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Wavelet Transform Adaptive Signal Detection is a signal detection method that

uses the Wavelet Transform Adaptive Filter (WTAF). The WTAF is the application of

adaptive filtering on the subband signals obtained by wavelet decomposition and

reconstruction. The WTAF is an adaptive filtering technique that leads to good

convergence and low computational complexity. It can effectively adapt to non-stationary

signals, and thus could find practical use for transient signals.

Different architectures for implementing the WTAF were proposed and studied in

this dissertation. In terms of the type of the wavelet transform being used, we presented

the DWT based WTAF and the wavelet tree based WTAF. In terms of the position of the

adaptive filter in the signal paths of the system, we presented the Before-Reconstruction

WTAF, in which the adaptive filter is placed before the reconstruction filter; and the

After-Reconstruction WTAF, in which the adaptive filter is placed after the

reconstruction filter. This could also be considered as implementing the adaptive filtering

in different domains, with the Before-Reconstruction structure corresponding to adaptive

filtering in the scale-domain, and the After-Reconstruction structure corresponding to

adaptive filtering in the time-domain. In terms of the type of the error signal used in the

WTAF, we presented the output error based WTAF and the subband error based WTAF.

In the output error based WTAF, the output error signal is used as input to the LMS

algorithm. In the subband error based WTAF, the error signal in each subband is used as

input to the LMS algorithm. The algorithms for the WTAF were also generalized in this

work. In order to speed up the calculation, we developed the block LMS based WTAF,



which modifies the weights of the adaptive filter block-by-block instead of sample-by-

sample.

Experimental studies were performed to study the performance of different

implementation schemes for the WTAF. Simulations were performed on different WTAF

algorithms with a sinusoidal input and with a pulse input. The speed and stability

properties of each structure were studied experimentally and theoretically. It was found

that different WTAF structures had different tradeoffs in terms of stability, performance,

computational complexity, and convergence speed.

The WTAF algorithms were applied to an online measurement system for fabric

compressional behavior and they showed encouraging results. A 3-stage DWT based

WTAF and a block WTAF based on a 3-stage DWT was employed to process the noisy

force-displacement signal acquired from the online measurement system. The signal-to-

noise ratio was greatly increased by applying these WTAFs, which makes a lower

sampling rate a possibility. The reduction of the required time for data sampling and

processing greatly improves the system speed to meet faster testing requirements. The

WTAF algorithm could also be used in other applications requiring fast processing, such

as in the real-time applications in communications, measurement, and control.
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CHAPTER 1 

INTRODUCTION

Signal detection is the area of study that deals with the processing of information-

bearing signals for the purpose of extracting information from them [1-3]. Applications

of this technique are found in many areas, such as data acquisition, communications, and

automatic control. The objective of this research is to develop signal detection algorithms

that can be implemented in the online measurement system of fabric compressional

behavior [4].

In the online measurement system, a moving fabric is compressed by a

controllable nip formed by a pair of rollers, one of which is attached to a load cell. The

force-displacement relationship is measured and is later processed by a nonlinear

mechanical model to obtain the stress-strain relationship of the fabric. This relationship is

subsequently used to characterize fabric compressional behavior. In the online system,

the force signal picked up by the load cell is weak compared to interference, especially

when the testing head just begins to touch the fibers sticking out from the fabric. On the

other hand, the Incremental Differential Algorithm (IDA) [4] used to solve the nonlinear

model is sensitive to the variations in the source data. Therefore, the force is sampled

multiple times per step in the compression testing process to reduce the variation of the

data in the present system. The maximum and the minimum of the samples are excluded

and the average of the rest of the data is taken as the force reading at that step. It has been

found that in order to obtain good results, 1,000 samples are needed for each step. As the
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sampling and averaging of the 1,000 samples takes a long time, the speed of testing is

reduced. Less samples have to be acquired for each step to increase the system speed, but

appropriate digital signal processing (DSP) techniques have to be used to further reduce

the variations of the force-displacement data.

Adaptive filtering is a powerful technique for signal detection. Because of the

random pattern of the noise and the non-deterministic sources of the interference, it is

better to design a filter that is adapted to the background noise to remove interference

from observations. Traditional adaptive filtering is usually performed in the time domain

[5]. It is better to do it in the frequency domain [6-8] to increase the speed. The Discrete

Fourier Transform (DFT) is often used when frequency domain adaptive filtering is

applied [5]. However, the DFT is only suitable for stationary signals, for which the

statistical properties of the signal are invariant to a shift of time [5]. The Wavelet

Transform (WT) is a scale-time transformation. It enables the extraction of features that

vary in time, which makes it an ideal tool for analyzing signals with transient or non-

stationary characteristic [9]. In the Wavelet Transform Adaptive Filter (WTAF), the input

signal is divided into subbands and adaptive filtering is subsequently performed in the

subbands. Compared with the DFT based adaptive filtering, the WTAF has the advantage

of being able to adapt to non-stationary signals. Moreover, the WTAF has better

convergence properties and lower computational complexity than in time domain[7].

In this dissertation, background knowledge of the adaptive filtering, the Wavelet

Transform and subband adaptive filtering are introduced in Chapter 2. The architectures

for the Wavelet Transform Adaptive Filter (WTAF) and the WTAF algorithms are

discussed in Chapter 3. In Chapter 4, experimental results on the architecture and
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algorithm are given, and the comparison between them is made. Block WTAF is also

studied in this chapter. The applications of WTAF in the Online Measurement System of

Fabric Compressional Behavior are discussed in Chapter 5.
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CHAPTER 2 

BACKGROUND

2.1 Conventional Adaptive Signal Detection

Adaptive signal detection is a signal detection method that uses adaptive filtering

techniques. The objective is to process an input signal to produce an output signal with

desired properties, while simultaneously learning to do it in the best possible way. An

adaptive filter is a self-designing filter relying on a recursive algorithm, which adapts

itself to the background noise that can not be described statistically. In a stationary

environment, the adaptive filter should be able to converge to the optimum Wiener

solution in a statistical sense. While in a non-stationary situation, the adaptive filter

should have tracking ability, in that it can track time variations in the statistics of the

input data, provided that the variations are sufficiently slow.

2.1.1 Architectures for Conventional Adaptive Signal Detection

In the area of signal detection, there are two main groups of adaptive filters,

adaptive noise canceler (ANC) and adaptive line enhancer (ALE) [5]. An ANC relies on

noise canceling by subtracting noise from a received signal, an operation controlled in an

adaptive manner for the purpose of improved signal-to-noise ratio. An ANC is a dual-

input, closed-loop adaptive feedback system as illustrated in Figure 1. The two inputs of
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the system are derived from a pair of sensors: a primary sensor and a reference (auxiliary)

sensor.

Figure 1. Adaptive noise canceler

In Figure 1, the primary sensor receives an information-bearing signal )(ns

corrupted by additive noise )(0 nv , which is uncorrelated with )(ns . The reference sensor

receives a noise )(1 nv  that is uncorrelated with the signal )(ns  but is correlated with the

noise )(0 nv  in the primary sensor output in an unknown way. The reference signal )(1 nv

is processed by an adaptive filter to produce the output signal )(ny :

∑
−

=

−=
1

0
1 )()()(

M

k
k knvnwny                                                          (1)

where )(nwk  are weights of the adaptive filter.

The filter output )(ny  is subsequently subtracted from the primary signal )(nd ,

serving as the “desired” response for the adaptive filter. The error signal, )(ne , is defined

by

)()()( nyndne −=                                                                (2)
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∑ ∑
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)()()( 0 nvnsnd +=                                                                (3)

and thus

)()()()( 0 nynvnsne −+=                                                          (4)

The error signal is, in turn, used to adjust the tap weights of the adaptive filter.

The ALE is a form of adaptive noise canceler without using the reference, which

is designed to suppress the wide-band noise component of the input, while passing the

narrow-band signal component with little attenuation. Figure 2 describes the block

diagram of an ALE.

Figure 2. Adaptive line enhancer

The ALE consists of the interconnection of a delay element and a linear predictor.

The predictor output )(ny  is subtracted from the input signal )(nu  to produce the

estimation error )(ne . This estimation error is, in turn, used to adaptively control the tap

weights of the predictor. The predictor input equals )( ∆−nu , where the delay ∆ is equal

to or greater than the sampling period. The main function of the prediction depth ∆ is to

remove the correlation between the noise component in the original input signal )(nu  and

PredictorDelay ∆

Adaptive
control

algorithm

)( ∆−nu)(nu

∑

)(ny

+

-

)(ne

Input
signal

Output
signal
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the delayed predictor input )( ∆−nu . It is for this reason that the delay ∆ is also called

the decorrelation parameter of the ALE.

The essence of the ANC is to include a reference noise signal, which is

uncorrelated to the information-bearing signal while highly correlated to the noise signal.

In practice, it is very difficult to realize these requirements and the cost of this kind of

system is also higher. However, if these requirements can be met, it will perform better

than the ALE.

2.1.2 Optimum Solution for Adaptive Filters

Adaptive signal detection often uses the simplest form of adaptive filters – the

linear adaptive filter. Linear adaptive filtering is usually realized in the tapped-delay line

(TDL) structure as illustrated in Figure 3 [5]. It is basically a transversal filter.

Figure 3. Tapped-delay line structure for adaptive filters

+
-

)(2 nwM −

1−z 1−z 1−z

∑

u(n-M+2) u(n-M+1)u(n-1)u(n)

)(ny

)(nd

Weight-
control

mechanism

)(ne

)(1 nw )(1 nwM −)(0 nw

∑∑∑ …

…

-

…
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The TDL has tap inputs )(nu , )1( −nu , …, )1( −− Mnu  and a corresponding set

of weights )(0 nw , )(1 nw , …, )(1 nwM − . In addition, the filter is supplied with a desired

response )(nd  that provides a frame of reference for the optimum filtering action.

Assume that the time series represented by )(nu , )1( −nu , …, )1( −− Mnu  is a

discrete-time stationary process. The vector of tap inputs at time n is denoted by )(nu as

TMnununun )]1(),...,1(),([)( +−−=u                                            (5)

and the corresponding estimate of the desired response at the filter output is denoted by

)(ny . By comparing this estimate with the desired response )(nd , we produce an

estimation error denoted by )(ne . We may thus write

)()()()()()( nnndnyndne T uw−=−=                                            (6)

where the term )()( nnT uw  is the inner product of the tap-weight vector )(nw  and the

tap-input vector )(nu . The expanded form of the tap-weight vector is described by

T
M nwnwnwn )](),...,(),([)( 110 −=w                                              (7)

Let R denote the M-by-M correlation matrix of the tap inputs )(nu , )1( −nu ,…,

)1( −− Mnu , i.e.,

)]()([ nnE TuuR =                                                             (8)

In the expanded form, we have



















−−

−
−

=

)0(...)2()1(

............

)2(...)0()1(

)1(...)1()0(

rMrMr

Mrrr

Mrrr

R                                         (9)

where
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])([)0(
2

nuEr =                                                            (10)

and

)]()([),()( knunuEknnrkr −=−=                                       (11)

Let p denote the M-by-1 cross-correlation vector between the tap inputs of the filter and

the desired response )(nd :

)]()([ ndnE up =                                                               (12)

We thus can define the cost function for this TDL as

)]([)( 2 neEnJ = )()()()(2 nnnn TTT
d Rwwwppw +−−= σ                      (13)

where 2
dσ   is the variance of the desired response )(nd given by

])([
22 ndEd =σ                                                               (14)

The Wiener solution [5] for the above equation is the optimum weight vector

which minimizes the cost function, and the optimum weight vector satisfies

pRw =opt                                                                      (15)

i.e.,

pRw 1−=opt                                                                     (16)

Thus, the minimum mean squared error (MSE) equals

opt
T

dJ wp−= 2
min σ                                                             (17)

It is difficult to find the Wiener optimum solution analytically because of the

required computational complexity. An alternative is to use the method of steepest

descent, which is the oldest method of optimization [5]. From equation (13), the gradient

vector at time n can be denoted as

)(22)( nnJ Rwp +−=∇                                                       (18)
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The Least Mean Square (LMS) [5] algorithm uses the estimation of matrix R and

vector p in the Wiener solution. The estimation is based on the instantaneous sample

values of the tap-input vector and the desired response, as defined by, respectively,

)()()(ˆ nnn TuuR =                                                               (19)

and

)()()(ˆ ndnn up =                                                                 (20)

Therefore, the instantaneous estimate of the gradient vector is

)()()(2)()(2)( nnnndnnJ T wuuu +−=∇                                          (21)

Using the steepest-descent algorithm [5], which is described by

)]([
2

1
)()1( nJnn −∇+=+ µww                                                  (22)

where µ is a positive real-valued constant, the weight adaptation for the LMS algorithm

can be described as:

                          )]()()()[()()1( nnndnnn T wuuww −+=+ µ

                                                  )()()( nenn uw µ+=                                                                  (23)

The LMS algorithm is the simplest but still the most commonly used adaptation

algorithm for the TDL. Although the Recursive Least-Squares (RLS) algorithm is faster

to converge than the simple LMS algorithm, it involves a large increase in computational

complexity and the stability is not as good. In the later discussions, only the LMS is used

for the adaptation algorithm.

