ABSTRACT

HUSSAIN, AZMAT. Some Optimization Problems for Stochastic Systems with Memory.
(Under the direction of Dr. Tao Pang.)

We consider portfolio optimization models of the Merton’s type over finite and infi-
nite time horizons. Unlike the classical Markov model, we study systems with delays. We
consider both finite and infinite delay /memory models. The problem is formulated as a
stochastic control problem and the state evolves according to a process governed by a
stochastic process with delay. The goal is to choose investment and consumption controls
such that the total expected discounted utility is maximized. Under certain conditions,
in each model, we derive the optimal controls and explicit solutions for the associated
Hamilton-Jacobi-Bellman (HJB) equations in a finite dimensional space for logarithmic,
exponential and HARA utility functions. For each model, verification theorems are es-
tablished to ensure that the solution obtained from HJB equation is equal to the value

function.
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Chapter 1
Introduction

In this dissertation, we study the optimal investment and consumption models when an
investor makes decisions considering the past performance of the portfolio. In portfolio
construction, utility function criterion is used to model the behavior of an investor.
Depending on the the type of investments, an investment can be made for a finite or
infinite amount of time. Investor is open to all market opportunities subject to her risk
premium. The goal of the investor is to choose the investment and/or consumption such

that the total discounted expected utility is maximized.

1.1 Background and Literature Review

Investment-consumption portfolio problem was first studied by Robert C. Merton in 1969,
1971 ([38, 39]). In the classical portfolio optimization model of Merton’s type, the problem
can be formulated as a optimal stochastic control problem, in which an investor chooses
the optimal investment and/or consumption control to maximize the total discounted
expected utility.

Some of the other pioneering work in modern finance theory was done by Markowitz in
1952, 1959 ([36, 37]). In Markowitz’s model of mean-variance portfolio optimization con-
struction, an investor addresses the uncertainty of an investment by constructing a portfo-
lio such that for a given level of risk, the expected return is maximized or equivalently for
a predetermined level of expected return, the variance is minimized. In Levy-Markowitz
[33] and Kroll-Levy-Markowitz [30], authors have made a comparison of portfolios which

maximize expected utility with mean-variance efficient portfolios.



In the Merton’s type utility optimization model, a Markovian stochastic process such
as geometric Brownian process is used to describe the price of the risky asset. In such a
model past information is irrelevant and decisions are made only on the basis of current
information. A substantial amount of work has been done on models with such settings.
The case of a Merton-type model with consumption and the interest rate, which vary in
a random, Markovian way, was considered by Fleming-Pang [15, 16] and Pang [44, 45].
Bielecki-Pliska [2], Fleming-Sheu [18] have considered the case where the mean returns of
individual asset categories are explicitly affected by underlying economic factors such as
dividends and interest rates and the goal is to maximize the long term growth rate of the
utility based on the wealth with no consumption. In some other extensions of the model,
stochastic volatility is taken into consideration (e.g. Fleming-Hernandez-Hernandez [14],
Fouque-Papanicolaou-Sircar [20], Hata-Sheu [24, 25]). Some related literatures include
[15], [16], [18], [45], [48], [49], [50] and the references therein.

Some researchers have considered stochastic systems with memory given by the fol-

lowing system:

dX(1) = b(t, Xp,u(t))dt + o(t, X, u(t))dW (1), t € [0,T),
X() = o(t), te[=h0]

where h > 0 is a fixed constant, X; : [—h,0] — R is the memory variable defined by
Xi(0) = X(t+6), and it is the segment of the path from ¢t — h to ¢, ¢ € C[—h,0] is the
initial path and u is the control in some admissible control space II. We want to point out
that if T' is finite, then above system is a model for an optimal stochastic control problem
on a finite time horizon. If T is infinite, then the model is on an infinite time horizon. For
this type of problems, the value function will depend on the initial variable ¢, which is
in an infinite dimensional space C[—h, 0]. For this type of control problems, the idea for
the derivation of associated Hamilton-Jacobi-Bellman (HJB) equation was presented in
Mohammed [40, 41] and the HJB equation involves the Frechét derivatives with respect
to the initial variable ¢. Some related works can be found in Chang-Pang-Pemy [3, 4].
The presence of the Fréchet derivative makes the stochastic control problems with
memory given by X, very complicated and working in an infinite dimensional space
limits its application in practice. On the other hand, as we mentioned earlier, when
investors look at the historical performance, instead of the whole path, moving average or

exponential moving average is usually used. For this reason, many researcher considered



stochastic system, Vt € [0, T],

dX(1) = b(t, X (), Y(t), Z(t), u(t))dt + o(t, X(£),Y (), Z(t), u(t))dW (¢), t € [0,T],
X(t) = ot), tel=h0]

with memory variables Y (t), Z(t) given by

Y(t) = /0 M X (t + 0)do,
—h
Z(t) = X(t—h),

where A > 0 is a parameter. As we can see, Y (t) is the exponential moving average of
the total wealth and Z(t) is a historical value of X (¢) or the historical wealth. X (¢) over
[t—h,t] if A > 0. A special case would be A = 0, and now Y'(¢) is just the moving average.
Typically, higher historical wealth (in terms of Y'(t), Z(t)) usually implies the investor
has invested heavily on stocks rather than the risk-free asset, therefore, due to the good
performance, the investor will tend to allocate more on stocks, and that will increase the
stock demand. We want to point out that the state equation of X (¢) may not depend on
Z(t), as investors may not care about the historical value at a particular time point.
For the system given above, the value function V' will depend on the initial variable

¢ through memory variables (z,y, z) that are given by

r=X(0)=¢0), y=Y(0) = /0 Mp(0)dh, 2= Z(0) = o(—h),
—h
and we can derive the HJB equation for V' in the classical sense in a finite dimensional
space.

This type of models can be used to describe a stochastic system with memory or de-
layed information, and they can be used to model problems in finance and investment (see
Elsanousi-Larssen [10] for an optimal consumptions problem, Federico [12] for a pension
fund model, Chang-Pang-Yang [5] and Pang-Hussain [47, 46] for stochastic investment
and consumption optimization models). In Federico [12], an optimal control problem
arising in the management of a pension fund with dynamics governed by a stochastic
differential equation with delay is considered. They also have applications in business

management (see, e.g. Elsanousi-Oksendal-Sulem [11] for a stochastic optimal harvest



problem, Gozzi-Marinelli-Savin [23] for optimal advertising models). In Federico-Goldys-
Gozzi [13], the authors consider a model in economics where a class of optimal control
problems with state constraints, where the state equation is a differential equation with
delays. Koivo [27] studied optimal control of linear stochastic systems that have feedback
loop. In Bauer-Rieder [1], the authors consider stochastic control problems with delay
variable given by Y () = ffh M F(X(t+0))do, Z(t) = f(X(t—h)) with three applications:
linear quadratic problems with delay; the optimal consumption in a financial market with
delay and a deterministic fluid problem with delay which arises from admission control
in ATM communication networks.

Problems with delay also arise in modeling optimal advertising under uncertainty (see
Gozzi-Marinelli [22] and Gozzi-Marinelli-Savin [23]). Some early works on optimal control
for systems with delays can be found in Kolmanovskii-Maizenberg [28], Kolmanovskii-
Shaikhet [29], Lindquist [34, 35] and the references therein. Further, some other applica-
tions of systems involving delays given by Y'(¢) and/or Z(t) can be found in Koivo [27],
Kolmanovskii-Maizenberg [28], Kolmanovskii-Shaikhet [29], Lindquist [34, 35] and the
references therein. On the other hand, some researchers have studied the maximum prin-
ciples for stochastic control problems with delays (see Chen-Wu [6], Oksendal-Sulem [42],
(Oksendal-Sulem-Zhang [43]), but the involved backward stochastic differential equations
are hard to solve. Here we still use the dynamic programming method.

As we have mentioned, Z(t) may not appear in the state equation of X (¢). However,
even for this case, z variable will appear in the associate HJB equation. On the other
hand, one key requirement for the HJB equation to have a solution is that the solution
V' must be independent of z (see Larssen-Risebro [32] and Pang-Hussain [47] for more

details). It is this condition that limits the application of the above model .

1.2 Contribution and Outline

In real world, the stock price process is not truly Markov and the historic performance
of the risky asset influences the decisions of investors. As we know, investors tend to
look at the moving average or exponential moving average for a stock before they make
the investment decision. A stock with current price lower than its exponential moving
average may signal the downward trend for the stock price, therefore it will scare away

some investors. Due to the weaker demand, the price may go down further. On the other



hand, if the current price is higher than its exponential moving average, it may signal
an upward trend, so it will attract more investment. Due to the higher demand, the
price may go up further. Therefore, it is motivated to consider a stochastic portfolio
optimization model with historic information, or memory.

Stochastic control models with delay have wide range of applications and have been
discussed extensively in literature. Kolmanovaskil and Maizenberg [28] introduced the
idea of describing the delay information like (2.3)-(2.4). Elsanousi and Larssen [10] and
Larssen and Riserbro [32] have discussed model with finite delay. Elsanousi, QOksendal and
Sulem [11] developed and maximum principle for optimal control problem of stochastic
systems with delay. The idea of dynamic programming principle for stochastic delay
differential equations appears in Gihman and Skorokhod [21] and Kolmanosvskii and
Shaikhet [29]. Larssen [31] showed dynamic programming principle for the stochastic
control problems with delay.

In this dissertation, we investigate some stochastic optimization models of Merton’s
type with delays. In chapter 2, an optimal-investment consumption model over a finite
time horizon with finite delay is investigated. In section 2.2, the problem is formulated as
an optimal stochastic control problem. Newly developed functional Ito’s formula is used
to obtain the Hamilton-Jacobi-Bellman (HJB) equation in section 2.3. In section 2.4, the
optimal investment and consumption controls and explicit solution of HJB equation is
derived for logarithmic and exponential utility functions and finally, verification theorems
are established to prove that the solution obtained from the HJB equation is the value
function.

In chapter 3, the model discussed in chapter 2 is studied on infinite time horizon.
In section 3.2, HJB equation for the value function is derived. In section 3.3, optimal
controls and explicit solution of HJB equation is obtain for logarithmic, exponential and
HARA utility functions. For each of the utility function, verification theorems are also
established in this section.

In chapters 4 and 5, we introduce the idea of infinite delay in the model introduced in
chapter 2. In chapter 4, stochastic portfolio management model is studied on a finite time
horizon and the model captures all the historic performance of the portfolio. In section
4.2, HJB equation is derived. In section 4.3, for each of the exponential, logarithmic
and HARA utility function, optimal controls and explicit solution of HJB equation is

established followed by the verification theorems.



In each of the chapters 2, 3, 4, the volatility of the risky asset is assumed to be
constant. In chapter 5, the volatility of the risky asset is assumed to be stochastic in the
model. The model captures the complete historic performance of the risky asset through
an infinite delay variable. In section 5.4, we use the method of sub/super solutions to
obtain the classical solution of the HJB equation established in section 5.3 for logarithmic
utility function. The optimal controls and verification theorems are also established in

this section.



Chapter 2

A Finite Time Horizon Stochastic
Portfolio Optimization Model with
Bounded Memory

2.1 Introduction

In a classical portfolio of Merton’s type, an investor allocates her wealth between a
risky asset and a riskless asset and chooses the consumption rate to maximize the total
expected utility. In this chapter we study an optimal investment-consumption model of
Merton type as a stochastic control problem over a finite time horizon. The model takes
into account the past performance of the risky asset. The risky asset is modeled using
a delayed stochastic differential equations. This work is motivated by the model studied
by Chang, Pang and Yang [5].

In this chapter, we are going to use a newly developed functional Ito’s formula to derive
the associated Hamilton-Jacobi-Bellman (HJB) equation. The functional Ito’s formula
was first initiated by Dupire [8]. Details to be given section 2.3.

We consider a stochastic control problem over a finite time horizon in which the
state variable X (¢) is modeled by a control stochastic process with bounded memory. In

particular, we consider for the following system with bounded memory:

{ AX (1) = b(t, Xp,u(t))dt + o(t, X, u(t))dW(2), t € [s,T),
X(t) =u(t-—s), te[s—h,s|,



where h is a fixed delay and X; is the segment of the path from ¢ — h to ¢, 1p € C[—h, 0]"
is the initial path and w is the control in some admissible control space U. The goal is to

choose a control u to maximize the functional:

T
Sosvi0) =B | [0 X+ o06r)
The value functions is given by

V(s,1) =sup J(s,1;u).

ueU

In particular, the value of the portfolio follows a stochastic process X (t) (see (2.9))

that depends on following delay information:

Y(t) = /0 X (t+6)do, (2.1)
—h
Z(t) = X(t—h), VtelsT, (2.2)

where A > 0 is a constant, h > 0 is the delay parameter and s € [0, 7] is the initial time.
The performance of the portfolio in [s — h, 5|, the historic performance, gives the initial

condition for X (t) and is characterized as:
X(t) = So(t - S)a vt e [_ha 8]:

where ¢ > 0 is a continuous function on [—h, 0].

As we can see, e’ in (2.1) serves as a weight function if we regard Y (¢) as the weighted
average of the X (¢t + ), 6 € [—h,0]. We assume that A > 0 because usually the most
recent information will be assigned a higher weight so the weight function should be
increasing with respect to 6.

The utility function comes from consumption. Let C' be the consumption rate. We

investigate the HJB equation for logarithmic and exponential utility functions:

U(C) = log(C)
UlC) = 1—¢e*, a>0.

Under certain conditions, for each utility function, we derive the the optimal policies and



the explicit solution for associated HJB equation in a finite dimensional space.

This chapter is organized as follows. In section 2.2, the model is formulated. In section
2.3, the HJB equation is derived using the functional Ito’s formula. Solution of the HJB
for logarithmic and exponential utility functions and the verification theorems are given

in section 2.4

2.2 Problem Formulation

Consider an investor’s portfolio comprises a risky asset and a riskless asset. The riskless
assets earns the investor a fixed interest rate r > 0. Money depositd in the bank can be
considered as riskless asset. The consumption of the investor is assumed to come from
riskless asset and we also assume that the investor can freely move his money between
the risky and riskless asset at any time.

Assume the process {B(t),t > 0} is a one-dimensional standard Brownian motion
defined on a complete filtered probability space (2, F, P;F), where F' = {F,t > 0} is
the P-augmented natural filtration generated by the Brownian motion {B(t),t > 0}. Let
K(t) be the amount invested in the risky asset and assume it satisfies the following

stochastic differential equation
AK () = (11 + Y (£) + s Z(0) K () + [(D)]dt + o K (H)dB(8),

where 1, p2, u3 and o are constants, and the performance of the risky asset depends on
Y (t)and Z(t), the delay variables, given as

Y(t) = /0 M X (t + 0)do, (2.3)
—h
Z(t) = X(t—h), VtelsT), (2.4)

where A > 0 is a constant and h is the delay parameter. Let L(t) is the amount invested

in the riskless asset. The price of riskless asset satisfies
dL(t) = [rL(t) — C(t) — I(t)]dt,

where I(t) is the investment rate in the risky asset at ¢, and C(t) is the consumption
rate. The net wealth is given by X(¢t) = K(t) + L(t). The equation for X (t) follows by



using X (t) = K(t) + L(t):

dX(t) = [(p+ Y () +pusZ(t)K(t) +rL(t) — C(t)]dt
oK (HdB(t), Vte [s,T). (2.5)

The initial condition is the information about X(¢) for t € [—h, s]:
X(t) = p(t —s), Vie[=h,s],

where ¢ € J and J is defined by J = C[—h,0], which is the space for all continuous
functions defined on [—h, 0] equipped with the sup norm

lell = sup [p(0)]. (2.6)
0e[—h,0]

Let L?(£2,J) be a Banach space for all (F, B(J))-measurable maps 0 — J that are in L?
in the Bochner sense, where B(J) is the Borel o— field on J. For any ¢ € L*(Q, J), the

Banach norm is given by

ol = | [ o) " 2.7)

where the norm || -|| is given by (2.6). The state variables are X (¢) and Y (¢). The wealth
is allocated between risky and riskless asset and in order to describe it, we treat K(t)
and C(t) as our control variables. For technical reasons, we modify the model described

in (2.9) and consider the following model

dX(t) = [mK(t)+ pY (t)+ psZ(t) +rL(t) — C(t)]dt
+oK(t)dB(t), Vte[s,T] (2.8)

Remark 2.2.1. If we assume that K(t) > 0 almost surely, we can use the following delay
variables Y (t) and Z(t):

Y(t) = 1 /O MX(E+60)ds, Z(t) = X(t—h)

o O

instead of (2.3) and (2.4), so we can reach (2.8).

10



Instead of using K (t) and C(t), we use ¢(t) = % and k(t) = % as our consumption
and investment controls, respectively. Using L(t) = X (t) — K(t) = X (¢)(1 — k(¢)), we
can rewrite the equation for X (t) as

dX(t) = [((p = r)k(t) = c(t) + )X (1) + p2Y (1)
+ psZ(t)|dt + ok(t) X (t)dB(t), Vt e [s,T]. (2.9)
Initial condition is given by
X(t)=¢(t—s), Vtels—h,s]|, (2.10)

where ¢ € J and p(#) > 0,V0 € [—h, 0].
For functional differential equations we use the following conventional notation: If
€ C([-h,Tl;R) and t € [0, T}, let p(0) € J be defined by

wi(0) = p(t+0), VO |[—h,0]. (2.11)
Since ¢y(#) € J, its norm is given by the sup norm:

(@)l = sup |@(0) = sup |t +0)]. (2.12)
0e[—h,0] 0€[—h,0]

Using the above notation, initial condition (2.10) can be written as
Xs= 0.

Following definition gives the admissible control space II for control variables k(¢) and

c(t):

Definition 2.2.1 (Admissible Control Space). Let IT denote the admissible control space.
A control policy (k(t),c(t)) is said to be in the admissible control space 11 if it satisfies

the following conditions:
(a) (k(t),c(t)) is F'—measurable for any t € [0,T];

(b) c(t) > 0,Vt € [0,T);

11



(¢) For any t € [0,T], we have

k()X (1)] < M| X () + usY(fﬂv} (2.13)

()X (8)] < Ao X () + psY (1),
where Ay > 0, Ay > 0 are constants.

Following Lemma gives the existence and uniqueness of solution of (2.9) with initial
condition (2.10):

Lemma 2.2.1. For any control (k(t),c(t)) € I, the equation (2.9) with initial condition
(2.10) has a unique strong solution X : [—h, T|xQ — R. Furthermore, fort € [s,T], X; €

J and for any positive integer n, we have
E [||X|P"] < Cull + llol|™], ¥t € [s,T], (2.14)

where C,, > 0 is a constant.

Proof. Let ||¢||2 be the L? norm of ¢ as given in (3.7). Then, by virtue of

lell2 < el

this Lemma is a corollary of Theorem 1.2 of Mohammed [41]. O

The wealth process X (¢) must also satisfy the state constraint
X(t)>0 Vtel[sT].

We have the following result:

Lemma 2.2.2. The solution X(t) of the system (2.9) -(2.10) satisfies
X(t)>0, Y(t)>0, Z()>0, almostsurely Vte [s,T].
Proof. By the definition of Y (t), Z(t), it is sufficient to show that

X(t) >0, almost surely Vt e [s,T]. (2.15)

12



First we show that

X(t)>0, as. Vtel[sT].
For a given intial condition p(f) > 0, V6 € [s — h, s|, we have
Y(s)>0, Z(s)>0.

