
ABSTRACT 
 

Clayton, Stuart Harold.  Force Modeling and Deflection Compensation of Miniature Ball 

End Mills.  (Under the direction of Thomas A. Dow) 

 

The primary objective of this research is to increase the quality and productivity of 

precision milling operations.  More specifically, increased accuracies and reduced costs 

are desired for die fabrication of injection molds when small flexible tools are required.  

The problem with miniature tools is their radial compliance.  Typical machining forces in 

die materials such as hardened steels can cause significant tool deflection.  When features 

on the order of 100 µm are desired, tool deflections can cause form errors exceeding 20% 

of the desired geometry. 

 

There were two main goals of this research: 1) to develop an accurate cutting force model 

and 2) to design and implement a spindle actuation system utilizing real-time force-

feedback machining.  The first goal was to gain knowledge and understanding of the 

machining process by predicting cutting forces for miniature tools.  The second goal 

involved the design of a closed loop actuated spindle system that can manipulate a tool 

path in one dimension.  A precision actuated spindle allows real-time implementation of 

deflection compensation algorithms to reduce geometric form errors from tool deflection. 

 

The results from this research indicate that machining forces for miniature ball end mills 

are both predictable and repeatable.  Experimental tests were conducted using a variety of 

two-flute ball end mills, workpiece materials, chip areas, upfeeds, and tool tilts.  It was 



 

shown that the cutting force model provides a complete dynamic understanding of the 

machining forces and paves the way for the actuation system that was built into the tool 

spindle. Two different control algorithms were tested and proven successful as feature 

errors were reduced with each technique.  The first algorithm involved an open loop 

technique where the force model was used to create an altered tool path that compensated 

for tool deflection.  This was accomplished by predicting the machining forces, dividing 

by the appropriate tool stiffness to obtain deflection, and superimposing the deflection 

onto the original tool path.  The second algorithm entailed closed loop control with force-

feedback machining using a newly designed PZT actuated spindle.  The machining 

forces, which were used to predict tool deflection, were measured with a force transducer.  

The tool was moved in response to the deflection using a PID controller that regulated the 

voltage to a pair of PZT actuators.  

 

Errors produced from tool deflection were reduced with both control techniques.  

Experimental results showed that both control techniques, open and closed loop, reduced 

errors.  The open loop compensation methods reduced error by approximately 65%, while 

the closed loop compensation methods reduced errors by 80%.   
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1 INTRODUCTION AND BACKGROUND 

1.1 PROBLEM STATEMENT 
 
There are a number of manufacturing processes that benefit from precision machining 

applications.  With the increase in demand for optical systems used in computer 

networking and telecommunications, injection molding is one example of a precision 

application on the forefront of modern research.  Figure 1-1 is a picture of an injection 

mold that was created with small milling tools [1].  One challenge facing the injection-

molding world is to develop processes that can precisely replicate optics using high 

volume, low cost methods.  Also for many applications, the miniaturization and increased 

resolution requirements demand products to be composed of more sophisticated 

components.  The first step in accomplishing these tasks is to manufacture high quality, 

high accuracy steel molds that will not distort or corrode.  To create durable molds 

(commonly referred to as dies), hardened steels are used.  These steels will typically have 

a hardness value near 60 HRC (Rockwell C-scale hardness). 

 

 

Figure 1-1.  Injection Molding Die Created with Milling Tools 

 



 1

1.1.1 Miniature Milling Tools 
 
Miniature milling tools are generally defined with diameters on the millimeter or sub-

millimeter level.  Examples of 0.8 mm diameter, miniature-milling tools can be seen in 

Figure 1-2. 

 

3.0
mm

0.8 mm

0.8 mm 4.0 mm7.0 mm

 

Figure 1-2.  Picture of Miniature Ball End Mills with Varying Shank Lengths 

 

Ball end tools (manufactured by Jabro Tools Inc.) are available in diameters ranging from 

0.2 mm up to 2.0 mm.  These tools are also available in three different shank lengths – 

short (0.8 mm), long (4.0 mm), and extra long (7.0 mm).  The tools used in this research 

are made from tungsten carbide coated with titanium aluminum carbide to improve wear 

resistance.  Although these tools can produce miniature features, there are many 

challenges in producing accurate features.  One reason for inaccurate shapes and features 

when using miniature end mills is the lack of stiffness of the small-diameter tools, 

particularly in the radial direction.  Machining forces (especially in hardened steels) 

result in significant tool deflection.  Once the tool begins to deflect, the desired features 

on the dies are no longer accurate. 
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1.1.2 Tool Deflection and Compensation Techniques 
 
An existing method to correct for tool deflection consists of an open loop modeling 

technique [2].  Here, the tool path is simulated with a cutting force model and an altered 

tool path is created using the knowledge of the predicted cutting forces, tool stiffness, and 

geometry of the desired features and part alignment.  This technique has been proved 

effective by previous researchers but requires a great deal of preprocessing with the 

aforementioned parameters [2].  A similar open loop technique was investigated in this 

research.  An improved method involves closed loop control where tool deflection can be 

compensated with real-time actuation of the tool using feedback from the actual tool 

forces, not predicted forces.  Once the force is measured, the stiffness of the tool can be 

used to estimate the tool deflection and actions may be taken to place the tool in its 

desired position. 

 

1.2 BACKGROUND 
 
The milling process can be dated back to the Industrial Revolution and the development 

of efficient steam engines.  Even in the 18th Century, accurate machine parts and 

components were needed.  The need for a system of high volume production in an 

economical manner urged the development of precision milling machines.  Extensive 

research was and is still being conducted on the development of milling tools and the 

chip formation process of numerous materials.  Chip formation in metals, plastics, 

ceramics, and woods has been researched extensively.   
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1.2.1 Force Model Research 
 
There has been extensive research conducted in developing force models for the milling 

process.  Reasons for developing force model simulations include increased efficiency 

and production of the milling process, tool damage and failure prediction, and increased 

accuracy of machined specimens.  Martellotti was involved with some of the original 

force modeling research as he investigated the kinematics of the trochoidal end-milling 

process in the 1940’s [3].  Martellotti’s analysis involved a trochoidal tool path that 

reflected the radius of curvature, clearance and rake angles of the tooth path, and radial 

chip thickness.  Martellotti then investigated the cutting forces for both up and down 

milling and concluded that down milling allowed for an increase in feedrate and a smaller 

tendency for chattering [4].  Tlusty and MacNeil also studied cutting forces in end 

milling by investigating the affects of both steady state and transient cutting conditions 

[5].  Kline, DeVor, and Lindberg then developed and verified a mechanistic model using 

averaged experimental forces for aerospace applications such as cornering cutting 

experiments [6].   

 

1.2.2 Force Modeling Applications 
 
In 1985, Yellowley considered the effects of both rake and flank faces of the tool in 

deriving average values of force, torque, and specific power [7].  He then explained the 

motivation for adaptive control techniques to improve part accuracies for radial width and 

depth of cut.  Altintas, Yellowley [8,9], and Tlusty [8] then developed force models that 

were used to detect tool breakage and sudden changes in machining such as cornering or 

milling over slots.  The previous model accounted for transient and steady state 

conditions and utilized a force differencing strategy.  Armarego and Deshpande also 

studied the end milling process and developed models using average and fluctuating 

forces and torques [10].  Armarego and Deshpande developed models both with and 

without eccentricity effects. 
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1.2.3 Force Modeling of Ball End Mills 
 
Toward the end of the 20th Century, numerous cutting force models for the ball-end 

milling process were being studied and developed.  Yucesan and Altintas were some of 

the first to study ball-end milling when they developed a semi-mechanistic model based 

on chip formation and tool flank-workpiece contact [11].  Yucesan and Altintas described 

this process knowledge as being essential in designing cutter geometry and in selecting 

conditions to avoid cutter damage.  Altintas and Lee then created a static/dynamic-based 

model where cutting forces, surface finishes, and chatter stability lobes could be 

predicted [12].  They also developed a model for forces in helical flutes, forced and 

chatter vibrations, dimensional form errors on finished surfaces, and chatter stability 

lobes [13].  Yang and Park discovered in 1990 that different rake angles, radius or shape 

of rake faces, or cutter offsets from spindle rotation caused unpredictable forces in 

orthogonal cuts [14].  They described the previous three effects as dissimilarities in 

cutting edges.  Elbestawi was also conducting research at this time and used cutting force 

simulations and experimental data to predict flank wear on ball-ended cutters [15].  

Budak then assisted Altintas and Armarego in the study of predicting force coefficients in 

a titanium alloy where cutter calibration tests were no longer required [16].  Feng and 

Menq also investigated ball-end milling and developed a so-called flexible model that 

predicted chip geometries based on instantaneous and regenerative feedback [17]. 

 

1.2.4 Force Model Developed at the PEC 
 
The Precision Engineering Center at North Carolina State University has also conducted 

years of research in force modeling and its association with the milling process.  Carroll 

studied orthogonal diamond machining and developed finite element models for a variety 

of cutting conditions [18].  Drescher [19,20] and Arcona [21] continued Carroll’s work 

and expanded the force model based on experimental and analytical results.  Minor then 

modified the previous work to predict cutting forces for the end milling process [22].  

Miller then further investigated cutting forces and produced a force model for ball-end 

cutters [23]. 
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1.3 PROJECT GOALS 
 
This research was divided into two major goals: 1) to develop an accurate cutting force 

model for miniature ball end mills and 2) to design and implement a spindle actuation 

system utilizing real-time force-feedback to reduce shape errors.  The first involves the 

prediction of cutting and thrust forces of miniature ball end mills based on material 

properties, tool properties, and cutting conditions.  Previously, only one material had 

been studied – S7 steel.  The first step was to reproduce the results for S7 steel 

experiments and expand the model to other workpiece materials. 

 

The second goal involves real-time control of tool position using force feedback.  An air-

bearing spindle has been designed and built that can manipulate a milling tool to correct 

for tool tip deflection.  Three different control strategies were studied.  The first was an 

open loop technique where the machine tool path is pre-programmed to compensate for 

tool deflection based on information produced with the cutting force model.  The second 

and third strategies involved a closed loop control technique using force feedback.  The 

cutting force was measured real-time and a tool defection predicted based on stiffness.  

The deflection was compared to a measured spindle displacement.  The difference of 

deflection minus position served as the algorithm for a PID controller.  The second 

control strategy involved measuring the machining forces on the workpiece, while the 

third involved measuring the machining forces on the spindle. 
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PART I:  FORCE MODELING 

2 FORCE MODEL DESCRIPTION 

2.1 INTRODUCTION AND ASSUMPTIONS 
 
The Precision Engineering Center has been researching force modeling for the past two 

decades.  The most recent addition was developed to include ball-ended cutters.  Arcona 

[21] developed the majority of the force model through empirical analysis and research.  

Arcona based his force model on three common engineering assumptions. 

 

1. Workpiece material is regarded as elastic-perfectly plastic. 

2. The normal stress acting along the shear zone, Sσ , is taken as the uni-axial 

material flow stress (one third the material hardness). 

3. A von-Mises failure criterion is employed so that the shear stress is given by 

 

3
S

S
στ =                (1) 

 

Based on the three previous assumptions, Arcona then produced Equations (2) and (3) by 

summing the forces in the cutting and thrust directions from the diagram in Figure 2-1.  

The cutting force is comprised of a chip removal force plus the friction from the flank 

face.  Likewise, the thrust force is comprised of a plowing force with an additional 

frictional force from the rake face. 
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The first term in Equation (2) is a direct force on the rake face of the tool and the second 

is the friction force on the flank face.  In Equation (3), the first term is the friction force 

on the rake face while the second is a direct force on the flank face. 
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Figure 2-1.  Cutting Force Diagram 

 

Fc = cutting force (N) 

Ft = thrust force (N) 

H = hardness of workpiece material (Pa) 

E = elastic modulus of workpiece material (Pa) 

Ac = face area of chip (m2) (See page 10 for ball mill geometry) 

Af = flank area of the tool (m2) (See page 10 for ball mill geometry) 
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µ = friction coefficient acting on the tool rake face and workpiece interface 

µf  = friction coefficient acting on the tool flank face and workpiece interface 

γ = shear angle of the chip (the value used in this research was 50° [21]) 

d =  depth of cut (µm) 

WL = wearland of tool (µm) 

 

2.2 FORCE TRANSFORMATION 
 
The force model was developed in the direction of tool motion (cutting and thrust 

directions).  However, to compare the force model with actual data from a rotating 

milling tool, the polar coordinate forces must be transformed into a Cartesian coordinate 

system (x, y, and z-directions). 

 

( ) θφθα cos5.0sinsincos tcx FFF −=               (4) 

( ) θφθα sin5.0sincoscos tcy FFF −−=                    (5) 

( )φθα 5.0coscossin tcz FFF +=          (6) 

 

where 

α = tool tilt angle, (deg) (see Figure 2-2) 

φ = contact angle between the tool and the workpiece (deg) (see Figure 2-2) 

θ = rotational position of the tool (deg)  

 

Figure 2-2 explains the relationship between tool tilt angle, contact angle and depth of 

cut.  The tool tilt angle is defined as the angle of rotation between the centerline of the 

tool and the normal plane to the workpiece.  Contact angle is defined as the total angle of 

contact of the tool flute that is in contact with the workpiece and is a function of depth of 

cut.  Since ball-ended mills are used in this research, the contact angle will always be the 

angle from workpiece normal to the workpiece surface. 
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Figure 2-2.  Diagram Illustrating Tilt Angle and Contact Angle. 

