
ABSTRACT 
 
 
PATIL, SUMEET RAJSHEKHAR.  Identification, Application, and Comparison of 
Sensitivity Analysis Methods for Food Safety Risk Assessment Models. (Under the direction of 
Dr. H. Christopher Frey) 
 

Identification and qualitative comparison of sensitivity analysis methods that have been 

used across various disciplines, and that merit consideration for application to food safety risk 

assessment models are presented in this paper.  Sensitivity analysis can help in identifying 

critical control points, prioritizing additional data collection or research, and verifying and 

validating a model.  Ten sensitivity analysis methods, including four mathematical methods, five 

statistical methods and one graphical method, are identified.  Application of these methods was 

also illustrated with the examples from various fields.  These methods were compared on the 

basis of their applicability to different types of models, computational issues such as initial data 

requirement, time requirement, and complexity of their application, representation of the 

sensitivity, and the specific uses of these methods.  No one method is clearly best for food safety 

risk models.  In general, the use of two or more methods may be needed to increase confidence 

on the rank ordering of key inputs. 

 

To identify specific issues with respect to the application to a typical food safety risk 

model, the sensitivity analysis methods were applied to the risk assessment model of the public 

health impact of vibrio Parahaemolyticus (the Vp model).  The Vp model was modified so that 

proper sensitivity analysis can be done on independent inputs.  The results of the sensitivity 

analyses were interpreted and discussed in detail.  The rank ordering of key inputs was 

reasonably similar for most of the methods.  For example, five of the seven methods ranked 



 

water temperature, the number of oysters per meal, and a new input IUR in the top three.  Time on 

water and an input IG were identified as the least important inputs by six methods. 

 

In the case of nominal range sensitivity analysis, the model response was reasonably 

linear with each input except water temperature and IUR.  In the case of difference in log odds 

ratio method, the model response is almost linear for all inputs. Therefore, these methods based 

on linearity assumptions were able to provide a reasonably similar rank ordering of inputs as 

other methods, such as analysis of variance (ANOVA) and Fourier Amplitude Sensitivity Test 

(FAST) that can have potential to address nonlinearity.  Linear regression could not reasonably 

explain the variability in the model; hence, rank regression was used to represent the relationship 

between ranks of inputs and ranks of the output.  The mutual information index was observed to 

be less robust in rank ordering key inputs when multiple simulations with different random seeds 

were used, and it was computationally complex to apply.  Scatter plots were used to gain 

qualitative insight into the model behavior and sensitivity of inputs. 

 

Though the methods identified here were gave similar rank ordering of key input in the 

case of the Vp model, the same need not be true for other refined food safety risk models.  In 

general, the methods that are suitable for food safety risk models:  (1) are robust against 

nonlinearity; (2) consider total variation in the inputs instead of a few values in the input range; 

(3) are fast and easily implemental; and (4) are model independent.  No single method can 

possess all these characteristics.  Therefore, an iterative approach may be required where one or 

more methods that are not computationally intensive can be used to make a preliminary 



 

identification of key inputs and then more refined and/or computationally intensive sensitivity 

analysis methods can be applied only to the subset of inputs that appear to be most important.   
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1.0  INTRODUCTION. 

Concern for the safety of the food supply is motivated by recognition of the significant 

impact of microbial food borne diseases in terms of human suffering and economic costs to the 

society and industry, and an increasing global food trade (Lammerding, 1997).  Mead et al.  

(1999) have reported that food borne disease results in 76 million human illnesses in the United 

States each year, including 325,000 hospitalizations and 5,200 deaths.  ERS (2001) estimated the 

cost of food borne disease to be $6.9 billion annually.  Food safety is gaining increased attention 

because of several trends.  New food borne pathogens are emerging (Buchanan, 1996).  Larger 

batch production, distribution, and longer shelflife of food products contribute to broader 

exposure to contaminating events.  The proportion of food consumed that is supplied by food 

services is growing and this reduces consumer control over food handling and processing.  

Demand for safer food is growing as consumers are becoming more affluent, live longer, and are 

better informed about diet (McKone, 1996).  International trade in food also can introduce new 

sources of risks to food safety, such as cattle or meat acquiring infection overseas.   

 

Food safety regulatory agencies are taking a new approach to ensuring the safety of food 

supply based upon the Hazard Analysis Critical Control Points (HACCP) system (FSIS, 1999).  

One step in the HACCP system is to determine critical control points (CCP) where risk 

management efforts can be focused.  Food safety depends on many factors, such as composition 

and preparation of the product, process hygiene, and storage and distribution conditions 

(Zwietering and Gerwen, 2000).  Given data gaps and the complexity and dynamic nature of the 

food processing, transportation, storage, distribution, and preparation system, determining which 

of the many nodes in the farm-to-table pathway constitute CCPs and represents a substantial 

analytical challenge (Rose, 1993; Buchanan et al., 2000). 

 

Sensitivity analysis of risk models can be used to identify the most significant exposure 

or risk factors and aid in developing priorities for risk mitigation.  For example, Baker et al. 

(1999) identified sensitivity analysis as one of the principal quantitative techniques used for risk 

management in the United Kingdom.  Jones (2000) indicated that sensitivity analysis can provide 

the basis for planning adaptation measures to mitigate the risk of climate change.  Sensitivity 
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analysis can be used as an aid in identifying the importance of uncertainties in the model for the 

purpose of prioritizing additional data collection or research (Cullen and Frey, 1999).  

Furthermore, sensitivity analysis can play an important role in model verification and validation 

throughout the course of model development and refinement (e.g., Kleijnen, 1995; Kleijnen and 

Sargent, 2000; and Fraedrich and Goldberg, 2000).   Sensitivity analysis also can be used to 

provide insight into the robustness of model results when making decisions (e.g., Phillips et al., 

2000; Ward and Carpenter 1996; Limat et al., 2000; Manheim 1998; and Saltelli et al., 2000). 

 

Sensitivity analysis methods have been applied and additional knowledge about the 

sensitivity analysis is emerging from theses applications in various fields including complex 

engineering systems, economics, physics, social sciences, medical decision making, and others 

(e.g., Oh and Yang, 2000; Baniotopoulos, 1991; Helton and Breeding, 1993; Cheng, 1991; Beck 

et al., 1997; Agro et al., 1997; Kewley et al., 2000; Merz et al., 1992). 

1.1  Objectives and Motivation. 

The objectives of this paper are to identify, review, and evaluate sensitivity analysis 

methods for applicability to risk assessment models typical of those used, or expected to be used, 

in the near future for food safety risk assessment.  As the key objective in this task is to benefit 

from knowledge across many disciplines, the literature review extends well beyond food safety 

to include many other fields.  This objective serves as an aid in identifying potential CCPs along 

the farm-to-table continuum, to inform decisions about food safety research and data acquisition 

priorities, and to contribute to the development of sound food safety regulations.  The identified 

methods will be applied to a typical food safety risk assessment model so that issues related to 

the application of the sensitivity analysis methods can be identified.   

1.2  Importance of Risk Assessment in Food safety. 

The objective of the risk assessment is to answer three risk questions (Kaplan and 

Garrick, 1981):   

• What can go wrong? 

• How likely is that to happen?  
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• What would be the consequences if it did go wrong?  

Risk assessment provides structured information that allows decision makers to identify 

interventions that can lead to public health improvement or to avoid future problems.    

 

The HACCP system is used to prevent hazards associated with foods.  The best 

information of the risk from such hazards that industry may have today is qualitative, such as 

whether a hazard presents a high, medium, or low risk (WHO, 2001).  The outcome of a 

HACCP-based system should be improved food safety assurance, measured by reduction in risk 

to the consumer and not merely a reduction in the level of a hazard in a food (Hathaway, 1995).  

Risk assessment can be used to determine which hazards are essential to control, to reduce, or to 

eliminate (Buchanan, 1995; Hathaway, 1995; and Notermans et al., 1995).  Therefore, risk 

assessment can help in developing more effective HACCP plans. 

 

Risk assessments can play an important role in international trade by ensuring that 

countries establish food safety requirements that are scientifically sound and by providing a 

means for determining whether different standards provide equivalent levels of public health 

protection (WHO, 2001).  Without a systematic risk assessment, countries may set requirements 

that are not related to food safety and can create artificial barriers to trade. 

1.3  Risk Assessment Framework. 

As defined by the Codex Alimentarius Commission (CAC), risk assessment is a 

scientifically based process consisting of four main steps:   hazard identification, hazard 

characterization, exposure assessment, and risk characterization (FAO, 2001).  These steps are 

similar to those defined in the risk analysis framework of the National Academy of Science 

(NRC, 1983).  Each of these four steps is described briefly according to CAC definitions. 

 

• Hazard Identification.   Hazard identification involves identification of biological, 

chemical, and physical agents capable of causing adverse health effects and that may be 

present in a particular food or group of foods. 
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• Hazard Characterization.   Hazard characterization is the qualitative and/or quantitative 

evaluation of the nature of the adverse health effects associated with biological, chemical, 

and physical agents that may be present in food.  Hazard characterization may or may not 

include dose-response assessment. 

 

• Exposure Assessment.   Exposure assessment is the qualitative and/or quantitative 

evaluation of the likely intake of biological, chemical, and physical agents via food as 

well as exposures via other sources, if relevant. 

 

• Risk Characterization.   Risk characterization involves qualitative and/or quantitative 

estimation, including attendant uncertainties, of the probability of occurrence and severity 

of known or potential adverse health effects in a given population based on hazard 

identification, hazard characterization, and exposure assessment. 

1.4  Important Issues in Food safety risk modeling. 

There are many important issues in modeling as applied to risk assessment that motivate 

the need for sensitivity analysis and that illustrate the key challenges that sensitivity analysis 

faces or that can be addressed by sensitivity analysis.  Cullen and Frey (1999) discuss issues such 

as purpose of models, model extrapolation, inappropriate application of models, complex 

models, and model verification and validation.   

  1.4.1  Purpose of the Model. 

The purpose of a model is to represent as accurately as necessary a system of interest.  A 

system is typically comprised of many components.  All modeling involves decisions regarding 

aggregation and exclusion (Cullen and Frey, 1999).  Aggregation refers to simplified 

representation of complex real world systems.  Exclusion refers to a decision to omit any 

portions that are judged not to be important with respect to modeling objectives. 

 

The reason that risk models are developed is to serve as an aid in decision making.  

Models are developed for different purposes, often with different decision making objectives in 
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mind.  For example, three different objectives are addressed by screening analysis models, 

research models, and assessment/decision making models, respectively.   

 

Screening analysis is usually based on simple models that are not likely to underestimate 

the risk.  The purpose of this analysis is usually to help the decision maker with routine 

regulatory decisions.  Screening methods are intended to help identify exposure pathways that 

are not important and to do so with a great deal of confidence.  Screening methods cannot be 

used to prove that a particular exposure pathway is important.  Rather, they can identify exposure 

pathways that should receive priority for further evaluation and analysis.  Because screening 

models are conservative, they are designed to provide some "false positives." This means that 

they will often provide results indicating that a exposure pathway is of concern, but later analysis 

with more refined assumptions or models may reveal less of a problem.  A key advantage of 

screening models is that they are often easier to use than more refined models.  Screening models 

typically have fewer input data requirements and involve less complex calculations.   

 

Research models are intended to improve understanding of the function and structure of 

real systems.  They allow a researcher to explore possible and plausible functional relationships 

and may involve many detailed mechanisms.  Research models may be complicated and may not 

be aimed at any particular risk management end point.  As such, they may have large input data 

requirements, be difficult to execute, and provide output not directly relevant to a specific risk 

management objective.  However, such models can be very helpful in improving fundamental 

insights regarding risk processes and in learning lessons useful for further model development. 

 

Refined assessment models are intended to serve as tools for decision making, such as for 

rule-making or regulatory compliance purposes where screening analyses are inadequate.  These 

models are generally complex and more accurate than screening models.  Refined models are 

developed with at least some attention to risk management application.  Compared to screening 

models, refined models typically have greater data requirements and require more time and 

experience to apply. 
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Sensitivity analysis is important for all three types of models.  In the context of this 

discussion, refined risk models are perhaps the most relevant.  Sensitivity analysis can be used to 

evaluate how robust risk estimates and management strategies are to model input assumptions 

and can aid in identifying data collection and research needs. 

  1.4.2  Complex Models. 

A model can be small yet complex.  Model size should not be confused with model 

complexity.  Complex systems are often hierarchies, which can be described in terms of the 

"span" of each level in the hierarchy and the number of levels (Reed and Afjeh, 2000; Simon, 

1996). 

 

Food safety risk models typically:  (1) are nonlinear; (2) contain discrete inputs; (3) 

contain thresholds; (4) contain multiple pathways; and (5) are modular.  The nonlinear and 

threshold features imply that interactions are important.  For example, if temperature is low 

enough, then there may be no microbial growth, but once temperature exceeds a threshold, then 

the model may predict a nonlinear response that depends on several model inputs.  The 

modularity feature means that computations may take place in separate modules of the models, 

and only a selected set of aggregated results may be passed from one module to another. 

  1.4.3  Model Verification and Validation. 

Model verification is a process of making sure that the model is doing what it is intended 

to do.  Sensitivity analysis can be helpful in verification.  If a model responds in an unacceptable 

way to changes in one or more inputs, then troubleshooting efforts can be focused to identify the 

source of the problem. 

 

Model validation ideally involves comparison of model results to independent 

observations from the system being modeled.  Generally, in most risk assessments, complete 

validation is not possible because of lack of sufficient observational data.  Risk assessment 

models usually predict rare events.  For example, in radiation exposure assessments, model 

validation may be nearly impossible due to extremely low levels of radionuclide concentrations 

in the environment or because the time periods considered by the model are prohibitively long 
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(Hoffman and Miller, 1983).  Cullen and Frey (1999) discuss partial validation of a model when 

observational data are available for only a part of the modeling domain. 

 

  Sensitivity analysis can be used to help develop a "comfort level" with a particular 

model.  If the model response is reasonable from an intuitive or theoretical perspective, then the 

model users may have some comfort with the qualitative behavior of the model even if the 

quantitative precision or accuracy is unknown. 

  1.4.4  Model Extrapolation. 

A model is applicable within the specific set of inputs and outputs associated with the 

data used for calibration or validation of the model.  Model extrapolation involves making 

predictions for a situation beyond the range of calibration or validation of the model.  For 

example, Guassian-plume-based air dispersion models are applicable only for distances up to 

about 20 km or 50 km from the emission source.  The model should not be used to characterize 

long-range transport over hundreds of kilometers.  

 

Empirical models such as ones developed from regression analysis are generally based on 

a specific data set.  Regression analysis may be based on arbitrary functions to approximate 

relationships between the data.  However, there may not be any theoretical basis for the 

functional relationship selected.  In such a situation, if the inputs used are outside the original 

data set from which the regression model was developed then the output may not valid.  There 

are two types of extrapolations.  Explicit extrapolation involves making predictions for values of 

inputs outside the range of values for which the model was calibrated or validated.  Hidden 

extrapolation involves specifying combinations of inputs for which validation has not been done, 

even though each of the input values fall within the range of values that have been tested.  If the 

functional form of the relationship between the output and the inputs of the model is based on 

sound theoretical assumptions, then the model may perform reasonably well when extrapolated.  

Sensitivity analysis can be used to reveal how the model performs when the model is 

extrapolated. 
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1.5  Sensitivity Analysis Methods. 

Sensitivity analysis methods can be classified in a variety of ways.  In this report, they are 

classified as:  (1) mathematical; (2) statistical; and (3) graphical.  Other classifications focus on 

the capability, rather than the methodology, of a specific technique (e.g., Saltelli et al., 2000).  

Classification schemes aid in understanding the applicability of a specific method to a particular 

model and analysis objective.  Here, the focus is on sensitivity analysis techniques applied in 

addition to the fundamental modeling technique.  For example, an analyst may perform a 

deterministic analysis, in which case a mathematical method, such as nominal range sensitivity 

can be employed to evaluate sensitivity.  Alternatively, an analyst may perform a probabilistic 

analysis, using either frequentist or Bayesian frameworks, in which case statistical-based 

sensitivity analysis methods can be used (e.g., Cullen and Frey, 1999; Box and Tiao, 1992; 

Saltelli et al., 2000; Weiss, 1996). 

  1.5.1  Mathematical Methods for Sensitivity Analysis. 

Mathematical methods assess sensitivity of a model output to the range of variation of an 

input.  These methods typically involve calculating the output for a few values of an input that 

represent the possible range of the input (e.g., Salehi et al., 2000).  These methods do not address 

the variance in the output due to the variance in the inputs, but they can assess the impact of 

range of variation in the input values on the output (Morgan and Henrion, 1990).  In some cases, 

mathematical methods can be helpful in screening the most important inputs (e.g., Brun et al., 

2001).  These methods also can be used for verification and validation (e.g., Wotawa et al., 

1997) and to identify inputs that require further data acquisition or research (e.g., Ariens et al., 

2000).  Mathematical methods evaluated here include nominal range sensitivity analysis, break-

even analysis, difference in log odds ratio, and automatic differentiation. 

  1.5.2  Statistical Methods for Sensitivity Analysis. 

Statistical methods involve running simulations in which inputs are assigned probability 

distributions and assessing the effect of variance in inputs on the output distribution (e.g., 

Andersson et al., 2000; Neter et al., 1996).  Depending upon the method, one or more inputs are 
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varied at a time.  Statistical methods allow one to identify the effect of interactions among 

multiple inputs.   

 

The range and relative likelihood of inputs can be propagated using a variety of 

techniques such as Monte Carlo simulation, Latin hypercube sampling, and other methods.  

Sensitivity of the model results to individual inputs or groups of inputs can be evaluated by 

variety of techniques (Cullen and Frey, 1999).  Greene and Ernhart (1993), Fontaine and 

Jacomino (1997), and Andersson et al. (2000) give examples of the application of statistical 

methods.  The statistical methods evaluated here include regression analysis, analysis of 

variance, response surface methods, Fourier amplitude sensitivity test, and mutual information 

index. 

  1.5.3  Graphical Methods for Sensitivity Analysis. 

Graphical methods give representation of sensitivity in the form of graphs, charts, or 

surfaces.  Generally, graphical methods are used to give visual indication of how an output is 

affected by variation in inputs (e.g., Geldermann and Rentz, 2001).  Graphical methods can be 

used as a screening method before further analysis of a model or to represent complex 

dependencies between inputs and outputs (e.g., McCamly and Rudel, 1995).  Graphical methods 

can be used to complement the results of mathematical and statistical methods for better 

representation (e.g., Stiber et al., 1999; Critchfield and Willard, 1986). 

  1.5.4  Bayesian Sensitivity Analysis Methods. 

Unlike other sensitivity analysis methods, which focus on evaluating the effect on the 

inference or predictions from a model, Bayesian methods focus more on decision making 

aspects.  Bayesian framework essentially includes:  modeling beliefs in forms of probability 

distributions called prior distributions that can be updated to posterior distributions with the 

knowledge of additional information; modeling preferences over options in the form of utility; 

and maximizing the utility function to make optimum decisions.  More information on Bayesian 

inferences is provided by Box and Tiao (1992).  Bayesian sensitivity analysis has been a subject 

of recent research efforts.  The effect of alternative prior distributions or maximum likelihood 

functions on the optimal option and its expected utility can be studied using bayesian sensitivity 



 10 

analysis.  Saltelli et al. (2000) have described a few approaches for evaluating sensitivity to the 

prior.  More complex analyses to evaluate sensitivity to the prior and to the utility can be based 

on the theory of maximin solutions as described by Saltelli et al. (2000). 

1.6  Application of the Methods on a Food Safety Risk Assessment Model. 

Review of the sensitivity analysis methods can help one understand the potential 

strengths and limitation of each method.  However, the specific issues regarding the applicability 

of the sensitivity analysis methods to food safety risk assessment models can be only identified 

by applying the methods to a typical food safety risk model.   Section 4 will deal with the 

application of the methods in more detail. 

1.7  Organization of the Report. 

 Section 2 provides a glossary of terms used in the report. Section 3 identifies, describes, 

and evaluates ten selected sensitivity analysis methods.  Section 4 illustrates case study 

application of the methods on a selected food safety risk model.  Section 5 presents a comparison 

of the methods.  Conclusions are given in Section 6.
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2.0 GLOCERY OF TERMS USED IN THE REPORT. 

This section describes important terms used in the report.  Concepts regarding a few 

important terms such as "decision analysis," "probability density function," "cumulative density 

function," and "simulation" are also provided in brief.   

2.1   Input/Output Variables and Model Domain Parameters. 

Inputs are used by analysts to feed information into a model.  Inputs are typically 

controlled by the user.  Inputs may have a single value, or they may be variable, uncertain or 

both (Bogen, 1990).  Outputs are information provided by use of the model.  These variables are 

typically final outcomes of a model, which are then used in decision making.  Model domain 

parameters specify the domain or scope of the system being modeled, generally by specifying the 

range and increments for index variables used to identify a location or cell in the spatial or 

temporal domain of the model (Morgan and Henrion, 1990).  Model domain parameters are 

associated with a model, but not directly with the phenomenon the model represents (Cullen and 

Frey, 1999).  For example, the spatial or temporal grid size is a model domain parameter 

introduced in numerical models.  In models of the transport of atmospheric pollution, the spatial 

extent of the model may be controlled by domain parameters specifying the "ceiling height" and 

minimum and maximum longitude and latitude.  Domain parameters may also be used to define 

baseline properties.  For example, in performing generic analysis of the risks of alternative types 

of power plants, the analyst may arbitrarily select the size of the plants for modeling at 1000 MW 

for purpose of comparison.  Model domain parameters are quantities that control precision of the 

representation and the computational complexity and hence, are important to consider in 

uncertainty analysis (Morgan and Henrion, 1990). 

2.2  Decision Analysis. 

Risk assessment combined with decision analysis provides a framework for making 

management decisions (Harwood, 2000).  For example, Clark (1993) used risk assessment along 

with decision analysis for medical decision making.  Decision analysis typically involves the use  
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Figure 2-1.  Example of a decision tree model and representation of the utility of outcomes. 

 

of decision trees.  For example, decision trees may be used to represent CCPs in a HACCP 

system (Lee and Hathaway, 1998).  A primary analysis is needed to determine whether a 

decision node is critical.  A decision tree consists of decision nodes and chance nodes as shown 

in Figure 1.  Decision nodes indicate options available to the decision maker, whereas chance 

nodes indicates outcomes beyond the control of the decision maker that may result from a 

particular option (Brown, 1974).  The outcome at any chance node can depend on outcomes at 

other chance and decision nodes.  The output of the model can be several outcomes that can 

result depending on outcomes at previous nodes in the model.  Decision analysis can be coupled 

with probabilistic analysis for decision making under uncertainty (Harwood, 2000). 

 

In decision tree models, each of the final outcomes have some relative importance to the 

decision maker. This importance is accounted for by use of a value, known as utility of that 

outcome to the decision maker (Brown, 1974).  The utility of an outcome is proportional to 

importance of that outcome.  The utility of an outcome can be a negative value indicating the 

importance of avoiding that outcome.  The value of the utility is subjective to the decision maker.  

In Figure 1, each of the four outcomes will have a utility to a decision maker.  More information 

on decision analysis is given by Brown (1974), and Watson and Buede (1987). 

Decision Node          

Chance Node            

Outcome 1 

Outcome 2 

Outcome 3 

Outcome 4 

Option 2 

Option 1 
Utility 1 

Utility 2 

Utility 3 

Utility 4 

Utility of Outcomes 
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2.3  Deterministic Analysis. 

In deterministic analysis (or models), analysts perform calculations using point estimates 

representing inputs, giving point estimates for the outputs of a model.  The purpose of 

deterministic models can be to provide decision makers with a best estimate of the risk (Cullen 

and Frey, 1999).  In deterministic analysis, quantitative measures of accuracy and precision of 

model predictions are not developed, because no information on model or input uncertainty is 

accounted for quantitatively (Cullen and Frey, 1999).  Deterministic analysis can be used in 

screening analysis. In the case of screening analysis, the values of model inputs may be selected 

to lead to a conservative result for the model outputs.  "Deterministic" also refers to the notion 

that for a given set of input values, there is only one unique response of the system.  Most 

models used in risk assessment are deterministic in the sense that there is an underlying 

hypothesis of a cause and effect relationship.  However, deterministic models may be exercised 

to take either uncertainty and/or variability into account, as discussed in later sections. 

2.4  Probabilistic Analysis. 

Probabilistic analysis can be used with deterministic models to propagate uncertainties 

and/or variability in inputs to estimate uncertainty and/or variability in model outputs.  

Probabilistic analysis yields quantitative insight into both the possible range and the relative 

likelihood of values for model outputs.  Another purpose of probabilistic analysis is to identify 

key sources of uncertainty and variability in the output, where additional research and data 

collection can be directed (Cullen and Frey, 1999).  There are a number of institutional 

motivations which are converging to prompt analysts at federal agencies to characterize 

variability and uncertainty in the assessment quantitatively.  For example, the study by the 

National Research Council (NRC, 1994) recommends the use of probabilistic analysis in risk 

assessments.  Probabilistic analysis often involves simulation, using techniques such as Monte 

Carlo or Latin hypercube sampling. 
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  2.4.1  Uncertainty. 

Uncertainty may be thought of as a measure of the incompleteness of one's knowledge or 

information about an unknown quantity whose true value could be established if a perfect 

measuring device were available (Cullen and Frey, 1999).  Random and systematic measurement 

errors and inability of models to truly describe a physical, chemical, or biological system are 

sources of uncertainty.  Uncertainty may be reduced by additional study or measurement.  

  2.4.2  Variability. 

Variability refers to temporal, spatial, or interindividual differences in the value of an 

input (Cullen and Frey, 1999).  For example, the consumption rate of specific dietary items for 

individuals changes over time, different regions, and different individuals.  Variability cannot be 

reduced by means of additional study or measurements. 

 

To explain variability and uncertainty, consider an example of disease prevalence. At any 

point in time, prevalence is fixed but unknown within a population. Therefore, prevalence is an 

uncertain quantity. However, management interventions, such as immunization can shift the 

position and attenuate the spread in prevalence. Therefore, prevalence can be a variable quantity 

dependent on the management interventions. 

  2.4.3  Probability Density Function. 

A probability distribution model is typically represented mathematically as a probability 

density function (PDF) or a cumulative distribution function (CDF).  The probability that a 

continuous random variable X is within a specified range is determined by the PDF of X.  The 

PDF is a graphical means of representing the relative likelihood with which values of an input 

may be obtained (Cullen and Frey, 1999).  The PDF can be denoted f(x) and is defined as:   f(x) ≥ 

0 for all x.  The probabilities associated with discrete random variables are determined by the 

PDF and are denoted as Pr(X = x) ≥ 0 for all x.  The probability that x will fall between two 

numbers a and b of a continuous distribution is equal to the area under f(x) (or the sum of the 

probabilities Pr(X = x)) between a and b, as shown in Figure 2.  The total area under f(x) is equal 
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to 1.  For continuous distributions, the units of probability density are the inverse of the units of 

the random variable, X. 

 

 

 

 

 

 

 

                        a  b                                             

Figure 2-2.   Example of a probability density function. 

  2.4.4  Cumulative Distribution function. 

A probability distribution also can be represented as a CDF.  The CDF is obtained by 

integrating the PDF.  The y-axis of the CDF is scaled in percentiles, and the x-axis shows the 

value of the variable X associated with each percentile.  The CDF shows fractions of all possible 

values of x which are less than or equal to a given value of x (Cullen and Frey, 1999).  The CDF 

is usually specified as F(x) = Pr(X ≤ x), where F(x) is the integral of f(x) up to the value of x.  

F(x) is bounded by zero and one.  The cumulative probability that X is less than or equal to a is 

value of F(x) corresponding to a, as shown in Figure 3. In the example shown, the cumulative 

probability of a is 0.3, meaning that the value a occurs at the 30th percentile of the distribution. 

 

 

 

 

 

 

 

         a 
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Figure 2-3.   Example of a cumulative distribution function. 

  2.4.5  Simulation. 

Probabilistic analysis typically requires simulation to propagate variability and 

uncertainty in inputs through the model to estimate the corresponding distribution of model 

outputs.  A simulation involves propagating random values of an input according to its 

probability distribution, through a model.  A single run in a simulation is referred to as one 

realization and values of inputs used are referred to as samples.  Generally two types of  

probabilistic simulation techniques are commonly used:   Monte Carlo simulation and Latin 

hypercube sampling (LHS).  These two methods are described in brief.  More information is 

given by Cullen and Frey (1999). 

 

Conceptually Monte Carlo simulation involves randomly generating a uniformly 

distributed number u between 0 and 1, which is denoted as u ~ U(0,1).  The inverse CDF, F-1(u), 

is calculated for each value of u.  F-1(u) will give a unique value of an input variable, which is 

based on the distribution of the input.  Given a uniformly distributed random variable, several 

methods exist from which to simulate random variables that are described by other probability 

distributions (e.g., normal, lognormal, Weibull, and others).  These methods include the inverse 

transform, composition, and function of random variables (e.g., Ang and Tang, 1984).  The 

unique simulated input value is then used in one realization of the simulation.  The above 

mentioned process is repeated for all the values of u generated randomly. 

 

Methods called restricted pairing techniques in conjunction with Monte Carlo can 

simulate correlation or dependence among inputs.  Cullen and Frey (1999) have more discussion 

on simulating correlated inputs. 

 

In LHS, a random variable u is divided into N equal probability intervals, where N is the 

number of samples or realizations used in the simulation.  The median or any other value in each 

interval is selected randomly.  The inverse CDF, F-1(u), is calculated for each interval.  The 

process to simulate random variables described by other probability distributions such as normal 

distribution, Weibull distribution, and others is similar to Monte Carlo simulation.  However, 
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LHS is not a truly random process because of the restraint of dividing the sample space into N 

intervals.  Because the samples used to define probability distributions for an input are selected 

from intervals that are evenly spaced over the range of probable values of the input, the number 

of samples needed to adequately represent the CDF of a variable is less than that for Monte Carlo 

sampling.  For further discussion on the LHS method refer to Cullen and Frey (1999). 

2.5  Dichotomous Output and Dichotomous Model. 

A model that gives a dichotomous output is referred to as a dichotomous model.  A 

dichotomous output is one that has only two possible results.  Usually, these results are 

qualitative such as risk is acceptable or risk is unacceptable.  Dichotomous models can be 

probabilistic.  In the case of probabilistic models, a range of output values specifies an unique 

output.  For example, for risk indicator values less than 10-6, the risk is acceptable or else the risk 

is unacceptable.  Dichotomous models are often decision tree type models. 

 

 The concepts explained in this section will be useful in understanding the applicability 

and uses of the sensitivity analysis methods described in the next section. A few sensitivity 

analysis methods can be applicable to all types of modeling, such as decision analysis, 

deterministic analysis, probabilistic analysis, and dichotomous models.  A few sensitivity 

analysis methods can only be applied to the selected types of models.  For example, statistical 

sensitivity methods are typically applied to probabilistic analysis.  Discussion on inputs, outputs, 

model parameters, uncertainty and variability, simulation, probability density function, and 

cumulative distribution function is helpful in understanding general modeling issues that 

sensitivity analysis methods may face. 
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3.0 SENSITIVITY ANALYSIS METHODS. 

This section identifies sensitivity analysis methods used across various disciplines.  

Reference materials, such as journals, reports, books, and the World Wide Web were collected 

from various fields including medical decision making, engineering, economics, health science, 

and food science.  Methods that were applied on models comparable to risk assessment models 

were identified for evaluation.  The methods and specific applications of each method are 

demonstrated.  Strengths and limitations of the methods are noted in brief.   

  3.1  Nominal Range Sensitivity. 

Nominal range sensitivity method is also known as local sensitivity analysis or threshold 

analysis (Cullen and Frey 1999; Critchfield and Willard, 1986).  This method is applicable to 

deterministic models.  It is usually not used for probabilistic analysis.  One use of nominal 

sensitivity analysis is as a screening analysis to identify the most important inputs to propagate 

through a model in a probabilistic framework (Cullen and Frey, 1999).  Nominal range 

sensitivity can be used to prioritize data collection needs as demonstrated by Salehi et al. (2000). 

  3.1.1  Description. 

Nominal range sensitivity analysis evaluates the effect on model outputs exerted by 

individually varying only one of the model inputs across its entire range of plausible values, 

while holding all other inputs at their nominal or base-case values (Cullen and Frey, 1999).  The 

difference in the model output due to the change in the input variable is referred to as the 

sensitivity or swing weight of the model to that particular input variable (Morgan and Henrion, 

1990).  The sensitivity also can be represented as a positive or negative percentage change 

compared to the nominal solution.  The sensitivity analysis can be repeated for any number of 

individual model inputs.   

  

The results of nominal range sensitivity are most valid when applied to a linear model.  In 

such cases, it would be possible to rank order the relative importance of each input based upon 

the magnitude of the calculated sensitivity measure as long as the ranges assigned to each 

sensitive input are accurate.  However, for a non-linear model, the sensitivity of the output to a 
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given input may depend on interactions with other inputs, which are not considered.  Thus, the 

results of nominal range sensitivity are potentially misleading for nonlinear models. 

  3.1.2  Application. 

Two examples of the use of nominal range sensitivity analysis are given here.  In the first, 

nominal range sensitivity was applied as described here to an exposure assessment problem for 

flounder in a contaminated harbor (Dakins et al., 1994).  The selection of inputs evaluated in the 

sensitivity analysis, and the range of values assigned to those inputs, was based upon literature 

review.  The absolute different in burden of PCB in flounder was the key measure of sensitivity.  

An absolute difference of less than 0.5 µg PCB per gram of body weight was considered to be 

non-sensitive.   