We note that Y (t) and Z(t) are non-negative as long as X (0) >0, V0 € [t — h,t], and
they are equal to zero if X (¢) has hit zero before they do. Moreover, from equation (2.9),
we note that if X (¢) hits zero for the first time at 7, the diffusion part vanishes and the
drift coefficient becomes p2Y (7) 4+ psZ(7) and is positive. Therefore we get

X(t)>0, as. Vte][sT].

So that we can get

Let X (t) be a solution of

dX(t) = [((u — 7)k(t) — c(t) + )X ()]dt + ok(t) X (t)dB(t), Vte[s,T].  (2.16)

X(t)=¢(t—s), Vtels—h,sg], (2.17)

for same ¢ > 0 as in (2.10). The solution is given as
g t o2k2(6
X0 = eeo] [ (ko) - o) +r- =) ap

+ / t ak(e)d3(9>}.

Obviously, we have

X(t) >0, as. VtelsT].

13



Moreover, using Ito’s formula, we get

] - O, oy
X(t) (1?2 2 (X(1)
_ ek zcl) g, ok gy TR 4y
X(t) X(t) X(t)
PR [ M) — ) el B
X0 X(0)

1

_X®) v
Alt) = X0 - X(t) X0 (2.19)
Then, we can get
1 1 1
dA(t) = (dX(t))- 0 +X(t)-d {m} +(dX (1)) - d [m}

= A(t) (11 — r)k(t) — c(t) + r]dt + “;;E())dt + ok(t)A(t)dt

+ (02K2(t) — [(n — 7)k(t) — c(t) +7]) A(t)dt

— ok(t)A(t)dB(t) — o?k*(t) A(t)dt
o mwY(t )dt

X(t)
> 0. (2.20)

Since A(s) = %? = “Dgz) = 1, therefore we have

S

A(t) > 1, as.Vt>s.

Therefore, we have
X(t) > X(t), as.VtelsT]

Since X (t) > 0, a.s., we have

X(t) >0, as.Vte][sT].

14



This completes the proof. O]

The utility function U(C') is defined based on the consumption rate. We assume that
U is the terminal utility function that depends on both X (T') and Y (7T'). The problem
under consideration is portfolio optimization problem on a finite time horizon [0, 7] with

the objective function given by

J(s,p,k,c) = ESW{/Te_ﬁ(t_s)U(c(t)X(t))dt

+ e PT=9)g(X(T), Y(T))}, V(k,c) € TL
Then the value function is given by

V(s,) = sup J(s,p,k,c)

k,cell

= sup Ew{ / ' e P (e(t) X (t))dt

k,cell

+ e PT=90(X(T),Y(T))|. (2.21)

Note that V (s, ¢) is a functional defined on an infinite dimensional space [0, T'| x C[—h, 0].

We turn V' into a function defined on a finite dimensional space as follows
V<87 SO) = V(S7 '1;7 y? Z)?

where V : [0,T] x R* — R, and

z = z(p) = p(0), (2:22)
_ — ere(0) )

y y(p) = /_h do, (2.23)

z = z(p)=e(=h)., (2.24)

Further, to derive the HJB equation, we will need that the value function V' only depends
on (s,z,y), i.e.

V(s,p)=V(s,z,y,2) =V(s,z,y). (2.25)

Actually, this is a necessary condition that we can derive a HJB equation in a finite
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dimensional space. See Lemma 2.3.2 for details.

2.3 Functional Ito’s Formula and the HJB Equation

Recall that we use X (t) to denote the current value and we use X; : [—h, 0] — R to denote
the path of X (¢) from ¢ — h to t. We use functional Ito’s formula to find the dy(X;) of
the the path dependent functional y(X;). Functional Ito’s formula is an extension of Ito’s
formula to functionals. For details about the notations and other details of functional
Ito’s formula see Dupire [§].

For a functional f(X;) of X;, we have the following functional Ito’s formula:
(X)) = Of (Xt + 0, fX)AX(E) + 30r F(X)A(X) (D). (2.26)

where

f(Xis) — f(Xy)

0f(Xy) = lim 5 , (2.27)
Xis5(0) = Xi(0+80), VOe[—h,—d], (2.28)
X.5(0) = X,(0), 6¢e[-6,0]; (2.29)
. f(X) = }%f(Xl‘)hf( )7 (2.30)
XMO) = X,0), 0<0, (2.31)
X0) = X(0) + (2.32)
9 f(X)) = lim axf( )—axf(Xt)' (2.33)

h—0 h

The above derivatives and the functional Ito’s formula was initiated by Dupire [§]
and was later studied in Cont and Fournié [7].

Now let us consider the following functional:

y(X) — / 0l6)X,(0)00 (2.34)
2(Xy) = Xi(=h), (2.35)

where ¢(0) is a smooth function with a continuous first order derivative ¢'(6).

From the above definition, we can see that the delay variable y(X};) is actually the
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weight average of the delayed (historic) value of X (t 4 0) for 6 € [0, —h| with the weight
function given by ¢(), @ € [—h,0]. For example, when ¢(6) = e, y(X;) is just the
exponential moving average for X (s) for s € [t,t — 0]. If ¢(0) = 1, y(X;) is just the
moving average, which is a special case of the exponential moving average (with A = 0).
As we know, investors tend to look at the moving average or exponential moving average
for a stock before they make the investment decision. A stock with current price lower
than its exponential moving average may signal the downward trend for the stock price,
therefore it will scare away some investors. Due to the weaker demand, the price may go
down further. That is why we want to study the system (2.5) with delay variable given
by (2.3).

On the other hand, from the following Lemma, we will see why we also include the

delay variable z(X;) given by (2.35).

Lemma 2.3.1. If y(X}), 2(X}) is given by (2.34)-(2.35), then we have

dy(X,) = [ - /_ i &/ (0)X,(0)d6 — d(—h)=(X,) + X,(0)6(0) | dt. (2.36)
Proof. Tt is easy to see that
0.y(Xy) =0, 0uy(Xy) =0. (2.37)
On the other hand,
wx0) = [ oxsow
_ /_  SO)X,(6 + 6)d8 + /_ Z 6(0)X,(0)d0

= [ otu-aXitwau+ x,00) | (o).

—h+0
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So we have

y(Xes) —y(X)) = / Mu—&&wwu+xxm/;wmw

—h+0

—/%@&@w

0 —h+46
_ / 6(6 — 8)X,(6)do — / 6(0 — 5)X,(6)d6

h

+&@/y@w—/¢@&@w

—h

- /[ae—@—¢w»&wme

—h

_ / ™ 46— 5)X,(8)d6 1 X,(0) / " 6(0)d6.

h

Thus, it is easy to verify that

i) = iy M) U

- _/_i ¢'(0)X,(0)d0 — ¢(—h) X,(—h) + X,(0)$(0)
— _/_(; ¢'(0)X,(0)d — ¢(—h)2(X,) + X;(0)(0).

Now by virtue of the functional Ito’s formula (2.26), we can get (2.36). O

Take ¢(f) = e*’. Then we can get the initial delay variables defined by (2.22)-(2.24).
It is easy to check that

aty(Xt) = Xt(O) — )\y(Xt) — €7AhZ(Xt).
Therefore, we can get
dy(X,) = Owy(X,)dt = [X:(0) — Ay(X,) — e M 2(X,)]dt.

We want to point out that Lemma 3.1 in [5] gives us the same result, but the method
used there is different. In addition, in [5] and other papers, such as [32], [10], it is simply

assumed that V' does not depend on z but the reason was not given. The following lemma
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explains why this is a necessary condition.

Lemma 2.3.2. If the value function V' depends on z, there is no way to write the HJB

equation in terms of (s, x,y, z).

Proof. 1t is easy to check that

@Z(Xt) = lim

As we can see, 0,z(X;) usually does not exists since the path of Brownian motion is not
differentiable. Therefore, if the value function V' depends on z, there is not way to write

down the Hamilton-Jacobi-Bellman equation in a finite dimensional space. O

Now assume that the value function V' depends on the initial path ¢ only through
the functionals z(¢) and y(¢) defined by (2.22)-(2.23) . That is,

Vs, ) = Vs, z(p), y(p)) = Vs, z,y). (2.38)
We need the following dynamic programming principle to derive the HJB equation.

Lemma 2.3.3 (Dynamic Programming Principle). Assume that the value function V (s, z,y)
given by (2.21) and (2.38) is well defined and assume the system given by (2.9)-(2.10).

Then we have

t
Vis,z,y) = sup Es,w,k,c[/ e MU (e(r)) X (r)dT + e PIV(E X (1), Y (1)) ]

(k,c)ell

for all F'-stopping time t € [s,T| and (z,y) € R?, where p € J is such that x = x(p) =
X(s) and y = y(p) =Y (s).

Proof. The proof is similar to Theorem 4.2 of [31] so it is omitted here. O

Following theorem gives the Hamilton Jacobi Bellman equation which follows from
above Lemma and functional Ito’s formula (2.26) and the proof is similar to Theorem

5.1 in [31]. So we omit the proof here.

19



Theorem 2.3.1 (HJB Equation). Assume that (2.38) holds and V (s, z,y) € C**1([0, T]x
R xR). Then the value function value function V(s,x,y) given by (2.21) and (2.38) sat-
i1sfies the following HJB equation

B _ (okx)? B
BV =V = max| Voo + (u = r)kaVe| + (re + pay + p32) Vs

+ m;xg([—cx‘/m +U(cx)] + (x —e Mz = My)V,, VzeR (2.39)
with the boundary condition
V(T 2,y) = ¥(z,y). (2.40)

We note that the HJB equation is a non-linear second order path dependent partial
differential equation. The next step would be find the classical or viscosity solutions for
the above equation and verify that the solution is the value function we need. Recent
results on path dependent differential equations by [9] may be used to prove the existence
of the viscosity solution of the above HJB equation. However, in this chapter, our focus
is on the systems with bounded memory in certain forms, such that it is possible to work

in a finite dimensional space and the HJB equation will become a PDE in classical sense.

2.4 The Solution of the HJB equation

2.4.1 Logarithmic Utility

In this section we consider logarithmic utility function given as
U(cX) = log(cX). (2.41)

We find explicit solution of HJB equations (2.39)-(2.40). Using the log utility we have

(ckz)?

BV -V, = max Viw + (1 — r)kzVy | + (re + poy + p32) Vs

+ mggc[—cxv; +log(cx)] + (z — ez — Ay)V,, (2.42)
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The candidates for optimal controls are

— 1
oo —r)Ve o

o2aVy, xV,

The terminal utility function W(z,y) is assumed to be of the form

1
(z,y) = 7 log(v + pze'y).

We assume the solution is of the form
Vs, z,y) = ¥(z,y) + Qs),

where Q(s) and ¥ (z,y) will be determined. Moreover, we have

Ve = %(I,y), %x:¢1x(x7y)a
Vy = dylzy), Vi=0Q'(s).

Plug £* and ¢* and solution form into (2.42), we obtain

Bvte ) + Q) - Q) = — 3PS Loy~

(2.43)

(2.44)

+ (1@ + poy + p32), + (. — Ay — e M2)ab,. (2.45)

Define
u=x+ M3€/\hy,

Let ¥(z,y) = %log(u), then we have,

Assume that

21
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Using assumption (2.47) and definition of u, equation (2.45) can be written as

@) = 5Q) L —tog(3) +1 - S+ )

Let

N2
A4 (Ml T.)

1
2607 +log S — 14 < (r + pze”).

B

Equation (2.48) can be written as

(e Q(s)) = A

At terminal time t = T', we have

V(T,z,y) = Q(T)+ % log(z + pzey)

= U(z,y)

1
= 3 log(z + pse"y).

So the boundary condition for Q(s) at s = T is given by
Q(T) = 0.
The solution for (2.50)-(4.73) is given as

5 (1-— e_B(T_S)).

Q(s)
If Ay > 0, we have

Q(s) >0, Vselo,T].

(2.48)

(2.49)

(2.50)

(2.51)

(2.52)

(2.53)

(2.54)

Therefore, the equations (2.39)-(2.40) for logarithmic utility function have the solution:

V(s,z,y) = Q(s) + log(z + psey),

The optimal investment and consumption rates are given as

22
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]{J(S)* _ (:ul - T)((;L‘Q;L :u3e/\hy)7 (256)

c(s)" = w (2.57)

where Q(s) is given by (2.53), and = and y are estimated at time s as following
0
r=X(s), y=Y(s) = / M X (s 4 0)do.
~h

To make sure that the solution given by (2.55) is satified by the value function (2.21),

we need to give the verification theorem.

Theorem 2.4.1 (Verification Theorem). Assume that X (t) be a strong solution of (2.9)-
(2.10) and Y (t) and Z(t) are given by (2.3) and (2.4) respectively. Let V(s,z,y) €
C121([0,T] x R x R) is a solution of the HIB equation given by (2.39)-(2.40) such that

E {/T[k(t)X(t)Vx(t,X(t),Y(t))]th < 00, (2.58)
V(k,c) € TI. Then we have,

V(s,z,y) > sup Es,@{ / ' e PT=DU (c(t) X (t))dt + e PEDT(X(T), Y (T))].

(k,c)ell

In addition, assume that the utility function is given by
U(x) = log(z) (2.59)

and ( W |
* 1 —7)Ve *

K= ——— = = .

o2xVy, ¢ xV,

If (k*,c¢*) € 11, then (k*,c*) is the optimal control policy. In this case, we have

V(s,z,y) = Eggpeer [/T e’ﬁ(t’s)U(C(t)X(t))dt + e’ﬁ(T’S)\I/(X(T), Y (T))|.
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Proof. Rewriting equation (2.39), for log utility, we have

max[LFV (s, 2, y) + log(cx)] — BV (s, 2,y) + [x — Ay — e 2]V, (s,2,y) = 0. (2.60)

k,c>0
where £5¢ is defined as
Lhef=Lreft,a,y)
1
- ft + (((:U’l - T)k —Cc+ T)l‘ + M2y)fm + §U2k2x2fmra

Assume V' (s, z,y) be a solution of the equation (2.60). For any given admissible control

(k,c) € IT and for any (s,z,y) € [0,7] x R x R, we have
BV (s,x,y) — LYV (s,z,y) — [ — Ay — e 2]V, (s,2,9) > log(cz). (2.61)
Applying Ito’s formula to V (¢, X (t),Y(¢)), we have

t), Y (t))dt +dV(t, X(¢), Y (t))]
£),Y () + L5V (¢, X (1), Y (1))
X)) =AY () — e M Z0)V, (1, X (1), Y ())dt
+ok()XOVa(t, X (1), Y (£)dB(1)).

de PV, X(1),Y ()] = e

Integrating it from s to 7', and using (2.61), we have

e V(T X(T),Y(T)) — eV (s,2,y)
_ /T e PH=BV(t, X(1),Y (1) + LV (¢, X (1), Y ()
+ [X(1) =AY () — e M Z(1)] Vy (1, X (1), Y (1))t

T

[ ek X 0Vt X (1), Y (1))dB (1)

/T
gk

“Flog(c(t) X (t))dt

IN

+/ Plok(t) X () VL (t, X (1), Y (t)dB(t).

Using the boundary condition (2.51), we have
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Vis,xz,y) > e PT9V(T, X(T +/Te BT=9) Jog(c(t) X (t))dt
—/sTe P ok(t) X (1)Va(t, X (1), Y (t))dB(1)
= e PT=)y(X/( +/T BI=) Jog(c(t) X (t))dt
— /ST e PTG k() X (1) Vo (t, X (1), Y (£)dB(t).

By virtue of condition (2.58), we have

/T e PI=ak(t) X (t)V,(t, X (t), Y (t))dB(t)

a martingale. Taking expection on both sides, we obtain, V(k, ) € 11

V(s,2,y) = Esppe [ / "= log(c(t) X (t))dt + eI~ W (X (T), Y(T))} :

Therefore we have,

V(s,z,y) > sup EM{ / ' e PT=) log(c(t) X (t))dt + e—mT—S)\If(X(T),Y(T))}.

k,c>0

By taking (k,c) = (k*, ¢*), the inequalities can be replaced by equalities

V(s,z,y) = EM{ / TeB(T3)10g(c*(t)X(t))dt+eB(Ts)\I/(X(T),Y(T))].

This completes the proof. n

Now it remains to verify that the function defined by (2.55) is a classical solution of
(2.39)-(2.40) and control policy is given by (2.56)-(2.57)

Theorem 2.4.2. Assume that X (t) be a strong solution of (2.9)-(2.10) and Y (t) and
Z(t) are given by (2.3) and (2.4) respectively. Assume that the utility function is given
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U(z) = log(z),
and that the terminal function is given by

1
U(,y) = 5 log(z + pae™y)
Suppose (2.47) also holds. Then the function V(s,x,y) given by (2.55) is a classical
solution of the HJB equation (2.39)-(2.40), and it is equal to the value of the system
defined by (2.21)-(2.25), that is

V(s,z,y) = sup Ew{ / Te_B(T_S)U(c(t)X(t))dt+e‘B(T_S)\I/(X(T),Y(T)) .

(k,c)ell

In addition, the optimal control policy is given by

(i — ) (X (1) + pseY (1))
a2 X(t) ’

BUX(H) + ™Y (1)
X(t) ’

vt € [s,T],

where Q(+) is defined by (2.53).

Proof. 1t is evident from the derivation of V (s, z,y) that V (s, x,y) given by (2.55) is a
classical solution of HJB equation (2.39)-(2.40).
To use Theorem 4.3.5, we first verify that condition (2.58) is satisfied. Using (2.55)

1
X (t) + pserY ()

Valt, X(1),Y (1)) =

We have |,

1

Valt, XY O)) = | 5 T ey D
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Using the definition of admissible control space II, we have

k()X (1)]

IN

A [X(t) + psY (1)
< M X () + pzeY(t)].

Therefore, we have

B(O)X Vot X (1), Y ()] < A X (1) + pae™Y (2)] - ‘
= Al.

1
X (1) + pe Y (t) ‘

We have,

T T
B [ aoxovexoyoye) < B [
0 0
= AT < <.
where A; > 0 is a constant independent of ¢. Thus condition (2.58) is verified. Using

definition of (k*, ¢*), it is easy to see that (k*(t),c*(t)) is F'-measurable for any ¢ € [0, T'.

Also, we have

(1 — r)(X(t) + pseY (1))

) = X (1) /
c(t) = B(X(t);;(,tg,e Y(t), vt € [s,T).