 

2.3 BALL END MILL GEOMETRY 
 
Miller [23] used Arcona’s model to predict cutting forces for ball end milling.  Miller 

described the thrust and cutting forces as being comprised of two components:  a chip 

removal force based on depth and chip thickness and a plowing force that can be related 

to the tool wear land and length of contact between the tool and the workpiece.  Miller 

then produced Figure 2-3 to illustrate chip geometry for a ball end mill.  Also, Miller 

developed Equations (7) and (8) for the chip and flank areas respectively [23].   
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Figure 2-3.  Chip Geometry and Tool Forces for Ball End Mills. 
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where 

Ac = chip area (m2) 

Af = flank area (m2) 

d = depth of cut (m) 

f = feed per revolution of tool (m/rev) 

ξ = runout of tool/spindle (percentage that one flute cuts more than the other) 

Rt = radius of tool (m) 

WL = wearland of tool (m) 

φ = contact angle (deg) (See Figure 2-2) 
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LC = tool contact length (m) 

 

In addition to the components listed above for the flank area of the tool, an extra term 

was added.  Miller divided the tool flank area by the term ‘2-sin(θ)’ to empirically match 

the shapes of the x, y, and z forces.  The term ‘2-sin(θ)’ allows the flank area to grow and 

decline as the flute rotates through the workpiece. 
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3 EXPERIMENTAL FORCE MEASUREMENT 

3.1 EXPERIMENTAL APPARATUS 
 
All cutting experiments were performed on the Nanoform 600 three-axis diamond turning 

machine (DTM) controlled by a Programmable Multi-Axis Controller (PMAC) (See 

Figure 3-1).  Notice the orientation of the X, Y, and Z-axes of the DTM.  Each axis is 

driven by an electric motor, and motion is translated through a ball-screw.  The X and Z-

axes are hydrostatic oil bearings, while the Y-axis is an air bearing.  The Y-axis is used to 

secure a Westwind D1090-01 air-bearing, air-turbine spindle capable of speeds up to 

60,000 rpm. 

 

X-Axis

Y-Axis

Z-Axis

PMAC
 Control
Center

Workpiece

 

Figure 3-1.  Photograph of Nanoform 600 DTM 

 

The workpiece was mounted on the X-axis of the DTM as shown in Figure 3-2.  A force 

transducer was used to measure machining forces and was rigidly attached to the 

workpiece with a bolt torqued to 120 N-m.  Notice the difference in the DTM and force 

transducer coordinate systems.  All forces throughout this research were related to the 

transducer coordinate system.  A ball-end mill was used to machine the slot on the 
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bottom of the 25x25 mm2 workpiece, while an optical sensor (Angstrom Resolver) was 

used to measure a once per revolution signal from the spindle.  (Section 3.2 provides 

greater detail of the components found in Figure 3-2.) 

 

 

Figure 3-2.  Tool and Workpiece Environment 

 

3.2 DATA ACQUISITION SYSTEM 
 
The Kistler quartz force transducer (Model 9251) shown in Figure 3-2 was used to 

measure the cutting forces.  The transducer consists of piezo-electric elements that were 

designed to decompose any acting force vector into three orthogonal components – x, y, 

and z.  The transducer (commonly known as a load cell) is extremely rigid and 

consequently has a high natural frequency.  The total mass of the system was found to be 

approximately 0.085 kg (depending on part geometry), while the stiffness of the force 

transducer was published as 981x10-6 N/m and 294.3x10-6 N/m in the orthogonal and in-

plane directions respectively.  Based on a measured mass of 0.085 kg and the published 

stiffness of the force transducer, the natural frequency of the transducer/workpiece 

system was calculated to be 17 kHz in the z-direction and 9 kHz in the x and y-directions.  

The total mass included the force transducer, workpiece, and bolt.  The natural 
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frequencies were checked experimentally with an instrumented hammer.  The input from 

the hammer and the output from the transducer were fed into a spectrum analyzer to 

estimate the natural frequency of the transducer/workpiece mass.  The predicted results 

were verified experimentally as the z-direction frequency was found to be approximately 

18.8 kHz, while the x and y-directions were 9.7 kHz and 11.3 kHz respectively. 

 

The force transducer produces charges proportional to each force component.  The force 

components are then fed into a three-channel charge amplifier (Kistler Model 5004).  The 

voltages from the charge amplifier were then routed to a 4-channel Hewlett Packard 5400 

Series oscilloscope, which acquired 500 points for each channel of data.  The three 

Cartesian forces occupied three channels of the oscilloscope, while the fourth channel 

was used as a one pulse-per-spindle revolution signal for reference and triggering 

purposes.  This signal was obtained using an optical sensor (Angstrom Resolver Model 

101).  Tool speed was set to 10,000 rpm, and the scope was set to capture 6-8 revolutions 

of the tool.  A schematic of the data acquisition system can be seen in Figure 3-3. 
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Figure 3-3.  Schematic of Data Acquisition System 
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An example of the forces acquired by the system in Figure 3-3 can be seen in Figure 3-4.  

Approximately four revolutions of x, y, and z-forces are shown along with the once per 

revolution signal from the optical sensor.  To manipulate the cutting data, HP BenchLink 

Scope software was used to upload data from the oscilloscope.  The data could then be 

saved as an image identical to the scope or in time-amplitude form for spreadsheet 

operations and model comparison. 

 

 

Figure 3-4.  Captured X, Y, and Z Forces with Once per Rev Signal 

 

3.3 EXPERIMENTAL METHOD 
 
Experimental force data was taken while machining three different materials – S7 

hardened tool steel, Grade C-1018 low carbon steel, and 6061 aluminum.  Table 3-1 lists 

a series of properties for the three materials that will be used to develop and expand the 

cutting force model.  Different feedrates, spindle speeds, and depths of cut were used to 

obtain experimental data.  Short, 0.8 mm ball end mills were used for each experiment.  
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A short tool was selected, because it has a higher radial stiffness than the long or extra 

long tools, and therefore less deflection.   

 

Table 3-1.  Material Properties for S7 and 1018 Steel and 6061 Aluminum 

Material 
Hardness* 

(MPa) 

Modulus 

(MPa) 

Yield 

Strength 

(MPa) 

Ultimate 

Tensile 

Strength (MPa) 

Elongation 

to Failure 

(%) 

S7 Steel 6710 210 1500 2000 10 

1018 Steel 1760 210 290 393 40 

6061 Aluminum 1090 70 275 310 23 
*Measured hardness using Vickers indenter. 

 

 

3.4 SYSTEM CALIBRATION 
 
For the force transducer measurements to be of any significance, the force transducer 

must be calibrated.  A 1 kg mass was used to perform the calibration procedure.  Here, 

the 1 kg mass was suspended from the force transducer in each of the 3 directions.  The 

voltage signal was zeroed and the mass was removed.  Each experiment was conducted 3 

times in each direction to produce average calibration values.  The charge amplifier was 

set to 5 mechanical units per volt for S7 steel and each direction was approximately 5 

N/V.  The calibration values for the x, y, and z-directions were found to be 5.649, 5.333, 

and 4.547 N/V, respectively, for the given arrangement.  Data from the calibration 

experiments can be found in Appendix A.  These calibration values were also used for 

1018 steel, because the S7 and 1018 steel specimens were the same size and mass. 

However, a different set of calibration constants was used for the aluminum specimens 

and can also be found in Appendix A.  Different sets of calibration constants were used 

because the charge amp setting was changed from 5 to 2 N/V for the lower tool forces 

from machining aluminum. 
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3.5 DESIGN OF EXPERIMENT 
 
Design of Experiment (DOE) is a statistical method in which a set of experimental trials 

are planned to determine the response of a system to specified factors and verify the 

statistical significance of each factor.  The goal of the DOE was to determine which 

cutting parameters – depth, spindle speed, or upfeed (feed per revolution of the tool) – 

had the greatest effect on machining forces.  This would reduce the number of 

experimental tests needed to verify the force model while retaining the same statistical 

validity. 

 
A statistically significant factor should change the mean of the response of a set of 

experiments while maintaining a constant variance.  Statistical software packages use an 

F test to quantify the certainty of the response by analyzing the ratio of the two variances.  

The uncertainty or residual of the F test is called the p value and is used to quantify 

statistical significance.  An example of an F test curve can be seen in Figure 3-5.  In 

statistical terms, the p-value must be less than 5% (0.05) to be considered statistically 

significant.  In other words, a p-value of 0.05 says that the result would only occur 5 

times out of 100 if it were due to chance. 

 

 

Figure 3-5.  F Test Curve Illustrating Residual P Value [24] 

   

3.5.1 The Treatment Matrix 
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The first step of the design process is to select a high and low value for each factor.  A set 

of treatments, or tests, can then be developed where a high or low value is used for each 

factor to create a trial.  Since the force transducer can detect almost any machining force, 

it was important to select the factor values with the machine hardware in mind.  Because 

a diamond turning machine was used to create the tool path, feedrate values were limited 

to less than 400 mm/min.  Also, the air-bearing spindle was limited by a minimum speed 

of approximately 10,000 rpm.  Therefore, it was imperative the upfeed not exceed 20 

µm/rev.  Table 3-2 shows the high and low values selected for depth of cut, upfeed, and 

spindle speed based on the above-mentioned limitations.  These three variables led to 23 

or 8 experiments with each factor at its high and low values. 

 

Table 3-2.  Table Illustrating Low and High Factor Values for DOE 

Factor Low Value High Value 

Depth (µm) 100 200 

Upfeed (µm/rev) 10 20 

Spindle Speed (rpm) 10,000 20,000 

 

 

JMP (SAS Institute Inc., Cary, NC) statistical analysis software was used to develop and 

randomize the matrix.  The design matrix can be found in Table 3-3 along with the 

maximum forces in the x, y, and z-directions for the corresponding trials.  Force data was 

acquired in 6061 Aluminum, where the largest positive force per flute was chosen as the 

response for the x, y, and z-directions.  Figure 3-6 is a plot showing the x, y, and z 

responses from Trial 1.  The maximum flute forces in the x-direction have been circled to 

illustrate the method of acquiring responses.  The circled values were averaged to obtain 

a response of 3.34 that can be seen Table 3-3, Trial 1. 

 



 19

Table 3-3.  Treatment Matrix with Factor and Response Values 

Trial 

Number 

Depth 

(µm) 

Spindle 

Speed (rpm) 

Upfeed 

(µm/rev) 

Max. X 

Force (N) 

Max. Y 

Force (N) 

Max Z 

Force (N) 

1 200 10,000 20 3.34 1.75 2.17 

2 100 10,000 20 1.78 1.33 1.24 

3 100 20,000 10 0.94 0.93 0.59 

4 200 20,000 10 1.91 1.64 0.83 

5 200 20,000 20 3.60 2.30 2.00 

6 100 20,000 20 2.20 1.75 1.50 

7 200 10,000 10 2.20 2.10 1.40 

8 100 10,000 10 1.00 1.10 0.82 

 

 

Figure 3-6.  X, Y, and Z Forces Used for DOE Experiment, Trial 1 

(Circles represent the maximum forces in the x-direction) 
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3.5.2 Design of Experiment Results 
 
Each row of parameters was used to machine a constant depth groove with the Nanoform 

600 DTM.  The treatment matrix along with the responses was then analyzed in JMP.  

JMP produced a series of graphs and leverage plots regarding the statistical significance 

of each factor and response relationship.  A standard least squares analysis was used to fit 

the data. 

 

Figure 3-7 is a three-dimensional bar graph showing the statistical significance of each 

factor.  The p-value inverse was used to better illustrate the effects of each factor.  Notice 

the huge statistical significance of depth and upfeed on the x-force response and the large 

effect of upfeed on the z-force response.  The results from the statistical analysis imply 

that surface speed alone does not affect the machining forces.  It is feed per revolution of 

the tool, the combination of rotational speed and feedrate, which directly influence the 

forces.  These results concur with the parameters used in the cutting force model, which 

are depth and upfeed.  Notice surface speed is not accounted for in the force model 

(Equations (2) and (3)).  However, the assumption that surface speed is irrelevant has 

been shown in the design of experiment to be a valid assumption for predicting 

machining forces.  Leverage plots from JMP’s analysis can be found in Appendix B. 
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Figure 3-7.  Graph of Reciprocal P-Values from DOE 
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4 MEASURED AND PREDICTED FORCES 

 
Experimental force measurements were compared to predicted values in three different 

materials at tool tilt angles of 0, 10, and 25°.  This chapter provides plots of predicted and 

measured forces for the aforementioned cuts as well as the repeatability of the force data.  

It is important to realize that three tool revolutions were averaged to create one set of 

forces over one tool rotation (0-360°).  Notice θ = 0º has been defined at the start of chip 

formation as shown in Figure 4-1.  Also keep in mind that the first flute in each figure 

produces smaller forces than the second flute.  Theta was arbitrarily chosen to start at the 

beginning of the smaller forces rather than the larger forces simply to follow the structure 

of the cutting force model. 

 

A parameter in the cutting force model is tool runout.  Once the tool was mounted in the 

spindle, runout was measured using an electronic indicator.  The electronic indicator tip 

was extended as close as possible to the ball of the tool.  The spindle was then manually 

turned and runout was measured.  The tool was then rotated slightly in the collet and 

runout was measured once again.  This procedure was repeated until the tool/spindle 

runout was minimized.  Runout could be reduced from 16-20 µm to 6-10 µm in this 

manner.  The runout measured was that of the air-bearing spindle and the tool shank.  The 

actual flute runout was not measured and is an unknown factor in the cutting force model.  

