
ABSTRACT 

KWAG, SHINYOUNG. Probabilistic Approaches for Multi-Hazard Risk Assessment of 

Structures and Systems. (Under the direction of Dr. Abhinav Gupta.) 

Performance assessment of structures, systems, and components for multi-hazard scenarios 

has received significant attention in recent years. However, the concept of multi-hazard 

analysis is quite broad in nature and the focus of existing literature varies across a wide range 

of problems. In some cases, such studies focus on hazards that either occur simultaneously or 

are closely correlated with each other. For example, seismically induced flooding or 

seismically induced fires. In other cases, multi-hazard studies relate to hazards that are not 

dependent or correlated but have strong likelihood of occurrence at different times during the 

lifetime of a structure. The current approaches for risk assessment need enhancement to 

account for multi-hazard risks. It must be able to account for uncertainty propagation in a 

systems-level analysis, consider correlation among events or failure modes, and allow 

integration of newly available information from continually evolving simulation models, 

experimental observations, and field measurements. This dissertation presents a detailed 

study that proposes enhancements by incorporating Bayesian networks and Bayesian 

updating within a performance-based probabilistic framework. The performance-based 

framework allows propagation of risk as well as uncertainties in the risk estimates within a 

systems analysis. Unlike conventional risk assessment techniques such as a fault-tree analysis, 

a Bayesian network can account for statistical dependencies and correlations among 

events/hazards. The proposed approach is extended to develop a risk-informed framework for 

quantitative validation and verification of high fidelity system-level simulation tools. 

Validation of such simulations can be quite formidable within the context of a multi-hazard 

risk assessment in nuclear power plants. The efficiency of this approach lies in identification 

of critical events, components, and systems that contribute to the overall risk. Validation of 

any event or component on the critical path is relatively more important in a risk-informed 

environment. Significance of multi-hazard risk is also illustrated for uncorrelated hazards of 

earthquakes and high winds which may result in competing design objectives. It is also 

illustrated that the number of computationally intensive nonlinear simulations needed in 

performance-based risk assessment for external hazards can be significantly reduced by using 

the power of Bayesian updating in conjunction with the concept of equivalent limit-state. 
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PART I 

INTRODUCTION 
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1. Introduction 

In United States, NIST (2007) specified that natural hazards either directly or indirectly result 

in approximately $55 billion of annual economic loss. FEMA (2008) estimated that 

hurricanes and earthquakes can annually cause direct economic loss of about $5.4 billion and 

$4.4 billion, respectively. The detailed quantitative estimation of casualties and economic 

loss for various hazards are outlined in Li et al. (2012). External hazards can be categorized 

into natural hazards and human induced hazards. Natural hazards include earthquakes, high 

winds (hurricane, cyclone, typhoon, and tornado), floods, wild fires, snow storms, volcanic 

activity, hail, lightning strike, heavy precipitation, and so on. The human induced hazards 

consist of military action, industrial sabotage, terrorist attacks, vehicle collision, aircraft 

crash, etc. This study relates primarily to risk assessment for multiple external natural 

hazards such as those due to earthquakes, high winds, and flooding.   

2. Background 

2.1 Probabilistic risk assessment under multiple hazards 

The comprehensive procedure to calculate the risk metrics under a certain external hazard is 

called as probabilistic safety assessment (PSA) or probabilistic risk assessment (PRA) 

(USNRC, 1983; IAEA, 1992; EPRI, 1994; Ellingwood, 2001). Risk metric for a specific 

hazard is evaluated by convolution of fragility and hazard curve. The hazard curve expresses 

the annual probability of exceedance as a function of the intensity measure employed to 
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characterize the hazard. The fragility curve is expressed in terms of the conditional 

probability of failure as a function of the intensity measure for a given hazard and is 

evaluated by considering uncertainties in the mechanistic model of a component or system 

through the use of empirical, experimental, and/or numerical data. Specifically, US Nuclear 

Regulatory Commission and International Atomic Energy Agency have issued guidelines for 

conducting a full scope PRA (EPRI 1994, IAEA 1992). In this methodology, the plant level 

risk is calculated by a combining the component and subsystem fragility curves through a 

systems analysis. Typically, fault and event trees are used for conducting the systems 

analysis to combine the fragilities and convoluting with the hazard curve. Existing guidelines 

consider each external hazard independently. The existing approach can be applied directly 

to a multi-hazard scenario only under the assumption of statistically independent and 

mutually exclusive events. 

Only a few studies have been conducted to consider multi-hazard scenario in 

structural design or risk-assessment. Ellingwood (2001) proposed a framework to calculate 

risk due to competing hazards based on total probability theorem. Subsequently, Ayyub et al. 

(2007) suggested the critical asset and portfolio risk analysis framework for evaluating risks 

under multiple hazards. Li and Ellingwood (2009) conducted multi-hazard risk assessment 

for wood-frame structures subjected to earthquake and hurricane. Beavers et al. (2009) 

studied the overall risk to bridges due to earthquakes, storm surge, and ship collision. 

Kameshwar and Padgett (2014) proposed a multi-hazard risk assessment for bridges 

subjected to earthquake and hurricane. In all these studies, risk is calculated for each 
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individual hazard using the traditional approach wherein the hazard curve is convoluted with 

the fragility data. The effect of multiple hazards on the overall risk is computed by using the 

total probability theorem. The fundamental assumption in using the total probability theorem 

is that individual hazards are statistically independent, mutually exclusive, and collectively 

exhaustive. Therefore, this approach cannot be used for assessment of risks associated with 

multi-hazard scenarios such as seismically induced internal flooding or flooding induced 

fires in which the undesirable response of the plant to one hazard acts as the initiator of 

another hazard making them correlated events/hazards. 

2.2 Validation of system-level simulation models 

Given the events at Fukushima-Daiichi nuclear power plant, there is an increased emphasis 

on using high fidelity simulation tools to evaluate the vulnerability of nuclear facilities 

subjected to external hazards. Availability of sophisticated computer models capable of 

simulating multi-physics multi-scale phenomena has increased the need for verification and 

validation of such high fidelity simulations. In the current practice of model validation, a 

graphical comparison is employed to determine the degree of agreement between the 

simulation predictions and the actual observations in the component level. The statistical 

approaches using confidence bounds, hypothesis testing and inference have been explored as 

quantitative approaches. In most cases and particularly in nuclear power plants, it is not only 

impractical but almost impossible to conduct system-level experiments. The recommended 

approach for validation of such large-scale system simulations is to use a building block 
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approach (AIAA Guide, 1998; Oberkampf and Smith, 2014). Some studies (Mahadevan and 

Rebba, 2005; Jiang and Mahadevan, 2007) have used reliability and Bayesian statistics to 

validate the computational system model when the system behavior can be characterized by 

mechanics based mathematical equations. A general framework to validate computer model 

for crashworthiness (Bayarri et al., 2005) is based on Bayesian hierarchical modeling. 

Bayesian approach has also been applied to the validation of agent-based simulation 

modeling (Korb et al., 2013). In the context of the various existing studies, the validation 

problem continues to be a challenging one due to few different reasons. First, the existing 

definitions of a quantitative validation metric need significant improvement especially for 

addressing validation problems that have large degree of uncertainties associated with them. 

Second, the existing studies are restricted to problems in which the system level simulation 

model is characterized mathematically. Such a mathematical description is neither available 

nor possible especially for evaluating the performance of nuclear systems subjected to 

external hazards. In addition to these restrictions, current approaches do not identify whether 

or not an improvement in the validation of a given component or subsystem is 

important/critical with respect to system level performance. 

2.3 Equivalent linearization methods in seismic fragility analysis 

Theoretically, a seismic fragility curve can be developed through a large amount of empirical, 

experimental, or simulation data. In reality, the experience or experimental data for large 

systems is usually not available or available in a very limited sense. Therefore, seismic 
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fragility is evaluated by conducting probabilistic simulations in which multiple nonlinear 

time history analyses of a large-scale simulation model are performed at different levels of 

seismic intensity parameter. A large number of computationally rigorous nonlinear time 

history analyses makes this process highly inefficient. Consequently, equivalent linearization 

approach can be highly efficient for calculating seismic fragility. Many equivalent 

linearization methods have been developed over the years. Proppe et al. (2003) and Crandall 

(2006) provide a good summary of existing methods which can be broadly categorized into 

following: 

 Equivalent viscous damping method  

 Elastic strain energy method  

 Empirical method  

 Stochastic linearization method  

 Secant stiffness method  

 Equivalent elastic limit state method 

 

Most researches in equivalent linearization methods have analytically or empirically focused 

on how to linearize the system model by minimizing the average error between the responses 

of nonlinear and the linearized system. In this regard, Tadinada and Gupta (2016) proposed a 

novel concept of equivalent limit-state (ELS) to reduce the computational effort needed in 

such fragility studies. However, their approach considered only a bilinear curve to model 
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nonlinearities. This methodology needs enhancements to account for uncertainties, more 

realistic hysteretic nonlinear models, and effect of non-classical damping. 

2.4 Multi-hazard risk assessment for earthquake and wind in tall building 

The research on the design and retrofit of buildings subjected to multiple hazards of 

earthquake and wind have mostly focused on mitigating the effects of each hazard 

independently which is also implemented in the codes and standards especially in favor of 

designing the building for a single hazard that corresponds to higher load. The premise for 

such an approach is that these two hazards are not dependent or correlated but have strong 

likelihood of occurrence at different times during the lifetime of a structure. Recent studies 

have identified limitations of such an approach. Wen and Kang (2001) illustrate that even if a 

single hazard (earthquake or wind) dominates the design loads, the less dominant hazard can 

contribute significantly to the overall design. Duthinh and Simiu (2009) and Crosti et al. 

(2010) show that ASCE 7-05 requirements are not risk consistent. They illustrate that the 

overall risk for combined earthquake and wind loads in regions susceptible to both strong 

earthquakes and extreme winds can be more than twice of that calculated by considering only 

a single dominant hazard. Subsequently, these studies propose modifications to ASCE 7-05. 

Chen (2012) considered mid- to high-rise buildings to study the inherent wind resistance of a 

building designed for earthquake loads as well as the inherent seismic resistance of a building 

designed for wind loads. It illustrates that certain solutions to ensure safety against a single 

dominant hazard, such as wind, can create competing design objectives with respect to the 
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other hazard, such as earthquake. Li et al. (2012) also shows that the design and retrofit 

strategies to improve a structure’s performance for withstanding a single hazard can make the 

structure more vulnerable to the other non-dominant hazards. 

3. Research Objectives 

The primary objective of this research is to develop a new probabilistic risk assessment (PRA) 

framework for structural systems subjected to multiple hazards. This framework aims to 

amalgamate existing PRA risk assessment approach and the system risk analysis technique of 

Bayesian network including Bayesian inference. Within this PRA framework, a related 

objective is to propose a PRA based model validation method combining the Bayesian 

network based PRA approach with a probabilistic index as a degree of validation in order to 

quantitatively assess and efficiently improve the validation metric of system-level simulation. 

An additional objective is to develop an efficient seismic fragility analysis method for the 

coupled structure-equipment-piping systems in order to reduce the number of nonlinear 

analyses of coupled structural systems under earthquake hazard for calculating the seismic 

fragility curve. Lastly, another objective is to develop a performance-based approach to 

determine whether the performance of a building is governed by a multi-hazard scenario for 

earthquake and high wind loads or only by a single dominant hazard. 
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4. Proposed Research 

The following specific research tasks are proposed to achieve the objectives of this research. 

4.1 Probabilistic risk assessment framework for structural system under multiple 

hazards using Bayesian statistics 

The specific steps needed to address this aspect of the proposed research are: 

 Study the existing PRA methodologies for multiple hazard risk assessment.  

 Identify limitations of the current approaches:  

o Existing studies are conducted for only a single hazard or combine risks from 

multiple hazards by using total probability theorem which considers each hazard 

as a statistically independent mutually exclusive event. Statistical correlations and 

conditional relationships among events and hazards cannot be accounted for in 

existing approaches. 

o  Incorporation of newly observed data or scenario for vulnerabilities beyond 

design basis is not directly possible in existing approaches.  

 Introduce fault tree analysis (FTA) for a system-level reliability or system sequence 

analysis. Some of the limitations in FTA are:  

o It cannot consider uncertainties in basic events. 

o It characterizes relationships between events through logic gates. It cannot 

accommodate newly observed data or vulnerabilities beyond design basis. 
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 Incorporate Bayesian network and Bayesian inference concepts in order to address 

the limitations of current PRA and fault tree analysis.  

 Illustrate the effectiveness of the proposed framework by application to simple 

representative and realistic examples. The purpose would be to illustrate that the 

proposed framework can consider statistical dependencies and correlations among 

events, include the additional information at any level, and even allow analysis for 

vulnerabilities beyond the design basis.  

4.2 PRA based model validation method using Bayesian network 

It is proposed to develop a quantitative approach to validation of high fidelity system-level 

simulations within a risk-informed performance based decision environment. The main tasks 

needed to accomplish the objectives of this research consist of three main phases: (1) 

Probabilistic risk assessment based on Bayesian network and identification of critical 

sequences for the system risk, (2) Select important component-level simulation models 

within the identified critical path from Bayesian network based PRA, (3) Calculate a system-

level quantitative validation metric by introducing the concept of overlapping coefficient. 

Bayesian updating is employed to revalidate by incorporating enhanced simulation results or 

new experimental data. Specific tasks needed in this research are outlined as follows: 

 Study the current model validation approaches. 

 Identify the failure modes for system. 
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 Construct Fault Tree (FT) for system risk analysis. 

 Map fault tree into Bayesian network.  

 Evaluate the upper level risks based on component level risks, and identify the most 

critical scenario/path for the system risk. 

 Select simulation models from the identified critical path. 

 Introduce an overlapping coefficient (OC) as a quantitative validation metric. 

 Calculate OCs at component-level using simulation & experimental data. 

 Establish the relationship between lower level and upper level events using either 

mechanistic models or generating response surface.  

 If new data is available at any levels, update OCs at all levels based on this data.  

 Evaluate system-level OCs by propagating component level fragilities through the 

Bayesian network. 

 Compare the system-level OC with a desired predefined acceptance criterion. 

 Illustrate the effectiveness of this method by application to several examples. 

4.3 Efficient simulation based seismic fragility assessment by using equivalent limit 

state concept and Bayesian updating 

The specific tasks needed to achieve the objectives of this research are:  

 Introduce equivalent limit-state (ELS) concept and Bayesian updating in the context 

of seismic fragility assessment. 
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 Incorporate a numerical model for representing nonlinear hysteretic behavior of 

secondary system. 

 Demonstrate the efficiency of ELS concept using simple coupled systems. 

 In order to generalize the efficiency of ELS concept, consider several different 

coupled systems having different tuning ratios between primary and secondary 

system, nonlinearities, ductility and damping ratios of the secondary system.  

 Propose a modified closed-form equation for ELS.   

 Application of the methodology using the closed-form equation and Bayesian 

updating to increase the efficiency. 

 Demonstrate the effectiveness of the proposed methodology through applications to 

different configurations of primary-secondary systems. Illustrate that the proposed 

methodology can significantly reduce the computational efforts and also arrive at 

accurate seismic fragility curve compared to that calculated from comprehensive 

nonlinear time history analyses. 

4.4 Significance of multi-hazard risk in design of buildings under earthquake and wind 

loads 

In this research, we propose a novel performance-based framework. The proposed 

framework uses (a) site-dependent hazard intensity for a given site, (b) the building 

configuration/height, and (c) performance criteria that governs the design of building for 

each individual hazard. This framework can be used to determine if a particular building 
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structure requires any retrofitting especially in cases where both the earthquake and the wind 

hazards govern the design and performance of a building whose initial design may not have 

necessarily considered such a multi-hazard scenario. In addition, a retrofit strategy using 

energy dissipation devices is introduced and optimal design of these is investigated. The 

specific tasks needed are outlined below: 

 Study the current practice for the design of buildings in a multi-hazard region. 

 Identify the limitations of current approaches.  

 Develop a probabilistic framework that combines the performance functions with the 

multi-hazard intensity measures to enable a graphical representation of the problem. 

 As an application of the proposed framework, consider multiple geographical sites, 

and obtain the design hazard information of earthquake and wind at these sites.  

 Develop the input time history loadings corresponding to design information on 

earthquake and wind hazard.  

 Define a tall building structure as a target structure of interest. 

 Identify the performance limits and formulate the performance functions. 

 Evaluate the performance functions for the designated sites and develop the multiple 

hazard (both earthquake and high wind) based graphical representation for the target 

building structure. 
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 To illustrate the differences in solutions for a multi-hazard risk scenario, two adjacent 

buildings are considered as a target structure and the two buildings are connected by 

supplemental damping devices as a retrofit solution.    

 Finally, compare the optimal damper design considering a single hazard with a multi-

hazard scenario. 

5. Organization 

This dissertation primarily consists of four manuscripts which will be submitted for possible 

publications in peer reviewed journals. The first manuscript (Part II) of the dissertation 

presents the probabilistic risk assessment (PRA) framework for structural systems under 

multiple hazards using Bayesian statistics. The second manuscript (Part III) in this 

dissertation discusses the PRA based model validation method. The third manuscript (Part IV) 

in this dissertation addresses the development of efficient seismic fragility assessment for the 

coupled building-equipment-piping system using equivalent limit state concept. The fourth 

manuscript (Part V) in this dissertation describes the framework for characterizing the 

significance of multi-hazards in design of buildings under earthquake and wind loads. The 

last part (Part VI) of this dissertation gives a summary and conclusions of this research and 

the anticipated future research associated with these topics.  
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ABSTRACT 

Conventional probabilistic risk assessment (PRA) methodologies (USNRC, 1983; IAEA, 

1992; EPRI, 1994; Ellingwood, 2001) conduct risk assessment for different external hazards 

by considering each hazard separately and independent of each other. The risk metric for a 

specific hazard is evaluated by a convolution of the fragility and the hazard curves. The 

fragility curve for basic event is obtained by using empirical, experimental, and/or numerical 

simulation data for a particular hazard. Treating each hazard as an independent mutually 

exclusive event can be inappropriate in some cases as certain hazards are statistically 

correlated or dependent. Examples of such correlated events include but are not limited to 

flooding induced fire, seismically induced internal or external flooding, or even seismically 

induced fire. In the current practice, system level risk and consequence sequences are 

typically calculated using a Fault Tree Analysis (FTA) that uses logic gates to express the 

causative relationship between events. Furthermore, the basic events in an FTA are 

considered as independent. Therefore, conducting a multi-hazard PRA using a Fault Tree is 

quite impractical. In some cases using an FTA to conduct a multi-hazard PRA can even be 

inaccurate because an FTA cannot account for uncertainties in probabilistic distributions of 

basic events by itself and the use of logic gates (“AND” and “OR” gates)  limits the 

consideration of statistical correlations or dependencies between the events. An additional 

limitation of an FTA based PRA lies in its inability to easily accommodate newly observed 

data and calculation of updated risk or accident scenarios under the newly available 
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information. Finally, FTA is not best suited for addressing beyond design basis 

vulnerabilities. In this paper, we present the results from a study on multi-hazard risk 

assessment that is conducted using a Bayesian network (BN) with Bayesian inference. The 

framework can consider general relationships among risks from multiple hazards, allows 

updating by considering the newly available data/information at any level, and evaluate 

scenarios for vulnerabilities due to beyond design bases events. 
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1. Introduction 

In a probabilistic safety assessment (PSA) or probabilistic risk assessment (PRA) (USNRC, 

1983; IAEA, 1992; EPRI, 1994; Ellingwood, 2001), the risk metric for a specific hazard is 

evaluated by convolution of fragility and hazard curves. The hazard curve expresses the 

annual probability of exceedance as a function of the intensity measure employed to 

characterize the hazard. The fragility curve of basic event is expressed in terms of the 

conditional probability of failure as a function of the intensity measure for a given hazard and 

is obtained by considering uncertainties in the available physical model of a component or 

system through the use of empirical, experimental, and/or numerical data. US Nuclear 

Regulatory Commission and International Atomic Energy Agency have issued guidelines for 

conducting a full scope PRA (EPRI 1994, IAEA 1992). In this methodology, the plant level 

risk is calculated by a combining the component and subsystem fragility curves through a 

systems analysis. Typically, fault and event trees are used for conducting the systems 

analysis to combine the fragilities and convoluting with the hazard curve. 

The currently used methodology is focused on addressing the risk associated with 

each external hazard separately. Multi-hazard scenarios have not been considered in a 

traditional PRA study because the possibility of simultaneous occurrence of two different 

extreme events such as earthquake and hurricane or earthquake and floods is extremely rare 

and almost impossible. However, there have been several instances of closely-related 

multiple hazards that have resulted in significant damage or a major disaster. Seismically 
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induced flooding due to tsunami following the great Tohoku earthquake caused the disaster 

at Fukushima Daiichi nuclear plant (Aoki and Rothwell, 2013). One may argue that such a 

multi hazard scenario though very recent is also quite rare and limited to very specific 

regions in the world. On the other hand, there are many instances of significant damage or a 

major disaster due to seismically induced internal flooding such as those due to failure of fire 

piping or tanks in a hospital or other industrial facilities. Seismically induced fires are widely 

acknowledged. Similarly, hurricane induced storm surge flooding and high winds pose 

simultaneously occurring multiple hazards that can have a significant impact on not only the 

design of a nuclear plant but also on the accident management and emergency response.  

Only a limited number of studies have been conducted to consider multi-hazard 

scenario in the design or risk-assessment. Ellingwood (2001) proposed a framework to 

calculate risk due to competing hazards based on total probability theorem. Subsequently, 

Ayyub et al. (2007) suggested the critical asset and portfolio risk analysis framework for 

evaluating risks under multiple hazards. Li and Ellingwood (2009) conducted multi-hazard 

risk assessment for wood-frame structures subjected to earthquake and hurricane. Beavers et 

al. (2009) studied the overall risk to bridges due to earthquakes, storm surge, and ship 

collision. Kameshwar and Padgett (2014) proposed a multi-hazard risk assessment for 

bridges subjected to earthquake and hurricane. The common theme in all these studies is that 

the risk is calculated for each individual hazard using the traditional approach wherein the 

hazard curve is convoluted with the fragility data. The effect of multiple hazards on the 

overall risk is computed by using the total probability theorem.  
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The fundamental assumption in using the total probability theorem is that individual 

hazards are statistically independent, mutually exclusive, and collectively exhaustive. 

Therefore, it cannot be used for assessment of risks associated with multi-hazard scenarios 

such as seismically induced internal flooding or flooding induced fires in which the 

undesirable response of the plant to one hazard acts as the initiator of another hazard making 

them correlated events. It can be argued that a well designed plant should not exhibit such 

failures. Traditional PRAs do not exhibit such correlated events because failures of these 

nature are not encountered in a plant that is well designed to withstand the design basis 

events. On the contrary, identifying and suppressing such events are the primary reason for 

the strong emphasis in recent years on evaluating vulnerability beyond design basis. The 

response of a plant’s structures, systems, and components to beyond design basis events is 

quite different from that to the events at or below the design basis levels. Consequently, there 

is need for developing multi-hazard risk assessment methodologies to account such 

correlated events beyond the design basis levels and to determine a plant’s vulnerability. As 

additional studies are conducted and new data becomes available, such methodologies should 

allow easy and continued updating of plant risk.  

A systems analysis is typically used to consider the various aspects mentioned above. 

Some of the typical tools used for conducting such systems analysis are fault tree analysis 

(FTA), event tree analysis, Petri net, PNET, logic tree, decision tree, etc. Out of these, a 

typical PRA in a nuclear power plant relies heavily on FTA for modeling and assessment of 

system level failure. The system-level failure is typically referred to as the “top event (TE).” 
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A fault-tree based approach can be broadly divided into two parts: (1) a qualitative 

development of the logic diagram which is then used to write an expression for the TE and 

determine the minimal cut-sets; (2) a quantitative evaluation based on probabilities of 

occurrence of basic events to determine the probability of occurrence of the TE (and of any 

intermediate-level events) together with a determination of the importance measure for each 

minimal cut-set. The importance measures are used to identify critical events contributing 

significantly to the probability of system failure and to identify the weak links. A traditional 

implementation of fault-tree analysis is quite static in nature and some of its limitations are: 

(1) it does not allow an explicit consideration of uncertainties in the probabilities of basic 

events, (2) the events are related through logic gates (AND/OR gates) which prohibits 

consideration of statistical dependencies and correlated events, and (3) it was not developed 

to consider and identify updated scenarios due to availability of new data/information 

particularly for events beyond design basis.  

The limitations in FTA mentioned above are generally overcome by combining it 

with other techniques. For example, the uncertainties in basic event probabilities are 

considered by implementing an FTA in conjunction with Monte-Carlo simulation 

(Rasmussen, 1975) or Fuzzy set theory (Tanaka et al., 1983; Singer, 1993; etc.). 

Consideration of the statistical correlations and relationships among events beyond what can 

be represented by logical gates is possible by converting a fault-tree into a Bayesian network 

(BN). The concept of Bayesian Network was developed to directly manage various statistical 

dependencies that cannot otherwise be represented by a fault-tree. Bobbio et al. (2001) 
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proposed the mapping method which converts a fault tree into a corresponding Bayesian 

network (BN). Finally, Bayesian updating has been found to be quite effective for 

accommodating the new data/information (Hamada et al., 2004; Wilson et al., 2007; Kelly 

and Smith, 2009). Consequently, in this paper we explore the use of a Bayesian Network and 

Bayesian Inference based approach for multi-hazard risk assessment so as to account for 

statistical dependencies. The premise is to explore if this framework can allow identification 

of critical events for both the design basis risk as well as for the beyond design basis 

vulnerabilities. Illustrative examples are used to identify differences in possible solutions 

evaluated from the traditional FTA methodology compared to a Bayesian Network based risk 

assessment. 