We note that ¢(t) > 0,Vt € [0,7]. The conditions given by (2.13) of admissible control
space are also satisfied. Hence we get (k*, ¢*) € II. This completes the proof. O]

2.4.2 Exponential Utility

In this section we consider the exponential utility function given as
UeX)=1—-e% a>0. (2.62)

We note that maximizing the utility function with or without the the additive term 1

gives the same results. The additive term 1 in the utility function restricts the range of
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the function between 0 and 1 and other than that it does not have any mathematical

relevance. So we drop the term 1 for technical convenience and consider the following
U(X)=—e% a>0. (2.63)

We seek to find a solution of HJB equations (2.39)-(2.40), we have

k1) *Via
BV =V, = max % + (1 — r)kxvx} + (ro + poy + p3z) Ve
+ max [—czV, — e ] + (x — e 'z — Ay)V, (2.64)

The candidates for optimal controls are

o+ (o —r)Vo 1 (Vx) |

o

=~ 2% f=——""log
o2aV,, '’ To

Substituting £* and ¢* in equation (2.64), we obtain

L( —r)*V2 1 Ve Va
Vv, = e e (2 )y, - 2
b V. 2 o2V, + « 08 o o
+(rx + poy + p32)Va + (1 — Ay — e M)V, (2.65)
We look for a solution of the form
Vi(s,z,y) = ¢(z,y)Q(s), (2.66)

where Q(s) and ¥ (z,y) will be determined. Moreover, we have

Ve = Q(8)Ve(r,y), Vie = Q(8)Vu(z,9),
Vy, = Q(s)Yy(z,y), Vi=Q'(s)Y(v,y).
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Substituting above into equation (2.65) yields

Bl Q)] — e Q) = —5 TN Loy (AN,
- %)% + (ra + 2y + p32)Q(s) v,
+(z = Ay — e 2)Q ()1, (2.67)
Let
u =+ pusey, (2.68)
and
(r,y) = —e .

where v is a constant to be determined. Now we can get,

77/190 = _777/}7 ¢xx = 72¢7 ¢y = _7M3€>\h¢'
Using the above substitutions in equation (2.67), we can obtain

vIpQ(s) - Q') = -

+ @(—7@/}) {log <_W <8)) - 1]

—Y(rz + pay)Q(s)Y — y(z — Ay)Q(s)pzeap.

Canceling 1 and noting that log(—v¢) = loge ™™ = —~u, we can rewrite the above

equation to

(11 —1)*Q(s)
202

+ %Q(s) [log% +log Q(s) —yu — 1]
+ [(r+ pse)z + (2 — Ause™)y] 7Q(s).

—BQ(s) +Q'(s) =
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Now let us assume that
pze™ (1 + pae) = g — pge™,

and

v = alr + pse).

Then by assumption (2.69), we can cancel u from the equation and obtain

(1 — T)QQ(S)

202

—BQ(s) +Q'(s) =

+ (r + 13e™)Q(s) [log(r + pze™) +log Q(s) — 1] .

The above equation can be rewritten as

Q'(s)
Q(s)

R e B e
+(r + pze) log ((r + pze™)Q(s)) -

Let

N2
As = B4 YT e log(r 4+ pse™) — 1]

202

Equation (2.71) can be written as

Q'(s)
Q(s)

At the terminal time t = T', we have

— A5+ (r + j3e™) log Q(s).

V(T,.T7y) = Q(T)(_e_’yu) = \I/(.%‘, y)

(2.69)

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

The terminal utility function W(x,y) is assumed to be consistent with the exponential

utility function. In particular, we assume that it is of the form

U(x,y) = —Ae T Husey) — _ p

Y
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where v is given by (2.70). So the boundary condition for Q(s) at s =T is
Q(T) = A. (2.77)

The explicit solution for (2.74)-(2.77) is given as

A h
Q(s) = exp (—5 (e*(”“‘"’eA (T=s) _ 1)

T+ pze

4+ e (rtuae?)(T—s) log(A)> . (2.78)

It is easy to see that Q(s) > 0 and Q(s) is an increasing function for s € [0, T'|. Therefore,
we can get
0<Q(s) <A Vsel0,T]. (2.79)

The HJB equations (2.39)-(2.40) have the solution
Vs, z,y) = _Q(S)efa(rwse“)(:vwse*hy), (2.80)

The optimal investment and consumption rates are given as

* _ (11 —1)
k(s) = a(r + pzen) oz’ (281)
c*(s) = —% {log{(r + uze*)Q(s)}
~alr+ o + e (28

where Q)(s) is given by (2.78), and x and y are estimated at time s as following

r=X(s), y=Y(s) :/_he’\eX(s—i-@)dH.

By virtue of (2.79) and Lemma 2.2.2, we can see that ¢*(s) > 0 as long as
A(r + pse™) < 1. (2.83)

Now we can prove the following verification theorem.
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Theorem 2.4.3 (Verification Theorem). Assume that X (t) be a strong solution of (2.9)-
(2.10) and Y (t) and Z(t) are given by (2.3) and (2.4) respectively. Let V(s,x,y) €
C121([0,T] x R x R) is a solution of the HJB equation given by (2.39)-(2.40) such that

E[/T (k:(t)X(t)%(t,X(t),Y(t)))th} < 00, (2.84)

V(k,c) € II. Then we have,

V(s,z,y) > sup Es,w[/Teﬁ(tS)U(c(t)X(t))dt

(kvc)en S

+ e PT=99(X(T), Y(T))] . (2.85)

ax

In addition, assume that the utility function is given by U(x) = —e=** and k* and ¢* are

given as

(ul —r)[/x 1
A Vel SVAL o 2 86

If (k*,c¢*) € 11, then (k*,c*) is the optimal control policy. In this case, we have
T
V(s,z,y) = BEsgpre [/ e P (e(t) X (2))dt + e PT=9U(X(T),Y(T))|.

Proof. For exponential utility function, equation (2.39) becomes

ina;)é[ﬁk’CV(s,x,y) —e ) — BV (s, 2, y) + [x — Ay — e M2V, (s,7,y) = 0. (2.87)

where £%¢ is defined as

Lhef = Lhef(t,z,y)

1
= ft + (((:ul - T)k —Cc+ T)Q? + ,UZy)fw + §U2k2x2fzx>

Assume V' (s, z,y) be a solution of the equation (2.60). For any given admissible control
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(k,c) € IT and for any (s,z,y) € [0,7] x R x R, we have
BV (s,x,y) — L2V (s, 2,y) — [ — Ay — e 2]V, (s, 2,y) > —e . (2.88)
Applying Ito’s formula to V (¢, X (t),Y(¢)), we have

de PV, X(t),Y ()] = e

= €

Integrating it from s to T, and using (2.88), we have

e PTV(T, X(T),Y(T)) — e PV (s, z,y)

= / ' e =BV (t, X (1), Y (£)) + LV (L, X (1), Y (1))
+[X(#) =AY (t) — e M Z([#)|V, (¢, X (1), Y (t))dt

+ / ' e Plok(t) X (t)Va(t, X (1), Y (t)dB(t)
< /T efﬂtefac(t)X(t)dt
+ / L k()X ()Valt, X (), Y () dB(?).

Using the boundary condition (2.75), we have

T
V(S,Zﬂ,Q) > efﬁ(T s) / fB(T s) ,—ac(t) X (t) dt

_/ BTk (1) X ()Valt, X (1), Y ())dB(t)

T
7,6’(T s) / e B(T— s) —ac(t)X t)dt

- / L) ok(t)X (t)Va(t, X (1), Y (t))dB(1).
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By virtue of condition (2.84), we have
T
| ek X Ve X(0). Y (0)dB()
a martingale. Taking expection on both sides, we obtain, V(k, c¢) € 11
T
V(s,2,y) > —Eypne { / e P acOX Ot 4 =TI (X(T), Y (T))} :
We have

T
V(s,z,y) > sup E . [/ e AT—9) (—e_o‘c(t)X(t)) dt + e PT=9w (X (T), Y(T))} :

k,c>0

By taking (k,c) = (k*, ¢*), the inequalities can be replaced by equalities
T >k
V(S, x, y) = Es,p,k*,c* |:/ G*B(Tfs)(_efac (t)X(t))dt + eiﬁ(Tis)\I’(X(T), Y(T)):| .

This completes the proof. n

Theorem 2.4.4. Assume that the utility function is given by

and that the terminal function is given by
Uz, y) = —Ae— ")

Suppose (2.69) and (2.70) also hold. . Then the function V(s,x,y) given by (2.80) is a
classical solution of the HJB equation (2.39)-(2.40), and it is equal to the value of the
system defined by (2.21)-(2.25), that is

V(s,z,y) = sup Ew[ / Te—ﬁ<T—S>U<c(t>X(t>)dt+e—W—S)q/(X(T),Y(T)) .

(k,c)ell
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In addition, the optimal control policy is given by

X _ (1 —1)
K(s) = a(r + puzeM)o?X(s)’
c*(s) = —ﬁ log{(r + pse*)Q(s)} — a(r + pse) (X (s) + psze Y (s)) ],

where Q(+) is defined by (2.78)

Proof. 1t is evident from the derivation of V (s, z,y) that V (s, z,y) given by (2.80) is a
classical solution of HJB equation (2.39)-(2.40). To use theorem (2.4.3), we first verify
that condition (2.84) is satisfied. Using (2.80)

Va(t, X(1),Y (1) = 7Q(t)e_7(X(t)+“3eMY(t))’

where v > 0 is a constant given by (2.70). In addition, it is easy to verify that

14 ~vx
et

0<

<1, Vz>0.

So we can get

1
L+ (X (1) + paeY (1))

|6—W(X(t)+M36MY(t))| < '

‘, vt € [s,T].

Therefore, by virtue of (2.79), we can get

VLt X0,V ()] < A .

L4 (X (t) + pzerhY(t))

Using the definition of admissible control space II, we have

B (OX (O] < A|X (1) + psY (8)] < Au|X(8) + pse™Y (1)),
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Therefore, we can get

R ()X (6)Va(t, X (1), Y (2))]

IN

1

YAX (1) + pse"Y (1)) ‘
L+ (X (t) + paeY(t))

1
L+ 9(X(t) + paeY (2)) ‘

AlA‘l—

IN

1
AA (1
1 ( ! ‘1 + (X () + pse?tY (1)) D
< 20N

where A1, A are positive constants independent of t. Now we can get,

E { /0 ' [k*(t)X(t)Vx(t, X(t), Y(t))]th] < E { / ' 4A§A2dt]

0
= 4AN2A°T < oo.

Thus condition (2.84) is verified. By definition of (k*, ¢*), it is easy to see that (k*(¢), c¢*(t))
is Fl-measurable for any ¢ € [0,7]. Also, by virtue of (2.79), it is easy to get that
c*(t) > 0,Vt € [0,T]. The conditions given by (2.13) of admissible control space are also
satisfied. Hence we have (k*, ¢*) € II. This completes the proof. O
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Chapter 3

An Infinite Time Horizon Portfolio
Optimization Model with Bounded
Memory

3.1 Introduction

In this chapter we consider a stochastic portfolio management problem on an infinite
time horizon taking into account the history of the portfolio performance. Consider an
investor’s portfolio consisting of a risky asset and a riskless asset. The riskless asset earns
the investor a fixed interest rate » > 0. For example, we can treat the money in a bank
as the investment on the riskless asset. We assume that the investor can freely move
her money between two assets at any time and her consumption comes from the riskless
asset.

In this chapter, we consider a portfolio optimization problem for stochastic systems
with delay variables given by (3.1) on an infinite time horizon. The problem is formulated
as a stochastic control problem. The equation of the state variable X (¢) is given by (3.9)
and (3.10) and the objective function is given by (3.20). The goal is to choose the optimal
investment control k(¢) and the consumption control ¢(t) to maximize the objective
function to obtain the value function defined by (3.21). The solution of a stochastic
control problem with delay is assumed to depend on the initial condition ¢, which is in
an infinite dimensional space C[—h, 0], the space of all continuous functions on [—h, 0].

However, if the system only depends on the delay through process Y (¢) and Z(t) defined
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by (5.1), it is possible to obtain a solution in a finite dimensional space.

Let K (t) be the amount invested in the risky asset and L(t) be the amount invested on
the riskless asset. The net wealth is given by X (¢) = K (t)+ L(t). We consider a situation
where the performance of the risky asset has memory. We assume that the performance

of the risky asset depends on the following delay variables Y (t) and Z(¢):

Y(t):/O MX(t+0)dI, Z(t)=X(t—h), Vte][0,00), (3.1)

—h

where A > 0 is a constant and h is the delay parameter.

Let {B(t),t > 0} be a standard one-dimensional standard Brownian motion defined
on a complete filtered probability space (Q, F, P;F), where F = {F*, ¢t > 0} is the P-
augmented natural filtration generated by the Brownian motion { B(t),¢ > 0}. We assume
that K (t) and L(t) follow the stochastic differential equations:

dE(t) = [( + oY (t) + 1 Z() K(t) + ()] dt + oK (£)dB(t), (3.2)
dL(t) = [rL(t) — O(t) — I(t)]dt, (3.3)

where 1, pe, psz and o are positive constants, I(t) is the investment rate on the risky
asset at ¢, and C(¢) is the consumption rate. We consider the modified model formulated
in chapter 2 over infinite time horizon.

The equation for X (¢) follows by using X (t) = K(t) + L(t):

dX (t) = (1 + pY (t) + p3Z(t)) K(t) +rL(t) — O(t)] dt
+oK(t)dB(t), Vte [0,00). (3.4)

The initial condition is the information about X (¢) for t € [—h,0]:
X(t) = plt), Ve [-h,0] (3.5)

where ¢ € J and J = C[—h, 0], which is the space for all continuous functions defined on

[—h, 0] equipped with the sup norm

lell = sup [p(0)]. (3.6)
0€[—h,0]
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Let L?(Q,J) be a Banach space for all (F, B(J))-measurable maps Q — J that are in
L? in the Bochner sense, where B(J) is the Borel o— field on J. For any ¢ € L*(Q,1J),

the Banach norm is given by

ol = | [ loFar) " (37)

where the norm || - || is given by (3.6).

To describe the allocation between the risky asset and the riskless asset, we now treat
K(t) and C(t) as our control variables. As we can see in equation (3.4), the change of
the wealth process X () depends on the delay variable Y (¢). We consider the following

modified model. For details see section 2.2.

AX () = [ K () + Y (1) + s Z() + rL(t) — O ()] dt

+ oK (t)dB(t), Vte[0,00). (3.8)
Instead of using K (t) and C(t), we use c(t) = X t and k(t) = §Et; as our consumption

and investment controls, respectively. Using L(t) = X (t) — K(t) = X(t)(1 — k(¢)), w

can rewrite the equation for X(¢) as

dX(t) = [((u1 — r)k(t) — c(t) + 1) X () + p2Y (t) + ps Z(t))dt
+ k()X (£)dB(t), Vte [0,00). (3.9)

Initial condition is given by

where ¢ € J and ¢(f) > 0,V0 € [—h,0]. Using the notation given by (2.11), initial
condition (3.10) can be written as

on(p.

Definition 3.1.1 (Admissible Control Space). Let II denote the admissible control space.
A control policy (k(t),c(t)) is said to be in the admissible control space 11 if it satisfies

the following conditions:

(a) (k(t),c(t)) is F'—measurable for any t € [0,00);
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(b) c(t) > 0,Vt € [0,00);
(c)

(/ t)dt < oo> =1, VI'>0, (3.11)

KX ()] < AX@E) +Y ()], V>0, (3.12)
!(t) ()\ AX(@)+Y(H)], VE>0, (3.13)

where A > 0 1s a constant.

Here we assume that the investment control k(t) is square integrable (equation (3.11)),
to ensure that the Ito’s integral fo (t)dB(t) is well defined. On the other hand, the
consumption control ¢(t) only appears in the drift part, not the diffusion part, so we do
not need a similar condition for ¢(t).

We have the following result:

Lemma 1. For any control (k(t),c(t)) € I, the equation (3.9) with initial condition
(3.10) has a unique strong solution X : [—h,o0) x Q@ — R. Furthermore, for t €

[0,00), X; € J and for any positive integer n, we have
E [||[Xi]"] < Ca[L+[lel[*], Yt € [0,00), (3.14)

where C,, > 0 is a constant.

Proof. Let ||¢||2 be the L? norm of ¢ as given in (3.7). Then, by virtue of

lell2 < el

this lemma is a corollary of Theorem 1.2 of Mohammed [41]. O
We have the following result:

Lemma 2. The solution X(t) of the system (3.9) -(3.10) satisfies

X(t)>0, Y(t)>0, Z(t)>0, almostsurely Vte |0,00).
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Proof. By the definition of Y (¢), Z(t), it is sufficient to show that
X(t) >0, almost surely Yt e [—h,00). (3.15)
For a given initial condition ¢ (t) > 0,Vt € [—h, 0], we have
X(t) >0, almost surely Vte[—h,0], Y(0)>0, Z(0)>0.
Define a stopping time 7 as the first time X (¢) hits zero:
T = %Izlg{t : X(t) =0},

To show that X (t) > 0,a.s., it is sufficient to show that

Pr(t < oc0) = 0.
Let X (t) be a solution of
dX(t) = [((u1 —r)k(t) — c(t) + r)X(t)]dt + ok(t) X (t)dB(t), Vt € [0,00),(3.16)
X(t) = o), Vtel[-h0], (3.17)

for the same ¢ > 0 as in (3.10). The solution is given as

X = so<o>exp{ [ (s = 0k(8) = c0) 47 = Sk @))a

+ /0 t ak(@)dB(@)}. (3.18)

Apparently, we have
X(t) >0, as. Vtel0,00).
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Moreover, using Ito’s formula, we get

o[-~ _4X(@) | 12X ()"
X~ X2 Xy
kO ) b k() RO
X() (0 X
_ R [ M) el el kW) p
X0 X |

Consider a new stochastic process A(t) as given by (2.19) in Lemma 2.2.2. It is easy to
see that A(t) > 1, Vte|0,7].
By the definition of Y (¢), Z(t) and 7, it is easy to see that

Y(t)>0, Z(t)>0, as. Vtel0,7]

So we can get
dA(t)

dt

Since R(0) = % = % =1, we can get A(t) > 1, Vt € [0,7]. Therefore, we have

>0, Vtelo,7].

X(t)>X(t) >0, as. Vtel0,7].

By the definition of 7, if 7 < oo, we must have X (7) = 0, which is a contradiction with

the above inequality. So we must have that
Pr(t < o0) = 0.

This completes the proof. O

The utility function U(C) is defined based on the consumption rate. The problem
under consideration is a portfolio optimization problem on an infinite time horizon with

the objective function given by

J(p,k,c) =By, {/000 e U (c(t) X (t))dt| . (3.20)
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Then the value function is given by

V(@) = Sup J((p, k, C)

k,cell

= sup Ey . {/ e PU(c(t) X (t))dt| . (3.21)
k,cell 0
Note that V() is a functional defined on an infinite dimensional space C[—h,0]. We

turn V' into a function defined on a finite dimensional space as follows

Vi) =V(z,y,2),

where V : R® — R, and

=) =00, y=ye)= [ MeOb. i=xe)=e-n. G2

—h

Further, we assume that the value function V' only depends on (z,y) i.e.

Vip) =V(z,y,2) = V(z,y). (3.23)

The reason of this assumption is given in Lemma 2.3.2.

In the following section, using the dynamic programming principle, we heuristically
derive the Hamilton-Jacobi-Bellman equation for the value function in terms of the ini-
tial variables x = X (0),y = Y(0). In section 3.3, we derive the explicit solutions for
exponential utility, log utility and power utility (HARA utility with « # 0), respectively.

The optimal control polices and the verification results are established correspondingly.