 

In the second example, a conditional nominal range sensitivity analysis was performed 

(Sinicio et al., 1997).  The objective of the analysis was to determine the allowable safe storage 

time for grain wheat as a function of grain moisture content and temperature conditioned upon 

key assumptions of a ventilation system.  The intent was to recommend airflow rates and fan 

control strategies to properly aerate the stored grains.  The sensitivity analysis was conditioned 

on two different assumptions regarding the airflow rate and two different assumptions regarding 

the air temperature rise in the fan, leading to four different cases.  For each case, three specific 

inputs were each varied over a nominal range, and the impact on the key model output, allowable 

storage time elapsed, was evaluated.  Specific heat of the wheat was observed to be the most 

sensitive input for each of the four cases. 

  3.1.3  Advantages. 

Nominal range sensitivity analysis is a relatively simple method that is easily applied.  It 

works well with linear models and when the analyst has a good idea of plausible ranges that can 

be assigned to each selected input.  The results of this approach can be used to rank order key 

inputs only if there are no significant interactions among the inputs, and if ranges are properly 

specified for each input. 
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  3.1.4  Disadvantages. 

Nominal sensitivity analysis addresses only a potentially small portion of the possible 

space of input values, because interactions among inputs are difficult to capture (Cullen and Frey 

1999).  Conditional sensitivity analysis may be used to account for correlation between inputs or 

nonlinear interactions in model response, but it has limitations because of the combinational 

explosion of possible cases.  Potentially important combined effects on the decision (or output) 

due to small changes in a few or all inputs together are not shown by nominal sensitivity analysis 

For other than linear models, it is not clear that nominal range sensitivity can provide a reliable 

rank ordering of key inputs. 

3.2  Difference in Log-Odds Ratio (∆∆∆∆LOR). 

 The difference in the log odds ratio (∆LOR) method is a specific application of nominal 

range sensitivity methodology.  The ∆LOR is used when the output is a probability.  For 

example, Song et al. (2000) used ∆LOR for identifying the most important inputs so that 

additional data collection and research can be prioritized.   

  3.2.1  Description. 

The odds or odds ratio of an event is a ratio of the probability that the event occurs to the 

probability that the event does not occur (Walpole and Myers, 1993).  If an event has a 

probability of occurrence as P, then the odds ratio is P/(1-P).  The log of the odds ratio or logit is 

just another convenient way of rescaling probabilities (Menard, 1995).  Probabilities between 0 

and 1 are equivalent to log odds between minus infinity and infinity and probability of 0.5 is 

equivalent to log odds of zero.  Log odds are considered by some to be the preferred 

transformation of probability because they are putatively easier to understand (Christensen, 

1990).  For example, if probability of an event is 0.8, then 

 

 odds (event occurs) = 0.8/(1-0.8) = 0.8/0.2 = 4, 

 odds (event doesn’t occur) = 0.2/(1-0.2) = 0.2/0.8 = 1/4 = 0.4, 

 log odds (event occurs) = log(0.8 / 0.2) = log 4 = 0.6, and 

 log odds (event doesn’t occur) = log(0.2/0.8) = log(1/4) = -log 4 = -0.6. 
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 In the above example, the odds of the event occurring and the odds of the event not 

occurring are not symmetric around the odds of 1, which are equivalent to a probability of 0.5.  

The odds of the event occurring have a higher magnitude than the odds of the event not 

occurring.  The log odds of the event occurring and the log odds of the event not occurring are 

symmetric around 0, which corresponds to a probability of 0.5.  The magnitude of the log odds 

of the event occurring and the log odds of the event not occurring are the same. The minus sign 

represents that the event is not occurring. Therefore, unlike odds, log odds transform 

probabilities on a linear scale and hence, are a more logical transformation of probability 

(Christensen, 1990).  

 

The ∆LOR method is used to examine the change in the output as: 
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If ∆LOR is positive, changes in one or more inputs enhance the probability of the specified event.  

If ∆LOR is negative, then the changes in the inputs cause a reduction in the probability of the 

event occurring or increase the probability of the event not occurring.  The greater the magnitude 

of ∆LOR, the greater is the influence of the input (Stiber et al., 1999).   

  3.2.2 Application 

The ∆LOR method was used by Stiber et al. (1999) to identify key inputs to a model of 

groundwater decontamination via reductive dechlorination.  The model inputs referred to as 

“evidences”, included site parameters such as temperature, pH, and whether various specific 

chemicals were found to be present, such as oxygen, hydrogen, chloride, dichlorethene (DCE), 

methane, and others.  The key model output is the probability that anaerobic degradation of 

trichloroethene (TCE) via reductive dechlorination is occurring.  An expert judgment-based 

approach was used to estimate the output probability.  A total of 14 possible pieces of “evidence” 

were considered in the analysis.  The results of the ∆LOR analysis of Stiber et al. (1999) are 

given in Figure 3-1.  For example, if there is no evidence that oxygen is present then there is 

increased probability of anaerobic processes occurring.  If chloride or DCE is present, then there 
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is positive evidence of the degradation of TCE.   From the sensitivity analysis, it appears that 

evidence regarding DCE is the most important determinant of anaerobic degradation of TCE, 

because changes in evidence for this particular input lead to the largest differences in the log-

odds ratio. 

 

 

 

 

 

 

 

 

 

 

Figure 3-1.  Example of chart for representing difference in log odds ratio. 

(Source:  Stiber et al., 1999) 

  3.2.3  Advantages. 

The ∆LOR method is a useful measure of sensitivity when the model output is a 

probability (Menard, 1995). 

  3.2.4  Disadvantages. 

The ∆LOR method can only be used when the output is in terms of probability (Menard, 

1995).  It suffers from other drawbacks similar to nominal range sensitivity analysis.  For 

example, similar to nominal range sensitivity analysis, ∆LOR cannot account for nonlinear 

interactions between or among inputs.  Similar to nominal range sensitivity analysis, the 

significance of differences among the sensitivities can be difficult to determine for nonlinear 

models and correlated inputs, making it potentially difficult to rank order key inputs. 
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  3.3  Break-Even Analysis. 

Break-even analysis is more of a concept than a specific method.  Broadly speaking, the 

purpose of break-even analysis is to evaluate the robustness of a decision to changes in inputs 

(von Winterfeldt and Edwards, 1986). 

  3.3.1  Description. 

Break-even analysis involves finding values of inputs that provide a model output for 

which a decision maker would be indifferent among the two or more risk management options.  

The combinations of values of inputs for which a decision maker is indifferent to the decision 

options are known as switchover or break-even values.  Then, in order to assess the robustness of 

a choice between the options, one can evaluate whether the possible range of values of the model 

inputs corresponds with only one of the two choices (Morgan and Henrion, 1990).  Indifference 

of a decision maker to the two choices is often represented by a break-even line or indifference 

curve such as an iso-risk curve.  Ambiguity regarding selecting a particular choice exists if the 

uncertainty range associated with an output may correspond to either of the two or more possible 

choices.  Different options that result in equivalent levels of risk reduction also can be identified 

so that a decision maker can evaluate these options.  If there are more than two decision options, 

the analysis can get complex (von Winterfeldt and Edwards 1986). 

3.3.2  Application. 

Break-even analysis is often used in economics for purposes such as budget planning 

(Dillon, 1993).  Break-even analysis has also found applications in several other fields such as 

health care (Boles and Fleming, 1996).  Kottas and Lau (1978) describe the concept of stochastic 

break-even analysis.  Starr and Tapiero (1975) explain the use of break-even analysis with 

consideration of risk.   

 

As an example of a breakeven analysis, consider a choice between two medical treatment 

options:  medication versus an operation.  The patient’s valuation of the possible outcome of 

each option is represented with a utility function, and the probability of success of the operation 

is not known.  Figure 3-2 illustrates the combination of values for the utility of the medication 
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and the probability of success of the operation that lead to a preference for medication, as in the 

upper left portion of the graph, or for the operation, as in the lower right portion of the graph.  

Along the indifference line, there is equal preference for both options.  If the patient has a high 

utility for the outcome of the medication, and believes that the probability of success of the 

operation is low, then medication is clearly preferred.  If the range of uncertainty in the 

probability of success is large, and if the range of uncertainty encloses the indifference line, then 

it will be ambiguous as to what treatment option is preferred.  In the former case, a decision can 

be made that is robust to uncertainty.  In the latter case, more information is needed to reduce 

uncertainty in one or more of the inputs in order to make a decision with a high degree of 

confidence. 

 

 

 

 

 

 

 

 

 

 

 

Figure 3-2.   Example of break-even analysis. 

  3.3.3  Advantages. 

The switchover or break-even point guides further modeling and elicitation.  If the range 

of uncertainty regarding an input encloses the break-even point, then that input will be important 

in making a decision; that is, there will be uncertainty regarding which decision to take.  In such 

a situation, further research can be directed so as to help the decision maker to narrow the range 

of uncertainty and make a decision with more confidence.  On the other hand, if the uncertainty 

regarding an input does not enclose the break-even point then there will be high confidence 

regarding the decision. 
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  3.3.4  Disadvantages. 

Break-even analysis is not a straightforward method to apply.  Though it is a useful 

concept, its application is increasingly complex as the number of sensitive inputs increases (von 

Winterfeldt and Edwards, 1986).  There also is not a clear ranking method to distinguish the 

relative importance of the sensitive inputs. 

3.4  Automatic Differentiation Technique. 

The automatic aifferentiation (AD) technique is an automated procedure for calculating 

local sensitivities for large models.  In AD, a computer code automatically evaluates first-order 

partial derivatives of outputs with respect to small changes in the inputs.  The values of partial 

derivatives are a measure of local sensitivity. 

  3.4.1  Description. 

Most existing sensitivity analysis methods based upon differentiation, such as numerical 

differential methods, have one or more of the following limitations:  inaccuracy in the results, 

high cost in human effort and time, and difficulty in mathematical formulation and computer 

program implementation (Hwang et al., 1997).  To overcome these limitations, AD techniques 

were developed.  AD is a technique to perform local sensitivity analysis and not a new method in 

itself.  In AD the local sensitivity is calculated at one or more points in the parameter space of 

the model.  At each point, the partial derivative of the model output with respect to a selected 

number of inputs is evaluated.  

 

AD is implemented by pre-compilers that analyze the code of the complex model and 

then add instructions needed to compute first or higher order derivatives in an efficient manner to 

save computational time and reduce complexity (Kedem, 1980; Rall, 1980; Carmichael et al., 

1997).  The resulting expanded code is then complied with a standard compiler so that code can 

evaluate function values used in the model, outputs, and derivatives.  Automatic Differentiation 

in Fortran (ADIFOR) is a widely used software for implementation of AD (Bischof et al., 1992 

and 1994; ANL, 2001). 
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  3.4.2  Application. 

Automatic differentiation finds application in models that involve complex numerical 

differentiation calculations such as partial derivatives, integral equations, and mathematical 

series (Hwang et al., 1997).  It is used in fields such as air quality (Carmichael et al., 1997), 

aerodynamics (Issac and Kapania, 1997), mechanical structures (Ozaki et al., 1995), and others.   

Christianson (1999) used AD for verification of part of a model. 

 

As an example, Carmichael et al. (1997) applied ADIFOR to calculate the sensitivity of 

ambient air ozone concentration to air quality model inputs representing initial conditions, 

reaction rate constants, and others.  For this purpose, dimensionless sensitivity coefficients were 

calculated based upon the numerical partial derivative of ozone concentration with respect to a 

selected input, divided by the ratio of the values of the concentration and the input: 

Si,j = 
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  where,  

 Si,j = Normalized local sensitivity coefficients for ith chemical specie and jth input;  

∆Ci = The absolute change in the output concentration of ith chemical specie; 

∆αj = The absolute change in the jth input; 

αj = Values of model inputs; and  

Ci = Concentration of a chemical specie i at a given time. 

 

The normalized local sensitivity coefficients were calculated for a 5-day simulation for 

two different meteorological scenarios.  The estimated ozone concentration was found to be most 

sensitive to the initial ozone concentrations in both scenarios, with normalized sensitivity values 

of 0.082 and 0.054 for the marine and land scenarios, respectively.  In contrast, the results were 

relatively insensitive to the initial NO concentration in both cases, as revealed by a normalized 

sensitivity coefficient of approximately 0.001.  Lumped sensitivities were also reported to give 

the global effect of a perturbation in a given input on the whole system.  Lumped sensitivity of a 
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chemical specie is the summation of normalized local sensitivities at different time stages for that 

chemical specie. 

  3.4.3  Advantages. 

AD techniques, such as ADIFOR can be applied without having detailed knowledge of 

the algorithm implemented in the model.  ADIFOR does everything automatically once it is 

appended with the main code (Bischof et al., 1992).  AD is superior to finite difference 

approximations of the derivatives because numerical values of the computed derivatives are 

more accurate and computational effort is significantly lower (Bischof et al., 1992).  Hwang et 

al. (1997) observed CPU time saving of 57% by using AD for sensitivity analysis as compared to 

using a traditional method.  If the model is constantly modified and improved, then ADIFOR 

provides a convenient tool to easily accommodate such necessary model changes, which can be 

very difficult to do in the case of other techniques (Carmichael et al., 1997). 

  3.4.4  Disadvantages. 

The availability of AD technique may be limited to specific computer languages such as 

FORTRAN in the case of ADIFOR, requiring the user to provide FORTRAN code for the 

model.  Because AD is a local technique, it suffers from the limitations of nominal range 

sensitivity analysis.  Furthermore, unlike nominal range sensitivity analysis, the possible range of 

values of the inputs is not considered.  The accuracy for sensitivity results is conditioned upon 

the numerical method used in the AD software.  Also, for nonlinear models, the significance of 

differences in sensitivity between inputs is difficult to determine, making the rank ordering of 

key inputs potentially difficult.  This method cannot be used if partial derivatives cannot be 

evaluated locally. 

3.5  Regression Analysis. 

Regression analysis can be employed as a probabilistic sensitivity analysis technique as 

demonstrated by Iman et al. (1985).  Regression analysis serves three major purposes:  (1) 

description of the relation between variables; (2) control of predictor variables for a given value 
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of a response variable; and (3) prediction of a response based on predictor variables (Neter et al., 

1996; Sen and Srivastava, 1990). 

  3.5.1  Description. 

             A relation between inputs and the output should be identified prior to regression 

analysis based on techniques such as scatter plots or upon understanding of the functional form 

of the model.  Methods, such as stepwise regression, can be used to automatically exclude 

statistically insignificant inputs.  The regression model may not be useful when extrapolating 

beyond the range of values used for each input when fitting the model (Devore and Peck, 1996). 

 

Regression analysis is most properly performed on an independent random sample of 

data.  The effect of inputs on the output can be studied using regression coefficients, standard 

errors of regression coefficients, and the level of significance of the regression coefficients 

(Devore and Peck, 1996; Steel et al., 1997; Sen and Srivastava, 1990).  Regression analysis 

typically involves fitting a relationship between inputs and an output such as this linear one: 

 

Yi = βo + β1X1,i + β2X2,i + … + βmXm,i + εi   (3-2) 

  where, 

Yi  = ith output data point for ith input data points; 

Xj,i = ith input data point for the jth input; 

βj  = regression coefficient for the jth input; and  

ει  = error for the ith data point. 

 

Each term in the regression model can have a different basis function, which can be linear 

or nonlinear.  For a linear model, the regression coefficient βj, can be interpreted as the change in 

output Yi  when the input Xj,i for a given value of j increases by one unit and the values of all 

other inputs remain fixed (Devore and Peck, 1996).  Therefore, regression coefficients can be 

used as a form of nominal range sensitivity.  The deviation of the prediction of the regression 

model from the actual can be measured using the coefficient of multiple determination, R2.  R2 is 

a measure of the amount of variance in the dependent variable explained by the model (Draper 
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and Smith, 1981).  A key assumption of least squares regression analysis is that the residuals are 

normally distributed. 

 

 Because the regression coefficients are estimated from a random sample of data, the 

coefficients themselves are random variables.  If the coefficient is not significantly different than 

zero, then there is not a statistically significant linear relationship between the input and the 

output (Draper and Smith, 1981).   Conversely, if the coefficient is statistically significant, then 

there is stronger evidence of sensitivity.  To determine statistical significance, the standard error 

of the regression coefficient is estimated.  If the ratio of the value of the regression coefficient 

divided by its standard error is greater than a critical value, then the coefficient is deemed to be 

statistically significant.  The critical value is determined based upon the desired significance 

level (usually 0.05) and the degrees of freedom of the regression model (Devore and Peck, 

1996).  The magnitude of statistically significant regression coefficients can be used to help 

determine the ranking of the inputs according to their sensitivity if the inputs or the coefficients 

are normalized (or standardized) to remove dimensional effects (Neter et al., 1996; Iman et al., 

1985). 

 

In the case of forward stepwise regression analysis, the incremental change in the R2 

values is an indication of the significance of sensitivity of the output to each newly introduced 

input.  However, in the case of dependent or correlated inputs, the problem of multicollinearity 

can affect the robustness of the results of regression analysis  (Neter et al., 1996).  A few types of 

nonlinear models can be transformed into linear models in the case of logistic regression 

(Hosmer and Lemeshow, 1989).  Generalized linear models (GLM) provide flexibility to use 

correlated input data and non-normal error distributions.  Logistic Regression and Poisson 

Regression are examples of GLM (McCullagh and Nelder, 1989; Searle, 1987). 

  3.5.2  Applications. 

Regression analysis as a sensitivity analysis method is applied in various fields such as 

veterinary science (Taylor et al., 1992), social sciences (Barrett et al., 1986), food sciences (Cliff 

et al., 1995), and food safety (Tienungoon et al., 2000).  McCarthy et al. (1995) used logistic 

regression for sensitivity analysis of a stochastic population model using logistic regression. 



 31 

As one example, Helton et al. (1995) used stepwise regression analysis for sensitivity 

analysis of a model for contamination of food pathways associated with a severe accident at a 

nuclear power station.  A probabilistic analysis was done and forward stepwise regression 

analysis was used to help identify which of the input distributions contributed most to 

uncertainty in the mean population dose.  The importance of inputs was indicated by the order in 

which inputs entered the regression model, the changes in R2 values with the entry of successive 

inputs in the regression model, and the standardized regression coefficients in the final regression 

model.  The stepwise regression analysis for an example output, the mean population dose, is 

shown in Table 1.  The mean population dose is dominated by the variables PSMCS134, 

TFMCS, and PSMI131.  Collectively these three variables account for 86 percent of the observed 

variation.  The remaining seven variables contribute only an additional eight percent increase in 

the explanatory power of the model, and thus are relatively insensitive.  Regression coefficients 

for all these variables were statistically significant and variables with insignificant regression 

coefficients were excluded from the forward stepwise regression. 

 

Table 3-1.  Forward stepwise regression analysis for mean population dose. 

(Source:  Helton et al., 1995) 

Steps Inputs Standardized Regression Coefficients R2 

1 PSMCS134 0.62 0.40 

2 TFMCS 0.27 0.78 

3 PSMI131 0.32 0.86 

4 PSMCS137 0.19 0.89 

5 TFMI131 0.13 0.90 

6 IF1 0.11 0.92 

7 AF - 0.10 0.92 

8 TFMSR 0.09 0.93 

9 FRCTCMP 0.09 0.94 

10 PSMSR90 0.09 0.94 
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  3.5.3  Advantages. 

Regression techniques such as the ones discussed here allow evaluation of sensitivity of 

individual model inputs, taking into account the simultaneous impact of other model inputs on 

the result (Cullen and Frey, 1999).  Other regression techniques, such as those based upon the 

use of partial correlation coefficients, can evaluate the unique contribution of a model input with 

respect to variation in a selected model output (Brikes and Dodge, 1993).  Moreover, a rank 

regression approach may also be used.  In rank regression, the ranks of each input and the output 

are used instead of the sample values.  Rank regression can capture any monotonic relationship 

between an input and the output, even if the relationship is nonlinear.  Sample and rank 

regression methods are discussed elsewhere, such as by Neter et al. (1996), Iman et al. (1985), 

Brikes and Dodge (1993), and Kendall and Gibbons (1990). 

  3.5.4 Disadvantages. 

 The key potential drawbacks of regression analysis include:  possible lack of robustness 

if key assumptions of regression are not met, the need to assume a functional form for the 

relationship between an output and selected inputs, and potential ambiguities in interpretation. 

 

 Regression analysis works best if each input is statistically independent of every other 

input (Devore and Peck, 1996).  Furthermore, the residuals of a least squares regression analysis 

must be normally distributed and independent.  If these conditions are violated, the results of the 

analysis may not have a strict quantitative interpretation, but instead should be treated as 

providing conceptual or qualitative insights regarding possible relationships. 

 

 The results of sample regression analysis can be critically dependent upon the selection 

of a functional form for the regression model (Neter et al., 1996).  Thus, any results obtained are 

conditioned upon the actual model used. 

 

 Regression analysis can yield results that may be statistically insignificant or counter 

intuitive (Neter et al., 1996).  The lack of a clear finding may be because the range of variation 

of that input was not wide enough to generate a significant response in the output.  Thus, 
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regression results can be sensitive to the range of variation in the data used to fit the model and 

may not always clearly reveal a relationship that actually exists. 

3.6   Analysis of Variance. 

Analysis of variance (ANOVA) is a model independent probabilistic sensitivity analysis 

method used for determining whether there is a statistical association between an output and one 

or more inputs (Krishnaiah, 1981).  ANOVA differs from regression analysis in that no 

assumption is needed regarding the functional form of relationships between inputs and the 

outputs.  Furthermore, categorical inputs and groups of inputs can be addressed.  

  3.6.1  Description. 

Inputs are referred to as "factors" and values of factors are referred to as factor levels in 

ANOVA.  An output is referred to as a "response variable."  Single-factor ANOVA is used to 

study the effect of one factor on the response variable.  Multifactor ANOVA deals with two or 

more factors and it is used to determine the effect of interactions between factors.  A qualitative 

factor is one where the levels differ by some qualitative attribute, such as a type of pathogen or 

geographic regions.  Quantitative factor levels are continuous quantities, such as temperature or 

amount of pathogens.  Neter et al. (1996) and Winter et al. (1991) give detail applications and 

terminology for ANOVA. 

 

ANOVA is a nonparametric method that is used to determine if the mean values of the 

output vary in a statistically significant manner associated with variation in values for one or 

more inputs.  If the mean response of the output does not have a significant association with 

variation in the inputs, then the variation in the output is random.  The F-test is used to determine 

statistical significance of the response of the output to variation in the inputs.  However, the 

exact nature of the relationship between the inputs and the output is not determined by ANOVA.  

Although the F-test is generally used to evaluated the significance of the response of the output 

to variation in the inputs, additional tests such as the Tukey test and Scheffé test can also be 

used, such as to evaluate the effect of different input value ranges (Montgomery, 1997; Hochberb 

and Tamhane, 1987). 

 



 34 

In ANOVA, it is assumed that the output is normally distributed.  Diagnostic checks are 

important to determine whether the assumptions of ANOVA are violated.  If any key 

assumptions are violated then there can be corrective measures to address the problem.  The F 

test is generally robust to deviations from these assumptions but substantial departures from 

normality or large differences in the variances of the output can influence statistical test results 

(Lindman, 1974).   In the case of correlated inputs, the results of the F test may not be robust.  

However, approaches such as principal component analysis to group correlated factors can be 

used to address this problem (Kim and Mueller, 1978). 

3.6.2  Application. 

ANOVA finds broad application across various fields such as health risk assessment 

(e.g., Pet-Armacost et al., 1999; Gerken et al., 2000), material testing (e.g., Golinkin et al., 

1997), food quality (Carlucci et al., 1999, Ashraf et al., 1999), microbiology (e.g., McElroy et 

al., 2000), and microbial risk assessment (e.g., Marks et al., 1998). 

 

As an example of multifactor ANOVA, Carlucci et al. (1999) applied ANOVA to 

evaluate the effects of factors, such as the age at slaughter, storage temperature, and the storage 

time on response variables such as odor, flavor, and texture of the lamb meat.  Each response 

variable was evaluated using a 0–100 scale for different combinations of the inputs.  The 

significance of input values for the attributes of the meat was evaluated in terms of the relative 

magnitude of F values.  All of the response variables were significantly affected by the age at 

slaughter.  In addition, the response variable for texture of the meat was also influenced by an 

interaction term, indicating that the effect of storage time depends on the age at slaughter. 

  3.6.3  Advantages. 

 No assumption is needed regarding the type of underlying model and both continuous 

and discrete inputs can be analyzed using ANOVA (Montgomery, 1997).  The results of 

ANOVA can be robust to departures from key assumptions, and additional techniques can be 

employed to deal with issues such as multicollinearity. 
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  3.6.4  Disadvantages. 

ANOVA can become computationally intensive if there are a large number of inputs.  If 

this becomes a problem, a suggestion by Winter et al. (1991) is to try to reduce the number of 

inputs analyzed by using some less computationally intensive method, such as nominal range 

sensitivity analysis, to screen out insensitive inputs.  If there is a significant departure of the 

response variable from the assumption of normality, then the results may not be robust 

(Lindman, 1974).  Errors in the response variables due to measurement errors in the inputs can 

result in biased estimates of the effects of factors.  If the inputs are correlated, then the effect of 

each individual input on the response variable can be difficult to assess (Neter et al., 1996), 

unless methods such as principal component analysis are used. 

3.7  Response Surface Method (RSM). 

The Response Surface Method (RSM) can be used to represent the relation between a 

response variable (output) and one or more explanatory inputs (Myers and Montgomery, 1995; 

Neter et al., 1996; Khuri and Cornell, 1987).  The RSM can be used in a probabilistic analysis 

(Chun et al., 1996; Frey and Bharvirkar, 1998).  The RSM can identify curvatures in the 

response surface by accounting for higher order effects.  The RSM is generally complex and 

therefore, used in later stages of an investigation when a limited number of factors are under 

investigation (Neter et al., 1996). 

  3.7.1  Description. 

A Response Surface (RS) can be linear or nonlinear and is typically classified as first-

order or second-order (Myers and Montgomery, 1995).  The second-order structure is used when 

there are interactions terms between inputs.  The amount of time and effort required to develop a 

response surface is typically a function of the number of inputs included and the type of response 

surface structure required.  It is often advantageous to limit the number of inputs that are 

included in the response surface to those that are identified as most important using a screening 

sensitivity analysis method, such as nominal range sensitivity analysis.  The model must be 

exercised for various desired combinations of the selected input values in order to generate a data 

set that can be used to fit or calibrate a response surface.  Monte Carlo simulation methods are 
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typically used to generate multiple values of each model input and to calculate corresponding 

values of the model output.   

 

A typical approach to response surface development is to use a least-squares regression 

method to fit a standardized first or second order equation to the data obtained from the original 

model.  The key assumptions of least-squares regression (e.g., normality of the residuals) should 

be reasonably satisfied; otherwise, other techniques such as rank-based or nonparametric 

approaches, should be considered (Khuri and Cornell, 1987; Vidmar and McKean, 1996).  The 

precision and accuracy of the response surface can be evaluated by comparing the predictions of 

the response surface to that of the original model for the same values of the model input.  If the 

precision and accuracy is not satisfactory, an improved fit might be obtained by iterating on 

values of parameters for the response surface (Gardiner and Gettinby, 1998). 

 

Once a response surface has been developed, the sensitivity of the model output to one or 

more of the selected inputs can be determined by:  (1) inspection of the functional form of the 

response surface; (2) statistical analysis if regression analysis was used to develop the response 

surface; or (3) application of other sensitivity analysis methods to the response surface.  The 

response surface can be thought of as a "model of a model" with the advantage of being simpler 

and faster to execute than the original model.  Therefore, computationally intensive sensitivity 

analysis methods, such as Mutual Information Index or others, may be more readily applicable to 

the response surface than to the original model. 

  3.7.2  Application. 

The RSM is often employed for optimization and product quality studies (Gardiner and 

Gettinby, 1998).  Moskowitz (1997) demonstrated the use of RSM to optimize properties of 

cereals to maximize consumer acceptance.  Hopperstad et al. (1999) applied RSM for reliability 

analysis of an aluminum extrusion process.  The RSM also can be used for sensitivity analysis of 

stochastic systems (Williams et al., 1999). 

 

For example, Williams et al. (1999) describe application of RSM for optimization and 

sensitivity analysis of manufacturing process of a kind of integrated circuit.  The complex 
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computations required for simulation of the manufacturing process using a process previously 

limited the strategies for process optimization.  Therefore, a RS was incorporated into the 

simulator software to enable statistical optimization and to perform sensitivity analysis.  The RS 

included five of the twenty original model inputs and was second order in structure. 

 

Frey and Bharvirkar (1998) used the RSM to simplify a simulation model of a coal 

gasification system.  The RS models were developed from the data generated by probabilistic 

simulation of the gasification process.  Using regression techniques, a RS model was fitted to the 

data.  A series of equations were developed to enable prediction of 60 model outputs based upon 

combinations of 12 inputs.  These RS models were implemented with a FORTRAN-based 

capital, operating, and levelized cost model to enable simultaneous prediction of the 

performance, emissions, and cost of the complex technology of gasification using desktop 

computers. 

  3.7.3  Advantages. 

A key advantage of the RSM approach is that a potentially computationally-intensive 

model can be reduced to a simplified form that enables much faster model run times.  Therefore, 

it will be easier to apply iterative numerical procedures to the RS, such as optimization or Monte 

Carlo simulation, compared to the original model.  Furthermore, the functional form of the RS 

model and the values of its coefficients may provide a useful indication of key sensitivities.  

Nominal range sensitivity or other methods can be applied to the RS model to elucidate 

sensitivities, with faster run times.  

  3.7.4  Disadvantages. 

In order to develop a RS, calculations with the original model are needed, which can be 

resource intensive for some models.  Because the RS is calibrated to data generated from the 

original model, the valid domain of applicability of the RS model will be limited to the range of 

values used to generate the calibration data set.  Most RS studies are based on fewer inputs than 

the original model.  Therefore, the effect of all original inputs on the sensitivities cannot be 

evaluated in RSM. 
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3.8  Fourier Amplitude Sensitivity Test.  

 The Fourier Amplitude Sensitivity Test (FAST) method is a procedure that can be used 

for both uncertainty and sensitivity analysis (Cukier et al., 1973, 1975, and 1978).  The FAST 

method is used to estimate the expected value and variance of the output, and the contribution of 

individual inputs to the variance of the output (Cukier et al., 1973).  The FAST method is 

independent of any assumptions about the model structure, and works for monotonic and non-

monotonic models (Saltelli et al., 2000).  The effect of only one input (local sensitivity) or the 

effect of all inputs varying together can be assessed by FAST.   

  3.8.1  Description. 

The main feature of the FAST method is a pattern search method that selects points in the 

input parameter space, and which is reputed to be faster than the Monte Carlo method (McRae et 

al., 1982).  The classical FAST method is not efficient to use for high-order interaction terms 

(Saltelli and Bolado, 1998).  However, the extended FAST method developed by Saltelli et al. 

(1999) can address higher order interactions between the inputs.  Sobol's sensitivity method is 

similar to the FAST method and can account for interacting terms, but it is less efficient than 

extended FAST (Sobol, 1993). 

 

A transformation function is used to convert values of each model input to values along a 

search curve.  As part of the transformation, a frequency must be specified for each input.  By 

using Fourier coefficients, the variance of the output is evaluated (Cuckier et al., 1973).  The 

contribution of input xi to the total variance is calculated based on the Fourier coefficients, 

fundamental frequency ωi, and higher harmonics of the frequency as explained by Cuckier et al. 

(1975).  The ratio of the contribution of each input to the output variance and the total variance 

of the output is referred to as the first order sensitivity index and can be used to rank the inputs 

(Saltelli et al., 2000).  The first order indices correspond to the contribution of individual inputs 

and not to the contribution of interactions among inputs.  To account for the residual variance in 

the output due to higher order or interaction terms that is not explained by first order indices, the 

extended FAST method is used (Saltelli et al., 1999).  
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The model needs to be evaluated at sufficient number of points in the input parameter 

space such that numerical integration can be used to determine the Fourier coefficients (Saltelli 

et al., 2000).  The minimum sample size required to implement FAST is approximately eight to 

ten times the maximum frequency used.  In the case of discrete inputs, if a sufficiently large 

sample size is not available, then the output can have frequent discontinuities.  In such a case, the 

Fourier coefficients may not be estimated properly and hence, the reliability of the results can be 

lower in the case of discrete inputs.  The Sobol's method is capable of handling discrete inputs 

(Saltelli et al., 2000). 

  

McRae et al. (1982) describe mathematical basis and computer implementation of the 

FAST method.  Cukier et al. (1978) and Saltelli et al., (2000) give details of producing optimal 

frequency sets.  Different search curves and their transformation functions used in FAST are 

given by McRae et al. (1982) and Cukier et al. (1975). 

  3.8.2  Application. 

FAST has been applied in fields such as performance assessment of waste disposal 

systems (e.g., Lu and Mohanty, 2001; Helton, 1993), atmospheric modeling (e.g., Rodriguez-

Camino and Avissar, 1998; Collins and Avissar, 1994; Liu and Avissar, 1996), and ground water 

modeling (Fontaine et al., 1992). 

 

As an example, Lu and Mohanty (2001) used the FAST method for sensitivity analysis of 

a model developed for performance assessment of a proposed nuclear waste repository.  The 

model output is the amount of radiation for long time periods.  Because the number of inputs of 

the model is too large to be handled by the FAST method, less important input parameters were 

first screened out.  FAST was implemented using twenty inputs.  For a 10,000 year time period 

of interest, the top three most important inputs identified using FAST were thermal conductivity 

of the rock material, the alluvium retardation coefficient for technetium, and the well pumping 

rate for the farming receptor group located at 20 km.  Conditional complementary cumulative 

distribution functions of the model output (Mohanty and McCartin, 1998) were used to verify the 

ranking of the influential parameters produced by the FAST method. The ranking of top three 
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parameters was found to be robust but the FAST method could not consistently rank other 

parameters of the set. 

