
ABSTRACT

LI, JIAN. Development of multiple interval mapping for mapping QTL in ordinal traits.

(Under the direction of Dr. Zhao-Bang Zeng)

Though methods for characterizing quantitative trait loci (QTL) using continuous

data have been well established, development of methods and programs for analyzing

QTL in ordinal traits is still needed. In this study, we developed multiple interval

mapping (MIM) for studying traits with binary/ordinal phenotypic values. We call the

method bMIM. Based on the threshold model, this method assumes a continuous under-

lying liability for the ordinal traits. With traditional QTL models for continuous traits,

the liability can be characterized. Incorporating multiple marker intervals and using

maximum likelihood method, bMIM can fit multiple QTL simultaneously and obtain es-

timates for parameters such as QTL effects and positions. With further implementation,

epistasis effects can also be detected and tested. By developing bMIM, we supply a new

way to analyze QTL in ordinal traits and provide help in studying the genetic architec-

ture of ordinal traits. In addition, we address several questions, including how various

factors (such as number of categories) affect mapping results, whether it is suitable to

apply QTL Cartographer/MIM to ordinal data directly (QTLB), and how well are the

results from bMIM when compared with results from using continuous data (QTLC).

We have partially answered our questions using computer simulations. For example,

higher heritability values and more categories increase the power and accuracy of the

parameter estimation, and proportions of categories have little effects when categories

are moderately divided. When the QTL number is low and the heritability is high,

applying QTL Cartographer/MIM to ordinal data directly may yield results similar to

those from QTLC and bMIM. Though containing less information than continuous data,

ordinal data can still yield similar estimations to those obtained from continuous data,

when the loss of information is not too high. We show that epistatic effects can be



detected for simple cases.

We also applied our method to a real data set from a male hybrid sterility study.

Using hybrids between Drosophila simulans and D. mauritiana, nineteen QTL were de-

tected with five having positive additive effects and fourteen having negative additive

effects. The dominance relationships between alleles from D. simulans (S alleles) and D.

mauritiana (M alleles) were mixed, with eight M alleles being dominant and eleven being

recessive. Interactions among QTL were also detected. The results, together with those

from other methods, suggest that the factors affecting male fertility in backcross hybrids

may be determined by multiple factors and complex QTL interactions may exist.
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Chapter 1

Introduction

The concept of a quantitative trait is essential in genetics and is also encountered in

many other areas of biological sciences. Studies on quantitative traits have long been

documented. One important type of study is to find genes determining a quantitative

trait, or QTL mapping (section 1.2). In this study, we will work on methodology de-

velopment for mapping QTL under certain situations. But before we start a technical

description of our work, some related concepts will be introduced (sections 1.1, 1.2, and

1.3). Previously proposed approaches (section 1.4) and issues in QTL mapping (section

1.5) are also summarized. Our motive and research outlines are also given (section 1.6).

1.1 Trait

In biology, a trait refers to a (partially) genetically determined characteristic, which could

be anything from human blood type to susceptibility of bacteria to antibiotics. Two kinds

of traits are commonly observed in practice: Mendelian traits and quantitative traits. A

Mendelian trait is determined by a single gene (or a few genes) following the classical

Mendelian inheritance patterns and usually has limited types. For example, the sickle

cell trait is determined by the hemoglobin beta gene (A for normal allele and S the most

1



Chapter 1. Introduction 2

common abnormal allele). The trait has three genotypes: AA (normal), AS (carrier,

normal), and SS (sickle cell anemia). The inheritance pattern of the trait is listed in

Table 1.1. On the other hand, a quantitative trait is determined by multiple genes and

its value is continuous, such as plant height and human weight. Quantitative traits are

very common and are important both in applied and theoretical studies. For example,

increasing milk, meat or crop production, lowering blood pressure, lengthening lifespan of

human beings, all require the study of quantitative traits, namely, product levels, blood

pressure, and lifespan. Another example is that most changes related to micro-evolution

are changes of quantitative traits.

Table 1.1: The inheritance pattern of the sickle cell trait

Parents’ Offspring’s genotypes and Description of offspring
genotypes expected proportions

AA AS SS
AA x AA 1 0 0 All normal
AA x AS 1/2 1/2 0 50% normal, 50% carrier
AA x SS 0 1 0 All carrier
AS x AS 1/4 1/2 1/4 25% normal, 50% carrier,

25% anemia
AS x SS 0 1/2 1/2 50% carrier, 50% anemia
SS x SS 0 0 1 All anemia

Genes determining a quantitative trait or regions on chromosomes underlying a quan-

titative trait (Geldermann, 1975) are called quantitative trait loci or QTL. Unlike the

gene determining a Mendelian trait, an individual QTL usually has a small effect on a

quantitative trait. The total effect (which is the sum of many QTL effects with or without

interaction), however, could be substantial. For example, if one QTL changes the trait

value by 1%, 50 QTL with the same effects have the potential to change the trait value

by 50%. The inheritance patterns of QTL are usually made complicated by interaction

among genes. The interaction may be affected by several factors: that QTL effects are

not 100% additive, that QTL are linked, and that QTL are subject to various degrees of
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Figure 1.1: Distributions of trait values for various numbers of QTL. The numbers of
QTL are one, four, and sixteen, respectively, for graphs from left to right, with corre-
sponding effects of 1, 0.5, and 0.125 (QTL effects are assumed to be the same in a specific
graph).

selection. However, when a single QTL is considered, its inheritance pattern still follows

the Mendelian rules and the change of trait value caused by this QTL is discrete. A

scheme in Figure 1.1 (adapted from Falconer and Mackay (1996)) shows how the

continuous trait distribution is generated by multiple QTL, even though a single QTL

has a discrete effect. In all figures, the mean trait values are 15 and QTL are assumed

to have the same effects. From left to right, numbers of QTL are one, four, and sixteen,

respectively, and QTL effects are 1, 0.5, and 0.125, respectively. With an increasing

number of QTL, the possible number of trait values increases too: three for one QTL,

nine for four QTL, and thirty-three for sixteen QTL. (When there are W diallelic QTL

with distinct effects, the number of trait values may be up to 3W , which will be about

forty-three million for W = 16.)

1.2 QTL mapping and related issues

To better study a quantitative trait, it is necessary to characterize QTL affecting this

trait. However, due to the complicated architecture of QTL, knowledge of QTL such as

their locations and effects is still scarce. Therefore, one important task in QTL studies
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is to locate QTL along chromosomes (this process is usually called QTL mapping). The

identification and localization of QTL have applications in many aspects of biological

study. With more located and characterized QTL, the genetic architecture for a trait

and its related biological mechanisms can be refined. It is also helpful for animal and

plant breeders to perform selection of a desired trait more efficiently, for clinical doctors

to better predict and prevent complex diseases such as hypertension and cardiac illness,

and for experimental researchers to possibly apply transgenic technology to the trait. In

addition, knowing numbers and effects of QTL could be helpful in making more realistic

hypotheses.

QTL mapping has been carried out for various traits in many species. For example,

Sax (1923) studied seed size in kidney beans, Frary et al. (2000) worked on tomato

fruit weight, and Zeng et al. (2000) characterized the genetic architecture of the size and

shape differences of the posterior lobe of the male genital arch between two Drosophila

species. However, not every population can be used for QTL mapping. Deliberately

designed experiments and carefully collected data are needed for QTL inference. Several

issues, such as experimental design, data format, sample size, availability of markers,

maps and mapping approaches, need to be taken into consideration for QTL mapping,

as discussed in the remaining part of this section and in the next two sections (1.3 and

1.4).

In every QTL mapping study, experimental design issues need to be considered. Gen-

erally, there are two kinds of samples used in QTL mapping: samples from designed ex-

periments and those from natural populations. Designed experiments are used in species

which can be manipulated (especially for mating), such as Drosophila, mouse and many

plants. QTL mapping usually uses two lines which have diverse gene composition and

trait values. Examples include the backcross and F2 designs which are shown in Figure

1.2. Briefly, the experiment starts with two diverse inbred lines, P1 and P2. Mating be-

tween P1 and P2 produces an F1 line. Samples used for QTL mapping are offspring from
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Parents 

F2 

F1 

P1 P2 

B2 B1 

Pedigrees 

Figure 1.2: Examples of experimental designs. In the left graph, examples for two
backcross designs and F2 design are given, and in the right graph a set of pedigree data
is given.

the cross between the F1 line and one of the parental lines (backcross design), or those

resulting from mating among F1 individuals (F2 design). In contrast, it is difficult and

unethical to manipulate mating among people. Samples used for QTL mapping have to

be taken from natural populations directly. These samples could be unrelated or related

(pedigree data, as shown in Figure 1.2). Data used for QTL mapping usually have two

components: marker data and trait values. Marker data include marker positions and

marker genotypes. Trait values can be continuous, such as human weight; and they can

also be categorical, such as leaf size denoted by large, medium, and small. In addition,

sample size also needs to be considered when an experiment is planned. With a greater

sample size, detection of QTL with smaller effects is more likely. Discussions on sample

size may be seen in Zeng (1994).

1.3 Markers and maps

As mentioned above, one component of observed data in QTL mapping experiments is

markers. Some marker properties are important in QTL mapping, such as marker types



Chapter 1. Introduction 6

and order (marker maps). For example, selection of markers could be affected by the

availability of markers and maps, and the cost of genotyping; the resolution of mapping

results partially rests on the marker polymorphism at each locus and the marker density

along the genome.

1.3.1 Genetic markers

In a broad sense, a genetic marker refers to any character that can be used to distinguish

one type of individual from another in a population. The distinction can be at any level:

tissue, protein, or DNA. Essentially, any variation in a population can be resolved by

several kinds of genetic markers, such as phenotypic difference and presence/absence of a

certain type of protein. However in terms of current QTL mapping practice, the definition

of a marker is more narrow: only variation at the DNA level is considered (because

it is the most abundant and easily typed variation due to the rapid development of

genome technology). Commonly used genetic markers based on DNA variation include

restriction fragment length polymorphisms (RFLP), simple sequence repeats (SSR, or

microsatellites), variable number of tandem repeats (VNTR, or minisatellites), and single

nucleotide polymorphisms (SNPs). Among these markers, RFLP, microsatellite, and SNP

have been used for mapping QTL.

Phenotypic markers correspond to observed phenotypic variation. For example, the

ABO blood group has four phenotypes: type A, type B, type AB, and type O. Another

example is the resistance to ampicillin by Escherichia coli that either survives or dies after

treated by ampicillin. At the protein level, allozymes could be used as markers. These are

variant soluble proteins with different mobility on an electrophoresis gel. The mobility

difference is a result of unequally charged proteins due to amino acid substitutions.
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(c)

Figure 1.3: Examples of genetic markers. (a) RFLP. DNA can be cleaved by a restriction
endonuclease at a specific region (EcoRI recognition region is illustrated). Depending on
whether the recognition region exists in a specific sequence, the number of DNA fragments
after treatment may be different. (b) A sample output for two microsatellite markers.
(c) Examples of two single nucleotide polymorphisms (SNPs).

RFLP are produced by restriction endonucleases (RE’s). An RE recognizes a DNA re-

gion with a specific sequence (usually 4-6 base pairs in length) and cleaves the DNA mole-

cule within the region. For example, EcoRI is an RE detected from E. coli (Meselson

and Yuan, 1968). It recognizes a six-bp sequence 5’..GAATTC..3’
3’..CTTAAG..5’ and cleaves the DNA mole-

cule between G and A on both strands. A scheme of how RFLP may be used to detect

variation among individuals is given in Figure 1.3(a). Assume that there are two alleles:

one, denoted as A, possessing the EcoRI recognition sequence, and the other, denoted

as B, without the recognition sequence. When DNA samples from different individuals

are treated with EcoRI, the number of fragments in various lengths will be one, two, or

three, respectively, for individuals with genotypes BB, AA, AB.

Both microsatellite and minisatellite loci are repeated DNA sequences. The former

refers to sequences with repeating units of 1-6 base pairs, and the latter refers to se-

quences with repeating units of 10-60 base pairs. For example, (CA)n and (AGC)n are
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microsatellite loci, where n is the number of repeating units. In practice, microsatellite

markers are more commonly used and may be of various lengths for different individuals.

In Figure 1.3(b), genotypes of two microsatellite markers for a nuclear family (parents

and an offspring) are shown. The first marker is at the range of 130-150bp and the second

one 190-200bp. The top curve is for the offspring and two lower ones are for parents.

The inheritance patterns follow the Mendelian rules. For example, for the first marker,

genotypes for parents are 132/136 (sire) and 132/149 (dam), respectively, and that of

offspring is 132/136 (hence, 132 from dam and 136 from sire).

Single nucleotide polymorphisms, or SNPs, have attracted great attention recently.

They refer to DNA sequence variation at certain nucleotide positions, as shown in Figure

1.3(c). Two SNPs are presented in the figure and both of them are highlighted by

red/green colors. Two types of nucleotides: G and T are on the left, and A and C are on

the right. One advantage of using SNPs in QTL mapping is that the density of SNPs on

the genome is high and the number of detected SNPs is rapidly increasing. For example,

as described by The International HapMap Consortium (2003), there was about

one detected SNP in every kilobase on the human genome in 2001 ( 2.8 million SNPs),

and in November 2003, the number of known SNPs had been approximately doubled to

5.7 million.

1.3.2 Maps and map construction

A map in biology describes orders and positions of identifiable landmarks on DNA. These

landmarks could be genes and genetic markers. Three types of maps are commonly used

in practice, namely, cytogenetic map, genetic map and physical map. For QTL mapping,

the latter two are more relevant.

A cytogenetic map characterizes positions of visual bands which are observed on

stained chromosomes under light microscopes. The bands are labeled and numbered,
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Chromosome 7 X Chromosome 

(a)

cM 

(b)

 

(c)

Figure 1.4: Illustration for various maps. (a) Cytogenetic maps for human chromosomes
7 and X. (b) A genetic map of selected markers on human X chromosome. (c) A physical
map of selected genes on human X chromosome. Data for (a) and (c) come from NCBI
genome database, Build 35.1, and data for (b) come from Broman et al. (1998).

based on information such as on which chromosome and on which arm of the chromosome

the bands are located (see Figure 1.4(a), which is a partial human cytogenetic map:

band patterns on chromosomes 7 and X. The figure was obtained from NCBI genome

database, Build 35.1). In clinical testing, the appearance of one’s stained chromosomes

(called “karyotype”) can be used as indicators for chromosomal alterations.

A genetic map and a physical map provide similar information on marker/gene or-

dering along the genome. They differ in units used to measure distances among mark-

ers/genes. In a genetic map, the distance unit is Morgan (M) or centiMorgan (cM, 1M

= 100cM). This unit is based on the recombination frequency between two positions and

describes the expected number of crossovers between the two positions. For example,
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1cM indicates that the expected number of crossovers between two positions is 0.01. An

example of a genetic map is shown in Figure 1.4(b), which is for selected markers on hu-

man chromosome X (data from Broman et al. (1998)). (Note that map distance is not

equivalent to recombination frequency. The relationship between these two is translated

by a map function. There are two commonly used map functions: the Haldane map

function and the Kosambi map function. Assume that d is the map distance and r is the

recombination frequency between two markers. The two map functions are, respectively,

d = −1
2
ln(1 − 2r) (Haldane) and d = 1

4
ln 1+2r

1−2r
(Kosambi). See Liu (1998) for further

discussion.)

For a physical map, on the other hand, the distance unit is base pairs (bp) (though

a cytogenetic map is sometimes considered as a low-resolution physical map, a physical

map here only refers to the high-resolution one which is ultimately equivalent to the

genome sequence). In the last two decades, with fast development of genome technology

and broad collaboration among researchers around the world, genome sequences for many

organisms have been constructed. These organisms include more than a thousand types

of viruses, over a hundred kinds of microbes, some model organisms (such as Arabidopsis

thaliana, Drosophila melanogaster, Mus musculus), and species of great interest to human

beings (such as rice and corn and, of course, humans). With these physical maps, it will

be more feasible to pinpoint exact locations of genes. In Figure 1.4(c), several genes on

the human X chromosome (data from NCBI genome database, Build 35.1) are shown with

their approximate locations given in Mbp (million base pair). However, a physical map

does not necessarily correspond to a genetic map in a linear manner. That is, locations

with the same distances on a physical map do not necessarily have the same distances on

a genetic map. This is especially true when comparing regions near centromeres (which

have low recombination frequencies) and those in the so-called recombination hot-spots

(which have above average recombination frequencies, for example, see Litchen and

Goldman (1995)).
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Different methods are used to obtain the above-mentioned maps. To obtain a cytoge-

netic map, chromosomes are arrested at the meta-phase of meiosis and then karyotypes

can be observed under light microscopes after Giemsa staining. To construct a genetic

map, recombinant individuals and their marker genotypes are obtained. Recombination

rates among markers are then estimated and the ordering and grouping of markers are

established by various approaches such as branch and bound (Thompson, 1984) and

simulated annealing (Weeks and Lange, 1987). Software has also been developed to

construct genetic maps (semi-)automatically (a popular one is MapMaker by Lander

et al. (1987)). A physical map is constructed by assembling sequenced DNA fragments

(contigs). Two strategies are commonly used for contig assembly: hierarchical sequencing

and shotgun sequencing. Hierarchical sequencing works as a top-down approach: it starts

with cutting the genome into large ordered DNA fragments, then these large fragments

are cleaved into smaller ordered fragments, and this process continues until fragments

are small enough to be sequenced directly. On the other hand, shotgun sequencing is

a bottom-up approach: small sequencable units are obtained by repeatedly breaking

the genome (breakages are not necessarily at the same positions), and after sufficient

overlapping units are cumulated, the genome is assembled using computer algorithms.

1.4 QTL mapping: statistical methods in designed

experiments

Various statistical methods have been developed for QTL mapping. We will focus on

methods using data from designed experiments such as the backcross and F2. The

methods are briefly described in several categories: maximum-likelihood based methods,

Bayesian methods, semi- and non-parametric methods, and methods using microarray

data.



Chapter 1. Introduction 12

1.4.1 Maximum-likelihood based methods

From simple to more complicated, four approaches are commonly used: single marker

analysis, interval mapping (IM), composite interval mapping (CIM), and multiple interval

mapping (MIM).

Single marker analysis tests the association between marker genotypes and trait val-

ues using a t-test, ANOVA model, or regression. In other words, it tests trait value

differences among marker groups. Denote the two alleles for a diallelic locus by M and

m. In a backcross experiment, assume MM and Mm are the two possible marker geno-

types with group means µ1 and µ2, respectively. The t-test is then H0 : µ1 = µ2 versus

H1 : µ1 6= µ2 with a test statistic t = (µ̂1 − µ̂2)/se, where ˆ indicates an observed value

and se is the sampling standard error of the difference of group means; and for regression,

the test is H0 : β = 0 versus H1 : β 6= 0 using a model Y = Xb + e, where Y is the

trait value vector, X is the design matrix, b = [µ, β]′ (µ is the model mean and β is the

marker effect), and e ∼ N(0, σ2). The t-test and regression analysis are equivalent for a

backcross experiment. Genetically, what is tested is whether (1− 2r)(a− d) is equal to

zero, where r is the recombination rate between the test marker and QTL, a and d are

additive and dominant effects for the QTL. Therefore, the test for single marker analysis

is confounded by r, a and d. For an F2 design, single marker analysis may test both addi-

tive and dominant effects of QTL. However, as a very simple test, single marker analysis

fails to estimate numbers and positions of QTL and is not very powerful (McMillan

and Robertson, 1974; Lander and Botstein, 1989).

Interval mapping or IM was introduced by Thoday (1961) and a mathematical treat-

ment of the method was presented by Lander and Botstein (1989), that provided a

clear statistical framework for mapping using flanking markers. IM is a statistical exten-

sion of single marker analysis but with a conceptual leap from analyzing a single marker

at a time to searching for QTL in a genome wide manner. That is, tests are performed
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at any position along the genome in IM, instead of only on markers as in single marker

analysis. Tests in IM are done by incorporating information of markers flanking a test

position. For a backcross design, IM uses the following model to characterize trait values:

yi = µ + b∗x∗i + ei, i = 1, . . . , N (1.1)

where yi is the trait value for the i-th individual, µ is the overall mean, b∗ is the QTL effect,

x∗i is 1 if QTL genotype is QQ and 0 otherwise, ei ∼ N(0, σ2), and N is the sample size.

This is a mixture model with unobserved x∗i . Denote that the probability of individual

i having genotype k (where k = 0 or 1) for x∗i is pik = P (x∗i = k|ML, MR, r0, r1), and

that ML and MR are genotypes for the left and right flanking markers, respectively.

In addition, denote the recombination rates between two flanking markers and between

QTL and its left flanking marker by r0 and r1, respectively. pik may be computed using

formulae in Table 2.1. Assuming independent sampling, the likelihood function is given

by

L(µ, b∗, σ, r1) =
N∏

i=1

[pi0f(yi) + pi1f(yi − b∗)] (1.2)

where f(w) = 1√
2πσ2

exp
[
− (w−µ)2

2σ2

]
, a normal density function with mean µ and variance

σ2. An EM1 algorithm may be used to find the maximum likelihood estimates (MLE’s)

for the parameters (including µ, b∗, and σ2). For IM, the E-step is to compute a posterior

probability for x∗i = 1, which is denoted as P
(t)
i and is expressed as

P
(t)
i =

pi1f(yi − b∗(t−1))

pi1f(yi − b∗(t−1)) + pi0f(yi)
,

where superscript (t) indicates the t-th stage of iterations. In the M-step, derivatives of

the log likelihood function with respect to three parameters are set to zero and MLE’s

1EM or expectation-maximization algorithm is a general method to find MLE when missing or in-
complete data are present. It has two steps: E-step to find the expected log likelihood function given
data and current estimates of parameters, and M-step to maximize the expectation obtained in E-step.
Iterations of E-step and M-step are performed until convergence of estimates.
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are then obtained for the current stage. Setting the derivatives to zero, we have

∂ log L

∂b∗
=

N∑
i=1

P
(t)
i

yi − µ− b∗

σ2
= 0,

∂ log L

∂µ
=

N∑
i=1

P
(t)
i (yi − µ− b∗) + (1− P

(t)
i )(yi − µ)

σ2
= 0, and

∂ log L

∂σ2
=

N∑
i=1

P
(t)
i (yi − µ− b∗)2 + (1− P

(t)
i )(yi − µ)2

2σ4
− n

2σ2
= 0.