Conventional adaptive signal detection works in the time domain. In case of a

large spread in the eigenvalues, however, some form of orthogonalization of signals that

are inputs to the adaptive weights can result in faster adaptation than is possible with
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LMS alone [7, 10]. Orthogonalization schemes include adaptive lattice filters [11], Gram-

Schmidt orthogonalization [12], the Discrete Fourier Transform (DFT) [6, 13-15], and the

Wavelet Transform (WT) [7, 16, 17], among which the DFT is most commonly used in

previous research efforts. It is desirable to apply the WT in adaptive filtering because the

WT has certain advantages over the FT, which are going to be discussed later.

2.2 Wavelet Methods

2.2.1 Background

Signal decomposition is the technique that decomposes an original signal into its

primitive or fundamental constituents, and then performs simple operations separately on

each component. Thus, we can accomplish extremely sophisticated operations by a

combination of individually simple operations. The classic but still pervasive technique is

the Fourier analysis, the theory and practice that breaks signals into sinusoidal (smooth

oscillating) components. During recent years the Fourier methods have been

supplemented by wavelets [18]. These alternatives hold promise for providing more

useful ways of analyzing and processing signals for different applications.

Wavelets are functions that satisfy certain mathematical requirements [18, 19].

They are used in representing data or other functions. Similar to the Fourier analysis,

which represents functions by superposition of sines and cosines, the wavelet analysis

uses wavelets to represent functions. The driving impetus behind the wavelet analysis is

their property of being localized in time (space) as well as in scale (frequency). This

provides a time-scale map of a signal, enables the extraction of features that vary in time
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and makes wavelets an ideal tool for analyzing signals of a transient or non-stationary

nature [20].

From the historical point of view, wavelet theory is closely related to the Fourier

Transform [21]. The utility of the Fourier Transform lies in its ability to analyze a signal

in the time domain for its frequency content [22]. The transform works by first translating

a function in the time domain into a function in the frequency domain. The Fourier

Transform of a continuous-time aperiodic signal, x(t), is obtained by

∫
+∞

∞−

−⋅= dtetxfX ftj π2)()(                                                         (24)

The signal can then be analyzed for its frequency content because the value of the

transformed function represents the contribution of each sine and cosine function at each

frequency. The x(t) can be expressed by

∫
+∞

∞−

⋅= dfefXtx ftj π

π
2)(

2

1
)(                                                    (25)

The analysis function )( fX  defines a notion of a global frequency f in a signal.

As shown in (24), it is computed as inner products of the signal with sine wave basis

functions of infinite duration. As a result, the Fourier analysis works well if x(t) is

composed of a few stationary components. However, any abrupt change in time in a non-

stationary signal x(t) can not be suitably represented by the Fourier Transform. The

Fourier Transform can analyze what frequency components exist in the signal pretty well,

but it can not tell you at what time these frequency components occur. Therefore, an

analysis suitable for non-stationary signals requires more than the Fourier Transform.
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The usual approach is to introduce time dependency in the Fourier analysis. The

idea is to introduce a “local frequency” parameter (local in time) so that the “local”

Fourier Transform looks at the signal through a window over which the signal is

approximately stationary. This method is called Windowed Fourier Transform (WTF) [9]

or Short-Time Fourier Transform (STFT) [23-25]. Another equivalent way is to modify

the sine wave basis functions, which are more concentrated in time (but less concentrated

in frequency). This method is used in the wavelet transform. We therefore can have a

two-dimensional time-frequency representation ),( ftS  of the signal )(tx  composed of

spectral characteristics depending on time to improve time accuracy.

In the WFT, a window function “w” is chosen to divide a signal into small enough

segments, in which it can be assumed to be stationary. The width of this window must be

equal to or less than the segment of the signal where its stationarity is valid. The WFT is

defined as [23]

∫
+∞

∞−

−⋅−⋅= dtetwtxf ftjw
X

πττ 2*)( )]()([),(s                                           (26)

where x(t) is the signal itself, )(tw  is the window function, and “*” stands for its complex

conjugate. For every τ and f, a new WFT coefficient is computed to obtain a true time-

frequency representation of this signal.

However, there is a problem related with the width (or the support) of the window

function that is used. Figure 4 describes the time-frequency resolution of the WFT. Every

box in the figure corresponds to a value of the transform in the time-frequency plane.
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Figure 4. Time-frequency resolution of the WFT

The time and frequency resolutions for the WFT are determined by the width of

the analysis window, which is selected once for the entire analysis. However, the

resolution in time and frequency cannot be arbitrarily small. According to the uncertainty

principle, or Heisenberg inequality [26], the time-bandwidth product ft∆∆  has to satisfy,

π4

1
≥∆∆ ft                                                                       (27)

and this tells us that one can only trade the time resolution for the frequency resolution,

or vice versa. Once a window has been chosen for the WFT, the time-frequency

resolution is fixed over the entire time-frequency plane.

We can let the resolutions t∆  and f∆  vary in the time-frequency plane to

overcome the resolution limitation of the WFT. In order to isolate signal discontinuities,

one would like to have some very short basis functions. At the same time, in order to

perform detailed frequency analysis, one would like to have some very long basis

functions. A way to achieve this is to have short high-frequency basis functions and long

low-frequency ones. This is called the multiresolution analysis (MRA) [27-29] – a

method to analyze the signal at different frequencies with different resolutions. When the

frequency

time
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MRA is implemented with a filter bank, the time resolution must increase with the central

frequency of the analysis filters. We therefore impose the requirement that f∆  is

proportional to f, or

c
f

f
=

∆
                                                                        (28)

where c is a constant. The analysis filter bank is then composed of bandpass filters with

constant relative bandwidth (so-called “constant-Q” analysis). When equation (28) is

satisfied, we see that f∆ and therefore also t∆  changes with the center frequency of the

analysis filter. Of course, they still satisfy the Heisenberg inequality, but now, the time

resolution becomes arbitrarily good at high frequencies, while the frequency resolution

becomes arbitrarily good at low frequencies.

Figure 5 is the time-frequency plane for the MRA. We can see that the MRA

gives good time resolution and poor frequency resolution at high frequencies, and gives

good frequency resolution and poor time resolution at low frequencies. This approach

makes sense especially when the signal has high frequency components for short duration

and low frequency components for long duration. Fortunately, the signals that are

encountered in practical applications are often of this type.

Figure 5. Time-frequency resolution of the MRA

frequency

time
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2.2.2 Continuous Wavelet Analysis and Synthesis

The Continuous Wavelet Transform (CWT) [30-33] follows exactly the ideas of

the MRA while adding a simplification: all impulse responses of the filter bank are

defined as scaled (i.e. stretched or compressed) versions of the same prototype

)(tϕ (mother wavelet), i.e.,

)(
1

)(, s

t

s
ts

τ
ϕϕτ

−
=                                                             (29)

where τ is a translation parameter and s is a scale parameter (the constant 1/ s  is used

for energy normalization). This results in the definition of the CWT represented by [34]:

dt
s

t
tx

s
sx )()(

1
),(q *∫

+∞

∞−

−
=

τ
ϕτϕ                                                 (30)

The wavelet transform breaks the signal into its “wavelets”, scaled and shifted

versions of the “mother wavelet”. The wavelet transform measures the “similarity”

between the signal and the basis functions )(, tsτϕ , the window functions generated by the

mother wavelet. The width of the window is changed as the transform is computed for

every single spectral component.

Translation is used in the same sense as it was used in the WFT; it is related to the

location of the window, as the window is shifted through the signal. This term, obviously,

corresponds to time information in the transform domain. In the wavelet transform,

temporal analysis is performed with a contracted, high frequency version of the prototype

wavelet, while frequency analysis is performed with a dilated, low frequency version of

the same wavelet. This process of translation and dilation of the mother wavelet is

depicted in Figure 6.
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Figure 6. Scaling and shifting process of the WT

Different wavelet families make different tradeoffs between how compactly the

basis functions are localized in space and how smooth they are [9]. Vanishing moment is

important to the wavelet transform. It can be considered as an order of multiscale

differential operator [36]. The higher the vanishing moment, the more regular the limit

function, and the faster the wavelet transform decays at fine scale [19, 35, 36]. The bigger

the vanishing moment, the less compact of wavelet function. A wavelet with p vanishing

moment is constructed with filters of size 2p. Figure 7 describes some of the typical

wavelets: Daubechies, Coiflet, Haar, and Symmlet [18].

A comparison to the sine wave, which is smooth and of infinite length, shows that

the wavelet is irregular in shape and compactly supported. It is these properties that make

wavelets an ideal tool for analyzing signals of a non-stationary nature. Their irregular

shape lends them to analyzing signals with discontinuity or sharp changes, while their

compactly supported nature enables temporal localization of signal features.
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Note: The number next to the wavelet name represents the vanishing moments

Figure 7. Different families of wavelets

The wavelet analysis results in a set of wavelet coefficients that indicate how

close the signal is to a particular basis function. The synthesis consists of summing up all

the orthogonal projections of the signal onto the wavelets, expressed as

∫∫= dsd
s

tsq
ctx s τ

ϕτ τ
2

, )(),(
)(                                                   (31)

where ),( sq τ  is the CWT of the original signal and c is a constant that depends only on

)(tϕ .

Of course, )(, tsτϕ  are certainly not orthogonal since they are very redundant (they

are defined for continuously varying τ and s). But surprisingly, the reconstruction

formula (31) is indeed satisfied whenever )(tϕ  is of finite energy and band limited.
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2.2.3 Discrete Wavelet Transform (DWT) and Reconstruction

The continuously labeled basis functions (wavelets) )(, tsτϕ  behave in the wavelet

analysis and synthesis as an orthonormal basis. We can obtain a true orthonormal basis if

we appropriately discretize the time-scale parameters τ and s and choose the correct basic

wavelet )(tϕ  [32, 37]. There is a natural way to discretize the time-scale parameters τ

and s [19]: since two scales 10 ss <  roughly correspond to two frequencies 10 ff > , the

wavelet coefficients at scale 1s  can be subsampled at thff )/( 10  the rate of the

coefficients at scale 0s , according to Nyquist’s rule [5].

In the DWT, jss 0=  and Tks j
0=τ  are often selected for wavelets descirbed in

(29) so that the analyzing wavelet basis becomes [32]:

)()( 0
2/

0 kTtsst jj
jk −= −− ϕϕ                                                       (32)

where the variables j and k are integers that scale and translate the mother function to

generate wavelets. The scale index j indicates the wavelet's width, and the location index

k gives its position. This results in wavelet coefficients

∫= dtttxc jkjk )()( ϕ                                                          (33)

The reconstruction problem is to find 0s , T, and )(tϕ  such that

∑∑≈
j k

jkjk tcctx )()(ˆ ϕ                                                       (34)

where c is a constant that does not depend on the signal. Evidently, if 0s  is close enough

to 1, and T is small enough, then the wavelet functions are overcomplete. Equation (33) is

then still very close to equation (30) and signal reconstruction takes place within non-
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restictive conditions on )(tϕ . On the other hand, if sampling is sparse, e.g. the

computation is done octave by octave ( 0s = 2), a true orthonormal basis will be obtained

only for very special choices of )(tϕ [19].

Compared to the CWT, the DWT provides enough information, and offers a

significant reduction in the computation time. In addition, the DWT is considerably easier

to implement. Therefore, the discrete wavelet transform (DWT) is sufficient for most

practical applications and for the reconstruction of the signal. The DWT is realized by

signal decomposition. Different signal decomposition schemes can be employed to

perform discrete wavelet analysis and synthesis.

2.3 Signal Decomposition and Reconstruction by Use of the DWT

From (33), we can regard the DWT as an operation of filtering, with jkϕ

representing the filters in different scale. Following the concept of the MRA [38], we can

realize the DWT using filter banks to decompose the signal into different subbands, with

each subband having a different resolution [39-42].

The decomposition of the signal into different frequency bands can be obtained by

successive highpass and lowpass filtering of the time domain signal. Figure 8 describes

one-stage decomposition operation.

Figure 8. One-stage signal decomposition

)(1 ny
   h(n)  2

   g(n)
)(0 ny

)(nx

 2
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In Figure 8, we derive a lower resolution signal by lowpass filtering with a

halfband lowpass filter with impulse response )(ng . Following the Nyquist’s rule, we

can subsample by two, thus doubling the scale in the analysis. This results in a signal

)(0 ny  given by

∑ −=
k

knxkgny )2()()(0                                                         (35)

The “added detail” )(1 ny  is a highpass filtered version of )(nx . The original

signal is processed by a halfband highpass filter with impulse response )(nh , followed by

subsampling by two. Thus, )(1 ny  is given by,

∑ −=
k

knxkhny )2()()(1                                                          (36)

If )(ng  and )(nh  are ideal halfband filters, the decomposition leads to a perfect

representation of the original signal into two subsampled versions. This is exactly one

step of the wavelet decomposition, since the original signal is mapped into a lowpass

approximation (at twice the scale) and a detail signal (also at twice the scale).