3.2 Hamilton-Jacobi-Bellman Equation

We will need some kind of Ito’s formula with respect to the function of the delay variable
Y (t). There are two methods for this purpose. One is the traditional method and the
other one is to use the functional Ito’s formula given in chapter 2. Although we can
reach the same result via both methods, by using the functional Ito’s formula, we can
also establish a necessary condition that the HJB equation can be derived in a finite

dimensional space.
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In this chapter we use the traditional method to derive the Ito’s formula for functions

of (X(t),Y(t)). Let f € C*'(R?) and define
G = f(X(1), (X)),
where
0
y(n) = / n(0)dh, Wn e, and X,(0)= X(t+0), Vo0& [—h0].
Lemma 3.2.1 (Ito’s Formula). Consider the system given by (3.9)-(3.10). We have
dG = G fdt + ok f,dB(t), (3.24)

where

Ghef =G f(a,y) =[((m — 1)k — e+ 1)x + poy + 2l fa

1
+ 50%%2 fox + fy - [x — e Mz — \yldt, (3.25)

where x,y, z, k and ¢ are evaluated as

x = X(t), y:y(Xt):/Oe’\eX(tJrH), z=2z(Xy) = X(t—h),

—h

k=E(t), c=c(t).

Proof. The idea of the proof is very similar to that of Lemma 2.1 in Elsanousi-@Qksendal-

Sulem [11].
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Consider X;(0) = X(t+0), VO ¢ [—h,0] and y = y(X;). We have

—h —h

%y(Xt(.)) - % UO e”Xt(e)de} = % UO M X(t+ G)de]
== { /t jh e’\(“t)X(u)du} (let u=0+1)

t
CX(f) = e MX(E— ) — A / 0= X (1)
t—h

= X(t) —e™MX(t—h) - )\/0 X (t+0)d) (let 0 =wu—t)

~h
=z —e Mz \y. (3.26)

Applying classical Ito’s formula to G = f(X(t),y(X})), the result follows. O

On the other hand, we can use the method of functional Ito’s formula. Recall that
we use X (t) to denote the current value and we use X; : [—h,0] — R to denote the
path of X (t) from ¢ — h to t. For details see section 2.3. Now we assume that the value
function V' only depends on (z,y) as given by (3.23). We will derive the HJB equation
satisfied by the value function V' (z,y) heuristically. To derive the HJB equation, we need

the following dynamic programming principle.

Lemma 3.2.2 (Dynamic Programming Principle). Assume that the value function V (z,y)
given by (3.21), (3.23) is well defined and assume the system given by (3.9)-(3.10). Then

we have

V(z,y) = sup E, k. [/Ot e PTU(e(r) X (T)dr + e PV (X (1), Y (1)) (3.27)

(k,c)ell

for all Ft-stopping time t € [0,00) and (z,y) € R?, where x = x(p) = ¢(0) and y =
y(e) = 2, eMp(0)db.

Proof. The proof is similar to the proof of Theorem 4.2 of Larssen [31] and we omit it
here. O

Now we can use the dynamic programming principle given by Lemma 3.2.2 to heuristi-

cally derive the HJB equation. In particular, if we assume that V' (z,y) is smooth enough,
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then we can use the Ito’s formula to get
d[ePV(X(t),Y ()] = e dV(X(t),Y(t) — BV (X(t),Y(t))dt]
= P { (GV(X(t),Y(t) — BV(X(t),Y(t)) dt

+ok(O)X @)V, (8, X (1), Y () dB(1)|,
where G*¢ is given by (3.25). Integrate it over [0, T], and we can get

TV(X(T),Y(T)) = V(zy) = /O e M [GMV(X(1),Y (1) — BV(X(2),Y(t))] dt

+ / ' e Plok(t)X (1), (t, X (1), Y () dB(t) (3.28)

Assume that fOT e Plak(t) X (t)V, (t, X (t),Y (t)) dB(t) is a martingale, then we can get

T
lim lEI,y,k,c [ePV(X(1),Y (1) - V(z,y)] = lim = e P By y ke {Qk’cV(X(t),Y(t))

T—0 T T—0 T 0
— BV (X(1), Y(t))} dt
=GPV (x,y) — BV (z,y). (3.29)

On the other hand, from the equation (3.27), we can get

0 = lim sup Ex,w{%@—ﬁtvmw,m))—v<x,y>>

’c +% /0 ' eﬂtU(c(t))X(t)dt]

= lim sup E, k. [%(e‘BtV(X(t),Y(t)) —Vi(z,y)) + U(cx)] : (3.30)

T—0k cen

Together with equation (3.29), we can get the following HJB equation:

sup[G"V (2, y) — BV (z,y) + U(ex)] = 0

k,c
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Since G*¢ is given by (3.25), we can write the HJB equation as the following:

1
BV = max 5(0/«6)2‘/“ + (1 — 1)kaVy | + (rz + poy + pzz)Vy +

max [—caV, + Ulex)] + (x — My — e M2)V,, VzeR. (3.31)

So we have heuristically derived the HJB equation for our stochastic control problem.
For details and general theory about dynamic programming principle and HJB equations,
please see Fleming-Rishel [17] or Yong-Zhou [52].

In this chapter, we will consider utility functions of exponential, logarithmic and
HARA type. For each utility function, we will find an explicit solution of the correspond-
ing HJB equation and we will verify that the solution is equivalent to the value function
by establishing the verification theorem. The optimal control polices will be derived,
too. The optimal control problem is then solved with the explicit value function and the
optimal controls.

We want to point out that our goal is to solve the stochastic control problem to get the
value function and the optimal controls while the HJB equation we derived heuristically
just serves as an intermediate vehicle to find the explicit form of the value function and
the optimal control. Therefore, we do not need to formally show that the value function
is a classical or viscosity solution of the above HJB equation. Further, we do not need to

show that the HJB equation has a unique solution, either.

3.3 The Solution of the HJB equation

In this section we solve the HJB equation (3.31) for each exponential, logarithamic and
HARA utility function and give the verification theorems for each of those utility func-

tions.

3.3.1 Exponential Utility

We consider the exponential utility function given as

U(eX)=1-—e X, (3.32)
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where o« > 0 is a constant. The additive term 1 has no mathematical relevance except it
restricts the range of the function between 0 and 1. Therefore for technical convenience
we consider

U(eX)=—e % a>0. (3.33)

For this exponential utility function, the HJB equation (3.31) now becomes

1
gV = max 5(0]{::10)2‘/m + (1 — r)kxVy | + (re + poy + psz) Ve

+ max [—czV, — e ¥ + (z — e Mz — M\y)V, (3.34)

c>0

First, we will solve the above equation and then we will verify that the solution is equal
to the value function. By the first order condition, we can get that the candidates for

optimal controls are

k* = —M, = L log (E) (3.35)

o2zV,, ox o

Substituting £* and ¢* in equation (3.34), we obtain

=2V Va
V. = 202V, * o log a L
+ (ra + poy + psz) Ve + (x — Ay — e M2) V. (3.36)

The above equation can be rewritten as

(:ul - T)z‘/xz ‘/:B Va:
BV = —W—FE log E -1 —|—(7‘Vx+‘/y)£€
+ (Ve — AV)y + (u3Ve — eV, 2. (3.37)

Since we are looking for a solution that is independent of z, we will look for a solution
in forms of
Viz,y) = me™". (3.38)

where 7,7, are two constants to be determined, and u is defined by

u =+ pgey. (3.39)
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Under this assumption, we can get
Veo=mV, Vi =nV, V,=pseMpV. (3.40)

So it is easy to verify that
13V — e MV, = 0.

Plug (3.40) into (3.37) and we can get

5‘/ — (:ul _ T‘) V + 772V |:10g <ﬂ) . 1:|
202 «

+ (r + pze? MmV+Ow—Am@Wmmﬁ (3.41)

As we can see, the term involving z has vanished. Cancel V' from both sides and we can

get

- ()

202 o

+ (r+ Mse )SL’TD + (2 — >\,u3€/\h)772y-

Plug in (3.38), and we have

2
B = Nl + 2 log L/ nou — 1
202 « Q@
+ (1 + pse™)any + (g2 — e )nay. (3.42)
Now assume that
— Mze = (r + pse ) pse (3.43)

Then equation (4.29) can be written as

5 - _M+@{log(w>_l}
« (6%

202
2
+ Ezu + (r + pse)nau. (3.44)

We pick 7y such that

77—2+(T+M3€ )772:0
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One solution is the trivial solution 7, = 0 and the other solution is
Ny = —a(r + pze™). (3.45)

Then equation (3.44) becomes

P ek D - [log(w) —1].
202 o o

We can solve the above equation to get 7;:

A2
- gexp(g {MM} +1>
72 12 20
(p1—r)
1 + 3
= ———————exp (1 — ﬁ—%) : (3.46)

r 4 pzert
Therefore the solution of the HJB equation (3.34) is given by

V(z,y) = me™"

p1—r)?
— _;Ah exp|1-— B_’_—%ih e—ortpse) (w+usety) (3.47)
T+ uze T+ U3€

The optimal investment and the optimal consumption controls are

* _ (Nl_r)%_ (p1 —7) _ (p1 =)
HO) = XV, T oIX(m  ao X (00 T ) (348)

() = _oz);(t) log (%) = —ﬁ {log (%)}

1

= o Lo () w0 + ey ()]

B+ ;U;) — (r + psze)
aX (t)(r+ pse’)
n (r + pae") (X () + paeY (1))
X(t) '

(3.49)
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To ensure that ¢* > 0, we assume that

5+(M1—7“)2

5oz T + pse. (3.50)

Next, we will establish the verification theorem to make sure that the solution given
by (3.47) is equal to the value function defined by (3.21). In addition, we will verify that
k*(t), c*(t) defined by (3.48)-(3.49) are the optimal policies.

Theorem 3.3.1 (Verification Theorem). Assume that (3.43) and (3.50) hold. Let V(x,y)
be defined by (3.47). Then V(x,y) € C*'(R x R) and it is a solution of (3.34) such that

2

E /0 ' <k(t)X(t)Vx(X(t),Y(t))> dt

< oo, V(k,c)ell, VT >D0. (3.51)

In addition, we have

(a) V(z,y) > J(x,y;k,c) for any admissible progressively measurable control process
(k(t), (1)) € 1.

(b) Assume that k*(t), c*(t) are defined by (3.48)-(3.49). Then k*(t),c*(t) € II and
V(z,y) = J(x,y; k*, c*).

where 71,1, are defined by (3.46) and (3.45), respectively. By the definitions of 7; and
72, we can see that 7,172 > 0. In addition, by virtue of the fact that X (¢) > 0,Y(¢) > 0
and 7e < 0, it is not hard to get that

1
(X () +pse"Y (1) . Vte[0,00).
S TH Rl (X0) + ey () 0,c0)

Therefore we have,

1
LA+ |2 (X (t) + pseMY (1)) |

[Va(X(#), Y (1) < o

o1



Using the definition of admissible control space II, we have
E(OX ()] < AX(E) + Y (1) < M| X(H) + pse Y (2)],

where

Therefore, we have

EOXOVe(X@),Y @) < Amns

X(t) + pze MY (t) ‘
L+ 2 (X(t) + pseY (1))

1 1
< A — | 1-
= R ] ( L+ [ma] (X (2) +M3€”‘Y(t))>‘
< A = —MA\iny,
\772|

where —A17m; > 0 is a constant independent of ¢. Thus it is easy to check that condition
(3.51) holds.

Let G defined by (3.25) be the generator of the process (X (t),Y(t)) for any control
process (k(t),c(t)) € II. Then by using Ito’s rule

d[e?V(X(1),Y ()] = ePdV(X(t),Y(t) —BV(X(t),Y(t))dt]
= e P (GFV(X@®).Y () - BV(X(),Y (1)) dt

+ok(t)X )V, (t, X(t),Y(t))dB(t)].
Integrating it on [0, 7] and noting that V(z,y) is a classical solution of (3.34), we have

e PTV(X(T),Y(T)) — V(z,y)

< / ' e PlemaeX Vg 4 / ' e Plok(t)X )V, (1, X(t),Y (1)) dB(t).  (3.52)

By virtue of (3.51), fOT e Plok(t) X (t)V, (t, X(t),Y (t)) dB(t) is a martingale. Then by

taking expectation on both sides, for every finite 7" we have

V(z,y) > -E { /0 ' eﬁteaCX(t)dt] +E [eTV(X(T),Y(T))], (3.53)
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where V' (-, -) is given by (3.47). By (3.47) and noting that 1, < 0,72 < 0, we have

E[|e ?TV(X(T),Y(T))|] = E[[e?TpenX DY)
< E[lmle™] = |pfe”. (3.54)

Therefore, by taking 7' — oo, we have E [e 7?7V (X(T'),Y(T))] — 0. Then we have

V(z,y) > E {/000 e Pt (—e_"‘CX(t)) dt (3.55)

for any admissible control (k(t),c(t)) € II. This proves (a).

On the other hand, for k*(t), c*(¢) defined by (3.48) and (3.49), we can easily verify
that F* measurable. In addition, from Lemma 2, we know that X (¢) > 0, a.s., so we
can get that k*(t), c¢*(t) are well defined and and ¢*(¢) > 0. In addition, it is not hard to
check that (3.12) and (3.13) are true for k*(¢) and ¢*(¢). Finally, since X () > 0 are well
defined, we can get that

Pr(k*(t) < o0) =1, Vt>0.

Therefore, we can get

T
Pr (/ (k*(t))%dt < oo) =1, VT >0.
0
So we can get that (k*(t),c*(t)) € II. With (k(t), c(t)) = (k*(t), c*(t)) all the inequalities
up to inequality (3.53) in the first part can be replaced by equalities. Then instead of
(3.53), we have
T * *
V(z,y) = —E { / e Plemact (X (t)dt} +E [eTV(XH(T),Y*(T))] . (3.56)
0
Taking 7" — oo and using (3.54), we have

V(z,y)=E [/ e Pt (—e‘ac*X*(t)) dt| .
0

Therefore we have V(x,y) = J(z,y; k*, ¢*). This proves (b). O
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3.3.2 Logarithmic Utility
We consider a logarithmic utility function given by
U(cX) = log (¢X).

Now the HJB equation (3.31) becomes

1
BV = max §(akx)2Vm + (1 — r)kaVy | + (re + poy + psz) Vs

+ max [—caV, +log(cx)] + (z — e Mz — \y) V,

The candidates for optimal controls are

(1 —1)Va 1
= ———— = e —
022V ¢ xV,

Substituting £* and ¢* in (3.58), we obtain

1 (g —7)*V2 1
= oW T e (=) -1
v 2 o, B\,

+ (rz + poy + paz) Ve + (z — Ay — e M2) V,
To cancel the items involving z, we assume that
u =+ pzey,
and we look for the solution of the form
V(z,y) = mlog(u) + n
where 71,7, are two constants to be determined. It is easy to see that

_ T M3€Ah

v,=" v,=-12 v

R
u2
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(3.60)

(3.61)

(3.62)

(3.63)



By plugging (3.62) and (3.63) into (5.25) we get

1 —7r)?
Bl logu+1m) = E(Mla# —logm +logu — 1
o
+ (re + pey)— + (x — \y) i ” n (3.64)
Assume that )
m= 3 (3.65)
and
pse (1 + pize") = g — pzhe. (3.66)

Then we can plug (3.65) into (3.64) and use (3.66) to cancel u. The explicit formula for
Mo 1s
L [(m

Y
n2:§ T;)—f—ﬁlogﬂ—ﬁ+<r—l—p36)‘h) . (3.67)

Therefore (3.58) has a solution

1
Vi(w.y) =2+ 5 log (= + psey), (3.68)

where 1), is given by (5.26). The optimal investment and consumption control policies are

(1 — r)(X(t) + pse™Y (1)) BX(t) + pse Y (2))

k() = 22X (1) )= X0

(3.69)

Now we verify that V (z,y) is the maximum expected discounted utility and £*, ¢* are

the optimal policies.

Theorem 3.3.2 (Verification Theorem). Assume that condition (3.66) holds and let
V(z,y) be given by (3.68). Then V(z,y) € C*(R x R) and it is a solution of (3.58)
such that

E

/0 ' (k(t)X(t)V;(X(t),Y(t)))2dt] <o Vkell, VI'>0.  (3.70)

Moreover, we have

(a) V(z,y) > J(z,y;k,c) for any admissible control process (k(t),c(t)) € I1.
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(b) If k*,c* are given by (3.69), then k*(t),c*(t) € Il and V(z,y) = J(z,y; k*, c*).

Proof. By the construction of the function V(x,y), it is easy to check that V(x,y) €
C*'(R x R) and it is a solution of (3.58). Next we verify the condition (3.70). Using
(3.68), we have

VLX), Y (1 1 ]

1
>”:ﬂxw+wwww

Using the definition of admissible control space II, we have
E(X ()] < AX(H) +Y ()] < M[X (1) + paeY ()],

where

Therefore, we have

A 1 A
M@X@%M@YmﬂSEW@+WWWWWX@+%WWA—5-
Then we have,
E UO [k:(t)X(t)V;(t,X(t),Y(t))]th} <E UO %dt} = Aé—QT < 00.

Thus condition (3.70) is verified.
Let G*¢ be the generator of the process (X (t), Y (t)) for any control process (k(t), c(t)) €
I1. Then by using Ito’s rule

d[e V(X (),Y ()] = ePdV(X(t),Y(t) —BV(X(t),Y(t))dt]
= e P [GFV(X(1),Y () — BV(X(1),Y(1)] dt
+ e Plak(t) X (H)Vu(X (1), Y (t)dB(t).

Integrating above on [0, 7] and also noting that V' (z,y) is classical solution of (3.58), we
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have

eIV (X(T), Y (T)) = Viz,y) < — / et log(c(t) X (1) )dt

+ / e Plok(t) X (t)V,(X (1), Y (2)dB(t).

By virtue of (3.70), fOT e Plak(t) X (t)Va(t,X(t),Y(t))dB(t) is a martingale. Then we

have
V(z,y) > E { /O e Ft log(c(t)X(t))dt} +E [e7TV(X(T),Y(T))]. (3.71)
Using (3.68), we have

lim E [e‘ﬁTV(X(T), Y(T))}

T—o0

= lim E [e‘ﬁT <% log (X (T) + pse™Y (1)) + m)] ;

T—oo

where 7 is given by (5.26). To show that
lim E [e V(X (T),Y(T))] =0,
T—o0
it is sufficient to show
lim E e log (X(T) + pze™Y (T))] = 0. (3.72)
T—oo

Let
S(t) = X () + pse™Y (t). (3.73)

Then using (3.66), we have

dS(t) = dX(t) + usedY(t)
= [((p1 = 1)k(®) — () X (1) + (r + pse™)S(t)] dt + ok(t) X (t)dB(t).
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Using Ito’s rule, we have

Aog S = 50y 3 )
- [«m k() — eft)) )S% T+ ™)
—%asz(t) (%) }dt+ak(t)%d3(t). (3.74)

Since (k(t), c(t)) € 11, it is easy to verify that fOT ak(t)%dB(t) is a martingale. There-

fore, we can get

Elog S(T)] = log(S(0)) + E [/0 (1 = r)k(t) = e(t)) %dd

/0 ' %(72/@2@) (%)th] C373)

For any (k(t),c(t)) € 11, by virtue of (3.12) and (3.13), we have

X<t>‘< ALX () + Y (D)
5@ | = X0 + ey (1)
X0 AIX() 1Y)
S ‘ = TX(0) + ey (1)

T
+ / (r + puse)dt — E
0

A4,

IN

’k(t)

Ay,

IN

where

Then we can get

lim e "TE UOT (1 — r)k(1)) %dt} =0,

T—o0

S(t) ’
Jim e "TE /OT ( ok (t) (%)3 dt] =0
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Then from (3.75), we can get

lim e ?TE[log(S(T))] = 0.

