reduction to infectivity. After the initial increase,
the probability for the spread of infection begins to decline. In figure 3.7 we take the combined
asymptomatic and aware population for the therapeutic vaccine program and compare it to the
respective population for the projections when no intervention was introduced. In both cases
we see the asymptomatic and aware population is strictly decreasing, offering the therapeutic

vaccine only slows the rate at which it goes down. This defines the rather quick change in the
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probability for acquiring the infection from increasing to decreasing.
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In conclusion, the therapeutic vaccine does offer a better cost-effective strategy in compar-
ison to doing nothing for controlling the spread of the disease. Although, regarding the results
we’ve seen for the susceptible population, it is not a desirable vaccine program for the total

population.

3.1.3 Preventative Vaccine Program

Now we consider the analysis for the impact the preventative only vaccine program will have
on the population and how it compares to the baseline analysis from section 3.1.1. In the
beginning of this chapter we made the assumption that vaccines are administered to 75%
of the population. By fixing the percentage of the population that receives the preventive
vaccine we will remove the time dependency from the notation, v, = v,(t) = 0.75 for all
t € [0,20]. Introducing the preventative vaccine to the system adds two additional states to the
dynamics, the susceptible and vaccinated population (Y 1(t)) and the asymptomatic, unaware
and vaccinated population (Y7,1(¢)). The dominant preventative vaccine program we chose to
analyze has an efficacy of 75% and a mean duration of 10 years. Emphasizing that the vaccine is
not 100% effective and a portion of the population being vaccinated are already infected results
with the need for the second force of infection rate, A,(t), which takes into account for the
likelihood that vaccinated individuals reduce their condom use by 25%. Once the vaccine wears
off the vaccinated populations return to their respective unvaccinated states. This results with
the following initial value problem governing the projections for each trajectory of the model

when only a preventative vaccine is administered:

dYpolt

(zi’g() = I(),O - (Vp + /_,L +p0)\(t))}/070(t) —|— WYO,l(t) (3143)

dYp(t

(::éi() = VPYO,U(t) — (u+w+po(l— E)Au(t))yo,l(t) (3.14b)

dY1o(t

22() = L0+ poA(H)Y00(t) = (0€ +vp + 1.0 + ) V10(F) +wYi1(?) (3.14c)

dY11(t

;’i() = po(l — E))\y(t)yb,l(t) + VpYL()(t) — (w + o€+ M1+ ,u)YLl(t) (3.14(21)

dYs o(t

Qd’?() = Do+ 0€(Y1,0(t) + Y1,1(t)) — (n2,0 + 1) Y20(t) (3.14e)

dY30 j=1i=2

T Do B 33 i ®) s+ 1Yo (3.14f)
7=0 i=1

dYyo(t

100 s 0¥a0(6) = Guso -+ m)Yiolo) 51t

with the initial values
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Y0,0(0) = (1 = ¢0)Yo (3.15a)
1/Mz 0
Z /Mko
Y;1(0) =0, for i =0,1. (3.15¢)

Yio(0) = =5 ®oYo, fori=1,2,3,4 (3.15b)

We now have the representation for both rate of infection functions, A(¢) defines the proba-
bility that a susceptible and unvaccinated individual becomes infected and A, (¢) defines that
probability that a susceptible vaccinated individual will acquire the infection,
j=1 i=4
290 2iz1 Pibin00,i; Yi,j(t)

Alt) = v (3.16a)
Y iz piYi(t)

(1321 10iBim01.4;Yi (1)

Au(t) =
" =0 XisopiYi(t)

(3.16b)

Accounting for the additional cost for the preventative vaccine in the accumulated cost equation

we have the following two integral functions,

T 7j=1i=4
c() = [ (snlYoo(t) + Yao(0) + >3 ciy)e (3.172)
O ’L
Jj=11i=4 .
/ (ZZqu,g ) e "dt. (3.17b)
j=0 i=

Following the same method used in the analysis for the model without an intervention and
dC(t) d dQ(t)
an

dt
us the following initial value problem we will solve using numerical methods:

the therapeutic vaccine strategy we will again add to the dynamics to give

dYo,0(t)

g = 100 = (W + utpoA(t))Yoo(t) +wYou(t) (3.18a)
inﬁ O _ vpYo,0(t) — (1 +w +po(1 — €)M (t)) Yo, () (3.18b)
lec;t) D) — o+ AW Yo0(0) — (0 + v+ 10 + WYio(0) + w¥ia (1) (3.18¢)
led’i D) o1~ M) Yo1(0) + 1pYaolt) — (@ + o€ + ) ¥ia (1) (3.18d)
dyiég(t) = Ip0 + 0§ (Y10(t) + Y1,1(1)) = (n2.0 + 1)Y2,0(t) (3.18¢)
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dY- 7j=1 =2

30 =Iso+ Y > wigYi(t) = (uso + 1) Yao(t) (3.18f)

7=0 i=1

dYyo(t
‘;f;” = 30Y30(1) — (s + ) Yao(!) (3.158)
dC(t ==
J = (/ipl/p(Y[)V()( + Y1 0( 0 )+ CZY ) —rt (3.18h)

dt

7=0 =0
i=1 i=4
dQ(t) _ X —rt .
== (XX avim)e (3.181)
7=0 =0
with the initial values
Y0,0(0) = (1 = ¢0)Yo (3.19a)
1/ s .
Yi0(0) = /” _ IOy fori=1,2,3,4 (3.19b)
Z /Mk 0

Yi1(0) =0, fori=0,1 (3.19¢)
C(0)=0 (3.19d)
Q(0) =0. (3.19¢)

Applying the Runge-Kutta(4,5) algorithm, using Matlab, we get the following projections

for the current model.

Table 3.9: Preventative vaccine program: expected accumulated cost and QALYs over a 20
year time horizon.

No Intervention Preventative Vaccine Program
Cost, C(20) $3,778,541,557 $3,711,111,604
QALYs, Q(20) 495,630 508,220

From the projections of the dominant preventative vaccine program we see a reduction to
cost by $67,429,953 and an increase to QALYs by an additional 12,590. For the population as
whole, at the end of 20 years, the size of the population drops to 37,862 with 12% prevalence
of the infection.

The impact that the preventative vaccine has on the population is apparent by the drastic

drop in the prevalence of the infection compared to the initial prevalence of 49.3%, the resulting
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Figure 3.8: Preventative vaccine program: total population projections for a 20 year time
horizon.

prevalence from the therapeutic vaccine program, 26%, and the prevalence of infection from the
model without an intervention at the end of 20 years, 20%. For the terminal size of the total
population we still have a result below 38,000, which can again be attributed to the fact that
the mean total duration of infection is equal to the time horizon of 20 years. This implies the
total initial population of infected individuals are expected to die due to AIDS related causes
before the end of the 20 years. Although the preventative vaccine has been shown to have a
major impact on controlling the spread of the virus, it lacks in consideration for benefiting those
that are already infected.

Considering the impact these results have on the projections for both rate of infection
functions we refer to figure 3.10 where we compare the the results from the preventative vaccine
program to the results we found when we analyzed the system without an intervention. The
impact the adverse effect of vaccinating has on the over all spread of the infection is over
shadowed by the efficacy of vaccinating. For the unvaccinated population the rate of infection,
A(t), for the preventative vaccine program is closely related to the projections for A(¢) when no
intervention is offered. Alternatively, (1 — )\, (t), the probability of acquiring the infection for
the susceptible and vaccinated population, is significantly lower than the projections made for
unvaccinated susceptible population. This results with projections for the combined susceptible
population to only drop very subtly for the first year then strictly increase for the rest of the time
horizon. The asymptomatic and unaware population, as a whole, follows a similar trajectory as
the system when no intervention is present with the exception that there is greater decline to

the population when a preventative vaccine program is administered.
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Figure 3.9: Preventative vaccine program: projections for each class over a 20 year time horizon.
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Figure 3.10: Preventative vaccine program: comparison for the rate of infection functions with
the projections found when no intervention was made.

33



Preventative Vaccine Program
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Figure 3.11: Preventative vaccine program: comparison for the total susceptible and total
asymptomatic-unaware populations with the model when no intervention is offered.

In conclusion the preventative vaccine program resulted with a dominate strategy that
decreases cost and increases QALYs, but still does not contribute to the overall well being for

the population as a whole.

3.1.4 Combined, Preventative and Therapeutic, Vaccine Program

Taking into consideration the third possible vaccine program, where the therapeutic and pre-
ventative vaccine programs are both offered for the duration of the 20 year time horizon, the

dynamics are presented as they were originally defined in the beginning of the chapter. We will
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emphasize that both of the parameters for each of the vaccines is assumed to be administered to

75% of their respective populations. Since we are also assuming that both vaccines are admin-

istered to the population for the full duration of the time horizon we will again drop the time

dependency from each parameter, v, = v,(t) = 0.75 and v = 14(t) = 0.75 for all ¢ € [0, 20].

Therefore, we have the following initial value problem that governs the state trajectories for

the full model description:

dYyol(t

(Zlft]( ) Too — (vp + 1+ poA(t))Yo,0(t) + wYo(t)
dYo1(t

O18) _ 1 ia(t) — (0 o(L — DA () Y0 ()
dYi ot

2’2( ) _ Io + poA(t)Yo,0(t) — (€ + vp + p10 + ) Y1,0(t) + w¥11(1)
dYi1(t

Zi( ) po(1 —e)A(H)Yo,1(t) +1vpY10(t) —
dYs o(t

22( ) =10+ 0EY10(t) + Y1,1(t)) — (v + poo + 1) Ya,0(t)
dYs 1(t

i;( ) = v Yao(t) = (21 + p)Ya1(t)
dY- =1 =2
L_LSO_'_ZZ/‘LZ,]YJ NSO‘FM)}/?)O()

7=0 i=1

dYyo(t

2;]( ) _ 13,0Y3,0(t) — (a0 + 1) Ya0(t),

with the initial values

Y0,0(0) = (1 = ¢0)Yo

1/pio
Yio(0) = ————
St 1 ko

Y;1(0) =0, fori=0,1,2.

boYp, fori=1,2,3,4

(w + o€+ p11+ M)Y171(t)

(3.20a)
(3.20b)
(3.20¢)
(3.20d)
(3.20¢)

(3.20f)

(3.20g)

(3.20h)

(3.21a)

(3.21b)

(3.21c¢)
(3.21d)

Including both rate of infection functions, A(¢), the probability that a susceptible and unvac-

cinated individual becomes infected, and A, (t), the probability that a susceptible vaccinated

individual will acquire the infection,

Z?ié i= 1pzﬁz,]77002]y (t)
ijo iZoPiYi (1)

At) =
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>y i1 pilBi o Vi (1)
M) = e . (3.22D)
=0 2ai—0 PiYi(t)

Accounting for the cost of the preventative and therapeutic vaccines in the accumulated cost,

we have the following two integral functions,

T j=11i=4
C(T) = / (lejp(}/o,(](t) + }/170(15)) + Iitljtyvzo(t) + CZ'YVZ‘J' (t))e_Ttdt (323&)
0 j=0 i=0
j=11i=4
/ (ZZqZY ) e Tt (3.23b)
7=0 =0

Taking the same approach from the earlier three variations of the model, the equations for
ac(y) - dQ()

dt
be solved numerically:

are included in system (3.20) for the following initial value problem that can

d7t = IO 0 — (Vp + 12 +p0)\( ))pr(t) + waJ(t) (324&)
dYZé;(t) = VPYO,U(t) — (u+w+po(l— E)Au(t))y(),l(t) (3.24b)
dﬁdg(t) =T 0 + poA()Yo0(t) — (6& + vp + p1,0 + 1) Y1,0(t) + w11 (t) (3.24¢)
lecii(t) = po(1 — &)\ () Yo (t) + v, Yi0(t) — (W + € + —p11 + p)Yia(t) (3.24d)
inlg(t) = Ipo+ 0€(Y10(t) + Yi1(t)) — (v + p20 + 1) Ya0(t) (3.24e)
dYZi(t) = 11Y2,0(t) — (21 + p)Y2,1(t) (3.24f)

=1 =2
dY30 = I3 +Zzﬂm () = (ns,0 + 1)¥3,0(t) (3.24g)
7=0 =1
de(t)(t) = 13,0Y3,0(t) — (pa,0 + 1) Yao(2) (3.241)
j=1i=4
dcc'zit) = (ﬁyp(t)o/b,o(t) + Y0,1(8)) + Keve + Z Z ciYij (t))e_rt (3.24i)
j=0 i=0
dQ(t) J=1 i=4 . |
= ¢:Yi;(t) )e ", (3.24j)
dt <j=0 =0 ! )

with the initial values
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Y0,0(0) = (1 = ¢0)Yo (3.25a)

Y;0(0) = 1/“”0 0 Ve, for i = 1,2,3,4 (3.25b)
7 STt ko

Y;1(0) =0, for i =0,1,2 (3.25¢)

C0)=0 (3.25d)

Q(0) = 0. (3.25¢)

Setting T' = 20 and the parameters as they are defined in section 3.1 then implementing
the Runge-Kutta(4,5) algorithm from MatLab results with the following projections for the
combined vaccination program.

Table 3.10: Combined vaccine program: expected accumulated cost and QALY over a 20 year
time horizon.

No Intervention Combined Vaccine Program
Cost, C'(20) $3,778,541,557 $3,674,411,240
QALYs, Q(20) 495,630 519,572
Total Population Proportion of Total Populutation
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Figure 3.12: Combined, preventative and therapeutic, vaccine program: total population pro-
jections for a 20 year time horizon.
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From table 3.10 implementing both vaccines over the course of 20 years results with a
savings of $104,130,318 and a gain of 23,942 in QALYs. Both the greatest savings and highest
gain in QALYs between the three vaccination programs considered in this chapter. There is
still a consistent decline in the total population, at the end of 20 years the population drops to
39,359 with a prevalence of 16%.

For controlling the spread of the infection, when the two vaccine programs were considered
independently, the results showed that the adverse effects of the therapeutic vaccine had a
significant impact on increasing the spread of the infection. Alternatively, the preventative
vaccine, while accounting for the adverse effects, resulted with a significant impact on reducing
the spread of the infection. The impact of adding the therapeutic vaccine to the system for
the preventative vaccine program introduces similar results to the ones obtained when the
therapeutic vaccine program was introduced to the system when no intervention was introduced.
For each there was an increase of approximately 2,000 in the final total population and a 30%
increase to the prevalence of the infection at the end of 20 years. As a combined strategy the
benefits of offering the preventative vaccine out weigh the adverse effects introduced by the
therapeutic vaccine. In administering both generates the most desirable outcome with regards

to the total population as well as begin the most cost-effective strategy.
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Concluding with the combined vaccination program, the results indicate a significant de-
crease to cost with a substantial increase in QALYs and benefits the population as a whole.
Following the analysis of each vaccine program, in the next section a comparative analysis for

all four possible outcomes is evaluated.

3.2 Cost-Effective Analysis of Intervention Strategies

Concluding the analysis for the projections defined on a fixed time horizon for each of the four
possible variations of the model a brief discussion of the results in direct comparison to each
alternative is presented.

Considering the incremental cost of each scenario in table 3.11 we can see how much of an
impact each strategy will have. Independently the therapeutic vaccine strategy is expected to re-
sult with a savings of $229/QALY and the preventative vaccine is projected to save $321/QALY.
Implying, between the two, the preventative vaccine is a slightly better alternative with a sav-
ings of an additional $92/QALY. Alternatively, the strategy of administering both vaccine op-
tions will result with an expected savings of $551/QALYs, more than a $230/QALY in savings

compared to each vaccine program as a stand alone option.

Table 3.11: Projected accumulated cost and QALYs, as well as the cost/QALY, for each of the
four variations of the model over a 20 year time horizon.

Accumulated Accumulated Cost/QALY
Cost QALYs
No
) $3,778,541,557 495,630 $7623/QALY
Intervention
Th ti
erap.eu ic $3,747,402,695 506,808 $7394/QALY
Vaccine
P tati
rovemane $3,711,111,604 508,220 §7302/ QALY
Vaccine
Combinati Both
ombination Bo $3.674,411,239 519,572 $7072/QALY

Vaccines
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After the detailed analysis for the state trajectories for each of the four possible variations
of the model, presented in sections 3.1.1 - 3.1.4, we learned that the cost-effective analysis
only highlighted part of the story regarding the benefits of intervention strategies. Due to
the adverse effects of vaccinating the therapeutic vaccine made the asymptomatic and aware
population riskier than before for spreading the infection. To evaluate the results for the total
population and each of the sub populations, figures 3.16 - 3.21 show a direct comparison of the
four alternative scenarios, with the combination of the unvaccinated and vaccinated populations
graphed when needed. From the graphs we can see that there is a variation to the trajectories
between alternative scenarios. Considering that the ultimate purpose of analyzing infectious
disease models is to understand the spread and control of infections, this puts an emphasis on
the importance in understanding the projections of the susceptible population for evaluating
the rate of success each intervention program has for controlling the spread of the disease.
Recall, based on the assumptions of the model and the fixed 20 year time horizon for analysis,
the life expectancy after acquiring the infection is the same as the time horizon for analysis.
This explains the marginal impact to the trajectories for the total population as well as each
of the infected populations. Unfortunately there is no intervention that can reverse the impact
the epidemic has already had on the population.

In conclusion, we have already shown that offering both vaccines has a significantly better
cost-effective outcome for a 20 year time horizon in comparison the projections for offering either
one of the vaccines on their own. To determine if we can find an even better strategy, regarding
the timing for offering each vaccine, will be the focus of the next couple of chapters. Starting in
chapter 4 with the long run analysis for each of the four state spaces of the model to characterize

the dynamical properties of the system and the expectations for the state trajectories.
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Projections for the Total Population
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Figure 3.16: Total population projections for each of the four variation of the model; no inter-
vention, therapeutic only, preventative only, and the combined vaccination strategy.
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. . .
Projections for the Susceptible Class
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Figure 3.17: Susceptible population projections for each of the four variation of the model; no
intervention, therapeutic only, preventative only, and the combined vaccination strategy.
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Projections for the Asymptomatic-Unaware Class
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Figure 3.18: Asymptomatic-unaware population projections for each of the four variation of
the model; no intervention, therapeutic only, preventative only, and the combined vaccination

strategy.
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Projections for the Asymptomatic-Aware Class
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Figure 3.19: Asymptomatic-aware population projections for each of the four variation of the
model; no intervention, therapeutic only, preventative only, and the combined vaccination strat-

egy.
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Projections for the Symptomatic Class
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Figure 3.20: Symptomatic population projections for each of the four variation of the model;
no intervention, therapeutic only, preventative only, and the combined vaccination strategy.
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Projections for the AIDS Class
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Figure 3.21: AIDS population projections for each of the four variation of the model; no inter-
vention, therapeutic only, preventative only, and the combined vaccination strategy.
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Chapter 4
Equilibria and Stability Analysis

Equilibrium stability analysis is a critical part of analyzing deterministic compartment epidemic
models. The importance of doing such can lead to the characterization for the Ry threshold in
terms of the parameters of the model. As a bifurcation defining the point in the parameter space
that the stability of the disease free equilibrium is transferred to an endemic equilibrium implies
that the dynamics should have both equilibrium points, for the variation of the model without
an intervention. We will find with the HIV-transmission model we described and analyzed in
chapter 3 the dynamics for each variation of the model have exactly one equilibrium and it’s
the endemic equilibrium. This is a result of the assumption that constant immigration into
the infected population is independent of the population size or prevalence of the infection.
Therefore, we will not derive a symbolic representation for Ry in terms of the parameters of the
model. Instead we consider the stability of the equilibrium to understand the expectations for
the trajectories and their behavior in the neighborhood of each equilibrium for the purposes of

controlling the system.

4.1 Routh-Hurwitz Criterion for Stability

To determine the stability of the equilibrium points the Routh-Hurwitz Criterion will be verified.
Before proceeding with the equilibrium and stability analysis for each variation of model we
will begin by introducing necessary definitions for the Routh-Hurwitz criterion, as it was stated

by Gantmacher in 1959 [19]. For the polynomial

c(z) = coz" + 1z N+ 2" P+ 4 ep1z+ e, (co#0and n € N)

of degree n we have the following definitions.
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Definition 4.1.1. The Hurwitz matriz is a square matrix of order n defined by the coefficients

of the polynomial ¢(x) as the following;:

_61 | 0 0_
Cho Cy C4
0 Cl1 C3
cop C9 . 0
H=1: o c1 . Cn
Co et 0
0 Cn—2 Cn
Cp—3 Cp—1 O
0 0 O Ch—4 Cp—2 Cp

For even n: ¢, = 0 when k > g

-1
For odd n: ¢, = 0 when k > nT

Definition 4.1.2. The Hurwitz determinants are the principle minors of the Hurwitz matrix,

Cl1 C3 Ch
C1 C3
Al(c) :Cl,AQ(C) = ,Ag(c): co Co C4 ,...,An(c):det (H)
Cco Co
0 C1 C3

Therefore the Criterion of Routh-Hurwiz for Stability is given by the following statement.

Criterion 4.1.3 (Routh-Hurwitz). All the roots of the real polynomial ¢(x) have negative real
parts if and only if the following inequalities hold,

coA,(c) > 0 (for odd n)
C[)Al(c) > 0, AQ(C) > 0, CoAg(C) > 0, A4(C) >0,...,
Ap(c) >0 (for even n)

Thus, checking if all the roots for the characteristic polynomial at an equilibrium point have
negative real parts implies that the equilibrium is asymptotically stable. The benefit that is
gained by using the Routh-Hurwitz criterion for stability is the ability to define a threshold in

terms of the parameters that will define when an equilibrium is stable or unstable.
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4.2 Endemic Equilibria

As we have already mentioned, the model as it was originally defined will have only one physi-
cally relevant equilibrium point for each of the four variations. In each case, with the constant
immigration of infected individuals the only equilibrium for the system will be endemic equi-

libria.

4.2.1 HIV-Transmission Dynamics without an Intervention

Starting with the HIV-transmission dynamics without an intervention we reintroduce the system

of differential equations to the following:

B0 1y — G-+ mA©)¥oo(t) (4.12)

T 1 o 4 poA 1) o0(1) — (0 + pag + )Yao() (4.1b)

deg(t) =l + 0&Y1,0(t) — (2,0 + 1) Y2,0(t) (4.1c)

in’é(t](t) =130+ Zi% pi0Yio(t) — (30 + 1)Ys0(t) (4.1d)
=1

deg(t) =p3,0Y3,0(t) — (4,0 + 1) Ya0(t) (4.1e)

were

S = piBionoo.ioYio(t)

A(t) = — (4.2)
> isopiYio(t)
Equilibrium Calculations
. : . . dY;o(t) .
To solve for the equilibria of the system without an intervention we set : =0 for ¢ =
0,1,...,4 and solve for Y*(t) = [Y5o(t), Yo (1), Yoo (t), Y30 (2), Yo (£)]T. Thus,
0= 1o — (1 + PoA(t) Y5 (t) (4.3a)
0 =T10 4 poA(t)Y5o(t) — (0€ + pao + 1) Y7p(t) (4.3b)
0= Iz0+ a€¥7(t) — (p2,0 + 1) Yo (t) (4.3¢c)
i=2
0=1Ts0+ > pioYio(t) — (o + 1) Yso(t) (4.3d)
i=1
0= p3,0Y30(t) — (Hao + 1)Yio(t). (4.3¢)
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Note that equation (4.3a) can be written as the following expression for A(¢), defined only at

an equilibrium,

oo — p¥go(t)

A0 = = X0 (4.4)

Using the expression for A(¢) defined by equation (4.4) in (4.3b) we can solve for Y7%)(t) in terms
of Yo (t). In doing so,

Too — /lYofo(t)

ot ) Yio(t) = (06 + v + 0)¥7(0)

0=1Tp +p0(

0=1T10+ loo— puYgo(t) — (0§ + p10 + ) Y7()

implies,

vy Dio+loo m .
Yiolt) = (& +p10+ 1) [(Uf + p1,0 + M)] Yolt): (45)

Next, substituting the right side of equation (4.5) into equation (4.3c), Y2,0(t) can also be defined
in terms of Y o(t), such that

Lio+1loo < p
(

O0=Log+o
20 g((Uerul,oJru) ol +p10 + p

)>1/()f0 (t)) — (p2,0 + p)Y30()

0=1Io+
T (oE 4 o+ )

of(ho+1op) ( ol
(

e N¥il) ~ (i + Y50l

implies,

s (1) = Iz o&(I1,0+ Loyo)

ol
Yoolt Yoot).  (4.6)

(20 + 1) (2o +p) (o€ +pio+p) [(uz,o + p) (o€ + pro + 1)

Continuing with evaluating each of the infectious states in terms of Yy(¢), the right side of
equations (4.5) and (4.6) can be substituted into equation (4.3d) to get the following expression
for Y3 0(t),
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Lo+ Ioo [ p ]
0=TIs0 + 0700 Yot
o Mm<®£+Mﬂ+m (o + o+ m ) 00l

+ne Iz o&(I1,0 + Loo)
P\ (p20+ 1) (p20 + ) (o€ + 1o+ p)

- {(MQ o+ u)(Z?L—l— P10 + M)] Yofo(t)) — (13,0 + 1)Ys5o(t)

oo+ loo) | p2ol20 2,008 (110 + lop)
(& +pro+p)  (u20+p)  (po0+ p) (o€ + p1o + 1)

H1,04 12,008 1t
- < + >Y0f0(t) — (u3,0 + Y30 (t)

0213704-

(& + 1o+ p) (w20 +p) (o€ + p1o+ 1)
results with,
I3 p10(I10 + lop) p2,012,0
(30 + 1) (uso+ p) (0 +po+p) (30 + 1) (p20 + 1)

p2,00& (I o + Lop)
(p3,0 + ) (p2,0 + ) (o€ + p10 + )

Hi0M
(13,0 + p) (o€ + p1,0 + 1)

Yio(t) =

H2,008 1 .
T oo T 1) Gino + 1) (0 10 T 1) Ygo(t)- (4.7)

Finally plugging equation (4.7) into equation (4.3e) the last infectious state, Y[ (¢), will be
defined by the following,

0= pso I3 p1,0(I10 + op) p2,0l2,0
T\ (uso+ ) (ot )0+ o+ ) (30 + ) (H20 + 1)

p2,00& (110 + 1oy)
(13,0 + ) (p2,0 + 1) (0€ + pa0 + p)

. [ K10l
(p3,0 + ) (o€ + p1,0 + 1)

p2,008 4 ) - X
_+Ww+wﬂmn+mwf+Mp+uJKm@) (ka0 + W)Yo(1)
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w3.013.0 u3.0i1,0(11,0 + Too) 3,012,012,0
(30 + ) (30 +p) (o€ +pro+p)  (p3,0+ p)(p20 + 1)

3,012,008 (110 + o)
(3,0 + ) (p2,0 + w)(o€ + Hi,0 + 1)

_ ( 13,011,014 N 13,0142,00E L > (0
(3,0 + p) (@€ +p1o+ ) (pso+ p) (20 + u) (o€ + p1o + )

— (pa0 + 1) Y5o(t)
implies,

w3,013,0 u3.0i1,0(11,0 + o)
(pao + ) (3o + 1) (pao + p)(pso + 1) (o€ + p10 + @)

Y4*,0 (t) =

13,0142,012,0
+
(a0 + p) (30 + 1) (p2,0 + 1)

N 3,0k2,008 (110 + Ioo)
(a0 + 1) (3,0 + ) (p2,0 + 1) (o€ + p1o + )

H3,041,0M4
(pa,0 + ) (ps0 + p)(0€ + p10 + 1)

13,042,008 4 N
n 012, £, 4.8
(a0 + 1) (13,0 + 1) (2,0 + L) (0€ + p11,0 + 1) 00() (4.8)

The expressions derived for the infectious disease states in terms of the susceptible population
can now be used to express the rate of infection function A(¢) in terms of Yy (¢). To simplify

the notation we introduce the following vector notation,

Po 0 $0,0 m0,0
p1 P151,0M00,10 ®1,0 m1,0

D3 P3/33,0M00,30 ®3,0 ms3,0

P4 | Paf34,0M00,40 | $4,0 M40
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$0,0 =0

¢1 0 = —II’O + 1070

T (o€ o+ )
oo = I o&(I1,0 + Ioo)

’ (2,0 +p)  (p20 + @) (€ + p1o + 1)
a0 1= I3 pi,0(I1,0 + Iop) 12,0120

’ (3o + 1) (30 +p) (o€ +po+p)  (p30+p)(p20 + 1)

p2,00&(11,0 + o)
(p3,0 + 1) (p2,0 + p)(0€ + pao + )

Sao 13,0130 p3,001,0(11,0 + To,0)

’ (a0 + 1) (30 + 1) (pao + 1) (30 + 1) (o€ + pro + 1)

13,0142,012,0
(pa0 + 1) (13,0 + 1) (12,0 + 1)
N 3,0t2,008 (110 + Too)
(pa,0 4 1) (13,0 + 1) (p2,0 + 1) (0€ + pao + 1)’

mo,0 = 1
myp = (.

’ (o€ + p10 +p)
mag = — oS

’ (p2,0 + ) (o€ + p1,0 + 1)
Mg = — 1,04 7 H2,008 1t

’ (3,0 +p) (0 + p1o+ 1) (w30 + p)(u20 + p)(0€ + 1o + 1)

. H3,0141,04 H3,042,00&

myo = — —

’ (a0 + ) (30 + ) (o€ + pro + 1) (pao + ) (30 + 1) (p2,0 + 1) (08 + 1o+ p)

Therefore the rate of infection function defined by equation (4.2) can be expressed as the ratio

of two linear combinations of Yy (?),

, B'® + B'MYg(t)
~ P'®+ PIMYg(t)

(4.9)

Given two expressions for \(t), defined only at an equilibrium point, we will set each expression
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from (4.4) and (4.9) equal to each other to get an equation in terms of only Ygy(¢). The
solution to the following equation can then be solved to get the symbolic representation for the

susceptible population defined at the equilibria,

B'®+ B'MY§o(t) oo — puYgo(t)
P'® + P'MY§(t) — poYgo(t)

(4.10)

By cross-multiplying and combining like terms in equation (4.10) we will get the following

quadratic equation for Yz)fo(t),

(uP'M + poB'M)(Yeo(1)? + (poB'® + uP'® — IogP' M)Y{o(t) — IooP'® = 0. (4.11)

Considering the graph of the quadratic function corresponding to (4.11), written in standard

form,

poB'® + uP'®d — IODP’M) 2

F(¥Go(t) = (uP'M + poB'M) (YD*vO(t) + 2(uP'M + poB'M)

(poB'® + puP'® — Iy oP'M)?
4(uP'M + poB'M) ’

— IpoP'® —

we can determine conditions for the parameters that will result with either 0, 1, or 2 roots. Thus,
the existence of a solution and the number of roots will depend on the sign of (P’ M + pyB'M)
(poB'® + pP'® — IyoP'M)?

4(uP'M + poB'M)
have the following conditions for solutions.

and | — looP'® — )1. Assuming that (uP'M + poB'M) # 0 we

(poB'® + puP'® — Iy oP'M)?
4(uP'M + poB'M)
sign, there are no solutions to (4.11).

e When (— InoP'®— ) and (uP'M + poB'M) have the same

(poB'® + pP'® — Iy oP'M)?

When [hgP'® = —
[ ] en U,O 4(IUP/M —|—poB/M)

(4.11).

there is exactly one solution to equation

(poB'® + puP'® — InoP'M)?
4(uP'M + poB'M)
signs, there are exactly two solutions to (4.11).

e When (— InoP'®— > and (uP'M + poB’' M) have opposite

'Recall that most of the components of M are negative.
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For the parameter values presented in chapter 3,

uP'M +poB'M ~ 0.0115792 > 0
(poB'® + uP'® — Iy o P'M)?

—IooP'® —
00 A(uP'M + poB'M)

~ — 25,155,561 < 0.

Therefore there are exactly two roots to equation (4.11) and using MatLab to find the numerical

solution to each we get

Yo (t) ~ —47,847 (4.12a)
Yio(t) ~ 45,371, (4.12b)

This implies from equations (4.5) - (4.8) and the solutions in (4.12) we get the following

two equilibrium points for the system,

[ _47,847] (45,372
7,183 508
E'~ | 7,58 E*~ | 853
5,027 514
3,736 382

Although there are two mathematical solutions for system (4.3), only one is considered
physically relevant for the model. Requiring that the solution to the dynamics stay non-negative,
ET is not considered a feasible solution. Therefore the infectious disease model without an
intervention only has an endemic equilibrium that we will denote by Ej. Here we make the
distinction that this is the endemic equilibrium with respect to the base dynamics without
an intervention (b). This is important because we will also need to evaluate the equilibrium
points as they are defined when we introduce each strategy; the therapeutic progam (t), the

preventative program (p), and the combined vaccine strategy (c).

45,372
508
853
514
382

&
%
2
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This implies that in the long run we should expect the total population to stay around

47,629 with a consistent prevalence of infected individuals at approximately 5%.

Equilibrium Stability

The full description of the Jacobian along with the derivation of the characteristic polynomial
in symbolic form is presented in appendix A. For the purpose of determining the stability of the
endemic equilibrium we will use the solution to the characteristic polynomial and the endemic

equilibrium to evaluate the numerical approximation for the characteristic polynomial at Ej,

c(x) = cox® + cra? + cor® + 32 + 4 + ¢35 (4.13)

with each of the coefficients approximated by,

cop=1

c1 ~ 1.36886129999

c2 ~ 6.06507381914e-01
c3 ~ 1.43752973349e-01
¢4 ~ 1.17082002872¢-02
cs ~ 1.96150810432e-04.

If the objective is to solely determine whether or not the system (4.1) with the fixed parameters
values defined in section 3.1 is stable then solving for the roots of (4.13) and verifying that
they all have negative real parts would be sufficient. This refers to determining the sign of
the eigenvalues. In doing so, we used the ‘root’ function in MatLab to find the numerical

approximations for each of the roots of (4.13), resulting with the following solutions,

Tz~ —0.824
z ~ —0.209 + 0.242¢
z ~ —0.209 — 0.242;
r~ —0.104
T ~ —0.022.

Since all of the eigenvalues have negative real parts implies that Ej is a local asymptotically
stable equilibrium. To evaluate how stable the equilibrium is in terms of the assumptions re-

garding the parameter values we will consider validating the stability using the Routh-Hurwitz
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criterion 4.1.3 with the following Hurwitz determinants?,

(¢)
(¢)
As(c) = c3Ay — cuct + cse1cp
(¢) = caA3 — c5c2g + c5c4C100 — cgcg
(¢)

For the numerical approximations to the characteristic polynomial (4.13) the Hurwitz determi-

nants are each evaluated to be the following,

Aq(c) ~ 1.368861299993612
As(c) =~ 6.864701859278965¢-01
As(c) = 7.701293620277477e-02
(c) =
(c) ~

L

Cc

L

Ay(c) = 8.231208565862636e-04
1.614558231066645e-07.

g

5(C

Noting that some of the results for the Hurwitz determinants are defined within a ‘small’
neighborhood of zero it is important that we address the accuracy for which the calculations were
made. We will first emphasize that the derivation for the endemic equilibria and characteristic
polynomial were each done analytically. The derivation for the endemic equilibrium was done
in this section of the current chapter and the derivation for the characteristic polynomial can
be found in appendix A. Given the size and complexity of each, MatLab was used to derive
the numerical approximations to both the equilibrium point and then the coefficients of the
characteristic polynomial. We will note that MatLab stores numbers and computes to the
equivalent of 16 decimal places [23]. This implies, that the numerical approximations to each
of the coefficients for the characteristic polynomial at the endemic equilibrium is accurate to
about 16 decimal places. Since the Hurwitz determinants are defined analytically in terms of
the coefficients to the characteristic polynomials in appendix B, we can state that the solutions
we have found for the Hurwitz determinants are within the order of accuracy expected for the
numerical solver we used.

Given the approximations for the Hurwitz determinants and ¢y = 1, we can verify that the

equilibrium point Ej satisfies the Routh-Hurwitz criterion for stability,

2The detailed calculations for deriving each of the Hurwitz determinants is presented in appendix B.
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oA (¢) ~ 1.368861299993612 > 0
As(c) ~ 6.864701859278965¢-01 > 0
coAs(c) ~ 7.701293620277477¢-02 > 0
(c) =
(c) =

L

Ay(c) =~ 8.231208565862636e-04 > 0

coAs(c) ~ 1.614558231066645e-07 > 0.

From these results we have confirmed that the endemic equilibrium for the system without an
intervention is asymptotically stable. By verifying the conditions for stability defined by the
Routh-Hurwitz criterion we have realized that the stability of the equilibrium could possibly
change if the assumptions for the values of the parameters are altered. This insight can lead
to another are for consideration when determining the sensitivity of the model with regards to
the parameters. An area of research that would be far more interesting to explore when the
dynamics introduce both the disease-free equilibrium along with the endemic equilibrium.

For the purpose of optimizing an intervention strategy, the results of an asymptotically
stable endemic equilibrium leads us on the investigation for alternative outcomes when various

intervention programs are introduced.

4.2.2 Therapeutic Vaccine Program

The first intervention program we will analyze for the corresponding equilibria and stability
is the therapeutic vaccine program. For the model with only the therapeutic vaccine we have

following system of ordinary differential equations:

SO ho0 = e oA Yoo 1) )
dY;;’@) = T0+poA(t)Yo,0(t) — (0€ + 10 + 1) Y10(t) (4.14b)
deg(t) = Ipo + 0&Y10(t) — (v + p20 + 1) Yao(t) (4.14c)
dYZ; ) _ v Y20(t) — (p2,1 + 1) Ya1(t) (4.14d)
1i=2
de =1 0+j 13,3 Yi,5(t) = (3,0 + 1) Y3,0(t) (4.14e)
j=0 i=1
de(t)(t) = p3,0Y3,0(t) — (a0 + 11)Ya,0(t) (4.14f)
were
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=4 =1
Doim1 2= PilBi 00,4 Yi i (1)

A(t) =
w Z Z]Opl’b()

(4.15)

Equilibrium Calculations

To solve for the equilibria of the system when the therapeutic vaccine only is admistered we set
ay; ;(t

Z’Jt() =0fori=0,1,...,4and j = 0,1 then solve for Y*(¢) = [Yo(t), Y17(t), Yoo (t), Yo (),
Y3%0(t), Y o(t)]T. This gives us the following system of equations:

0= 1Io0 — (1 + poA(t)) Yoo (1) (4.16a)

0= TI1,0 +poA(t)Y5o(t) — (0€ + pr0 + p) Y7(2) (4.16b)

0= Ipo+ a&¥7(t) — (v + p2,0 + 1) Yoo (t) (4.16¢)

0=1Y50(t) — (n2a + 1)Y51(2) (4.16d)
J=1i=2

0=Ts0+ > Y mi¥i5(t) = (nso+ ) Yso(t) (4.16e)
7=0 =1

0= p30Y50(t) — (a0 + p)Yio(t) (4.16f)

In adding the therapeutic vaccine to the dynamics we will note that nothing changes with
regards to the first two equations. This implies that equation (4.4) for the second expression
for A(t) at the equilibrium and equation (4.5) for Y7*y(¢) in terms of Y{y(#) still hold,

o0 — 1Yo (t)

A N0} (.17)
vy Do+l I .
Yl,O(t) - (0_5 +,U/1,0 +,U/) |:(0,£+ /’LLO +M):|}/E),O(t) (418)

For the rest of the infectious populations the following expressions take into consideration the
additional parameters for the therapeutic vaccine and the additional state Y2 ; (t). Therefore, we

have the following expressions for the rest of the infected populations in terms of the susceptible

population,
Yio(t) = Iy o&(Loo + I10)
20 e+ p20+ 1) (v + p20 + ) (o€ + p1o+ 1)
oL Yol (4.19)

(vt + p2,0 + ) (o€ + p1o + p)
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I o1y n o&(Lo,o + L1,0)n
(21 +p) (e + p2o + ) (p21 +p) (v + p20 + p) (08 + p1o + 1)

ol v .
- Yoolt 4.20
(21 + 1) (e + 2o + ) (o€ + 1o + p) 00(t) (4.20)

Yo (t) =

)

I3 H2,012,0 n p2,012,0v¢
(w30 +p) (3,0 + p)(ve +p20 +p) (30 + p)(peg + p)(ve + poo + p)
p1,0(Zoo + I 0) p2,00&(Ioo + I10)
(130 +p) (0§ + o+ p)  (H30+ 1) (1 + p20 + p) (0§ + a0 + 1)
H2,0081
+
(13,0 + 1) (p2,1 + p) (2,0 + 1) (o€ + p1o + )
1,01 p2,008 4
_I_
(13,0 + 1) (0€ + pro+ ) (w30 + p)(ve + poo + ) (o€ + p10 + 1)

H2, 0oV N
n ’ Y* o (t 421
(3,0 + 1) (2,1 + p) (Ve + pi,o + ) (0€ + pio + p) 00() (4.21)

Y3*,0(t) =

and

13,0130 n 13,0442,012,0
(a0 + p) (30 + 1) (a0 + p) (30 + p) (v + p2,0 + 1)
p3.0p2,.012, 00
+
(a0 + 1) (ps0 + 1) (21 + p) (Ve + p2,0 + 1)
p3,0t1,0(Loo + 1I1,0)
(a0 + 1) (p3,0 + ) (0€ + p1o + 1)
n p3,0t2,00€ (Lo + 11,0)
(p1a,0 + 1) (13,0 + ) (v + p2,0 + ) (0 + p1o + p)
13,012,008Vt
+
(pa,0 + 1) (ps0 + 1) (21 + o) (2,0 + ) (€ + p1o + 1)

Y4*,0 (t) =

_ H3,0H41,04
(14,0 + p)(ps,0 + p)(0€ + pa0 + 1)
13,0142,00& 4
+
(a0 + ) (ps0 + ) (Ve + p2,0 + p) (08 + p,0 + )
H3,0M2,0 4T EV .
+ Yoo (t).
(a0 + ) (p3,0 + ) (21 + p) (e + p20 + p) (0§ + pro +p) |
(4.22)

Thus, we will again introduce vector notation to simplify our calculations in solving for the

equilibrium points,
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Po 0 $0,0 mo,0
P1 P151,0700,10 ®1,0 mi,0
m
p._ |P? B P2/32,0M00,20 B e $2,0 M 2,0
P2 P2/32,1700,21 $2,1 ma, 1
P3 P3/33,0M00,30 ®3,0 m3,0
P4 | | Paf34,0M00,40 | | 94,0 ] M0
$0,0 :=0
o = Lip+ Iop
’ (o€ + p1o+ 1)
20 = Iz o&(I1,0 + lop)
T (mtpgot ) (et pzo+p)(08 o+ p)
g 1= I o1y o&(I1,0 + Loo)n
’ (p2,1 + p) (v + poo + ) (p21 + p) (v + p2o + p)(0€ + 1o + 1)
b0 1= I3 p1,0(I10 + Ioo) 12,0120
’ (3o + ) (uso+p)(@&+pmo+mp)  (u30+ ) (v + p20+ 1)
N p2,00&(11,0 + o)
(13,0 + 1) (Ve + p2,0 + p)(0€ + p10 + 1)
" H2,0l2,014
(3,0 + p) (21 + ) (e + p20 + 1)
n H2,008V;
(13,0 + 1) (2,1 + ) (Ve + p2o + p) (0§ + 1o + 1)
ao = 13,0130 p3,0t1,0(11,0 + Loyo)

(4,0 + ) (3,0 + ) (o€ + p10 + )

13,0442,012,0
+
(pa0 + p) (30 + ) (v + p2,0 + 1)

(pa0 + 1) (p30 + 1)

n u3,0t2,00€ (11,0 + Io0)
(a0 + p) (3,0 + 1) (Ve + p20 + p)(0€ + pro + )
p3.0p2.012, 00
+
(pa0 + 1) (p3,0 + ) (2,1 + p) (Ve + p2,0 + 1)

H3,0142,008 V4
+ )
(pa0 + 1) (p3,0 + ) (21 + p) (Ve + p20 + p) (o€ + 1o + 1)
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Mmoo = 1

7
mygi=———
’ (o€ + p10+p)
ma 1= — och
’ (v + p2,0 + p) (o€ 4 p1o + 1)
Mo 1= — oy
’ (po + ) (Ve + p2o + ) (o€ + po + 1)
Mg = — H1,04 _ p2,008
’ (30 +p) (@ +p1o+ ) (30 + p) (Ve + poo + ) (0§ + p10 + 1)
_ p2,00E vt
(13,0 + ) (p2,1 + p) (v + p0 + ) (08 + pao + 1)
Mao = — 143,041,044
’ (4,0 + 1) (3,0 + ) (0€ + pro + 1)
_ H3,012,00&
(pa,0 + ) (ps0 + ) (Ve + p2o + p) (06 + pao + 1)
13,012,008 1V

(14,0 + 1) (3,0 + 1) (2, + 1) (Ve + p2o + ) (0 + 1o + )

Using the vector notation implies that we will have the same rate of infection function that was

defined in the previous section when we considered the dynamics without an intervention,

oy B+ BMYG (1)
T P'®+ PMYg(t)

(4.23)

With both expressions for A\(¢) defined as they were when we solved for the equilibria in section

4.2.1 results with the same quadratic function in terms of Y (t). Therefore,

B'® + B'MYgo(t)  loo — u¥pp(t)
P'® + P'MYg,(1) PoYgo(t)

(4.24)
implies
(WP'M + poB'M)(Y3o(D)? + (oB'® + uP'® — LoP'M)Ygo(t) — TooP'® = 0. (4.25)

Emphasizing the only difference between equation (4.25) and the same equation (4.11) in section
4.2.1 is how each of the vectors, P, B, ®, and M are defined. We will still check the standard

notation,
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_ poB'® + pP'® — IovoP’M> 2

F(Y5o(0) = (uP'M + poB'M) (Yofo<t> 2(uP'M — poB'M)

(poB'® + puP'® — Iy oP'M)?
4(uP'M + poB' M) ’

— IpoP'® —

and determine whether the quadratic equation (4.25) has 0, 1, or 2 roots. Yet again, the existence
of a solution and the number of roots will depend on the sign of (uP’M + poB’M) and
(poB'® + pP'® — Iy oP'M)?

4(uP'M + poB'M)
the following conditions for solutions.

— IooP'® — )3. Assuming that (uP’'M + poB'M) # 0 we have

(poB'® + pP'® — Iy o P'M)?
4(uP'M + poB'M)
sign, there are no solutions to (4.11).

e When (— InoP'®— ) and (uP'M + poB' M) have the same

(poB/(I) + MP/(I) — I[)V()]D,]W)2

hen IooP'® = —
* When oo A(uP'M + poB'M)

(4.11).

there is exactly one solution to equation

(poB'® + pP'® — Iy o P'M)?
4{uP'M + poB' M)
signs, there are exactly two solutions to (4.11).

e When (— InoP'®— and (uP'M + poB’ M) have opposing

For the parameter values presented in chapter 3 and the vector notation defined by equations
(4.18) - (4.22),

uP'M + poB'M ~ 0.0070660 > 0
(poB/(I) + MP/(I) — IOVOP,M)Q
4(uP'M + poB'M)

—IyoP'® — ~ — 32,820,709 < 0.

Therefore there are exactly two roots to equation (4.25) and using MatLab to find the numerical

solution to each we get the following,

Yo (t) ~ —92,687 (4.26a)
Yo (t) ~ 43,619 (4.26D)

resulting with the following two equilibrium points,

3Recall that most of the components of M are negative.
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92,687 43,619
10,393 634
ot | 1761 o | 199
13,405 1,213
6,952 576

| 5,167 | 428 |

Noting again that one of the two mathematical solutions to the equilibrium points does not
satisfy the physical limitation for the interpretation of the model (i.e. all of the compartments
of the model are strictly non-negative), we are left with only one equilibrium point for the

therapeutic model,

43,619
634
159

1,213
576
428

Q

2

This result implies that the long run expectation for the population as a whole when a
therapeutic vaccine is administered is that the total population will stay around 46,629, with a

steady prevalence of the infection around 6.5%.

Equilibrium Stability

The Jacobian and the derivation for the characteristic polynomial in symbolic form are both
presented in appendix A. As a numerical approximation to the symbolic solution to the char-

acteristic polynomial, at the endemic equilibrium we get the following,

c(x) = oz’ + e12° + o + e32® + cur® + 52 + ¢ (4.27)

with the coefficients,
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co=1

c1 ~ 2.217397865783052

co2 ~ 1.802908824781624

€3 ~ 6.747477931309361e-01
¢4 ~ 1.160699718272295e-01
cs ~ 7.616996330660597e-03
ce ~ 1.188495639018756e-04.

For the fixed parameter values of the model we can verify that the endemic equilibrium is stable
if all of the solutions to (4.27) have negative real parts. Solving for the roots numerically we

get the following,

T ~ —8.956574588109634¢-01
T ~ —4.983781016846317e-01
T ~ —3.925958681080570e-01
T ~ —3.100305547497526e-01
T ~ —9.853594264602114e-02
T ~ —2.219993978362754e-02.

Given all eigenvalues have negative real parts we can conclude that the equilibrium is asymptot-
ically stable. To verify the stability we will also confirm the results by checking the conditions
for Routh-Hurwitz criterion 4.1.3. For a 6th degree polynomial the Hurwitz determinants are
defined by the following?,

Al(c) =C

AQ(C) = C2A1 — CpC3

A3(C) = C3A2 — C4C% + C5C1CQ

Ay(c) = c4Ag — c5c9A9 + c5eqc1c9 — cgcg + cecac] — C6C3C1CH
A5(C) = C5A4 — 6663A3 + 066501A2 — C%C?