  3.8.3 Advantages. 

The FAST method is superior to local sensitivity analysis methods because it can 

apportion the output variance to the variance in the inputs.  It also can be used for local 

sensitivity analysis with little modification (Fontaine et al., 1992).  It is model independent and 

works for monotonic and non-monotonic models (Saltelli et al., 2000).  Furthermore, it can allow 

arbitrarily large variations in input parameters.  Therefore, the effect of extreme events can be 

analyzed (e.g., Lu and Mohanty, 2001; Helton, 1993).  The evaluation of sensitivity estimates 

can be carried out independently for each factor using just a single set of runs (Saltelli et al., 

2000).  The FAST method can be used to determine the difference in sensitivities in terms of the 

differing amount of variance in the output explained by each input and, thus, can be used to rank 

order key inputs. 

  3.8.4  Disadvantages. 

The FAST method suffers from computational complexity for a large number of inputs 

(Saltelli and Bolado, 1998).  The classical FAST method is good only for models with no 

important or significant interactions among inputs (Saltelli and Bolado, 1998).  However, the 

extended FAST method developed by Saltelli et al., (1999) can account for high-order 

interactions.  The reliability of the FAST method can be poor for discrete inputs (Saltelli et al., 

2000). 

3.9  Mutual Information Index (Sensitivity Index). 

The objective of the Mutual Information Index (MII) sensitivity analysis method is to 

produce a measure of the information about the output that is provided by a particular input.  The 

sensitivity measure is calculated based upon conditional probabilistic analysis, and the 

magnitude of the measure can be compared for different inputs to determine which inputs 

provide information about the output.  MII is a computationally intensive method that takes into 

account the joint effects of variation in all inputs with respect to the output.  MII is typically used 
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for models with dichotomous outputs, although it can also be used for outputs that are continuous 

(Critchfield and Willard, 1986).   

  3.9.1  Description. 

The MII method typically involves three general steps:  (1) generating an overall 

confidence measure of the output value; (2) obtaining a conditional confidence measure for a 

given value of an input; and (3) calculating sensitivity indices (Critchfield and Willard, 1986).  

The overall confidence in the output is estimated from the CDF of the output.  Confidence is the 

percentage of times the output of interest is possible.  For example, if the dichotomous output is 

whether the risk is acceptable, the confidence is the probability that the risk is acceptable.  

Conditional confidence is estimated by holding an input constant at some value and varying all 

other inputs.  The resulting CDF of the output indicates the confidence in the output conditioned 

on a particular value of the input.  The mutual information between two random variables is the 

amount of information about a variable that is provided by the other variable (Jelinek, 1970).  

The MII for each input is calculated based on the PDF of the input and on the overall and 

conditional confidence in the output.  The average mutual information index for an input is given 

by (Critchfield and Willard, 1986): 

 

Ia
XY =  Σx Σy PX PY|X logn (PY | X / PY)    ( 3-3) 

  where,  

PY|X = conditional confidence; 

PY = overall confidence; 

PX  = probability distribution for the input; and 

n = 2, to indicate binary output. 

 

Ia
XY is always positive.  If Ia

XY is large, then X provides a great deal of information about 

Y.  If X and Y are statistically independent, then IXY is zero.  The amount of information about a 

variable that is provided by the variable itself is measured in terms of the "average self 

information" (IYY) of that variable, also known as the entropy of that variable (Jelinek, 1970).  

The Average Self Information of the output Y is given as:   

IYY = ΣY PY logn (1 / PY)    ( 3-4) 
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where PY is the overall confidence measure of Y.  For the purpose of sensitivity analysis, a 

normalized measure of the MII, the "natural sensitivity index," SXY is used. 

SXY = (Ia
XY / IYY) X 100 %    ( 3-5) 

 

SXY reflects the percentage of the average mutual information contributing to the model 

output Y that can be attributed to the input variable X.  The calculation of MII may require 

simplifying approximations regarding the use of a limited number of input values to represent the 

variation in an input and estimation of probabilities of the input values.  No analytical statistical 

measure is available to determine the significance of the sensitivity indices.  Because of the 

assumptions and simplifications made in evaluating Sxy, the robustness of rank ordering of key 

inputs can be difficult to evaluate. 

  3.9.2  Application. 

The MII method was devised by Critchfield and Willards (1986), who demonstrated its 

application on a decision tree model.  A dichotomous model was used to decide between two 

options:  anticoagulation and observation, to treat the disease of deep vein thrombosis (DVT).  

Each of these options had a relative importance to the decision maker, and they were valued in 

terms of utility.  The model gave two outputs:  utility of anticoagulation (UA) and utility of 

observation (UB).  The valuations of each possible outcome (utilities) were then combined into 

one single output ∆U as (UA - UB).  Therefore, if ∆U > 0, then option A, anticoagulation, will be 

preferred to option B, observation.  The probability distribution of the output, ∆U, is dependent 

on the probability distributions of the inputs used in the model.   

  3.9.2.1  Confidence measure. 

An indicator variable Y is used to indicate each of the possible decision alternatives.  

Therefore, if ∆U > 0, then Y = anticoagulation, and if ∆U < 0, then Y = observation.  In this 

binary-choice example, the likelihood that any one option is selected is more important than the 

magnitude of ∆U.  The probability of each option, P(Y = anticoagulation) and P(Y = 

observation), is interpreted as the overall confidence level for each option.  The overall 

confidence level for anticoagulation was found to be 0.92 (92%) by Critchfield and Willards 

(1986). 
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  3.9.2.2  Conditional confidence analysis. 

In a conditional confidence analysis, an input of interest, for example, probability of 

pulmonary embolism (PE) given DVT, P(PE|DVT) is held constant at one value and other inputs 

are varied according to their respective PDFs to generate the PDF for ∆U.  The above procedure 

is repeated for all values of P(PE|DVT) based on the PDF of P(PE|DVT).  The Monte Carlo 

simulation is used in this computation.  This analysis can be visualized in form of a three-

dimensional surface as shown in Figure 3-3.  

 

 

 

 

 

 

 

 

 

 

Figure 3-3.  Three-dimensional surface representing conditional confidence analysis. 

(Source:  Figure 2, Critchfield and Willard, 1986) 

 

Different values of P(PE|DVT) are plotted on the x-axis.  For each value of P(PE|DVT), a 

output distribution is plotted on the y-z plane.  Therefore, a 3-dimensional surface indicating the 

relative frequency with which a given ∆U occurs at different values of P(PE|DVT) is created as 

shown in Figure 3-3.  The dotted line joins the median of all output distributions. 

 

The projection of this three-dimensional surface on the ∆U versus P(PE|DVT) plane as 

shown in Figure 3-4 represents the change in the median values of the output over different input 

values.  The threshold point at which ∆U changes the sign represents a switch point regarding the 

other decision alternative.  The projection of the surface on the frequency versus ∆U plane, for a 

particular value of P(PE|DVT), is shown in Figure 3-5.  In Figure 3-5, the area under the curve to 

y-axis:  ∆U 

x-axis:  P(PE|DVT) 

z-axis:  Frequency 



 44 

(Source:  Figure 3 and 4, Critchfield and Willard, 1986) 

the right of ∆U = 0 represents the conditional confidence level at a particular value of 

P(PE|DVT) and thus represents one point on the conditional confidence curve shown in Figure 3-

6.  Figure 7 represents the conditional confidence level evaluated over all the values of 

P(PE|DVT). 

 

 

 

 

 

  

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
Figure 3-6.  Distribution for the confidence in the decisions. 

(Source:  Figure 5, Critchfield and Willard, 1986) 

  

Figure 3-4.  Change in the median of the output 

for different values of the input. 

Figure 3-5.  PDF of the output for a 

specific value of the input. 
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The conditional confidence analysis includes the joint effects of all the inputs while being 

simple in graphical representation.  Figure 3-6 shows that for 92 percent of the DVT cases 

anticoagulation is preferred over observation.  This information is not available via conventional 

nominal range sensitivity analysis (Critchfield and Willard, 1986).   

 

The sensitivity index, SXY, is calculated as explained in the previous section.  The input 

variable, P(PE|DVT) has a sensitivity index of 25.  The input variable, P(fetopathy), has a 

sensitivity index of 3.6, which indicates that the model output ∆U is more sensitive to 

P(PE|DVT) than P(fetopathy).  Critchfield and Willard (1986) give interpretation of SXY for 

other inputs. 

  3.9.3  Advantages. 

MII includes the joint effects of all the inputs when evaluating sensitivities of an input.  

The mutual information is a more direct measure of the probabilistic relatedness of two random 

variables than other measures such as correlation coefficients (Jelinek, 1970).  For example, the 

correlation coefficient of two random variables examines the degree of linear relatedness of the 

variables.  Although two uncorrelated variables may not be independent, two variables with zero 

mutual information are statistically independent.  Therefore, the MII is a more informative 

method.  The results can be presented graphically facilitating their comprehension. 

  3.9.4  Disadvantages. 

Calculation of the MII by Monte Carlo techniques suffers from computational 

complexity, making practical application difficult (Merz et al., 1992).  Critchfield and Willard 

(1986a) have suggested an approach using symbolic algebra, which is reported to be less 

computationally intensive.  Because of the simplifying approximations that may be used in MII, 

the robustness of ranking based on the sensitivity measure can be difficult to evaluate. 
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3.10  Scatter Plots. 

A scatter plot is a graphical sensitivity analysis method.  Scatter plots are used for visual 

assessment of the influence of individual inputs on an output (Cook, 1994; Galvao et al., 2001).  

A scatter plot is a method often used after a probabilistic simulation of the model.  Scatter plots 

are also often used as a first step in other analyses such as regression analysis and response 

surface methods. 

  3.10.1  Description. 

Each realization in a probabilistic simulation, such as a Monte Carlo simulation, 

generates one pair of an input value and the corresponding output value.  These simulated pairs 

can be plotted as points on a scatter plot.  Scatter plots also can be plotted for empirical data.  For 

example, Figure 3-7 shows empirical data for NOx emissions measured by the Continuous 

Emission Monitoring System (CEMS) for different capacity factors.  Capacity factor is a ratio of 

the power that is actually generated to the maximum power that could be generated by a power 

plant.  The scatter plot was used to assess possible trends in the data and to aid in selecting a 

functional form for a regression model to fit to the data.  In this case, there appears to be a 

nonlinear variation of emissions with respect to capacity factor.  Therefore, a nonlinear 

functional form – in this case a polynomial – was selected and fit to the data.  The regression 

model is shown as a solid line.  The comparison of the fitted model to the data is a means for 

verifying the adequacy of the model.  It happens in this case that the model adequately captures 

the key trends in the data. 

 

 

 

 

 

 

 

 

 
Figure 3-7.  Example of a pattern for a scatter plot. 
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Scatter plots depict the possible dependence between an input and the output.  

Dependence may be linear or nonlinear (Cook, 1994).  The range of variation of the output may 

be constant regardless of the specific value of the input, or it may be non-constant.  Scatter plots 

may be based upon sample values, or based upon the ranks of the values.  General trends that 

might be observed in scatter plots are described by Kazmierski (1995) and Bernstein et al. 

(1988). 

 

Because scatter plots can help in visualizing and identifying potentially complex 

dependencies between an input and an output, they can be used to guide the selection of 

appropriate sensitivity analysis methods.  For example, if the relationship is nonlinear, then a 

nonlinear regression model, or a transformation of the data, may be required. 

 

The number of data points displayed in a scatter plot needs to be selected such that there 

is enough density to be able to observe any pattern, but not so many points that the variability 

within the scatter is difficult to observe (Vose, 2000).  

 

Kleijnen and Helton (1999) describe a sensitivity analysis method based on pattern 

detection used to identify relationships between inputs and an output.  For example, pattern 

detection methods can identify linear and monotonic relationships between inputs and an output 

as well as the effect of marginal distributions of an input and an output.  Shortencarier and 

Helton (1999) describe a pattern detection method and a related software tool. 

  3.10.2  Application. 

Scatter plots have been used as an aid to sensitivity analysis in various fields such as 

behavioral studies (e.g., Sobell, 1982; Rossier et al., 2001), environmental pollution (e.g., 

Hagent, 1992; Fujimoto, 1998), plant safety (e.g.,Helton et al., 2000), medical science (e.g., 

Bruno et al., 1994; Kogo and Ariel, 1997), veterinary science (e.g., Glaser, 1996), and others. 

 

As an example, Moskowitz (1997) used consumer-based product evaluation to identify 

optimal product formulations for a ready-to-eat cereal.  Several physical attributes of the cereal, 

such as appearance, color, flavor and quality which depend upon parameters (or inputs) such as 
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the amount of sweeteners and starch, die size, roasting time, and others, impact the customer 

liking of the cereal.  Thirty-one different product mixes were prepared by using different 

combinations of eight such parameters.  Different panels of consumers and experts tested these 

mixes and used a 0 to 100 scale to rate their liking for the attributes of the products such as 

appearance, color, flavor, and quality.  Scatter plots were used to represent relationship between 

different combinations of the parameters (or inputs) and the overall ratings of the cereal 

attributes (output). 

  3.10.3  Advantages. 

Scatter plots are often recommended as a first step in sensitivity analysis of a statistical 

sample of data, whether it is an empirical sample or the result of a probabilistic simulation.  A 

key advantage of scatter plots is that they allow for the identification of potentially complex 

dependencies.  An understanding of the nature of the dependencies between inputs and an output 

can guide the selection of other appropriate sensitivity analysis methods. 

  3.10.4  Disadvantages. 

A potential disadvantage of scatter plots is that they can be tedious to generate if one 

must evaluate a large number of inputs and outputs unless commercial software is used to 

automatically generate multiple scatter plots (SPLUS, 2000).  Although not necessarily a 

disadvantage, the interpretation of scatter plots can be qualitative and may rely on judgment.  

Whether the sensitivities of two inputs differ significantly from each other cannot always be 

judged from their scatter plots. 
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4.0 APPLICATION OF THE SENSITIVITY ANALYSIS METHODS. 

The sensitivity analysis methods are applied to a typical food safety risk model to identify 

issues associated with the application of the methods.  In this section, a food safety risk model 

that is selected to illustrate the application of these methods will be described briefly.  This 

section also describes the application procedure, necessary modification of the model for 

application of the methods, results of the sensitivity analysis, discussion of the results, and 

difficulties or issues realized during application of these methods. 

4.1  Description of Vibrio Paraheamolyticus Risk Assessment Model. 

The risk assessment model for the public health impact of Vibrio Paraheamolyticus 

(henceforth, referred to as "the Vp model") is selected for illustrating the application of 

sensitivity analysis methods.  The issues related to the Vp model, such as hazard identification of 

Vibrio Paraheamolyticus (Vp), modules in the farm to table continuum, and the risk assessment 

procedure are described in brief below.  The objective of this section is to provide the reader with 

an overview of the inputs, the process of the risk assessment, and the modeling of this process so 

that the application of sensitivity analysis methods can be explained in the context of the Vp 

model.   

 

In response to four outbreaks involving over 700 cases of illness, the Food and Drug 

Administration (FDA) conducted a risk assessment for the health impact of consuming raw 

oysters containing pathogenic Vp (CFSAN, 2000).  The objective of the Vp risk assessment was 

to provide FDA with the information that will assist the agency to review the programs related to 

the regulation of Vp and to ensure that these programs protect the public health.  The modules in 

the risk assessment model were treated separately for five distinct geographic locations across 

the country and for four seasons.  Therefore, the Vp model can be considered to be a typical risk 

model that will be used by the regulatory agencies.   

 

The key outputs of the model are the probability of illness and the number of illnesses 

predicted based on the probability of illness for a specific geographic location and season.  The 

Vp model is a probabilistic model that models the effect of variability in inputs on the probability 
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of illness.  The variability in the output is modeled using 100,000 runs of a simulation with each 

run corresponding to one serving of raw oysters or one person in the exposed population.  No 

reason was given as to why 100,000 iterations were selected.  Limited uncertainty analysis can 

be done by running the Vp model for fifty simulations with specified changes in the parameters 

of a few input distribution for each simulation as described later. The scope of uncertainty 

analysis is limited because the uncertainty in only two inputs namely, water temperature and 

fraction of pathogenic Vp is identified and modeled.  Sensitivity analysis using was also done 

using multivariate regression analysis to identify the most influential inputs that affect the 

probability of illness.  Vp level in the environment which is directly related to water temperature 

was observed to be the most important input.  Time to refrigeration of oysters after harvesting 

was determined to be the second most important input.  However, the use or objective of 

sensitivity analysis is not explicitly mentioned by CFSAN (2001). 

 

Typical phases of a food safety risk assessment model, such as hazard identification, 

exposure assessment, hazard characterization, and risk characterization are described below.  

CFSAN (2000) contains details regarding the data and the modeling.  

  4.1.1  Hazard Identification. 

 Vp is a gram-negative, halophilic bacterium that occurs naturally in estuaries and is 

recognized as an important bacterial seafood-borne pathogen throughout the world.  The 

organism can cause acute gastroenteritis and, on rare occasions, septicemia (a systemic disease).  

Gastroenteritis is inflammation of gastrointestinal tract with symptoms such as diarrhea, 

vomiting, or abdominal cramps.  Usually it is self-limiting with moderate severity and short 

duration (Barker, 1974; Barker and Gangarosa, 1974; Hlady, 1997).  However, on rare occasions 

infection can result into septicemia that can be life threatening.  Septicemia is characterized by 

fever or hypotension.  It is associated with the presence and persistence of pathogenic 

microorganisms or their toxin in the blood (Hlady, 1997).   Patients with septicemia often have 

underlying medical conditions. 
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  4.1.2  Exposure Assessment for the Harvest Module. 

The harvest module identifies the parameters contributing to the likelihood that shellfish 

in a growing area will contain pathogenic stains of Vp and the levels in which they are found.  

These parameters are discussed below. 

 

Routes of introduction of Vp into shellfish growing areas include natural sources, such as 

terrestrial and aquatic animals, or human sources, such as releasing ship ballast water.  Factors 

such as water temperature, salinity, immune status of the shellfish, and adverse environmental 

conditions influence the prevalence and persistence of Vp (Covert and Woodburne, 1972). 

 

Due to the lack of sufficient quantitative data, some of the above mentioned factors 

cannot be modeled (CFSAN, 2000).  Figure 4-1 is a schematic depiction of the parameters 

considered in modeling the harvest module.  The preliminary analysis of the model showed that 

the water salinity has negligible effect on the Vp predictions.  Therefore, water salinity is not 

included in the model (CFSAN, 2000), and hence it is shown as dotted in Figure 4-1.  To 

represent variability in water temperature, a normal distribution was fitted to the available water 

temperature data from National Buoy Data Center (NBDC) with mean and standard deviation 

representing variability within any given region and season.  For example, for the Louisiana gulf 

coast at the summer time, the normal distribution has the mean of 28.65 oC and the standard 

deviation of 1.33 oC.  The uncertainty in water temperature is characterized by calculating the 

central tendency and variation in the parameters of the water temperature distribution based on 

the NBDC data.  For example, for the Louisiana gulf coast in the summer time, the means of the 

mean and standard deviation are 28.9 oC and 1.5 oC respectively and the variance is 0.11 for both 

the mean and the standard deviation of the distribution.  To demonstrate application of sensitivity 

analysis methods, only variability in the water temperature is considered. 

 

For the input, fraction of pathogenic Vp, a Beta distribution was assumed based on the 

available data and literature.  The parameters of the beta distribution are assumed based on the 

data available for pathogenic percentage of Vp for each season and geographic location of 

harvesting.  The average percentage of pathogenic Vp is about 3% on the West coast and about 

0.2 to 0.3 % on other regions of the country.  The parameters of the Beta distribution are changed 
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based on total number of Vp to characterize uncertainty in the fraction of pathogenic Vp as 

explained by CFSAN (2000).  Only the variability in fraction of pathogenic Vp is considered for 

sensitivity analysis.  The output from the harvest module is total Vp density in units of Log Vp/g. 

 

For the purpose of demonstrating the application of sensitivity analysis methods, only the 

Louisiana gulf coast during the summer season is considered.  CFSAN (2000) have provided 

details on the data regarding other geographic locations and seasons. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-1.  Schematic depiction of the harvest module of the Vp model. 

(Source:  Figure IV-1, CFSAN, 2000) 

  4.1.3  Exposure Assessment for the Post-Harvest Module. 

The purpose of the post-harvest module is to simulate the effect of industry practices on 

the levels of Vp in oysters from harvest to consumption for various locations and seasons.  

Outputs of the module are distributions for the total and pathogenic Vp densities at the time of 

consumption.  In this module, the main consideration is on the growth or die-off of the Vp 

depending upon various factors.  Some of these factors considered in the Vp model are:  air 

temperature, time oysters are left unrefrigerated during harvesting, duration of cooldown for the 

temperature of oysters to fall to a certain level, and duration of cold storage.  These factors are 

depicted in Figure 4-2.   

Water temperature Water salinity 
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Total Vp/g 

Regional, seasonal and 
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A strong correlation between air and water temperature was observed.  This correlation 

was incorporated in the model by modeling the distribution of the difference in water versus air 

temperature as a normal distribution. This distribution was then used to predict the variability in 

the air temperature within a given region and season depending on the distribution of water 

temperature specified in the harvest module (CFSAN, 2000).  The distribution of the difference 

in air and water temperature has a mean of -1.66 oC and a standard deviation of 1.33 oC. 

 

The variability in duration of daily harvesting operations (i.e., the time spent on water 

during harvesting) for a given region and season was modeled as a PERT distribution with 

minimum, maximum, and mean values for the time on water.  PERT distribution is similar to the 

Beta distribution and both can be used interchangeably.  However, though the reason for using 

PERT distribution and not beta distribution is not mentioned by CFSAN (2001), it appears to be 

simply the modelers' choice.  For example, in the case of Louisiana gulf coast during summer, 

the time on water is a PERT distribution with minimum of five, maximum of eleven, and mean 

of nine hours. 

 

The time oysters are unrefrigerated is dependent on the time on water.  The distribution 

of the time oysters are left unrefrigerated was derived by assuming that oysters are harvested 

uniformly from the start of the harvest up to one hour prior to conclusion of harvesting when 

oysters are landed and placed in cold storage.  The variability in the time oysters are left 

unrefrigerated was modeled as a uniform distribution with a minimum of one hour and maximum 

corresponding to the randomly selected value of the time on water according to its distribution. 

 

Duration of cooldown is quite variable depending upon efficiency of the cooler, quantity 

of oysters, arrangement of oysters in cooler and so on.  This variability is modeled as a discrete 

uniform distribution between one and ten hours.  It means that the duration of cooldown can 

assume any integer value between one and ten hours with equal probability.   

 

Based on the data for the variability, the length of refrigeration or duration of storage was 

observed to have a mean of 7.7 days and a range of one day to 21 days.  This variability is 

modeled as a PERT distribution. 
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The effect of three post-harvest mitigation strategies can be evaluated using the Vp 

model.  However, only the no mitigation case is considered for demonstrating the application of 

sensitivity analysis methods.  The output of the post-harvest model is the density of total and 

pathogenic Vp per grams of oysters before the consumption.  Variability in the density of 

pathogenic Vp was calculated by multiplying the total Vp density by the fraction of pathogenic 

Vp from the harvest module. 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-2.  Schematic depiction of the post-harvest module of the Vp model. 

(Source:  Figure IV-6, CFSAN, 2000) 

  4.1.4  Hazard Characterization and Dose-Response. 

Hazard characterization and dose-response is done in the public health module.  For Vp, 

dose-response data is available directly from several human clinical feeding trials.  

Epidemiological studies are used to estimate likelihood of illness leading to more severe 

outcomes such as septicemia, and death.  Figure 4-4 depicts the public health module. 

 

The dose of pathogenic Vp ingested per serving was estimated based on the distributions 

for the weight of oysters consumed, number of oysters consumed, and the density of pathogenic 

Vp from the post-harvest module.  Based on a review of available data, variability in the weight 

of individual oyster was observed to be Normal with a mean of 26 grams and a standard 

deviation of 7.3 grams.  This normal distribution was truncated to eliminate the values below 15 
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grams and above 35 grams; therefore, the distribution does not remain truly normal.  15 grams 

corresponds to 1.5 standard deviations from the mean and 35 grams correspond to 1.24 standard 

deviations from the mean.  The range of 15 grams to 35 grams includes approximately 82% of 

the possible outcomes.  Hence, approximately 18 percent of possible outcomes were truncated.  

 

The number of oysters per serving was observed to be typically 6, 12 and 24 oysters and 

the range of variation was from zero to sixty.  To model this variability in the number of oysters 

per serving, an empirical distribution was used based on the available data from Florida 

Agricultural market research Center from a consumer survey (CFSAN, 2000).  This empirical 

distribution was modeled by specifying cumulative probability for each value of the number of 

oysters.  This type of distribution cannot be specified in terms of parameters of the distribution.  

The empirical distribution is shown as a CDF in Figure 4-3. 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-3.  CDF of the empirical distribution for the number of oysters consumed per serving. 

 

Grams of oysters consumed per serving is an intermediate factor in the Vp model.  Based 

on data review, the distribution for this variable is not modeled as simply a multiplication of 

weight of individual oysters and the number of oysters per serving (CFSAN, 2000).  However, 

the distribution for grams of oysters per serving depends on the distributions for the number of 

oysters per meal and weight of individual oysters as will be explained in Section 4.3. 
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The variability in the dose of pathogenic Vp per serving is calculated based on the 

distributions of grams of oysters per serving and density of pathogenic Vp.  

 

 

 

 

 

 

 

 

 

 

 

Figure 4-4.  Schematic depiction of public health module of the Vp model. 

(Source:  Figure V-1, CFSAN, 2000) 

 

The dose-response relationship for illness was estimated mainly based on a study by 

Sanyal and Sen (1974) and also on a few other studies.  Dose-response relationship can be 

modeled using different types of models such as Beta-Poisson, Gompertz, and Probit (or log 

normal) (CFSAN, 2000).  Any of these models can be used for predicting the response in terms 

of probability of illness given a dose in terms of density of pathogenic Vp.  For the 

demonstration purpose, only the Beta-Poisson model is used while applying sensitivity analysis 

methods.  Uncertainty in the dose-response models was evaluated by nonparametric 

bootstrapping.  In the case of Beta-Poisson model, the uncertainty involved with the dose-

response relationship was observed to be less than other two models because unlike Beta-Poisson 

model, the other two models were generalized linear dose-response models.  Probability of 

severe disease, such as septicemia can be estimated using epidemiological data as demonstrated 

in CFSAN (2000).  The Vp model does not calculate the probability or risk for death or 

septicemia.  The Vp model can give the public health impact in terms of probability of illness for 

the exposed population.  
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  4.1.5  Risk Characterization. 

Risk characterization is based on the exposure and dose-response assessment.  The risk is 

characterized by the probability of illness calculated in the public health module.  In addition, 

risk characterization can also be done in terms of number of illnesses associated with each region 

and season.  The number of illnesses is calculated based on probability of illness.  Whether a 

single person represented by each run of simulation is ill or not given the probability of illness at 

that run can be determined.  For example, in a simulation with 100,000 runs, number of illnesses 

per year for an exposed population of 100,000 people (i.e., one serving of oysters per person per 

year) can be predicted.  To account for uncertainty, the change in the probability of illness or the 

number of illnesses is evaluated for fifty different simulations.  Uncertainty analysis is very time 

consuming. 

 

In demonstrating the application of sensitivity analysis methods, only the probability of 

illness is used as an output to characterize the risk because the other output, number of illnesses, 

also depends on probability of illness.  Also, the number of runs used in a simulation is five 

thousand to save computational time.  Reducing the number of runs does not have significant 

impact on the probability of illness.  For example, with 5000 runs in a simulation, mean and 

standard deviation of the probability of illness are 0.0012 and 0.0045, and with 100000 runs, 

these quantities are 0.0012 and 0.0046, respectively.  Figure 4-5 depicts the risk characterization 

process by combining exposure and dose-response assessment. 
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Figure 4-5.  Schematic diagram of the Vp model with integration of all modules. 

(Source:  Figure VI-1, CFSAN, 2000) 

4.2  Inputs and Output for the Sensitivity Analysis. 

A few of the factors described in the previous section are independent model inputs and 

other factors are simply intermediate variables that depend on independent inputs.  The existing 

Vp model needs to be modified for performing proper sensitivity analysis as explained in Section 

4.3.  This modification necessitates creation of a few new inputs so that the dependence of 

intermediate variables on independent model inputs can be adequately addressed.  The input 

distributions modeled in the Vp model represent variability in respective inputs.  The output 
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considered for the sensitivity analysis is the probability of illness with no mitigation strategy.  

Table 4-1 lists the inputs and their distributions used in the modified Vp model that is used for 

sensitivity analysis.  For terminology of inputs and other intermediate variables refer to 

Appendix A. 

 

Table 4-1.  Inputs and distribution used in the sensitivity analysis of the Vp model. 

Input Distributiona 

Water temperature (TW, oC) Normal (28.65, 1.33) 

Time on water (tW, Hrs.) PERT (5, 9, 11) 

New input for unrefrigerated 

timeb,c (IUR) 

Uniform (0, 1) 

Difference between air and water 

temperature (TAW, oC) 

Normal (-1.66, 1.33) 

Number of oysters per meal  

(or serving) (OM) 

Cumulatived (min=0; max=60.4; [1,2,3,4,5,6,7,8,10,12,13, 

15,17,18,20,24,25,30,36,40,45,48,50,60], [0.003,0.006, 

0.034,0.066,0.113,0.304,0.307,0.342,0.389,0.687,0.69, 

0.705,0.708,0.734,0.759,0.875,0.89,0.9,0.922,0.931,0.934, 

0.947,0.956,0.959]) 

Duration of cooldown (D, Hrs.) Discrete-Uniform (1,2,3,4,5,6,7,8,9,10) 

Length of refrigeration (tR, days) Pert (1,6,21) 

Fraction pathogenic (f) Beta (5.57, 2214.42) 

New input for grams of oystersb,e 

(IG) 

Normal (0, 7.3) 

a  For basis of distributions refer to CFSAN (2000). 
b  New input created in the modified Vp model 
c  Unrefrigerated time is modeled as: tUR = 1 + (tW - 1) IUR (refer Section 4.3) 
d  Frequency distribution with no parameters.  @RISK allows distributions to be specified in this 

format. First square bracket lists input values and second square bracket lists cumulative 

probabilities of these values. Minimum and Maximum values indicate numbers with 

cumulative probabilities of zero and one respectively. 
e  Grams of oysters per meal is modeled as: Go = 26 OM + IG OM

1/2 (refer Section 4.3) 
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For the sake of generating a dichotomous output for application of a few methods such as 

the MII, a hypothetical dichotomous output of whether or not the risk is acceptable is generated.  

If the probability of illness is less than or equal to 1 X 10-4 or 1 X 10-6, then the risk is acceptable 

or else the risk is unacceptable.  Sensitivity analysis is done for nine inputs listed in Table 4-1.  

However, the sensitivities of intermediate variables, such as air temperature, unrefrigerated time, 

and grams of oysters consumed per meal are also evaluated using conditional sensitivity analysis 

as demonstrated using nominal range sensitivity analysis.  This additional sensitivity analysis is 

done to present an approach that can be used to evaluate sensitivity of intermediate variables that 

may be important with respect to risk assessment as discussed in Section 4.3. 

4.3  Modification of the Vp Model for Deterministic Analysis. 

The Vp model is set for probabilistic analysis using @RISK for EXCEL.  This model 

cannot be used directly for those sensitivity analysis methods, such as nominal range sensitivity 

analysis, difference in log odds ratio, and the differential analysis that require deterministic 

analysis predicting point estimates of the output.  In the original Vp model, a few intermediate 

variables are specified in EXCEL in such a way that, @RISK mistakes these intermediate inputs 

as independent inputs.  Therefore, in probabilistic simulation, these intermediate variables are 

modeled as inputs.  Because of this misspecification in EXCEL, sensitivity of independent inputs 

cannot be properly estimated.  Therefore, it is necessary to specify the model such that inputs are 

independent, and intermediate variables are completely specified in terms of independent inputs.  

The necessary modifications in the original Vp model so that sensitivities of independent inputs 

can be evaluated properly are described in following sections. 

 

Sensitivity analysis methods, such as regression analysis and ANOVA may not perform 

well in the case of correlated input.  Therefore, modified Vp model that has independent inputs is 

more suitable to use for regression analysis and ANOVA.  Also, the @RISK functions defined in 

the original model need to be modified to the functions that can be used in EXCEL without 

@RISK for deterministic analysis. 

 

A few intermediate variables in the original model are important factors with respect to 

risk assessment.  For example, the intermediate variable, unrefrigerated time, which is dependent 
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on the time on water, is observed to have significant effect on the risk (CFSAN, 2000).  The 

effect of entire plausible range of unrefrigerated time can be evaluated by a conditional 

sensitivity analysis of the inputs "time on water" and "new input for unrefrigerated time."  The 

section on application of nominal range sensitivity analysis will describe the approach for 

conditional sensitivity analysis in detail. 

 

The original Vp model can be suitable for methods such as mutual information index, 

breakeven analysis and RSM.  However, to compare all sensitivity analysis methods and their 

results on a common basis, modified Vp model with new inputs is used for all methods.  The 

following paragraphs describe the key modifications done in the original Vp model. 

  4.3.1  Modification for Unrefrigerated Time. 

 Originally, unrefrigerated time was modeled as an input with a uniform distribution.  The 

lower bound of the uniform distribution was one hour and the upper bound was the time on 

water.  The unrefrigerated time was specified as: 

 

Unrefrigerated time (tUR) = Uniform[1, Time on water (tW)]  (4-1) 

 

However, this input is actually an intermediate variable because it can be specified in terms of 

two independent inputs.  One of these inputs is time on water and the other input is created in a 

modification of the original Vp model.  The created input is referred to as a new input for 

unrefrigerated time (IUR), and it has a distribution, Uniform (0, 1).  Hence, in the modified Vp 

model, the unrefrigerated time is modeled as an intermediate variable such that: 

 

tUR  =  1  +  (tW - 1) IUR    (4-2) 

 

 The mean and variability of unrefrigerated time calculated by using Equation 4-2 is same 

as that calculated in the original model, but the inputs are independent of each other.  The effect 

of range of variation of unrefrigerated time can be assessed by conditional sensitivity analysis. 
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4.3.2 Modification for Grams of Oysters Consumed per Meal. 