This decomposition in effect halves the time resolution since the entire signal is

now characterized by half the number of samples compared to the original signal.

However, this operation doubles the frequency resolution, since the frequency band of the

signal now spans only half the previous frequency band. The above procedure can be

repeated for further decomposition. At every level, the filtering and subsampling will

result in half the number of samples and half the frequency band.

The subband signals, )(0 ny  and )(1 ny , can be used to recover the original signal.

The approximation signal, )(na , can be reconstructed by upsampling )(0 ny  by two and
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then interpolating with a reconstruction filter. The upsampling process restores the signal

to its original scale, and it is expressed as

)()2( 0
'
0 nyny = , 0)12('

0 =+ny                                                (37)

Signal )('
0 ny  is then interpolated with a filter with impulse response )(' ng  to obtain the

approximation )(na ,

∑ −=
k

knykgna )()()( '
0

'                                                          (38)

where

)1()(' nLgkg −−=                                                              (39)

and L is the filter length. Similarly, for the detailed signal, the up-sampled version of

)(1 ny , )('
1 ny , is processed by reconstruction filter )(' nh  to obtain the detail signal )(nd ,

∑ −=
k

knykhnd )()()( ''                                                          (40)

where the reconstruction filter is given by [43-46]

)1()(' nLhkh −−=                                                              (41)

Finally, the recovered signal )(ˆ nx  is simply the sum of the approximation and detail

signals (see Figure 9), given by

)()()(ˆ ndnanx +=                                                               (42)

Figure 9. One-stage signal reconstruction

)(1 ny )(nd
 2   h’(n)

∑

)(0 ny
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The easiest case to analyze appears when the analysis and synthesis filters in

Figure 8 and Figure 9 are identical (within time reversal) and when perfect reconstruction

[47] is achieved (that is, )()(ˆ nxnx = , within a possible shift). Then it can be shown that

the subband analysis/synthesis corresponds to decomposition onto an orthonormal basis,

followed by a reconstruction, which amounts to summing up the orthogonal projections.

If FIR filters are used, it turns out that the highpass and lowpass filters are related by

)()1()1( ngnLh n−=−−                                                          (43)

where L is the filter length. Filters satisfying this condition are commonly used in signal

processing, and they are known as the Quadrature Mirror Filters (QMFs) [42].

The construction of orthonormal basis depends on the usage of orthonormal filters

that satisfy [9]

∑
−

=
+ =

kM

n
kknncc

2

0

0
2 2δ ,    k = 0, 1, …,  2/M                                        (44)

where nc  is the coefficients of an FIR filter. By using “orthogonal” filters, we can

decompose a sequence )(nx  into two subsequences at half rate, or half resolution.

Obviously, this process can be iterated on either or both subsequences. In particular, to

achieve finer frequency resolution at lower frequencies, we iterate this scheme on the

lower band only. This is exactly the scheme used by the DWT, and the tree structure is

called as dyadic tree in the literature. Then, an iteration of the scheme on the first

lowband creates a new lowband that corresponds to the lower quarter of the original

frequency spectrum. Each further iteration halves the width of the lowband (increases its

frequency resolution by two), but due to the subsampling by two, its time resolution is

halved as well. At each iteration, the current high band portion corresponds to the
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difference between the previous lowband portion and the current one, which is a

passband. In order to simplify the notation, we will use the representation of one-stage

DWT described in Figure 10 in later descriptions. Figure 11 is a schematic notation of a

three stage DWT.

Figure 10. Notation of an one-stage DWT

Figure 11. Schematic of a 3-stage DWT

There is a major difference between the DWT and the CWT. In the DWT, the role

of the wavelet is played by the highpass filter )(nh  and the cascade of sub-sampled

lowpass filters (which amounts to a bandpass filter). These filters, unlike the continuous

wavelet transform, are not exact scaled versions of each other. In discrete time, scaling is

not as easily defined, since it involves interpolation as well as time expansion.

Nonetheless, under certain conditions, the discrete system converges to a system where

subsequent filters are scaled versions of each other. There are methods to construct filters

that are both orthogonal and converge to continuous functions with compact support, and
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such filters are called regular filters [26]. The regularity of the filter determines the speed

of the DWT, because the more regular the filter, the faster the wavelets reduce its

spectrum.

From the structure of Figure 11 and the discussion above, it is clear that the DWT

employs two sets of functions, called the scaling function )(nφ  and the wavelet function

)(nϕ , which are related with a lowpass filter )(ng  and a highpass filter )(nh . The

scaling function is [19]:

∑ −=
k

knkgn )2()(2)( φφ                                                     (45)

while the wavelet function is,

∑ −=
k

knkhn )2()(2)( φϕ                                                     (46)

The versatility and power of the DWT can be significantly increased by using its

generalized form, the wavelet packet decomposition (WPD) [48, 49]. Unlike the DWT,

which only decomposes the low frequency components (approximations), the WPD

utilizes both the low frequency components and the high frequency components (details).

Figure 12 shows a 3-stage wavelet packet decomposition tree.

The WPD allows the signal to be decomposed into different signal encoding

schemes by selecting different combinations of the branches of the WPD tree. A WPD is

actually a full binary tree structure, which separate the frequency into sections of the

same length. However, this scheme results in additional computational complexity.

Often the purpose of signal processing is to separate signals from uncorrelated

and correlated noise, the latter being certifiably difficult to do without the knowledge of

features that enables one to distinguish the signal from noise. If a priori information
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about the signal is available, a fixed wavelet basis can be chosen so that at least one scale

level contains the statistical majority of the input signal energy. The wavelet basis

satisfying the above condition is said to match the signal [50]. Choosing the optimum

scheme for a particular signal is usually achieved by determining the best basis for the

tree (best wavelet tree), normally through an entropy based criterion [51].

Figure 12. A 3-stage WPD tree

By using the DWT or the WPD, the original signal is decomposed to its subband

signals. Subband adaptive filtering can then be used to remove the noise in the original

signal.
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CHAPTER 3 

WAVELET TRANSFORM ADAPTIVE SIGNAL DETECTION

The conventional time-domain Least Mean Square (LMS) adaptive filtering

algorithm is commonly used in signal detection. It has the advantage of being simple,

easy to implement, and low in computational complexity. However, when the input

signal is highly colored, the convergence is very slow [52]. One way to alleviate this

problem is to pre-white the input signal using a certain number of transforms, which can

be computed with a small extra computational load, such as the FFT and the discrete

cosine transform (DCT) [53]. However, adaptive filtering in the transform domain leads

to better convergence properties and lower computational complexity [6, 10, 54, 55].

Subband adaptive filtering [44] has been suggested as a way to increase both

speed and convergence performance for the classical adaptive filtering schemes [54, 55].

A signal is first processed by a filter bank that separates it into several frequency bands.

Regular adaptive filtering is subsequently performed on each subband. The strength of

subband adaptive filtering lies in breaking a given problem into smaller, weakly linked

sub-problems that can then be solved almost independently of one another. Therefore, the

subband schemes facilitate a reduction in the sampling frequency (decimation) and this in

turn improves the computational efficiency [55]. Besides the usual advantages of subband

decomposition such as the possibility of parallel processing or implementing it using a

limited amount of data to be processed in each subband, other benefits are achieved,
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namely the reduction of the adaptive filter length and the speed up of the adaptation

convergence [54].

The use of the Wavelet Transform (WT) in adaptive signal detection is analogous

to the use of the DFT based adaptive filtering method introduced by Shynk [56].

However, it has the advantages of the wavelet analysis over the Fourier analysis when a

weighted sum of sinusoids does not adequately represent the time-varying modes of the

signals involved. In the Wavelet Transform Adaptive Filter (WTAF), the input signal is

divided into subbands, which represent signals at different resolution levels. The subband

signals are then used as inputs to an adaptive filter. Hence, the weights of the adaptive

filter can then be updated by the LMS algorithm.

The application of the wavelet transform in adaptive signal processing has been

developed for several years, and several researchers [8, 54, 55, 57, 58] have contributed

to this area. But there is no systematic study of the Wavelet Transform Adaptive Filter

(WTAF). In this chapter different architectures of the WTAF are first proposed and

generalized. The WTAF algorithms are then analyzed.

3.1 Architectures for Wavelet Transform Adaptive Filters (WTAF)

The WTAF is the combination of the Wavelet Transform and the conventional

Adaptive Filtering scheme [58-60]. A variety of structures can be employed to implement

the WTAF. We can use three criteria to classify WTAF architectures. In terms of the type

of the wavelet transform being used, we can select from the DWT based WTAF [7] and

the wavelet tree based WTAF [61]. In terms of the position of the adaptive filter in the
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signal paths of the system, we can select either the Before-Reconstruction WTAF, in

which the adaptive filter is placed before the reconstruction filter; or the After-

Reconstruction WTAF, in which the adaptive filter is placed after the reconstruction

filter. In terms of the type of the error signal used in the WTAF, we can select either the

output error based WTAF or the subband error based WTAF [61]. In the output error

based WTAF, the output error signal is used as the input for the LMS algorithm. In the

subband error based WTAF, error signals in the subbands are used as the LMS inputs.

This section describes all these WTAF structures. For simplification of notation,

)(zH  and )(zG  are used to represent the highpass and lowpass filters used in the WTAF

structures, respectively.

3.1.1 WTAF Classified by the Method of Transform

Two types of the wavelet transform can be employed to decompose signals into

subbands: the DWT or the wavelet tree. We name the WTAF using these two structures

the DWT based WTAF and the wavelet tree based WTAF, respectively.

3.1.1.1 The DWT based WTAF

In this WTAF, the DWT is employed to separate the input signal into several

subbands [16]. These frequency-domain signals are then reconstructed into time-domain

signals in each subband and subsequently weighted and added to form the output signal.

Figure 13 illustrates the filters used in a J-stage DWT. Squares stand for highpass

filters and circles stand for lowpass filters, including their down-sampling units. Numbers
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0, 1, …, J-1, J stand for the (J+1) DWT coefficient vectors at each stage. Each DWT

coefficient vector can be regarded as the output of a single filter equivalent to the

combination of all the filters existing in that path beginning from the input signal. All the

equivalent filters form a filter bank to decompose the input signal, and it is thus called the

analytical filter bank [62]. Figure 14 illustrates the WTAF using the notation of the filter

bank. The input signal is decomposed by an analytical filter bank into its subbands. The

DWT coefficients are then obtained by down-sampling the subband signals. The down-

sampling rate is determined by the scale of each subband. These DWT coefficient vectors

are then used to reconstruct the time domain subband signals by up-sampling and

processing them with the synthetic filter bank. These subband signals are subsequently

multiplied by weights controlled by the adaptive LMS algorithm and are added to form

the output signal y(n). The output error signal e(n), which is the difference between the

desired output d(n), and the actual output y(n), is used in the LMS algorithm to adjust the

weight vector. The weight adaptation rate is the same with the sample rate in the learning

process.

Figure 13. Filter structure of the DWT

The equations for the analytical filter bank of the DWT based WTAF in Figure 14

can be written as follows:
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(L stands for the length of decomposition filter in stage J)

Figure 14. The DWT based WTAF

)()(0 zHzF =                                                                    (47)
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122 −

⋅⋅⋅=
J

zGzGzGzFJ                                                 (49)

Obviously, )(zFJ  is a scaling function and )(zFi (i=0,1,…, J-1) are wavelets

)(njkψ at different stages of the transform. The filters )(
~

zFi  in the synthetic filter bank

are given by

)1()(
~

+−= nLfnf ii ,   i = 0, 1, …, J                                            (50)

for n = 0, 1, …, L-1, where L is the length of filters in each stage.
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3.1.1.2 The Wavelet Tree based WTAF

If we use the wavelet tree transform to decompose the input signal into its

subbands, the structure of the WTAF changes accordingly [50]. In the wavelet tree

decomposition, the tree structure varies with the choice of separation of the frequency

band. Without loss of generality, we consider a pruned wavelet packet tree of J stages

and use it as the analytic filter bank, as shown in Figure 15.

Figure 15. An example of a pruned wavelet tree

The scheme of the frequency band separation employed by the DWT and the

wavelet tree are different. As we mentioned earlier, the DWT decomposes only the

approximation signal from the previous stage, while the wavelet tree decomposes with

flexibility both the detail and the approximation signals from the previous stage. The

band separation scheme of the DWT is illustrated in Figure 16. The first stage of the

QMF (denoted by (1) in the figure) in the DWT separates the original frequency band in

half. Since only one QMF is applied to the approximation signal in the second stage, the

2nd QMF (denoted by (2) in the figure) divides the lower half frequency band into two

x(n)

…

…

1
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J
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bands with the same width. This process continues in the same way until the expected

scale is attained.