Ag(c) = cAs

Using the numerical approximations to the characteristic polynomial (4.27) the approximations

4The derivation for each of the Hurwitz determines can be found in appendix B.
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to the Hurwitz determinants are each evaluated to be the following,

Alc
AQC

2.217397865783052

~ 3.323018387141267

~ 1.688390211214303

~ 1.531153542540695e-01
1.037397690930284e-03
1.232942631598769e-07.

&

g

L

Ay
A5 C
Aﬁ Cc

Cc

(c) ~
()
3(c)
(c)
(c) =
(c) =

Again we will address the accuracy for which the results of the calculations can be reliable.
Noting that the derivation for the endemic equilibrium, the characteristic polynomial, and the
Hurwitz determinants were all done analytically in symbolic form and each can be found either
in this section, appendix A, or appendix B, respectively, the numerical approximations will
therefore rely on the precision that MatLab evaluates the calculations. As we already mentioned
in the previous section, MatLab stores and computes all numbers to the equivalent 16 digit value
[23]. Therefore, it can again be concluded that the accuracy for each of the solutions to the
Hurwitz determinants are all defined within machine precision.

Given the approximations for the Hurwitz determinants, as well as ¢y = 1, we can verify

that the equilibrium point Ej just nearly satisfies the Criterion of Routh-Hurwitz for stability,

oA (c) ~ 2.217397865783052 > 0
Ag(c) ~ 3.323018387141267 > 0
coAs(c) ~ 1.688390211214303 > 0
()

(c) ~

(c) »

l

l

L

Ay(c) = 1.531153542540695e-01 > 0
1.037397690930284e-03 > 0
1.232942631598769e-07 > 0.

COA5 Cc
Aﬁ Cc

To conclude with the equilibria and stability analysis for the therapeutic vaccine program
there is only one physically relevant equilibrium point and based on the parameters values, as
they are defined in section 3.1, it is asymptotically stable.

4.2.3 Preventative Vaccine Program

Continuing with the dynamical analysis for each of the intervention strategies we will introduce

the dynamics as they are defined for the model when only the preventative vaccine is available:
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: =Io,0 — (Vp + 1+ poA(t))Yo,0(t) +wYo1(t)

dt
dYo1(t

(Zéi( ) =1, Yo,0(t) — (1 +w + po(1 — )\ (1) Yo,1(2)
dY7o(t

izg Y _r, 0+ Do) Yo0(t) — (vp + € + pao + 1) Yi0(t) + wY1a(2)
dY11(t

Zi( ) =vpY10(t) + po(l — &)A () Y01 (t) — (w+ & + pay + p)Y11(2)
dYs ot
200) g+ 0o (1) + Y11 (1)) — (12 + 1)¥aol0)
dYs ot =
3?() =I30+ pijYi(t) — (30 + p)Ys0(t)

7=0 =1

dYyo(t

22( : =p3,0Y3,0(t) — (ka0 + 1) Ya0(t)
where

i=4 j=1
At) = >im1 opzﬂi,jnoo ijYi,; (1)
Z Z] ()pz 1q (1)
) (t) _ ZZ 1 opzﬂz 4701, Z]YJ (t)
Yo iz piYi(t)

Equilibrium Calculations

(4.284)
(4.28b)
(4.28¢)
(4.28d)

(4.28¢)

(4.28f)

(4.28g)

(4.29a)

(4.29b)

To solve for the equilibria of the system when the preventative vaccine only is administered we

dY; ot
" o(t)

=0fori=0,1,...,4 and j = 0,1 then solve for Y*(¢) =

D/O,:O (t)7 YVOfl (t)v }/1,:0 (t)7

Y75 (), Yoo (t), Y35 (1), Yio(t)]T. Therefore, the system of equations defined at the equilibria is

given as:

0= 1Ioo — (vp + i+ po(t)) Yoo (t) + wYiy (1)

0=1,Y5o(t) — (4w +po(l — €)M, (1) Y5 (1)
0= I1,0 +poA(t)Ygo(t) — (0€ + vp + p10 + ) Y1 (1) + w¥Y75 (1)
0=po(l =)\ () Y51 () + 1pYTp(t) — (W + o€ + pay + ) Y7 (1)
0= Io0+ o (Y{o(t) + Y11 (1) — (2,0 + 1) Y5 (t)

J=1i=2
0=Igo+ > > piyYis(t) = (a0 + 1)Yso(t)

7=0 =1

0= p3,0Y50(t) = (a0 + p)Yip().
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Recall from the introduction to the model in chapter 3, Edwards et al. introduced the
model to analyze the impact that adverse effects of vaccinating can have on the effectiveness
of various vaccination programs. To model this behavioral impact the introduction for two rate
of infection functions was made: (I) for the susceptible population that is unvaccinated (the
primary rate of infection) and (2) for the susceptible population that is vaccinated (accounting
for the adverse effects). This implies when we consider the method we have already used for
deriving the equilibrium for the model without an intervention and the therapeutic vaccine
program this time we will need to take into consideration setting up two equations for each of
the force of infection rates. Just as we derived in the previous sections, equation (4.30a) defines

a second expression for the primary rate of infection, defined only at an equilibrium point,

Too — (vp + 1) Y5o(t) + w¥oy ()

A(t) = 4.31
Similarly, we also get a second expression for A\, (t) from equation (4.30b),

vpYgo(t) — (w+ p) Y (t
Ao(t) = 14 0,0() ( 1) 0,1( ) (4.32)

po(1 = €)Yg, (t)

Plugging (4.31) and (4.32) into equations (4.30c) and (4.30d) respectively we get the following

equivalent system of equations:

Ioo— (vp + )Y (t) + wY (¢
o — foo (vp + 1) S,o( ) o) () (4.33a)
p0Y0,0<t)

Yo — (@ p)Yi ()

— A (t 4.33b
0="To+ loo— (vp + )Ygo(t) + w51 () = (0§ 4+ vp + p1,0 + ) Y7o (2) + w71 (1) (4.33¢)
0 = 1 Ygo(t) — (w0 + Y2 (0) + YT (t) — @+ o6 o+ fury + )Y (1) (1.334)
0= Is0+ 0(Y{o(t) + Y11 (2) — (2,0 + 1) Y5(2) (4.33e)
7j=1 =2

0=Iso+ ) > wiyYis(t) = (uso + 1)¥so(t) (4.33f)
7=0 =1

0= p3,0Y50(t) — (a0 + 1) Yo (1) (4.33g)

Considering the method used before, where we defined each of the infectious states in terms
of the susceptible population, we will again define each of the infectious states in terms of the
susceptible populations. For the preventative vaccine only dynamics this implies that we will

need to define each of the infectious states in terms of both the susceptible and unvaccinated
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as well as the susceptible and vaccinated states. Thus, the objective now is to reduce the above
system of equations (4.33) to a system of two equations defining the relationship between Y{',(t)
and Yg' (2).

Starting with equation (4.33d)

v W+ @ v
Y7 () = P Yio(t) — Y () + £ Y75 (t
10 = Cerwt a0~ e o w0 O et s v o)
(4.34)
and plugging into equation (4.33c) we get the following representation for Y7*y(t),
Vi (t) = (0 +w+p11+ p)(Io + logy)
BT 08+ vp a0+ ) (0€ +w + pna + i) —wip
N { wvp — (Vp + ) (o€ + w + p11 + p) ] - )
(0 +vp+ p10+ m)(0€ +w+ prg + p) —wrp | 0
w(of + 1 1) :| *
+ : Yo (t). 4.35
GRS L0 (4:3)
Using (4.35) to express Y7 (t) in terms of Yy (¢) and Y7 (t), we get the following
N vp(I10 + Ip))
Yy 1(t) =
’ (08 +vp 4+ po + p) (0§ +w+ p11 + p) —wyy
4 |: VP(US + MLO) }Yvo*o(t)
(€ +vp+po+p)(o€+w+pa+p) —wrpl ™
(€ +vp+po+p)(o€+w+p+p) —wrpl ™

Continuing to the following infectious state equations, we input (4.35) and (4.36) into equation
(4.33e) to define Y37 (¢) in terms of Y'y(t) and Y (),

I N ol(vp+ o€ +w~+ pi1 + p)(I1o + Loo)
(20 + 1) (p20 + 1) ((0& + vp + p1,0 + p)(0€ +w + pra + p) — wrp)

[ o€ (vp(w + o€ + p10) = (Vp + ) (0€ +w + p1 1 + p)) }Y* )
(20 + 1) (€ + vp + pr1o + 1) (0 + w + g + o) —awry) |20

Yoo(t) =

[ o€ (w(vp + 0+ p11) — (W + p) (o€ + vy + o + 1))
(

pi2,0 + 1) ((0€ + vp + 10 + 1) (08 +w + pn1 + ) — wip) } Y (2). (4.37)

Then (4.35), (4.36), and (4.37) input into (4.33f) results with
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Yo (t) = I3 12,0120
’ (30 +p) (30 + p)(p20 + 1)
p2,00&(Vp + o€ +w + p1 + 1) (L1 + lop)
(13,0 + 1) (2,0 + 1) ((0€ + vp + p1o + 1) (0€ +w + pur1 + 1) — wip)
(1,000 +w + pry + p) + pravp) (10 + loo)
(13,0 + 1) ((0€ + vp + pr0 + 1) (0€ + w4 p11 + () — wrp)
[ 112,00€ (Vp(w + € + p1,0) — (Vp + ) (0€ + w + p1,1 + )
(13,0 + 1) (2,0 + 1) ((0€ + vp + p1o + 1) (0€ +w + pn1 + ) — wip)

p1o(wvp — (vp + ) (o€ +w + pa + ) + pavp(og + MLO)] Y (t)
(13,0 + 12) ((0€ + vp + p10 + 1) (0€ +w + pr g + ) —wiyp) | °

+

{ 112,008 (w(vp + o€ + p1,1) — (W 4 p) (o€ 4+ vp + p10 + 1))
(13,0 + 1) (12,0 + 1) ((0€ + vp + p10 + p) (0§ + w + g + p) — wiyp)

prow(c€ + pia) + i (wry — (W p) (o€ +vp + 1o+ M))] Y, () (4.38)
(3,0 + 10) (0 + vp + p10 + ) (0 +w + pra + ) —wypp) | 00 '

Finally, we have Y (?) defined as the following

13,0130 13,0442,012,0
(a0 + 1) (s + 1) (pao + p) (30 + 1) (k20 + 1)
n p3,012,008(Vp + o€ +w + p11 + p)(I1,0 + Loo)
(a0 + 1) (3,0 + 1) (2,0 + 1) ((0€ + vp + p1,0 + 1) (06 + w + 1,1 + p) — wiyp)
13,0 ((1,0(0€ +w + p1 1+ p) + pa,1vp) (L0 + Loo))
(a0 + 1) (3,0 + 1) ((0€ + vp + p1o + 1) (06 + w + 1,1 + p) — wrp)

Yio(t) =

{ 13,012,008 (Vp(w 4 € + p10) — (p + ) (06 + w + 11 + )
(a0 + 1) (3,0 4 1) (2,0 + 1) ((0€ + vp + pao + 1) (06 +w + a1 + p) — wiyp)

13,0 (Ml,o(wyp —(p+p) (o€ +w+ pry + p) + pr1vp(o€ + /‘170)) }Y* (t)
(ka0 + 1) (30 + 1) (€ + vp + 1o + ) (0€ +w + prg + p) —wip) |

{ 113,012,008 (W(vp 4+ € + p11) — (w =+ p) (o€ +vp + p1o + 1)
(a0 + 1) (3,0 + 1) (2,0 + 1) ((0€ + vp + p10 + 1) (06 + w + 11 + p) — wiyp)

13,0 (11,00 (€ + p11) + p11(wvp — (W4 p) (0€ +vp + p10 + 1)) }Y* )
(a0 + 1) (13,0 + 1) (€ + vp + p10 + @) (0E +w + pag + p) —wrp) |27
(4.39)
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Again, we will use vector notation to represent each of the infection rate functions, as they
are originally defined in the model. In consideration that each of the infectious states are now
defined in terms of the two distinct susceptible populations, we will define M for the coefficients
of Yi(t) and M, for the coefficients to Y (¢). All other vector notation will be notated as

before with the correct representation for the preventative vaccine model.

Po 0 0 $0,0
Po 0 0 ®0,1
p1 P151,0M00,10 P151,0M01,10 ®1,0

P:=1p| B:=|pifrinoir| Bv:= |piBiinornn| P:= |¢11

D2 P2532,0100,20 D2532,07M01,20 ®2,0
P3 P3/33,0100,30 P3/33,0701,30 ®3,0
a | P4/34,07100,40 | | P4/34,0701,40 | | P40
mo,0 mg o
mo,1 mg 4
mio mMio

M :=|{my | My:=|m},|, such that

m2,0 ma0
m3,0 ms3o
M40 my

¢0,0 :=0

¢0,1:=0

. (o€ +w+pr1+ )T+ log)
1,

(o vyt po+ ) (08wt pn + ) —wyy

vp(I1,0 + o))
(€ +vp+ 1o+ ) (o€ +w+p1 +p) —wyp

11 =

I N o&(vp + o€ +w~+ pi1+ ) (L0 + Lop)
(20 + 1) (p20+ 1) ((0€ + vp + p1o + ) (06 +w + p1g + p) — wip)

$2,0 1=
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g = I3 H2,012,0
’ (30 +p) (30 + p)(p20 + 1)
2,008 (Vp + 0& +w + p11 + p)(l10 + lop)
(13,0 + 1) (2,0 + 1) ((0€ + vp 4 p1,0 + ) (0€ + w + p11 + 1) — wiyp)

(p10(c+w+pig+p) + piavp) Lo + Ioo)
(30 + 1) ((0€ + vp + p1o + 1) (o€ + w + prg + p) — wrp)

+

ba0 = 13,0130 13,012,012,0
’ (a0 +p)(so + 1) (pao + p) (30 + ) (p2,0 + 1)

p3,042,008(Vp + 08 +w + p1 1+ p) (L0 + Loyo)

+
(a0 + p)(ps0 + 1) (2,0 + 1) ((0€ + vp + p10 + ) (0€ + w + pa1 + p1) — wiyp)

13,0 ((1,0(0€ + w4 pag + p) + paavp) (L0 + Loo))
(a0 + 1) (30 + ) ((0€ + vp + p1o + 1) (0 + w + p11 + p) — wrp)

mo,0 = 1
mo,1 = 0

wrp — (p + p) (o€ +w+ p11 + )
mi,0

(o F vyt o+ ) (o€ Fw+ i + ) — wp
vp(o€ + o)

™m =
BT (G v + o + ) (0€ Fw + i + ) — wip
N o€ (vp(w + o€ + p1,0) — (Vp + ) (0€ + w + p11 + 1))
2,0 :=
(12,0 + 1) ((C€ + vp + 10 + L) (€ + w + p11 + p) — wip)
_— 112,006 (Vp(w + o€ + p1 o) — (v + p)(0€ + w + p1a1 + )
3,0 \=
(3,0 + 1) (p2,0 + 1) ((0€ + vp + 1o + 1) (0€ + w + p11 + p) — wip)
p0(wry — (vp + ) (o€ + w4 pa1 + p)) + pravp(o€ + pap)
(13,0 + 1) ((0€ 4+ vp + 10 + 1) (0 +w + p1 g + p) — wrp)
S 113,0112,00E (Vp(w 4+ o€ + p10) — (Vp + ) (06 +w + 11 + )
4,0 1=

(a0 + 1) (3.0 + ) (p2,0 + 1) (€ + vp + w10 + ) (0€ + w + p1,1 + 1) — wip)

13,0 (p1,0(wrp — (vp + ) (08 +w + p11 + p) + p1,10p(0€ + p11,0))
(a0 + 1) (3.0 + 1) ((0€ + vp + p1,0 + 1) (06 + w + p11 + p) — wip)
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14 P
mgo = 0

14 P
mgo = 1

v w(o€ + p1,1)
ml’o =
(0 +vp+pp)(ol+w—+pi1+p) —wyy

— wrp — (w4 p) (0§ +vp + p1o + 1)
T (ot vyt o+ (08wt g ) —wyy

myl o — Ug(W(VpJFUgﬂLNl,l)—(W+N)(U§+Vp+m,0+u))
207 (oo + 1) ((0€ + vp + 1o + ) (06 +w + pg + p) — wip)
my o — 112,00 (W(vp + o€ + p11) — (W + ) (0€ + vp + 10 + 1))
SO (s + 1) (0 + 1) (06 + vp + p10 + 1) (0 +w + pia1 + 1) — wip)

pa,ow (o8 + p11) + paa(wrp — (W + p) (0 +vp + 1o + 1))
(13,0 + 1) ((0€ + vp + p10 + L0 + w + p11 + 1) — wip)

13,002,008 (W(vp + 0& + p11) — (w+ ) (0€ + vp + 1o + 1))
(a0 + 1) (13,0 + 1) (2,0 + 1) ((0€ +vp + pro + ) (06 + w + p11 + p) — wip)

my =

13,0 (1,00(0€ + pn1) + pa (wrp — (W + p) (0€ + vy + pno + 1))
(a0 + 1) (13,0 + 1) ((0€ + vp + p10 + 1) (06 + w + p1,1 + p) — wrp)

With the vector notation we can now express each of the rate of infection functions as

o B®+ BMYG(t) + B'MYG, (1)
 P'®+ P'MY(t) + P'M, Y (1)

(4.40)

o B, ® + B, MY (t) + B, M, Y (t)
(=557 PIMYGo(t) + P/M, Y5 (1)

(4.41)

Setting equations (4.40) and (4.41) equal to (4.31) and (4.32) respectively, will result with the

two equations needed for evaluating Yy(t) and Y () at the equilibria,

Ioo — (vp + 1) Y5 (t) + wYg (1) B'®+ B'MYg,(t) + B'M,Y5, (¢)
PoYgo(t) PO+ PIMY,(t) + P'M, Y (1)

(4.42)

vpYgp(t) — (w+ Yoy (t)  B,®+ B, MY, (t) + B, M, Y5, (t)

= . 4.43
ol — &)V Po+ PG + PILY (0 )

After simplifying equations (4.42) and (4.43) we have the following system of equations
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0= [(P'M)(vy + ) + (B'M)po | (Yeo(1))*
+ [((BM)po + (P'M,) (v + ) = (P M)w) Vi, (1)
+ ((B'®)po + (P'D)(vp + 1) — (P'M) o) | Yio(t

- {(P'J\fu)w(Yo*,l(lﬁ))2 + ((P'®)w + (P'M,)10,0) Y5 (1) + (P'@) oo (4.44)

0= [(P'M) (@ + ) + (B M )po(1 - )| (Y (1))
+ [(PM) @+ 1) = (P'M ) + (B, M)po(1 = €)) Yiio(t
+ (P)(w+ 1) + (B, ®)po(1 — )| Y51 (1
— [P, (Y50(1)? + (PO Yo (8)]. (4.45)

To consolidate the calculations we will introduce the following parameters and continue with

solving the system. For equation (4.44)

apo,2 = (P"M)(vp + 1) 4+ (B'M)po

boo,1 := (B'M,)po + (P'M,)(vp + p) — (P'M)w
boo,2 := (B'®)po + (P'®)(vp + ) — (P'M) 1o
00,0 := —(P"M,)w

coo,1 := —(P'®)w — (P'M,) o,

co0,2 := —(P'®)Io

and for equation (4.45) let

a2 := (P'My)(w + ) + (B, M, )po(1 — €)

bo1,1 := (P'M)(w + p) — (P'M,)vy + (B, M)po(1 — ¢)
boi2 := (P'®)(w + p) + (B, ®)po(1 — ¢)

cor0 :=—(P' M)y,

co11 = —(P'®)y,

then the system of equations can be more simply written as
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0 = ago2(Yeo(1)® + (boo1 Y51 () + b00,2) Yoo (1) + coo0(Yor (£))* + coo1 Yoy () + cooz  (4.46a)
0 = ao12(Ye(1)* + (bo1,1Yg0(t) + bo1,2) Yo (t) + co1,0(Yoko (£))? + cor,1 Yoo (1)- (4.46b)

From equation (4.46b), the quadratic formula can be used to define a solution for Y (t) in

terms of Yg'(t),

—bo1,1Y50(t) — bor,2 £ \/(bm,lYofo(t) + bo1,2)2 — 4ao1 2(co1,0(Yo(t)? + co1,1Y5(t))

2a01,2

Yo*,l (t) =
Focusing now on just the radicand we derive another quadratic expression in terms of Yb’fo(t),
(bo1,1Ygl0(t) + bor,2)? — 4aor 2(coro(Y5io(1)? + cor1 Yo (1))
= [(501,1)2 - 4a01,2001,0] (Yoo()? + [2001,1b01,2 — 4ao12co11 | Yo (t) + (bor2)*

Introducing another set of parameters to consolidate our calculations,

2
ao1,0 = (bo1,1)” — 4ao1,2¢01,0
ap1,1 := 2bp1,1b01,2 — 4ap1,2¢o1,1

ao12 := (bo12)?

and setting

~bora Ygp(t) = bor2 £ 1 faon0(Yp(0)? + 011 Yio(t) + aor 2)

2a01,2

Vi () = (4.47)
we plug (4.47) into (4.44) to get,

0 = 4(ao1,2)*a00.2(Yoo(t)* + 4(a01,2)*bo0.2Yoro(t) + 4(ao1,2) coo 2

+ 2(a01,2500,1)< —bo1,1Yg0(t) — bo12 £+ \/(101,0(1/&0@))2 + 01,1 Y5 (1) + 0é01,2) Yoho(t)

2
+ 000,()( — bo1,1Y50(t) — bor2 = \/0401,0(%*,00))2 + ao1,1Yg(t) + a01,2)

+ 26101,2000,1< —bo1,1Ygo(t) — bo1,2 £ \/a01,0(3/()f0(t))2 + 01,1 Y5 (t) + a01,2)~

Expanding and reorganizing the expressions results with
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((2%1,2500,1 — 2c0,0b01,1) Yoo (t) + 2a01,2¢00,1 — 2000,0501,2)

% (= yfa0r0(¥go(1)? + 011 Y1) + ao12)
= (4(6101,2)2@00,2 — 2a01,2b00,1b01,1 + 000,00601,0) (Yo (t))?
+ (4((101,2)2500,2 — 2a01,2b00,1b01,2 — 2a01,2¢00,1b01,1
+ 2c00,0b01,1b01,2 + Coo,oa01,1)Yo*,o(t)
+ 4(ao1,2)co0,2 — 2a01,2¢00,1b01,2 + c00,0(bo1,2)” + Co0,0001,2.

And, yet again, we will introduce our last set of parameters for the purpose of consolidating

the calculations as we work toward a solution to the equilibrium,

¢1 = 2a01,2bo0,1 — 2¢00,0b01,1
¢2 1= 2a01,2¢00,1 — 2¢00,0b01,2
=4 2 bo1.1)? — 2a01.2b0o 1 b
Yo := 4(ao1,2)"a00,2 + 00,0(bo1,1)” + c00,0001,0 — 2a01,2b00,1b01,1
2
7 = 4(ao1,2)"boo,2 + 2¢00,0b01,1b01,2 + c00,0001,1 — 2a01,2b00,1b01,2 — 2a01,2¢00,1b01,1

2 2
vz := 4(ao1,2)"c00,2 + €00,0(bo1,2)* + c00,0001,2 — 2a01,2¢00,1b01,2,

implies,

2
(#1Y50(8) + 62) ( £ y/a0r0(¥50(H)? + a0 Yo(t) + am)]

2

%0 (¥5i0(t)? + 1Yg(t) + 72

Upon squaring each side of the equation, we see that the solution for Y[)‘fo(t) is independent
of the sign for the radical expression. After expanding and combining like terms we get the

following quartic equation for Yo’fo(t),

0= {73 - ¢fa01,o} (Yoo()* + [270’71 — diao1 — 2(251(1520401,0} (Yoo (1)?
+ {W% + 29072 — 2m1v2001,1 — drao — ¢3001,0} (Y()f())2

+ [27172 — 20102001,2 — ¢§0401,1} Yoo (t) + {722 - ¢§0401,2}-
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Now, going to a numerical solver we input the original parameter assumptions along with
each of the defined parameters we introduced into the calculations and solve for the roots of

the quartic expression to the get the following solutions,

Yio(t) =~ 178,153
Yo (t) = 6,903
Yio(t) ~ 4,073
Yio(t) ~ —1,177.

For each solution to Y{(t) we get two solutions for Y (¢). In table 4.1 we let b(Yg(t)) =
—bo1,1 Y50 (t) — bor2 and (g (1)) = ao1,0(Yso(t)? + o1 Y5 (1) + aor 2.

Table 4.1: Solutions to ¥ (t) evaluated from the quadratic expression for each solution to
Yi5o(t) for the preventative vaccine only model.

Yo (t) N - b(Yo*,o(t)) + \/@(Y()*,o(t)) ) - b(Yo*,o(t)) - OZ(YO*,O(t))
60®) | ¥g(1) = o Yiut) = S

178,153 1,128,273 -193,515

6,903 42,246 -21,937

4,073 24,508 -19,312

-1,177 -5,677 -17,160

Before moving on to define the equilibrium points to the dynamical system we will first
verify that the solutions to Yo (¢) and Y (t) in table 4.1 satisfy equations (4.46a) and (4.46b).
In doing so, we found for each solution for Yofo(t) there is only one corresponding solution to
Y57 (t) that satisfies the original system. Thus, after checking all solutions found in table 4.1
we are left with only the four (Y (¢), Yy (¢)) pairs in table 4.2 that satisfy equations (4.46a)
and (4.46b). Thus, using the verified solutions for Y',(t) and Y, (t), along with the expressions
for each of the infectious states defined by equations (4.35) - (4.39) we get the following four
solutions for the equilibrium points to the dynamical system used to defined the infectious

disease model when a preventative vaccine is introduced.
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Table 4.2: Verified solutions to Y (¢) for each solution of Y(¥,(t) for the preventative vaccine

only model.
Ygo(t) Y*@):bﬁﬁdﬂr+waﬁﬁ&w) Y*@):bﬂﬁdﬂ)— (Y5 (1))
0.1 2a01,2 0.1 2a01,2
178,153 1,128,273 -193,515
6,903 42,246 21,937
4,073 24,508 -19,312
-1,177 5,677 -17,160
[ 178,153 | 6,903 [ 4,073 ] [ 1,177 ]
—193,515 42,246 —19,312 —17,160
—133,849 71 —2,954 745
El ~ | 138,706 E*~ | 166 El~ | 7,802 El~ | 4,324
5,242 530 5,233 5,457
3,454 331 3,448 3,598
2,567 | 246 | | 2,562 | 2,674

Just as we have seen in the analysis of the previous models, we again have only one physically

relevant equilibrium point. Therefore, to continue our analysis of the dynamical system when

a preventative vaccine is present we will only need to evaluate the stability of the one endemic

equilibrium point,

Equilibrium Stability

(6,903 |
42,246
71
166
580
331
246

%

In referencing appendix A where the full symbolic representation for the Jacobian matrix is

presented we will again evaluate the eigenvalues of the system and determine the stability of the

equilibria E. Given the size of the system the calculations required to derive the characteristic
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polynomial in symbolic form are far to computationally intensive and will not be evaluated.
Instead the numerical approximation to the coefficients of the characteristic polynomial was

derived using the ‘poly’ function in MatLab,

o(z) = cor” + c12% + coa® + czxt + caz® + 52 + ez + o7 (4.48)

with the coefficients,

co=1

c1 ~ 3.376272183437085

co ~ 4.387961784494099

c3 ~ 2.800292114176461

c4 ~ 9.265143626371679e-01
cs ~ 1.515818025675994e-01
ce ~ 1.018052814755124e-02
c7 ~ 1.607176324024748e-04.

For the fixed parameter values of the model we can verify that the endemic equilibrium is stable
if all of the solutions to (4.64) have negative real parts. Solving for the roots numerically we

get the following,

T ~ —1.159622474835404

T ~ —8.734244681842751e-01
T ~ —4.816493409460326e-01
T ~ —4.289209890026219¢-01
T ~ —2.918423857965558e-01
T ~ —1.186262672926165e-01
T~ —2.218625737957888e-02.

Given all eigenvalues have negative real parts we can conclude that the equilibrium is asymptot-
ically stable. To verify the stability we will also confirm the results by checking the conditions
for Routh-Hurwitz criterion 4.1.3. For a 7th degree polynomial the Hurwitz determinants are
defined by the following®

5The derivation for each of the Hurwitz determinants can be found in appendix B.
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= CzAl — CpC3

(c)

(c)
Ag(c) =30y — 646% + c5c1¢9

(¢) = caA3 — c5c09 + c5c40100 — cgcg + CGCQC% — cgC3C1Cy — C7CaC1Co + 07030(2)

(c) = es Ay — caesAs + (cocscr + cresea — creact)Dg — cgel + coercico

— cregeqcico + 6703050(2) + cregcicy — c%clc%
Ag(c) = c6As — creaAy + cregeaAs + (030400 - c?cg — c706C5C0) Ay
+ cw%c%co — 03066103 + 0302040100 - C$CQC5cg — c%c(;clcg + cgcg

A7(C) = C7A6.

Thus, to verify the stability of the endemic equilibrium point, E7, for the preventative vaccine

model we will again use a numerical solver to evaluate the approximation to each of the Hurwitz

determinants,

Aq(c) ~ 3.376272183437085
As(c) ~ 12.01466120079592
As(c) ~ 44.71787779957474
Ay(c) ~ 34.30261806001776
As(c) ~ 4.003863356067739
Ag(c) ~ 3.556684851783046e-02
Ar(c) ~ 5.716219685803183e-06.

Noting that the solutions to the Hurwitz determinants are not as ‘small’ as they were in
the cases for the model without an intervention and the therapeutic only variations, they are
‘small” enough to address again the accuracy of the calculations. One major difference in the
calculations for the Hurwitz determinants in the preventative only variation of the model, was
the need to use the built-in function ‘poly’ in MatLab to solve for the characteristic polynomial.
The concern that a numerical method for deriving the coefficients to the characteristic poly-
nomial could reduce the accuracy for the solution is alleviated by the fact that ‘poly’ uses the
summation algorithm for which the error depends on the floating-point precision [24]. There-
fore, the accuracy for the numerical solution to the Hurwitz determinants are within machine
precision.

Given the approximations for the Hurwitz determinants, as well as ¢ = 1, we can verify

at the endemic equilibrium point E7 the Criterion of Routh-Hurwitz for stability is just nearly
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satisfied,

0A1 C
AQ &

(¢) ~ 3.376272183437085 > 0
(¢) ~ 12.01466120079592 > 0
(¢) ~ 44.71787779957474 > 0
A4(c) ~ 34.30261806001776 > 0
(c) ~
(c) ~
(c) ~

l

C()Ag C

l

4.003863356067739 > 0
3.556684851783046e-02 > 0
5.716219685803183e-06 > 0.

C()A5 C
AG C

C()A'z Cc

Thus we have found that the endemic equilibrium point for the preventative vaccine program
dynamics, EJ is locally asymptotically stable. By checking the conditions from Routh-Hurwitz
criterion for stability we find that the conditions are just nearly met, but we can say that Ej

is more stable than Ej and E}.

4.2.4 Combined, Preventative and Therapeutic, Vaccine Program

We conclude the equilibrium and stability analysis for each of the intervention strategies with
the dynamics for the combined vaccination strategy. For the full model with both vaccines, the

preventative and therapeutic, we have the following system of ordinary differential equations:

dYZE(t) =Io,0 — (vp + 1+ poA(t))Yo,0(t) + wY0,(t) (4.492)

inﬁ D Yoo(t) ~ G+ 4 pol1 ~ D0 ()¥oa () (4.49b)

led’g g =110+ poA(t)Yo,0(t) = (vp + 0§ + pao + pu)Yi0(t) + w¥i1(t) (4.49¢)

lecéi(t) =1, Y1.0(t) + po(1 — )M\ () Y01 (t) — (w + o€ + pu11 + ) Va1 (t) (4.49d)

dyié(t)(t) =I0 + 0&(Y1,0(t) + Y1,1(t)) — (v + p20 + p)Y2,0(t) (4.49¢)

dYZi ) =1 Y20(t) — (p2,1 + p)Y2,1(t) (4.49¢)
=1 im2

dYL _I3O+] i Yi 5 () — (3,0 + 1) Y3,0(t) (4.49g)
§=0 i=1

deg( ) =113,0Y3,0(t) — (a0 + 1) Yao(t) (4.49h)
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. ZZ:4 0 pzﬁz,ﬂ?oo ZJY; 7 (t)

At) = 4.50a

( ) Z Z] Opz i,j ( ) ( )

M) = Eini X pif SR i¥ii(t), (4.50b)
Z Z] Opz 5 (1)

Equilibrium Calculations

To solve for the equilibria of the system with the combined intervention strategy we set
dY;o(t

Zd(;( ) =0fori=0,1,...,4and j = 0, 1 then solve for Y*(t) = [V (?), Y51 (t), Y15 (), Y11 (1),
Yoo (t), Yoy (1), Y350 (t), Y (#)]T. This results with the following system of equations:

0= Tog — (v + 1+ PoA(D) Y5 (1) + WY (1) (4.51a)

0= 1pYg0(t) — (1 -+ + po(1 — MY () (451b)

0 =T10 4 poA(t)Y5o(t) = (0 + vp + pa0 + 1) ¥1o(t) + w¥7 () (4.51c)

0=po(1 —e)A(O)Y51(t) + 1pYTp(t) = (w+ o€ + pay + p) Y7, (F) (4.51d)

0= Io 0+ a§(Yo(t) + Y71 (1)) — (vt + p2,0 + 1) Y50 (1) (4.51e)

0 =14Y5(t) — (2,1 + —1) Y51 (2) (4.51f)
j=1 i=2

O_I3O+ZZ,UW ” ,U3O‘|‘:U)Y:‘50() (4.51g)
j=0 i=1

0 = s o¥3olt) — (s + 1)Yiolt). (451h)

The approach for evaluating the equilibria for the system with the combined vaccine strategy
is the same method we used to solve for the equilibria for the preventative vaccine program.
Noting that the addition of the therapeutic vaccine to the preventative only system implies
that the first four equations of the current system, (4.51a) - (4.51d), are the same as the first
four equations from the preventative vaccine analysis, (4.30a) - (4.30d). This results with the
same expressions for each of the infection rate functions, as well as the two distinct states for

the asymptomatic and unaware populations,

Too — (vp + 1) Y5o(t) + w¥os ()
pOYofo(t)
profo(t) —(w+ M)Yo*,l (t)
po(l — 5)3/()*,1(75)

A1) = (4.52)
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(0 +w+p11+ w1+ Lopy)

Y5, (1) =
to(®) (0€ + vp + p10 + ) (0€ + w + p11 + p) — wyp
wrp = (Vp + p)(0€ +w + 1+ p) «
=+ Yo'o(t)
(€ +vp+pmo+p)(o€+w+pa+p) —wrp]
+ |: w(of"i':ul,l) :|Yv0*1(t)
(€4 vp+ 1) (0 +w—+prg +p) —wrp]
Yo (1) = vp(I10 + Ip))
bt (0E+vp + p10 + ) (06 +w + 11 + 1) — wiyp
vp(0€ + 1) X
Yoo(t)
(0§ +vp+pio+p) (0§ +w+pn+p) —wyp|
wrp — (W + p) (o€ +vp + 1o + 1) YL (1)
(€ +vp+ o+ p) (€ +w+prg +p) —wrp | O

(4.54)

(4.55)

Next, evaluating the rest of the infectious states using the expressions defined for Y7"(¢) and

Yfl(t), as well as each of the following expressions for the next consecutive populations, we get

the following
I
(v + po,0 + 1)
of(vp + o€ +w+ p1,1 + p) (11,0 + Loo)
(ve + p0 + 1) ((0€ +vp + pno + ) (06 + w + pag + p) — wip)

[ o€ (vp(w + o€ + p10) — (p + W) (0 + w + p11 + p))
(Ve + p2,0 4 ) ((0€ + vp + p10 + 1) (0€ +w + pa1 + p) — wiy

Y3o(t) =

) [yiot0

(c&+vp+p10+p)
0§ +w+pna+p) —wyp

{ af(w(up +ol+ma)— (w+p
(

) \
l/t+,u2,o+ﬂ)((0'§+up—l-u1,o+,u)( )}Yovl(t)
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_ vila g
(21 + p) (Ve + p2,0 + 1)
N vio§(vp + 08 +w + p11 + ) (I + loo)
(2,1 + 1) (e 4 p20 + 1) ((0€ + vp 4 p1,0 + ) (0€ +w + p11 + 1) — wip)

{ Vo€ (Vp(w + o€ + p10) = (v + 1) (0€ +w + p11 + )
(2,1 + 1) (Ve + p20 + 1) ((0€ + vp + pao + 1) (0€ +w + 11 + p) — Wiy

[ vio€(w(vp + o€ + pna) — (W + p) (o€ +vp + pio + 1))
(2,1 + ) (v + p2o + 1) ((0€ + vp + p1o + ) (08 +w + p11 + 1) — wiy

) [yio(0

)]Yo*,l(t)
(4.57)

I3 (p1,0(0€ +vp+ pia + p) + p1avp) (L0 + Loo)

Vi (t) = +
SO (o) (s + 1) (06 + vp + pao + 1) (0€ + w + pag + 1) — wisp)

(m,o(m,l + ) + u2,11/t>
(3,0 + p)(p21 + p)

[ I
>< S
(vt + p2,0 + 1)
of(vp+ o€ +w+p1+p) (o + Ioo) }
(Ve + p2,0 4+ 1) ((0€ + vp + p10 + 1) (06 + w + p11 + p) — wip)

N { o€ (p2,0(p21 + 1) + p2avt) (Vp(w + o€ + p1o) — (Vp + p) (0 +w + p11 + 1))
(13,0 + 1) (2,1 + 1) (e + p20 + 1) (06 + vp + o + p) (06 + w + p11 + 1) — wip)

(
13,0 (1,0(wvp — (Vp + ) (0€ +w + pi 1 + 1)) + p1,10p(0€ + p10))
(3.0 + 1) ((0€ + vp + pro + ) (06 + w+ pr1 + p) — wip)

[ o€ (p2,0(p21 + 1) + p2ave) (w(vp + 0€ + p11) — (w4 ) (0€ 4+ vp + p1o + 1)
+
(13,0 + 1) (pa,1 + 1) (Ve + p2o + 1) ((0€ + vp 4+ pro + 1) (0€ +w + p11 + p) — wip)

p1ow(0€ 4+ p11) + p11(wrp — (W + p) (08 + vp + p1o + 1))
(13,0 + 1) ((0€ + vp + p1o + 1) (0€ + w + p1,1 + p1) — wrp)

_l’_

] Y50(t)

] Yo (2) (4.58)
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" _ H3,0
Y4,0(t) - ((/1/4,0 + M))

" I3 n (n1,0(08 +vp 4+ p1a + 1) + p1,1vp) (L0 + Loyo)
(k30 + 1) (p30+ 1) (08 + vp + pro + p)(0€ +w + pi1 + p) — wip)

(MQ,O(,MQ,l + ) + M2,1Vt> [ Lo
(3,0 + ) (p2y +p) 7/ Ly + p2po + 1)
of(vp + 0§ +w+ g+ p) o+ lop) }
(vt + p2,0 4+ 1) ((0€ + vp + p10 + 1) (06 + w + 11 + p) — wip)

N [ o&(p2,0(p21 + 1) + p2ave) (vp(w + 0& 4 p10) — (vp + 1) (0€ +w + p11 + 1))
(3,0 + 1) (21 4 1) (Ve + p2o + 1) (06 + vp 4 p1,0 + 1) (06 +w + pry + p) — wiyp)

(
13,0 (1,0(wWvp — (Vp + ) (0€ +w + 1 + ) + p1,10p(0€ + 1))
(3.0 + 1) ((0€ +vp + p1o + ) (06 + w + p11 + p) — wip)

{ o€ (pa,0(po,1 + 1) + poave) (w(vp + o€ + 1) — (w+ ) (o€ + vp + p1o + 1))
+
(3,0 + 1) (21 + 1) (Wi + p20 + 1) (06 + vp + pao + @) (0 +w + g + p) — wiyp)

. ke

p1ow(o€ + p11) + pr1(wrp — (W + p)(0€ + vp + p1o + M))]Y* (1)
(130 + 1) (€ + vp + p1,0 + ) (0E +w + prg + p) —wrp) | 27|

(4.59)

Based on equations (4.54) - (4.59) we now have the following vector notation that will be used

for each of the original rate of infection functions

o] 0 [ 0 —cbo,o
Po 0 0 ®0,1
P1 P151,0M00,10 P151,0M01,10 ®1,0
po— b1 . Bi= p151,17700,11 B, = p151,17701,11 P — ¢1,1
P2 P232,0M00,20 P232,0M01,20 $2,0
D2 P252,1700,21 D2532,1701,21 $2.1
P3 P3033,0M00,30 P3033,0M01,30 ®3,0
| 4 | | P434,0M00,40 | P454,0m01,40 | P40 ]
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mo,0 mg o
mo,1 m5,1
mi,0 my o
M = 1 M, = mi’l , such that
ma.0 mMao
ma1 ms 4
m3,0 mg
| 7704,0 | _mZ,o_

$0,0 :=0

¢0,1:=0

b (0€ +w + 1 + 1) (Io + Lo )
1,0 -—

(€ +vp+ 10+ p)(0€+w+p+ p) —wyp
vp(l10 + o))

1,1 =
P (e vy + o + 1)(0E +w + i+ 1) —
oo = 0 o§(wp + 08 +w+pa+u) o+ loo)
U (et pzo ) (vt pe0 + ) (08 vp + o + ) (08 +w + pag 4 p) — wip)
2,1 = vela0
T (p2a ) (et p20 + )
vo&(vy + o€ +w+ g+ p) Lo+ Loo)
(2 + 1) (v + p20 + 1) (0 + vp + p10 + p)(0€ + w + p11 + 1) — wip)
g = 130 (11,008 +vp + pag + 1) + 1) (110 + o)

(30 4+ 1) (uso + 1) ((0€ + vp + p1,0 + p)(0€ +w + p11 + p) — wrp)

<M2,o(u2,1 + ) + M2,1Vt> ( I
(3.0 + ) (p2y +p) 7 \N(ve + p2o + p)
o8(vp + o€ +w+p11+ p) (10 + loo) )
(Ve + p2,0 + 1) (06 +vp + pno + ) (06 + w + pag + p) — wip)
(p1,0(0€ +w+ prg + p) + pravp) (Lo + loo)
(130 + 1) ((0€ +vp + p1o + p) (o€ +w + p11 + p) — wrp)
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13,0130

D40 =
(a0 + ) (ps,0 + 1)
p3.0(p1,0(08 +vp + pag + p) + p1avp)(Iio + loo)
(a0 + 1) (30 + 1) ((0€ 4+ vp 4 p1,0 + ) (0€ +w + p11 + 1) — wiyp)
( pa,ot2,0(p21 + 1) + po1ve ) < I
(a0 + 1) (3,0 + p) (B2 + 1)/ N + p2o + 1)
o€(vp + o€ +w+pa+p) Lo+ Loo) )
(Ve + p20 + 1) (06 +vp + pro + ) (06 + w + pag + p) — wip)
Mmoo = 1
mo1 = 0
Mg = wip — (Vp + ) (o€ +w+ paa + )
(€ +vp+ o+ p) (o€ +w+pa+ p) —wyp
- vp(0€ + 11,0)
T (o€t vt o+ p) (o€t wt g+ p) —wyp
. o&(vp(w + o€+ p10) — (Vp + 1) (06 + w + pa1 + 1))
2,0 - —
(Ve + p20 + 1) ((0€ +vp + pno + ) (06 + w + pay + p) — wip)
. Vo€ (vp(w + o€ + p10) — (Vp + p)(0€ +w + p11 + 1))
2,1 :=
(2,1 + ) (v + p2o + 1) (06 + vp + p1o + 1) (0€ +w + p11 + p) — wip)
oo 0k (12,0(p2,1 + 1) + p2avt) (Vp(w + 0€ + p10) — (Vp + ) (0€ +w + p11 + )
3,0 -—
(13,0 + 1) (p2,1 + 1) (Ve + pio,0 + 1) (06 + vp + p10 + 1) (06 + w + p 1 + p) — wip)
13,0 (p1,0(wrp — (Vp + p) (€ + w + 11 + 1) + p,10p(0€ + p1,0))
(3,0 + 1) ((0€ + vp + 10 + ) (0€ +w + pg + 1) — wiyp)
S o (p2,0(p21 + 1) + p2ave) (Vp(w + o€ + po) = (vp + ) (06 +w + p11 + )
4,0 =

(13,0 + 1) (2,1 + 1) (Ve + p2o + 1) ((0€ + vp + p0 + 1) (0 +w + p11 + p) — wirp)

13,0 (p1,0(wrp — (Vp + 1) (0€ + w + p11 + 1) + p1,10p(0€ + p1,0))

_l’_
(3,0 + 1) ((0€ 4+ vp + 1,0 + 1) (0€ +w + p11 + p) — wip)
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14 P
mgo = 0

14 P
mgo = 1

v w(o€ + p1,1)
ml’o =
(0 +vp+pp)(ol+w—+pi1+p) —wyy

— wrp — (w4 p) (0§ +vp + p1o + 1)
T (ot vyt o+ (08wt g ) —wyy

— o€ (w(vp + o€ + p11) — (W + p) (o€ + vy + pio + 1))
O (v + poo + 1) ((0€ + vy + p1o + ) (0€ +w + g + ) — wiyp)

my . — Vtaf(w(’/p F o€+ prn) — (W p) (o€ +vp+pio+ M))
2V (o + 1) (v + oo + 1) ((0€ + vp + p10 + ) (0€ +w + p1g + p) — wisp)

o o€ (pa,0(p,1 + 1) + p2ave) (Wvp + o€+ p11) — (W + ) (o€ + vp + p10 + 1))
PO (a0 + p) (2 + ) (e + pioo + ) ((0€ + vp + pao + ) (0€ +w + g + p) — wisp)

prow(0€ + p11) + pap(wvp — (W + p) (o€ + vp + 1o + 1))
(3.0 + 1) ((0€ +vp + p10 + ) (06 +w + pa1 + ) — wiyp)

o€ (p2,0(p21 + 1) + p2ave) (w(vp + o€ + p11) — (w4 ) (0€ 4+ vp + p1o + 1)
(3,0 + 1) (21 + 1) (Ve + p2,0 + 1) (06 + vp + pao + 1) (0 +w + 1 + p) — wiyp)

my o=

pa,ow (o€ + p11) + paa(wrp — (W + p) (0 +vp + 1o + 1))
(13,0 + 1) ((0€ + vp + p10 + L) (0 + w4 p11 + 1) — wip)

Again we have the following two expressions for the infection rate functions, defined using the

vector notation given above,

. B'® + B'MYg(t) + B'M, Y (t)
(t) = P'® + P' MY (t) + P'M, Y (1)

(4.60)

A (1) = B2t BAYSo(t) + B M, ¥,(1) (4.61)
T P'e+ PIMY(t) + P'M Y (1) |

Then as we had in section 4.2.3, setting equations (4.60) and (4.61) equal to (4.52) and (4.53)
respectively, will result with two equations for () and Y (¢). To recall the solution and

parameters we introduced in the last section we will give a brief description here,

0 = apo.2(Yo,0(t))? + (bo0,1Y0,1(t) + boo.2)Yo,0(t) + co0,0(Yo,1(£))* + co0,1Y0,1() + coo,2 (4.62a)
0 = ao1.2(Yo.1(t))?* + (bo1.1Y0,0(t) + bo1.2)Yo1(t) + co1.0(Yo,0())? + co1.1Y00(t)) (4.62b)
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where

ago,2 = (P'M)(vp + p) + (B"M)po

boo,1 = (B'M,)po + (P'M,,)(vp + p) — (P'M)w
boo,2 = (B'®)py + (P"I))(Vp +p) — (P/M)I070
0,0 = —(P'M,)w

€001 = —(PICI))w — (P/MV)IO,O

co02 = —(P'®)Iop

apt2 = (P'"M,)(w + p) + (B, M,)po(1 — €)

bot,1 = (P'M)(w + p) — (P'My)vp + (B, M)po(1 —¢)
bo1,2 = (P'®)(w + ) + (B, ®)po(1 —¢)

cor0 = —(P' M)y,

co1,1 = —(P'®)y,.

Then from equation (4.62b) we get

—bo1,1Y55(t) — bo1,2 £ \/0401,0(1/0*,0@))2 + a01,1Yg(t) + ao1,2)

2a01,2

Yo (t) = (4.63)

when ag1,0, ap1,1 and agy,2 are defined as the following

2
ao1,0 = (bo1,1)” — 4ap1,2¢01,0
ap1,1 = 2bo1,1b01,2 — 4ap1,2¢01,1

ao12 = (bo1.2)*.