Runout was input into the model by means of a percentage.  The percentage value was 

calculated as the tool shank runout divided by the upfeed per revolution.  For example, if 

the calculated upfeed and measured runout were both 10 µm, then the runout would be 

100%.  This means that one flute would remove all material and the other flute would 

remove no material.  Reflective tape was positioned on the spindle collet in alignment 

with the tool flutes.  The optical sensor was then used to measure the start of a tool 

revolution.  Because alignment was only approximate with this method, the force data 

was shifted ± 10º in time to align it with the force model. 
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Figure 4-1.  Definition of Tool Rotation Origin,  

 

A model parameter that presented some uncertainty was the tool wearland.  The wearland 

rubs or slides against the workpiece material as the tool rotates.  This area grows over 

time due to sliding frictional forces causing the flute to become dull.  As wear increases, 

so do the forces.  The wearland of a new tool was consistently measured at 4-6 µm and 

was seen after cutting experiments in this research to increase to 12-14 µm.  A light 

microscope was used to view the flank of the tool.  The wearland was measured by 

adjusting the focal point of the microscope.  However, due to poor printing quality of the 

light microscopes printer, an SEM image of a miniature tool can be seen in Figure 4-2 

demonstrating the wearland.  The wearland value measured with calibration lines 

obtained from the light microscope was then entered into the cutting force model.  

Typical wearland values were often measured to be about 8 µm.  Notice there is a region 

of wear on each cutting edge as well as the center of the tool, which is not a cutting edge. 
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Figure 4-2.  Wearland of a Ball End Mill 

 
 
Another process that led to some uncertainty throughout this research was the touch off 

procedure.  The touch off procedure was crucial to obtaining desired depths of cut.  

Touching off was where the tool was moved toward the workpiece in small increments 

(~1 µm) until contact was confirmed.  A telescope was used to gain an expanded view of 

the tool-workpiece interaction.  Once the tool was close to the workpiece, the force 

transducer was used to confirm contact.  When forces were measured with the force 

transducer, the tool was in contact with the workpiece and the z-axis was zeroed.  An 

example of the oscilloscope during touch-off can be seen in Figure 4-3.  This is a touch-

off procedure using the z-direction of the force transducer with a tilted tool.  Division 

lines are not shown in the figure, but the large peaks are approximately 0.06 N. 
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Figure 4-3.  Snapshot of Z-Force vs. Time at Touch-off (peak force is less than 0.1 N) 

 
 

4.1 MATERIAL PROPERTIES 
 
Three different materials were used for the force measurement experiments:  S7 steel, a 

hardened tool steel, 1018 steel, a low-carbon steel, and 6061 aluminum, a structural 

aluminum alloy.  Experimental machining data was obtained for each of the three 

materials.  This data was then compared to the cutting force model.  Material properties 

were used to compare and improve the existing cutting force model.  Relationships 

between material properties and cutting forces are discussed in this section followed by 

experimental force measurements and predictions with the improved force model.  

 

The force model requires a number of input parameters and material properties.  Such 

inputs include machine parameters (depth of cut, feedrate, and spindle speed), 

tool/spindle properties (radius, wearland, tilt, and runout), and material properties 

(hardness, modulus, shear angle, and friction coefficients).  Based on Equations (2) and 

(3), hardness and elastic modulus were the material properties needed to predict forces.  

However, when more ductile materials were examined, the material hardness was not 

effective in predicting forces.  Therefore, the material parameter (previously hardness) 

was manually adjusted to match the force data.  Once all experimental data (S7, 1018, 
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and 6061 results) had been analyzed, a strong correlation was found between volumetric 

work and the material parameter.   

 

Volumetric work can be defined as the work necessary to deform a material elastically 

and plastically to the point of failure.  The definition of volumetric work is the area under 

the stress-strain curve.  It is a measure of a material’s yield strength, ultimate strength and 

ductility.  Figure 4-4 is a plot showing a linear approximation of the stress-strain areas for 

the three materials being analyzed in this research.  Notice S7 steel has the highest yield 

and ultimate strength but the smallest strain to failure.  1018 steel and 6061 aluminum 

have similar yield and ultimate strengths but 1018 steel is much more ductile with nearly 

double the strain to failure.  The increased strain is why the forces in 1018 steel were 

much larger that the forces in 6061 aluminum for the same cutting conditions.  However, 

the units of strain have often been misinterpreted (see Figure 4-4).  Even though the units 

of strain appear dimensionless, the units are actually length/length.  This is crucial in 

understanding the volumetric work term produced from the stress-strain area, because 

manipulation of the units can appear identical to a stress term even though it is not. 
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Figure 4-4.  Area Under Stress-Strain Curves 

 
While hardness had previously been used to describe and predict cutting forces, it may 

not be the most appropriate term, because it is only a function of strength.  In other 

words, volumetric work (not hardness) can account for the energy to complete chip 

formation process. 
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Table 4-1 is a summary of the material properties used to expand the cutting force model 

to incorporate a variety of materials.  The volumetric work was defined as the area under 

the stress/strain curve.  However, it was discovered that a value proportional to 

volumetric work correlated well with the parameter in the force model that predicted 

forces (see last two rows of Table 4-1). 
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Table 4-1.  Cutting Force Model Summary of Results 

 S7 Steel 1018 Steel 6061 Aluminum 

Modulus, E (GPa) 210 210 70 

Friction Coefficient, Rake 0.5 0.5 0.5 

Friction Coefficient, Flank 0.5 0.5 0.5 

Measured Hardness (MPa) 6710 1760 1090 

Volumetric Work (Nm/m3) 175 136 67 

Volumetric Work * 35 (Nm/m3) 6125 4760 2345 

Modeled Parameter (Nm/m3) 6000 4500 2500 

 

 

A graphical correlation of volumetric work and hardness versus the model parameter can 

be found in Figure 4-5.  Results from three different materials suggest that the existing 

cutting force model results and experimental results correlate well with volumetric work.  

The number beside each column represents the correlation value, which is simply the 

ratio between the specific material property and the parameter used in the cutting force 

model to empirically match the data.  The resultant of the volumetric work correlation 

can be found in Equations (9) and (10), which are the updated cutting force model 

equations that include volumetric work instead of hardness.  The equations used to 

produce the measured versus predicted plots found throughout this chapter used the value 

in the final row of Table 4-1. 
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Figure 4-5.  Volumetric Work and Hardness Correlations 

 
 
It was only after analyzing each set of force data that led to the development of Equations 

(9) and (10). 
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Fc = cutting force (N) 

Ft = thrust force (N) 

W = volumetric work (Nm/m3) 

E = elastic modulus of workpiece material (Pa) 

Ac = face area of chip (m2) 

Af = flank area of the tool (m2) 

µ = friction coefficient acting on the tool rake face and workpiece interface 

µf  = friction coefficient acting on the tool flank face and workpiece interface 

γ = shear angle of the chip (the value used in this research was 50°) 
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4.2 EXPERIMENTAL RESULTS 

4.2.1 S7 Steel 
 
Based on the high demand for hard steel dies in the injection molding industry, a 

hardened tool steel workpiece was selected for force model investigation.  S7 steel was 

chosen and produced the highest forces tested in this research.  Both small and large chip 

areas were tested along with varying tool tilts of 0, 10, and 25°.  Table 4-2 provides 

information for the S7 steel cuts.  The following three graphs include one set of data from 

tool tilt angles of 0, 10, and 25°.  Other experimental and predicted plots for S7 steel can 

be found in Appendix C. 

 

Table 4-2.  Cutting Parameters for S7 Steel 

Figure 

Number 

Tool 

Tilt 

[deg] 

Depth 

[µm] 

Upfeed 

[µm/rev] 

Spindle 

Speed 

[rpm] 

Max Chip 

Area 

[µm2/rev] 

Wearland 

[µm] 

Runout 

[µm] 

Figure 4-6 0 100 20 10,000 2000 7 10 

Figure 4-9 10 50 10 10,000 500 12 5 

Figure 4-10 25 50 10 10,000 500 10 10 

Figure C-1 0 25 20 10,000 500 7 10 

Figure C-2 0 100 20 10,000 2000 5 10 

Figure C-3 10 80 10 10,000 1000 12 5 

Figure C-4 25 50 20 10,000 1000 12 10 

 

0º Tool Tilt Results 
 

X-Force The general shape of the x-force is similar to the positive half of a sine 

wave with minimum force magnitudes occurring at 0º and 180º and a maximum force 

magnitude occurring at 90º.  Figure 4-6 shows measured and predicted forces for the 
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listed conditions in the x, y, and z-directions.  The measured x-force can be identified 

with the squares while the predicted x-force is the solid curve located in the middle.  At θ 

= 0° as defined in Figure 4-1, the first tool flute is vertical.  The force magnitude is 

approximately zero in the x-direction, because the tool has just entered the cut and what 

cutting force is acting on the tool should be in the horizontal direction.  The tool then 

rotates, chip thickness increases, and so does the x-force.  The x-force and chip thickness 

reaches a maximum at 90° and returns to near zero at 180°.  Notice the predicted x-force 

has a discontinuity at 180°.  This can be explained by the change in direction of the thrust 

force (with respect to the x and y-directions).  When flute one exits the workpiece and 

flute two enters, the magnitude of thrust force in the x-direction reverses and therefore 

explains the discontinuity.  The sharpness of the tool directly affects the magnitude of 

this transition because an increased wearland produces increased frictional forces.  For 

instance, a perfectly sharp tool would produce a smooth transition in the model.  Actual 

data shows this event to be quite smooth for all tools. 

 

 

Figure 4-6.  S7 Steel - Measured and Predicted Machining Forces.  Depth = 100 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 0 deg, Wearland = 7 µm, 

Runout  = 10 µm 
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Y-Force The y-force possesses different characteristics than the x-force.  While the 

x and z forces contain only the positive components of a rectified sine wave, the y-force 

reflects a complete sine wave pattern.  Note that a positive y-force is the opposite of the 

feed direction.  When the tool enters the workpiece, the cutting force vector is directly 

aligned with the negative y-direction.  As the chip thickness increases and material is 

removed, the y-force grows in the negative y-direction.  As the tool rotates, the cutting 

force vector then changes from the negative y-direction to the positive x-direction (See 

Figure 4-1).  This explains why the y-force begins increasing in the negative direction, 

reaches a maximum force magnitude and then once again begins to approach zero.  Once 

the tool flute reaches 90° of rotation, the cutting force vector begins to increase in the 

positive y-direction, reaches a maximum force and then returns toward zero.  The force 

model shows a discontinuity at 180° when flute one leaves the workpiece with its force 

vector in the positive direction and flute two enters the workpiece with its corresponding 

force vector in the negative direction.  The forces from flute two should correlate well 

with the forces from flute two and do indeed in Figure 4-6.  The reason for magnitude 

discrepancies can be attributed to spindle runout. 

 

Z-Force Characteristics of the z-force are similar to the x-force in shape.  The z-

force also begins at a minimum (some positive offset), rises to a maximum at 90°, and 

returns to the z-force minimum value at 180°.  The second flute should follow in 

magnitude and shape given equivalent geometries and no spindle runout.  However, the 

z-force is affected much differently than the x and y-forces.  While the x and y-forces are 

mainly dependent on the cutting force, the z-force is mostly influenced by the thrust 

force.  This becomes less obvious when the tool is tilted, but for perpendicular cuts as 

shown previously, the z-force is most dependent upon the thrust force.  Therefore, the 

tool wearland is the most influencing property for proper force prediction.  In 

perpendicular cutting, the wearland defines the non-zero offset shown in the previous 

figure as approximately 1.5 N.  The z-force will always endure this offset because the 

center of the tool is constantly sliding across the workpiece.  For example, had the 

wearland been larger in the previous figures, the minimum z-force would have also been 
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increased.  Likewise, the minimum z-force would have been smaller if a tool with a 

smaller wearland was used.  For instance, the minimum z-force would return to zero if a 

perfectly sharp tool were being used. 

 

Once the tool has been tilted with respect to the workpiece normal, the center of the tool 

is no longer in continuous contact with the workpiece.  Refer to Figure 2-2 for tool tilt 

orientation.  It should be noted for clarification that the tool was tilted in the feed 

direction. This intermittent cutting action was reflected in the cutting force model by 

means of a duty cycle (dc), which can be defined as the percentage of time the tool is 

contact with the workpiece.  At 0° tilt, the duty cycle would be 100% because the center 

of the tool remains in contact with the workpiece at all times.  Figure 4-7 is a view 

looking along the direction of the groove and shows the geometric relationship between 

depth, tool radius, and tool rotation.  Here the maximum duty cycle at 90° tool tilt occurs 

at a depth equal to the tool radius and can be defined as follows: 

 

180
2

90
θ=dc               (11) 

 

where    



 −= −

r
d

1cos 1θ      (12) 
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Figure 4-7.  Schematic Showing Duty Cycle at 90º Tool Tilt 

 
 
Assuming duty cycle varies linearly with tool tilt, the form of the equation can be written 

as: 

 
bmdc += α          (13) 

 
 

where m is the slope of the function based on the two previously discussed initial 

conditions, α is the tool tilt angle, and b is the y-intercept.  The y-intercept must be 1, 

because the duty cycle is 1 with a tool tilt of 0º.  Therefore, the duty cycle expression as a 

function of tool tilt angle, depth, and tool rotation in contact with the workpiece can be 

found in Equation (14). 
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Equation (14) was used to estimate the duty cycle for tools tilted at 10 and 25°.  The duty 

cycles were found to be 90% and 75% respectively for approximate depths of 50 µm.  In 

other words, the tool should be in contact with the workpiece for only 75% of the time for 

a tilt angle of 25°.  Force data for tilted tools of 10 and 25º can be found in the following 

two figures. 

 

Figure 4-7 shows the tool tilted 10º in the direction of feed.  This tool orientation 

produces intermittent cutting as described by the duty cycle and causes the forces to 

return to zero.  Figure 4-8 shows a transition area between the two cutting edges of the 

end mill.  This transition area causes a static offset for 0º tilt angles as seen in Figure 4-6.  