( (1), (2), and (3) denote the frequency partition function applied by the 1st, 2nd, and 3rd QMFs, respectively)

Figure 16. Subband separation scheme of the DWT based WTAF

The subband separation scheme used by the wavelet tree depends on the way the

tree is pruned. The band separation scheme of the wavelet tree illustrated in Figure 15 is

shown in Figure 17. As seen from Figure 15, the structure of filters is symmetric and the

1st QMF divided the original frequency band in half. We name the upper half the upper

band and the lower half the lower band. Two QMFs in the 2nd stage separate further both

the detail and the approximation components of the signal, which again partition the two

half bands in half. Starting from stage three, only the approximations of the previous

stage are further partitioned.

(For the wavelet tree structure shown in Figure 15. (1), (2), and (3) denote the frequency partition function
applied by the 1st, 2nd, and 3rd stages of QMFs, respectively)

Figure 17. An example of the subband separation scheme of the Wavelet Tree
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Using the conception of analytical and synthetic filter banks, the WTAF structure

corresponding to the wavelet tree structure described in Figure 15 can be represented by

Figure 18.

(Corresponding to the structure described in Figure 15, L stands for the length of decomposition filter in
stage J)

Figure 18. Wavelet tree based WTAF

The filters in this structure are represented by the following equations:
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Obviously, )(, zF Jl  is the scaling function and other ilF ,  and ihF ,  are wavelets at

different subbands. The filters )(
~

, zF ih  and )(
~

, zF il  in the synthetic filter bank are given by

)1()(
~

,, +−= nLfnf ihih ,    i = 1, …, J                                     (55)

and

)1()(
~

,, +−= nLfnf ilil ,    i = 1, …, J                                              (56)

for n = 0, 1, …, L-1, where L is the length of filters in each stage.

3.1.2 WTAF Classified by the Position  of the Adaptive Filter

The adaptive filter can be placed in different positions in the path of signal

decomposition and reconstruction. In both of the schemes described in Figure 14 and

Figure 18, the adaptive filter is placed after the reconstruction filters. There is obviously

another option in which the adaptive filter can be placed before the reconstruction filters.

Jiang [63] placed it between the down-sampling and up-sampling units. Xin [61] placed it

between the analytical filter bank and down-sampling units. The schemes used by Jiang

and Xin are in fact equivalent and we can put them in the same category that is named as

the Before-Reconstruction WTAFs. In order to differentiate between the Before-

Reconstruction WTAF and the architectures where the adaptive filter are placed after the

reconstruction filters we discussed before, we name the later After-Reconstruction

WTAFs. The position of the adaptive filter actually determines in which domain the

adaptive filtering is applied. In the Before-Reconstruction scheme, the adaptive filtering

is performed in the scale domain, while it is performed in the time domain in the After-
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Reconstruction scheme. We use the structure proposed by Jiang [63] as the representative

structure for the Before-Reconstruction scheme and it is described in Figure 19.

(L stands for the length of decomposition filter in stage J)

Figure 19. The Before-Reconstruction WTAF

In Before-Reconstruction WTAF, the time-domain error signal is used to modify

the weights in the frequency domain. This is a potential problem and Jiang [63] and Xin

[61] also noticed some problems in their applications. We will discuss it in the next

chapter in detail.

3.1.3 WTAF Classified by the Type of the Error Signal Used

The output error signal e(n), which is the difference between the desired signal

d(n) and the actual output signal y(n), is used as the input for the LMS by all the

structures mentioned before. This strategy is called the Output Error Based WTAF. In

this method, weights of all subbands are updated simultaneously in the same rate with the
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input signal. However, the signals in different subbands have different sampling rates in

the WTAF. Therefore, error signals in each subband are used as the momentum of the

LMS learning process for the weight in that subband in the Subband Error Based WTAF

to better utilize this feature. Weights are updated according to their sampling rates in this

scheme.

There are two ways to obtain the subband error signals: to decompose the output

error signal directly or to decompose the desired signal first, and then calculate the

difference between them and the input subband signals to obtain the subband error

signals. We name them the subband error WTAF with output error decomposed and

subband error WTAF with the desired signal decomposed, respectively. The first method

decomposes the error signal into its subbands directly, and it was first proposed by

Anandakumar [64]. After the subband error signals have been acquired, the subband error

signals are subsequently applied in the LMS algorithm to update the weight in that

subband, which is described in Figure 20.

By decomposing the error signal into subbands in the scale domain, this scheme

uses the scale domain errors to adjust the weights in the scale domain. Therefore, it

overcomes the problem in the Before-Reconstruction scheme we discussed before, in

which the time domain error is used to update the scale domain weights. However, the

decomposition of the output error signal results in delays in processing, and the number

of delays is equal to L, the length of the equivalent filter length in stage J (Refer to Figure

20). This is a big problem of this strategy, because there is going to be a delay of L time

units for each sample being processed, which makes this strategy comparatively slow and

not suitable for the real-time applications.
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(L stands for the length of decomposition filter in stage J)

Figure 20. Subband error based WTAF with output error signal decomposed

The second method uses the same analysis filter bank for the input signal to

decompose the desired signal into subbands, then obtains the differences between them in

each subband. This scheme was proposed by Xin [61] in his adaptive noise cancellation

problem and its architecture is described in Figure 21. Note that this is a Before-

Reconstruction WTAF structure. Without loss of generality, the DWT is used to

decompose the signal in the discussion.

 y(n)
∑

e(n)

  )(
~

0 zF

  )(
~

1 zF

  )(
~

zFJ

…

J2

22

2

x(n)

  )(0 zF

  )(1 zF

  )(zFJ

2

J2

22

  )(0 zF

  )(1 zF

  )(zFJ J2

22

…

…

)(nwJ

∑

)(0 nw

)(1 nw

d(n)

+

Lz −

2

…

-

LMS

LMS

LMS

…



39

(L stands for the length of decomposition filter in stage J)

Figure 21. Subband error based WTAF with desired signal decomposed (scale domain)

The subband error based WTAF with the desired signal decomposed method

improves the speed compared to the method of decomposing the output error. Instead of

calculating the subband error after the current output error has been obtained, this method

can calculate the error signal in each subband simultaneously with the input signal, which

makes parallel processing possible. Because of the obvious advantages of this structure

with similar computation complexity, the subband error based scheme with the desired

signal decomposed is the only scheme that is recommended. Therefore, in the later

discussions, only this method is addressed.

The structure described in Figure 21 combines the subband error method with the

Before-Reconstruction structure. It is obvious that there is another option to use the

subband error scheme with the After-Reconstruction architecture. We proposed the
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Subband Error WTAF with the Desired Signal Decomposed scheme using After-

Reconstruction WTAF, which is described in Figure 22.

(L stands for the length of decomposition filter in stage J)

Figure 22. Subband error based WTAF with desired signal decomposed (time domain)

Compared with the method of decomposing the desired signal into scale domain,

the method of decomposing the desired signal into time domain involves more

computation by reconstructing the desired signal into time domain in each subband.

Whether this additional computation complexity will lead to other advantages in stability

or convergence speed is difficult to decide theoretically and it will be discussed further in

experimental studies follows.

The subband error based WTAF could also use the wavelet tree instead of the

DWT to partition the input signal. Generally speaking, in the subband error based WTAF
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scheme, both the input signal and the desired signal or the error signal are decomposed,

thus the computational requirements of decomposition and reconstruction are larger than

those of the output error based scheme. However, the weight in each subband is updated

independently according to its sampling rate. Therefore, this scheme may be better than

the output error based WTAF in terms of convergence speed. It should further be noted

that the subband error WTAF with the desired signal decomposed scheme is an open loop

structure, which my result in a reduction in stability. This will also be discussed in later

chapters.

3.2 WTAF Algorithms

Having described the architectures for the WTAF, we will discuss WTAF

algorithms in this chapter. Algorithms for the WTAF are similar to other adaptive

filtering algorithms, but they are unique in that wavelet filter banks are employed to

perform signal decomposition and reconstruction to partition the input signal into

subbands. These subband signals are subsequently processed by an adaptive filter. As

mentioned earlier, the LMS algorithm is the simplest, but the most commonly used,

adaptation algorithm for adaptive filtering. Although the Recursive Least-Squares (RLS)

algorithm is faster in convergence than the LMS algorithm, it involves a large increase in

computational complexity and a decrease in stability. In the following discussions, only

the LMS is discussed for the WTAF adaptation algorithms.
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3.2.1 The LMS Algorithm for the WTAF

The simplest form of the WTAF uses the DWT for signal decomposition. The

adaptive filter is placed after the reconstruction filters, and the output error is used in the

LMS algorithm (see Figure 14). This structure is further simplified as shown in Figure

23, where the analytical filter bank, down-sampling units, up-sampling units, and

synthetic filter bank of (J+1) stages are combined together into new filters with impulse

response )(nr j [7]. According to definition of the Discrete Wavelet Transform and

reconstruction, the subband signal )(nv j can be represented as

∑
∈

=
Zk

jkjkj ncnv )()( ψ ,        j = 0, 1, …, J                                           (57)

where Z stands for the set of integers, )(njkψ is the wavelet function in scale j and it is

translated by k, and jkc  is wavelet coefficients. Thus the wavelet coefficient jkc  is

∑
=

=
n

i
jkjk iixc

0

)()( ψ                                                                 (58)

Figure 23. Wavelet transform adaptive filter
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Substituting (58) in (57) results in

∑=
l

jj nlrlxnv ),()()( '                                                             (59)

where

∑
∈

=
Zk

jkjkj nlnlr )()(),(' ψψ                                                          (60)

Thus, the signal decomposition and reconstruction process described in (58) and

(57) can be represented by (59). With assumptions of time invariance and orthogonality,

using m to denote the difference between l and n, i.e., m=l-n, it can be proven that [7]

)()0,()0,(),( ''' mrmrnlrnlr jjjj ==−=                                              (61)

where

∑
∈

+=
Zk

jkjkj nmnmr )()()( ψψ                                                     (62)

and

)2()( 0 mrmr j
j =                                                                (63)

Therefore, the front end input of the adaptive filter )(nv  can be related to the

input )(nx  by

)()( nn Rxv =                                                                   (64)

where

T
J nvnvnvn )](,),(),([)( 10 ⋅⋅⋅=v                                                (65)

TNnxnxnxn )]1(,),1(),([)( +−⋅⋅⋅−=x                                        (66)

)(][ mr jjm =R  ,    j = 0, 1,…, J; m=0, 1, …, N-1                               (67)

and N is the number of samples in the shortest duration (highest resolution) wavelet (the

wavelet in stage J) [57]. The output signal y(n) then can be represented as
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)()()( T nnny vw=                                                              (68)

where

T
10 )](,),(),([)( nwnwnwn J⋅⋅⋅=w                                             (69)

The output error signal e(n) is represented as

)()()()()()( T nnndnyndne vw−=−=                                        (70)

The LMS algorithm chooses to minimize the mean squared value of the

estimation error e(n). Thus the cost function is defined as

)]([ 2 neEJ =                                                                  (71)

where E denotes the statistical expectation operator. The problem is therefore to

determine the operating conditions for which J attains its minimum value.

Substituting (70) to (71), the cost function J becomes

)()()()(2 nnnnJ v
TT

vv
T

d wRwwppw +−−= σ                                     (72)

where 2
dσ   is the variance of the desired response )(nd ,  vR  is the auto-correlation of the

input, )(nv , as shown by

T
x

TTT
v nnEnnE RRRRxxRvvR === )]()([)]()([                             (73)

where

)]()([ nnE T
x xxR =                                                           (74)

and vp  is the cross-correlation vector between the desired signal d(n) and the tap input

vector )(nv , which is given by

xv nndEnndE RpRxvp === )]()([)]()([                                        (75)

where

)]()([ nndEx xP =                                                               (76)
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The Wiener optimal solution [5] to minimize the cost function is

optxvxxxvxvvv
w
opt wRRRpRRRRRpRpRw 11111 −−−−− ====                         (77)

where w
optw  represents the Wiener optimal weight vector of the frequency-domain

adaptive filter, and optw  denotes the Wiener optimal weight vector of the time-domain

adaptive filter.  The minimum mean squared error (MSE) becomes

                             xv
TT

xdvv
T
vd

we RpRRppRp 1212
min

−− −=−= σσ

   xxv
TT

xe pRRRRp )( 11
min

−− −−=                                                  (78)

where mine  is the minimum MSE of time-domain adaptive filter. It is clear that the

minimum MSE of the wavelet transform adaptive filter differs from that of the time-

domain adaptive filter by the second term of equation (78).