Plugging (4.63) into equation (4.62a) and introducing the final set of parameters

¢1 = 2a01,2b00,1 — 2co0,0b01,1
¢2 = 2a01,2¢00,1 — 2¢00,0b01,2
=4 2 bo1 1)> — 2a91.2b0o 1 b
Yo = 4(ao1,2)*ao0,2 + c00,0(bo1,1)* + co0,0001,0 a01,2000,1001,1
2
7 = 4(ao1,2)*boo,2 + 2¢00,0001,1b01,2 + c00,0001,1 — 2a01,2b00,1b01,2 — 2a01,2¢00,1b01,1

2 2
Y2 = 4(ap1,2)*co0,2 + c00,0(bo1,2)” + co0,0001,2 — 2a01,2¢00,1b01,2,
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we derived the quartic expression for Yy o(t),

0= [73 - ¢fam,0} (Yo (8)* + [27071 — ¢lao11 — 2¢1¢2a01,0} (Yoo (1)
+ [712 + 27072 — 2m1v2001,1 — drao2 — ¢%0401,0} (Yg0)?
+ [2’7172 — 201020012 — <Z5§0401,1] Yoo(t) + [’Y% - ¢>§0401,2} :
Next, inputing the parameter assumptions and vector notation as they are defined for the

combined strategy analysis the solutions for each of the roots to the quartic expression are

given,

Yito(t) ~ 212,405
Yoo(t) = 6,871
Y§o(t) ~ 5,113
Yoo(t) = —1,807.

For each solution to Y (t) we get two solutions for Y (¢). In table 4.3 we let b(Yg(t)) =
—bo1,1 Y5 (t) — bor2 and (Y5 (t)) = ao1,0(Yso(t)? + o1 Y5 (t) + ao 2.

Table 4.3:  Solutions to Y (t) from the quadratic expression for each solution to Yy(t) for the
combined strategy model.

Yo (t) . - b(Yo*,o(t)) + \/a(yo*,o(t)) ) - b(Yo*,o(t)) - a(Yo*,o(t))
0,0 Yo,1(t) = 201 Y0,1(t) = 2001 2

212,405 1,352,947 -230,538

6,871 42,021 -24.665

5,113 30,957 -23,053

-1,807 -8,125 -21,177

We will again check the solutions to Y, (¢) and Y (¢) to confirm that the solutions satisfy

the reduced system of equations (4.46a) - (4.46b). The results of our verification are given in
table 4.4. Thus, using the verified solutions for Yy (¢) and Y (¢), along with the expressions for
each of the infectious states defined by equations (4.54) - (4.59) we get the following four solu-

tions for the equilibrium points to the dynamical system used to defined the infectious disease
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model when a the combined, preventative and therapeutic, vaccine strategy is introduced,

Table 4.4: Verified solutions to Y (t) for each solution of Y(t) for the combined strategy
model.

Yol |y b(Y5o (1) + 1/ a(Y5o(t) Vo) b(Y5o (1) — y/a(Yeo(t)
’ 0.1 2a01,2 0.1 2a01,2
212,405 1,352,947 230,538
6,871 42,021 ~24.,665
5,113 30,057 23,053
-1,807 8,125 21,177
[ 212,405 | [ 6,871 | [ 5,113 | [ 1,807 |
—230,538 42,021 —23,053 91,177
—159, 824 74 —3,952 847
Bl = 164, 870 e | 181 B = 8,994 g~ 4,555
885 97 883 942
6,736 741 6,719 7,170
3,465 330 3,456 3,692
| 2,575 | | 245 | 2,568 | | 2,744 |

Just as we have seen in the analysis of the previous models, we again have only one physically
relevant equilibrium point. Therefore, to continue our analysis of the dynamical system when
the combined vaccination strategy is present we will only need to evaluate the stability of the

one endemic equilibrium point,

94



6,871 |
42,021
74
181
¢ 97
741
330
9245

Equilibrium Stability

In referencing appendix A where the full symbolic representation for the Jacobian matrix is
presented we will again evaluate the eigenvalues of the system and determine the stability of the
equilibrium EY. Given the size of the system the calculations required to derive the characteristic
polynomial in symbolic form will not be evaluated. Instead the numerical approximation to the

coefficients of the characteristic polynomial was derived using the ’poly’ function in MatLab,

c(z) = cox® + 12" + 028 + e32® + eyt + e52® + e + ez + s (4.64)

with the coefficients

co=1

c1 ~ 4.196533446473763

co == 7.116144689040367

c3 ~ 6.325660802484393

cq =~ 3.235613786491986

cs ~ 1.000397183370066

ce ~ 1.894899658645659¢-01
cr =~ 1.906773638444585e-02
cg ~ 3.405782269716043e-04.

For the fixed parameter values of the model we can verify that the endemic equilibrium is stable
if all of the solutions to (4.64) have negative real parts. Solving for the roots numerically we

get the following,
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T ~ —1.159924292995883

T ~ —9.871685753240487e-01

T ~ —8.561350492855480e-01

T ~ —4.884164960525558e-01

T ~ —4.103824189504522¢-01

x ~ —1.361337159979307e-01 + (2.437350577832072¢-01)i
x ~ —1.361337159979307e-01 — (2.437350577832072e-01)3i
T~ —2.223918186941349¢-02.

Given all eigenvalues have negative real parts we can conclude that the equilibrium is asymptot-
ically stable. To verify the stability we will also confirm the results by checking the conditions
for Routh-Hurwitz criterion 4.1.3. For an 8th degree polynomial the Hurwitz determinants are
defined by the following®

+ 07630503 + 070(50%00 — c%clcg — c803020% + 08030001 + 08646:% — 08050%00
Ag(c) = cAs — crealdy + (cresca + cgcacs — cgcsca) A3
2 2 2 2 A
+ (cFeqcp — cregescy — €705 — €8C4C5C1 + C8CECY + CgCrCacy — cgCrcscy)Ag
+ cw%c%co - c?%clc% + 0302040001 - 03020503 - c?cﬁclcg + c‘?cg
+ 0708030% — C7C8C2C3CHC1 — 0708040%60 + 0708050103
3 2 2 2 2.3 2., 2
+ €gC4CeCy + CgC4C7CICH — C8C5CECICH + C8C5C7C1CH — C]C2C] + CRC3CCo
A7(c) = c7l¢ — cge5 A5 + cgerezAy
2 22 2 2 2.2
+ (cgesc1 — cgereper — c5c5)As + (cgcreica + cgeseser — cgercy)Aa
22 2 2 2 2.2 2
— C8C7CIC4CH + C8C7C1C5CH — 68676?02 + cgereiescy — 6803666?
2 2 4
+ cgesercico + cgcl
Ag(C) = 68A7.

5The derivation for each of the Hurwitz determinants can be found in appendix B.
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Evaluating the numerical approximation to each of the Hurwitz determinants for the charac-

teristic polynomial at the endemic equilibrium for the combined strategy model we get,

A (c) ~ 4.196533446473763
As(c) ~ 23.53747839502015
As(c) ~ 210.0703527901395
A4(c) ~ 542.9950805724345
As(c) ~ 319.9971836041562
Ag(c) ~ 32.95073190264795
A7(c) ~ 5.397579299874337¢-01
Ag(c) ~ 1.838297987889835¢-04.

Now, given the approximations for the Hurwitz determinants, as well as ¢g = 1, we can verify

that the equilibrium point E7  just nearly satisfies the Criterion of Routh-Hurwitz for stability,

4.196533446473763 > 0
23.53747839502015 > 0
coAs(c) ~ 210.0703527901395 > 0

Ay(c) = 542.9950805724345 > 0

coAq(c) ~
(c)
(c)
(c)
coAs(c) ~ 319.9971836041562 > 0
(c)
(c) =
(c) =

AQC

Q

Q

L

L

L

Ag(c) = 32.95073190264795 > 0
9.397579299874337¢-01 > 0
1.838297987889835e-04 > 0.

C()A7 C
As C

Therefore, by the Routh-Hurwitz Criterion for Stability the endemic equilibrium, EY, for
the combined strategy model is locally asymptotically stable. Just as we mentioned with the
equilibria for the other three variations of our infectious disease model, consideration can be
made regarding the sensitivity for the stability of the equilibria based on any variation in the
parameters. For the purposes of optimizing an intervention strategy knowing that each variation
of the state space has exactly one physically relevant equilibrium that is locally asymptotically

stable is sufficient.
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4.3 Consideration for a Disease-Free Equilibrium

So far we have shown that each variation of the state space has exactly one feasible equilibrium
and each is locally asymptotically stable. As we proceed with the control analysis, in later
chapters, this will be the only expectation for the system when no intervention is present.
Alternatively, to give a full epidemiological analysis of the infectious disease model we consider
the behavior for a disease-free equilibrium when we assume constant immigration can only occur
into the susceptible class.

To evaluate the system for a disease-free equilibrium we must first consider altering the
dynamics so that constant immigration into the infective classes is no longer present. Recall
from table 3.2 that overall immigration into the population is defined by the product between the
non-AIDS related annual death rate (1) and the initial size of the total population (Yp) with the
assumption that 90% of immigration belongs to the susceptible population, 8% are considered
asymptomatic 7, while the last 2% of the incoming population are assumed to be symptomatic.
Assuming that immigration into the infected population has ceased, we will assume that 100%
of immigration belongs to the susceptible class, resulting with Ip o = ©Yp. Thus, considering the
dynamics for the system when no intervention is present (4.1) and assume that immigration

will only occur in the susceptible class results with the following system of ordinary differential

equations:
dYoolt

32( ) o0 — (1 + poA())Yo,0(t) (4.65a)
dYio(t
Zg( ) PoA()Yo,0(t) — (€ + p10 + 1) Y1,0(t) (4.65b)
dYso(t
22() = 0&Y10(t) — (p2,0 + 1) Ya,0(t) (4.65¢)
dY:

30 ZM 0Yio(t) — (us0 + 1) Ys0(t) (4.65d)
dY,

422( ) = M3,0YE’>,O<t) — ,U,47()Y4’0(t) — MYZI,O(t) (4.656)

with only the primary infection rate function,

ézl 1pz51,j7700 in (t)
I .
ozz 1pl i3 (t)

"The additional assumption is that half of the asymptomatic population entering the system is aware of their
infection and half are note. Implying that 4% of immigration belong to the asymptomatic-unaware population
and 4% belong to the asymptomatic-aware population.

A(t) = (4.66)
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Equilibrium Calculations

To determine the symbolic representation for the disease-free equilibrium point we set the five
differential terms and four infectious states to zero and solve for the susceptible population.
In doing so the system of equations (4.65) reduces to the following single equation in terms of

Y55(t); keeping in mind that A(t) = 0 when the infected populations are equal to zero,

0= 1Ioo — p¥go(t).

Thus, the disease-free equilibrium point exists and is defined when all of the infective classes

are zero,

Elfg = [IO,O/Mv()?O,O?O]T,

where we use Ej to denote the base model disease-free equilibrium (when immigration only
occurs in the susceptible population).
Recall, we initially assumed that all immigration will flow into the susceptible population

only, which resulted with Ipo = Y. This implies that the disease-free equilibrium simplifies to

Ef, = [¥5,0,0,0,0]T

Since the initial population for the model described in section 3.1 is assumed to be 55,816 the

disease-free equilibrium is,

55, 816 |

*x
Ey, =

o O O

Equilibrium Stability

To evaluate the stability of the disease-free equilibrium we will again consider whether the
Criterion from Routh-Hurwitz for stability is satisfied. To begin, note that the solution to
the characteristic polynomial when we remove the terms for constant immigration into the
infective classes will be the same as the solution for the characteristic polynomial we derived
for the base model without an intervention. Therefore, referring to appendix A we can evaluate

the coefficients for the characteristic polynomial at Ej = [Y0,0,0,0,0].
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Recalling A(t) is dependent on the state variables we will begin by evaluating A(t) as well

as all corresponding partial derivatives with respect to each of the state variables,

0

. poYo
Eb
0

S = piBionoo.ioYio(t)
=g piYio(t)

MOy =

The derivative of A(t) with respect to Y o(%), the susceptible class, at the disease-free equilibrium

is also zero,

-  —po S = piBionoo,ioYio(t) 0 0
0 <Zz’:0piYi70(t)> o PoZo
bo
For each of the infective classes, Y}, o(t) for £ = 1,2,...,4, the respective partial derivatives of

A(t) at the disease-free equilibrium are defined as the following,

_ PkBr,0M00,k0 S piYio(t) — pe iz pilBiomn00,i0Yi0(t)
Er o 2
E (ZiZipivio)

Alk,0) (2)

E*
bo

— PrBr,0moo,k0 (PoYo)
(poYo)?

_ PkBk,0M00,k0

- poYo

Therefore, the coefficients of the characteristic polynomial defined by the parameters at the

disease-free equilibrium are

Cco — 1
c1 = (0§ + p1,0 + p2,0 + 13,0 + pa0 + 51) — (p1B1,07M00,10)
ca = (o€ + p1,0 + 21) (p2,0 + p3,0 + pra0 + 3p)

+ (o€ + po + ) + ((p20 + 1) (30 + 1) + (2,0 + pa0 + 20) (pao + 1))
— (p2,0 + 3,0 + pa,0 + 41) (p151,0m00,10) — 0&(P252,0M00,20) — 141,0(P333,0700,30)
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c3 = (o€ + pro + 1) (2,0 + 1) (30 + 1) + (2,0 + a0 + 20) (pap + 1))
+ p1(0€ 4 pa0 + 1) (2,0 + 13,0 + 140 4 3p) + (p2,0 + 1) (3.0 + 1) (a0 + 1)
- ((M2,0 + 1) (p30 + 1) + (2,0 + 3,0 + 210) (a0 + 1)
+ p(po,0 + p3,0 + pa0 + 3M)) (p181,0m00,10)
— 0&(13,0 + 114,04+31) (P252,0M00,20) — (€ 2,0 + p11,0(12,0 + a0 + 31)) (3/53,0M00,30)
+ 1,0143,0(P434,0M00,40)
ca = (0§ + p1,0 + 1) (20 + 1) (30 + 1) (Hao + 1)
+ (o€ + p10 + ) (2,0 + 1) (B30 + 1) + (k2,0 + p30 + 200) (Ha + )
- ((M2,0 + 1) (p3,0 + 1) (pa0 + 1) + p((u2,0 + 1) (13,0 + 1)
+ (p2,0 + p3,0 + 21) (pa0 + ,u))) (p181,0m00,10)
— & ((p3,0 + 1) (a0 + ) p(ps,0 + pao + 21)) (p282,0m00,20)
- (O’Eﬂz,o(m,o + ) + 1,0 ((p2,0 + 1) (pao + 1)
+ p(p2,0 + pao + 2#))) (p3/3,0M00,30)
- (U§,u2,ou3,0 + M1,0M3,0(M2,0 + 2#)) (P4ﬁ4,07700,40)
s = (o€ 4 p,0 + 1) (p2,0 + 1) (13,0 + 1) (a0 + )
— pp2,0 + p)(p3,0 + 1) (ka0 + 1) (p181,0M00,10)
— poé(psz0 + 1) (pa0 + 1) (p252,0M00,20)
— p(o€p2,0(pa0 + p) + p1,0(p2,0 + 1) (a0 + 1)) (p353,0m00,30)
— w(o&p2,0m30 + f1,013,0(12,0 + 1)) (P4B1,0M4,0),

Evaluating the numerical approximation to each of the coefficients defined above we get the

following

cop=1

c1 ~ 1.36886151283

c2 ~ 6.06507587946e-01
c3 ~ 1.43754416252e-01
cq ~ 1.17082196757e-02
cs ~ 1.96151498574e-04.

Again, we will consider the Routh-Hurwitz Criterion for stability to determine whether the
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disease-free equilibrium is stable, just as we have already done for the endemic equilibrium.
Recall the Hurwitz determinants for the characteristic polynomial, ¢(x) = coz® + c12? + co2® +

c3x? 4 c4x + ¢5, are defined as;

(¢)
(¢)
As(c) = c3Ay — cuct + csc1cp
(¢) = caA3 — c5c2Ag + c5c4C100 — cgcg
(¢)

Evaluating each of the Hurwitz determinants for the coefficients of the characteristic polynomial
at the disease free equilibrium when immigration is restricted to the susceptible population only,

we get the next approximations

Ay 1.368861512825629
Ag(c) ~ 6.864704781242760e-01

(¢) ~
()

As(c) ~ 7.701301767157777e-02
(c) ~
(c) ~

L

Cc

L

Ay(c) = 8.231229710455165¢-04
1.614568042810366e-07,

g

5(C

Therefore, by the Routh-Hurwitz Criterion for Stability, given

coA1(c) ~ 1.368861512825629 > 0
As(c) ~ 6.864704781242760e-01 > 0
coAs(c) ~ 7.701301767157777e-02 > 0
(¢) =
(¢) =

L

Ay(c) =~ 8.231229710455165e-04 > 0

coAs(c) =~ 1.614568042810366e-07 > 0,

implies we have an asymptotically stable equilibrium point at Ej . As we continue with the
consideration of optimizing an intervention strategy for controlling the spread of HIV we will
remind the reader that the state space for the model without an intervention strategy has only
one physically relevant equilibrium point; the endemic equilibrium Ej. Therefore, in the rest of
our analysis regarding the HIV-transmission model with vaccine intervention the consideration

for the disease-free equilibrium will not be addressed.
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Chapter 5
Optimizing an Intervention Strategy

Taking into consideration our earlier analysis regarding the three direct approaches for inter-
vention (the therapeutic vaccine only, the preventative vaccine only and the combined strategy)
we note that for each one of these strategies we made the assumption that the available vac-
cine(s) would be offered for the full 20 year time horizon. Alternatively, allowing the timing for
each vaccine to vary could result with a more cost-effective strategy. Therefore, we will need to
structure the statement of a problem that will allow us to derive such a solution.

To begin our analysis we will introduce the standard definitions and terminology for a
general nonlinear optimal control problem. From there we will be able to introduce Pontryagin’s
maximum principle, which states the necessary conditions required to satisfy optimality [30].
For a particular class of problems we will find that further investigation will allow us to get
more information regarding the structure of the optimal solution. The class of problems we will
consider satisfy the assumptions made regarding the “bang-bang” principle, which we will also
introduce in full detail. One of the limitations of optimal control theory is the assumption of
one objective functional. Therefore, we will also define a multiobjective optimization problem
along with the definitions for Pareto optimality and introduce the weighted-sums method for
evaluating Pareto optimal solutions.

The goal in the first couple of sections will be to lay the ground work to structure a mul-
tiobjective control problem for the purpose of optimizing an intervention strategy to mitigate
the impact the spread of the HIV virus has on a society. This leads to methods for solving the
optimization problem numerically, taking into consideration an approach that offers an efficient
algorithm for evaluating “bang-bang” controls. Thus, we will give a description for the method
of control parameterization and present the solution for the optimal intervention strategy. Not-
ing that the method we have chosen for its efficiency will only guarantee an approximation
to the optimal solution, we will also check that the solution satisfies the conditions from the

“bang-bang” principle.
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5.1 Introduction to Optimal Control Theory

5.1.1 Formulation of an Optimal Control Problem

In the first section of this chapter we will introduce the terminology, notation and necessary
definitions from optimal control theory as they appear in Nonlinear Optimal Control Theory by
Leonard D. Berkovitz and Negash G. Medhin [9]. Noting that not every notation will be exactly
as Berkovitz and Medhin define them in their book, instead we introduce notation that will be
consistent with the notation already presented by Edwards et al., while keeping the definitions
the same.

We will begin with introducing the basic notation and some terminology as they relate to the
formulation of an optimal control problem. Let ¢ denote a non-negative real value, t € Rt U{0},
representing time. Let the variable y denote a vector in the real Euclidean space R”, wheren € N
and y = (y1,...,yn) is referred to as the state variable. Let the variable v denote a vector in
the real Euclidean space R™, where m € N and v = (vq,...,vy,) is referred to as the control
variable. We consider the regions R and U, each defined by an open connected set, where R is
a region of the (¢, y)-space and U is a region of the v-space. The cartesian product of the two
regions, R and U, defines the region F = R x U. Then we let fy, f1,..., frn define real valued
continuous functions of the variables (¢,y,r) on the region F.

We will emphasize before moving on that the standard notation for vector component in-
dexing will be used. This results with v; denoting the i component of the vector y. Therefore,
we will use the superscript to distinguish between the vectors from the same space, such that
y® and y9) are two vectors in R.

In many situations an objective control problem may require that either the initial state
y© comes from a pre-assigned set 7 in R as well as reach a second state y*) from a
second pre-assigned set 7() in R. Therefore, we will also define the set B for the points
(t(o), y0 @), y(l)) = (t(o), ygo), e yff), t), ygl), e ,y,(ll)) such that (t(i), y(i)) for i = 0,1 are in
R and t) > 0 4 § for some fixed § > 0. Then B is said to define the end conditions for the
problem.

As a fundamental aspect to many optimal control problems, typically the state of the system

at time t is described by a point or vector

y(t) = (yl(t)7 R yn(t>)

such that (¢,y(t)) is in R and initially, at time ¢(%),

y(t) = 5@ = (O 5O
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is such that (t(?),4(©) is also in R. Then a measurable function v defined on [t(0), t(V] with a
range in U is chosen such that the system is said to vary with time according to the system of

differential equations

dy; .
yl(t) = d% = fitt,y®),v(®), wtD) =y, fori=1,... n (5.1)

At points of discontinuity of v, equation (5.1) holds for the one-sided limits. As a function of
time, y describes the evolution of the system and will be referred to as a trajectory. As we

continue we will use the standard vector notation for systems of differential equations

Y0 =Y = fey (000, u(t®) =y, (52)

where y = (y1,...,yn) and f = (f1,..., fn), such that (5.2) defines the relationships between
column vectors. The system of differential equations y'(t) = f(t,y(t),v(t)) will be called the
state equations.

It is often further required that the control ¥ and corresponding state trajectory y satisfy a

pre-defined system of inequality constraints

Ri(t,y(t),v(t)) >0, fori=1,2,...,r (5.3)

for all #©) < t < t() where the functions Ry, ..., R, are given functions of (¢,y,v). These
constraints are referred to as the control constraints and can be defined by a mapping V from
R to a subset V(¢,z) of U such that

V(t,y) ={v: Ri(t,y,v) >0,i=1,...,r}

Thus the requirement that a function v and a corresponding trajectory y satisfy the constraints

(5.3) can be written as

v(t) e V(t,y(t)) for O <t <),

Definition 5.1.1. A control v is said to be an admissible control if there exists a trajectory y

corresponding to v such that
(1) t = folt,y(t),v(t)) is in Ly [t D],
(ii) v(t) € V(t,y(t)) a.e. on [tO +1)].

(i) (£©),y(t@),¢M, y(tM)) € B.
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Definition 5.1.2. A trajectory corresponding to an admissible control is called an admissible

trajectory.

Definition 5.1.3. A pair of functions (y,v) such that v is an admissible control and y is an

admissible trajectory corresponding to v will be called an admissible pair.

Problem 5.1.4. Let A denote the set of all admissible pairs (y,v) and let A be non-empty.
Let

(1)

T(y,v) = gt y(t @), 11, y(¢ D)) + o Tyt v())dt, (5:4)

where (y, v) is an admissible pair and ¢ is a given real valued function defined on B. Find a pair
(y*,v*) in A that minimizes (5.4) in the class \A. That is, find an element (y*,v*) in A such
that

J(y*,v*) < J(y,v) for all (y,v) in A

Definition 5.1.5. The objective functional J(y,v) defined by equation (5.4) is called a cost or

payoff or performance index.!

The statement for the optimal control problem 5.1.4 is sometimes referred to as the Bolza
problem. Alternatively, when we consider special cases of the Bolza problem where fo = 0 or
g = 0 these problems are referred to as the Mayer problem and Lagrange problem, respectively.
As we continue onto the subsequent sections, we will assume that we are always dealing with

the Lagrange problem.

Problem 5.1.6 (The Lagrange Problem). Let A denote the set of all admissible pairs (y, v)
and let A be non-empty. Let
+(1)
J(Z/vy) = © fo(t,y(t),l/(t))dt, (55)
t

where (y,v) is an admissible pair. Find a pair (y*,v*) in A that minimizes (5.5) in the class A.
That is, find an element (y*,v*) in A such that

J(y*,v*) < J(y,v) for all (y,v) in A

'For the objective optimization problem that we will address in our research, we will refer to the objective
functional as the payoff.

106



5.1.2 Pontryagin’s Maximum Principle

In this section we will introduce Pontryagin’s maximum principle which states the necessary
conditions required to satisfy optimality for the control problem 5.1.6 [30]. We will point out
that in problem 5.1.6 the statement addresses a minimization problem and in this section we
will be introducing the maximum principle. Since every minimization problem can be solved by
taking the negation of the objective and approaching the problem as a maximization problem,
it will suffice to present the maximum principle as a means to addressing both maximization
and minimization problems. To begin, we start by introducing the Hamiltonian, H : R x R™ x
R™ x R' x R™ defined by

H(t’yvyvzaz()) = <Z7f(ta Y, V)> + ZOfO(tvyv V)

where (-,-) is the inner product on R, z is a vector valued function defined on [t(¥), ()] with
a range in R™ and zp is a nonzero constant value. The vector valued function z will be referred
to as the costate variable.

Although we use the 1962 English translation of original publication from Pontryagin et al.,
we will state the theorem for the maximum principle in integral form along with the corollary

for the pointwise maximum principle as it was introduced by Berkovitz in 1974 [7, 44].

Theorem 5.1.7 (Maximum Principle in Integral Form). Let (y*,v*) be an optimal pair defined
on the interval [t(?), t(1)]. Then there exists a constant zy < 0 and an absolutely continuous vector
function z* : [t(®, (D] — R™ such that the following hold:

(i) (z0,2*) is never zero on [t(©),¢(1)].

(ii) For a.e. t in [t©),+(1)]

dy;t( ) H(t,y*(t),v*(t), 2%(t), 20)
dzdt(t) = —H,(t,y"(t),v*(t), 2*(t), 20)

(iii) For any admissible control v defined on the interval [¢t(0), ¢(1)]

(D +()

o H(t,y*(t),v*(t), 2*(t), z0)dt > o H(t,y*(t),v(t), z*(t), z0)dt.
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(iv) If the mapping t — f(t,y(t),v(t)), for f := (fo,f1,..., fn), is continuous at ¢ = ¢,

i = 0,1, then the (2n 4 2)-vector

(H(x (1)), =z* (¢ ), =H (x(tM)), 2% (t1))
is orthogonal to B at the point (¢(0), y*(¢(),+(M) 4*(t(1)), where
m(t®) = (D, y* (D), v (¢D), 25 (¢, 29)  for i =0,1.
The system of differential equations defining 2'(t) = —H, (¢, y(t), v(t), z(t), z0) will be called the
costate equations.
Corollary 5.1.8 (Pointwise Maximum Principle). If for all ¢, V(¢) = V), where V is a fixed set,
and f is continuous on F, then
H(t,y*(t),v*(t), 2 (t), z0) = H(t,y*(t),v(t), 2*(t), 20)

for almost all ¢ in [t(®,+M] and all v in V.

From theorem 5.1.7 and the corollary 5.1.8 we obtain a set of mecessary conditions for
optimality that become the focus for evaluating an optimal solution to any control problem in

the form of 5.1.6. Setting 29 = —1 the Hamiltonian is defined as

H(t,y,v,z):=(z, f(t,y,v)) — folt,y,v).

For the Lagrange problem, with g = 0, the assumption for the terminal condition for the costate
equations is z*(t(1)) = 0. This results with the following conditions that must hold true for the

optimal control v* along with the corresponding state and costate trajectories, y* and z*.

1. dy;t(t) = H.(y*(t),v*(t), z*(t)), y*(t(o)) _ y(o)
2. dz;t(t) _ _Hy(y*(t), v*(t), Z*(t))7 z*(t(l)) 0

3. H(t,y*(t),v*(t),z*(t)) > H(t,y*(t),v(t),z*(t)) for all v € V

5.1.3 The “Bang-Bang” Principle

Next we consider a particular class of optimal control problems, where the control is bounded

and appears linearly in both the dynamics and payoff. These types of optimal control problem
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require special consideration since the necessary conditions are insufficient for solving the control
problem analytically. To give a general description to an optimal control problem whose solution

fits the “bang-bang” principle we will start with a couple of assumptions.

Assumption 5.1.9. The state equations are defined by an autonomous system of differential

equations,

Assumption 5.1.10. The control variable is bounded both above and below
M. <uy(t) < MF, i=1,...,m,

where M, and M;r define the lower and upper bounds of the " control component.

Assumption 5.1.11. The state equations of the system are of the form

dgftﬂ — a(y(t)) + By®)v (),

where ¢ is a continuous vector-valued function whose range is defined in R, and B is an n x m

matrix of continuous functions.

Assumption 5.1.12. The cost functional (payoff) is in the form
$(1)
T) = [ laoly() + BoluO)w(0)] dr,
t

where ag is a continuous scalar valued function and By is an 1 xm vector of continuous functions.

Making the same assumptions that were made in section 5.1.2, the maximum principle can
be used to develop a generalized solution for this particular class of optimal control problems.

According to assumptions 5.1.9 - 5.1.12 and zy = —1, the Hamiltonian is defined as

H(y(0),v(1), 2(8)) = (=(1), aly(t) + Bly()v(t)) — ao(y(®) — Boly(t))v(®
= [(2(8), B(t) = Bo(y(t) |v() + (2(1), aly())) — aoly(t)).

From the pointwise maximum principle 5.1.8, an optimal pair (y*, v*) must satisfy the following

inequality for a.e. t in [t(?), ¢(D] and each admissible control v € V,
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[(*(8), By () = Bo(y"(0)] v (&) + (%), aly™(1))) — aoly* (1))
> [(=*(0), B (1)) = Bo* (1) [v(®) + (=*(1), aly* (1)) = ao(y(1)). ~ (5.6)

Simplifying the inequality (5.6) results with the following necessary condition for the class of

maximization problems with bounded linear control functions,

[(=*(8), B () = Bow™(#)] v (&) = [(=*(8), By (1)) = Bow" )] v(t).  (5.7)

Let G(y*(t), 2*(t)) = (2*(t), B(y*(t)))— Bo(y*(t)) define the 1xm matrix of continuous func-
tions representing the coefficient to the control function in (5.7). If we take G = (91,92, .-, 9m),

then we can write (5.7) as a system of inequalities

gi(y*(t), 2* ()i (t) > gi(y*(t), 2*()vi(t), i=1,2,...,m. (5.8)

Then the solution to the maximization problem with assumptions 5.1.9 - 5.1.12 can be given

in the general form

M, gi(y(t), 2(t)) > 0
vi(t) =< M, gily(),z(t) <0  i=1,2,....,m. (5.9)
Undetermined, g;(y(t),2(t)) =0

For the case when g¢;(y(t),z(t)) = 0 the results for the optimal control are considered unde-
termined because it depends on whether this case is valid for only a set of unique points with
measure zero on the interval [t(0), ¢()] or if it holds true on a set of subintervals on [t(®), +(1].
When it holds true for only a finite set of points, this set of points are referred to as the switch-
ing times. Alternatively, when g;(y(t), z(t)) = 0 on any subinterval the control is referred to as
singular on that interval and since the necessary conditions do not give us sufficient information
for this case the solution would require further investigation. The consideration for whether a
control is singular on any subinterval is handled by case by case scenario and depends directly
on the specifics for a particular optimal control problem. Therefore, we will leave the investi-
gation to the case when the switching function, G(y(t), z(t))) = 0, for later consideration when
we approach a solution to the objective control problem we will consider for optimizing an
intervention strategy.

We will note, that the core principles of optimal control theory consider a single objective
cost functional. Alternatively and as it is in our case, there are many control problems where

there are an array of objectives, that may or may not be directly competing. Therefore in the
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next section we will outline the fundamental concepts of a multiobjective optimization.

5.2 Multiobjective Optimization

Multiobjective optimization problems have been studied since the late 1800’s, originating with
Edgeworth in 1881 [35]. The concepts and definitions for multiobjective optimization and Pareto
optimality are presented here as stated from Miettinin’s book Nonlinear Multiobjective Opti-
mization [35]. As it is presented in a majority of the literature, we will present the multiobjective
optimization problem as a minimization problem with the understanding that any maximization

problem can be made a minimization problem by negating the objective.

Problem 5.2.1 (Multiobjective Optimization). To minimize a set of 2 or more objective func-

tions over a constrained space,

ffleizf}{‘]l(“)’ Jo(u), ..., Jr(u)},

where we have k € N, such that £ > 2, objective functions J; : R™ — R. We denote the
objective functions by J(u) = (J1(u), ..., Jix(u)). The decision variable u = (u1, ..., uy) belong
to a feasible region U a subset of R”. To ‘minimize’ the set of objective functions means we

want to minimize all the objective functions simultaneously.

In the scalar case optimization can be straight forward, in the sense that a maximum or
minimum is clearly understood to be the value that exceeds all others. Alternatively, with the
multiobjective optimization problem it is rarely the case that you would ever find a unique
decision variable u* that satisfies each and every one of the objectives simultaneously. This
leads us to the discussion of optimizing trade-offs, when it is not possible to satisfy one objective

without sacrificing an alternative objective.

5.2.1 Pareto Optimality

Since Vilfredo Pareto’s developments in 1896, furthering the work done by Edgeworth in 1881,
the concept known as Pareto optimality that has been widely used to describe the solutions for
a multiobjective optimization problem. Introducing the definitions for Pareto optimality will

lay the foundation for interpreting methods for solving a multiobjective problem.

Definition 5.2.2. If R¥ is partially ordered in a natural way, then given v} v(2) ¢ R¥ with
oM = (v§1), ... ,v,gl)) and v = (v?), .. ,vl(f)), we have v < v if and only if 1)2(1) < U§2) for
alli=1,... k.
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Assuming that U/ is a nonempty subset of R™ and J : i/ — R is a vector function whose range
is defined on a partially ordered space, we have the following definitions required for evaluating

Pareto optimality for a multiobjective optimization problem.

Definition 5.2.3. If there exists u(), u®) € U such that J(u) < J(u®) and J;(uV) <

Ji(u(z)) for any i = 1,...,k, then 1) is considered a Pareto improvement to u(®.

Definition 5.2.4. Pareto optimality is obtained when no more Pareto improvements can be
made to a solution u* € U where J(u*) < J(u) for all uw € U. That is to say, it is not possible
to move from that point u* and improve any one objective function without detriment to any

other objective function.

Definition 5.2.5. A vector v/ = (vf,...,v,) € R¥ is said to dominate v = (v1,...,vy) € RF if
and only if v/ < v and there exists j such that v} < vj. Then the Pareto dominance is denoted
by v' < v.

Definition 5.2.6. For a given multiobjective optimization problem, the Pareto optimal set is
defined as,

PS(U) = {u € U| there does not exist v’ € U such that J(u') < J(u)}.

Definition 5.2.7. For a given multiobjective optimization problem with a Pareto optimal set
PS(U), the Pareto front is defined as,

PF* = {w=J(u) = (Ji(u),..., Jp(u) € R* |u € PSU)}.

Definition 5.2.8. A decision vector u* € U is locally Pareto optimal if there exists a d > 0 ball

centered at u* such that u* is Pareto optimal in & N Bs(u*).

We will emphasize the importance of locally Pareto optimal when numerical methods are
used to solve a multiobjective optimization problem. As it will be in our case, the solution
to many optimization problems can be too complex to solve analytically. Therefore, when
considering the techniques and methods for solving a problem by numerical methods will at

most be locally optimal.

5.2.2 Weighted-Sums Method

The weighted-sums method is the most commonly used approach for evaluating a multiobjective
optimization problem. Given the vector-valued function J(u) = (Ji(u),...,JJp(u)) a selection
of weights is chosen (a1, ...,ax), relating to each objective functions respectively, such that

a; >0fori=1,...,k and Zle «a; = 1. Then a single objective function is defined as,
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k
L(u) =) aidi(u). (5.10)
=1

Where the Pareto optimal solution to (5.10) defines a Pareto optimal solution to the multiob-
jective optimization problem 5.2.1.

As with any approach for solving a multiobjective optimization problem the weighted-sum
method require some preference relationship between the objective functions. Without one, it
would be impossible to consider a ranking of the solutions from the Pareto optimal set. Depend-
ing on which one of the following approaches is taken, the technique for defining this precedence

relationship can be done at various stages of implementing an optimization algorithm.

1. a priori - The selection for the weights are assigned before the optimization routine is

implemented, based on the expertise of the decision maker.

2. progressive - The weights are updated during the optimization process using feedback

from the solutions as they evolve.

3. a posteriori - At the end of the end of the optimization routine, a decision maker selects

a solution from the Pareto optimal set, PS(U), thus selecting its corresponding weights.

For the purpose of deriving an optimal intervention strategy we will consider the opposing
objectives to minimize cost and maximize QALYSs. In chapter 3, when we introduced the model,
we ran a cost-effective analysis for the three intervention strategies (therapeutic vaccine only,
preventative vaccine only, and the combined strategy). We will use this information and select

the weights for the objective functionals a priori.

5.3 Optimizing an Intervention Strategy as a Multiobjective
Control Problem

Referring back the cost-effective analysis applied in chapter 3 we learned that the best strategy,
for a 20 year time horizon, is to offer both vaccines for the full duration. This conclusion was
made with regards to the comparison between the three direct cases, where we only considered
the options of offering either one of the vaccines or both for the entire time, to the alternative of
not offering either vaccine. To quantify the effectiveness of each of the intervention strategies the
comparison to each of the alternatives is done by evaluating the resulting cumulative monetary
cost (both direct and indirect costs) as well as the total combined QALYs for the population
as a whole. The objective, as we mentioned before, is to minimize the monetary cost while

maximizing QALYs,
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T T I=11i=4
min C(T') = / [kpvp(t) (Yo0(t) + Yi0(t)) + ke (t)Yao(t)] e "t + / c;Yije "tdt
0o = °

7=01

Il
=)

T J=1i=4
max Q(T / Y aYit)e dt,

7=0 =0

dependent on the time horizon and the solution to the dynamical system,

dYpo(t)

o o0 = vp()Yoo(t) = p¥o,0(t) = poA(t)Yoolt) + wYo.(t) (5.11a)
dY(
it O o (0)Y00(8) — 1¥1(8) — Y01 ()~ pold — DA(B)Yo1 (1) (5.11D)
dY10(t
22( ! =I1,0 + PoA(t)Yo,0(t) — o€¥1,0(t) — vp(£)Y1,0(t) + wY11(t) — p1,0Y1,0(t) — n¥1,0(2)
(5.11c)
dYi1(t
L) (1 )0, (%010 + 1 (0Yh.0(0) — 9Ya(0) ~ 9€Y14(0) — 1 ¥ia(0) — ()
(5.11d)
dYs o(t
22( ) =lz,0 + 0&(Y1,0(t) + Y1,1(1)) = ve()Y,0(t) = p2,0Y2,0(t) = 1Y2,0(t) (5.11e)
dYs 1(t
Z;( ) oy (6)Ya(t) — iz Yau (£) — ¥ (1) (5.116)
dY- Jj=11i=2
30 _I3O+Zzﬂmy,y — p3,0Y30(t) — Y3 0(t) (5.11g)
7=0 =1
dYyo(t
with,
Z?ié L PiBim00,i; Vi (t) Z?Zl i:‘ll piﬁijn(n i Yis()

At) =

A (t) = &

1 1=4

;20 i;()piyi,j(t) i= onY (1)

and initial condition,

Y0,0(0) = (1 — ¢0)Yo

1/ i .
Yio(0) = =—F——¢o- Yo, fori=1,23,4
' Zj 1/1j0
Y;1(0) =0, for i =0,1,2,3,4.

For the assumptions we made regarding the vaccines resulted with dominant options for
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each. For every alternative that saved more money, we also had an increase in QALYs (As a

reminder we included table 5.12 as a reference.).

Table 5.1: Projected accumulated cost and QALYs, as well as the cost/QALY, for each of
the four variations of the model on a 20 year time horizon; no intervention, therapeutic only,
preventative only, and the combined vaccination strategy.

Accumulated Accumulated
Cost QALYs Cost/QALY
No $3,778,541,557 495,630 $7623/ QALY
Intervention T ’
Therapeutic $3.747,402,695 506,808 $7394/QALY
Vaccine
Preventative
. $3,711,111,604 508,220 $7302/QALY
Vaccine
Combination Both $3.674,411,239 519,572 $7072/QALY

Vaccines

To determine whether or not there is a strategy that will further optimize the trade-off
between minimizing monetary cost and maximizing QALYs we will set up a multiobjective
optimization problem. Then utilizing the weighted-sums method, with weights assigned a priori,
we can implement numerical methods from optimal control theory. To begin, we will first

introduce the following vector notation for the variables and functions of the model. Let,

!

(Y'(t),v(t) = (F1(Y (), v(t)), Fa(Y (1), v(1)), ..., Fs(Y (), v(t)))

be used to define the right hand side of equations (5.11a) - (5.11h). Continuing with the con-

sideratin for an optimal intervention strategy we will refer to Y (¢) as the state variable and v(t)

2Table 5.1 is a duplicate of the table 3.11 found in section 3.2 where the initial cost effective analysis was
presented.
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as the control variable. Recall, given the physical limitations for the interpretation of the model
we assume the range of Y (t) is restricted to Rﬁ. In addition, given the control variables define
a proportion of a population that receives a vaccine we will require an upper bound of 1, but
according to the assumptions of Edwards et al. and our earlier analysis we will restrict the space
of feasible controls to V = [0,0.75] x [0,0.75]. To determine the payoff, as it would relate to the
two objective functions C(T) and Q(T'), we need to chose a single optimization objective and
make a reasonable selection for the weights used to combine the two objectives. Considering
we have opposing objectives, min C'(T') and max Q(T'), we will instead require that the solution
for our multiobjective optimization problem minimizes both, C(T") and —Q(T). Although the
objective functions were originally defined in terms of the final time 7', we are also assuming for
the purposes of the cost-effective analysis a fixed 20 year time horizon, T" = 20. Therefore, with
the vaccine parameters defining the control variables we will now assume the cost functionals

to also be dependent on the choice of v(t) and consequently Y (¢). Let

then the multiobjective optimization problem for intervention strategies of the HIV virus is
defined by:

subject to
— = =F(Y(@1),v(t), Y(to) =Y.

With the statement of the multiobjective optimization problem, we can now consider the
weighted-sums method to derive one objective functional. With only two objective functions we
can simply consider one parameter «, resulting with the second weight simply defined by (1—a).
For the purpose of defining the problem statement for optimizing an intervention strategy, the
parameter definitions will be sufficient. We will get into defining the weights when we discuss

numerical methods for solving the Pareto optimal solution.

LY (), v(t)) = aC(Y (1), v(t) — (1 = )Q(Y'(2), v(1))

20
= a[/o [kpvp(t) (Yo,0(t) + Y1,0(t)) + ke (t) Yo o(t)] J—

20 7j=1 =4
[T Y e al
0

7=0 =0
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90 j=1 i=4
—(1—a)[ i DD il ”dt]

7=0 =0
20 j=11i=4
_ / [ [mpp(8) (Yoo(t) + Yio(0) + s(t)Yao(t) 303 ¥,
0 7=0 =0
7j=1 =4
1—a ZZqZY } e "dt
7=0 =0

Therefore, we can now make the following statement for an optimal control problem.

Problem 5.3.1 (Optimizing Intervention Strategies for the HIV Virus; as a minimization prob-
lem). Find an admissible control v*(¢) € V along with its corresponding admissible trajectory
Y*(t) defined by the system

—— = FY@),v(t), Y(to)="Ys
that will minimize the payoff

7j=1i=4

20
LY (£),v(1)) = /0 (8 (Yoo (t) + Yio(0) + kua(t)Ya,0(6) 3 D Vi)
7=0 =0
j=1 i=4
—(1—a) Zqzyd(t)ﬂ —rt gy
j=0i=0

5.3.1 Necessary Conditions

Now that we have defined our optimal intervention strategy problem as a fundamental optimal
control problem we will use the pointwise maximum principle 5.1.8 to derive the necessary
conditions to get an analytical interpretation of the optimal control. Then we will follow up in
the next chapter implementing numerical methods for solving “bang-bang” controls.

Noting that we will use the maximum principle to define the necessary conditions we will
have to make the translation from the minimization problem stated in 5.3.1 to the following

maximization problem, by negating the payoff functional.

Problem 5.3.2 (Optimizing Intervention Strategies for the HIV Virus; as a maximization prob-
lem). Find an admissible control v*(¢t) € V along with its corresponding admissible trajectory

Y*(t) defined by the system

—2 = F(Y(t),v(t), Y(to)="Ys
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that will maximize the payoff

20 ]
L) = [ [1-alX X avi0]
j=0 1=0
J j=11i=4
o[rprp(£) (Yoo () + Yio(t) + () Ya0() Y 3 eiYi } it gy
7=0 =0

Given the statement of a maximization problem 5.3.2 for the objective of optimizing an

intervention strategy we will introduce the Hamiltonian

H(Y (t),v(t), Z(t)) = (Z(t), F(Y (1), v(1))) — fO(Y (1), v(1))
where the costate variable will be denoted by
Z(t) = (Zoo(t), Zo1(t), Z1,0(t), Z1,1(t), Z2,0(t), Z2,1(1), Z3,0(t), Za,0(t))-

Then the necessary conditions for the optimal solution v* along with the corresponding state

and costate trajectories Y* and Z* are the following. For a.e. ¢ in [0, 20],

1. di:;(t) = Hy(Y*(t),0*(t), Z*(t)), Y*(0)= v(0)
2. dZC;t(t) — _Hy (Y*(t),0*(t), Z*(t)), Z*(20) = 0

3. H(t, Y*(t), v*(t), Z5(t)) > H(t, Y*(t), v(t), Z*(t)) for all v(t) € V.

Thus, defining the Hamiltonian we get:

H(Y (1), v(2), Z(2))
= [fo,o — (Up(t) + p+ poA(t))Yo,0(t) + WYo,l(t)} Zo,o(1)

2y (B)Yo,0(t) = (11 +w + po(L = )M (8) Yo, (8)] Zoa (#)

:Il,o + poA(t) Yoo (t) — (€ + vy(t) + prro + ) Yio(t) + wYLl(t)} Zyo(t)

po(1 = AOY0 (1) + p(O)Y10() = (@ + 0 + arg + w)Yia(8)] Z1a(2)

20+ 0€(Va0(t) + Y1a(0) = 1(®) + 20+ )20 (8)| 2ol

ve(t)Y20(t) — (421 +M)Y2,1(t)}2271(75)
Jj=11

13,0 + pijYij(t) — (ps0 + M)Y:s,o(t)] Z30(t)
- =0

4+ A

IX
N

_|_
Il
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+ [13.0Y0(t) = (a0 + m)Yio (D) Zao(?)

—_
Il
W~

Jj=11

+ [a [/ﬂpup(t)(ng(t) +Y10(t)) + kern(t)Yao(t) + czY
7=0 =0
j=1 i=4
— (- a)[ Y avim]]e
=0 i=0

(5.12)

Next, deriving the necessary conditions, we will note that the first condition is a statement for

the state equations (5.11). Then second condition gives us the costate equations as the following

system of ordinary differential equations,

) ot (Gt ) )

+ {Po(l - 5)<88)\;(t) YO,I(t)> - Vp(t):| Zp,1(t)

< )+ At )>Z1,0(t) —po(1l — 5)<88);%(;) YO,I(t)>Zl,1(t)
— (o (Fﬂpr( ) +co+q0) — qo)e "
) (BX0r)
+{ (8Y01Y01 +)\())+u+w}Z071(t)
Y >Z1 0(t) —po(l — )(88/\;0(? Yo,1(2) + )\u(t)>Z1,1(t)
— («a (Co + QO) —qo)e"
dZ;g(t) = ( )Yoo )Z ) +po(l— )<88>\Y1(0)Y 1(t ))Zo 1(t)

)+a§+u1o+u}zlo()

[
~ [nplt) +pol1 —2) (%@E?nm)} Z1a()

— 08Z2,0(t) — p1,023,0(t) — (a(kprp(t) + c1 + q1) — qr)e” "
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Yoo(t)) Zoo(t) +po(1 =) (G ¥,

- [po(g;\,ﬁ)%,o(t)) +w] Z10(t)

+ [w + 08+ p1+p—po(l —¢) <86)\5;1(?%’1(t))} Z11(®)

— 0&Z50(t) — 11 Z30(t) — (alc1 +q1) — q1)e™ ™

dZi;;(t) =Po (g;\,itg Yo,o(#ﬁ)) Zoo(t) +po(l —¢) (83)\;2(7? You (t)> Zoa(®)
O (t)

B <8A(t)
P\ v Yo,

+ [Vt(t) + p2,0 + /J} Zoo(t) — ve(t) Za1(t) — p2,023,0(t)

B (a</€t’/t<t) +co + q2) — q2)€frt

Yo,o(t)>Zl,0(t) —po(l — 5)( Yb,l(t))Zl,l(t)

dZil,; t) _ ” <g)§\/it1) y(),o(t)) Zoo(t) + po(1 —¢) (65\;2(? Yo,l(t)> Zo(t)
— o <g)5\/it1) Yo,o(t)> Z1,0(t) —po(l —¢) (8(9)\;;? Yo,1 (t)> Z1a(t)

+ (2,1 + ) Z21(t) — p21Zso(t) — (alco + q2) — qa)e” "

Yo,o(t)) Zo,0(t) +po(l —¢) (85\;3(? YO,l(t)> Zo,1(t)
oA (1)

0Y3
+ (3,0 + 1) Z3,0(t) — p3,024,0(t) — (a(c3 +q3) —qz)e™"

. (6)\ tg }/070(75))Z1,0(75) —po(1 — 5)( Y()J(t))Zl,l(t)

t

de;;)(f) - <g)1\’it3 Yo,o(t))Zo,O(t) +po(l—e) (85\;4(? YO,l(t)>ZO,1(t)
— Do <g)}ét3 Yo,o(t)) Z10(t) —po(1 —¢) (83)\)2(’? You (t)> Z14(1)

+ (a0 + 1) Zao(t) — (alca + qa) — qa)e™""

with Z(20) = 0.
Then the final necessary condition,

H(LY*(t), 0" (t), Z*(t)) = H(t, Y*(t), v(t), Z*(t))

(5.13d)

(5.13e)

(5.13f)

(5.13g)

(5.13h)

for a.e. t in [0,20] and every v(t) € V, gives us the optimality condition for which the op-

timal solution must satisfy. Emphasizing that the control variable v(t) appears linearly in
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the Hamiltonian (5.12) and V = [0,0.75] x [0,0.75] implies that the “bang-bang” principle
can be applied to derive an interpretation for the solution of the optimal control based on

its switching functions. Combining like terms and evaluating the Hamiltonian in the form
H(Y (8),v(t), Z(t) = gp(Y (), Z(£))vp(t) + g+ (Y (t), Z ()12 (t) + h(Y (2), Z (1)), we get

H(Y (1), <t>, Z(t))

{ Zoa(t) = Zo,o(t))Yoo(t) + (Z1,1() = Zo,1(¢))Y1,0(t) + arp(Yo,0(t) + Yl,o(t))efrt] vp(t)
T [(zm ) = Zao(t)Vao(t) + ariYao(t)e ™ | mi(t)

+ [To0 = H¥0.0(8) = POA(®)Yo0(t) + wYou (1) | Zoo()
= [W¥0,0(8) + @Yo (8) + po(1 = £)Au()Yo(1)] Zoa (1

+ |10+ POA Yoo (t) = 7€V10(0) + Y11 () = ur,0Yio(t) = 1¥i0(8)] Zio(t)
+ [po(1 = A (V0,1 (8) = Vi1 () — 0€Y10(8) — pra Vi () — p¥10(8)] Z1a(2)
+ :12,0 +08(Y1,0(t) + Y1,1(t)) — p2,0Y2,0(t) — MYé,o(t)} Z2,0(t)

: ;M<>+ml<>}zm
J =2

+ [I30 + i Yi () — psoYao(t) — NY3,0(t)]Zs,0(t)
) j=0 i=1

I
—

I\
o

+ | p3,0Y3,0(t) — pa0Yao(t) — pYao( ] V| Zao(t)

I
~

j=14 j=11i=4

+ [a] Vil = (1= a)[ 33 avis( } et
- j=01i=0 j=0 i=0

.