Estimates of the parameters are then

b̂∗(t) =

∑N
i=1 P

(t)
i (yi − µ̂(t−1))∑N

i=1 P
(t)
i

=
P′(t)Y − cµ̂(t−1)

c
,

µ̂(t) =

∑N
i=1(yi − P

(t)
i b̂∗(t))

N
=

1′Y − cb̂∗(t)

N
, and

σ̂2(t) =

∑N
i=1

[
(yi − µ̂(t))2 − P

(t)
i (b̂∗(t))2

]
N

=
(Y − 1µ̂(t))′(Y − 1µ̂(t))− c(b̂∗(t))2

N
,

where c =
∑N

i=1, 1 = {1}N×1, P(t) = {P (t)
i }N×1, Y = {yi}N×1, and ′ indicates the

transpose of a vector/matrix. With these estimates, H0 : b∗ = 0 versus H1 : b∗ 6= 0 can

be tested using a likelihood ratio statistic LR = −2 log
[
L(ˆ̂µ, b∗ = 0, ˆ̂σ2)/L(µ̂, b̂∗, σ̂2)

]
where ˆ̂µ and ˆ̂σ2 are MLE’s when b∗ is set to zero. The determination of the critical

value for the test is still under investigation and will be described later. Clearly, IM is a

great improvement relative to single marker analysis for mapping QTL, such as that IM

directly estimates QTL locations. However, IM still has problems: the test is not strictly

an interval test, biases may arise when more than one QTL are linked to the interval,

and marker information is not fully employed.

Composite interval mapping or CIM was developed by Jansen and Stam (1994) and

Zeng (1994) to use more marker information. The basis of CIM relies on some properties

of multiple regression analysis, four of which are summarized by Zeng (1994) as follows:

1. “In the multiple regression analysis, assuming additivity of QTL effects between loci (i.e., ignoring

epistasis), the expected partial regression coefficient of the trait on a marker depends only on those
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QTL which are located on the interval bracketed by the two neighboring markers, and is unaffected

by the effects of QTL located on other intervals.”

2. “Conditioning on unlinked markers in the multiple regression analysis will reduce the sampling

variance of the test statistic by controlling some residual genetic variation and thus will increase

the power of QTL mapping.”

3. “Conditioning on linked markers in the multiple regression analysis will reduce the chance of

interference of possible multiple linked QTL on hypothesis testing and parameter estimation, but

with a possible increase of sampling variance.”

4. “Two sample partial regression coefficients of the trait value on two markers in a multiple regres-

sion analysis are generally uncorrelated unless the two markers are adjacent markers.”

CIM is an extension of IM by placing certain markers into the model as cofactors. The

model in CIM is

yi = µ + b∗x∗i +
∑

k

bkxik + ei (1.3)

where yi, µ, b∗, x∗i and ei are defined the same as those in Equation 1.1. b′ks and x′iks

are regression coefficients and genotypes, respectively, for markers selected as cofactors

(these terms also supply the difference between Equation 1.1 and Equation 1.3). Using

the same symbols from IM, the likelihood function and estimation of parameters are

given below. The form of likelihood function in CIM is similar to Equation 1.2. That is

L(b∗,B, σ2) =
N∏

i=1

[
pi0f(yi −

∑
k

bkxik) + pi1f(yi −
∑

k

bkxik − b∗)

]
(1.4)

where pik(k = 0, 1) and f(w) have the same definitions as for IM. To represent results

in matrix terms, denote Xi = [1, xi1, . . . , xiv] (where v is the number of cofactors) and

B = [µ, b1, . . . , bv]
′. In addition, redefine P

(t)
i as

P
(t)
i =

pi1f(yi − b∗(t−1) −
∑

k b
(t−1)
k xik)

pi1f(yi − b∗(t−1) −
∑

k b
(t−1)
k xik) + pi0f(yi −

∑
k b

(t−1)
k xik)

.
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After setting the first derivatives of Equation 1.4 with respect to b∗, B and σ2 to zero,

we will obtain the estimates of parameters at the t-th stage of EM algorithm as follows:

b̂∗(t) =
(Y −XB̂(t−1))′P(t)

c
,

B̂(t) = (X′X)−1X′(Y −P(t)b̂∗(t)), and

σ̂2(t) =
(Y −XB̂(t))′(Y −XB̂(t))− c(b̂∗(t))2

N
.

A problem in CIM is how to choose appropriate markers as cofactors, which still has

no simple solution. Two parameters are useful in the marker selection process: np and

Ws. np is the number of cofactors and could be determined by F-to-enter or F-to-drop

at a certain significance level in a stepwise regression analysis. Ws (the window size)

specifies sizes of regions on both sides of the testing interval and markers in the specified

regions are excluded from being chosen as cofactors. Ws is usually between 10cM to

15cM depending on the sample size.

Multiple interval mapping or MIM was developed by Kao and Zeng (1997). MIM is

a multiple QTL oriented method and may simultaneously estimate numbers, positions,

effects and interactions of QTL. This method has four components: an evaluation proce-

dure, a search strategy, an estimation procedure, and a prediction procedure. Models for

MIM are more complicated, and are given by Equations 2.3 and 2.4. Both marginal QTL

effects and interaction effects among QTL are included in the models. The likelihood

function and its evaluation given in Kao and Zeng (1997) are summarized below. In a

backcross design, the likelihood function is a mixture of normal distributions,

L(E, µ, σ2) =

[
N∑

i=1

2m∑
j=1

pijf(yi|µ + DijE, σ2)

]
,

where pij is the probability of being the j-th QTL genotype for the i-th individual given

its marker data, f(w|µ0, σ
2
0) represents a normal density function with mean µ0 and

variance σ2
0, Dij is the design matrix of the j-th QTL genotype for the i-th individual,
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and E is the vector of QTL parameters. Notice that the term inside the bracket is a

weighted sum for all 2m possible QTL genotypes for m loci. To obtain MLE’s, an EM

algorithm is again used. At the t-th stage in the E-step, Pij is computed:

P
(t)
ij =

pijf(yi|µ(t−1) + DijE
(t−1), σ2(t−1))∑

j=1 2mpijf(yi|µ(t−1) + DijE(t−1), σ2(t−1))
.

Then, in the M-step, estimates of E, µ, and σ2 are obtained.

E(t) = diag(V)−1[D′Π′(Y − µ(t−1))− nondiag(V)E(t−1)],

µ(t) =
1

N
[1′(Y −ΠDE(t))], and

σ2(t) =
1

N
[(Y − µ(t))′(Y − µ(t))− 2(Y − µ(t))′ΠDE(t) + (E(t))′VE(t)],

where Π = {qij}N×2m , V = {1′Π(Dr#Ds)}, and D is the design matrix given in Equation

2 in Kao et al. (1999).

Model selection in MIM has two steps. First, an initial model for the markers is

selected. This may be done by performing multiple regression analyses on markers with

a backward, forward or stepwise selection option. The selected markers may also be com-

pared with results from CIM to construct a consensus set of markers. The second step is

to perform a stepwise selection procedure under MIM. This step is described later in sec-

tion 2.4. Briefly, it entails optimizing QTL positions along the genome, finding pair-wise

epistasis, searching for new QTL, and re-evaluating the significance of QTL in the model.

Some steps may be repeated to ensure that all significant QTL are detected. A related

issue here is that of stopping rules. That is, when should the model selection process be

stopped and what kind of criteria should be used? Several criteria have been proposed,

such as Akaike information criterion or AIC (Akaike, 1969) and Bayesian information

criterion or BIC (Schwarz, 1978). However, no universal standard is available for QTL

mapping.

Once a genetic model is established by MIM, it can be used for prediction purposes.

For example, the predicted genotypic value of an individual based on its marker data is
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ŷi = µ̂ +
∑

j

∑
k qijDijkÊk. We may also estimate genetic variance and covariance using

the model obtained. When the EM procedure converges, we have Ê = V̂−1D′Π̂′(Y− µ̂).

This gives σ̂2 = 1
N

[(Y − µ̂)′(Y − µ̂) − Ê′V̂Ê], of which the first part is the estimate of

phenotypic variance σ̂2
p and the second part is the estimate of genetic variance σ̂2

g . σ̂2
g

may be further decomposed as follows:

σ̂2
g =

m+t∑
r=1

σ̂2
Er

+
m+t∑
r=2

r−1∑
s=1

2σ̂Er,Es

=
m+t∑
r=1

[
1

N

N∑
i=1

2m∑
j=1

q̂ij(Dijr −Dr)
2Ê2

r

]

+
m+t∑
r=2

r−1∑
s=1

[
2

N

N∑
i=1

2m∑
j=1

q̂ij(Dijr −Dr)(Dijr −Ds)Ê
2
r Ê

2
s

]
.

where the first part is the genetic variance due to putative QTL effects and the second

part is due to covariance among QTL.

1.4.2 Bayesian methods

A Bayesian approach has also been used in QTL studies for both line-crossing designs

and pedigrees. For example, using a Bayesian approach with a Gibbs sampler, LOD of

linkage was estimated in a pedigree by Thomas and Crotessis (1992); using animal

models, the posterior probability of linkage between a QTL and a marker was computed

by Hoeschele and van Raden (1993a,b); in Satagopan and Yandell (1996), the

number of QTL was estimated using Bayesian approaches in double haploid lines; cases

for multiple chromosomes and multiple QTL were considered in both inbred and outbred

line crosses (Sillanpää and Arjas, 1998, 1999); and epistasis was modeled by Yi and

Xu (2002) using the reversible jump MCMC algorithm.

Bayesian approaches differ from traditional frequentist methods in several aspects.

Some differences are listed in Table 1.2. When parameters are considered as random
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Table 1.2: Differences between Frequentist approach and Bayesian approach

Frequentist approach Bayesian approach
Parameter Fixed Random
Estimates MLE Posterior distribution/mean

Uncertainty Confidence interval Critical set
Testing Nested tests Bayes factor

variables, their distributions (usually called prior distributions) are needed. The result

of a Bayesian approach is a joint distribution of parameters given data (posterior dis-

tribution), instead of single value estimates. However, for most practical problems, no

analytical results are available. To obtain the posterior distribution, numerical methods

such as Markov Chain Monte Carlo (MCMC) are commonly used. In the remaining part

of this section, a brief description on how Bayesian approaches can be applied to QTL

mapping is presented.

The basis of any Bayesian approach is Bayes’ theorem which relates conditional and

marginal probabilities. Recall that the conditional probability for an event A given an

event B is defined as P (A|B) = P (A,B)
P (B)

, where P (A, B) is the joint probability of A and B

and P (B) is the marginal probability of event B. The above formula may also be written

as P (A, B) = P (A|B)P (B). Similarly, P (A, B) = P (B|A)P (A). Combining these two

equations, we have P (A|B) = P (B|A)P (A)
P (B)

, which is the original form of Bayes’ theorem.

A general form for multiple events is P (Ai|B) = P (B|Ai)P (Ai)P
j P (B|Aj)P (Aj)

. In addition, the formula

for a probability density takes the following form: f(x|y) = f(y|x)f(x)R∞
−∞ f(y|x)f(x)dx

.

In the context of QTL mapping, the posterior distribution of QTL parameters may

be expressed as

P (E,QG,QN ,QL|Y,M) ∝ P (Y|E,QG,QN ,QL,M) × P (QG|QN ,QL,M) × P (E,QN ,QL)

where E is the vector of QTL effects, QG, QN and QL are genotypes, number, and

locations of QTL, respectively, Y is the trait value vector, M is the marker data, and ∝

means “proportional to”. P (Y|E,QG,QN ,QL,M) is the conditional probability of trait
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values given QTL information, P (QG|QN ,QL,M) is the conditional probability of QTL

genotypes given QTL number and locations and the marker data, and P (E,QN ,QL) is

the prior distribution of QTL parameters. To proceed with the Bayesian process, at least

two issues need to be addressed: how to select a prior and how to obtain a posterior.

There are various ways to select a prior. A simple way is to use uniform distributions.

For example, QTL are assumed to be uniformly distributed along the genome, and the

number of QTL has an equal chance to be a specific value in a range of values. In practice,

however, problems can arise for unbounded parameters and other priors are needed such

as a conjugate prior2 for mathematical convenience. For QTL effects, conjugate priors for

genotypic mean and variance could be a normal distribution and an inverse chi-square

distribution, respectively. The prior distributions may also take previous experiences

into accounts, such as a higher chance of finding a QTL in a certain chromosome region,

based on results from molecular biology.

In QTL analysis, the posterior distribution cannot be computed analytically and

numerical methods have to be adapted. Markov Chain Monte Carlo (MCMC) is a popular

approach to realize this goal. Generally, after initial values are given, each parameter will

be updated given the other ones. This process is repeated many times and a sequence of

parameters is obtained. These values are considered being sampled from the posterior.

Marginal posteriors for parameter values may be used to examine these parameters.

Depending on the properties of the parameters, different MCMC algorithms may be

used. For model parameters, Gibbs sampler3 (see Casella and George (1992) for an

introduction) is used. Namely, the genotypic mean and variance are generated from,

2When a prior distribution belongs to the same family as the posterior one, the prior and posterior
distributions are called conjugate functions. The prior is then called conjugate prior. For example,
gamma and exponential functions are a pair of conjugate functions with gamma function being the
conjugate prior.

3Gibbs sampler effectively generates a sample of Xi without f(x). This is done by using conditional
probabilities f(x|y) and f(y|x). Namely, a sequence of samples Y ′

0 , X ′
0, Y

′
1 , . . . , Y ′

m, X ′
m is established by

alternatively obtaining values from X ′
j ∼ f(x|Y ′

j = y′
j) and Y ′

j+1 ∼ f(y|X ′
j = x′

j). With some general
conditions, X ′

m is effectively from f(x) when m is large.
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respectively,

µ ∼ µ|E,QN ,QL,QG, σ2 and σ2 ∼ σ2|E,QN ,QL,QG, µ.

For QTL locations, the Metropolis-Hastings (M-H) algorithm4 (see Chid and Green-

berg (1995) for an introduction) can be used. Given the current QTL locations QL, new

QTL locations Q∗
L are proposed with a probability of P (Q∗

L|QL) (which, for example,

may follow a uniform distribution within [QL − d,QL + d]). The acceptance ratio is

computed as α∗ = min
[
1,

P (Q∗
L|Y,M,E,QN )P (Q∗

L|QL)

P (QL|Y,M,E,QN )P (QL|Q∗
L)

]
, indicating that Q∗

L will be accepted

with a probability of α∗ (or that QL will be kept with a probability of 1 − α∗). Notice

that for both the Gibbs sampler and the M-H algorithm, the number of parameters is un-

changed. However, for the number of QTL (QN), the dimension of the parameter space

may change. To update QN , a more sophisticated algorithm is used: the reversible jump

MCMC method5 by Green (1995). The process is similar to the M-H algorithm in the

sense that it also uses the acceptance ratio. However, a term taking the dimensionality

change into account is incorporated. For example, when comparing m and m + 1 QTL,

the acceptance ratio is

α∗ = min

[
1,

L(E|Y,M,QN = m + 1)P (E|QN = m + 1)P (E|Y,M,QN = m)

L(E|Y,M,QN = m)P (E|QN = m)P (E|Y,M,QN = m + 1)

]
.

In practice, the parameter updating process may use one or more of the above-mentioned

updating algorithms, depending on the properties of the parameters.

4The M-H algorithm is an MCMC algorithm to generate multivariate distributions. It uses a concept
called acceptance ratio (α∗) to help simulating data proportional to the posterior density. Here, α∗ =
min[1, π(y)P (y|x)/π(x)P (x|y)] with π(·) being the posterior distribution of the parameter and P (y|x)
(or P (x|y)) is the probability from x to y (or from y to x). The M-H algorithm starts from an initial
stage, then new stage is proposed and accepted with a probability of α∗. The process continues until it
reaches its stationary stage. The Gibbs sampler is a special case of the M-H algorithm.

5In reversible jump MCMC, the acceptance ratio α∗ has the same form as that in the M-H algorithm:
min[1, r], where r has three components: likelihood, full posteriors, and a Jacobian. Notice that the
M-H algorithm is a special case of the reversible jump MCMC method.



Chapter 1. Introduction 22

1.4.3 Semi- and non- parametric methods

Besides parametric models, semi- and non- parametric methods are also used in QTL

mapping. Some examples are given here. McIntyre et al. (2001) established a prob-

ability model for marker/QTL genotypes, partially using data from Tables 2.1 and 2.2.

The model was implemented using segregation indicator variables. The association be-

tween markers and a binary trait locus was detected by regression techniques such as

linear and logistic regressions. Another example is Zou et al. (2000), who considered a

backcross design. Data were drawn from a mixture distribution with components f and

g. When there was a putative QTL effect, f and g would be different. Therefore, the

test is H0 : f = g versus Ha : f 6= g. The likelihood profile was divided into two parts:

one with constraints and the other without. The latter then is used to obtain efficient

estimators and to avoid constrained optimization of the full likelihood. A third example

is Lange and Whittaker (2001) who use generalized estimating equations for mapping

multiple QTL.

A nonparametric method was proposed by Kruglyak and Lander (1995). It has

similar setups as in Zou et al. (2000) and uses a rank-based test. An auxiliary statistic

YW (s) was defined as
∑N

i=1[N + 1 − 2 × rank(i)]E[xi|DATA], where N is sample size,

rank(i) is the rank of the phenotypic value for the i-th individual, xi is an indicator

variable of the genotype for the i-th individual: -1 for parental and 1 for hybrid, and

E[xi|DATA] is the expected value of xi given data. After deriving formula for the

variance of YW (s) (denoted as VY (s)), a statistic ZW (s) = YW (s)/
√

VY (s) was proposed

to test the null hypothesis, using the result that ZW (s) is asymptotically distributed as

a standard Ornstein-Uhlenbeck diffusion process.
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1.4.4 Microarray and eQTL

Microarray analysis is a recently developed technology, which allows studies of tens of

thousands of transcript RNA in a short time. Results from microarray experiments are

in the form of gene expression levels and have been used in many biological and medical

studies. This technique is also used in mapping QTL. One example is the study by

Schadt et al. (2003) who considered mRNA transcript abundance as a quantitative

trait and performed QTL mapping for each transcript. A brief description of the study

is given below.

The study used a mouse population designed for investigating obesity. Starting from

two inbred mouse strains, an F2 population had been kept on a high-fat, atherogenic diet

for four months. After that, 111 F2 mice were sacrificed for measuring their subcutaneous

fat-pad-mass (FPM) and for obtaining liver tissues. Then another two sets of data

were obtained: one with mRNA expression levels from a mouse gene oligonucleotide

microarray (which includes 23574 genes) and one with genotypes of microsatellite markers

(which include about 145 polymorphic sites and cover all except the Y chromosome with

an average distance of 13 cM). Both kinds of data were analyzed. For the microarray

data, 7800 genes were detected to be significantly differentially expressed. Considering

expression levels as a quantitative trait, interval mapping was performed for each gene

using microsatellite markers. This resulted in 2100 genes with significant expression QTL

(or eQTL). When QTL were plotted against chromosome location, five “hotspot” regions

(in each of which more than 1% of all detected eQTL are located) of eQTL were detected

(see Figure 1.5 which is Figure 1(a) in Schadt et al. (2003)). Using the microsatellite

data, FPM was used as a quantitative trait and interval mapping was performed using

microsatellite markers to obtain four QTL. Results from both types of data were then

compared. Consistencies between the two ananlyses were found, and interaction/linkage

among genes were further investigated.
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Figure 1.5: The distribution of eQTL. This is Figure 1(a) in Schadt et al. (2003). The
figure shows how eQTL is distributed along the genome, measured by the proportion of
the total QTL. Values along the arrows indicate the percentages of significant eQTL in
the labeled region.

1.5 QTL mapping: issues

Though great efforts have been made, there are still problems/issues in QTL mapping,

such as violation of assumptions, threshold and model selection, and interaction among

QTL. Understanding and solving these issues will help us in appropriately applying

QTL mapping methods, knowing limitations of different mapping approaches, and better

evaluating mapping results. Some issues and possible solutions are briefly discussed

below.

Assumptions in QTL mapping Many of the statistical methods mentioned above focus

on continuous data (usually normally or approximately normally distributed). However,

ordinal traits are also important. They have one of several available (ordered) values

and are frequently encountered in biological and medical studies, and can be of great

economic and medical importance. Though methods used for continuous data can be
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applied to ordinal traits, theoretically, they are not suitable for doing this due to violation

of underlying assumptions. To overcome this obstacle in QTL mapping, more studies are

needed involving methods being designed for analyzing ordinal data.

Currently, several methods are available for dealing with ordinal data using various

statistical and computational algorithms and most of these methods are based on the

threshold model (Wright, 1934a,b; Falconer, 1965; Falconer and Mackay, 1996).

These approaches mainly fall into two categories: maximum-likelihood-based (ML-based)

methods and Bayesian methods. Some examples for ML-based methods are given below.

Visscher et al. (1996) compared methods using linear regression and generalized linear

model in backcross and F2 populations with only one QTL and binary trait values – a

special case for ordinal data – and found that the two methods were similar in terms

of precision of estimating QTL position and the power of detecting QTL. Hackett

and Weller (1995) and Xu and Atchley (1996) extended composite interval map-

ping (CIM) (Zeng, 1994; Jansen and Stam, 1994) to ordinal/binary traits by using

logistic models. Rao and Li (2000) outlined strategies for analyzing categorical traits

with different allelic models. Broman (2003) proposed a method to study data with

a spike in its phenotype distribution. On the other hand, Yi and Xu (1999a,b, 2000,

2002) presented a series of articles to map QTL for complex binary trait. They used

random/fixed models and explored the Bayesian approach. In addition, Yi et al. (2004)

studied QTL mapping for ordinal traits using the Bayesian approach.