2. Summary of Current PRA Methodology 

In the current methodology, the overall risk (i.e. annual probability of failure) for an 

individual hazard is evaluated by convolution of hazard curve and the corresponding fragility 

as following: 

 
f f |

dH
P P d

d






      (1) 

in which λ is a hazard intensity parameter, Pf | λ is the fragility curve, and H (λ) represents the 

hazard curve. The hazard curve expresses the probability of annual exceedance in a domain 

of the intensity measure used for characterizing the external hazard. The fragility curve for 
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basic events is obtained by using empirical, experimental, and/or numerical simulation data. 

It represents the conditional probability of failure under each hazard’s intensity. The system-

level risk is calculated by employing either a series-parallel system as a simplistic 

representation of the complete system or by conducting a fault tree analysis in which the 

events are assumed to be statistically independent, mutually exclusive, and collectively 

exhaustive.  

2.1 Probabilistic Hazard Analysis 

In order to develop a hazard curve, the hazard is characterized in terms of an engineering 

design parameter which also characterizes the intensity of the hazard. For example, the 

intensity measures that have been used to characterize earthquake intensities are one or a 

combination of its magnitude (Mw), peak ground acceleration (PGA) or spectral acceleration 

(SA). Similarly, the wind hazard is typically characterized in terms of maximum wind 

velocity and flood hazard by the elevation of water levels for a specified return period. If 

multiple sources can initiate the hazard at a given site, then a probabilistic analysis is 

conducted to identify and integrate the hazard from each source, their relative size, 

propagation characteristics from source to the site, prediction model, etc. The end result is a 

hazard curves (H (λ)). 

Seismic Hazard: The probabilistic seismic hazard analysis (PSHA) focuses on quantifying 

uncertainties in the sources, size, distance, and ground motion characteristics of future 

earthquakes and incorporating this information to produce a complete description of the 
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distribution of possible ground motions that can occur at a site of interest. The end result of 

the PSHA is represented by seismic hazard curves where the annual rates of exceedance are 

plotted against a ground motion intensity parameter such as moment magnitude (Mw), peak 

ground acceleration (PGA) or spectral acceleration (SA). A detailed description for 

conducting PSHA is described in McGuire (2002). The US Geological Survey (USGS, 

http://earthquake.usgs.gov/hazards/products/) provides hazard information and hazard curves 

at any site of interest.  

Wind Hazard: A probabilistic wind hazard analysis (PWHA) expresses the annual rates of 

exceedance with respect to average wind speed during a gust of 3 second or less in the open 

terrain at a 10 m height. A PWHA is based on extrapolation from various return period of 

tropical cyclones (typhoons and hurricanes) and wind field models developed from recorded 

data. The detailed guidelines are represented in IAEA safety guide SSG-18 (IAEA, 2011). 

Specifically for hurricanes, several wind models have been proposed to estimate wind speeds 

corresponding to different return periods. A Weibull distribution is revealed to be an 

appropriate model for hurricane wind speeds (Batts et al., 1980; Georgiou, 1985; Peterka and 

Shahid, 1998; Vickery et al., 2000). Li and Ellingwood (2006) obtained the parameters for 

the Weibull distribution at three different geographical locations namely, southern Florida, 

Charleston, SC, and Boston MA.  

Flood Hazard: A probabilistic flood hazard analysis (PFHA) evaluates the annual 

exceedance probabilities for different external flood severities in terms of a site-specific 

probabilistic model using available data. The hazard curves gives the annual exceedance 

http://earthquake.usgs.gov/hazards/products/
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probabilities with respect to flood levels (median, mean and other confidence levels). The 

various methodologies used for conducting a PFHA can be mainly categorized into two 

groups: the simple statistical methods and the detailed probabilistic methods. The statistical 

methods utilize extrapolation of historical data and estimates probabilities for flood events 

that have annual exceedance of 1e-2 or 5e-3. The detailed probabilistic methods combine 

hydrologic and statistical models as well as the corresponding uncertainties. The detailed 

description for PFHA is given in the IAEA safety guide (IAEA, 2011) and the corresponding 

technical report (IAEA, 2015). 

2.2 Fragility Analysis 

The fragility of a structure, system, or component (SSC) is defined as the conditional failure 

probability, Pf|λ, to attain or exceed a specified performance function, G, under a given 

measure of specific intensity parameter λ. Mathematically, 

 | 0 |fP P G       (2) 

G is a function of the random variables representing uncertainties in material properties, 

physical and mechanistic models, and loading conditions. It can be described in a simplistic 

form as: 

 ,G S R S R      (3) 
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where S represents the “strength” or “capacity” corresponding to the specified loading 

condition and R represents the “maximum response” or “demand” corresponding to the given 

hazard intensity parameter. Eq. (3) can be written in terms of various different approaches 

such as physics or mechanics based models, experimentally obtained data, empirical relations, 

simulations, or a combination of these. The Eq. (3) can then be solved in many different 

ways such as Monte Carlo simulation, First/Second order reliability methods, random 

vibration based approach, statistical inference approach, etc. In most implementations, the 

fragility curves are represented as the cumulative distribution function for a log-normal 

distribution. 

3. Summary of Fault Tree Analysis and Bayesian Representation 

3.1 Fault Tree Analysis (FTA) 

A fault tree diagram is a graphical decomposition of an undesirable event representing 

system failure (denoted as top event TE) into intermediate events and basic events through 

the use of logical gates (AND and OR gates). The basic events are characterized by Boolean 

states that represent “failure” or “safe” states. The basic events are considered to be 

statistically independent as well. The basic events are connected through the logic gates to 

characterize intermediate events which are also connected through the logic gates. 

To begin with, a qualitative evaluation is used to develop the logical expression for 

the TE.  Boolean algebra is used to obtain the minimal cut-sets. The order of a minimal cut-

set is a number of basic events that contributes to the particular minimal cut-set. For 
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illustration purposes, let us consider the example of a simple fault tree shown in Fig. 1. In 

this figure, x1, x2, x3 and x4 represent the four basic events. The IE1 and IE2 are the 

intermediate events produced through combination of basic events by logic gates. Therefore, 

we can write a logical expression for the top event as:    TE x1 x2 x3 x4    . The 

corresponding Boolean algebra is    TE x1 x2 x3 x4     and a total of 3 minimal cut-sets 

exist namely, x1∙x2, x3, and x4. The minimal cut-sets x3 and x4 are of first order and the 

minimal cut-set x1∙x2 is the second order. Finally, a quantitative analysis is conducted to 

compute the probability of occurrence of the TE and determine the importance measure for 

each minimal cut-set. The probability of occurrence of the TE is calculated by using 

following equation:  

 

     

   

1

1 2 3

1

1 2

           

              1

n

i

i

n n n

i i j i j k

i i j i j k

n

n

P TE P M

P M P M M P M M M

P M M M



     



 
  

 

  

  

     (4) 

where M1, M2, …, Mn represents the minimal cut-sets and n is the total number of minimal 

cut-sets. The importance measure (IM) analysis calculates the contribution of the minimal 

cut-sets to the occurrence of TE and accordingly identifies the critical events. Various 

methods for assessing the IMs are: Birnbaum, Criticality, Fussell-Vesely, Risk-Reduction 

Worth and Risk-Achievement Worth measures of importance (Modarres et al., 1999). In this 
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study, the importance measure of minimal cut-set of Fussell-Vesely (1975) is employed 

according to which: 

   iIM F M / F M      (5) 

where F (M) is the total risk from all minimal cut-sets; F (Mi) is the risk from minimal cut-

sets which contain minimal cut-set Mi. These IMs compute the overall percent contributions 

of minimal cut sets to the total risk.  

3.2 Bayesian Network (BN) 

In contrast to a fault-tree, a Bayesian Network (BN), also referred to as a Bayesian Belief 

Network (BBN), is a more general form that can account for the statistical relationships 

among the events. It is a graphical representation of a set of conditionally independent 

assumptions and accordingly requires a joint probability distribution between random 

variables. This generality makes it a powerful tool for the structure/system reliability, risk 

management, accident analysis, artificial intelligence, etc. A Bayesian Network is a directed 

acyclic graph (DAG) which is represented using the nodes (or vertices) represented by circles, 

arrows (or arcs), and the conditional probability table (CPT). Each node defines either a 

discrete or a continuous random variable. In this study, we consider only discrete variables. 

An intermediate node serves as a parent as well as a child node. The nodes which have 

arrows directed to other nodes are parent nodes and nodes that have coming from other nodes 

are called as child nodes A node  that do not have any arrow coming from another node is 
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called as root node and it does not have any parent node. Arrows represent direct 

relationships between interconnected parent and child nodes. The CPTs assigned to nodes 

describe the quantitative relationships between interconnected nodes.  

The BN analysis is basically performed based on the conditional probability as per Eq. 

(6) and conditional independence assumption, i.e. P(x,y|z) = P(x|z) P(y|z) if and only if  

X Y|Z . The joint probability distributions can be expressed using conditional probability 

as: 

   1 2 1 1

1

n

n i i

i
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    (6) 

The conditional independence assumption simplifies Eq. (6) further as: 

    1 2
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    (7) 

Parent (Xi) is parent nodes for Xi; P(Xi | Parent (Xi)) is the CPT of Xi and n is the number of 

nodes in the network. For illustration, let us consider a simple network shown in Fig. 2 in 

which X1, X2, X3 and X5 are the root nodes. X4 is the child node of X1 and X2, and parent node 

of X6 and X7. X6 is the child node of X3 and X4. X7 is the child node of X4 and X5.  

A Bayesian network can also be used as an inference tool to evaluate beliefs of events 

when new information also called as “evidence” becomes available. The evidence is typically 

represented by binary states: occurrence of event by “1” and non-occurrence by “0”. For 

evidence e, the joint probability of all the nodes can be inferred as  
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This equation can be adopted for two types of probabilistic reasoning - the predictive analysis 

as well as updating analysis. 

3.3 Mapping algorithm 

In general, it is not straightforward to start with creating a Bayesian network directly. It is 

relatively much easier to create a fault tree. Therefore, a mapping algorithm is needed to 

transform a fault tree into a Bayesian network. The mapping involves two steps, graphical 

representation and numerical computation. First, all events in a fault tree - the basic, 

intermediate, and top events - are converted into the nodes of Bayesian network. The basic 

events map into the root nodes of a BN and the intermediate events map to child nodes of the 

root nodes. The top event of a fault tree maps into a child node of basic and intermediate 

events. For numerical computation, the probabilities of the basic events in a fault tree are 

assigned to the marginal probabilities of the root nodes of BN. For the intermediate and top 

events of fault tree defined by gates, the CPTs are established at corresponding child nodes of 

BN. For illustration, let us consider the fault tree that was shown in Fig. 1 which is mapped 

into a BN as shown in Fig. 3. The CPTs of IE1 and IE2 nodes of BN which are represented 

as “AND” and “OR” gates in FT are given in tables located besides these nodes. In this 
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Figure, “0” and “1” represent non-occurrence and occurrence of event, respectively. A 

detailed discussion of mapping algorithm is given in Bobbio et al. (2001). It is noteworthy 

that the mapped BN from the fault tree have the specific conditional probabilities consisting 

of binary values 0 and 1, which is a special case of BN. Unlike the fault tree, the BN can be 

extended to more general problem by using non-binary values in the CPT within the same 

BN structure or creating arcs among the nodes for representing the correlation of events. 

Also, though each root node has the binary outcomes, the marginal probability corresponding 

to the either binary value (for example, P(x1 = 1)) can have uncertainties which can be 

represented by an appropriate probability distribution (for example, P(x1 = 1) ~ Normal 

Distribution). Since the root nodes are described by the probability distributions, the other 

nodes are also evaluated as probability distributions after accounting for the CPT relations. 

3.4 Bayesian Inference 

The inference considered by Eq. (8) above is binary in nature. Therefore, Bayes’ theorem or 

Bayesian inference can be employed in accordance with Eq. (9) in order to account for non-

binary data, different levels of discrete data , and uncertainties (Hamada et al., 2004; Wilson 

and Huzurbazar, 2007). 
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 f |p D  is the posterior distribution;  f |D p  is the likelihood function which is also 

expressed as  L ,D p ;  f p  is the prior distribution; p  is the probabilities corresponding to 

root nodes Xi consisting of pX1, pX2, …, pXn; and D  is the data. The prior and posterior 

distributions are typically represented as probability density functions (PDFs). The likelihood 

function to incorporate multi-level discrete data is typically formulated as a binomial 

distribution: 
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where nt is the total number of data corresponding to each event; nf is the number of 

failure/occurrence of each event; n and m are the total number of the basic and intermediate 

events; and pXi, pIEi and pTE are the occurrence probabilities of basic events (Xi), intermediate 

events (IEi) and top events (TE), respectively. 

As the size of the problem increases, the solution of Eq. (9) becomes formidable. In 

such cases, MCMC (Markov Chain Monte Carlo) methods such as Metropolis-Hastings 

algorithm, Slice sampling, Extended Kalman Filter, Gibbs sampling, etc. are employed. In 

this study, we use MCMC method with Gibbs sampling algorithm which is implemented 

through the use of JAGS of R code (Plummer, 2003). For the quantitative convergence 

diagnostics, the Deviance Information Criteria (DIC), auto correlation plot of the samples, 

the effective sample size, Gelman stat, etc. are utilized (Gelman et al., 2014). 
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4. Multi-Hazard PRA and Vulnerabilities Beyond Design Basis 

The Bayesian approaches presented above provide the basis for a very powerful environment 

to conduct PRA studies for multi-hazard scenarios and for exploring vulnerabilities beyond 

design basis. As discussed earlier, a multi-hazard PRA requires consideration of correlated 

events which can be accounted through a Bayesian network. In fact, even a single hazard 

PRA performed in a Bayesian environment can provide greater insights than a conventional 

PRA using a fault-tree approach because it can consider correlations among multiple failure 

modes of various structures, systems, and components (SSC). In addition, any newly 

available data can be easily accommodated through Bayesian inference.  

Assessment of vulnerability beyond design basis is a significant undertaking that 

requires enormous time and cost especially under the conventional PRA approaches. A 

bottom-up approach in a conventional fault-tree cannot be used because different 

components and systems have different degree of margins before failure for loads beyond 

design basis. In fact, much of the information on failure of systems beyond design basis is 

not even available. Many of the past studies have focused on evaluating and improving a 

systems performance at design basis levels. Consequently, a significant effort is needed in 

assessment of vulnerability beyond design basis and the effort may even be impractical as 

such if one has to evaluate the vulnerabilities of each and every component/system in a plant 

in order to determine a plant’s performance for beyond design basis events. It is precisely in 

this context that a Bayesian network together with Bayesian inference can be quite effective 
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in reducing the scope of such exploration. In order to explain this argument further, let us 

consider a Bayesian network shown in Fig. 3. The critical path in this network corresponding 

to the design basis would be very different compared to a critical path for vulnerability 

beyond design basis. However, it is not possible to identify the vulnerability related critical 

path in bottom-up approach without a complete understanding of how each component and 

system performs for loads beyond design basis. Yet, a Bayesian approach can use a top-down 

approach to determine the critical path, i.e. a vulnerability of the plant can be characterized as 

the occurrence of TE even if we do not know the path that leads to the TE. The probability of 

the TE to occur in such a scenario is equal to unity. With this as the starting point (available 

information), Bayesian inference can be employed to traverse from top to down in the 

network and identify the critical path that leads to this condition. Identification of the new 

critical path can then help engineers and decision makers in focusing their effort to determine 

the true vulnerabilities or the performance of components and systems that lie on this critical 

path. Once this information is available then the process can be repeated. 

5. Application Examples 

5.1 Enhancements to a Single Hazard PRA 

In this section, we use a simple representative example to illustrate the benefits of using a 

Bayesian framework for a single-hazard PRA. For this purpose, we consider a building-

piping structural system subjected to an earthquake. In order to consider the probabilistic 

hazard information, the location for this site is taken as Charleston, SC. The reason to select 
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this location is because it has significantly higher hazards due to earthquakes as well as high 

winds during hurricanes and flooding due to storm surges. The location serves as a good 

selection for consideration of multiple hazards which is discussed in the next section. For 

simplicity, we consider a low-rise building structure, safety-related equipment, piping 

supports, and piping joints in this model. A total of four basic failure modes are considered: 

(i) Building failure is governed by “excessive story drift,” (event denoted by C1), (ii) loss of 

circulation due to failure of safety related equipment such as a pump (event denoted by C2), 

(iii) loss of coolant from piping initiated by failure of pipe supports (denoted by event C3), 

and (iv) loss of coolant from piping due to leakage at pipe joints (denoted by event C4). Fig. 

4 shows the fault tree for this scenario. As seen in this figure, the two intermediate events are 

defined as: Loss of circulation (IE1) and Loss of coolant (IE2). The system failure (S) is 

defined with respect to IE1 and IE2. 

The probabilistic seismic hazard curves for Charleston, SC are calculated in 

accordance with the methodology described in section 2.1 and shown in Fig. 5. As seen in 

this figure, the annual probability of exceedance is calculated in terms of spectral 

accelerations at two different periods T = 0.2 seconds and T = 0 seconds which is 

representative of the peak ground acceleration (PGA). The mean seismic fragility curves for 

all four basic events C1, C2, C3 and C4 are assumed to follow log-normal distributions. 

Event C1 is characterized by spectral acceleration at T = 0.2 seconds which corresponds to 

the natural period of oscillation for the building structure. The median and logarithmic 

standard deviation for the lognormal distribution of C1 are taken as 2.0g and 0.5, respectively, 
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based on the information provided in (Li and Ellingwood, 2009). For the remaining three 

basic events (C2, C3, and C4), the fragility is characterized in terms of lognormal 

distributions for PGA values. Event C2 has am = 1.6 g and  = 0.35, C3 is characterized as 

LN(am = 2.0g, = 0.5) and C4 as LN(am = 0.5g, = 0.55) in accordance with Ju and Gupta 

(2015), respectively. In practice, the fragility information is developed for a specific plant 

based on actual analysis of plant’s SSC. In this study, the fragility information given above is 

taken from prior studies on such systems conducted by other researchers (Li and Ellingwood, 

2009; Ju and Gupta, 2015). The seismic hazard curves and the fragility information together 

can be used to calculate the mean risks associated with the four basic events as per Eq. (1). 

The risk for C1 is calculated as 0.000310, for C2 as 0.000200, for C3 as 0.000163 and for C4 

as 0.000727. In addition to the mean annual risk values, the uncertainties are considered by 

treating the annual risk values to be normally distributed with c.o.v. for each event being 0.3. 

To begin with, a conventional fault tree analysis is conducted by using only the mean 

risk values for basic events. The logical expression for event S of this fault tree is given by 

   1 2 3 4S C C C C     and the corresponding Boolean expression is

   1 2 3 4S C C C C    . The mean risk of S calculated using Eq. (4) is 0.0014. The risks 

for intermediate events IE1 and IE2 and the importance measures (IMs) of minimal cut-sets 

computed using Eq. (5) are summarized in Table 1. As seen in this table, the critical basic 

event contributing to the overall risk of S is the basic event C4. Next, we consider 

uncertainties in the fault tree analysis through the use of MCMC method (Gibbs sampling as 
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implemented in JAGS in R). A total of 100,000 samples are used including 10,000 burn-in 

samples. The results are summarized in Table 1. 

Verification using Boolean Relationships: Next, we create a Bayesian network for this 

application example by using the mapping algorithm presented in section 3.3. Fig. 6 shows 

the corresponding Bayesian network along with the CPT information for each arc. The 

distributions of all events are calculated using MCMC. To being with, the CPTs are all 

Boolean in nature and there the Bayesian network gives exactly the same results as those 

obtained from the fault tree analysis. 

Effect of Non-Boolean Relationships: Once the Bayesian network with Boolean values of 

CPTs is verified by comparison with corresponding fault tree analysis, we illustrate the effect 

of considering non Boolean information through CPTs. Let us consider certain scenarios to 

do so. The basic event C1 which represents excessive story drift may not necessarily 

represent a system failure in certainty but rather only partially. In some cases, failure of 

structure through excessive story drift may not result in any loss of coolant or loss of 

circulation. Similarly, the basic event of support failure in piping (C3) may not necessarily 

result in a loss of coolant or circulation because a piping systems often have redundant 

supports and failure of one support may not directly influence in any loss of coolant or 

circulation. In addition, while a loss of circulation (IE1) effects cooling, it would not 

necessarily result in a system failure as partial circulation can continue for a certain time 

thereby giving ample time for undertaking actions to remedy the problem. This information 

or scenarios can be directly incorporated in a Bayesian network by adjusting the CPTs. Fig. 7 
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gives modified values of CPTs taken in this study to represent these non Boolean scenarios. 

The distribution of risk calculated for each event in this case along with the 95% confidence 

limit is given in Table 2. Fig. 8 compares the PDF and CDF of system level risk calculated in 

this case with that calculated from the fault tree analysis. It can be seen that the mean risk 

calculated from this modified Bayesian network is less than that corresponding value from 

the fault tree analysis. The mean risk from the Bayesian analysis is about 0.00107 compared 

to the 0.00140 from the fault tree analysis. However, the coefficient of variation increases to 

0.21 compared to 0.18 from the fault tree analysis. Risk goals are typically defined by a high 

confidence low probability of failure (HCLPF) value which is defined as 5% probability of 

failure at the 95% confidence level. The HCLPF value calculated from the Bayesian analysis 

is 0.00033 compared to 0.00058 from the fault tree analysis. 

Effect of Correlated Events:  Next, we illustrate the effect of correlations among basic events. 

The scenario considered in this study represents a situation wherein a possibility exist that the 

event C1 which represents excessive story drift can also lead to a failure of pipe support 

attached to the particular story. Therefore, event C3 is then initiated by and correlated to 

event C1. In addition, a failure of pipe support can results in large deformations at pipe joints 

leading to a leakage failure which is represented by event C4. This scenario can be 

investigated by considering a correlation between events C3 and C4. The modified Bayesian 

network with additional dependencies and the corresponding CPTs are shown in Fig. 9. The 

information on distributions calculated for all the nodes of the modified network is given in 

Table 3. The PDF and CDF of system level risk as calculated from the modified network are 
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compared to the original values calculated from the fault tree analysis in Fig. 10. As seen in 

Fig. 10, the differences between the two sets of results increase significantly. The mean risk, 

c.o.v. and HCLPF for system failure in this case are 0.000583, 0.23, and 0.00015, 

respectively. 

Updating to Incorporate New Data: Lastly, we illustrate the concept of updating to 

incorporate new data into a PRA. For this purpose, we start with the Bayesian network 

shown in Fig. 6. Let us consider that new data is available on the performance of this system 

through any of a multiple possible sources such as experiments, simulation studies, or even 

experience data. The new data is characterized in terms of failure rates for intermediate event 

IE1 and the corresponding system failure S. We assume that IE1 failure occurs about twice in 

a 40 year of operating experience and S occurs only once over the same period. This 

additional information is incorporated into the Bayesian network by using Bayesian inference 

and updating the prior distributions for all events. Given this data, the likelihood function of 

Eq. (10) takes the following form: 

     
38 392 1

1 11 1IE IE S sL , p p p p  D p    (11) 

where pIE1 is the risk of IE1, and ps is the risk of S. Table 4 provides a summary of the 

posterior distributions. Fig. 11 shows the prior and posterior distributions for system failure. 

It is observed that the mean risk is increased and uncertainties are reduced due to the 

additional evidence. The mean risk, c.o.v. and HCLPF for system failure in this case are 

0.000149, 0.16, and 0.00068, respectively. 



   

 

43 

 

5.2 Application to Multi-Hazard PRA 

In this section, we consider the same building-piping system as discussed for a single hazard 

PRA but we consider that it exhibits multiple hazards due to earthquake, hurricane winds, 

and flooding loads. The fault tree for the multi-hazard scenario is shown Fig. 12. The mean 

wind hazard curves for Charleston, SC are shown in Fig. 13. The mean wind fragility curves 

of basic events B1, B2 and B3 are assumed to follow lognormal distributions having medians 

and logarithmic standard deviations as LN(am = 68, = 0.15), LN(am = 45, = 0.08), and 

LN(am = 50, = 0.12), respectively. Computation of the mean wind hazard curve and 

fragilities is described in details by Li and Ellingwood (2006). For flooding risk, US Bureau 

of Reclamation for Dams (1998) provides the risks associated with various failure modes in 

dams as evaluated from risk studies and using historical data. In this study, we adopt these 

risk values which in turn serve as the flooding hazard initiated by the failure of a flood 

defense structure nearby or a dam upstream of a plant. Since other events such as pump, 

sump, battery components, etc. are not related to the specific hazard and fragility, these risks 

are represented as annual failure probabilities. The mean annual risks for all basic events are 

given in parenthesis under the event labels in Fig. 12. The c.o.v. for each normally distributed 

event is taken as 0.3. 