As mentioned earlier in the discussion of the optimum solution for weight vectors

in time-domain adaptive filter, it is also difficult to find the optimum solution analytically

for the WTAF. The steepest descent method [5] is again used to find the optimum weight

vector numerically. The gradient vector )(nJ∇  is the derivative of equation (72), as

shown by

)(22)( nn vv wRpJ +−=∇                                                        (79)

The simplest choice of estimation for vR  and vp  is to use instantaneous estimation that

are based on sample values of )(nv  and )(nd , as defined by, respectively,

)()()(ˆ nnn T
v vvR =                                                              (80)

and

)()()(ˆ ndnnv vp =                                                                (81)
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Correspondingly,

)(ˆ)()(2)()(2)(ˆ nnnndnn T wvvvJ +−=∇                                          (82)

Substituting equation (82) for the gradient vector )(nJ∇  in the steepest-descent

algorithm described by [5]

)]([)()1( nJnn −∇+=+ µww                                                    (83)

we obtain a recursive relation for updating the weight vector

)()(2)(ˆ)1(ˆ nnenn vww µ+=+                                                    (84)

where µ  is a constant called a learning factor. The condition for convergence is

max

1
0

vλ
µ <<                                                                     (85)

where maxvλ  is the largest eigenvalue of vR .

3.2.2 The LMS Algorithm for the Subband Error Based WTAF

The LMS algorithm discussed above can be applied only to the output error based

WTAF architecture. This algorithm can not be directly used in the subband error signal

based WTAF. In the subband error based WTAF, error signals in each subband are used

as the momentum of the LMS learning process. Because the signals in different subbands

have different sampling rates, the weight is updated according to their sampling rate in

each subband. As discussed earlier in the two schemes of the subband error based WTAF,

only the method of decomposing the desired signal can be applied in practice. The

following discussion is limited to this case with the WTAF architecture described in

Figure 22.

In Figure 22, the subband error vector )(nse  can be represented as
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)()()( nnn sss xde −=                                                           (86)

where

T
Js nenenen )](),...,(),...,([)( 10=e                                                (87)

T
Js ndndndn )](),...,(),...,([)( 10=d                                              (88)

and

T
Js nxnxnxn )](),...,(),...,([)( 10=x                                               (89)

If  T
i nwn )]([)( =w  and i=0,1, …, J, we can write

)()()()( nwnxndne iiii −=                                                        (90)

Thus the MSE of the ith element )(nei  of )(nse  can be minimized by using the

conventional LMS algorithm

)()(2)()1( nxnenwnw iiii µ+=+                                                 (91)

In this algorithm, the LMS algorithm is applied to each subband error, instead of

being applied to the overall output error. Therefore, this is only a local optimization of

the weight for every subband, and they do not necessarily lead to global optimization. On

the other hand, the computation complexity is increased due to extra processing of the

desired signal. Whether these extra operations can be balanced by the adaptation

computation remains a question and this will be discussed later.

3.2.3 The Block WTAF LMS Algorithm

The LMS algorithm is simple and stable, but it is slow. The block LMS algorithm

improves the performance [65-71]. In a conventional block adaptive filter, depicted in
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Figure 24, the incoming data sequence )(nu  is sectioned into L-point blocks by means of

a serial-to-parallel converter, and the blocks of input data so produced are applied to an

FIR filter of length M, one block at a time. The tap weights of the filter are held fixed

over each block of data, so that adaptation of the filter proceeds on a block-by-block basis

rather than on a sample-by-sample basis as in the standard LMS algorithm.

Figure 24. Conventional block adaptive filter

The block size L usually takes the same value as the filter length M in the

applications of block adaptive filtering. This is because that when ML > , redundant

operations are involved in the adaptive process, since then the estimation of the gradient

vector (computed over L points) uses more input information than the filter itself. When

ML < , some of the tap weights in the filter are wasted, since the sequence of tap inputs

is not long enough to feed the whole filter. It thus appears that the most practical choice is

ML = .

The block algorithm has been used often in the time domain [65-67]. Since 1990,

there has been much research effort in frequency-domain block adaptive filtering [68-71].

However, none of these uses the wavelet transform to obtain the frequency-domain

signal. Since the Wavelet Transform (WT) can process non-stationary as well as
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stationary signals, we proposed to use the WT to separate the signal into subbands and

subsequently apply the block adaptive filtering algorithm to improve the algorithm

performance.

Following the idea of the time-domain and DFT based block adaptive filtering

algorithm, the following architecture of Block Wavelet Transform Adaptive Filter was

proposed as seen in Figure 25.

Figure 25. Schematic of the block wavelet transform adaptive filter

The input signal )(nu  is processed by wavelet decomposition and reconstruction

filter banks, and the subband signal )(nv  is obtained. The properly sectioned subband

vector input of )(nv  is subsequently processed by the Block FIR Filter, whose weights

held fixed during the block. The estimated output )(ny  is compared with the desired

signal )(nd  to obtain the error signal )(ne .  The Block LMS algorithm finally adjust the

weights of the block FIR filter based on the error signal )(ne , and the block FIR filter is

now ready to process the next subband block.

Let k refer to block time, and )(kw  denote the tap-weight vector of the filter for

the kth block, as shown by

T
M kwkwkwk )](),...,(),([)( 110 −=w , k = 0, 1, …                               (92)
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The index n is reserved for the original sample time, written in terms of the block time as

follows:

ikLn += , i=0, 1, …, M-1                                                   (93)

Let the input signal vector )(nv  the same as before. Then, at time n the output

)(ny  produced by the filter in response to the input signal vector )(nv  is defined by the

inner product

)()()( nkny T vw=                                                            (94)

Equivalently, in light of (93) we may write

                 )()()( ikLkikLy T +=+ vw ,      i=0, 1, …, M-1                               (95)

Let

)()( ikLdnd +=                                                             (96)

denote the corresponding value of the desired response. An error signal )(ne  is produced

by comparing the filter output )(ny  against the desired response )(nd , as shown in

Figure 24, which is defined by

)()()( nyndne −=                                                           (97)

or equivalently

)()()( ikLyikLdikLe +−+=+                                            (98)

Thus, the error signal is permitted to vary at the sampling rate as in the standard LMS

algorithm. The error signal is sectioned into L-point blocks in a synchronous manner with

)(nv  and then used to calculate the modification of the tap weights of the filter.
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For each block of data we have different values of the error signal to use in the

adaptive process. For the kth block, we define an averaged estimate of the gradient vector,

as shown by

∑
−

=

++−=∇
1

0

)()(
2

)(ˆ
L

i

ikLeikL
L

k v                                                 (99)

In the similar way of deriving (23), we have the following update equation for the

tap-weight vector of the block LMS algorithm:

∑
−

=

+++=+
1

0

)()()()1(
L

i

ikLeikLkk vww µ                                       (100)

where µ is the step-size parameter and the factor 1/L is absorbed into µ.

A distinctive feature of the block LMS algorithm is that its design incorporates an

averaged estimate of the gradient vector. Instead of modifying the adaptive weights

sample-by-sample, the block adaptive algorithm takes the averaged estimate of the

gradient vector and updates the weights block-by-block, which allows the efficient use of

parallel processing and thus results in a gain in computational speed.



52

CHAPTER 4 

EXPERIMENTAL STUDIES OF DIFFERENT WTAF

ARCHITECTURES

In order to compare the different architectures of the WTAF, Matlab models of

these structures were developed. Computer simulation were performed to study the

stability and the speed properties of each architecture. The input signal and the desired

signal used in all of the following simulations are the same to make the comparison

simpler. Simulations were performed by using two testing signals: a sinusoidal testing

signal and a pulse testing signal.

In the first case, the desired signal is a sinusoidal signal, expressed as

)20sin()( ttd π=                                                                (101)

If the sampling rate is 1,000 Hz, the discrete form of the desired signal is thus given by
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where n denotes the sample number in the sample sequence.

The testing signal x(n) is a contaminated version of the desired signal, i.e.,

)()()( ngndnx α+=                                                           (103)

where )(ng stands for white Gaussian noise, and α stands for the noise ratio. In this

study, the noise ratio α=0.5. Thus the input signal is given by
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Figure 26 describes the sinusoid testing signals used in the following simulations.

Figure 26. Sinusoid testing signals

The sinusoid testing signal represents only one point in the frequency domain. In

order to study the behavior of the WTAF for more complicated signals, a pulse testing

signal is used as the desired signal in the second case. The width of the pulse is 32 ms

and the sampling rate is also 1,000 Hz. We limited its bandwidth by processing it with a

lowpass filter with a cutoff frequency of 0.95π. Similarly, this test input signal x(n) is

contaminated by white noise and the noise ratio α=0.5. Figure 27 describes the pulse

testing signals used in the following simulations.
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Figure 27. Pulse testing signals

In the following experiments, all the initial values of weights in the subbands are

set to 1 before the adaptive learning process begins.

4.1 Comparison between the DWT Based and Wavelet Tree Based WTAF

A comparison between the architectures for the DWT based and the wavelet tree

based WTAF, the structures described in Figure 14 and Figure 18, shows that the wavelet

tree based WTAF is more complex. Therefore, the wavelet tree based WTAF involves

more computations for signal decomposition and reconstruction, but it provides

additional flexibility in separating the input signal into subbands.
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Different methods of the wavelet transform used in the WTAF will result in

different convergence rates with respect to different input signals. In applications where

some prior information exists about the physical system that gives rise to the signals

under consideration, simplification can be expected in the search for representational

optimality [50]. Adaptive filtering using the matched wavelet filter banks leads to

improved convergence speed as compared to adaptive filtering with no consideration of

matching. If the noise in the system is highly colored, the wavelet packet tree should be

used to separate the signal into subbands with the same bandwidth. The weight(s) of each

subband where the noise concentrates should eventually have a small value that is close

to zero. The selection of the WTAF architecture depends on speed requirements, the

nature of the input signal, the availability of the a priori information about the system,

and the hardware resources.

4.1.1 The DWT Based WTAF

4.1.1.1 Simulations with the Sinusoidal Input

The first experiment was performed on a 3-stage DWT based WTAF. Simulations

were performed on the sinusoid and the pulse test signals. Figure 28 illustrates the signals

in the system with the sinusoid input. In this figure, )(nd  is the desired signal, a

sinusoidal function. The input signal of the system )(nx  is the sum of the desired signal,

d(n), and the white Gaussian noise. The input signal is then processed by a 3-stage DWT

based WTAF. The processed output signal )(ny  is similar to the input )(nx  in the
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beginning of the learning process, and the magnitude of the noise in the output signal is

large. With the adaptive process going on, the magnitude of the noise in the output

decreases and the output signal approaches the desired signal over time.

(d(n): desired signal,  x(n): input signal,   y(n): output signal)

Figure 28. Signals in DWT based WTAF (sine, learning rate = 0.4)

The functionality of adaptation of this method lies in its ability to separate the

input signal into subbands with different frequencies (resolutions). Figure 29 shows four

subband signals in a 3-stage DWT based WTAF in the front end of the adaptive filter.

The input signal x(n) is decomposed into 4 subbands, with the detailed level 1 (D1)

representing the highest frequency content of x(n). The frequencies of the detailed level 2

(D2), 3 (D3), and the approximation level 3 (A3) represent lower frequency components,

in that order.
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(D1: Detail level 1, D2: Detail level 2, D3: Detail level 3, A3: Approximation level 3)

Figure 29. Subband signals in 3-stage DWT based WTAF (sine)

Typically the energy of the desired signal is concentrated in the low frequency

subbands. In this sinusoidal input case, the lowest frequency band, A3, contains most of

the information in the desired signal, as can be seen in Figure 29. The LMS adaptive

algorithm learns this from the comparison of the output signal to the desired signal, and

adjusts the weight vector accordingly, as seen in Figure 30. As the useful signal lies in the

low resolution, A3, it is obvious from this picture that only the weight in this subband,

w3, remains close to 1, while the weights in other subbands (w0, w1, and w2) degrade to

values near zero. It is worth to note that the weight adaptation speed is different. Weight

w0, the weight of the highest frequency component, decreases faster than w1 and w2. w3

oscillates around 1, and the magnitude of oscillation can be changed by using different
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learning rates. The small learning rate will decrease the magnitude of variation; however,

it is traded for speed, as will be seen in later discussions.

 
(w0, w1, w2, and w3 denote the weights in subband D1, D2, D3, and A3, respectively)

Figure 30. Weight adaptation process of 3-stage DWT WTAF (sine, learning rate = 0.4)

It is common to use learning curves, described in mean squared error (between the

processed signal and the desired signal) – number of iteration relationship, to study the

stability and speed properties of an adaptive algorithm. A small MSE corresponds to

good similarity between the processed signal and the desired signal. Figure 31 presents

the learning curves of different leaning rates, described in the MSE of e(n). Normally a

learning curve oscillates in the beginning of the learning process because of the relatively

small number of samples involved in the MSE calculation and the random selection of

the initial values of the weights. A decreasing learning curve means that the MSE
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decreases with the increasing number of samples involved in the computation. In other

words, the underlying algorithm is stable. On the contrary, an increasing learning curve

means that the corresponding algorithm is unstable. When we compare the convergence

speed of different algorithms or the same algorithm with different learning rates, we

compare the MSE with the same number of iterations, and the smaller MSE results in a

faster convergence speed. However, the speed of a WTAF algorithm is different than the

convergence speed, as different number of operations may be involved in each iteration

for different algorithms. From Figure 31, it is obvious that the larger learning rate results

in faster convergence.