The distribution for grams of oysters consumed per meal or per serving is based on the 

distribution for the number of oysters per meal (OM), and on mean and standard deviation of the 

distribution for weight of individual oysters as described in Section 4.1.4.  In the original Vp 

model, this intermediate variable is modeled as: 

 

Grams of oysters per meal (GO) = Normal (26 OM, 7.3 OM
1/2)   (4-3) 

 

Where the numbers 26 grams per oyster and 7.3 grams per oyster are the mean and standard 

deviation for the weight of individual oysters, respectovely.  To remove the dependency between 

the number of oysters per meal and the intermediate variable, grams of oysters per meal, another 

input called new input for grams of oysters (IG) with a distribution, Normal (0, 7.3) is created.  In 

the modified Vp model, grams of oysters consumed per meal is modeled as: 

 

GO  =  26 OM  +  IG OM
1/2    (4-4) 

  

The mean and variance of GO is same as that in the case of original model.  The values of 

GO are truncated between the values, 15 OM and 35 OM because it is improbable to that grams of 

oysters consumed per meal can exceed this range (CFSAN, 2000).  The effect of grams of 

oysters consumed per meal is evaluated using the approach of conditional sensitivity analysis 

described in Section 4.4. 

  4.3.3  Modification for the Amount of Pathogenic Vp. 

In the original Vp model, the amount of pathogenic Vp (Vpath) is determined based on 

grams of oysters consumed per meal (GO), density of total Vp at the time of consumption (VR), 

and fraction of pathogenic Vp (f).  Mathematically, the amount of pathogenic Vp is calculated 

as: 

Vpath  =  Poisson (GO·VR·f)    (4-5) 
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In equation 4-3, only the fraction of pathogenic Vp is an input and rest of the parameters 

are intermediate variables.  In the case of probabilistic analysis, the original expression for Vpath 

can be used.  However, in the case of methods such as nominal range sensitivity analysis, this 

intermediate variable should be held constant at its nominal value while evaluating the 

sensitivities of other inputs.  For a Poisson distribution, Poisson (λ), the parameter of the 

distribution is the mean itself (Cullen and Frey, 1999).  Therefore, for deterministic analysis, the 

expression for the amount of pathogenic Vp is modified as: 

 

Vpath  =  GO·VR·f     (4-6) 

 

 To summarize, the main changes in the modified Vp model are:  modeling of 

unrefrigerated time and grams of oysters consumed per meal as intermediate variables as 

opposed to inputs, and creation of two additional inputs (IUR and IG).  Appendix A presents the 

original and modified Vp model in detail.   

4.4  Application of Nominal Range Sensitivity Analysis. 

 This section discusses the application, implementation, and results of nominal range 

sensitivity analysis.  NRSA is applied to the output, probability of illness.  The approach of 

conditional sensitivity analysis is also described with example. 

  4.4.1  Procedure. 

 The first step is to identify the range and the nominal values of each input identified in 

Table 4-1.  For the inputs such as water temperature, difference in air and water temperature, the 

number of oysters per meal, and fraction of pathogenic Vp, the range is considered to be from 

the 2.5th percentile to the 97.5th percentile of their respective probability distributions and 

nominal values are considered to be means of the distributions.  For the inputs such as time on 

water, duration of cooldown, and length of refrigeration, the range is identified to be the 

minimum and maximum possible values as discussed in Section 4.1.3.  The PERT distributions 

for time on water and length of refrigeration were not tail heavy and the minimum and maximum 

values were realistic to consider as plausible ranges.   
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Table 4-2.  Ranges and nominal values of the inputs for nominal range sensitivity analysis. 

Input Minimum Mean Maximum 

Water temperature (oC) 26.05 28.65 31.25 

Time on water (Hrs.) 5 9 11 

New input for unrefrigerated time, IUR 0 0.5 1 

Difference between air and water temperature (oC) -4.35 -1.66 0.866 

Number of oysters per meal  2.68 14.74 60.4 

Duration of cooldown (Hrs.) 1 5.5 10 

Length of refrigeration (days) 1 6 21 

Fraction pathogenic 0.000874 0.00251 0.005 

New input for grams of oysters, IG -14.3 0 14.3 

 

The nominal values for time on water and length of refrigeration are the "most likely" 

values or the mode for these inputs.  For the duration of cooldown, the distribution is uniform 

between the range of 1 to 10 hours.  Therefore, the mean or the nominal value is estimated to be 

5.5 hours.  For the new input, IUR, the distribution is uniform between zero and one.  Therefore, 

the range and the nominal value for IUR are considered to be from 0 to 1, and 0.5, respectively.  

For the new input, IG, the distribution is normal with a mean of zero.  Therefore, the nominal 

value is considered to be zero for IG.  For IG, the range is determined to be from 2.5th percentile to 

97.5th percentile of its distribution.  Table 4-2 lists the range and the nominal value of each input 

used in NRSA. 

 

The next step is the modification of the original Vp model so that interaction and 

dependencies between inputs and intermediate variables can be adequately addressed as 

explained in Section 4.3. 

 

Sensitivity of an input is calculated as the ratio of the difference in the output for the 

minimum and maximum values of the input to the output at the nominal value of the input when 

all other inputs are held constant at their nominal values as shown below.  Detailed calculations 

are provided in Table 4-3. 
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Table 4-3.  Calculation and results of nominal range sensitivity analysis. 

Probability of Illness at Input Values: Input 

Minimum 

(1) 

Nominal 

(2) 

Maximum 

(3) 

Sensitivity 

(Ranking) 

[(3) - (1)] / (2) 

Water temperature (TW, oC) 5.36E-05 2.84E-04 1.32E-03 4.44 (2) 

Time on water (tW, Hrs.) 1.01E-04 2.84E-04 4.02E04 1.06 (8) 

New input, IUR 3.99E-05 2.84E-04 1.61E-03 5.5 (1) 

Difference air-water temp. (TAW) 1.07E-04 2.84E-04 6.25E-04 2.13 (5) 

Number of oysters per meal (OM) 4.64E-05 2.84E-04 1.04E-03 3.5 (3) 

Duration of cooldown (D, Hrs.) 1.00E-04 2.84E-04 8.04E-04 2.47 (4) 

Length of refrigeration (tR, days) 5.34E-04 2.84E-04 2.71E-05 -1.78 (5) 

Fraction pathogenic (f) 8.82E-05 2.84E-04 5.04E-04 1.46 (7) 

New input, IG 2.17E-04 2.84E-04 2.90E-04 0.26 (9) 

 

Sensitivity = 
input nominal

inputmax inputmin 

Output
OuputOutput −

     (4-7) 

 

A few intermediate variables, such as air temperature, unrefrigerated time, and grams of 

oysters per meal are important with respect to risk assessment.  The effect of these variables can 

be assessed by conditional sensitivity analysis.  These intermediate variables are dependent on 

original model inputs and intermediate model inputs created during modification as discussed in 

Section 4.3.  In conditional sensitivity analysis, the independent input is held constant at a higher 

value and the new input is varied from its low to high value.  The sensitivity conditioned on a 

high value of the independent input is calculated using equation 4-7.  After this, the independent 

input is held constant at its lower value and the above procedure is repeated.  Therefore, the 

sensitivity of an intermediate variable can be evaluated in terms of conditional sensitivities at 

higher and lower values of an independent input.  For example, air temperature (TA) is dependent 

on two inputs:  water temperature and difference in air and water temperature as, TA = TW + 

TAW.  The conditional sensitivities of TAW at a higher and lower value of water temperature are 

denoted as STw1 and STw2 and represented schematically in Figure 4-6.  Together, the two 

conditional sensitivities represent the effect of air temperature.  For example, as shown in Table 
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4-4, the water temperature is first held constant at 26.05 oC, and for maximum, nominal, and 

minimum values of the difference in air and water temperature, the probability of illness is 

calculated.  Based on the probabilities at these three values of TAW the sensitivity conditioned 

upon the water temperature of 26.05 oC is calculated.  Similar calculation is done with holding 

the water temperature constant at 31.25 oC.  Table 4-4 to 4-6 present the calculation and results 

of conditional sensitivity analysis for unrefrigerated time and grams of oysters consumed per 

meal. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-6.  Schematic representation of conditional sensitivity analysis for an intermediate 

variable, air temperature. 
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Table 4-4.  Conditional sensitivity analysis for air temperature 

Water 

Temperature 

TW [oC] 

Difference in Air and 

Water Temperature 

TAW [oC] 

Corresponding 

Air Temperature 

TA = TW + TAW [oC] 

Probability 

of Illness 

P 

Sensitivity 

mean

minmax

P
PP

S
−

=

 

Min. -4.35 21.7 0.000027 

Mean -1.66 24.4 0.000059 26.05 

Max. 0.866 26.9 0.00014 

1.85 

Min. -4.35 26.9 0.00056 

Mean -1.66 29.6 0.0015 31.25 

Max. 0.866 31.1 0.0041 

2.34 

 

 

Table 4-5.  Conditional sensitivity analysis for unrefrigerated time 

Time on 

Water 

tW [hr] 

New input 

 

IUR 

Corresponding 

Unrefrigerated Time 

tUR = 1 + (tW - 1) IUR [hr] 

Probability 

of Illness 

P 

Sensitivity 

mean

minmax

P
PP

S
−

=  

Min. 0 1 0.000045 

Mean 0.5 3 0.00011 5 

Max. 1 5 0.00028 

2.12 

Min. 0 1 0.000045 

Mean 0.5 6 0.0045 11 

Max. 1 11 0.0045 

9.9 
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Table 4-6.  Conditional sensitivity analysis for grams of oysters consumed per meal. 

Oysters 

per Meal 

OM 

New input 

 

IG [g] 

Corresponding Grams 

Oysters per Meal 

GO = 26OM + IG (OM)1/2 [g] 

Probability 

of Illness 

P 

Sensitivity 

mean

minmax

P
PP

S
−

=  

Min. -14.3 46.37 0.000034 

Mean 0 69.7 0.000052 2.68 

Max. 14.3 93.1 0.000069 

0.67 

Min. -14.3 1459 0.0011 

Mean 0 1570 0.00116 60.4 

Max. 14.3 1682 0.00124 

0.14 

 

NRSA can face a few application issues.  NRSA requires modifying the risk assessment 

model that is set for probabilistic analysis.  The Vp model is smaller than other food safety risk 

assessment models, such as Salmonella Enteritidis risk assessment which includes five intensive 

modules (SERAT, 1998).  Therefore, modifying a large model can be more tedious.  One of the 

important modifications of the original model was to represent intermediate variables as a 

function of independent inputs, which may not always be possible.  The conditional sensitivity 

analysis for intermediate variables can get increasingly complex for a larger number of inputs.  

Though for a few inputs, @RISK was used to estimate the ranges depending on percentiles of the 

distributions, it is not necessary to estimate the ranges based on probability distributions of 

inputs.  The ranges can be determined based on available observational data or theoretical 

knowledge before a probabilistic analysis. 

  4.4.2  Discussion of the Results. 

The results of the NRSA are provided in Table 4-3.  The sensitivity does not include the 

joint effect of varying all inputs together.  The negative sensitivity for length of refrigeration 

indicates that as length of refrigeration increases the probability of illness decreases.  IUR is the 

most sensitive input.  Water temperature and the number of oysters per meal are also identified 

in the top three most important inputs.  IG is the least important input. 
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Sensitivities vary from 0.29 to 6.2.  The key inputs can be discriminated based on the 

range of sensitivities.  For example, sensitivity of water temperature is substantially different 

than that for other inputs except water temperature.  The linearity assumption required for proper 

NRSA is violated in the case of nonlinear models.  Therefore, nominal sensitivities may not be 

robust and representative over the range of variation of inputs as explained later in this section.  

The sensitivities of inputs, such as difference in air and water temperature, length of 

refrigeration, and fraction of pathogenic Vp differ by only a factor of 1.5, whereas sensitivities of 

the moat and least important input varies by a factor of approximately twenty.  Therefore, 

sensitivities of these three inputs are considered essentially equal.   

 

To demonstrate the effect of linear and nonlinear model responses, the model outputs for 

different values of a given input are determined while holding other inputs constant at their 

nominal values.  The probability of illness is linear with respect to a few inputs, such as the 

number of oysters per meal, fraction of pathogenic Vp, and new input, IG.  Figure 4-7 illustrates 

the linear response of probability of illness to variation in the fraction of pathogenic Vp.  The 

output for other inputs varies nonlinearly as shown in Figure 4-8 for the example of new input, 

IUR.  For a few inputs, such as time on water, difference in air and water temperature, duration of 

cooldown, and length of refrigeration though the model response is nonlinear, it is leaning more 

towards linearity than nonlinearity as shown in Figure B-1 through B-9 in Appendix B.  

Therefore, for the Vp model can be considered reasonably linear for most of the inputs except 

IUR and water temperature. 

 

For fraction of pathogenic Vp, the linear relationship between the input and the output 

suggests that the sensitivity of probability of illness is linearly proportional to the range of 

variation considered.  Using appropriate linear scaling of ranges, sensitivities at different ranges 

can be estimated.  Therefore, the sensitivities can be considered robust over the range of 

variation of the fraction of pathogenic Vp.  In the case of new input IUR, sensitivity of the output 

is higher for higher values of IUR and lower for lower values of IUR, as shown in Figure 4-8.  

Therefore, the sensitivity is not a linear function of the ranges.  Hence, sensitivity of IUR is 

sensitive to the range selected.  Therefore, sensitivity of an input for which the model response is 
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nonlinear can be potentially less robust than sensitivity of an input for which the model response 

is linear.  

 

Also, as only one input is varied, the nominal sensitivities may not be representative if 

there are interactions or correlation between inputs.  In the case of modified Vp model, there are 

no apparent interactions between independent inputs and hence, the nominal sensitivities can be 

considered to be representative.  The Vp model is also reasonably linear and thus, the nominal 

sensitivities can be considered robust and representative for all inputs except IUR and water 

temperature. 

 

 

 

 

 

 

 

 

 

Figure 4-7.  Example of linear model response for the input, fraction of pathogenic Vp. 

 

 

 

 

 

 

 
 
 
 
 

Figure 4-8.  Example of nonlinear model response for the new input, IUR 
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Table 4-4 illustrates that the sensitivity of the model to the range of values for the input 

TAW is different depending on the nominal assumption made regarding the value of the water 

temperature.  If a relatively low water temperature of 26.9 oC is assumed, the sensitivity of the 

model to the range of values of TAW is 1.85.  However, if a higher water temperature of 31.1 oC 

is assumed, the sensitivity of the model to TAW is 2.34.  Thus, at the higher water temperature, 

the model is more sensitive to TAW.  In the base case, the sensitivity was found to be 2.13 and 

TAW was ranked as the fifth most important input.  The fourth most important input had a 

sensitivity of 2.47.  Thus, even if the sensitivity for TAW was as high as 2.34 as indicated in Table 

4-4, it would not be high enough to make TAW the fourth most important input.  Similarly, the 

lowest sensitivity indicated for TAW in Table 4-4 is still higher than that for the next lower ranked 

input shown in Table 4-3.  Therefore, despite possible uncertainty regarding which measure of 

sensitivity may be most representative, the rank order of TAW in Table 4-3 is robust. 

 

The sensitivity of IUR can change according to the value of time on water as shown in 

Table 4-5.  For a time on water of 5 hours the sensitivity of the model to the range of values of 

IUR is 2.12.  Similarly, if the time on water is 11 hours, then the conditional sensitivity of IUR is 

9.9.  Therefore, at the higher value of time on water, the model is more sensitive to IUR.  In the 

base case, the sensitivity of IUR is found to be 5.5 and IUR is ranked as the most sensitive input.  

The third most important input had a sensitivity of 2.47 as shown in Table 4-3.  Therefore, if the 

sensitivity of IUR is 2.12 as shown in Table 4-5, it will be ranked third, but if the sensitivity of IUR 

is 9.9, it would still be clearly ranked as the most important input.  Therefore, the rank order of 

IUR is dependent on the value of time on water. 

 

When the number of oysters per meal is 2.68, the sensitivity of the model to the range of 

values of IG is 0.67 and at a high value of the number of oysters of 60.4, the sensitivity of the 

model to IG is 0.14 as shown in Table 4-6.  Therefore, at the low value of OM, the model is more 

sensitive to IG.  In the base case, the sensitivity of the eighth ranked input in Table 4-3 is 1.46.  

Either of the sensitivities of IG reported in Table 4-6 are lower than 1.46.  Therefore, IG would 

still be ranked ninth irrespective of which sensitivity is used to rank order it 
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To summarize to results of NRSA, IUR, water temperature, and OM are ranked as the top 

three most important inputs.  The rank ordering of inputs can be considered to be robust because 

the Vp model is observed to be reasonably linear with respect to most of the inputs.  The rank 

ordering of IUR can change depending upon the nominal assumption made regarding the value of 

time on water. 

4.5  Application of Difference in Log Odds Ratio 

 ∆LOR is applicable to the selected output as it is a probability term.  ∆LOR is similar to 

NRSA as it evaluates the effect of changing only one input on the output.  The only difference is 

the way sensitivity is calculated.  The following sections describe the application and discuss the 

results of ∆LOR. 

  4.5.1  Procedure. 

The steps with respect to ranges of inputs, nominal values of input, and the modification 

of the existing Vp model are similar to NRSA.  Input data in Table 4-2 is used for calculating 

sensitivities.  The modified deterministic Vp model is used for the sensitivity analysis.  

Sensitivity is calculated as:  
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The inputs are changed to their maximum and minimum values and ∆LOR for these 

changes is calculated.  Therefore, two values of ∆LOR are calculated for each input, one for the 

maximum value of the input and the other for the minimum value of the input.  These two ∆LOR 

values are then combined into one single measure of sensitivity by subtracting ∆LOR at the 

minimum input value from the ∆LOR at the maximum input value as shown below. 
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Therefore, Sensitivity = 







−








)|Pr(

)|Pr(log
)|Pr(

)|Pr(log
inputinmillnessNo

nputiinmillness
inputmaxillnessNo

nputimaxillness
 

 

For example, in the case of water temperature, the probability of illness is 5.36 X 10-5, 

2.84 X 10-4, and 1.32 X 10-3 at minimum, nominal, and maximum values of the input 

respectively. The ∆LOR at the maximum value of the input is calculated as: 
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000253.01
000253.0log

00132.01
00132.0log  

Therefore, ∆LOR at the maximum input value = 0.716.  Similarly, ∆LOR at the minimum input 

value is calculated as: 

675.0
000253.01

000253.0log
0000536.01

0000536.0logLOR −=





−
−





−
=∆  

These two values of ∆LOR are combined into one single measure of sensitivity as shown below. 

Sensitivity  = ∆LOR at maximum input - ∆LOR at minimum input 

  = 0.716 - (-0.675) 

  = 1.39 

Similar calculations are done for other inputs.  The difficulties with respect to model 

modification are similar to NRSA. 

  4.5.2  Discussion of the Results. 

Table 4-7 presents ∆LOR at the minimum and maximum values of inputs and combined 

measure of sensitivity.  The probability of illness reported in Table 4-3 in columns 1, 2, and 3 are 

used for calculating ∆LOR.  The results are also presented as a chart for better representation as 

shown in Figure 4-9. 
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The sensitivities of inputs range from 0.13 to 1.6 as shown in Table 4-7.  ∆LOR ranks 

new input, IUR, water temperature and the number of oysters per meal as the top three most 

sensitive inputs.  Time on water and new input IG are the least important inputs.  Ideally, ∆LOR 

and NRSA should yield similar ranking if the assumption of linearity is followed because ∆LOR 

is essentially another version of NRSA.  However, a slight difference in ranking is observed in 

the case of duration of cooldown and length of refrigeration.  These inputs are ranked fourth and 

fifth respectively for NRSA whereas they are ranked fifth and fourth in ∆LOR.  This reversal in 

ranking is because of the use of LOR instead of the probability in calculating sensitivities.  The 

variation in the output when it is expressed in the form of probability is different that the 

variation in the output when it is expressed in the form of LOR.  LOR is not a linear scaling or 

transformation of probability.  Hence, it is possible that the nonlinear variation in the output 

expressed in the form of probability can be changed to linear variation in the output expressed as 

LOR (or vice versa). 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-9.  Graph of ∆LOR at minimum and maximum input values, and combined ∆LOR. 

 

In the case of Vp model, output in terms of the LOR of illness, which is a transformation 

of the probability of illness, varies linearly.  For example, for water temperature, the probability 

of illness varies nonlinearly with the input values, but the LOR of these probabilities varies 

linearly with the input values as shown in Figure 4-10.  However, if the probability of illness 
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varies linearly with the input values, then LOR is not linear over the entire range of the input.  

For example, in the case of oysters per meal, probability of illness varies linearly with the input 

values, but LOR of these probabilities is nonlinear for lower values of inputs as shown in Figure 

4-11.  However, above twenty oysters per meal, LORs vary reasonably linearly with input 

values.  Therefore, with use of LOR values instead of probability of illness, nonlinear variation 

in the output with respect to inputs can be reduced.  For example, in the case of Vp model, the 

LOR for illness varies linearly with respect to all inputs except the number of oysters per meal as 

shown in Appendix B.  Hence, sensitivities determined using LORs in the ∆LOR method are 

more robust against nonlinearity in the model response as compared to sensitivities determined 

using probability of illness in the NRSA method.  However, the NRSA also gives similar ranking 

of key inputs because the results of NRSA can be considered to be reasonably robust as 

explained in Section 4.4.2. 

  

Table 4-7.  Calculation of sensitivity for the difference in log odds ratio method. 

Input ∆∆∆∆LOR with 

Maximum Input 

(1) 

∆∆∆∆LOR with 

Minimum Input 

(2) 

Sensitivity 

(Ranking) 

(1) - (2) 

Water temperature  0.666 -0.725 1.39 (2) 

Time on water  0.151 -0.452 0.60 (8) 

New input, IUR 0.752 -0.852 1.60 (1) 

Difference in air-water temperature 0.342 -0.425 0.77 (6) 

Number of oysters per meal  0.562 -0.791 1.35 (3) 

Duration of cooldown  0.451 -0.452 0.90 (5) 

Length of refrigeration -1.022 0.274 -1.30 (4) 

Fraction pathogenic 0.249 -0.508 0.76 (6) 

New input, IG 0.008 -0.117 0.13 (9) 
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Figure 4-10.  Nonlinear variation in the probability of illness versus linear variation in LOR for 

water temperature. 

 

 

 

 

 

 

 

 

 

 

 
Figure 4-11.  Linear variation in the probability of illness versus nonlinear variation in LOR for 

the number of oysters per meal 

 

∆LOR can be more instructive when represented in a graphical form.  In the case of 

length of refrigeration, the sensitivity at the minimum value of the input is higher than the 

sensitivity at the maximum value of the input as shown in Figure 4-9.  The LOR of illness for the 

length of refrigeration is a linear transformation of the probability of illness as shown in Figure 

4-12.  However, the nominal value of length of refrigeration is closer to the minimum value than 

the maximum value.  Therefore, the difference between LOR at the minimum value and LOR at 
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the nominal value is less than that between maximum value and nominal value as shown in 

Figure 4-12.  Therefore, at the higher range of the input the sensitivity is higher than that at the 

lower range. 

 

In the case of the number of oysters consumed per meal, the maximum value of the input 

has a higher sensitivity because of the higher nonlinearity in the LOR at the lower values of the 

input as shown in Figure 4-11.  Therefore, the higher values of the number of oysters per meal 

input are more sensitive than the lower values.  The variation in the LOR and the probability of 

illness for each input is given in Appendix B. 

 

 

 

 

 

 

 

 

 

 
Figure 4-12.  Linear variation in the probability of illness versus nonlinear variation in LOR for 

length of refrigeration. 

4.6  Application of Break-Even Analysis. 

Breakeven analysis is performed for a dichotomous output of whether the risk is 

acceptable or not.  The probability of illness of 1 X 10-4 is used as an acceptable level of risk.  

The purpose of this section is to demonstrate one of the possible approaches that can be used for 

breakeven analysis.  The breakeven analysis is applied on the modified Vp model. 

 

 

 

Sensitivity at min
Sensitivity at max 
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  4.6.1  Procedure. 

Break-even analysis is applied to determine the combinations of the inputs, water 

temperature and new input IUR, for which a decision maker is indifferent or indecisive about 

whether the risk is acceptable.  In this analysis all other inputs are held constant at their nominal 

values.  Therefore, the break-even analysis gauges the effects of varying only two inputs.   

 

For the break-even analysis, "goal seek" function of EXCEL has been used.  For a 

constant value of IUR, the probability of illness is held constant at a value of 1 X 10-4 and "goal 

seek" is used to back calculate the value of water temperature for which this equality holds.  This 

process is repeated for eleven values of IUR starting from zero to one in the step size of 0.1.  The 

break-even points are plotted on a graph with water temperature and IUR as axes, as shown in 

Figure 4-11. 

The application issue with breakeven analysis can include the problem of overlapping 

input values for which the risk is both acceptable and unacceptable when the joint effect of all 

inputs is considered.  In such a situation, obtaining a clear depiction of the break-even line can be 

difficult due to multiple break-even points.  However, in this analysis the problem of overlapping 

input ranges is not incurred because all other inputs are held constant at their nominal values. 

 

 

 

 

 

 

 

 

 

 

Figure 4-13.  Break-even line between water temperature and grams of oysters consumed to 

decide whether or not the risk is acceptable. 
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  4.6.2  Discussion of the Results. 

 Table 4-8 lists the values of new input, IUR that are used in the analysis and the 

corresponding water temperature for which the probability of illness is 1 X 10-4.  Figure 4-13 

depicts the decision space bounded by the plausible ranges of the inputs.  The range of water 

temperature is approximately from 22 oC to 34 oC and that of IUR is from 0 to 1.  For water 

temperatures approximately below 24 oC, the risk is acceptable for the entire range of IUR and 

above approximately 31 oC the risk is unacceptable for the entire range of IUR.  As shown in 

Figure 4-13, for point b, the range of uncertainty associated with water temperature encompasses 

the break-even line; thus, a decision maker would be uncertain about whether the risk is 

acceptable or not, unlike point a where the risk can be deemed unacceptable because the range of 

uncertainty entirely lies in the decision space where the risk is unacceptable.  Similar analysis 

can be done for other combinations of the inputs. 

 

Table 4-8.  Range of the break-even combinations for water temperature and IUR. 

Values of New input, IUR Break-Even Values for Water 

Temperature 

0 30.38 

0.1 29.53 

0.2 28.77 

0.3 28.1 

0.4 27.50 

0.5 26.95 

0.6 26.45 

0.7 26.00 

0.8 25.57 

0.9 25.18 

1.0 24.81 
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4.7 Differential Sensitivity Analysis. 

Differential sensitivity analysis is used to evaluate the effect of perturbing nominal values 

of inputs by a small amount.  The output considered in this analysis is probability of illness.  In 

automatic differentiation, differential sensitivity analysis is done automatically for complex 

models by propagating small changes in inputs through various stages to estimate the relative 

change in the output.  Differential analysis differs from nominal range sensitivity analysis.  

NRSA evaluates the effect of the range of variation of inputs, whereas differential sensitivity 

analysis evaluates the effect of changing nominal values of inputs by a small amount.  

  4.7.1  Procedure. 

 As differential sensitivity analysis is similar to NRSA, the modified Vp model is used as 

explained in Section 4.3.  The input of interest is perturbed by a fixed percentage on both sides of 

its nominal value while holding other inputs constant at their nominal values.  Differential 

sensitivity would ideally involve perturbing the nominal values of the input by an infinitesimally 

small amount so that partial derivative at the nominal value of the input can be calculated.  Such 

small amount of perturbation is possible if inputs are varied using finite difference 

approximations.  However, in the Vp model no such approximation is used.  Therefore, to 

demonstrate the effect of small local perturbation in the input, it is assumed that a change of 1 

percent on either side of the nominal value of an input can be considered as a very small change.  

The change in the output is evaluated for this perturbation.  For example, if the nominal value of 

time on water of 9 hours is perturbed by 1 percent on both sides then the input range considered 

in the differential analysis will be calculated as: 

Higher value  =  9 + (0.01 X 9)  =  9.09 hours 

Lower value  =  9 - (0.01 X 9)  =  8.91 hours   

 

The sensitivity is calculated as a ratio of the change in the output and the change in the 

input.  Dividing by the ratio of the initial output to the initial input value normalizes this 

difference.  Sensitivity is calculated using the following equation. 

Sensitivity = 
N

N

I
P

I
P

∂
∂      (4-8) 
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  Where, 

 ∂P =  differential change in the output (probability of illness); 

 ∂I  =  differential change in the input;  

 PN  =  probability of illness at nominal value of the input; and 

 IN  =  nominal value of the input. 

 

 For example, in the case of time on water the probability of illness changes from 2.78 X 

10-4 to 2.9 X 10-4 for the given perturbation in the input.  The sensitivity is calculated from 

equation (4-8) as: 

    Sensitivity  =  

9
1084.2

)91.809.9(
)1078.2109.2(

4

44

−

−−

×
−

×−×

 =  2.1 

 Similar calculations are done for other inputs.  The nominal values of inputs and the 

nominal value of the probability of illness when all inputs are held constant at their nominal 

values are given in Table 4-2 and 4-3.  The results of differential sensitivity analysis are 

presented in Table 4-9. 

 

 For differential sensitivity analysis, the perturbation needs to be very small.  In this 

analysis it is assumed that 1% perturbation in the nominal value of an input is sufficiently small.  

The one percent change need not always be small because it is dependent on the nominal value 

of inputs.  For example, if the nominal value of input is high then the range of variation 

considered in the differential analysis will also be high.  However, in this analysis all inputs are 

perturbed by 1 percent so that all inputs are perturbed on a common basis.  It may be noted that 

there can be other ways to perturb inputs.  For example, in the case of time dependent inputs, the 

change in inputs can be treated as the change in inputs corresponding to an infinitesimally small 

time step.  
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4.7.2  Discussion of the Results. 

Table 4-9 lists the sensitivities calculated using equation 4-8.  The sensitivities are 

reported for 1% change in nominal values of inputs.  According to Table 4-9, water temperature 

is the most important input, and time on water and IUR are the second and third most important 

inputs respectively. 

 

Table 4-9.  Results of differential sensitivity analysis for 1% change in the nominal values of 

inputs. 

Inputs 

1% Perturbation in Nominal 

Values of Inputs Sensitivity (Ranking) 

Water temperature  28.36 oC to 28.94 oC 18.1 (1) 

Time on water  8.91 hrs. to 9.09 hrs. 2.1 (2) 

New input, IUR 0.495 to 0.505 1.85 (3) 

Difference in air-water temp. -1.64 oC to -1.68 oC  0.58 (8) 

Number of oysters per meal  14.6 to 14.88 1.0 (5) 

Duration of cooldown  5.45 hrs. to 5.56 hrs. 1.27 (4) 

Length of refrigeration 5.94 days to 6.06 days -0.90 (7) 

Fraction pathogenic 0.00248 to 0.00254 1.0 (5) 

New input, IG
 -0.073 to 0.073 N/A (9)a 

a  Nominal value of IG is zero; therefore, normalized sensitivity of IG is zero according to 

equation 4-8.  This does not mean that output is not at all affected by perturbation in IG.  The 

change in the output (∂P) for the given perturbation in IG (∂IG) was observed to be the lowest as 

compared to the change in the output for other inputs.  The percent change in the output for 

small perturbation in IG is given in Table 4-9. 

 

Table 4-10 lists the percent changes in the probability of illness from its nominal value of 

2.84 X 10-4, for 1 percent change in the nominal input values.  The percent change in the output 

is symmetric about its nominal value for most of the inputs, except water temperature.  The 

probability of illness varies exponentially with water temperature as show in Figure 4-10.  

Therefore, for larger values of water temperature the difference between the probability of illness 
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at the higher water temperature and that at nominal water temperature will be more than the 

difference between the probability of illness at lower and nominal values of water temperature.  

The water temperature is the most sensitive input locally; therefore, the difference in percentage 

changes in output at higher and lower values of the input are more obvious.  The probability of 

illness also varies exponentially with other inputs such as IUR, duration of cooldown, and length 

of refrigeration.  However, these inputs are not very sensitive locally as seen from Table 4-9.  

Therefore, the difference in percentage changes for higher and lower values of these inputs is not 

very obvious in Table 4-10. 

 

Table 4-10.  Percent change in the output from its nominal value for ± 1% change in the inputs 

The % Change in the Output from Its Nominal Value, for: 

Inputs 1% Change in Input -1% Change in Input 

Water temperature  19.8 -16.4 

Time on water  2.1 -2.1 

New input, IUR 1.9 -1.8 

Difference in air-water temp. 0.6 -0.6 

Number of oysters per meal  1.0 -1.0 

Duration of cooldown  1.3 -1.25 

Length of refrigeration -0.9 0.95 

Fraction pathogenic 1.0 -1.0 

New input, IG 0.065 0.082 

 

For a linear model, if differential sensitivities evaluated by placing small ranges around 

nominal values of inputs are multiplied by the ranges of respective inputs, then the resulting 

quantity will be similar to nominal sensitivities for the inputs.  However, the same cannot be said 

for differential sensitivities evaluated as partial derivatives at nominal values of inputs in a 

nonlinear model.  In the case of nonlinear models, the differential sensitivities calculated by 

perturbing the nominal value of an input will be not be representative of the global model 

response but would only be representative of local sensitivity around nominal value. 
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It is possible to discriminate between sensitivities by looking at the range of sensitivity.  

For example, sensitivity of water temperature (18.1) which is a factor of nine higher than the 

second highest sensitivity for time on water, can be clearly distinguished from other sensitivities.  