However, once the tool is tilted some small angle, the cutting forces will not possess this 

static offset and should return to zero.  The transition area between each flute in Figure 

4-8 was measured to be approximately 56 µm.  Based on a radius of 400 µm, a tilt angle 

of 3.5º will completely remove the flat tool center from the workpiece.  Therefore, the 

flank area of the tool in contact with the workpiece is a function of the tool tilt angle.  

This transition area was found to reduce the flank area by a factor of 2 when it is not in 

contact with the workpiece. 
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Figure 4-8.  Wearland of a Ball End Mill 

 

 

10º Tool Tilt Results 
 

Figure 4-9 shows that machining forces can be modeled in both magnitude and duration 

for 10º cuts in S7 steel.  The predicted force model curves in Figure 4-9 show agreement 

with the maximum cutting force in each corresponding direction.  Notice the duty cycle 

approximation of 90% correlates well with the measured data.  With a duty cycle of 90% 

(10º tilt), the forces should be zero for approximately 7º at the beginning and end of each 

flute rotation. 
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Figure 4-9.  S7 Steel - Measured and Predicted Machining Forces.  Depth = 50 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 10 deg, Wearland = 12 

µm, Runout  = 5 µm 

 
 

25º Tool Tilt Results 
 

Figure 4-10 shows excellent correlation between the measured and predicted force values 

for flute one.  The y-force magnitude was well predicted with flute two, while the force 

model underestimated the second flute in Figure 4-10 by about 70% in the x and z-

directions.  This could be attributed to non-symmetric tool flutes from the tool 

manufacturing process (not to be confused with shank runout).  If, for instance, one 

cutter’s geometry were slightly different than the second, the spindle and tool runout 

measurement count not account for this difference.  Also notice the duty cycle 

approximation of about 75% at 25º tilt correlates well with the measured force data.  In 

other words, the tool was measured and predicted to remain in contact with the workpiece 

for about 130º out of the total 180º of one flute rotation. 
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Figure 4-10.  S7 Steel - Measured and Predicted Machining Forces.  Depth = 50 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 25 deg, Wearland = 10 

µm, Runout  = 10 µm 

 

 

4.2.2 1018 Steel 
 
The second material selected for force model verification was 1018 steel.  1018 steel is a 

low-carbon steel and therefore a commonly machined metal.  1018 steel was also the 

most ductile material of the three tested with a published elongation to failure of 40%.  

The following figures show predicted and measured force data.  One set of force data can 

be found below for 0, 10, and 25° tool tilts, while additional data can be found in 

Appendix C. 
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Table 4-3.  Cutting Parameters for 1018 Steel 

Figure 

Number 

Tool 

Tilt 

[deg] 

Depth 

[µm] 

Upfeed 

[µm/rev] 

Spindle 

Speed 

[rpm] 

Chip 

Area 

[µm2/rev] 

Wearland 

[µm] 

Runout

[µm] 

Figure 4-11 0 75 15 10,000 1125 8 8 

Figure 4-12 10 100 5 10,000 500 8 5 

Figure 4-13 25 50 20 10,000 1000 10 10 

Figure C-5 0 100 10 10,000 1000 9 8 

Figure C-6 10 100 20 10,000 2000 11 5 

Figure C-7 25 50 10 10,000 500 10 5 

 

 

0º Tool Tilt Results 
 
Figure 4-11 illustrates that three-directional machining forces can be predicted in 1018 

steel workpiece samples.  The largest force magnitude in each direction was accurately 

predicted. However, the transition of flutes entering and exiting the workpiece was not 

well modeled.  It is difficult to model this transaction due to the unknown geometry of 

each individual cutter.  The y-force for flute one was also inaccurate.  Although the total 

magnitude was modeled well, the position with respect to tool rotation was not. 
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Figure 4-11.  1018 Steel - Measured and Predicted Machining Forces.  Depth = 75 µm, 
Upfeed = 15 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 0 deg, Wearland = 8 µm, 

Runout  = 8 µm 

 
 

10º Tool Tilt Results 
 
Figure 4-12 also illustrates that predicting forces in 1018 steel can be successful.  The 

major difference from the previous figure is the upfeed.  The upfeed was tripled in the 0º 

cut with all other parameters being about equal.  The design of experiment (Section 3.5) 

proved upfeed was a tremendous factor when analyzing the maximum force magnitudes.  

This finding is supported with the results from Figure 4-11 and Figure 4-12.  The x, y, 

and z-forces all increased by approximately 50% when upfeed was tripled.  It makes 

sense the forces did not triple because the depth of cut was increased by 25 µm (or 25%) 

in Figure 4-12.  Notice the duty cycle estimation at 10º tilt accurately compares with the 

experimental data.  Here, the tool was measured and predicted to be in contact with the 

workpiece for 160º of 180º (90%) for each flute. 
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Figure 4-12.  1018 Steel - Measured and Predicted Machining Forces.  Depth = 100 µm, 
Upfeed = 5 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 10 deg, Wearland = 8 µm, 

Runout  = 5 µm 

 

25º Tool Tilt Results 
 

Figure 4-13 shows the results in predicted and measured force data for a cut at 25º tilt.  

Notice the predicted values matched well with the measured values for the first flute.  

However, results from the second flute were not accurately predicted.  While the y-force 

magnitude was predicted, the x and z-force magnitudes were underestimated by 100 and 

60% respectively.  Again, differences in the two cutting edges may be the reason for the 

unpredicted forces in the x and z-directions for the second flute.  Again, notice the duty 

cycle of 75% at 25º tilt correlates well with the measured force data. 
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Figure 4-13.  1018 Steel - Measured and Predicted Machining Forces.  Depth = 50 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 25 deg, Wearland = 10 

µm, Runout  = 10 µm 
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4.2.3 6061 Aluminum 
 

6061 aluminum, a common structural aluminum, was also chosen for experimental and 

predicted force comparison.  Smaller force magnitudes were noticed while machining 

aluminum than either 1018 or S7 steel for a given set of cutting parameters.  This 

phenomenon seems logical, because 6061 aluminum exhibits the smallest volumetric 

work (stress/strain area) when compared to either type of steel.  A list of cutting 

parameters for 6061 aluminum can be found in Table 4-4 followed by three predicted and 

measured force plots.  Supporting plots for 6061 aluminum can be found in Appendix C. 

 

Table 4-4.  Cutting Parameters for 6061 Aluminum 

Figure 

Number 

Tool 

Tilt 

[deg] 

Depth 

[µm] 

Upfeed 

[µm/rev] 

Spindle 

Speed 

[rpm] 

Chip Area 

[µm2/rev] 

Wearland 

[µm] 

Runout

[µm] 

Figure 4-14 0 50 20 10,000 1000 4 8 

Figure 4-15 10 75 30 10,000 2250 6 8 

Figure 4-16 25 75 30 10,000 2250 2 4 

Figure C-8 0 100 20 10,000 2000 4 8 

Figure C-9 10 75 15 10,000 1125 5 8 

Figure C-10 25 75 15 10,000 1125 4 4 
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0º Tool Tilt Results 
 

Figure 4-14 is a plot of experimental and predicted forces of a perpendicular cut made in 

6061 Aluminum.  Although the transition point between flute one and flute have occurred 

at approximately 180º for each of the previous cuts, the flute transition occurs at about 

135º in Figure 4-14.  The transition point was manually adjusted in the model simply to 

reduce confusion with the x, y, and z-force comparison.  It should also be noted that the x 

and z-forces were well predicted while the y-force was underestimated by about 200%. 

 

 

Figure 4-14.  6061 Alum - Measured and Predicted Machining Forces.  Depth = 50 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 0 deg, Wearland = 4 µm, 

Runout  = 8 µm 
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10º Tool Tilt Results 
 

The cutting forces shown in the Figure 4-15 are perhaps the most accurate results in this 

research.  The x, y, and z predicted forces are quite similar to the acquired experimental 

forces.  It should be noted that the upfeed to runout ratio was the largest of the analyzed 

force data.  The runout has typically been 50% of the upfeed for the previous 

experiments, but here it is 26 %.  In this way, force predictions may be well correlated to 

runout.  Here, the most accurate forces were predicted with the smallest runout affect.  

The duty cycle at 10º tilt predicts the tool to be out of contact (zero forces) with the 

workpiece 20º per flute.  However, it appears that the measured forces are not zero as 

long as the duty cycle expression predicts. 

 

 

Figure 4-15.  6061 Alum - Measured and Predicted Machining Forces.  Depth = 75 µm, 
Upfeed = 30 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 10 deg, Wearland = 6 µm, 

Runout  = 8 µm 
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25º Tool Tilt Results 
 
Although the cutting parameters in Figure 4-16 are identical to Figure 4-15 with the 

exception of tool tilt, the wearland and runout are larger in magnitude.  Therefore there is 

a slight decrease in x, y, and z-forces.  The acquired forces are well predicted with the 

model in Figure 4-16.  Once again, the ratio of upfeed to runout is large.  There appears 

to be some correlation with this ratio.  When runout is less of a factor, the forces seem to 

be more predictable.  The duty cycle approximation of 75% at 25º tilt agrees extremely 

well with the acquired force data. 

 

 

Figure 4-16.  6061 Alum - Measured and Predicted Machining Forces.  Depth = 75 µm, 
Upfeed = 30 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 25 deg, Wearland = 3 µm, 

Runout  = 4 µm 
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4.3 REPEATABILITY 
 
The validity of the force model is based on the assumption that the same conditions and 

cutting parameters will produce repeatable forces from cut to cut.  The repeatability of 

forces will be reflected by the tool condition.  For example, the forces from one 

experiment to the next may vary substantially if the tool is worn during the cutting 

process.  This was often found in hardened materials.  However, the repeatability of 

cutting forces was examined in aluminum using a depth of 50 µm, a feed of 15 µm/rev, 

and a tool tilt of 25°.  Three cuts were made using the same touch-off procedure with the 

aforementioned parameters.  Figure 4-17 is a plot showing the x-force captured from the 

three consecutive grooves.  With the shallow depth of 50 µm and runout of 10 µm, only 

forces from one flute were captured.  Notice the three cuts are repeatable to a maximum 

deviation of about 0.1 N found in the second tool revolution.  The y and z-forces can be 

found in Appendix D, as well as a second set of repeatability plots machined with a 

different tool. 

 

 
Figure 4-17.  Measured X-Force for Three Identical Cuts 
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4.4 FORCE MODELING CONCLUSIONS 
 

Experimental data suggests that machining forces are repeatable and predictable in both 

the cutting and thrust directions.  Experimental forces measured using a broad range of 

materials (S7 tool steel, 1018 low-carbon steel, and 6061 structural aluminum) compared 

well with predicted force curves. 

 

This research also concludes that machining forces can be predicted with knowledge of 

appropriate workpiece material properties:  modulus, yield strength, ultimate strength, 

and elongation to failure (strain).  The volumetric work of a material was found to 

correlate well with predicted forces and not hardness, as proposed by Miller [23].  

However, the success of force prediction for miniature ball end mills was found to rely 

heavily on the ability to measure the tool wearland.  The wearland was found to be the 

most difficult parameter to measure due to the irregularities of the cutting edge.  

Although there are many uncertainties in each experiment, the approximate shape and 

magnitudes of the force profiles can be predicted. 

 

Now that machining forces are better understood and can be predicted with Equations (9) 

and (10), the forces can be used to improve form errors resulting from tool deflection.  

Part II of this thesis addresses tool deflection and focuses on three deflection 

compensation techniques.  Although only one compensation method involves predicting 

forces, the information regarding measuring forces from Part I was crucial in 

implementing the two closed loop compensation techniques. 
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PART II:  DEFLECTION COMPENSATION 

5 DEFLECTION COMPENSATION OVERVIEW 

5.1 INTRODUCTION 
 
Tool deflection can lead to undesirable and inaccurate features on machined parts.  This 

is particularly true when long, small diameter tools are needed to create features on hard 

steel dies for injection molding.  The forces described in Chapter 4 provide valuable 

information on the magnitude and direction of the forces and therefore the magnitude of 

the error given the stiffness of the tool.  If this error is larger than the tolerance allows, 

some compensation technique will be needed. 

 

Deflection compensation techniques fall into two major categories: open loop techniques 

where the tool path is modified based on calculated deflections and closed loop 

techniques where the tool force is measured and an actuation system automatically moves 

the tool to compensate the deflection.  Each of these techniques was applied in this 

research and the results will be discussed in Part II of this thesis. 

 

Earlier work at the PEC by Hood [25] involved closed loop control using the axes of the 

Nanoform 600 DTM (described in Section 3.1) to provide the compensation motion and a 

load cell under the part to measure the force.  This was acceptable to demonstrate the 

concept, but the low bandwidth of these heavy slides (~ 500 pounds each) created errors 

in the machined features that could be improved with a lighter, faster actuation system.  

In addition, force measurement on the cutter is preferable, as it does not vary with the 

workpiece geometry.  For these two reasons, a new force measurement/deflection 

compensation system has been designed and is described in this chapter of the thesis. 
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5.2  HIGH-BANDWIDTH SPINDLE ACTUATOR 

5.2.1 Design 
 
A system for tool deflection compensation must include the following:  a force sensor, a 

precision actuation mechanism, a high-resolution displacement sensor, and a real-time 

controller.  Figure 5-1 is a Pro/Engineer model of an actuation system that can 

manipulate a tool path in one-dimension.  The idea is to measure the force acting along 

the axial direction of the tool and implement a closed loop control algorithm to 

compensate the estimated tool deflection due to the measured force.  The axial direction 

was chosen because it is most closely related to the z-force as measured in Part I of this 

thesis.  Once the force from the transducer has been measured, a pair of piezo-electric 

(PZT) actuators varies the tool depth based on the feedback signal.  The feedback is the 

difference between the estimated deflection and the spindle position as measured by the 

capacitance gage in line with the actuators.   