By the “bang-bang” principle the solution to the optimal control for

gp(t) =(Z5 1 (t) = Z5 o(8)) Yoo (t) + (Z71(t) — Z51(1) Y10 () + arp(Yoip(t) + Yo (t))e™
g1(t) =(Z51(t) — Z5(1)) Y550 (t) + arYag(t)e ™

is defined by the following step functions

3/4, gp(t) <0
vpt)=14 0, gp(t)>0 (5.14)
?, gp(t) =0
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(5.15)

5.4 Numerical Solution

As we have already discussed, the solution to the Pareto optimal intervention strategy can not
be solved by analytical means. Therefore, we will now direct our attention to numerical methods.
Solving optimal control problems numerically can be done in one of two ways. The first option
is to take a direct approach, where the control and state space is discretized and then methods
from nonlinear programming can be implemented. The alternative approach is known as the
indirect approach and these methods take into consideration Pontryagin’s maximum principle
and solves for the admissible control that satisfies the necessary conditions. To derive a solution
that optimizes on intervention strategies for the HIV virus we will begin with a direct numerical

approach.

5.4.1 Control Parameterization

The direct numerical method we have chosen to implement is referred to as control parameteriza-
tion, where the continuous optimal control problem is approximated by a discrete optimization
problem that we can then solve by using methods from nonlinear programming [6]. Referencing
“Nonlinear Programming: Theory and Applications” we will set up the statement for a nonlin-
ear programming problem as the discrete approximation to the fundamental control problem

5.3.2. Recall, the objective problem statement is given by

max L(Y (t),v(t))

v(t)eV
subject to
dY (t
O pyo.vw). o) =v©
on the interval [0, 20]. By choosing a discrete set of points {t[!, ¢/2!, ... #} such that 0 = ¢t/ <
tll < ... < ¢l = 20, we define a piecewise constant function, that is right continuous, for the

control variables such that

v(t) = Vv for t € [t[k},t[kﬂ]) and k=1,...,¢.
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Assuming a uniform distribution of the discrete points, such that h = ;11 —t; for 1 <i < (£—1)
, the discrete state variables can then be defined at each node t* e {tm,tm, - ,tm} by,

yIF =yt ppE oy =1 Y for k=1,... ¢,

with Y = YO, Such a solution that satisfies all of the requirements of the inequality as well as
the equality constraints of the model is referred to as an admissible solution. For interpretation
of the infectious disease model the set of admissible solutions to the discrete model is easily

defined by,

D= {(yM yB yl R o<y o <M <075
and 0 < v/ <075 forall k=1,..., 0}
Thus, making the translation from the continuous optimal control problem to the discrete

nonlinear programming problem we get the following.

Problem 5.4.1 (Optimizing Intervention Strategies for the HIV Virus; as a nonlinear pro-

gramming problem).
k={

maxz LY Ik
k=1

subject to
vy =yt g ppl oy =1 Ry for b =1,...,¢

such that (YU, Y2 ...yl 0,2 )¢ D.

One of the benefits of taking a direct approach is the number of readily available algorithms,
that already exist, for solving nonlinear programming problems. In our case, since we are using
MatLab for all of our numerical analysis, we will be able to utilize the built-in function ’fmin-
con.m’ to find a numerical approximation to the solution for 5.4.1. Keeping in mind that the
nonlinear programming problem is already an approximation to the continuous optimal control
problem, we will also validate the solution we get by verifying that it satisfies the necessary
conditions from the “bang-bang” principle.

In addition to the ease for which solutions to nonlinear programming problems are found,
by converting our optimal control problem, we have also removed the concerns for singularity

that were introduced in section 5.3.1
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5.4.2 Pareto Optimal Intervention Strategy

Before implementing control parameterization to optimize on the intervention strategy we need
to assign a numerical value to « as an a priori selection for the weights associated to the two
objective functions. Considering the fact that parameters associated to monetary cost are on
an order of magnitude 10* larger than the quality index parameters, we found it reasonable to
assign a = 1074, By doing so, this results with weighting the objectives in such a way that one
is not favored significantly more than the other.

Thus, setting up problem 5.4.1 in MatLab with a 20 year time horizon we chose 101 nodes,
resulting with intervals of length 0.2. The nonlinear programming solver, ‘fmincon’, returned
the solution given in figure 5.1. Based on the solution we found we have two switching times,
one for each decision variable. Noting that the switching times will be defined by the choice
made for discretizing the problem, we found that the switching time for the preventative vaccine

is at t;,*] = 12.4 and for the therapeutic vaccine t,[t*} = 18.2. Therefore,

3/4, 0<t<124

H(t) = r 5.16

v (1) {0, 124 <t (5.16)
3/4, 0<t<182

=1 , (5.17)
0, 182<t

where the superscript [x] will be used to denote any solution that relates to the approximation

for the optimal control.

Preventative Vaccine Therapeutic Vaccine

0.75

0.75

B 05—

°
1

= 025

Receiving Vaccination
1

Proportion of Susceptible Population
Receiving Vaccination
Proportion of Asymptomatic-Aware Population

T T T T T T T T T T T T~ 1 T "~ T T T T T T
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time (years) Time (years)

Figure 5.1: Pareto optimal intervention strategy derived by the direct numerical method, con-
trol parameterization.
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To verify our solution we will first consider the cost-effective analysis and compare the
results to the earlier direct strategies we evaluated, which will give us some satisfaction that we
have found a ‘better’ strategy. Noting that the problem was approximated twice by converting
the continuous control problem into a discrete nonlinear programming problem then using
numerical methods to solve for the optimal solution we will also evaluate the corresponding
switching functions and verify that the sign of each of the functions changes at approximately

the same time as the switch occurs for each of the control variables.

5.4.3 Cost-Effective Analysis

To begin with the cost-effective analysis we evaluated the objective functionals for the monetary
cost as well as the accumulated QALY for the optimal control #* and the corresponding state
trajectory Y. The results are present in table 5.2, along with the solutions for the four direct

strategies that we evaluated in chapter 3.

Table 5.2: Projected accumulated cost and QALYSs for each of the four variations of the model
and how they compare to the Pareto optimal strategy.

Accumulated Accumulated

Cost QALY Cost/QALY
No . $3,778,541,557 495,630 $7623/QALY
Intervention
Therapeutic
. $3,747,402,695 506,808 $7394/QALY
Vaccine
Preventative
. $3,711,111,604 508,220 $7302/QALY
Vaccine
Combination Both $3,674,411,239 519,572 $7072/QALY
Vaccines
Pareto Optimal $3,664,516,772 519,454 $7055/QALY

Strategy

When the preventative vaccine is only offered to 75% of the susceptible population for

the first 12.4 years and the therapeutic vaccine is offered to 75% of the asymptomatic-aware
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population for the first 18.2 years we find that the solution offers the lowest cost per QALY
compared to the other four strategies. In comparison to the direct combined, preventative and
therapeutic, vaccine strategy the Pareto optimal solution decreased cost as well as QALYs. To
understand how this can be considered a ’better’ alternative to offering the vaccines for the full
duration of time, we considered the ratio of cost relative to QALYs. This gives us a number
that defines the relative cost for each QALY gained, resulting with a clear index for ranking
the strategies®. Therefore, based on the cost ratio we have satisfied the objective for finding
an alternative strategy that optimized the trade-off between minimizing monetary cost while

maximizing the QALYSs, resulting with a locally optimal intervention strategy.

5.4.4 Necessary Conditions for Pareto Optimal Solution

Considering the necessary conditions from the “bang-bang” principle for the Pareto optimal
solution we found, we will derive the corresponding state and costate trajectories for I/;L*] (t) and
Vi*] (t) and evaluate the switching functions we derived in sections 5.3.1. If we can show that
the switching times correspond to the point in time for which the sign of each of the switching
functions changes, then we will have satisfied the necessary conditions for the “bang-bang”

principle. Recall for the Hamiltonian,

we have the following:

1. d};it) = HZ(Y*(t)7V*(t),Z*(t))’ Y*(t(o)) _ vy
2 dflg‘t) = —Hy(Y*(t),v*(t), Z*(t)), Z*(t(l)) —0
3.

3/4, g(Y*(t), Z*(t)) > 0
vi(t) =40, g(Y*(t),Z*(t)) <0
7 (Y1), Z27(t) =0

3When cost-effective analysis is typically applied analyst will compare the discounted cost ratio. When this
is done, it tends to be the case that the alternatives will both increase cost as well as the quality index. For the
model we have been analyzing we have two dominant vaccine options. Thus considering the discounted cost ratio
does not give us a clear understanding, so we consider the direct cost ratio instead.
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with

gp(Y7 (1), Z7 (1)) =(Z5.1(t) — Z50(£) Y50 (1) + (211 (F) — 20,1 (8))Y70(t)

+ arip (Yoo () + Yip(t))e ™"

ge(Y* (), Z*(1)) =(Z3,(t) — Z3 () Yo (t) + cureV3g(t)e ™.

Based on the solution to the numerical approximation we derived there is no need to be con-
cerned with either of the switching functions vanishing for a period of time and resulting with a
singular control. Instead there is exactly one switching time for each control. Thus, after deriv-
ing the corresponding state and costate trajectories for the Pareto optimal control v* (t), using
the initial value problems (1) and (2) from the necessary conditions, we will be able to evaluate
the switching functions and determine if the numerical approximation to the local solution is
in fact an approximation to the optimal solution. The results of the switching functions are
presented along side of their control solution in figure 5.2. With the corresponding state and
costate trajectories found in figures 5.4 and 5.5 respectively. Noting that the switching function
for the therapeutic vaccine has such a significantly small slope around the switching time we
also plotted a graph of the function on the interval [10, 20], allowing us to zoom into the function
values.

From the graphs of the switching functions it appears as though the Pareto optimal solution,
derived by solving the corresponding nonlinear programming problem, is a valid approxima-
tion to the optimal control solution. Evaluating the switching functions at the corresponding

switching times,

gp(YP(12.4), 211 (12.4)) ~ 2.189527297370716 and
g(Y1(18.2), z11(18.2)) ~ 0.6413617052318576,

reveals that the optimal solution was not obtained. Instead, by evaluating the switching func-

tions at the time node just before tj[o*] and tl[f*], we get,

gp(YP(12.2), 21 (12.2)) ~ —1.260841910117648 and
g (Y (18), 2 (18)) ~ —0.9450336606823555.

Then, assuming a small change to the switching time would result with minimal variation to
the switching functions, implies 12.2 < ¢} < 12.4 and 18 < #7 < 18.2.

With this information we could further refine the approximation to the optimal control by
focusing our nonlinear programming problem to optimize over the switching times. Note that

we could not initially focus our problem statement around a single switching time because prior

127



Preventative Vaccine

075

05—

=025+

Proportion of Susceptible Population
Receiving Vaccination

0 2 4 6 8 10 12 14 16 18
Time (years)

Switching Function for the Preventative Control
1000 =

-1000 =

ion

Switching Funct
g
1

-3000 —

-4000 —

3000 T T T T T T T T T
0 2 4 6 8 10 12 14 16 18
Time (years)

Receiving Vaccination

Switching Function

2000 =

-2500

-3000

-1000 -

-1500 =

Therapeutic Vaccine

075

500 —

-500 —

2 4 6 8 10 12 14 16 18 20
Time (years)

Switching Function for the Therapeutic Control

T T T T T T T T T 1
2 4 6 8 10 12 14 16 18 20
Time (years)

Figure 5.2: Numerical solutions to the Pareto optimal controls as they relate to their corre-

sponding switching functions.

to deriving the solution we did not have a priori knowledge regarding the number of switches,

or even whether or not there would be an issue with singularity.
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Figure 5.3: Zoomed-in window for the solution to the switching function for the therapeutic

vaccine.
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Figure 5.4: Projections for each class of the model over a 20 year time horizon with the Pareto
optimal intervention strategy administered.
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Figure 5.5: Projections for the costate variables as they relate to the classes of the model over
a 20 year time horizon with the Pareto optimal intervention strategy administered.
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5.4.5 The Pareto Front

As we have already mentioned in setting up the multiobjective problem statement for optimizing
an intervention strategy the selection for the weights was made a priori. Noting that we only
have two objectives the choice for weighting each of the opposing objectives is as simple as
introducing a single parameter «, as the first weight, then (1 — «) defines the weight for the
second objective. The decision to set & = 104 was done by considering the values that were
driving the cost for the monetary objective compared to the proportional values that are used
to assess the quality indexes for the various stages of infection.

In this section we will offer more insight into the choice for @ and how it compares to
alternative weighting options by means of analyzing the Pareto front. Recall the combined

objective function we defined using the weighting method in section 5.3,

LY (),v(t)) = aC(Y (1), v(1) = (1 = )Q(Y (1), v(1)).

Allowing « to vary between 0 and 1 then solving for the Pareto optimal solutions for each fixed
« using the same numerical methods we applied in section 5.4 we derived the Pareto front shown
in figure 5.6. We will note that the point on the Pareto front that agrees with the greatest cost
and the greatest value for accumulated QALYs, defines the corresponding cost and QALY for
the optimal solution when the only objective is to increase QALYs (a = 0). Alternatively, the
other extreme with the lowest cost and QALYs agrees with the optimal solution when the only
objective is decreasing cost (o = 1). We will also note that, for all @ > 1073 the solution to
the Pareto optimal control will all agree with the solution to the optimization problem when
the only objective is to minimize cost. This can be explained by the wide range of discrepancy
between the values associated to monetary cost relative to the values associated to QALYs.
Originally, we used this distinction between the range of values for the opposing objectives
to define a so that neither objective would be considered a higher priority than the other. We
chose to emphasize this solution on the Pareto front, where & = 10~% is denoted with a red star.
Comparing the results along the Pareto front we can see that the a priori selection we made for
weighting the objective functions was a reasonable choice. If we chose to move along the Pareto
front, away from the a priori selection for the weighted distribution of the objectives, will result
with a trade-off between the objectives. Any choice for o > &, corresponds to moving along the
Pareto front in the direct that decreases cost and QALYs, which is a result to optimizes one
objective while sacrificing the other. Alternatively, if a selection for @ < & is made, the results
indicate an optimal strategy with an increase in QALYs, but the increase to monetary cost is
too substantial to ignore.

Whether or not the selection for & = 10™* is the ideal choice is something that will likely
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be disputed between policy makers when consideration for implementing an optimal strategy
is made. At that time, with the knowledge of the Pareto front, a posteriori selection for the
weights can be made where the consideration for the rate of change for each objective has been
made along the Pareto front. Answering the question, at what point does the gains for one

objective become insignificant enough that it is not worth the loss to the opposing objective?

B Pareto Front
5.196 —

5.1955 —
5.195 4

5.1945 —

QALYs

5.194 4

5.1935 —

5.193||||||||||||||||||||||||||||
3.662 3.664 3.666 3.668 3.67 3.672 3.674 3.676

Q

Monetary Cost x10”

Figure 5.6: Pareto front for the multiobjective optimization problem to minimize monetary
cost and increase QALYs.

Even though we can suggest that the selection for & = 10~ is a reasonable choice, either
as an a priori or an a posteriori selection by analyzing the system, we are still limited to the
assumptions made and data collected to understand the infectious disease model for the purpose
of interpreting the spread and control of an infection. There may be, and usually are, additional
outside factors that govern policy decisions. This highlights the importance for evaluating the

full Pareto front whenever a multiobjective problem is addressed.
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Chapter 6
Sensitivity Analysis

Sensitivity analysis is the study for understanding how variation in parameter values impact the
results of a model [5, 51, 11, 52]. Many researchers are typically interested in running sensitivity
analysis after implementing uncertainty analysis, a related field where the uncertainty for the
model results is quantified based on the known uncertainty of the model parameters [52]. We
will emphasize the distinction between uncertainty and sensitivity analysis by clarifying the
difference between between the two. Uncertainty analysis gives researchers a means to quantify
how uncertainty in the model inputs propagate through the model and define the uncertainty in
the conclusion. For sensitivity analysis the result is a ranking that determines which parameters
will contribute the most variation to the model if they were to change.

For the HIV-transmission model with vaccine intervention the uncertainty of the parame-
ters is unknown. Therefore, we will forgo uncertainty analysis and focus on a means to rank
the sensitivity of the parameters. Following the same approach from chapters 3 and 4 when we
analyzed the dynamics for each variation of the model, we will again consider each case inde-
pendently then compare the results of the sensitivities to get an interpretation for the model

as a whole at the end.

6.1 Introduction to Sensitivity Analysis

Here we will present the necessary definitions and description for sensitivity analysis, as it is
presented by Rosenwasser and Yusupov in Sensitivity of Automatic Control Systems [49]. This
will introduce a general understanding of sensitivity before we continue on to presenting the
method for which we will use to analyze the model parameters for the impact variations will
have on the solution to the multiobjective optimal control problem we solved for in the last
chapter.

First we will consider a system of ordinary differential equations:
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dy(t)

“dr = f(t,y) y(t(o)) = y(o) (6.1)
where y = (y1, 92, ...,Yn) is a vector in the real Euclidean space R™ and f = (f1, fo,..., fn) iS
a vector-valued function such that each f; for i = 1,...,n are C(!) functions of the variables
(t.y).

The solution and properties of the system (6.1) can further be described by its dependency
on the selection of parameter values we will denote by © = [0, 02, ...,0;], where O is a vector
in the real Euclidean space R* we will refer to as the parameter space. Therefore, the finite-
dimensional continuous system (6.1) can be written in expanded form as:

dy(t, ©)
== f(y(t.0),0), y(t?(©),0)=y"(O). (6.2)
dt
Assuming that each function f; for i = 1,...,n are also C!) functions of the variable ©,
we will have continuity and differentiability with respect to each one of the parameters 6; for
i=1,...,k. Thus, to determine the impact that variations in the parameters will have on the

resulting solutions for the state trajectories means we are interested in evaluating,

oy(t)
00;

(6.3)

for each 6; € ©.

Definition 6.1.1. The first-order sensitivity functions of the state trajectories y; with respect

to the corresponding parameters 6; in the parameter space © are each defined by,

ayj (ta @)

06, fori=1,2,...,kand j=1,2,...,n.

Therefore the objective is to derive the first-order sensitivity functions from the system of
equations defined by (6.2). To do so, we will start with considering the fundamental theorem

of calculus, such that (6.2) gives us

v.0)= [ 1(4(1,0)0)d1 + (1), 0) (6.4
(0 (©)

Differentiating with respect to 0; € O,

0

36’91‘ (y(t,©)) = 90; (/t f(y(t,0),0)dt + y(t(ﬂ)(@),@)> ’ (6.5)

QIC)
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and applying Leibnitz’s integration rule we can evaluate the right hand side the equation (6.5),

[ swe),em sy ©).0)

691 +0)(©) Y\, ) Yy s
¢ 9 d©(©)  dy® (o)

= 2 _ (40

Lo o f0.0).0)] - f0e),0) % 1 A

_ [ 0f(y(t,©)) 0y(t,0)Y , Of " Q0 ©)  dyO(6)

_/t(U)(@) [( dy 90, >+60Z} dt = F(E7(9),0) &, b, (6.6)
Therefore,

y(t.0e) [* of(y(t,0)) 9y(t,©)\ , of 0) dt®(e) dy(e)
96; _/t«»(@) [( ay 96; ) aaj dt — f(t)(6),8) ==+~

(6.7)

implies the solution to the first-order sensitivity functions can be found by solving for their

corresponding initial value problem,

d (9yt,©)\ _ (9f(y(t.©)) dyt,0)\  of
dt ( 06; > = < oy 06; > * 96, (68)
with
(0) (0) (0)

As a brief introduction to sensitivity analysis we have presented the motivation for under-
standing the impact that variations in the parameter values can have on the solutions for the
state trajectories. For the purposes of understanding the impact that variations on the parame-
ters can have on the payoff function for the multiobjective optimization problem we considered
in chapter 5 we will introduce the adjoint variable method in the following section, were La-
grange multipliers are introduced to defined an augmented objective function that considers

both the dynamics and payoff in tandem.

6.2 Adjoint Variable Method

The adjoint variable method is a differential approach to analyzing the first order sensitivity
functions for the parameters as they relate to the objective payoff from an optimal control
problem [5, 11]. To introduce the method we will consider the following generalize optimization

problem, for which we use the notation from the objective control problem we addressed in
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chapter 5.

Problem 6.2.1. For Y € R minimize the payoff functional

+(1)

LY,v) = /t oY (1), v(t))dt

(0)
over the set of admissible controls v € V, subject to
dY(t)
dt

Noting that we will be analyzing each variation of the state space independently we assume

= F(Y(t),v(t), YiO)=yO,

the fixed parameters for each of the control variables, v,(t) = v, and v4(t) = v, that will be
defined as part of the parameter space we will continue to denote by © = [0, 02, ... ,0;]. Taking
a differential approach to understanding the impact that the variations in the parameters have
on the outcome of the payoff functional implies that the current objective is to evaluate 0L/06;
for each parameter 8; € ©. To do so we will implement the adjoint variable method that utilizes
Lagrange multipliers to define an augmented objective function for which the variation of the
parameters are calculated and results with the solution 0L/00; for each parameter 6; € ©.

To begin we will start by introducing the following notation for the dynamical system,

such that

U(Y(1),Y(t),0)=0 (6.10a)
G(Y (), e) =0. (6.10b)
Introducing the Lagrange multipliers, A and I', we get the following augmented objective func-
tion
ey )
S5(Y,0) = L(Y,0) +/ (A, (Y (2),Y(t),0))dt + (T, G(Y(t),0)),

+(0)

where (-, -) denotes the inner product. This implies, L(Y,0) = S(Y,©) and
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OL(Y,0)  9S(Y,0)
20; 06
(D)

— / (g, + by Y, )dt
$(0)

+(1)
+ /(0) <A’ (\1]91 + \I,bez + quifgl))dt + <Fa (GY(t(O))YVGi (t(O)) + G01)>
t

(6.11)

Applying integration by parts

e : O I :
[, @i = o) = [ ) + (e

results with

IL(Y,0 o . .
ée- 2 /(0) (o, + Oy Y, + (A, (Wg, + UyYy, — Uy Yp,)) — (A, Uy Yp,)]dt
2 t

(AW Ya)| L+ (0L Grgoy) = ()| Yo+ (0.Ga). (6.12)
Assuming I' = (A, ¥y,) t(0>G;zt<°>) and A(t(V) = 0 then
oL Yv, o (1) (1) ] ]
590) _ /t(o) (Co, + (A, \119i>)dt+/t<o> (by + (A, (y — UY)) — (A, Uy)) Yy, dt
+ (A, Ty) tm)G;}t(O))GQi. (6.13)

Noting that W(Y (t),Y(t),0) = Y(t) — F(Y(t)) and G(Y (t©),0) = Y (#©) — Y implies

Uy = 1px, \ilY = Opx1, and G;%t(m) = I, xn, then the sensitivity functions simplify to
oL(y,e) [ e :
OLY,0) _ / (Co, + (A, Wp,))dt +/ (6 + (A, y) = A)Youdt + (A| G (6.14)
00; £(0) 4(0) t(0)
Therefore, if we let A = (A, Uy) + ¢y then
oL(y,e) "
gRLB) o + (A, Wy ))dt A’ Gp). 6.15
b= [ (e v+ 4] Ga) (6.15)

By introducing the Lagrange multipliers results with a boundary value problem whose so-
lution can be used to solve for each of the sensitivity functions.
Noting that ¥(Y,Y,0) = Y (t) — F(Y(t)), then ¥y = —Fy and
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oL(v,0) _ [V
—y = Ly, + (A, Wy ))dt + (A .
90; /t<0> ( 0; + (A, 61>) + t(0)7G91>
subject to
d};t(t) = F(Y(t)), Y(t(o)) — vy
m¥ﬂ==<me+ey, Ay =o.

To solve the state and adjoint equations as well as the sensitivity functions for each param-
eter will require numerical values for the parameter assumptions that were made by Edwards
et al. and presented in chapter 3. As we continue with the sensitivity analysis the point in
the parameter space, ©, defined by numerical values we have already considered during our
simulations and solution to the optimization problem, will be denoted by ©. This implies that
the solution for each of the sensitivity functions will define the instantaneous rate of change for

the payoff with respect to corresponding parameter evaluated at the point é),

OL(Y,0) _ OL(Y,0)

00; 00; N
(C]

In the following sections we will set up the equations as they are defined for each variation of
the model then numerical solvers will be implemented to derive the solution to state trajectories
(solving forward in time), as well as the adjoint equations (solved in reverse time). The solutions
to the state and adjoint equations will then be used to evaluate the integral for the sensitivity

functions for each parameter of the model®.

6.2.1 HIV-Transmission Dynamics without Intervention

To evaluate the sensitivity for each of the parameters of the model when no intervention is
present we present the system of differential equations with the introduction of three more
parameters that were not defined in section 3.1. The three parameters we are introducing
define the distribution of the immigration population as it relates to an individuals infection

status. Originally each of the immigration terms were defined as the following,

!Given the volume of parameters for each variation of the model the sensitivity functions are derived and
presented in appendix C.
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Ino = 0.9uY, (6.16a)
I = 0.04uY (6.16b)
I = 0.04uY (6.16¢)
I3 = 0.02uY). (6.16d)

To evaluate the sensitivity for the outcome of the model to the distribution of the immigrating
population we introduce the parameters pi,p2, and p3 such that 0 < p; < 1 for i = 1,2,3 and
Ziii’ pi < 1. Then the immigration parameters are defined by

i=3

Ioo= (1= )uYy (6.17a)
i=1

Lo = p1p¥o (6.17b)

12’0 = pQ/LYb (6170)

I3 = p3pYo, (6.17d)

and the dynamics are defined as the following:

dYoo(t) S
— == i)Yo — Ye 1
7 ( ;P )uYo — (1 + poA(t))Yo,0(t) (6.18a)
dY1o(t
ZE( ) =p11Y0 + poA(£)Yo,0(t) — (0§ + pa0 + 1) Y1,0(2) (6.18b)
dYs o(t
22( ) =pauYo + 0€Y1,0(t) — (2,0 + 1) Y2,0(t) (6.18c¢)
i=2
dYso(t
32( ) iy + > pioYio(t) = (3o + 1) Yso(t) (6.18d)
i=1
dYyo(t
Z(t)() =p3,0Y3,0(t) — (a0 + 1) Ya,0(2), (6.18¢)
i=4
were \(t) = Liz1 2154’07700’ oYio( ), along with the initial state
> im0 PiYio(t)
Y0,0(0) =(1 — ¢0)Yo (6.19a)
1/ pi :
}/;,0(0) _#(boyoa for i = 17 27 374 (619b)

=4
Z;‘:l 1/pj0
(6.19c¢)

and the corresponding payoff functional
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L(T) / { Zcz 0(1) — (1= a)( Zqz ot }—”dt. (6.20)

For the base case, without an intervention, we have the following set of parameters governing
the outcome

© = [, 11,0, 112,05 43,0, 14,0, P> D1, P2, D3, Py 1,05 52,05 53,05 84,05 100,105 100,207700,30 700,405 - - -

. 70-767 Yva ¢07 P1, P2, P3, Co, C1, C2,C3,C4, 40, 91,92,93, 44, T, OZ],

where particular values at the point that the variations are analyzed are shown in the second
column of table 6.1.

To evaluate the sensitivity analysis for each of the 37 parameters, we will start by setting up
the system of differential equations that define the adjoint variables. Presenting the model using
the notation introduced in the previous section we begin by defining ¥(Y,Y,0), G(Y(0),0)
and ((Y,©),

[ Yo,0(t) + (14 poA(£) Yoo () — (1 = Si=5 pi) o ]
. Y1,0(t) — poA()Yoo(t) + (o€ + pao + ) Yio(t) — p1uYo
U(Y,Y,0) = | Yao(t) — o€¥i0(t) + (n20 + 1) Yao(t) — popYo
Va.0(t) — p1,0Y1,0(t) — p2,0Y2,0(t) + (13,0 + 1) Y3,0(t) — psuYo
| Yao(t) — ps,0Y3,0(t) + (tao + 1) Yao(t) |
[ Y0,0(0) = (1 = ¢0)Yo ]
1/#1 0
Y1,0(0) — ¢o ( 1 0>Yo
1/#2 0
cvo.e)=| 0" ¢“( i O)YO
1/#30
Y30(0) — 9o ( 1 0>Y0
1/M4o
_ Y4,0(0)—¢0< 1/%0)1/0

1= [o( Zriote) - 0= Sasiato)

Then the initial value problem for the adjoint variables is defined by
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dA®) _ —(A,Fy) + 0y, AEM)=0

dt
with
[(a(co + q0) — qo)e™"]
(alc1+q1) —qu)e™™
by = |(a(c2 + q2) — qo)e™ |
(a(e3 +q3) —gz)e™
[(ales +qa) = qa)e™

and Fy is the Jacobian matrix for the system (6.18), which can be referenced in appendix A.

The resulting system of ordinary differential equations is given as the following:

dA(C)l,;)(t) _ (“ero(a?/;\,o%’[)(t) - /\(t)))Ao,o(t) -

+ (aco + q0) — qo)e ™

dAiig( - (a?/? Yo0(0)) Ao (t) + (o6 + o + 1) - a?/A Yoo (6)) Anal(t)

— 0&Ag0(t) — p1,oAs0(t) + (aler + q1) — qr)e ™"

oA o\
= 105y, Y00()) Aoo(t) = o (5-—Yo0(6)) Aool®) + (20 + 1) Azo(1)

— p20A30(t) + (alea + q2) — g2)e ™"

dAf;vg( ) _ (a?fj Yoot ))Ao,o(t) - 0(8?,203/0,0@))/\0,0@) + (p30 + 1) Az0(t)

— p3,0Aa0(t) + (ales + g3) — gz)e™ ™

(8)\

0 og Yo,o(t)) Aio(t)

dAs (1)
dt

dAgp(t 15D O\
2?( ) = Po (8}/;170 Yb,()(t)>A07O(t) — Po <8Y470 YO,O(t)>AO7O<t) —+ (M4’0 + /’L)A4,O(t)

+ (a(cs + qa) — qa)e™ ™.

(6.21a)

(6.21b)

(6.21c)

(6.21d)

(6.21e)

The solutions for both systems (6.18) and (6.21) were derived by numerical methods and are

presented in figures 6.1 and 6.2 respectively. The solutions for both the state trajectories and

adjoint variables are then used evaluate each of the sensitivity functions for all 37 parameters?.

The results for each are presented in table 6.1 where they have been ranked in order by the

most sensitive to the least. We will notice from the results that the range of sensitivities is on

an order of magnitude equal to 10°. This implies, any small change in the parameter in the size

of the total initial population Yy will have the least significant impact on the payoff functional.

2All 37 sensitivity functions are derived and presented in appendix C.
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Alternatively, any variation in the weighting parameter we introduced when we defined Pareto

optimality, «, will have the most significant impact on the payoff function. The payoff functional

is at least 100 times more sensitive to « than any other parameter.
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Figure 6.1: Model without an intervention: state trajectories for evaluating parameter sensi-
tivity to the objective function.
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Figure 6.2: Model without an intervention: adjoint variables for evaluating parameter sensi-

tivity to the objective function.
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Table 6.1: Adjoint variable method: parameter sensitivity to the objective function for the
dynamics when no intervention is present. Solutions to the instantaneous rate of change for the
payoff with respect to the corresponding parameter evaluated at ©.

Sensitivity of the Payoff
Parametors Parameter VallAles Relative to each Parameter
(Assumptions, ©) (8L(Y7 0) ‘ )
892 (]
@ 1/10000 3.77893288584679e+09
1 0.022 -2.05766844091403e+-06
r 0.05 1.06877275341801e+06
do 0.493 6.08681045598163e+-05
12,0 1/8.1 4.71856179135082e+05
qo 1 -3.49011143301420e+05
B2,0 0.066 2.65391025219291e+05
11,0 1/7.1 2.48321336019011e+-05
14,0 1/2.1 -2.31110989786677e+05
B1,0 0.066 2.30344329463931e+05
03 0.02 1.77804374121074e+05
ot 0.04 1.10034511112133e+05
P2 0.04 1.09573991827064e+05
B30 0.147 1.06171506498069e+05
q2 0.83 -8.95411159820186e+-04
13,0 1/2.7 -8.09226150773032¢+04
700,30 0.235 6.64136657668773e+04
100,20 0.307 5.70547480927466e+04
qs 0.42 -4.73824609258732e+-04
q 1 -4.61969135242662e+-04
q4 0.17 -3.63181330680740e+-04
100,10 0.505 3.01044074150881e+04
Ba0 0.147 2.66508811130811e+04
100,40 0.235 1.66709766962677e+04
Do 2 1.04141606044455e+04
D3 2 5.35647554957312e+03
p1 2 5.00036726417670e+03
D4 0.667 4.06351423557415e+03
Do 2 3.99552727984316e+03
o 0.15 -3.61336579054310e+-03
& 0.98 -5.53066192430067e+02
co 3307 3.49046047906211e+01
Ca 5467 8.95500709891175e+00
cs 12586 4.73871996458378e+00
c1 5467 4.62015336776339e+00
Cyq 35394 3.63217652445984e+-00
Yo 55816 -2.10922602687988e+-00
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6.2.2 Therapeutic Vaccine Program

We will again emphasize the notation for immigration defined as we introduced it in section

6.2.1,

i=3
Ioo= (1= )uYo
i=1

Lo = p1uYo
L0 = p2pYo
I3 0 = p3uYo.

(6.22a)

(6.22b)
(6.22¢)
(6.22d)

This results with the following system of differential equations for the dynamics for the thera-

peutic vaccine program:

3

Yot

(C)Z,;)( ) =(1— Zpi),qu — (p +p0)\(t))Yo,0(t)

=1

Yy o(t
11’2() = pLiYo + PoA(E)Yoo(t) — (0€ + pin0 + 1) Yio(t)
Yot

Qcé?( )~ pon¥o + o€V10(t) — (v + 120 + 1) Yot
Yo (t

iéi( ) = U Ya0(t) — (2 + )Y (8)
iy S

1=1 7=0
Yot
iz’?() = j30Y30(t) — (a0 + 1) Yao(t)
were A(f) = 2iz1 2 =0 Pii 100,455 (1) along with the initial state
Z Z] opz ()
Yo.0(0) = (1 — 60)Yo
1/ pio ‘
Yio(0) = =i, PoYo, fori=1,2,3,4
Z§:1 1//%0

and the corresponding payoff functional
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(6.23b)
(6.23c)

(6.23d)

(6.23e)

(6.23f)

(6.24a)

(6.24D)

(6.24c¢)



T i=4 j=1 i=4 j=1
L(T) = / [a(/{tytYQ@(t) YD Vi) - (=) (D) aiYi;) } e~ "tdt. (6.25)
0 i=0 j=0 i=0 j=0

For the model with only the therapeutic vaccine we have the following set of parameters gov-

erning the outcome,

© = 1, 41,0, 12,0, 142,15 43,0, [44,0, P0s D1, P2, P35 P4, 51,05 52,0, 82,1, 83,0, B0, - - -
-+ 1 700,105 700,205 7100,21700,30 700,40, V¢, 0, &, Y0, 0, p1, P2, P35 - - -

-,Co,C1,C2,C3,C4,40,91,492,43,44, Kt, T, Oé]

where particular values at the point that the variations are analyzed are shown in the second
column of table 6.2.

To evaluate the sensitivity analysis for each of the 42 parameters, we will start by setting up
the system of differential equations that define the adjoint variable. Introducing the notation

from section 6.2 we get the following for the therapeutic vaccine program,

Yo0(t) + (1 + poA(t) Yoo t) — (1 — S5 pi) Yo
Y10(t) — poA(£)Yo,0(t) + (0 + p1,0 + ) Y10(t) — p1uYo
O(V,Y,0) = 5:/2,0(t) o&¥1,0(t) + (2,0 + o+ v¢)Ya0(t) — p2utYo
o Y2,1(t) — iYa,0(t) — (2,1 + 1) Y2:1(¢)
Yao(t) — p10Y10(t) — pooYop(t) — pea Yo (t) + (o + 1)Yso(t) — psuYo
i Yio(t) — ps0Ys,0(t) + (pap + 1) Yao(t) |
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Y0,0(0) — (1 — ¢0)Yo

Y1,0(0) — ¢0< 1/M11/(L ) Yo
Js

i=4 j=1 i=4 j=1
oY,0) = {a (thvo(t) +3°3 vy (t)) (1—a) ( GV )] —
i=0 j=0 =0 j=0

Then the initial value problem for the adjoint variables is defined by

d/:iit) = —(A Fy)+ by, A(W)=0

with

i —rt

a(co+ q0) — qo)e
alcr +q1) —qi)e

(

( —rt
(ke +c2+q2) — q2)e™

(

(

(

by

alca + q2) — q2)e” Tt ’
afc3 +q3) —qz)e”
a(C4 + Q4) — Q4)e

rt

rt

and Fy is the Jacobian matrix for the system (6.23), which can be referenced in appendix A.

The resulting system of ordinary differential equations is given as the following:
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L00 — (1 + = Yoalt) + M) oalt) o (oo Yaolt)) Ara(t

+ (aco + q0) — qo)e” " (6.26a)
dAiig(t) = Do (3§;\,0 Yo,o(t)>/\o,0(t) + ((Uf + p1,0 + 1) — po 3?2,0 Yo,o(t)>A070(t)

—0€h20(t) — p1,0A30(t) + (afer + 1) —qr)e ™" (6.26b)
L) o 55 ¥00(0) M) = o Yo () Aaalt) + (1 -+ iz -+ ) Agat)

— A1 (t) — p2,0A5,0(t) + (ke +c2 +q2) — ga)e™™ (6.26¢)
dAil’tl(t) =po (32\,1 Yo,o(t))/\o,o(t) —Po (8?271 Yo,o(t)) Aoo(t) + (p2,1 + 1) Az (t)

— u2,1A30(t) + (alez +q2) — o)™ (6.26d)
dAii;)( ) (8(3/2 Yoot ))Ao,o(t) (a(z,/\ Yoo(t ))Ao,o(t) + (ps,0 + p)As (1)

— u3.004,0(t) + (a(e3 +gq3) — q;;)efrt (6.26¢e)
dAZE(t) = Do (3?21\,0 Yo,o(ﬂ) Aoo(t) —po (aiio Yo,o(t)) Aoo(t) + (a0 + 1) Aso(2)

+ (alca +qu) — qa)e™ ™. (6.26f)

Setting T" = 20 and the parameters values as they are defined in section 3.1 the solutions for
both systems (6.23) and (6.26) were derived by numerical methods and are presented in figures
6.3 and 6.4 respectively. These solutions for both the state trajectories and adjoint variables are
then used evaluate each of the sensitivity functions for all 42 parameters®. The results for each
are presented in table 6.2 where they have been ranked in order by the most sensitive to the
least. We will notice the results for the therapeutic vaccine program are similar to the results
for they dynamics when no intervention is present. Any variation in the weighting parameter
we introduced when we defined Pareto optimality, o, will have the most significant impact on
the payoff function. The payoff functional is at least 100 times more sensitive to a than any
other parameter. Alternatively, in the case for the therapeutic vaccine we find that the least

influential parameter is the direct cost for the therapeutic vaccine k.

3All 42 sensitivity functions are derived and presented in appendix C.
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Figure 6.3: Therapeutic vaccine program: state trajectories for evaluating parameter sensitivity
to the objective function.
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Figure 6.4: Therapeutic vaccine program: adjoint variables for evaluating parameter sensitivity

to the objective function.
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Table 6.2: Adjoint variable method: parameter sensitivity to the objective function for the
dynamics when the therapeutic vaccine only is presented. Solutions to the instantaneous rate
of change for the payoff with respect to the corresponding parameter evaluated at ©.

Sensitivity of the Payoff
Parameters Parameter ValEles Relative to each Parameter
(Assumptions, ©) (3L(Y, 9)‘ )
00; 6
«@ 1/10000 3.73314584954996e+09
I 0.022 -1.94939407662373e+06
r 0.05 1.18799979973974e+06
do 0.493 5.78343566609914e+05
H2,1 1/13.1 4.78803206121683e+05
Ba2,1 0.0495 3.59942749007504e+05
qo 1 -3.45551131516594e+05
11,0 1/7.1 2.62253208226607e+05
B1,0 0.066 2.20468392709959¢+05
14,0 1/2.1 -2.17234957728128e+05
12,0 1/8.1 2.10118559397876e+05
03 0.02 1.76531461143370e+05
q2 0.83 -1.08086045851810e+05
1 0.04 1.05080291191557e+05
02 0.04 9.88698381721251e+04
B30 0.147 9.02350940130041e+04
13,0 1/2.7 -7.86021537406759¢e+04
B2.0 0.066 5.88664420442731e+04
700,30 0.235 5.64449311485600e+04
q 1 -4.75196118101732e+04
q3 0.42 -4.34867302848632¢e+04
700,21 0.4803 3.70997731928610e+04
q4 0.17 -3.36641304573673e+04
100,10 0.505 2.88136909284303e+04
o 0.15 -2.31321596659052¢e+04
Ba,0 0.147 2.29900302273869¢+04
100,40 0.235 1.43809976315994e+04
100,20 0.307 1.26553263026776e+04
Do 2 1.08068363895652¢e+04
D2 2 5.43799855927527e+03
p1 2 4.66141533551225e+03
3 2 4.41207224324328e+03
& 0.98 -3.54063668355693e+03
P4 0.667 3.38937335621676e+03
co 3307 3.45585690085603e+01
Co 5467 1.08096855537364e+01
c1 5467 4.75243642465978e+00
c3 12586 4.34910793928024e+00
cyq 35394 3.36674972070880e+00
Yo 55816 -2.35642199643805e+00
Kt 1000 1.97349738175286e+00
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6.2.3 Preventative Vaccine Program

We again start the section for parameter sensitivity for the preventative vaccine program by

emphasize the notation for immigration defined as we introduced it in section 6.2.1,

=3
Top = (1~ Z)MYO (6.27a)
i=1
Il,O == pl,uYo (627b)
1270 = pg,u}/o (6270)
I3 o = p3puYp. (6.27d)

This results with the following system of ordinary differential equations:

3

dYoo(t

0L _ (137 pouly — (v + i+ oA D)Yoo(t) + Y1 (1) (6.282)

i=1

dYp1(t

E( ) _ vpYo0(t) — (1 +w +po(1 — €)M (£)) Yo () (6.28b)
dYio(t

;g( ) — pl,UYE] +p0)\(t))/0’(](t) — (l/p + O'f —+ H1,0 —+ M)YLO(‘[;) + wYLl(t) (628C)
dYi(t

;i( ) =1pY10(t) +po(1 — )M\ (£)Yo,1(t) — (W o€ + pa1 + p)Y1,1(t) (6.28d)
dYso(t

22( ) = pQM}/O + Of(Yl,O(t) + Y171(t>) — (,u270 -+ M))/Z,O(t) (6286)

=2 j=1

dY:-

ZO( =pspYo+ DD i Vis () = (a0 + 1) Yso(t) (6.28f)

1=1 j=0
dYyo(t
Z(t)() = 113,0Y3,0(t) — (a0 + 1) Ya,0(?) (6.28g)
1=4 i—4
= v ijYi(t = iPi i Yij(t
were A(t) = = Op Gt Vi) and A, (t) = il Op g ¥is >, along with
Z Zjopzz() Z Z]Opll()

the initial state

Y0,0(0) = (1 — ¢0)Yo (6.292)
_ Yo -
}/;,0(0) - j:47¢0}/67 fOI' 1= 17 27 374 (629b)
Zj:l 1/uj0
Y;1(0) =0fori=0,1 (6.29¢)
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and the corresponding payoff functional,

T =4 j=1 i=4 j=1
2(@) = [ falspmaloot + Yiat )+ i) - (- a)(X S avi(0)]e e
=0 j=0 i=0 j=0

(6.30)

From the dynamics, initial state, and the payoff functional, for the model with only the

preventative vaccine we have the following set of parameters

© = 1, 41,0, 141,15 142,05 43,0, 144,05 P0s D1, P2, P35 P4, 51,05 B1,1, 82,0, 83,05 B0, - - -
-+ 11000,105 700,11, 700,20 700,30 700,40, 701,105 701,115 701,20, 701,305 701,405 - - -

- &, Vp, W, Uaga }/0) ¢0)p17p27p37 ¢p, C1,C2,C3,C4,40,41,492,43,44, T, C, K’p]

where particular values at the point that the variations are analyzed are shown in the second
column of tables 6.3 and 6.4.

To evaluate the sensitivity analysis for each of the 49 parameters, we will start by setting
up the system of differential equations for the adjoint variable. Presenting the model in terms

of the notation used in section 6.2 we get,

o(Y,Y,0) =

[ Yo.0(t) + (vp + 1+ PoA() Yoo () — w¥p (1) — (1= XiZ} pi) Yo ]
You(t) — vpYoo(t) + (4w + po(1 — €) A, () Yo ()
Y1,0(t) — poA()Yo,0(t) + (vp + 0& + pr0 + 1) Y1,0(t) — w11 (t) — pruYo
Y11(t) — po(1 = ) A () Yo (t) = vpY10(t) + (06 + w + pay + p) Y11 (2)
Ya0(t) — o€(Y10(t) + Y11(8)) + (p2,0 + 1) Y2,0(t) — papeYo
Ya0(t) — p10Y10(t) — p11Y1.1(t) — paoYao(t) + (30 + 1) Ya0(t) — pauYo

| Yio(t) — psoYs0(t) + (a0 + 1) Yao(t) 1
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[ Yo0(0) — (1 — ¢0)Yo ]
Y5.1(0)
1/#10
Y10(0)—¢0< 1/M]0>Yo
Yi(
GO0 = |y ( Liizo )m
1/MJO
1/M3o
Y- Y
3,0(0 (Z 1/Mg0> 0
Yi0(0 ( L ko )YO
| 1/#]0
i=4 j=1 i=4 j=1
UY,0) = |:a<l€pr(}/Q,0( )+ Yio(t)) + ZZC’Y ) (1—-a) (ZZ%YJ )] —rt
=0 5=0 =0 j=

Then the initial value problem for the adjoint variables is defined by

PO AR+ AaD) =0
with
-(a(/ip +co+qo) — qo)e "
(a(co + qo) — qo)e™ ™
(alkp+ec+aq)—q)e ™
by = (alcr +q1) —q)e ™™
(a(c2 + q2) — q)e™™
(a(es +q3) —qz)e™
(alca+qs) —qu)e™™

and Fy is the Jacobian matrix for the system (6.23), which can be referenced in appendix A.