Similarly sensitivity of IUR can be discriminated from sensitivity of difference in air and water 

temperature because these two sensitivities differ by a factor of approximately three.  However, 

the sensitivities of difference in air and water temperature and duration of cooldown differ by 

only a factor of 0.27, and hence, cannot be discriminated.  For nonlinear models, differential 

sensitivity will be dependent upon the amount of perturbation.  Therefore, for larger 

perturbations, the ranking based upon differential sensitivities can change. 

 

The differential sensitivities do not include the joint effect of all inputs.  The joint effect 

of a few inputs can be estimated using a conditional sensitivity analysis approach, which is 

described and illustrated for NRSA. 

4.8  Application of Regression Analysis. 

Regression analysis methods are used here to identify the linear form of relationship 

between inputs and the probability of illness.  Mutivariate stepwise linear regression analysis is 

applied to simulated data generated using @RISK.  @RISK has a built-in capability of 

performing multivariate stepwise regression analysis.  Statistical software SAS is also used to 

calculate regression coefficients so that results of @RISK and SAS can be compared.  The 

following section describes applications of SAS and @RISK. 

4.8.1  Procedure. 

Simulated data is created from 5,000 runs using @RISK.  To calculate normalized 

regression coefficients in SAS, the data are standardized using correlation transformation such 

that all data values lie between -1 and 1 and their units are same.  The regression coefficients 

calculated using correlation transformation lie between -1 and 1 (Neter et al., 1996).  Therefore, 

regression coefficients can be compared and expressed in terms of percentages.  Correlation 

transformation is a simple modification of the usual standardization of a variable as shown below 

(Neter et al., 1996). 
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X'  =  
σ
−×

−
XX

1n
1 ,        (4-9) 

  Where, 

 X'  =  normalized data point; 

 n  =  number of data points (= 5000); 

X  =  mean of the data set; and 

σ  =  standard deviation of the data set. 

 

Incorporating the detail formulation for standard deviation, the transformed variable, X' can be 

represented as: 

X'  =  1
XX

XX

1n
XX

XX
1n

1
22

±≤
−

−=

−
−

−×
−

 

Therefore, the transformed variable will always lie between +1 and -1.  

 

The details of the regression procedure are provided in Section 3.5.1.  The SAS program 

written to perform stepwise linear regression and its output are presented in Appendix C.  SAS 

(2001) provides the more information on using SAS for regression analysis.  @RISK uses 

multivariate linear regression analysis to calculate standardized regression coefficients (Palisade, 

2001).  The significance of regression coefficients is evaluated in terms of P-value.  If the P 

value for a regression coefficient is less than 0.05 then the regression coefficient is statistically 

significant at the 5% significance level (Devore and Peck, 1996).  A nonparametric method, rank 

regression is also applied.  Input and output values are rank ordered and the linear association 

between the ranks of an output and corresponding inputs is estimated in terms of rank regression 

coefficients.  The procedure for rank order regression is similar to that of stepwise linear 

regression except that ranks are used instead of sample values. 
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  4.8.2  Discussion of the Results. 

The standardized regression coefficients from SAS and @RISK are presented in Table 4-

11 for linear regression to compare the results from two different software.  The regression 

coefficients and the ranking are identical according to both @RISK and SAS except for IG, 

which is statistically insignificant.  Table 4-12 shows in more detail the results of stepwise linear 

regression done using SAS.  The step R2 value for each step in Table 4-12 is determined as the 

difference between the R2 values for the current step and the R2 values for the previous step.  In 

stepwise regression, only the inputs that have P values less than 0.05 are included indicating that 

regression coefficients are significantly different from zero. 

 

Table 4-11.  Normalized regression coefficients calculated using @RISK and SAS. 

Normalized Regression Coefficients (Ranking)a Input 

Using @RISK Using SAS 

Water temperature  0.212 (3) 0.212 (3) 

Time on water  0.0970 (7) 0.0973 (7) 

New input, IUR 0.233 (1) 0.232 (1) 

Difference in air-water temp. 0.128 (5) 0.128 (5) 

Number of oysters per meal  0.228 (2) 0.228 (2) 

Duration of cooldown  0.158 (4) 0.158 (4) 

Length of refrigeration -0.109 (6) -0.109 (6) 

Fraction pathogenic 0.093 (8) 0.0933 (8) 

New input, IG 0 (9) 0.0112 ≈ 0 (9)b 

R2 =  22.42% 22.44% 
a  for all these regression coefficients the P value is less than 0.001, therefore regression 

coefficients are statistically significant. 
b  in this case, the P value is 0.37 > 0.05, therefore this regression coefficient is statistically not 

different from zero. 
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Table 4-12.  Results of the stepwise regression analysis using SAS. 

Input Step R2 (%) Cumulative R2 (%) Reg. Coeff. P value 

New input, IUR  5.89 5.89 0.232 < 0.001 

Number of oysters per meal  4.99 10.88 0.228 < 0.001 

Water temperature 4.48 15.36 0.212 < 0.001 

Duration of cooldown  2.52 17.88 0.158 < 0.001 

Difference in air-water temp. 1.61 19.48 0.128 < 0.001 

Length of refrigeration 1.14 20.62 -0.109 < 0.001 

Time on water 0.93 21.56 0.0973 < 0.001 

Fraction pathogenic 0.87 22.43 0.0933 < 0.001 

New input, IG
a --- --- ≈ 0 > 0.05 

a  IG is not detected in the stepwise regression because P values for the regression coefficients is 

greater than 0.05 and hence, the input is excluded from the stepwise regression as it is not a 

significant one.  

 

IUR, the number of oysters per meal, and water temperature are ranked as the top three 

most important inputs.  The regression coefficients of the least important input and of the most 

important input differ by a factor of approximately 2.5.  The third ranked input differs from the 

fourth ranked input by a factor of 1.35.  Therefore, the third ranked input can be discriminated 

from the fourth ranked input.  However, the top three inputs cannot be clearly discriminated from 

each other because: (1) regression coefficients for these inputs differ only by a factor of 1.1; and 

(2) the step R2 values for these inputs differ only by a factor of 1.3, whereas step R2 values for 

the most important input and for the least important input vary by a factor of approximately 

seven.  The step R2 values for IUR and for length of refrigeration differ by a factor of 

approximately 5.5 and their regression coefficients differ by a factor of 2.1.  Therefore, these two 

inputs can be clearly discriminated from each other.  However, it is difficult to discriminate 

between the sensitivities of length of refrigeration, time on water, and fraction of pathogenic Vp 

because both their regression coefficients and step R2 values differ only a factor of 1.1 and 1.3, 

respectively. 
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The R2 value for the fitted regression model is approximately 22 percent indicating that 

the linear regression model does not explain much of the variation in the output.  Therefore, 

linear regression analysis is not the best method to explain the relationship between inputs and 

the output.  A nonparametric method such as rank regression can be better to use in such case.  

 

Rank order regression analysis is applied to evaluate the dependence between inputs and 

the output.  The results of rank regression analysis are given in Table 4-13.  The sensitivities 

determined using rank regression and ordinary regression are compared in Table 4-14. 

 

 Both regression methods identify IUR as the most sensitive input.  Water temperature, the 

number of oysters consumed per meal, and duration of cooldown are ranked second, third, and 

fourth respectively in the rank regression approach.  These three inputs are also highly ranked in 

the linear regression approach.  IG is ranked as the least sensitive input by both methods. 

 

For rank regression, the regression coefficients of the most important input and of the 

least important input vary by a factor of 11.  The regression coefficients of IUR and water 

temperature vary only by a factor of 1.3.  Therefore, it is difficult to discriminate between these 

two inputs on the basis of regression coefficients.  However, the step R2 value for IUR is almost 

two times as high as that for water temperature.  Therefore, it can be possible to discriminate 

between these two inputs on the basis of their step R2 values.  Thus, it may be required to 

compare both, regression coefficient and step R2 values to discriminate between key inputs if any 

one of them is unable to discriminate between key inputs.  It is possible to clearly discriminate 

between IUR and fraction of pathogenic Vp because their regression coefficients and step R2 

differ by a factor of 2.6 and six, respectively.  However, length of refrigeration, fraction of 

pathogenic Vp, and difference in air and water temperature cannot be discriminated from each 

other clearly because both, their regression coefficients and step R2 values do not differ much 

from each other.  R2 value for rank regression model is 92%, indicating that the rank regression 

works better than linear regression in explaining the variability in the ranks of sampled data.  
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Table 4-13.  Results of the stepwise regression analysis using SAS for rank ordered data. 

Input Step R2 (%) Cumulative R2 (%) Reg. Coeff. P value 

New input, IUR  31.37 31.37 0.561 < 0.0001 

Water temperature  15.87 47.24 0.425 < 0.0001 

Number of oysters per meal 13.79 61.03 0.392 < 0.0001 

Duration of cooldown  11.98 73.01 0.362 < 0.0001 

Length of refrigeration  7.14 80.15 -0.283 < 0.0001 

Fraction pathogenic 5.06 85.2 0.235 < 0.0001 

Difference in air-water temp. 5.05 90.23 0.236 < 0.0001 

Time on water 1.5 91.75 0.128 < 0.0001 

New input, IG 0.23 91.98 0.0502 < 0.0001 

 

Table 4-14.  Comparison of sensitivities in terms of regression coefficients and ranking of inputs 

for original data and rank ordered data. 

Input Regression Coefficients 

(Ranking) 

Rank Regression Coefficients 

(Ranking) 

Water temperature  0.212 (3) 0.425 (2) 

Time on water  0.0973 (7) 0.128 (8) 

New input, IUR 0.232 (1) 0.561 (1) 

Difference in air-water temp. 0.128 (5) 0.236 (7) 

Number of oysters per meal  0.228 (2) 0.392 (3) 

Duration of cooldown  0.158 (4) 0.362 (4) 

Length of refrigeration -0.109 (6) -0.283 (5) 

Fraction pathogenic 0.0933 (8) 0.235 (6) 

New input, IG 0.0112 ≈ 0 (9)a 0.0502 (9) 

R2 =  22.44% 91.98% 
a  Statistically not different from zero. 

 

 

 



 90 

To determine if the random fluctuation in the sample data generated from different 

simulations with different random seeds affect the results of regression analysis, the linear 

regression analysis was done using different sets of data from two simulations with 5000 runs 

each using @RISK.  Regression coefficients for these two different samples and the ranking of 

inputs are presented in Table 4-15.   

 

Table 4-15.  Instability in the results of linear regression analysis for two different samples Using 

@RISK to demonstrate the effect of random sampling error. 

Normalized Regression Coefficients Input 

Based on Sample 1 Based on Sample 2 

Water temperature  0.212 (3) 0.232 (2) 

Time on water  0.0970 (7) 0.091 (8) 

New input, IUR 0.233 (1) 0.235 (1) 

Difference in air-water temp. 0.128 (5) 0.129 (5) 

Number of oysters per meal  0.228 (2) 0.228 (3) 

Duration of cooldown  0.158 (4) 0.142 (4) 

Length of refrigeration -0.109 (6) -0.101 (6) 

Fraction pathogenic 0.093 (8) 0.101 (7) 

New input, IG 0 (9) 0 (9) 

R2 =  22.42% 22.40% 

 

The regression coefficients and the ranking inputs is similar for two samples except for 

inputs such as water temperature, time on water, the number of oysters per meal, and fraction of 

pathogenic Vp.  The difference in the regression coefficients and corresponding change in the 

ranking can be explained in terms of random sampling error.  However, the regression 

coefficients are changed by a maximum amount of only nine percent in the case of water 

temperature and for other inputs the change is less than nine percent.  The rank ordering is also 

similar for two samples.  Therefore, the effect of random sampling error can be considered to be 

unsubstantial. 
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The change in regression coefficients for different samples can also arise due to the 

problem of multicollinearity in the case of correlated inputs.  However, in this application, all 

inputs considered were statistically independent.  To further strengthen the claim that inputs are 

not correlated, correlation matrix for the inputs is presented in Table 4-16.  From this table, it is 

evident that none of the inputs are correlated. 

 

Table 4-16.  Correlation coefficient matrix for all inputs. 

 TW tW IUR TAW OM D tR f IG 

TW 1         

tW -0.016 1        

IUR -0.021 -0.0076 1       

TAW 0.012 -0.017 -0.015 1      

OM -0.01 -0.0087 -0.0095 0.006 1     

D -0.025 -0.014 -0.027 0.013 -0.036 1    

tR 0.012 -0.009 0.028 0.035 0.018 0.04 1   

f -0.016 0.0018 -0.01 -0.026 0.01 -0.034 0.0056 1  

IG 0.029 0.024 -0.009 -0.012 -0.005 -0.0023 -0.0013 -0.0008 1 

 

The effect of random sampling error is also evaluated for rank regression.  Table 4-17 

lists rank regression coefficients for two different samples.  Rank regression coefficients and 

ranking of inputs is almost same for both sample.  There is a change in ranking of difference in 

air and water temperature and fraction of pathogenic Vp.  The difference in regression 

coefficients for these two inputs is only five percent, and hence, the change in the ranking due to 

random sampling error is not substantial. 

 

 

 

 

 

 



 92 

Table 4-17.  Instability in the results of rank regression analysis for two different samples to 

demonstrate the effect of random sampling error. 

Rank Regression Coefficients Input 

Based on Sample 1 Based on Sample 2 

Water temperature  0.425 (2) 0.407 (2) 

Time on water  0.128 (8) 0.114 (8) 

New input, IUR 0.561 (1) 0.551 (1) 

Difference in air-water temp. 0.236 (7) 0.244 (6) 

Number of oysters per meal  0.392 (3) 0.390 (3) 

Duration of cooldown  0.362 (4) 0.337 (4) 

Length of refrigeration -0.283 (5) -0.263 (5) 

Fraction pathogenic 0.235 (6) 0.223 (7) 

New input, IG 0.0502 (9) 0.049 (9) 

R2 =  91.98% 92.3% 

4.9  Application of Analysis of Variance. 

 A multifactor ANOVA is used to assess the effect of inputs or factors on the probability 

of illness.  The sensitivity of each input is represented in terms of F value for that input.  The 

significance of the F value is evaluated in terms of P values.  Statistical software SPLUS is used 

to evaluate F test statistics for the inputs. 

  4.9.1.  Procedure. 

 Using @RISK, 5000 values of simulated data points for the probability of illness and 

each of the nine inputs are created.  ANOVA is performed on this data set using SPLUS, which 

is a menu driven statistical software that can be used with data set in EXCEL.  In this analysis 

the effect of nine individual factors and 36 second-order interaction terms corresponding to all 

permutation and combinations of inputs are included.  After performing ANOVA, the F values 

are tested for significance using P values.  If there are terms for which the F value is not 

significant, then those terms are excluded from the analysis and ANOVA is rerun with remaining 

terms.  This procedure is repeated until all terms included in the analysis have significant F 
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values.  In the present example, when ANOVA is first run with the given data set, five of the 

original 36 interactions terms were observed to have insignificant F values.  Therefore, these 

interaction terms are excluded from the analysis and ANOVA is rerun with remaining nine 

individual terms and 31 interactions terms.  In the second run, all terms were observed to have 

significant F values.  SPLUS (2000) provides information on how to perform multifactor 

ANOVA in detail.   

 

ANOVA is simple to apply, but for a large number of inputs the time requirement can be 

high because of added computational complexity.  For example, after identifying terms with 

insignificant F values, those terms need to be removed from the analysis and this task has to be 

done manually in SPLUS.  With larger number of inputs or with higher-order of interaction 

terms, such as third-order or fourth-order interactions, the number of factors analyzed in 

ANOVA can increase combinatorially increasing the time requirements.  For example, in this 

application, approximately 3 minutes were required when only individual terms were included, 

but when second order interaction terms were included, approximately 15 minutes were required. 

  4.9.2  Discussion of the Results. 

 Table 4-18 lists the sensitivities in terms of significant F values for individual inputs and 

Table 4-19 lists significant F values for the interaction terms.  Water temperature, IUR, and the 

number of oysters per meal are the most important inputs.  Interactions between water 

temperature, IUR, and the number of oysters per meal are also the most significant ones. 

  

F values are essentially the ratio of variation within data groups and variation between 

data groups.  The variance of the data sets can vary for a different sample generated using 

@RISK because for each simulation a different random seed is used.  Therefore, F values are 

also subjected to change slightly.  Though F value indicates whether the difference in the output 

values for the given input values is significant or not, it is not a precise measure of the amount of 

that change (Walpole and Myers, 1993).  If the assumptions of ANOVA, such as normality of 

the error distribution, are violated then the results of ANOVA may be biased.  Therefore, if F 

values do not differ substantially, then the ranking may not be robust.  For example, F values for 

water temperature (359), IUR (336), and the number of oysters per meal (341) do not vary only by 



 94 

a factor of 1.1 from each other, whereas F values for the most important and least important 

inputs differ by a factor of seventy.  As a practical matter, these three inputs should be treated as 

having equal sensitivities. 

 

Table 4-18.  Sensitivities and ranking of individual inputs based on F values for the inputs. 

Inputs or factors F values P values 

Water temperature (TW) 359 (1)  < 0.0001 

Time on water (tW) 29 (8) < 0.0001 

New input (IUR) 336 (3) < 0.0001 

Difference in air and water temperature (TAW) 147 (4) < 0.0001 

Number of oysters per meal (OM) 341 (2) < 0.0001 

Duration of cooldown (D) 130 (5) < 0.0001 

Length of refrigeration (tR)  96 (7) < 0.0001 

Fraction pathogenic (f) 121 (6) < 0.0001 

New input (IG) 5 (9) 0.026 

 

Table 4-19.  Sensitivities and ranking of interaction terms based on F values. 

Interaction Input Terms F values P values 

(TW) and (tW) 16 (24) < 0.0001 

(TW) and (IUR) 283 (3) < 0.0001 

(TW) and (TAW) 166 (6) < 0.0001 

(TW) and (OM) 560 (1) < 0.0001 

(TW) and (D) 98 (11) < 0.0001 

(TW) and (tR) 61 (16) < 0.0001 

(TW) and (f) 160 (7) < 0.0001 

(TW) and (IG) 6 (28) 0.012 

(tW) and (IUR) 35 (22) < 0.0001 

 

(continued on next page) 
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Table 4-19 (Continued) 

(tW) and (TAW) 21 (23) < 0.0001 

 (tW) and (OM) 8 (26) 0.006 

(tW) and (tR) 6 (28) 0.011 

(tW) and (f) 6 (28) 0.013 

(IUR) and (TAW) 134 (9) < 0.0001 

(IUR) and (OM) 285 (2) < 0.0001 

(IUR) and (D) 95 (12) < 0.0001 

 (IUR) and (tR) 89 (13) < 0.0001 

(IUR) and (f) 100 (10) < 0.0001 

(IUR) and (IG) 4 (31) 0.04 

(TAW) and (OM) 225 (4) < 0.0001 

(TAW) and (D) 53 (18) < 0.0001 

(TAW) and (tR) 42 (20) < 0.0001 

(TAW) and (f) 65 (15) < 0.0001 

(OM) and (D) 136 (8) < 0.0001 

(OM) and (tR) 58 (17) < 0.0001 

(OM) and (f) 211 (5) < 0.0001 

(OM) and (IG) 7 (27) 0.008 

(D) and (tR) 36 (31) < 0.0001 

(D) and (f) 78 (14) < 0.0001 

(tR) and (f) 50 (19) < 0.0001 

(f) and (IG) 15 (25) < 0.0001 

 

The interaction term between water temperature and the number of oysters per meal is 

more important than these individual terms themselves.  The effect of number of oyster 

consumed can be more profound at higher water temperatures than that at lower water 

temperature because, theoretically, the number of pathogenic Vp increases exponentially with 

water temperature (CFSAN, 2000).  Similarly, the combined effect or interaction between the 

number of oysters per meal and IUR, and fraction of pathogenic Vp and difference in air and 
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water temperature are also important as their F values (at least 211) are a factor of approximately 

50 higher than the lowest F value in Table 4-19.  Water temperature, IUR, and the number of 

oysters per meal and the interactions between them have significant effect on the probability of 

illness as shown in Table 4-18 and Table 4-19. 

4.10  Application of Response Surface Method. 

 The RSM is used to represent the nonlinear relationship between the probability of illness 

and the inputs, IUR and oysters per meal.  Complex sensitivity analysis methods can be applied to 

the RS to save computational time.  The purpose of this section is to demonstrate the application 

procedure to develop RS and to apply nominal range sensitivity analysis to compare the 

sensitivities using the RS to the actual model. 

4.10.1  Procedure. 

 The first step is to select important inputs to be included in the analysis because for a 

large number of inputs the RSM can get exceedingly complex.  In this analysis only two inputs 

were selected to demonstrate the application procedure.  The data set for the RSM is generated 

by simulating the number of oysters per meal and new input, IUR, according to their distributions 

while holding other inputs constant at their nominal values so that the output is a function of only 

two inputs of interest.  The data set contains five thousand values of the inputs and the 

corresponding output values.  Statistical software, SAS is used to develop a second order 

response surface.  The code in SAS to develop RS and the output of this program are included in 

Appendix D.  Using the terminology of the inputs, the second order response surface can be 

represented mathematically as: 

 

Probability of Illness = ai IUR  +  ao OM  +  ai2 IUR
2  +  aio IUROM  +  ao2 OM

2  +  Intercept 

 

The coefficients of the model (a) and the intercept are estimated using SAS such that the 

response surface fits as closely as possible with the given data set.  The next step is to validate 

the RS with the original data.  The values for probability of illness are calculated using the RS 

and these values are compared with the original output data set.  The F-test is used to determine 

if the fit of response surface is adequate or not by comparing the variance of the output values 



 97 

generated by the RS and the actual values of the output used to fit the RS.  SAS provides the 

measure of variance explained by the RS in terms of R2 value of the RS for the given data set.  

The application issues with the RSM include higher complexity and time requirement for a large 

number of inputs.  For example, in the present analysis with two inputs and 500 data values, SAS 

took approximately 2 minutes; with 1000 data points, the time requirement was approximately 8 

minutes; and for 5000 data points, almost 80 minutes were required to develop the response 

surface.  Thus, RSM can get time consuming with increasing sample size.   

 

The RS is used to estimate nominal sensitivities of inputs as explained in section 4.4 

except that the model used is the RS and not the actual model.  As the RS is valid only in the 

range of the data used to develop it, the range of inputs is defined as the maximum and minimum 

values used in the data used to develop the RS and the nominal value is determined as the mean 

of the data used.  As only two inputs are varied, sensitivities of only these two inputs can be 

evaluated using the RS.  The sensitivities for the specified ranges of the number of oysters and 

IUR are also calculated using the actual model and the results form both models are compared. 

4.10.2  Discussion of Results. 

 The coefficients of the RS model and their P values predicted using SAS are given in 

Table 4-20.  The SAS can also provide the measure of the output variance explained by linear, 

quadratic, and cross-product terms in terms of R2 values as given in Table 4-21.  These, R2 

values are not the improvement in R2 with addition of each term in the model like stepwise 

regression, but only a combined measure of explained variance by different types of terms.  As 

the total R2 value is greater than 95 percent, the RS can explain the variance in the data set 

adequately.  The linear terms in the RS model are more important than quadratic and cross 

product terms.  The quadratic terms are relatively less important for the RS model.  
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Table 4-20.  Coefficients of the RS model. 

Parameters RS Coefficients P values 

IUR - 0.001372 < 0.0001 

OM -0.00001144 < 0.0001 

IUR
2 0.001389 < 0.0001 

IUR.OM 0.00005925 < 0.0001 

OM
2 4.75 X 10-8 0.0005 

Intercept 0.000234 < 0.0001 

 

Table 4-21.  R2 values for different terms in the RS model 

Type of Terms R-Square Value 

Linear (IUR, OM) 63.15 % 

Quadratic  (IUR
2, OM

2) 6.03 % 

Cross-product (IUROM) 26.34 % 

Total: 95.52 % 

 

The statistics of the output using the RS and of the output from the simulated data set and 

the results of the F test are compared in Table 4-22.  The mean and standard deviation of the 

output calculated using the RS differ from the mean and standard deviation of the output from 

the simulated data by 1 percent and 2 percent, respectively.  To further evaluate the fit of the RS 

to the simulated data, the variance of output values using the RS and the variance of the output 

values of the given data set are compared using the F-test.  The results of F-test are given in 

Table 4-22.  The F value of 0.979 is higher than the critical F value at the 0.05 significance level.  

Therefore, the output from the RS and the output from the simulated data are different based 

upon the comparison of the variances of these outputs.  To better understand the fit of the RS, a 

graphical comparison of the RS predictions versus the simulated data from the original model 

was done using the parity plot as shown in Figure 4-14. 
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Table 4-22.  The result of F test to evaluate the fit of the RS to the simulated data set 

 Output Using RS Output from Given Data Set 

Mean 0.000298 0.000295 

Variance 2.05 X 10-7 2.09 X 10-7 

F value 0.979 

F Critical 0.955 

P(F ≤ F Critical) 0.23 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-14.  Parity plot for the probability of illness from the RS versus the probability of illness 

from the original model. 

 

Ideally parity plots should be linear, but in this case, the parity plot is curving downwards 

especially for higher values of the probability of illness.  This indicates that from higher values 

of the output, the predictions from the RS can be lower than those from the original model.  The 

variability in the scatter is high for the probability of illness less than 0.003.  When the output is 

less than 0.003 there can be overestimation of the probability of illness as compared to the 

original model.  When the output is above 0.003 there can be underestimation of the probability 

of illness compared to the original model.  The slope of the regression line shown in Figure 4-14 

is 0.96, which indicates that overall the predictions from the RS can be lower than those from the 

original model.   
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The R2 value of approximately 95 percent indicates that the RS can explain up to 95 

percent variability in the output as compared to the variability in the output from the original 

model.  However, the F test results indicate that when the RS is fitted using 5000 data points, 

even if the RS can explain 95 percent of the variability in the output, the fit of the RS cannot be 

estimated to be appropriate.  Figure 4-14 also supports the results of the F test as the output from 

the RS is generally under or overestimated compared to the output from the original model. 

 

The response surface can be represented graphically with the output and the two inputs as 

axes as shown in Figure 4-15.  Figure 4-15 is generated in EXCEL.  The response of the model is 

less sensitive to the number of oysters per meal at lower values of IUR than that at higher values 

of IUR as seen in Figure 4-15.  Similarly, The response of the model to IUR at lower values of the 

number of oysters is less sensitive than that at higher values of the oysters per meal.  Therefore, 

the RS is most sensitive to the combination of high values of IUR and the number of oysters per 

meal. 

 

The RS can be used with other sensitivity analysis methods to save computational time as 

demonstrated by applying NRSA using the RS.  Table 4-23 provides the range and nominal 

values of inputs used in the RS.  The sensitivity of IUR and OM for this range evaluated using the 

RS and the Vp model are given in Table 4-24. 

 

 

 

 

 

 

 

 

 
 
 
 
Figure 4-15.  The response surface for probability of illness versus IUR and the number of oysters 

per meal. 
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Table 4-23.  Range and nominal values of inputs used in the RS for NRSA. 

 Minimum Nominal Maximum 

IUR 0.00011 0.5 1 

Oysters per Meal (OM) 0.0002 14.74 61 

 

Table 4-24.  The results of NRSA using the RS and the Vp model. 

Probability of Illness at a 

Low Input Using: 

Probability of Illness at a 

High Input Using: 

Nominal Sensitivity 

Using: 

Inputs The RS The Vp Model The RS The Vp Model The RS The Vp Model 

IUR 7.6 X 10-5 3.1 X 10-5 9.7 X 10-4 1.1 X 10-3 5.1 5.7 

OM 1 X 10-5 2.5 X 10-9 1.2 X 10-3 7.6 X 10-4 6.8 4.1 

 

The outputs at low and high values of the inputs, IUR and OM estimated using both the RS 

and the original Vp model are given in Table 4-24.  The rank ordering of inputs is reversed for 

both methods.  The difference in the sensitivity of IUR calculated using the RS and the Vp model 

is 0.6, which is approximately only 12 percent of the sensitivity of IUR calculated using the RS.  

Therefore, the sensitivity of IUR calculated using the RS and the Vp model may be similar.  

However, in the case of OM, the difference between the sensitivity of OM calculated using the RS 

and using the Vp model is 2.7, which is approximately 30 percent of the sensitivity of OM 

calculated using the RS.  Therefore, the sensitivity of OM calculated using the RS is substantially 

higher than the sensitivity of OM calculated using the Vp model.  Hence, though the sensitivity of 

IUR is similar for the RS and the Vp model, the sensitivities of OM differ.   

 

The difference in the sensitivities of OM is primarily attributable to difference in 

predictions of the RS for high values of OM when compared to the Vp model predictions.  The 

difference in the output at the high value of OM from the RS versus that from the Vp model is  

4 X 10-4, which is substantially higher than the difference in the outputs at the low value of the 

input (1 X 10-5).  The RS model appears to be inaccurate for various combinations of values of 

OM and IUR, as illustrated in Figure 4-14.  Therefore, the results of sensitivity analysis using the 

RS may not be appropriate to use for high values of the output. 
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4.11  Application of Fourier Amplitude Sensitivity Test. 

The FAST method is used to evaluate sensitivity based on varying individual inputs or all 

inputs together in a single run.  The output selected for FAST is probability of illness.  FAST is 

implemented using Simlab, software developed by Joint Research Center of the European 

Commission  (SIMLAB, 2000).   

  4.11.1  Procedure. 

The overview of Simlab, specification of input distributions, and modification of the Vp 

model specific to Simlab are described in this section.  

  4.11.1.1  Overview of Simlab. 

Simlab is a sensitivity analysis and probabilistic simulation software.  Several sensitivity 

analysis methods such as correlation analysis, regression analysis, scatter plots, and FAST can be 

implemented using Simlab.  The output of probabilistic analysis in Simlab is the plot of CDF of 

the output, but the statistics of the output such as the mean or standard deviation are not readily 

available.  Therefore, Simlab has limited capability with respect to interpreting the output.  

However, the main purpose of Simlab is sensitivity analysis and not the probabilistic analysis to 

get details about the output.  Simlab has three modules: (1) " pre-processor module" to specify 

input distributions and a type of sensitivity analysis method; (2) "model module" to encode a 

model within Simlab or to link an EXCEL model; and (3) "post-processor module" to perform 

sensitivity analysis and represent the results in graphical and tabular forms.  A model can be 

encoded within Simlab, or a model can be encoded in EXCEL and Simlab can be used with 

EXCEL for sensitivity analysis as explained below.  The schematic of linking Simlab with an 

EXCEL model is also given in Figure 4-16. 

 

An input file for the EXCEL model can be generated in Simlab.  Inputs can be specified 

in terms of a data set for each input based on respective input distributions such that the input file 

is in a format acceptable to Simlab.  The next step is to specify that the model used in the 

analysis is an EXCEL model and not an internal Simlab model.  This task is accomplished in 

model module of Simlab.  The EXCEL model should be invoked automatically as soon as it is 

executed from Simlab.  A macro needs to be written in EXCEL so that EXCEL can 
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automatically read the input file generated in Simlab and use the data values for each input.  

Another macro is needed to invoke the model encoded in EXCEL as soon as EXCEL is started 

using Simlab.  The output from the EXCEL model needs to be written in an output file in a 

format acceptable to Simlab.  This task can be accomplished with the help of another macro or 

by formatting the output file manually.  The post-processor module of Simlab can read the input 

and output file to perform sensitivity analysis.  Therefore, to use any EXCEL model with Simlab, 

additional coding is required which may not be easy.  SIMLAB (2000) provides additional 

information about Simlab and uses of Simlab in calculating different forms of sensitivities. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-16.  Schematic of linking Simlab with an EXCEL model. 

 

The present version of Simlab has a library of only continuous distributions, but the 

forthcoming version of Simlab will include discrete distributions (personal communication, Dr. 

Stefano Tarantola, August 18, 2001). 

 

In this case study application, the Vp model is coded within the Simlab in the model 

module as described next. 
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  4.11.1.2  Specifying the Input Distributions in Simlab. 

Simlab has a limited set of built-in distributions.  The distributions available in Simlab 

are not exactly the same as those available in @RISK.  For example, @RISK include the PERT 

distribution but Simlab does not.  Therefore, all input distributions specified in the modified Vp 

model using @RISK cannot be used directly in Simlab.  The first step is to specify input 

distributions that are available in Simlab. 

 

The original distributions used in @RISK for inputs such as time on water, oysters per 

meal, duration of cooldown, and length of refrigeration were PERT, an empirical distribution, 

uniform discrete distribution, and PERT respectively, which were not available in Simlab.  For 

inputs such as time on water, oysters per meal, and length of refrigeration, sample data is 

generated from 5000 runs of simulation using @RISK.  Alternative distributions are fitted to 

these 5000 data points using @RISK based upon distributions that are available in Simlab.  The 

best fitting alternative distributions were selected using the chi-square test in @RISK.  Duration 

of cooldown has a discrete uniform distribution specified in @RISK, where the input can assume 

any integer value between 1 and 10 with equal probability.  Simlab cannot specify discrete 

uniform distributions for integer values.  However, Simlab can be used to specify a uniform 

distribution such that instead of specifying a range of values with equal probabilities, several 

ranges of values with equal probability can be specified.  The integer values with equal 

probabilities are approximated in Simlab as a narrow range of values around each integer value.  

Therefore, in Simlab, the distribution for duration of cooldown is specified such that all values 

within the ranges 0.99-1.01, 1.99-2.01, 2.99-3.01, 3.99-4.01, 4.99-5.01, 5.99-6.01, 6.99-7.01, 

7.99-8.01, 8.99-9.01, and 9.99-10.01 will have equal probabilities.  FAST results can be less 

reliable in the case of discrete inputs because the number of samples of the inputs may not be 

high enough.  However, in this application, as duration of cooldown is specified to be continuous 

between the specified ranges, there can be enough number of samples for the input so that the 

FAST results can be reliable.  Table 4-25 through Table 4-28 compare the input distributions 

used in the modified Vp model and the alternative distributions used in Simlab for the above 

mentioned inputs.  From these tables, statistics such as mean, standard deviation, skewness, and 

kurtosis, of all the alternative distributions seem reasonably similar to those for distributions used 

in the modified Vp model.  The similarity between the alternative distributions and the original 
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distributions is graphically shown in Figure 4.17 to 4.20.  Therefore, it is inferred that that the 

results of FAST analysis will not be affected by the use of alternative distributions instead of 

original distributions. 