Critical value and model selection Correct criteria and appropriate critical values

in model selection are imperative for QTL mapping. Unfortunately, no universal stan-

dard has been set up. Many criteria such as the Akaike information criterion (AIC)

(Akaike, 1969) and the Bayesian information criterion (BIC) (Schwarz, 1978; Han-

nan and Quinn, 1979) have been considered. In addition, with increasing computational

power, numerical approaches such as permutation and bootstrapping are also explored in

determining critical values. Still, there is no well justified solution for general problems.
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Before that appears, we have to rely on the methods on hand.

When comparing two models with the same numbers of parameters, RSS (residual

sum of squares) or likelihood ratios may be used. This is done by selecting the model

minimizing RSS. For models with different numbers of parameters, a log likelihood func-

tion with a penalty may be used, which usually has the form of −2 log L + Kf(N) with

K being the number of free parameters and f(N)6 being a function of sample size N .

Based on the penalty, different criteria are defined. For example, when f(N) = 2, we

have AIC = −2 log L + 2K; if f(N) = log N , we have BIC = −2 log L + K log N ;

or if f(N) = log(log N), we have the criterion of Hannan and Quinn (1979) or

−2 log L + K log(log N).

Two commonly used numerical methods for obtaining critical values are permuta-

tion and bootstrapping. Using permutation to obtain critical values was proposed by

Churchill and Doerge (1994). Assume the sample size is N . Let (yi,Mi) represent

the trait value and the marker genotype for the i-th individual. To obtain an estimate

of the threshold for a genome scan, resampling without replacement is performed. For

each resampling, a trait value is randomly paired with the marker genotype of an in-

dividual (maybe the same individual). That is, the new sample is (y1,M
∗
1), (y2,M

∗
2),

. . ., (yN ,M∗
N), where M∗

1, M∗
2, . . ., M∗

N is a permutation of M1, M2, . . ., MN . A test

statistic is then obtained and recorded for the new sample. The resampling process is

repeated for a number of times. An empirical distribution of the test statistic is then

established using the recorded values and is used to determine the critical value for a

test with a specific significance level. An extended version of this procedure was given

in Doerge and Churchill (1996), which may be used for multiple QTL cases either

by permuting markers close to the detected QTL or by permuting phenotypic residuals

6Notice that though it is a common practice in current studies, the penalty does not have to be a
function of N . In fact, S. Wang and Z.-B. Zeng (unpublished) found that other factors, such as genome
size and heritability, are important in determining the penalty as well.
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(which are obtained by subtracting effects of the detected QTL from phenotypic values).

Bootstrapping was first formally formulated by by Efron (1979). Zeng et al. (1999)

had used it to test whether a new QTL is significant given that several QTL have been

detected. That is, the hypothesis is H0 : αi 6= 0(i = 1, . . . , k) and αk+1 = 0 versus H0 :

αi 6= 0(i = 1, . . . , k) and αk+1 6= 0, where α′s are QTL effects. The resampling procedure

is similar to that for permutation: generating new samples, computing and recording the

new test statistic, establishing an empirical distribution for the test statistic, and finding

the critical value based on a significance level. The difference is that it is a resampling with

replacement for the bootstrapping. There are two ways to resample the data: the paired

bootstrapping and the residual bootstrapping. For the paired bootstrapping, new samples

are drawn from (yi − ŷi|H1 + ŷi|H0 ,Mi), where ŷi|H0 and ŷi|H1 are predicted values of the

i-th individual under the null and alternative hypotheses, respectively. For the residual

bootstrapping, new samples are drawn from (ŷi|H0 + ε∗i ,Mi), where ε∗i = ŷi − ŷi|H0 − e

with e =
∑

(ŷi − ŷi|H0)/N .

Data and experimental design Many above-mentioned methods are designed for sim-

ple experiments. However, complication always arises in practice. For example, for many

species, pure inbred lines are not available and different types of line crosses have to be

considered; another complication is that multiple traits may be present. These issues

require that one designs an experiment in an appropriate manner by considering both

research goals and available resources. For example, one needs to consider what kind of

design to use: backcross or F2, whether a trait is easily to be generated and measured,

what and how many factors and covariates need to be considered, how many and how

densely the markers are needed, how large the sample size needs to be, and whether

multiple trait analysis is helpful.

Interaction The goal of QTL mapping is not just to estimate marginal QTL effects,

but also to investigate the interaction among QTL and to finally discover the genetic

architecture for the trait. A better understanding of epistasis among QTL is important



Chapter 1. Introduction 28

for many aspects of biological studies: it gives us a clearer picture of how genes (and/or

their products) interact with each other, it helps breeders to perform selection more effi-

ciently, and it may increase the power of detecting new QTL. However, characterization

of interaction among QTL (or epistasis) is not an easy task. One major reason is that the

potential types and numbers of interaction are enormous. For example in an F2 design,

the interaction between two loci has at least three types: additive by additive, additive

by dominant, and dominant by dominant. The number of potential interaction increases

dramatically with an increasing number of QTL: for a trait determined by ten QTL,

the potential number of two-locus interactions is 45 (not considering type difference),

the potential number of three-locus interactions is more than a hundred. In addition,

interactions may not just be among QTL: it may be between QTL and environment to

further complicate the matter. Other reasons include that it usually requires modeling

a number of QTL with marginal effects before epistasis can be characterized, and that

there are QTL with no marginal effect. Larger sample sizes may also be needed to detect

epistasis. Methods have been proposed to model both marginal and epistatic effects,

such as Kao et al. (1999) and Yi and Xu (2002), but more studies are needed.

1.6 Motivation and research outline

1.6.1 Motivation

A major difference between mapping ordinal data and mapping continuous data is the

number of trait values that a quantitative character may take: a few (say 2-10) for ordinal

data and (practically) infinite for continuous data. As a result of this difference, it is

more complicated to map ordinal data, since there is less information carried by the data.

Therefore, it is important to use methods which take the trait distribution into account.

As discussed above, although multiple QTL cases have been taken into account by the
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Bayesian methods, ML-based methods for ordinal traits with multiple QTL still need to

be developed. One possible solution is to use current ML-based methods for continuous

traits and extend them to ordinal traits. Among ML-based methods, multiple interval

mapping (MIM) (Kao et al., 1999; Zeng et al., 1999) distinguishes itself from others by

simultaneously detection of multiple QTL (and epistasis among them) and estimating

corresponding positions. In addition, MIM yields a higher power of detecting QTL and

lower biases in estimating QTL positions and effects, relative to its predecessors such as

interval mapping (IM) (Lander and Botstein, 1989) and CIM.

1.6.2 Research outline

Some main steps for QTL mapping using MIM are the same for continuous and ordinal

traits, namely, pre-model selection, QTL location optimization and new QTL search,

and epistasis studies. Major differences include data modeling (for continuous traits, the

probability of a data point is from the probability density function (pdf) directly, and for

ordinal traits, the cumulative density function (cdf) is used) and algorithms used in the

maximization processes (EM in the continuous case and GEM-NR in the ordinal case).

The purpose of this study is to implement MIM for ordinal data in backcross and F2

designs, to study the statistical properties of the implementation, and consequently to

answer several questions related to QTL mapping.

In Chapter 2, the theoretical foundation for QTL mapping using MIM and ordinal

data is established. We first describe the experimental design from which the data are

obtained and the models that are used to characterize data (2.1). Based on these, the

likelihood function is deducted (2.2). Then, parameters are estimated by maximizing the

Q function (2.3). In 2.4, model selection and hypothesis testing processes are described.

In Chapter 3, computer simulations are performed to investigate the statistical prop-

erties of our method. Several questions related QTL mapping are addressed, including
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empirical critical values (3.1), effects of various factors (3.2), suitability of applying QTL

Cartographer/MIM to ordinal data directly (3.3), loss of information for mapping using

binary/ordinal data (3.4), epistasis (3.5), limitations of our methods (3.6), and estimation

of heritability (3.7).

In Chapter 4, a set of real data from a Drosophila experiment is analyzed. The data

include both continuous and binary trait values and analyses on both types of data are

performed.

In Chapter 5, some possible future studies are described, including model selection

(5.1), epistasis (5.2), and more (5.3).

Finally in the Appendix, algorithms and formulae used in our implementation are

described, including computing marker/QTL probability for missing data (Appendix A),

numerical methods used for optimization (Appendix B), and deduction of derivatives for

the Q function (Appendix C).



Chapter 2

Methodology

In this chapter, the theoretical foundation of mapping QTL for ordinal data using MIM

is established. The procedure is similar to MIM for continuous data. First, models are

needed to connect marker data with trait values. Several models are given in section

2.1. Based on these models, the likelihood function is deduced in section 2.2. Then,

both Newton-Raphson and EM algorithms (section 2.3) are used to obtain maximum

likelihood estimates. Finally, the process of model selection is outlined in section 2.4.

2.1 Experimental design and models

Though phenotypic values for an ordinal trait are discrete, it is usually assumed that real

phenotypic values of the trait are continuous, but could only be classified into several

categories at the current time due to technical/practical difficulties. Therefore, generating

and modeling data are similar for mapping QTL for ordinal traits and for continuous

traits (both need certain experimental designs and models for modeling genotypic and

continuous phenotypic values) except that for ordinal data one more step of data modeling

is needed, namely, a model connecting the unobserved continuous phenotypic values with

the observed ordinal trait values.

31
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2.1.1 Experimental design

As in Kao et al. (1999), our extension of MIM is for certain designed experiments such as

backcross and F2 designs. Both designs start with two different inbred lines (denoted as

P1 and P2). After crossing between P1 and P2, an F1 line is obtained. For a backcross

design, individuals from the F1 line will be crossed with individuals from one of two

parental lines. This consequently produces B1 (cross between F1 and P1) or B2 (cross

between F1 and P2) offspring. For an F2 design, crossing will be performed among

F1 individuals to produce an F2 line. To perform QTL mapping using these designs,

individuals from the B1/B2 or F2 line will be randomly sampled and their trait values will

be measured. In addition, based on a linkage map (which is a linear map of relative locus

positions along chromosomes, constructed based on recombination frequencies among

loci), appropriate markers will be selected and genotyped both in parental lines and in

the offspring line. These data (trait values and marker genotypes) then will be analyzed

by QTL mapping methods.

Denote the total number of typed markers by nM and the total number of QTL un-

derlying the character by m. For simplicity, genotypes of all markers and QTL in the

P1 line are represented by capital letters: MiMi for markers and QjQj for QTL, respec-

tively, where subscripts (i = 1, . . . , nM and j = 1, . . . ,m) indicate individual markers

and QTL. On the other hand, small letters are used for the P2 line: mimi for markers

and qjqj for QTL. With Mi/Qj gametes from the P1 line and mi/qj gametes from the

P2 line, genotypes of markers and QTL in the F1 line will be Mimi (i = 1, . . . , nM) and

Qjqj (j = 1, . . . ,m), respectively, and consequently possible gamete types produced from

the F1 line are Mi and mi for markers and Qj and qj for QTL. Therefore, when the B1

line is produced by crosses between P1 and F1, possible genotypes for markers are Mimi

and MiMi and those for QTL are QjQj and Qjqj; and when the F2 line is produced by

mating among F1 individuals, possible genotypes are MiMi, Mimi and mimi for markers
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and QjQj, Qjqj and qjqj for QTL.

2.1.2 Models

Threshold model and liability An imperative step in mapping QTL is to use appropriate

models to connect trait values with QTL genotypes. For continuous data, MIM uses

models described in Genetic and Statistical Models below; for ordinal data, these models

cannot be applied directly. However, with help from the threshold model (Wright,

1934a,b; Falconer, 1965; Falconer and Mackay, 1996), MIM can be extended to

study ordinal data. The threshold model assumes that though the observed trait val-

ues are in ordinal scales, the real distribution for the trait values is continuous (this

continuous distribution is called liability). Therefore, we may relate ordinal trait values

with QTL genotypes by relating the ordinal data with their continuous liability first (by

the threshold model) and then relating the liability with QTL genotypes (by the regular

genetic and statistical models). A brief description of the threshold model is given below.

Suppose that in an experiment, n ordinal-scaled trait values exist for the character

of interest and are coded as 0, 1, . . . , n − 1. In addition, suppose N individuals are

sampled for study. For the i-th individual, let zi be its ordinal-scaled trait value and

yi its underlying liability, where i = 1, . . . , N . By definition, zi will take a value from

{0, 1, . . . , n−1} and yi is from an unknown continuous distribution (the liability). These

two values are related by the threshold model in the following way.

γs < yi ≤ γs+1 ⇔ zi = s

where the sign “⇔” represents “equivalent to”, s is a value from {0, 1, . . . , n − 1}, and

γs’s (s = 0, 1, . . . , n − 1) are a set of fixed (unknown) values in an ascending order and

are called threshold with γ0 = −∞ (for convenience, another symbol γn = ∞ is also

defined). Briefly, the above relationship indicates that when the liability of an individual

falls between γs and γs+1, its phenotypic value will be s; and on the other hand, if its
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phenotypic value is s, its liability must fall between γs and γs+1. Two simple illustrations

are shown in Figure 2.1.

Genetic and statistical models As mentioned earlier, mapping QTL requires con-

nection between phenotypic values and QTL genotypes. By using the threshold model,

phenotypic values have been related to the underlying (continuous) liability. A further

step needed is to connect the liability with QTL genotypes. This can be done using the

genetic and statistical models which have been laid out in previous studies. Here we use

the ones given in Wang and Zeng (2003). The statistical model is used to characterize

the relationship between the liability of an ordinal trait and its components which include

a genotypic part determined by QTL genotype and a random variation part caused by

environment. The genetic model is used to compute the genotypic value for an indi-

vidual with a certain QTL genotype. Consider a trait determined by m diallelic QTL

(notice that the possible number of genotypes is 2m for a backcross design and 3m for

an F2 design). Based on partition of variance (Fisher, 1918), the genetic model for a

genotypic value G includes additive and dominant effects and interactions among loci.

Specifically, the genotypic value for the i-th individual can be expressed as Equation (2.1)

for a backcross design and as Equation (2.2) for an F2 design (ignoring trigenic or higher

order interactions).

Gi = µG +
m∑

j=1

ajxij +
m−1∑
j=1

m∑
k>j

(aa)jk(xijxik) (2.1)

Gi = µG +
m∑

j=1

ajxij +
m∑

j=1

djuij +
∑
j<k

(aa)jk(xijxik) +
∑
j 6=k

(ad)jk(xijuik)

+
∑
j<k

(dd)jk(uijuik) (2.2)

where µG is the overall mean of genotypic values, aj is the main effect of QTL j in

a backcross design or additive effect in an F2 design, and dj is the dominant effect of

QTL j. In addition, (aa)jk, (ad)jk, and (dd)jk are, respectively, additive × additive,
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(a)

 

(b)

Figure 2.1: Illustrations for the threshold model. (a) An example for the ordinal data
and its possible explanation. This is for the toe numbers in guinea pigs studied by
Wright (1934a,b). The figure is adapted from Lynch and Walsh (1998). (b) A
brief illustration of the threshold model. The number of possible phenotypic values is
assumed to be four. γ1, γ2 and γ3 are three thresholds. When the liability falls between
two adjacent thresholds, the phenotypic value takes the number corresponding to this
interval. For example, if the liability is between γ1 and γ2, the phenotypic value is 2.
The graph shown here is actually a mixture of four normal distributions.
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additive× dominant, and dominant× dominant interaction effects between QTL j and

k. xij and uij are the corresponding variables for the additive and dominant effects. With

Qj and qj representing alleles in the two inbred parental lines, xij takes values of 1/2 for

QjQj and −1/2 for qjqj in a backcross design; in an F2 design,

xij =


1 for genotype QjQj

0 for genotype Qjqj

−1 for genotype qjqj

and uij =


−1/2 for genotype QjQj

1/2 for genotype Qjqj

−1/2 for genotype qjqj

Using the genetic model and taking environmental effects into account, the liability

(or continuous phenotypic values) for the i-th individual will be given by the following

statistical model: Equation (2.3) for a backcross design and Equation (2.4) for an F2

design.

yi = µ +
m∑

j=1

ajx
∗
ij +

m−1∑
j=1

m∑
k>j

δjk(wjkx
∗
ijx

∗
ik) + ei (2.3)

yi = µ +
m∑

j=1

ajx
∗
ij +

m∑
j=1

dju
∗
ij +

∑
j<k

δaa
jk (aa)jk(x

∗
ijx

∗
ik) +∑

j 6=k

δad
jk (ad)jk(x

∗
iju

∗
ik) +

∑
j<k

δdd
jk (dd)jk(u

∗
iju

∗
ik) + ei (2.4)

where µ is the overall mean of the liability, x∗ij and u∗ij are coding variables and are defined

similarly as xij and uij used for the genetic model, aj, dj, wjk, (aa)jk, (ad)jk, and (dd)jk

are defined the same as those in the genetic models, and ei ∼ N(0, σ2). In addition, δjk,

δaa
jk , δad

jk , and δdd
jk are indicator variables: 0 for no epistatic effect between QTL j and k,

and 1 otherwise.
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2.2 Likelihood function

Given the genetic and statistic models, proper statistical methods are needed to obtain

estimates for QTL parameters. One way is to find a set of parameter values that yield

the highest probability for the observed data given the models. The maximum likelihood

(ML) method is designed for this purpose. To use the ML method, two steps are needed:

deriving a likelihood function and then maximizing it using a reliable and efficient al-

gorithm. The likelihood function is defined as the joint probability of the sample given

the model. Maximum likelihood analysis has been used in interval mapping (Lander

and Botstein, 1989), composite interval mapping (Zeng, 1993), and multiple interval

mapping (Kao et al., 1999). We will describe the likelihood function for ordinal data in

this section and show how to maximize it in the next section, using a backcross design

as an example.

The likelihood function for ordinal data is defined as L(Z|M,Θ,Γ,∆), where Z rep-

resents the phenotypes (in an ordinal scale), M represents marker genotypes, ∆ QTL

position parameters (for example, measured as genetic distance from one end of a chro-

mosome), Γ the threshold model parameters γs (s = 1, . . . , n − 1), and Θ QTL effects

(both the main and epistatic effects, such as a′s, d′s and w′s) for the underlying liability.

In addition, let I(S = s) be an half-open interval bracketed by γs and γs+1 as (γs, γs+1]

(s = 0, . . . , n − 1), and Qih be the h-th (h = 1, . . . , 2m) possible QTL genotype for the

i-th individual. With the assumption of independent sampling, the likelihood function

can be written as,

L(Z|M,Θ,Γ,∆)

=
N∏

i=1

Li(zi|Mi,Θ,Γ,∆) =
N∏

i=1

P (zi|Mi,Θ,Γ,∆)

=
N∏

i=1

∫ ∞

−∞

{
P (zi|yi,Γ)

[∑
Qih

P (yi|Qih,Θ)P (Qih|Mi,∆)

]}
dyi (2.5)
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where
∏

represents product, Li(Z|Mi,Θ,Γ,∆) is the likelihood function for the i-th

individual and is equal to P (Z|Mi,Θ,Γ,∆), Mi is the marker genotypes for the i-

th individual, and P (∗|∗)′s (such as P (zi|yi,Γ)) are conditional probabilities which are

explained below along with their relationship with the likelihood function.

P (Qih|Mi,∆) is the probability for individual i having QTL genotype Qih given its

marker genotype Mi and QTL positions ∆. Under assumptions of no crossover interfer-

ence and at most one QTL between two adjacent markers, this conditional probability is

the product of marginal conditional probabilities of individual QTL. That is,

P (Qih|Mi,∆) =
m∏

j=1

P (Qihj|Mij(L), Mij(R), ∆j)

where Mij(L) and Mij(R) are genotypes in the i-th individual for markers adjacent to QTL

j on the left and on the right, respectively, and ∆j is position information for QTL j.

These marginal conditional probabilities can be found in Table 2.1 (for a backcross design)

and Table 2.2 (for an F2 design) (which are adapted from Kao and Zeng (1997)). When

dominant and missing markers are present, these probabilities can be computed using

formula derived by Jiang and Zeng (1997), which are briefly described in Appendix A.

Table 2.1: Conditional probabilities of QTL given its flanking markers in a backcross
design

Marker genotype Expected frequency QTL genotype
QQ Qq

MLMR/MLMR (1− r0)/2 1 0
MLMR/MLmR r0/2 1− ρ ρ
MLMR/mLMR r0/2 ρ 1− ρ
MLMR/mLmR (1− r0)/2 0 1

ρ = r1/r0, where r0 is the recombination rate between the left and
right flanking markers, and r1 is the recombination rate between
the left flanking marker and QTL. Double crossing-over is ignored.

P (yi|Qih,Θ) is the probability for individual i having yi for the underlying liability

given its QTL genotypes and QTL effects Θ. If the statistical model given in Equation
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Table 2.2: Conditional probabilities of QTL given its flanking markers in an F2 design

Marker genotype Expected frequency QTL genotype
QQ Qq qq

MLMR/MLMR (1− r0)
2/4 1 0 0

MLMR/MLmR r0(1− r0)/2 1− ρ ρ 0
MLmR/MLmR r2

0/4 (1− ρ)2 2ρ(1− ρ) ρ2

MLMR/mLMR r0(1− r0)/2 ρ 1− ρ 0
MLMR/mLmR or (1− r0)

2/2 + r2
0/2 cρ(1− ρ) 1− 2cρ(1− ρ) cρ(1− ρ)

MLmR/mLMR

MLmR/mLmR r0(1− r0)/2 0 1− ρ ρ
mLMR/mLMR r2

0/4 ρ2 2ρ(1− ρ) (1− ρ)2

mLMR/mLmR r0(1− r0)/2 0 ρ 1− ρ
mLmR/mLmR (1− r0)

2/4 0 1 1

ρ = r1/r0, where r0 is the recombination rate between the left and right flanking
markers, and r1 is the recombination rate between the left flanking marker and
QTL. c = r2

0/[r2
0 + (1− r0)2]. Double crossing-over is ignored.
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and P3 = P (Qih|Mi,Θ,Γ,∆). Notice that the probability of being zi is totally deter-

mined when yi and Γ are given. Notice also that the same is true for the probability of

being yi when Qih and Θ are given, or for the probability of being Qih when Mi and ∆

are given. Therefore, P1, P2 and P3 may be simply written as P (zi|yi,Γ), P (yi|Qih,Θ),

and P (Qih|Mi,∆), respectively. Thus,

P (zi|Mi,Θ,Γ,∆) =

∫ ∞

−∞

∑
Qih

[P (zi|yi,Γ)× P (yi|Qih,Θ)× P (Qih|Mi,∆)] dyi

Substituting this back to Equation (2.5) (and with a little algebraic manipulation) will

yield the last equality in Equation (2.5).