To begin with, the conventional FTA not considering the uncertainties but using 

mean risks of basic events is executed. The qualitative approach of FTA obtains total 18 

minimal cut-sets as A1, A2, A3, A4, A5, A6∙A7, A8, A9, A10∙A11, B1, B2∙B3, C1∙C2∙C3, 
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C1∙C2∙C4, C5, C6, C7, C8 and C9. The quantitative approach of FTA evaluates the mean 

risk of S as about 0.0302. The importance measures (IMs) of minimal cut-sets are 

summarized in Table 5. From the IM results, we can determine the critical minimal cut-sets 

contributing risk of S most as A10∙A11. Then, the Bayesian network is constructed for the 

scenario of system risk of this structure under multiple hazards as shown in Fig. 14. The 

developed BN is exactly matched to fault tree of Fig. 12 as we define the CPTs of 

intermediate nodes to just express logic gates of the FTA. So, this BN produces the same 

results of FTA considering uncertainties. The detailed results of this including the scenarios 

of the non-Boolean relation and having new additional data are represented in the Appendix.  

Vulnerability Beyond Design: Next, we illustrate the concept to using the updating to identify 

critical events that are most likely to result in a system level vulnerability. This can be 

accommodated by simply starting with the assumption that the system failure occurs which 

can be represented by the probability for event S to be equal to unity. Starting with this 

information, updating is performed to calculate the posterior distributions. The posterior 

mean risks for this example are summarized in Table 6 and the modified importance 

measures of minimal cut-sets induced from this accident are given in Table 7 which can then 

be used to identify the most critical event and accordingly evaluate the scenarios for 

vulnerabilities due to beyond design bases events. Fig. 15 graphically illustrates the critical 

path and corresponding events under this accident scenario. As shown in this figure, the red 

solid lines and circles represent critical path for vulnerability beyond design basis which is 

different from the critical path for the design basis condition which is shown with blue 
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dashed lines and circles. Specifically, we can see that the identified critical path and events of 

A10·A11 under the design event are changed to the other critical scenario and event of B1 

under the beyond design basis accident. It means that there is most likely that the earthquake 

induces the failure in system during design condition, but under the beyond design accident 

situation, the hurricane causes the system failure. This also makes the important components 

for system risk be different. Accordingly, for the design purpose, the risks of pumps of piping 

triggered from an earthquake event (A10 and A11) are the most important, but for the 

accident situation perspective, the risk of failure of roof structure caused by a hurricane 

hazard (B1) is the most significant. This information can be finally used for the plan for 

mitigating the system risk subjected to multiple external hazards. This scenario under the 

beyond design accident is the one that the conventional FTA can never discover. 

Correlated multi-hazard - seismically induced internal flooding scenario: Lastly, we discuss 

the scenario that the pipe break induced from the seismic event initiates the internal flooding. 

This correlated multi-hazard scenario .i.e. seismically induced internal flooding can be easily 

captured within the graphical representation of BN. The Fig. 16 illustrates this scenario by 

creating arcs between (1) A8 and C1, (2) AI3 and C2, and (3) AI3 and C5, and defining the 

corresponding CPTs. The reason that this representation is quite plausible is that the piping 

joint leakage failure caused form the earthquake (A8) can firstly bring about the water 

intrusion to the basement sump system (C1), and subsequently the EDG failure can induce 

the primary pump failure (C2) and the event that exceeds pump capacity (C5). This 

additional correlation information representing the seismic induced internal flooding scenario 
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can be only realized within the BN formulation. Fig. 17 compares the PDF for the risk of 

basement flooding event (CI5) from FT and BN. The PDF and CDF of system level risk as 

calculated from the BN are compared to the original values calculated from the FT analysis 

in Fig. 18. It is observed that the mean risk of the basement flooding and system level risk is 

increased due to the additional scenario of seismically induced internal flooding. The mean 

risk, c.o.v. and HCLPF for system failure considering this scenario are 0.0331, 0.09, and 

0.0229, respectively. 

6. Conclusions 

This study focuses on the development of Bayesian framework for Probabilistic Risk 

Assessment (PRA) of structural systems under multiple hazards. The concepts of Bayesian 

network and Bayesian inference are combined by mapping the traditionally used fault trees 

into a Bayesian network. Unlike traditional fault tree analysis, such a mapping allows for 

consideration of dependencies as well as correlations between events. This is essential in risk 

assessment for multi-hazard scenarios especially when correlated events are possible. 

Furthermore, Bayesian inference facilitates updating of prior information of all events based 

on new information or data that might become available from experimental studies, field 

observations, or high fidelity simulations. The primary conclusion of this study can be 

summarized as: 



   

 

47 

 

 The proposed Bayesian framework can consider statistical dependencies and 

correlations among different events and hazards in a relatively straightforward 

manner.  

 Consideration of correlated events in the Bayesian framework allows appropriate 

treatment of multi-hazard scenarios.  

 Application to simple examples for single as well as multi-hazard scenarios illustrate 

that consideration of dependencies and correlations can result in a reduction of overall 

risk estimates both for mean as well as HCLPF values.  

 Incorporation of Bayesian inference permits a novel way for exploration of 

vulnerability beyond design events.  

 The proposed approach for vulnerability beyond design basis assists in identification 

of events and the corresponding SSC that would lie on a critical path with respect to 

system level vulnerability.  

 The critical path for vulnerability beyond design basis can be quite different from that 

corresponding to the design basis as calculated from a conventional PRA. Availability 

of this information can be quite useful in managing the costs without compromising 

the safety by restricting additional studies on vulnerability to the SSC on critical path. 
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Appendix: Additional Scenarios in Example 2 

Verification using Boolean Relationships: Table A-1 presents the distribution information of 

intermediate and system nodes of Bayesian network (BN) constructed by the fault tree of Fig. 

12 and mapping algorithm. This case accounts for the uncertainties of basic events.  The 

analysis is performed using MCMC. The result of this is observed as same as the mean risk 

of system failure of fault tree analysis (FTA) represented in section 5.2.  

Effect of Non-Boolean Relationships: Let us think about the scenario which FTA cannot 

characterize. In this case of the example, EQ induced failure (AI8), Wind induced failure 

(BI2) and Flood induced failure (CI7) can influence the system failure in part since the basis 

events of these cannot endanger a complete failure in the system. For example, the excessive 

story drifts of the system (A2) cannot directly lead to the loss of system function. The 

functional failure caused from wind (BI1) does not mean the system failure related to the 

safety function of system. The flood defense structure failure (CI6) cannot also bring the 

entire damage to the system. This information is only incorporated into the BN by adjusting 

the CPT of S node. Table A-2 shows the defined CPT of S node which can describe the 

scenario above. The distribution information of intermediate and system nodes of BN of this 

case is calculated in Table A-3. Specifically,  Fig. A-1 compares the PDF and CDF of risk of 

system failure (S) from FTA and BN. This figure illustrates that the mean risks and HCLPF 

of system failure of BN results is reduced compared to those of FTA results since BN reflects 

the additional scenario the FTA could not handle. 



   

 

53 

 

Updating to Incorporate New Data: Let us suppose that we have multi-level binomial 

discrete data of Table A-4 in BN not considering the effect of non-Boolean relationship. This 

additional information is incorporated into the BN by associating Bayesian inference and 

updates the prior distributions of all events. Given these data, the likelihood has the form by 

using following equation: 

       

   

39 39 371 1 3

A8 A8 AI8 AI8 BI2 BI2

39 351 5

CI7 CI7 S S

1 1 1

                1 1

L , p p p p p p

p p p p

   

 

D p
  (A-1) 

where pA8, pAI8, pBI2, pCI7 and pS are the risks of A8, AI8, BI2, CI7, and S, respectively. Table 

A-5 provides a numerical summary of the posterior distributions. Fig. A-2 shows the prior 

and posterior distributions of the event of system failure. It is observed that the mean risk is 

increased due to newly observed data of Table A-4.  
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Table 1: Risks, importance measures, statistics of events for FTA 

Minimal  

cut-sets 

/ 

Events 

Conventional FTA 

not considering 

uncertainties 

FTA considering uncertainties 

Mean risks IM (%)  Mean risks 
Standard 

Deviation 
c.o.v 95% CI 

C1 0.000310 22 0.000309 9.305e-05 0.30 0.000364 

C2 0.000200 14 0.000200 6.003e-05 0.30 0.000235 

C3 0.000163 12 0.000163 4.891e-05 0.30 0.000192 

C4 0.000727 52 0.000728 2.181e-04 0.30 0.000856 

IE1 0.000510 - 0.000509 1.107e-04 0.22 0.000435 

IE2 0.000890 - 0.000891 2.233e-04 0.25 0.000876 

S 0.001399 - 0.001400 2.492e-04 0.18 0.000976 
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Table 2: Risks and statistics of events for BN, effect of non-Boolean events 

Basic 

Events 
Mean risks Standard Deviation c.o.v 95% CI 

C1 0.000310 9.29e-05 0.30 0.000365 

C2 0.000200 6.00e-05 0.30 0.000236 

C3 0.000163 4.89e-05 0.30 0.000192 

C4 0.000727 2.19e-04 0.30 0.000855 

IE1 0.000262 6.29e-05 0.24 0.000246 

IE2 0.000841 2.21e-04 0.26 0.000867 

S 0.001077 2.28e-04 0.21 0.000892 

 

 

Table 3: Risks and statistics of events for BN, effect of correlated events 

Basic 

Events 
Mean risks Standard Deviation c.o.v 95% CI 

C1 0.000310 9.36e-05 0.30 0.000366 

C2 0.000200 6.01e-05 0.30 0.000236 

C3 0.000217 6.55e-05 0.30 0.000256 

C4 0.000195 5.89e-05 0.30 0.000231 

IE1 0.000262 6.30e-05 0.24 0.000248 

IE2 0.000347 1.05e-04 0.30 0.000410 

S 0.000583 1.33e-04 0.23 0.000523 
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Table 4: Risks and statistics of events for BN, influence of updating 

Basic 

Events 
Mean risks Standard Deviation c.o.v 95% CI 

C1 0.000347 9.03e-05 0.26 0.000354 

C2 0.000215 5.91e-05 0.27 0.000232 

C3 0.000164 4.88e-05 0.30 0.000192 

C4 0.000759 2.16e-04 0.28 0.000851 

IE1 0.000562 1.06e-04 0.19 0.000416 

IE2 0.000923 2.21e-04 0.24 0.000869 

S 0.001485 2.44e-04 0.16 0.000954 
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Table 5: IMs of minimal cut-sets, multi-hazard example 

Minimal Cut-set Probability IM (%) 

A1 0.00125 4.1 

A2 0.00031 1.0 

A3 0.001 3.3 

A4 0.001 3.3 

A5 0.001 3.3 

A6·A7 0.01∙0.01 0.3 

A8 0.00073 2.4 

A9 0.00016 0.5 

A10·A11 0.09∙0.09 26.5 

B1 0.0076 24.8 

B2·B3 0.076∙0.049 12.2 

C1·C2·C3 0.1∙0.01∙0.005 0.02 

C1·C2·C4 0.1∙0.01∙0.05 0.2 

C5 0.001 3.3 

C6 6.38e-6 0.02 

C7 3.52e-5 0.1 

C8 0.00319 10.4 

C9 0.00134 4.4 
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Table 6: Mean risks of events for BN, multi-hazard example 

Basic 

Events 
A1 A2 A3 A4 A5 A6 A7 A8 A9 A10 

Mean 

risks 
0.04 0.01 0.03 0.03 0.03 0.01 0.01 0.02 0.01 0.33 

Basic 

Events 
A11 B1 B2 B3 C1 C2 C3 C4 C5 C6 

Mean 

risks 
0.33 0.25 0.19 0.16 0.10 0.01 0.01 0.05 0.03 2e-4 

Basic 

Events 
C7 C8 C9 - - - - - - - 

Mean 

risks 
1e-3 0.11 0.04        

Inter. 

Events 
AI1 AI2 AI3 AI4 AI5 AI6 AI7 AI8 BI1 BI2 

Mean 

risks 
0.07 0.27 0.10 0.003 0.30 0.05 0.40 0.45 0.12 0.37 

Inter. 

Events 
CI1 CI2 CI3 CI4 CI5 CI6 CI7 S - - 

Mean 

risks 
0.06 0.002 0.001 0.15 0.03 0.15 0.19 1.00   
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Table 7: IMs of minimal cut-sets, vulnerability beyond design basis in multi-hazard example 

Minimal Cut-set Probability IM (%) 

A1 0.0400 5.4 

A2 0.0100 1.4 

A3 0.0300 4.1 

A4 0.0300 4.1 

A5 0.0300 4.1 

A6·A7 0.0001 0.01 

A8 0.0200 2.7 

A9 0.0100 1.4 

A10·A11 0.1089 14.7 

B1 0.2500 33.8 

B2·B3 0.0304 4.1 

C1·C2·C3 1e-5 0.001 

C1·C2·C4 0.0001 0.01 

C5 0.0300 4.1 

C6 0.0002 0.03 

C7 0.0010 0.1 

C8 0.1100 14.9 

C9 0.0400 5.4 
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Table A-1: Risks and statistics of events for BN, Boolean relation 

Intermediate Events Mean risks 
Standard 

Deviation 
c.o.v 95% CI 

AI1 0.001997  4.23E-04 0.21  0.001659  

AI2 0.008098  3.81E-04 0.05  0.001487  

AI3 0.002996  5.16E-04 0.17  0.002016  

AI4 0.000100  4.32E-05 0.43  0.000168  

AI5 0.008980  4.41E-04 0.05  0.001729  

AI6 0.001558  3.88E-04 0.25  0.001521  

AI7 0.012047  6.76E-04 0.06  0.002643  

AI8 0.013587  7.76E-04 0.06  0.003040  

BI1 0.003718  1.61E-03 0.43  0.006264  

BI2 0.011285  2.79E-03 0.25  0.010944  

CI1 0.054680  1.51E-02 0.28  0.059086  

CI2 0.000055  2.89E-05 0.53  0.000112  

CI3 0.000042  1.08E-05 0.26  0.000042  

CI4 0.004528  1.04E-03 0.23  0.004071  

CI5 0.001056  3.01E-04 0.29  0.001181  

CI6 0.004569  1.04E-03 0.23  0.004069  

CI7 0.005620  1.08E-03 0.19  0.004226  

S 0.030199  3.02E-03 0.10  0.011895  
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Table A-2: CPT of S node of BN 

AI8  BI2  CI7  P(S=1 | AI8, BI2, CI7)  P(S=0 | AI8, BI2, CI7) 

0  0  0  0  1  

1  0  0  0.8  0.2  

0  1  0  0.5  0.5  

0  0  1  0.6  0.4  

1  1  0  0.9  0.2·0.4 = 0.08  

1  0  1  0.92  0.2·0.4 = 0.08 

0  1  1  0.80  0.5·0.4 = 0.20  

1  1  1  0.96  0.2·0.5·0.4 = 0.04  
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Table A-3: Risks and statistics of events for BN, Non-Boolean relation 

Intermediate Events Mean risks 
Standard 

Deviation 
c.o.v 95% CI 

AI1 0.002000  4.22E-04 0.21  0.001655  

AI2 0.008086  3.50E-03 0.43  0.013562  

AI3 0.002997  5.18E-04 0.17  0.002032  

AI4 0.000100  4.33E-05 0.43  0.000168  

AI5 0.008968  3.51E-03 0.39  0.013590  

AI6 0.001559  3.87E-04 0.25  0.001514  

AI7 0.012038  3.54E-03 0.29  0.013673  

AI8 0.013578  3.55E-03 0.26  0.013775  

BI1 0.003728  1.62E-03 0.43  0.006282  

BI2 0.011298  2.78E-03 0.25  0.010942  

CI1 0.054782  1.50E-02 0.27  0.058956  

CI2 0.000055  2.87E-05 0.53  0.000110  

CI3 0.000042  1.07E-05 0.26  0.000042  

CI4 0.004533  1.04E-03 0.23  0.004064  

CI5 0.001056  3.02E-04 0.29  0.001184  

CI6 0.004574  1.04E-03 0.23  0.004066  

CI7 0.005626  1.08E-03 0.19  0.004230  

S 0.019770  3.19E-03 0.16  0.012516  

 

Table A-4: Observation of failures, multi-hazard example 

 
S AI8 A8 BI2 CI7 

Observation 

(/year) 
5/40 1/40 1/40 3/40 1/40 
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Table A-5: Risks and statistics of events for BN, incorporating new data in multi-hazard 

example 

Intermediate Events Mean risks 
Standard 

Deviation 
c.o.v 95% CI 

AI1 0.002019  4.25E-04 0.21  0.001662  

AI2 0.009917  3.81E-03 0.38  0.014837  

AI3 0.003027  5.19E-04 0.17  0.002028  

AI4 0.000100  4.35E-05 0.43  0.000169  

AI5 0.010868  3.81E-03 0.35  0.014840  

AI6 0.001577  3.87E-04 0.25  0.001521  

AI7 0.013961  3.83E-03 0.27  0.014879  

AI8 0.015516  3.84E-03 0.25  0.014896  

BI1 0.004587  1.81E-03 0.39  0.007024  

BI2 0.013672  2.68E-03 0.20  0.010494  

CI1 0.054870  1.51E-02 0.28  0.059133  

CI2 0.000055  2.89E-05 0.53  0.000111  

CI3 0.000042  1.07E-05 0.26  0.000042  

CI4 0.004794  1.02E-03 0.21  0.003984  

CI5 0.001076  3.01E-04 0.28  0.001180  

CI6 0.004835  1.02E-03 0.21  0.003983  

CI7 0.005906  1.06E-03 0.18  0.004141  

S 0.034712  4.58E-03 0.13  0.017946  
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Fig. 1. An example of simple fault tree (FT) 

 

Fig. 2. An example of simple Bayesian network (BN) 
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Fig. 3. BN for FT example of Fig. 1 using mapping algorithm 

  

TE

IE1 IE2

x1 x2 x3 x4

x3 x4 P(IE2=1|x3, x4)

0 0 0

0 1 1

1 0 1

1 1 1

CPT of IE2: “OR” Node

x1 x2 P(IE1=1|x1, x2)

0 0 0

0 1 0

1 0 0

1 1 1

CPT of IE1: “AND” Node



   

 

66 

 

 

 

Fig. 4. Fault tree of building-piping structure system risk under an earthquake event 
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Fig. 5. Mean seismic hazard curves at Charleston (T = 0s and T = 0.2s) 
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Fig. 6. BN corresponding to FT of Fig. 4 
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Fig. 7. BN incorporating additional scenario 
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(a) PDF 

 
(b) CDF with 5 % and 95 % confidence level 

 

Fig. 8. PDF and CDF of risk of system failure from FTA and BN, single hazard example 
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Fig. 9. BN for additional correlation information 
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(a) PDF 

 
(b) CDF with 5 % and 95 % confidence level 

 

Fig. 10. PDF and CDF of risk of system failure from FTA and BN 
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(a) PDF 

 
(b) CDF with 5 % and 95 % confidence level 

 

Fig. 11. Prior and posterior distributions of the event of system failure with additional 

information
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Fig. 12. FT of building-piping structure system risk under multiple hazards 
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Fig. 13. Wind hazard curves at Charleston 
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Fig. 14. BN corresponding to FT of Fig. 12 
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Fig. 15. Scenarios for vulnerabilities due to beyond design basis event 
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Fig. 16. Scenarios for seismically induced internal flooding 
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Fig. 17. PDF of risk of basement flooding event (CI5) from FT and BN considering 

seismically induced flooding scenario 
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(a) PDF 

 
(b) CDF with 5 % and 95 % confidence level 

 
Fig. 18. PDF and CDF of risk of system failure from FT and BN considering seismically 

induced flooding scenario 
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(a) PDF 

 
(b) CDF with 5 % and 95 % confidence level 

 

Fig. A-1. PDF and CDF of risk of system failure from FTA and BN (non-Boolean relation) 

0 0.01 0.02 0.03 0.04 0.05 0.06
0

2

4

6

8
x 10

-3

Risk

P
D

F

 

 

BN

FT

0 0.01 0.02 0.03 0.04 0.05 0.06
0

0.2

0.4

0.6

0.8

1

Risk

C
D

F

 

 

BN

FT

BN CL

FT CL



 

 

82 

 

 
(a) PDF 

 
(b) CDF with 5 % and 95 % confidence level 

 
Fig. A-2. Prior and posterior distributions of the event of system failure with additional 

information 
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PART III 

PROBABILISTIC RISK ASSESSMENT BASED MODEL VALIDATION METHOD 

USING BAYESIAN NETWORK  

Shinyoung Kwag and Abhinav Gupta 
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ABSTRACT 

Past few decades have seen a rapid growth in the availability of computational power and 

that induces continually reducing cost of simulation. This rapidly changing scenario together 

with availability of high precision and large-scale experimental data has enabled 

development of high fidelity simulation tools capable of simulating multi-physics multi-scale 

phenomenon. At the same time, there has been an increased emphasis on developing 

strategies for validation and verification of such high fidelity simulation tools. The problem 

is more pronounced in cases where it is not possible to collect experimental data or field 

measurements on a large-scale or full scale system performance. This is particularly true in 

case of systems such as nuclear power plants subjected to external hazards such as 

earthquakes. In such cases, engineers rely solely on simulation tools but struggle to establish 

the validity of the system level simulations. Most validation approaches rely heavily on 

expert elicitation. There is an increasing need of a quantitative approach for validation of 

high fidelity simulations that is consistent, efficient, and effective. A validation approach 

should be able to consider uncertainties due to inherent lack of knowledge and randomness in 

the system’s performance as well as in the characterization of external hazard.  A new 

approach to validation is presented in this paper that uses a probabilistic index as a degree of 

validation and propagates it through the system using the performance-based probabilistic 

risk assessment (PRA) framework. Unlike traditional PRA approaches, it utilizes the power 

of Bayesian statistic to account for non-Boolean relationships and correlations among events 



 

 

85 

 

at various levels of a network representation of the system. Bayesian updating facilitates 

evaluation of updated validation information as additional data from experimental 

observations or improved simulations is incorporated. PRA based framework assists in 

identifying risk-consistent events and critical path for appropriate allocation of resources to 

improve the validation. 

 

  



 

 

86 

 

1. Introduction 

Given the events at Fukushima-Daiichi nuclear power plant, there is an increased emphasis 

on using high fidelity simulation tools to evaluate the vulnerability of nuclear facilities 

subjected to external hazards. Availability of sophisticated computer models capable of 

simulating multi-physics multi-scale phenomena has increased the need for verification and 

validation of such high fidelity simulations. Among the many challenges in this process, the 

two primary ones are: (1) lack of relevant plant-level data needed for validation of high-

fidelity simulations, and (2) non-availability of a rational, consistent, and quantitative 

approach for validation. While first item above is essential in any validation effort, it is 

usually restricted by high cost of collecting such data and in some cases inability to conduct 

large-scale experiments. The confidence in high-fidelity simulations decreases due to 

excessive reliance on expert opinion for establishing the acceptability of high simulation 

models. 

The uncertainties due to inherent randomness and lack of knowledge about real 

physical complex systems as well as natural hazards pose significant challenges to the model 

validation assessment. Fidelity of a system-level computer simulation model is difficult to 

assess even though a model for each component of the system can be individually validated 

with available component-level data. The quantitative system-level validation process 

involves a validation at component level, establish the degree of validation in each case, 

determine a relationship between component-level and system-level performance, and finally 
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establish an inference of the degree of validation at system-level. The validation goal is 

difficult to achieve particularly in a quantitative sense because of the uncertainties in the 

relationship between different levels as well as in the parameters used for characterizing the 

performance at both the component and system levels. Consequently, four key aspects in this 

process are: (1) validation metric: characterization of an appropriate validation metric for 

quantitative comparison of simulation and test data, (2) predictive capability and confidence: 

inference on the degree of validation at system-level, (3) scaling: quantitative 

characterization of the relationship between component-level and higher-level performance, 

and (4) decision: an acceptance criterion to determine effective strategies for improving the 

validation.  

Validation Metric: Many different approaches have been examined in existing literature for 

characterizing an appropriate metric for the model validation under uncertainties. In most 

cases, a graphical comparison is employed to determine the degree of agreement between the 

simulation predictions and the actual observations. Classical statistical hypothesis testing has 

often been employed for comparison of two sets of random variables (Hills and Trucano, 

2002; Dowding and Rutherford, 2003; Chen et al., 2004; Hills, 2006). The outcome of such a 

comparison is expressed in terms of the probability which can then be combined with error 

statistics to determine the degree of validation. The Bayesian hypothesis testing approach has 

been also applied to validation problem (Kennedy and O’Hagan, 2001; Zhang and 

Mahadevan, 2003; O’Hagan, 2006; Bayarri et al., 2007; Chen et al., 2008; Babuška et al., 

2008; Rebba and Mahadevan, 2008). More specifically, Kennedy and O’Hagan (2001) define 
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model bias as the difference between the means of experimental and simulation data. Zhang 

and Mahadevan (2003) use the probability of Bayes factor exceeding a specified value as the 

decision criterion for the model acceptance/rejection. A direct comparison of mean values 

from simulation and experiment has also been used for the validation of simulation models 

(Coleman and Stern, 1997; Sprague and Geers, 1999; Oberkampf and Trucano, 2000; 

Oberkampf and Barone, 2006). Alternatively, probabilistic measures have also been used 

(Ferson et al., 2008; Ferson and Oberkampf, 2009; Roy and Oberkampf, 2011; Voyles and 

Roy, 2015). 