T—o00

Thus, we have

lim E[e "V (X(T),Y(T))] =0, V(k(t),c(t)) € 1L

T—o0

Combined with (3.71), this implies (a).

Now assume that k*,c¢* are given by (3.69). We can easily verify that they are JF'-
measurable. In addition, from Lemma 2, we know that X (¢) > 0, a.s., so we can get that
k*(t),c*(t) are well defined and ¢*(¢) > 0. In addition, it is not hard to check that (3.12)
and (3.13) are true for £*(¢) and ¢*(¢). Finally, since X (¢) > 0 and k*(t) is well defined,
we can get that

Pr(k*(t) <o0) =1, Vt=>0.

Therefore, we can get
T
Pr (/ (k*(t))%dt < oo) =1, VT >0.
0
So we can get that (k*(t),c*(t)) € II. Moreover, the equation for X (¢) now is

dX*(t) = { (M — ﬁ) (X () + Y™ (1) + rX*(t) + Y *(2)

o2

+ ugz*(t)} dt + 2D (4) + e Y (1)) dB (). (3.76)

g

Let
S*(t) = X*(t) + pse Y™ (t). (3.77)
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Using assumption (3.66), we have

dS*(t) = dX*(t)+ psedY*(t)
_ [ (u _ /3) (7 (8) + ™Y *(8)) + X5 (0) + Y (1)

o

- ugz*(t)} dt + “10_ D(X*(t) + pse™ Y™ (1)) dB(t)
+ pze [XF(t) — AY*(t) — e N ZF (1)) dt

- {(M - 5) S*(t) + X (t) + oY () + psZ*(t) | dt

o2

+ BT84 ()dB(t) + pse™ [X* (1) — AY* (1) — e 2% (1)) dt

o

_ {M — B4+ #3@%} S (tydt + L —L5*(1)dB(t). (3.78)

o2 o
The solution is

—r)2 —r)2 —r
7(“162) —B—i—(r—i—uge’\h)—i(“;ﬂ) }H_ng B(t)

S*(t) = s*(())e[

2
(n1=7) B-I—r—&-,use’\h} -+ ‘”U_TB(t)

= ($+u36””y)e[ S (3.79)

Using (k*(t),c*(t)) as controls, similar to (3.71), now we can get
V(z,y) =E { /O e Pt log(c*(t)X*(t))dt} +E [eTV(XH(T),Y*(T))] . (3.80)

By virtue of (3.68) and (3.79), we can get

VCD).YD) = glog (X*<T>+u3eW*<T>)+m,

- %mg(s*(T» .

(p1 — 7’)2

557 — B4+ pse| T

1
= 3 log(z + psey) + {

+ “10_ "B(T) + . (3.81)
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Then it is easy to show that

lim E [e 7"V(X*(T),Y*(T)] = 0.

T—o0

(3.82)

Hence we have V(z,y) = J(z,y;k*, ¢*). Therefore (b) is proved. This completes the

proof.

3.3.3 HARA Utility

In this section we consider HARA utility function

1
U(cX):;(cX)W, 0<y<L

The HJB equation (3.31) can now be written as
1
gV = max {5(01433)21/9“ + (1 — r)ka:VI} + (rz + poy + p32) Vs

c>0

1
+ max [—cxvx + 5 (c:c)v} +(z—eMz—Ay)V,

The candidates for optimal controls are

_ 1. 1
kf* — _(Iul 7’)‘/;3 C* — _%771-

o2aVy, x
Substituting £* and ¢* in (3.84), we obtain

1 (g —7)*V2 1 7
BV = _i%nL(;—l)Vf + (re + poy + pzz) Ve

+(z =y —eM2)V,,

Suppose solution is of the form

1
Vi(z,y) = —nu’
Y
where u = x + pse*y. Now we have

V=™, Vie=(y =D’ % V= pgeXnu™".
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(3.83)

(3.84)

(3.85)

(3.86)

(3.87)

(3.88)



By substituting (3.87) and (3.88) in (3.86) we get

B v 1 (:ul - T)Q ¥ (]‘ ) X
—nu’ = ——————=nu' + (——1 1w’
gl 2(y—1)0? gl
+ (rz + poy )™t A+ (2 = Ay) pgeM (3.89)
Assume that
pseM(r 4 pze) = po — pshe. (3.90)

Then the explicit formula for 7 is

(o (B (m—r)? H
" (1 —7 (7 20%(1 =) <r+u3€Ah)>) ' 39
Assume that 5 ( 2
1=
; > m + (7’ + ,u36>\h). (392)

Then it is easy to check that n > 0. Therefore the solution of the HJB equation (3.84) is

given by
1
Vi(z,y) = ;77 (= + psey)” (3.93)

The optimal investment and consumption control policies are

0 (X () + peeY (1))

(1 =) (X()) + pee™Y(H) . (t)
X() !

ST e

(3.94)
where 7 is given by (3.91). It remains to verify that V(x,y) is equal to the value function
and k*, ¢* are the optimal policies. We give the verification in the following theorem.

Theorem 3.3.3 (Verification Theorem). Assume that the condition (3.90) and (3.92)
hold. Let V(x,y) be given by (3.93). Then V(z,y) € C*'(R x R) and it is a solution of
(3.84) such that

E

/0 ' (k(t)X(t)V;(t,X(t),Y(t))>2dt] <o, Vkell, VI >0. (3.95)

Further, we have

(a) V(z,y) > J(x,y;k,c) for any admissible progressively measurable control process
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(k(t), c(t)) € TI.

(b) If E*(t),c*(t) are given by (3.94), then k*(t),c*(t) € II and

Viz,y) = J(@,y; k", c"). (3.96)

Proof. By the construction of V(z,y), it is easy to check that V(z,y) € C*!'(R x R) and
it is a solution of (3.84). Next we verify the condition (3.95). Using (3.93), we have

Va(X (1), Y () = n(X (1) + paeY ()
where 1 > 0 is a constant. Using n > 0, we can get
Vo (X(8), Y (1) = 0| (X (t) + pseY (1))
Using the definition of admissible control space II, we have
k(X ()] < AX () + Y (1) < M| X () + pzeY (2)],

where

1
Al = Amax{m,l} .

Therefore, we have

where A1n > 0 is a constant. Now using the definition of Y (%),

Y(t) = /_ieAhX(tJre)deg/_iX(He)de

< h max |[X(t+0)] <h|X,].
0e[—h,0]

Therefore, noting that | X (¢)| < || X¢||, we have

k(X )Va(t, X(0),Y ()] < A |X(1) + pse™Y (1)]
< Aol Xy
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where Ay > 0 is a constant independent of ¢. Therefore, by (3.14) and noting that 2y < 2,

we can get

E| /0 ' (k(t)X(tm(t,X(t),Y(t)))th]

IA

r T T
E / A§|yxt||2*rdt]gEV A§(1+y|xt||)2vdt]
LJ O 0
r T T
B| [ A%(HHXAD?dt}SE[/ A§<2+2||Xt||2>dt]
LJ O 0
T
A2 [/ E[2+2\|Xt|\2]dt]
0

T
< A3 <2T+/ 202(1+H<pH2)dt> < 00
0

IN

IN

This verifies condition (3.95).
Let G*¢ be the generator of the process (X (t), Y (¢)) for any control process (k(t), c(t)) €
IT. Then by using Ito’s rule

dePV(X(1),Y(t)] = e aV(X(t),Y(t)— BV(X(t),Y(t))dt]
= e 7 [GMV(X(1),Y () — BV(X(1),Y ()] dt
+ e Pok(t) X (t)Va(t, X (), Y (t))dB(t).

Integrating above on [0, 7] and also noting that V' (z,y) is classical solution of (3.84), we

have

e TV(X(T),Y(T)) - V(z,y)
< / e Plok(t) X (OVa(t, X (1), Y (£)dB(t) — / eﬁt%(cx)”’dt,

where, by virtue of (3.95), f e Plok(t) X (t)V,(t, X (t),Y (t))dB(t) is local martingale

under P. Then we have

V(v,y) > E { /0 e_ﬁt%(cxﬁdt} +E [ePTV(X(T),Y(T))] (3.97)
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Since V(x,y) > 0, we have

limsupe "B [V(X(T),Y(T))] > 0.

T—o0

Then, taking 7' — oo in (3.97), we can get

V(r,y) > E { /0 h e—ﬂt%(cx)%zt} (3.98)

Hence V(x,y) > J(x,y; k, c) for all admissible (k(t),c(t)). This proves (a).

Now assume that k*, ¢* are given by (3.94). We note that k*(¢) and c¢*(¢) are F'-
measurable. In addition, from Lemma 2, we know that X (¢) > 0, a.s., so we can get that
k*(t), c*(t) are well defined and ¢*(¢) > 0. In addition, it is not hard to check that (3.12)
and (3.13) are true for k*(t) and ¢*(¢). Finally, since X (t) > 0 and k*(¢) is well defined,
we get

Pr(k*(t) <oo) =1, Vt>0.

Therefore, we can get

Pr (/OT(k:*(t))zdt < oo> =1, VT >0.

So we can get that (k*(¢),c*(¢)) € IL.
Using (k*(t),c*(t)) as controls, instead of (3.97), now we can get

V(zr,y) =E {% /0 e P ()X () dt 4+ e PTV (X*(T),Y*(T))}. (3.99)

Next we will show that

Jim B [e PPV X*(T),Y*(T))] = 0. (3.100)
Let
S*(t) = X*(t) + pse Y™ (t). (3.101)
Using (3.93), we have
VOO LY (D) = 20 (X (T) + eV (D) = S (ST @102
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where 7 is given by (3.91). To show equation (3.100), it is sufficient to show

lim E [e 7" (S*(T))"] = 0. (3.103)

T—o00

Using assumption (3.90), we have

dS*(t) = dX*(t) + pseMdY*(t)
(Ll (0 + iy (o)

(1—=7)o?

+r X (t) + pY ™ (t) + MgZ*(t):| dt

Hi— T * Ay
— (X Y B
g (X0 + ™Y (1)aB()
—|—M3€/\h [X*<t> o Ay*(t) o ef)\hZ*@)] dt
(I =7)o?
O g S (O4BE) e [X7(0) =AY () = 2 (0] de
- g
(Iul_r)2 . 1 Ah * mr—r *
(I y)o2 Tt se S*(t)dt + § —7)05 (t)dB(t).
The solution is
(u1fr)2_ % r et _ (p1—m)2 1T
S*(t) = S*(O)e{“”"2 Y H(ru )}te[ 2(177)202}-’_(1*7)03@)

(w-n? 1 Ah (w1-r)2 uy—r
- (x+u36Ahy)e{(lv>o27’”(”“36 )}te[72(1*w)202 e B0

Then we have

507 = (o) (3 [ LI s e

(1= )07
e (o[BI ) g
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Take the expectation, and we can get

BISTON] = (ot mes) e (4 |0~ b vt e o)

2(1 e 2 2
P (V {_ 28”__7;302} o %7(1(?7_)22>2 t)
= (x+ pge™y) exp (7 {2%11——_;)52 — 77% + (r+ ,ugekh)] t) )

By virtue of (3.92), we can get that n > 0 and

(1 —)
8+ |3 e -

2
77% + (r+ [L3€>\h):| < 0.

Therefore, we can get

lim e TE [(S*(T))"]

T—o00

_ (p1-7)2 _ L r AR
_ (:U—l—,uge)‘hy)“’ Thm [e[ ﬁ+v{2(177>02 N7 +(r+us )HT]
—00

= 0.

Thus (3.103) is established. So we can get (3.100). Then, by virtue of (3.99), we can get
that V(x,y) = J(z,y; k*, ¢*). This completes the proof of (b). O
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Chapter 4

A Stochastic Portfolio Optimization
Model with Complete Memory

4.1 Introduction

In chapter 2 and chapter 3, we considered stochastic systems with memory given by the

following system:

dX () = b(t, X, u(t))dt + o(t, X;, u(t))dW (2), t € [0,T],
X(t) =), tel[-h0],

where A > 0 is a fixed constant, X; : [—h,0] — R is the memory variable defined by
Xi(0) = X(t + 0), and it is the segment of the path from ¢t — h to t, ¢ € C[—h,0] is
the initial path and u is the control in some admissible control space II. The presence of
the Fréchet derivative makes the stochastic control problems with memory given by X,
very complicated and working in an infinite dimensional space limits its application in
practice. On the other hand, as we mentioned earlier, when investors look at the historical
performance, instead of the whole path, moving average or exponential moving average

is usually used.

X(t) Sp(t)> te [—h,O},

{ dX (1) = b(t, X(1),Y(t), Z(t), u(t))dt + o(t, X (), Y (£), Z(£), u(t))dW (t),
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with memory variables Y (t), Z(t) given by

0

Y (t) —/ MX(t+0)d, Z(t)=X(t—h), (4.1)
—h

where \ > 0 is a parameter. As we can see, Y (t) is the exponential moving average of

X(t) over [t — h,t] if A > 0 and it is the moving average if A\ = 0. Z(¢) is a historical

value of X (t). For the system given above, the value function V' will depend on the initial

variable ¢ through memory variables (z,y, z) that are given by

r=X(0) = p(0), y=Y(0)= / Mo(0)dh, == Z(0) = p(—h),

and we can derive the HJB equation for V' in the classical sense in a finite dimensional
space.

In this chapter (and chapter 5), we introduce idea of complete memory or infinite
delay in a stochastic portfolio management model. In particular, we consider a stochastic
portfolio management model on a finite time horizon and the model incorporates all
the historic performance of the portfolio. The state equation describing the model is a
stochastic delay differential equation. In this model, investor’s portfolio comprises a risky
and a riskless asset. The value of the portfolio follows a stochastic process X (¢) which

satisfies a delay equation of the form

dX(t) = f(t,X(t),Y(t),u(t))dt + o (t, X (t),u(t))dB(t), Vte][s,T]
X(t) = @(t), Vte(—o0,s],

where u(t) is the control in some control space II applied at time ¢, and the Y'(¢) is
defined by .

Y(t) = / e’ X (t+ 60)do. (4.2)
where A > 0 is a constant, and ¢ is a function which gives the initial path. We will give
a more precise formulation of the problem in the next section. The main contribution
in our model is that we deal with infinite delay i.e. the model captures the complete
memory. One motivation to consider the complete memory variable Y () given by (4.2)
is that investors tend to consider all available historical information of a stock instead of

the information for the past 10 or 50 days. Another motivation is that with the complete
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memory, we can skip the memory variable Z(t) and z will not appear in the HJB equation
any more. This will make the model more feasible and applicable. Another thing we want
to point out is that in reality, the historical information does not go back to —oo, but we
still use Y'(t) given by (4.2) for convenience. See Remark 5.2.1.

Consider an investor’s portfolio consisting of a risky asset and a riskless asset. An
example of riskless asset is money deposited in a bank account that earns a fixed interest
rate r > 0. In this model the complete performance of the risky asset is taken into
account. We also assume that the investor can freely move his money between two assets
at any time and his consumption comes from the riskless asset.

Let K(t) be the amount invested in the risky asset and L(t) is the amount invested
on the riskless asset. The total wealth is given by X (t) = K(t) + L(t). We assume that
the performance of the risky asset depends on the following delay variable Y (¢):

Y(t) = / ’ X (t + 0)do, (4.3)

—0o0
where A > 0 is a constant.

Remark 4.1.1. From the definition of Y (t), its value is actually the exponential average
of all the historical values of the total wealth X (t). We want to point out that in reality,
there is always a historical time that the value of X is available. In other words, the initial
path o(t) will start at some point t = —M instead of t = —oo. In this case, we simply
assume that o(t) = 0,Vt € (0o, —M), and we can still use the formula (4.3) to define the
delay variable Y (t). In addition, Y (t) is still a continuous function with respect to t for
t>s.

Let {B(t),t > 0} be a one-dimensional standard Brownian motion defined on a com-
plete filtered probability space (Q, F, P;F), where F = {F* ¢ > 0} is the P-augmented
natural filtration generated by the Brownian motion {B(t),t > 0}. We assume that K (t)

and L(t) follow the stochastic differential equations:

dK(t) = [(u + oY (1)K (t) + I(t)]dt + oK (H)dB(t), (4.4)
dL(t) = [rL(t) — O(t) — I(t)]dt, (4.5)

where py, pe, and o are positive constants, I(¢) is the investment rate on the risky

asset at ¢, and C(t) is the consumption rate. The equation for X (¢) follows by using
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dX(t )= [(m +pY (1) K@) +rL(t) — C(t)] dt
+ oK (HdB(t), Vte s, T, (4.6)

with the initial condition given by the information about X(¢) for t € (—o0, s

where ¢ is a positive, bounded function which is integrable on (—oo, s].

As we can see, we introduce a delay (or memory) variable Y (¢) in the state equations
for K(t) and X(t). The reason is that an investor usually will look at her portfolio
performance to determine whether to allocate more money to the risky asset. While all
the investors act this way, a higher value of Y (¢), the historical moving average, will
increase the risky asset demand, so it tends to push the price of the risky asset even
higher.

To describe the allocation between the risky asset and the riskless asset, we now treat
K(t) and C(t) as our control variables. The state variables are X () and Y (t). As we
can see in Equation (4.6), the change of the wealth process X (¢) depends on the delay

variable Y (¢). For technical reasons, we modify the model described in (4.6)
dX(t) = [ K(t) + Y (t) + rL(t) — C(t)] dt + o K(t)dB(t), ¥t e [s,T]. (4.8)

Remark 4.1.2. If we assume that K(t) > 0 almost surely, we can use the following delay

variable Y (t):
?(t):ﬁ/ MX(E+0)d0, te [s,T],

instead of (4.3), so we can reach (4.8).

—0o0

Instead of using K (t) and C(t), we use c(t) = % and k(t) = % as our consumption
and investment controls, respectively. In Lemma 4.1.1, we will show that X (¢) > 0, a.s.,

so that ¢(t), k(t) are well defined.
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Using L(t) = X (t) — K(t) = X (t)(1 — k(t)), the equation for X (¢) can be written as

dX(t) = [((1 —r)k(t) — c(t) +r)X(t) + p2Y (t)]dt
+ ok(t) X (H)dB(t),Vt € [s,T). (4.9)

Recall that the initial condition is given by

where ¢ is a bounded function and ¢(#) > 0,V8 € (—o0, s]. The above initial condition
implies the following initial conditions:

0
X(s)=z=9(s), Y(s)=y= / Mo(s +0)do. (4.11)

—00

X (t) stands for the total wealth, and it should remain positive all the time. Actually,
we can show that the solution X (t) of (4.9)-(4.11) is strictly positive almost surely (see

Lemma 4.1.1). Before we show the result, let us first define the admissible control space.

Definition 4.1.1 (Admissible Control Space). Let IT denote the admissible control space.
A control policy (k(t),c(t)) is said to be in the admissible control space 11 if it satisfies

the following conditions:

(a) (k(t),c(t)) is F'—measurable for any t € [0,T];

(b)
Pr (/OT K2 (t)dt < oo) =1

(c) c(t) >0,vt € [0,T];

(d)
KX ()] < Ao | X(1) + Y ()], Vt>0, (4.12a)

lc)X ()| < Ao | X (1) +Y (1), Vt>0, (4.12D)
where Ay > 0 is a constant.