 

2 mm

Milling Tool
Air-Bearing Spindle

Cap
Gage Force

Transducer

Flexure

Preload
Plate

PZT Actuator
 

Figure 5-1.  Side View of Modeled PZT Actuated Spindle 
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When the tool first engages the workpiece, the tool deflects but the spindle position 

remains constant due to the high stiffness of the actuators and mechanical components.  

The real-time controller outputs a voltage based on the feedback signal and the actuators 

elongate.  This causes the spindle to rotate about the flexure and place the tool deeper 

into the workpiece.  The capacitance gage measures this vertical position based on the 

gap size from the spindle holder initially located 125 µm away.  The preload plate was 

designed to ensure contact between the actuators and the spindle support.  A gap of 2 mm 

under the preload plate is shown to illustrate the preload method.  Although a gap is 

shown in Figure 5-1, screws will be used to rigidly attach the plate to its mount and 

preload the actuators. 

 
The PZT spindle shown in Figure 5-1 has two major components analyzed using basic 

machine design concepts.  The flexure located towards the right of the figure was 

designed and analyzed using modeling and finite element software.  Pro/Engineer was 

used for the solid modeling and Cosmos was used for the finite element analysis.  The 

flexure was designed to be structurally stiff in every direction with the exception of 

rotation.  The flexure was also designed with a stroke of 50 µm.  Finite element analysis 

results concluded that 1018 steel would provide enough strength for this component. 

 

A preload mechanism must be used to keep the spindle in contact with the piezo-electric 

actuators.  A preload plate design was selected due to its simplicity.  The idea was to 

select a plate geometry that was compliant in the actuation direction to provide a non-

influencing stiffness with an appropriate preload force.  Cosmos FEA software was used 

to select the plate geometry that could provide 100 N of preload force with low stiffness.  

C-1095 spring steel was selected with a thickness of 0.81mm.  A plate deflection of 2 mm 

was needed to provide a preload force of 100 N.  The system was designed to have a 

preload force of 100 N to ensure machining forces, which are usually on the order of 10 

N or less, never exceed the preload force. 
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Figure 5-2 is a photograph of the completed spindle actuation design.  Although the 

three-axis force transducer is not seen in this picture, it is located between the flexure and 

the base plate.  Also notice the preload plate has been bolted to the plate mount to provide 

the needed preload to the actuators.  For further visual effects, Figure 5-3 is a three-

dimensional photograph of the system.  System component drawings can be found in 

Appendix E. 

 
 

 

Figure 5-2.  Side View of Actual PZT Actuated Spindle 
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Figure 5-3.  Three Dimensional View of PZT Actuated Spindle 

 

5.2.2 Actuators and Sensors 
 
The spindle and force transducer used for force-feedback machining have been 

previously discussed in the “Experimental Apparatus and Method” section.  The force 

transducer, which was described in Section 3.2, was selected for its stiff structural 

properties and high-bandwidth, high-resolution capabilities, while the force 

transducer/charge amp settings provide a sensitivity of 0.04 N.  A capacitance gage was 

selected to monitor the actuation for closed loop control purposes and was mounted 

between the pair of PZT actuators.  Figure 5-4 shows how the capacitance gage is 

mounted directly in line with spindle centerline and between the actuators.  This removes 

any rotation uncertainty if the actuators do not displace equal distances.  Model RD20-1 

was selected from Lion Precision with a measuring range of 50 µm and sensitivity of 2.5 

µm/V. 
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Cap Gage
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Figure 5-4.  Front View Showing Cap Gage and PZT Actuators 

 

A pair of PZT stack actuators (Model D1CM20 from Kinetic Ceramics Inc.) was selected 

based on structural demands with calculated bending and axial stiffness of 12 N/µm and 

285 N/µm respectively.  Stiffness calculations were obtained with cantilever and axial 

beam theory (refer to Section 5.2.3).  The length and diameter of the actuators are 20.7 

mm and 10.7 mm, respectively.  The PZT has a maximum excursion of 20 µm at 1000 V 

and can exert an actuating force up to 2,800 N.  At this maximum excursion, 

approximately 50 µm of radial tool deflection can be compensated.  This is possible due 

to the distance ratios between the actuators and flexure as compared to the tool tip and 

flexure. 
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5.2.3 System Stiffness 
 

Section 5.2.3 discusses the stiffness of the tool, spindle, and spindle holder as a complete 

system.  Although the stiffness measurements reflect the complete system, the radial tool 

stiffness and axial air-bearing stiffness are the most compliant components.  Therefore, 

the following discussions will refer to the tool and air-bearing stiffness. 

Radial Direction, Model Results 
 
The radial stiffness of the long tungsten carbide tool was modeled by estimating the tool 

as a series of two cantilever beams where k1 and k2 are the radial stiffness of each 

geometry of the tool.  Figure 5-5 is a schematic showing the different tool geometries for 

k1 and k2. 

 

0.8
mm

6 mm19 mm

3.0 mm

k1 k2

4 mm21 mm  

Figure 5-5.  Tool Modeled as Two Cantilever Beams in Series 

 

The total stiffness of a radial-loaded cantilever beam can be estimated with Equation 

(15), while the general stiffness equation for a beam in bending can be found in Equation 

(16). 
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where  kTotal = total radial stiffness of tool 

 k1 = radial stiffness of tool, section 1 

 k2 = radial stiffness of tool, section 2 

kR = stiffness for beam in bending 

 P = load applied radially at end of tool 

 δR = radial deflection of tool 

 E = elastic modulus of tool (586 GPa) 

 I = area moment of inertia  

 L = length of tool. 

 

The radial stiffness of the milling system was estimated to be 0.141 N/µm by using 

simple beam theory. The radial stiffness of the air-bearing spindle was assumed to be 

rigid based on the fact the theoretical radial tool stiffness was much smaller than typical 

stiffness values for air-bearing spindles. 
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Radial Direction, Experimental Results 
 
Experiments were conducted to measure the tool stiffness in the radial direction.  The 

idea was to apply a known force to the tool in the radial direction and measure the 

corresponding deflection.  A ball-end mill (0.8 mm diameter, 4 mm shank) was secured 

in the collet with the long shank tool projecting 25 mm.  A thin string was then glued to 

the end of the tool to allow a suspended mass.  Masses from 50 to 1000 g were applied, 

and the deflection was measured using an electronic indicator.  Figure 5-6 is a drawing of 

the experimental setup.  The spindle air-pressure was set to 70 psig. 

 

Milling
Spindle

Mass

Milling ToolFederal
Gage

 

Figure 5-6.  Radial Tool Stiffness Setup. 

 

Three trials were conducted for each mass to ensure repeatable results.  Data acquired 

from the tests were plotted and a linear trend line was used to obtain the equation of the 

curve for two tools.  Here, the slope of the curve yields the radial stiffness of the long-

shank milling tool in N/m (See Figure 5-7).  Consequently, the radial stiffness of the two 

tools averaged together was 0.114 N/µm. 
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Figure 5-7.  Experimental Force vs. Deflection Curve for Radial Stiffness, Long Shank 

 

The experimental and modeled results compared reasonably well with values of 0.114 

and 0.141 N/µm, respectively.  Therefore, the assumption that the air-bearing radial 

stiffness could be neglected was acceptable. 

 

Axial Stiffness, Model Results 
 
For axial stiffness calculations of the tool itself, two cantilever beams were modeled in 

series (refer to Figure 5-5 and Equation (15)).  The stiffness for a beam loaded axially can 

be found using the following expression: 
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δ
         (17) 
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where  kA = axial stiffness of tool 

 P = load applied axially at end of tool 

 δA = axial deflection of tool 

 E = elastic modulus of tool (586 GPa) 

 A = cross-sectional area of tool  

 L = length of tool. 

 

The axial stiffness of the long-shank tool was calculated to be approximately 39 N/µm.  

However, the tool stiffness in the axial direction was assumed to be much greater than the 

air-bearing spindle stiffness, even though no documentation regarding stiffness from the 

spindle manufacturer was obtained.  Therefore, the axial stiffness of the system was  

measured. 

 

Axial Stiffness, Experimental Results 
 
Experiments were also conducted to determine the stiffness of the spindle in the axial 

direction.  Again, the idea was to apply some known force to the spindle in the axial 

direction and measure the corresponding deflection.  A similar setup to the radial stiffness 

measurements was used with the exception of a pulley to convert the hanging mass into 

an axial load.  Since the tool stiffness in the axial direction was found to be extremely 

high, the experimental tests produced an axial stiffness measurement solely on the air-

bearing spindle.  The same tool setup was used, while masses from 100 to 1000 g were 

suspended from two tools.  Figure 5-8 shows the experimental setup for the axial 

measurements.  Figure 5-9 is a force versus deflection curve for the air bearing and shows 

the axial stiffness of the spindle to be 1.220 N/µm.  Table 5-1 summarizes the results 

discussed in this section.   
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Figure 5-8.  Axial Spindle Stiffness Setup. 

 

 

Figure 5-9.  Experimental Force vs. Deflection Curve for Axial Stiffness, Long Shank 
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Table 5-1.  Modeled and Measured Stiffness Results for Long Shank Tools 

Direction Modeled Stiffness (N/µm) Measured Stiffness (N/µm) 

Radial 0.141 0.114 

Axial -- 1.220 

 
 
 
Results from the table above suggest that the radial stiffness of the tool/spindle system 

could be reasonably predicted with cantilever beam theory.  The axial compliance of the  

spindle was measured, and the results were found to be repeatable for tests conducted on 

two long-shank end mills.  Therefore, both stiffness measurements can be used with 

confidence in this research. 

 

Stiffness for Tilted Tools 
 
Tool deflection is inevitable in any cutting experiment.  When the milling tool is tilted, 

both the radial and axial compliance contribute to deflection in the z-direction.  A 

coordinate transformation was performed to correctly predict this z-direction deflection.  

For a linear spring, 

 

δkF =      (18) 

 

and solving for deflection yields 

 

k
F=δ       (19) 

 

where  δ is deflection  

F is force  

and k is stiffness 
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From Figure 5-10, the axial and radial deflections of the system can be broken into 

components from the z-force based on tool tilt.   

 

α

FAxial

FRadial

Fz

δRadial

δAxial

δz,Radial
δz,Axial

δZ

Radial
Axial

 
Figure 5-10.  Diagram of Tilted Tool 

 
 
The following equations can now be derived. 

 

Radial

Radial
Radial

Axial

Axial
Axial k

F
k
F

== δδ ;       (20) 

 

Therefore, the total deflection in the z-direction follows as: 

 

αδαδδ sincos RadialAxialz +=    (21) 

 

Substituting and collecting terms, 
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ααδ sincos
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Since the axial force can be related to the cosine component of the z-force, and the radial 

force can be related to the sine component of the z-force, the effective stiffness in the z-

direction is as follows: 
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This expression was used with the open loop control technique that will be discussed in 

Chapter 6 where the z-direction of tool deflection was compensated. 

 

5.2.4 Spindle Actuator Control 
 
The dynamics of the spindle actuation system (see Figure 5-2) were assumed to be a 2nd 

order system.  Since spindle actuation control was desired, it was important to model this 

system to assist in the design of a closed loop controller.  The system dynamics were 

modeled in the following form: 
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where 

C(s)/R(s) = transfer function of system output/input 

ωn = natural frequency of system (rad/sec) 

s = s-domain variable 

ζ = damping ratio. 
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MATLAB was used to determine initial PID (Proportional-Integral-Derivative) gains 

using the “rltool” command, which shows how closed loop poles vary with controller 

gain.  The dynamic behavior of the second order system was described in terms of two 

characteristics:  overshoot and rise time.  The overshoot of the open loop step response 

was used to obtain a damping ratio, while the rise time was used to estimate the natural 

frequency. 

 

The damping ratio was estimated from the measured overshoot of the open loop 0.5 µm 

step response.  Initially, overshoot of an open loop 0.5 µm step was measured as 54%.  

To increase system damping, a rubber isolation pad (not shown) was preloaded from 

above onto the spindle holder above the actuators.  The vibration isolation pad increased 

damping without influencing system stiffness due to its compliance.  The resultant 

measured overshoot was 20% with a corresponding damping ratio of 0.46.  The damping 

ratio was obtained from a plot of overshoot versus damping ratio [26].   

 

The natural frequency of the spindle system in the vertical direction (see Figure 5-2) can 

be estimated from the rise time, where natural frequency equals 1.8 divided by the rise 

time [26].  The rise time was obtained from a commanded step input of 0.5 µm without 

feedback (open loop), where the displacement of the actuator was measured by the 

capacitance gage.  Therefore with a measured open loop rise time of 1.38 ms, the natural 

frequency was calculated to be 1,302 Hz.  It is also important to understand that rise time 

is defined as the time required for the system response to rise from 0% to 90% of its 

target value [26]. 

 

The “rltool” command provides an interface where a linear controller can be designed 

graphically.  Figure 5-11 is a plot of the root locus system response showing increasing 

proportional gain (k).  A gain of 0.0 is marked with the three circles, and as k increases, 

each pole follows its specific path for the system.  A system is said to become unstable at 
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the critical proportional gain (kc), when a pole crosses the origin of the real axis.  The root 

locus shows this system to become unstable with a critical gain of kc = 3,000. 