With additional assumptions on the liability, Equation (2.5) can be further specified.

Notice that P (zi|yi,Γ) = 0 when yi /∈ I(S = zi) = (γzi
, γzi+1]. The integration part in

Equation (2.5) will be non-zero only for the interval (γzi
, γzi+1]. Defining FQih

(yi) be the

cumulative distribution function (cdf) for P (yi|Qih,Θ), we have∫ ∞

−∞
P (zi|yi,Γ)P (yi|Qih,Θ)dyi =

∫ γzi+1

γzi

P (yi|Qih,Θ)dyi

= FQih
(γzi+1)− FQih

(γzi
) (2.6)

Furthermore, assume that the liability follows a normal distribution N(µih, σ
2), where

µih is the genotypic value for Qih. Then FQih
(yi) = Φ(yi−µih

σ
), where Φ(∗) is the cdf for

the standard normal distribution. Therefore, the likelihood function in Equation (2.5)
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can be written as

L(Z|M,Θ,Γ,∆)

=
N∏

i=1

∫ ∞

−∞

{
P (zi|yi,Γ)

[∑
Qih

P (yi|Qih,Θ)P (Qih|Mi,∆)

]}
dyi

=
N∏

i=1

∑
Qih

[
P (Qih|Mi,∆)

∫ γzi+1

γzi

P (yi|Qih,Θ)dyi

]

=
N∏

i=1

∑
Qih

{P (Qih|Mi,∆)[FQih
(γzi+1)− FQih

(γzi
)]}

=
N∏

i=1

∑
Qih

{[
Φ(

γzi+1 − µih

σ
)−Φ(

γzi
− µih

σ
)

]
P (Qih|Mi,∆)

}

2.3 Parameter estimation

2.3.1 The Q function

Once a likelihood function is given, estimates of parameters can be made by finding a

set of values maximizing the likelihood function. Estimates obtained this way are called

maximum likelihood estimates (MLE’s). In our study, QTL genotypes are unknown and

have to be inferred from marker genotypes. Therefore, it is a missing data problem. To

deal with incomplete data problems, Dempster et al. (1977) proposed an approach to

compute MLE iteratively, using the EM algorithm. Along the process, a Q function is

defined, which is the expectation of log-likelihood function (with full data) (Dempster

et al., 1977), or

Q(Φ(t)|Φ) = EΦ(t) [log L(Datacomplete)|Dataobserved],

where Φ is the set of parameters to be estimated, (t) indicates the step of parameter

updating. The Q function then is used to find the MLE by iteratively performing an

estimation step (E-step, in which the Q function is computed based on parameter values
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at stage (t)) and a maximization step (M-step, in which a new set of values is found to

maximize the Q function). This process will be adopted here.

In our study, the parameter is B = (ΓT , ΘT , ∆T )T , observed data are Z,M (phe-

notypes and marker genotypes). Therefore, the Q function may be written as

Q(B|B(t)) = EB(t) [log Lc({Z,Q}complete,B)|{Z,M}obs] ,

where superscript t indicates the t-th cycle of the iteration. Since the real B is unknown,

we compute the Q function based on its value at the t-th stage. This is symbolized as

Q(B|B(t)). The subscript for the expectation sign E indicates that the expectation is

computed using a specific set of values. In addition, with missing data, the complete

likelihood Lc has to be computed based on observed data {Z,M}obs.

Using definitions of expectation and conditional probability and assuming indepen-

dent sampling, we have

Q(B|B(t)) = EB(t) [log Lc({Z,Q}complete,B)|{Z,M}obs]

=
N∑

i=1

∑
Qih

[PB=B(t)(Qih|zi,Mi) log PB=B(t)(zi,Qih)]

=
N∑

i=1

∑
Qih

{PB=B(t)(Qih|zi,Mi) log [PB=B(t)(zi|Qih)P (Qih)]}

=
N∑

i=1

∑
Qih

[PB=B(t)(Qih|zi,Mi) log PB=B(t)(zi|Qih)] + C (2.7)

where C is the probability of the observed data and is a constant. Therefore, C could be

omitted when maximization of the Q function is concerned.

By Bayes’ theorem, we have

PB=B(t)(Qih|zi,Mi) =
PB=B(t)(zi|Qih,Mi)PB=B(t)(Qih|Mi)∑
Qil

[PB=B(t)(zi|Qil,Mi)PB=B(t)(Qil|Mi)]

In addition, denote Λ
(t)
ih as PB=B(t)(zi|Qih,Mi). Since PB=B(t)(zi|Qih,Mi) = PB=B(t)(zi|Qih),
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we obtain the following equality,

Λ
(t)
ih = PB=B(t)(Qih|zi,Mi) =

PB=B(t)(zi|Qih)PB=B(t)(Qih|Mi)∑
Qil

[PB=B(t)(zi|Qil)PB=B(t)(Qil|Mi)]
(2.8)

where Λ
(t)
ih could be considered as a posterior probability for Qih and is computed as

follows. Since PB=B(t)(zi|Qih) is equivalent to Equation (2.6), Equation (2.7) could be

written as, assuming a normal liability,

Q(B|B(t)) =
N∑

i=1

∑
Qih

{
Λ

(t)
ih log [FQih

(γzi+1)− FQih
(γzi

)]
}

=
N∑

i=1

∑
Qih

{
Λ

(t)
ih log

[
Φ(

γzi+1 − µih

σ
)−Φ(

γzi
− µih

σ
)

]}
(2.9)

which is the Q function for ordinal data.

2.3.2 Maximization of the Q function

Maximization of the Q function usually involves deducing the first and second deriva-

tives of the function. However, Equation (2.9) is difficult to manipulate. To simplify

the process, we will use a logistic distribution to approximate the standard normal dis-

tribution. That is, π(x) = exp(τx)/[1 + exp(τx)] is used to approximate Φ(x), where

τ = 3/
√

3 and it is incorporated into the parameters in the computing process for sim-

plicity (Note that τ is used for scaling purpose due to different variances for a standard

normal distribution and a logistic distribution (Mood et al., 1974). The error rate of

this approximation, as shown in Figure 2.2, is less than 2 percent for x > 0, less than 6%

when x ∈ [−1.5, 0]. For x < −1.5, the error rate could be large, but since the absolute

values of the cumulative function are small (less than 0.023), this error rate is not very

likely to result in substantial deviations.) For our cases, the form of the π function is

πk,ih = π(BT
0 xk,ih) = exp(τBT

0 xk,ih)/[1 + exp(τBT
0 xk,ih)] (2.10)
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where subscript ih indicates the h-th QTL genotype for the i-th individual, B0 =

(ΓT ,ΘT )T is a parameter vector for the thresholds and QTL effects. xk,ih = (lTk ,xT
ih)

T

with lk (k = 0, . . . , n − 1) being defined as an n by 1 vector with all elements being 0

except the (k + 1)-th element being 1. Therefore, the Q function can be approximated

as

Q(B|B(t)) =
N∑

i=1

∑
Qih

[
Λ

(t)
ih log(πzi+1,ih − πzi,ih)

]
(2.11)

To find the maximal value of the Q function, the Newton-Ralphson (NR) method

can be used. To do so, the first and second derivatives of the Q function are needed and

are given in Equations C.1 and C.2 in Appendix C. A brief description of the iterative

process is given below.

1. Initialize B
(0)
0 ;

2. Update Λ
(t)
ih in Equation (2.8) and πih in Equation (2.10);

3. Obtain the first derivative (g(t)) and second derivative (H(t)) using Equations (C.1)

and (C.2) in Appendix C;

4. Update B
(t+1)
0 using a formula

B
(t+1)
0 = B

(t)
0 − β[H(t)]−1g(t)

where the superscript “-1” indicates the inverse of a matrix, and the inverse of H

could be obtained by Cholesky decomposition.

5. Find the new value of the Q function at B
(t+1)
0 by Equation (2.11);

6. Determine whether the iteration process converges, usually by comparing the change

of the Q to a convergence tolerance (δ). If the change of the Q function is smaller

than δ, stop; if not, go back to step 2.
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Figure 2.2: Accuracy of the logistic approximation to a standard normal distribution.
(a) Values of cumulative functions for a standard normal and a logistic distribution; The
horizontal dashed line is y = 1, indicating the limiting value of a cumulative function.
(b) Percentage of difference of cumulative functions between a logistic distribution and
a standard normal distribution.
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Notice that two parameters (β and δ) in the above process need to be pre-set. β is a

scalar and characterizes the step length in the gradient direction. It should not be too

large (missing maximum) nor too small (slow convergence). During computation, β will

start at one and reduce its value gradually in each cycle if needed, but it will be reset to

one in a new iteration cycle. The value of δ can be determined through several methods.

Here, we take the simplest one: set δ to a fixed small number, say 10−8.

Though above process works well for most cases, problems can arise when the matrix

H is not positive-definite or close to nonpositive-definite. In that case, the process could

break down (i.e., fail to converge). To avoid this problem, the above process is modified

by using an approach combining NR and EM methods (Qin and Zeng, 2003). This

approach is similar to the regular NR method except that a check point is added in step

4. This check point will examine whether the Cholesky decomposition succeeds. If it

does, go to next step; otherwise, several steps of EM algorithm are performed and then

go back to the beginning of this step (step 4).

2.4 Model selection

Model selection and hypothesis testing are important components of QTL mapping.

Good model selection scheme and appropriate hypothesis testing method will detect more

true QTL and yield less spurious ones. However, there is no universally accepted criterion

to date. Here, we will adopt a similar procedure used by MIM (Zeng et al., 1999):

selecting significant markers first and finding QTL based on these markers afterward.

Specifically in our case, the first step is to use a logistic regression to select a significant

marker (or significant markers), and the second step is similar to MIM.
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2.4.1 Initial model selection

A logistic regression on markers is performed to choose an initial model. An F2 design is

used here to illustrate the process of selecting an initial model from the total nM markers.

Before describing the process, some notation is:

nm: The number of markers in a specific model;

nF : The number of markers in a full model (a model before selection);

nR: The number of markers in a reduced model (a model after selection);

nQ: The number of QTL in a model.

With this notation, the model selection process is briefly described as follows (which

is a backward selection procedure. However, when a large number of markers are present,

a forward selection may be necessary).

1. Set a full model. This model includes all markers and is deemed as a full model

AF . At this stage, nm = nF = nM .

2. Generate reduced models. A reduced model AR is produced by eliminating a

specific marker from the full model. Since the full model has nF markers, the

number of reduced models generated will be nF and each reduced model has nF −

1 markers, or nR = nF − 1. In addition, when one marker is eliminated, two

corresponding parameters of that marker are eliminated (namely, parameters for

the additive effect and the dominant effect).

3. Compute statistics. They can be twice the log likelihood ratio, or Wald statistics.

(Kao et al., 1999) shows that using F-statistic with a significance level of 0.01

produces a model close to the final one.

4. Produce a new full model (if applicable). Drop the marker with the least non-

significant statistic from the full model and set the corresponding reduced model

as the new full model (thus, nF is reduced by one). Go back to step 2.
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5. If all statistics are significant, stop and use the current full model as the initial

model for further analysis.

2.4.2 Model selection using MIM

After the initial model is selected (with the number of QTL nQ = nF ), a final model can

be obtained by using MIM. The procedure is briefly described as follows.

a. Location optimization for each QTL. This is done by changing the position of

one QTL within the region flanked by its two adjacent markers, while fixing location

of nQ − 1 other QTL. (This is for simplicity. The search can be performed beyond the

flanked region and could be in the whole region between two adjacent QTL or an end

of a chromosome.) The position with the largest statistic is chosen as the new estimate

for the QTL location. Notice that this is a sequential procedure, that is, each QTL is

optimized based on the current updated locations of nQ − 1 other QTL.

b. New QTL is added to form a new model (with nQ = nF + 1). The new QTL is

then tested for significance by comparing a certain statistic with a pre-set critical value.

Note that it is a still open question about criteria and critical values used to perform

model selection in QTL mapping. We adopt BIC (see Section 1.5 for definition) in our

current study.

c1. If the test statistic is not significant, stop (and remove the new QTL). The final

model will have nQ = nF QTL.

c2. If the test statistic is significant, it will be retained in the model with nQ = nF +1

and go to next step.

d. All QTL (except the new one) in the new model are tested for significance. This

procedure is similar to steps 2 and 3 in the initial model selection. That is, reduced models

(with nF QTL) are formed by dropping QTL one at a time. Log-likelihood functions for

the reduced models are computed and compared with that of the full model.
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e1. If the test result for a QTL is not significant, it will be dropped. The reduced

model (with nF QTL) is used as current model and go to step a.

e2. If the test results for all QTL are significant, retain current model with nQ = nF +1

QTL, then increase nF by 1 and go to step a.

2.4.3 Searching for epistasis

An issue worth discussing is searching for epistasis. Epistasis may come into our models

in at least three ways. One is the interaction between two QTL with marginal effects

(that is, two QTL have either additive or dominant effects, or both). A second format

is that the interaction is between a QTL with marginal effects and a QTL having only

an epistatic effect. That is, though the first QTL may be put in the model when only

marginal effects are considered, the second QTL will be present in the model only when

the two QTL are considered together. A third way is that neither QTL has marginal

effects and they have effects only when both of them are in the model. For simplicity, they

will be referred as type I, II, and III interaction, respectively. Thus to find interactions,

different strategies may be needed. Here we discuss only how to find the first two types

of interactions. The process is similar to and is a modification of the procedure in section

2.4.2. For type I interaction, the models are given by Equations (2.3) and (2.4); and for

type II interaction, the models are given as follows.

yi = µ +
m∑

j=1

ajx
∗
ij +

m−1∑
j=1

m∑
k>j

δjk(wjkx
∗
ijx

∗
ik) +

m∑
j=1

m′∑
l=1

δ′jl(w
′
jlx

∗
ijx

′∗
il ) + ei (2.12)

yi = µ +
m∑

j=1

ajx
∗
ij +

m∑
j=1

dju
∗
ij +

∑
j<k

δaa
jk (aa)jk(x

∗
ijx

∗
ik) +

∑
j 6=k

δad
jk (ad)jk(x

∗
iju

∗
ik)

+
∑
j<k

δdd
jk (dd)jk(u

∗
iju

∗
ik) +

m∑
j=1

m′∑
l=1

4∑
k=1

δ′jlkcjlk(r
∗
ijkr

′∗
ilk) + ei (2.13)
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where m′ is the number of QTL coming into the model through type II interaction,

x′∗il , r∗ijk and r′∗ilk are coding variables for QTL genotypes (those with ′ referring to QTL

without marginal effects), w′
jl and cjlk are epistatic effects, and δ′jl and δ′jlk are indicator

variables for whether an interaction exists.

There are several ways to take interactions into account in the model selection process.

One is to insert an extra step between step a and step b described in section 2.4.2. In this

extra step, pairwise interactions between detected QTL are tested and significant ones

will be retained in the model before going to step b to search for new QTL. Another is to

add an extra step at the end of the process. That is, after no more QTL with marginal

effects is detected, pairwise interactions are tested for all QTL and significant ones will

be added into the final model. This method is used for searching for type I interactions.

For type II interactions, a similar process is used. However, after no more QTL with

marginal effects are detected, tests are performed for interactions between detected QTL

and genome regions without any QTL.
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Computer simulations

We used computer simulations to investigate the performance of our approach. In each

simulation (except indicated otherwise), one hundred data sets are generated by QTL

Cartographer (WinQTLCart V2.0, Wang et al. (2001-2004)). Each data set includes

200 individuals and has one to eight chromosome(s). On each chromosome, 10 evenly

distributed markers are simulated with 10cM between two adjacent markers. Various

numbers of QTL are simulated, which are specified in Tables 3.1 and 3.2. For simplicity,

all QTL have the same main effects. Backcross designs are used for illustration. All

simulated individuals originally have continuous trait values which are transformed, based

on pre-set incidence rates, to values in binary/ordinal scales. For comparison purposes,

all data sets are analyzed in three ways. Original data sets (continuous trait values)

are analyzed using the MIM module in QTL Cartographer (denoted as QTLC), and the

corresponding binary/ordinal data sets (binary/ordinal trait values) are analyzed twice:

by our new method (denoted as bMIM) and by the MIM module in QTL Cartographer

which differs from QTLC for the trait values (denoted as QTLB). In addition, symbols

are used to represent different parameter set-ups when confusion will not arise, such as

1C1Q for one-chromosome one-QTL. Comparisons are made among different approaches,

mainly on percentages of data sets obtaining correct numbers of QTL, mean numbers of

51



Chapter 3. Computer simulations 52

QTL detected, and mean estimates of QTL position. Results are presented in Tables 3.6

to 3.9.

We use these simulations to discuss several questions, including empirical critical

values, effects of various factors on mapping results, suitability of using QTL Cartogra-

pher/MIM on binary traits directly, loss of information in mapping when data are bi-

nary/ordinal (as opposed to continuous), epistasis, limitations of our newly implemented

method, and estimation of heritability h2 for ordinal traits. Detailed descriptions of these

questions and simulation results for them are given below.

3.1 Empirical critical values

Though criteria and critical values used for model selection are very important issues in

QTL mapping, they are not the main study subject in current investigation. Therefore,

no comprehensive investigation of model selection criteria will be performed. Instead, we

run a few sets of simulations to illustrate how critical values likely behave in mapping

binary data, including three situations: one QTL vs. two QTL, four QTL vs. five QTL,

and eight QTL vs. nine QTL.

Critical values are estimated three ways, which differ on what types of test statistics

are used and how they are obtained. The three simulation processes are direct data

simulation, residual bootstrapping, and a Monte Carlo process by Lin and Zou (2004).

For simplicity, they are denoted as SM, RB, and LZ, respectively. For test statistics,

SM and RB use the likelihood ratio, and LZ uses a score statistic. In each of the three

processes, 1000 test statistics are obtained. The 100(1−α)th percentile of these statistics

is chosen as the critical value for a significance level of α. For SM, 1000 independent

data sets are simulated directly based on the given QTL positions and effects (equivalent

to 1000 different experiments). For a certain situation such as four QTL vs. five QTL

(which is also used as examples for RB and LZ), a four-QTL model is first established,
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Table 3.1: List of situation

Chr # QTL # QTL positions Parameter Abbr.
1 1 Chr 1 – – – – – – – h2 0.1 0.3 0.5 1C1Q

cM 25 – – – – – – – Effect 0.67 1.31 2.00
2 2 Chr 1 2 – – – – – – h2 0.1 0.3 0.5 2C2Q

cM 25 35 – – – – – – Effect 0.37 0.72 1.09
4 4 Chr 1 2 3 4 – – – – h2 0.3 0.5 0.8 4C4Q

cM 25 35 35 45 – – – – Effect 0.50 0.77 1.53
8 8 Chr 1 2 3 4 5 5 7 8 h2 0.3 0.5 0.8 8C8Q

cM 25 35 35 45 25 75 35 45 Effect 0.35 0.54 1.08

Not all situations are listed and not all listed situations are studied for all parameter set-ups. Numbers in the first
column indicate the chromosome numbers (“Chr #”), and numbers in the second column indicate QTL numbers
(“QTL #”). Numbers under “QTL Positions” list chromosomes and corresponding positions where QTL are located.
A QTL position is measured as cM from one end of a chromosome. For regions under “Parameters”, numbers in the
first row for each situation are values of h2, and those in the second row are QTL effects for the corresponding h2.
Symbols such as 2C2Q in the rightmost column are used as abbreviations representing the simulation parameters.
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Table 3.2: List of epistatic situation

QTL # Chr # Position Main effect Epistasis Epistatic
(cM) effect

I-1 1 1 25 0.845 1&3 2.31
2 1 75 0.845
3 2 35 0.845

I-2 1 1 25 0.987 1&3 1.21
2 1 75 0.987
3 2 35 0.987

II 1 1 25 1.061 1&3 1.92
2 1 75 1.061
3 2 35 0.000

All cases have heritability of 0.5. For each case, 1000 data sets are simulated and each data set
includes 300 individuals. For I-1 Vi/Va = 0.3, for I-2 Vi/Va = 0.1; and for II Vi/Va = 0.3, where Vi

and Va represent epistatic and additive variances, respectively.
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by finding the set of four chromosome positions that yields the greatest likelihood among

all combinations of four positions. A fifth position maximizing the likelihood given the

four-QTL model is found. The test statistic is chosen as the likelihood ratio between

the four-QTL model and the model with the fifth position. This procedure is also used

for RB to obtain a test statistic for a single data set. However, for RB, all 1000 data

sets are derived from one single data set and the process is briefly outlined here. A

data set is first simulated based on the given QTL parameters. A four-QTL model is

established as previously described. Denote ∆4 as the estimated QTL positions and b the

estimated QTL effects. Based on results in Section 2.2, the ith individual has a genotypic

value of Xijb with a probability of P (Qij|Mi,∆4). Again, using results in Section 2.2,

the i-th individual has a phenotypic value 0 with a probability of w0 =
∑

Qij
[Φ(γ −

Xijb)P (Qij|Mi,∆4)]. Thus, a new data set is generated by assigning the trait value of

the i-th individual be 0 with a probability of w0 while keeping its marker genotype. The

test statistic for the new data set is then obtained using the same procedure that used in

SM. For LZ, the test is to maximize a score statistic along the genome (or maxd W (d)).