Figure 31. Learning curves of 3-stage DWT WTAF with different learning rates (sine)

Table 1 lists the MSE and the weights for this 3-stage DWT based WTAF

generated with different learning rates after 1,000 iterations. It shows again that the larger
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learning rate leads to better results; the MSE is smaller, and the weights of detail level

subbands(w0, w1, and w2) are all closer to 0.

Table 1. Learning results of 3-stage DWT WTAF (sine)

Learning Rate w0 w1 w2 w3 Error

0.05 0.1264 0.3683 0.5909 0.9748 0.0371

0.1 0.0150 0.1365 0.3494 0.9692 0.0258

0.2 -0.0010 0.0292 0.1275 1.0077 0.0179

0.4 -0.0086 0.0281 0.0243 1.1132 0.0126

4.1.1.2 Simulations with the Pulse Input

For the pulse input signal, the same simulation process is follwed. Figure 32

shows the signals in a 3-stage DWT based WTAF system with the pulse input. The same

conclusion can be reached that this WTAF structure has the ability to remove the noise.

Figure 33 shows the signals in the subbands. As the desired signal, the pulse

input, has a continuous frequency spectrum, the power of the desired signal exists not

only in the lowest frequency subband A3, though most of it does lie in this band. As a

result, we can see that only the weight of the highest frequency subband, w0, turned out

to be close to 0 (see Figure 34). Weight w3 is close to 1, while w1 and w2 are close to 0.5

and 0.7, respectively.
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(d(n): desired signal,  x(n): input signal,   y(n): output signal)

Figure 32. Signals in 3-stage DWT WTAF (pulse, learning rate = 0.4)

(D1: Detail level 1, D2: Detail level 2, D3: Detail level 3, A3: Approximation level 3)

Figure 33. Subband signals in 3-stage DWT WTAF (pulse)
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(w0, w1, w2, and w3 denote the weights in subband D1, D2, D3, and A3, respectively)

Figure 34. Weight adaptation process of 3-stage DWT WTAF (pulse, learning rate=0.4)

Figure 35 shows the learning curves for the pulse input. As the test signal is more

complicated than the former sinusoid test signal, the mean square error (MSE) is a little

larger than the sinusoidal input case. The learning results of the DWT based WTAF with

the pulse input after 1,000 iterations are listed in Table 2. Similar conclusions can be

reached as with the sinusoidal input case. Larger learning rate leads to better results, with

smaller mean MSE, and faster convergence.

Table 2. Learning results of 3-stage DWT WTAF (pulse)

Learning Rate w0 W1 w2 w3 Error

0.05 0.1373 0.5346 0.7592 0.9647 0.0428

0.1 0.0242 0.4694 0.6919 0.9478 0.0360

0.2 0.0035 0.4667 0.6585 0.8637 0.0319

0.4 -0.0001 0.4959 0.6426 0.7332 0.0293
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Figure 35. Learning curves of 3-stage DWT WTAF with different learning rates (pulse)

4.1.2 The Wavelet Tree Based WTAF

4.1.2.1 Simulations with the Sinusoid Input

Simulations of the wavelet tree based WTAF were performed for the structure

described in Figure 18. Experiments with 2-stage and 3-stage wavelet tree based WTAFs

were performed. Again the same test signals, sine and pulse, were used to perform these

simulations. For the 2-stage case, signals in their corresponding subbands were shown in

Figure 36. Obviously, the signal in Approximation level 2 (A2) is similar to the desired

signal. “Higher Part” corresponds to the signals in the upper band, while “Lower Part”
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denotes the other half. “hD2” is the signal with the highest frequency, followed by

“hD1”, “lD1”, and “A2”.

(hD2, hD1, lD1, and A2 stand for subband signals with decreasing frequency, in that order)

Figure 36. Subband signals in 2-stage wavelet tree WTAF (sine)

The learning curves are shown in Figure 37. As the same test signal and learning

factors were used, it can be seen from the comparison between this figure and Figure 31

that the 3-stage DWT based WTAF converges faster than this 2-stage wavelet tree based

WTAF. The comparison of the desired, input, and output signals in the system are shown

in Figure 38. Again, this figure clearly shows the adaptive learning process.
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Figure 37. Learning curves of 2-stage wavelet tree WTAF (sine)

Figure 38. Signals in 2-stage wavelet tree WTAF (sine)
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Table 3 shows the learning results with different learning rates. This table again

shows that a bigger learning rate leads to faster convergence. Although they both

decompose the input signal into 4 subbands, the frequency separation schemes used by a

3-stage DWT and a 2-stage wavelet tree are different. The frequency ranges of the lowest

subband of these two schemes, which is related to the desired signal, are not the same. In

order to make the lowest frequency subband the same for a 3-stage DWT and a wavelet

tree, a 3-stage wavelet tree based WTAF is studied. The signals in their corresponding

subbands are show in Figure 39 for 3-stage wavelet tree based WTAF.

Table 3. Learning results of 2-stage wavelet tree WTAF (sine)

Learning Rate w0 w1 w2 w3 Error

0.05 0.3552 0.3568 0.3639 0.9491 0.0483

0.1 0.1229 0.1231 0.1312 0.9457 0.0365

0.2 0.0158 0.0122 0.0209 0.9915 0.0283

0.4 0.0070 -0.0047 0.0046 1.0998 0.0228

(hD3, hD2, hD1, lD1, lD2, and A2 stand for subband signals with decreasing frequency, in that order)

Figure 39. Subband signals in a 3-stage wavelet tree based WTAF (sine)
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The learning curves are shown in Figure 40. The comparison of the signals in the

system is shown in Figure 41.

Figure 40. Learning curves of 3-stage wavelet tree WTAF (sine)

Figure 41. Signals in 3-stage wavelet tree WTAF (sine)
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Table 4 shows the learning results with different learning rates. This also

demonstrates that a bigger learning rate leads to better convergence properties. From the

comparison between Table 3 and Table 4, which show the learning results for a 2-stage

and a 3-stage wavelet tree based WTAF, we can clearly see that the 3-stage scheme has

smaller MSE. This is because partitioning the frequency space into smaller bands results

in the lowest band having less noise. This difference also explains the importance of the

coding scheme to the behavior of adaptive learning. A comparison of the MSE between

Table 1 and Table 4 and a comparison between Figure 31 and Figure 40 show that the

DWT based WTAF converges faster that the wavelet tree based WTAF, since the same

testing signal and learning factors are used in both structures.

Table 4. Learning results of 3-stage wavelet tree WTAF (sine, 1000 iterations)

Learning Rate w0 w1 w2 w3 w4 w5 Error

0.05 0.3550 0.5837 0.6111 0.3639 0.5954 0.9753 0.0491

0.1 0.1223 0.3345 0.3674 0.1317 0.3491 0.9699 0.0348

0.2 0.0136 0.1030 0.1258 0.0245 0.1273 1.0081 0.0232

0.4 0.0017 0.0021 0.0102 0.0208 0.0233 1.1131 0.0154

4.1.2.2 Simulations with the Pulse Input

The same simulations were performed for the pulse input on a wavelet tree based

WTAF. Figure 42 shows the signals in a 2-stage wavelet tree based WTAF, with “hD2,”

“hD1,” “lD1,” and “A2” standing for 4 subband signals with decreasing frequency.
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(hD2, hD1, lD1, and A2 stand for subband signals with decreasing frequency, in that order)

Figure 42. Subband signals in 2-stage wavelet tree WTAF (pulse)

Figure 43 shows the learning curves and Figure 44 shows the comparison of the

desired, noisy input, and the processed signals. Table 5 shows learning results for the 2-

stage wavelet tree based WTAF. Again the learning results are not as good as the results

for the sinusoid test signal, because the test signal is much more complicated in this case.

Figure 43. Learning curves of 2-stage wavelet tree WTAF (pulse)
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Figure 44. Signals in 2-stage wavelet tree WTAF (pulse)

Table 5. Learning results of 2-stage wavelet tree WTAF (pulse)

Learning Rate w0 w1 w2 w3 Error

0.05 0.3593 0.3688 0.5302 0.9343 0.0514

0.1 0.1310 0.1358 0.4652 0.9044 0.0421

0.2 0.0254 0.0176 0.4648 0.8124 0.0358

0.4 0.0158 -0.0073 0.4884 0.7091 0.0316

The Same simulations were performed on a 3-stage wavelet tree based WTAF.

Figure 45, Figure 46, and Figure 47 show the subband signals in the system, the learning

curves, and the comparison of signals, respectively. Table 6 shows the 3-stage wavelet
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tree based WTAF. The learning results are similar from comparison between Table 5 and

Table 6, and this means that the 2-stage and 3-stage structures are as good for the pulse

signals. This is different for the sinusoid test signals, where there is an obvious difference

for these two structures. That is because frequency components of the testing signal lie in

all the subbands for pulse signal, while the frequency for the sinusoid signal only lies in

the lowest band. This analysis demonstrates again that caution has to be made in selecting

the optimum WTAF structure for different input signals.

(hD3, hD2, hD1, lD1, lD2, and A3 stand for subband signals with decreasing frequency, in that order)

Figure 45. Subband signals in 3-stage wavelet tree WTAF (pulse)
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Figure 46. Learning curves of 3-stage wavelet tree WTAF (pulse)

Figure 47. Signals in 3-stage wavelet tree WTAF (pulse)
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Table 6. Learning results of 3-stage wavelet tree WTAF (pulse)

Learning Rate w0 w1 w2 w3 w4 w5 Error

0.05 0.3596 0.5943 0.6174 0.5290 0.7578 0.9648 0.0543

0.1 0.1319 0.3516 0.3764 0.4594 0.6896 0.9480 0.0446

0.2 0.0272 0.1236 0.1350 0.4480 0.6536 0.8641 0.0370

0.4 0.0155 0.0210 0.0146 0.4585 0.6314 0.7337 0.0321

Table 7 shows comparison of the MSE between the DWT WTAF and the wavelet

tree WTAF for pulse input testing signal. It is clear that the MSEs for the 2-stage and 3-

stage wavelet tree WTAF are similar, and they are both larger than the MSE error of the

DWT WTAF. The DWT WTAF has better performance in terms of the similarity

between the processed signal and the desired signal.

Table 7. Comparison of MSE between DWT and wavelet tree WTAF (pulse)

Learning Rate 3-stage DWT
2-stage

 wavelet tree

3-stage

 wavelet tree

0.05 0.0371 0.0514 0.0543

0.1 0.0258 0.0421 0.0446

0.2 0.0179 0.0358 0.0370

0.4 0.0126 0.0316 0.0321

All of the above results show that stability of both the DWT WTAF and the

wavelet tree WTAF is good, with the learning factor lying in the range between 0.05 to

0.4. The DWT based WTAF converges faster than the wavelet tree WTAF, in terms of

the number of iterations that it takes to reach a specific value of the MSE.
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If we use the same mother wavelet to perform signal decomposition and

reconstruction, it is then possible to compare algorithm speed through the comparison of

the number of operations included in those algorithms concerned. If the mother wavelet

chosen has a vanishing moment [18] of p, then both the decomposition and the

reconstruction filters have a length of 2p. For a J-stage DWT based WTAF, referring to

Equations (47) to (49) and Figure 14, the length of the decomposition and the

reconstruction filters associated with wavelet coefficient in the ith stage (i=0,1,…J) has a

length of len_s(i), which can be expressed as

1)1(_2)(_ −−= islenislen ,     i=1,2,…J-1                                      (105)

with pslen 2)0(_ =  and )1(_)(_ −= JslenJslen . Thus the length of the equivalent

single filter in the filter bank for each stage (for both the decomposition and the

reconstruction filter banks), len_b(i), can be expressed as

1)1(_)(_)(_ −−+= iblenisleniblen ,     i=1,2,…J-1                         (106)

with )0(_)0(_ slenblen =  and )1(_)(_ −= JblenJblen . Therefore, for a J-stage DWT

based WTAF, the total number of “+” and the total number of “×” operations in signal

decomposition and reconstruction for each sample are all ∑
=

J

i

iblen
0

)(_ . In the adaptation

process, (2J+3) “+” and (2J+3) “×” operations are required for each sample.

In a J-stage wavelet tree based WTAF described in Figure 18, the equivalent filter

in the filter bank for the same stage has the same length as in the DWT based WTAF.

However, the structures for a 2-stage wavelet tree based WTAF and the WTAF with 3 or

more stages are different. The number of operations for both “+” and “×” in a 2-stage

WTAF is 4len_b(1) for signal decomposition and reconstruction, while it is
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i

 for J-stage (J>3) WTAF. The weight adaptation

calculation for each sample is (4J+1) for both “+” and “×” operations. As the number of

“+” and “×” operations are all the same for both structures, only the number of operations

of “+” or “×” operations are counted, and it is used as an index of algorithm speed. The

number of operations for n samples is listed in Table 8. In this table, n represents the

number of samples involved in the calculation and p represents the vanishing moment of

the mother wavelet.