 

 

Figure 5-11.  Root Locus of System with only Proportional Gain 

 
 
Figure 5-12 is the predicted step response of the system with a proportional gain of kc = 

3000 over 50 ms.  System instability is undesirable with any proportional gain.  Therefore 

a more sophisticated controller was needed. 
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Figure 5-12.  Simulated Step Response with Proportional Gain of kc 

(Vertical axis units are in µm) 

 

The root locus tools were used to predict PID values based on the desired step response 

for a 0.5 µm step.  This process of controller design is called PZ compensation.  Here, 

PID controller gains can be obtained from a root locus plot with the addition of two zeros 

and a pole (s=0).  Poles and zeros are respectively defined as the roots of the denominator 

and numerator of a given transfer function.  The pole and zero placements were analyzed 

until a desired step response was obtained.  A step response with an overshoot less than 

10% and a rise time less than 10 ms was desired. 

 

Figure 5-13 is a simulated step response with proper placement of two zeros and a pole.  

Notice the rise time was 2 ms and the overshoot was 9%.  To obtain this response, zeros 

were placed at –155 and –2110 and a pole was placed at the origin.  Figure 5-14 is the 

root locus plot for the controller mentioned previously with a gain of 0.4.  Characteristics 

of the simulated step response include: 

 

P gain = 0.4 * 2110 = 844       

I gain = 0.4 * 2110 * 155 = 130820    
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D gain = 0.4 

Rise time = 2.0 ms 

Overshoot = 9 % 

Time step = infinitely small (continuous)         

 

Overshoot = 9%

Rise time = 2 ms

 

Figure 5-13.  Simulated Step Response with PID Controller 
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gain = 0.4

 

Figure 5-14.  Root Locus of System with Controller 

 

5.2.5 Closed loop Step Response 
 
A dSpace DS1104 controller board was used to implement closed loop control 

algorithms.  The DS1104 board offers a 250 MHz processor with a Texas Instruments 

DSP TMS320F240 chip for digital signal processing.  Analog to digital input signals 

were sampled at a rate of 2 µs (500 kHz, 16 bit), while the digital to analog data had 10 

µs settling times (also 16 bit).  The controller was responsible for implementing the entire 

control scheme including filtering the force signal and feedback control.   

 

Once the MATLAB simulation had approximated PID controller gains, the PZT-actuated 

spindle was tuned.  A Trek P0617A amplifier was used to power the stack actuators.  The 

step response of the spindle was measured with the capacitance gage and viewed with an 

Agilent 54624A oscilloscope.  Figure 5-15 is a plot of an actual step response as 

measured by the capacitance gage.  Notice the capacitance gage has an initial offset of 

0.25 µm but executed a 0.5 µm step.  Although it may be hard to see in Figure 5-15, the 

rise time and overshoot were measured by the oscilloscope as 6 ms and 6% respectively.  
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Also notice the amplifier supplied approximately 30 V to execute the 0.5 µm step.  While 

the PID gains obtained from MATLAB were a good starting point, the final PID gains 

were tweaked to obtain the plot in Figure 5-15.  The actual PID gains include P = 400, I = 

800,000, and D = 0.  Small derivative gains were attempted, but was set to zero because 

of the harshness of the output signal. 

 

 

Figure 5-15.  Actual Step Response, 0.5 µm Step 
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6 DEFLECTION COMPENSATION, OPEN LOOP TECHNIQUE 

Chapter 5 discussed two methods currently used for deflection compensation followed by 

a description of a newly designed apparatus that can be used for real-time actuation.  This 

chapter focuses on an open loop compensation technique that utilizes the cutting force 

model developed and verified in Part I of this research.  Chapter 7 focuses on a third 

compensation technique that involve the tool stiffness (found in Section 5.2.3) and real-

time control. 

 

6.1 OVERVIEW 
 

Open loop experiments involved programming the z-axis of the Nanoform 600 to 

compensate for predicted tool deflection.  Figure 6-1 displays the geometry of the 

experiment where full immersion slots with linearly varying depths of cut were machined 

in S7 steel samples.  Grooves spanning 20 mm and 0-80 µm in depth were desired, while 

using a spindle speed of 10,000 rpm and an upfeed of 10 µm/rev.  It should also be noted 

that the tool was tilted 20° from workpiece normal.  Based on the radial and axial 

stiffness of the tool/spindle system, the stiffness at a 20° tilt is equivalent to 0.597 N/µm 

with respect to the z-axis.  The cutting force model was used to simulate the groove 

experiment and predict deflection based on the maximum z-force and the system stiffness 

when the tool was tilted 20°.  Only the z-direction of the Nanoform was compensated 

because at the maximum z-force, the y-force is approximately zero and the x-force is in a 

non-sensitive direction (parallel to the workpiece surface). 
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Figure 6-1.  Schematic of Deflection Compensation Experiment 

 

6.2 SIMULINK MODEL 
 

Simulink, a graphical MATLAB toolset, was used to simulate the cutting force model 

(Equations (9) and (10)) and create an altered tool path to correct for tool deflection.  

Once the parameters were input into the force model and the z-force predicted, a peak 

and hold simulation was used to capture the maximum z-force for each revolution.  A 

simulated peak and hold circuit was desired because the maximum force corresponds to 

the maximum deflection in the z-direction, or maximum error.  The peak and hold circuit 

consisted of two nested maximum functions.  The first maximum function was reset 

every 12 ms (2 tool revolutions), while the second maximum function was reset every 24 

ms (4 tool revolutions).  These two functions were slightly out of phase to avoid sudden 

drops in maximum force in case the reset occurred at a time of minimum force.  Figure 

6-2 is a sample simulation to show the effectiveness of the peak and hold circuit for a 20 

mm long, 0-80 µm depth groove with an upfeed of 10 µm/rev.  Although the experiment 

described above should reach 80 µm, only the first 20 µm of data was shown for a tool 

with an 8 µm wearland at 20º tilt.  Figure 6-3 shows a more detailed view of the 
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highlighted region of Figure 6-2.  The effectiveness of the peak and hold algorithm is 

more obvious on an expanded depth axis. 

 

 
Figure 6-2.  Simulation of Z-Force versus Groove Length 
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Figure 6-3.  Peak and Hold Algorithm for Z Force 

 
Now that an approximate representation of the peak z-force is available, the system 

stiffness can be used to estimate tool deflection for the corresponding force simulation.  

Figure 6-4 provides a block diagram for open loop compensation where the estimated 

deflection is superimposed onto the initial depth profile (0-80 µm).  This created an 

altered tool path that was programmed into the machine axis.  Figure 6-5 is a plot 

showing tool deflection, initial tool path, and altered tool path created from the algorithm 

in Figure 6-4 for a 4 mm shank tool (see Figure 1-2).  Therefore, the altered tool path 

consists of the original 80 µm as well as the 17 µm of tool deflection for an altered depth 

of 97 µm at the ending groove length of 20 mm. 
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Figure 6-4.  Block Diagram for Open loop Compensation 

 
 

 
Figure 6-5.  Original and Altered Tool Path with Tool Deflection 

 

6.3 EXPERIMENTAL RESULTS 
 

A number of open loop experiments were conducted using the parameters discussed in 

the overview of this chapter.  Groove profiles were measured using a Form Talysurf 

Series 2 stylus profilometer made by Taylor-Hobson.  The measurement required 

alignment so the Talysurf stylus traveled along the bottom of the groove.  Figure 6-6 [25] 
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is a solid model of a varying depth groove used to assist in describing the alignment 

process.  The stylus was first brought into contact with the part at point B.  The part was 

then translated with a precision stage in the y-direction until the bottom of the groove was 

found.  The stylus was moved in the negative x-direction to some arbitrary distance 

(point A).  The z-direction or depth value, call it C, was recorded from the Talysurf at this 

time.  The stylus was then translated in the ±y-direction until the bottom of the groove 

was once again found.  This depth value, call it D, was also recorded.  At this time the 

part was translated with the precision stage back to C and then moved manually until the 

stylus once again reached the depth value D (bottom of groove).  This iterative process 

was repeated until C and D were approximately equal (<1 µm).  Here, it was said that the 

groove profile was indeed parallel to stylus travel.  The final alignment assures the stylus 

traces the bottom of the groove where any effects of the ball radius are negligible. 

 

 

 

Figure 6-6.  Talysurf Alignment Procedure 
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Once proper alignment of the part was achieved, the measured groove profile could be 

compared to the desired profile.  The DTM was programmed to create grooves from 0-80 

µm deep.  Two cuts were made with no compensation to evaluate tool deflection without 

compensation.  Figure 6-7 is a plot of the desired groove profile and a groove profile with 

no compensation.  Notice the difference in the two plots is tool deflection in the z-

direction, which is approximately 16 µm.  This corresponds well with the predicted 

deflection of 17 µm, which was simulated by the cutting force model.   

 

 
Figure 6-7.  Desired and No Compensation Groove Profiles; Tool Tilt = 20º, Depth = 0-

80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 

The similarity in predicted and measured deflection suggests that open loop 

compensation should be effective.  Figure 6-8 is a plot showing the complete groove 

profiles for open loop and no compensation grooves as compared to the desired profile.  

Notice the open loop groove profile matches the desired profile substantially better than 
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the cut without compensation.  This suggests that a prediction of forces and measurement 

of stiffness can be effective in reducing form error caused by tool deflection.  

 

 
Figure 6-8.  Desired, Open loop and No Compensation Profiles; Tool Tilt = 20º, Depth = 

0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 

 

Figure 6-9 is an error plot for the open loop and no compensation grooves compared to 

the desired profile.  Notice the open loop error is approximately 5 µm, peak-to-peak, 

while the error for no compensation is about 16 µm.  Therefore, open loop compensation 

reduced this error by 70%.  Supporting data for open loop compensation for 30º tilts can 

be found in Appendix H. 
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Figure 6-9.  Open Loop and No Compensation Error; Tool Tilt = 20º, Depth = 0-80 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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7 DEFLECTION COMPENSATION, CLOSED LOOP TECHNIQUE 

7.1 OVERVIEW 
 

While the open loop deflection compensation algorithm discussed in Chapter 6 required 

the cutting force model, the closed loop technique involved deflection compensation 

based on measured force.  Here, there are two major quantities that must be known, force 

and stiffness.  The idea was to measure the cutting force in real-time, predict a deflection 

based on the stiffness measurements discussed in Section 5.2.3, and compensate with the 

PZT spindle discussed in Section 5.2. Two methods of measuring force were explored.  

The first method involved measuring the z-component of the machining forces on the 

workpiece (identical to Part I of this research). The second method involved measuring 

the axial component of the tool force on the spindle.  Either method can correct for tool 

deflection without the need for material properties or cutting parameters, which are 

required for the open loop technique.   

 

Figure 7-1 shows the orientation of the spindle with respect to the workpiece.  Notice the 

axial spindle force (y-direction) is equivalent to the z-workpiece force times the cosine of 

the tilt angle.  The spindle was mounted on the slide of the DTM so that it moves 

perpendicular to the z-direction of the workpiece.  Tool deflection occurs in both the y’ 

and z’ directions, but the PZT actuators only allows compensation in the z’ direction.  

However, both directions of deflection can be compensated, because the tool tilt angle is 

known.  Section 7.2 will explain the compensation method. 
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Figure 7-1.  PZT-Actuated Spindle Orientation 

 

 

7.2 FORCE MEASUREMENT ON WORKPIECE 
 

7.2.1 Control Algorithm 
 
Equation (25) was the control algorithm used with this technique.  It shows how the force 

measurement was turned into a position error using the tool stiffness.  It should also be 

noted that the “desired position” for tool deflection purposes is zero.  When this was true, 

the tool appeared rigid and errors from tool deflection were not observed in the final 

measured geometry. 
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stiffness
forcepositionpositionerror actualdesired +−=          (25) 

 

A block diagram of the control scheme can be found in Figure 7-2.  Notice the feedback 

loop for this technique involves a displacement sensor (found within dotted area), and 

there is no predicted forces or cutting conditions needed for implementation.   
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Figure 7-2.  Block Diagram for Workpiece Feedback Control 

 

The inner loop of the block diagram reflects the feedback from the capacitance gage used 

as position feedback from the PZT actuators.  The outer loop reflects the measured force 

transformed to estimate total tool deflection.  The initial scaling of the capacitance gage 

signal was used to scale the voltage in terms of micrometers, while the second scaling 

was used to transfer the displacement of the PZT actuator to the tool tip.  Experimental 

tests were conducted to obtain this calibration by measuring the actuation at the tool tip 

with an electronic indicator as compared to the capacitance gage reading.    

 



 83

Both radial and axial components of tool deflection were compensated with this closed 

loop control algorithm.  This was only possible because the tool was tilted with respect to 

the workpiece and the tilt angle was known.  Two expressions were needed relating z’-

deflection to radial deflection and z-force.  Figure 7-3 shows the orientation of the tool 

with respect to the z-direction.  Equations (26) and (27) were used to find the total 

distance the PZT actuators needed to move to compensate for total tool deflection.  

Equation (27) was previously derived in Section 5.2.3.  Substituting Equation (26) into 

Equation (27) yields the desired expression relating radial deflection to z-force, tool tilt, 

radial stiffness, and axial stiffness.  Solving Equation (28) for δPZT/FZ provides effective 

stiffness values of 5.17, 5.75, and 6.57 N/µm for 20, 30, and 40º tool tilts. 
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Figure 7-3.  Diagram of Tilted Tool 

 

αδδ sinPZTZ =     (26) 
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It is important to note that a 2nd order Butterworth filter with a 500 Hz cutoff was 

implemented on the force and capacitance gage feedback signals.  Many filters were 

tested through simulation.  However, a 2nd order filter was chosen, because it attenuated 

high frequency noise without altering the magnitude of signals in the desired range of 0-

500 Hz.  The output signal was also limited to 500 Hz to reduce the chance of forced 

vibrations in the mechanical system.  If the actuators were driven at or near the natural 

frequencies of the system, instabilities from the forced vibration may have caused 

undesired vibrations.   