 

Table 4-25.  Comparison of the original and the alternative distribution for time on water. 

Statistical properties 

Original Distribution: 

PERT(5, 9, 11) 

Alternative Distribution: 

BETA (3.7295, 2.3363, 4.9521, 10.995)a 

Mean 8.67 8.67 

Standard Deviation 1.11 1.11 

Variance 1.22 1.22 

Skewness -0.30 -0.31 

Kurtosis 2.46 2.47 

Mode 8.98 9.01 
a  First two parameters are shape and scale factor respectively, and last two parameters indicate 

maximum and minimum values used to fit the distribution. 
 

Table 4-26.  Comparison of the original and the alternative distribution for the number of 

oysters. 

Statistical properties 

Original Distribution: 

Cumulative (1-60) 

Alternative Distribution: 

Lognormal (2.412,0.7494) 

Mean 14.74 14.53 

Standard Deviation 13.33 12.82 

Variance 177.6 164.4 

Skewness 2.093 3.250 

Kurtosis 7.134 26.46 

Mode 5.325 6.120 
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Table 4-27.  Comparison of the original and the alternative distribution for duration of cooldown. 

Statistical 

properties 

Original Distribution: 

Discrete Uniform (1 to 10) 

Alternative Distribution: 

Uniform (0.99-1.01, 1.99-2.01, …, 9.99-10.01) 

Mean 5.5 5.5 

Standard Deviation 2.87 2.87 

Variance 8.25 8.25 

Skewness 0 -5.24 X 10-7 

Kurtosis 1.77 -1.22 

Mode NA NA 

 

Table 4-28.  Comparison of the original and the alternative distribution for refrigeration length. 

Statistical properties 

Original Distribution: 

PERT (1, 6, 21) 

Alternative Distribution: 

BETA (1.9884, 3.9845, 1.0148, 20.994) 

Mean 7.67 7.67 

Standard Deviation 3.56 3.56 

Variance 12.7 12.7 

Skewness 0.47 0.47 

Kurtosis 2.63 2.63 

Mode 6.07 5.98 

 

 

 

 

 

 

 

 
 
 
 
 

Figure 4-17.  Comparison of CDFs of original and alternative distribution for time on water. 
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Figure 4-18.  Comparison of CDFs of original and alternative distribution for oysters per meal. 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-19.  Comparison of CDFs of original and alternative distribution for duration of 

cooldown. 
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Figure 4-20.  Comparison of CDFs of original and alternative distribution for length of 

refrigeration. 

 

The next step is to create an input file for Simlab using the alternative input distributions.  

The input file can be created using pull-down menus in the pre-processor module of Simlab.  The 

pre-processor module is used to specify FAST as the sampling method as well as the sensitivity 

analysis method.  Other sampling methods available in Simlab include Monte Carlo and Latin 

hypercube methods.   

  4.11.1.3  Encoding the Vp Model in Simlab. 

The next step is to write the model in the model module of Simlab.  Simlab cannot handle 

conditional operators, such as if-then operators, which are used in the Vp model in EXCEL.  

Therefore, the modified Vp model (henceforth, referred to as modified Vp model: Case 1) is 

rewritten in model module of Simlab using only basic mathematical operations.  The model 

written in Simlab is given in Appendix A (henceforth, referred to as modified model for Simlab: 

Case 2).  Though the model is modified and the results from the Vp model (Case 1) and the 

Simlab model (Case 2) can differ, the purpose of this section is to demonstrate the application of 

FAST.   

 

To evaluate how/whether the results using the model for Simlab (Case 2) and using 

modified Vp model  (Case 1) are different from each other, both of these cases are run in 

EXCEL and their results are compared.  As mentioned in Section 4.11.1.1, Simlab cannot give 
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details of the output; therefore, for the comparison, the model for Simlab (Case 2) is coded in 

EXCEL and the statistics for the output are calculated.  The output from the Simlab model (Case 

2) and the output from the modified Vp model (Case 1) are compared in Table 4-29.   

 

From Table 4-29, the distributions for the probability of illness for both Simlab and 

@RISK models are different with respect to the mean and the standard deviation.  The variances 

of the output data sets containing 5000 samples from both models (Case 1 and Case 2) are also 

compared using F-test.  The F value (0.48) is less than the critical F value of 0.945.  Therefore, 

the variance of the output generated from the Vp model (Case 1) and the variance of the Simlab 

model (Case 2) are similar.  The output distributions from the model in Simlab and the modified 

Vp model (Case 1) are different when the probability of illness is less than 0.02 as shown in 

Figure 4-21 because of the probability of illness tends to be overestimated due to modification of 

the model.  Because Simlab cannot perform logical operation such as keeping an upper bound on 

the number of pathogens, the risk can be overestimated as compared to the Vp model (Case 1) 

where EXCEL can be used to fix the number of pathogens to a maximum possible level if the 

calculated level of pathogens exceeds this maximum level.  When the probability of illness is 

higher than 0.02, the difference between the distributions is not evident in Figure 4-21.  The 

standard deviation and the variance of the output from the Vp model (Case 1) and from the 

Simlab model (Case 2) are also different according to Table 4-29.  However, according to the F 

test result, the difference between the variance of the outputs from the Case 1 model and the 

Case 2 model is not high enough to consider the outputs different.  The means of the output 

distribution are only 20 percent different.  Therefore, for the sake of application and comparison 

of FAST with other methods, it is assumed that the difference between the means and the 

difference between the variances of the outputs can be neglected, and that the results from both 

models (Case 1 and Case 2) are similar. 
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Table 4-29.  Comparison of the output, probability of illness, for modified Vp model in Simlab 

with alternative distributions and modified Vp model in EXCEL. 

Statistical 

Properties 

Using Modified Vp Model 

(Case 1) in EXCEL 

Using Vp Model for SIMLAB 

(Case 2) (set up in EXCEL)  

% Difference 

Mean 0.00091 0.0011 21% 

Std. Deviation 0.0038 0.0073 90% 

Variance 0.000014 0.000054 285% 

  

After the model is set in Simlab, the sensitivity analysis using the FAST method is 

performed in the post-processor module of Simlab. 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-21.  Comparison of CDFs for the probability of illness calculated using the modified Vp 

model in EXCEL (case 1) and the Vp model in Simlab (case2). 

  4.11.2  Discussion of the Results. 

FAST index gives sensitivities in terms of the contribution of each input to the total 

output variance.  The percentage contribution of each input to the total output variance can be 

estimated by normalizing the FAST indices for each input by dividing by the sum of indices.  

The first order FAST indices consider the influence of only individual inputs.  The extended 

FAST method accounts for the residual variance in the output due to higher order or interaction 

terms that is not explained by first order indices as described in Section 3.8.1.  The indices 
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obtained using extended FAST are referred to as "total order indices" (Saltelli et al., 2000).  

Table 4-30 lists the first order and total order FAST sensitivity indices estimated using Simlab. 

 

As the total of first order FAST indices from Simlab (0.25) is less than 1, the model 

behaves nonlinearly and the interactions between inputs should be accounted for.  The sum of 

total order indices (=2.845) is greater than one, which indicates that the model is not additive and 

there are significant contributions to the variance by higher order interaction terms (Saltelli et al., 

2000).  The sum of total order indices can never be equal to one unless the model is perfectly 

additive because the total order index for an input is the sum of all FAST indices for all higher 

order interaction terms that include the input of interest.  Therefore, FAST indices of higher 

order interaction terms are counted more than once in the sum of total order indices of all inputs 

and hence, this sum can never be equal to one. 

 

Table 4-30.  First-order and total-order FAST indices calculated using Simlab. 

Inputs 

First Order FAST Index 

(Ranking) 

Total Order FAST Index 

(Ranking) 

Water temperature  0.0443 (4) 0.345 (3) 

Time on water  0.0120 (6) 0.308 (6) 

New input, IUR 0.0238 (5) 0.721 (1) 

Difference in air-water temp. 0.0603 (1) 0.330 (4) 

Number of oysters per meal  0.0508 (2) 0.323 (5) 

Duration of cooldown  0.0517 (2) 0.404 (2) 

Length of refrigeration 0.0077 (7) 0.259 (7) 

Fraction pathogenic 0.000272 (9) 0.0929 (8) 

New input, IG 0.000726 (8) 0.0623 (9) 

TOTAL: 0.25 2.845 

 

The first order FAST indices would be a direct measure of the contribution of each 

individual input to the output variance if there are no interactions among the inputs.  In this case 

study application, the sum of first order indices is 25 percent indicating that individual inputs, 

neglecting interactions, can explain only 25 percent of the variability in the output.  The total 
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order FAST index includes the contribution of individual inputs as well as interactions among 

two or more inputs.  For each input, the total order FAST index includes that input's individual 

contribution as well as contributions in which that input interacts with any other inputs.  If two 

inputs interact, for example, the each of their total order FAST indices will both account for the 

interaction.  Therefore, the total order index of an input is not measure of the sole contribution of 

that input and hence, is not a direct measure of the apportionment of variance.  Though total 

order indices are not a direct measure of the apportionment of variance they can be used to 

indicate relative contribution of each input to the output variance.  If the total order indices are 

normalized, then the approximate contribution of each input to the output variance can be 

expressed in terms of percentages, but these percentages are not directly proportional to their 

actual contribution. 

 

The first order and total order indices give different ranking.  When interactions and 

higher order terms are considered, the relative importance of a few inputs can be lowered as seen 

for the example of the number of oysters per meal.  This indicates that the relative individual 

contribution of the number of oysters per meal is higher than its relative contribution when 

higher order interactions are considered.  Conversely, the relative importance of a few inputs, 

such as IUR, can increase when the interactions and higher order terms are considered.   

 

If the total order index for an input is almost zero or a very low value, then this input can 

be fixed at a constant value without impacting the results of the probabilistic simulation much.  

Therefore, total order indices can be used in simplifying the model. 

  

The total order FAST indices consider the joint effect of all inputs similar to stepwise 

regression analysis described in Section 4.8 (Saltelli et al., 2000; Neter et al., 1996).  As the 

changes in R2 values are also a measure of the amount of variation in the output explained by 

each input similar to total order FAST indices, the results of these two methods are compared as 

shown in Table 4-31.  The rank ordering of the number of oysters per meal and time on water is 

reversed for the two methods.  The sensitivities of these two inputs differ by a factor of 1.2 for 

both methods.  Therefore, these two inputs cannot be clearly distinguished from each other and 

hence, the reversal in the rank ordering can be neglected.  Duration of cooldown is ranked fourth 
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according to the total order FAST index, but its sensitivity differs from the fifth ranked input by 

only a factor of 1.02.  In the case of stepwise regression, duration of coolown is ranked fifth, but 

it differs from the fourth ranked input by only a factor of 1.02.  Therefore, duration of cooldown 

cannot be distinguished from the fourth or fifth ranked inputs and hence, its ranking can be 

considered to be similar according to both methods.  In the case of FAST, the sensitivities of 

length of refrigeration and the difference in air and water temperature differ by only a factor of 

1.25 and the difference between sensitivities of the first and last ranked inputs is approximately a 

factor of 11.6.  Similarly, for the stepwise regression analysis these inputs cannot be clearly 

discriminated.  Therefore, it may be the case that the ranks of difference in air and water 

temperature and length of refrigeration are essentially similar.  Therefore, the ranks of these two 

inputs according to both methods can be similar. 

 

Table 4-31.  Comparison of step R2 values from stepwise regression analysis and total order 

FAST indices. 

Inputs 

Normalized FAST 

Indices (Ranking) % 

Step R2 Values from Stepwise 

Regression Analysis (Ranking), % 

New input, IUR  0.345 (3) 4.48 (3) 

Number of oysters per meal  0.308 (6) 0.93 (7) 

Water temperature 0.721 (1) 5.89 (1) 

Duration of cooldown  0.330 (4) 1.61 (5) 

Difference in air-water temp. 0.323 (5) 4.99 (2) 

Length of refrigeration 0.404 (2) 2.52 (4) 

Time on water 0.259 (7) 1.14 (6) 

Fraction pathogenic 0.0929 (8) 0.87 (8) 

New input, IG 0.0623 (9) Statistically insignificant (9) 

 

The ranking of inputs may not be robust if the modifications required for the Simlab 

model have a significant effect on the results.  However, this is not a limitation of the FAST 

method itself.  Whether two sensitivities differ substantially can be determined based on the 

range of sensitivities.  For example, the total order FAST indices for IUR (0.721) and duration of 

cooldown (0.404) differ by a factor of 1.8, which is substantial as compared to the difference 
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between the number of oysters and duration of cooldown whose total order indices differ by a 

factor of 1.07.  Hence, IUR and duration of cooldown can be discriminated but the number of 

oysters and duration of cooldown may not be clearly discriminated from each other. 

4.12  Application of the Mutual Information Index. 

The sensitivity analysis is done for a dichotomous output that determines whether the risk 

is acceptable or not.  The computation of the MII is more tedious for a continuous output than in 

that for a dichotomous output.  In the case of continuous output, increased number of 

calculations are needed corresponding to all output values as compared to the number of 

calculations corresponding to one output value in the case of dichotomous input.  Manual 

computation of MII is tedious.  Therefore, simplifying assumptions are made when needed as 

described in the following section.  The MII is calculated with the aid of @RISK. 

  4.12.1  Procedure. 

 The first step is to estimate overall confidence on the output that the risk is acceptable.  

All inputs are varied according to their respective distributions and the output distribution for the 

probability of illness is generated.  The overall confidence is estimated as the percentage of times 

the probability of illness is less than or equal to 1 X 10-6 so that the risk is acceptable.  The 

overall confidence on the output is estimated from its CDF and it is denoted as Py.  The 

percentile of the CDF corresponding to the probability of illness of 1 X 10-6 is determined as the 

overall confidence on the output, which is observed to be 0.002 or 0.2% in this case.  The CDF 

for the output and overall confidence determined from it are shown in Appendix D. 

 

 The calculation of the conditional confidence on the output is demonstrated for the 

example of water temperature.  A similar procedure is used for other inputs.  The conditional 

confidence on the output is estimated from the output CDF when the water temperature is held 

constant at a value in a manner similar to the overall confidence.  Ideally, water temperature 

should be held constant at all possible values according to its distribution.  This task can be very 

tedious and time consuming.  Therefore, only twenty values of water temperature spread over its 

plausible range are used to calculate conditional confidences.  This approximation is observed to 

be reasonably acceptable as described later in this section.  The conditional confidence on the 
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output y, when the input is held constant at the value x, is denoted as Py|x.  The percentile of the 

CDF of the output corresponding to the probability of illness of 1 X 10-6 when the input of 

interest is held constant at some value is the conditional confidence on the output at that input 

value.  For example, when water temperature is held constant at 25 oC, the conditional 

confidence in the output is 0.34 percent.  Column 1 of Table 4-32 lists the twenty values of the 

water temperature used in the analysis and column 4 lists the conditional confidence on the 

output at these values.  The next step is to determine the probability that a given input value lies 

within a narrow range around the input value (henceforth, referred to as the probability of the 

input value).  The probability of each input value, Px, is estimated from the histogram of the 

input.  The estimation procedure for Px for water temperature is explained next. 

 

The histogram for water temperature shown in Figure 4-22 is divided into twenty bins.  

The area of each bin represents the probability that the selected water temperature value lies 

within the range specified by the bin width.  The width of each bin in this example is calculated 

as follows: 

Width of Bin   =  
bins ofnumber 

 theinputof  valueMinimuminput  theof  valueMaximum −  

=  C 0.48
20

C 23.2 C 32.8 o
oo

=−  

Probability of a given input value is determined as explained for the water temperature of 

27.4 oC.  The height or the probability density of the bin that contains 27.4 oC is estimated to be 

0.17 / oC from visual inspection of the histogram.  Multiplying this value by the width of the bin 

gives the area of the bin or the probability of getting water temperature value of 27.4 oC.  

Therefore, Px for x = 27.4 oC is, Px = 27.4  =  0.17 /oC  X 0.48 oC =  0.0816  = 8.16%.  Similarly, 

probabilities for other values of water temperature are determined and reported in Column 2 of 

Table 4-32. 
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Table 4-32.  Calculation of MII for the Input:  Water Temperature 

Input 

Values 

X 

Probability of 

Input Valuesa 

Px
 

Overall 

Confidence 

Py 

Conditional 

Confidence 

Py|x 

Joint 

Probability 

Pxy = Px X Py|x 

MII 

Ixy = Pxy X  

        log2 (Py|x/Py) 

23.5 0.05 6.08 0.00 0.000144 

24.0 0.00% 4.59 0.00 0 

24.5 0.24% 3.54 0.01 0.0003522 

25.0 0.34% 2.06 0.01 0.000233 

25.4 1.20% 1.4 0.02 0.0004733 

25.9 1.68% 1.04 0.02 0.000417 

26.4 3.55% 0.71 0.03 0.00046 

26.9 5.76% 0.44 0.03 0.000284 

27.4 8.16% 0.36 0.03 0.000249 

27.8 12.00% 0.19 0.02 -0.0000152 

28.3 14.40% 0.11 0.02 0.000136 

28.8 13.92% 0.1 0.01 0.000139 

29.3 12.48 0.07 0.01 0.000132 

29.7 10.56% 0.07 0.01 0.00011 

30.2 6.96% 0.06 0.00 0.000073 

30.8 3.84% 0.04 0.00 0.000036 

21.3 2.40% 0.03 0.00 0.000019 

31.7 0.96% 0 0.00 0 

32.1 0.48% 0.05 0.00 0.0000047 

32.6 0.34% 

0.2% 

0.03 0.00 0.0000027 

TOTAL 99% ≈ 100%   0.21% ≈ Py Ixy
a = 0.00195 

a  Ideally, Px should increase from one end of the input distribution to the mean value and then it 

should decrease to the other end of the distribution.  However, sometimes, due to random 

Monte Carlo sampling, Px of an input value away from the mean is higher than Px for an input 

value which is closer to the mean.  This problem may not be present if simulations with a high 

number of runs (say, 50000) are used. 
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Figure 4-22.  Histogram for water temperature used to estimate the probabilities of input values. 

 

The joint probability of the output and the input is calculated by multiplying the 

probability of an input value by conditional confidence in the output at that input value as shown 

in Column 5 of Table 4-12.  The mutual information index at each input value is calculated as 

shown below for the example of water temperature of 27.4 oC. 
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Column 6 of Table 4-12 gives the Ixy for all twenty values of the input.  The average MII 

for the input (Ixy
a) is the summation of Ixy of all input values.  Ixy

a is 0.00195 for water 

temperature.  The average self-information index of the output is calculated as: 
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0179.0
0.002

1log002.0I 2yy =




×=  

 

The sensitivity index Sxy is calculated by dividing Ixy
a
 by Iyy.  Sxy is 10.85 % for water 

temperature.  Calculation tables for Ixy
a and Sxy for other inputs are provided in Appendix E. 

 

Summation of the Px values for each input can be used to validate the approximation of 

using only twenty input values to represent the input distribution.  If this summation is close to 

100 percent, then the number of input values selected is assumed to be sufficient.  Also, the 

summation of the joint probability distribution, Px X Py|x should be roughly equal to the overall 

confidence.  Both of the above mentioned conditions are satisfied reasonably for all inputs. For 

example, in the case of water temperature, the summation of all Px values is 99.3 percent and the 

summation of Px X Py|x values is 0.21 percent, which is close to 0.2 percent. 

 

The MII method is very tedious and time consuming to apply manually.  Probabilities of 

input values, Px are estimated by visual inspection of the histograms for the inputs generated 

using @RISK.  Therefore, it is subject to errors, as accurate estimation of Px is not possible.  The 

task of determining the probability associated with mean of each bin requires calculation of the 

area of the bin, which consumes time unless a code to do this automatically is developed.  With a 

large number of inputs this task can get tedious.  As described in Section 3.9.1 the graphs of 

conditional confidence can be used as additional measures of sensitivity.  Therefore, additional 

time is spent if the conditional confidence plots are generated for each input. 

  4.12.2  Discussion of the Results. 

 Table 4-32 shows the calculation and detail results for the input, water temperature.  

Table 4-33 lists average MII and sensitivity indices for all inputs.  The input, IUR is ranked as the 

most important input.  Sxy indicates how much an input is important in providing the "statistical 

information" about the output as compared to the "statistical information" that output can provide 

about itself and hence, Sxy may be a better measure to use when the relative importance of inputs 

needs to be evaluated.  The ranking of key inputs is same for Ixy
a and Sxy.  The conditional 

confidence on the output for the given values of an input can be used as an additional measure of 
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sensitivity as shown in Figure 4-23.  The probability that the risk is acceptable or the conditional 

confidence on the output is given on Y-axis and water temperature values are given on X-axis.  

The risk is more sensitive to lower values of water temperature and the probability of the 

acceptable risk decreases exponentially with the temperature because as water temperature 

increases, the probability of illness also increases and therefore, the probability that the risk is 

acceptable reduces. 

 

Table 4-33.  Mutual information indices and sensitivity indices for the inputs. 

Input Overall MII (Ixy
a) Sensitivity Index (SXY) 

(Ranking) 

Water temperature  0.00195 (3) 10.85% (3) 

Time on water  0.00024 (9) 1.34% (9) 

New input, IUR 0.0081 (1) 45.05% (1) 

Difference in air-water temp. 0.00038 (8) 2.13% (8) 

Number of oysters per meal  0.0038 (2) 21.2% (2) 

Duration of cooldown  0.0007 (6) 3.91% (6) 

Length of refrigeration 0.0015 (4) 8.18% (4) 

Fraction pathogenic 0.00125 (5) 6.95% (5) 

New input, IG 0.00067 (7) 3.75% (7) 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-23.  Conditional confidence plot (CDF) of the output for the input:  water temperature. 
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 Due to random sampling in simulation, the distribution for conditional confidence for a 

given value of an input can change for different simulations and thus, the Py|x values are 

subjected to random fluctuations.  The effect of these random statistical fluctuations on the 

sensitivity index, Sxy can be significant.  To evaluate the effect of random statistical errors, Sxy 

values are calculated for different simulations with different random seeds and the results are 

compared.  For the example of water temperature, Sxy is determined for three different sets of 

simulations with 5,000 runs each.  Table 4-34 presents the Py|x values and Sxy values for these 

three different simulations with 5,000 runs each.  There can be wide variation in the Py|x values 

as seen from Table 4-34, and hence, the Sxy values can also vary for different simulations.  

Therefore, ranking based on Sxy from only one simulation may not be robust unless the effect of 

random fluctuations is minimized.  Using a higher number of runs can minimize the effect of 

random fluctuations for different simulations.  In the present analysis, 5,000 runs were used and 

the time required was approximately 10 hours.  If a larger number of runs, such as 10,000 or 

50,000 are used then the time requirement will also increase linearly.  As MII is a 

computationally complex method with higher time requirements than other identified methods, 

there is a tradeoff between robustness of results and time requirement. 

 

It is difficult to discriminate between sensitivities based on the Sxy calculated from only 

one simulation, unless the difference in sensitivities is substantially higher with respect to the 

range of sensitivities, because of lack of robustness of the results.  Whether the difference 

between Sxy for two inputs is substantial or not cannot be determined assuredly.  However, if a 

bootstrap approach is used, then Sxy for inputs can be discriminated.  In developing Table 4-34, 

only three simulations were used.  If a higher number of simulations are used, then Sxy can be 

determined with a confidence interval using a bootstrap approach.  Whether the likely range of 

Sxy for other inputs overlaps the likely range of Sxy for the input of interest can be determined 

and hence, the sensitivities can be discriminated from each other. 
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Table 4-34.  Comparison of conditional probabilities and sensitivity indices for three different 

simulations for the input, water temperature. 

Conditional Confidence (P y|x, %) 

Input Values (x) 

Probabilities of Input 

Values (Px) Simulation Aa Simulation B Simulation C 

23.5 23.5 6.08 7.2 5.8 

24.0 24.0 4.59 5.02 6.1 

24.5 24.5 3.54 3.92 4.3 

25.0 25.0 2.06 3.1 3.2 

25.4 25.4 1.4 2.02 1.9 

25.9 25.9 1.04 1.2 1.2 

26.4 26.4 0.71 0.82 0.8 

26.9 26.9 0.44 0.61 0.6 

27.4 27.4 0.36 0.44 0.5 

27.8 27.8 0.19 0.38 0.21 

28.3 28.3 0.11 0.65 0.13 

28.8 28.8 0.1 0.2 0.21 

29.3 29.3 0.07 0.06 0.3 

29.7 29.7 0.07 0.05 0.05 

30.2 30.2 0.06 0.06 0.04 

30.8 30.8 0.04 0.04 0.02 

31.3 31.3 0.03 0.02 0.03 

31.7 31.7 0 0.04 0.01 

32.1 32.1 0.05 0.0 0.02 

32.6 32.6 0.03 0.02 0 

Overall Confidence, Py: 0.2% 0.2% 0.2% 

Average MII, Ixy
a: 0.00195 0.00554 0.00386 

Self Information Index, Iyy: 0.018 0.018 0.018 

Sensitivity Index, Sxy: 10.85% 30.9% 21.55% 
a  These results are the same as that presented Table 4-32 
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4.13  Application of Scatter Plots. 

Scatter plots are used for visual inspection of the effect of inputs on the output.  The 

output for this method is the probability of illness.  Scatter plots are generated from the simulated 

data generated using @RISK.  Several statistical softwares, such as SPLUS are available to 

generate scatter plots automatically.  However, in this application, EXCEL is used to develop 

scatter plots. 

  4.13.1  Procedure. 

 After generating data from the probabilistic simulation, pairs of input values and 

corresponding output values are plotted using EXCEL.  The scale of the axes can be changed to 

view the scatter for the desired range of the input or output values.  Difficulties in generating 

scatter plots are the time spent and interpretation of scatter plots.  Decisions regarding ranges of 

the output for which scatter plots should be plotted, how they should be interpreted, and other 

issues are subjective to the analyst. 

  4.13.2  Discussion of the Results. 

 Figure 4-24 shows the scatter plot of water temperature versus the probability of illness.  

Figure 4-25(a) to Figure 4-25(d) show scatter plots for water temperature versus the probability 

of illness for different ranges of water temperature.   

 

 

 

 

 

 

 

 

Figure 4-24.  Scatter plot of probability of illness versus water temperature. 
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Figure 4-25(a).  Input: 23oC-27oC Figure 4-25(b).  Input:  27oC-29oC 

 

 

 

 

 

 

 
Figure 4-25(c).  Input:  29oC-31oC Figure 4-25(d).  Input:  31oC-35oC 

 

Figure 4-25.  Scatter plots of probability of illness versus water temperature for different ranges 

of the probability of illness. 

 

Scatter plots for different ranges of the input values help in visualizing the dependence 

between the input and the output in detail.  Interpretation of scatter plots is often subjective.  As 

an example, multiple scatter plots with different scales are presented and discussed for water 

temperature.  Similar analyses can be done for scatter plots of other inputs.  Appendix F includes 

scatter plots for other inputs. 

 

From Figure 4-24, it is apparent that for lower water temperatures the probability of 

illness is lower.  Also, the scatter is more clustered at probability of illness lower than 0.05, 

indicating that for the possible temperature range, it is not very much likely that the probability 

of illness is higher than 0.05.  The variability in the output is substantial for water temperature 

above 26oC.  The growth of Vp increase exponentially with water temperature, therefore for 

lower values of water temperature (e.g., 26 oC) the initial amount of Vp is so low that other risk 
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factors such as time on water, duration of cooldown do not affect the probability of illness 

significantly.  Therefore, water temperature of 26 oC can be considered to be a threshold below 

which the probability of illness is substantially less than that at higher water temperatures.  

However, the points corresponding to the probability of illness higher than 0.05 are rare to 

observe and thus, it can not be said that there is a sudden increase in probability of illness after 

26 oC, which would be expected for a typical threshold.  Therefore, though Figure 4-24 can 

indicate the possibility of threshold, whether or not the threshold really exists cannot be 

predicted from this particular scatter plot. 

 

The behavior of the model for different ranges of water temperature can be seen from 

Figure 4-25.  For the temperature range between 23 oC and 27 oC, the probability of illness 

gradually increases to the maximum of 0.001 after 26 oC as seen in Figure 4-25(a).  Between 27 
oC and 28oC, the probability of illness is less than 0.002, but it can increase to 0.005 after 28 oC.  

The probability of illness tends to increase gradually until 31 oC and after that the output drops 

down.  According to the normal distribution specified for water temperature, the values above 32 
oC are less probable and hence, not many points can be observed after 32 oC.  The variability in 

the probability of illness also increased for higher ranges of water temperature. This indicates 

that for higher water temperature, the amount of Vp in oysters is such that other risk factors can 

also have effect on the output and hence, the probability of illness can acquire a range of values. 

 

 The variability in the probability of illness ranges from zero to approximately 0.015 with 

most of the data points clustered at lower values of the probability.  Therefore, a log-linear 

scatter plot was generated to better visualize the trend in the probability of illness with respect to 

input values by reducing the variability along the output axis by taking log of the probability of 

illness values as shown in Figure 4-26 for the example of water temperature.  Log-linear scatter 

plots for other inputs are included in Appendix E. 

 

Similar analysis can be done for scatter plots for other inputs, which are included in 

Appendix F.  For example, for time on water the variability in the output is almost the same over 

the entire range of the input.  Also, the output is clustered at values than 0.005.  There is no 

apparent pattern between time on water and the probability of illness, which indicates that this 
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input may not be a strong risk factor, which is also supported by the results from other sensitivity 

analysis methods used.  For IUR, there is a clear positive relationship of the output with the input.  

The variability in the output also increases for higher values of the input. 

 

 

 

 

 

 

 

 

 

 

Figure 4-26.  Log-linear scatter plot of log of probability of illness versus water temperature. 

 

 

 

 

 

 

 

 

Regression 
Line

-6

-5

-4

-3

-2

-1

0

23 26 29 32
Temperature

Lo
g(

Pr
ob

ab
ilit

y)

 



 126 

5.0 COMPARISON OF METHODS. 

In this section, each of the ten methods are compared based upon four selected criteria:  

(1) applicability of the method; (2) computational intensiveness; (3) ease and clarity in 

representation of sensitivity; and (4) the purpose of the analysis.  A summary of the comparison 

for all ten methods is provided in Table 2.  The results and application issues with respect to case 

study applications of the identified methods are also compared in this section. 

5.1  Applicability for Different Types of Models. 

As indicated in Table 2, some methods can be used only with deterministic models, while 

others require the availability of probabilistic simulation results.  Furthermore, some methods are 

predicated upon an assumption of linearity, such as NRSA.  Similarly, although AD can be 

applied at multiple points in the input variable space, at each specific point it provides a linear 

measure of sensitivity.  Some methods are model dependent, such as regression analysis and 

response surface methods, while the other methods do not require any assumption regarding the 

functional form of the model.  The ∆LOR method and the AD method have specific 

requirements regarding the form of the model output and regarding differentiability of the model, 

respectively.  The FAST method is challenged by the presence of discrete inputs.  

 

Food safety risk models (FSRMs) are nonlinear, contain thresholds, and typically contain 

discrete inputs.  At the same time, FSRMs typically include probabilistic simulations of 

variability and/or uncertainty.  These characteristics suggest potential problems in application of 

NRSA and AD, which are typically deterministic methods that assume linearity, and FAST, 

which has difficulty with discrete inputs.  The large number of inputs to a FSRM may make 

break-even analysis impractical; however, break-even could be applied to a FSRM after a small 

number of most sensitive inputs have been identified using other methods. Methods such as 

ANOVA and MII appear to be most theoretically attractive methods, because they are model 

independent and take into account the simultaneous interaction of all selected model inputs.  

However, MII in particular is computationally intensive.  Thus, it may be useful to develop a 

simplified response surface based upon key inputs identified using less computationally intensive 

methods, and then apply MII to the response surface. 
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The accuracy of a sensitivity analysis method will depend on whether all key 

assumptions of the method hold true for a particular application.  For example, if NRSA is used 

with a model that is not only nonlinear, but also non-monotonic, it may be possible to obtain the 

wrong insight.  As an illustration, suppose that the value of a model output is the same for both 

the low and high values of a given model input, but that the output has a maximum in the middle 

of the range of values for the model input.  NRSA will not reveal any relationship in this case.  

Moreover, in the absence of any other analyses or insights by the analyst, NRSA will not by 

itself reveal its own shortcoming in this case.  In contrast, there are standard diagnostic tests that 

can be used with methods such as regression analysis and ANOVA to determine if key 

assumptions have been violated. 

5.2  Computational Issues. 

FSRMs can be large and computationally intensive.  Therefore, there are incentives to 

identify sensitivity analysis methods that do not introduce substantial additional computational 

burdens.  Some of the methods identified, including regression analysis, ANOVA, and scatter 

plots, can be applied to the results of a probabilistic analysis without need for any additional 

model runs.  This can be useful only if all candidate sensitive variables have been assigned 

distributions in the probabilistic analysis.  Moreover, computational intensity is based not just on 

exercise of the original model, but also upon any additional computations required in applying 

the sensitivity analysis method.  For example, the time to perform an ANOVA calculation will 

be sensitive to the sample size, the number of inputs, and whether there are interactions among 

the inputs.  The time required to prepare scatter plots will depend on the number of pair-wise 

combinations of inputs and outputs that are evaluated.  Commercial software are readily 

available in both of these examples, as well as for other methods such as regression analysis. 

 

NRSA is potentially an easy method to apply if a limited number of inputs are to be 

evaluated.  In a FSRM, there may be some inputs that are not treated probabilistically which 

could potentially be important in determining the model output.  NRSA is in some ways 

preferred over AD methods, because both the sensitivity and possible range of values are taking 

into account in the former, while only local sensitivity is considered in the latter.  
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Aside from computational intensity, another consideration is computational feasibility.  