The resulting system of ordinary differential equations is given as the following:
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dho(t) oA Y
o = (r (Yoo M) JAe(t) + (po(1 =) g You = vy Ao ()
o\ o\,
- Po(aYO’O Yoo + )\(t))/\l,o(t) — <p0(1 —€) oo Yo 1>A1 1(¢)
+ (a(kp + co+ qo) — qo)e” " (6.31a)
dhoa(t) (O O
T (poaymyo,o - W)AO,O(t) + (w + p+po(l — 5)(81@ Yo+ Au(t )))AO,I(t)
o\ o\,
~Pogy YooAl o(t) —po(1 — 8)(8)/ Yo1 + Au(t))Ao1(t)
+ (a(cO +qo) —qo)e " (6.31D)
dhio(t)  OA A,
il o Y0,0M0,0(t) + po(1 —¢) i Y0,1M0,1(t)
o\ o\,
+ (0§ +vp+ o+ p— poaY Yo,0)A1,0(t) — (po(l - E)aYl Yo1 + Vp>/\1 1(1)
— 0&A20(t) — p1,0030(t) + (alkp + 1 + 1) —aqr)e™™ (6.31c)
dA11(t o\ o\,
ji;( ) = PoaYMYo,vo,o(t) + po(l — 6)8Y Y0,1M0,1(t)
o\ o\,
( 6Y1 — Yoo+ W>A1 o(t) + (05 +w+p11+p—po(l — 5)%%71)/\1,1(75)
— oMo 0(t) — p11As0(t) + (aler + q1) — qr)e™ (6.31d)
dAs ot o\ o\, o\
il’;)( ) =po Do Yo,000,0(t) + po(1 —€) D0 Yo,1M0,1(t) — 8Y2,0 Y0,0A1,0(t)
—po(l —¢) Mo “Yo1A11(t) + (p2,0 + 1) A20(t) — p20As0(t)
+ (ale2 + q2) — go)e”" (6.31e)
dA3(t) (2 o\, O\
’ = YooAool(t 1—e)——Yy 1A Y A
pn po@ng 0,0M0,0(t) + po( 6)81/370 0,1M0,1(t) — poa 0,0M1,0(t)
o\,
—po(l — 5)8TY0,1A1,1(75) + (p3,0 + 1) Aso(t) — M3,0A4,o(t)
3,0
+ (e +g3) —gz)e™™ (6.31f)
dAyo(t o\ o\, o\
Z’E( ) Po MWio Yo,0M0,0(t) +po(1 —¢) Wio Yo,1M0,1(t) — 8Y4,0 Yo,0A1,0(t)
o\,
—po(l —¢) Mio Yo,1A1,1(t) + (a0 + 1) Aapo(t)
+ (ales + q4) — qa)e™™. (6.31g)
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Setting T" = 20 and the parameters values as they are defined in section 3.1 the solutions
for both systems (6.28) and (6.31) were derived by numerical methods and are presented in
figures 6.5 and 6.6 respectively. These solutions for both the state trajectories and adjoint
variables are then used evaluate each of the sensitivity functions for all 49 parameters*. The
results for each are presented in tables 6.3 and 6.4 where they have been ranked in order by
the most sensitive to the least. Again we find some similar results compared to the analysis
for the therapeutic vaccine program and the dynamics without an intervention. Any variation
in the weighting parameter we introduced when we defined Pareto optimality, «, will have the
most significant impact on the payoff function, again the payoff functional is at least 100 times
more sensitive to a than any other parameter. Regarding the least sensitive parameter we find
that the total initial population size Yy has the smallest impact, just like the case when no
intervention was presented. This is an interesting alternative considering in the case for the
therapeutic vaccine we find that the least influential parameter is the direct cost of the vaccine
kt. Alternatively, for the preventative vaccine program, the direct cost of the vaccine k), ranks
higher in sensitivity than the average medical expenses for all the infectious states, as well as

the total initial population.

4All 49 sensitivity functions are derived and presented in appendix C.

156



Susceptible-Unvaccinated Population

Susceptible-Vaccinated Population

30000 30000
25000 25000
= = 2
g 20000 8 20000
E |
El £l
& ]
D"_‘ 15000 o 15000
= s
=} =}
o o
> N
w2 10000 @2 10000
5000 5000
L L L L A L A | ST T T T T T T T T "1
o 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18
Time (years) Time (years)
Asymptomatic-Unaware-Unvaccinated Population Asymp tic-Unaware-V. d Population
10000 = 4500
9000 — 4000 o
8000 — 3500 -
7000 — 1
g 4 E 3000 4
= 6000~ = 4
§ el 52547(\*
= 5000 — I~ 4
“5 1 “52000*
o 4000 o J
N J N
w @2 1500 —
3000 — 4
2000 1000 —
1000~ 500
T T T T T T T ot+—r—T—"—T T "7 T T T T T
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20
Time (years) Time (years)
Asymptomatic-Aware Population
12000 =
10000
5 8000*4
= ]
=
ES ]
£ 6000~
& ]
=] 4
o
S 1
©2 4000
2000 —
0 T — T T T T T T
0 2 4 6 8 10 12 14 16 18 20
Time (years)
Symptomatic Population AIDS Population
5500
5000 —
4500~
£ 4000 —
J
3500 —
3000 —
2500 o
4 1500 —
2000 4 :
1 1000 —
1500 4 4
1000 +———— T[T [T [T T 50 4+—T—T—"——T—"—T "] " T " " T T T
0 2 4 6 8 10 12 14 16 18 20 0 2 4 6 8 10 12 14 16 18 20

Time (years)
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Figure 6.6: Preventative vaccine program: adjoint variables for evaluating parameter sensitivity
to the objective function.
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Table 6.3: Adjoint variable method: parameter sensitivity (> 10*) to the objective function for
the dynamics when the preventative vaccine only is presented. Solutions to the instantaneous
rate of change for the payoff with respect to the corresponding parameter evaluated at ©.

Sensitivity of the Payoff
Parameters Parameter Va11A1es Relative to each Parameter
(Assumptions, ©) (8L(Y7 0) ‘ )
891 (S]
o 1/10000 3.73577120279128e+09
i 0.022 -1.76168388644912e+-06
r 0.05 1.34465379582781e+06
do 0.493 5.97118442945960e+05
12,0 1/8.1 4.53729931437988e+05
Qo 1 -3.79004949678658e+05
Ha0 1/2.1 -2.15889377099890e+05
03 0.02 1.72259283001503e+05
B2.0 0.066 1.14763063446554e+05
11,0 1/7.1 1.12787189077008e+05
P2 0.04 1.03661505443833e+05
p1 0.04 1.03496963430559¢+05
M1 1/7.1 1.03423908147592e+05
q2 0.83 -8.35525825274645e+04
13,0 1/2.7 -6.86797430405222e+-04
B11 0.066 5.85545377394499¢+04
w 1/10 5.54577780498569¢e+04
B30 0.147 4.32513231685160e+04
q3 0.42 -4.29781414034382e+-04
B10 0.066 4.17796011305228e+04
q1 1 -3.60599100168914e+04
€ 0.75 -3.52289334651797e+04
qa 0.17 -3.36339039156473e+-04
700,30 0.235 1.54627687922365e+04
100,20 0.307 1.48186305384655e+04
101,30 0.235 1.15923150991761e+04
Ba0 0.147 1.08853602008431e+04
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Table 6.4: Adjoint variable method: parameter sensitivity (< 10%) to the objective function for
the dynamics when the preventative vaccine only is presented. Solutions to the instantaneous
rate of change for the payoff with respect to the corresponding parameter evaluated at ©.

Sensitivity of the Payoff
Parameters Parameter VallAJ_es Relative to each Parameter
(Assumptions, ©) (3L(Y, @)‘ )
00; 6
701,20 0.307 9.85355746768976e+03
700,10 0.505 4.37950333783591e+03
Do 2 4.34725531234807e+03
700,11 0.505 4.08371644541146e+03
100,40 0.235 3.78844405501942e+03
701,40 0.235 3.02071847369263e+03
No1,11 0.6287 2.86651634174733e+03
3 2 2.20483204969525e+03
P 2 2.20478521185174e+03
Do 2 1.75841785106467e+03
P4 0.667 1.68504904280168e+03
701,10 0.505 1.08080096244802e+03
o 0.15 6.64914913458124e+02
13 0.98 1.01772690835427¢+02
Co 3307 3.79042853964055e+01
Kp 1000 9.62510195285204e+00
Ca 5467 8.35609386213267e+00
c3 12586 4.29824396474029¢+00
c1 5467 3.60635163685282¢+00
Cy4 35394 3.36372676424115e+00
Yo 55816 -2.41248231562490e+00
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6.2.4 Combined, Preventative and Therapeutic, Vaccine Program

We again start the section for parameter sensitivity for the preventative vaccine program by

emphasize the notation for immigration defined as we introduced it in section 6.2.1,

=3
Top = (1~ Z)MYO (6.32a)
i—1
Lo = p1pYo (6.32b)
1270 = pg,u}/o (6320)
I3 0 = p3uYo. (6.32d)

For the full model with both vaccinations, the preventative and therapeutic, we have the

following system of ordinary differential equations:

3
dYyo(t
32( ) - > o) Yo — (vp + 1+ PoA(®) Yoo(t) + w¥oa(t) (6.33a)
i=1
dYp1(t
Zi( ) = 1pY0,0(t) — (1 +w+po(l —€)A(1))Y0,1() (6.33b)
dYio(t
;‘t)() = p1ptYo + poA(t)Yo,0(t) — (vp + 0& + p1o + ) Y10(t) +wY11(t) (6.33¢)
dYi1(t
Zi( ) — prLO(t) +p0(1 — E))\V(t)YbJ(t) — (w + o€+ M1+ ,U«)Yl,l(t) (6.33(1)
dYs o(t
i;t)( ) = pauYo + Uf(Yl,O(t) + Yl,l(t)) — (I/t + p2o + N)Y2,0<t) (6.336)
dYs1(t
25;( ) = 1Yo (t) — (p2,1 + 1) Y2,1(t) (6.33f)
dK’)O( =2 j=1
= Yot DD migYig(t) = (us0+ im)Yao(t) (6.33g)
i=1 j=0
dYyo(t
22( ) = 13,0Y3,0(t) — (pa,0 + 1) Yao(t) (6.33h)
i=4 i—4
L i Yij(t i= %) 1Y (t
were A(1) = 2221 Opﬁ’ﬂm Vi) () = 2] Opﬁ’]nm Y5 long with
Z Z] opz 2]() Z ZJ opz ()

the initial state
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¥0,0(0) = (1 = ¢0)Yo (6.34a)

1/ .
}/;,0(0) = #qﬁo%v for i = 17 2) 3)4 (634b)
Zj:l 1/uj0
Y;1(0) = 0 for i = 0, 1,2 (6.34c)
(6.34d)

and the corresponding payoff functional

T i=4 j=1
L) = [ [y (Fa0(0) + Yia(t) + Yoot zz
i=0 j=0

=4 j=1

(1—a)( }:}:%YJ } et (6.35)

=0 j=

From the dynamics, initial state, and the payoff functional, for the combined strategy model

we have the following set of parameters

© = [, 41,0, 41,15 142,05 2,15 143,05 14,05 DO, P1, P25 D3, D4, 51,05 51,15 52,0, 82,1, 83,05 Ba,0 - - -
-+ 100,105 700,11, 700,205 700,21 s 700,30 , 700,405 701,10 701,11, 701,205 701,215 701,305 701,40 - - -

- E,Vp, Vt7w707£7 YvO? @0»9179% P3, Co, C1, C2,C3,C4,40, 41,492,493, 44, T, &, Kp, ’{t]

where particular values at the point that the variations are analyzed are shown in the second
column of tables 6.5 and 6.6.

To evaluate the sensitivity analysis for each of the 55 parameters, we will start by setting
up the system of differential equations for the adjoint variable. Presenting the model in terms

of the notation used in section 6.2 we get,
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[ Yoo(t) + (vp + i+ pod(t) Yoo t) — wYou(t) — (1 — Y025 pi)uYo
Yo(t) — vpYo0(t) + (14w + po(1 — €) A () Yo (2)
Yi0(t) — poA(t)Yo0(t) + (vp + o€ + p10 + ) Yao(t) — w¥i1(t) — pruYo
Yi1(t) — po(1 — e)M(t)Yo(t) — vpYi0(t) + (06 +w + pr g + 1) Y11 (2)
Yoolt) — o€(Yio(t) + Yi,1(t) + (20 + s + ve)Yao(t) — p2pYo
Vo (t) — iYao(t) + (2,1 + p) Y2 (t)
Ya0(t) — p10Y10(t) — p11Y11(t) — pa0Ya0(t) — p1Yo1(t) + (30 + p)Ya0(t) — p3uYo
| Yao(t) — u3.0Y30(8) + (pao + 1) Yao(t)
[ Y0,0(0) — (1 — ¢0)Yo ]
Y0,1(0)
1/p10
0 ———— | Y
170( )= (E 1/#30) ’
Y1,1(0)
_ _ ko 1y,
G(Y(0),0) 2,0(0) — ¢o (E] %1/%‘0) 0
Y5.1(0)
1/us0
Y3,0(0) - ¢0 (Z;:Lf 1//,Lj 0)%
1/ 40
_ 1,0(0) — 9o (Zg_% i 0>YO
i=4 j=1
oY,e) = [a(/@pyp(YO’o(t) + Yi0() + kenYao(t) + 3.5 cm,j(t))
=0 j=0

(1-a (”fqzyﬁ )]

1=0 j=

M

Then the initial value problem for the adjoint variables is defined by

PO AR+ AaD) =0

with
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(a(kp + co+qo) — qo)e™"
(a(co +qo) — qo)e™"*
(kp+e+aq)—q)e ™
(alci+q) —q)e™™
(alcz+ @) —q)e™ |
(

(

(

(a

by

(a Kt + Co + QQ) — qg)e_”
afcs +q3) —qz)e"

—rt

ales +q4) — qu)e

and Fy is the Jacobian matrix for the system (6.23), which can be referenced in appendix A.

The resulting system of ordinary differential equations is given as the following:

dA[Zl’?(t) = (u + v, +po(£€0 Yoo + /\(t)))Ao,o(t) - (po(l —¢) 8(9;0 You - )onl(t)
*po(a? Yo,0 + At ))ALo(t) — <p0(1 — 6)52\) Yo 1>A1 1(t)

+ (a(kp + co+ qo) — qo)e” " (6.36a)

dAg1(t o\ o\,
(él;( ) = (po(%Yo,o - w>A0,0(t) + (w + p 4 po(l —e)( Yo+ Au(t )))AO,I(t>

Yo,

o\ o\,
- poaY(MK)’OALO(t) —poll = 8)(ay Yo+ Au(t) Ao (2)
+ (aeo + qo) — qo)e ™" (6.36b)
;’E( ) = po@Yl,oYO’DAO’O(t) +po(1—¢) g Y Yo1Ao1(t)

8)\ o\,
+ (o0& +vp+ po+p— PoaY Yo,0)A10(t) — (po(l—f)ay Y01+Vp)/\11()

— 0&20(t) — p1,0A30(t) + (a(kp +c1 +q1) —aqr)e™™ (6.36¢)
dA11(t O\ 0Ay
Ztl( = v, pohoo(t) +poll = &) gy Y01 R0 (1)
- (Po Y0,0 +W>A10(t) + (0§+W+M1 1+ pu—po(l—e) 0N Ygl)A 1(t)
8Y171 ’ ’ ’ 6}/1
—0&h20(t) — 1,1 A30(t) + (aler +aq1) — qr)e™ (6.36d)
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dAs (1) O\ oA\ o\

= Yo oA 1-— Yo 1A — Yo oA
7 Po Do 0,000,0(t) +po(1 —¢) Va0 0,100,1(t) — po Do 0,0A10(t)
—po(l —¢) 8Y2V0 Yo A1(t) + (v + poo + ) Aao(t) — veAa1(t) — po1A3.0(2)
+ (alea + @2) — g2)e™™" (6.36e)
dAo 1 (t) oA oAy, 15D
: = Yoo(t)A t 1—e)——Yy1(t)A t) — pg——Yo o(t)A t
i P 3y, 0,0(t)Ao,0(t) + po( 8)85/271 0,1(t) Ao (1) P03y, 0,0(t)A10(t)
—po(l —¢) 8Y2V1 Yo,1(0)A11(t) + (p2 + p)A21(t) — p21As,0(t)
+ (aca + q2) — g2)e™ (6.36f)
dAs(t) oA O\ O\
2 = Yo oAool(t 1-— Yo1Ao1(t) — Yoo o(t
o p08Y370 0,000,0(t) + po( 6)8Y370 0.100.1(t) — po Mo 0,001,0(%)
—po(l —¢) 8YV Yo,1A1,1(t) + (3,0 + i) Aso(t) — p3,0M4,0(t)
3.0
+ (e(e3 +g3) —gz)e™™ (6.36g)
dA4p(t) o\ o\, o\
’ = YoolAoolt 1—e)——Yy1Ao1(t) — YooA1o(t
dt poan 0,0 0,0( )+p0( 8)81/4,0 0,1 0,1( ) ]9081,4’0 0,0 1,0( )
o\,
—po(1l — E)aTYO,lALl(t) + (pa,0 + 1) Aap(2)
4,0
+(alea +qa) — qa)e™™ (6.36h)

Setting T" = 20 and the parameters values as they are defined in section 3.1 the solutions for
both systems (6.33) and (6.36) were derived by numerical methods and are presented in figures
6.7 and 6.8 respectively. These solutions for both the state trajectories and adjoint variables are
then used evaluate each of the sensitivity functions for all 49 parameters®. The results for each
are presented in tables 6.5 and 6.6 where they have been ranked in order by the most sensitive
to the least. Again we find some similar results compared to the analysis for the preventative
vaccine program, the therapeutic vaccine program and the dynamics without an intervention.
Instead of getting into too much detail here we will address the parameter sensitivity comparison

for each variation of the model in the following section.

5 All 49 sensitivity functions are derived and presented in appendix C.
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Figure 6.7: Combined, preventative and therapeutic, vaccine program: state trajectories for
evaluating parameter sensitivity to the objective function.
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Figure 6.8: Combined, preventative and therapeutic, vaccine program: adjoint variables for
evaluating parameter sensitivity to the objective function.
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Table 6.5: Adjoint variable method: parameter sensitivity (> 10%) to the objective function for
the dynamics when the combined, preventative and therapeutic, vaccine program is presented.
Solutions to the instantaneous rate of change for the payoff with respect to the corresponding
parameter evaluated at o.

Sensitivity of the Payoff
Parameters Parameter VallAles Relative to each Parameter
(Assumptions, ©) <3L(Y7 0) ‘ )
8@ (C]
«@ 1/10000 3.70359321468862e+09
7 0.022 -1.65413747648665e+06
r 0.05 1.47423642072584e+06
b0 0.493 5.67929917275335e+05
12,1 1/13.1 4.58133123581753e+05
qo 1 -3.77589250197162e+05
12,0 1/8.1 2.12287966514073e+05
14,0 1/2.1 -2.02620150508584e+05
03 0.02 1.71836349519474e+05
B2.1 0.0495 1.42276656025451e+05
11,1 1/7.1 1.12418452861067e+05
11,0 1/7.1 1.09508599874891e+05
Q2 0.83 -1.00803348982309¢e+05
1 0.04 9.95780374055173e+04
02 0.04 9.32597404241762e+04
13,0 1/2.7 -6.91744147989177e+04
w 1/10 5.63999070301863e+04
B11 0.066 5.61725900047318e+04
B1,0 0.066 4.01102140197220e+04
qs3 0.42 -3.90816504103753e+04
B30 0.147 3.74429473139820e+04
q 1 -3.65924209679311e+04
€ 0.75 -3.63580959136667e+04
B2,0 0.066 3.28956012966058¢e+04
Q4 0.17 -3.09878773947230e+04
o 0.15 -1.74062671055518e+04
100,30 0.235 1.36332256515006e+04
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Table 6.6: Adjoint variable method: parameter sensitivity (< 10%) to the objective function for
the dynamics when the combined, preventative and therapeutic, vaccine program is presented.
Solutions to the instantaneous rate of change for the payoff with respect to the corresponding
parameter evaluated at o.

Sensitivity of the Payoff
Parameters Parameter Va11A1es Relative to each Parameter
(Assumptions, ©) (3L(Y7 0) ‘ )
90; 6
101,30 0.235 9.78853100843731e+03
Ba,0 0.147 9.58275137238856e+03
700,21 0.4803 7.48895689258012¢+-03
701,21 0.4803 7.17568283257671e+03
100,20 0.307 5.52278688504569¢e+03
Do 2 4.45860644393792e+03
100,10 0.505 4.20137022351679¢+03
700,11 0.505 3.91341510897369¢+03
100,40 0.235 3.39523630244231e+03
701,11 0.6287 2.75326526208321e+03
£ 0.98 -2.66422455697222¢e+03
701,40 0.235 2.59908019055416e+03
Do 2 2.36667122992879¢+03
P1 2 2.07851716566375e+03
3 2 1.85674451113226e+03
701,20 0.307 1.54923150010401e+03
D4 0.667 1.43952897262286e+03
701,10 0.505 1.04075606832242¢+03
Co 3307 3.77627012898452e+01
Ca 5467 1.00813430325342e+01
Kp 1000 9.61289664215710e+00
c3 12586 3.90855589662719e+00
c1 5467 3.65960805759887e+00
Cy4 35394 3.09909764923722e+00
Yo 55816 -2.67356071108355e+00
Ky 1000 1.80908668817771e+00
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6.3 Parameter Sensitivity Comparison

In the previous sections we applied the adjoint variable method to derive the sensitivity of
the parameters for each of the four variation of the state space of the HIV-transmission model
with vaccine intervention. The results independently give us a ranking of the most sensitive
parameters to the least sensitive, for the set of distinct parameters for each variation of the
state space. Some of the parameters are consistent throughout all four variations of the model,
specifically the parameters associated to the model when no intervention is present. As we
analyze the impact that each vaccine program has on the population dynamics there are vaccine
specific parameters added to the model, resulting with an impact to the sensitivity of the base
parameters. Therefore we were interested in comparing the results of the individual state space
sensitivity analysis, which is presented in tables 6.7 - 6.9.

From the results we find that the most sensitive parameter is the weighting parameter «
that we introduced during the discussion of Pareto optimality. To consider the impact the
variations of a will have on the solution for optimizing an intervention strategy, we allowed
a to vary between 1072 to 107°. The results indicated that the timing of the intervention
strategy is highly dependent with the choice of «, which is consistent with the concept of
the Pareto Front (PF) defined in section 5.2.1 and analyzed in section 5.4.5. If a = 1073,
the assumption would indicate that minimizing cost was more important than the original
analysis. This results with an optimal strategy with both vaccines being offered immediately,
then removing the preventative vaccine around ¢ = 10.8 and the therapeutic vaccine around
t = 17.6. Both of which is earlier than the original analysis, but the change is more prevalent
in the preventative vaccine than the therapeutic. Alternatively, when we evaluated the results
for & = 107° we found an alternative optimal strategy to administer both vaccines right away,
then remove the preventative vaccine around ¢ = 15.2 and the therapeutic around ¢t = 19.
Since o = 10~? indicates a greater importance for maximizing QALYs over minimizing cost the
results support offering both vaccines for a longer period of time.

Alternatively, we want to emphasize how much variation we find in the sensitivity for the
portion of the population that is screened for the infection (o) between the variations of the
state spaces. It is the least sensitive for the case when only the preventative vaccine is present,
with a sensitivity of 6.6492e+02. On an order of magnitude, the sensitivity for ¢ is 100 times
less sensitive then it is in all of the other three state spaces. To determine the impact this
variation would have on the optimal control solution we allowed o to vary between 1% to 50%
and found that there was no change to results for the optimal intervention strategy presented
in sections 5.4.2.

The comparison of the sensitivity analysis for the impact that variation in the parameters

has on the payoff functional allows us to interpret the impact that variations will have on the
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solution to the optimal intervention strategy. The results indicate that when a parameter is
highly sensitivity in all variations of the state space then we can expect to find variation in
the solution to the optimal control. Alternatively, even when the sensitivity changes between
variations of the state space but is low enough then the impact on the solution to the optimal

control is negligible.

Table 6.7: Parameter sensitivity comparison for the four variations of the model with sensitiv-
ities greater than 9e+05.

Combined
Vaccination
Strategy

Preventative
Vaccine
Program

Therapeutic
Vaccine
Program

No Intervention

o} 3.7036e+09

o 3.7358e+09

o} 3.7331e+09

o 3.7789e+09

o -1.6541e+06
r 1.4742e+06

p -1.7617e+06
r 1.3447e+06

o -1.9494e+06
r 1.1880e+06

o -2.0577c+069
r 1.0688e+06

b0 5.6793e+05
H2,1 4.5813e+05
g -3.7759e-+05
12,0 21229€+05
H4.,0 —2.02626+05
s 1.7184e+05
/3271 14228€+05
1,1 1.1242e+05
M1,0 10951€+05
q2 -1.0080e+05
p1 9.9578e+04
p2 9.3260e+04

®o 5.9712e+05
2,0 4.5373e+05
g -3.7901e+05
H4,0 -2. 15896+05
s 1.7226e+05
,32,0 11476€+05
1,0 112796+O5
p2 1.0366e+05
o1 1.0350e+05
1,1 10342e+05

bo 5.7834e+05
U21 4.7880e+05
52,1 3.5994e+-05
qo -3.4555e4-05
1,0 2.6225e+05
51,0 22047e+05
14,0 -2.1723e+05
H2.0 2.1012e+05
3 1.7653e+05
q2 -1.0809e+-05
p1 1.0508e+05
P2 9.8870e+04
B3,0 9.0235e+04

bo 6.0868e+05
12,0 4.7186e+05
qo -3.4901e4-05
B2,0 2.6539e+05
1,0 2.4832e+05
H4,0 -231116+05
B1,0 2.3034e+05
p3 1.7780e+4-05
P1 1.1003e+05
P2 1.0957e+05
5370 1.0617e+05
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Table 6.8: Parameter sensitivity comparison for the four variations of the model with sensitiv-
ities between le+03 and 9e+-05.

Combined
Vaccination
Strategy

Preventative
Vaccine
Program

Therapeutic
Vaccine
Program

No Intervention

13,0 -6.9174e+04
w 5.6400e+04
B 5.6173e+04
51,0 4.0110e+-04
qs -3.9082e+04
53,0 3.7443e+04
q1 -3.6592e+04
€ -3.6358e+04
B2,0 3.2896e+04
qa -3.0988e+04

q2 -8.3553e+04
13,0 -6.8680e+-04
B1,1 5.8555e+04
w 5.5458e+04
B3.,0 4.3251e+04
q3 -4.2978e+-04
5170 4.1780e+04
q1 -3.6060e+4-04
€ -3.5229e4-04
qa -3.3634e+04

13,0 -7.8602€+04
2.0 5.8866e+04
700,30 5.6445e+04
q1 -4.7520e+04
q3 -4.3487e+04

700,21 3.7100e+04
qa -3.3664e+04
700,10 2.8814e4-04

o -2.3132e+04
Bao 2.2990e+04

q2 -8.9541e+04
43,0 -8.0923e+04
700,30 6.6414e+04
100,20 5.7055e+04
qs3 -4.7382e+04
T -4.6197e+04
q4 -3.6318e+04

100,10 3.0104e+04
Ba,0 2.6651e+04
700,40 1.6671e+04

2% -1.9426e+04 Up -1.9303e+4-04 700,40 1.4381e+4-04 Po 1.0414e+4-04
o -1.7406e+04 700.30 1.5463e+-04 700,20 1.2655e+-04
700,30 1.3633e+04 700.20 1.4819e+04 Po 1.0807e+04
701,30 9.7885e+03 701,30 1.1592e+04
Bao 9.5828e+03 Ba,o 1.0885e+-04
701,20 9.8536e+03
700,21 7.4890e+03 700,10 4.3795e+03 UVt -6.6398e+03 D3 5.3565e+03
701,21 7.1757e+03 Do 4.3473e+03 D2 5.4380e+03 1 5.0004e+03
vt -6.5796e+03 700,11 4.0837e+03 p1 4.6614e+03 Da 4.0635e+03
700,20 5.5228e+03 100,40 3.7884e+03 p3 4.4121e+-03 D2 3.9955e+03
Do 4.4586e+03 701,40 3.0207e+03 13 -3.5406e+03 o -3.6134e+03
700,10 4.2014e+03 701,11 2.8665e+03 P4 3.3894e+03
700,11 3.9134e+03 D3 2.2048e+03
100,40 3.3952e+03 P1 2.2048e+03
701,11 2.7533e+03 D2 1.7584e+03
13 -2.6642¢e+03 Da 1.6851e+03
701,40 2.5991e+03 101,10 1.0808e+-03

P2 2.3667e+03
p1 2.0785e+03
ps 1.8567e+03

701,20 1.5492¢+03
P4 1.4395e+-03
701,10 1.0408e+-03
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Table 6.9: Parameter sensitivity comparison for the four variations of the model with sensitiv-
ities less than 1le+03.

Combined Preventative Therapeutic
Vaccination Vaccine Vaccine No Intervention
Strategy Program Program
o 6.6492e+02 I3 -5.5307e+02
I3 1.0177e+02
o 3.7763e+01 co 3.7904e+01 o 3.4559%e+01 co 3.4905e+01
c2 1.0081e+-01 Kp 9.6251e+00 c2 1.0810e+01

Kp  9.6129e+00

c3 3.9086e+00 c2 8.3561e+00 c1 4.7524e4-00 c2 8.9550e+00
c1 3.6596e+00 c3 4.2982e+00 c3 4.3491e4-00 c3 4.7387e+00
C4 3.0991e+00 c1 3.6064e+00 C4 3.3667e+00 c1 4.6202e+00
Yo -2.6736e+00 C4 3.3637e+00 Yo -2.3564e+00 C4 3.6322e+00
Kt 1.8091e4-00 Yo -2.4125e+00 Kt 1.9735e4-00 Yo -2.1092e+00
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Chapter 7

Conclusion

7.1 Summary

This concludes the research for the HIV-transmission model with vaccine intervention for the
purpose of deriving an optimal intervention strategy. In offering a full analysis of the system
we started with the cost-effective analysis for the base case HIV-transmission model without an
intervention, as well as each of the vaccine programs independently, followed by the analysis of
the combined, preventative and therapeutic, vaccine strategy for a time horizon of 20 years. Both
of the vaccine programs we chose are considered dominant programs with the expectation that
they will reduce cost and increase QALYs. Although, we found in the case for the therapeutic
vaccine, even though the dominant therapeutic vaccine saved money and increased QALYs
the adverse effects of vaccinating resulted with the vaccinated population having a higher risk
in transmitting the disease than the unvaccinated population. This implied that the results
generated more infections when the therapeutic vaccine was offered.

This led us to analyzing the dynamical system in consideration for the Ry threshold, in
an attempt to characterize the secondary infection number. From our review of the literature
it is standard practice to derive the Ry threshold by evaluating the conditions for which the
disease free equilibrium will be stable or unstable. By assuming that immigration into the
infected population is defined by constant parameters in the dynamics a disease-free equilibrium
will not exist without altering the original assumptions of the model. This implies that the
characterization for the Ry threshold was not possible in our case. Instead we found with
each variation of the state space there is exactly one physically relevant, locally asymptotically
stable, equilibrium point; described as an endemic equilibrium. This implies that regardless of
the strategy implemented the disease will continue to persist. We did find though, that some
outcomes, specifically when the preventative vaccine is introduced, will have a more desirable

outcome.
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After understanding the expected outcomes for each variation of the model we proceeded to
the analysis for optimizing an intervention strategy. In consideration of opposing objectives, to
minimize cost and maximize QALYs, an introduction to multiobjective optimization and Pareto
optimality was made so that we could structure a problem statement that fit the objective for
optimizing an intervention strategy for which methods from optimal control theory could be
applied. Upon structuring the problem statement we implemented a direct numerical method
(control parameterization) for solving the optimal intervention strategy. The results of a direct
numerical optimization method only guarantee a locally optimal solution, so to verify whether or
not the solution was a globally optimal intervention strategy we checked the necessary conditions
from Pontryagin’s maximum principle. We found, with two dominant vaccine programs, the
globally optimal strategy on a 20 year time horizon is to offer both vaccines immediately then
stop offering the preventative vaccine after 12 years and the therapeutic vaccine after 18 years.
Although, we do not attempt to get into an ethical discussion regarding offering a vaccine then
taking it away, what we do get out of the analysis is that even with a dominant program further
research can provide insight into even more cost-effective savings.

To understand the expectations for the model results, relative to the assumptions regarding
the parameters that govern the outcomes, we concluded with sensitivity analysis for each of
the variations of the state space as well as the implications this has on the outcome for the
optimal intervention strategy. We did find, as we would have expected after the discussion of
Pareto optimality, that the results of the analysis is highly dependent on the choice for the
weighting parameter «. In the consideration for sensitivity analysis we only offer a ranking for
the sensitivity of the payoff function relative to the parameter changes and how it impact the
results for optimizing an intervention strategy. Although uncertainty analysis is typically offered
in tandem to sensitivity analysis, without knowledge for the uncertainty in the parameters we

didn’t quantify the uncertainty in the conclusion.

7.2 Model Development

The research we have presented for the HIV-transmission model with vaccine intervention has
resulted with an understanding for the underlying dynamics, a consideration for an optimal
strategy, and insight into the sensitivity of the model to the parameter assumptions. All of which
gives us a well rounded analysis for the projections made regarding controlling the spread of HIV.
In addition, the research also highlighted a couple of concerns regarding the epidemiological
and cost-effective analysis. This leads us to the consideration regarding model development for
the purpose of characterizing the secondary infection rate threshold, Rg. The lack of an Ry
threshold for HIV-transmission models with constant immigration into the infected population

requires further consideration for adding a dependency on the prevalence of the infection within
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a population. As a simple and yet extreme example, we would not expect susceptible individuals
to migrate to a region where everyone in the population is infected. Keeping this in mind
and along with careful consideration, a population dependent immigration function will result
with a model whose dynamics have two equilibria, a disease-free equilibrium and an endemic
equilibrium, then the epidemiological analysis can be applied for the secondary infection rate.
This will also allow the researcher to consider two benefits of vaccinating, minimizing Ry and
increasing QALYs. The importance of adding the second benefit of vaccinating has already
been apparent from the analysis we presented on the dominant therapeutic vaccine in chapter
3. The vaccine in this case increased QALYs, which is considered a beneficial outcome, but it
was apparent by the trajectory for the susceptible population that the number of secondary
infections also appeared to increase, which is an undesirable outcome. A symbolic representation
for Ry would allow for a direct comparison between intervention programs to determine which
one will be expected to decrease Ry to a value below 1 in a reasonable amount of time.

In addition to the concern regarding the Ry threshold there are a number of areas of devel-
opment that have been considered for the mathematical modeling of infectious disease [27]. To
begin, we will emphasize the assumptions that are made regarding the HIV-transmission model
that was the subject of our analysis in the earlier chapters. The model presented by Edwards
et al. was originally designed to interpret the spread of HIV infections amongst the homosex-
ual population of San Francisco, CA during the mid to late 1990’s. Clearly a very restrictive
model regarding the population and region, which allowed the researchers to make generalized
assumptions regarding the target population that were considered reasonably accurate. As a
deterministic compartmental model the assumptions are made that the whole population be-
haves with the same risk factors. This refers to a homogenous model because the consideration
for variation in behavioral patterns are not included. For models attempting to simulate a so-
cial system, heterogenous models would describe a better fit for interpreting the impact that
human behavior can have on the projections. A heterogenous model will take into account that
various factors, such as social/economic status, age, education, and religious beliefs (to name a
few) of the individuals in the population will have an impact on how the disease spreads. As an
example we will consider a simple age distinction between two men in the population. Some-
thing as simple as distinguishing the behavioral differences between a millennial and a baby
boomer would better characterize the dynamics for the population. In adding heterogeneity to
the model a significant number of compartments will be added to the dynamics and then the
additional consideration for mixing between groups would also need to be addressed. This leads
us to environmental factors that are associated to where the population is located. These factors
can include ethnicity, whether the total population belongs to the same ethnic group or if there
is mix of ethnic backgrounds. Another possibility is whether the population is from a major

city, the suburbs, or a small rural town. All of which have a unique way of influence behav-
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ioral patterns within the population. Evaluating the environmental factors will allow the model
development to go further and incorporate the heterogeneity with the possibility of migration
between regions. We will make the distinction between migration and mixing by clarifying that
when individuals from one region migrate to another region they will be influenced by environ-
mental factors and the possibility for behavioral changes are excepted. Alternatively, when we
refer to mixing there is no assumption that the individuals acquire the behavioral patterns of
the population they are mingling with.

Thus far we have named a few examples for developing the model and it is already apparent
that the level of complexity for analysis will grow with each consideration. We will emphasize
that with all the examples for development of the homogenous model to a heterogenous model,
we have yet to address the consideration of sexual orientation, gender, or methods for which
individuals can acquire the infection. With the model restricted to the interpretation for the ho-
mosexual male population the assumption was also made that the disease will only transfer by
means of homosexual partnerships. Although there are additional means of transmission includ-
ing heterosexual partnerships, needle sharing, as well as the infection passing from mother to
child. Adding any one of additional means for transmission would require careful consideration
for additional infection functions. Further more, with the addition of heterosexual partnerships
the model would need to include a gender classification as well as sexual orientation. Then if
vertical transmission, from mother to child, is taken into consideration there would need to be
an additional consideration for the likelihood of becoming pregnant as well as the probability
that the women in the population use contraceptives. Again, just to name a couple of additional
key factors that we know to be true in real life but the mathematical model we have already
analyzed does not take into consideration.

We can see how quickly the considerations for model development can grow in number.
Everything that has been discussed thus far has all been in consideration to a deterministic
compartmental model governed by a system of ordinary differential equations. This time we will
place the emphasize on deterministic modeling, where the assumption for the system is that
the solution to the state trajectories is known at each time, t. The alternative to deterministic
modeling is stochastic modeling, where the exact position of the system at time ¢ is unknown,
instead a distribution of possible positions is the interpretation. Converting a deterministic
model to a stochastic model can be done by replacing the infection rate function with a random
variable so that the likelihood for the disease spreading will be more accurately interpreted by
simulating the true randomness of human behavior. This will result with dynamics driven by

chance where the basic entities of the model are defined by discrete individuals [27, 46].
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7.3 Current Efforts in the Fight Against HIV and AIDS

To better understand the path that we will pursue for future research we need to understand
what is currently being done to control the HIV /AIDS epidemic and align our efforts with those
who have already started paving the way.

The motivation presented at the beginning of our research was done to give an introduction
to the importance of analyzing an HIV-transmission model with vaccine intervention as well as
present the advancements by researchers in the development of a preventative vaccine for HIV
infections in addition to presenting the prospects of a therapeutic vaccine. Although there has
been significant progress in both regards, the reality of offering either vaccine to an infected
population is not expected, and definitely not guaranteed, any time in the near future. There-
fore, knowing the alternative efforts currently being implemented for controlling the spread
of infections as well as managing the symptoms for those already infected, the model can be
converted to consider the cost-effective analysis of current intervention programs.

We will continue our focus on San Francisco, CA where the San Francisco AIDS foundation
leads the efforts for managing the HIV/AIDS epidemic for their city. The foundation’s mission
to reduce the number of new HIV infections and help people live longer, healthier lives by 2019
is guided by three goals: (I) build healthier communities by fostering personal resilience and
social support, increasing community engagement, and reducing harms associated with alcohol
and other drugs; (2) reduce new HIV diagnoses in San Francisco to fewer than 100 per year; and
(3) improve the health and lifespan of San Franciscans living with HIV [18]. These three goals
align directly with the three goals outlined by the National HIV/AIDS Strategy by the White
House Office of National AIDS Policy: (I) decrease HIV-associated health disparities; (2) reduce
new HIV infections; and (3) improve access to high-quality care and optimize health outcomes
for people living with HIV. With the initiative for controlling the spread of HIV reaching the
focus of the White House we will soon find that more of the local and state initiatives will start
to follow the same guidelines.

As a means for controlling the spread of infections the efforts have been focused on awareness
and education about the disease to help the population understand better the risks they may be
taking based on various behaviors they portray. Quantifying the benefits of these educational
intervention programs will introduce a new challenge, but once that hurdle is crossed the cost-

effective analysis for competing program can easily be assessed.
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7.4 Future Research

In addition to some of the comments we have already made regarding model development there
is one area of the current model that would be important to explore a little further than we
already have. The purpose of our research was to give a well rounded analysis for strategizing
vaccine programs when one would become available. To do this required assumptions regarding
the vaccine specific parameters. At the beginning of our research we chose to assume that both
vaccines would be considered dominant vaccines, meaning they would reduce cost and increase
QALYs, then the parameters were defined that supported this conclusion based on the research
from the original authors of the model. For the purpose of optimizing an intervention strategy
for the model we also fixed the time horizon to 20 years. A couple of additional questions that

could use more exploration are the following.

e What if one or both of the vaccines are not considered dominant vaccines? How could

this impact the results for optimizing the intervention strategy?

e What would happen to the solution for the optimal intervention strategy if we considered
longer time horizons? Could this result with more switching times? Would it be possible
to have a scenario that results with an optimal strategy where there is a delay in providing

either one of the vaccines?

Some preliminary analysis was run prior to making the decision to fixed the model with
dominant vaccines on a 20 years times horizon. It will be expected that alternative choices for the
vaccine related parameter assumptions will result with some significant variation in the solution
for the optimal intervention strategy. This would be analyzed best by considering the sensitivity
analysis for the model when we allow multiple parameters to vary. The sensitivity analysis that
we have already presented only considered single parameter variation. To consider the impact
to the solution for alternative vaccine program we can focus on varying all of the parameters
associated to each of the vaccines and analyze the impact to the cost and optimization problem.
This will result with an efficient means to considering the largest variety of variations, then we
can target particular vaccine programs for further analysis of the state trajectories and optimal
solution. This can then be followed with consideration for longer time horizons and the impact
this can have on the variations to the solution. We will point out that when the time horizon
was extended to 50 or 100 years in our preliminary analysis the results for the optimal strategy
did not show any new interesting behavior worth exploring for the case when both vaccines are
dominant.

Next, taking into consideration the areas for which we can develop the model and the current

efforts being made in the fight against HIV and AIDS the goals as we move forward with our
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research will be to develop a model that offers beneficial analysis for the intervention strategies
that are available today. To begin, the first objective in the model development will be to address
the concerns of having constant immigration parameters. Instead, taking into consideration that
immigration will depend not only on the infectivity level of the individuals migrating but also
on the prevalence of infection within the population that they are migrating to. This will allow
us to have a component to the dynamics that is defined by the ratio of the total infected
population relative to the population as a whole, which will result with dynamics that have an
appropriate disease-free equilibrium. With careful consideration for defining the immigration
function, a selection can be made that results with an interpretation for an endemic equilibrium
as well. This will result with the application of stability analysis to consider a characterization
of the Ry threshold in symbolic form.

Once a characterization for the Ry threshold has been evaluated, the next consideration
that needs to be made relates to the fact that the original model we analyzed was defined
and presented by Edwards et al. in the late 1990’s and it is reasonable to assume that the
parameter assumptions have changed in the last 20 years. Therefore, the next objective would
be to determine what the assumptions are regarding the parameters of the model and evaluating
how well the model will fit to the data for spread of HIV infections within the San Francisco
homosexual population today. This information will lead us to more insights that will help
determine the most appropriate areas for which the model needs to be further developed.

Next, the consideration for development will focus on adding heterogeneity to the model.
Considering an age structured model will result with the most diversity in behavioral differ-
ences, risk factors and the ideal approach for to introducing mixing between cohorts. At this
time additional consideration can be made to determine other distinguishing characteristics
for introducing significant behavioral difference between members of the population based on
additional demographic/environmental factors.

With developed deterministic compartment model for HIV-transmission that accurately
fits the data for the homosexual male population in San Francisco the next objective will be
to research the specifics regarding the educational programs implemented for the purposes of
controlling the spread of HIV infections in San Francisco and determine an appropriate means
to quantify their benefits. This will then allow us to further update the model to interpret
current active intervention programs that will allow us to run comparative analysis between
various programs. We have already discussed the therapies currently available to the infected
population at the beginning of the research. Although highly active antiretroviral therapies
(HAART) don’t classify as a therapeutic vaccine, they mitigate the symptoms of the disease
as well as reduce an individuals infectivity. Therefore, the implications for modeling HAART
programs will be very similar to that of the therapeutic vaccine the parameters will need to be

evaluated to accurately simulate the current programs offered to the infected population.
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Appendix A

The Jacobian Matrices and

Characteristic Polynomials

To reduce the amount of calculations presented in chapter 4 we will provide all of the calculations
necessary for deriving the symbolic representation for the characteristic polynomials for each
of the four variations for the state space of the model.

As an approach to deriving the characteristic polynomial, which is defined as c¢(z) =
det (z1 — J) where J is the Jacobian matrix for the system of differential equations and I
is the appropriate corresponding identity matrix, we will instead approach the calculations by

solving
det ((xI — J)T) = det (xI — JT).

Since the determinant of the transpose of any non-singular square matrix is equal to the deter-
minant of that matrix, the solution to det (xI — JT) is equivalent to det (xI — J) [34].

In addition to using the transpose of the Jacobian to derive the characteristic polynomial,
we will also find that the following notation regarding the partial derivatives for the rate of

infection functions will be useful

O\
Qz‘,j = Do 8Ym- YO,O(t)
5 o\
Q7 =po(l— 5)8}@’],5/0,1(15)
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A.1 HIV-Transmission Dynamics without Intervention

For the model without an intervention we have following system of ordinary differential equa-

tions
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dYs o(t
22( ) =1I0+ 0&Y1,0(t) — (n2,0 + p)Y20(t)
=2
dYs(t)
o) _p oYiolt) — Yaolt
o 30+ ;u 0Yio(t) — (ps,0 + 1) Ys(t)
dYyo(t
1000 s ¥aolt) ~ (o + 1)¥iolt)
were
=4
1 DiBi i0Yi0(t
At) = > i1 piBiom00,ioYio( )'

S izopiYio(t)

A.1.1 The Jacobian Matrix

[—Qo,0 — (1t + poA(t)) —Q1p0 —Q2,0 —Q3,0 —Qu4p0
Qo,0 + poA(t) Q1,0 — (0 + p10 + p) Q2,0 Q3,0 Q4,0
0 o& —(p2,0 + 1) 0 0
0 H1,0 12,0 —(p3,0 + 1) 0
I 0 0 0 1130 —(pa0 + 1) ]

A.1.2 Characteristic Polynomial

We note the additional notation will also help in reducing the calculation by introducing a

single term for the combined rate at which a population leaves each compartment of the model.

do,o = pt + poA(t)
dio =0+ p10+ p

doo = p2o+
dso = p3,0 + 1
dao = prao +

Thus, the calculations for deriving the characteristic polynomial are given as the following.