Scaling: Some studies have also addressed the inference of the system-level validation 

starting with the component-level validation metric. A building block or hierarchical 

approach has been proposed for propagation of component level information to the system 

level through intermediate sub-system levels (AIAA Guide, 1998; Hasselman et al., 2002; 

Bayarri et al., 2005; Korb et al., 2013). In general, the amount of available experimental data 

decreases as one proceeds from lower to higher levels. Therefore, a Bayesian network (BN) 

can be employed very effectively to update the statistical information for all nodes when 

additional information becomes available within the Bayesian hypothesis testing framework 

(Mahadevan and Rebba, 2005; Rebba and Mahadevan, 2006). Effective use of Bayesian 

network requires availability of an explicit quantitative relationship between the component 

levels and the higher levels of the network. To do so, Mahadevan and Rebba (2005) utilize 

mechanistic equations to relate the higher-level output with lower-level input/output.  
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Uncertainty Modeling: For problems that could not be characterized by an analytical 

relationship, Rebba and Mahadevan (2006) construct a stochastic response surface between 

lower-level and higher-level data. Jiang and Mahadevan (2009) use a structural equation 

modeling approach to utilize the lower-level data for the higher-level model validation under 

uncertainty through a collective use of lower-level data, higher-level data, computational 

model, and latent variables. In order to address the acceptability of a model validation, Jiang 

and Mahadevan (2007) propose a decision-making methodology by considering a risk-

benefit approach in which the risk/benefits of using the current model and the data support 

for the current model are evaluated with respect to the cost of acquiring new information for 

improving the model under the Bayesian hypothesis testing. 

 In the context of the various existing studies summarized above, the validation 

problem continues to be challenging one due to a few different reasons. First, the existing 

definitions of a quantitative validation metric need significant improvement especially for 

addressing validation problems that have large degree of uncertainties associated with them. 

Second, the existing studies are restricted to problems in which the system level simulation 

model is characterized mathematically. Such a mathematical description is neither available 

nor possible especially for evaluating the performance of nuclear systems subjected to 

external hazards. In addition to these restrictions, it is important to note that existing 

approaches do not identify whether or not an improvement in the validation of a given 

component or subsystem is important/critical with respect to system level performance. 
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This paper focuses on exploring a novel performance-based risk-informed validation 

approach that aspires to be rational, efficient, and quantitative in nature. The intent of the 

proposed approach is to provide a quantitative assessment of validation for a system-level 

simulation model based on component-level validation information. It uses performance-

based criteria to judge the efficacy of a particular validation and a risk-informed framework 

to determine whether additional validation of a certain component or subsystem is needed or 

not. The applicability and effectiveness of the proposed approach is explored in the context 

of a structural system subjected to a natural hazard due to an earthquake. Yet, the approach is 

quite generic in nature and is applicable to a variety of validation problems. 

2. Performance-based Probabilistic Risk Assessment (PRA) 

In the current methodology, the overall risk (i.e. annual probability of occurrence or failure) 

for an individual hazard is evaluated by a convolution of hazard curve and the corresponding 

fragility as follows: 

 
f f |

dH
P P d

d






      (1) 

in which λ is a hazard intensity parameter, Pf | λ is the fragility curve, and H (λ) represents 

hazard curve. The hazard curve expresses the probability of annual exceedance in a domain 

of the intensity measure used for characterizing the external hazard. The fragility curve for 

basic events is obtained by using empirical, experimental, and/or numerical simulation data 
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and represents the conditional probability of failure under each hazard’s intensity. The 

system-level risk is calculated by employing either a series-parallel system as a simplistic 

representation of the system or by conducting a fault tree analysis in which the events are 

assumed to be statistically independent, mutually exclusive, and collectively exhaustive. 

Probabilistic Hazard Analysis: In order to develop a hazard curve, the hazard is 

characterized in terms of an engineering design parameter. For example, probabilistic seismic 

hazard analysis (PSHA) focuses on quantifying uncertainties in the sources, size, distance, 

and ground motion characteristics of future earthquakes and incorporating this information to 

produce a distribution of possible ground motions that can occur at a site of interest. The end 

result of PSHA is represented by seismic hazard curves where the annual rates of exceedance 

are plotted against a ground motion intensity parameter such as peak ground acceleration 

(PGA) or spectral acceleration (SA). A detailed description of PSHA is given in McGuire 

(2002). The US Geological Survey (USGS, http://earthquake.usgs.gov/hazards/products/) 

provides hazard information and hazard curves at any site of interest within the US. 

Performance-Based Fragility Assessment: The fragility of a structure, system, or component 

(SSC) is defined as the conditional failure probability, Pf | λ, to attain or exceed a specified 

performance function, G, under a given measure of specific intensity parameter λ. 

Mathematically, 

 | 0 |fP P G       (2) 

http://earthquake.usgs.gov/hazards/products/
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G is a function of the random variables representing uncertainties in material properties, 

physical behavior, mechanistic models, and loading conditions. It can be described in a 

simplistic form as: 

 ,G S R S R       (3) 

where S represents the “Strength”  or “Capacity” corresponding to the specified loading 

condition and R represents the “Response” or “Demand” corresponding to the given hazard 

intensity parameter. Eq. (3) can be written by various forms such as physics or mechanics 

based models, experimentally obtained data, empirical relations, simulations, or a 

combination of these. It can then be solved in many different ways such as Monte Carlo 

simulation, first/second order reliability methods, random vibration based approach, 

statistical inference approach, etc. In most implementations, the fragility curves are 

represented as the cumulative distribution function for a lognormal model. 

System-Level Fragility using Fault Tree Analysis (FTA): A fault tree diagram is a graphical 

decomposition of an undesirable event representing system failure (denoted as top event TE) 

into intermediate events and basic events through the use of logical gates (AND and OR 

gates). The basic events are characterized by Boolean states that represent “failure” or “safe” 

states. The basic events are considered to be statistically independent as well. The basic 

events are connected through the logic gates to characterize intermediate events which are 

also connected through the logic gates. 
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To begin with, a qualitative evaluation is used to develop the logical expression for 

the TE. Boolean algebra is used to obtain the minimal cut-sets. The order of a minimal cut-

set is the number of basic events that contribute to the particular minimal cut-set. For 

illustration purposes, let us consider the example of a simple fault tree shown in Fig. 1. In 

this figure, x1, x2, x3 and x4 represent four basic events. The IE1 and IE2 are the 

intermediate events produced through combination of basic events by logic gates. Therefore, 

we can write a logical expression for the top event as:    TE x1 x2 x3 x4    . The 

corresponding Boolean algebra is    TE x1 x2 x3 x4     and a total of 3 minimal cut-sets 

exist namely, x1∙x2, x3, and x4. The minimal cut-sets x3 and x4 are of first order and the 

minimal cut-set x1∙x2 is of second order. Finally, a quantitative analysis is conducted to 

compute the probability of occurrence of the TE and determine the importance measure for 

each minimal cut-set. The probability of occurrence of the TE is calculated by using 

following equation: 
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(4) 

where M1, M2, …, Mn represents the minimal cut-sets and n is the total number of minimal 

cut-sets. The importance measure (IM) analysis calculates the contribution of the minimal 

cut-sets to the occurrence of TE and accordingly identifies the critical events. Various 
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methods for assessing the IMs are: Birnbaum, Criticality, Fussell-Vesely, Risk-Reduction 

Worth and Risk-Achievement Worth measures of importance (Modarres et al., 1999). In this 

study, the importance measure given by Fussell-Vesely (1975) is employed according to 

which: 

   iIM F M / F M      (5) 

where F (M) is the total risk from all minimal cut-sets; F (Mi) is the risk from the cut-sets 

which contain minimal cut-set Mi. These IMs compute the overall percent contributions of 

minimal cut sets to the total risk. 

3. Concept of Bayesian Network for PRA 

Bayesian Network (BN): In contrast to a fault-tree, a Bayesian Network (BN), also referred to 

as a Bayesian Belief Network, is a more general form that can account for the statistical 

relationships among the events. It is a graphical representation of a set of conditionally 

independent assumptions and accordingly requires a joint probability distribution between 

random variables. This generality makes it a powerful tool for the structure/system reliability, 

risk management, accident analysis, artificial intelligence, etc. A Bayesian Network is a 

directed acyclic graph (DAG) which is created by using the nodes (or vertices) represented 

by circles, arrows (or arcs), and the conditional probability table (CPT). Each node defines 

either a discrete or a continuous random variable. An intermediate node serves as a parent as 

well as a child node. The nodes which have arrows directed to other nodes are parent nodes 
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and nodes that have arrows coming from other nodes are called as child nodes A node that 

does not have any arrow coming from another node is called as root node and it does not 

have any parent node. Arrows represent direct relationships between interconnected parent 

and child nodes. The CPTs assigned to nodes describe the quantitative relationships between 

interconnected nodes. 

A BN analysis is performed based on the conditional probability as per Eq. (6) below 

and the conditional independence assumption, i.e. P(x,y|z) = P(x|z) P(y|z) if and only if 

X Y|Z  . The joint probability distributions can be expressed using conditional probability 

as: 

   1 2 1 1

1

n

n i i

i

P X ,X , ,X P X | X , ,X 



   (6) 

The conditional independence assumption simplifies Eq. (6) further as: 

    1 2

1

Parent
n

n i i

i

P X ,X , ,X P X | X


   (7) 

Parent (Xi) is parent nodes for Xi; P(Xi | Parent (Xi)) is the CPT of Xi and n is the number of 

nodes in the network. For illustration, let us consider a simple network shown in Fig. 2 in 

which X1, X2, X3 and X5 are the root nodes. X4 is the child node of X1 and X2, and parent node 

of X6 and X7. X6 is the child node of X3 and X4. X7 is the child node of X4 and X5. 

A Bayesian network can also be used as an inference tool to evaluate beliefs of events 

when new information also called as “evidence” becomes available. The evidence is typically 
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represented by binary states: occurrence of event by “1” and non-occurrence by “0”. For 

evidence e, the joint probability of all the nodes can be inferred as 
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 (8) 

This equation can be adopted for two types of probabilistic reasoning - the predictive analysis 

as well as updating analysis. 

Mapping algorithm: In general, it is not straightforward to create a Bayesian network directly. 

It is relatively much easier to create a fault tree. Therefore, a mapping algorithm is needed to 

transform a fault tree into a Bayesian network. The mapping involves two steps, graphical 

representation and numerical computation. First, all events in a fault tree - the basic, 

intermediate, and top events - are converted into the nodes of Bayesian network. The basic 

events map into the root nodes of a Bayesian network and the intermediate events map to 

child nodes of the root nodes. The top event of a fault tree maps into a child node of basic 

and intermediate events. For numerical computation, the probabilities of basic events in a 

fault tree are assigned to the marginal probabilities of root nodes in a Bayesian network. For 

the intermediate and top events of fault tree defined by logic gates, the CPTs are established 

at corresponding child nodes of Bayesian network. For illustration, let us consider the fault 

tree that is shown in Fig. 1 which is mapped into a Bayesian network as shown in Fig. 3. The 

CPTs of IE1 and IE2 nodes of BN which are represented as “AND” and “OR” gates in fault 

tree are given in tables located besides these nodes. In this figure, “0” and “1” represent non-
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occurrence and occurrence of event, respectively. A detailed discussion of mapping 

algorithm is given in Bobbio et al. (2001). It must be recognized that an initial Bayesian 

network created by mapping from a fault tree consists of conditional probabilities that takes 

only a binary form. However, it can then be modified to a more general form by using non-

binary values in the CPT or by creating arcs among the nodes to account for correlation of 

events. Even though each root node has only binary outcomes, the marginal probability can 

be characterized by an appropriate probability distribution. Once the root nodes are 

characterized by the probability distributions, the probability distributions for intermediate 

and top nodes are calculated by incorporating the CPT information. 

4. Proposed Validation Metric: Overlapping Coefficient (OC) 

In this section, we discuss the concept of overlapping coefficient which is used as a measure 

of agreement (or disagreement) between two probability distributions or two populations 

represented by such distributions (Inman and Bradley, 1989). The concept of overlapping 

coefficient was first introduced by Weitzman (1970) and it has been widely used in studies 

related to economics, sociology, and biology. Yet, its potential has not been fully exploited in 

engineering applications. The historical development of this index is described in detail by 

Bradley (1985). The overlapping coefficient can be calculated by evaluating the area that is 

common under two probability density functions (PDFs). Let f1(x) and f2(x) be PDFs defined 

on the n-dimensional real numbers Rn. For continuous variables, it is formally defined as 
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    1 2min ,
nR

OC f f d  x x x    (9) 

For discrete variables, it is expressed as 

    1 2min ,OC f f
x

x x     (10) 

The concept of overlapping coefficient for a simple univariate example is illustrated in Fig. 4. 

As shown in this figure, the OC is the shaded area and gives the degree by which the two 

PDFs agree/overlap with each other. Numerically, 0 ≤ OC ≤ 1. If OC is “0”, the distributions 

are disjoint. If OC is “1”, the distributions are identical. Therefore, it can be employed quite 

effectively as a validation metric for various quantities especially while considering 

uncertainties in them. The use of OC as a validation metric can also help in characterizing an 

acceptance criterion to determine if the simulation model with a given OC is acceptable or 

not. 

5. Concept of Response Surface 

A response surface is a polynomial regression model developed to represent the data through 

a mathematical expression. A polynomial approximation for the data is typically developed 

using a Taylor series expansion of the independent variables in the data, i.e. an approximate 

relationship between the dependent variable (y) and the independent variables (xi) 

represented by a quadratic polynomial model as: 



 

 

99 

 

2

0

1 1

n n

i i ii i ij i j

i i i j

y x x x x   
  

        (11) 

where β0, βi, βii, and βij are the coefficients for variables and n  is the number of variables. 

This quadratic model has (n + 1)*(n + 2)/2 coefficients for n variables. The coefficients are 

determined by minimizing the error between observed data of y and expected values of Eq. 

(11). A higher order polynomial with greater number of coefficients can appear to fit the 

model more accurately. However, calculation of larger number of coefficients in a higher 

order polynomial can cause ill-conditioning as well as result in what is termed as an over-fit. 

In the engineering applications, the concept of response surface has been utilized for 

computational efficiency in predictive analysis (Tatang et al., 1997). It has also been used in 

the structural reliability problems for improved efficiency in calculating the reliability indices 

(Wong, 1985; Bucher and Bourgund, 1990). In this manuscript, the motivation to use a 

response surface is derived from its ability to represent the relationships between the various 

variables that characterize the nodes in a Bayesian network especially for cases where a 

physics or mechanics based relationship is not explicitly known. Ability to express 

relationship among the events through response surface facilitates the development of the 

proposed performance-based validation framework. 

6. Bayesian Updating 

The fragility curve calculated from Eq. (2) can change due to availability of new data from 

empirical, experimental, or high fidelity simulations. Consequently, the fragility curve would 
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need to be updated. The Baye’s theorem facilitates incorporation of additional data d  into 

the current fragility model. The “prior” fragility curve  ;prior

fP  θ  is updated to evaluate a 

“posterior” fragility curve  |post

fP  d  by following equations: 

     | ; |post prior

f fP P f d  d θ θ d θ   (12) 
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where θ are the parameters of the defined probabilistic fragility model,  |f θ d  is the 

posterior joint pdf,  |f d θ  is the likelihood function, and  f θ  is the prior joint pdf of 

parameters of the fragility model. The likelihood function is formulated as Eq. (14) because 

the performance-based risk assessment approach allows a representation of the data as a 

binomial event with the probability of system failure taken as  ;prior

f iP  θ  and the 

probability of non-failure as
 

 1 ;prior

f iP  θ . 

       
1

| ; 1 ;
i i i

k
r n ri prior prior

f i f i

i i

n
f P P

r
 





 
  

 
d θ θ θ  (14) 



 

 

101 

 

where d  is the k
th

 number of data as formatted in      1 1 1

T T T

k k kr r n n  
 

d  

with number of observed failure ir  out of total number of events in  at a given λ = λi, and Π is 

the product of all k of λ = λi levels. 

For the likelihood function to incorporate multi-level discrete data within a fault tree 

or a Bayesian network, it can be expanded to a binomial pdf: 

  

     L f | f | 1 1 m mD d θ d θ    (15) 

where dm is the discrete data which has same format like d at any level of events such as 

basic events, intermediate events or top events; θm are the parameters related to the fragility 

models in the corresponding event; m is the total number of data sets regarding the events; 

and D is the total data set consisting of d1 to dm. For higher dimension problems, solutions of 

Eqs. (12) and (13) can be mathematically intractable. Therefore, in this study we use Gibbs 

sampling algorithm to overcome this limitation. The implementation of Gibbs sampling is 

realized by using JAGS of R code (Plummer, 2003). 

7. Proposed Validation Framework 

In this section, we present the proposed model validation framework by combining the 

probabilistic risk assessment (PRA) based on a Bayesian network with the concept of 

overlapping coefficient (OC). The concept of OC is used as the quantitative measure for the 

validation metric. A Bayesian network to represent the system level PRA is used to develop 
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the inference on system-level validation metric starting with the component-level validation 

information. The relationships between lower-level and higher level data are characterized by 

mechanistic models or through a response surface if mechanistic models are not available. 

However, not all possible response surfaces are developed. Instead, an efficient strategy is 

used to develop these for only certain identified events. Identification of critical events is 

pursued in the context of system-level risk, i.e. Bayesian network based PRA is employed to 

determine a critical path and identify components/events that are critical with respect to 

desired performance when subjected to the specific hazard under consideration. 

Fig. 5 illustrates the proposed method through a flowchart. First, the basic failure 

modes for a physical system are identified for characterizing the basic events and for 

developing a fault tree. To do so, the annual risk for each basic event is calculated by 

convolving hazard curve and the corresponding performance-based fragility curve using Eq. 

(1). Next, the fault tree is converted into a Bayesian network by implementing the mapping 

algorithm discussed in section 3. A systems analysis using the Bayesian network is 

conducted to determine the critical path with respect to system vulnerability. These steps are 

represented as the first stage of the proposed flowchart in Fig.5. In the next stage, 

overlapping coefficients of component level events in the Bayesian network are calculated 

based on the component-level simulation and experimental data. Then, the response surfaces 

between the component-level and upper-level responses are created especially if a 

mechanistic relationship is not directly known. The Bayesian network is used to propagate 

the component level fragility and risk information in conjunction with the response surfaces 
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to obtain the intermediate and system-level fragilities and risk. Both, the experimental data 

and simulation based component level fragilities and risk are propagated in the Bayesian 

network. This allows development of fragility curves for intermediate nodes as well as top 

nodes for both the cases of experimental and simulation based component fragilities. Finally, 

the two sets of curves at any given node are used to develop the OC for it. If new data 

becomes available or if simulation codes are enhanced at any level of events within the 

network, the OCs at all levels are updated by using Bayesian updating described in section 6. 

Lastly, a decision regarding the acceptability of the system level simulation is reached by a 

comparison of the calculated system-level OC with a predefined criterion. For example, one 

may state that the fidelity of the system-level simulation model should be at least p percent or 

greater. 

8. Illustrative Application Examples 

In this section, we present two simple examples that illustrate the application of proposed 

framework. As mentioned earlier, both these examples are based on structural performance 

of components and systems in a nuclear plant subjected to earthquake hazard. 

8.1 Example 1: Coupled structure-equipment system 

This example is a simple representation of a very realistic problem faced in a nuclear facility. 

Each plant has many digital control instruments such as relays, control switches, etc. which 

much continue to operate during and after an earthquake. The instruments are mounted on 
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what is called as an electrical cabinet or control panel which is located at many different 

locations inside a plant. Such instruments are typically qualified by a shake table test of the 

instrument and in many cases a test of the entire cabinet with instruments mounted on it. The 

behavior of such electrical cabinets and control panels (secondary system) depends 

significantly on their interaction with the building (primary system) supporting them 

especially when the natural frequencies of vibration for the two systems are close to each 

other, i.e. they are tuned to each other (Gupta and Gupta, 1997; Gupta and Choi, 2005; Gupta, 

1992). The most simplistic representation of this structure-equipment system can be achieved 

through a single-degree-of-freedom (SDOF) primary and SDOF secondary system as shown 

in Fig. 6. The equation of motion for this 2-DOF system subjected to an earthquake ground 

motion can be written as 

gu        bM u C u K u M u    (16) 

where M = [m1, 0; 0, m2] and K = [(k1+ k2), -k2; -k2, k2] are the mass and stiffness matrices of 

the coupled structural system; C is the damping matrix constructed from the method of 

superposition in which all modal damping ratio follow certain damping ratio ξ;  1 2; u uu , 

 1 2; u uu  and  1 2; u uu are displacement, velocity and acceleration vectors of the 

coupled system relative to the fixed base of the primary system; Subscript 1 and 2 denote the 

primary and secondary system, respectively;  1; 1bu  is the static displacement vector of 

the coupled system and gu  is the earthquake ground acceleration motion. Secondary systems 
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are in general much lighter than the primary systems and typical ratio of their masses 

(secondary to primary) is on the order of 0.001 or less. In this example, we take systems that 

are tuned to each other and have a mass ratio of 0.001. The properties of the coupled 2-DOF 

system considered in this study are given in Fig. 6. In general, the mass of both the primary 

and the secondary system can be determined with a fair degree of certainty and therefore it is 

considered to be a deterministic quantity. The stiffness on the other hand can exhibit 

significant uncertainty leading to a change in the degree of tuning between the two systems 

which in turn influences the performance of the cabinet/equipment significantly. Stiffness 

can be calculated from experimental data as well as formulated using principles of mechanics. 

For the purpose of this study, the uncertainty in stiffness of both the systems (k1 and k2) is 

expressed using a Gaussian distribution with their respective means and coefficients of 

variations (c.o.v.). The statistical characteristics for the experimental and mechanistic 

simulation based data considered in this study are given in Table 1. The damping ratio in 

both the systems is considered to be 2% and is assumed to be a deterministic constant in 

order to keep the problem at hand simple for facilitating the illustration of the proposed 

performance-based validation framework. The uncertainty in ground motion for a future 

earthquake is accounted for by considering 20 real ground motion records in accordance with 

the probabilistic seismic hazard assessment discussed earlier in this paper. Fig. 7 shows the 

response spectra at 2% damping for all the 20 earthquake records when they are scaled to a 

peak ground acceleration (PGA) of 1g. The figure also shows their mean and mean plus one 

standard deviation curves. 
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In the proposed performance-based framework, the failure is characterized using a 

performance function. The performance of cabinets is typically characterized using two 

different limit states. One for strength related failure which is characterized by the maximum 

relative displacement of the secondary system, i.e. d2max = max(|     |). The other for the 

functional failure of instruments such as relays which is characterized in terms of the 

maximum absolute acceleration of secondary system, i.e. a2max = max(|       |). The 

performance functions for these two failure modes can be written as: 

1 2 2lim maxg d d      (17) 

2 2 2lim maxg a a      (18) 

where d2lim and a2lim are allowable limits for the maximum relative displacement of secondary 

system and absolute acceleration of secondary system, respectively. In this study, we take 

d2lim = 0.2 m and a2lim = 20g.  Component failure event C1 corresponds to g1 < 0 and 

component failure event C2 corresponds to g2 < 0. The system failure event (S) occurs when 

either C1 or C2 occurs. Starting with these basic failure events, a fault tree is constructed for 

evaluating the system failure (S). It is assumed that the two basic events C1 and C2 are 

independent. One may argue that the events C1 and C2 can be correlated. Such a correlation 

cannot be accounted for in a fault tree. Therefore, the proposed framework relies on mapping 

the fault tree into a corresponding Bayesian network using the mapping algorithm discussed 

in this paper. The fault tree and the Bayesian network for this example are shown in Fig. 8. 
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While such a correlation can be considered by modifying the Bayesian network shown in Fig. 

8, this study does not consider such a correlation for simplicity of this illustrative example. 

The Bayesian network as mapped from the fault tree cannot be used directly in this example 

(or other similar applications) because experimental data available in this validation process 

relates to the stiffness parameters which are not represented in the Bayesian network. 

Therefore, it becomes necessary to modify the Bayesian network by including the basic 

parameters through a hidden layer as shown in Fig. 9. 

The modified Bayesian network can propagate the uncertainties or the overlapping 

coefficient at the hidden layer to upper level events. However, the relationship between the 

parameters in the hidden layer and the basic events C1 and C2 cannot be expressed through a 

conditional probability table (CPT) or a correlation. This relationship is highly dependent 

upon the particular system under consideration as well as on the earthquake hazard input. It is 

precisely this aspect that can be addressed by use of a response surface in the proposed 

framework. In this particular example, one can develop response surfaces for dependent 

variables d2max and a2max in terms of the independent variables k1 and k2. In the absence of 

any experimental or simulation data, response surfaces can be utilized for the inference on 

that data instead of numerically solving the equation of motion for this 2-DOF system, Eq. 

(16), for the 20 earthquakes records. A fourth order polynomial is used to represent the 

response surfaces which are shown in Fig. 10 along with the R
2 

values. The value of R
2
 is 

close to unity in both cases indicating that the 4
th

 order polynomial considered for the 

response surfaces has a good fit with the simulation data. It must be noted that if the 
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experimental and simulation data were available directly for events C1 and C2 in the 

Bayesian network, then a response surface would not have been needed. 

Starting with the experimental and simulation data for k1 and k2, the response surfaces 

are used in conjunction with the performance functions for events C1 and C2 to develop 

fragility curves for each of these two basic events. For each event, one fragility curve can be 

developed corresponding to the experimental data for parameters in the hidden layer and the 

other corresponding to the simulation data for the parameters in the hidden layer. The 

fragility curves for C1 and C2 are then propagated through the Bayesian network to calculate 

the fragility curves for the system level failure event S as shown in Fig. 11. Finally, the two 

fragility curves which are cumulative distributions for any event (experimental and 

simulation based) are converted to their respective probability density functions which in turn 

then give the overlapping coefficient (OC) for the particular event. The overlapping 

coefficients for all the events in this example are also shown in Fig. 11. As seen in this figure, 

the system level OC is obtained at 0.80 or 80%. 