AD methods can only be applied if the model is locally differentiable.  FAST can encounter 

difficulties with discrete model inputs.  Thus, it is possible that either of these two methods may 

be inapplicable to a particular model, unless the model can be revised to correct for these issues. 

5.3  Ease and Clarity in Representation of Sensitivity. 

Each sensitivity analysis method has its own metric for sensitivity.  There are standard 

numerical ways of representing results for NRSA, ∆LOR, AD, regression analysis, ANOVA, 

FAST, and MII.  For regression and ANOVA based methods, there are statistical measures of 

the significance of the sensitivity indicators (e.g., regression model coefficients, F-ratios) that 

can be used to help distinguish which inputs are insensitive from those that have at least some 

influence on the output.   Regression-based methods also provide information that might help 

distinguish among the statistically significant inputs.  For example, in standardized step-wise 

regression, the magnitude of the regression coefficient and the incremental improvement in the 

R2 value can be compared for different inputs to gain insight into which ones are substantially 

more sensitive than others. In some cases, a model output may have approximately equal 

sensitivity to two or more inputs.  Thus, small differences in the sensitivity indicators may be 

insignificant from a practical, if not statistical, perspective.  As a result, there may be ambiguity 

regarding the rank order of inputs from most sensitive to least sensitive with respect to a given 

output.  

 

For the other methods, such as break-even analysis, RSM, and scatter plots, the 

representation of sensitivity may be less prescribed and more subject to individualized 

presentation and interpretation.  In the case of RSM, the interpretation of sensitivity may be 

based upon examination of the functional form of the response surface, and the values of its 

coefficients.  If a statistical method, such as regression, was used to develop the response 

surface, then there may be statistical measures of the significance of sensitivities between the 

output and one or more inputs (including interaction terms).  The interpretation of break-even 

analysis results typically distills to whether or not a decision is sensitive to the range of 

uncertainty in one or more inputs.  Additional analysis might clarify how sensitive the decision 

may be.  For example, one could estimate the probability that a particular option is not the best 
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one depending on the distribution of uncertainty assigned to one of the key decision inputs.  In 

the case of scatter plots, the interpretation will often be case-specific.  In some situations, clear 

insights may emerge that enable identification of the most important inputs.  

 

Sensitivity analysis methods can be distinguished based upon whether they are local or 

global methods, and regarding whether they focus on one input at a time or take into account 

simultaneous interactions among the inputs. A method that is global and that takes into account 

interactions among multiple inputs may provide more robust insights than methods without these 

features.  NRSA, ∆LOR, and AD are local methods and they do not account for simultaneous 

interactions among the inputs.  Break-even analysis may account for interactions among a small 

number of inputs, conditioned on either point-estimates or distributions for all remaining inputs.  

Thus, break-even analysis is a hybrid of both local and global characteristics.  Regression, 

ANOVA, FAST, MII, RSM, and scatter plots can be applied over a potentially large domain of 

the input parameter space and can be applied taking into account simultaneous variation of 

multiple inputs.  

5.5  Purpose of the Analysis. 

Sensitivity analysis may be performed for a variety of reasons, including identification of 

key inputs and/or exploration of the model response to specific inputs.  The latter can be useful 

to either verification and/or validation of the model.   

 

All of the methods reviewed here have the potential to reveal key sensitivities as long as 

key assumptions for a given method are not grossly violated.  Some methods provide more 

information regarding the nature of the sensitivity than others.  For example, because ANOVA is 

a model-free and nonparametric approach, it only provides indication of a statistical association 

between an output and an input.  MII provides a measure of the information that an input imparts 

to the output.  FAST provides insight regarding the contribution of an input to the variance in the 

output.  None of these methods provide insight into the specific nature of the relationship.  Thus, 

these methods may be helpful in identifying key inputs, and in identifying qualitative features of 

the relationship between an input and an output, but they are less useful in terms of quantitative 

verification and/or validation of a model. 
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In contrast, a technique such as regression analysis or RSM can be used to help find a key 

functional relationship that enables quantitative estimation of how the output changes with 

respect to variation in the input.  Methods such as NRSA, ∆LOR, and AD provide insight 

regarding the local behavior of the model, and thus have the potential to be useful for both 

verification and validation.  Scatter plots may in some sense be the most revealing of possible 

problems in model performance, since no prior assumption is made regarding how the model is 

responding to a given input.   

 

Of course, with simple modifications, some methods can have increased utility as a 

means for verification or validation of model performance.  For example, a strict application of 

NRSA may not take into account nonlinearities in model response.  However, if three or more 

values of a given model input are used to predict the model output, and if all such values are 

displayed graphically, any nonlinearity in the model response can be revealed and compared with 

prior expectations or with validation data. 

5.6  Comparison Based on Case Study Applications of the Methods. 

The sensitivity analysis methods are applied on a food safety risk assessment model.  The 

methods are compared on the basis of the results of sensitivity analysis methods and application 

issues.  The results and application issues are discussed in detail in Section 4.  This section 

underlines key points for comparison. 

  5.6.1  Comparison of the Results. 

Qualitative comparisons of the insights gained from the results and representation of 

sensitivities are given in Sections 5.2 to 5.5. This section compares the results quantitatively.  

Table 5-1 gives a brief overview of ranking of the inputs for the identified sensitivity analysis 

methods.  The detail results are provided in Section 4.  Break-even analysis, RSM, and scatter 

plots cannot be used to rank inputs because these methods are not typical sensitivity analysis 

methods that estimate sensitivity of each input.  For rest of the methods, separate sections are 

used to discuss the rank ordering of key inputs in more detail. 
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The new input, IUR corresponding to variation in the time oysters are left unrefrigerated is 

ranked as the most important input for most of the methods.  The ranking of IUR fluctuates 

between 1 and 3.  The new input IG is consistently ranked as the least important input except for 

MII.  Time on water also is one of the least important inputs except for differential sensitivity.  

Therefore, small fluctuations in the nominal value of time on water when other inputs are 

constant are important.  Sensitivity of water temperatures is usually higher.  Ranking of 

difference in air and water temperature varies between 4 and 8.  The number of oysters per meal, 

length of refrigeration, and duration of cooldown are generally ranked in the middle order.  

Pathogenic fraction of Vp is ranked in the lower half of the list.   

  5.6.1.1  Comparison for Nominal Range Sensitivity Analysis. 

The NRSA implies a clear difference in sensitivities between IUR and IG since the 

sensitivity is approximately a factor of 20 larger for the former than for the later.  However, 

among the top three inputs, the sensitivity varies by only approximately a factor of 1.5.  If the 

model was linear and if the ranges were specified properly, then we would conclude that this is a 

significant difference.  Assuming that the ranges are properly specified, nonetheless the model is 

nonlinear.  Therefore, it is possible that the use of a sensitivity analysis method based upon a 

linear assumption may not yield accurate results.  Because of the nonlinearity of the model, it is 

not clear if a modest difference in sensitivity values is substantial enough to rank order the 

importance of each input without ambiguity or possible error.  In this particular case, however, 

the top ranked input was also ranked highest by four other methods, including three which 

account for simultaneous variation in inputs.  Also, the response of the model to IUR is linear in 

the case of ∆LOR which ranks IUR as the top input; therefore, the ranking of IUR as the most 

important input by using NRSA can be considered robust.  The input ranked second most 

important using NRSA was ranked in the top three by all of the other methods.  The third ranked 

input based on NRSA was ranked three or higher by four other methods.  Thus, the top three 

inputs identified by NRSA appear to agree reasonably well with top inputs identified by other 

methods. 
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Table 5-1.  Comparison of Ranking of Inputs According to Sensitivity Analysis Methods 

 

Inputs NRSA ∆∆∆∆LOR Differential SAa Regressionb ANOVA FASTc MII 

Water temperature  4.4 (2) 1.4 (2) 18.1 (1) 0.43 (2) 359 (1) 0.345 (3) 10.9 (3) 

Time on water  1.1 (8) 0.6 (8) 2.1 (2) 0.13 (8) 29 (8) 0.308 (6) 1.34 (9) 

New input, IUR  5.5 (1) 1.6 (1) 1.9 (3) 0.56 (1) 336 (3) 0.721 (1) 45 (1) 

Difference in air-water temp 2.1 (5) 0.8 (6) 0.6 (8) 0.24 (7) 147 (4) 0.330 (4) 2.1 (8) 

Oysters per meal  3.5 (3) 1.4 (3) 1.0 (5) 0.39 (3) 341 (2) 0.323 (5) 21.2 (2) 

Duration of cooldown 2.5 (4) 0.9 (5) 1.0 (5) 0.36 (4) 130 (5) 0.404 (2) 3.9 (6) 

Length of refrigeration -1.8 (5) -1.3 (4) 1.3 (4) -0.28 (5) 96 (7) 0.259 (7) 8.2 (4) 

Fraction pathogenic  1.5 (7) 0.76 (6) -0.9 (7) 0.24 (6) 121 (6) 0.0929 (8) 6.9 (5) 

New input, IG 0.26 (9) 0.13 (9) 0 (9) 0.05 (9) 5 (9) 0.0623 (9) 3.8 (7) 
a  For ± 1% change in the nominal values 
b  Results of rank order regression 
c  Total order FAST sensitivity indices 
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  In comparing third and fourth highest ranked inputs identified by NRSA, it appears that 

the difference in sensitivities between the two (3.5 and 2.5, respectively) may not be substantial.  

For example, these two inputs are sometimes ranked essentially the same by other methods (e.g., 

∆LOR and arguable regression analysis) or the order is reversed in the case of FAST.  Similarly, 

when the inputs ranked fourth and fifth for NRSA are compared to their ranking from other 

methods, their rank order is reversed for three of the other six methods.  For example, the 

duration of cooldown is ranked as more sensitive than the length of refrigeration by NRSA, but 

these two inputs have the opposite order for ∆LOR, differential SA, and MII.  This comparison 

suggests that a difference of only 0.4 may not be meaningful and that these two inputs have 

approximately the same importance. 

 

 In addition to identifying the most important inputs, it is helpful to clearly identify the 

least important input so that resources need not be wasted on refining them.  The least important 

input identified by NRSA, IG, was also ranked lowest by five of the other methods.  For MII, IG 

was ranked higher than two other inputs but may not be substantially more important than either.  

  5.6.1.2  Comparison for Difference in Log Odds Ratio. 

 In the case of ∆LOR method, the sensitivities vary by a factor of approximately 12.  Also 

as seen in Appendix B, the variation of the output in terms of LOR is reasonably linear (or not 

strongly nonlinear) for most of the inputs.  Therefore, assuming that the ranges of inputs are 

properly specified, the ranking will be reasonably robust for the nonlinear model.  Hence, a 

modest difference in sensitivities can be assumed to be sufficient to discriminate between 

sensitivities.  Water temperature and oysters per meal are ranked second and these two are also 

ranked in top three by other four methods.  Therefore, ranking of top inputs agrees well with 

other methods. 

 

 The fourth and fifth highest inputs are also rank ordered similarly for differential SA and 

arguably NRSA as discussed before and the rank ordering is reversed for ANOVA and FAST.  

Regression analysis and MII also rank length of refrigeration as more sensitive than duration of 

cooldown.  Therefore, the rank ordering of these two inputs can be considered to agree 

reasonably with four other methods.  The sixth ranked input is ranked similarly for other four 
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methods.  This input is ranked higher at number five for MII but it may not be different from the 

sixth ranked input according to MII.  The FAST ranks the input ranked sixth by ∆LOR as the one 

of the least important inputs.  Therefore, the rank ordering of pathogenic fraction of Vp can be 

considered to agree reasonably well with at least five other methods.  The difference in air and 

water temperature is also ranked more important than time on water and IG using ∆LOR which is 

the case for other five methods as well.  Also, the two least important inputs identified in DLOR 

are also ranked lowest by four other methods.  Therefore, the rank ordering of all inputs using 

∆LOR seems to agree reasonable well with majority of other methods. 

  5.6.1.3  Comparison for Differential Sensitivity Analysis. 

 The sensitivities in the case of differential SA vary by approximately a factor of 20.  The 

top most important input has a substantially higher sensitivity approximately at least nine times 

higher than other inputs.  However, the sensitivities of other eight inputs vary only by a factor of 

approximately 2.  The second most important input identified by differential SA is identified as 

one of the least important inputs by five other methods.  The higher sensitivity of time on water 

in the case of differential SA may be the indication that the output is more sensitive to local 

perturbation in this input than to the range of variation of the input. 

 

As only local effects are evaluated, differential SA method is not representative of the 

likely range of variation and hence, cannot provide a direct indication of key sensitivities 

especially for the nonlinear model.  Therefore, it is difficult to clearly determine the difference 

between key sensitivities.  Therefore, a small difference of one or two units in sensitivities may 

not be sufficient to discriminate between inputs.  The third ranked input is consistently ranked as 

the most important input by five other methods.  The number of oysters per meal ranked fifth 

using differential SA is ranked in top three by five other methods.  Differential SA could not 

identify the least important inputs identified by other methods.  Therefore, the rank ordering of 

input using differential SA seems not to agree well with most of other methods and the 

difference between sensitivities for all inputs except water temperature cannot be considered to 

be sufficiently high to discriminate between them. 
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  5.6.1.4  Comparison for Rank Regression Analysis. 

The rank regression analysis identifies the top three inputs similar to most of the other 

methods with IUR being the most sensitive one.  The sensitivities of the most and least important 

inputs differ by a factor of 10.  The sensitivities of top three inputs vary approximately only by a 

factor of 1.4.  It is not clear whether all the assumptions of regression are rigorously followed in 

this analysis and it is reasonable to assume that not all assumptions are followed.  Therefore, the 

sensitivities of top three inputs cannot really be discriminated from each other without any 

possible error with such a small variation in their sensitivities. 

 

The difference between third and fourth ranked inputs according to rank regression does 

not seem sufficiently high to consider them different.  For example, the rank ordering of third 

and fourth highest inputs is reversed for FAST and the difference between the sensitivities of 

these two inputs is considerably higher for MII.  Similarly the difference in sensitivities of the 

fifth and sixth highest inputs does not seem sufficiently large to discriminate between them as 

the sensitivities vary by only a factor of 1.2.  The eight and ninth ranked inputs are also ranked 

similar for five other methods.  Thus, these inputs can be discriminated from the sixth or seventh 

highest input.  The sensitivities of sixth and eight ranked inputs vary by a factor of 2.  Therefore, 

a difference in sensitivities by a factor at least 2 or more can be assumed to be sufficient in this 

case to discriminate between sensitivities.  Hence, for regression analysis, only the groups of top 

three inputs, fourth to sixth ranked inputs, and the two least important inputs can be 

discriminated from each other. 

  5.6.1.5  Comparison for Analysis of Variance. 

Similar to regression analysis, ANOVA is also conditioned upon the fact that all 

assumptions of ANOVA are followed, which is difficult to determine.  The F values are not an 

accurate measure of exact amount of variation in the output due to each.  Therefore, if the 

difference in the sensitivities of inputs is not much different from each other, then the 

sensitivities of these inputs cannot be discriminated clearly.  ANOVA implies a clear difference 

in sensitivities between water temperature and IG since the sensitivity is approximately a factor 

of 70 larger for the former than for the later.  However, the sensitivities for the top three inputs 
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vary by only a factor of 1.1.  Therefore, it is not possible to clearly discriminate between the 

sensitivities of the top three inputs and these sensitivities can be essentially treated as equal. 

 

It may be possible to discriminate between the third and fourth ranked input because their 

sensitivities differ by a factor of approximate 2.5.  The fourth ranked input is ranked similarly for 

two other methods and it is ranked lower than five for four other methods.  Therefore, it is 

reasonable to assume that sensitivities of the third and fourth ranked inputs differ.  The rank 

ordering of the fourth and fifth input according to ANOVA is reversed for all other methods.  

The sensitivities of these two inputs vary by less than a factor of 1.  Therefore, the difference 

between the sensitivities of fourth and fifth highest inputs is not sufficient to discriminate 

between them.  Similarly, for the fifth and sixth ranked inputs the difference in sensitivities does 

not seem sufficiently higher to clearly discriminate between them.  The seventh ranked input is 

usually ranked fifth or higher for other methods.  The difference in F values for the sixth and 

fifth ranked inputs is only 9 (or the sensitivities vary only by a factor of 0.9).  Therefore, it seems 

that the sensitivity of seventh ranked input cannot be distinguished as different from the sixth or 

fifth ranked input.   Hence, the ranks of fourth to seventh highest inputs identified by ANOVA 

are essentially equal.  ANOVA clearly identifies time on water and IG as the least sensitive 

inputs. 

5.6.1.6  Comparison for Fourier Amplitude Sensitivity Test. 

IUR can be clearly distinguished from IG as their sensitivities differ by a factor of 11.  

Also, IUR is identified as the most important input and IG is identified as the least sensitive one 

for other five methods as well.  Duration of cooldown is ranked second for FAST, whereas it is 

consistently ranked lower than four for all other methods.  The second and third ranked inputs 

differ only by a factor of 1.2.  Similarly, the sensitivities of the fourth, fifth, and sixth ranked 

inputs vary by only a factor of approximately one and thus, cannot be discriminated clearly.  The 

seventh ranked input by FAST is usually ranked higher for other methods.  Hence, the 

sensitivities of second to seventh ranked inputs are essentially the same and cannot be clearly 

distinguished from each other.  The eighth ranked input differs from the seventh ranked input by 

a factor of 3.  This input is also ranked lower than six for other methods.  Therefore, it is 

reasonable to assume that the sensitivity of the eighth ranked input can be differentiated from 

that for other inputs.  The sensitivities of the ninth and eighth ranked inputs are essentially the 



 137 

same.  Moreover, the ninth ranked input is also identified as the least important inputs for four 

other methods.  

  5.6.1.7  Comparison for Mutual Information Index. 

 Because of different random seed used in multiple simulations, it is difficult to 

discriminate between sensitivities without any ambiguity or possible error especially if the 

difference between them is not substantially large.  IUR is identified as the most important input 

which is commensurate with the results from five other methods.  The number of oysters per 

meal and water temperature are also identified in the top by MII similar to other methods.  

Therefore, it is reasonable to assume that the ranking of these three inputs as the top three most 

important inputs is robust.  The sensitivity measures using MII differ by a factor of 

approximately 8 from the most important to the least important input. 

  

 Though the sensitivity of length of refrigeration differs from the third ranked input only 

by a factor of 1.3, it is reasonable to assume that sensitivities of these two inputs are different 

based on the fact that sensitivity of length of refrigeration is always lower than the water 

temperature for all other methods.  The ranking of fifth and sixth ranked inputs is reversed for all 

other methods.  Therefore, it is concluded that the difference in sensitivities of fifth and sixth 

ranked inputs is not sufficiently high to discriminate between them.  Also, the sensitivities of 

sixth and seventh ranked inputs according to MII are essentially the same.  The rank order of 

seventh and eighth ranked inputs from MII is also reversed for all other methods.  Thus, the 

sensitivities of fifth to eighth ranked inputs are considered to be essentially the same.  Time on 

water is ranked as the least important input by MII, which is in reasonable agreement with the 

results from four other methods. 

 

 Overall, it appears that IUR, water temperature, and the number of oysters per meal are 

identified as the three most important inputs.  Five of the seven methods have these as the top 

three ranked inputs.  Two methods, differential SA, and FAST did not rank all three of these 

inputs as the top three.  In the case of differential SA, the reason that the number of oysters per 

meal was not in top three is that the ranking is not robust for nonlinear models.  In the case of 

FAST, the number of oysters per meal had a sensitivity measure of 0.11 and was ranked fifth.  
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However, this sensitivity measure does not differ much from the third ranked input, which is 

water temperature with sensitivity measure of 0.12. 

  5.6.2  Comparison of the Application Issues. 

 Sensitivity analysis methods are faced with application issues such as, modifying the risk 

assessment model, using alternative input distributions, making simplifying assumptions, and 

others.  Based on the discussion in Section 4, such specific issues with respect to the application 

of the methods on the Vp model are compared in brief here. 

 

The original Vp model needs to be modified so that independent inputs can be clearly 

separated and analyzed using sensitivity analysis.  In the case of a bigger and more complex 

model than the Vp model, this task can be tedious and difficult.  Thus, it is important to model 

inputs as independent during model formulation.  For deterministic analysis, the @RISK 

functions defined in the Vp model need to be changed to the functions that can be used in 

EXCEL.  Though it is a simpler task, it may consume time depending on the size of the model.  

Model modification is essential for mathematical methods such as NRSA, ∆LOR, and 

differential analysis, and for statistical methods such as, regression analysis and ANOVA which 

require inputs to be independent.  In the case of break-even analysis, the break-even points can 

be difficult to obtain mainly because of the non-linear interactions. 

 

The input data needs to be normalized for evaluating standardized regression coefficients, 

which necessitates additional computations.  ANOVA and regression analysis are fairly easy to 

implement using software such as SAS or SPLUS.  For these two methods, as the number of 

inputs increases, the analyses gets more complex and time consuming.  The time taken by 

ANOVA is more than that for regression analysis because ANOVA is an iterative process where 

insignificant inputs are dropped and the analysis is rerun until all inputs included in the analysis 

are significant.  For example, in this case study application time taken for regression was of 

approximately 3 minutes but in the case of ANOVA two runs are required before all inputs were 

observed to be significant taking approximately 15 minutes to do the whole analysis.  In the case 

of RSM, the complexity of the methods permits inclusion of only a few inputs.  The time 

requirement is also based on the number of sample values of inputs that are used to fit the RS.  
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For example, if the number of samples of input values is increased from 500 to 5000, then the 

time requirement to fit RSM increases almost forty folds.  Here, approximately 80 minutes were 

required for RSM with sample size of 5000. 

 

Software used for the FAST method, Simlab, necessitated the modification of the model 

so that only basic mathematical operations are used.  Alternatively, to run the original model 

without any modification, additional coding would be required to link Simlab with the original 

model.  Only the distributions that are available in Simlab can be used to specify input 

distributions, but it may be possible to use the simulated data for inputs from some other 

software in Simlab instead of specifying input distributions in Simlab.  The procedure for the 

same is not explicitly mentioned in SPLUS (2000).  Therefore, alternative distributions need to 

be identified for a few inputs such as time on water, length of refrigeration, and others.  The 

FAST method is model independent and is faster than other methods because only one set of 

runs is required to evaluate both, the sensitivity of individual inputs and the sensitivity for the 

joint effect of all inputs.  It usually takes only a few minutes once the model is setup up in 

Simlab. 

 

MII is very tedious to do manually.  The MII method uses multiple simulations and if 

random seeds for these simulations are different, then the results of the MII method may not be 

robust for a smaller number of runs, such as 5000 used in this analysis.  Therefore, the use of a 

larger number of runs, such as 20,000 or 50,000 runs, may give more robust results.  MII is very 

time consuming even with fewer model runs; hence, if simulations with a larger number of runs 

are used then the time requirement may be prohibitive.  For example, with 5000 runs in a 

simulation, approximately 10 hours were taken to calculate sensitivities manually using the MII 

method.   

 

Time requirements to generate scatter plots can be lower for software such as SPLUS.  It 

may be required to divide the generated scatter plot into different scatter plots, each representing 

a different range of the input values for better visualization of the scatter within specific input 

ranges.  In such cases, the scatter plots needs to be divided into different scatter plots by 

manually adjusting the range of axis, which may consume additional time besides the time spent 
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in generating the root scatter plot by software such as SPLUS.  For example, in this case study 

application, it took approximately 5 minutes to generate scatter plots for all nine inputs.  When 

these nine scatter plots were divided into four scatter plots each for better visualization of scatter, 

approximately 30 additional minutes were spent in generating additional (9 X 4 =) 36 plots. 

  

5.7  Summary of the Qualitative Comparison of Sensitivity Analysis Methods. 

A summary of the comparison of sensitivity analysis methods is given in Table 5-2.  For 

each method, a brief summary of the applicability, computational issues, communication of 

results, and use or key insight is provided. 

 

For the case study application of the Vp model, all methods provide similar rank ordering 

of key inputs.  However, such similarity of results may not be possible with other refined 

FSRMs.  Based on qualitative review of these methods, there may not be a single method that is 

clearly superior with respect to application to refined FSRMs.  Because such models are 

nonlinear with thresholds, it is possible that methods based upon linear approximations or local 

sensitivity of individual inputs, including nominal range sensitivity analysis, ∆LOR, and AD, 

may not provide robust insights.  Methods, such as regression analysis, ANOVA, RSM, FAST, 

and MII are better able to deal with the joint effect of multiple inputs.  However, regression 

analysis and RSM require assumptions about the functional forms of relationships to use.  

ANOVA, FAST and MII are model independent methods.  Because FSRMs typically include 

many discrete inputs, FAST may not be able to provide reliable results because of the possibility 

of getting discrepancy in the output values which, in tern, would affect the accuracy of Fourier 

coefficients.  However, discrete distributions can be approximated in the FAST analysis as 

continuous distributions only between a few ranges of inputs as done in the case study 

application presented in this report. 
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Table 5-2.   Overview of Comparison of the Methods 

Methods Applicability Computational Issues Representation of Sensitivity Best Use of Methods 
Nominal 
Range 
Sensitivity 
Analysis 

Deterministic 
model. 

Need nominal range for each input, 
potentially time consuming. 

Ratios, percentages.  Does not include 
effect of interactions or correlated 
inputs.  Easy to understand. 

Key inputs for linear 
models, verification 
and validation. 

∆∆∆∆LOR Deterministic 
model with output 
as a probability. 

Need nominal range for each input, 
potentially time consuming. 

Ratios, percentages.  Does not include 
effect of interactions or correlated 
inputs.  Easy to understand. 

Key inputs for linear 
models, verification 
and validation. 

Breakeven 
Analysis 

Models used to 
choose among 
alternatives. 

Complex for model with many decision 
options and/or more than two inputs, 
potentially time consuming. 

Graphical representation. Robustness of 
solution. 

AD Locally different- 
tiable models. 

Require specific software (e.g., 
ADIFOR) 

Local sensitivity measures, such as 
sensitivity coefficients 

Potential key inputs, 
verification. 

Regression To results from 
probabilistic 
simulation 

Must specify functional form, 
computation time and value of solution 
depends on specific techniques used.  

R2, t-ratios for regression coefficients, 
standard regression coefficients, and 
others. 

key inputs, joint 
effect of multiple 
inputs, verification. 

ANOVA 
(MF)a 

Probabilistic 
models 

Time consuming for a large number of 
inputs with interactions. 

F-value, Tukey test coefficients, and 
other that are calculated at different 
stages of ANOVA. 

key inputs, joint 
effect of multiple 
inputs, verification. 

RSM Any deterministic 
model 

Developed using a variety of techniques, 
some require functional forms, others do 
not; may require extensive runs to 
generate a calibration data set. 

Graphical, evaluation of functional 
form, method-dependent measures. 
 

Model of models, 
used with other SA 
methods to save time. 

FAST 
(MF) 

Probabilistic 
models 

Better with no interactions/higher order 
input. Caution against discrete inputs. 

Portion of output variance attributable 
to each input 

Key inputs including 
combined effect, 
verification.  

MII 
(MF) 

Probabilistic 
model. 

Complex, no computer code available, 
Time consuming. 

Amount of "mutual information" about 
the output provided my each input, also 
graphs of intermediate stages. 

Key inputs including 
combined effect. 

Scatter 
Plots 
(MF) 

Probabilistic 
model. 

Easy, time requirement depends on the 
number of input/outputs. 

Graphical, no quantitative sensitivity. Verification and 
validation. 

a  denotes a model-independent approach
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6.0 CONCLUSION AND RECOMENDATIONS. 

There are a large number of sensitivity analysis methods used in a variety of disciplines.  

Only ten such methods have been identified and evaluated here.  The methods were selected 

based upon a judgment that they are widely used and of potential relevance to FSRMs.  Each 

method was characterized individually, and the methods were compared on the basis of four 

criteria. 

 

There is no single method that is clearly superior to all others.  Each method has its own 

key assumptions and limitations.  Each method has its own demands regarding the time and 

effort to apply the method and interpret the results.  Each method has strengths and limitations 

regarding the type of insight that it can provide.  FSRMs have important features that, taken 

individually, favor one method over another.  However, when taken in aggregate, there is not one 

obvious best method. 

 

An iterative approach to sensitivity analysis is likely to be needed for most FSRMs.  In 

the iterative approach, one or more methods that are not computationally intensive can be used to 

make a preliminary identification not only of the most important sensitive inputs, but also of the 

least important inputs.  Subsequently, more refined and/or computationally intensive sensitivity 

analysis methods can be applied only to the subset of inputs that appear to be most important or 

that a particular method can easily address.   

 

Because each sensitivity analysis methods is typically based upon a different assumption 

regarding appropriate ways of measuring sensitivity, it is possible that two different methods 

may lead to different insights regarding key inputs.  Thus, a general recommendation is to use 

these methods on different refined food safety models to compare the sensitivity analysis 

methods in more detail. 

 

It is recommended that before applying sensitivity analysis to any model, it can be 

helpful to check whether the inputs included in the model are independent and whether 

intermediate variable in the model are specified entirely in terms of independent inputs as in the 
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case of Vp model here.  Also, in the future model development, if the inputs are modeled as 

independent, then it would help proper sensitivity analysis without any need to modify the 

model. 

 

In the Vp model, the probability of illness varies linearly with respect to three of the nine 

inputs and for the remaining six methods the nonlinearity is modest as seen from Figures B-1 to 

B-9 in Appendix B.  Therefore, it seems that the Vp model is "less nonlinear" than what is 

expected or argued for typical FSRMs.  Also from the scatter plots for the inputs, there is no 

substantial evidence for thresholds.  This can be the probable cause of the ranking of inputs 

being reasonably similar for most of the methods even though the methods provide different 

information about sensitivities such as joint effect versus individual effect of inputs, and 

consideration of variance in inputs versus range of variation in inputs.  However, it may not be 

the case that for a more intensive and complex model than the Vp model, rank ordering of inputs 

is similar for most of the methods.  Therefore, it is recommended that generally more than two 

sensitivity analysis methods should be applied in order to compare the results of each method 

and draw conclusions about the robustness of rank ordering of key inputs. 

 

For the Vp model, the variation in the LOR of illness is almost linear for all of the inputs.  

Therefore, the Vp model can be considered linear when the output of probability of illness is 

transformed into LOR of illness.  The ∆LOR method is also observed to provide rank ordering of 

inputs that agree fairly well with other methods.  Therefore, it seems that LOR transformation of 

probability can be a useful aid in applying sensitivity analysis to nonlinear models.  It is 

recommended that, if possible, the model output in terms of LOR should be checked for linear or 

nonlinear behavior for more complex FSRMs than the Vp model.  If the model response is 

reasonable linear, then ∆LOR can be expected to give robust rank ordering. 

 

The potential approaches for sensitivity analysis or uses of sensitivity analysis with 

respect to complex FSRMs that can be considered in the future study of sensitivity analysis 

methods are discussed in the following paragraphs. 
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Typical FSRMs consider various stages in the farm-to-table continuum as different 

modules of the model to estimate the risk.  There can be several pathways of exposure of 

contamination corresponding to each module.  Each of these pathways can be a potential critical 

control point.  Each of these pathways can depend upon several risk factors which again have 

potential to be identified as CCPs.  However, for ease in the modeling not all risk factors are 

modeled as individual inputs.  Usually a few "similar" types of risk factors for a specific pathway 

can be grouped together to give a single risk factor.  This is referred to as aggregation of inputs 

or risk factors.  For example, aggregation from individual animals to herds.  Pathways can be 

grouped together to give a single risk factor corresponding to several pathways.  Therefore, in 

FSRMs, there can be aggregation of several inputs corresponding to each pathway of exposure or 

corresponding to several pathways of exposure.  In general, a typical FSRM can be considered to 

be a set of several modules that are linked with each other and can have aggregation of a few 

"potential" CCPs. 

 

Because of aggregation, not all possible critical control points are included individually 

in the model and hence, the application of sensitivity analysis cannot reveal the importance of 

individual critical control points.  However, the sensitivity analysis can evaluate the important of 

aggregated inputs.  A "stepwise" approach of sensitivity analysis described below is can be used 

to evaluate importance of potential CCPs. 

 

Each module in the model usually uses the outputs from some other module as inputs.  

Therefore, conceptually each module can be considered to be a model in itself.  Sensitivity 

analysis can be first applied to the module that evaluates the public health impact or that 

characterizes the risk.  The results of this sensitivity analysis can identify important inputs or 

critical control point specific to this module.  Some of these inputs can actually be outputs from 

other modules.  In the second step, sensitivity analysis can be done for the outputs of other 

modules that were identified as important in the first step.  Therefore, in the second step we can 

get relative importance of critical control points or other inputs that were not included "directly" 

in the first step.  Using similar steps, the important inputs can be backtracked till all aggregations 

are separated as individual inputs or individual CCPs. 
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Though this approach seems theoretically straightforward, it may not be easy to 

implement due to complex nature of FSRMs.  The aggregation cannot always be separated down 

to individual inputs because aggregations are not always achieved mathematically.  Aggregations 

can be simply a matter of judgment; therefore, information needed to quantitatively analyze the 

inputs that contribute to the aggregated input may not be available.  Usually a typical complex 

FSRM can have a large number of pathways for contamination.  Therefore, the number of steps 

of sensitivity analysis required to evaluate the importance of individual CCPs can explode 

combinatorially with increasing numbers of aggregations and pathways. 

 

The FSRMs can also contain some thresholds for a few inputs.  For example, the number 

of pathogens can increase steeply once a threshold temperature is crossed, but the number of 

pathogens will not change much below this threshold value.  Therefore, the risk may also change 

substantially after a threshold is crossed.  It is recommended that sensitivities be evaluated for 

two different input ranges corresponding to before and after threshold zones as shown in Figure 

6-1.  However, it may also be possible that the variance based method can capture the threshold 

effect because they consider many values over the entire range of inputs. 