We have the following lemma.
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Lemma 4.1.1. The solution X(t) of the system (4.9)-(4.10) satisfies
X(t) >0, Y(t)>0 almostsurely Vtel[0,T].

Proof. First, for ¢t € [0, s], noting that the initial condition ¢(f) > 0,V0 € —o0, s, it is

easy to see that

0 0

X(t)=p(t) >0, Y(t)= / M X(t+0)do = / Mot +0)do > 0. (4.13)

—0o0 —00

On the other hand, for any ¢ € [s,T], by the definition of Y (¢), it is easy to see that
Y(t) > 0 as long as X(t +6) > 0,Vf € (—o0,0] and Y (t) reaches zero only after X (¢)

has reached zero. The rest of the proof is similar to proof of Lemma 2.2.2. O]
Next, let us derive the equation for Y'(¢). We have the following lemma:

Lemma 4.1.2. The process Y (t) defined by (4.3) satisfies the following equation:
dY (t) = (X (t) — Y (t))dt. (4.14)

Proof. By virtue of the definition of Y'(¢) (4.2), we can get

iy(t) _ 4] / 0 eth(e)de] d [ / : eAeX(t+«9)d91

dt ) “dt )

r rt
= / e’\(“t)X(u)du] (let u=60+1)
- - t

lim et x (u)du]

T——00

SR

T

_ ; (u—t)
= TEr_noo {dt /T e X(u)du]

~ lim [—)\ / t eA(“t)X(u)dquX(t)}

T——00

t
=— A / AU X (u)du 4+ X (1)

o0

0
= — )\/ X (t+0)do+ X(t) (let 0=u—t)

— X(t) =AY (D).
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So we can get (4.14). O

Using the above result, we can see that the system given by (4.9), (4.10) and (4.3)
can be described equivalently by

dX(t) = [((; —7r)k@) —ct) +r)X (1) + pY (¢)]dt
+ ok(t) X ()dB(t), (4.15)
dY (t) = (X(t) — AY(t))dt, tels,T), (4.16)

with the initial conditions

X(s)=z, Y(s)=uy, (4.17)

where z,y are given by (4.11).

We have the following lemma for existence and uniqueness of solution of (4.15)-(4.17).

Lemma 4.1.3. For any admissible control (k(t),c(t) in II, (4.15)-(4.17) has a unique
strong solution (X (t),Y (t)) and it satisfies

E[|X®OP+ Y] < A@@®+y>)e”, Vte[s,T), (4.18)

where A and C' are constants that may depend on T.

Proof. 1t is easy to check that if (k(t),c(t)) € II, then the drift coefficients and the
diffusion coefficients satisfy global Lipschitz conditions. Then the result follows from
Theorem 2.9 of Karataz and Shreve [26] (page 289). O

From Lemma 4.1.2, we note that any solution of (4.9)-(4.11) satisfies (4.15)-(4.17)
and vice versa. Given the existence and uniqueness result for solution of (4.15)-(4.17),
we can get the existence and uniqueness result for the solution of (4.9)-(4.11).

From now on, we will consider the system with state equations given by (4.15)-
(4.17) instead. The utility function U(C) is defined based on the consumption rate.
The problem under consideration is on a finite time horizon [s,T]. The terminal utility
function ¥ depends on both X(7') and Y (7). Assume the expected total discounted
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utility J(s,z,y, k,c) be given by

T
J(s,z,y,k,c) = Es,mﬁy{/ 6_6(t_S)U(C(t)X(t))dt

+ e PT=0y(X(T),Y(T))|, Y(k,c) € IL
Then the value function is given by

V(s,z,9) = sup J(s,2,y,k )
k, cell

T
= sup ES7277?J|:/ e PO (c(t) X (t))dt

k, cell

+ e PT=99(X(T), Y (T))]. (4.19)

The rest of the chapter is organized as follows. In Section 4.2, we derive the HJB equation
for the value function in a classical sense. Exponential, logarithm and Hyperbolic Ab-
solute Risk Averse (HARA) utility functions are considered in Section 4-6, respectively.
For each utility function, we derive the explicit solutions for the associated HJB equation

and establish the verification results.

4.2 Hamilton-Jacobi-Bellman Equation

In this section, we will derive the HJB equation satisfied by the value function V (s, z,y).

First, we have the following dynamic programming principle.

Lemma 4.2.1 (Dynamic Programming Principle). Assume that the value function V (s, z,y)

is given by (4.19) and assume the system given by (4.15)-(4.17). Then we have

t
V(s,z,y) = sup Es,w,k,c{/ B_B(T_S)U(C(T))X(T)dT
(k,c)ell s

+ e POV, X (1), Y (1)) ], (4.20)

for all F'-stopping time t € [0,T] and (x,y) € R?.

The proof is straight forward and we omit it here. For details, please see Section II1.7
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of Fleming and Soner [19].
Next, we will need some kind of Ito’s formula with respect to the function of the delay
variable Y (t). Let f € C%1([0,T] x R?) and define

G(t) = f(t, X (1), Y (2)).
Lemma 4.2.2 (Ito’s Formula). Consider the system given by (4.9)-(4.10). We have
dG(t) = LY fdt + okx f.dB(t) + f, - (x — \y)dt, (4.21)
where

Lhef = Lhef(t,z,y)

=fi+ (g —r)k —c+1r)x+ poy)fo + %aszfom, (4.22)

where x,y, k and c are evaluated as
0
r=uz(t), y=Y() = / MX(t+60)dI, k=k(t), c=c(t). (4.23)

Proof. Applying classical Ito’s formula to G(t) = f(¢, X (t), Y (¢)) and using the result of

Lemma 4.1.2, we can easily get the result. O
Now we can give the HJB equation for the value function V' (s, z,y).

Theorem 4.2.1. (HJB EQUATION) Assume that V(s,z,y) € C**1([0,T] x R x R)
then the value function V (s, x,y) given by (4.19) satisfies the following Hamilton-Jacobi-

Bellman partial differential equation

1
BV -V, = max 5(0/%)2‘/“ + (1 — r)kxVy | + (rz + pey) Ve

+ max[—cxV, + U(cx)] + (x — A\y)V,, (4.24a)

c>0

with the boundary condition
V(T 2,y) = ¥(z,y). (4.24D)

The proof is standard so we omit it here. For more details, please see Section IV.3 of

Fleming and Soner [19].
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4.3 The Solution of the HJB Equation

4.3.1 Exponential Utility

In this section we consider the exponential utility function which is given as
UeX)=1—-e% a>0.

We note that maximizing the utility function with or without the additive term 1 gives the
same results. The additive term 1 in the utility function restricts the range of the function
between 0 and 1 and other than that it does not have any mathematical relevance. So

we drop the term 1 for technical convenience and consider the following
UleX) = —e %  a>0. (4.25)

In this case, the utility function is negative. To be consistent, we will also assume that
the terminal utility function ¥ is negative. More conditions on W will be specified later.
Under those assumption, it is easy to see that V (s, z,y) < 0.

Now the HJB equation is

1
BV -V, = max é(ak:p)QVm + (p1 — r)kxVy | + (rx + p2y)Vs

+ max [—caV, — e ] + (z — \y) V. (4.26)

The candidates for optimal controls are

(1 —7)Va 1 Vi
R S S I LS
o2V, ¢ za o

Substituting £* and ¢* in equation (4.26) , we obtain

eV V[ (Ve
BV =V, = —W+E log o — 1]+ (rz 4 pey) Ve
+ (x — A\y) V. (4.27)

7



Suppose the solution is of the form

Vs, 2,y) = ¢(z,y)Q(s), (4.28)

where Q(s) and ¢ (z,y) will be determined. For convenience, we assume that ¢ (z,y) < 0
and Q(s) > 0.

Now, we have

‘/x = Q(S)%(% y)’ ‘/;rz = Q(S)¢xx(x7y)a
Vy=Q(s)ey(x,y), Vi=Q'(s)y(z,y).

Substituting above equations into equation (4.27) and noting that Q(s) > 0, we can get

Ll =rPQUE

(BQ(s) = Q'(s)¥(x,y) = 52 (z — Ay)Q(s)
0y
+ Q). (log (Q(s)) + log (%) — 1)
Q@ e
+ (rz + p2y) Q(s)hathy. (4.29)
Define v = = + ny and assume that
¢($,y) — Mt — _em(ﬁrny)’

where 7,7, are constants to be determined. It is easy to see that

Vo(m,y) = m(2,y), tu(z,y) =ni(z,y), Uy(z,y) =nmi(z,y). (4.30)
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By plugging (4.30) into (4.29) we get

806s) - () = — 000 1 (e ) mQs) + (& — My Qs)

207
+ 205 (10g (Q(s) + tog (24022 ) - 1)
= - (”12;;)2@(8) +m(r 4+ )z + (u2 — An)ylQ(s)
+ %Q(s) <log (Q(s)) + log (W) . 1) . (4.31)
We pick a constant 7 such that
p2 — An = (r +n)n, (4.32)
then we can get
(r+n)z+ (p2 — Ay = (r+n)(x+ny) = (r +n)u. (4.33)

Remark 4.3.1. From the equation (4.32), we can get

1
2

n (:I:\/(T+)\)2—|—4,u2—(7“+)\)).

We will pick the solution

n= <\/(r + A2 +4ps — (r+ A)) : (4.34)

N | —

so that n > 0 and r +n > 0.

Plugging the equation (4.33) and ¢ (x,y) into equation (4.31), we can get

2

5 (s = =00 + o(s) (log (Q(s) ~ 1

—uQ(s) + m(r +mn)uQ(s)
+ %Q(S) log (—%) (4.35)

+
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We pick n; such that

m+(7“+77)77 = 0.

11 = 0 is the trivial solution and the other solution is
m = —a(r+n).

Then equation (4.35) becomes

506s) - (s) = =000 — (4 m)Qs) (log (Qs)) — 1)

% mos((r+ )
Rewriting the above equation
@) = (5+ Y~ e+ sl + ) Q09
+(r+m)Q(s)log (Q(9))
Define
zﬁ+%(”1—_2r)2 — (r+mn)+ (r+n)log(r +n).

Then equation (4.38) can be written as

Q'(s)
Q(s)

At the terminal time s = T', we have

= A+ (r+n)log (Q(s))

V(T,]J, y) = Q(T)(_e—ﬁlu) = \If([L’, y)

(4.36)

(4.37)

(4.38)

(4.39)

(4.40)

The terminal utility function W(x,y) is assumed to be consistent with the exponential

utility function. In particular, we assume that it is of the form
\I/(x7y) = _Ae—m(a:+ny) — _Ae—oz(m-n)(x.4.77y)7

where A > 0 is a constant, 7, is given by (4.36) and 7 is given by (4.34).
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So the boundary condition for Q(s) at s =T is
Q(T) = A. (4.42)

The explicit solution for (4.40)-(4.42) is given as

_ Ay Ay () (T—)
Q(s)-exp( 7“+77+ <r+77+10gA>6 . (4.43)

We note that Q(s) > 0. Moreover, it is easy to verify that, if A; > 0, we have
0<Q(s) <A Vsel0,T]. (4.44)
The HJB equations (4.24a)-(4.24b) have the solution
V(s,x,y) = —Q(s)e~elrma+m) (4.45)

The optimal investment and consumption rates are given as

* _ (p1 =)
k*(s) = alr o (4.46)
() = oz | loullr £ Q) ~ alr+ e + )], (4.47)

where )(s) is given by (4.43), and x and y are estimated at time s as following
0
r=X(s), y=Y(s)= / er X (s + 0)db.

We can see that ¢*(s) > 0 as long as
A(r+n) <1 (4.48)

Next, we will prove the verification results for exponential utility function case in two
steps. First, in Theorem 4.3.1, we will show that, under certain conditions, a classical
solution of the HJB equation (4.24a)-(4.24b) will equal to the value function defined by
(4.19). Secondly, in Theorem 4.3.2, we will show that the function defined by (4.45) is
a classic solution of (4.24a)-(4.24b) and it satisfies the conditions in Theorem 4.3.1. In
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addition, the explicit formula for the optimal controls will be given in Theorem 4.3.2.

Theorem 4.3.1. (VERIFICATION THEOREM) Let (X(t),Y (t)) be a strong solution of
(4.15)-(4.17). Assume that V(s,z,y) € CY*1([0,T] x R x R) is a solution of the HJB
equations (4.24a)-(4.24b) such that

E [/T (k;(t)X(t)Vz(t,X(t),Y(t)))2 dt} < oo, V(k,c)ell (4.49)
Then we have

T
V(s,z,y) > sup E57x,y7k,c{/ e PEDU (e(t) X (t))dt

(k,c)ell

+ e PT=w(X(T),Y(T))|.

In addition, assume that the utility function and (k*,c*) are given as

U(z) =1—e%
e (m=rVe 1 Va
k* = P = log e (4.50)

If (k*,c¢*) € 11, then (k*,c*) is the optimal control policy. In this case, we have
T
V(s,2,9) = By [ | et O)de+ OB, Y ()

Proof. Equation (4.24a) can be written using the notation £5¢ defined by (4.22) as

max [Ek’CV(s, z,y) + U(cx)} + (x — Ay) Vi (s,z,y) — BV (s, x,y) = 0. (4.51)

k,c>0

Assume that V (s, z,y) is a classic solution of the equation (4.51). For any given admissible
control (k,c) € II and for any (s,z,y) € [0,7] x R x R, we have

BV (s,z,y) — LYV (s,2,9) — (x — \y) V, (s, 2,9) > U(cx). (4.52)
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Applying Ito’s formula to V (¢, X (t),Y(¢)), we have

t))dt +dV (t, X (t),Y (t))]
(1), Y(t)) + LYV (L X(1), Y (1)

+ (X (@) = AY(1) Vy (£, X (1), Y (1)]dt

+e M ok(t) X (VL (t, X (1), Y (1))dB(1)).

Integrating it from s to T, and using (4.52), we have

e TV(T, X(T),Y(T)) — eV (s,2,y)

- /T e =BV (t, X (1), Y (t)) + L5V (1, X (1), Y (1))
T (X() = AY(£) Vi (t, X (), Y (1) )dt

n / : e Mak(t) X (1) Va(t, X (1), Y ())dB(t)
< / ' e Pok(t) X ()Va(t, X (1), Y (t))dB(t)
_/sTe—ﬂtU(c(t)X(t))dt.
Using the boundary condition (4.24b) we have
Vo) 2 PTIVEXDYE)+ [ AUt X
- / ' e PUok() X (1) V,(t, X (), Y ()dB(t)
= e PTW(X(T),Y(T)) + / ' e PUIU (e(t) X (¢))dt
_ / L B (1) X (Vi (£ X (8), Y (1)) dB().

By virtue of condition (4.49) we have

/T e PUak(t) X (1)V,(t, X (1), Y (1))dB(t)
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a martingale. Taking expectation on both sides we obtain

V(s,2,y) 2 Esayne {/T e MU (e(t) X (1) dt + e P TIU(X(T), Y (T)) |
V(k,c) € I1.

Then for any (k,c) € II we have

T
V(s,z,y) > sup Es%%k,c{/ e PEDU (e(t) X (t))dt

(k,c)ell

+ e PT=90(X(T),Y(T))|.

Now let us take (k,c) = (k*, ¢*) which are given by (4.50). If (k*,¢*) € II, the inequality
(4.52) can be replaced by the corresponding equality. Further, all the following inequalities
can be replaced by the corresponding inequalities. Using the exponential utility function,

we can eventually get
T
V(s,2,y) = Eqpyprcr { / e PUU (e ()X ())dt + e PT=DW(X(T), Y (T))

This completes the proof. O

Theorem 4.3.2. Assume that the utility function is given by U(x) = —e™** and the
terminal function is given by (4.41). In addition, assume that (4.48) holds and Ay > 0,
where Ay is defined by (4.39). Then the function V (s, xz,y) given by (4.45) is a classical
solution of the HJB equation (4.24a)-(4.24b), and it is equal to the value of the system
defined by (4.19) that is

V(s,z,y) = sup J(s,z,y,k, c).
(k,c)ell

In addition, the optimal control policy is given by

(t) = —ﬁ log{(r +mQ(t)} — alr +n)(X({) +nY(¢))|, (4.53)
RO = o (f:ln)_o_g( 0} vt € [s, T). (4.54)
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Proof. From the derivation of V (s, x,y), it is easy to check that V (s, x,y) given by (4.45)
is a classical solution of HJB equation (4.24a)-(4.24b).
To use Theorem 4.3.1 we first verify that condition (4.49) is satisfied. Using (4.45) we

have

Va(t, X (1), Y (1)) = %eawxxu)wu»
alr n

From the inequality e* > 1+, we can get e™*

X(t)>0,Y(t)>0,n>0,a>0,r >0, we can get

1 .
< 135 for z > 0. Therefore, using that

1
alr+n)(X(#)+nY(t)) +1

’e*a(r+n)(X(t)+77Y(t))| <

. Vtels,T].

Therefore, noting that 0 < Q(t) < A, we can get,

A
a(r+mn)

1

MG ol ) (X(E) + Y (1) + 1

)

Using the definition of admissible control space II, we have
()X ()] < Aol X (1) + Y (8)] < Mol X () +nY (1),

where Ay = Ag max{%, 1}.

Therefore, we have

FOXOEXOYO) < s | S

ST 1 )
= e\ el (X0 Ty () + 1
ST 1 D
= a2(r _|_777)2 a(r +n)(X(t) +nY (1)) +1

AA -
< 2 =A

a?(r +n)?

where A > 0 is a constant independent of t. We have,

E UOT [k*(t)X(t)Vx(t,X(t),Y(t))fdt] < E [fOT J\th} = AT < 0.
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Thus condition (4.49) is verified. Using definition of (k*,c¢*), it is easy to see that
(k*(t), c*(t)) is F'-measurable for any t € [0,7]. Also, by virtue of (4.46), (4.47) and
(4.44), it is easy to get that k*(f) > 0,c¢*(t) > 0,Vt € [0,7]. The conditions given
by (4.12a) and (4.12b) of admissible control space are also satisfied. Hence we get

(k*,c*) € 1. This completes the proof.

4.3.2 Log Utility

In this section, we consider log utility function given as
U(cX) =log(cX).

Now the HJB equation (4.24a) become

1
BV -V, = max 5(0/%)2‘/“ + (1 — r)kxVy | + (rz + pey) Ve

+max [—cxV, +log(cx)] + (x = Ay)V,

The candidates for optimal controls are

(1 —1)Va 1
e S DAL o
o2xVy, ¢ xV,

Substituting £* and ¢* in equation (5.21), we get

1 (= r)*V7 1
5V—Vs:—502—vm+log v =14 (ro + pay)Ve + (x — Ay)V,,

Suppose solution is of the form

Vs, z,y) = ¥(z,y) + Q(s),

where Q(s) and ¥ (z,y) will be determined. Moreover, we have

Ve =U(2,y), Vie =vUum(z,y), Vy=v,(z,y), Vi=0Q'(s).
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(4.56)

(4.57)

(4.58)
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By plugging (4.58) and (4.59) into equation (4.57) we get

(o) + Q- Q) = 51T g (1) -

02y
+ (ra + pey) s + (2 — Ay)iy. (4.60)
Define v = z + ny and assume that
U(x,y) = mlog(u) = mlog(x + ny). (4.61)

where 7,7, are constants to be determined. It is easy to see that
m T
By plugging (4.61) and (4.62) into (4.62) we get

Blm log(u) + Q(s)] — Q'(s)

1 —7r)? u
— 5@771 +log (—) 1t (ra 4 pay) D+ (z— Ay) TR
o m U U
1 (i —7’)2

2 goz N +logu —logm — 1+ %[(7” +m)x+ (u2 — An)yl.  (4.63)

We pick a constant 7 such that
pr2 — An = (r +n)n. (4.64)

In particular, we pick the positive solution of the above equation(see remark (4.3.1)).

n = % (VT2 + = (r ). (4.65)
Then we can get
(r+n)x + (p2 = An)y = (r +n)(z +ny) = (r +n)u. (4.66)
Assume that ,
m= (4.67)
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Then, by virtue of (4.66), we have

/ _ 1(:“/1 _T)Z
5@(8)_Q<8) - 2 BO_Q ﬁ

Rewriting the above equation

Q'(s) = BQ(s) — As,

where L 2 )
Ay = Qlul/BT?T +log(B) — 1+ B<T +n).