 

7.2.2 Experimental Results 
 
Experimental tests were conducted on S7 steel with a spindle speed of 10,000 rpm.  The 

desired groove profile consists of a linearly varying depth from 0-80 µm over a length of 

20 mm identical to the open loop profile described in Chapter 6.  Tool tilts from 20º to 

40º were analyzed in this research.  A complete analysis of one experiment for 20º tool 

tilt will be discussed in this section including force data, tool deflection, PZT actuation, 

controller error, and final groove profile.  Results from a 30º and 40º tool tilt experiment 

can also be found in this chapter, while additional results can be found in Appendix I. 
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20º Tool Experiments 
 
Figure 7-4 is a plot of raw z-force from the workpiece force transducer captured during a 

20º tool tilt experiment.  Only the peak force was needed to compensate for tool 

deflection, so it was imperative that a peak and hold algorithm be implemented.  The 

peak and hold algorithm was identical to the open loop algorithm discussed in Section 

6.2.  Without a reset function, a spike in force early in the experiment (as seen at 

approximately 15 seconds in Figure 7-4) would have been used for feedback until the end 

of the cut.  Also, to obtain a smoother curve for PZT actuation, the peak algorithm was 

filtered with a first order digital filter.  The coefficients for the first order filter were 

selected using common digital control techniques.  A description of digital control can be 

found in David Hood’s MS Thesis, pages 28-34 [25].  Using the criteria discussed by 

Hood, coefficients of 0.0005 and 0.9995 were selected.  These coefficients provide a 

smooth force curve without substantial time delay.  Figure 7-5 shows the raw force data, 

peak and hold algorithm, and the filtered peak algorithm for approximately 15 

revolutions of the tool.  This force data was obtained directly from Figure 7-4.   
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Figure 7-4.  Raw Z Force from 20º Tilt Closed Loop Experiment; Depth = 0-80 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 

 
Figure 7-5.  Raw Z Force, Peak and Hold, and Filtered Peak Algorithm from 20º Tilt 
Closed Loop Experiment; Depth = 0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 

10,000 rpm, 4 mm Tool Shank 
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An effective radial deflection was calculated (Equation (28)) at each time step as a 

function of tool tilt, stiffness, and current tool force.  This value can be compared to the 

tool tip actuation based on PZT movement from the previous time step.  Figure 7-6 is a 

plot of the calculated effective radial deflection based on the maximum, filtered z-force.  

Notice the maximum effective radial deflection is approximately 40 µm.  This 

corresponds to a total z-profile error of about 15 µm in the z-direction, which is 

composed of 9 µm of radial deflection and 6 µm of axial deflection.   

 

 
Figure 7-6.  Effective Radial Deflection from 20º Tilt Closed Loop Experiment; Depth = 

0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 
Based on the position error, the PID controller was used to output a voltage to the pair of 

PZT actuators.  A plot of PZT voltage vs. time can be seen in Figure 7-7.  Notice the 

output voltage profile correlates well with the force and deflection curves.  PID controller 

performance can be seen in Figure 7-8, which is a plot of the error between desired and 

actual position throughout the 20 mm cut.  Notice the maximum error occurs at the initial 
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force impact, but the error band consists mostly of ± 200 nm.  The maximum error can be 

explained with integral windup.  Integral windup is a phenomenon that appears as a delay 

in controller output signal due to a buildup of non-positive error input signals.  Once this 

apparent delay was overcome, the controller observes a large error and causes the system 

response to overshoot.  

 

 
Figure 7-7.  Controller Output Voltage from 20º Tilt Closed Loop Experiment; Depth = 

0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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Figure 7-8.  PID Error from 20º Tilt Closed Loop Experiment; Depth = 0-80 µm, 

Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 
With controller error on the order of 500 nm peak to peak, the accuracy of the groove 

profile should rely on the measurement of the groove (discussed in Section 6.3) or 

uncertainties in the force transducer calibration, stiffness measurements, or the touch-off 

procedure.  Groove profiles measured by the Talysurf profilometer can be found in 

Figure 7-9 for a closed loop cut in addition to a no compensation groove profile.  It 

should be noted that both cuts were made with long-shank tools (4 mm shank) with a 5-

µm wearland.  If both cuts had been made with duller tools, the groove profile error with 

no compensation should grow, while the groove with closed loop compensation should 

be similar to Figure 7-9. 
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Figure 7-9.  Closed Loop and No Compensation Groove Profiles from 20º Tilt 

Experiment; Depth = 0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm 
Tool Shank 

 
 
Figure 7-10 is a plot of the error (difference between actual and desired groove depth) for 

the closed loop and no compensation experiments of Figure 7-9.  The closed loop 

technique keeps the groove within 4 µm of the target position at any point along the cut.   

The peak-to-peak errors were 5.0 and 17.0 µm, respectively, for closed loop and no 

compensation grooves, which was an error reduction of approximately 70%. 
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Figure 7-10.  Closed Loop and No Compensation Error from 20º Tilt Experiment; 

Depth = 0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 
It is important to understand the effect of using force feedback machining to produce 

grooves with high tolerances.  It is obvious the machining forces will directly affect the 

final groove profile, because the forces are used as the control loop feedback.  However, 

the final groove profile would not be affected if a perfectly controlled actuation system 

were used.  This, of course, was impossible.  To see the affect of using the force as closed 

loop feedback, a groove without any compensation must be analyzed.  Figure 7-11 shows 

a measured groove and force profile for a cut at 20º tool tilt.  Notice the depth of the 

groove profile increases in phase with the force.  This affect using a system under closed 

loop control with the force as feedback may be amplified.  This observation is simply 

something to keep in mind when features with high waviness tolerances are required. 
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Figure 7-11.  Correlation Between Force and Groove Profile 

 

Results from 20º tool tilt experiments show that force feedback deflection compensation 

has been successful.  Errors were reduced from 12 µm to 4 µm (65%).  It has also been 

shown that the machining force profile correlates with the measure groove profile. 

 
 

30º Tilt Experiments 
 

Experimental results for a cut with 30º tool tilt can be found in Figure 7-12.  The groove 

machined without compensation illustrates a maximum profile error of 16 µm at the end 

of the groove.  Notice the closed loop groove profile accurately matches the desired 

profile with little deviation.  A better sense of accuracy can be found in the error plot 

shown in Figure 7-13.  The closed loop algorithm reduced error by about 80% (from 16 

µm to 3 µm) in this case.  Also notice there was more deflection with the 30º tilt than 

with the 20º tilt.  An increased tilt angle transfers more of the z-force to the radial 
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direction of the tool.  An increase in tilt angle will always produce greater tool deflection 

if all other variables remain constant.   

 

 
Figure 7-12.  Closed Loop and No Compensation Groove Profiles from 30º Tilt 

Experiment; Depth = 0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm 
Tool Shank 
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Figure 7-13.  Closed Loop and No Compensation Error from 30º Tilt Experiment; Depth 

= 0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 

40º Tilt Experiments 
 
Figure 7-14 shows profiles for closed loop and no compensation grooves with a tool tilt 

of 40º.  Deflection from the uncompensated groove at 40º tilt was approximately the 

same as the deflection with 30º tool tilt.  Intuitively, a larger tilt angle will cause more 

deflection.  However, different tools were used for the two cuts.  A smaller wearland of 

the tool used in the 40º cut (although not measured) would have caused this result. 
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Figure 7-14.  Closed Loop and No Compensation Groove Profiles from 40º Tilt 

Experiment; Depth = 0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm 
Tool Shank 

 
 

Figure 7-15 shows the closed loop profile fitting the desired profile well, with the 

exception of the peak over the first several millimeters.  The closed loop cut at 40º tilt is 

also more oscillatory than the cuts with 20º and 30º tilt.  This can be attributed to the 

larger tool tilt angle.  The radial component of the z-force at 40º tilt is larger than earlier 

experiments discussed in this chapter.  The tool’s displacement in the radial direction, for 

a given force z-force, increases by a factor of 2 from a 20º tilt to a 40º tilt due to the 

change in radial force magnitude.  Even though the profile waviness is larger than the 

previous cuts, the error was still reduced by approximately 70%.   
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Figure 7-15. Closed Loop and No Compensation Error from 40º Tilt Experiment; Depth 

= 0-80 µm, Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 

7.3 FORCE MEASUREMENT ON SPINDLE 

 
Measuring forces on the spindle offered several advantages over measuring forces on the 

workpiece.  One advantage was the opportunity for a self-contained apparatus that could 

measure forces and correct for tool deflection.  This allowed tool deflection algorithms to 

be implemented independent of workpiece properties such as size and mass.  This is 

desired when numerous part geometries and properties are created or altered on the same 

machine.  Another advantage of a self-contained design is that the force can always be 

measured along the radial or axial direction of the tool, without knowledge of the tool tilt.   

 

7.3.1 Spindle Force Calibration 
 

The same three-axis force transducer that was used to support the workpiece has also 

been used to measure the tool forces from the spindle.  However, interpretation of the 
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force was more complicated and a calibration procedure was employed.  The relationship 

between forces acting on the tool tip and forces measured by the transducer was 

implemented by applying known loads to the tool tip and recording the measured forces 

in each direction on the transducer.  Figure 7-16 is a schematic illustrating the calibration 

technique both in the axial (A) and radial (B) directions.  A series of masses were applied 

to the tool tip and readings from each transducer direction were recorded.  An x-direction 

calibration was also acquired (not shown). 
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Figure 7-16.  Schematic of Static Calibration Technique 

 

A linear trend line was used to relate the tool-tip force to the measured transducer force in 

each direction.  The plots can be found in Appendix F.  The coefficient matrix of 

Equation (29) was then assembled from the force ratio plots.  It should be noted that the 

force transducer measures a coupled effect from y and z-tool forces.  This was due to the 

moment that was applied with an axial load.  In other words, an axial tool load produced 

both forces in the y and z-directions of the transducer. 
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where  Lx = measured x-direction force 
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 Ly = measured y-direction force 

 Lz = measured z-direction force 

 Fx = applied x-direction force at tool 

 Fy = applied y-direction force at tool 

 Fz = applied z-direction force at tool 

 

The coefficients of the 3x3 matrix can be defined as follows: 
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Fx, Fy, and Fz were solved in terms of the three transducer directions from Equation (29).  

The result was a static calibration relating any three-dimensional transducer measurement 

into a single force vector applied at the tool tip.  This matrix can be found in Equation 

(31). 

 

































−

−
=

















z

y

x

z

y

x

L
L
L

F
F
F

52.095.00
028.20
0000.2

         (31) 

 

One complication of the spindle mounting was that extending the piezo-electric actuators 

produced a force on the transducer.  This was not ideal, but repeatable measurements 

made it possible to produce a second calibration curve, which was added to the control 

algorithm. A force versus actuator displacement curve was obtained for each direction of 

the transducer.  The calibration result for the y-direction of the spindle force transducer 

can be found in Figure 7-17.   

 

The y-direction was shown because it was used for closed loop control.  A linear trend 

line, 0.44 N/µm, was obtained from Figure 7-17.  The displacement of the actuators was 
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measured by the capacitance gage (see Figure 5-4) and based on this value, the 

calibration line was used to reduce the measured transducer force.  For example, if a 5-

µm displacement is measured by the capacitance gage, 2.2 N will be subtracted from the 

y-spindle force. 

 

 
Figure 7-17.  PZT Force vs. Displacement Curve, Y-Direction 
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7.3.2 Workpiece and Spindle Force Comparison 
 
To demonstrate that the force measured on the workpiece and spindle was equivalent, 

cutting experiment data was analyzed.  The orientation of the spindle can be seen in 

Figure 7-18.  The z-workpiece and y-spindle forces were selected due to their relation of 

the cosine of the tilt angle, α.  Therefore it was possible to compare the two similar force 

measurements.  
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Figure 7-18.  PZT-Actuated Spindle Orientation 

 

 

Y-spindle and z-workpiece data from the same cutting experiment can be found in  

Figure 7-19 and Figure 7-20.  This data was used to test the calibration techniques for the 

spindle force transducer previously discussed.  The idea was to modify the measured y-
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force by accounting for the static and PZT calibration as well as geometry and compare 

the results to the measured z-force on the workpiece.   

 

The y-spindle force is shown in Figure 7-19.  Notice that it does not does not start at 0 N.  

This was because the PZT actuators had some initial voltage before cutting began.  This 

appeared as a force offset in Figure 7-19.  The z-workpiece is shown in Figure 7-20 and 

does not have an offset at any section of the groove.  Notice the force magnitude at the 

end of the cut measured by the workpiece is ~ 7 N, while the spindle measured a peak 

axial force of 9 N.  Also notice the force band at the end of the cut is smaller for the y-

spindle force than the z-workpiece force.  However, the y-spindle force has not been 

multiplied by the calibration matrix (Equation (31)). 

 

 

 
Figure 7-19.  Y-Spindle Force, Tilt = 30º, Depth = 0-80 mm, Upfeed = 10 mm/rev, 

Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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Figure 7-20.  Z-Workpiece Force, Tilt = 30º, Depth = 0-80 mm, Upfeed = 10 mm/rev, 
Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 
The first step in manipulating the y-spindle force was to subtract the force produced from 

extending the actuators.  Figure 7-21 is a plot of PZT force obtained by multiplying the 

actuator displacement by the calibration constant of 0.44 N/µm.  Once the PZT force was 

subtracted from the y-spindle force, the static calibration and geometry scaling was 

implemented.  In other words, the y-spindle force was multiplied by 2.28 and divided by 

the cosine of the tilt angle, 30º. 
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Figure 7-21.  PZT Force Measured in the Y-Direction, Tilt = 30º, Depth = 0-80 mm, 
Upfeed = 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 
The maximum, filtered algorithm discussed in Section 6.2 was used to compare the 

workpiece and spindle force measurements, because this is the force that was used in the 

actual control algorithm.  Comparison of the measured forces can be seen in Figure 7-22.  