Table 8. Number of operations for different WTAF structures

Signal Construction Adaptation Total

3-stage DWT 4n+44p-22 9n 13n+44p-22

2-stage wavelet 4n+48p-20 9n 13n+48p-20

3-stage wavelet 6n+136p-70 13n 19n+136p-70

In practical real-time applications, data are processed in blocks of variant sizes.

The time needed for the processing of each data block should be minimized to satisfy

application requirements. For the applications in the online measurement system to be

discussed later in this dissertation, data obtained in a cycle of compression and

decompression are about 1,000 points for typical measurements. If a wavelet of vanishing

moment of 4 is used, i.e., p=4, then the total operations for 3-stage DWT, 2-stage wavelet

tree, and 3-stage wavelet tree WTAF are 13154, 13172, and 19474 respectively. Thus the

3-stage wavelet tree WTAF is the slowest which the 3-stage DWT and 2-stage wavelet

tree WTAF have similar speed.
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In order to verify the above conclusion, the CPU time needed for each

architecture was observed in the experiments. As the network version of Matlab was used

in these simulations, the speed testing program was compiled and linked, and file

operations were avoided to minimize the effect of network transmission that interfered

with the speed evaluation. The comparison of the CPU time for 1,000 iterations of each

algorithm was made, as shown in Table 9.

Table 9. CPU time for 1,000 iterations for the sinusoid input (Unit: Second)

Signal
 Construction

Weight
 Adaptation

Total

3-stage DWT 0.26 0.55 0.81

2-stage wavelet tree 0.25 0.53 0.78

3-stage wavelet tree 0.47 0.87 1.34

From Table 9, the CPU time for a 3-stage DWT based WTAF and that of a 2-

stage wavelet tree based WTAF are similar, while the CPU time for a 3-stage wavelet

tree based WTAF is larger. This is consistent with the speed analysis using the number of

operations discussed above. Speed for the 3-stage DWT and for 2-stage wavelet tree

based WTAF are similar, since both of these algorithms decompose the input signal into

4 subbands, and thus the calculation loads are close. CPU time for a 3-stage wavelet tree

based WTAF, which decompose the input signal into 6 subbands, is longer than the

former two structures, because it involves more calculations in signal decomposition and

weight adaptation.

Generally speaking, the DWT based WTAF is faster, easier to implement, and

more suitable for white noise than the wavelet tree based WTAF. Both of these
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architectures are stable. When the noise is highly colored or when some a priori

information of the system is available to find a best match for the system, the wavelet tree

based WTAF could be a better choice.

4.2 The Before-Reconstruction WTAF

The sinusoidal test input was used in the simulation for the Before-Reconstruction

WTAF, with the structure shown in Figure 19. Figure 48 shows the learning curves of a

3-stage DWT based Before-Reconstruction WTAF.

Figure 48. Learning curves of 3-stage DWT Before-Reconstruction WTAF (sine)

It is obvious from this figure that there is a severe stability problem for this

algorithm. None of the learning factors ranging in 0.0001 and 0.1 leads to convergence.

Figure 49 shows the learning process of the weights of the Before-Reconstruction

WTAF. All the weights stay close to 1; thus the training process is faulty.
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Figure 49. Weight adaptation process of 3-stage DWT Before-Reconstruction WTAF (sine)

Table 10 shows the learning result of the Before-Reconstruction WTAF after

1,000 iterations. It is clear that the training is faulty. As the energy of the desired signal

concentrates in the subband with weight w3, only w3 should stay close to 1, while the

other weights should be close to 0, but none of these weights are close to 0 after 1,000

iterations.

Table 10. Learning results of 3-stage DWT Before-Reconstruction WTAF (sine, input MSE=0.08364)

Learning Rate w0 w1 w2 w3 Error

0.0001 1.0006 1.0001 1.0002 0.9988 0.0837

0.005 1.0303 1.0050 1.0087 0.9619 0.0849

0.02 1.1307 1.0232 1.0391 0.9458 0.0907

0.1 1.8039 1.1355 1.2770 1.2243 0.1339
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Figure 50 shows the learning curves of the 3-stage DWT based, Before-

Reconstruction WTAF under the pulse input. This is similar to Figure 48, the learning

curves under the sinusoid input.

Figure 50. Learning curves of 3-stage DWT Before-Reconstruction WTAF (pulse)

From the above analysis and the simulation results, it is obvious that the Before-

Reconstruction WTAF is not stable. Jiang [63] also thought that in the practical use of the

WTAF in noise control schemes, an impulse response of sound propagation has an

important tail, which makes the After-Reconstruction WTAF a better choice. Xin [61]

also noticed the instability problem in his adaptive active noise cancellation problem. The

possible reason for the instability might be that the error signal in time domain was used

to modify the weights in the scale domain. A potential solution to this problem thus needs
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the error signal in the scale domain to adjust the scale domain weights. Simulations for

this scheme will be discussed in the next section.

4.3 The Subband Error Based WTAF with Desired Signal Decomposed

In the WTAF, signals in different subbands have different sampling rates. In order

to avoid unnecessary calculation in the weight update, and thus speed up this algorithm,

the error signal in each subband is used to update the weight in that specific subband, and

thus the weight is updated according to their sampling rate in each subband. In this study,

simulations are performed on the subband error based WTAF with the desired signal

decomposed, as shown in Figure 22. As before the sinusoid signal and the pulse signal

were used as the test signals.

4.3.1 The Time-Domain Scheme

4.3.1.1 Simulations with the Sinusoid Input

Figure 51 shows the learning curves of a 3-stage DWT, subband error based

WTAF with the desired signal decomposed in the time domain. It is obvious that stability

for this algorithm is good. However, a comparison to the learning curves of 3-stage DWT

(Figure 31), 2-stage wavelet tree (Figure 37) and 3-stage wavelet tree (Figure 40) WTAF

show a reduction in convergence speed.
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Figure 51. Learning curves of 3-stage DWT subband error WTAF with desired signal decomposed (sine)

Figure 52 shows the weight adaptation process of this WTAF. Both w2 and w3

stay close to 1 in the process, which is not correct. The frequency of the desired signal

falls in the lowest frequency subband, and thus w2 should be close to 0.

Figure 52. Weight adaptation process of subband error WTAF with desired signal decomposed (sine)
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Table 11 shows the learning results of this WTAF after 1,000 iterations. Again, a

comparison to the learning results of 3-stage DWT (Table 1), 2-stage wavelet tree (Table

3) and 3-stage wavelet tree (Table 4) WTAF show an increase in MSE error of the

processed signal. In this algorithm, the weight in each subband is updated independently

by the error signal in that particular subband. Although the LMS algorithm could find the

optimal value of weight and minimize the MSE of that band, this would not guarantee

that the minimum value of the MSE of the output signal could be found simultaneously;

i.e., the combination of local optimization does not necessarily results in global

optimization.

Table 11. Learning results of subband error WTAF with desired signal decomposed (sine)

Learning Rate w0 w1 w2 w3 Error

0.05 0.5674 0.5039 0.9845 0.9750 0.0579

0.1 0.3215 0.2543 0.9693 0.9766 0.0454

0.2 0.1031 0.0667 0.9396 0.9746 0.0345

0.4 0.0111 0.0088 0.8828 0.9545 0.0273

4.3.1.2 Simulations with the Pulse Input

Figure 53, Figure 54, and Table 12 show the learning curves, the weight

adaptation process, and the learning results of this structure under the pulse test signal.

Similar conclusions can be reached as with the sinusoid test signal. Similarly, compared

with output error WTAF scheme, the subband error algorithm results in a reduction in

convergence speed and increase in output error.



83

Figure 53. Learning curves of subband error WTAF with desired signal decomposed (pulse)

Figure 54. Weight adaptation process of subband error WTAF with desired signal decomposed (pulse)
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Table 12. Learning results of subband error WTAF with desired signal decomposed (pulse)

Learning Rate w0 w1 w2 w3 Error

0.05 0.5737 0.5910 0.9856 0.9617 0.0597

0.1 0.3313 0.4751 0.9716 0.9587 0.0497

0.2 0.1147 0.4349 0.9448 0.9617 0.0414

0.4 0.0190 0.4425 0.8956 0.9681 0.0359

In the subband error based WTAF, both the input and the desired signal are

decomposed and reconstructed in subbands. Therefore, the number of operations for

subband signal construction is doubled. Referring to the operation analysis for the DWT

based WTAF, for a J-stage DWT subband error based WTAF and for J2  samples, the

times of weight update are 2
J  , 4

J ,…, 1, 1 for stage 0, 1, …,(J-1), J, respectively. The

total number of times of weight update is about J times for J2  samples. In the output

error based WTAF, weight update is performed J2  times. As mentioned before, data are

processed in blocks in real-time applications. For the total operations involved in a

processing of a block of data of size n, the number of operations for output based and

subband based WTAF is estimated and listed in Table 13.

Table 13. Number of operations for n samples

Signal
Construction Adaptation Total

Output based 4n+44p-22 (2J+3)n (2J+7)n+44p-22

Subband based 2(4n+44p-22) (J+5)n+2J (J+13)n+2J+88p-44
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From Table 13, if the constant terms and the p terms are ignored, the following

conclusion can be reached. When J is small ( 6<J ), the output based WTAF is even

faster. That is because that there are additional operations used to decide how many

weights in the subbands need to be updated for each time step in the software

implementation of the subband error algorithm. However, when J is large ( 6>J ), the

subband error WTAF is faster. If specific hardware is designed to take over this simple

operation, performance of this algorithm will be greatly improved.

We can still use the online measurement system application to compare the speed

for these two algorithms. If 3-stage DWT is employed, i.e., J=3, and vanishing moment is

4, i.e., p=4, and the block size is 1000, then the total operations for output and subband

schemes are 13154 and 16134, respectively. The output error WTAF is even faster than

the subband scheme. However, in the case when the 8-stage DWT is employed, the total

operations for output and subband schemes are 23154 and 21334, respectively. The

subband error WTAF is faster than the subband scheme.

Generally speaking, the subband error scheme in the time domain performs worse

in convergence speed and error than the output error based scheme. This scheme has the

potential to be faster. However, in software implementation, it is not faster than the

output error WTAF when the number of subbands is small unless hardware resources are

available to process the overhead operations.
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4.3.2 The Scale-Domain Scheme

The sinusoidal signal was used to test the subband scale error WTAF. Unlike the

subband time-domain error WTAF, it showed a large reduction in stability. Although the

learning rates are smaller in this case, all the learning curves in Figure 55 showed

instability.

Figure 55. Learning curves of subband scale error WTAF

Figure 56 shows the weight adaptation process of the subband scale error WTAF.

It can be seen that only w0 becomes close to 0 after 1000 iterations, while the weights for

the other 3 subbands are close to 0.8. As we discussed before, only w3 should be close to

1 for this structure under this testing signal. Therefore, this learning process is faulty.
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Figure 56. Weight adaptation process of subband scale error WTAF (learning rate=0.2)

As we can see in Table 14, the learning results are all worse than the subband

time-domain error scheme. Although they all have open loop structures, the subband

time-domain scheme shows good stability. The instability of the subband scale error

WTAF remains inexplicable for the time being.

Table 14. Learning results of subband scale error WTAF with desired signal decomposed (sine)

Learning Rate w0 w1 w2 w3 Error

0.002 0.9186 0.9600 0.9790 0.9754 0.0790

0.005 0.7965 0.9001 0.9476 0.9386 0.0728

0.01 0.5930 0.8002 0.8952 0.8772 0.0648

0.02 0.1860 0.6004 0.7904 0.7543 0.0571
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4.4 The Block WTAF

4.4.1 Simulations with the Sinusoid Signal

Simulations were performed on a 3-stage DWT block WTAF (see Figure 25)

using the sinusoidal input. We obtained the learning curves and weight adaptation curves

in Figure 57 to Figure 62.  Figure 57 and Figure 58 show learning curves and the weight

adaptation process of block size of 2. Figure 59 and Figure 60 are those of block size of

4, and Figure 61 and Figure 62 those of block size of 8.

Figure 57. Learning curves of block WTAF, block size is 2 (sine)
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Figure 58. Weight adaptation process of block WTAF, block size is 2 (sine)

Figure 59. Learning curves of block WTAF, block size is 4 (sine)
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Figure 60. Weight adaptation process of block WTAF, block size is 4 (sine)

Figure 61. Learning curves of block WTAF, block size is 8 (sine)
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Figure 62. Weight adaptation process of block WTAF, block size is 8 (sine)

As seen in the previous figures, the number of iterations used to update the weight

vectors for 1,000 samples are different for different block sizes. While it takes 250

iterations for block size of 4, it takes 125 and 500 iterations for lock size of 8 and 2,

respectively. Table 15 to Table 17 list the learning results of different block sizes.