Here, W (d) is the score statistic with a form of N−1UT (d)V̂ −1(d)U(d)−K(d), where d is a

position on the genome, U(d) the score function at location d, V̂ (d) = N−1
∑

Ûi(d)ÛT
i (d),

and K(d) a function that is given in Equation (2) of Lin and Zou (2004). Instead of

generating new data sets, LZ generates new W (d). In each generation, a normal random

sample (g1, . . . , gN) is obtained from independent standard normal random variables.

After redefining Û(d) as
∑N

i=1 Ûi(d)gi, maxd Ŵ (d) is found and recorded. By repeatedly

generating (g1, . . . , gN), a set of maxd Ŵ (d) is obtained. The critical value is chosen as

the 100(1− α)th percentile of the observed maxd Ŵ (d).

Results from these three procedures are shown in Table 3.3. For lower QTL numbers

and h2 such as one vs. two QTL and h2 = 0.1 or h2 = 0.3, results are similar for all three

methods. For high h2 and greater QTL numbers, there are large differences among results

for these three methods. LZ almost always yields smaller critical values than SM and
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Table 3.3: Critical values for various situations at significance level of 0.01 and 0.05

0.01 0.05
h2 Method 1 → 2∗ 4 → 5 8 → 9 1 → 2 4 → 5 8 → 9
0.1 SM 5.71 – – 3.96 – –

RB 5.10 – – 3.89 – –
LZ 6.55 – – 3.77 – –

0.3 SM 5.76 7.32 6.87 3.86 5.23 5.13
RB 5.45 9.26 9.41 3.92 5.63 6.56
LZ 6.82 6.43 6.87 3.92 3.71 3.87

0.5 SM 11.00 8.69 6.52 8.07 6.53 4.23
RB 6.72 9.60 8.27 4.50 6.20 6.88
LZ 6.74 6.61 6.73 3.85 3.74 3.74

0.8 SM – 13.85 15.26 – 8.41 10.19
RB – 8.90 9.01 – 6.52 6.64
LZ – 6.88 6.84 – 3.85 3.82

Three procedures used to obtain critical values are described in Section 3.1,
namely, direct data set simulation(SM), residual bootstrapping (RB), and
the method by Lin and Zou (2004) (LZ). The test statistic is likelihood
ratio for SM and RB, and score statistic for LZ. 1000 different data sets
are simulated for SM, for RB, 1000 data sets are generated by residual
bootstrapping, and for LZ 1000 score statistics are obtained by a Monte
Carlo resampling scheme on score statistics along different locations of the
genome. For each value of heritability, results for SM, RB and LZ, are
listed in the top, middle, and bottom rows, respectively.
*: Test situations are given in a format of a → a+1, which means that the
comparison is made between a model (A) with a QTL and a model with
(a + 1) QTL (including a QTL from model A and an extra QTL). Tests
are not performed for all heritability values.
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BO. Individually speaking, LZ is not sensitive to heritability and testing conditions. For

RB with the same heritability, similar results are obtained for testing conditions 4 → 5

and 8 → 9, though the results for 1 → 2 are quite different. For different heritability,

greater differences among results are seen. This trend has been seen before in cases for

continuous traits by S. Wang and Z.-B. Zeng (unpublished). That is, heritability has

effects on critical values, and critical values change when the number of testing QTL is

low and tend to be stable with increasing numbers of testing QTL. For SM, both testing

conditions and heritability may greatly affect results. No clear trend is detected for SM.

Nevertheless, the inconsistency among critical values makes it difficult to use them in

data analyses. Therefore, before a comprehensive investigation of this issue is complete,

BIC will be used as a temporary solution in model selection, since this criterion has been

used before and reasonable results are obtained (Zeng et al., 1999; Broman and Speed,

2002).

The difference in results among the three procedures is possibly due to at least two

reasons. One is that the test statistics are not the same: the likelihood ratio statistic

for SM and RB, and the score statistic for LZ. The score statistic and the likelihood

ratio statistic are known to produce different results for a specific sample, unless the

log-likelihood function is quadratic (which is not the case in our investigation). However,

we also expect that the difference will be smaller for larger sample sizes, since the score

statistic is asymptotically equivalent to the likelihood ratio statistic when the former

takes a proper form. The second reason is related to sampling variation. As described

above, both RB and LZ start with a single simulated data set, and on the other hand, SM

uses 1000 separately simulated data sets. That is, SM has more variation in sampling to

start with and consequently results in values with higher variation. In addition, though

both RB and LZ start with a single simulated data set, RB will generate new data sets

based on the initial one, and LZ won’t. This may help LZ to maintain a smaller sampling

variation through testing than RB does.
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Though sampling variation possessed by various procedures may explain part of the

differences in results, it is unlikely to explain all of the differences. In addition, the

direction of difference among results is still unanswered. Therefore, further exploration

is merited. Some possible studies are listed below. One is to simulate more data sets:

more separate data sets for SM, and more initial data sets for RB and LZ (that is, instead

of one, apply RB and LZ to more data sets and combine the results). This will be helpful

in reducing the effects of sampling variation on the results. Another is to increase sample

sizes and to investigate whether the difference decreases with larger sample sizes. This

is helpful both in reducing sampling variation and in evaluating the appropriateness of

the procedures by verifying the asymptotical equivalence between the likelihood ratio

statistic and the score statistic. A third is to assess error rates and check power and type

II errors in each case. Again, this is useful in verifying the correctness of the procedures,

and may also shed light on the direction of the difference in results.

3.2 Effects of various factors

In real experiments, the range of parameter values vary dramatically. To understand

what effects the difference of parameter values may have on mapping results is helpful in

choosing appropriate mapping methods and in evaluating QTL mapping results. Three

parameters which are likely to change from one experiment to another are investigated.

These parameters are the number of categories, the proportion of each category, and

heritability. The number of categories is not necessarily fixed in real situations, depending

on the study purpose and available information. With an increasing number of categories,

more information will be contained in the observed data and consequently better mapping

results are potentially yielded. When the number of categories is large enough, the data

may be analyzed as if they were continuous. Proportions of different categories may

also affect mapping results. For example, when categories are divided unevenly, few



Chapter 3. Computer simulations 59

individuals may exist within a specific category which carries inadequate information

for mapping QTL. Heritability is the proportion of total variation explained by genetic

factors. With other conditions being the same, a greater heritability usually means larger

QTL effects. Therefore, it should be easier in finding QTL when heritability increases.

To study effects of numbers of categories, we simulated 100 data sets for a 2C2Q situa-

tion with the first QTL located at 25cM on chromosome one and the second QTL located

at 35cM on chromosome two. The heritability is set at 0.1. The number of categories

range from 2 to 10 by using the same data set but setting different numbers/values of

thresholds. Results are shown in Table 3.4, including numbers of data sets detecting 0, 1,

2, and 3 QTL, respectively, the mean number of detected QTL, distribution of locations

of detected QTL (by percentage), mean locations of detected QTL, and estimated h2.

The number of data sets detecting two QTL (the simulated number) increases from 33 for

two categories to 42 for ten categories, and those detecting no QTL decreases from 27 to

12. Meanwhile, the mean number of detected QTL increases from 1.15 for two categories

to 1.46 for ten. For the distribution of detected QTL, with two categories, 51% (QTL

one) and 65% (QTL two) of detected QTL fall within 15cM distance of the correspond-

ing simulated positions. These numbers rise to about 66% and 79%, respectively, with

more categories (comparing to 69% and 88% for continuous data). In addition, the mean

locations of detected QTL don’t change much at around 33 and 37 for the two QTL.

However, the standard deviations do decrease: from 22 for two categories to 19 or 15 for

ten categories.

Effects of proportions of categories are studied for binary cases with 20%, 30%, and

50% individuals having phenotypic values 0 (others having 1). 100 data sets are simulated

for 4C4Q. Numbers of data sets detecting various numbers of QTL, mean numbers of

detected QTL, and estimated h2 (with its SD) are shown in Table 3.5. Mapping results

are also obtained for the same data sets using QTLB. For moderately unevenly devided

data (such as data set with 20% individuals having a trait value of zero), majority of
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Table 3.4: Estimation results for data with different category numbers

Category number QTLC
2 3 4 5 10

Number of data sets detecting a certain number of QTL1

0 27 9 12 15 12 30
1 35 46 43 39 38 49
2 33 37 39 38 42 20
3 5 8 6 8 8 1
mean 1.15 1.44 1.39 1.39 1.46 0.92
Distribution of detected QTL2

< 15 (Q1) 51.1 62.1 55.9 61.4 65.6 69.2
15 - 25 (Q1) 21.3 19.0 23.7 17.5 14.8 17.9
> 25 (Q1) 27.7 19.0 20.3 21.1 19.7 12.8
< 15 (Q2) 64.8 66.1 66.1 84.5 78.7 88.0
15 - 25 (Q2) 13.0 16.1 12.9 3.4 11.5 4.0
> 25 (Q2) 22.2 17.7 21.0 12.1 9.8 8.0
Mean locations of detected QTL3

Q1 mean 36.62 33.36 30.07 33.16 31.89 29.74
Q1 Std 22.94 20.89 20.36 21.32 18.75 18.82
Q2 mean 39.83 36.39 40.74 37.86 35.28 35.76
Q2 Std 21.61 19.19 19.85 17.18 15.65 15.39
Estimated heritability4

h2 0.094 0.081 0.078 0.083 0.079 0.090
SD 0.042 0.041 0.039 0.035 0.033 0.039

In all tables unless indicated otherwise, 100 data sets are simulated with 10 evenly distributed
markers (10cM apart). For this table, two chromosomes and two QTL with h2 = 0.1 are simulated.
The two QTL are located at 25cM and 35cM, respectively, on the two chromosomes. Numbers in
the top row indicate number of categories, except “QTLC” indicates results from QTLC and used
here as a comparison.
1. Except numbers in the leftmost column which are the numbers of QTL detected using a certain
data set, numbers under this title indicate how many data sets detect a certain number of QTL. For
example, for two categories 35 and 33 data sets detect 1 and 2 QTL, respectively. Values in the row
with “mean” in the leftmost column are mean numbers of detected QTL by 100 data sets. They are
computed by

∑
(NdQNdD)/100, where ndQ is the number of detected QTL and ndD is the number

of data sets detecting ndQ QTL.
2. “Distribution of detected QTL” shows how detected QTL are distributed along chromosomes as
the percentages of QTL falling into regions near the simulated QTL. Q1 and Q2 indicate the two
simulated QTL. Numbers in the leftmost column indicate chromosome regions, measured by distance
(cM) to the simulated QTL (on both sides). For example, for QTL one (25cM on chromosome one),
“<15” are region 10-40cM on chromosome one, and “15-25” are regions 0-10cM and 40-50cM.
3. “Mean locations of detected QTL” are obtained by averaging locations of detected QTL. Numbers
on the top line are estimated “mean location” with SD one the bottle line.
4. Numbers in the top row are estimates of heritability and those in the bottom row are SD’s. The
way of obtaining these estimates are described in section 3.7.
When above-mentioned subtitles are used in other tables, they have the same meaning.



Chapter 3. Computer simulations 61

Table 3.5: Estimation results for data with different category proportions

Proportion of individuals having 0 trait value QTLC
0.2 0.35 0.5

QTLB bMIM QTLB bMIM QTLB bMIM
Number of data sets detecting a certain number of QTL

0 25 2 7 0 10 0 0
1 44 14 39 4 36 4 12
2 25 31 39 20 35 20 22
3 4 35 14 41 14 42 35
4 1 14 1 31 5 32 29
5 1 4 0 4 0 2 2

mean 1.15 2.57 1.63 3.11 1.87 3.08 2.87
Estimated heritability
h2 0.102 0.175 0.121 0.202 0.132 0.198 0.205
SD 0.052 0.067 0.053 0.063 0.059 0.062 0.073

In this table, 100 data sets for four chromosomes and four QTL with true heritability being
0.3 are simulated. For simplicity, the number of category is set to be two (binary data).
Therefore, proportions of categories could be determined by percentage of individuals with
trait value zero. For example, proportion at 0.2 means that 20% individuals have zero
phenotypic values. bMIM, QTLB, and QTLC are defined in text and represent different
mapping methods/setups. Namely, bMIM is for our new implemented method (MIM for
ordinal data), QTLB is for using QTL Cartographer/MIM on ordinal data directly, and
QTLC is for using QTL Cartographer/MIM on the continuous liability.
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data sets detect two or three QTL (totally 66%). For data sets divided more evenly, more

data sets detect 2, 3 or 4 QTL (more than 90%). The mean number of detected QTL

has increased from 2.57 for data with 20% zeros to about 3 for cases with more evenly

divided categories.

Effects of heritability may be seen in several tables, such as Tables 3.6 to 3.9. The

description of simulations is given at the beginning of this session and that of tables are

given below. As expected, when h2 is higher, all methods obtain better mapping results

given that other parameters being the same.

The effects of the number of categories and proportions of categories may be partially

explained qualitatively as follows. Consider a quantitative trait. Assume that one QTL

(with genotypes of Q0Q0 and Q0q0) has an effect of a and that there are three categories

with thresholds of γ1 and γ2 (with γ1 < γ2). Assume also that the genotypic values for

most Q0Q0 individuals are between γ1 and γ2 and those for most Q0q0 individuals are less

than γ1. With proper conditions, this QTL could be detected. However, if there are only

two categories with a threshold at γ, it will be much more difficult to find this QTL, since

most Q0Q0 and Q0q0 individuals have the same phenotypic values. Similarly, unevenly

divided categories make individuals with different genotypes be in the same category with

greater chances. This consequently reduces power to detect the corresponding QTL.

3.3 Suitability of using QTL Cartographer/MIM on

ordinal data directly

Though not desired, data with binary/ordinal trait values could be analyzed by QTL

Cartographer directly. In this case, the same data format and analysis procedure as

for continuous traits are used except that trait values are binary/ordinal. This kind

of analysis may be useful for ordinal data with relatively large number of categories,
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since in these situations the data are close to be continuous. Similar studies have been

performed by Visscher et al. (1996), who analyzed binary traits directly by using a

linear regression method proposed by Haley and Knott (1992) and found that when

QTL location and effect estimates and power of detecting QTL were considered, similar

results were obtained when compared to a generalized linear model (which is supposed

to be more appropriate for binary data). However, the above method could yield a

substantially inflated residual variance (Xu, 1995) and potentially decrease the power of

detecting QTL. Using a maximum likelihood based method, such as we did here, may

help to correct this inflation.

The simulations are discussed at the beginning of this chapter. Results are shown

in Tables 3.6 to Table 3.9. Each table is for one specific combination of QTL and

chromosome, namely 1C1Q, 2C2Q, 4C4Q, and 8C8Q. For each situation, three values of

heritability are used: 0.1, 0.3, 0.5 for 1C1Q and 2C2Q, and 0.3, 0.5, 0.8 for 4C4Q and

8C8Q. h2 values are listed in the top rows of the tables. For data generated for a specific

h2 value, they are analyzed by three methods: bMIM, QTLB, and QTLC which are

listed just below their corresponding h2 values. Results in these tables include Number

of data sets detecting a certain number of QTL (this shows how well a method may

recover the simulated QTL), Distribution of detected QTL (this describes the distance

of detected QTL to the simulated ones and the percentage of detected QTL in certain

distance intervals), and Mean locations of detected QTL (this shows the accuracy of a

mapping method). Note that Tables 3.8 and 3.9 only have the results for Number of

data sets detecting a certain number of QTL. In addition, likelihood profiles for different

approaches for the case of 8Q8C are given in Figure 3.1.

To investigate whether/when QTLB could be used, comparisons of results between

QTLB and QTLC and between QTLB and bMIM are needed. Comparing with QTLC,

the efficiency of detecting QTL by QTLB ranges from about 60% to almost 100% with

better results when h2 is higher and the number of QTL is fewer. For example, when
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Table 3.6: Estimation results under one-chromosome one-QTL

h2 = 0.1 h2 = 0.3 h2 = 0.5
Method QTLB bMIM QTLC QTLB bMIM QTLC QTLB bMIM QTLC
Number of data sets detecting a certain number of QTL

0 21 9 8 0 0 0 0 1 0
1 77 82 91 99 92 100 88 51 96
2 2 9 1 1 8 0 1 44 4

mean 0.81 1.00 0.93 1.01 1.08 1.00 0.90 1.51 1.04
Distribution of detected QTL
< 10 75.3 81.7 89.0 99.0 98.9 100 100 100 100

10− 25 16.9 12.2 11.0 1.0 1.1 0 0 0 0
> 25 7.8 6.1 0 0 0 0 0 0 0

Mean locations of detected QTL
Mean 26.81 26.14 23.83 25.44 25.30 25.16 24.48 24.67 24.86
Std. 15.37 13.60 6.60 3.49 3.56 2.76 2.35 2.84 2.07

Data sets for this table are for 1C1Q with QTL being located at 25cM. The arrangement of this
table is as follows. Three values of heritability are used and are given in the top row of the table.
Under each value of heritability, three analysis methods are used: bMIM, QTLB and QTLC. These
are listed just below the corresponding h2 values. Results given in the table include Number of data
sets detecting a certain number of QTL, Distribution of detected QTL, Mean locations of detected
QTL. Similar setups are also used in Tables 3.7, 3.8, and 3.9. However, results given may vary, such
as only Number of data sets detecting a certain number of QTL is given in Tables 3.8 and 3.9.
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Table 3.7: Estimation results under two-chromosome two QTL

h2 = 0.1 h2 = 0.3 h2 = 0.5
Method QTLB bMIM QTLC QTLB bMIM QTLC QTLB bMIM QTLC

Number of data sets detecting a certain number of QTL
0 57 27 30 3 0 0 0 0 0
1 34 35 49 26 6 4 0 0 0
2 9 33 20 69 80 92 98 84 95
3 0 5 1 2 14 4 2 16 5
4 0 0 0 0 0 0 0 1 0

mean 0.52 1.06 0.90 1.67 1.93 1.96 2.02 2.16 2.05
Distribution of detected QTL
< 15 (Q1) 63.2 51.1 69.2 87.8 81.7 92.6 96.9 97.6 100.0

15− 25 (Q1) 26.3 21.3 17.9 7.3 13.4 4.3 2.0 2.4 0.0
> 25 (Q1) 10.5 27.7 12.8 4.9 4.9 3.2 1.0 0.0 0.0
< 15 (Q2) 75.8 64.8 88.0 96.3 90.5 97.9 98.0 97.6 100.0

15− 25 (Q2) 12.1 13.0 4.0 2.4 3.6 1.1 1.0 1.2 0.0
> 25 (Q2) 12.1 22.2 8.0 1.2 6.0 1.1 1.0 1.2 0.0

Mean locations of detected QTL
Q1 Mean 25.79 36.62 29.74 26.32 27.28 26.21 25.67 25.60 25.01
Q1 Std 21.27 22.94 18.82 13.42 13.90 9.34 6.89 5.53 3.91
Q2 Mean 36.55 39.83 35.76 34.90 35.38 34.30 35.47 35.17 34.76
Q2 std 17.63 21.61 15.39 8.07 11.73 6.56 6.03 6.35 3.69

Data sets for this table are for 2C2Q and the two QTL are located at 25cM on chromosome one (Q1) and
35cM on chromosome two (Q2), respectively. See Table 3.6 for further description of the table.
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Table 3.8: Estimation results under four-chromosome four QTL

h2 = 0.3 h2 = 0.5 h2 = 0.8
Method QTLB bMIM QTLC QTLB bMIM QTLC QTLB bMIM QTLC
Number of data sets detecting a certain number of QTL

0 10 0 0 0 0 0 0 0 0
1 36 4 12 2 0 0 0 0 0
2 35 20 22 13 1 0 0 0 0
3 14 42 35 37 14 5 0 0 0
4 5 32 29 46 61 87 93 58 78
5 0 2 2 2 20 8 6 28 21
6 0 0 0 0 4 0 1 14 1

mean 1.87 3.08 2.87 3.33 4.12 4.03 4.08 4.56 4.23

Data sets for this table have four chromosomes and four QTL which are located at 25cM on
chromosome one (Q1), 35cM on chromosome two (Q2), 35cM on chromosome three (Q3),
and 45cM on chromosome four (Q4), respectively. Note that means of estimated QTL
positions are not presented in this and next tables. See Table 3.6 for further description of
the table.
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Table 3.9: Estimation results under eight-chromosome eight QTL

h2 = 0.3 h2 = 0.5 h2 = 0.8
Method QTLB bMIM QTLC QTLB bMIM QTLC QTLB bMIM QTLC
Number of data sets detecting a certain number of QTL

0 8 1 0 0 0 0 0 0 0
1 31 0 17 7 0 0 0 0 0
2 35 11 26 18 1 2 0 0 0
3 23 16 30 27 2 4 0 0 0
4 3 30 20 31 8 10 1 0 0
5 0 21 4 12 19 35 13 0 0
6 0 12 3 5 40 24 26 3 0
7 0 9 0 0 19 19 36 10 0
8 0 0 0 0 7 4 20 39 67

9&9+ 0 0 0 0 4 2 4 48 33
mean 1.82 4.30 2.77 3.38 6.00 5.58 6.73 8.32 8.33

Data sets for this table have eight chromosomes and eight QTL which are located
at 25cM on chromosome one, 35cM on chromosome two, 35cM on chromosome
three, 45cM on chromosome four, 25cM and 75cM on chromosome five, 35cM on
chromosome seven, and 45cM on chromosome eight, respectively. See Table 3.6 for
further description of the table.
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Figure 3.1: Likelihood profiles for three approaches with various parameter values.
(a) One-chromosome one-QTL; (b) Two-chromosome, two-QTL; (c) Four-chromosome
four-QTL; and (d) Eight-chromosome eight-QTL (chromosomes 6 and 7 are not shown
since no QTL is detected on them). Lines with beads are for QTLB, heavy smooth lines
are for bMIM, and light smooth lines for QTLC. Black triangles (and dash lines) indicate
positions of simulated QTL.
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h2 = 0.3, both QTLB and QTLC detect almost all QTL for 1C1Q; for 2C2Q, QTLB

detects correct number of QTL in 69 cases relative to 92 cases by QTLC (75%); for 4C4Q

and 8C8Q, the mean numbers of QTL detected by QTLB are 1.87 and 1.82, respectively,

and for QTLC, these numbers are 2.87 and 2.77. This should be mainly due to the

following reason. For a specific h2, QTL effects are smaller when h2 is low and the

number of QTL is high and therefore individuals with different genotypes at a specific

QTL locus but the same for other loci will have smaller differences in their phenotypic

values. This makes these QTL difficult to detect, especially when trait values are in an

ordinal scale (since it is more likely that these individuals have the same trait values).