Notice the largest error occurs towards the beginning of the groove.  The maximum error 

from this comparison (0.75 N) may result in a profile error of approximately 2 µm based 

on the z-stiffness at 30º tilt.  The results from Figure 7-22 were close enough to 

implement closed loop control on the high-bandwidth spindle. 
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Figure 7-22.  Comparison of Z-Workpiece and Altered Y-Spindle, Tilt = 30º, Depth = 0-
80 mm, Upfeed = 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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7.3.3 Control Algorithm 
 

The control algorithm for experiments done with the PZT-spindle force transducer were 

somewhat different than the algorithm used with the workpiece transducer because of 

complications of the spindle force measurement discussed in Section 7.3.2.  The block 

diagram for spindle feedback can be found in Figure 7-23.  The major difference 

compared to Figure 7-2 is shown with the dotted area, which shows the capacitance gage 

signal fed into the force signal to subtract the PZT-actuator forces. 
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Figure 7-23.  Block Diagram for Spindle Feedback Control;  Dotted Area Implies 
Substantial Change from Workpiece Force Algorithm 

 
 

7.3.4 Experimental Results 
 
Experimental cuts were made in S7 steel with 30º tool tilt using the feedback algorithm in 

Figure 7-23.  The groove profile compared well with the desired 0-80 µm depth over the 

groove span of 20 mm.  Figure 7-24 is a plot showing the spindle feedback groove as 
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well as a groove without compensation.  Notice that the spindle feedback groove 

overcompensated at the start of the cut but ended at the desired depth of 80 µm.     

 

 

Figure 7-24.  Desired, Spindle Feedback and No Compensation Profiles, Tilt = 30º, 
Depth = 0-80 mm, Upfeed = 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 
The profile errors, or deviation from desired position, are shown in Figure 7-25.  The 

spindle feedback algorithm reduced peak-to-peak error by approximately 65%.  PID error 

for the 30º tilt experiment can be found in Figure 7-26.  Notice the error is approximately 

±0.2 µm for the entire cut.  Therefore, the groove profile error cannot be attributed to 

controller performance.  However, the following paragraph will address this issue. 
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Figure 7-25.  Spindle Feedback and No Compensation Error, Tilt = 30º, Depth = 0-80 
mm, Upfeed = 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 

 

Figure 7-26.  PID Error for Spindle Feedback Cut, Tilt = 30º, Depth = 0-80 mm, Upfeed 
= 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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The error profile for spindle feedback compensation can be explained by comparing the 

workpiece and spindle force measurements shown in Figure 7-27.  The workpiece force 

measurement provides a more straightforward estimate of the normal force on the tool.  

The spindle force measurement is more complicated but has advantages as discussed in 

the beginning of Section 7.3.   

 
 

 

Figure 7-27.  Z-Workpiece and Y-Spindle Force Comparison, Tilt = 30º, Depth = 0-80 
mm, Upfeed = 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 
An error plot of spindle force minus workpiece force compared with groove profile error 

can be found in Figure 7-28.  This plot shows excellent correlation with force error and 

groove profile error.  Notice the largest force difference corresponds to the largest profile 

error.  This suggests that a more accurate force acquisition method on the spindle 

transducer as compared to the workpiece force has the potential to reduce form error even 

more than the current 65%.  However, error reductions of 65% have been typical for all 
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control techniques, open or closed loop.  Another groove profile and error plot from the 

spindle-feedback algorithm (30º tilt) can be found in Appendix I. 

 

 

Figure 7-28.  Correlation Between Groove Profile and Force Error, Tilt = 30º, Depth = 0-
80 mm, Upfeed = 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 
 

Figure 7-29 is a plot of the repeatability of two cuts at 30º tool tilt where the forces were 

measured with the spindle transducer.  Notice both cuts have similar features and 

magnitudes.  Both error plots show a positive error at the beginning of the cut meaning 

the groove was deeper than desired.  Each cut was produced with the same tool, 

workpiece and control algorithm and reduced error from about 16 µm to 6 µm, peak-to-

peak. 
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Figure 7-29.  Repeatability with Spindle Force Compensation, Tilt = 30º, Depth = 0-80 
mm, Upfeed = 10 mm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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8 CONCLUSIONS 

 
Tool deflection is a familiar problem when machining miniature features with compliant 

tools.  With these tools, geometric tolerances are often sacrificed.  The developed force 

model and experimental measurements conducted within this research have proven that 

machining forces using miniature ball end mills are predictable and repeatable.  These 

repeatable forces can be used to reduce form errors through deflection compensation 

algorithms.  This research has also found deflection compensation techniques, open or 

closed loop, can improve part quality and reduce machining time and costs. 

 

8.1 PART I:  CUTTING FORCE MODEL 

 
Experimental data and the developed force model suggest that machining forces are 

repeatable and predictable in both the cutting and thrust directions.  Measured force data 

correlated well with predicted force curves in S7 tool steel, 1018 low-carbon steel, and 

6061 structural aluminum.  However, there are fourteen parameters that must be 

accurately identified to predict forces with the cutting force model.  Workpiece material 

properties that must be known to predict forces were discovered to be:  elastic modulus, 

yield strength, ultimate strength, and elongation to failure (strain).  The volumetric work 

(stress-strain area) of a material was found to correlate well with predicted forces and not 

hardness, as initially proposed. 

 

The most important finding regarding the cutting force model is that it creates a complete 

dynamic picture of real-time cutting forces using miniature ball end mills.  The force 

model also provides accurate predictions of machining forces in a variety of workpiece 

specimens. 

 

8.2 PART II:  DEFLECTION COMPENSATION 
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Two deflection compensation techniques were analyzed and implemented in this 

research.  The first was an open loop technique and predicted tool deflection from the 

cutting force model developed in Part I of this thesis.  Once all cutting parameters and 

tool properties were input into the force model, tool deflection could be predicted with 

knowledge of the tool/spindle stiffness.  This method proved successful by reducing 

profile errors in a variable depth groove by 65 %, from 16 µm to 6 µm. 

 

The second compensation technique involved the design and implementation of a spindle 

with built-in capabilities of force measurement and actuation.  This PZT-actuated spindle 

was used for real-time force feedback.  Two force sensing techniques were investigated:  

measuring the machining forces on the workpiece and measuring the machining forces on 

the spindle.  Both methods used stiffness-based algorithms that demanded accurate 

measurements of the real-time force.  Peak-to-peak profile errors were further reduced 

with closed loop force feedback. Closed loop force feedback errors were reduced by 

approximately 80%, from 16 µm to 3 µm in a variable depth groove. 

 

In general, deflection compensation techniques proved successful in reducing form errors 

of machined parts where miniature tools were required.  Significant error reductions were 

observed with a variety of tool and workpiece geometries.  This research provides two 

successful deflection compensation algorithms for miniature ball end mill as well as the 

development of a high-bandwidth actuated spindle.  The spindle design provides high-

resolution measurements of force and position along with a precision-actuation system. 
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8.3 FURTHER STUDY 

 
While the existing cutting force model has been verified for a wide range of cutting 

conditions and a variety of materials, further research would be beneficial.  It would be 

interesting to investigate other materials with a wide range of stress-strain areas.  This 

investigation should include both brittle and ductile materials. 

 

Specific groove geometry was analyzed in detail with and without deflection 

compensation techniques.  Studies should be conducted investigating a wider scope of 

feature geometries.  All experiments within this research consisted of full immersion slots 

with feedrates in only one direction.  Tests should be conducted involving directional 

changes and cornering techniques.  It would also be interesting to examine the 

effectiveness of the cutting force model using real-time control and a high-bandwidth 

actuation system.  Instead of predicting tool deflection, the algorithm would consist of 

predicting a depth of cut.  Perhaps this technique could be used to machine known 

geometries on unknown parts by following a specific force profile, which would be 

predicted with the cutting force model. 
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APPENDICES 

A. FORCE TRANSDUCER CALIBRATION DATA 

 
Figure A-1:  Calibration Data for S7 Steel (5 N/V) 

 
 

 

Figure A-2:  Calibration Data for 6061 Aluminum (2 N/V) 
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B. LEVERAGE PLOTS FROM DESIGN OF EXPERIMENT 

 
Figure B-1.  X-direction, Depth and Speed 

 

 
Figure B-2.  X-direction, Upfeed 
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Figure B-3.  Y-direction, Depth and Speed 

 
 

 

 
Figure B-4.  Y-direction, Upfeed 
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Figure B-5.  Z-direction, Depth and Speed 

 
 
 

 
Figure B-6.  Z-direction, Upfeed 
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C. MEASURED VS PREDICTED FORCES 

 

Figure C-1.  S7 Steel - Measured and Predicted Machining Forces.  Depth = 25 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 0 deg, Wearland = 7 µm, 

Runout  = 10 µm 

 

Figure C-2.  S7 Steel - Measured and Predicted Machining Forces.  Depth = 100 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 0 deg, Wearland = 5 µm, 

Runout  = 10 µm 
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Figure C-3.  S7 Steel - Measured and Predicted Machining Forces.  Depth = 80 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 10 deg, Wearland = 12 

µm, Runout  = 5 µm 

 

 

Figure C-4.  S7 Steel - Measured and Predicted Machining Forces.  Depth = 50 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 25 deg, Wearland = 12 

µm, Runout  = 10 µm 
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Figure C-5.  1018 Steel - Measured and Predicted Machining Forces.  Depth = 100 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 0 deg, Wearland = 9 µm, 

Runout  = 8 µm 

 
 

 

Figure C-6.  1018 Steel - Measured and Predicted Machining Forces.  Depth = 100 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 10 deg, Wearland = 11 

µm, Runout  = 5 µm 
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Figure C-7.  1018 Steel - Measured and Predicted Machining Forces.  Depth = 50 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 25 deg, Wearland = 10 

µm, Runout  = 5 µm 

 

Figure C-8.  6061 Alum - Measured and Predicted Machining Forces.  Depth = 100 µm, 
Upfeed = 20 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 0 deg, Wearland = 4 µm, 

Runout  = 8 µm 
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Figure C-9.  6061 Alum - Measured and Predicted Machining Forces.  Depth = 75 µm, 
Upfeed = 15 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 10 deg, Wearland = 5 µm, 

Runout  = 8 µm 

 

Figure C-10.  6061 Alum - Measured and Predicted Machining Forces.  Depth = 75 µm, 
Upfeed = 15 µm/rev, Spindle Speed = 10,000 rpm, Tool Tilt = 25 deg, Wearland = 4 µm, 

Runout  = 4 µm 
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D. FORCE REPEATABILITY DATA 

 
Figure D-1.  Measured Y-Force for Three Identical Cuts, Trial 1 

 

 
Figure D-2.  Measured Z-Force for Three Identical Cuts, Trial 1 
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Figure D-3.  Measured X-Force for Three Identical Cuts, Trial 2 

 

 
Figure D-4.  Measured Y-Force for Three Identical Cuts, Trial 2 
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Figure D-5.  Measured Z-Force for Three Identical Cuts, Trial 2 
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E. DRAWINGS FOR PZT SPINDLE 

 
 

Figure E-1.  3-View Drawing of PZT Spindle 



 130

 
 

Figure E-2.  Flexure Collar Drawing 
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Figure E-3.  PZT Collar Drawing 
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Figure E-4.  Spindle Base Plate Drawing 
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Figure E-5.  PZT Spindle Preload Plate Drawing 
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F. SPINDLE FORCE CALIBRATION DATA – STATIC LOADS 

 

Figure F-1.  Measured Spindle Force vs. X-Direction Tool Load 

 
 
 

 
Figure F-2.  Static Calibration Data for X-Direction Tool Load 
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Figure F-3.  Measured Spindle Force vs. Y-Direction Tool Load 

 
 

 
Figure F-4.  Static Calibration Data for Y-Direction Tool Load 
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Figure F-5.  Measured Spindle Force vs. Z-Direction Tool Load 

 
 

 

Figure F-6.  Static Calibration Data for Z-Direction Tool Load 



 137

G. GROOVE PROFILES – NO COMPENSATION 

 

Figure G-1.  No Compensation; Tool Tilt = 20º, Depth = 0-80 µm, Upfeed = 10 µm/rev, 
Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 

 

Figure G-2.  No Compensation; Tool Tilt = 30º, Depth = 0-80 µm, Upfeed = 10 µm/rev, 
Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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H. GROOVE PROFILES – OPEN LOOP COMPENSATION 

 

Figure H-1.  Open Loop Compensation, Cut 1; Tool Tilt = 30º, Depth = 0-80 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 

 

Figure H-2.  Open Loop Compensation, Cut 2; Tool Tilt = 30º, Depth = 0-80 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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I. GROOVE PROFILES – CLOSED LOOP COMPENSATION 

 

Figure I-1.  Closed Loop Compensation; Tool Tilt = 30º, Depth = 0-80 µm, Upfeed = 10 
µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 

 

 

Figure I-2.  Closed Loop Compensation, Cut 1; Tool Tilt = 20º, Depth = 0-80 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 
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Figure I-3.  Closed Loop Compensation, Cut 2; Tool Tilt = 20º, Depth = 0-80 µm, 
Upfeed = 10 µm/rev, Spindle Speed = 10,000 rpm, 4 mm Tool Shank 