187



c(x) = det (xI — JT)

x+ Qoo+ doo —Qo0 — PoA(t) 0 0 0
Q1,0 r—Qro+dio —0f  —pip 0
= Q2,0 —Q2,0 r+dao —p20 0
Q3,0 —Q30 0 T +d3o  —p30
Q4,0 Q40 0 0 x+dsp
r—Q10+diog —0of —H1,0 0
—Q270 x4+ da . 0
= (z + Qo,0 + doy) o H20
—Q3,0 0 r+d3o  —p30
—Q4,0 0 0 T+ dap
Qio —0oé —H1,0 0
Q20 x+dao —p2o 0
+ (Qo,0 + poA(t)) 8
Q3,0 0 r+dso —p30
Q470 0 0 x + d470
r+dag  —p2p 0
= (z + Qoo +doo)(x — Q1o +dio)| 0 r+dso  —p30
0 T+ dsp
—Q20 —H20 0

+ (. + Qoo +doo)(08) |-Qs0 x+dso —psp
—Q4p0 0 T+ dyp

—Q20 x+dap 0

— (2 + Qo0 +doo)(H1,0) [—Q3,0 0 —[3,0
—Q4,0 0 x +day
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T+dao  —p20 0

+ (Qo,0 + poA(t))(Q10)| 0 r+d3o —p30
0 0 x + d470
Q20 —H20 0

+ (Qoo +poA(t))(06) |Q30 x+dso —psp

Q4,0 0 T+ dap

Q20 T+d2p 0
Q3,0 0 — 3,0
Q4,0 0 T+ day

— (Qo,0 + poA(t))(p1,0)

= (z 4 Qoo + do,o)(x — Q10+ di0)(x + d20)(x + d30) (2 + dap)
— (2 4+ Qoo + doo)(08)(Q2,0)(x + ds0)(x + day)
— (2 + Qo0 + do,0)(0€) (12,0)(@3,0(x + da0) + Qa,013,0)
— (4 Qo0 +do,o)(11,0)(x + d2,0)(@3,0(x + da) + Quop3,0)
+ (Qo,0 + PoA(1))(Q1.0)(x + d20)(z + d30)(x + da)
+ (Qo,0 + PoA (1)) (0€)(Q2,0) (2 + ds0) (2 + dup)
+ (Qo,0 +PoA(®))(0) (12,0)(@3.0( + dao) + Qa0130)

+ (Qo,0 + PoA(t))(11,0)(x + do,0)(Q3,0(x + dao) + Qao13,0)

= [(&® + (Qoo — Q1,0 + doo + d1,0)z — (Qo0 + do,0)(Q1,0 — di0))

(2® + (oo + ds,0 + da0)z® + (do,ods0 + doodao + dsoda)z + doodsodao)]
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— 0€Qa0(z + Qoo + doo)(z* + (dso + duo)x + d30dap)

— o&puz,0(z + Qo + doo) (@307 + Q3,0da0 + Qao13,0)

— [p1.0(2% + (Qoo + doo + d2,0)x + da,0(Qo,0 + doy))
(@30 + Q3,0da,0 + Quo1t3,0)]
+ [Q1,0(Qo,0 + poA(t))

(2 + (oo + ds,0 + da0)z® + (do,0ds0 + doodao + dsodan)z + daodsodao)]
+0£Q2,0(Qo,0 + PoA(t))(z® + (ds.0 + dao)x + d3 0da )

+ o€ p2,0(Qo,0 + poA(t)) (@307 + Q3,0ds0 + Qa013,0)

+ 11,0(Qo,0 + PoA (1)) (z + d2,0) (@307 + Q3,0d4,0 + Qa013,0)

= [:C5 +(Qo0 — Q1,0+ doo + dio +dag + dso + dio)z?
+ [da,0d3,0 + da,0da0 + d3odao + (Qop — Q1,0 + doo + di1,0)(dao + ds o + day)
— (Qo0 + do0)(Qr0 — do)] 2
+ [da,0d3,0da0 + (Qo,0 — Q1,0 + do,o + d1,0)(da,0d3,0 + da,0da0 + d3dap)
—(Qo,0 + do)(Q1,0 — di,0)(dao + dz0 + dag)]z”
+ [d2,0d3,0d4,0(Qo,0 — Q1,0 + doo + di1,0)
— (Qo,0 + d0,0)(Q1,0 — d1,0)(d2,0d3,0 + d2,0ds,0 + d3,0ds0)]x

— da,0d3,0d4,0(Qo,0 + do,o)(Q1,0 — di,0)
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- [Usz,o (2 + (Qo,0 + doo + ds0 + dao)x* + (dsodao + (dz0 + dao)(Qoo + doo))z
+ ds,0d4,0(Qo0 + do,o))}
- [05M2,0(Q3,0962 + (Q3,0(Qo,0 + doo + dap) + Qaopzo)x
+ (Qo,0 + do,0)(@3,0d4,0 + Q4,0M3,0))}
- [MI,O (@302 + (Q3,0(Qo,0 + doo + doo + da) + Quops,0)7>
+ ((Qo,0 + do,o + d2,0)(@3,0da,0 + Qa,013,0) + d2,0Q3,0(Qo,0 + doo))x
+ d2,0(Qo,0 + do,0)(Q3,0d1,0 + Q4,0M3,0))}

+ [Q1,0(Qo,0 + PoA(t))

(@3 4 (dao + d3o + dao)z® + (doods o + doodao + dzodao)r + da,0d3,0d40)]
+ 0€Q2,0(Qo,0 + PoA(t))(@% + (ds0 + dag)x + ds0dap)
+ 0 12,0(Qo,0 + poA(1)) (@307 + Q3,0da,0 + Qu,013,0)

+ [MI,O(Q0,0 + poA () (Q3,07° + (Q3,0(d2,0 + da) + Quoiz0)T

+ d2,0(Q3,0d4,0 + Q4,0M3,0))}
=2° + (Qo,0 — Q1,0 + doo + di,0 + dojo + ds o + dag)x

+ [da,0ds,0 + d2,0da0 + ds,0dan + (Qoo — Q1,0 + doo + d1,0)(da0 + ds0 + dayo)

— (Qo,0 + do)(Q1,0 — di,0) — 0EQ20 — 11,0Q3.0 + Q1,0(Qo,0 + PoA(t))]z”

191



+ [d2,0d3,0d1,0 — (Qoo — Q1,0 + do,o + d1,0)(d2,0d3,0 + da,0dap + d3,0da0)
—(Qo,0 + do,0)(Q1,0 — di,0)(d2,0 + d3 o+ dap) — 0EQ2,0(Qo,0 + doo + d3 o+ dap)
— 0&u2,0Q3,0 — 11,0(Q3,0(Qo,0 + doo + d2,o + dao) + Quop3,0)
+ Q1,0(Q0,0 + PoA(t))(da,o + d3 o + dao) + 0€Q2,0(Qo,0 + PoA(t))
+ 111,0Q3,0(Qo,0 + PoA(t)) ] 2>
+ [d2,0d3,0d4,0(Qo,0 — Q1,0 + dop + d10)
— (Qo,0 + do,0)(Q1,0 — d1,0)(d2,0d3,0 + d2,0da,0 + d3,0da,0)
— 0€Q2,0(d3,0da,0 + (ds,0 + da,0)(Qo,0 + doo))
— 0&pu2,0(Q3,0(Qo,0 + doo + dao) + Qa0p30)
— 11,0((Qo,0 + doyo + do,0)(Q3,0d4,0 + Qa013,0) + d2,0Q3,0(Qo,0 + doo))
+ Q1,0(Qo,0 + PoA(t))(d2,0d3,0 + da,0d4,0 + d3,0d1,0)
+ 0£Q2,0(Qo,0 + poA(t))(dso + dap)
+ 0€2,0Q3,0(Qo,0 + PoA(t))
+ 11,0(Q0,0 + PoA(t) ) (Q3,0(da,0 + dao) + Quopso)|x
— [d2,0d3,0d4,0(Qo,0 + doo)(Q1,0 — d1,0) + €Q2,0d3,0d4,0(Qo,0 + doyo)
+ 0&p2,0(Qo,0 + do,0)(@3,0da,0 + Qu,0143,0)
+ 11,0d2,0(Qo,0 + do,0)(@3,0d4,0 + Qa013,0)
— d2,0d3,0d1,0Q1,0(Q0,0 + PoA(t)) — 0€d3,0d1,0Q2,0(Q0,0 + PoA(t))
— 0&u2,0(Qo,0 + PoA(t))(Q3,0ds0 + Qaop3,0)

— 111,0d2,0(Qo,0 + PoA(t))(Q3,0da0 + Qu0130)]
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Therefore, the characteristic polynomial ¢(x) = cox® + c1x? + 223 + 32 + c4x + ¢35 for the
system without an intervention is defined with the following coefficients.
cop=1
c1 = Qo0 — Q1,0+ doo+dio+doo+dso+dao
co = doods o + dooda + d3,0dao + (Qoo — Q1,0 + doo + di0)(dao + d3 o+ dap)
— (Qo,0 + do,0)(Q1,0 — d1,9) — 0€Q20 — 11,0Q3,0 + Q1,0(Qo,0 + PoA(t))
c3 = dapdspdao — (Qoo — Q1,0 + do,o + d1,0)(d2,0d3,0 + d2,0dao + d3dap)
— (Qo,0 + do,0)(Q1,0 — d1,0)(da,0 + d30 + dao) — 7£Q2,0(Qo,0 + doo + d3 0 + dup)
— o€ p2,0Q3,0 — 11,0(Q3,0(Q0,0 + doo + doo + dao) + Qapopiz0)
+ Q1,0(Q0,0 + PoA(t))(dao + ds o+ dap) + 0€Q2,0(Qo,0 + PoA(t))
+ 11,0Q3,0(Qo,0 + PoA(t))
¢y = da,0d3,0ds,0(Qo0 — Q1,0 + doo + di)
— (Qo,0 + do,0)(Q1,0 — d1,0)(d2,0d3,0 + d2,0da,0 + d3,0da,0)
— 0€Q2,0(d3,0d1,0 + (d3,0 + da,0)(Qo,0 + do,o))
— 0&u2,0(Q3,0(Qo,0 + doo + da0) + Qu,0143,0)
— 11,0((Qo,0 + do,o + d2,0)(Q3,0da,0 + Qaops0) + d2,0Q3,0(Qo,0 + doo))
+ Q1,0(Q0,0 + PoA(t))(d2,0d3,0 + doodao + d3odao)
+ 0£Q2,0(Qo,0 + poA(t))(ds0 + dap)
+ 0&112,0Q3,0(Q0,0 + PoA(t)) + 11,0(Qo,0 + PoA(t))(Q3,0(d2,0 + dao) + Quaop3,0)
s = do,0d3,0d4,0(Qo,0 + do,0)(Q1,0 — di,0) + 0£Q2,0d3,0d4,0(Qo,0 + doo)
+ 0€12,0(Qo,0 + do,0) (Q3,0da.0 + Qu0143,0) + £11,0d2,0(Qo,0 + do,0)(Q3,0d4,0 + Qu,013,0)
— d2,0d3,0d4,0Q1,0(Q0,0 + PoA(t)) — 0&d3,0d4,0Q2,0(Qo,0 + PoA(t))
— 0&2,0(Qo,0 + PoA(t))(Q3,0d,0 + Qu0113,0)

— p11,0d2,0(Qo,0 + PoA(t))(Q3,0da,0 + Qu043,0)
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A.2 Therapeutic Vaccine Program

For the model with only the therapeutic vaccine we have following system of ordinary differential

equations
dYoo(t
(Zé(t)() =Io,0 — (1t + poA(t))Yo,0(t)
dYio(t
22( ) =I1,0 4+ poA(t)Yo,0(t) — (0& + p10 + p)Yi0(t)
dYs o(t
il(t)( ) =Is0+ 0&Y1,0(t) — (vt + poo + ) Ya,0(t)
dYs 1(t
26;( ) =11Y2,0(t) — (p2,1 + p)Ya,1(t)
=2 j=1
dY?, o(t
) 0 D> 1 Yig(t) = (30 + 1) Yao(t)
=1 7=0
dY,o(t
2’2() =113,0Y3,0(t) — (a0 + 1) Yao0(t)
i= 4
T~ Z Y t
were A(t) = i Z; PigmoisYis( ), along with the initial state
Z Z opz i, (1)
A.2.1 The Jacobian Matrix
-—Qo,o — (14 poA(t)) —Q10 —Q2,0 —Q2,1 —Q3,0 —Q4,0 ]
Qo,0 + poA(t) Qi — (0€ + p10+ 1) Q2,0 Q2,1 Q3,0 Q4,0
0 o€ —(vt + p20 + 1) 0 0 0
0 0 Vg *(,U2,1 + ,u) 0 0
0 41,0 12,0 H2,1 —(p3,0 + 1) 0
i 0 0 0 0 pso  —(pa0 + p)]

A.2.2 Characteristic Polynomial

We note the additional notation will also help in reducing the calculation by introducing a

single term for the combined rate at which a population leaves each compartment of the model.
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do,o = pt + poA(t)
dio =0+ p10+ p
dap = Vs + p2,0 + 1

doy = po1+p
dso = p3,0+ 1
dao = prao + 1

Thus, the calculations for deriving the characteristic polynomial are given as the following. and

something else to find the line width

c(x) = det (xI — JT)

z+ Qoo +doo —Qoo — PoA(t) 0 0 0 0
Q1,0 r—Qio+dio —of 0 —{1,0 0
B Q2,0 —Q2,0 r+doo —1 —H2,0 0
a Q2.1 Q2,1 0 T+do1  —p21 0
Q3,0 —Q3p0 0 0 r+dso —p3,0
Q1,0 —Q40 0 0 0 T+ da
r—Qio+dig —o& 0 —H1,0 0
—Q2,0 r+dop 1y —H2,0 0
= (z + Qo,0 + do,) —Q2,1 0 T+da1  —p21 0
—Q30 0 0 r+dzo —p30
—Q4,0 0 0 0 z+da
Q1o —0§ 0 —H1,0 0
Q20 T+d2o -~ — 12,0 0
+ (Qo,0 + poA(t)) | Q2,1 0 T+da1  —p21 0
Q3,0 0 0 r+d3o —p30
Q470 0 0 0 T+ d4,0
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r+doo  —1g — 2,0 0
0 T+da1  —p21 0
= (z + Qo0 + doo)(x — Q10+ dip)
0 x + d370 — 3,0
0 0 T + d4,0
—Q2,0 - — 2.0 0
—Q21 x+doy  —p2 0
+ (DU + Q070 -+ dO,O)(Uf)
—Q30 0 r+d3o —p30
—Q4,0 0 0 T+ da
—Q20 x+dopg —1 0
—Q2.1 0 x4 da; 0
+ (x + Qo,0 + do,o)(11,0)
—Q3,0 0 —H3,0
—Q4,0 0 x+dip
x + d270 =z — 2.0 0
0 T+do1  —pen 0
+ (Qo,0 + PoA(t))(Q1,0 ’
( w@o| o T
0 0 0 x + d470
Q2,0 vt — 2,0 0
Q21 x+do1  —p21 0
+ (Qo,0 + poA(t)) (o) | =7 ’ ’
Q3,0 0 T +d3o  —p3,0
Q4,0 0 xz+dsp
Q20 w+dao —14 0
Q2,1 0 x+da 0
+ (Qo,0 + poA(t))(p1,0)
Q3,0 0 — 3,0
Q4,0 0 x+dyp
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= (.T + Q0,0 + dO,O)(a7 - Ql,O + d170)($ + dgyo)(l’ + dg,l)(fE + dg’o)(.f + d470)
—(x+ Qoo+ doo)(06)(Q2,0)(z 4+ da1)(z+dsp)(x + dap)

—Q21 H2.1 0
+ (x4 Qoo + doo)(08)(v) |—Q30 x+dzp —ps3p0
—Qu4,0 0 T+ da

—Q21 x+d2; 0
— (x4 Qo,0 + do,0)(0€)(12,0) |- Q3.0 0 — 13,0
—Qa0 0 T +dyp

—Q21 x+da; 0
— (2 + Qo0 + doo)(k1,0) (7 + d20) | —Q3,0 0 — 3.0
—Qa0 0 x+dap

+ (Qo,0 + PoA(t))(Q1,0)(x + d20)(x + d21)(x + d30) (@ + dap)

TH+da1  —p21 0
£ (@Qoo A0 @a0)| 0 whdso —pmg
0 0 z+dug
Q21 —H21 0

+ (Qo,0 +PoA())(0€) (1) |RQ30 =+ dsp —p3o
Q4,0 0 x+dsp

Q21 x+day 0

— (Qo,0 + poA(t))(11,0)(x + d20) |@3,0 0 — 3.0
Q4,0 0 x4+ dsp
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= (z+ Qoo + doo)(x — Quo + di0)(x + doo)(x + d21)(z + d3)(x + dap)
— (z+ Qoo + doo)(0)(Q2,0)(x + d21)(x + d3,0) (2 + da)
— (z+ Qoo + doo)(0€) (1) (Q2,1)(x + d30)(z + da)
+ (@ + Qo,0 + do,o) (08) () (2,1)(@3,0(x + da0) + Qu013,0)
— (&4 Qo0 + doo) () (12,0)(x + d2,1)(@s,0(z + dao) + Qu014,0)
— (z+ Qoo + doo)(p1,0)(x + d2,0)(x + d2,1)(@3,0(2 + da0) + Qao13,0)
+ (Qo,0 + poA(t)(Qr0) (@ + d20) (% + da1)(x + d3o)(z + dap)
+ (Qo0 + PoA(1))(08€)(Q2,0)(x + da)(z + d30) (2 + da)
+ (Qoo + poA (1) (0€) (1) (Q2,1) (@ + ds0)(x + da)
+ (Qo,0 + PoA(1))(08) (1) (12,1)(Q3,0(x + dao) + Qaop3,0)
+ (Qo,0 + poA(®)) (11,0)(z + d20) (@ + d21)(@3,0(2 + dao) + Quon3,0)
= [(#® 4 (Qoo — Q1.0 + doo + di0)z — (Qo,0 + do,0)(Qr0 — d1))
(2? + (oo + do1)x + dojoda1) (7% + (dso + dao)z + d3dag)]
— [0€Q2.0(z* + (Quo + doo + d2,1)z + d2,1(Qo0 + do))
(2% + (ds0 + dap)x + d30dao)]
— 01y Qa,1 (7 + Qoo + doo)(2* + (d30 + dao)z + ds0dap)
+ [o€uipn1 (Q3,00” + (Q3,0(Qo0 + doo + dao) + Qao3,0)x

+ (Qo,0 + do,0)(Q3,0d0 + Qaopso)]
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— [0€p2,0(2* + (Qo,o + doo + do1)x + da,1(Qo0 + doyp))
Q3,07 + Q3,0da,0 + Quopap)]
— [r1.0(2* + (Qo,0 + doo + do,0)x + da2,0(Qo,0 + doy))
Q3,07 + (Q30(d21 + day) + Quops0)T + do1(Q30dao + Quopso))]
+Q1.0(Qo.0 + poA(1))(2? + (da,o + dao1)x + daoda 1) (2 + (d30 + dao)r + d3odao)
+ [0€Q2,0(Qo,0 + poA(t)) (z® + (da,1 + d30 + duo)z
+ (d2ds,0 + da,1dap + d3,0da0)x + d2,1ds0dayp)]
+ 0€1Q2.1(Qo,0 + PoA(t)) (% + (d30 + dao)x + ds0da)
+ 0€vip2,1(Qo,0 + PoA(t)) Q307 + Q3,0da,0 + Qu0h3,0)
+ [11.0(Qo,0 + PoA(1)) (4® + (da0 + da1)x + daoda 1)

(@307 + Q3,0da,0 + Quo13,0)]

= {xﬁ +(Qop — Q1.0+ doo +dio+dag +day + dzg + dyg)r®
+ [da,od2,1 + dsodao + (doo + da,1)(dso + dayp)
+ (Qo,0 — Q1,0 + doo + di,0)(d20 + da;1 + d3o + dap)
— (Qo,0 + do0)(Q1,0 — dio)]z*
+ [d2,0d2,1(ds 0 + da0) + ds,0dap(dao + d21)
+ (Qo,0 — Q1.0 + doo + di,0)(d2od2,1 + d3,0dao + (d2,o + d2,1)(d3,0 + da))

— (Q0,0 + do,0)(Q1,0 — d1,0)(doo + do,1 + dso + dag)]2®
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— [(Qo0 + doo)(Q10 — di,0)(da,0d21 + d3,0da0 + (d2o + d2,1)(ds0 + dao))
— (Qo,0 — Q1,0+ doo + dio)(d2od2,1(d3 o+ dap) + d3odao(dap + dan))
— daoda,1d3,0da| 2
+ [da,0d2,1d3,0d4,0(Qo0 — Q1,0 + doo + di0)
— (Qo,0 + do,0)(Q1,0 — d1,0)
+(da,0d2,1 (d3 0 + dap) + d30dao(dao + da1))] @
— da0d2,1d3,0d4,0(Qo,0 + do,)(Q1,0 — d1,0)}
— [0€11 Q2,1 (2 + (Qo0 + doo + d30 + dag)z?
+ (d3,0d4,0 + (Qo,0 + do,0)(ds,0 + da))z + ds,0da0(Qo0 + do))]
+ [0&u2,1(Q3,02” + (Q3,0(Qo,0 + doo + dao) + Quopso)®
+ (Qo,0 + do,0)(Q3,0d0 + Qaopso)]
- [Usz,o (334 +(Qo0 +doo +da1 + d3 o + dap)r?
+ (d2,1(Qo,0 + do,0) + d3odao + (Qoo + doo + d21)(ds o + da))x?
+ (d2,1(Qo,0 + do,0)(ds,0 + da,0) + d3,0da,0(Qo,0 + doo + d21))x
+ da,1d3,0d4,0(Qo,0 + do,o))}
— [05/@,0 (Q3,07° + (Q3,0(Qo,0 + doo + do,1 + dap) + Quops0)z”
+ ((Qo,0 + do,o + d2,1)(@3,0da,0 + Qaop3,0) + d2,1Q3,0(Qo,0 + doyp))x

+ d2,1(Q3,0d3,0 + Qa,0143,0)(Qo,0 + do,o))}
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- [m,o (@302 + (Q3,0(Qo,0 + doo + doo + daj + dag) + Quops o)z’
+ [(d2,0Q3,0(Qo,0 + doo) + da,1(Q3,0da,0 + Qa0113,0)
+ (Qo,0 + do,o + d2,0)(Q3,0(d21 + dap) + Quopso))] x>
+ (d2,1(Qo,0 + do,o + d2,0)(@3,0ds,0 + Qu0143,0)
+ d2,0(Qo,0 + do,0)(@3,0(d2,1 + dap) + Qaops))T
+ da,0d2,1(Qo,0 + do,n)(Q3,0d4,0 + Q4,0,u3,0))}
+ [Ql,O(Q0,0 + poA(t)) (2 + (doo + do,1 + ds0 + dag)z®
+ (d2,0da,1 + d3odao + (da0 + d21)(dso + da))a?
+ (do,0d2,1(d3,0 + dao) + d30dao(dao + d1))z
+ d2,0d2,1d3,0d4,0)}
+ [0€Q2,0(Q0,0 + PoA (1)) (2* + (dao,1 + ds0 + dap)x?
+ (d2ds,0 + da,1dap + d3,0da0)x + d2,1ds0dayp)]
+ 0€1Q2.1(Qo,0 + PoA(t)) (@* + (ds0 + dao)x + ds0dap)
+ 0€vip2,1(Qo,0 + PoA(t))(Qs07 + Q3,0da,0 + Quop3,0)
+ [HI,O(Q0,0 + poA (1)) (Q3,02” + (Q3,0(doo + do1 + dag) + Quopiz o)z’
+ (Q3,0d2,0d2,1 + (dag + d2,1)(Q3,0da0 + Qaop3,0))x

+ da,0d2,1(Q3,0d4,0 + Q4,0M3,0))}
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= 2% 4+ ((Qoo — Q1.0 +doo + dio + dag + dag + ds g+ dap))z’
+ [da,0d2,1 + dsodao + (doo + da,1)(dso + dayp)
+ (Qo,0 — Q1,0 + doo + di0)(d20 + do1 + d3o + dap)
— (Qo,0 + dop)(Q1,0 — d1,0) — 7EQ2,0 — p1,0Q30 + Q1,0(Qo0 + PoA(t))]a?
+ [d2,0d2,1(d3 0 + da0) + ds,odapn(dao + d21)
+ (Qo,0 — Q1.0 + doo + di,0)(d2,0d2,1 + d3,0dap + (d2,o + do,1)(ds,0 + dayp))
— (Qo,0 + do,0)(Q1,0 — d1,0)(d2,0 + do,1 + d3 o + dao) — 011 Q2,1
—0£Q2,0(Qo,0 + doo + do1 + d3p + dap) — 02,0030
+ 111,0(@3,0(Qo,0 + doo + d2o + da;1 + dap) + Qaopt30)
+ Q1,0(Q0,0 + poA(t))(dao + do1 + ds o + dao) + 0EQ2,0(Qo,0 + PoA())
+ 111,0Q3,0(Qo,0 + PoA(t))] 2
+ [(Qo,0 + do,o)(Q1,0 — d1,0)(d2,0d2,1 + dsodag + (da,o + da,1)(dso + dayp))
= (Qo,0 — Q1,0 + doo + di,0)(d2,0d2,1(d3,0 + dap) + d30dap(dao + da1))
— da,0d2,1d3,0d4,0 — 0€11Q2,1(Qo,0 + doo + d30 + dag) + o&vip21Q30
da2,1(Qo,0 + do,) + d3,0dao + (Qoo + doo + d2,1)(d3,0 + da)
— 0&p2,0(Q3,0(Qo,0 + doo + do1 + dap) + Qaoft30)
— 11,0(d2,0Q3,0(Qo,0 + doo) + d21(Q3,0ds,0 + Quok3,0)
+ (Qo,0 + do,o + d2,0)(Q3,0(d2,1 + da) + Quon30))
+ Q1,0(Q0,0 + poA(t))(d2oda1 + d3odao + (d2,o + do,1)(ds,0 + dayp))

+ 0€Q2,0(Qo,0 + poA(t))(d21 + dso + dap) + 0ériQ2,1(Qo,0 + PoA(t))

202



+ 111,0(Q0,0 + PoA(®))(Q3,0(d2,0 + do1 + da) + Quous0)] 2
+ [da,0d2,1d3,0d4,0(Qo,0 — Q1,0 + doo + di o)

= (Qo,0 + do,0)(Q1,0 — d1,0)(d2,0d2,1(d3,0 + da0) + d3,0d4,0(d2,0 + d2,1))

— 0&4Q2,1(d3,0da,0 + (Qo,0 + doo)(dzo + dsp))

+ o€z (Q3,0(Qo0 + doo + dao) + Qaopso)

— 0€Q2,0(Qo,0 + poA(t))(de,1d3 0 + do1dao + d3odap)

— 0&pu2,0((Qo,0 + do,o + da,1)(Q3,0da,0 + Qaopso) + d21Q3,0(Qo0 + doo))

— p1,0(d2,1(Qo,0 + do,o + d2,0)(@3,0d4,0 + Q4,013,0)

+ d2,0(Qo,0 + do,0)(Q3,0(d21 + dao) + Qu013,0))

+ Q1,0(Qo,0 + PoA(t))(d2,0d2,1(ds,0 + dao) + d30dao(dao + d21))

+ 06Q2,0(Qo,0 + poA(t))(da,1ds 0 + d21dao + d30dsp)

+ 0&11Q2,1(Qo,0 + PoA(t))(dz o + dao) + o€ 1(Qoo0 + PoA(t))RQ30

+ 11,0(Qo,0 + PoA (1)) (Q3,0d2,0da,1 + (da,o + d21)(Q3,0da0 + Quopsp))]|x
+ [o€vipa,1(Qo,0 + doo)(Q3,0da0 + Qaops,0)

— da0d2,1d3,0d4,0(Qo,0 + do,0)(Q1,0 — di,0) — o€ Q2.1d3 0da0(Qo,0 + do,o)

— 0€Q2,0d2,1d3,0d4,0(Qo,0 + doo)

— o€ p2,0d2,1(Q3,0d3,0 + Qa013,0)(Qo,0 + doy)

— p1,0d2,0d2,1(Q0,0 + do,0)(@3,0d1,0 + Qu,0143,0)

+ Q1,0(Qo,0 + PoA(t))de,0dz,1d3,0d4,0 + 0£Q2,0(Qo,0 + PoA(t))d2,1d3,0d40)
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+ o€ Q2,1(Qo,0 + PoA(t))dz0dap
+ o€vipz,1(Qoo + poA(t))(@3,0da0 + Qa,003,0)

+ 11,0(Q0,0 + PoA(t))d2,0da,1(Q3,0d4,0 + Quoti3,0)]

Therefore, the characteristic polynomial ¢(x) = coz8 + c12° + coz* + c32® + c42? + sz + 6 for
the system without an intervention is defined with the following coefficients.
co=1
c1 = (Qoo — Q10+ doo +dio+d2o+da1+dso+dap)
cg = daoda + d3odapo + (d2o + d21)(dso + dap)
+ (Qo,0 — Q1,0 + doo + di,0)(d2,0 + d21 + d3 0 + dap)
—(Qo,0 +do,0)(Q1,0 — d1,0) — Q2,0 — 111,0@3,0 + Q1,0(Qo,0 + PoA(t))
c3 =daod2,1(ds,0 + dap) + ds3odao(dap + da2 1)
+ (Qo,0 — Q1.0 + doo + di,0)(do,0d2,1 + d3,0da0 + (d2,o + d2,1)(d30 + dayp))
— (Qo,0 + do,0)(Q1,0 — d1,0)(d20 + do,1 + d3o + dapo) — o€ Q21
—0€Q2,0(Qo,0 + doo + doi +dso+ dap) — 0&p2,0Q3,0
+ 111,0(Q3,0(Qo,0 + doo + dao + d21 + dao) + Qaos0)
+ Q1,0(Q0,0 + PoA(t))(dap + dajg +dsp + dap) + 0EQ2,0(Qo,0 + PoA(t))
+ 11,0Q3,0(Qo,0 + PoA(t))
ca = (Qo,0 +doo)(Q1,0 — d10)(d20d21 + dsodap + (d2,o + d2,1)(d30 + dap))
— (Qo,0 — Q1,0 + do,o + di1,0)(d2,0d2,1(d3,0 + da,0) + d3,0ds1,0(d2,0 + d2,1))
— da0d2,1d3,0ds,0 — 0EVQ21(Qo,0 + doo + ds0 + dao) + oEviu2,1Q3,0
+ d2,1(Qo,0 + do,o) + ds,0d1,0 + (Qo,0 + doo + da,1)(d30 + dayo)
— 0&2,0(Q3,0(Qo0 + doo + dajg + dao) + Qaopsp)
— 11,0 (d2,0Q3,0(Qo,0 + do,0) + d21(Q3,0da,0 + Qa0p3,0)

+ (Qo,0 + do,o + d2,0)(Q3,0(d2,1 + dap) + Quops0))
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+ Q1,0(Qo,0 + poA(t))(d2,0d21 + d3odap + (d2o + do21)(ds0 + dap))
+ 0€Q2,0(Qo,0 + poA(t))(d2,1 + d3o + dap) + 0&v1Q21(Qoo + poA(t))
+ 111,0(Qo,0 + PoA(t))(Q3,0(d2,0 + da1 + dao) + Qaop3,0)
cs = daoda,1d3,0d4,0(Qo0 — Q1,0 + doo + d10)
— (Qo,0+ do,0)(Q1,0 — d1,0)(d2,0d2,1(d3,0 + dap) + d3,0dao(d2o + d2,1))
— 0&1Q2,1(d3,0da,0 + (Qo,0 + do,o)(dzo + dap))
+ o€z 1(Q3,0(Qo0 + doo + dao) + Qaopsp)
—06Q2,0(Qo0 + PoA(t))(d2,1d3,0 + da,1dap + d30dap)
—0&pu2,0((Qoo + doo + da,1)(Q3,0da,0 + Qaops) + d21Q3,0(Qo0 + doo))
— 11,0(d2,1(Qo,0 + doo + d2,0)(Q3,0d4,0 + Qa0/3,0)
+ d2,0(Qo,0 + do,0)(Q3,0(d21 + da0) + Qua013,0))
+ Q1,0(Qo,0 + PoA(t))(d2,0d2,1(d3,0 + da0) + ds,0da0(d2,0 + d2,1))
+ 0€Q2,0(Qo,0 + PoA(t))(do,1d3,0 + da1dap + d3pday)
+ 0€11Q2,1(Qo,0 + Po(t))(dso + dap) + o&vipa,1(Qo,o + PoA(t)) Q3,0
+ 111,0(Qo,0 + PoA(t))(Q3,0d2,0d2,1 + (do,o + d2,1)(Q3,0d4,0 + Qa013,0))
ce = 0&vip2,1(Qo,0 + doyn)(Q3,0d4,0 + Qa013,0)
— d2,0d2,1d3,0d4,0(Qo,0 + do,0)(Q1,0 — d1,0) — &1 Q2.1d3,0d4,0(Qo,0 + doo)
— 0€Q2,0d2,1d3,0d4,0(Qo,0 + do,o)
— 0&p2,0d2,1(Q3,0d3,0 + Qu,03,0)(Qo,0 + doo)
— p1,0d2,0d2,1(Qo,0 + do,0)(@3,0d1,0 + Qu,0143,0)
+ Q1,0(Qo,0 + poA(t))da,0d2,1d3,0d1,0 + 0£Q2,0(Qo,0 + PoA(t))d2,1d3,0d4,0)
+ €11 Q2,1(Qo,0 + PoA(t))d3,0da,0
+ 0&vip2,1(Qo,0 + PoA(t))(@s,0da,0 + Qa01i3,0)

+ 111,0(Q0,0 + PoA(t))d2,0d2,1(Q3,0d40 + Qa,0143,0)
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A.3 Preventative Vaccine Program

For the model with the preventative vaccine only we have the following system of ordinary

differential equations

dY(Zég(t) =Io,0 — (1p + 11+ PoA(t))Yo,0(¢) + wYo,1(%)

dYZ; w =1pY0,0(t) — (1 +w + po(1 — €)M () Y0,1(t)

dY;(t)(t) =110+ poA(t)Yo0(t) — (vp + o€ + 1o + p)Yio(t) + w¥i1(t)

dYIC;(t) =1pY10(t) +po(1 = €)A(£)Y0,1 (1) — (W + o€ + pa1 + 1) Y1 (2)

dYZ’? 0 =Iz0 + 0§(Y10(t) + Y1,1(t)) — (n2,0 + 1) Y2,0(t)
1=2 1

dY30 _130"“2]2:/%3 Yij(t) — (ps0+ p)Ys0(t)
i=1 j=0

dY‘;ﬁ(t) —s0¥a0(t) — (10 + 1)Vao(t)

were \(t) = Zi Lll opzﬂm??oo i Y, () and A, (1) = > :A[ opz/Bz,]n()l i Y5 (t)
Z Zﬂop’l() Z 230p113<)

We will find that the Jacobian is a non-sparse matrix whlch implies directly calculating
the characteristic polynomial for the preventative vaccine program dynamics and the combined
vaccine strategy dynamics is not as reasonable as it is for the dynamics without an intervention
and the therapeutic vaccine program dynamics. Therefore, we will only present the Jacobian

matrix for the preventative vaccine program dynamics.

206



20¢

A.3.1 The Jacobian Matrix

—Qo,0 — (Vp + 1+ poA(t)) —Qo,1 +w —Q1,0 Q1,1 —Q20 —Q3p0
—Qbot+vp  —Qpr — (kt+w+po(l—e)A(t)) —Q7o —Q71 -Q30 —Qip
Q0,0 + poA(t) Qo,1 Qo — (Vp+0&+ p10+ 1) Qi1 +w Q2,0 Q3,0
Qo0 Qg1 +po(l —e)Au(?) Qo+ Qi1 — (€ +wtpi+p) QF @50
0 0 o€ o —(p20+p) 0
0 0 H1,0 H1,1 p20  —(H30+ 1)
0 0 0 0 0 pso  —(pa0+p)

—Q4,0

—Qio

Q4,0

Qio

0




A.4 Combined, Preventative and Therapeutic, Vaccine Strat-
egy

For the full model with both vaccinations, the preventative and therapeutic, we have the fol-

lowing system of ordinary differential equations

dYZg(t) “Too — (up + 11+ pONE) Yoo t) + Yo (8)
PO ) ¥o0(t) — 1+ 0+ pol1 — DM () Yo (1)
deg(t) =I1,0 + poA(t)Yo,0(t) — (vp + 0 + p1,0 + p)Y1,0(t) + w¥1,1(?)
PO ¥ao(t) + pol1 = DNO¥oa() — (+ o€ + g + Vi ()
deg(t) =I0+0§(Y10(t) + Y1,1(t)) — (Ve + p2,0 + 1) Yo,0(t)
dyié;(t) =14 Y2,0(t) — (p2,1 + 1) Y2,1(1)
1=2 1
dYBO —I3o+zjz:#m Y i(t) — (u30 + 1)Yso(t)
i=1 j=0
dYZ(t)(t) =p3,0Y3,0(t) — (Ha,0 + 1)Ya0(t)
woro A(t) = DA Zi0P Pt ®) 0 S S mbimoYia )
Yimo I piYis(t) Ym0 Yo piYis(t)

We will find that the Jacobian is a non-sparse matrix Wthh implies directly calculating
the characteristic polynomial for the preventative vaccine program dynamics and the combined
vaccine strategy dynamics is not as reasonable as it is for the dynamics without an intervention
and the therapeutic vaccine program dynamics. Therefore, we will only present the Jacobian

matrix for the combined vaccine strategy dynamics.
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60¢

A.4.1 The Jacobian Matrix

—Qo,0 — (Vp + 1+ poA(t)) —Qo,1 +w —Q1,0
—Qbot+vp  —Qf1— (Ht+wt+po(l—e)A(t) —Q7
Qo0 + poA(t) Qo1 Q10— (Vp + 0§+ p10 + 1)
Q@60 Q51+ po(l —e)Au(t) Q1o+ vp Qi1 —
0 0 ot
0 0 0
0 0 1,0
0 0 0

—Q11 —Q20 Q21 —Qs0  —Qap
—Q1, —Q59 -Q5 Q50  —Qip
Qi1 +w Q2,0 Q21 Q3,0 Qa0
(c€+wtmat+p) Qi @5, Q@30 Q7o
af —(ve+p20+p) 0 0 0
0 vy —(p21+p) 0 0
fi1,1 12,0 p2n —(pso+p) 0
0 0 0 pso  —(pa0 + i)




Appendix B

Hurwitz Determinants

In chapter 4 the stability for each equilibrium for the four variations of the state space of

the HIV-transmission model with vaccine intervention is determined using the Routh-Hurwitz

Criterion for stability. Since the dimensions for the state space varies depending whether or not

each vaccine program is present we need to calculate each of the Hurwitz determines for the

corresponding characteristic polynomials of order 5, 6, 7 and 8.

As a quick reference to all necessary definitions from section 4.1 we present them again here

as they were originally stated by Gantmakher in 1959 [?].

Definition B.0.1 (Hurwitz matrix). Is a square matriz of order n defined by the coefficients

of the polynomial c(x) = cox™ + 12"V + - + ¢, 12+ ¢, as the following.

_cl c3

cop €2

0 ¢

co

H = 0
i 0 0

For even n: ¢, =0 when k > g

n —

For odd n: ¢, =0 when k >

cs
c4
c3
C2
1

€o

1
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Cn

Cn—1

Cn—2

Cn—3

Cn—4

Cn

Cn—1

Cn—2

0

Cn




Definition B.0.2 (Hurwitz determinants). The principle minors of the Hurwitz matriz.

Cl1 C3 ¢y
C C
A1(c) = c1, Aglc) = Cl C3 As(e)=|co ea cals-.., Anlc) = det (H)
0 2 0 CcC1 C3

To simplify calculations for the Hurwitz determinants for large n we make the following propo-

sition.

Proposition B.0.3. Given two square matrices A and B, of order n, such that B is the off
diagonal reflection of A then det (A) = det (B).

Proof. Let A be defined by

ail a2 T A1[n—1] Qin
a1 a2 T A1) a2n
A=
Ap-11 An-1]2 " Qn-1)n-1] Y4n-1n
L Gnl an?2 T Ann—1] Qnn

then B is defined as the off diagonal reflection of A,

Gnn Alpn—1]n T a2n Q1n
Apn—1] Gn-1]n-1 " A2n-1] G1n—1)
B— . . .
an2 An—1]2 e az2 a2
| Qnl Ap—1]1 e a1 ail |

If D defines the square matrix of order n with ones on the off diagonal and zeros everywhere

else,

00 - 01

0

D= ;
0 1 0
10 -+ 0 0]

then the series of matrix multiplication steps can be followed to derive B from A.
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[0 0
DAT =
1
10
[ Aln
al[n_
ai2
| an
D(DAT)" =
(D(pan)T)!
Therefore,

ail a

0 a19 Qa

0 la1n-1 a2pm-1) Afn—1)[n—
0 0_ L aln aon te a‘[n—l}n
A2n Aln—1]n Gnn
1] 2[n-1] Apn—1][n—1] n[n—1]
a22 A[n—1]2 n2
as Aln—1]1 anl |
0 0 1] [ am a1[n—1]
0 Q2n a2[n—1]
O lapm-1n Ap-1)n-1]
0 0 0_ L Ann an[n_l]
Qnn a2[n—1] an2 an1 ]
Ap—1n  An—1][n—1] Ap-1]2 An-1]1
A2n A2[n—1] a22 a21
Aln A2(n—1] a2 arl |
[ Ann Aln—1]n a2n Aln
Ann—1] 9n—1]n-1] a2n—1] G1[n-1]
an2 Aln—1]2 a22 a2
| On1 Ap-1]1 a21 a1l

21 T Ap—1]1

22 T An—1)2
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Qn?2

1] Onn—1]

Gnn

a12

a22

A[p—1]2

An—1)2

a1

a21

Ap—1]1

Gnl




det (B) = det <<D(DAT)T>T>
— det (D(DAT)")
= det (D) det ((DAT)T)
= —det (DAT)
— —(det (D) det (aT))
- —< — det (A))
= det (A)

O]

The results of proposition B.0.3 will consolidate the calculations for the Hurwitz deter-
minants in each case, by allowing the use of earlier Hurwitz determinants to be used in the

calculations of later ones.

B.1 5th Degree Polynomial

Let c(z) = cox® + c12* + cox® + 32 + ¢4 + c5, then the corresponding Hurwitz matrix is

C1 C3 Ch 0
cp Co ¢4 0
H=10 Cl1 C3 ¢Ch 0
cg ca ¢4 O

L 0 C1 C3 (5]

with the following Hurwitz determinants.

Al(C) = C
Cc1 C3 Co C3
As(c) = = = co/A\1 — cocs
Cco C2 Cco (1
€1 €3 Cs C3 C4 Cs
2
AB(C) =lcp €2 c4| = |C1 C9 c3| = c3AN\g — c4C] + C5C100
0 ¢ c3 0 ¢ 1
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cp c3 ¢ O cg ¢ 0 O

Co Co C4 0 Cy C3 C4 Ch
A 4 ( C) = =
0 ¢ c3 o5 cg €1 Cy C3
0 Co Cp C4 0 0 cho C1
Cy C4 Ch

2 2
= C4A3 —C5|Ch C2 C3| = C4A3 — C5CQA2 + cscqc1C9 — C5Cy

0 cho C1
Cl C3 Cs 0 cs 0 0 0 O
cg C2 C4 0 c3 ¢4 Cs
A5 (C) =10 Ci1 C3 Ch 0| = Cil Cp C3 C4 Cy|= C5A4
0 ¢cg cg c4 O 0 ¢cg c1 ca2 c3
0 0 ¢ c3 c5 0 0 0 ¢ &1

B.2 6th Degree Polynomial

Let ¢(z) = cox® + c12° + cox? + 322 + cqx? + c5x + cg, then the corresponding Hurwitz matrix

1S

Cl C3 Gy 0

Cop C2 C4 Cp

0
0
cit cg ¢c5 0 O
cg ¢ ¢4 cg O

0

Cop C2 C4 Cp

with the following Hurwitz determinants.

Al(C) = C
C1 C3 Co C3
As(c) = = = co/A1 — cocs
Cco C2 Ccop C1
€1 €3 Cs C3 C4 Cs
2
AB(C) =lcp C2 cC4| = |C1 Co9 c3| = c3N\g — c4C] + C5¢100
0 ¢ c3 0 cg 1
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cp c3 ¢ O cy c5 cg O

Cy C4 Ch Cy C3 Ch
Co C2 C4 Cg Cy C3 C4 Ch
Ay(c) = = =ciAg—cslcg c2 c3|t+cslco 1 c3
0 ¢ c3 c5 cg €1 Cy cC3 0 o e 0 0 e
0 1 1
0 Co Cp C4 0 0 co C1

= c4 A3 — c5c9\y + c5c4c1C0 — cgcg + CﬁcQC% — cgC3C1Co

Cl1 C3 ¢y 0 0 C; Cg 0 0 0

C3 C; Cg 0
cg ¢ ¢4 cg O c3 €4 C5 Cg

€1 €3 C4 Cp

As(c) =10 ¢ ez ¢5 O0|=|c1 c2 3 ¢ cs5|=c5A4—cp

0 Cl1 C2 C3
0 ¢ c2 cg4 cg 0 ¢ 1 co c3

0 0 Cchp C1
0 0 C1 C3 ¢y 0 0 0 co C1

C1 C4 Cs €1 €3 Cp

=C5A4—6603A3+CGC5 0 Cy C3 —C% 0 C1 C3

0 ¢ c1 0 0

= c5Ay — cgc3N\3 + cgesc1 Ay — C%C?

Cl1 C3 Cjh 0 0 Ce 0 0
cp C2 C4 Cg 0 c4y C5 Cg
AG (C) _ 0 Cl1 C3 ¢y 0 _ Cy C3 C4 C5 Cp _ C6A5
0 Co Cp C4 Cg 0 Ch C1 Cy C3 C4 Ch
0 0 Cc1 C3 ¢y 0 0 0 cChp C1 Cy cC3
0 0 Co Cp C4 Cg 0 0 0 0 cho C1

B.3 7th Degree Polynomial

Let c(z) = cox” + c12% + cox® + c32* + c42® + 522 + cgz + c7, then the corresponding Hurwitz

matrix is
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cp ¢33 ¢ cr O
Co Cp C4 Cp
¢ €3 C5 Ct

Co Cp C4 Cp

o O O O o O

0
0
0 0 ¢ c3 c5 c7
0
0

with the following Hurwitz determinants.

Aq(c) =1
C1 €3 C2 C3
AQ(C) = = = CgAl — CoC3
Ch C2 C C1
1 €3 Cp C3 C4 Cp
CcC1 C3 C1 C2
As(c)=lco 2 c|=|c1 c2 3| =c3Dda—cy +c5
0 (&) 0 Co
0 ¢ c3 0 co c1
— ca\y — 2
= C34A29 C4Cq + c5c1¢9
1 €3 C5 C7 C4 C5 Co C7
Ch C2 C4 Cg C2 C3 C4 Cp
0 Cl1 C3 ¢y Chp C1 Cp C3
0 Co Cp C4 0 0 cho C1
Cy C4 Ch Cy C3 Ch Cy C3 C4

:C4A3—C5 Chp C2 C3 + ¢ Chp C1 C3| —Cricp C1 C2
0 cho C1 0 0 C1 0 0 Co

22
= c4A3 — c5c2Ag + c5caC1C0 — C5CH + 06020% — cge3cicy — Creacicy + 070303
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C2 C5 Cg Cv C2 C4 Cg Cv

Co C3 C4 Ch Co Cy C4 Ch

= ceA\5 — crca\y + crc6 — C%
Ccl1 Cy cC3 0 cChp Cy C3
0 0 cho C1 0 0 co C1

= c6A\5 — crca\y + cregeal\s

Co C4 Cjy Chp C3 Ch Co C3 C4

—crcec5 |0 co c3 +C7C§ 0 c1 c3 —C%CG 0 ¢ ¢

0 ¢ c1 0 0 ¢ 0 0 ¢
Cy C4 Chy Cop C4 Cy
— c%cz cg c2 c3|+ 0304 0 co c3
0 cCo C1 0 co C1
Cop C2 Cy Ch Cy C4

—c%ca 0 co c3 +c?7’ 0 co c2

0 0 ¢ 0 0 o
= c6A\5 — crcal\y + crceca A3 — cregescoNg + cw%c%co - C%CGClC% - c%c%Ag
+ c?@qclco — 03020503 + C%C4C()A2 - c?cﬁclcg + cgcg
= ceA\5 — crca\y + crceea N3 + (630400 — C%C% — C7CﬁC5Co)A2

+ 070%0%00 - cgcﬁclcg + 0302040100 - 03026503 - c%c(;clcg + cgcg

cl C3 ¢5 Cv

cg ¢ ¢4 cg O cs cg ¢ 0 0
c1 C3 ¢C5 Ct C3 C4 C; Cg C7 0 0
Co Cp Cq4 Cg Cl Cp €3 €4 C; Cg C7|— C7A6

Chp C1 Cy C3 C4 Ch

o o o o o o
I

0 cg co cq4 cg

0

0

0 0 ¢ c3 c5 cy
0 cp €1 C3 C3
0

0 061 c3 C5 Ct 0 0 0 0 OCO C1

B.4 8th Degree Polynomial

Let c(z) = cox® + 127 + coxb + 325 + cax* + e53 + cga® + crx + cg, then the corresponding

Hurwitz matrix is
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Ch C2 C4 Cg Cg

0
0
cp ¢c3 ¢ ¢t 0 O
Co Cp C4 Cp CSO

0

0
0
0 0 ¢ c3 c5 c7
0
0

with the following Hurwitz determinants.

Ai(c) =1
C1 €3 C2 C3
AQ(C) = = = CgAl — CoC3
Ch C2 C (1
€1 €3 Cs C3 C4 Cp
CcC1 C3 Cc1 C2
As(c)=lco 2 c|=|c1 c2 3| =c3Dda—cy +c5
0 (&1 0 Co
0 ¢ c3 0 co c1
— 2y — 2
= C34A29 C4Cq + c5c1¢9
1 €3 C5 C7 C4 C5 Co C7
Ch C2 C4 Cg Ca C3 C4 Cp
0 Cl1 C3 ¢y Chp C1 Cp C3
0 Co Cp C4 0 0 cho C1
Cy C4 Ch Cy C3 Ch Cy C3 C4

:C4A3—C5 Chp C2 C3 + ¢ Chp C1 C3| —Cricp €1 C2
0 cho C1 0 0 C1 0 0 Co

22
= c4A3 — c5c2A + c5caC1C0 — C5CH + 06020% — cge3cicy — Creacicy + 070303
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OCO C1 OCO c1 0 001 0 OC()

C2 €3 Cp C1 €3 Cp Ct €2 Cp
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0 0 C1 0 0 C1 0 0 C1

= c5A\y — cgc3N\3 + cgesc1 Ay — cgc‘% + 06676%00 + cre3ca\y — creseqcicy + 07030503
— creqc1 Ay + 07060%00 — c%clc(z) — 0863026% + c8c§cocl + 08C4C§’ — 0805c%c0
2 2
= c5A4 — cc3As + (cecse1 + cregeq — creqer)Ag — CGC:{) + cgereicy — CrC3C4C1C

2 2 2.2 2 2 3 2
+ crc3c5Cy + CrceCiCo — C7C1CH — C8C3C2C] + C8C3C0CT + C8C4CT — C8C5CCo

cit cg ¢c5 ¢y 0 O cg cr cg 0 O

Ch Co C4 Cg C8 0 C4 C; Cg C7 C8 0

0 ¢ cg ¢c5 ¢y O Co C3 Cc4 C5 Cg C7
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0 0 ¢ c3 c5 c7 cp €1 Cy C3
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Appendix C
Sensitivity Equations

By deriving the sensitivity of the payoff functional to the parameters of the model by the adjoint
variable method requires that the integral equation is evaluated for each of the parameters in
the model.

C.1 HIV-Transmission Dynamics without Intervention

For the model without an intervention we have following system of ordinary differential equa-

tions
=3
Yot
000 (1 3™ ) — (1 + poME) Yoo (0
i—1
dYio(t
;2( ) =p11Y0 + poA(t)Yo,0(t) — (0€ + p10 + 1) Y1,0(2)
dYs o(t
22( ) =popYo + 0&Y10(t) — (2,0 + 1) Ya,0(t)
=2
dY30(t)
) ey, oYiolt) — Yaolt
I p31Yo +Z;/~t 0Yio(t) = (us0+ p)Ys0(t)
dYyo(t
il’(t]() =113,0Y3,0(t) — (a0 + 1) Yao(t)
i=4
were \(t) = 2i=1 PiBiomoo.0Yiol ), along with the initial state

S =S piYio(t)
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Y0,0(0) =(1 — ¢0)Yo
1/ pi0

Yio(0) =—<=Z—"—
Z;':;l 1/ 150

¢0Y0, for i = 1,2,3,4

and the corresponding payoff functional

T =4 i=4
LT) = /0 {Q(ZCiYi,o(t)) -(1- a)(ZCIiYi,o(t))}@_”dt.
=0 i=0

In all, we are considering 37 parameters for the model without an intervention.