At terminal time s = T we have

V(T,z,y) =Q(T) + % log(z +ny).

+log(B) — 1+ l(fr + 7).

(4.68)

(4.69)

(4.70)

(4.71)

The terminal utility function W(z,y) is assumed to be consistent with the log utility

function. In particular, for technical reasons, we assume that the function ¥(x,y) is of

the form

U(z,y) = % log(z + ny).

(4.72)

Then, by virtue of (4.71) and (4.72), we can get the boundary condition for Q(s) at

s=T

Q1) =0,
The solution for (5.27)-(4.73) is given as

_ A

3 (1— e_B(T_S)).

Q(s)
Assume %(’“U;J)Q + (r+mn) > p — Blog(B), we have

0<Q(s) < %, Vs € [0,T].
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Therefore, the HJB equations (4.24a)-(4.24b) have the solution

V(s z,y) = Q(s) +log(z +ny), (4.76)
The optimal investment and consumption rates are given as

K(s) = (1 — 7")2(95 + ny)’ (4.77)

Fs) = plx ;L gﬁ

, (4.78)

where Q(s) and n are given by (4.74) and (4.65) respectively and x and y are estimated
at time s as following

r=X(s), y=Y(s) = /_ M X (s 4 0)do.

Theorem 4.3.3. (VERIFICATION THEOREM) Let (X(t),Y(t)) be a strong solution of
(4.15)-(4.17). Assume that V(s,z,y) € CY*1([0,T] x R x R) is a solution of the HJB
equations (4.24a)-(4.24b) such that

E [/T (k(t)X(t)V;(t,X(t),Y(t)))2 dt} < oo, V(k,c)ell (4.79)
Then we have

T
V(s,z,y) > sup Ew,y,k,c{/ e PO (c(t) X (t))dt

(k,c)ell

+ e PT=99(X(T),Y/(T))|.
In addition, assume that the utility function and (k*,c*) are given as

U(x) = log(x)

k*:_(ﬂl_r)‘/z C*: 1

o2aVy, xV,
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If (k*,c¢*) € 11, then (k*,c*) is the optimal control policy. In this case, we have
T
V(s,2,9) = Egay e e [ / e PUU(e(t) X (1)) dt 4 e W(X(T), Y (T))

Proof. The proof is very similar to the proof of Theorem 4.3.1, so we omit it here. [

Theorem 4.3.4. Let (X (t),Y(t)) be a strong solution of (4.15)-(4.17). Assume that
the utility function is given by U(x) = log(z) and that the terminal function is given
by V(z,y) = %log(:v + ny). Also assume that n is given by (4.65). Then the function
V(s,z,y) given by (4.76) is a classical solution of the HJB equation (4.24a)-(4.24b), and
it is equal to the value of the system defined by (4.19), that is

V(s,z,y) = sup J(s,x,y,k, c).
(k,c)ell

In addition, the optimal control policy is given by

k'*(t) — (:ul - T)(X(t) + ny(t>)

v , (4.80)
oy = X “;(E?Y(t)), vt € [s, 7T, (4.81)

where Q(+) is defined by (4.74).

Proof. 1t is evident from the derivation of V (s, z,y) that V(s,z,y) given by (4.76) is a
classical solution of HJB equation (4.24a)-(4.24b). To use Theorem 4.3.3, we first verify
that condition (4.79) is satisfied. Using (4.76), we can get

Va(t, X (), Y (1)) = ‘m‘

Using the definition of admissible control space II, we have

[E* ()X (£)] < Mol X (8) + Y ()] < Aol X(2) + 1Y (2)],
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where Ay = A max{%, 1}. Therefore, we have
FOXOVe XY O < MXO - 0] | ]

— Ao.

We have,

E [/OT[k*(t)X(t)Vx(t,X(t),Y(t))]th] <E [/OT Agdt} = AT < oo.

where Ay > 0 is a constant independent of ¢. Thus condition (4.79) is verified. Using
definition of (k*, ¢*), it is easy to see that (k*(t), c*(t)) is F'-measurable for any ¢t € [0, 7.
Also, by virtue of (4.77) and (4.78), it is easy to get that k*(t) > 0,c*(t) > 0,Vt €
[0, 7. The conditions given by (4.12b) and (4.12a) of admissible control space are also
satisfied. O

4.3.3 HARA Utility

In this section we consider HARA utility function
1
U<CX) = _(CX)’yu e <—OO,1), 7%0
v

We seek to find explicit solution of HJB equations (4.24a)-(4.24b). For HARA utility

function, the HJB equation is given as

1
BV -V, = max {E(akx)QVm + (1 — T)kxvx} + (rz + poy) Va

1
+ max {—cxvx + ;(cx)”} + (x — Ay)V,, (4.82)

c>0
The candidates for maximum over ¢ and k are given as

_ 1 1
kf* — _(Iul T)‘/;; C* _ _%771-

o2aVy, x
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Substituting £* and ¢* in (4.82), we get

1(py —1r)*V2 1 %
V-V,=—>+—-—+2 ——1 )V Ve —\y)V,.
B 2 v 5 + (re + pey) Ve + (2 — Ay)V,

Suppose solution is of the form
Vs, z,y) = Q(s)(,y),

where QQ(s) and ¢ (x,y) will be determined. Moreover, we have

Ve = Q(S)d}m(xay)) V;w:Q(S)’(b:m(fL‘,y),
Vy = Q)dy(x,y), Vi=Q(s)¥(z,y).

Substituting (4.85) into (4.83) yields

1 (1 —7)Q(s)

18Q(s) - Q(Nwy) = — wg+<%_1) [Q(s)e] 7

2 0%y
+ (re + pay) Q) + (2 = Ay)Q(s)¢hy.

Define u = = + ny where 7 is a constant to be determined. Assume that
Wlay) = w0
x,y) =—u".
g
Then we have
%« = uyila wxm = (7 - 1)u’y*27 % = mﬂfl-
By plugging (4.87) and (4.88) into (4.86) we have

o) - Qo = 3B E (2 1) e

+ [(r +m)z + (p2 — MylQ(s)u’ "

1
v
We pick a constant 7 such that

pa — An = (r +n)n.
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(4.84)

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

(4.90)



In particular, we pick the following positive solution of the above equation(see remark

(4.3.1))

n:%<¢@+xy+@@—@+xg. (4.91)
Then we can get
(r+mnz + (pe — An)y = (r +n)(x +ny) = (r + nu. (4.92)

Now the equation (4.89) can be written as

o) - @l = 3B IR (2 1) e

+ (r+n)Qs)u”

1
~y

Canceling the term u” on both sides of the equation (4.89) we get

1 o (i —1)?Qs) | (1 1
;[5@(5) —Q(s) = Ty (; - 1) [Q(s)]7
+ (r+n)Q(s).
The above equation can be re-written as
Q(s) = 8Q(s) + (v ~ DIQ(s)) 7 (4.93)
where 1 e
A3Eﬁ+§%—7(r+n). (4.94)
At terminal time s =T we have
VI(T..9) = ZQT)(w +m)’ (4.95)

The terminal utility function ¥(z,y) is assumed to be consistent with the HARA
utility function. In particular, for technical reasons, we assume that the function ¥ (z,y)
is of the form

U(z,y) = %(:v + 1Y), (4.96)

where A is a constant. Then, by virtue of (4.95) and (4.96), we can get the boundary
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condition for Q(s) at s =T
Q(T) = A (4.97)

The solution for (4.93)-(4.97) is given as

1-— (T—s) Eny atl
Q(s) = T1—e ™57 + AtFe 15 . (4.98)
As
In order for Q(s) > 0, we assume
B 1(p—r)
pollm=r) 4.99
Therefore, the HJB equations (4.24a)-(4.24b) have the solution
1 gl
Vs, z,y) = ;Q(S)(:U +ny)”. (4.100)
The optimal investment and consumption rates are given as
(1 =)oz
&(s) = EEMW o 57, (4.101b)
T

where 1 and Q(s) are respectively given by (4.90) and (4.98), and x and y are estimated

at time s as following

r=X(s), y=Y(s)= / M X (s + 6)db.

—00
We give the verification theorem for the classical solution we obtained above.

Theorem 4.3.5. (VERIFICATION THEOREM) Let (X(t),Y(t)) be a strong solution of
(4.15)-(4.17). Assume that V(s,z,y) € CY*1([0,T] x R x R) is a solution of the HJB
equations (4.24a)-(4.24b) such that

E [/T (ROX OV, (8, X (1), Y1) dt| < 0o, V(k,c) € IL (4.102)
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Then we have

T
Vi(s,z,y) > sup Eyk{ / e P (e(t) X (t))dt

(k,c)ell

+ e PT=90(X(T),Y(T))|.

In addition, assume that the utility function is given by

1
U(Z‘) = ;I77 g (_007 1)7 7 7é 07 (4103>
and ( W .
* Ml -Tr x * %1
A S AL S VA
o2xVy, ¢ xv

If (k*,c¢*) € 11, then (k*,c*) is the optimal control policy. In this case, we have
T
Vi(s,2,y) = Bsaype e [ / e PEU(e(t) X () dt + e T (X(T),Y(T))]| .

Proof. The proof is very similar to the proof of Theorem 4.3.1, so we omit it here.  [J

Now it remains to verify that the function defined by (4.100) is a classical solution of
(4.24a)- (4.24b) and control policy is given by (4.101a)-(4.101b) Assume that X (¢) is a
strong solution of (4.9)-(4.10) and Y'(¢) be given by (4.2).

Theorem 4.3.6. Assume that the utility function is given by
1
U($) = 51‘77 0aS (_007 1)7 8 7é 07

and that the terminal function is given by

U(r,y) = %(as T—_

Also assume that n satisfies (4.90). Then the function V (s,z,y) given by (4.100) is a
classical solution of the HJB equation (4.24a)-(4.24b) and it is equal to the value of the
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system defined by (4.19), that is

T
V(s,z,y) = sup Ey,, [ / e PTIU(e() X (1)) dt + e PTIW(X(T), Y (T))| -
(k,c)ell s

In addition, the optimal control policy is given by

g = IO LYy XOL W g e

where Q(-) is defined by (4.98).

Proof. 1t is evident from the derivation of V (s, z,y) that V (s, z,y) given by (4.100) is a
classical solution of HJB equation (4.24a)-(4.24b).
To use theorem 4.3.5 we first verify that condition (4.102) is satisfied. Using (4.100) we

have
Va(t, X(1),Y (1) = Q) (X () +nY (£)"".

Using Q(t) > 0, we have
Va(t, X (1), Y(1)] = Q)X (8) +nY (1)~ (4.104)
Using the definition of admissible control space II, we have
[E()X ()] < Mol X (2) +Y ()] < Aol X (2) + Y (2)]

where Ag = Ag max{%, 1}.

Since Q(t) is bounded on [0, 7] we have

EOXOVa(EX0),Y®) < AQ()IX(E) +nY (1))
< A X() + Y (B

where A3 > 0 is a constant that does not depend on ¢. Using lemma 4.1.3 and noting

that 2v < 2, we can show

E [/T (kX (H)Vy(t, X (1), Y () dt| < oo
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where A3 > 0 is a constant independent of ¢. Thus condition (4.102) is verified. The

optimal controls are

(1 = r)(X(@) + 1Y (1))

k*(t) = (1 _ ’}/)UzX(t) ) C*(t) = TQ(t)ﬁa

vt e [s,T).

It is easy to see that (k*(¢), c¢*(t)) is F'-measurable for any ¢ € [0, T]. Moreover, ¢*(t) > 0.
Hence we get (k*,c¢*) € II. This completes the proof.
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Chapter 5

A Stochastic Portfolio Model with
Complete Memory and Stochastic
Volatility

5.1 Introduction

In this chapter, an optimal investment-consumption model is considered, in which the
historical performance of the model is accounted for and the volatility of the risky asset
is considered to be stochastic. In chapters 2 - 4 the volatility of the risky asset is assumed
to be constant. In this chapter, we study the model for the case when the volatility of
the risky asset is stochastic. In this model, investor’s portfolio comprises a risky and a
riskless asset. The economic factor ©; of the coefficient o(0;) in the risky asset dynam-
ics (5.4) is an ergodic diffusion process which satifies (5.5). The value of the portfolio
follows a stochastic process X (t) (see (5.6)) that depends on following exponential delay

information:

Y(t) = /0 X (t 4 7)drT, (5.1)

— 0o
where A > 0 is a constant.
The historic performance from —oo to s is the initial condition for X (¢) where s €
[0, 77 is the initial time.

X(t) =t —s), Vte (—oo,s],
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where ¢ > 0 is a bounded function which is integrable (—oo, 0].

The goal is to choose investment and consumption controls such that the total
expected discounted log utility of consumption is maximized. Like in chapter 4, the
model incorporates the complete past information. This is done by introducing the com-
plete memory variable (5.1). Unlike in chapters 2 and 3, the memory variable O(t) (see
(2.2)/(3.1) ) does not appear in the HJB equation for this model.

The rest of the chapter is organized as follows. In Section 5.2, we formulate the model
for infinite delay and stochastic volatility. In Section 5.3, HJB equation is established. In
Section 5.4, the method of sub and super solutions is used to prove the existence of the
solution of the HJB equation for log utility function and the verification theorem is also
established.

5.2 Stochastic Volatility Model

Consider an investor’s portfolio consisting of a risky asset and a riskless asset. An example
of riskless asset is money deposited in a bank account that earns a fixed interest rate
r > 0. In this model the complete performance of the risky asset is taken into account.
We also assume that the investor can freely move his money between two assets at any
time and his consumption comes from the riskless asset.

Let K(t) be the amount invested in the risky asset and L(¢) is the amount invested
on the riskless asset. The total wealth is given by X (t) = K(t) + L(t). We assume that
the performance of the risky asset depends on the following delay variable Y (¢):

Y(t) = / X+ 7Y (5.2)

—Oo
where A\ > 0 is a constant.

Remark 5.2.1. From the definition of Y (t), its value is actually the exponential average
of all the historical values of the total wealth X (t). We want to point out that in reality,
there is always a historical time that the value of X is available. In other words, the initial
path o(t) will start at some point t = —M instead of t = —oo. In this case, we simply
assume that o(t) = 0,Vt € (00, —M), and we can still use the formula (5.2) to define the
delay variable Y (t). In addition, Y (t) is still a continuous function with respect to t for
t>s.
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Assume the processes Bj(t) and Bs(t) are one-dimensional standard Brownian mo-
tions defined on a complete filtered probability space (€2, F, P). The Brownian motions
are correlated with correlation p € (—1,1). The price of the riskless asset L(t) satisfies

the stochastic differential equations
dL(t) = [rL(t) — C(t) — I(t)]dt, (5.3)

where C(t) is the consumption rate. The price of the risky asset is modeled as a process
K (t) satisfying

dK (1) = (1 + Y () K () + I(t)]dt + o (O(t)) K (t)d By (), (5.4)

where 1 and po are constants, I(t) is the investment rate and 0 < o1 < 0(0) < gy. The

process O(t) is referred to as the stochastic factor and it satisfies
dO(t) = a(O(t))dt + b(O(t))dBs(t), (5.5)

The drift and diffusion coefficients a(#) and b(6) are such that equation (5.5) has a unique
strong solution. In particular, in this chapter, we consider the case where a(#) = c(6 —6),
where ¢, > 0 and b(f) = b is a constant.

If we assume that K(t) > 0 almost surely, we can use the following delay variable
Y(t):

Y(t) = ﬁ/ X (t + T)dr,

—00

instead of (5.2). Using the above assumption, the equation for K (t) is rewritten as

dK(t) = [(1n + pY () K (t) + 1(1)]dt + o(O(1)) K (t)dBy(t)
= [ K (1) + p2Y (t) + I()]dt + o (O(1)) K (t)d By (1),

where Y'(t) is given by (5.2). The process followed by the net wealth X (¢t) = K (t) + L(t)

is given as
dX(t) = [ K(t) + pY (t) + rL(t) — C(t)|dt + o(O(t)) K (t)dBy(t), Vte€ [0,00). (5.6)

In order to describe the distribution of wealth between the risky asset and the riskless
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asset, the control variables are defined using C'(t) and K (t) as ¢(t) = % and k(t) = %

as consumption and investment controls, respectively. X (¢) and Y (t) are state variables.
As we shall prove X (t) > 0 in the following section so that the controls are well defined.
Using L(t) = X (t) — K(t) = X (t)(1 — k(t)), equation for X (¢) can be written as

dX(t) = [((p1 — r)k(t) — c(t) + r) X (t) + Y (t)|dt + o(O(t))k(t) X (t)dB(t),  (5.7)
The initial condition is given by
X(t) =t —s), Vte (—oo,s], (5.8)

where ¢ is a bounded function and ¢(7) > 0,V7 € (—o0, s].

Definition 5.2.1 (Admissible Control Space). Let I denote the admissible control space.
A control policy (k(t),c(t)) is said to be in the admissible control space 11 if it satisfies

the following conditions:
(a) (k(t),c(t)) is Ft*—measurable for any t € [0,00);

(b) c(t) > 0,Vt € [0, 00);

(c)
Pr < Tk:Q(t)dt < oo> =1, VT >0, (5.9)
k()X ()] < A|IX () +Y(t)], Vt>0, (5.10)
()X ()] < A|IX () +Y(t)], V>0, (5.11)

where A > 0 1s a constant.

Lemma 5.2.1. The solution X(t) of equation (5.7) with initial condition (5.8) is almost

surely positive.
Proof. The proof is similar to the proof of Lemma 4.1.1. ]

The utility function U(C') is defined based on the consumption rate. The problem

under consideration is on an infinite time horizon [0,00). Assume the expected total
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discounted utility J(p, 8, k, c) be given by

J(p,0,k,c) =E, {/ eﬁtU(c(t)X(t))dt} , V(k,c)ell
0
Then the value function is given by

V(p,0) = sup J(p,k,c)

k, cell

= sup E, [/Ooo e‘“tU(c(t)X(t))dt} : (5.12)

k, cell

We note that the initial data has infinite dimension. We will show that for (5.7) the value

function and optimal controls depend on the initial data as given below,

Taking advantage of this we can write
Vip.0) =V(z,y,0),

where V : R3 — R.