 

 

 

 

 

 

 

 

 

 

 

Figure 6-1.  Suggested sensitivity analysis approach in the case of threshold.
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APPENDIX A.  THE ORIGINAL AND MODIFIED VP RISK ASSESSMENT MODELS 

 

Terminology of Inputs. 

TW = Water Temperature (oC) 

tW = Time on Water (hrs.) 

tUR = Unrefrigerated Time (input for the original Vp model) (hrs.) 

IUR = New input for Unrefrigerated Time (input for the modified Vp model) 

TAW = Difference in Air and Water Temperature (oC) 

OM = The Number of Oysters per Meal 

D = Duration of Cooldown (hrs.) 

tR = Length of Refrigeration (days) 

f = Fraction of Pathogenic Vp 

GO = Grams of Oysters Consumed per Meal (input for the original Vp model) (g) 

IG = New input for Grams of Oysters per Meal (input for the modified Vp model) 

 

(Inputs to the modified model and their nomenclature also are given in Table 4-1.) 

 

The Original Vp Model. 

Possible Log Vp in the in the water (Lwp)  =  -1.03 + 0.12 X Tw + Normal (0,0.886) 

 

Log Vp in the water (Lw)  =  If (Lwp > 6), then (Lw = 6) or else (Lw = Lwp) 

 

Air Temperature (TA) = TW + TAW 

 

Maximum Growth Rate  =  {0.0356 X ((273 + TA) - 278.5) 

of Vp in Oysters (GRM) X (1 - e 0.34 X ((273+T
A

)-319.6) ) X (0.985-0.921)1/2  

X (1 - e 263.64X (0.985-0.998))1/2}2 

 

Growth Rate in Oysters (GR, logs/hrs)  =  If (GRM > 0), then (GR = 60 X GRM / 4.693 /  

Loge10) or else (GRM = 0) 
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Unrefrigerated Time (tUR) = Uniform (1, tW)  

 … Specified as an input but actually it is an 

intermediate variable 

 

Growth of Vp in Harvesting (GH)  =  Minimum of (6 - LW) and (GR X tUR) 

 

Vp Count at the End of Harvesting (VH)  =  If ((LW + GH) > 6), then (VH = 6)  

or else (VH = LW + GH) 

 

Growth of Vp During Cooldown (GCD)  =  Minimum of (6- VH) and (GR X (D+1)/2) 

 

Vp Count at the End of Cooldown (VCD)  =  If ((GCD + VH ) > 6), then (VCD = 6)  

or else (VCD = GCD + VH) 

 

Vp Level After Die-Off During Refrigeration (VR) = VCD - 0.0027 X 24 X tR 

 

Grams of Oysters Consumed (GO)  =  Maximum of  

{Minimum of  

Normal (26OM, 7.3OM
1/2) and  

(OM * 35)} and  

  {OM *15}   

… Specified as an input but actually it is an  

 intermediate variable 

 

Total Vp Exposure per Meal (E)  =  10
V

R X GO 

 

Pathogenic Vp Consumed (Vpath)  =  Poisson (E X f) 

   =  If Poisson (E X f) < 0.0001, then Vpath = 0  

 or else Vpath = Log10 (Poisson (E X f)) 

 

Probability of Illness (P)   =  1 - (1 + 10(Vpath-6) / 3.3286)(-0.2234) 
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The Modified Vp Model (Case 1). 

Possible Log Vp in the in the water (Lwp)  =  -1.03 + 0.12 X Tw  

 

Log Vp in the water (Lw)  =  If (Lwp > 6), then (Lw = 6) or else (Lw = Lwp) 

 

Air Temperature (TA)   =  TAW + TW      

 

Maximum Growth Rate  =  {0.0356 X ((273 + TA) - 278.5) 

of Vp in Oysters (GRM) X (1 - e 0.34 X ((273+T
A

)-319.6) ) X (0.985-0.921)1/2  

X (1 - e 263.64X (0.985-0.998))1/2}2 

 

Growth Rate in Oysters (GR, logs/hrs)  =  If (GRM > 0), then (GR = 60 X GRM / 4.693 /  

Loge10) or else (GRM = 0) 

 

Unrefrigerated Time (tUR)  =  1 + (tW - 1) X IUR  … modification 

 

Growth of Vp in Harvesting (GH)  =  Minimum of (6 - LW) and (GR X tUR) 

 

Vp Count at the End of Harvesting (VH)  =  If ((LW + GH) > 6), then (VH = 6)  

or else (VH = LW + GH) 

 

Growth of Vp During Cooldown (GCD)  =  Minimum of (6- VH) and (GR X (D+1)/2) 

 

Vp Count at the End of Cooldown (VCD)  =  If ((GCD + VH ) > 6), then (VCD = 6)  

or else (VCD = GCD + VH) 

 

Vp Level After Die-Off During Refrigeration (VR) = VCD - 0.0027 X 24 X tR 
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Grams of Oysters Consumed (GO)  =  Maximum of  

{Minimum of  

(26OM + IG OM
1/2) and  

(OM * 35)} and  

{OM *15}  … modification 

 

Total Vp Exposure per Meal (E)  =  10
V

R X GO 

 

Pathogenic Vp Consumed (Vpath)  =  E X f 

   =  If (E X f) < 0.0001, then Vpath = 0  

 or else Vpath = Log10 (E X f)  

    … modification 

 

Probability of Illness (P)    = 1 - (1 + 10(Vpath-6) / 3.3286)(-0.2234) 

 

 

Modified Model for Simlab (Case 2). 

Possible Log Vp in the in the water (Lwp)  =  -1.03 + 0.12 * Tw  

 

Log Vp in the water (Lw)  =  Lwp  … modification from Case 1 model 

 

Air Temperature (TA)  =  TAW  + TW    

 

Maximum Growth Rate  =  {0.0356 X ((273 + TA) - 278.5) 

of Vp in Oysters (GRM) X (1 - e 0.34 X ((273+T
A

)-319.6) ) X (0.985-0.921)1/2  

X (1 - e 263.64X (0.985-0.998))1/2}2 

Growth Rate in Oysters (GR, logs/hrs)  =  60 X GRM / 4.693 / Loge10 … modification 

 

Time on Water (tW) = BETA (3.7295, 2.3363, 4.9521, 10.995) 

  … Alternative fitted distribution to the input 
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Unrefrigerated Time (tUR)  =  1 + (tW - 1) IUR 

 

Growth of Vp in Harvesting (GH)  =  GRM X tUR  … modification  

 

Vp Count at the End of Harvesting (VH)  =   LW + GH … modification  

 

Growth of Vp During Cooldown (GCD)  =  GRM X (D+1)/2 … modification  

 

Vp Count at the End of Cooldown (VCD)  =  GCD + VH … modification 

 

Length of refrigeration (tR) = Lognormal (2.412,0.7494) 

  … Alternative fitted distribution to the input 

 

Vp Level After Die-Off During Refrigeration (VR) = VCD - 0.0027 X 24 X tR 

 

The Number of Oysters per Meal (OM) = Lognormal (2.412,0.7494) 

  … Alternative fitted distribution to the input 

 

Grams of Oysters Consumed (GO)  =  26OM + IG OM
1/2 … modification 

 

Total Vp Exposure per Meal (E)  =  10
V

R X GO 

 

Pathogenic Vp Consumed (Vpath) =   Log10 (E X f)  … modification 

 

Probability of Illness (P)   =  1 - (1 + 10(Vpath-6) / 3.3286)(-0.2234)
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APPENDIX B.  MODEL RESPONSES FOR VARIATION IN INPUTS. 

The variation in the probability of illness and the LOR of illness according to variation in 

each input when other inputs are held constant at their nominal values are plotted.  These model 

responses can be used to gain insight into model behavior. 

 

 

 

 

 

 

 

 

 

 

Figure B-1.  Variation in the probability of illness versus variation in LOR for water temperature. 

 

 

 

 

 

 

 

 

 

 

 

Figure B-2.  Variation in the probability of illness versus variation in LOR for time on water. 
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Figure B-3.  Variation in the probability of illness versus variation in LOR for IUR. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure B-4.  Variation in the probability of illness versus variation in LOR for difference in air 

and water temperature. 
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Figure B-5.  Variation in the probability of illness versus variation in LOR for the number of 

oysters per meal. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure B-6.  Variation in the probability of illness versus variation in LOR for duration of 

cooldown. 

 

 

 

-5

-4

-3

-2

-1

0

1 3 5 7 9

Duration of Cooldown

LO
R

0

0.0002

0.0004

0.0006

0.0008

0.001

Pr
ob

ab
ilit

y

LOR
Pr

 



 167 

-5

-4

-3

-2

-1

0

1.00 5.44 9.89 14.33 18.78

Length of Refrigeration

LO
R

0

0.0002

0.0004

0.0006

0.0008

Pr
ob

ab
ilit

y

LOR
Pr

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure B-7.  Variation in the probability of illness versus variation in LOR for length of 

refrigeration. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure B-8.  Variation in the probability of illness versus variation in LOR for pathogenic 

fraction of Vp. 
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Figure B-9.  Variation in the probability of illness versus variation in LOR for IG. 
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APPENDIX C.  SAS PROGRAM AND OUTPUT FOR STEPWISE REGRESSION 

ANALYSIS 

SAS Program of Stepwise Regression Analysis. 

Data SA_reg; 

infile 'E:\regression.csv' dlm= ','; // input file with data 

Input Probability waterTemp timeWater Iur Taw oysters duration fraction 

lengthRfg Ig; 

lable waterTemp = 'water temperature (C)'; 

lable timeWater = 'time on water (hrs)'; 

lable Iur = 'New input'; 

lable Taw = 'Diff. air-water Temp (C)'; 

lable oysters = 'number of oysters'; 

lable duration = 'duration of cooldown (hrs)'; 

lable fraction = 'pathogenic fraction'; 

lable lengthRfg = 'length of refrigeration (Day)'; 

lable Ig = 'New input'; 

proc print lable data = SA_reg; 

proc reg;  

model probability = waterTemp timeWater Iur Taw oysters duration fraction 

lengthRfg Ig totalPath / selection = stepwise 

run; 
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Output of SAS for Stepwise Regression Analysis. 

The SAS System                          

01:15 Friday, March 23, 2001                                                              

 

Root MSE              0.01242    R-Square     0.2243 

Dependent Mean     -1.256E-12    Adj R-Sq     0.2231 

Coeff Var         -9.89053E11 

 

Parameter Estimates 

                                                      Standard 

Variable        Label               DF    Parameter  Error    t-Value  Pr>|t|           

 

Intercept   Intercept                1    -1.84E-11  0.000176  -0.00   1.0000 

waterTemp   water temperature (C)    1    0.21231    0.01248   17.42   <.0001 

timeWater   time on water (hrs)      1    0.09732    0.01248   7.79    <.0009 

Iur  New input               1    0.23314    0.01248   18.62   <.0001 

Taw   Diff. air-water Temp (C) 1    0.12792    0.01248   10.25   <.0001 

oysters     number of oysters        1    0.22821    0.01248  -18.29   <.0001 

duration    duration of cooldown(hrs)1    0.15823    0.01248   12.68   <.0001 

fraction    pathogenic fraction      1    0.09328    0.01248   7.48    <.0001 

lengthRfg   length of refrigeration  1    -0.10932   0.01248   -8.76   <.0001 

Ig       New input               1    0.01123    0.01248   0.89    0.3726 
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Results of the Stepwise Regression. 

The SAS System 01:15 Friday, March 23, 2001  

                           Summary of Stepwise Selection 

 

                                          Partial 

Step Variable   Label                     R-Square R-Square F Value  Pr > F 

1  Iur          New input   0.0589   0.0589   312.15   <.0001 

2  oysters      number of oysters         0.0499   0.1088   280.57   <.0001 

3  waterTemp    water temperature (C)     0.0448   0.1536   264.36   <.0001 

4  duration     duration of cooldown      0.0252   0.1788   153.47   <.0001 

5  Taw          Diff. air-water Temp (C)  0.0161   0.1948   99.85    <.0001 

6  lengthRfg    length of refrigeration   0.0114   0.2062   71.40    <.0001 

7  timeWater    time on water (hrs)       0.0093   0.2156   59.06    <.0001 

8  fraction     pathogenic fraction       0.0087   0.2243   56.38    <.0001 

 

SAS Program of Stepwise Rank Regression Analysis. 

Program for rank regression is similar to above program in SAS, but the input file is different.  

The input file has ranks instead of values. 
 

Data SA_reg; 

infile 'E:\rank_regression.csv' dlm= ','; // input file with data 
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Output of SAS for Stepwise Rank Regression Analysis. 

The SAS System                          

01:15 Friday, March 23, 2001                                                              

 

Root MSE              0.01242    R-Square     0.9198 

Dependent Mean     -1.256E-12    Adj R-Sq     0.9121 

Coeff Var         -9.89053E11 

 

Parameter Estimates 

                                                      Standard 

Variable    Label                    DF    Parameter  Error    t-Value  Pr>|t|           

 

Intercept   Intercept                 1    -2740.55   31.278   -87.62   <.001 

waterTemp   water temperature (C)     1    0.42521    0.00148  101.61   <.001 

timeWater   time on water (hrs)       1    0.12836    0.00148  30.79    <.001 

Iur  New input                1    0.56129    0.00148  134.62   <.001 

Taw   Diff. air-water Temp (C)  1    0.23586    0.00148   56.25   <.001 

oysters     number of oysters         1    0.39244    0.00148   93.29   <.001 

duration    duration of cooldown(hrs) 1    0.36223    0.00148   86.68   <.001 

fraction    pathogenic fraction       1    0.23489    0.00148   5648    <.001 

lengthRfg   length of refrigeration   1    -0.28257   0.00148  -67.76   <.001 

Ig       New input                1    0.05021    0.00148  12.89    <.001 

 

 

 

 

Results of the Stepwise Rank Regression. 
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The SAS System 01:15 Friday, March 23, 2001  

                           Summary of Stepwise Selection 

 

                                          Partial 

Step Variable   Label                     R-Square R-Square F Value  Pr > F 

1  Iur          New input             0.3137   0.3137   2284.3   <.0001 

3  waterTemp    water temperature (C)     0.1587   0.4724   1520.7   <.0001 

2  oysters      number of oysters         0.1379   0.6103   1767.8   <.0001 

4  duration     duration of cooldown      0.1198   0.7301   2216.5   <.0001 

6  lengthRfg    length of refrigeration   0.0714   0.8015   1796.2   <.0001 

8  fraction     pathogenic fraction       0.0506   0.8520   1706.2   <.0001 

5  Taw          Diff. air-water Temp (C)  0.0505   0.9023   2584.6   <.0001 

7  timeWater    time on water (hrs)       0.0150   0.9175   907.21   <.0001 

8  Ig      New input                 0.0023   0.9198   144.62   <.0001 
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APPENDIX D.  SAS PROGRAM AND OUTPUT FOR RESPONSE SURFACE 

DEVELOPMENT 

SAS Program Response Surface Development. 

Data SA_reg; 

  infile 'E:\rsm.csv' dlm= ','; 

  Input Probability Iur Om; 

  lable Iur = 'New input'; 

  lable Om = 'number of oysters'; 

  proc print lable data = SA_reg; 

  proc rsreg;  

  model probability = Iur Om /lackfit; 

  run; 

 

Output of SAS for Stepwise Regression Analysis. 

The SAS System                          

01:15 Friday, March 23, 2001                                      

 

Response mean     0.000301 

Root MSE        0.000101 

R-Square           0.9552 

Coeff. Of Variation 33.4534 
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Type I Sum 

Regression  DF of Squares  R-Square F value Pr > F 

Linear   2    0.000142  0.6315 7006.53 <.0001 

Quadratic    2 0.000013581  0.0603 669.42 <.0001 

Crossproduct  1 0.000059301  0.2634 5845.83 <.0001 

Total Model    5    0.000215  0.9552 4239.55 <.0001 

                 

 

The SAS System 

     The RSREG Program 

 

Standard 

Parameter DF Estimate     Error t value Pr > |t| 

 

Intercept  1     0.000234   0.000012904  18.17 <.0001 

Iur   1    -0.001372   0.000045196 -30.36 <.0001 

Om   1 -0.000011443   0.000000924 -12.38 <.0001 

Iur*Iur  1     0.001389   0.000043024  32.29 <.0001 

Om*Iur  1  0.000059254   0.000000775  76.46 <.0001 

Om*Om    1 4.7504767E-8   1.361744E-8   3.49 0.0005 
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APPENDIX E.  CALCULATIONS FOR MUTUAL INFORMATION INDEX. 

Overall Confidence on the Output. 

 Using the output distribution generated by @RISK, the overall confidence on the output 

is 0.2% as shown below.  Figure D-1 is CDF of the output generated by @RISK. 

 

 

 

 

 

 

 

 

 

 

 

Figure E-1.  Overall Confidence on the output. 

 

Conditional Confidence Plots. 

 

 

 

 

 

 

 

 

 

 

Figure E-2.  Conditional confidence plot for water temperature. 
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Figure E-3.  Conditional confidence plot for time on water. 
 

 

 

 

 

 

 

 

 

 

Figure E-4.  Conditional confidence plot for unrefrigerated time. 
 

 

 

 

 

 

 

 

 

 
Figure E-5.  Conditional confidence plot for air temperature. 
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Figure E-6.  Conditional confidence plot for oysters consumed per meal. 

 

 

 

 

 

 

 

 

 

 

Figure E-7.  Conditional confidence plot for duration of cooldown. 

 

 

 

 

 

 

 

 

 

 

Figure E-8.  Conditional confidence plot for length of refrigeration. 
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Figure E-9.  Conditional confidence plot for fraction of pathogenic Vp. 

 

 

 

 

 

 

 

 

 

 

Figure E-10.  Conditional confidence plot for grams of oysters consumed. 
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Calculation Table for Mutual Information Index and Sensitivity Index 

Table E-1.  Calculation of MII for time on water. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Average Mutual Information Index (IXY

a) = 0.00024 

Average Self-information Index (IYY) = 0.179 

Natural Sensitivity Index (SXY) = 1.34% 

Input Probaility of Overall Conditional Joint Probability of Mutual Information 
 Values Input Value  Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

5.60 0.14% 0.24% 0.00% 8.68E-07
5.80 0.50% 0.30% 0.00% 8.69E-06
6.10 1.07% 0.29% 0.00% 1.62E-05
6.40 1.93% 0.24% 0.00% 1.22E-05
6.70 2.75% 0.25% 0.01% 2.21E-05
6.90 3.58% 0.19% 0.01% -5.03E-06
7.20 4.40% 0.23% 0.01% 2.03E-05
7.50 4.95% 0.24% 0.01% 3.29E-05
7.80 6.33% 0.14% 0.01% -4.84E-05
8.10 7.15% 0.27% 0.02% 7.69E-05
8.30 7.70% 0.14% 0.01% -5.55E-05
8.60 8.61% 0.29% 0.02% 1.25E-04
8.90 8.25% 0.22% 0.02% 2.89E-05
9.15 9.27% 0.14% 0.01% -6.68E-05
9.45 9.08% 0.15% 0.01% -5.56E-05
9.70 7.98% 0.30% 0.02% 1.40E-04

10.00 6.88% 0.19% 0.01% -1.28E-05
10.25 4.68% 0.20% 0.01% 0.00E+00
10.60 2.75% 0.18% 0.00% -7.52E-06
10.80 1.05% 0.24% 0.00% 7.13E-06

TOTAL 99.00% 0.21% 0.00024
(approx. = 100%) (approx = Py)

0.20%
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Table E-2.  Calculation of MII for IUR. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Average Mutual Information Index (IXY
a) = 0.0081 

Average Self-information Index (IYY) = 0.0179 

Natural Sensitivity Index (SXY) = 45.17% 

 

Input Probaility of Overall Conditional Joint Probability of Mutual Information 
Values Input Value Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

1.20 5.00% 3.00% 0.15% 5.86E-03
1.70 5.00% 1.50% 0.08% 2.18E-03
2.20 5.00% 0.65% 0.03% 5.53E-04
2.70 5.00% 0.30% 0.02% 8.77E-05
3.20 5.00% 0.25% 0.01% 4.02E-05
3.70 5.00% 0.15% 0.01% -3.36E-05
4.10 5.00% 0.06% 0.00% -5.21E-05
4.60 5.00% 0.12% 0.01% -4.42E-05
5.10 5.00% 0.09% 0.00% -5.18E-05
5.60 5.00% 0.08% 0.00% -5.29E-05
6.10 5.00% 0.04% 0.00% -4.64E-05
6.60 5.00% 0.05% 0.00% -5.00E-05
7.00 5.00% 0.06% 0.00% -5.21E-05
7.50 5.00% 0.03% 0.00% -4.11E-05
8.00 5.00% 0.05% 0.00% -5.00E-05
8.50 5.00% 0.04% 0.00% -4.64E-05
9.00 5.00% 0.04% 0.00% -4.64E-05
9.50 5.00% 0.01% 0.00% 0.00E+00
9.90 5.00% 0.02% 0.00% -3.32E-05

10.40 5.00% 0.01% 0.00% -2.16E-05
TOTAL 99.65% 0.33% 0.00810

(approx. = 100%) (approx = Py)

0.20%
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Input Probaility of Overall Conditional Joint Probability of Mutual Information 
Values Input Value Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

-6.2 0.08% 0.81% 0.00% 1.24E-05
-5.7 0.15% 0.80% 0.00% 2.43E-05
-5.2 0.48% 0.77% 0.00% 7.03E-05
-4.7 1.14% 0.54% 0.01% 8.95E-05
-4.2 2.28% 0.39% 0.01% 8.62E-05
-3.7 4.28% 0.36% 0.02% 1.30E-04
-3.2 6.65% 0.33% 0.02% 1.51E-04
-2.8 9.98% 0.28% 0.03% 1.39E-04
-2.3 12.59% 0.18% 0.02% -4.24E-05
-1.8 14.25% 0.21% 0.03% 2.32E-05
-1.4 13.78% 0.17% 0.02% -6.15E-05
-0.9 11.88% 0.12% 0.01% -1.02E-04
-0.4 9.03% 0.13% 0.01% -6.99E-05
0.1 5.94% 0.19% 0.01% -1.16E-05
0.5 3.61% 0.13% 0.00% -2.79E-05
1.0 1.90% 0.12% 0.00% -1.62E-05
1.5 0.86% 0.12% 0.00% -7.44E-06
2.0 0.30% 0.12% 0.00% -2.79E-06
2.5 0.15% 0.10% 0.00% -1.52E-06
2.9 0.05% 0.06% 0.00% -4.95E-07

TOTAL 99.34% 0.21% 0.00038
(approx. = 100%) (approx = Py)

0.20%

 

Table E-3.  Calculation of MII for difference in air and water temperature. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Average Mutual Information Index (IXY
a) = 0.00038 

Average Self-information Index (IYY) = 0.0179 

Natural Sensitivity Index (SXY) = 2.14% 

 



 183 

Table E-4.  Calculation of MII for oysters per meal. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Average Mutual Information Index (IXY
a) = 0.0038 

Average Self-information Index (IYY) = 0.0179 

Natural Sensitivity Index (SXY) = 21.19% 

 

Input Probaility of Overall Conditional Joint Probability of Mutual Information 
Values Input Value Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

2.00 4.51% 0.70% 0.03% 5.70E-04
4.50 24.04% 0.55% 0.13% 1.93E-03
7.50 7.21% 0.45% 0.03% 3.80E-04
11.00 24.04% 0.40% 0.10% 9.62E-04
14.00 1.50% 0.35% 0.01% 4.25E-05
17.00 3.01% 0.14% 0.00% -2.16E-05
20.00 6.01% 0.06% 0.00% -6.26E-05
23.00 7.81% 0.00% 0.00% 0.00E+00
26.00 0.90% 0.00% 0.00% 0.00E+00
29.00 0.60% 0.00% 0.00% 0.00E+00
32.00 1.20% 0.00% 0.00% 0.00E+00
35.00 1.14% 0.00% 0.00% 0.00E+00
38.00 0.45% 0.00% 0.00% 0.00E+00
41.00 0.21% 0.00% 0.00% 0.00E+00
44.00 0.60% 0.00% 0.00% 0.00E+00
47.00 1.20% 0.00% 0.00% 0.00E+00
50.00 0.45% 0.00% 0.00% 0.00E+00
53.00 0.00% 0.00% 0.00% 0.00E+00
57.00 0.00% 0.00% 0.00% 0.00E+00
60.00 4.21% 0.00% 0.00% 0.00E+00

TOTAL 89.10% 0.31% 0.00380
(approx. = 100%) (approx = Py)

0.20%
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Table E-5.  Calculation of MII for duration of cooldown. 

 

 

 

 

 

 

 

 

 

 

 

 

Average Mutual Information Index (IXY
a) = 0.0007 

Average Self-information Index (IYY) = 0.0179 

Natural Sensitivity Index (SXY) = 3.91% 

 

 

 

 

 

 

 

Input Probaility of Overall Conditional Joint Probability of Mutual Information 
Values Input Value Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

1.00 10.00% 0.42% 0.04% 4.50E-04
2.00 10.00% 0.34% 0.03% 2.60E-04
3.00 10.00% 0.29% 0.03% 1.55E-04
4.00 10.00% 0.30% 0.03% 1.75E-04
5.00 10.00% 0.22% 0.02% 3.03E-05
6.00 10.00% 0.16% 0.02% -5.15E-05
7.00 10.00% 0.14% 0.01% -7.20E-05
8.00 10.00% 0.15% 0.02% -6.23E-05
9.00 10.00% 0.11% 0.01% -9.49E-05

10.00 10.00% 0.12% 0.01% -8.84E-05
TOTAL 100.00% 0.23% 0.00070

(approx. = 100%) (approx = Py)

0.20%
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Table E-6.  Calculation of MII for length of refrigeration. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Average Mutual Information Index (IXY
a) = 0.0015 

Average Self-information Index (IYY) = 0.0179 

Natural Sensitivity Index (SXY) = 8.18% 

 

Input Probaility of Overall Conditional Joint Probability of Mutual Information 
Values Input Value Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

1.50 2.00% 0.00% 0.00% 0.00E+00
2.50 5.10% 0.07% 0.00% -5.37E-05
3.25 7.64% 0.11% 0.01% -7.25E-05
4.25 8.65% 0.07% 0.01% -9.17E-05
5.25 9.28% 0.08% 0.01% -9.82E-05
6.00 9.65% 0.05% 0.00% -9.65E-05
7.00 9.46% 0.15% 0.01% -6.18E-05
7.75 9.19% 0.14% 0.01% -6.54E-05
8.75 8.55% 0.22% 0.02% 2.59E-05
9.75 7.28% 0.21% 0.02% 1.52E-05
10.50 5.46% 0.30% 0.02% 9.58E-05
11.50 4.82% 0.39% 0.02% 1.81E-04
12.50 4.10% 0.40% 0.02% 1.64E-04
13.50 2.91% 0.71% 0.02% 3.78E-04
14.25 2.09% 0.65% 0.01% 2.31E-04
15.25 1.27% 0.70% 0.01% 1.61E-04
16.00 1.00% 0.90% 0.01% 1.95E-04
17.00 0.59% 1.44% 0.01% 2.43E-04
18.00 0.46% 1.57% 0.01% 2.12E-04
18.75 0.09% 2.94% 0.00% 1.04E-04

TOTAL 99.60% 0.21% 0.0015
(approx. = 100%) (approx = Py)

0.20%
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Table E-7.  Calculation of MII for fraction of pathogenic Vp. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Average Mutual Information Index (IXY
a) = 0.00125 

Average Self-information Index (IYY) = 0.0179 

Natural Sensitivity Index (SXY) = 6.95% 

 

Input Probaility of Overall Conditional Joint Probability of Mutual Information 
Values Input Value Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

0.0004 0.12% 3.00% 0.00% 1.42E-04
0.0008 4.05% 1.10% 0.04% 1.10E-03
0.0012 9.07% 0.45% 0.04% 4.78E-04
0.0016 14.34% 0.20% 0.03% 0.00E+00
0.0020 16.61% 0.21% 0.03% 2.45E-05
0.0024 15.31% 0.15% 0.02% -1.03E-04
0.0028 12.56% 0.06% 0.01% -1.31E-04
0.0032 9.32% 0.12% 0.01% -8.24E-05
0.0036 6.80% 0.09% 0.01% -7.05E-05
0.0040 4.41% 0.07% 0.00% -4.68E-05
0.0045 2.71% 0.08% 0.00% -2.87E-05
0.0049 1.74% 0.05% 0.00% -1.74E-05
0.0053 0.89% 0.06% 0.00% -9.29E-06
0.0057 0.28% 0.03% 0.00% -2.33E-06
0.0061 0.12% 0.04% 0.00% -1.13E-06
0.0065 0.08% 0.04% 0.00% -7.52E-07
0.0069 0.04% 0.02% 0.00% -2.69E-07
0.0073 0.04% 0.01% 0.00% -1.75E-07
0.0077 0.02% 0.03% 0.00% -1.66E-07
0.0081 0.00% 0.01% 0.00% -1.75E-08

TOTAL 98.52% 0.21% 0.00125
(approx. = 100%) (approx = Py)

0.20%
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Table E-8.  Calculation of MII for IG. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Average Mutual Information Index (IXY
a) = 0.0007 

Average Self-information Index (IYY) = 0.0179 

Natural Sensitivity Index (SXY) = 3.75%

Input Probaility of Overall Conditional Joint Probability of Mutual Information 
Values Input Value Confidence Confidence Output and Input Index (MII)
x = X P(x=X) PY PY|X PXY = PY|X*PX IXY = PXY * Log2(PY|X/PY)

-26.00 0.06% 1.10% 0.00% 1.49E-05
-23.00 0.14% 0.64% 0.00% 1.48E-05
-21.00 0.28% 0.78% 0.00% 4.21E-05
-18.00 0.83% 0.62% 0.01% 8.35E-05
-15.00 1.82% 0.42% 0.01% 8.16E-05
-12.00 3.58% 0.24% 0.01% 2.26E-05
-9.00 6.60% 0.45% 0.03% 3.47E-04
-7.00 9.90% 0.36% 0.04% 3.02E-04
-4.00 12.93% 0.25% 0.03% 1.04E-04
-1.00 14.71% 0.13% 0.02% -1.25E-04
2.00 14.44% 0.24% 0.03% 7.89E-05
4.00 12.38% 0.12% 0.01% -1.10E-04
7.00 9.21% 0.12% 0.01% -8.27E-05

10.00 5.91% 0.13% 0.01% -4.58E-05
13.00 3.30% 0.10% 0.00% -3.30E-05
16.00 1.65% 0.12% 0.00% -1.44E-05
18.00 0.69% 0.11% 0.00% -6.67E-06
21.00 0.17% 0.15% 0.00% -9.58E-07
24.00 0.06% 0.12% 0.00% -4.79E-07
26.00 0.03% 0.11% 0.00% -2.61E-07

TOTAL 98.64% 0.21% 0.0007
(approx. = 100%) (approx = Py)

0.20%
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APPENDIX F.  SCATTER PLOTS. 

 

 

 

 

 

 

 

 

 

 

Figure F-1.  Scatter plot of probability of illness versus time on water. 

 

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 

Figure F-2.  Scatter plots of probability of illness versus for different ranges of time on water. 
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Figure F-3.  Log-linear scatter plot for time on water. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure F-4.  Scatter plot of probability of illness versus IUR. 
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Figure F-5.  Scatter plots of probability of illness versus IUR for different ranges of IUR. 

 

 

 

 

 

 

 

 

 

 

Figure F-6.  Scatter plot of probability of illness versus IUR. 
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Figure F-7.  Scatter plot of probability of illness versus difference in air and water temperature. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure F-8.  Scatter plots of probability of illness versus difference in air and water temperature 

for different ranges of difference in air and water temperature. 
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Figure F-9.  Log-linear scatter plot for difference in air and water temperature. 

 

 

 

 

 

 

 

 

 

 

 

Figure F-10.  Scatter plot of probability of illness versus the number of oysters per meal. 
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Figure F-11.  Scatter plots of probability of illness versus the number of oysters per meal for 

different ranges of the number of oysters per meal. 

 

 

 

 

 

 

 

 

 

 

Figure F-12.  Log-linear scatter plot for the number of oysters per meal. 
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Figure F-13.  Scatter plot of probability of illness versus duration of cooldown. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure F-14.  Scatter plots of probability of illness versus duration of cooldown for different 

ranges of duration of cooldown. 
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Figure F-15.  Log-linear scatter plot for duration of cooldown. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure F-16.  Scatter plot of probability of illness versus length of refrigeration. 
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Figure F-17.  Scatter plots of probability of illness versus length of refrigeration for different 

ranges of length of refrigeration. 

 

 

 

 

 

 

 

 

 

 

 

Figure F-18.  Log-linear scatter plot for length of refrigeration. 

Pr. of Illness Vs. Length of Refrigeration

0

0.004

0.008

0.012

0 2 4 6
Time (day)

 

Pr. of Illness Vs. Length of Refrigeration

0

0.003

0.006

0.009

6 8 10
Time (day)

 

Pr. of Illness Vs. Length of Refrigeration

0

0.0025

0.005

10 12 14
Time (day)

 

Pr. of Illness Vs. Length of Refrigeration

0

0.00075

0.0015

14 16 18 20
Time (day)

 

Regression
Line

-6

-5

-4

-3

-2

-1

0

0 5 10 15 20

Length Refrigeration

Lo
g(

Pr
ob

ab
ilit

y)

 



 197 

 

 

 

 

 

 

 

 

 

 

Figure F-19.  Scatter plot of probability of illness versus fraction of pathogenic Vp. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure F-20.  Scatter plots of probability of illness versus fraction of pathogenic Vp consumed 

for different ranges of fraction of pathogenic Vp. 
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Figure F-21.  Log-linear scatter plot for fraction of pathogenic Vp. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure F-22.  Scatter plot of probability of illness versus IG. 
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Figure F-23.  Scatter plots of probability of illness versus IG for different ranges of the IG. 

 

 

 

 

 

 

 

 

 

Figure F-24.  Log-linear scatter plot for IG. 
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