© = { i, 11,0, 112,05 43,0, 14,0, P> D1, P25 D3, P4 51,05 52,05 53,0, 4,0, 100,10, 100,20700,305 700,40 - - -

-,0,8, Y0, o, p1, 2, P3, €05 C1, €2, C3, C45 G0, 415 G2 43, 44, T5 O}
To set up the sensitivity equations for each of the 37 parameters, we’ll first present the vectors

using the notation we introduced in the chapter 6.

[ Y:b,o(t) + (14 poA(D) Yoo (t) — (1 — 521 pi) Yo
. Yi,0(t) — poA(t)Yo,0(t) + (0& 4+ p1o + p)Y1,0(t) — pr1uYo
F(Y,Y,0) = | Yao(t) — o€¥1,0(t) + (0 + 11)Ya,o(t) — pauYo
Ya0(t) — p1,0Y1,0(t) — po,0Y2,0(t) + (s + 1) Ys.0(t) — psuYo
| Yio(t) — pusoYs,0(t) + (ta0 + 1) Yao(t) |
[ Y0,0(0) — (1 ¢0)Yo ]
1/#1 0
Y1,0(0) — ¢o ( s O)YO
1/#2 0
GY(0).0) = 5/2,0(0)9250( 1/M30>YO
1/N3o
Y3.0(0) — ¢o ( =5 0>Y0
1/M40
_ Y4,0(0)—¢0< 1/%0)}/0

[(Zcmo ) - 1_04(2% o )} v
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Then, by the adjoint variable method, the sensitivity equations are defined by,

OL
09,

_ /0 ' (69, + ARy, )at +AT|_ Gy,

where AT = [Aq,0, A10,A20,A30,As0]. Thus, in defining the sensitivity equations for each of
the parameters in © we will have to evaluate Fy,, Gy, and £y, .
Average non-disease related death rate, p

For the HIV infectious disease model, without an intervention, the sensitivity equation for the

non-disease related death rate is defined by the following.

[Yoo(t) — (1= Yi=) pi) Yo
Yio0(t) — p1Yo
With FM = Yéo(t) pQYb y GM = O, and gll = 0,
Y3.0(t) — p3Yo
i Yi0(t) i
implies,
oL r =3
= | [Raa(0000) = (1 = 30 p035) + AsalB)Vi0(t) = 10
0 i=1

+ Ao0(t)(Y2,0(t) — p2Yo) + As0()(Ys,0(t) — p3Yo) + A4,0(t)Y4,0(t))] dt.

Disease related transition rates, 1,

For the HIV infectious disease model, without an intervention, the sensitivity equation for the
rate at which an infected individual transitions out of each of the disease classes are each eval-

uated.

For p1,0, we get,

0
Yi.0(t)
F,Ul,o = 0 )
=Y 0(t)

0
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0

$0Yo(1/p1,0)° 1/ 2,0 + 1/ 3.0 + 1/ pao

GMl,o = 2 _1/M270 ’ and
(1m0 +1/p20 +1/ps0 + 1/ pa0) “1/uz0
—1/pap i

)
implies,

oL T

3 :/ Y1,0()(A1,0(t) — Azo(t))dt
H1,0 0

$oYo(1/p1,0)?
(1/m10+1/p20 + 1/n30 + 1/pa

— (1/p2,0)A2,0(0) — (1/p3,0)A3,0(0) — (1/M4,0)A4,0(0)>-

)2 ((1/M2,0 +1/p30 4+ 1/p140)A1,0(0)

For oo we get,

o
0
F#2,0 = YZ,O(t) )
—Y50(%)
- 0 -
_ 0 _
—1/M1 0
P0Yo(1/p2,0)? ’
Gm,o = i ) 2 1/MLO + 1/#3,0 + 1/M4,0 ) and
(1/p1,0 + 1/ p20 + 1/ps0 + 1/ pap)
—1/p30
—1/pay0 i
Euz,o =0,
implies,
oL T
P = / Y270(t) (Agyo(t) — Agjo(t))dt
K20 0

G0Yo(1/pa2,0)?
(1/p10+1/pa0 +1/p30 +1/pa0)

= (1/p1,0)A1,0(0) — (1/p3,0)A3,0(0) — (1/M4,0)A4,0(0))-

3 <<1/M1,0 +1/p30 +1/p4,0)A2,0(0)

For puso we get,
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S
0
Fus,o = 0 )
Y30(t)
—Y3(t)
_ 0 }
—1/M1,0
a ¢oYo(1/p30)° d
K30 — 2 _1/M2’0 an
(Vo 1/ a0 41/ s0 %1/ us0) 1/pro + 1/ p20 +1/pag
| —1/p40 i
€M3,0 =0,
implies,
oL T
5 =/ Y30(t)(As0(t) — Ago(t))dt
3.0 0

$oYo(1/p3,0)°
(1/p10+1/p20 +1/p30 + 1/pap

= (1/p1,0)A1,0(0) — (1/p12,0)A2,0(0) — (1/M4,0)A4,0(0))-

)2 <(1/M1,0 +1/p2,0 + 1/ 114,0)A3,0(0)

For py0 we get,

0
0
Fu, = 0 ;
0
| Yao(t),
- O |
—1/p10
a $oYo(1/pa0)® 1 d
pao = 2 - /MZO ’ an
(1/p10 4+ 1/p20 + 1/ps0 + 1/ pa) 1/
[1/p1,0 + 1/ p2,0 + 1/ 13,0,
lpro =0,
implies,
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oL _
8M4,0 B

T
/0 Ya0(t)Aapo(t)dt
G0Yo(1/pap)?
(1/p10+ 1/p20 + 1/ps0 + 1/ payp)
— (1/111,0)A1,0(0) — (1/p2,0)A2,0(0) — (1/M3,0)A3,o(0)>-

5 ((1/M1,0 +1/p2,0 +1/13,0)Aa,0(0)

Average number of partners an individual will have in a year, for each pop-
ulation class, p;

For the HIV infectious disease model, without an intervention, the sensitivity equation for the
average number of partners an individual, with disease status i, will have within a year are

evaluated for each population classes.

For py we get,

oA .
—Yoo(t)| At — — =4, 3 Ve
F, = ool )< 0+ [51)0]) with am _ Yool Eimy pibiotmoioYio(t)
0 bo ( S izopiVio (ﬂ)
0

oL _
dpo B

For p; we get,
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oA
Po (%) 0,0(t)
E, - —Po <§:1>Y0,0(t)
0
0
L O .
- ax  B1,0m00,10Y1,0(t) < Zié PiYi,o(t)) —Yi0(t) < ZZj Piﬁi,oﬁoo,ioyi,o(t))
with — = ;
O (ZZ% piYi,O(t)>2

Gp, =0, and ¢, =0, implies

T
oL — A Do (88;\1)%’0@) (A070(t) - Al,O(t)>dt'

ap1

For po we get,

oA
Po <ap2> 0,0(t)
F, - — Do <§;\2>Y(),o(t)
0
0
L O .
O B2,0Mm00,20Y2,0(t) < S pz‘Yi,o(t)) —Ya0(t) ( S pzﬂz‘,onoo,iox‘,o(tD
W1 - = )
o2 (ZZ% Pz’Yi,o(t)>2

Gp, =0, and £,, = 0, implies

T
gpLz - /0 P0<§;>%,0(t)(/\o,0(t) — Ay o(t))dt.

For p3 we get,
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oA i
Po (6}?3) 0,0 (t)
Fp3 _ — Do <§;;> oo(t)
0
0
L 0 |
ih ox  B30m00,30Y3,0(2) < >0 Pz’Yi,o(t)) —Y30() < Yol Piﬁi,onoo,ioyi,o(t))
W1 _— = |
o ( >izo piYi,o(t)> i

Gp, =0, and £, = 0, implies

T
gli :/0 Po (g;)%,O(t)(Ao,o(t) — Aqo(t))dt.

For py we get,

O\
Po <3p4> 0.0(t)
S O R
0
0
L 0 |
ith 2 Baomoao¥ao(?) < Ziso piYiD(t)) = Yio(t) ( it piﬂi,OUOO,iOE,O(ﬁ)
W1 _— = |
o (Zi=ipviom) i

Gp, =0, and £,, =0, implies

T
ggi - /0 p0<321>%,0(t)(1\0,0(t) — Ay o(t))dt.
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Infectivity rate for each of the infectious classes, 3,

For the HIV infectious disease model, without an intervention, the sensitivity equation for the

infectivity rates are evaluated for each of the infectious classes.

For (31,0 we get,

9

O\
~ o <> Yo.0(t) _ O\ p1moo0Y10(t)
b1, with = =4
o SiypiYiolt)

Gp,o =0, and g, , = 0, implies

oL r O\
9Bre /0 Po (OBHJ)YO’O(t)(AO’O(t) — A1 0(t))dt.

For 32 we get,

O\ :p27700,20Y270(t)
9Bao  SiZgpiVio(t)

oA
— —— | Yyo(t
F,B2,0 = po <8ﬁ2,0> 0’0( ) , with

Gp,o =0, and g, , = 0, implies

OL R
9820 = /0 Po <8ﬂ20>Y0’0(t)(A0’0(t) - Al,O(t))dt-

For 33 we get,
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0N p3nooz0Yso(t)

, with ==
B30 SiZgpiYio(t)

G53,0 =0, and ’663’0 =0, implies

oL r ON
R /0 Po (%)Yo,o(t)(/\o,o(t) — Ay o(t))dt.

For B4 we get,

9B

o\
- — Y50t O\ Yoot
Foyo = p0<354,o> 000 | it _ Paioao¥ao(t)
0 ao Y iZypiYiolt)

0

0

Gpso =0, and g, , = 0, implies

oL T O\
= po(am)mt)mo,o(t) ~ Avo(®)dt.

Probability that a partnership between a susceptible individual and an in-

fected individual is not protected by a condom, 7o

For the HIV infectious disease model, without an intervention, the sensitivity equations for the
probability that a partnership between a susceptible individual with an infected individual is

not protected by a condom are evaluated for each of the infectious classes.
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For ngo,10 we get,

152

Yool(t

po <57700,10> 00(t)
o\

—Po <57700,10 ) Yo,0(t)
0
0
0

100,10 —

Gnoo,lo =0, and Knoo,m =0, implies

oL
0n00,10

O\

For 700,20 W€ get,

700,20 —

Grgoo = 0, and £y, ,, = 0, implies

oL -
87700,20

with

with

1))

_ p1B1oYio(t)

87700,10

O\

i piYio(t)

T
[ (o ) ¥t haa(t) = Aso)e

p22,0Y2,0(t)

37700,20
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For 700,30 We get,

152
Yool(t
po <57700,30> 00(t)

oA
— o < >Yo70(t) ON  p3B3oYs0(t)

d100.30 with = =
’ 100,30 Z;;é piYio(t)

0
0

700,30

Gnoo,so =0, and &700730 =0, implies

T
= /0 p”( - )YOvO(t)(AO,O(t)—Al,o(t))dt.

Ooo,s0 100,30

For 700,40 W€ get,

oA
—po < )Y(),o(t) O\ PafaoY0(t)

F, = 000,40 with = ——
. o040 S2i=g piYiol(t)
0
0

Ggoso = 0, and £y, 4, = 0, implies

T
oL /0 po( o\ >Y0,0(t)(/\0,0(t)—A1,0(t))dt-

Ooo.a0 000,40

Parameters related to the rate at which asymptomatic-unaware individuals

become aware, ¢ and &

For the HIV infectious disease model, without an intervention, the sensitivity equations for the
rate at which an asymptomatic-unaware individual becomes aware are evaluated for both the

screening rate, o, along with the true-positive rate of screening, &.
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For o we get,

0
£Y10(t)
FO' = _é.YLO(t) ’ Go’ = O, and fo- = O,
0
. 0]
implies,
oL

T
9o :/0 EY1,0(t)(A10(t) — Ag(t))dt.

For £ we get,
SR
o¥1,0(t)
Fe=|—-0Y10(t)|, Ge=0, and le =0,
0
L 0
implies,
oL

T
o€ _/0 o¥1,0(t)(A1,0(t) — Ago(t))dt.

Total initial population, Y|

For the HIV infectious disease model, without an intervention, the sensitivity equation for the

total initial population is defined by the following.

[—(1 =32 pi)u]
—p1p
Fy, = —p2pt ,
—p3h
0
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—(1 = ¢o)
1/p10

_<1/M1,0 +1/p20 +1/ps0 + 1//i4,0)¢0
_( 1/p2,0 )¢0
Gy, = L/ pro+1/p20 +1/p30 +1/pap ;and by, =0,
_( 1/p30 )%
/pio+1/p20 +1/p30 + 1/ a0
_( 1/pa0 )%
L N1/ o+ 1/ oo+ 1/p30 4+ 1/pap/ " |
implies,
oL T -
o7 = / —u((l = pi)Aoo(t) + prhio(t) + pahao(t) + PsAB,O(t))dt = (1= 0)A0,0(0)
0 i=1

o
1/pro+1/p20 +1/p30 + 1/ pap0

((1/N1,0)A1,0(0) + (1/p2,0)A2,0(0)

+ (1/13,0)A3,0(0) + (1/M4,0)A4,0(0))-

Seroprevalence of the infected population, ¢,

For the HIV infectious disease model, without an intervention, the sensitivity equation for the

seroprevalence of the infected population is defined by the following.

Yo
( 1/p10 )Y
- 0
1/pi0+1/p20+1/ps0 + 1/ pa0
_< 1/p20 )Yo
Foo =0, Gy, = 1/p0+1/p20 +1/p30 + 1/ 140 - and by, =0,
( 1/p30 )Y
- 0
1/pio0+1/pe0+1/130+ 1/ a0
( 1/pap )Y
- 0
L \1/p10+1/poo+ 1/ 30+ 1/pap/ |
implies,
oL Yo
I Yy o(0) — ( 1 A1 o(0) + (1 Ago(0
gy~ Y0 0,0(0) o+ o + giao + 1/pig (1/p1,0)A1,0(0) + (1/112,0)A2,0(0)

+ (1/13,0)A3,0(0) + (1/M4,0)A4,0(0))-

Distribution of disease-related immigration, p;

For the HIV infectious disease model, without an intervention, the sensitivity equations for the

parameters associated with the distribution of disease-related immigration is evaluated for each
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of the respective classes.

For p; we get,

1Yo
—uYo
Fpy=1 0 |, Gp=0, and ¢, =0,
0
L O |
implies,
20
gle = /0 1Yo (Aoo(t) — Aro(t))dt.

For py we get,

pYo
0
Fy, = |—-uYy|, G, =0, and £, =0,
0
. O -
implies,
oL T
0a :/ pYo(Aoo(t) — Ago(t))dt.
P2 0

For p3 we get,
C Y
0
Fy, = 0 , Gpy =0, and £, =0,
—1¥o
0

implies,

239



oL 20
87/)3 = /0 M%(AO,()(t) - A3,0(t))dt'

Average yearly medical expenses for each class, ¢;

For the HIV infectious disease model, without an intervention, the sensitivity equations for the

average yearly medical expenses is evaluated for each of the population classes.
For ¢y we get,

F., =0, G¢ =0, and /4, = aYEm(t)e*”,

implies,

oL T
= = Yoo(t)e "dt.
800 /0 @ 070( )6

For ¢; we get,

F., =0, G¢ =0, and /4, = aYl,o(t)eth,

implies,

L T
—— = Y1 o(t)e tdt.
9er /0 aYio(t)e

For ¢y we get,

F., =0, Gq, =0, and /., =aYs o(t)e_’"t,

)

implies,

OL

T
—— = Yo o(t)e tdt.
862 /; @ 270( )6
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For c3 we get,

F., =0, G¢ =0, and /4., = aY}io(t)e*’"t,

implies

oL T
= = Yao(t)e "tdt.
803 /0 @ 3’0( )6

For ¢4 we get,

F.,=0, G¢ =0, and /., = ozY4,0(t)e_Tt,

implies,

OL T
= = Yy o(t)e "tdt.
864 /0 « 470( )6

QALYs, g;

For the HIV infectious disease model, without an intervention, the sensitivity equations for

QALYs is evaluated for each of the population classes.
For qp we get,

Fyy =0, Gg =0, and {4 = (a—1)Yye(t)e ™,

implies,

oL

T
— = — 1)Yo,o(t)e "dt.
5= | a=1viatoe

For ¢; we get,

F,, =0, G4 =0, and /{4, =(a— 1)Y1,0(t)e_”,

implies,
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oL T —rt
87(:11 = A (Oé — 1)Y170(t)€ dt.

For go we get,

F, =0, G4 =0, and /{4 = (a— l)Yg,o(t)e_Tt,

implies,

oL

T
— = a—1)Yao(t)e "dt.
s CEEN N

For q3 we get,

Fy, =0, Ggu =0, and /{4 =(a—1)Y30(t)e ",

implies,

oL

T
— = a—1)Ys0(t)e "dt.
o= [ =1y

For q4 we get,

Fo, =0, Gg¢ =0, and /{5 = (a— 1)Y470(t)e*”,

implies,

oL r
— = - 1)Y, “rtdt.
5= [ @ 1¥inear

Annual discount rate, r

For the HIV infectious disease model, without an intervention, the sensitivity equation for the

annual discount rate is defined by the following.

F.=0, G,=0, and
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( Zcz ’L() 1—06 ZQZ ZO > rt’

implies,

gf:/OT (ZCZ io0t) —(1—a) Zqzzo > “rtdt.

Weight for combining objectives for optimization, «

For the HIV infectious disease model, without an intervention, the sensitivity equation for the

weight introduced to evaluate the multi-objective optimization is defined by the following.

F,=0, G,=0, and

i=4 i=4
bo = (Z ciYio(t) + Z QiYi,O(t)) e,
=0 i=0

implies,

T =4
[ (X aviat +zqz o(t) )
0 “izo
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C.2 Therapeutic Vaccine Program

For the model with only the therapeutic vaccine we have following system of ordinary differential

equations
3
dYp ot
00 (13 ¥ — (1t poA 1) Yoo (1)
i=1

dYi ot

Zg( L pupi¥o 4 poA®¥o0(t) — (0 + g + m)Yio(t)
dYso(t

32( ) =p21Y0 + 0EY10(t) — (e + p20 + 1) Ya,0(t)
dYs1(t

Zi( ) =Y 0(t) — (p2,1 + 1) Y21 (t)
dY3o(t SIS
T =p3uYo + 1,5 Yi 5 (8) — (30 + 1) Y3,0(t)

i=1 j=0
dYo(t
2’2() =p3,0Y3,0(t) — (L0 + 1) Ya0(t)
S j:é pzﬂz’j??oo ijYi,; (1)
were \(t) = —— ’ , along with the initial state
Z Z] opz i, (1)
Y0,0(0) =(1 — ¢0)Yo
1/pio -
Yio(0) =7 ——oYo, fori=1,2,34
Y2211 10

Y2,1(0) =0

and the corresponding payoff functional

T i=4 j=1 i=4 j=1
L(T) = / [a(fitythg(t) Y Vi) -1 -a) (D> qzmj(t))} Y
0 i=0 j=0 =0 j—0

In all, we are considering 42 parameters for the model with the therapeutic vaccine only.
© = {u, 11,0, 42,0, 2,1, 143,05 144,05, DO, P15 D2, P35 P4, £1,05 52,05 52,15 53,05 B0, - - -
-+ 700,10, 100,205 7700,217]00,30 700,40, Vt, 0, &, Yo, @0, p1, P2, P35 - - -

.,Cp,C1,C2,C3,C4,490,491,42,43, 44, K¢, T (X}
To set up the sensitivity equations for each of the 42 parameters, we’ll first present the vectors
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using the notation we introduced in the chapter 6.

[ Yo.0(t) + (1 + poA(®)Yoo(t) — (1= S1=3 pi)u¥o ]
Yi0(t) = poA(t)Yo(t) + (o€ + p10 + ) Y1,0(t) — p1uYo
F(Y.Y,0) = 5:/2 0(t) — o&¥V10(t) + (2,0 + p 4 1) Yo ,0(t) — pauYo
Y Y21(t) — Yo o(t) — (p21 + p)Y2,1()
Va.0(t) — p1,0Y1,0(t) — p2,0Y2,0(t) — poaYa1(t) + (us0 + ) Ya0(t) — p3pYo
Yi0(t) = p3,0Y3,0(t) + (1ao + 11)Yao(t) |
Y0,0(0) — (1 = ¢0)Yo
1/#1 0
Yl,O(O)—%( 1/M0>YO
YQ,O(O) _ ¢O ( 1/N12/0 )YE)
COOO)=1 10
1/#30
Y3,0(0 %(Z 1/M]0>Y0
1/ 4,0
Yi0(0 (ZJ 1/#;0 Yo
i=4 j=1 1=4 j=
(Y, 0) = [ (K,tVtYQ o(t) + Z ZCZY,] ) (1 -« (Z QzY )] et
=0 j= =0 j=

Then, by the adjoint variable method, the sensitivity equations are defined by,

OL
09,

T
_ / (to, + ATFy, )t + AT|_ G,
0 t=0

where AT = [Ag 0, A1,0, A20,A21,A30, Asp]. Thus, in defining the sensitivity equations for each
of the parameters in © we will have to evaluate Fy,, Gy, and £y,.

Average non-disease related death rate,

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation

for the non-disease related death rate is defined by the following.
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[Yoo(t) — (1= 0=3 pi) Yo
Yio(t) — p1Yo
Yoo(t) — po Y5
F, = 20(f) = p2¥o . G,=0, and £,=0,
Yo1(t)
Y30(t) — p3Yo
Yaio(t)
implies,
oL r =3
= | [Raa(000() = (1 = 3 p¥6) + AnalO)¥i(t) = pr¥0)
0 i=1
+ Ao o(t)(Yo,0(t) — p2Yo) + Ao 1 (1) Y2 1(t) + Az 0(t)(Ya,0(t) — p3Yo)

+ A4,0(75)Y4,0(t))] dt.

Disease related transition rates, 1,

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation
for the rate at which an infected individual transitions out of each of the disease classes are

each evaluated.

For K10, W€ get,

0
Yi0(t)
0
F#l,o = 0 )
—Yi0(t)
- 0 =
_ . )
1/ pa0+1/p30 4+ 1/pap
PoYo(1/p1,0)? —1/p20
Gm,o = 5 0 , and
(1/p10 41/ p2,0 +1/p3.0 + 1/ p1a0)
—1/p30
i —1/pap |
gm,o =0,
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implies,

oL
Opt,0

T
_ /0 Yio(t)(Avo(t) — Ago(t))dt

$oYo(1/p1,0)?
(1/p1,0 + 1/p20 + 1/p30 + 1/ pap)

= (1/p2,0)A20(0) — (1/p23,0)A3,0(0) — (1/M4,0)A4,0(0))'

7 ((1/M2,0 +1/p3,0 +1/p4,0)A1,0(0)

For oo we get,

0
0
Yo0(t)
F,U«Q,O = 0 )
—Y5(t)
. 0 -
_ . -
—1/M1,0
o $oYo(1/p2,0)? 1/p1o+1/ps0+ 1/ pap and
12,0 — 3
+ (1/p1,0 +1/p20 +1/p30 + 1/#4,0)2 0
—1/p3,0
L —1/M4,0
g#z,o =0,
implies,
oL T
P = / Y270(t) (Agyo(t) — Agjo(t))dt
2,0 0

$0Yo(1/p2,0)
(1/p10 + 1/ pa0 +1/p30 +1/pag

= (1/p1,0)A1,0(0) — (1/p3,0)A3,0(0) — (1/M4,0)A4,0(0))-

)2 <(1/M1,0 +1/p3,0 + 1/ 114,0)A2,0(0)

For o1 we get,

247



o ]
0

Fu, = 0 y Guy; =0, and £,,, =0,

: Yau(t) : )
L O .

implies,

T
38L = / Ya,1(t)(A2,1(t) — Aso(t))dt.
K21 0

For us o we get,

0
0
0
Fus,o = 0 )
Y30(t)
—Y30(t)
_ . 3
—1/p10
Yy (1 2 -1
G — $oYo(1/p3,0) ! /12,0 and
(/10 + 1/p20 + 1/ 30 + 1/ pap) 0
1/p10+1/p20 +1/pap
i —1/pap
Cpso =0,
implies,
oL T
g = [ Yao()(haolt) - Aao(0)i
H3,0 0

$oYo(1/p3,0)
(1/p10+ 1/ p20 + 1/ps0 + 1/ payp)

— (1/11,0)A1,0(0) — (1/p2,0)A2,0(0) — (1/M4,0)A4,0(0))-

5 ((1/M1,0 +1/p2,0 +1/p4,0)A3,0(0)
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For py o we get,

0
0
0
F/M,o = 0 )
0
Yao(t)
_ . -
—1/p0
- $0Yo(1/pa0)? —1/p20 and
Ha,0 T 2 )
(1/p1,0 + 1/p20 + 1/pz0 + 1/ p1a0) 0
_1/M3,0
|1/ 10+ 1/ p20 4+ 1/ps0 ]
Cuo =0,
implies,
oL T
= Yio(t)Aso(t)dt

$0Yo(1/p1a0)
(1/p10 +1/p20 +1/p30 + 1/ pag

— (1/11,0)81,0(0) = (1/112,0)A20(0) — (1/p130)45,0(0) ).

)2 <<1/M1,0 +1/p2,0 +1/113,0)As,0(0)

Average number of partners an individual will have in a year, for each pop-
ulation class, p;

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation
for the average number of partners an individual, with disease status i, will have within a year

are evaluated for each population classes.
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For py we get,

Gp, =0, and £, = 0, implies

o
Opo

For p; we get,

0
0
0
0

O

~Yoolt) Xi2) Ziié PilBi M00,i;Yi;(t)

O

_ /OT Yo,0(t)(Aoo(t) — Ar(t)) <)\(t) 1 po [] ) db.

Ipo

(S pvion)”

51,07700,103/1,0@)(2 ZJ o piYi ()) Yio(t )(ZZ - gpzﬂz,ﬂ?oowy (t)>

with — =
3271

Gp, =0, and ¢, =0, implies

oL
Op1

(CEiSmmvin)

T
B /0 p0<8a;\1>Y00( )(Aoo(t) — Avo(t))dt.
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For P2 we get7

[ A T
Po <%> 07[)(t)
— Po <§)\>Y(),o(t)
F,, = P2
0
0
0
L 0 |
oA (B2,0m00,20Y2,0(t) + 52717700,21}/2,1(75))(2 ZJ LYt )>
with —

z (S i)
(Ya0(t) + Y21(2)) ( Sl iié piﬁi,jnoo,zjyi,j(t))

<Z Z] Opl i ())2

9

Gp, =0, and £, = 0, implies

T
g]f; - /0 p0<§;\2>yoo( )(AO,O(t) - A170(t))dt.

For p3 we get7

Po <a);> Yo,[)(t)

— Do <§)\>Y7070(t)
F. = D3
p3 0
0
0

- O i
OA ﬁ3,07700,30}/370 ®) ( Z ZJ Opz ( )> — Y30 (t) ( ZZ o —0 pZ/Bz 3700,i5Yi,5 (t)>
with — |

dps (Z Z] opz . ()>2

251



Gp, =0, and ¢, = 0, implies

T
g]f; - /0 Po <aa;;>y(],0(t)(1\0,0(t) — A170(7f))dt.

For py we get,

iy Ba,0m00,40Ya,0(t) (Z o Iz piYi(t )) —Y4,0(t)<21 Y0 im0 Vi (t)>

Ops ( Eézo Z?lzo piYio (t)) :

)

Gp, =0, and ¢,, = 0, implies

T
oL _ /0 p0< O >y00( )(Aoo(t) — Aro(t))dt.

Ops Op4

Infectivity rate for each of the infectious classes, 3,

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation

for the infectivity rates are evaluated for each of the infectious classes.
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For ﬂLO we get,

Gp,, =0, and £, , = 0, implies

8ﬁ1’0 8/61,0

For 5270 we get,

Gpyo = 0, and £, , = 0, implies

9B2,0 92,0

Y

with

with

o p17700 10Y1 o(t)

9

061,0 N Z Z] Op'L ( )

T
oL / m(f”)YO,O(@(AO,O@—A1,0<t>>dt-

O\ _ p2770020Y20()
P20 g YZemiYis(t)

T
oL _ /0 po(m)Y(LO@)(AO,O@)—A1,0<t>>dt-
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For ﬂ271 we get,

Gp,, =0, and £g,, = 0, implies

8ﬁ?,l 8/8271

For 5370 we get,

Gpso =0, and £, , = 0, implies

9B3,0 9Bs.0

)

Y

with oA

P27700 21Y2 1(t)

T
oL / m(f”)YO,O(@(AO,O@—A1,0<t>>dt-

with oA

852,1 - E Z] Opl ( )

p37700 30Y3 o(t)

T
oL _ /0 po(m)Y(LO@)(AO,O@)—A1,0<t>>dt-
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For 840 we get,

Do (622\70>YO,0(75)
oA
Py — p0<354,0)yo’0(t) . with oA _ p47700 40Y4 o(t)
7 0 9B E Z] opz 55 (1)
0
0
L O .

Gp,, =0, and g, , = 0, implies

oL T O\
= po(aﬁm>%,o(t)(Ao,0(t) ~ Arolt))dt.

Probability that a partnership between a susceptible individual and an in-
fected individual is not protected by a condom, 7o

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equa-
tions for the probability that a partnership between a susceptible individual with an infected

individual is not protected by a condom are evaluated for each of the infectious classes.

For ngo,10 we get,

_ o 3
Yool(t
p0<87700,10> 00(t)
o\
— Yool(t
Po (87700,10> 0o(?) ) 1)) p151 0Y1 o(t)
Froon0 = with 5 = )
0 Moo Y= E] opz i,(1)
0
0
- 0 -

Gnoo,m =0, and &700710 =0, implies
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OL /T ( O\ >
= Yoolt
0100,10 0 po 0100,10 0.0(£)(
For ngo,20 we get,
[ O\
Yoot
p0<a7700,20> 00(t)
o\
— Po <8 )YVQO (t)
100,20
Fﬁ00,20 = 0
0
0
i 0
Gn00,20 =0, and &700’20 =0, implies
oL /T ( O\
= b
900,20 0 ’ 900,20
For ngp 21 we get,
[ O\
Yoot
p0<37700,21> 00(t)
o\
— Do (a >Y0’0 (t)
100,21
F7700,21 = 0
0
0
i 0
Gfioo,zl =0, and 67700,21 =0, implies

with 2 p2/32 0Y2 o(t)

a7700,20 B Z Zj opz

) Yoo(t)(Aa(t) — Aro(t)dt.

Y5
with oA p252 1 2 1( )

5 ()

Ono0o,21 Z E; opz i
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oL
87700,21

For ngo,30 we get,

/OT e (87700,21 > Yoo(t)(

o
Yoolt
po <a7700,30> 00(t)
o\
— Po <8 )YVQO (t)
100,30
Fﬁoo,:so = 0
0
0
i 0
Gnoo,so =0, and &700’30 =0, implies
oL )
67700,30

For 710,40 we get,

[ O\
Yoolt
PO <37700,40> 00(t)
o\
— Do (a > Yo’o (t)
100,40
F7700,40 = 0
0
0
i 0
Gnoo,4o =0, and &700,40 =0, implies

oA _ p3ﬁ3oY30()
Onoogo = Zj oDiYio(t)

with

T
:/0 po(a??oo,:ao) Yoo(t)(Roo(t) — Avo(t))dt.

ON _ paby, 0Y4 o(t)

with

Omooa0 =4 Iz =L piYio(t)
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T
87780540 :/0 pO( oA >Y0,0(t)(AO,O(t) —Al,o(t))dt.

Proportion of the asymptomatic-aware population that receives the thera-

peutic vaccine, 1,

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation
for the parameter defining the proportion of the asymptomatic-aware population that receives

the therapeutic vaccine is defined by the following.

0
0
Yoot
F, = 20(t) . G, =0, and £, =0,
~Ya0(t)
0
. 0 -
implies,
OL T
o= [ Yaolt)(heot) — Aaa(t)t
Ut 0

Parameters related to the rate at which asymptomatic-unaware individuals
become aware, ¢ and &

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equa-
tions for the rate at which an asymptomatic-unaware individual becomes aware are evaluated

for both the screening rate, o, along with the true-positive rate of screening, &.
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For o we get,

0
£Y10(t)
—£Y]
F, = £Y10(t) Gy =0, and £, = 0,

implies,

T
Zﬁ :/0 §Y1,0(t)(A1,0(t) — Ago(t))dt.

For £ we get,

0
a¥1,0(t)

—oYi(t
Fe = a¥10(t) Ge =0, and fe = 0,

)

implies,

T
?9? :/0 oY10(t)(A10(t) — Azo(t))dt.

Total initial population, Y|
For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation

for the total initial population is defined by the following.
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(1= pi)u
—p1p
—pap
FYO - 0 ’
—p3f
- 0 -
—(1 = ¢o)
_( /o )¢0
1/pio+1/po0+1/ps0+1/pap
_( 12,0 )%
Gy, = 1/pro+1/p20 -g 1/p30 + 1/ a0 . and fy, = 0,
_( 1/p3,0 )%
1/pio0+1/pe0+1/130+1/pap
7( 1/#4,0 )¢0
/p10+1/p20+1/ps0 +1/pap/ |
implies,
oL [T —
o7 = / —u((l = pi)Aoo(t) + prhio(t) + pahao(t) + PsAB,O(t))dt — (1= ¢0)A0,0(0)
0 i=1

o
1/pro+1/p20+1/pu30 + 1/ pap0

((1/N1,0)A1,0(0) + (1/p2,0)A2,0(0)

+ (1/13,0)A3,0(0) + (1/M4,0)A4,0(0))-

Seroprevalence of the infected population, ¢,

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation

for the seroprevalence of the infected population is defined by the following.

Yo
_( 1/p10
1/p10+ 1/ 20+ 1/ps0 + 1/ pao

_( 1/p2,0 )
Fy =0, Gy = | ‘YHo+ 2o 46 Vhso #1107 71 and gy, =0,
_( 1/p3,0 )
/p10+1/p20+1/p30 +1/p40
_( 1/pap )
| N1/ pao+1/p2o+1/pu30 4+ 1/pa0
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implies,

oL Yo

Don 000,0(0) 1o+ 1/p20+1/ps0+ 1/pap

((1/M1,0)A1,O(0) + (1/p2,0)A2,0(0)

+ (1/13,0)A3,0(0) + (1/M4,0)A4,0(0))-

Distribution of disease-related immigration, p;

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equations
for the parameters associated with the distribution of disease-related immigration is evaluated

for each of the respective classes.

For p; we get,

pYo
—pYo

0
F, = ., Gp =0, and ¢, =0,

0
0
0

implies,

oL 20
Tpl = /0 /«L}/O(AO,O(t) - Al,O(t))dt'

For po we get,

pYo

F,, = . G, =0, and {,, =0,

implies,
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oL r
s = /0 wYo(Aoo(t) — Aoo(t))dt.

For p3 we get,

pYo
0
0
Fy, = e Gp; =0, and £, =0,
—uYo
- () -
implies,
oL

20
P / pYo(Aoo(t) — Aso(t))dt.
P3 0

Average yearly medical expenses for each class, ¢;

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equa-

tions for the average yearly medical expenses is evaluated for each of the population classes.
For ¢y we get,

F., =0, G¢ =0, and /4, = ozYo,o(t)e_”,

implies,

OL T
_— = _rt .
Deq /0 aYpo(t)e "dt

For ¢; we get,

F., =0, G. =0, and £, =aYi(t)e ",

implies,
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OL

T
—— = Y1 o(t)e tdt.
801 /0 @ 170( )6

For co we get,
F., =0, Gg; =0, and /f,=a(Yao(t)+ Ya1(t))e ",
implies,

oL

T
oL _ / a(Yaot) + Yar (t))e"dt.
802 0

For c3 we get,
F., =0, G¢ =0, and /4, = ong,o(t)ef"t,
implies

oL

T
—— = Yao(t)e "tdt.
863 A @ 370( )6

For ¢4 we get,
F., =0, G, =0, and /f, =aYso(t)e ",
implies,

oL

T
—— = Yy o(t)e "dt.
804 /0 @ 470( )6

QALYS, 4q;

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equa-

tions for QALYs is evaluated for each of the population classes.
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For qp we get,

Fyy =0, Gg =0, and /{4 = (a— 1)Y0,0(t)e_”,

implies,

oL /T o
—_—= a—1DYyo(t)e "dt.
900 0( )Y0,0(t)

For q; we get,

F, =0, Gg, =0, and £, =(a—1)Yio(t)e ",

implies,

T
gi = /0 (Oé — 1)Y170(t)€_Ttdt.

For qo we get,

Fy, =0, Gg¢, =0, and {4 = (a—1)(Yap(t)+ Yg,l(t))e_rt,

implies,

oL

T —rt
o = /O (o = 1)(Yao(t) + Yo (£)e "dt.

For g3 we get,

Fp, =0, Gg =0, and /{4 = (a— 1)}/370@)6_%,

implies,
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oL

T
= _ o —rt
00 /0 (v —1)Y30(t)e "dt.

For q4 we get,

F, =0, Gg, =0, and /f, =(a—1)Yio(t)e ",

implies,

oL /T o
—= = — 1)Yyo(t)e "tdt.
2a o (= 1)Yyp(t)e

Direct cost for the therapeutic vaccine, x;

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation

for the direct cost for the therapeutic vaccine is defined by the following.

Fa :07 Ga — 0, and

b, = al/thﬁo(t)e_rt,

implies,

oL

T
aa=/0 al/thﬁo(t)e_”dt.

Annual discount rate, r

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equation

for the annual discount rate is defined by the following.

FT' :07 G'r — 0, and

i=4 j=1 i=4 j=1
b, = —t( ki Yoot +ZZQYJ (1-a) ZZqZY > et
=0 j= =0 5=0
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implies,
=4 j=1

, i =1
?)f—/o _t<a ke Yaolt ZZ ) = (1—0a) Y ) a4 )frtdt
1=0 j

=0 7=0

Weight for combining objectives for optimization, «

For the HIV infectious disease model, with the therapeutic vaccine only, the sensitivity equa-
tion for the weight introduced to evaluate the multi-objective optimization is defined by the

following.
F,=0, G,=0, and

i=4 j=1 i=4 j=1

by = (I{tVtYZ()(t) + Z Z CZ'Y;'J (t) + Z Z QthL',j (t))e_”’

implies,

T i=4 j )
g% - /0 (Htl/th,o(t) + Z Z ¢iYi (t) + qin7j(t)>e—rtdt'

C.3 Preventative Vaccine Program

For the model with the preventative vaccine only we have the following system of ordinary

differential equations
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3

dYo ot

OO (13 pus — (v + o poAE) Yao() + Yo ()

=1

dYo1(t

100 ) io(t) = 0+ pol1 — DA (1) (1)
dYio(t

L) iy + poA(OYo0(8) — (0 + o€ 4 ra + 1)Vio(t) + ¥ a(8)
dYy1(t

M ¥ o0) 4 pold — A (¥0r(8) — (o€ + pas + Yaa(t)
dYs o(t

200) %0 + 0 (Va0 (8) + ¥ia(8) — (a0 + ) Ya0(0)
d}/go =2 j=1

d —p3ﬂ%+ZZMz] zg MBO"‘M)}/?;O()

=1 j=0

dYso(t

100 s ¥30() — (o + ) ¥ao(®)

=4 =4
i1 ) Y; t i= i g Y; t
were A(t) = 21 Op Pimo Y1) and A\, (t) = 21 Op ﬂ,ﬂ](n i ), along with
Z Z] Opz ,J ) Z Z] OpZ 1]()

the initial state

Y0,0(0) =(1 — ¢0)Yo
1/ i
Z?i 1/p1j0
Y;1(0) =0 for i =0, 1

Yio(0) = oYy, fori=1,2,3,4

and the corresponding payoff functional

T i=4 j=1
LT) = [ [almm(YVas(t) + Yao() + 3 3 ci¥isl
0 i=0 j=0
=4 j=1
1—a qu’yvﬂ } e "tdt.
1=0 j=

In all, we are considering 49 parameters for the model without an intervention.
© = {1, 11,05 11,1, 42,0, 13,0, 14,0, P0> P15 D2, D3, P4, B1,0, 51,15 52,0, 83,05 84,0, - - -
-+ 700,105 700,11, 700,20, 700,305 700,40, 7]01,10, 7J01,115 7J01,20, 7]01,30, 7]01,40 - - -

3 €5 Vp, W, 0,€, Y0, G0, P1, P2, P35 €0, C15 €2, €35 €4, 405 15 G2, 435 @45 T Oy i }
To set up the sensitivity equations for each of the 49 parameters, we’ll first present the vectors
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using the notation we introduced in the chapter 6.

F(Y,Y,0) =
[ Yo o(t) + (vp + 1+ poA(£) Yoo (t) — w¥o(t) — (1 = 3127 pi)uYo |
Yo(t) — vpYo0(t) + (14w + po(l — €) A () Yo (2)
Y1 0(t) — poA(t)Yo,0(t) + (vp + o€ + p10 + ) Yi0(t) — wYr1(t) — pruYo
Yi1(t) — po(L — &)\ (t)Yo1(t) — 1pY10(t) + (06 +w + a1 + p) Y11 (t)
Yaolt) — oc€(Yi0(t) + Yi1(t)) + (2,0 + p)Yao(t) — p2uYo
Yao(t) — p10Y10(t) — p11Y11(t) — pa0Yo0(t) 4 (a0 + 1) Ya0(t) — pauYy
| Yio(t) — ps0Ys,0(t) + (ta0 + 1) Yao(t) |
[ Y0,0(0) — (1 — ¢0)Yo ]
Y0,1(0)
1/#1 0
Y1,0(0) — ¢o ( S O)YO
Yia(
G(Y(0),0) = ( 1/M2 0 )YO
1//”’] 0
Yaol ( 1/ 3,0 )YO
1/#] 0
1/#40
- Y4,0(0 ( 1/M] 0>Y0 |
=4 j=1 i=4 j=1
«Y,0) = [a (ﬁpyp(moa) + Yig(t) + ciy,,j(t)) —(1-a ( aYis )] —rt
=0 j=0 =0 j=0

Then, by the adjoint variable method, the sensitivity equations are defined by,

oL
0v;

_ /0 ? (€0, +ATEy, )dt + AT \tzon

where AT = [Ag o, Ao,1, Ao, A1, Ao, Az o, Aap]. Thus, in defining the sensitivity equations for

each of the parameters in © we will have to evaluate Fy,, Gy, and £y, .

Average non-disease related death rate,

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equation

for the non-disease related death rate is defined by the following.
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[Yoo(t) — (1= 32127 pi) Yo
Yo,1()

Y10(t) — ;1Yo

F, = Yl’l(t) , Gu=0, and £, =0,

Yo,0(t) — p2Yo

Y30(t) — p3Yo

| Yao(t) i
implies,
8L—/T[A ()Y, (t)—(1—§ )Y0) + Ao (H) Yo (1)
o J, 0,0 0,0 2 Pi)Xo 0,1 0,1

+ A10(t)(Y1,0(t) — p1Y0) + A1,1(8)Y1,1(f) + Ago(t)(Yo,0(t) — p2Yo)
+ A3.0(5)(Yao(t) — p3Y0) + Aso(t)Yao(1)) | dt.

Disease related transition rates, 1,

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-
tion for the rate at which an infected individual transitions out of each of the disease classes

are each evaluated.

For p1,0, we get,

F,ul,o = 0 )
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_ 0 -
0
1/p20+1/p30 +1/pap
a B QZ’OY()(l/MLO)2 0 d
pio = 3 s al
(1/m0 + 1/p2,0 + 1/ p3.0 + 1/ pa0) 1/
—1/u3,0
—1/pay0 i
lyry =0,
implies,
L T
o / Yio(t)(Aro(t) — Ago(t))dt
H1,0 0

$0Yo(1/p1,0)?
(1/p1,0 + 1/ p20 + 1/ p30 + 1/ pagp

— (1/p2,0)A20(0) — (1/p13,0)A3,0(0) — (1/M4,0)A4,0(0))'

)2 ((1/M2,0 +1/p3,0 +1/p4,0)A1,0(0)

For py,1 we get,

0
0
0
F/—Ll,l = Y171(t) 5 Gﬂl,l = O, and Emyl = 0,
0
_Yl,l(t)
L 0 .
implies,
T
;)L :/ Yi1(6)(A11(t) — Ago(t))dt.
Hi1 0
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For po o we get,

0
0
0
F#2,0 = 0 )
Ya,0(t)
—Y50(t)
- O -
_ 0 -
0
—1/p0
o $oYo(1/p2,0)° 0 d
H2,0 — B} ) an
(/10 + 1/ p20 + 1/ 30 + 1/ pap) 1 pno+ 1/ 50 + 1/ a0
—1/p30
—1/pa0 |
g#z,o =0,
implies,
oL T
B / Ya.0(t)(A20(t) — Aso(t))dt
12,0 0

$0Yo(1/p12,0)
(1/p10 +1/p2,0 +1/p30 +1/p1a0)

= (1/p1,0)A1,0(0) — (1/p3,0)A3,0(0) — (1/M4,0)A4,0(0))-

5 ((1/M1,0 +1/p3,0 + 1/ p4,0)A2,0(0)

For uso we get,

0
0
0
Fuo=1 0 |,
0
Y3.0(t)
—Y30(t)
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_ . )
0
—1/p10
a. $oYo(1/p30)° a
H3,0 — 2 0 an
(1/p10 4+ 1/p20 + 1/p30 + 1/ p1a0) 1120
1/ p10+1/p20 4+ 1/pap
—1/pap |
Eus,o =0,
implies,
oL T
g = [ Yao(t)Aaolt) - Aao(0)i
13,0 0

$0Yo(1/p3,0)*
(1/p1,0 + 1/p20 + 1/p30 + 1/ pap)

= (1/p1,0)A1,0(0) = (1/p12,0)A2,0(0) — (1/M4,0)A4,0(0))'

5 (/10 + /2.0 + 1/ 114.0) A3 0(0)

For pyo we get,

0
0
0
FAL4,0 = 0 ’
0
0
[ Ya0(t)]
— 0 T
0
—1/p10
T $oYo(1/pa0)* 0 d
= 5 s all
(1/p10 + 1/p20 + 1/p30 + 1/ p140) —1/p20
—1/p3,0
[ 1/p10 +1/p2,0 +1/p30.
g,u4,0 =0,
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implies,

oL
Opao

T
= /0 Y470(t)A4,0(t)dt
G0Yo(1/pap)?
(1/p1,0 +1/p20 +1/ps0 + 1/ pap)
= (1/p1,0)A1,0(0) = (1/p12,0)A2,0(0) — (1/M3,0)A3,0(0))'

5 ((1/M1,0 +1/p2,0 +1/p3,0)A4,0(0)

Average number of partners an individual will have in a year, for each pop-

ulation class, p;

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-
tion for the average number of partners an individual, with disease status ¢, will have within a

year are evaluated for each population classes.

For pg we get,

FPO_
(1= o) (l0) + 0| 5| )
0
0
L O .
ox  —(Yoo(t) + You(t) Xoi=i o020 pifBigmioo.i Vi (t)
w1tha— 3
Po (ZEse opuo<>)
PRy —(Yoo(t) + Yo (t) Xoimy S22 pilBigmon i Vi (t)
o 3]90: 2 ’
(Tiztxis opuou)

Gp, =0, and £,, = 0, implies
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8po / Yo,0(t)(Ao,o(t) Al,o(t))<)\(t)+P0 [S;;D

+ (1 =2)Y0,1(t) (Ao (t) — A1a (1)) <)\V(t) T [?);:] ) "

For p; we get,

i O (B1,0m00,10Y1,0(t) + Bram00,11Y1 1@))(2 0 oYt ))
o (TE Ty ()
(Vio(t) + Yiu(0) ( ZIZ E32 pibigmoni Vi (1))
! (v )’
o, _ (BromuaoYio®) + B i () (S S mYis()
o1 (T sy, m)
- (Vio(t) + Yialt ))(Z?f4 Zifépiﬁijn01,zjlﬁ,j(t))

(SEsnrs0)

Gp, =0, and £,, = 0, implies

T
g]’i = /0 Po [(5;)5/00( Y(Aoo(t) — Aio(t) + (1 —¢) (g;:)YO,l(t)(AO,l(t) - Al,l(t))] dt.
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For po we get,

Po <88;\2>Y00(t)
o)N%
i1 =) G ) oalt)
oA
Fp, = o <ap2>Y00(t)
~ i1 =252 ¥l
0
0
| 0
i=4\~J=1 5 AV
L ﬁ B2,07700,20Y2,0(t)(2 ZJ opz z]( )) _Y2,0(t)<2i:1 j:Oplﬁl,]nOO,’L]}/Z,J(t)>
o (CESmpyisn)
1 O\, 52,07701,203/2,0@)(2 ZJ opiYi(t )) —YQ,O(t)(Eﬁj Egzépiﬁi,jnouﬂﬁj(t))
an = 2
o (SEdSmmyism)

Gp, =0, and £,, = 0, implies

Op2 D2

T
o[ po[(gj Vao(0(haa(0) - Ara(0) + (1= 2)( 5% )aate )(Ao,l(t)—/\m(t))]dt-
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For ps we get,

Po <§;>Yoo(t)
o)N%
i1t =) G ) oalt)
oA
Fp, = o <ap?>>Y00(t)
~ i1 =952 ¥aalo
0
0
| 0
i=4\~J=1 5 AV
b Q B3,07700,30)/3,0(t)(2 ZJ opz z]( )) _Y3,0(t)<2i:1 j:Oplﬂl,]nOO,lj)/Z,J(t)>
ops (CESmpyisn)
1 O\, 53,07701,303%,0@)(2 ZJ opiYi(t )) —Y3,0(t)(zﬁj Egzépiﬁi,jnouﬂﬁj(t))
an = 2
s (SEdSmmyism)

Gp, =0, and £,, = 0, implies

Ops3 3

T
o= pol(gpz Pao(0(haa(0) = Ara(0) + (1= 2)( 5% ) Yaate )(Ao,l(t)—/\m(t))]dt-
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For py we get,

po<gp);>yo,o(t)
po(1 - >(‘324”)Y0,1<t>
Fp4 = o <Eé;;:1>%70(t)
—po(l—¢) <(Z);\:>Yo,1(t)
0
0
i 0
o BromoaoVao(t) ( 2158 ZJ §0Yig (1)) = Yaolt >(22% I piBigni Vi (1))
o (S i)
1 N _ 54,07701,40151,0@)(2 Z] opiYij(t )) —Yz;,o(lf)(zZ 1 Opzﬁmnm iiYij (t))
o (S sm i)’

Gp, =0, and ¢,, = 0, implies

Op4 D4

T
o= [ [( j;)m()( J(Moo(t) — Avo(t) + (1<) (fﬁ )Yo L(B)(Ro1 (1) - Al,l(t))] dt.