The above example illustrates three important aspects in the proposed framework: (i) 

propagation and evaluation of the overlapping coefficient for various events using a 

performance-based approach implemented through a Bayesian network, (ii) the concept of 

including a hidden layer in the Bayesian network to relate the fundamental parameters to the 

basic events, and (iii) the need for developing response surfaces to represent the relationship 

between the parameters of hidden layer and the basic failure events. 



 

 

109 

 

8.2 Example 2: Building-piping system 

The proposed framework and its application as illustrated in the previous example above can 

become computationally prohibitive for realistic systems if computations need to be 

performed for each and every event in the Bayesian network. Furthermore, it is desirable that 

a validation framework provides feedback by identifying critical components/events for 

which collection of additional information through experiments, field measurements, or 

conducting high fidelity simulations would help in improving the acceptability of system 

level simulation. The example described in detail below is intended to illustrate these two 

aspects. 

In this example, we consider a system that comprises of a building structure, safety 

related equipment such as pump which is necessary to circulate the coolant, the piping 

system for circulating the coolant and pipe supports connecting the piping to the building. 

Let us consider that the a system failure is initiated by one or more of the four basic 

earthquake loading related failure modes: (i) excessive story drift for building structure (C1), 

(ii) failure of safety-related equipment (C2), (iii) failure of pipe supports (C3), and (iv) 

leakage at pipe joints (C4). These four basic events result in two intermediate events: (i) loss 

of circulation (IE1), and (ii) Loss of coolant (IE2). The system failure (S) is defined as an 

outcome of events IE1 and IE2, and occurs if at least one of the two intermediate events 

occurs. Since the concept of hidden layer is already illustrated through example 1 above, let 
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us assume that the experimental and simulation data is available directly for the four basic 

events and shown in Table 2. 

The fault tree for the system failure is created and the risk for each event in the fault 

tree is calculated by convolution of hazard and fragility information in accordance with Eq. 

(1). The detailed information on the calculation of this risk for this problem is given in Part II 

of this thesis. Then, the fault tree is mapped into the Bayesian network using the mapping 

algorithm of section 3 and is shown in Fig. 12. Next, we propagate the probabilities of basic 

events through the Bayesian network to determine the probabilities of failure for the 

intermediate and system level risks. Subsequently, the critical path of the Bayesian network 

is identified and shown in Fig. 13. As seen in this figure, the critical event at component level 

simulation is identified as C4. Next, the overlapping coefficients (OCs) for the events on the 

critical path are calculated in the same way as explained in case of example 1 by using the 

fragility curves corresponding to the simulation as well as the experiment data. It must be 

noted that in this example, there is no need for developing a response surface because the 

probabilities of failure corresponding to experimental and simulation data is available 

directly for all the basic events. The OCs for the intermediate and system level events are 

given in Table 3. While the OCs are calculated and given for all intermediate events in this 

table, the OCs need to be calculated for only those events that lie on the critical path. This 

approach would reduce the computational effort needed in a Bayesian network of a real-life 

system. 
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As seen in Table 3, the OC for the system level event is only 0.24 which is relatively 

small thereby indicating a relatively low confidence in the validation/output of system level 

simulations. Therefore, additional tests/data is needed to improve the validation. One option 

is to conduct larger-scale experimentation or collect field measurements for intermediate 

level events. Based on the proposed framework, event IE2 lies on the critical path and 

therefore, it would be more appropriate to collect additional data for IE2 compared to event 

IE1. Let us consider that additional data collected for event IE2 is represented in the form of 

failure rate as shown in Table 4. Starting with the data given in Table 3, Bayesian updating is 

used to update and determine posterior values of OCs at all levels from component level to 

system level. The updated values of OCs are also given in Table 3. The system level fragility 

curves for the various cases (simulation, experimental-prior, and experimental-posterior) are 

shown in Fig. 14. As seen in this figure, availability of additional data reduced the 

differences in the experimental-posterior fragility curve and the simulation based fragility 

curve. Fig. 15 shows the results after updating in a comprehensive manner for the entire 

Bayesian network for this example. The OC for the system level improves even though it 

might still be considered to be unacceptable thereby requiring additional resources and 

strategies for improving the validation. One reason for this unacceptable performance seems 

to be related to extremely low value of OC for event C4 which lies on the critical path. 

Therefore, let us use the proposed approach to determine the improvement in system level 

OC due to an increase in the OC of event C4. If we consider that improvements in 

understanding the behavior of event C4 and an improvement in the simulation tools for 
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evaluating fragilities of C4 helps us improve the OC of event C4. Table 5 gives the improved 

values of the OCs for events starting with an improved value of the OC for C4. This is 

depicted graphically in Fig. 16. As seen in this table and the corresponding figure, the system 

level OC is equal to 0.82 and would be closer to a desired acceptance. 

9. Conclusions 

A novel approach is explored in this paper to quantitatively assess the validation of a system-

level simulation based on the available information from component level validation. The 

proposed approach uses performance-based probabilistic risk assessment (PRA) as the basis 

for validation as well as for allocating resources towards improving the validation either by 

collecting additional data or by enhancing the accuracy of simulation tools. The approach 

builds upon characterizing the validation in terms of an overlapping coefficient which is 

described as the joint area under the experimentally obtained and simulation based 

probability density functions of basic parameters or events. The approach utilizes the power 

of Bayesian statistics by mapping a fault tree into a Bayesian network which allows 

consideration of non-Boolean relationships between events as well as allows consideration of 

correlated events in the network. Starting with the experimental and simulation based 

probability density functions of basic parameters or basic events, a Bayesian network is used 

to propagate the risk for the system. The fragilities and the risk associated with each 

intermediate event and the top event is calculated separately for both the experimental and 

simulated data. This set of curves are then used for evaluating the overlapping coefficient of 
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each event. The PRA based approach helps in identification of critical path thereby reducing 

the computational effort by focusing on only those events that lie on the critical path. 

Reliance on the events of critical path can also be used to determine the allocation of 

resources among different events for improving the validation at component or intermediate 

levels. When a validation between the experimental and simulation data is available for the 

basic parameters and not for the basic events directly in the network, a hidden layer is added 

below the basic events to relate the fundamental parameters to the basic events. The 

relationship between the hidden layer nodes and the basic event nodes can be defined by 

either a mechanistic model or a simulation based generation of response surface. Availability 

of new validation data, either through new experimental information or enhanced simulation 

tools, can be incorporated in a relatively straightforward manner by employing Bayesian 

updating to calculate posterior fragilities and the corresponding overlapping coefficients. The 

application of the proposed approach is illustrated through application examples. 
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Table 1: Simulation and experiment data on stiffness of structural system 

 PDF* type 
Simulation data Experimental data 

Mean c.o.v* Mean c.o.v 

k1 (N/m) Normal 1e6 0.1 0.954e6 0.1 

k2 (N/m) Normal 1e3 0.1 0.91e3 0.1 

*PDF: probability density function; c.o.v: coefficient of variation 

 

Table 2: Simulation and experiment data for fragility of building-piping structural system 

 

Simulation data Experiment data 

PDF type Median Std* PDF type Median Std* 

C1 Lognormal 2.9g 0.30 Lognormal 2.0g 0.50 

C2 Lognormal 1.9g 0.30 Lognormal 1.6g 0.35 

C3 Lognormal 1.5g 0.35 Lognormal 2.0g 0.50 

C4 Lognormal 1.5g 0.30 Lognormal 0.5g 0.55 

*Std: Lognormal Standard deviation 
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Table 3: Comparison of OCs with/without discrete data of IE1 

 
Overlapping coefficients 

W/o discrete data of IE1 W/ discrete data of IE1 

OCC1 0.57 0.58 

OCC2 0.78 0.79 

OCC3 0.70 0.62 

OCC4 0.19 0.43 

OCIE1 0.64 0.65 

OC IE2 0.25 0.52 

OCS 0.24 0.48 

 

Table 4: Discrete data in IE2 node 

PGA Nf * / To* 

1.0g 6/30 

1.5g 15/30 

*Nf : Number of failures, To: Total occurrence 
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Table 5: Overlapping coefficients for components satisfying criterion 

 Overlapping coefficients 

OCC1 0.58 

OCC2 0.79 

OCC3 0.62 

OCC4 0.83 

OCIE1 0.65 

OC IE2 0.85 

OCS 0.82 
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Fig. 1. An example of simple FT 

 

Fig. 2. An example of simple Bayesian network 
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Fig. 3. BN for FT example of Fig. 1 using mapping algorithm 

 

 

 

Fig. 4. Concept of overlapping coefficient 
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Fig. 5. Flowchart of proposed model validation method 
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Fig. 6. Coupled TDOF structural system 

 

Fig. 7. Response spectra of 2% damped elastic SDOF system under 20 earthquake ground 

motions 
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Fig. 8. FT and BN for system failure of coupled structure system (example 1) 

 

 

Fig. 9. Extended BN for system failure event of coupled structure system (example 1) 
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(a) d2max (unit: m, R

2
 = 0.9) 

 
(b) a2max (unit: g, R

2
 =0.89 ) 

Fig. 10. Response surface for d2max and a2max of coupled structural system under earthquake 

ground motions scaled to 1g PGA 
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Fig. 11. OCs and corresponding distributions in extended BN structure (example 1) 
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Fig. 12. FT and BN for system failure (example 2) 

 

 

Fig. 13. Critical path within BN structure (example 2) 
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Fig. 14. Comparison of fragility curves of system failure with/without discrete data of IE2 
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Fig. 15. OCs and corresponding distributions in BN structure (example 2) 
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Fig. 16. OCs and corresponding distributions in BN structure satisfying criterion (example 2) 
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PART IV 

EFFICIENT SEISMIC FRAGILITY ANALYSIS OF COUPLED SYSTEM USING 

EQUIVALENT ELASTIC LIMIT STATE CONCEPT AND BAYESIAN UPDATING 

Shinyoung Kwag and Abhinav Gupta 
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ABSTRACT 

Seismic response of secondary systems depends on their interaction with the primary systems 

supporting them. A conventional uncoupled analysis of secondary systems ignores this 

interaction and gives excessively conservative responses compared to those obtained from a 

seismic analysis of the coupled primary-secondary system. Furthermore, a coupled system 

becomes non-classically damped when the damping characteristics of the primary and 

secondary systems are different. Therefore, assessment of seismic fragility in secondary 

systems such as equipment and piping needs to be based on modeling the behavior of the 

complete coupled system. At the same time, nonlinear analysis of such coupled systems 

requires significant computational effort. Recently, Tadinada and Gupta (2016) presented an 

equivalent elastic limit state concept with an intent to reduce the computational effort needed 

in such an assessment and yet evaluate the seismic fragility without any loss of accuracy. 

This paper presents enhancements to the originally proposed approach. Modifications are 

proposed to allow consideration of hysteretic model for nonlinearity in the secondary system. 

The modified formulation also accounts for the effect of uncertainty in nonlinear 

characteristics and the effect of non-classical damping. Unlike the originally proposed 

formulation, the modified form accounts for the asymmetric variation of the equivalent limit 

state with respect to tuning ratio thereby improving the accuracy for detuned system that 

have positive values of tuning ratio. Fragilities calculated solely by using equivalent limit 

state concept are not necessarily accurate for tuned or nearly tuned systems. In such cases, 
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the fragilities from equivalent limit state concept can be used as prior fragilities in the context 

of Bayesian updating to obtain posterior fragilities by conducting only a limited number of 

nonlinear time history analyses. The posterior fragilities are shown to be very accurate when 

compared with the corresponding curves obtained by comprehensive nonlinear analyses.  



 

 

135 

 

1. Introduction 

In a seismic probabilistic risk assessment (SPRA), the reliability of structures, systems and 

components (SSCs) is described in terms of the fragility which is commonly expressed by a 

curve that gives conditional probability of failure for a given seismic intensity parameters 

such as peak ground acceleration (PGA), spectral acceleration (SA), etc. Development of 

accurate and realistic seismic fragility curves often requires large amounts of empirical or 

experimental data as well as computationally intensive simulations. For large structural 

systems, experimental and experience data is either not available or it is available in very 

limited quantity. Therefore, engineers rely significantly on large scale simulations that 

involve conducting multiple time history analyses of the nonlinear systems. Depending upon 

the complexity of a simulation model and tractability of uncertainties in it, such an approach 

can become computationally prohibitive. 

One example of a computationally intensive analysis relates to calculating fragilities 

of equipment or piping systems in critical industrial facilities such as nuclear power plants. 

Seismic response of such secondary systems depends on their interaction with the primary 

system on which they are supported. Historically, seismic analyses of equipment and piping 

systems are conducted by uncoupling them from the primary structure. The primary structure 

is analyzed to obtain the floor motions where secondary systems are attached to the primary 

systems. These floor motions are then used as input into an uncoupled model of the 

secondary system. Such conventional uncoupled analysis gives inaccurate responses which 
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are in general excessively conservative (Gupta and Gupta, 1995). An analysis of the coupled 

building-equipment or building-piping correctly accounts for: (i) the tuning between the 

modes of the primary and secondary systems, (ii) the mass interaction between the two 

systems, and (iii) the effect of non-classical damping. The concept of conducting a coupled 

analysis as well as its significance has been studied quite widely (Chen and Soong, 1988). 

USNRC conducted a benchmark program and developed many different benchmark 

problems for conducting such coupled analyses (USNRC, 2000). A fragility assessment 

should therefore be based on the analysis of coupled building piping system.  

Ju and Gupta (2015) and Ju et al. (2016) present the results of detailed studies on 

calculating piping fragilities. They illustrate that the nonlinearities in a piping system are 

typically restricted to localized locations of joints between straight pipes and components 

such as Tee-joints. They evaluate piping fragilities by incorporating the experimental data on 

nonlinear behavior of piping joints into a system level building-piping model and conducting 

multiple time history analyses. Ju et. al. (2016) also considers nonlinearities in the building 

and study their influence on the piping fragility. However, such analyses require significant 

computational resources thereby making it almost impossible to implement such an approach 

into practice. Availability of an approach to calculate fragilities of secondary systems 

accurately through an equivalent linearization of the localized nonlinearity can be quite 

effective in overcoming such a limitation.  
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Many equivalent linearization methods have been studied and proposed in literature. 

These are reviewed in detail by by Proppe et al. (2003) and Crandall (2006). The existing 

methods can be broadly categorized into following types: 

1) Equivalent viscous damping method (Jacobsen, 1930) 

2) Elastic strain energy method (Veletsos and Newmark, 1960) 

3) Empirical method (Gulkan and Sozen, 1974; Iwan, 1980; Kwan and Billington, 2003) 

4) Stochastic linearization method (Caughey, 1963; Atalik and Utku, 1976; Wen, 1980) 

5) Secant stiffness method (Deierlein and Hsieh, 1990; Chopra, 1995) 

6) Equivalent elastic limit state (ELS) concept (Tadinada and Gupta, 2016) 

Almost all these studies have focused on equivalent linearization of the primary system alone 

by minimizing the average error between the responses of nonlinear and the linearized 

system. In the seismic fragility analysis of the secondary systems, it is desirable that the 

equivalent linearization method minimizes the error between the maximum responses of 

interest instead of the average error. Tadinada and Gupta (2016) propose a novel concept of 

equivalent limit-state (ELS) to reduce the computational effort needed in such fragility 

studies. In this paper, we present several enhancements to the concept of equivalent limit-

state. These can be enlisted as: 
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 Consideration of a more realistic model for the nonlinearities in the secondary system. 

The original study considers only an idealized bi-linear behavior with pinching effect 

to model the nonlinearities in the piping joints. An idealized bi-linear behavior is not 

necessarily appropriate for modeling the nonlinearities in some types of pipe joints as 

well as in the mounting arrangements of equipment (Gupta and Yang, 2002; Rustogi 

and Gupta, 2004). 

 Accounting for the effects of uncertainties in the nonlinear model as well as the 

effects of non-classical damping in the development of the equivalent limit state.   

 Modification to account for the asymmetric nature of the variation in equivalent limit-

state with the tuning ratio (ratio that represented the degree of tuning between the 

frequencies of the primary and the secondary system). The equivalent limit-state for 

negative values of tuning ratio is not symmetric to that for positive values of tuning 

ratio.  

 The applicability of the proposed modifications in the ELS concept is evaluated for 

various coupled systems. 

It must be noted that the evaluation of seismic fragility using ELS concept is based on 

minimization of error between the response quantities of interest as evaluated from a 

nonlinear and a linearized system. The matching of the seismic fragility curve obtained from 

multiple nonlinear time history analyses with that obtained using the ELS concept is quite 

sensitive to the degree of localized nonlinearity and uncertainties in it for systems with tuning 
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ratio equal to zero (perfect tuning) or close to zero. Therefore, a probabilistic approach is 

adopted by incorporating Bayesian updating wherein the initial fragility curve obtained by 

the ELS concept is considered as the prior curve and updated to obtain a fairly accurate 

posterior fragility curve (Winkler, 2003; Ang and Tang, 2007) by conducting a very small 

number of computationally intensive nonlinear analyses. 

2. Fundamental Background 

2.1 Seismic fragility 

The seismic fragility is defined as the conditional probability of failure or exceeding a 

specified failure limit state G(.) for a given seismic intensity parameter. Mathematically, 

       failure | . 0 |fP x P x P G x     (1)  

  G C D      (2)  

where  fP x  is the probability of failure given a seismic parameter x, C denotes the capacity 

of the system corresponding to the failure limit state, and D represents response demand at a 

given seismic intensity parameter. For simulation based evaluation of seismic fragility, a 

Monte-Carlo based approach is used to generate several discrete points of failure probability 

for a given seismic intensity parameter such as peak ground acceleration (PGA). Multiple 

time history analyses are conducted by normalizing each earthquake input motion to the 

same value of seismic intensity parameter, i.e. for PGA = ai, we can write 
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   (3) 

where 1(.) is the indicator function, ai is the i
th

 level of PGA, and ni is the number of 

simulations conducted at input ground motions having same level of PGA ai. The seismic 

fragility curve is commonly assumed by many researchers (Kennedy et al., 1980; Shinozuka 

et al., 2000) to follow the log-normal cumulative distribution function (CDF).  

 
   ln ln

f

a c
P PGA a



 
    

 
   (4) 

where Φ[∙] is the standard normal CDF, c is the median value of a, and β is the logarithmic 

standard deviation of a. These two parameters (the median and logarithimic standard 

deviation) of the log-normal CDF are determined by fitting them to the empirical, 

experimental and simulation data through the the maximum likelihood estimation or 

optimization method. 

2.2 Equivalent elastic limit state (ELS) concept 

The equivalent elastic limit state (ELS) is the optimal value V* of the response quantity 

(displacement or rotation, etc.) that is considered as the failure limit state for the linearized 

system such that the seismic fragility evaluated from the linearized system is close to the 

seismic fragility for the nonlinear system. The linearization of the nonlinear system is 

performed by using same initial stiffness and damping coefficient of nonlinear system, but 
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adopting the different ELS V* which is not the same as the nonlinear limit state Dnl. The 

concept of ELS for a SDOF system is illustrated in Fig. 1. The ELS V* can be obtained by 

expressing the problem as an optimization problem in Eq. (5) where the failure probabilities 

from the linear system responses Pf 
l
 in Eq. (6) are close to failure probabilities of nonlinear 

system Pf 
nl

 in Eq. (7). The error between Pf 
l 
and Pf 

nl 
is represented as the root mean squared 

(RMS) error. 
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1
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f nl nl nl

i

P a D P u a D PGA a u a D N


          (7) 

where k is the number of PGA levels, N is the number of time history analyses at one level of 

PGA (or the number of different input ground motions), and vmax (a) and umax (a) denote the 

random variables representing the peak displacement response under an earthquake of PGA = 

a in equivalent linear system and nonlinear system, respectively. Note that for a full 

description of seismic fragility curve using linear time history analyses, we need N responses 

at only a single PGA value as the responses at other PGAs can be acquired simply by scaling 

the values for the single PGA case. On the contrary, N times n (N x n) responses are needed 

to determine a fragility curve by using nonlinear time history analyses. 
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2.3 Bayesian updating 

Bayesian statistics (Winkler, 2003; Ang and Tang, 2007) can incorporate newly available 

data d  into an existing fragility model to improve the seismic fragility curve. In this method, 

the current (so called prior) fragility curve  ;prior

fP a θ  is updated into a modified (so called 

posterior) fragility curve  |post

fP a d  as follows: 

     | ; |post prior

f fP a P a f d d θ θ d θ    (8) 

      
   

   

|
| |

|

f f
f f f

f f d
 



d θ θ
θ d d θ θ

d θ θ θ
   (9) 

where  ;c θ  are the two parameters of the lognormal fragility model,  |f θ d  is the 

posterior joint probability density function (PDF),  |f d θ  is the likelihood function, and 

 f θ  is the prior joint PDF of two parameters of the lognormal fragility model. The 

likelihood function is formulated representing the fragility data at each PGA in terms of a 

binomial event with a probability of failure  ;prior

f iP a θ  and a corresponding probability of 

survival  1 ;prior

f iP a θ . 
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where d  is the k
th

 number of data as formatted in      1 1 1

T T T

k k ka a r r n n 
 

d  

with number of observed failure ir  out of total number observations in  at a given PGA = ai, 

and Π is the product for all k of PGA = ai levels. The posterior PDF  |f θ d  is obtained 

numerically together with using Markov Chain Monte Carlo (MCMC). The MCMC helps in 

efficient generation of a sequence of points which are asymptotically distributed according to 

a target distribution. More specifically, Metropolis-Hastings algorithm (Metropolis et al., 

1953; Hastings, 1970) is used in the present study. 

3. Mathematical Modeling of Coupled System 

3.1 Nonlinear hysteretic nonlinear model 

The original concept of ELS as proposed by Tadinada and Gupta (2016) considers a bi-linear 

model with pinching to characterize the nonlinearities in the secondary system. In this paper, 

we enhance the originally proposed ELS approach by considering a hysteretic nonlinear 

behavior. Over the years, several mathematical models have been proposed to represent the 

nonlinear hysteresis behavior (Bouc, 1967; Wen, 1976; Jennings, 1964; Kaul and Penzien 

1974; Bazant at al., 1983). Among these, the Bouc-Wen Model has been studied extensively 

and has been reconciled with the experimental data for many different applications such as 

the steel beam-column connection or structural steel element (Popov and Stephen, 1970; 

Charalampakis and Koumousis, 2008), seismic energy dissipators for RC panels (Sasani and 

Popov, 2001), RC columns (Park et al., 1986), electrical conductors (Filiatrault et al., 1999; 
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Song and Der Kiureghian, 2006), lead rubber bearing as a seismic isolator (Constantinou, 

1985; Kwag and Ok, 2013), passive dampers (Yang et al., 1994), and a few others (Ismail et 

al., 2009). In addition to these applications, the simple differential equations used in the 

Bouc-Wen model provide flexibility to adjust its parameters for modeling the behavior of 

other applications that have nonlinear hysteresis characteristics. The model is shown in Fig. 2 

in which the restoring force fr is composed of the linear viscous elastic part and hysteretic 

part, and defined as: 

 1r i if c x k x k y           (11) 

where the parameter c is the viscous damping coefficient; ki is the initial stiffness before 

yield; α (=kf / ki) represents the post-yield stiffness ratio when the post-yield stiffness is kf ; 

Δx is the displacement, x  is the velocity; and y is the auxiliary variable representing 

inelastic behavior which can be written as: 

1n n
y x y y x y A x 


          (12) 

where the parameter A controls the scale of the hysteresis loops and n determines sharpness 

of the hysteresis cycle at the transition from elastic to inelastic part. For example, it will 

represent bi-linear behavior when n approaches infinity. Parameters β and γ control the shape 

of the hysteretic loop. 
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3.2 Coupled system 

The governing equation of motion for a m-DOF coupled system consisting of a p-DOF 

primary system and an s-DOF secondary system shown in Fig. 3 is given by Eq. (13). As 

shown in Fig. 13, the secondary system exhibits localized nonlinearity which is characterized 

by the Bouc-Wen nonlinear hysteretic model. 

               
1 1 1 1 1
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where gu  is the ground acceleration;  u , u  and  u  are the displacement, velocity and 

acceleration vector of the coupled system;  M ,  C  and K 
   are the structural mass, 

damping, and stiffness matrices of coupled system; 
pC    and  sC  are the damping matrices 

of the primary and the secondary system, respectively; 
pK    and  sK  are the stiffness 

matrix of primary system and secondary system;  aK  is auxiliary stiffness vector induced 

by the localized nonlinear element; The vector [v]
T
 and [r]

T
 are defined as follows if the 

secondary system is assumed to be attached to the k
th

 primary system degree of freedom: 

   
1

0 0 1 0 0 1 0 0
T

m
v


     (14) 

   
1

0 0 1 0 0
T

m
r


      (15) 

where the non-zero entries of [v]
T
 are at the k

th
 DOF for the primary system and (p+1)

th
 DOF 

for the secondary system, and the non-zero entries of [r]
T
 are at the k

th
 DOF of primary 

system.  