Comparing to bMIM, QTLB yields similar results when h2 is high and the number of

QTL is low. For low h2 or low h2 plus high number of QTL, results from QTLB are worse

than those from bMIM. For example, for 2C2Q and h2 = 0.1, about 30% of data sets

detect two QTL for bMIM and only about 10% for QTLB. From above results, QTLB

may yield reasonable mapping results when h2 is high (say > 0.4) and the number of

QTL is low (say < 4).

3.4 Loss of information

The main procedures are the same for continuous and for ordinal traits, namely, pre-

model selection, cycles of QTL location optimization and new QTL searching, and epis-

tasis studies. The major differences of using MIM in mapping ordinal traits from that in

mapping continuous traits are data modeling (for continuous traits, probability of a data

point comes from the probability density function (pdf) directly, and for ordinal traits,

the cumulative density function (cdf) is used) and numerical methods used in maximiza-

tion processes (EM in continuous case and GEM-NR in ordinal case, see Sections III &

IV for more details). Our purpose in this study is to implement MIM for ordinal data in

backcross and F2 experiments, to study the statistical properties of the implementation,
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and consequently to try to answer several questions related to QTL mapping.

When QTL mapping is performed, continuous trait values are preferred relative to

binary/ordinal scaled data, since information is lost during the process of transforming

continuous data to ordinal data. The loss of information by ordinal data relative to

continuous data has at least two sources. First, with only several categories, phenotypic

values can not be ranked in detail. This will lower the resolution of QTL mapping and

reduce the ability of finding QTL with small effects. Another aspect is about the shape

of the distribution for phenotypic values. For ordinal data, trait values concentrate

on several separate points instead of covering a region for a continuous trait. This

may limit the ability to evaluate mapping results in terms of power and error rate.

However, for technical and practical reasons, some traits may only yield binary/ordinal

data. By investigating the efficiency of mapping QTL using binary/ordinal data relative

to using continuous data, we may better understand the limitation of analyzing QTL in

experiments producing binary/ordinal data.

Results from bMIM and from QTLC are compared, which are presented in Tables 3.6

to 3.9. Generally speaking, results from bMIM are closer to those from QTLC for higher

h2 cases than they are for lower h2 cases. For example, for 2C2Q, when h2 = 0.1, 51% and

65% position estimates by bMIM fall within 15cM of simulated first and second QTL,

respectively, relative to 69% and 88% by QTLC; when h2 increases to 0.5, the results are

98% and 98% for bMIM and 100% and 100% for QTLC. However, the estimates for QTL

numbers are closer: 1.06 for bMIM and 0.90 for QTLC when h2 = 0.1, 1.93 for bMIM and

1.96 for QTLC when h2 = 0.3, and 2.16 and 2.05 for bMIM and QTLC, respectively, for

h2 = 0.5. For situations with more than two QTL and two chromosomes, only numbers of

QTL detected and their means are listed in the tables, due to the difficulty of presenting

all results for the distribution of detected QTL and the estimates of QTL positions. In

these results, similar trends to those in 2C2Q could be seen. Namely, better results

are obtained for higher h2, such as more data sets obtaining correct estimates of QTL
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numbers, lower standard deviations for the estimates of QTL positions. In addition, the

estimates of QTL numbers obtained by bMIM are about 60− 100% of those obtained by

QTLC.

3.5 Epistasis

In studying the genetic architecture of a trait, one not only needs to find all QTL under-

lying the trait but also needs to characterize interactions among QTL: epistasis. Better

characterization of epistasis will be of great help in understanding many biological mech-

anisms. It also helps to improve QTL mapping by increasing power and giving more

accurate estimates of QTL parameters. However, finding epistasis is not an easy task

due to complex interaction patterns among genes. For example, there are various kinds

of pair-wise interactions among loci, such as additive by additive, additive by dominant,

and dominant by dominant. The interaction may not be just between two loci: it may

involve three or more loci. In addition, interacting loci are not necessarily physically

close. They could be far away from each other on a chromosome, or even on different

chromosomes. Detecting epistasis increases in difficulty when ordinal data are the sub-

ject of study. Though efforts have be made to incorporate epistasis in QTL mapping

(Zeng et al., 1999; Yi and Xu, 2002), there is still a long way to go before epistasis is

fully characterized.

In our current study, we adopt an approach using a stepwise model selection scheme

in MIM, as described in Kao et al. (1999) and Zeng et al. (1999). In this scheme, two

kinds of epistasis can be examined. The first is interactions between QTL which have

been included in the model. The second is between QTL in the model and positions not

included in the model. For either type of interaction, epistatic effects will be tested for

statistical significance and be added to or dropped from the model based on the tests.

Two case studies are used and analyzed to illustrate and test our implementation. Details
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Figure 3.2: Results for cases with epistatic effects. (a) Distribution of test statistic for
case I-1: main effects for all QTL and epistatic effect between QTL 1&3 with Vi/Va = 0.3.
Solid bars are for test statistic (LR) for epistasis between QTL 1&3; and empty bars for
epistasis between other pairs, namely QTL 1&2 and QTL 2&3. (b) Distribution of test
statistic for case I-2: main effects for all and epistatic effect between QTL 1&3 with
Vi/Va = 0.1. Same symbols are used as in (a). (c) Distribution of test statistic for case
II: main effects for QTL 1&2 and epistatic effect between QTL 1&3. (d) Distributions
of locations of detected QTL for case II: main effects for QTL 1&2 and epistatic effect
between QTL 1&3.
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of simulation conditions are listed in Table 3.2. A brief description is also given below.

For both cases, two chromosomes and three QTL are simulated. QTL locations are the

same for all cases: QTL one and two are located at 25cM and 75cM, respectively, on

chromosome one, QTL three is located at 35cM on chromosome two. The epistasis is

between QTL one and three for all cases. For case one, all QTL have main effects. In

addition, two sub-conditions are simulated (denoted as I-1 and I-2) with different ratios

between Vi and Va: 0.1 for I-1 and 0.3 for I-2, where Vi and Va are epistatic and additive

variances, respectively. For case two (denoted as II), QTL one and two have main effects,

QTL three does not (hence QTL three enters into the model only through interaction),

and Vi/Va is 0.3.

Results are shown in Figure 3.2 and described below. In each graph, one thousand

data sets with 300 individuals in each data set are simulated. For each data set, the

interaction between detected QTL or between detected QTL and regions without detected

QTL is tested and the test statistic is recorded. Histograms of test statistics at different

values are produced, such as in panels a, b and c, where frequency is the proportion

of test statistics falling into a certain interval. In panel d, counts of detected QTL are

presented, which are the numbers of detected QTL in certain intervals. Figures 3.2(a)

and 3.2(b) are results for cases I-1 and I-2. The average numbers of QTL detected for

these two cases are 2.85 and 3.08, respectively. Since the real interaction is between QTL

1 and 3, the test statistics are presented in two groups: those between QTL 1 and 2 and

between QTL 2 and 3 (empty bars in the graph), and those between QTL 1 and 3 only

(solid bars). Clearly, statistics for the pair 1&3 are mainly on right sides and statistics for

other pairs are mainly on left sides, with varying overlapping portions in the middle for

I-1 and I-2. This comparison shows the percentage of detecting the correct interaction.

For I-1 (Vi/Va = 0.3), the largest test statistic is between QTL 1 and 3 for 98% of the

time; and for I-2 (Vi/Va = 0.1), it is 88%. For II, results are given in Figures 3.2(c) and

3.2(d). In Figure 3.2(c), the distribution of test statistics for interaction between detected
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QTL and non-QTL regions is shown, which has a mean at about 15 and variance around

37. About 97% of test statistics are significant. For situations with significant statistics,

97% will detect the interaction in accordance with simulated data. Therefore, 94% of

tests recover the simulated interaction and consequently, the average number of QTL

detected changes from 2.08 when no epistasis is considered to about 3.02 when epistasis

is considered. The counts of detected QTL based on their estimated locations are shown

in Figure 3.2(d).

3.6 Limits of detection

With a finite number of individuals in a sample and a finite number of markers in an

experiment, no data set will contain all information about QTL of interest. In addition,

QTL mapping methods make assumptions which don’t necessarily reflect true conditions.

Therefore, QTL mapping methods will not recover all information about QTL and may

provide little information when sample sizes are small and/or QTL effects are small. To

investigate how much data and/or how large QTL effects are needed for an approach to

find QTL, it is useful to determine the applicability of a method and the validity of its

results.

In the current study, we are interested in parameters such as the minimal effect of

QTL or maximal number of QTL which could be detected. Again, computer simulations

are used for the investigation. Data sets with parameter values listed in Table 3.10 are

simulated and analyzed by all three approaches (QTLB, bMIM and QTLC). Values for

h2 range from 0.01 to 0.05 for one- and two- QTL situations, from 0.05 to 0.2 for four-

and eight- QTL ones. QTL effects range between 0.11 and 0.46. Results on the mean

numbers of detected QTL are shown in the same table (Table 3.10). For each method,

the mean number of detected QTL increases when h2 increases. This is expected due

to smaller QTL effects when h2 is small (with a fixed number of QTL). Therefore, both
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Table 3.10: Limits of different approaches

1C1Q 2C2Q 4C4Q 8C8Q
h2 0.01 0.03 0.05 0.01 0.03 0.05 0.05 0.10 0.20 0.05 0.10 0.20

Effect 0.20 0.35 0.46 0.11 0.19 0.25 0.18 0.26 0.38 0.12 0.18 0.27
QTLB 0.10 0.23 0.42 0.04 0.14 0.17 0.29 0.46 0.73 0.24 0.37 0.90
bMIM 0.17 0.39 0.61 0.18 0.29 0.37 0.63 1.02 1.98 1.47 2.24 3.41
QTLC 0.11 0.34 0.64 0.06 0.16 0.33 0.37 0.78 1.64 0.43 0.78 1.62

Results are mean numbers of detected QTL for different approaches. Note that values of h2 are
0.01, 0.03 and 0.05 for 1C1Q and 2C2Q, and 0.05, 0.10, and 0.20 for 4C4Q and 8C8Q. Effect refers
to putative effect at one QTL locus (all QTL are assumed to have the same effects).
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heritability and the number of QTL (they are main factors determining the effect of

a QTL) play roles in defining the power to detect QTL. For example, for 1C1Q, the

numbers change from 0.17 to 0.61 for bMIM when h2 increases from 0.01 to 0.05, the

numbers are 0.18 and 0.37 when 2C2Q is the case. When the same value of h2 and

different numbers of simulated QTL are considered, the changes of the mean numbers

of detected QTL don’t have a clear trend: the numbers could increase or decrease. For

example, when h2 = 0.05, the mean numbers of detected QTL by bMIM are 0.61, 0.37,

and 0.63, respectively, for 1C1Q, 2C2Q, and 4C4Q. Another useful measurement is the

percentage of detected QTL to simulated QTL (or the ratio between the mean number

of detected QTL and the number of simulated QTL). For 1C1Q and h2 = 0.03, about

30% QTL could be detected by all three approaches; for four QTL with h2 = 0.1, the

percentages are lower than 30. Note the higher number for bMIM for 4C4Q and 8C8Q.

This may be due to lower critical values used in bMIM than they should be. Generally

speaking, we expect that when QTL effects are less than 0.10, the percentage of detected

QTL will be around or lower than 5%, which are close to the rate of random errors and

therefore which may be close to QTL detection limits for these methods.

3.7 Approximation of h2

Heritability is an important parameter in studying a quantitative trait. It gives the

information about genetic determination of the trait and it may also be helpful in marker-

assisted selection. To estimate h2 in continuous data, R2 of the fitted models can be used,

such as in QTLC and QTLB. For ordinal data using bMIM, the estimate of h2 can be

approximated by an alternative form of R2 designed for logistic regression, as proposed

by Maddala (1983), Magee (1990) and Cox and Snell (1989):

R2
L = 1− (L0/L1)

2/N .
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where L0 is the likelihood under the null model (no QTL), L1 is the maximum likelihood

under the alternative model (a certain number of QTL exist), and N is the sample size.

Since the maximal value of R2
L, or R2

L,max will be 1− L
2/N
0 , an adjusted R2

L, or R2
L,adj is

defined as

R2
L,adj = R2

L/R2
L,max,

which is suggested by Nagelkerke (1991) and will be used as an estimate of heritability.

Notice that R2
L,adj ranges from 0 to 1.

Data sets used for approximating h2 are the same as for Tables 3.6 to Table 3.9.

Results for 1C1Q, 2C2Q, 4C4Q and 8C8Q with various values of h2 are listed in Table

3.11. The results suggest that better approximation of h2 are obtained when underlying

heritability (denoted as h2
R) increases for a specific combination of numbers of QTL and

chromosomes, and for the same h2
R value, less QTL and/or chromosome generally yield

better estimates of h2. For example, for h2
R = 0.3, estimates of h2 are 0.247, 0.270, and

0.301 by QTLB, bMIM, and QTLC, respectively, for 1C1Q, and 0.132, 0.198, and 0.205

for 4C4Q. These results are somehow expected: lower underlying heritability and/or

greater number of QTL yield smaller QTL effects, and this will make it more difficult

to detect these QTL. The model then will explain a smaller amount of total variation.

In addition, QTLC has best estimates and bMIM yields better results than QTLB does,

especially for large number of QTL/chromosome situations. For example, for 4C4Q and

h2
R = 0.8, QTLB obtains an estimate of 0.487 and bMIM 0.601; for 8C8Q and h2

R = 0.8,

QTLB 0.483 and bMIM 0.645.

3.8 Discussion

Using MIM for QTL mapping has several advantages (Kao et al., 1999), such as taking

multiple QTL components and epistasis into account. However, previous implementa-

tion of MIM is for continuous trait data and may not suitable for ordinal data which
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Table 3.11: Estimates/Approximation of heritability

1C1Q 2C2Q 4C4Q 8C8Q
h2 QTLB bMIM QTLC QTLB bMIM QTLC QTLB bMIM QTLC QTLB bMIM QTLC
0.1 0.093 0.104 0.111 0.081 0.094 0.090 – – – – – –

0.034 0.041 0.039 0.031 0.042 0.039 – – – – – –
0.3 0.247 0.270 0.301 0.158 0.198 0.222 0.132 0.198 0.205 0.128 0.237 0.180

0.066 0.056 0.054 0.058 0.062 0.059 0.059 0.062 0.073 0.056 0.068 0.079
0.5 0.482 0.483 0.499 0.282 0.332 0.387 0.264 0.346 0.385 0.234 0.378 0.384

0.077 0.069 0.048 0.061 0.070 0.059 0.070 0.072 0.053 0.076 0.073 0.082
0.8 – – – – – – 0.487 0.601 0.696 0.483 0.645 0.723

– – – – – – 0.046 0.057 0.039 0.058 0.061 0.039

For each heritability value, numbers in the top row are estimates/approximation of heritability, and those in the
second row are standard deviations. ”–” indicates no data simulated for the specific situation. With L0 being the
likelihood under the null model, L1 being the maximum likelihood under the alternative model, and n being the
sample size, the approximation of heritability are obtained as R2

L,adj = R2
L/R2

L,max, where R2
L = 1− (L0/L1)2/n and

R2
L,max = 1− L

2/n
0 .



Chapter 3. Computer simulations 79

are discrete values. To accommodate this potential problem, we extend MIM to cases

where trait values are binary/ordinal, using the threshold model. Through computer sim-

ulations, we investigate statistical properties of our approach and also compare it with

other methods. Problems investigated include effects of various factors (such as num-

ber of categories) on results, loss of information for mapping using binary data instead

of continuous data, and power of our newly implemented method. We show improved

results compared to those obtained by using MIM (continuous) on ordinal data directly.

3.8.1 MIM for ordinal/binary data

Multiple interval mapping (MIM), which uses a multiple QTL model, was developed to

map multiple QTL simultaneously. Several advantages of MIM have been pointed out

in earlier studies (Kao et al., 1999; Zeng et al., 1999). In addition, the development of

corresponding software (QTL Cartographer, (Basten et al., 1994; Wang et al., 2001-

2004)) makes MIM available in both Windows and Unix operating systems and provides

great convenience for people in the field to use. However, continuously distributed trait

values are assumed in the previous implementation. Therefore, for ordinal/binary data,

the previous implementation of MIM may not be suitable.

In the current study, we extend MIM to ordinal/binary data. This work will be helpful

for mapping QTL using ordinal traits for at least two reasons. First, the implementa-

tion of the current method brings MIM to ordinal data and this method has the same

properties of MIM for continuous traits. For example, more information is included in

the model since it takes multiple intervals into account simultaneously; it has higher sta-

tistical power of detecting QTL in data analysis since it uses multiple QTL components

and QTL epistasis and reduces random errors. In addition, this study provides some

justification for applying QTL Cartographer ordinal/binary data directly under certain

situations when no appropriate method for ordinal data is available. The second reason is
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that current programs will be incorporated into QTL Cartographer which is widely used

for QTL mapping. This will provide QTL Cartographer the ability to analyze ordinal

data, and more importantly make it easy to explore and use current implementation and

compare it with other approaches.

3.8.2 Maximum likelihood vs. Bayesian

Mapping QTL in a designed experiment dates back to early last century (Sax, 1923).

However, systematically mapping QTL has only been possible for the past three decades

when abundant molecular markers became available (Grodzicker et al., 1974) to con-

struct genetic maps (Botstein et al., 1980). Since then, a wide variety of methods

have been developed, including single marker analysis (Kearsey and Hyne, 1974), in-

terval mapping (Lander and Botstein, 1989), marker regression mapping (Haley

and Knott, 1992; Haley et al., 94; Whittaker et al., 1996), composite interval map-

ping (Jansen and Stam, 1994; Zeng, 1993, 1994), and multiple interval mapping (Kao

et al., 1999). One common property of the above-mentioned methods is that all are

based on maximum likelihood analysis or a similar method. Recently the fast growth

of computational abilities of modern computers facilitated implementation of methods

based on Bayesian theory (Thomas and Crotessis, 1992; Satagopan and Yandell,

1996; Sillanpää and Arjas, 1998, 1999; Yi and Xu, 2000, 2002; Yi et al., 2003).

Both types (maximum likelihood based and Bayesian based) of methods are also used for

mapping QTL for binary/ordinal data (Hackett and Weller, 1995; Visscher et al.,

1996; Xu and Atchley, 1996; Rao and Li, 2000; Broman, 2003; Yi and Xu, 1999b,a,

2000; Yi et al., 2004). Though the two types of methods have quite different underlying

philosophies, they do possess both similarity and difference.

ML and Bayesian approaches have different goals. The former is to find a set of
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parameter values (a point in the parameter space) which maximizes the likelihood func-

tion; and the latter is to find a region where the posterior probability of parameters is

high. Consequently, different formulae are used during the process. However, they are

both related to likelihood function. ML uses likelihood directly, and Bayesian approaches

employs posterior probability which is proportional to likelihood by a factor of the prior

probability. In the case of mapping QTL for ordinal/binary data, the likelihood is pro-

portional to the probability of observing the ordinal/binary trait values given genetic

parameters such as QTL location and effects (see Equation 2.5); and the posterior prob-

ability is proportional to the product of likelihood and probabilities of genetic parameters

(the prior probability). Another difference between ML and Bayesian approaches is that

in ML, genetic parameters are (unknown) fixed and data are randomly sampled; and in

Bayesian approaches, data are fixed and genetic parameters are randomly sampled (from

a distribution) given data. This difference yields different types of estimation of parame-

ters. ML finds the maximum of the joint estimation of all parameters, and a Bayesian

approach obtains the marginal estimation of a specific parameter by integrating other

parameters. For example, when mapping QTL for ordinal/binary data, ML gives the

estimates of QTL number, QTL positions, and QTL effects simultaneously; Bayesian

approach produces the posterior probability for these parameters.

Epistasis is an important part of the genetic architecture of QTL. However, due to

the complex nature of gene interaction, it is difficult to find and study epistasis. It is a

more challenging task to study epistasis when ordinal data are observed. Both ML and

Bayesian approaches can be used for finding epistasis between QTL in different situations:

epistasis between two QTL which have main effects, between two QTL only one of which

has main effect, and between two QTL which have no main effect. For the first two

cases for binary data, both ML and Bayesian method can detect the epistasis without

much difficulty when epistasis is strong. For the third case for binary data, the Bayesian

approach has already been implemented, and ML can also be used to detect epistasis
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with an interactively manual operation. For ordinal data with more than two categories,

our ML has been implemented and the Bayesian approach has yet to be applied.

3.8.3 Critical values

It is imperative to have a right criterion and an appropriate critical value in model selec-

tion for QTL mapping. Due to complex nature of genetic architecture (such as linkage,

epistasis), there is no universal standard on how to choose a criterion and the correspond-

ing critical value in QTL model selection. Many criteria such as the Akaike information

criterion (AIC) (Akaike, 1969), the Bayes information criterion (BIC) (Schwarz, 1978;

Hannan and Quinn, 1979) have been considered. These approaches may fall into two

categories: criteria resting on theoretical analysis with addition of experience, and those

being numerically oriented.