5.3 Hamilton-Jacobi-Bellman Equation

In this section HJB equation satisfied by the value function V (¢, 0) is derived. Let f €
C1%1(R?) and define

G(t) = f(t7X(t)7 y(Xt))a

where
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and

X(r)=X(t+71), V7€ (000

Lemma 5.3.1 (Ito’s Formula). Consider the system given by (5.7)-(5.8). We have

dG(t) = LE fdt + okx fodB(t) + f, - [x — \y]dt, (5.13)

where

Lhef = Lo f(t,z,y)

= ot (G =k = et e b o) ot oW e, (5.14)

where x,y, k and c are evaluated as

r=uz(t), y=y(Xy) = / X (t+T)dT, k=k(t), c=c(t). (5.15)

Proof. See Lemma 4.1.2. O

By virtue of Lemma 5.3.1, we obtain the following formula for dY (¢):
dY (t) = (X(t) — AY (t))dt.

We assume that the initial path ¢ depends on the value function V' only through the
functionals z(¢) and y(¢) as defined by (5.15) . That is,

V(p,0) =V(z(p),y(p).0) = V(z,y,0). (5.16)

Theorem 5.3.1 (HJB Equation). Assume that (5.16) holds and V (z,y,0) € C**!(R x
R xR) then the value function value function V (z,y,0) given by (5.12) and (5.16) satisfies

the following Hamilton-Jacobi-Bellman partial differential equation

1
BV = max | (0(0)kx) Vaw + (1 = r)kaVa + pkwo(0)b(0)Vao| + (rz + poy) Ve

1
+ max [—caV, + Ulex)] + (x — My)V,, + a(8)Vy + §b2(9>‘/09. (5.17)
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Proof. The proof is standard so we omit it here. O]

5.4 Logarithmic Utility

In this section we study the HJB equation (5.17) for log utility function. We use subsolu-
tion and supersolution method to establish the classical solution for HJB equation. Log
utility function is given by

U(cX) =log(cX). (5.18)

Substituting in equation (5.17), we have

1
pV = max 5(0(9)kx)2vm + (p1 — m)kaVy + pkxo(0)b(0) Vi | + (re + pay)Va

1
+ max(—czV, +log(cx)] + (x = M)V, + a(0)Vi + 5H2(0) Vi, (5.19)

The candidates for optimal controls are

(1 =7r)Vo = pb(0)o()Vee . 1

k= — = 5.20
02(0)x Ve € V., (5.20)

Plugging optimal control candidates in (5.25), we have

1[(11 = 7)Ve + pb(0)0(6) Vap)?
V. = —5 2OV, + (re + poy)Va + (2 — M)V,
1 1
+ log <7> —1+a(0)Vy+ §b2(6)V99. (5.21)
We assume a solution is of the form

V(z,y,0) = m log(u) + W(6) (5.22)

where 7, is a constant to be determined, u = x + ny and n = n(r, A\, u2) > 0 satisfies

n(r+mn) = p2 — nA. (5.23)
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Moreover, we have

Vy="20 Vo=Wy, Vg =W (5.24)

Choose 1, = % then (5.21) becomes

1 —r)? 1
o) + W (0) = JUE (k) -+ - )
Flog(8) — 1+ a(0) Wy + %b?(e)wgg. (5.25)
Using the assumption (5.23), equation (5.25) becomes
Y
BW(6) = 5t log(B) — L+ (1) + aOWo + 5 OWen. (520
The above equation can be rewritten as
S0) W (0) + al0)W(6) — 5 (6) + Q(6) =0, (5:27)
where 1 ( P
-
Q) = E?ﬂw + B(r +n) + log(s) — 1. (5.28)

Now we use the subsolution-supersolution method to get a classical solution W (6) of
equation (5.21).
Define

owo— %bQ(H)Woa(H)Jra(H)Wg(H) (5.29)
fOW) = Q) — BW(O). (5.30)

Using above notations equation (5.27) can be written as

LW = (6, W). (5.31)
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5.4.1 Subsolution and Supersolution

Now we define subsolutions and supersolutions.

Definition 5.4.1. A function W (0) is called a subsolution of equation (5.31) if

—LW (0) < f(6,W(6)), Vo € R. (5.32)
While a function W (6) is called a supersolution of equation (5.31) if

—LW () > f(6,W(9)), Vo e R. (5.33)
In addition, (W (), W (0)) is called a pair of subsolution and supersolution if

W) <W(h), VoeR. (5.34)

Lemma 5.4.1. Assume

)2
W b= 50 Log(8) (5.35)

205
where 0 < o1 < 0(f) < g9. Any constant K < K is a subsolution of (5.31) where K is

given as

1

Ki= 5 K% +r+ n) + B(log(B) — 1)} . (5.36)

Proof. Since K is a constant, we have —LK; =0 .

Now consider

[0, K1) = Q) — BK; (5.37)
(=1 1
= % 20) o2 (5.38)
> 0 (5.39)
Therefore, we get
~ LK, < f(6,K)). (5.40)
Thus K; is a subsolution of (5.31). O
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Lemma 5.4.2. Assume (5.35) holds. Any constant K > Ky is a supersolution of (5.31)

where Ky 1s given as

K=~ K% bt n) + B(log(B) — 1)1 | (5.41)

Proof. Since K, is a constant, we have — LKy, =0 .

Now consider

f(0,Ky) = Q) — K, (5.42)
o= 1
B 2/ o2(0) o} (5:43)
< 0, (5.44)
Therefore, we get
~ LK, > f(0,K,). (5.45)
Thus K> is a supersolution of (5.31). O

We note that K; < K, for all € R follows from oy < g9. Therefore, (K7, K5) is an

ordered pair of subsolution and supersolution.

5.4.2 Existence of Solution
Following theorem establishes the existence result.

Theorem 5.4.1. The equation (5.31) possesses a classical solution W (0) such that
Ky <W(0) < Ky, (5.46)
where Ky and Ky are the subsolution and supersolution given by equations (5.36) and

(5.41) respectively.

Proof. By virtue of Lemma 5.4.1 and 5.4.2, K; and K, are ordered subsolution and
supersolution. Also note that equation (5.31) has a positive subsolution and f(6,0) > 0.
The result follows using theorem 7.5.2 in [51] O

Lemma 5.4.3. If W(0) is a classical solution of (5.31) such that (5.46) is satisfied, then
Wy(6) is bounded.
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Proof. Let a(f) = c(f — 0), where c, 0 are positive constants. From (5.46) we note that
W (6) is bounded. To show that TWj(0) is bounded, it is enough to show that Wy(6) is
bounded at its local maxima or minima. Without any loss of generality, assume that
Wg(@) has a local maxima or minima at ;. Then we have ng(@o) = 0. Therefore at
0 = 0y, we can get

a(0)Wy(6) — B (6) +Q(6) = 0, (5.47)

For any A > 0, let 0 € [—A, A}, we have |[W(0)] < Cy, where C} is a constant that
depends on A. Let 6 € [A, 00). Assume that a(f) < —C < 0 where Cy is a constant. We

can write equation (5.47) as

Wo(6) = —[51(6) — Q(6) (5.48)

Then we have

Wo(0)] = [18W(8) — Q(9)]]

<

<

where = %% + %(T +n) +log(p) — 1.
Similarly when 6 € (—oo, —A], Assume that a(f) > Cy > 0 where C} is a constant.

We can write equation (5.47) as

Wy (6) = ﬁw(e) Qo) (5.49)
Then we have
~ 1 ~
Wolb)l = orllBWe) Q)]
1 “
< & [Bol+ e
< 2 [pra+Q) <o
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Therefore for 6 € (—oo, —A) U (A, 00), we have

1

W 9 — = VY _
| 9( >| min{CA,CA}

[BE> + Q] < (5.50)

Since § = 6 is an arbitrary minimum or maximum point of Wy(6), therefore Wy(6) is
bounded at its minima and maxima. Hence Wy(0) is bounded.
[

5.4.3 Verification Theorem

Now we give the verification theorem.

Theorem 5.4.2. (Verification Theorem) Suppose that W (0) (such that (5.46) holds) is

a classical solution of equation (5.31). Define

V(z,y,0) = %log(u) +T(8). (5.51)

such that

~

E UOT (a(@)k(t)X(t) x(X(t),Y(t),@(t)))zdt] <0, (ke ell (5.52)

then we have

(a) For every admissible control process

Viz,y,0) > E/ e P log(cyry ) dt, (5.53)

0

(b) If : ) ;
* H1—T)uU * U
S L ) 54
k () c " (5.54)
Then (k*,c*) € II and

Vi, y,0) = IE/ e Ptlog(cra})dt. (5.55)

0
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Proof. First we verify the condition (5.52). Using (5.51), we have
VXY 0,000 = 5 | 57|
s BIX () +nY(#)

Using the definition of admissible control space II, we have

[RO)X ()] < AX () + Y ()] < M[X(@) + 1Y (1)),

1
A = Amax{—,l}.
Ui

(o (O)k(6) X (VL (X (1), Y (1), O(1))] <

where

Therefore, we have

Then we have,

T o2A2 ] oaN2T
= < oQ.

E VO [a(&)k(t)X(t)Vx(t,X(t),Y(t),@(t))]%lt} < E{ i %dt iz

Thus condition (5.52) is verified.
Using equation (5.17) we have

N 1 - N ~
pV —U(cx) > 5(0(0)1{:90)2\/;50 + (1 — )k —c+ 1)z + poy) Ve + pkxo(0)b(0) Ve
N ~ 1 A
+(x — Ay)V, +a(0)Vp + §b2(9)V99. (5.56)
Applying Ito’s rule to e PV (X (t), Y (t), O(t)), we have

a (e V(X W), Y (£),6(0)) = e aV (X (1), Y (1), O(1)) — Be V(X (1), Y (1), O(t) )t
(5.57)

where

~

dV(X(t),Y(t),0(t) = (%(a(Q)kx)Q%x + (1 = 1)k — ¢+ 7)x + poy) Vi + pkxo (0)b(8)Veg

N

+ (= M)V, + a(0)Vs + %b%@)%g) dt + o (0)xkV,dB(t) + b(0)Ved By (t).
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Combining equations (5.56), (5.57) and (5.58), we have

d (e’ﬁtf/(X(t), Y(b), @(t))) < e Pt log(c(t) X (1)) + o(8)akVodBy(t) + b(8)ViedBs(t).
(5.58)
By virture of (5.52) and Lemma 5.4.3 it is easy to verify that fOTU(Q)ka;dBl(t) and
fOT b(0)VpdBs(t) are martingales. Therefore using equation (5.58), we have

V(r,y) > E [/0 e Pt log(c(t)X(t))dt] +E [e’ﬂTV(X(T),Y(T))] : (5.59)
Using (5.51), we have

lim E [e‘ﬁTV(X(T); Y(T))]

T—o00

T—o00

From equation (5.46) we note that

lim E [e_BTW(Q)} > 0.

T—o00

To show that
lim E [e—BTV(X(T),Y(T))] — 0,

T—o00

it is sufficient to show

lim E [e " log (X (T) +nY (T))] = 0. (5.60)

T—o0

Let
S(t) = X(t) +nY(t). (5.61)

Then using (5.23), we have

dS(t) = dX(t) +ndY (1)
— [ (= )k(t) = c(£)) X(£) + (r +m)S(B)] dt + o (6) k(1) X ()dB(2).
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Using Ito’s rule, we have

dlog S(t) = — =

= Lz (% }dt+a(0)k(t)%d3(t). (5.62)

Since (k(t),c(t)) € 11, it is easy to verify that fOT o(0)k(t)2DdB(t) is a martingale.

Therefore, we can get

Ellog S(T)] = log(5(0)) + E UO (= r)k(E) = elt)) %dt}

/0 ' 302(9)/{2@) (%)th]  (5.63)

For any (k(t),c(t)) € 11, by virtue of (5.10) and (5.11), we have

T
+/ (r+n)dt—E
0

)| _ AJX(®) +Y(0)
"“” <>‘ X0 ] =

X(0)| _ AX@®)+Y()
’C“) sas)‘S X0 + v =

where

A= Amax{l, }

And also 0%(f) < ¢2. Then we can get

3

Jim e PTE UOT (11 —r)k(t)) %dt} =0,

T
lim e_BT/ (r+mn)dt =0,
0

T—o0

lim ¢*TE [ /0 T(—c(t)%)dt] 0,

/OT (—%aQ(e)k:?(t) (?—(3)2) dt] =0

lim e ?TE

T—o0

112



Then from (5.63), we can get
lim e ?TE[log(S(T))] = 0.

T—o00

Thus, we have

T—o0

lim E [e*ﬁTf/ (X(T),Y(T))] =0, V(k(t),c(t)) € IL

combined with (5.59), part 1 of the theorem is established.

Now assume that k*, c¢* are given by (5.54). We can easily verify that they are JF'-

measurable. In addition, from Lemma 5.2.1, we know that X (¢) > 0, a.s., so we can get
that k*(t), c*(t) are well defined and ¢*(¢) > 0. In addition, it is not hard to check that
(5.10) and (5.11) are true for k*(¢) and ¢*(¢). Finally, since X (¢) > 0 and k*(¢) is well

defined, we can get that
Pr(k*(t) <oo) =1, Vt>0.

Therefore, we can get

Pr (/OT(k*(t))th < OO) =1, vI'>0.

So we can get that (k*(¢),c*(t)) € II. For (k*(t),c*(t)) € 11, instead of (5.59), we have

~

V(z,y,0) =E { /0 ' e ft log(c*(t)X*(t))dt} +E [e—ﬁTV(X(T),Y(T)) :

To show -
V(w,y,0) = E / e log (),
0

By virtue of (5.51), it is sufficient to show
lim E [ log (X*(T) +nY*(T))] = 0.
T—o00

Using k* and ¢* equation (5.62) becomes

dlog S*(t) = { <%% - 6) +(r+ 'rz)] dt + 022(_9;)@@)
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Since o(0) is assumed to be bounded, therefore we have

E[log S*(T)] = log(S*(0)) + E VOT (IM —B+r +n> dt}

2 o2(h)

It immediately follows that

Therefore we have

lim =57 [ /0 ' 1og(5(0))dt] 0,

T—o0

T—o0

2 o2(0)

lim E [e 7"V(X*(T),Y*(T),0*(t))] =0.

T—o0

Hence we have V(x,y) = J(z,y; k*, ¢*). This completes the proof.
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Chapter 6

Conclusion and Future Work

In this dissertation, we consider some stochastic portfolio optimization models with de-
lays. In chapters 2 and 3, models with finite delay for finite and infinite time horizons
have been investigated. In chapters 4 and 5, models with infinite delay have been studied.
In chapter 5, the volatility for the price process of risky asset is assumed to be stochastic.

We consider utility functions that have been widely used, such as exponential, log and
HARA utility functions. Due to the delay variables Y (¢) and Z(t), the system is no longer
a Markovian system. Under certain conditions, we have derived the explicit formulas for
the value functions as well as the optimal investment and consumption controls.

We want to point out that a crucial condition for both log utility case and the non-log

HARA utility case is (see (2.47) and (3.66))
pseM(r 4 p3e) = pg — pshe. (6.1)

This condition is necessary to ensure that the HJB equations have solutions that
are independent of z. As we have showed in Lemma 2.3.2, the independence of z is a
necessary condition that we can solve the delay problem in a finite dimensional space.
Actually, this is the main reason that stochastic control problems with delays are very
challenging (see Larssen-Risebro [32]). More discussions about the condition (6.1) can be
found in Chang-Pang-Yang [5] (Section 5 and 6). Finally, in this dissertation, we only
consider the delay variables that depend on the total wealth process X ().

In chapters 4 and 5, we have some stochastic portfolio optimization models where the

price of the risky asset is no more Markovian because of the infinite delay variable Y (¢).
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In chapter 4, the volatility of risky asset is considered to be constant. In chapter 5, the

volatility of the risky asset is no more constant. The dynamics of the model are

dX(t) = [((m —7r)k@) —ct) +r)X(1) + pY (1)]dt + o (O)k(t) X (t)dBi(¢),
dO(t) = a(O)dt+ b(O)dBs(t)
aY(t) = (X(t) = AY(t)dt,

with the initial conditions

where x,y are given as

X(s)=xz=¢p(s), Y(s)=y= / M o(s + 0)do.

By taking the volatility of the risky asset to be constand and by taking ps = 0, above
model reduces to the classical Merton’s portfolio optimization problem.
In chapters 4 and 5, for each of the utility functions (exponential, logarithm and

HARA), we obtained the explicit solution in terms of functions of u = x + ny such that

n:%<\/(r+/\)2+4/~02—(7”+/\)>'

For instance, consider the case in chapter 4. As we can see, if we take us = 0, then
we get = 0. Therefore, the value function and the optimal controls are independent of
the memory (delay) variable Y'(t). Further, when ps = 0, the process for X (t) does not
depend on Y'(t) and it reduces to

dX (t) = [((u1 — r)k(t) — c(t) + )X (t)]|dt + ok(t) X (t)dB(t), Vte [s,T],

with the initital condition
X(s) ==

For this reduced model, for each of the utility functions, we note the following

e Exponential Utility
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The value function is given by

Vs, xz,y) = —Q(s)e .

The optimal investment and consumption rates for exponential utlity are given as

k*(S) (:U“l — T)

aro?z ’

(5 = o lou(rQ(s) - ara].
where
000 (=24 (B ) )
and

N s
A1 :ﬁ—i-éT —T+T10g(T).

Logarithmic Utility

The value function is given by

V(s,z,y) = Q(s) + log(x). (6.2)

The optimal investment and consumption rates are given as

k*(s) = —(MU;T)
c*(s) = B,

where

and

HARA Utility
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The value function is given by
1
V(57 T, y) = _Q(S>$’y'
v

The optimal investment and consumption rates are given as

* _ (:ul_r)
k*(s) = m7

where .
1— A (T—s) Ag(T—s) |77
Qls) = |- ) AT S
As
and | )
A3 =05 — ——7(/“ —7) — .
2 0%(1 =)

In each of the cases discussed above, the value function and optimal controls are
solutions of the Merton’s classical model on a finite time horizon with the objective

function given by
T
J(s,z) = Eg, [/ e PT=IU (e(r) X (1)dr + e PT=DW(X(T))].
Similarly it is easy to verify that it is true for models discussed in chapters 2, 3 and

Our future plans for research are driven from the models discussed in this dissertation.
The models discussed in this dissertation consider single risky asset. We are interested
in extending these models to multiple risky assets.

The model considered in chapter 5 investigates an infinite time horizon model for
logarithmic utility function. One of our future works include extension of the model for
exponential and HARA utility functions for this model. We also plan to study this model
on finite time horizon.

In practice the interest rate may not be constant. We also plan on extending the
models for stochastic interest rates. The models considered in this dissertation do not
consider risky assets that produce stochastic dividends. These models can be studied for

risky assets which produce stochastic dividends.
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Moreover, the consumption and investment controls are assumed to be Markovian
in this dissertation. However, in practice, an investor would consider the historic data
of consumption and investment. The models studied in this dissertation can be investi-
gated for non-Markovian control processes where an investor makes his/her decisions by
incorporating the past information of the control processes.

To use the HJB framework for solving these class of models, we use functional Ito’s
calculus to obtain the modified HJB equation. The HJB is too complicated in this case.
Obtaining explicit solution of HJB equation might not be possible. In that case method
of sub/super solutions and viscosity solutions can be used to prove the existence of the

solution of the HJB equation. These extensions will be our future research topics.
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