The equation of motion given by Eq. (13a) can be rewritten as a second order 

ordinary differential equation (ODE) given by Eq. (16). Furthermore, the second order ODE 

in Eq. (16) written as a first order ODE representation given by Eq. (17a): 
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where  I  is the identity matrix and  Y is the state vector. Eq. (17a) can be solved by using 

the forth order Runge-Kutta algorithm. 
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4. Description of Equivalent Limit State Method 

4.1 Efficiency 

The primary motivation for developing an equivalent limit-state based approach to 

calculating seismic fragility lies in its efficiency by reducing the number of nonlinear time 

history analyses. To determine and illustrate the efficiency of this method, we consider a 

SDOF primary – SDOF secondary (2-DOF coupled) system. The configuration and 

properties for this system are given in Fig. 4 and Table 1. Seismic fragility curves are 

generated by considering total of 75 real earthquake records normalized to unit PGA (Gupta 

and Choi, 2005), and these motions are used for performing time history analyses of linear as 

well as nonlinear systems. Fig. 5 plots the response spectrum corresponding to each ground 

motion normalized to 1g, the mean response spectrum, and the mean plus one standard 

deviation response spectrum for 5% damping. 

To begin with, the failure probabilities for nonlinear system Pf 
nl

 are calculated at 

twelve different PGA levels between 0.25g and 3g at an interval of 0.25g
 
in accordance with 

Eq. (7). It takes a total of 900 nonlinear time history analyses (75 ground motion times 12 

PGA level) to generate this curve. Then, equivalent limit state V* is obtained by minimizing 

the error between failure probabilities for the nonlinear and the linearized system at all 

twelve PGA levels i.e. by solving Eq. (5) based on Eq. (17). The seismic fragility curve 

generated using a linear time history analyses requires only 75 analyses in accordance with 

Eq. (6). The root mean squared (RMS) error between the fragility curves calculated from 
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nonlinear and linear time history analyses is shown in Fig. 6. As seen in this figure, the 

optimal ELS V* is evaluated as 0.2241m (=3.735·uy) by solving Eq. (5). Fig. 7 illustrates the 

comparison between seismic fragility curves obtained from the 900 nonlinear time history 

analyses with that obtained from the 75 linear time history analyses in conjunction with ELS 

V*.  

The comparison presented above illustrates that ELS V* for the secondary system is 

known a-priori, the computational effort reduces significantly without any appreciable loss in 

the accuracy of seismic fragility curve. Next, we develop an empirical equation for ELS V* 

by conducting numerical simulations for a large number of different simplified coupled 

systems. 

4.2 Empirical equation for ELS V* 

Tadinada and Gupta (2016) proposed an empirical equation for ELS V* that uses a Cauchy 

probability density function. As mentioned before, enhancements are needed in this empirical 

equation to account for: 

 asymmetric nature of variation in V* with respect to tuning ratio. 

 uncertainties in the nonlinear behavior of the secondary system 

 effect of non-classical damping in coupled system.  

In order to derive an empirical expression for ELS V*, we consider simplified 2-DOF 

coupled systems with varying: (i) degrees of nonlinearities, (ii) tuning ratios η as defined by 
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Eq. (18), (iii) ductility (µ), and (iv) damping ratios (ξ) to account for non-classical damping. 

The nonlinear hysteretic behavior is varied by adjusting ki , α and uy of Bouc-Wen model 

under assumption of A = 1, n = 1, and β = γ = 1/(2uy). The tuning ratio is expressed as 

p s

p s

f f

f f






     (18) 

where fp and fs are the fundamental natural frequency (Hz) of the primary and secondary 

system, respectively.  

Specifically, as shown in Fig. 4 and Table 2, a total of 2,106 models are analyzed by 

varying different tuning ratios η, and nonlinear characteristics α and uy for each ductility 

value µ (=2, 3, 5) and damping ratio of secondary system ξs (=0.02, 0.05). These systems are 

analyzed by normalizing the 75 earthquake ground motions to eight different PGA levels – 

four levels between 0.25g and 1g at an interval of 0.25g, and four levels between 1g and 3g 

at an interval of 0.5g. Therefore, a total of 1,263,600 nonlinear time history analyses (= 2,106 

models x 8 PGAs x 75 ground motions) and 157,950 linear time history analyses (= 2,106 

models x 1 PGAs x 75 ground motions) are conducted for developing the empirical 

expression for ELS V*. It is assumed that the mass ratio between primary and secondary 

system is 0.001 and the damping ratio of primary system ξp is 0.02. 

For developing the closed form equation of ELS V*, the kernel of a Cauchy 

probability density function is used as the basis, and other equivalent linearization concepts 

such as elastic strain energy method (Veletsos and Newmark, 1960) and secant stiffness 
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method (Deierlein and Hsieh, 1990; Chopra, 1995) are also incorporated. The Cauchy 

probability density function is used as the basis because the average trend of nonlinear 

simulation data in Fig. 8 follows the shape of a heavy-tailed probability density distribution 

in the domain of the tuning ratio. In elastic strain energy method, the equivalent elastic 

displacement is obtained by relating the peak displacement of an inelastic SDOF system with 

that of the corresponding elastic SDOF system using the concept of equal strain energy. In 

the secant stiffness method, the inelastic SDOF system is linearized into the elastic SDOF 

system by equivalent stiffness called secant stiffness and equivalent damping ratio which 

expresses the stiffness degradation and energy dissipation in a nonlinear system when the 

system is excited by its resonating frequency. The detailed explanation of these equivalent 

linearization methods is not provided in this paper for brevity. The empirical equation ELS 

V* is obtained as follows: 
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 (19d) 

where s is scaling factor, VESE is equivalent elastic limit displacement calculated from elastic 

strain energy method when the nonlinear system is assumed to follow bi-linear hysteresis 

behavior., VSS is equivalent elastic limit displacement computed from elastic secant stiffness 

method under the assumption that the nonlinear system follows bi-linear hysteresis behavior, 

ksec is secant stiffness and ξeq is equivalent damping ratio for nonlinear hysteretic system. Fig. 

8 compares the numerical simulation data and ELS V* equation in the domain of η and V* /uy. 

The detailed process deriving the equation is presented in section 4.3. 

The main limitation of the empirical equation developed above is that it uses data 

from a very simple 2-DOF representative coupled system. In addition, the comparison of the 

numerical values and the empirical equation in Fig. 8 shows that the problem is quite 

sensitive in the region around  and actual values can be different from that given by the 

empirical equation. These limitations can be overcome by using the method presented in the 

section 4.4. 
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4.3 Development of ELS V* equation 

Tadinada and Gupta (2016) presented the ELS V* equation based on the results using an 

idealized bi-linear behavior with pinching effect to model the nonlinearities in the piping 

joints as follows: 

  2

* 1
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1
eq
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        (20b) 

where VEVD is the equivalent elastic limit displacement obtained from the equivalent viscous 

damping concept (Jacobsen, 1930). The main drawbacks of this equation is that (1) it does 

not account for the different damping nature between the primary system and secondary 

system; (2) it does not consider the effect of stiffness degradation using the secant stiffness 

concept in the equivalent linearization process; (3) it assumes the ELS V* variation to be 

symmetrical with respect to the tuning ratio η; (4) it does not use a scale factor to well 

describe the equation in the tuned ratio region and other ductility capacity value ranges. In 

this regard, the proposed equation should need some enhancement and improvement by 

dealing with these limitations. 

Fig. 9 illustrates the difference between the equation of Tadinada and Gupta and the 

proposed equation by this study in μ = 2 and ξs = 0.02. The blue dotted line denotes the 
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original equation of Tadinada and Gupta. The red thick solid line shows the proposed 

equation by this study. The cross marks (“x”) in the graph represent the ELS V* data we 

obtained for this case. As shown in this figure, the equation of Tadinda and Gupta does not 

look quite well matching the obtained data. The reasons which bring about this difference are 

attributed to the characteristics of the equation. 

So, as a first step to enhance this equation, let us consider the effect of stiffness 

degradation by using the secant stiffness concept. The green dashed line in Fig. 9 and Eq. (21) 

represent the enhanced equation accommodating the secant stiffness by using VSS instead of 

VEVD in Eq. (21a). As shown in this figure, the additional consideration of the stiffness 

degradation makes the equation be considerably close to the obtained data of the perfectly 

tuned region (η = 0). But, the enhanced equation acquired from the first step still cannot 

describe the obtained data in the tuned region, sufficiently. 
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  (21) 

Thus, as a second step, let us use a scale factor to improve the accuracy in the tuned 

region. Eq. (22) represents the modified equation. The scale factor is multiplied only with the 

second term of right hand side of Eq. (21) since it is intended to have the scale effect be 

restricted to the tuned region. The scale factor is determined by minimizing errors between 

the equation and the data in the tuned region at all ductility capacity values. The obtained 

relation between ductility capacity μ and the scale factor s are s = 0.15· μ + 0.3. The blue thin 
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solid line of Fig. 9 illustrates the scaled equation by Eq. (22). As we can see in this figure, the 

scale factor has the equation be more coming close to the obtained data in the tuned region. 

However, this improved equation in terms of the secant stiffness concept and the scale factor 

still cannot deal with issues of the unsymmetrical nature and scatter shape of the data. 
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 (22) 

Therefore, as a third step, let us take the unsymmetrical feature of the data into 

account by differentiating the asymptotic lines of the equation at η ≥ 0 and η < 0 regions, and 

considering the data scatter shape by changing the factors in η. Fig. 10 specifically shows the 

different asymptotic lines at η ≥ 0 and η < 0 well describing the data trend as red thick solid 

lines compared to the original asymptotic lines. From this figure and Fig. 9, it is observed 

that the proposed ELS V*/uy equation converges to the value of “1.4·VESE/uy” as η goes to 1 

and the proposed equation converges to the value of “1” as η goes to -1 while the equation of 

Tadinada and Gupta all converges to the value of “VESE/uy” regardless of the data trend in η 

going to 1 or -1. Fig. 11 shows the curve shapes according to the change of the factors in η. 

The factors in η are respectively estimated as different values at η ≥ 0 and η < 0 regions 

which can well delineate the data inclination. The obtained appropriate factors are specified 

as red solid line’s boxes in Fig.11. 

Finally, the trend of approximated asymptotic lines for the obtained data is changed 

under the different ductility capacity values. This can be observed in Fig. 8 of ELS V* data in 
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all ductility capacity domain. So, in order to consider the changing nature of asymptotic lines 

in the different ductility capacities, the scale factor is multiplied to the entire form of 

equation and then, corresponding scale factor is re-decided. The identified relation between 

ductility capacity and scale factor in the changing form of equation are illustrated in Fig. 12. 

This figure shows all data and the predicted linear relation in the domain of ductility capacity 

μ and scale factor s. Consequently, the final improved equation incorporating the secant 

stiffness effect, scale factor, unsymmetrical data nature, and overall scatter shape of data is 

represented in the following Eq. (19a) and illustrated in Fig. 9 as a red thick solid line. 

Then, in order to confirm the effectiveness of the improved equation, let us compare 

the fragility result using Eq. (20a) and Eq. (19a) for the example coupled structure of Fig. 4. 

In this case, the secondary system of example structure has the material properties 

corresponding to η = 0.6 and μ = 3. The reason we choose these parameters is that the 

equations are quite different in the tuned or asymptotic line regions. Fig. 13 compares 

fragility curves using the equation of Tadinada and Gupta which is Eq. (20a) and the 

proposed equation of Eq. (19a) by this study. As shown in this figure, we can see that the 

proposed equation gets more exact result than the Eq. (20a) does in comparison to the 

nonlinear analysis results. The more exact representation of ELS V* by using Eq. (19a) can 

increase the accuracy of fragility result. 
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4.4 Seismic fragility assessment using ELS and Bayesian updating 

Once an empirical expression is available for ELS V*, seismic fragility can be obtained in  

relatively straightforward manner by conducting only a few linear time history analyses of 

the specific coupled system being evaluated. For facilitating the discussion in this manuscript, 

we use the term “ELS method” to refer to the process of calculating seismic fragility by using 

ELS V* equation and linear time history analyses. As noted earlier, the ELS method by itself 

does not necessarily gives an accurate fragility curve especially for tuned or nearly tuned 

coupled system. Since the proposed method uses simple 2-DOF representative systems for 

developing the empirical equation, the differences between the curve obtained by this method 

and the true fragility curve of system are likely to increase with increasing complexity in the 

characteristics of the coupled system. Yet, the two curves are relatively close enough and the 

accuracy can be significantly improved if only limited information is available on the true 

fragility of the system. Additional information on true fragility can be obtained from either 

experimental data or by conducting a few nonlinear time history analyses. The additional 

information on true fragility even though limited in quantity can be used effectively in 

conjunction with Bayesian updating as given by Eq. (8). The fragility curve generated solely 

by using the ELS method is taken as the prior and limited number of nonlinear time history 

analyses is used as the data to update and generate the posterior curve. The complete process 

of using ELS method and Bayesian updating to generate the final fragility curve is explained 

through a flowchart in Fig. 14. 
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5. Application and Verification of Proposed Method 

In this section, we illustrate the application of the proposed method and establish its accuracy 

by using three different coupled system configurations: 1) SDOF primary - SDOF secondary 

system, 2) MDOF primary - SDOF secondary system, and 3) MDOF primary - MDOF 

secondary system. The accuracy and efficiency of the proposed method are illustrated by 

comparing the seismic fragility curves obtained from using the ELS method by itself, the 

ELS method & Bayesian updating in conjunction with each other, and the comprehensive 

nonlinear time history analysis. The computational efficiency is illustrated by comparing the 

numbers of analyses needed for each case in all the three examples. 

5.1 Example 1: Primary SDOF and secondary SDOF system 

Eighteen (18) different models having tuning ratio η = -0.2, 0 and 0.6, damping ratio ξs = 

0.02 and 0.05, and ductility μ = 2, 3 and 5 are selected for showing the effectiveness of the 

proposed method. The mass ratio between primary and secondary system, the post-yield 

stiffness ratio α and yield displacement uy are assumed to be 0.001, 0.1, and 0.06 m, 

respectively. The 75 earthquake time histories normalized to 8 different PGA levels between 

0 ~ 3g are used for developing seismic fragility curves. The physical properties of the models 

are given presented in Table 3. 

Fig. 15 and Table 4 compare the seismic fragility curves for all 18 cases as obtained 

by using only linear time history analysis as per the ELS method by itself, the ELS method in 

conjunction with a few nonlinear time history analyses for Bayesian updating, and the 
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comprehensive nonlinear time history analysis approach. The calculated ELS V* utilizing Eq. 

(19) for all 18 cases are given at the bottom of each fragility curve. As seen in Fig. 15 and 

Table 4, the seismic fragility curves obtained from the ELS method appears to be in good 

agreement with the corresponding curve obtained from the nonlinear time history analyses 

for all the detuned cases with η = 0.6 irrespective of the damping ratios and ductility values. 

Therefore, Bayesian updating is not needed. However, the seismic fragility curves obtained 

from the ELS method are somewhat different from those from the nonlinear time history 

analyses for both η = -0.2 and 0. For these cases, the seismic fragility curves from the ELS 

method used in conjunction with the Bayesian updating are very close to those obtained from 

the nonlinear time history analyses. The ELS method takes just 75 linear time history 

analyses, and the ELS method & Bayesian updating takes 75 linear time history analyses and 

225(=75x3) nonlinear time history analyses while the nonlinear time history analysis 

approach for seismic fragility curve takes 600 (=75x8) nonlinear time history analyses. 

5.2 Example 2: Primary MDOF and secondary SDOF system 

A 9-DOF coupled system comprising of an SDOF secondary system connected to the fourth 

floor of the 8-DOF primary system is considered and is illustrated in Fig. 16. As in the case 

of example 1, eighteen (18) different models are considered with η = -0.2, 0 and 0.6, 

damping ratio ξs = 0.02 and 0.05, and ductility capacity μ = 2, 3 and 5. The ratio of the first 

modal effective mass of primary system and the mass of secondary system, the post-yield 

stiffness ratio α and yield displacement uy are 0.0001, 0.1, and 0.06 m, respectively. The 75 
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earthquake time histories are normalized to 12 PGA levels between 0 ~ 3g for developing the 

seismic fragility curves. The properties and modal characteristics of the uncoupled systems 

are given in Table 5. 

Fig. 17 and Table 6 compare the fragility curves for all 18 cases by using the three 

approaches. The calculated ELS V* from Eq. (19) for all 18 cases are given at the bottom of 

each fragility curve. For the case of η = -0.2 and μ = 5, the median and logarithmic standard 

deviation for lognormal fragility model are not included in Table 6 because the fragilities in 0 

~ 3g PGA range are zero. The results shown in Fig. 17 and Table 6 are very similar in nature 

to those exhibited for the example 1 described earlier. The ELS method takes just 75 linear 

time history analyses where the ELS method when used in conjunction with Bayesian 

updating takes 75 linear time history analyses and 225(=75x3) nonlinear time history 

analyses. In comparison, the comprehensive nonlinear time history analysis approach takes 

900(=75x12) analyses. 

5.3 Example 3: Primary MDOF and secondary MDOF system 

This example represents the most complex of all the examples considered in this study. A 10-

DOF coupled system in which the secondary is a 2-DOF system which is connected to the 

fourth floor of the 8-DOF primary system as shown in Fig. 18. Once again, eighteen (18) 

different models are considered for η = -0.2, 0 and 0.6, damping ratio ξs = 0.02 and 0.05, and 

ductility μ = 2, 3 and 5. The ratio of the first modal effective mass of primary and secondary 

system, the post-yield stiffness ratio α and yield displacement uy are taken as 0.0001, 0.1, and 
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0.06 m, respectively. The 75 earthquake time histories are normalized to 12 PGA levels 

within 0 ~ 3g. The physical properties and modal characteristics of the uncoupled models are 

given in Table 7. The results from different analyses are compared in Fig. 19 and Table 8. 

The observations from this set of results are same as in the case of previous two examples. 

The numbers of time history analyses needed for each case are also identical to those for 

example 2 described above. 

6. Summary and Conclusions 

This paper focuses on enhancements to an existing approach termed as equivalent limit state 

based methodology for evaluating the seismic fragility of secondary systems such as 

equipment and piping. The equivalent limit state concept focuses on arriving at a reasonably 

quick but accurate seismic fragility estimates which can be used as reliable prior information 

for a Bayesian updating framework. The Bayesian updating framework seeks to update the 

prior fragility using only limited results from actual nonlinear simulations or real-life 

experimental fragility data thus minimizing the total effort required in estimating the seismic 

fragility to a desired degree of accuracy. The equivalent elastic limit state is a modified 

representation of the failure capacity of secondary system such that the damage probabilities 

are close to that obtained from the actual nonlinear analyses. 

 Enhancements to the concept of equivalent limit-state are presented in this study. The 

original formulation for the empirical equation of equivalent limit state was developed using 

a bilinear model to represent the localized nonlinearities in secondary systems. Such 
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localized nonlinearities are typically exhibited at the joints of piping systems. However, the 

mounting arrangements in equipment and piping supports can often exhibit hysteretic 

behavior. Overall, three distinct enhancements are proposed: 

 Consideration of a hysteretic model for the nonlinearities in the secondary system.  

 Account for the effects of uncertainties in the nonlinear model and for non-classical 

damping. A coupled system becomes non-classically damped when the damping 

characteristics of the primary and secondary systems are different from each other.  

 Account for the effect of asymmetric variation of the equivalent elastic limit state 

with respect to tuning ratio. The originally proposed formulation is symmetric and 

exhibits significant differences for systems in which tuning ratios are greater than 

zero.  

Three different configurations of primary-secondary systems are used to illustrate the 

applicability and evaluate accuracy of the proposed approach. A total of 18 different models 

are created for each configuration by varying the tuning ratio, damping, and ductility values. 

It is shown that the proposed approach gives fragility curves that are close to those obtained 

from a comprehensive computationally intensive nonlinear time history analyses. 
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Table 1: Properties of 2-DOF coupled model 

 
m (kg) k (N/m) f (Hz) α uy (m) ξ μ 

Primary 32.2e3 1e7 3.1 - - 0.05 - 

Secondary 32.2 12,216 2.8 0.1 0.06 0.02 2 
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Table 2: Properties of 2-DOF coupled models for simulation 

Primary 

(mp = 32.2e3 kg,  

ξp = 0.05) 

Secondary 

(ms = 32.2 kg) 

fp (Hz) fs (Hz) α uy (m) ξs μ 

2.4 0.5 0.05 0.01 0.02 2 

3.0 1.0 0.10 0.06 0.05 3 

3.6 1.4 0.15 0.12  5 

 2.0     

 2.4     

 2.8     

 3.0     

 3.2     

 3.7     

 5.0     

 7.0     

 9.0     

 18.0     

Total number of coupled system: 3 x 13 x 3 x 3 x 2 x 3 = 2,106 systems 
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Table 3: Properties of primary SDOF- secondary SDOF coupled models 

 m (kg) k (N/m) f (Hz) α uy (m) ξ μ 

Primary 32.2e3 1.14e7 3 - - 0.05 - 

Secondary 32.2e 

715 

1.14e4 

2.57e4 

0.75 

3 

4.5 

0.1 0.06 
0.02 

0.05 

2 

3 

5 
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Table 4: Median value and log-standard deviation of seismic fragility curve for secondary 

system of primary SDOF – secondary SDOF coupled system using ELS only, ELS & 

Bayesian updating, and Nonlinear analysis approach in (a) ξs = 0.02 and (b) ξs = 0.05 

(a) ξs = 0.02 

  [η = -0.2] [η = 0] [η = 0.6] 

  c β c β c β 

[μ=2] 

ELS only 1.326 0.296 0.704 0.456 0.295 0.663 

ELS & 

Bayesian 
1.385 0.321 0.727 0.313 - - 

Nonlinear 1.399 0.325 0.729 0.325 0.361 0.597 

[μ=3] 

ELS only 1.761 0.292 1.172 0.440 0.452 0.682 

ELS & 

Bayesian 
1.785 0.327 1.207 0.323 - - 

Nonlinear 1.796 0.333 1.189 0.329 0.538 0.601 

[μ=5] 

ELS only 2.541 0.255 2.070 0.453 0.847 0.661 

ELS & 

Bayesian 
2.559 0.320 1.914 0.300 - - 

Nonlinear 2.534 0.314 1.901 0.301 0.841 0.578 

 

(b) ξs = 0.05 

  [η = -0.2] [η = 0] [η = 0.6] 

  c β c β c β 

[μ=2] 

ELS only 1.382 0.309 0.699 0.429 0.372 0.622 

ELS & 

Bayesian 
1.554 0.322 0.813 0.315 - - 

Nonlinear 1.554 0.327 0.808 0.321 0.394 0.589 

[μ=3] 

ELS only 1.758 0.318 1.191 0.405 0.590 0.556 

ELS & 

Bayesian 
2.013 0.334 1.317 0.305 - - 

Nonlinear 2.014 0.332 1.277 0.299 0.593 0.564 

[μ=5] 

ELS only 2.537 0.268 2.041 0.418 1.017 0.622 

ELS & 

Bayesian 
2.811 0.296 2.125 0.278 - - 

Nonlinear 2.799 0.274 2.101 0.256 0.934 0.551 
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Table 5: Properties of primary MDOF- secondary SDOF coupled models 

  
Level/Mode 

1 2 3 4 5 6 7 8 

Primary 

MDOF 

mi 

(e5 kg) 
13.60 13.60 13.60 13.6 3.34 3.34 3.34 3.34 

ki 

(e9 N/m) 
13.40 13.40 13.40 13.40 3.34 3.34 3.34 3.34 

fpi (Hz) 4 7.3 14.8 17.5 23.8 25.4 29.8 30.2 

Secondary 

SDOF 

ms1 (kg) 633        

ks1  

(e5 N/m) 

0.25 

4.0 

9.0 

       

fs1 (Hz) 

1 

4 

6 
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Table 6: Median value and log-standard deviation of seismic fragility curve for secondary 

system of primary MDOF – secondary SDOF coupled system using ELS only, ELS & 

Bayesian updating, and Nonlinear analysis approach in (a) ξs = 0.02 and (b) ξs = 0.05 

(a) ξs = 0.02 

  [η = -0.2] [η = 0] [η = 0.6] 

  c β c β c β 

[μ=2] 

ELS only 2.790 0.283 1.423 0.489 0.403 0.649 

ELS & 

Bayesian 
2.887 0.296 1.349 0.290 - - 

Nonlinear 2.864 0.291 1.354 0.275 0.492 0.606 

[μ=3] 

ELS only 3.586 0.263 2.246 0.4452 0.644 0.607 

ELS & 

Bayesian 
3.349 0.221 2.072 0.269 - - 

Nonlinear 3.351 0.226 2.088 0.236 0.737 0.624 

[μ=5] 

ELS only - - 3.517 0.343 1.135 0.614 

ELS & 

Bayesian 
- - 3.221 0.192 - - 

Nonlinear - - 3.166 0.171 1.136 0.619 

 

(b) ξs = 0.05 

  [η = -0.2] [η = 0] [η = 0.6] 

  c β c β c β 

[μ=2] 

ELS only 2.876 0.318 1.510 0.429 0.525 0.575 

ELS & 

Bayesian 
3.035 0.262 1.492 0.273 - - 

Nonlinear 3.008 0.257 1.514 0.262 0.544 0.548 

[μ=3] 

ELS only 3.637 0.288 2.344 0.376 0.775 0.576 

ELS & 

Bayesian 
3.468 0.174 2.271 0.247 - - 

Nonlinear 3.435 0.167 2.263 0.228 0.779 0.616 

[μ=5] 

ELS only - - 3.710 0.274 1.340 0.592 

ELS & 

Bayesian 
- - 3.387 0.154 - - 

Nonlinear - - 3.388 0.155 1.209 0.592 
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Table 7: Properties of primary MDOF- secondary MDOF coupled models 