In (composite) interval mapping, a LOD score around 3 for QTL detecting has been

recommended by Lander and Botstein (1989) and Zeng (1994). The former is based

on genome size and marker density (sparse-map with independently spuriously high LOD

scores and dense-map in which spuriously high LOD is not independent); and in the latter,

Zeng points out that with more or less uncorrelated test statistics for different intervals,

“sample size, the number of markers fitted in the model and the genetic size of each

interval” play important roles in determining the critical value. Broman (1997) and

Broman and Speed (2002) recommended BICδ with a penalty function in a form of

c(n) = δ log n with δ between 2 and 3. The authors prefer this criterion for its simplicity

and reasonable interpretability. However, the above-mentioned criteria are still rather

arbitrary. Many factors, such as the distribution of markers and heritability, need to be

considered, which have been found important in model selection in simulation studies

performed by S. Wang and Z.-B. Zeng (unpublished).
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The second type of approach is to use a numerically oriented method, such as permu-

tation and bootstrap. Churchill and Doerge (1994) and Doerge and Churchill

(1996) proposed a permutation test to find empirical threshold values for detecting QTL,

which obtains an empirical distribution of test statistic by repeatedly generating and re-

analyze permutated samples (by randomly pairing phenotypes and genotypes as a whole

or for a subset). Based on bootstrap test (Efron, 1979; Mammen, 1993), Zeng et al.

(1999) also laid out a hypothesis testing scheme, which includes paired bootstrap and

residual bootstrap. Recently, Lin and Zou (2004) proposed a relatively conceptually

simple and numerically efficient resampling scheme to assess genome wide statistical sig-

nificance using score functions.

Model selection criterion is a key issue in QTL mapping. Without an appropriately

justified model selection criterion, one will not know how to use proposed methods (and

accompanied programs) for data analysis and consequently will remain skeptical about

methods. Unfortunately, there is still no well justified solution for general problems.

Until this kind of solution is provided, all we may have are some minor modifications.

MIM has been extended to map QTL in ordinal/binary data in this study. The new

approach is helpful in mapping QTL for discrete traits. Once current implementation

is incorporated into QTL Cartographer as a new module, it will provide further help

in studying QTL for ordinal data for its convenience and easy usage. In addition, this

will be helpful for pursuing further studies, such as critical values in model selection for

mapping QTL by ordinal data, effects of different underlying liabilities, and so on.
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Analysis of a Drosophila hybrid fertility

experiment

In an experimental study, hybrid male sterility (HMS) was investigated (Tao et al.,

2003a,b). The measurement for HMS was the fertility of hybrid males from a cross

between two species: Drosophila mauritiana and D. simulans. The measurement (that

is, fertility) was then used as a quantitative trait to help dissect the genetic mechanism

of hybrid incompatibility. The measurement could be given either as a continuous value

(with the number of offspring being trait values) or as a binary one (for sterile and fertile,

since about half of lines are sterile). In this chapter, the analysis of fertility through QTL

mapping is described, with fertility being used as a binary trait. The results are also

compared with those obtained through other methods. First, the experimental process is

described, with a focus on topics related to the data analysis: construction of introgression

lines and mapping populations, and the fertility assay (section 4.1). Next in section 4.2,

methods for QTL mapping using fertility as a binary trait are described. Results and

discussions are given in section 4.3 and in section 4.4, respectively.

84
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4.1 Experimental design and data

The experimental design and procedures were described in Tao et al. (2003a,b). Briefly,

many tagged third chromosome segments from D. mauritiana were introduced into to a

D. simulans background to create many introgression lines. After generating progeny,

ASO markers were typed and genotyped, and a fertility assay was performed. All of the

genetic and molecular work described below were performed by Y. Tao.

Construction of introgression lines A stock named simB was first constructed as

follows. Females with w/w, nt/+, D/+ were crossed to 13w 1 × 1 JJ 1 males. The

male progeny of this cross with w; nt/II; D/III was then backcrossed to 13w 1 × 1 JJ

females. By pair mating w; nt/II; III, the stock simB was obtained.

After simB was obtained, two steps were taken to construct the introgression lines.

In the first step, tagged D. mauritiana third chromosome segments were introgressed

into an isogenic D. simulans background. The tags used here were P [w+] inserts, which

caused various eyes colors and could be used as semi-dominant markers. Usually, flies

with greater numbers of copies of P [w+] will have darker eyes: a heterozygous fly has

“orange” eyes and a homozygous fly has “red” eyes. In the second stage, introgression

segments were made shorter with the help of ASO markers. The scheme is given in Figure

4.1 (which is Figure 1 in Tao et al. (2003a)) and is also briefly described below.

Stage I started with crossing females of sim 1 × 1 JJ with males of P [w+] tagged D.

mauritiana. Then a backcross between orange-eyed females from the F1 population and

males from sim 1 × 1 JJ stock was performed. The same cross was made for another four

generations (about one-third males were sterile at this time). The resulting generation

was labeled as BC5. Single crosses were then performed between females of simB and

20-40 males from BC5. Using ASO markers and visible markers on chromosomes 2

1This stock line is highly inbred and is constructed by performing about 20 generations of sib-pair
mating of 13w (Liu et al., 1996).
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Figure 4.1: Introgression scheme. In step A, tagged segments from the third chromo-
some of D. mauritiana were introgressed into a D. simulans isogenic background. In
step B, introgressions were shortened. This figure is adapted from Figure 1 of Tao et al.
(2003a).
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and X of simB, sublines were selected, which had P [w+] tagged D. mauritiana segments

surrounded by D. simulans background. (These sublines were maintained by transmitting

hybrid chromosomes only through males.)

Introgressions were shortened in stage II. This was done for the requirement of high-

resolution mapping, since long D. mauritiana segments were present in sublines from

stage I and might contain many HMS factors. The process of shortening introgression

segments is shown in Figure 4.1. In the process, single crosses were made between about

100 orange-eyed males from stage I and females of simB stock. With recombination,

shorter P [w+] tagged segments may be obtained and their lengths were determined by

genotyping appropriate ASO markers in the resulted males. From both stage I and stage

II, a total of 259 introgressions were selected, with 28 from stage I and 231 from stage II.

Molecular markers and genotyping The molecular markers used in the study were

allelic specific oligonucleotide or ASO markers (Saiki et al., 1986). Being 15 nucleotides

in length, the ASO probes are a pair of identical sequences with one or more species-

specific substitutions. The property that allows ASO to be used to distinguish chromo-

some segments from different species is the hybridization specificity between ASO and

chromosomal DNA. Thirty-eight ASO’s were used in this study. Information for ASO’s

used in this study is given in Table 4.1, including ASO names, cytological positions and

genetic distances of the markers. The sequences of various ASO probes and the cor-

responding primers may be found in Table 1 in Tao et al. (2003a). In addition, ASO

marker genotypes were obtained for each individual using PCR and hybridization.

Genetic distances among ASO markers were obtained by analyzing data from the

mapping populations described later. Briefly, the crossover rate was computed as a ratio

between the number of recombinants and the sum of non-recombinants and recombinants.

It was converted to genetic distance by the Haldane mapping function (see section 1.3.2).

On a maternally transmitted haplotype, two adjacent ASO markers were considered as

non-recombinant if alleles on both loci were from D. mauritiana, and recombinant if
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Table 4.1: Information for ASO markers used in QTL mapping

Marker name Cytological Genetic distance to Cumulative genetic
Position previous marker (cM) distance (cM)

Lsp1 61A 0 0
ve 62A 2.39 2.39

Acr64B 64B-C 3.48 5.87
Dbi 65E 3.32 9.19

Pdp1 66A 2.34 11.54
h 66D 1.39 12.92

CycA 68E 11.56 24.49
fz 70D 4.43 28.92

Eip71CD 71CD 2.83 31.74
tra 73A 4.38 36.12

Dbp73D 73D 0.70 36.82
ash1 76B6-9 5.00 41.82
rdgC 77B 1.84 43.67
kni 77E2 0.42 44.09
Pka 77F1-5 0.46 44.55

Edg78 78E 0.55 45.11
5-Ht2 82C 1.56 46.67
Rga 83B 0.91 47.58
Antp 84B 0.80 48.38
lbl 93E 1.63 50.01
Hsr 93D 0.56 50.57

ninaE 92B 2.18 52.75
Fsh 90C 5.40 58.15
Fas1 89E1-2 1.93 60.09
Akt1 88B9 1.19 61.28

Su(Hw) 88B3 4.11 65.39
ems 88A1-2 1.21 66.60
Mst 87F 0.55 67.15
Odh 86D 6.35 73.49
Crc 86BC 3.71 77.20

Tub85E 85E 0.48 77.69
hb 85A3-B1 2.05 79.73

Rox8 95D 8.07 87.80
tld 96A 1.50 89.31
Ald 97AB 2.44 91.74
Mlc1 98B 2.69 94.43
jan 99D 5.52 99.95

Efld2 100E 4.03 103.98
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otherwise.

Fertility Assay The fertility assay was performed for both males and females. 1 male

(female) X 3 virgin females (males) were allowed to mate at room temperature for about

seven days. This scheme helped to minimize possible variation caused by the number of

testers, mating duration, and environmental temperature. In each line, an average of 14

males were tested with a standard deviation (SD) of 12.

To measure the fertility in females, a single virgin female was crossed to young D.

simulans w; e males (less than 3-days old). Females were collected for genotyping after

eight days if they were alive; otherwise, the corresponding vials would be excluded from

analysis. Based on eye color and sex, the progeny were sorted on the 13th, 16th and

19th day. Mean numbers of tested females per line were about seven with an SD of 3.

In addition, a female was considered fertile as long as it had at least one offspring and

was only deemed as sterile when it had no offspring.

The fertility assay in the male was similar to that for females: the same mating and

assay structure was used, but with opposite sexes. That is, a male (less than 3-days old)

was crossed to three virgin females of D. simulans w; e. As with the assay of females,

offspring were collected and sorted on the 13th, 16th and 19th days, based on eye color

and sex. Again, vials with dead males at the time of collection were excluded from the

analysis.

Mapping populations Two kinds of mapping populations were constructed based on

the two schemes given in Figure 4.2. In the first population, the process started with

mating between males from an introgression line and females of simB stock. This yielded

hybrid individuals that were heterozygous for P [w+] inserts. Then males and females

from these hybrids were crossed. The result was introgressed individuals with homozy-

gous P [w+] inserts (part A in Figure 4.2). Usually, they had the original genotypes

as their parents did. But recombination did occur occasionally. For these cases, ASO

markers could be used to localize the crossover position (region). These recombinations
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were useful in identifying regions containing HMC factors. For example, if the fertility

differs significantly in non-recombinants and in recombinants, certain HMC factors must

reside in the distinct region (indicated by “*” in part A of Figure 4.2). To obtain the

second population, the starting point was changed to crossing two introgression lines with

different P [w+] inserts. The resulted offspring had both homozygous and heterozygous

introgression regions. When comparing the fertility of non-recombinants with that of

recombinants, regions containing HMC factors could potentially be identified.

For both mapping populations, ASO marker genotypes and phenotypes (the fertility)

were obtained to be used in QTL mapping. The total number of male progeny was 5025,

of which 3801 males were obtained using scheme A in Figure 4.2 for 196 introgression

lines, and of which 1224 males were generated using scheme B in Figure 4.2 for 87 crosses

involving 58 introgression lines. In addition, for the 5025 male progeny, 2423 of them

were sterile and the remaining 2602 had at least one offspring. The distribution of the

number of progeny is given in Figure 4.3. Briefly, in Figure 4.3(a), sterile males were

included and the data were put into bins with a width of 25 counts (except data at both

ends). In Figure 4.3(b), a detailed description of the distribution for fertile males only is

given.

4.2 Data analysis

There are several ways to perform data analysis: qualitative genetic mapping of HMC

by comparing the fertility of non-recombinants with that of recombinants, QTL mapping

by binning data into two categories: sterile and fertile, QTL mapping by considering the

number of offspring as a quantitative trait. Here, analysis using the second method is

described.

As mentioned before, an individual was considered as sterile if it had no offspring and

as fertile even it had only one offspring. The general models used had been described
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Figure 4.2: Schemes for constructing mapping populations. Similar symbols are used
as in Figure 4.1. Briefly, bars are used to represent chromosomes X/Y and 3: open ones
for D. simulans and solid ones for D. mauritiana, and short bars for X/Y which could
be distinguished by an extra hook on Y. In A, mating is between a single introgression
line and simB stock, and in B, mating is between two different introgression lines. This
figure is a copy of Figure 1 in Tao et al. (2003b).
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Figure 4.3: Distributions of the number of offspring. (a) For all individuals. Values
along x-axis indicate offspring numbers. 0 is for all sterile individuals, > 200 is for
individuals with more than 200 offspring, and other numbers are for individuals with a
range number of offspring. For example, 25 corresponds to individuals with 1-25 offspring.
(b) For individuals with at least one offspring.
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in Chapter 2. Briefly, a threshold model was used, which assumes that an underlying

continuous fertility score (y) exists and that if the score is too low (say less than a

threshold γ), the male will be sterile. Denote z as the fertility on a binary scale: 0 for

sterile and 1 for fertile. Then for the i-th individual,

zi =

0 if yi < γ

1 if yi ≥ γ

The genetic and statistical models have been given in Equations 2.2 and 2.4, respectively.

Notice that for coding variables xij and uij, alleles from D. mauritiana were represented

by Q and alleles from D. simulans by q. For example, xij is 1 (or 0), if the locus is

homozygous (or heterozygous) for D. mauritiana type alleles. Assuming yi follows a

normal distribution, the likelihood function would be, based on results in section 2.2,

L(z|M,∆,Θ, γ)

=
N∑

i=1

P (z|M,∆,Θ, γ)

=
N∑

i=1

P (zi = 1|M,∆,Θ, γ)ziP (zi = 0|M,∆,Θ, γ)1−zi

=
N∑

i=1

3m∑
j=1

{
P (Qih|Mi,∆)

[
1− FQij

(γ)
]zi

[
FQij

(γ)
]1−zi

}
=

N∑
i=1

3m∑
j=1

{
P (Qih|Mi,∆) [1−Φ(Gij − γ)]zi [Φ(Gij − γ)]1−zi

}
where all symbols are defined as in section 2.2. The procedure described in Chapter 2

was then used to find MLE’s.

Epistasis was also scanned and estimated. Unlike in a real F2 design, cosegregation of

QTL only occurred in an introgression line where they were those closely linked. Thus,

epistasis was only scanned between closely adjacent QTL, where “close” indicates no

more than two other QTL falling between the two QTL subject to study. As for an
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F2 design, four types of interactions were scanned, namely additive by additive, additive

(first locus) by dominant (second locus), dominant (first locus) by additive (second locus),

and dominant by dominant. The scanning procedure was as follows. First, QTL with

marginal effects were detected and tested. After no more significant QTL were detected,

epistasis among existing QTL was tested and the tests were performed for two-QTL

interaction only. Once a significant epistatic interaction was detected, it was retained in

the model and new tests were started based on all existing QTL and their interactions.

This procedure continued until no more significant epistasis was detected.

4.3 Results

Using our MIM approach for ordinal data, QTL mapping was performed for the fertility

data on a binary scale (0: sterile and 1: fertile). 19 QTL were detected when only

marginal effects were considered. The estimated positions, additive and dominant effects

are listed in Table 4.2, and the likelihood profile is shown in Figure 4.4. Testing for

epistasis between the 19 detected QTL, more than twenty interaction terms were detected

with a LOD score of 1 as the threshold for significance. The number of significant

interaction terms decreased to eight if a LOD score of 2 was used (Table 4.3). Several

observations could be made from the tables and the figure.

Additive effects were both positive and negative. Most of the absolute values of

the additive effects are above 0.5 and the maximum one is about 1.8 (notice that these

are scaled values by the environmental variation). This indicates that the effects on

the fertility by D. mauritiana alleles are not always negative (that might be expected

for hybrid incompatibility factors). In fact, among 19 additive effects, five of them are

positive. One possible explanation is that hybrid incompatibility doesn’t fully determine

the fertility of an individual. Some other factors, such as deleterious mutations being

effective in both homo- and heterospecific genetic background, may also reduce or increase
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Table 4.2: Estimates of QTL positions and effects

QTL Position Additive Dominant
(cM) effect (a) effect (d)

1 4 -1.241 -1.604
2 10 1.820 -1.103
3 12 -1.578 1.135
4 30 -0.968 0.489
5 36 0.727 -0.555
6 38 -1.493 0.793
7 42 0.542 0.649
8 45 -0.320 1.094
9 47 -0.971 0.411
10 49 0.051 1.387
11 51 -0.910 -1.803
12 53 -0.062 1.024
13 61 -1.696 1.704
14 67 -0.028 -0.774
15 73 -1.596 -0.935
16 76 1.308 2.233
17 79 -1.640 1.048
18 87 -0.634 -0.077
19 100 -0.678 0.206
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Figure 4.4: Likelihood profile for the fertility data. The x-axis has a unit of cM and represents the third chromosome,
and the y-axis is for LOD score. For easy reference, 19 detected QTL are labeled with numbers from left to right.
Locations for genetic markers are indicated by triangles below the x-axis. The estimated QTL positions will be the
highest points of individual curves.
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Table 4.3: Estimates of epistasis with LOD=1

Number QTL 1 QTL 2 Type of epistasis Effect
1 3 4 a x d 0.672
2∗ 4 5 a x a -0.972
3∗ 5 8 a x a -0.176
4 5 7 a x d -0.477
5 6 8 a x a -0.527
6∗ 7 9 d x d -0.067
7 8 9 a x d 0.898
8 8 11 a x a -0.177
9 8 10 d x a -0.198

10∗ 9 11 a x a -1.053
11 9 11 d x a 1.061
12 9 12 d x a -0.362
13 10 12 d x a -0.710
14 10 13 d x a 0.636
15∗ 11 14 a x a -1.318
16∗ 13 14 a x a 0.457
17 13 14 a x d 0.371
18 13 14 d x d 0.090
19∗ 14 16 a x a -0.897
20 15 16 a x d 0.756
21 15 17 a x d 0.211
22∗ 16 18 a x a -1.433
23 16 19 a x a -0.310
24 17 18 a x a 0.466

The values of QTL 1 and QTL 2 correspond to those in Table
4.2. All interactions are for interactions between QTL 1 and QTL
2 (with this order), with “a” and “d” representing additive and
dominant, respectively. Therefore, four types of interactions are
possible: a x a (additive by additive), a x d (additive by dominant),
d x a (dominant by additive), and d x d (dominant by dominant).
The selection criterion is that LOD > 1 (those labeled by asterisk
have LOD scores at least two.)
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the underlying fertility score and hence the outcome of fertility.

For alleles from D. mauritiana (M) and those from D. simulans (S), there is no

clear trend for the dominance relationships. Eight detected QTL have the same signs

for their additive (a) and dominant (d) effects, which indicate that these M alleles are

dominant to corresponding S alleles. Another eleven detected QTL have opposite signs

for the effects, indicating a recessive relationship between M alleles and S alleles. In

addition, ratios between a and d could be greater or less than one. Taking the signs of

a and d into account, overdominance and underdominance of M alleles may be implied

(overdominance when |d/a| < 1 and ad > 0 and underdominance when |d/a| > 1 and

ad < 0). These may be simply due to random errors in the estimating process, or if these

relationships are true, it suggests that HMS factors possess complex interactions.

Another result is that epistasis exists and is complicated. In Table 4.3, all four types

of epistasis are presented. The sign and value of the epistatic effects have no apparent

relationships with the corresponding additive and dominant effects. For example, ten

of 24 epistatic effects are positive. Compared with their corresponding additive and

dominant effects, these epistatic effects may or may not have the same signs. These

results imply that among QTL for the fertility, the interactions could be either synergistic

or antagonistic.

Finally, the detected QTL are not uniformly distributed along the chromosome. There

are relatively more QTL detected in the middle part of the chromosome. This may be

due to denser markers within that region (since one assumption for our analysis is that at

most one QTL between two adjacent markers). When the QTL distribution is considered

based on marker intervals, it is more uniform.
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4.4 Discussion

In this chapter, we applied our MIM for ordinal data to a real data set from a hybrid male

sterility (HMS) study. Nineteen QTL were detected and additional epistatic effects were

also characterized. The results showed a complex genetic architecture for HMS. First,

the fertility is not always caused by HMS factors and may be influenced by other factors

such as deleterious mutations. Second, there is no clear trend about the dominance

relationship between alleles from the two parental species. Third, epistatic effects are

complicated and could be both synergistic and antagonistic.

Results comparison among different methods As mentioned before, two other methods

were also applied to the data set: one is to consider fertility as a continuous trait by using

the number of offspring, and the other is a qualitative analysis by comparing the fertility

in non-recombinants with that in the corresponding recombinants. Here, results from all

three methods are compared. But first, a brief description of the other two methods is

given below.

Since the number of offspring covers a large range of values (see Figure 4.3(b)), it

could be approximately considered as a continuous trait. However, all sterile individuals

(males with zero offspring) were excluded from the analysis. The method used is multiple

interval mapping (MIM) with a normal distribution being assumed for fertility. In the

qualitative analysis, fertilities of multiple lines were compared. The rationale behind this

method is that if two introgression lines have the same genetic background and different

introgression fragments, the difference of their fertilities is highly likely due to factors

within the introgressed region (more specifically, the region that differs between the two

lines). The comparison of fertility was based on the mean and the corresponding stan-

dard deviation. The p-value was obtained by permutation. Notice that the qualitative

mapping was only performed for the right arm of chromosome 3. Positions of detected
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Figure 4.5: Mapping results for the fertility data from different methods. From top to bottom, they are genetic
map, quantitative mapping result when using fertility as a binary trait, quantitative mapping result when using fertility
as a continuous trait, and qualitative mapping result, respectively. In the genetic map, vertical bars indicate marker
positions; in the two quantitative mapping results, triangles indicate estimated QTL positions; and in the qualitative
mapping result, numbers indicate the inferred QTL regions.
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QTL by various methods are shown in Figure 4.5. It can be seen that numbers of de-

tected QTL in the same region (3R) are similar for all three methods: about ten QTL

were detected. Some of these QTL correspond to each other and some do not. This may

be partially due to the high density of QTL and large sampling variation.