Infectivity rate for each of the infectious classes, 3,

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-

tion for the infectivity rates are evaluated for each of the infectious classes.
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For 81,0 we get,

with

Gg o =0,

oL
010

- /oT [(a(;?

o\ _ p17700 10Y1 o(t)
OPro TSIz piYis(t)

and g, , = 0, implies

For 81,1 we get,

with

O\
<8511>Y00(t)
w1 =4) (53 a0
—p0<82i\ )Yc)o(t)
-1 = ) (55 ) Yoal)
0
0
0 |
o p1770011Y1 1(t)

0BL1 SN piYis(t)

and

)Yoo< Y (Aoo(t)—Aro(t)) + (1 e)(

and

N P10, 10Y1 o(t)

3ﬁ1,0 B Z Z] opz z]( )’

o\,
01,0

onN p17701 11Y1 a(t)

01 Y Y ZomiYis(t)

)Y01( (Ao ()~ Auy (1)) | .



Gp,, =0, and g, , = 0, implies

T
o[ Po[( ) Faalt)(no()~ A1) +1-2) (5 ) o (0 Ao (-1 1) .

For 32y we get,

i <a)\> (t) |
bo 02,0 00
o\,
1- Yoq(t
i1 =) (53 a0
o\
— —— Yoot
Fﬁz,o po <852,0) 070( )
o\,
po(l —€) <3ﬂ2,0> 01(%)
0
0
i 0 ]
with oA _ p27700 20Y2 0( ) and o\, - p2’]’]01 20Y2 0( )

0Bao Y IZa S ImgpiYis(t) 0820 SiZ ST miYiy(t)

Gp,o =0, and fg, , = 0, implies

T
68650 :/0 [(8(2)\ >Y00( )(Ao,o(t)—A1,o(t))+(1—8)( 02 >Y0,1(t)(/\0,1(t)—A1,1(t)) dt.
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For 83 we get,

22 _ p3770030Y30() and o\ _ P37701 30Y30()
9Ps,0 Z ZJ opz Yi;(t) 9Ps.0 Z Z] opz Yi;(t)

with

Gpso =0, and g, , = 0, implies

T
88550 :/0 [(82)\ >Yoo( )(Aoo(t)—A1o(t)+(1— 6)(685);0)3/01( (Ao (t)—A1a(t)) | dt.
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For 840 we get,

Fﬁ4,o =

oA

with

85470> Yo,0(t)

p47700 40Y10(t) o\

and

P47701 40Y1,0(t)

0P4,0 -

S Iz piYiy(t) 0o YZg SIS miYiy(t)

Gpso =0, and g, , = 0, implies

94,

38550 - /OT [(

O\

)m()(zxo,o(t)—m,o(t)) (- e)(

9

oAy

8540>Y01( )(Ao,1(t)—Ar1(t)) | dt.

Probability that a partnership between a susceptible-unvaccinated individual

and an infected individual is not protected by a condom, 7o

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-

tions for the probability that a partnership between a susceptible-unvaccinated individual with

an infected individual is not protected by a condom are evaluated for each of the infectious

classes.
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For no,10 we get,

plﬁl 0Y1 o(t)

[ 1)) T
t
<87700,10> o(t)
0
o\
- Yool(t I\
Fioo10 = p0<a7700,10> 00(t) with
0
0
0
L 0 1
GWOO,lO =0, and 67700,10 = 0, implies
OL /T ( O\ >
= Yoo(t)(Ago(t) — Aqo(t))dt.
amoro  Jo P\ oo 00()(Ao,0(t) = Aro(t))

For ngo,11 we get,

Ooto 3120 oI piYiy (1)

I

plﬁl 1Y1 a(t)

(5 e |
PO O100,11 ’
0
o\
- Yoot O\
F?700,11 = p0<a7700,11> 070( ) with
0
0
0
L 0 i
GWOO,ll =0, and &700“ =0, implies
OL /T ( O\ >
= Yoo(t)(Ago(t) — A o(t))dt.
amonr Jo P\ o 00()(Ao,0(t) = Aro(2))
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For 100,20 we get,

0
oA
- Yoot
Fﬂoo,zo = p0<a7700,20> 070( )
0
0
0
L 0 1
GW00,20 =0, and &700720 = 0, implies
oL /T
= p
900,20 0 0

For 700,30 we get,

Y-
with % p252 0 2 o(t)

87700,20 B Z Ej opz i j ()

o\
(37700,20 > Yo,0(¢)(Aoo(t) — Aro(t))dt.

2 p3/53 0Y3 o(t)

with

900,30 B Z E; opz Yio(t)

o\
Yoolt
p0<57700,30> bo(t)
0
O\
- Yoolt
F7700,30 = p0<6n00730> O’O( )
0
0
0
L 0 |
GT]OO“”O =0, and €W00,30 = 0, implies
oL /T ( AN >
- Yo.0(t)(Aoo(t) — A1o(t))dt.
100,30 0 Po 100,30 0,0(t)(Ro,0(?) 1,0(2))
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For 100,40 We get,

[ ) T
t
<87700,40> o)
0
o\
= —p0< )YQO(t) : 2 1045403/40( )
Fﬂ00,40 = 87700,40 with 5 = P
0 M040 Y i, y onYzo(t)
0
0
L 0 1
GW00,40 =0, and &700740 = 0, implies
OL /T ( O\ >
= Yoo(t)(Ago(t) — A1 o(t))dt.
om0 Jo P\ oo 00()(Ao,0(t) = Aro(t))

Probability that a partnership between a susceptible-vaccinated individual
and an infected individual is not protected by a condom, 7; ;o

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-
tions for the probability that a partnership between a susceptible-vaccinated individual with an

infected individual is not protected by a condom are evaluated for each of the infectious classes.

For 7701,10 we get,

0
o\,
1-¢ Yoolt
ol )<07701,10> 00(t)
0 0\ BroYio(t)
F7701,10 = (1 6)( o\, )Y (t) with 877 _ Z plzljo 1,0 ( )7
o - 01,10 Vi
P Ono1,10 0.0 op
0
0
L 0 ]
Gnor1o =0, and £y, o = 0, implies
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plﬁl 1Y1 (1)

=

9

ZJ 0 PiYi;(t)

p252 0Y2 o(t)

_ . )
o\,
polt =) (67701 11> o(®)
0
Fyop = oA with 22
o ~holl-e) <87701V11 > Yoo(t) o1,
0
0
L 0 ]
GT]01,11 =0, and &701,11 = 0, implies
OL /T ( X >
= Yoo(t)(A t) — A t))dt.
nor.11 o Po o111 0,0()(Ao,o(t) 1,0(t))
For 71,20 we get,
_ . )
o\,
mo(i =€) (67701 20>YO’0(t)
0
Frppr 00 = O with 22
N B A
0
0
L 0 ]
GWOLQO =0, and 67701,20 = 0, implies
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oL
87701,20

For no1,30 we get,

T
= Po
/0 (87701,20

[ 0
o\,
po(l —¢) (67701 30>Y0,0(t)
0
o\ Y-
Foor 30 = oAy with — p3ﬁ3;) 3,0(t)
_ pO(l — 5) 87701 " Y[)’o(t) 87701730 Z Z Qpl f 0( )
0
0
L 0
GT]01,30 =0, and &701,30 =0, implies
oL /T ( AN >
= Yoo(t)(Ago(t) — A1 o(t))dt.
oo Jo Po Dor30 0,0(t)(Ao,o(t) — A1(t))
For no1,40 we get,
[ 0
o\,
po(l—¢) ( o 40>Y0,0(t)
0
Y,
F7701,40 = o\, with 2 _ p4ﬁ40 40( )
_ pO(l — 8) 87701 " Y[)yo(t) 87701740 Z Z] ()pl f 0( )
0
0
L 0
Gn01740 =0, and 67701,40 = 0, implies
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T
8178(540 :/0 pO( oA >Y0,0(t)(AO,O(t) —Al,o(t))dt.

Efficacy of preventative vaccine, ¢

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-

tion for the efficacy of the preventative vaccine is defined by the following.

F.=1| poA(t)Y01(t)|, Ge=0, and £. =0,

implies,

T
g—ﬁ = /0 PoA (1) Y0,1(t)(A1,1(t) — Ao,1(2))dt.

Proportion of the susceptible and asymptomatic-unaware populations that

receives the preventative vaccine, v,

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-
tion for the parameter defining the proportion of the susceptible and asymptomatic-unaware

population that receives the preventative vaccine is defined by the following.
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, Gy, =0, and {,, =0,

implies,

0L

T
F / Yo0,0(8)(Ao0(t) — Ao,1(t)) + Yi,0(8)(Aro(t) — A (t))dt.
Vp 0

Waning rate of the preventative vaccine, w

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-

tion for the waning rate of the preventative vaccine is defined by the following.

, G, =0, and ¢, =0,

implies,
T
gTLJ = /0 Yo,1(8)(Ao,1(£) = Aoo(£)) Vi1 (1) (Ar 1 (t) — A o(t))dt.

Parameters related to the rate at which asymptomatic-unaware individuals

become aware, 0 and £

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-

tions for the rate at which an asymptomatic-unaware individual becomes aware are evaluated
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for both the screening rate, o, along with the true-positive rate of screening, &.

For o we get,

0
0
§Y10(t)
F, = £Y1.1(t) , G,=0, and ¢, =0,
—&£(Y1,0(t) + Y1,1(2))
0
0

implies,

oL

T
9 = / f[Yl,o(t)Al,o(t) + Y11 () A11(t) — (Yi,0(t) + Y1,1(8))A20(2)) | dt.
o 0

For & we get,

0
0
oYy 0(t)
Fe = oY11(t) , G¢=0, and ¢ =0,
—o(Yi0(t) +Y11(¢))
0
0

implies,

oL

T
% /0 o—[yl,o(t)Al,O(t) +Y11(#)A11() — (Y1,0(8) + Y1,1(8))A20(2)) | dt.

Total initial population, Y|

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equation

for the total initial population is defined by the following.
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[— (1= 3212 pi) ]
0
—p1pt
Fy, = 0 ,
—pap
—p3
- 0 -
[ —(1 = ¢o) ]
0
_( /o )¢0
1/pio+1/po0+1/ps0+1/pap
0
Gy, = _( 1/p20 >¢0 , and ly, =0,
1/pio+1/po0+1/ps0+1/pap
_( 1/p3,0 )¢0
1/p10+1/p20+1/p30 + 1/ a0
_( 1/#4,0 )¢0
L \1/p10+1/p20+1/p30 +1/pap0/ |
implies,
oL [T —
oY = / —,u((l = pi)Aoo(t) + prhio(t) + pahao(t) + PsAB,O(t))dt — (1= ¢0)A0,0(0)
0 i=1

o
/po+1/p20+1/p130 + 1/ pap

((1/N1,0)A1,0(0) + (1/p2,0)A2,0(0)

+ (1/13,0)A3,0(0) + (1/M4,0)A4,o(0))-

Seroprevalence of the infected population, ¢,

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equation

for the seroprevalence of the infected population is defined by the following.
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Yo
0

< 1/:“1:0 )Y
— 0
1/ pi0+1/p20+1/ps0 + 1/ pao

0
F¢0 :O7 G¢O = ]./,LLQO 9 and ‘€¢0 :0,
_< : )Yo
1/p10+1/p20 +1/p30 +1/pa0
_< 13,0 )Yo
1/p1o+1/p20+1/p30 +1/pap
_( 4,0 )yo
L \1/p1o+1/p20+1/p30+1/pap/
implies,
oL o Yokoo(0) i ((1/1.0)210(0) + (1/20)A20(0)
90 T o+ Vo + pso + Lpag O S

+ (1/p3,0)A3,0(0) + (1/M4,0)A4,0(0))-

Distribution of disease-related immigration, p;

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-
tions for the parameters associated with the distribution of disease-related immigration is eval-

uated for each of the respective classes.

For p; we get,

1Yo
0
—pYo
Fpy=| 0 |, G, =0, and ¢, =0,
0
0
L O .
implies,
20
o= [ m¥aldaott) = Ava(0)dr.
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For ps we get,

pYo

0

0

Fpo,=| 0 |, G, =0, and ¢, =0,

—1¥o
0
0

implies,

oL T
P00 = / 1Yo (Ao,o(t) — Ao p(t))dt.
P2 0

For p3 we get,

1Yo
0
0
FPS — 0 , GPS = 07 and £p3 = 07
0
—pYo
L O -~
implies,
oL 20
87p3 = /0 MY@(AQ,()(t) — AS,O(t))dt'

Average yearly medical expenses for each class, c¢;

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-

tions for the average yearly medical expenses is evaluated for each of the population classes.
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For ¢y we get,
F,, =0, Ge =0, and Lo =a(Yoo(t)+ Yoa(t))e ™,
implies,

oL

T
oL _ / a(Yoo(t) + Yo ())e " dt.
aCO 0

For ¢; we get,
F., =0, G, =0, and /f, =a(Yio(t)+Yi1(t))e ",
implies,

oL

T
oL _ / a(Yio(t) + Yo (t))e " dt.
861 0

For ¢y we get,
F., =0, G¢ =0, and /4, = ong,o(t)e_rt,
implies,

oL

T
— = Yo o(t)e "t dt.
9cs /0 «Q 2,0( )e

For c3 we get,

F., =0, Ge =0, and {, =aYsg(t)e ",

implies

oL T
= = Ya o(t)e "dt.
803 /0 @ 370( )e
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For ¢4 we get,
F.,=0, G¢ =0, and /4, = aY47o(t)e*’"t,
implies,

oL T
—— = Yy o(t)e "tdt.
s /0 aYyo(t)e

QALYs, g

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-

tions for QALYs is evaluated for each of the population classes.
For gy we get,

Fyy =0, GQO =0, and KQO = (O‘ - 1)(Y0,0(t) + YO,l(t))e_Tt,

implies,

oL

T —rt
o = /O (o = 1) (Yoo (t) + Yo (£))e ™ dt.

For q; we get,

Fy, =0, Gq¢ =0, and /{5 = (a—1)Yi,0(t)+ Y171(t))e*”,

implies,

T
gqll = /0 (a—=1)(Yrio(t) + Y171(t))e*”dt.

For go we get,

F,, =0, Gg =0, and fy, = (a—1)Yao(t)e ",

implies,
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oL T —rt
87(:12 = A (Oé — 1)Y270(t)€ dt.

For q3 we get,
Fy, =0, Ggu =0, and /{4 =(a—1)Y30(t)e ",
implies,

oL

T
— = a—1)Ys0(t)e "dt.
o= [ a=1in)

For q4 we get,
F,, =0, Gg =0, and {4 = (a—1)Yso(t)e ™,
implies,

dL 4
o = — 1)Yy0(t)e "dt.
5= | a=nmitoe

Direct cost for the preventative vaccine, &,

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equation

for the direct cost for the preventative vaccine is defined by the following.

Fa :07 Ga — 0, and

lo = avp(Yoo(t) + Yio(t))e ™™,

implies,

OL

T
S~ | a0 + Viato)ear
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Annual discount rate, r

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equation

for the annual discount rate is defined by the following.

F.=0, G,=0, and

=49=1 i=4 j=1
£ =t (Yoolt) +Yio() + 3 3o e¥iy(0) = (1 =) 33 ki)™,
=0 5=0 i=0 j=0
implies
oL ’ =1j=1 i—4 j=1
5= | a0+ Yiow) + 1S e¥iym) - (- 0) 3 3 adiy (0] ar
i=0 j=0 ==

Weight for combining objectives for optimization, «

For the HIV infectious disease model, with the preventative vaccine only, the sensitivity equa-
tion for the weight introduced to evaluate the multi-objective optimization is defined by the

following.

FOé :07 Ga - 07 a.nd

i=4 j=1 i=4 j=1
lo = (W’p(YO,o(t) FYoM) + DD i+ qz'Yi,j(t)>€_”7
=0 j=0 i=0 j=0
implies,
oL T =4 j=1 i=4 j=1
- _/ (n,,up(Yo,O( HYi00) + DD Y () + >0 i ) Tt
0 i=0 j=0 =0 j=0

C.4 Combined, Preventative and Therapeutic, Vaccine Strat-
egy

For the full model with both vaccinations, the preventative and therapeutic, we have the fol-

lowing system of ordinary differential equations
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3

dYp,olt

O (13 poe¥o — (v g pOA) Yoo(0) + Y61 1)

=1

dYp,(t

100 ) io(t) = 0+ pol1 — DA (1) (1)
dYi(t

Zg( ) pu o + PN Yoo () — (v + 7€ + ir0 + 1) Vio(t) + wYia (1)
dYia(t

L) v 0(8) + po(L — DABY0(8) — (@ + o€ + s + )Yia()
dYalt

200L) —p u¥o + 0€(Vro0) + Vi (1) — 04+ sz + 1)¥aol0)
dYa,(t

2;( ) =1Ya,0(t) — (p2,1 + 1) Ya,1(2)

=2 j=1

dY:

ZO =papYo + Y > i Yij(t) — (a0 + p)Yao(t)

=1 j=0
dYiolt
ZE() =13,0Y3,0(t) = (a0 + 1) Ya0(t)
1=4 i=4
1P B Y; t i= 7107 %, Y; t
were \(t) = 2ol Op Bimoii¥i (1) and A\, (t) = 21 Op Bijmori¥is( >, along with
Z ZjopZZ() Z Z]opzz<)

the initial state

Y0,0(0) =(1 = ¢0)Yo

1/ 1
Yi,O(O) I#%YO, for 7 = 1, 2, 3,4
Ej:l 1/Mj,0

Y;1(0) =0 for i = 0,1,2

and the corresponding payoff functional
T i=4 j=1
L(T) = / [a(mpz/p(Yo,o(t) +Yi0(t)) + me Yoot Z Z ¢ j(t))
0 i=0 j=0
— (1 —a)( 4:Yi (1) eat.

In all, we are considering 55 parameters for the model without an intervention.
© = {1, 141,05 11,1, 12,0, 2,1, 143,05 44,0, P> P15 P2, P3, P4 1,05 B1,15 B2,05 B2,1, 83,0, Bao, - - -
-+ 100,105 700,11, 700,20 700,215 700,30 700,40, 701,10, 701,115 701,205 701,21, 101,305 701,40, - - -
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& Vp, U, W, 0, 5) }/07 ¢07 P1, P2, P3, Co, C1, C2,C3,C4,40, 491,492,493, 44,7, O, Kp, Rt}
To set up the sensitivity equations for each of the 55 parameters, we’ll first present the vectors

using the notation we introduced in the chapter 6.

F(Y,Y,0) =
[ Yoo(t) + (vp + i+ oA (1) Yoolt) — wYo(t) — (1 — S5 pi)uYo ]
Yo(t) — vpYo0(t) + (1 +w + po(l — €) A () Yo (2)
Yi0(t) — poX(t)Yo0(t) + (vp + o€ + 10 + ) Yao(t) — w¥i1(t) — pruYo
Yi1(t) — po(1 — &) M (t)Yo,1(t) — vpY10(t) + (0€ +w + pr 1 + ) Ya1(t)
Yao(t) — o&(Yio(t) + Yi1(t)) + (20 + s+ vi)Yao(t) — pauYo
Va1(t) — 1iYa0(t) + (2,1 + p) Y (t)
Ya0(t) — p1.0Y10(t) — p11Y1.1(t) — paoYao(t) — po1Yor(t) + (30 + p)Ya0(t) — p3uYo
| Yao(t) — p30Y30(t) + (a0 + 1) Yao(t) ]
[ ¥0.0(0) — (1 — ¢0)Yo ]
¥0,1(0)
Y1,0(0) — ¢o ( 1/H11/0M )Yo
7,0
Yi(
7,
Yo 1(
( 1/M?»o )YO
1/#] 0
1/#40
L Y40 ( 1//‘] 0>Y0
i=4 j=1
oY, 0) = [a(npyp(m(t) Yi0(t) + m¥ao(t) + D0 D" eiy(1)
=0 j=0 i
(- avi)]e
=0 j=0

Then, by the adjoint variable method, the sensitivity equations are defined by,

oL
0Y;

_ /O ” (eﬂi + ATFﬂi)dt FAT L:OGﬂi
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where AT = [AO,O, A071, A170, A171, A270, A271, Agyg, A4,0]. Thus, in defining the sensitivity equations
for each of the parameters in © we will have to evaluate Fy,, Gy, and £y,.
Average non-disease related death rate, p

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the non-disease related death rate is defined by the following.

[Yoo(t) — (1= X021 pi) Yo
Yo,1(?)
Yi,0(t) — p1Yo
F, = Yia(t) ., Gu=0, and {, =0,
Y2,0(t) — p2Yo
Y2,1()
Y30(t) — p3Yo
Yao(t)
implies,
oL T i=3
5= [ (oo - 1 > T6) + A0 (704

+ A1o(t)(Y1,0(t) — p1Y0) + A11(8)Y1,1(2) + Ag0(t)(Y2,0(t) — p2Y0)
+ Ag1(1)Y2,1(t) + Aso(t)(Y30(t) — ps¥o) + A4,o(t)Y4,o(t))] di.

Disease related transition rates, 1,

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for
the rate at which an infected individual transitions out of each of the disease classes are each

evaluated.
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For pq,0, we get,

S
0
Yi0(t)
0
F,u1,0 = 0 )
0
=Y 0(t)
- 0 -
_ . i
0
1/p2,0 +1/p30 + 1/ pap
P0Yo(1/p1,0)? 0
Gul,o _ - L , and
(1/#170 +1/p20+1/p30+ 1/#4,0) /12,0
0
—1/p3,0
i —1/pa0 |
e#l,o =0,
implies,
oL T
3 :/ Y1,0(t)(A1,0(t) — Azo(t))dt
H1,0 0

$oYo(1/p1,0)?
(1/p10 +1/pa0 +1/p30 + 1/ pag

= (1/p12,0)A2,0(0) — (1/p3,0)A3,0(0) — (1/M4,0)A4,0(0))-

)2 <(1/M2,0 +1/p3,0 + 1/ 114,0)A1,0(0)
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For 1,1 we get,

F,u1,1 = 0 s Gﬂl,l = 07 and Elﬂ,l — 0,

implies,

T
8?51 :/0 Y11 (8)(A11(2) — Azp(t))dt.

For pg0 we get,

0
0
0
0
Fiao = Yaot) |’
0
~Ya(t)
L 0 |
[ 0
0
—1/p10
Glso = ¢oYo(1/p2,0) i 0
O (U o+ 1/ pao + 1/ pso + 1/pa0)” | 1/p0 +1/us0 + 1/pag
0
—1/p30
L —1/pap
€M2,0 =0,
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implies,

oL
Opz,0

T
_ /0 Ya0(t)(Aao(t) — Ago(t))dt

$oYo(1/p2,0)*
(1/p10 +1/p20 + 1/ 3.0 + 1/ payp

= (1/p1,0)A1,0(0) = (1/p23,0)A3,0(0) — (1/M4,0)A4,0(0))'

)2 <(1/M1,0 +1/p3,0 + 1/ p4,0)A2,0(0)

For o1 we get,

0
0
0
0
Fu,, = 0 , G%1 =0, and EWJ =0,
—Y51(t)
- 0 -
implies,
OL T
B = / Y271(t) <A271(t) — A3’0(t))dt.
K21 0

For puso we get,

oy
0
0
0
Y3.0(t)
—Y30(t)
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_ . )
0
—1/p10
$0Yo(1/p3,0)? 0
Gug,o _ 5 . and
(1/p1,0 + 1/p20 + 1/p30 + 1/ p140) [H2,0
0
/10 +1/p20 +1/pap
i —1/pap
€u370 = 07
implies,
oL T
o / Yao(t)(Aso(t) — Aao(t))dt
43,0 0

$oYo(1/p3,0)
(1/p1,0 +1/p20 + 1/ps0 + 1/ pap)

— (1/11,0)A1,0(0) — (1/p2,0)A2,0(0) — (1/M4,0)A4,0(0))-

5 ((1/M1,0 +1/p2,0 +1/p4,0)A3,0(0)

For py0 we get,

F,u4,0 =

o O O O o o o

| Yao(t) ]
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0

0
—1/p10
$0Yo(1/pap)? 0

2
(1/p1,0 4+ 1/p20 + 1/ps0 +1/pap) —1/p2,0
0

_1/M3,0
|1/ pa0+1/p20 +1/ 30

, and

14,0

0 =0,

©4,0

implies,

oL
8M4,0

T
= /0 Ya0(t)Aapo(t)dt
N $0Yo(1/pia0)*
(1/p1,0 +1/p20 + 1/ps0 + 1/ pap)
— (1/pm,0)A1.0(0) = (1/112,0)A20(0) — (1/p130)A5,0(0) ).

5 ((1/M1,0 +1/p2,0 +1/p3,0)Aa,0(0)

Average number of partners an individual will have in a year, for each pop-

ulation class, p;

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for
the average number of partners an individual, with disease status ¢, will have within a year are

evaluated for each population classes.
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For py we get,

Yoot (A(t) + 2o [3;])
FPO =
~ (= a0 + 0| 5
0
0
0
L O .
ax  —(Yoolt) + You(t) 5] Zﬁzé Pifi, 00, Yi;(t)
with 87 2
PO (Cis Simio)
O —(oot) + Yo () SIS pimon Vi (1)
_ - ,
o0 (CE TS mYio(®)

Gp, =0, and £,, = 0, implies

g}i _ /0 Yoo (Aaot) — Aro(0) <W> o [m])

+ (1= &)Yo1(t)(Aor(t) — Ara(t)) (Au(t) +Po [325] > o
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For p; we get,

i O (ﬁl,oﬂoo,loYl,o(t)+51,17700,11Y1,1(t))<2 o Iz piYi(t ))
o (S nyim)
(Vi,0(t) + Y1 (0) ( 02 290 pibigmons Vi (1))
(SEsmny,m)
g P (B1,0m01,10Y1,0(¢) +51,17101,11Y1,1(t))(2 o o piYi(t ))
o (CE Sy n)
(Vio(t) + Yo () ( S S92 nonigis (1)

(Z Z] opl Yi;(t ))2

Gp, =0, and ¢, =0, implies

T
gli:/o po[(?}i)Yoo()(Ao,o(t)—A1,o(t))—|—(1—5)<g;j>Y01()(AOl() Al,l(t))]dt,
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For po we get,

Po <88;\2>Y00(t)
O\
- Do <ap2>Yo,o(t)
Foa = oV
0
0
0
L O i
ax  (B2,0m0020Y2,0(%) +52,17700,21Y2,1(t))<2 Z] opz Vit ))
with —

o (S nyim)
(Yao(t) + Y (1) ( 12t 20 pibigmons Vi (1))
(SEsmny,m)
o, (Beomanao(t) + Ao Yo () ( SI SISmYis(0)
o (CE Sy n)
(Yao(t) + Yo (0) ( S S92 nonigYi (1)

(Z Z] opl Yi;(t ))2

Gp, =0, and £y, = 0, implies

T
gpl;:/o po[((g;)%o()(Ao,o(t)—Al,o(t))+(1—g)<‘32:>m1()(AOl() Al,l(t))]dt,
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For ps we get,

Po <§;>Yoo(t)
i1t =) G ) oalt)
— Do <§;}>Yo7o(t)
F,, =
S me-o(D) v
0
0
0
i 0
A 53,0%0,30%,0(&(2 ZJ oYt )) —Ys,o(t)(ZZ_4 gpzﬁzﬂoome(t))
Ops (Z Z] opz . t)>2
and o\, _ ﬁ3,07701,30Y3,0(t)(Z Z] opz Yi(t )) Y3 0(75)(21 - 01%5137701 UYz](t))
s (SEsinv®)’

Gp, =0, and £, = 0, implies

T
g}i = /0 Po [(5};\3)%0( )(Aoo(t) — A1) + (1 —¢) (g/\”>%,1(t)(1\0,1(t) - Al,l(t))] dt.
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For py we get,

i1t =) G ) oalt)
—p0<§;;>yo,o(t)
F,, =
N (5o Jrasto
0
0
0
i 0
- N 54,07700,403/4,0(?5)<Z ZJ ()pz G ()) —sz,o(t)<zZ =1 gpzﬁz,ﬂoomy (75))
Opy (Z Z] OpZ t)>2
1 N 54,07701,40351,0@)(2 Z] opiYi ()) Y40(75)(Zl = Opzﬁz,ﬂ}m iiYij (t))
o (SE S pvia0)

Gp, =0, and ¢, = 0, implies

T
g}i = /0 Po [(5};\4)%0( )(Aoo(t) — A1) + (1 —¢) (g/\”>%,1(t)(1\0,1(t) - Al,l(t))] dt.

Infectivity rate for each of the infectious classes, 3,

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the infectivity rates are evaluated for each of the infectious classes.
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For 81,0 we get,

[ O\ ]
— Yoot
p0<86170> 0,0( )
o\,
po(l —¢) <8ﬁ1’0>YO,1(t)
o\
—m( )%mw
01,0
Fﬁl,o O\
— (1l — ) Yoq(t
pO( €)<8ﬁ1,0> 0»1( )
0
0
0
- 0 =
with O\ _ p17700 10Y1 o(t) and oA,

p17701 10Y1 0(?)

a51,0 Z ZJ Opl ’LJ()

Gﬁl,o =0, and 651’0 = 0, implies

0B1,0 B0

310

0L :/OT [( oA )Yoo()(Ao,o(t)—ALo(t)) (1- 5)(

8,81,0 - Z Z] Opz 2]( )

o\,
0P1,0

)

)Y01< V(Ao (£)—Avy (6))] dt.



For 81,1 we get,

[ oA 7
— | Yyolt
p0<351,1> 0o(t)
o\,
1- Yo (t
Po( 5)((%1’1) 0,1(t)
o\
_p0< >Y00(t)
0B11
Fﬁl,l s
— 1_ v Y t
o €)<861’1> 0,1(t)
0
0
0
L 0 |
win O Vi)

p17701 11Y1 1(1)

1 Z ZJ opZ Yii(t)

G31,1 =0, and gﬁ‘l’l = 0, implies
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a%il :/OT [(a? >Y00< )(Ao,o(t)—ALo(t))—i—(l—g)(

OBy S ST piYis(t)

o\,
0B1,1

)

761000 @) A a0 .



For 82 we get,

[ oA 7
— | Yyolt
p0<352,0> 0o(t)
o\,
1- Yo (t
ool €)<8ﬁ2,0> 0.1()
o\
_p0< >Y0,0(t)
02,0
Fﬁz,o 9
— 1 _ v Y t
o €)<862’0> 0,1(t)
0
0
0
L 0 |
R S Y RV

p27701 20Y2 o(t)

9820 Z ZJ opZ Yii(t)

Gﬁzo =0, and gﬁz’o = 0, implies
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625,0:/; [(a? oo (Aan(0)-Aaa(0)+(1-2) 2

0o =0 SIZopiYis(t)

o\,
02,0

)

761000 @) A a0 .



For 821 we get,

[ oA 7
— | Yyolt
p0<352,1> 00()
o\,
1- Yo (t
Po( €)<8ﬁ2’1> 0,1(t)
o\
_p0< >Y00(t)
0021
Fﬁz,l s
— 1_ v Y t
o €)<862’1> 0,1(t)
0
0
0
i 0 |
P2 SR ¥ A1) N Vi

p27701 21Y2 1(1)

P21 Z ZJ opZ Yii(t)

Gﬁ2,1 =0, and gﬁ‘z’l = 0, implies
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8%5,1 :/OT [(a? >Y00< )(Ao,o(t)—ALo(t))—i—(l—g)(

0oy SIE) STy piYis(t)

o\,
02,1

)

761000 @) A a0 .



For 83 we get,

[ oA T
— | Yyolt
p0<353,0> 0o(t)
o\,
1- Yo (t
ool €)<3ﬁ3,o> 0.1(¢)
o\
_p0< >Y0,0(t)
0630
Fﬁs,o 9
—po(l—¢ Y ) Yoq(t
ol )<8ﬁ3,0> 0.1()
0
0
0
L 0 |
with 2% _ p3770030Y30() d

p37701 30Y3 o(t)

930 Z ZJ opZ Yii(t)

GBS,O =0, and £63’0 = 0, implies

314

625,0:/; [(a? oo (Aan(0)-Aaal0)+(1-2) (5

OBso  SIZ0 SIZypiYis(t)

o\,
0P3,0

)

761000 @) A a0 .



For 840 we get,

[ O\ ]
—— | Yy0o(t
p0<854,0> 00(t)
o\,
i1 =) (552 ) Yoalt)
o\
_p0< >Y0,0(t)
9840
Fﬁ4,0 o)\
—po(1 — Y ) You(t
w1 =) (55 ) ¥oalt)
0
0
0
- 0 n
with O — p4770040Y40<) and oAy _ p47701 40Y40() ’
0o SiZ9 X piYi(t) Dro S Vi)

Gpyo =0, and g, , = 0, implies

T
[ [(a? ) ¥o0(0) (006~ Asalt)+1-2) (25 ¥4 (o) ~Ava (1) .

Probability that a partnership between a susceptible-unvaccinated individual

and an infected individual is not protected by a condom, 7

For the HIV infectious disease model, with the combined strategy, the sensitivity equations
for the probability that a partnership between a susceptible-unvaccinated individual with an

infected individual is not protected by a condom are evaluated for each of the infectious classes.
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For ngo,10 we get,

700,10

G

700,10

oL
37700,10

=0, and ¢

o

For ngo,11 we get,

700,11

G

700,11

oL
87700,11

=0, and ¢

ol

700,

87700,10

noo,

10 = 0, implies

oA

;1 = 0, implies

o\
87700,11

with

with

O P151 0Y1 o(t)

100,10 B Z Zf opz ”()

) Yoo(t)(Aoo(t) — Avp(t))dt.

O plﬁl 1Y1 1(t)

100,11 B Z Zﬂ opiYi

>Yoo< J(Aoo(t) — Avo(t))dt.
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For 100,20 We get,

700,20

G

700,20

oL
37700,20

=0, and ¢

o

For ngp,21 we get,

700,21

G

700,21

oL
87700,21

=0, and ¢

ol

700,

a7700,20

noo,

50 = 0, implies

oA

,; = 0, implies

o\
87700,21

with

with

O Pzﬁz 0Y2 o(t)

000,20 B Z Zf opz ”()

) Yoo(t)(Aoo(t) — Avp(t))dt.

O p252 1Y2 1(t)

0100,21 B Z Zﬂ opiYi

>Yoo< J(Aoo(t) — Avo(t))dt.

317

5 ()

)

)



For 700,30 We get,

_ (G Y¥ialt —
’ 100,30 '
0
o\ )
— Do Yo70 t
<87700,30 " . oA P353 0Y3 o(t)
Fﬂoo,so = with 5 _ -
0 oz =g SzepiYio(t)
0
0
0
- 0 _
Ghooso = 0, and £y, 5, = 0, implies
oL r )
= A A1 o(t))dt.
OM00.30 /o p0<87700730> Y0,0(t) (Moo (t) — A1o(t))
For 7,40 we get,
[ O\ ]
t
(87700,40> o(t)
0
o\
— Yoolt
p0<87700,40> 0o(?) ) O\ p454 0)/40( )
Frooa0 = with 5 = =
0 Moo 310 YI=gpiYio(t)
0
0
0
- 0 _
GTIOO,40 =0, and &700740 =0, implies
oL r O\
= Y Aoo(t) — Aqo(t))dt.
00,10 /0 p0(8n00740> 0,0(t)(Ao,0(t) — A10(t))
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Probability that a partnership between a susceptible-vaccinated individual

and an infected individual is not protected by a condom, 7y ;o

For the HIV infectious disease model, with the combined strategy, the sensitivity equations for
the probability that a partnership between a susceptible-vaccinated individual with an infected

individual is not protected by a condom are evaluated for each of the infectious classes.

For no1,10 we get,

0
o\
1—¢ Yoolt
ol )<87701,10> 00(®)
0
A\ %
F7701 10 — —po(l —8)( 0 )YO,O(t) with 2 _ Plﬁlo 10( ) 7
) 67701,10 87’]01710 Z Z] Opz oy ( )
0
0
0
- 0 n
Gn01110 =0, and €7701,10 = 0, implies

OL T O\
= 1- Yo.o(t)(Aoo(t) — Ay o(t))dt.
8”701,10 /0 pO( €)<87]01,10) O’O( )( 0’0( ) 170( ))
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For no1,11 we get,

P1/31 1Y1 1(t)

:Z Z] Op’t Yi;(t)

p252 0Y2,0(t)

[ 0
o\,
1- Yoot
Pl =€ <(97701711> 00(t)
0
O\ . O
Fn01,11 = - pO(l — 6) (anOI 11) , (t) with T
0
0
0
L 0
Gnor1n = 0, and £y, ,, = 0, implies
oL /T ( oA )
- A Aqo(t))dt.
Ino1,11 0 Po Ono1 11 Yo,0()(Ao,0(t) = A10(t))
For no1,20 we get,
| 0
o\
po(1—¢) (87701 20>Y0,0(t)
0
OA A
P =1 ol 29) (87701 20>Y0’0(t) with Ino1,20
0
0
0
L 0
GTI01,20 =0, and €W01,20 =0, implies
oL /T ( X >
= Yoo(t)(Aogo(t) — A1o(t))dt.
Ino1,20 0 bo 9no1,20 0.0(t)(Ro(t) 10(t))
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For no1,21 we get,

P2/32 1Y2,1(t)

:Z zjoplz()

P3ﬁ3 oYé o(t)

[ 0
o\,
1 - t
poll —e <67701,21> o(t)
0
Y . AN
Fn01,21 = - pO(l — 6) (anOI 21) , (t) with 87701 "
0
0
0
i 0
Gnoyon =0, and £y, ,, = 0, implies
oL /T < )\ )
- A A1 o(t))dt.
onorar Jo po D121 Y0,0(t)(Ao,0(t) — A1o(t))
For no1,30 we get,
[ 0
o\,
po(l—¢) (87701 30>Y0,0(t)
0
Y . )\
Fno1,3o = —po(l —¢) <87701 30>Y070(t) with o1
0
0
0
L 0
GTI01,30 =0, and 67701,30 =0, implies
oL /T ( )\ >
- Yo.0(t)(Ago(t) — A1o(t))dt.
otz Jo D\ Onorso 0,0(t)(Ao,o(t) — Aro(t))
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For No1,40 We get,

_ . )
O\,
1—¢ t
ool <67701,40> o(®)
0
8)\V A Y,
Foora0 = —po(l — 5)( )Y(),o(t) with 9 = p4640 40( )
Ino1,40 Omorao = Z] ToYio(t)
0
0
0
- 0 a
Gnoyao = 0, and £y, ,, = 0, implies
oL /T ( ) )
= A A1 o(t))dt.
Ono1,40 0 bo INo1.40 Yo,0(t)(Aoo(t) — A10(t))

Efficacy of preventative vaccine, ¢

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the efficacy of the preventative vaccine is defined by the following.

— O T
_pO/\V(t)YbJ(t)
0
M ()Y 1(t
FE _ pO (O) Oal( ) , GE e O, and gs = 07
0
0
- 0 -
implies,
oL

T
e /0 PO (1) Yo, (£) (Ar,1 (£) — Aoy (£))d.
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Proportion of the susceptible and asymptomatic-unaware populations that

receives the preventative vaccine, v,

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for
the parameter defining the proportion of the susceptible and asymptomatic-unaware population

that receives the preventative vaccine is defined by the following.

[ Yoo(t)]
—Yo0(t)
Yi,0(t)
—Y10(t)
F, = 0 , Gy, =0, and {,, =0,
0
0
. O -
implies,
oL T
= / Yo,0(t)(Ao,o(t) — Ao,1(t)) + Y1,0(t)(Ar,0(t) — Ara(t))dt.
» Jo

Waning rate of the preventative vaccine, w

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the waning rate of the preventative vaccine is defined by the following.

F, = ’ , G, =0, and ¢, =0,

implies,
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T
gf) - /0 Yo () (Ao, () — Aoo(1)Y1,1(8) (Ara(t) — Avo(t))dt.

Proportion of the asymptomatic-aware population that receives the thera-

peutic vaccine, v,

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for
the parameter defining the proportion of the asymptomatic-aware population that receives the

therapeutic vaccine is defined by the following.

F, = , G, =0, and?, =0,

implies,

oL

T
e /O Ya0(t)(Az0(t) — Az (t))dt.

Parameters related to the rate at which asymptomatic-unaware individuals

become aware, ¢ and &

For the HIV infectious disease model, with the combined strategy, the sensitivity equations for
the rate at which an asymptomatic-unaware individual becomes aware are evaluated for both

the screening rate, o, along with the true-positive rate of screening, &.
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For o we get,

0
0
§Y10(t)
F, = §¥1.1(0) , Gp=0, and {, =0,
—£(Yi0(t) + Y1.1(1))
0
0
L O -
implies,
oL [T
oL :/ €| Vi0(t)A1o(t) + Yia(t) Ay 1 (t) — (Yio(t) 4+ Yi1(t)Aao(t)) ]| dt.
0
For £ we get,
— O T
0
oY1,0(t)
Fe o¥i4(t) , Ge=0, and ¢ =0,
—o(Y10(t) + Yi1(1))
0
0
L O -
implies,
oL [T
% / 7| Yio(®)Aro(t) + Y11 (H)A11(t) — (Yio(t) + Yia(£)) Az (t)) | dt.
0

Total initial population, Y|

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the total initial population is defined by the following.
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—(1=-X pi)n
0
—p1pt
0
Iy, = ,
—pap
0
—p3p
L 0 -
[ ~(1— ¢o) ]
0
_( 1/p10 )¢>0
L/pio+1/pe0+1/p30+ 1/ pap
0
— 1/p2,0 _
Gy, = |_ : , and fy, =0,
’ <1/#1,0 +1/p20 +1/p3,0 + 1/#4,0)(1)0 ’
0
_( 1/p30 )¢0
L/ pro+1/p20 +1/p30 +1/pap
_( 1/ )%
Vpio+1/p20+1/p30+1/pa0/ "
implies,
BL T 1=3
a—Yb = /0 —,u((l — Z ,Oi)AO,O(t) + plAl,o(t) + P2A2,0(t) + pSAS,O(t))dt - (1 - QSO)AO,O(O)
=1

o
1/p0+ 1/ 20+ 1/ps0 + 1/ 140

((1/M1,0)A1,0(0) + (1/p2,0)A2,0(0)

o+ (1/113,0)85.0(0) + (1/114,0)A10(0) ).

Seroprevalence of the infected population, ¢

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the seroprevalence of the infected population is defined by the following.
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Yo
0

< 1/:“1:0 )Y
— 0
L/pio+ 1/ p20+ 1/p30 4+ 1/ 140
0
_ _ 1/ —

Fyy =0,  Ggy = —< acl )YO , and £y, =0,

L/pio+ 1/ p20+1/p30+ 1/ 140

0

< 1/:“3:0 )Y
— 0
1/ pi0+1/p20+1/ps0 + 1/ papo

_< 4,0 )Yo
L N0+ 1/p20+1/ps0+1/pao/

implies,
oL Yo
2 YyAgo(0) — 1 A10(0) + (1 Ao o(0
gy~ Y0 0,0(0) o + 1tz + iao + 1/pn0 (( /11,0)A1,0(0) + (1/p12,0)A2,0(0)

+ (1/13,0)A3,0(0) + (1/M4,0)A4,0(0))-

Distribution of disease-related immigration, p;

For the HIV infectious disease model, with the combined strategy, the sensitivity equations for
the parameters associated with the distribution of disease-related immigration is evaluated for

each of the respective classes.

For p; we get,

FE, = , G, =0, and /¢, =0,

implies,
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oL

20
ap Yo(Aoo(t) — Ay o(t))dt.
dp1 /0 #Yo(Aoo(t) = Aro(t))

For p2 we get’

implies,

OL

na
0
0
0

—pYo

T
opr /0 11Yo(Aoo(t) — Azo(t))dt.

For p3 we get,

P3

implies,

OL

s

—pYo

pYo

o o o o

;o Gpy =0, and £y, =0,

0

20
/0 pYo(Aoo(t) — Asp(t))dt.
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Average yearly medical expenses for each class, ¢;

For the HIV infectious disease model, with the combined strategy, the sensitivity equations for

the average yearly medical expenses is evaluated for each of the population classes.
For ¢y we get,

Foy =0, G¢ =0, and /{¢ = Oz(Yo’o(t) + YO,l(t))e_Tt,

implies,

oL

T
oL _ / a(Yoo(t) + You(t))e "dt.
ey Jo

For ¢; we get,
F. =0, G¢ =0, and £, =aYi0t)+Yi1(t)e ™,
implies,

oL

T
—_— = / Oé(YLo(t) + Y1,1(t))efrtdt.
801 0

For ¢y we get,

F., =0, G =0, and /4, =a(Yao(t)+ Y271(t))e_7”t,

implies,

oL

T
oL _ / a(Yaot) + Yo (t))e"dt.
BCQ 0

For c3 we get,

F., =0, G¢ =0, and /4, = ozY:g’o(t)efrt,

implies
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L T
—— = Yao(t)e "dt.
s /0 aYso(t)e

For ¢4 we get,
F., =0, G, =0, and /{,= aY4,0(t)e_7"t,
implies,

oL

T
= = Yio(t)e tdt.
B /0 «Q 4,0( )6

QALYS’ di

For the HIV infectious disease model, with the combined strategy, the sensitivity equations for

QALYs is evaluated for each of the population classes.

For q¢ we get,

Fyy =0, Ggy =0, and {4 = (a—1)(Yoo(t)+ Y(),l(t))e_rtv
implies,

oL

T —rt
o= = / (o = 1)(Yoo(t) + Yo (1)) ""dt.

For q; we get,
Fy, =0, Gg =0, and {g = (o — 1)(Y1,0(t) + Yl,l(t))e_rt’
implies,

oL

T —rt
30 = /0 (o = 1)(Yr,0(t) + Y1,1(8))e” " dt.
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For g5 we get,
Fp =0, Gg, =0, and fg = (a—1)(Yoo(t) + Y2u(t))e™™,
implies,

oL

T —rt
o = /0 (o — 1)(Yao(t) + Yo (£))e " dt.

For q3 we get,
Fy, =0, Gg =0, and {4 = (a—1)Y30(t)e "™,
implies,

T
qug _ / (0 — 1)Yao(t)edt.
0

For q4 we get,
F,, =0, Gg =0, and {4 = (a—1)Yso(t)e ™,
implies,

oL

T
— = a—1)Yo(t)e "dt.
s RCEEN A

Direct cost for the preventative vaccine, &,

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the direct cost for the preventative vaccine is defined by the following.

F, =0, G,=0, and

by = al/p(Yop(t) + YL()(t))e*Tt,

implies,
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8L T —rt
o /0 vy (Yoo t) + Yio(t))e .

Direct cost for the therapeutic vaccine, x;

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the direct cost for the therapeutic vaccine is defined by the following.

FOA :07 Ga - 0, and

ly = al/thyo(t)e_rt,

implies,

oL T
%:/0 OéVtYQ,O(t)e_rtdt.

Annual discount rate, r

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the annual discount rate is defined by the following.

FT' :07 Gr - O, and

b, =
i=4 j=1 i=4 j=1
_ t[a(fﬁpl/p(yb,o(t) + Y1,0( ) + ke Ya o 0 Z ,] 1 —a Z Z qu’] ] _Tt’
=0 j i=0 j=
implies,
oL T i=4 j=1
or ) _t[o‘(“pr(pr(t) + Yi0(t)) + ki Yoot 2. Z i
=4 j=1
(1—a) D> > iyl } e~ "dt.
=0 j=0
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Weight for combining objectives for optimization, «

For the HIV infectious disease model, with the combined strategy, the sensitivity equation for

the weight introduced to evaluate the multi-objective optimization is defined by the following.

F,=0, G,=0, and

lo = (Hp’/p(Yo,o(t) +Y10(t)) + KeveYao(t) + ¢iYij(t) + qz‘Yz‘,j(t)>€*”7
implies,

T o o
gi = /0 (Kpr(Y(),O(t) +Y10(t) + ke Yao(t) + Z Z iYi(t) + ‘ Z QiYi,j(t)>67Ttdt.
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