  

Level/Mode 

1 2 3 4 5 6 7 8 

Primary 

MDOF 

mi 

(e5 kg) 
13.60 13.60 13.60 13.6 3.34 3.34 3.34 3.34 

ki 

(e9 N/m) 
13.40 13.40 13.40 13.40 3.34 3.34 3.34 3.34 

fpi (Hz) 4 7.3 14.8 17.5 23.8 25.4 29.8 30.2 

Secondary 

SDOF 

msi (kg) 316 316       

ksi  

(e5 N/m) 

0.33 

5.23 

11.8 

0.33 

5.23 

11.8 

      

fsi (Hz) 

1 

4 

6 

2.6 

10.5 

15.7 
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Table 8: Median value and log-standard deviation of seismic fragility curve for secondary 

system of primary MDOF – secondary MDOF coupled system using ELS only, ELS & 

Bayesian updating, and Nonlinear analysis approach in (a) ξs = 0.02 and (b) ξs = 0.05 

(a) ξs = 0.02 

  [η = -0.2] [η = 0] [η = 0.6] 

  c β c β c β 

[μ=2] 

ELS only 3.537 0.262 1.619 0.489 0.519 0.561 

ELS & 

Bayesian 
3.455 0.250 1.489 0.288 - - 

Nonlinear 3.455 0.250 1.484 0.295 0.525 0.546 

[μ=3] 

ELS only 3.825 0.141 2.583 0.477 0.767 0.594 

ELS & 

Bayesian 
3.691 0.165 2.294 0.247 - - 

Nonlinear 3.630 0.157 2.261 0.244 0.801 0.588 

[μ=5] 

ELS - - 3.782 0.323 1.299 0.576 

ELS & 

Bayesian 
- - 3.449 0.161 - - 

Nonlinear - - 3.376 0.145 1.244 0.581 

 

 

(b) ξs = 0.05 

  [η = -0.2] [η = 0] [η = 0.6] 

  c β c β c β 

[μ=2] 

ELS only 3.565 0.266 1.599 0.441 0.606 0.546 

ELS & 

Bayesian 
3.475 0.204 1.610 0.273 - - 

Nonlinear 3.450 0.206 1.605 0.286 0.589 0.562 

[μ=3] 

ELS only 3.701 0.179 2.527 0.412 0.918 0.558 

ELS & 

Bayesian 
3.889 0.150 2.406 0.250 - - 

Nonlinear 3.800 0.150 2.397 0.240 0.833 0.608 

[μ=5] 

ELS only - - 3.713 0.283 1.605 0.536 

ELS & 

Bayesian 
- - 3.673 0.161 - - 

Nonlinear - - 3.493 0.130 1.317 0.595 
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Fig. 1. ELS concept 

 

 
 

 

Fig. 2. Bouc-Wen hysteretic model 
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Fig. 3. m(=p+s)-DOF coupled system 

  



 

 

178 

 

 

Fig. 4. Configuration and properties of 2-DOF coupled system 

 

 

Fig. 5. Response spectra of the 5%-damped linear-elastic SDOF model under input ground 

motions normalized to 1.0g 
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Fig. 6. RMS error between seismic fragility of linear and nonlinear system according to ELS 

V* 

 

Fig. 7. Comparison between seismic fragility of nonlinear system and linear system using 

ELS V* 

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

Equivalent limit state, V*(m)

R
o

o
t 

m
e
a

n
 s

q
u

a
r
e
 (

R
M

S
) 

e
r
r
o

r



 

 

180 

 

 

Fig. 8. Simulation data and ELS V* equation 
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Fig. 9. ELS V* curve using the equation of Tadinada and Gupta (2016) and the proposed 

equation by this study (μ = 2 and ξs = 0.02) 
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(a) η ≥ 0 

 
(b) η < 0 

 

Fig. 10. Asymptotic lines for ELS V* at η ≥ 0 and η < 0 

  



 

 

183 

 

 
(a) η ≥ 0 

 
(b) η < 0 

 

Fig. 11. Curve shapes for ELS V* according to the change of η  
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Fig. 12. Relation between ductility capacity and scale factor 

 

Fig. 13. Comparison of fragility curves using the equation of Tadinada and Gupta (2016) and 

the proposed equation by this study (μ = 3, ξs = 0.02, η = 0.6)  
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Fig. 14. Comprehensive procedure of seismic fragility analysis of the secondary system of 

coupled system using ELS method and Bayesian updating 

Perform seismic fragility analyses for the

coupled system having localized

nonlinearity of secondary system.

Develop mathematical modeling

considering geometry configuration

and material properties.

Define uncertainties of earthquakes

(Nth ground motions normalized to

kth PGA levels).

Calculate ELS V* of nonlinear element of

secondary system in Eq. (19).

Perform Nth linear time history analyses.

Calculate seismic fragilities of Eq. (6)

based on ELS V* and Nth linear time

history analysis results.

Develop complete seismic fragility curve

by fitting two parameters of log-normal

fragility model of Eq. (4) into calculated

seismic fragilities.

For an additional information, perform

nonlinear time history analyses at PGA level

corresponding to 10, 50 and 90% failure

probability of the developed fragility curve.

If there are experimental or/and

empirical data available, use these as an

additional information.

Conduct Bayesian updating to

incorporate additional data into the

developed fragility curve using Eq. (8).

Final seismic fragility curve is obtained

based on ELS method and Bayesian

updating.

ELS method

Bayesian updating
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 [η = -0.2] [η = 0] [η = 0.6] 

[μ=2] 

 
ELS V* = 1.28·uy 

 
ELS V* = 5.55·uy 

 
ELS V* = 2.55·uy 

[μ=3] 

 
ELS V* = 1.69·uy 

 
ELS V* = 8.97·uy 

 
ELS V* = 3.88·uy 

[μ=5] 

 
ELS V* = 2.52·uy 

 
ELS V* = 16·uy 

 
ELS V* = 6.87·uy 

 

(a) ξs = 0.02 

 

(Continued) 
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 [η = -0.2] [η = 0] [η = 0.6] 

[μ=2] 

 
ELS V* = 1.13·uy  

ELS V* = 3.70·uy 
 

ELS V* = 2.50·uy 

[μ=3] 

 
ELS V* = 1.44·uy 

 
ELS V* = 5.92·uy 

 
ELS V* = 3.80·uy 

[μ=5] 

 
ELS V* = 2.07·uy 

 
ELS V* = 10.54·uy 

 
ELS V* = 6.72·uy 

  

(b) ξs = 0.05 

 

Fig. 15. Seismic fragility curve for secondary system of primary SDOF - secondary SDOF 

coupled system using ELS only, ELS & Bayesian updating, and Nonlinear analysis approach 

in (a) ξs = 0.02 and (b) ξs = 0.05 
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Fig. 16. Primary MDOF- secondary SDOF coupled model 
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Fig. 17. Seismic fragility curve for secondary system of primary MDOF – secondary SDOF 

coupled system using ELS only, ELS & Bayesian updating, and Nonlinear analysis approach 

in (a) ξs = 0.02 and (b) ξs = 0.05 
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Fig. 18. Primary MDOF- secondary MDOF coupled models 
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Fig. 19. Seismic fragility curve for secondary system of primary MDOF – secondary MDOF 

coupled system using ELS only, ELS & Bayesian updating, and Nonlinear analysis approach 

in (a) ξs = 0.02 and (b) ξs = 0.05 
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ABSTRACT 

Traditionally, external hazards are considered in the design of a building through the various 

combinations of loads prescribed in relevant design codes and standards. It is often the case 

that the design is governed by a single dominant hazard at a given geographic location. This 

is particularly true for earthquake and wind hazards, both of which impart time-dependent 

dynamic loads on the structure. Engineers may nevertheless wonder if a building designed 

for one of the two dominant hazards will satisfactorily withstand the other. Prior studies have 

indicated that in some cases, when a building is designed for a single dominant hazard, it 

does not necessarily provide satisfactory performance against the other hazard. In this paper, 

we propose a novel framework that builds upon performance-based design requirements and 

determines whether the design of a building is governed primarily by a single hazard or 

multiple hazards. It integrates site-dependent hazard characteristics with the performance 

criteria for a given building type and building geometry. The framework is consistent with 

the burgeoning area of probabilistic risk assessment, and yet can easily be extended to 

traditional, deterministically characterized design requirements as illustrated herein.  
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1. Introduction 

Design and retrofit approaches for multi-hazard scenarios have received considerable 

attention in recent years. However, the concept of multi-hazard analysis is quite broad and 

the nature of existing studies varies across a wide spectrum of problems. In some cases, the 

focus is on hazards that either occur simultaneously or are closely correlated with one 

another, such as flooding and fires that are induced by the same seismic event. In other cases, 

multi-hazard studies relate to hazards that are not dependent or correlated but have a strong 

likelihood of occurrence at different points in the lifetime of a structure. Design and retrofit 

assessments for earthquake and extreme wind hazards fall within the latter category. 

In the specific case of earthquake and wind loads, design and retrofit solutions are 

traditionally governed by the requirements of appropriate codes and standards that have 

historically accounted for multiple hazards through the guidance provided for load 

combinations. Since performance limit-states in the various codes and standards are the same 

for loads corresponding to different hazards, the final design is governed by only a single 

hazard that corresponds to higher loads. The basic premise is that each load combination 

attempts to account for a scenario that can occur simultaneously. In the United States, load 

combination requirements are prescribed by ASCE 7-05. More specifically, the two 

combinations involving earthquake and wind are (i) 1.2D +1.0E +L +S and (ii) 1.2D +1.6W 

+L +0.5Lr, respectively, where D = dead load, E = earthquake load, L = live load, S = snow 

load, Lr = roof live load, W = wind load. While it is quite evident that the load combination 
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for either earthquake or wind would dominate the design, recent studies have identified 

limitations of such an approach. Wen and Kang (2001) illustrate that, even if a single hazard 

(earthquake or wind) dominates the design loads, the less dominant hazard can contribute 

significantly to the overall design. Duthinh and Simiu (2009) and Crosti et al. (2010) 

additionally show that ASCE 7-05 requirements are not risk consistent. They illustrate that 

the overall risk for combined earthquake and wind loads in regions susceptible to both strong 

earthquakes and extreme winds can be more than twice that calculated by considering only a 

single dominant hazard. Consequently, these studies propose modifications to ASCE 7-05. 

Chen (2012) considers mid- to high-rise buildings in studying the inherent wind resistance of 

a building designed for earthquake loads as well as the inherent seismic resistance of a 

building designed for wind loads. The results indicate that certain solutions for ensuring 

safety against a single dominant hazard, such as wind, can create competing design 

objectives with respect to the other hazard, such as earthquake. Li et al. (2012) also show that 

design and retrofit strategies to improve a structure’s performance for withstanding a single 

hazard can make the structure more vulnerable to other non-dominant hazards.  

The fundamental basis for both earthquake and wind design is in finding the 

appropriate load path through the building and accounting for the dynamic nature of both 

loads. To do so, designers and engineers may ask if a building designed for one of the two 

hazards will also perform well for the other. AIA (1997) discusses this fundamental question 

and concludes that the answer is not necessarily so. The study observes that the true answer 

depends on a building’s configuration height, load path for the given structural system, and 
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performance objectives. It also provides an interesting contrast between the two load cases, 

particularly in the ones calculated from building codes. In particular, earthquake loads 

calculated using the code provisions are shown to be much less than those typically exhibited 

during a major earthquake. Ductility of structural members and connections is utilized in the 

resistance of large earthquake loads, and is achieved through detailing requirements. In 

contrast, wind loads are much closer to the actual loads and wind pressures recorded at a 

geographic location, and there is no reliance on ductility. Consequently, a design in which 

inter-story drifts are governed by wind loads will not be able to provide sufficient ductility to 

withstand a large earthquake. This situation typically arises when buildings are located in 

regions with low-to-moderate seismicity and strong winds. 

In a recent study, Unobe and Sorensen (2015) observe that different hazards can 

dominate performance in different limit states, addressing another aspect of the many 

possible multi-hazard scenarios. They illustrate that recurring moderate-to-high intensity 

winds can dominate performance with respect to fatigue, whereas the rare possibility of an 

earthquake during the lifetime of a structure can dominate the traditional design limit-states 

in shear, flexure, and/or drifts. 

This trade-off between competing performance goals, such as those involving 

earthquakes and winds, has recently garnered considerable attention, and compels us to 

address multiple hazards in the assessment, design, construction, and retrofit of structures. 

However, there is in fact no framework available for the designer to determine whether the 

design of a particular building at a given site is governed by one or more hazards. In this 
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study, the development of such a framework is explored and a performance-based approach 

is proposed. The proposed approach makes use of (a) the site-dependent hazard intensity for 

a given site, (b) the building configuration/height, and (c) performance criteria that govern 

the design of the building for each individual hazard. The resulting framework can also be 

used to determine whether a particular building structure requires any retrofitting, especially 

in cases where both earthquake and wind hazards govern the design and performance of a 

building whose initial design may not have accounted for them as such. Here, we 

demonstrate the merits of the proposed framework through an application in which retrofit 

solutions are examined for two mid- to high-rise buildings located in close proximity to one 

another, as in a tight urban setting. Results of the analysis show that retrofit solutions differ 

significantly when evaluated under a multi-hazard scenario. 

2. Performance Characterization 

Structural performance is assessed through the use of limit states, which are characterized by 

design and serviceability thresholds, and limit states are expressed by performance functions, 

which can be described in the following form: 

 ,Z g L R L R       (1) 

where L denotes the performance limit (capacity) of the structure and R represents response 

(demand) on the structure at a given hazard intensity measure. In general, 
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1 2( , ,..., )nZ g X X X     (2) 

where Xn represents probabilistically defined variables for the loads and the strength. The 

performance function g is a limit-state function that characterizes the failure criterion as: 

 

 

 

0 :   Failure state

0 :   Limit state

0 :   Survival state

g

g

g

 

 

 

    (3) 

Performance functions are used to determine the safe or failure states from either a 

deterministic or probabilistic perspective. The probability of failure Pf is then given by the 

joint probability distribution of Xn's: 

1 2 3, , ,...., 1 2 3 1 2 3

( ) 0

... ( , ..., ) , , ....
nf X X X X n n

g

P f x x x x dx dx dx dx
 

     (4) 

where,  
1 2 3, , ,..., 1 2 3, , ,...,

nX X X X nf x x x x  is the joint probability density function of the random 

variables.  

The performance-based framework we propose is developed for a probabilistic 

characterization of the performance function, as above. However, limit states are often 

prescribed deterministically by codes and standards to ensure a minimum level of reliability 

in the design. Designers evaluate the demand for increasing values of the intensity measure 

and subsequently determine the value at which Eq. (1) becomes negative for a given capacity, 

again, as prescribed by relevant codes and standards. As a result, we extend the proposed 
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framework so that it accommodates deterministically characterized performance criteria. It 

must be noted that different measures are used to quantify the intensity of different hazards, 

leading to a completely independent characterization of Eq. (1) for different hazards, which 

cannot be directly compared or combined.  

In general, multiple performance limit states exist and are examined in the design of a 

structure. Yet in most cases, the design is governed by a single performance limit state. 

Specifically, the performance of the building structure subjected to earthquake loading is 

typically governed by potentially excessive inter-story drift (characterizing the safety against 

side-sway collapse). ASCE 7-10 and IBC 2012 building codes specify the limit state for 

inter-story drift to be 1.5 % of the story height. Unlike for earthquakes, the design for high 

wind loading is not governed by the collapse of a building. Instead, it is typically governed 

by appropriate performance with respect to excessive vibrations, which is characterized in 

terms of the corresponding serviceability limit state. Tallin and Ellingwood (1985) state that 

the threshold of perception and annoyance for the acceleration intensity is approximately 

0.005 g (0.049 m/s
2
) ~ 0.015 g (0.147 m/s

2
), and the limit for psychological well-being and 

the ability to perform routine tasks is about 0.04 g (0.39 m/s
2
). For convenience, these limit 

states are adopted in this study. In general, the two limit states may be expressed as 

    1 e e( ) L R ( )e eg IM IM      (5)  

       2 w wL Rw wg IM IM      (6)  
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where g1 is the performance function for earthquakes, which is characterized in terms of the 

intensity measure for earthquake loading (IMe); g2 is a performance function for winds, 

which is characterized in terms of intensity measure for wind loading (IMw); Re is the 

maximum inter-story drift (demand) of the structure under earthquake excitation; Le is the 

performance limit (capacity) for earthquake loading, i.e., 1.5% of story height; Rw is the 

maximum acceleration (demand) of the structure under wind excitation; Lw is the 

performance limit (capacity) for wind loading, i.e., 0.04g (0.39 m/s
2
). Characterizing 

performance is obviously the essential first step in the development of a performance-based 

multi-hazard risk assessment framework. 

3. Proposed Framework 

The proposed framework combines performance functions with the different intensity 

measures for multiple hazards in a spatial representation that is subdivided into distinct 

regions. These graphically depicted regions can then be used to evaluate the significance of 

each hazard at a given site. Consequently, one of the regions will correspond to sites at which 

more than a single hazard contributes significantly to the structure’s performance.   

Fig. 1 shows the proposed graphical framework. As seen in this figure, the starting 

point is to develop curves of a structure’s performance with respect to the intensity measures 

for each individual hazard. In a probabilistic risk-assessment framework, such curves give 

the variation of Pf as calculated in accordance with Eq. (4) for a given performance function 

with the intensity measure for the particular hazard; these are referred to as “fragility curves.” 
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As seen in the figure, two fragility curves are plotted with respect to the intensity measures. 

One curve corresponds to performance function g1 for earthquakes and the other to g2 for 

winds. The feasibility of a design is governed by an acceptable level of risk (or probability of 

failure), denoted by Pf 
allow

. Such a characterization of the acceptance criterion allows for 

risk-consistent design among multiple hazards. Safe designs are characterized by Pf < Pf 
allow

, 

whereas failure is characterized by Pf > Pf 
allow

. Also as seen in Fig. 1, the two fragility curves 

and the definitions of Pf 
allow

 for each hazard are used to develop a third (central) plot, which 

we refer to as risk space, and each axis in this plot represents an intensity measure for one of 

the hazards. The Pf 
allow

 value is then used to identify the corresponding intensity measure 

value (IM1,L and IM2,L) in the fragility curve as the limiting boundary in risk space 

characterized by the corresponding intensity measures. These limiting boundary values, IM1,L 

and IM2,L, are then used to identify four distinct regions in the risk space plot. The region that 

corresponds to IM1 > IM1,L and IM2 > IM2,L is the region in which both the hazards govern the 

design of the structure. At a given geographical location, the codes and standards can be used 

to determine the site-specific intensity measures for designing a structure. These two values 

for the two hazards are represented by a point (“x”) in the risk space of Fig. 1, and its 

location determines whether the design of the particular structures at the given geographic 

location are governed by both hazards (region IV in Fig. 1) or a single hazard (regions II and 

III in Fig. 1). 

The risk-consistent framework proposed above is developed while keeping in mind 

the actively evolving area of probabilistic risk assessment and reliability-based design. 
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Nevertheless, it can be easily converted into a deterministic form for consistency with current 

design codes and standards, as shown in Fig. 2, a modified form of the previous figure. As 

seen in Fig. 2, fragility curves are replaced with deterministically generated curves for g1 and 

g2 with respect to their intensity measures. The performance functions g1 and g2 are 

deterministic in nature as per Eq. (5) and (6), discussed earlier. The limiting values of 

intensity measures IM1,L and IM2,L in this form correspond to g1 = 0 and g2 = 0, respectively. 

The subsequent definition of risk space and identification of different regions remains 

identical to that of Fig. 1. Specifically, the four regions can be described as: I. sites at which 

the initial/current design is acceptable with respect to both the hazards when g1 > 0 and g2 > 

0; II. sites governed by only earthquake hazard when g1 ≤ 0 and g2 > 0; III. sites governed by 

only wind hazard when g1 > 0 and g2 ≤ 0; IV. sites governed by both earthquake and wind 

hazards when g1 ≤ 0 and g2 ≤ 0. 

4. Illustration of Proposed Framework 

In this section, we illustrate the development and utilization of the proposed framework 

through a simple example that includes several selected geographic locations. To begin, a 20-

story building is considered, and the illustration is then extended to 30-story and 40-story 

buildings. For simplicity, a square cross section of the building is considered with width B = 

16 m and story height h = 4 m. The building is assumed to exhibit slenderness with a total 

height (H = 80 m) to width (B) ratio of 5. The mass of each floor is taken as 8e5 kg and the 

inter-story stiffness is taken as 1.4e9 N/m. The performance functions for this structure 
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become g1 = Re – 0.06 for an earthquake loading and g2 = Rw – 0.39 for a wind loading by 

adopting Eq. (5) and Eq. (6). In order to outline the process of characterizing hazards and 

developing input loadings, three representative geographical locations are considered: (i) Los 

Angeles, CA (ii) Anchorage, AK and (iii) Charleston, SC. The primary reason for selecting 

these specific locations is that all three sites are vulnerable to seismic and wind hazards. 

4.1 Characterization of earthquake hazard 

The USGS (United States Geological Survey) and ASCE 7-10 provide seismic hazard 

intensity measures which are characterized in terms of the mapped hazard spectral 

accelerations at short period (SS) and 1s period (S1). ASCE 7-10 requires that the mapped 

hazard values (SS and S1) be multiplied by the site-specific soil amplification coefficients (Fa 

and Fv) and the design reduction factor (2/3) for characterizing the design hazard parameters 

(SDS and SD1). These parameters are then used to construct the design spectrum. If an 

acceleration time history is needed for analysis of structural responses, the design spectrum is 

used to develop corresponding motions by scaling the historical ground motions or 

artificially generating ground motions compatible with the design spectrum.  

Next, we apply this process to characterize the seismic hazard at the three selected 

sites in this study. For Los Angeles, it is determined that SS = 2.348g and S1 = 0.823g. For 

Anchorage, SS = 1.500g and S1 = 0.676g, and for Charleston, SS = 1.119g and S1 = 0.355g. 

For comparison purposes, we consider the same soil site classification (class D) for the local 

soil profile. The soil amplification factors are Fa = 1 and Fv = 1.5 for Los Angeles, Fa = 1 and 
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Fv = 1.502 for Anchorage, and Fa = 1.052 and Fv = 1.609 for Charleston. The design hazard 

parameters with a soil site class D are calculated to be SDS = 1.565g and SD1 = 0.823g for Los 

Angeles, SDS = 1.000g and SD1 = 0.676g for Anchorage, and SDS = 0.785g and SD1 = 0.400g 

for Charleston. Fig. 3 shows the design spectra calculated at these sites in accordance with 

ASCE 7-10 and represented by solid lines in the figure. For analysis purposes, the spectrum 

compatible artificial ground motions for each site are generated as described in Gasparini and 

Vanmarcke (1976). The response spectra calculated from the artificial ground motions are 

shown by the dashed lines in Fig. 3. The artificial time histories for each of the three sites are 

shown in Fig. 4. 

4.2 Characterization of wind hazard 

ASCE 7-10 gives wind speed maps for the entire United States that can be used to calculate 

the wind hazard. Static wind pressure is determined from the wind speed (V), which is 

considered to act as a three-second gust speed at 10 m above the ground in a particular 

exposure category. This information is then used to determine the importance factor (I), 

exposure coefficient (Kz), topographical factor (Kzt), and wind directional factor (Kd) in order 

to calculate the design velocity pressure (qz) at height (z) as follows: 

 2 20 613z z zt dq . K K K V I N / m      (7) 

Wind time history loadings can be developed by using the Kaimal spectrum as described 

below in Eq. (8) and (9). 
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where f is frequency; z is height; Su is power spectral density; fL is height dependent length 

scale of turbulence; σu is the standard deviation; LH is length scale; UH is wind velocity 

evaluated at the height. To take the correlation of all stories of the building into account, the 

defined spectrum should be updated by the following equation: 
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 (10) 

where Srr and Sss are wind velocity spectra for stories r and s, respectively; Srs is the off-

diagonal wind velocity spectrum considering the correlation between stories r and s; kz is the 

decay constant; zr is the height of story r; zs is the height of story s. The decay constant 

considering the cross correlation for obtaining off-diagonal spectra is typically taken as 10 

when generating wind time history loadings. The transformation from the spectrum to a time 

history (Witting & Sinha, 1975; Dyrbye and Hansen, 1997; Zhou et al., 2003) can be 

performed in three steps: (1) the lower triangle matrix is obtained via Cholesky 

decomposition, (2) the FFT (Fast Fourier Transformation) function (Xp) having a phase angle 

following a normal distribution is generated at each floor, (3) the wind time histories (xp) at 
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each floor are obtained by using the inverse FFT operation. The equations for Xp and xp are as 

follows:   
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where Hpi is the lower triangle matrix; ζik is a complex Gaussian random variable having a 

mean of 0 and variance of 0.5; Δt is 1/(2·fc); fc is the Nyquist frequency. 

Next, we apply the wind loading characterization described above to the three 

representative geographical locations considered in this study. To begin with, the basic wind 

speeds for the three sites of Los Angeles, Anchorage, and Charleston are taken as 38 m/s, 54 

m/s, and 63 m/s, respectively, from the code-defined wind speed map. Other conditions of 

the exposure category, I, Kzt and Kd are taken as Exposure C, 1.0, 1.0, and 0.85, respectively. 