For results obtained by the two quantitative methods, the interpretation may not be

the same. When fertility was considered as a binary trait, the detected QTL affect the

capability of reproduction. On the other hand, when fertility was used as a continuous

trait, the detected QTL affect the number of offspring. These two sets of QTL may

overlap. This is because the two characters (the capability of reproducing and the number

of offspring) are closely related. It is quite likely that genes affecting one character will

also affect the other. These genes may be detected by both quantitative methods given

appropriate data.

The genetic architecture of hybrid male sterility According to Mayr (1942), the most

common mechanism of speciation probably is allopatric speciation (genetic divergence of

subpopulations in geographic isolation). This mechanism indicates that reproductive

isolation may be yielded when populations diverge through fixation of different alleles

due to genetic drift and differential selection pressure. The reproductive isolation can be

either prezygotic (such as geographical and behavioral) or postzygotic (such as loss of eggs

and hybrid incompatibility). Among these forms of isolation, hybrid incompatibility (HI)

is a common one. HI is viewed as a by-product of divergence by the Dobzhansky-Muller

model (Dobzhansky, 1937; Muller, 1942). The model argues that different loci may

be fixed in different populations and negative epistatic interactions may occur among

these loci. However, since the newly fixed alleles only occur in separate populations,

the interaction may occur in hybrids but not in parents. Consequently, a polygenic

architecture is expected for HI.

Expected under the above view of allopatric speciation, using two species of D. simu-

lans and D. mauritiana (which represent a classic case of allopatric speciation), a highly
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polygenic genetic architecture is shown by our results of the genetic analysis, along with

previous studies. Besides a small region from the third chromosome of D. mauritiana,

the effects of most loci obtained in our analysis are relatively small: usually two or three

loci are required to produce complete sterility. Notice that an incompatibility of large

effect is not precluded by this polygenic view of reproductive isolation.

Based on our and previous results, the genetic architecture for HI is complicated due

to various reasons. For example, there may be no relationship between the magnitude of

locus effects in hybrids and in parental populations. It is possible that fixed mutations

may have large effects in parental populations but have no incompatibility in hybrids, or

that there may exist negative interactions in hybrids among mutations of small positive

effects in parental populations. Another reason may be the existence of complex patterns

of epistasis such as multiple independent systems of incompatibility. In addition, there

is evidence suggesting that many fixed alleles in diverging subpopulations provide no

contribution to hybrid incompatibility.
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Prospective studies

I have developed multiple interval mapping for ordinal data and applied it to a real data

set. Several questions have been investigated by computer simulations and some answers

have been obtained. However, there are still many questions to be answered. In this

chapter, I will discuss unresolved questions which are likely to be further investigated. I

will discuss issues such as model selection (section 5.1), epistasis (section 5.2) and some

related issues (section 5.3).

5.1 Model selection

Though model selection is an important step in QTL mapping, no universal results or

“golden rules” for selection criteria and critical values are currently available. Though

theoretical treatments on this topic may be beyond of the scope of this thesis, we can

still use empirical results as an illustration for our specific situation, namely, MIM for

ordinal data.

There are several problems. First, for the three procedures used to obtain critical

values, why do the results differ? How do we evaluate and compare these procedures?

Consequently, which procedure is more suitable to our analysis? Some possible ways

103
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of investigating these questions have been given in Section 3.1. They may include: to

simulate more data sets to reduce the effects of sampling variation on the results, to

increase sample sizes to investigate whether the difference decreases with a larger sample

size, and to assess error rates and to check power and type II errors. Additionally,

consideration of computational loads may also be useful in choosing the proper procedure.

Second, investigation of effects of various parameters on critical values is also of

importance. As pointed out by S. Wang and Z.-B. Zeng (unpublished), in multiple

interval mapping, parameters such as genome size and heritability play important roles

in stopping rules and critical values. For our current study of MIM for ordinal data,

these parameters are very likely to be important in model selection, too. With proper

simulation procedures, we will investigate the effects of several parameters on model

selection procedure and criterion, including genome size, heritability, marker density and

so on.

The third possible question is closely related to the previous two questions. That is:

What are the ranges of parameter values, that different criteria perform well? Answers

to the question are helpful in evaluating analysis results from real data. In addition,

comparison of critical values between MIM for continuous data and MIM for ordinal

data can also be made.

5.2 Epistasis

Though we showed in Section 3.5 that epistatic effects could be detected under proper

conditions, characterization of epistasis is far from complete. In real situations, interac-

tion relationship among QTL can be much more complicated than that considered by

the current QTL mapping methods. Several questions and/or possible research directions

remain to be explored.

One of the obstacles in modeling epistasis using statistical models is the complicated
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architecture among interaction components, including types and numbers of interaction.

Though current statistical models can characterize different types of epistasis, how to

detect and verify the epistasis using real data has not been solved. Many questions

remain to be answered. For example, whether/how are mapping results biased, if the

considered interaction is between QTL with marginal effects but the real one is between

QTL only with epistatic effects? How can new techniques and biological information

obtained through experimental studies be used? Knowledge of known gene interactions

may serve as a starting point for further characterizing gene interaction. Knockout

lines can be used to study interactions among specific functional genes. Whole genome

trascript profiling using microarrays may also be helpful in finding genes involved in a

network.

5.3 Other possible studies

In studying the limit of our method in Section 3.6, a preliminary simulation is performed.

However, to better understand the question, more are needed. A useful investigation is

to find the parameter ranges for which the mapping methods reach their limits in terms

of the error rate and power. For example, if the power is 0.10 with a significance level of

0.05, the detected QTL have high chances to be spurious (false discovery rate can also

be used as an indicator). Parameters of interest include heritability, number of QTL,

sample size, experimental design, and so on. The knowledge will be helpful in evaluating

mapping results in practice, especially when the sample size is small and heritability is

low.

In our study, we also come across results with two detected QTL being closely located,

that has been observed in some previous studies and studied by simulations. However,

those studies did not give answers on how to deal with it. Further study on this problem,

such as developing statistical tests to distinguish false discovery from real repulsively
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linked QTL, may give us more insight in QTL mapping.
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Sillanpää, M. J., and E. Arjas, 1999 Bayesian mapping of multiple quantitative

trait loci from incomplete outbred offspring data. Genetics 151: 1605–1619.

Tao, Y., S. Chen, D. L. Hartl, and C. C. Laurie, 2003a Genetic dissection of

hybrid incompatibilities between Drosophila simulans and D. mauritiana. I. Differ-

ential accumulation of hybrid male sterility effects on the X and autosomes. Genetics

164: 1383–1397.

Tao, Y., Z.-B. Zeng, J. Li, D. L. Hartl, and C. C. Laurie, 2003b Genetic

dissection of hybrid incompatibilities between Drosophila simulans and D. mauri-

tiana. II. Mapping hybrid male sterility loci on the third chromosome. Genetics 164:

1399–1418.



References 114

The International HapMap Consortium, 2003 The International HapMap

Project. Nature 426: 789–796.

Thoday, J. M., 1961 Location of polygenes. Nature 191: 368–370.

Thomas, D. C., and V. Crotessis, 1992 A Gibbs sampling approach to linkage

analysis. Human Heredity 42: 63–76.

Thompson, E. A., 1984 Information gain in joint linkage analysis. IMA J Math

Appl Med Biol 1: 31–49.

Visscher, P. M., C. S. Haley, and S. A. Knott, 1996 Mapping QTLs for

binary traits in backcross and F2 populations. Genetical Research 68: 55–63.

Wang, S., C. J. Basten, and Z.-B. Zeng, 2001-2004 Windows QTL Cartogra-

pher 2.0. Department of Statistics, North Carolina State University, Raleigh, NC.

(http://statgen.ncsu.edu/qtlcart/WQTLCart.htm).

Wang, T., and Z.-B. Zeng, 2003 Modelling Quantitative Trait Loci with Epistasis

and Linkage Disequilibrium in Experimental and Natural Populations. Genetics .

Weeks, D., and K. Lange, 1987 Preliminary ranking procedures for multilocus

ordering. Genomics 1: 236–242.

Whittaker, J. C., R. Thompson, and P. M. Vissher, 1996 On mapping of

QTL by regression of phenotype on marker-typ. Heredity 77: 23–32.

Wright, S., 1934a An analysis of variability in number of digits in an inbred strain

of guinea pigs. Genetics 19: 506–536.

Wright, S., 1934b The results of crosses between inbred strains of guinea pigs,

differing in number of digits. Genetics 19: 537–551.



References 115

Xu, S., 1995 A comment on the simple regression method for interval mapping.

Genetics 141: 1657–1659.

Xu, S., and W. R. Atchley, 1996 Mapping quantitative trait loci for complex

binary diseases using line crosses. Genetics 143: 1417–1424.

Yi, N., and S. Xu, 1999a Mapping quantitative trait loci for complex binary traits

in outbred populations. Heredity 82: 668–676.

Yi, N., and S. Xu, 1999b A random model approach to mapping quantitative trait

loci for complex binary traits in outbred populations. Genetics 153: 1029–1040.

Yi, N., and S. Xu, 2000 Bayesian mapping of quantitative trait loci for complex

binary traits. Genetics 155: 1391–1403.

Yi, N., and S. Xu, 2002 Mapping quantitative trait loci with epistatic effects.

Genetical Research 79: 185–198.

Yi, N., S. Xu, and D. B. Allison, 2003 Bayesian model choice and search strate-

gies for mapping interacting quantitative trait loci. Genetics 165: 867–883.

Yi, N., S. Xu, V. George, and D. B. Allison, 2004 Mapping multiple quanti-

tative trait loci for ordinal trait. Behavior Genetics 34: 3–15.

Zeng, Z.-B., 1993 Theoretical basis for separation of multiple linked gene effects

in mapping quantitative trait loci. Proceedings of National Academy of Science USA

90: 10972–10976.

Zeng, Z.-B., 1994 Precision mapping of quantitative trait loci. Genetics 136: 1457–

1468.

Zeng, Z.-B., C.-H. Kao, and C. J. Basten, 1999 Estimating the genetics archi-

tecture of quantitative traits. Genetical Research 74: 279–289.



References 116

Zeng, Z.-B., J. Liu, L. F. Stam, C.-H. Kao, J. M. Marcer, and C. C.

Laurie, 2000 Genetic architecture of a morphological shape difference between two

Drosophila species. Genetics 154: 299–310.

Zou, F., J. P. Fine, and B. S. Yandell, 2000 On empirical likelihood for a

semiparametric mixture model. Biometrika 89: 61–75.



Appendix A

Formulae for calculating conditional

probability for missing data

Due to lack of codominant markers and/or due to genotyping failure, marker genotypes

may be missing or not fully informative. Fortunately, some information could be recov-

ered based genotypes of other markers in the same linkage group. In our study, a Markov

chain algorithm is used, which was proposed by Jiang and Zeng (1997) and is similar

to the one in Lander and Green (1987). A summary of this algorithm is given below,

using an F2 design as an example. For easy reference, we use the same symbols as in

Jiang and Zeng (1997).

Assume that an F2 line is derived from two parental lines P1 and P2 and there are m

ordered markers: M1, . . . ,Mm. Denote two symbols, xk and zk, to represent the genotype

and the phenotype of Mk as follows.

xk =


1 P1-type homozygote

0 heterozygote

−1 P2-type homozygote

zk =



{1}, {0}, {−1} known phenotypes

{1, 0} = D P1 dominant phenotypes

{0,−1} = R P2 recessive phenotypes

{1, 0,−1} = M missing phenotypes

In addition, denote the conditional probability for Mk being xk given z1, . . . , zm as

117
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P (xk|z1, . . . , zm), which is the probability we need to compute.

Assume no crossing-over interference (the same is true for all other cases being dis-

cussed below). When Mk−1 and Mk+1 are both fully observed, P (xk|z1, . . . , zm) =

P (xk|xk−1, zk, xk+1). If one or both markers are not fully observed, we need to con-

sider markers further away from Mk. Assume that the two most adjacent markers with

fully observed phenotypes are Mi and Ml, where i ≤ k ≤ l (i = 1 and/or l = m in case

that no fully observed markers on one or both directions). By Bayes’ theorem and notice

that P (zi . . . zl|xk) = P (zi . . . zk|xk)P (zk+1 . . . zl|xk), we have

P (xk|zi, . . . , zl) =
P (xk)P (zi . . . zl|xk)∑
xk

P (xk)P (zi . . . zl|xk)

=
P (xk)P (zi . . . zk|xk)P (zk+1 . . . zl|xk)∑
xk

P (xk)P (zi . . . zk|xk)P (zk+1 . . . zl|xk)
(A.1)

where P (xk) is the prior probability of xk in a population. For an F2 design, P (xk =

1) = 0.25, P (xk = 0) = 0.5, and P (xk = −1) = 0.25. Denote qk = {P (xk)}(3×1) =

[P (xk = 1), P (xk = 0), P (xk = 1)]′, the column vector of the prior probability P (xk).

Similarly, denote pR
k = {P (zk+1 . . . zl|xk)}(3×1), pL

k = {P (z1 . . . zk|xk)}(3×1), and pk =

{P (xk|zi . . . zl)}(3×1). Then, Equation (A.1) can be written as

pk =
qk ◦ (pL

k ◦ pR
k )

q′k ◦ (pL
k ◦ pR

k )
(A.2)

where ◦ represents element by element product of two vectors.

pR
k and pL

k will be calculated through a Markov chain process. Firstly, denote H(rk)

be the transition matrix from Mk to Mk+1 or from Mk+1 to Mk as follows:

H(rk) =


P (xk+1 = 1|xk = 1) P (xk+1 = 0|xk = 1) P (xk+1 = −1|xk = 1)

P (xk+1 = 1|xk = 0) P (xk+1 = 0|xk = 0) P (xk+1 = −1|xk = 0)

P (xk+1 = 1|xk = −1) P (xk+1 = 0|xk = −1) P (xk+1 = −1|xk = −1)



=


(1− rk)

2 2rk(1− rk) r2
k

rk(1− rk) (1− rk)
2 + r2

k rk(1− rk)

r2
k 2rk(1− rk) (1− rk)

2

 (A.3)
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where rk is the recombination rate between Mk and Mk+1.

Secondly, define Hzj
(rj) = H(rj)Izj

, where zj = M, D, R, 1, 0,−1, depending on the

phenotype of Mj; and Izj
is a 3 × 3 matrix with all elements being zero except certain

number of one’s on the diagonal depending on zj (listed in Table A.1). Notice that

Hzj
(rj) is an intermediate probability matrix of observed Mj phenotypes given observed

Mj+1 phenotypes (or the other way depending the direction of carrying out the Markov

chain process).

Table A.1: Lists of Izj

zj M D R 1 0 -1

Izj

1 0 0
0 1 0
0 0 1

 1 0 0
0 1 0
0 0 0

 0 0 0
0 1 0
0 0 1

 1 0 0
0 0 0
0 0 0

 0 0 0
0 1 0
0 0 0

 0 0 0
0 0 0
0 0 1



Finally, by obtaining sequential Hzj
(rj), pR

k and pL
k can be computed as

pR
k = Hzk+1

(rk)Hzk+2
(rk+1) . . .Hzl

(rl−1)c (A.4)

pL
k = Izk

Hzk−1
(rk−1)Hzk−2

(rk−2) . . .Hzi
(ri)c (A.5)

where c is a vector and is equal to [1, 1, 1]′. By substituting qk, pR
k and pL

k into Equation

(A.1), we could obtain the probability we need.

In practice, as indicated by Jiang and Zeng (1997), conditional probabilities for all

markers are first computed and recorded before performing QTL mapping. Then, for

any position Mk′ flanked by markers Mk and Mk+1, its conditional probabilities pR
k and

pL
k can be calculated as

pR
k′ = H(rR

k′)p
R
k+1 and pL

k′ = H(rL
k′)p

L
k

where rR
k′ and rL

k′ are the recombination rates between Mk′ and Mk+1 and that between

Mk′ and Mk, respectively.



Appendix B

Optimization algorithms

To find MLE, an optimization procedure is required. In our study, we use both Newton-

Raphson and EM (abbreviation from expectation-maximization) algorithms. Both algo-

rithms are iterative procedures. Here, a brief introduction to the algorithms is given.

Newton-Raphson algorithm approximates a function using a quadratic form, then

finds parameter estimates which maximize the quadratic form. The quadratic approxi-

mation is realized by applying Taylor series to the target function. Suppose a function

f(x) is the target function to be minimized, where x is an n-dimensional vector. That

is, f : Rn → R and x ∈ Rn. In addition, assume h ∈ Rn. Then the second order Taylor

approximation of f(x) is

f(x + h) ≈ f(x) + b′h +
1

2
h′Hh (B.1)

where b = 5f(x) = ∂f/∂x is the gradient of f at x (the vector of first derivatives), and

H = ∂2f/∂x∂x′ is the Hessian matrix of f at x (the matrix of second derivatives). Using

5f(x + h) ≈ b + Hh and knowing that the gradient should be zero when maximum is

reached, we have

0 = b + Hh ⇒ ĥ = −H−1b.

This indicates that the vector maximizing Equation (B.1) is x −H−1b. Therefore, an
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iterative algorithm to maximize f(x) may be designed as follows (δ is a small pre-set

value):

1. Initialize x0

2. At the t-th iteration, determine whether ‖ 5 f(xt)‖ > δ

(a) If YES, xt+1 = xt −H−1b. Go back 2.

(b) If NOT, proceed to next step.

3. Set x̂ = xt and stop.

EM is an iterative algorithm to handle missing data in finding MLE’s. It was first

proposed by Dempster et al. (1977). Instead of the likelihood function, a new function

is defined and is denoted as Q function, which is the expectation of log-likelihood func-

tion given the full data. The algorithm has two steps: E-step and M-step. The E-step

is an estimation step, in which the value of Q function is evaluated at the current para-

meter values; and the M-step is a maximization step, in which Q function is maximized.

EM algorithm will perform the E-step and the M-step iteratively until convergence of

parameters is achieved. Expressing above statement symbolically, we have

Q(Φ(t)|Φ) = EΦ(t) [log L(Datacomplete)|Dataobserved]

where Φ is the vector for the parameters to be estimated, and (t) indicates the interme-

diate stage of the iteration process. The iteration of EM algorithm then is as follows:

1. Set the stage number t = 0 and initial parameter values Φ(0).

2. Start a new stage t. In this iteration, parameter values will be updated from Φ(t−1)

to Φ(t).

(a) E-step: Compute Q(Φ|Φ(t−1)), the value of Q function evaluated at Φ(t−1).
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(b) M-step: Choose Φ(t) as the value of Φ maximizing Q(Φ|Φ(t−1)).

3. Determine whether parameter values converge. If Yes, stop; and if No, go to step

2.

Comparing above two algorithms, we may find that NR is fast but could be unstable

and EM is stable but could be slow. A combination of NR and EM may be helpful

in getting a stable and fast algorithm for maximization, which is investigated by Qin

and Zeng (2003). This new algorithm will switch between NR and EM based on some

pre-set conditions. Using similar symbols as for NR, the update of parameters is xt+1 =

xt − αH−1b. Notice the extra coefficient α in the formula. In each iteration, a test

of positiveness of H−1 is performed. If the matrix is close to nonpositive definite, the

process will switch to EM and switch back after several steps of EM.



Appendix C

Derivatives of the Q function

As mentioned in the text, logistic distribution is used for approximation. This ap-

proximation will give simpler forms of first and second derivatives for the Q func-

tion relative to using normal distributions. With B0 = (ΓT ,ΘT )T being the vari-

able, we need to find the first and second derivatives using Equation (2.11), which is

Q(B|B(t)) =
∑N

i=1

∑
Qih

[
Λ

(t)
ih log(πzi+1,ih − πzi,ih)

]
.

Notice that
∂πk,ih

∂B0

= πk,ih(1− πk,ih)xk,ih.

We have

∂Q(B|B(t))

∂B0

=
N∑

i=1

∑
Qih

[
Λ

(t)
ih

∂ log(πzi+1,ih − πzi,ih)

∂B0

]

=
N∑

i=1

∑
Qih

Λ
(t)
ih

πzi+1,ih − πzi,ih

(
∂πzi+1,ih

∂B0

− ∂πzi,ih

∂B0

)

=
N∑

i=1

∑
Qih

Λ
(t)
ih

πzi+1,ih(1− πzi+1,ih)xzi+1,ih − πzi,ih(1− πzi,ih)xzi,ih

πzi+1,ih − πzi,ih

(C.1)
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Define

bih = πzi+1,ih − πzi,ih, and

aih = πzi+1,ih(1− πzi+1,ih)xzi+1,ih − πzi,,ih(1− πzi,ih)xzi+1,ih.

(Notice that aih = ∂bih/∂B0.) The first derivative of theQ function could then be written

as
∂Q(B|B(t))

∂B0

=
N∑

i=1

∑
Qih

Λ
(t)
ih aih

bih

.

Furthermore, the second derivative is obtained by differentiating the first derivative as

∂2Q(B0|B(t)
0 )

∂B0∂BT
0

=
N∑

i=1

∑
Qih

Λ
(t)
ih

b2
ih

× ∂(aih/bih)

∂BT
0

=
N∑

i=1

∑
Qih

Λ
(t)
ih

b2
ih

(
bih

∂aih

∂BT
0

− aih
∂bih

∂BT
0

)

=
N∑

i=1

∑
Qih

Λ
(t)
ih

Aihbih − aiha
T
ih

b2
ih

(C.2)

where

Aih =
∂aih

∂BT
0

=
∂2bih

∂B0∂BT
0

= πzi+1,ih(1− πzi+1,ih)(1− 2πzi+1,ih)xzi+1,ihx
T
zi+1,ih

−πzi,ih(1− πzi,ih)(1− 2πzi,ih)xzi,ihx
T
zi,ih

.