The value of Kz can be obtained from the code-defined shape along the height of the building 

structure. Based on these values and the simple 20-story building structure considered, the 

wind time history loadings are generated artificially for a total duration of 300 s at a time step 

of 0.5s. The power spectrum density (PSD) curves of S20,20 are illustrated in Fig. 5. The 

average wind velocity distributions along the height of the 20-story building structure are 

specified in Fig. 6. Fig. 7 shows the wind time history loadings generated at the top floor of 

the 20-story building structure for each of the three sites. 
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4.3 Development of multi-hazard risk map 

In this study, we consider the intensity measures for earthquake and wind (IM1 and IM2) as 

peak ground acceleration (PGA) and basic wind speed (Vs). For the 20-story building, the 

performance function is characterized as inter-story drift for earthquake, and acceleration for 

wind, in order to quantify functions g1 and g2. The performance functions are calculated at 

the three sites for a suite of IM1 and IM2 values, and corresponding interpolated curves for 

these performance functions are found by the regression analyses. The corresponding curves 

for g1 versus PGA and g2 versus Vs are shown in Fig. 8. As seen in these curves, the failure 

limits for each hazard intensity measure are found to be 0.54g (IM1,L) for earthquake and 53 

m/s (IM2,L) for wind. With these values of IM1,L and IM2,L, we now plot risk space and 

identify the four distinct regions of multi-hazard risk in Fig. 9. Finally, coordinates for the 

three sites (Los Angeles, Anchorage, and Charleston) are located in risk space to determine 

the significance of single versus multiple hazards in the design of this 20-story building. For 

instance, if this 20-story building is located at a site where the design levels are greater than 

0.54g for earthquakes but less than 53 m/s for winds, then its design is governed by only the 

earthquake hazard. On the other hand, if the structure is located at a site where the design 

levels of both hazards are greater than 0.54g and 53 m/s, its design will be governed by both 

hazards. 

Finally, we illustrate the changing nature of risk space as developed in the proposed 

framework by considering 30-story and 40-story buildings. The story height and slenderness 
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ratio for each building are taken to be the same as before, i.e., the story height is 4 m and 

slenderness ratio is 5. The same process is repeated for each building and the corresponding 

risk space plotted, with the results for all three buildings shown in Fig. 10. We observed that, 

as the total height of the building is increased, many more geographical locations fall under 

the region where g1 ≤ 0 and g2 ≤ 0, indicating an increased susceptibility to multiple hazards. 

In the following section, we illustrate the changing nature of solutions under a multi-

hazard scenario by looking at two buildings located in close proximity to one another. The 

example shows that the retrofit solutions for these buildings are very different depending on 

whether just earthquake or just wind hazards are considered, or whether they are considered 

together in combination. 

5. Application: Alternative Solutions in a Multi-Hazard Scenario 

For this application of the framework, we consider a 20-story building located in close 

proximity to a 10-story building in a tight urban setting. This particular example appears in 

the literature (Ni et al., 2001; Ok et al., 2008) in the context of earthquake design for adjacent 

buildings connected by supplemental damping devices. At the same time, the concept of 

connecting adjacent buildings by supplemental damping devices has also been presented as a 

possible approach for withstanding high winds (Gurley et al., 1994; Seto, 1996; Lee at al., 

2012). Therefore, we examine the implications of a multi-hazard scenario for this example 

application. 
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Fig. 11 shows the configuration of two adjacent buildings connected by supplemental 

damping devices at different floor levels. The actual floor levels and the number of damping 

devices needed at each floor are investigated in determining the retrofit solution for these 

buildings. The buildings are assumed to be located at a geographical location that 

corresponds to an earthquake intensity measure similar to one in Los Angeles and a wind 

intensity measure similar to one in Charleston. With respect to supplemental damping 

devices, many different types are available and can be used, such as metallic, friction 

dampers, visco-elastic dampers, tuned-mass dampers, isolators, and MR-dampers. For the 

purpose of this study, we consider MR-dampers since Ok et al. (2008) use MR dampers in 

their study for earthquake loads. Similarly, Kim and Kang (2012) utilize MR dampers for 

high winds. Prior to evaluating design alternatives for a multi-hazard scenario with MR 

dampers, we present the numerical model for MR dampers that is used in conducting the 

analysis in the next section. The following section also presents a brief discussion of the 

design parameters used for characterizing the MR dampers. 

5.1 Numerical model of MR damper 

Several mechanical models have been proposed over the years to model MR damper 

behavior (Spencer et al., 1997). In this study, we adopt the experimentally validated model 

shown in Fig. 12 that uses a Bouc-Wen element and a viscous damper in parallel (Dyke et al., 

1998). The restoring force in this model is expressed as shown below in Eq. (13). As seen in 
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this equation, the restoring force fr is composed of a linear viscous elastic part and a 

hysteretic part: 

0rf c x y         (13) 

 0 0 0a bc V c c V        (14) 

  a bV V          (15) 

where the parameters 0c and α represent the viscous damping and inelastic coefficients, 

respectively; Δx is the nonlinear element-ended relative displacement; x  is the nonlinear 

element-ended relative velocity; and y is the interior hysteretic variable, which is expressed 

as the first-order nonlinear differential equation given by Eq. (16): 

1n n
y x y y x y A x 


           (16) 

where the parameter A controls the scale of the hysteresis loops and n determines the 

sharpness of the hysteresis cycle in the region of change from the elastic to the inelastic part; 

β and γ are parameters that control the shape of the hysteretic behavior (Barber and Wen, 

1981). 

In this study, we choose an MR damper of capacity approximately equal to 100 kN 

that has the following set of parameters characterizing its behavior based on experimental 

studies (Yi et al., 2001), i.e., 0ac  = 0.88e2 N-s/cm, 0bc  = 8.8e2 N-s/cm/V, a  = 21744e2 
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N/cm, b  = 99232e2 N-s/cm/V, γ= 3 cm
-1

, β= 3 cm
-1

, A = 1.2, and n = 1. Fig. 13 illustrates 

the force-velocity/displacement hysteretic behaviors of this particular MR damper model for 

six different input voltage values. The input voltage determines the maximum damping force 

and the energy dissipation. Therefore, the input voltage is a key parameter needed in 

determining the retrofit solution. The input voltage determines its force behavior, which in 

turn governs the number of dampers needed in a given design alternative. 

Next, we describe the mathematical model that represents the equations of motion for 

two buildings coupled with MR-dampers. This mathematical model is needed for conducting 

an analysis with earthquake and wind loads. 

5.2 Mathematical model for coupled buildings with MR dampers 

Fig. 11 illustrates two adjacent buildings with 
1

thn and 
2

thn stories (    >   ) connected by m 

nonlinear hysteretic MR dampers along floors in the horizontal direction. Under earthquake 

and wind excitations, it is assumed that the coupled buildings remain linearly elastic, whereas 

the dampers experience nonlinear hysteretic behavior and transfer damper forces to the 

connecting floors of the buildings. The governing equations of motion for shear-type coupled 

building models (N = n1 + n2) are expressed as: 

            dM u C u K u F f        (17) 

         
22

01 1 1d N N nN N N n
F C u y

   
       (18) 
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where [M], [C], and [K] represent the N x N dimensional mass, damping, and stiffness 

matrices of the coupled buildings, respectively; the superscripts (1) and (2) denote the   
   

and   
   story buildings;  u , u , and  u  are the N x 1 dimensional displacement, velocity, 

and acceleration vectors; {Fd} denotes the N x 1 dimensional force vector induced by 

nonlinear hysteretic MR dampers; {f} denotes the N x 1 dimensional force vector caused 
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from external earthquake or wind excitations; [C0] and [A] indicate the N x N dimensional 

damping and N x    dimensional inelastic coefficient matrices, respectively. In order to 

obtain responses of the system with respect to the force vector, we represent the equation of 

motion given by Eq. (17) as the second-order ordinary differential equation (ODE) given by 

Eq. (24), and describe the second-order ODE of Eq. (24) by a first-order ODE representation 

of Eq. (25a): 
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where  Y is the space-state vector.  The detailed components of the state vector and the first-

order ODE are described in Eq. (22b) to Eq. (22d). Eq. (25a) is solved using the forth-order 

Runge-Kutta algorithm. 

Specifically for this study, n1 = 20 and n2 = 10. The properties of the 20-story 

building are the same as those described in section 4, and the building’s performance is 

governed by both wind and earthquake loads as per the risk space of the proposed framework 

presented in section 4.3. The 10-story building has a square cross section with 8 m width (B), 

4 m story height, and a slenderness ratio of 5. The mass of each floor is 8e5 kg and the inter-

story stiffness is 1.4e9 N/m. The first five natural frequencies of the 20-story building 

structure are 0.51, 1.52, 2.54, 3.53, and 4.50 Hz, respectively. The first three natural 

frequencies of the 10-story building structure are 1.00, 2.96, and 4.86 Hz. The damping ratio 

for all modes of the buildings is assumed to be 2 %. 
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5.3 Alternative solutions for locating the dampers 

Solutions for different numbers and voltages of dampers (types of dampers) are now 

evaluated with respect to performance requirements for both earthquake and wind loads. The 

intent is to illustrate that solutions obtained by considering only a single dominant hazard 

(whether earthquake or wind) are quite different from each other as well as from solutions 

obtained by considering both hazards in combination. Overall, the problem of arriving at the 

number of dampers, voltage requirements, and their floor locations is an optimization 

problem whose solutions would vary with the design constraints imposed by the designer. In 

this study we consider three different types of solutions by considering different constraints: 

(i) Case-1: dampers are located on all floors and their number does not change from floor to 

floor; (ii) Case-2: dampers are located on only a single floor; and (iii) Case-3: the most 

general case in which the number of dampers can vary from floor to floor. In all cases, the 

voltage requirements remain the same for all the dampers. 

Case-1: In this scenario, a fixed number of MR dampers with the same input voltage 

are used to connect the buildings on all ten floors. The design variables are defined as the 

number of dampers on each floor and the specific value of the input voltage. It must be noted 

that these design variables decide the damper force characteristics and correspondingly the 

total cost of the dampers. As this problem is characterized by only two design variables, a 

graphical representation is simple and helps in understanding and assessing the possible 

alternatives. The responses for the coupled buildings with MR dampers as characterized by 
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Eq. (17) are computed numerically for both the earthquake and the wind time history 

loadings. Fig. 14 shows the contours of maximum inter-story drift under earthquake loading 

(Re) and those of the maximum acceleration under wind loading (Rw) for the coupled 

building structures. The contours are plotted by varying the number of dampers at each floor 

as well as the input voltage for the dampers. We make three main observations from this 

figure: (1) The solution for “zero” dampers, the case in which the buildings are not connected 

by dampers, does not satisfy the performance requirements, thereby making it essential that 

the buildings be connected through dampers in order to withstand both the hazards. (2) There 

exists an optimal value of design variables, the number of dampers at each floor and the input 

voltage, which minimizes both Re and Rw. Yet, the optimal design values are different under 

earthquake loading when compared to the corresponding values for the wind loading. (3) It is 

possible to obtain the optimal values of design variables that meet performance requirements 

for both the earthquake and the wind hazards and at the same time minimize the cost of 

dampers. For example, if the input voltage is assumed to be fixed at 2 V, then an optimum 

can be obtained as “3” which means 3 dampers at each of the 10 floors leading to a total of 

30 dampers. It is apparent from Fig. 14 that this damper design can fulfill both performance 

requirements (red dashed lines) and minimize the total number of dampers. This optimal 

solution for the multi-hazard scenario is quite different from the optimal solutions obtained 

for the single individual hazards of earthquake or the wind. 

Case-2: Klein and Healy (1987) conclude that buildings having different natural 

frequencies should be connected near the top to ensure appropriate utilization of control 
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devices, since the vibratory modes will most likely have nonzero amplitudes at the top. In our 

study, MR dampers are assumed to be installed between the 10
th

 floors of the two buildings, 

which is obviously the top floor of the 10-story building. The two design variables for this 

case are the number of dampers on the 10
th

 floor and the input voltage. Fig. 15 illustrates the 

contours for the Re and Rw values of the coupled building structures with respect to the 

number of dampers and the input voltage. This figure is quite similar to Fig. 14 for Case-1 

and the three main observations made in Case-1 also carry over to Case-2. A comparison of 

Case-1 and Case-2 shows that if the input voltage is fixed at 2 V, then the optimal number of 

dampers is “19” for Case-2 which is about one-third less than the total of 30 dampers needed 

in Case-1. 

Case-3: As mentioned earlier, this case corresponds to allowing different numbers of 

dampers to be placed at different floors. Unlike the previous two cases, this case has more 

than two design variables, i.e., the total number of design variables is equal to the number of 

connected floors (to determine different number dampers needed at each floor) plus one 

additional variable for the input voltage. Therefore, there exists a total of 11 design variables 

in this scenario, which makes a graphical representation and determination of the potential 

solution quite difficult. Therefore, the problem is formulated as follows for a fixed input 

voltage value: 

 
10

1

e e w w

Minimize      

Subject to    R   L ;    R   L

i

i

f x




 


x

x
   (26) 
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where f(x) is a total number of dampers and xi is the number of dampers installed at the i
th

 

floor. This optimization problem is solved to determine the optimal distribution for the 

number of MR dampers that can satisfy performance requirements for both the earthquake 

and wind hazards as well as minimize the total number of the dampers, as shown in Fig. 

16(c). For comparison purposes, Fig. 16 also gives the distributions of the number of MR 

dampers and corresponding maximum responses (Re and Rw) obtained from the Case-1 and 

Case-2. As seen in this figure, the total numbers of MR dampers for the Case-2 and the Case-

3 are not much different from each other. We attribute this to the fact that, for Case-3, most 

of the MR dampers are located on the two top floors of the 10-story building. These 

observations can be used to conclude that it is most desirable to locate the dampers as close 

to the top floors of a building as possible. 

6. Summary and Conclusions 

A performance-based framework is presented that determines whether the design and retrofit 

of given building types are governed by a single dominant hazard or instead by multiple 

hazards. While the study focuses on earthquake and wind hazards, the proposed framework is 

quite general in nature and can be applied to other external hazards as well. The performance 

criteria for each hazard can be different and can cover the various requirements of strength 

and serviceability. The framework is well suited for integration into the actively growing 

research area of probabilistic risk assessment. At the same time, we demonstrate that it can 

easily be converted to deterministically characterized performance criteria in accordance with 
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deterministic demand and capacity requirements as specified traditionally in the various 

building codes and standards. Application of the framework to three different geographic 

locations in the United States demonstrates the significance of location in multi-hazard risk 

assessment. In addition, the significance of multi-hazard design considerations is illustrated 

through explorations of alternative retrofit solutions in two adjacent buildings located in 

close proximity to each other, such as those encountered in a tight urban setting. The 

particular example considered for a retrofit solution has been studied by other researchers 

and involves connecting the buildings through supplemental damping devices. We observe 

that the number of dampers and their locations—as determined from multi-hazard design 

considerations—are very different from those determined for a single dominant hazard. A 

related observation is that a solution that might satisfy the performance requirements for an 

earthquake is not necessarily acceptable with respect to the performance requirements for 

wind and vice-versa. More generally, it is clear that the process of determining risk is highly 

dependent upon three primary concerns: performance criteria, building geometry, and 

geographic location. 
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Fig. 1. Graphical representation of proposed framework: multi-hazard risk map 
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Fig. 2. Development of multi-hazard prone site map: deterministic form 
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Fig. 3. Design spectra and compatible ground motions 
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(a) LA 

 
(b) Anchorage 

 
(c) Charleston 

 

Fig. 4. Design spectra compatible ground motions 
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Fig. 5. PSD curves at the 20
th

 floor of 20-story building ( S20,20 (f) ) 
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Fig. 6. Average wind velocity distribution along floors 
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(a) LA 

 
(b) Anchorage 

 
(c) Charleston 

 

Fig. 7. Wind time history loadings at the top of the 20-story building 
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(a) EQ hazard (b) Wind hazard 

Fig. 8. Evaluated performance function values of 20-story building structure and interpolated 

curves under two hazard intensity measures of EQ and Wind of three representative sites 

 

 

Fig. 9. Risk space: multiple hazard prone site map for 20-story building structure 
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Fig. 10. Change of multi-hazard prone area according to total heights of building 
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Fig. 11. Coupled buildings connected with nonlinear hysteretic MR dampers under 

earthquake and wind excitations 
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Fig. 12. MR damper mechanical model 
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Fig. 13. Nonlinear hysteretic behavior of the MR damper 
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Fig. 14. Installing MR dampers at all floors uniformly (all floors) 
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Fig. 15. Installing MR dampers at single floor (at the 10
th

 floor or the top of 10-story building) 
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Fig. 16. Distribution of the numbers of MR damper along floors under a uniform 2 V input 

voltage signals: (a) uniformly installed at all floors (case 1); (b) installed at a single story 

(case 2); (c) differently installed at all floors (case 3) 
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PART VI 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS FOR FUTURE 

RESEARCH 
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1. Summary and Conclusions 

This dissertation presents probabilistic approaches for effectively and efficiently dealing with 

external hazards in structures and systems. This thesis includes four main manuscripts that 

focus on describing the following key topics:  

 Probabilistic risk assessment (PRA) framework for structural systems under multiple 

hazards using Bayesian statistics 

 PRA based quantitative model validation approach. 

 Efficient seismic fragility analysis method for coupled building-equipment-piping 

system using equivalent elastic limit state concept.  

 Performance-based framework to determine the significance of multi-hazard risk in 

design of buildings under earthquake and wind loads 

 

The summary and conclusions for each of these topics are given below. 

1.1 Probabilistic risk assessment framework for structural systems under multiple 

hazards using Bayesian statistics 

This part focuses on the development of a Bayesian framework for Probabilistic Risk 

Assessment (PRA) of structural systems under multiple hazards. The concepts of Bayesian 

network and Bayesian inference are combined by mapping the traditionally used fault trees 

into a Bayesian network. Unlike traditional fault tree analysis, such a mapping allows for 

consideration of dependencies as well as correlations between events. This is essential in risk 
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assessment for multi-hazard scenarios especially when correlated events are possible. 

Furthermore, Bayesian inference facilitates updating of prior information of all events based 

on new information or data that might become available from experimental studies, field 

observations, or high fidelity simulations. The primary conclusion of this study can be 

summarized as: 

 The proposed Bayesian framework can consider statistical dependencies and 

correlations among different events and hazards in a relatively straightforward 

manner.  

 Consideration of correlated events in the Bayesian framework allows appropriate 

treatment of multi-hazard scenarios.  

 Applications to simple examples for single as well as multi-hazard scenarios illustrate 

that consideration of dependencies and correlations can result in a reduction of overall 

risk estimates both for mean as well as HCLPF values.  

 Incorporation of Bayesian inference permits a novel approach for exploration of 

vulnerabilities beyond design events.  

 The proposed approach for vulnerability beyond design basis assists in identification 

of events and the corresponding SSC that would lie on a critical path with respect to 

system level vulnerability.  

 The critical path for vulnerability beyond design basis can be quite different from that 

corresponding to the design basis as calculated from a conventional PRA. Availability 
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of this information can be quite useful in managing the costs without compromising 

the safety by restricting additional studies on vulnerability to only those SSC that lie 

on the critical path.   

1.2 Probabilistic risk assessment based model validation 

A novel approach is explored in this part to quantitatively assess the validation of a system-

level simulation based on the available information from component level validation. The 

proposed approach uses performance-based probabilistic risk assessment (PRA) as the basis 

for validation as well as for allocating resources towards improving the validation either by 

collecting additional data or by enhancing the accuracy of simulation tools. The approach 

builds upon characterizing the validation in terms of an overlapping coefficient which is 

described as the joint area under the experimentally obtained and simulation based 

probability density functions of basic parameters or events. The approach utilizes the power 

of Bayesian statistics by mapping a fault tree into a Bayesian network which allows 

consideration of non-Boolean relationships between events as well as allows consideration of 

correlated events in the network. Starting with the experimental and simulation based 

probability density functions of basic parameters or basic events, a Bayesian network is used 

to propagate the risk for the system. The fragilities and the risk associated with each 

intermediate event and the top event is calculated separately for both the experimental and 

simulation data. These two set of curves are then used for evaluating the overlapping 

coefficient of each event. The PRA based approach helps in identification of critical path 
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which helps in reducing the computational effort by focusing on only those events that lie on 

the critical path. Reliance on the events of critical path can also be used to determine the 

allocation of resources among different events for improving the validation at component or 

intermediate levels. When a validation between the experimental and simulation data is 

available for the basic parameters and not for the basic events directly in the network, a 

hidden layer is added below the basic events to relate the fundamental parameters to the basic 

events. The relationship between the hidden layer nodes and the basic event nodes can be 

defined by either a mechanistic model or a simulation based generation of response surface. 

Availability of new validation data, either through new experimental information or 

enhanced simulation tools, can be incorporated in a relatively straightforward manner by 

employing Bayesian updating to calculate posterior fragilities and the corresponding 

overlapping coefficients. The application of the proposed approach is illustrated through 

application examples.  

1.3 Efficient seismic fragility assessment of coupled building-equipment-piping systems 

using equivalent elastic limit state concept 

This part focuses on enhancements to an existing approach termed as equivalent limit state 

based methodology for evaluating the seismic fragility of secondary systems such as 

equipment and piping. The equivalent limit state concept focuses on arriving at a reasonably 

quick but accurate seismic fragility estimates which can be used as reliable prior information 

for a Bayesian updating framework. The Bayesian updating framework seeks to update the 
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prior fragility using only limited results from actual nonlinear simulations or real-life 

experimental fragility data thus minimizing the total effort required in estimating the seismic 

fragility to a desired degree of accuracy. The equivalent elastic limit state is a modified 

representation of the failure capacity of secondary system such that the damage probabilities 

are close to that obtained from the actual nonlinear analyses.  

Enhancements to the concept of equivalent limit-state are presented in this study. The 

original formulation for the empirical equation of equivalent limit state was developed using 

a bilinear model to represent the localized nonlinearities in secondary systems. Such 

localized nonlinearities are typically exhibited at the joints of piping systems. However, the 

mounting arrangements in equipment and piping supports can often exhibit hysteretic 

behavior. Overall, three distinct enhancements are proposed: 

 Consideration of a hysteretic model for the nonlinearities in the secondary system.  

 Account for the effects of uncertainties in the nonlinear model and for non-classical 

damping. A coupled system becomes non-classically damped when the damping 

characteristics of the primary and secondary systems are different from each other.  

 Account for the effect of asymmetric variation of the equivalent elastic limit state 

with respect to tuning ratio. The originally proposed formulation is symmetric and 

exhibits significant differences for systems in which tuning ratios are greater than 

zero.  
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Three different configurations of primary-secondary systems are used to illustrate the 

applicability and evaluate accuracy of the proposed approach. A total of 18 different models 

are created for each configuration by varying the tuning ratio, damping, and ductility values. 

It is shown that the proposed approach gives fragility curves that are close to those obtained 

from a comprehensive computationally intensive nonlinear time history analyses. 

1.4 Significance of multi-hazard risk in design of buildings under earthquake and wind 

loads 

A performance-based framework is proposed to evaluate if the design and retrofit of given 

building types are governed by a single dominant hazard or by a multi-hazard scenario. This 

study focuses solely on earthquake and wind hazards. However, the proposed framework is 

quite generic in nature and can be applied to other external hazards as well. The performance 

criteria for each hazard can be different and cover various different requirements of strength 

or serviceability. The proposed framework is well suited for integration into the actively 

growing research in the area of probabilistic risk assessment. At the same time, it is 

demonstrated that the proposed framework can easily be converted to deterministically 

characterized performance criterion in accordance with the deterministic demand and 

capacity requirements as specified traditionally in the various building codes and standards. 

Application of the proposed framework to three different geographical locations in the 

United States demonstrates the significance of a geographical location in a multi-hazard risk 

assessment. In addition, significance of multi-hazard design considerations is illustrated 
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through explorations of alternative retrofit solutions in two adjacent buildings located in 

close proximity to each other such as those encountered in a tight urban setting. The 

particular example considered for retrofit solution has been studied by many researchers in 

existing literature and considers connecting the two buildings through supplemental damping 

devices. It is observed that the number of dampers and their locations as determined from a 

multi-hazard design considerations are very different from those determined for a single 

dominant hazard. A related observation is that a solution that might satisfy the performance 

requirements for an earthquake is not necessarily acceptable with respect to the performance 

requirements for wind and vice-versa. It is also observed that appropriate risk assessment is 

highly dependent upon three primary considerations namely the performance criteria, 

building geometry, and geographical location within a multi-hazard risk scenario. 

2. Recommendations for Future Research 

Based on the experience gained in conducting this research, a few recommendations for 

future work on these topics are summarized below. 

 The sensitivity of the total system risk to the correlations among basic events and 

components can be investigated for a more comprehensive identification of the 

critical components.  

 The proposed framework would allow exploration of a top-down approach to allocate 

overall risk-goals among different subsystems and components.  
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 The applicability of the proposed approach for quantitative model validation needs to 

be assessed for more complex systems as well as for other hazards such as flooding.  

 Accuracy and efficiency of equivalent limit-state concept needs to be evaluated for 

realistic primary-secondary systems such as building-equipment and building-piping 

system.   

 Equivalent limit state concept can be evaluated for applicability to other types of 

nonlinear models such elasto-plastic, Takeda type model, Ramberg-Osgood model, 

flag shaped model and so on.  

 Statistical nonlinear regression analysis or machine learning algorithms can be 

employed in order to increase the accuracy of equivalent limit state concept. 

 Performance based multi-hazard risk framework is applied to design of tall buildings 

subjected to earthquake and wind loading. A similar approach can be developed for 

seismic and flooding scenario including correlated hazards.    