Table 15. Learning results of block size of 2 (sine)

Learning Rate w0 w1 w2 w3 Error

0.05 0.1287 0.3609 0.5864 0.9733 0.0375

0.1 0.0161 0.1270 0.3395 0.9667 0.0265

0.2 -0.0011 0.0228 0.1145 1.0080 0.0190

0.4 -0.0080 0.0259 0.0215 1.1186 0.0142
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Table 16. Learning results of block size of 4 (sine)

Learning Rate w0 w1 w2 w3 Error

0.05 0.1291 0.3614 0.5856 0.9695 0.0380

0.1 0.0183 0.1244 0.3360 0.9600 0.0274

0.2 0.0050 0.0077 0.1062 1.0074 0.0208

0.4 -0.0085 0.0118 0.0558 1.1045 0.0187

Table 17. Learning results of block size of 8 (sine)

Learning Rate w0 w1 w2 w3 Error

0.05 0.1289 0.3626 0.5846 0.9599 0.0382

0.1 0.0194 0.1302 0.3367 0.9425 0.0279

0.2 0.0077 0.0502 0.1494 1.0323 0.0227

0.4 -0.0053 0.3869 0.3541 0.1531 0.0928

From Figure 57, Figure 59, and Figure 61, and Table 15, Table 16, and Table 17,

it is obvious that smaller block size results in a more stable algorithm, and the MSE is

smaller for the same number of samples. The size of the data block determines the

convergence properties of block LMS algorithm. The 3-stage DWT block WTAF

partitions the signal into 4 subbands. For block size of 2 and 4, the algorithm is stable for

all of the 4 learning factors. However, for block size of 8, it is not stable for the learning

factor of 0.4. It should be noted that the improvement of stability by changing block size

is traded for the increase of computational complexity.
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4.4.2 Simulation with the Pulse Signal

Simulations were performed again on a 3-stage DWT based block WTAF using

the pulse input. We obtained the learning curves and weights adaptation curves in Figure

63 to Figure 68. Figure 63 and Figure 64 show learning curves and the weight adaptation

process of block size of 2. Figure 65 and Figure 66 are those of block size of 4, and

Figure 67 and Figure 68 are those of block size of 8.

Figure 63. Learning curves of block WTAF, block size is 2 (pulse)
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Figure 64. Weight adaptation process of block WTAF, block size is 2 (pulse)

Figure 65. Learning curves of block WTAF, block size is 4 (pulse)
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Figure 66. Weight adaptation process of block WTAF, block size is 4 (pulse)

Figure 67. Learning curves of block WTAF, block size is 8 (pulse)
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Figure 68. Weight adaptation process of block WTAF, block size is 8 (pulse)

Table 18 to Table 20 show the learning results of block size of 2, 4, and 8,

respectively. Same as before, as the testing signal becomes more complex in the pulse

input case, the learning results are not as good as in the sinusoid input case. Smaller block

size also results in better stability. However, the stability of this algorithm becomes worse

for the pulse input. For block size of 4, the learning factor of 0.4 results in instability and

for block size of 8, learning factor of 0.2 is in the critical point of instability. Similar

conclusions can be reached with the former sinusoid simulation.
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Table 18. Learning results of block size of 2 (pulse)

Learning Rate w0 w1 w2 w3 Error

0.05 0.1397 0.5268 0.7552 0.9652 0.0433

0.1 0.0258 0.4548 0.6836 0.9462 0.0369

0.2 0.0042 0.4382 0.6425 0.8517 0.0338

0.4 -0.0057 0.4390 0.6200 0.7085 0.0335

Table 19. Learning results of block size of 4 (pulse)

Learning Rate w0 w1 w2 w3 Error

0.05 0.1398 0.5275 0.7564 0.9661 0.0437

0.1 0.0282 0.4579 0.6883 0.9407 0.0378

0.2 0.0149 0.4498 0.6565 0.8163 0.0359

0.4 0.0357 0.4841 0.7285 0.6586 0.0506

Table 20. Learning results of block size of 8 (pulse)

Learning Rate w0 w1 w2 w3 Error

0.02 0.4480 0.7037 0.8638 0.9612 0.0571

0.05 0.1378 0.5304 0.7592 0.9693 0.0443

0.1 0.0236 0.4648 0.7006 0.9191 0.0394

0.2 -0.0160 0.4345 0.6781 0.6029 0.0418

As the signal construction processes for the block WTAF and the non-block

WTAF are the same, the operations involved in the weight adaptation process is the only

factor that decides their relative speed. In a J-stage DWT block WTAF, for a block size

of s and for s samples, there are 2(1+s+sJ) “×” operations and (1+J+5s+sJ) “+”
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operations in weight adaptation. In a J-stage DWT non-block WTAF, there are (2J+3)s

operations for both “+” and “×” in weight update, as discussed earlier.

The number of operations is a function of both block size s and number of stages

of signal decomposition. For simplicity, we look at a simple case first: the number of

operations for a fixed J. For example, for J=3, the number of operations involved in the

block algorithm and the non-block algorithm is listed in Table 21. Because of the

overhead added in the block algorithm, when the block size is small, the non-block

algorithm is even faster than the block algorithm. However, when the block size becomes

larger, the advantages of the block algorithm become more evident. When J is larger, the

effect becomes more obvious.

Table 21. Number of operations in block and non-block algorithms

Block
Block size

× +

Non-block

× or +

2 18 20 18

4 34 36 36

8 66 68 72

16 130 132 144

Now lets estimate the number of operations in more generalized case. For

simplicity, we ignore the constant term and the variable J in the operation estimation for

“+” and “×” operations in block algorithm (relatively small compared to other terms).

Therefore, there are about (5+J)s “+” and 2(1+J)s “×” in block weight adaptation, while

there are (2J+3)s  “+” and “×” operations for non-block algorithm. The number of
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operations with respect to J is described in Figure 69. Generally speaking, the block

algorithm is faster than the non-block algorithm.
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Figure 69. Number of operations in block and non-block algorithms

Moreover, block algorithm weakens the relationship resulted in by convolution

calculation between the samples, and thus make parallel processing possible. If suitable

hardware resources are available to process the data in parallelism and take over the

overhead in the block algorithm, the speed of the block algorithm will be greatly

improved.
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CHAPTER 5 

ONLINE FABRIC COMPRESSIONAL BEHAVIOR

MEASUREMENT SYSTEM

The WTAF methods studied above were applied in the online fabric

compressional behavior measurement system. We introduce the online measurement

system, formulate the problem, and propose the solution to it in this chapter.

5.1 Background of the Online Measurement System

Response of a fabric to applied forces, normal to its plane, is known as fabric

compressional behavior. It is one of the most important properties that determine enduses

for fabrics. The compressional property of a fabric is closely related to fabric handle, i.e.,

the softness and fullness of the fabric and also to the fabric surface smoothness [72]. It

also plays an important role in comfort. The fabric thickness and compressibility have a

linear relationship with thermal conductivity [73], and the warmth of a fabric is largely a

function of the airspace and its distribution in the structure [74].

Fabric compressional behavior is generally described by the relationship between

the applied force (normal to the fabric plane) per unit area and the resulting fabric

thickness. The relationship is obtained by a simple test, in which the fabric specimen

being tested is placed horizontally on a platten, and subsequently loaded by a presser foot

of a known area. The thickness of the fabric, t, which is the distance between the presser
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foot and the platten, is recorded as a function of the applied pressure. This pressure-

thickness relationship describes the compressional characteristic of a fabric.

A typical fabric pressure-thickness curve under compression is shown in Figure

70. The nonlinear nature of the curve is due to ease of compression in the beginning

because of the voids in the structure, and the fiber mass becomes relatively rigid at higher

levels of deformation. Often, fabric compressional behavior is studied by recording

pressure-thickness in both loading and unloading. The loading-unloading curve typically

exhibits hysteresis. This hysteresis loss is due to the interfiber friction and the viscoelastic

nature of the fibers within the fabric.

F is the force applied to the presser foot and t is the thickness of the fabric. Curve BCD stands for
compression cycle and DEB for recovery.

Figure 70. Typical pressure-thickness curve for a fabric in compression.

A number of parameters can be obtained from the pressure-thickness curve

(Figure 70) to characterize fabrics in compression. Fabric thickness, compressional

modulus, stiffness, and compressional resilience [75] can be determined from the

pressure-thickness curve and be used to characterize the compressional behavior of

fabrics.
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The most commonly used systems to measure low-stress mechanical properties of

fabrics are KES-F (Kawabata Evaluation System for Fabrics) [76] and FAST (Fabric

Assurance by Simple Testing) [77, 78] systems. These are static offline testing

instruments, and they include human interaction such as sample preparation and

mounting of samples on the testers, which can introduce errors. They are destructive tests

in nature, and they are time-consuming. Thus, offline measurement is inherently not

suitable for automation and process control for modern textile industry.

The future lies with the ability to test fabrics reliably and cost effectively in a

continuous manner. This is only possible with the availability of totally automated test

systems that can be used in an industrial environment. The tedious process of sample

preparation should be eliminated to avoid destruction of the fabric and the errors

introduced by operators. This system should also be able to measure the compression

property online, so that the result could be used to facilitate process control. Online

measurement system is the only suitable solution.

In an online measurement system, one or more key product or process

characteristics are monitored continuously as it is being produced. With online

measurement systems, quality monitoring can be implemented on the entire product on a

timely basis that accurately reflects the variability within the product. Once a defect or

unacceptable quality is detected, the system can either signal an alarm or shut down the

production. Ideally, the data from online measurement can be used in process control.

Once incorporated with appropriate process control, the online measurement system will

lead to increased productivity, better quality, and wider automation.
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An experimental online measurement system to characterize fabric compressional

behavior was designed and built in the College of Textiles at NCSU [79]. The

experimental online compression measurement system consists of a let-off and a take-up

motion, a compression unit, and a data acquisition and control unit. Figure 71 shows a

schematic of the online measurement system.

A and A', B and B': Transport rollers; C: Bottom compression roller; D: Top compression roller;
 E: Load cell; F: Linear motor; G: Timing belt; H: Fabric being tested

Figure 71. Schematic of the online compression measurement system

The continuous movement of fabrics through the online measurement system is

realized by a let-off and take-up mechanism [79]. The fabric to be tested, H, is moved

continuously through the system. Pairs of rollers (A, A’) and (B, B’) are used to ensure

the continuous movement of the fabric under uniform tension. Rollers A’ and B’ are

connected with each other using a timing belt G to ensure uniform linear motion. At the

measurement head, the bottom roller C is aligned with rollers A’ and B’ such that the top

surfaces of these three rollers are in the same plane in order to eliminate out-of-plane

distortion of the fabric being tested. The top roller D is attached to a load cell E at the top.

The load cell in turn is connected to a linear motor F at the top. The linear motor controls
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the displacement of roller D for loading and unloading. The force-displacement

relationship is obtained by controlling the displacement of the top roller and recording the

load cell reading synchronously.

Figure 72 shows a typical force-time relationship acquired when testing a woven

fabric. Because the top roller is moved at constant rate, it is easy to transform this relation

to force-displacement relationship. The variation in the force data originates from

variation in fabric thickness along its length. In addition, the nip movement [79] and the

Electro-Magnetic Interference (EMI) in the system are other sources of interference.
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Figure 72. Force-time relationship of a woven fabric in one cycle of loading and unloading

 The Incremental Differential Algorithm (IDA), the algorithm used to obtain the

stress-strain relationship from this data, is sensitive to variations in source data. For this

reason, multiple samples were acquired in each compression step and they are processed

by a particular average filter to reduce the data variation. The maximum and the

minimum data are excluded in the sample collection before the average is calculated. In

the present system setup, 1,000 samples were acquired for each step. In the earlier trials,
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it was noticed that it is possible to obtain erroneous results if we applied IDA directly to

the raw data. Therefore, other data processing techniques were employed, including a

Static Median Filter (SMF) and Cubic Spline Smoothing [79]. The IDA is applied

subsequently to obtain the pressure-thickness relation. Fabric thickness and

compressional modulus were determined subsequently. The experiment results showed

good agreement with KES, FAST, Instron, and manual testers.

The number of samples acquired at each step is closely related to the variations in

the force-displacement data acquired from the online system. Figure 73 shows the force-

displacement relationship measured in the online system with different sampling rates. It

is obvious that the more samples made at each displacement, the less the source data is

interfered by the noise. As mentioned earlier, the present system samples 1,000 times per

step to obtain satisfactory force-displacement data so that the IDA can be successfully

used to extract the pressure-thickness relation from the force-displacement data.

Larger sampling rates require more time in sampling and data processing, and it

makes the system slower. Table 22 shows the time used in data sampling and processing

with different sampling rates for each step of compression. As most of the time is spent in

data sampling and processing in this system, the sampling rate actually determines the

system speed. For the sampling rate of 1,000, the maximum compression rate is 5.33

µm/sec, if a step size of compression of 1.0541 µm is used. This is even slower than the

recommended testing speed of 20 µm/sec by KES [76]. If we sample 50 times or less at

each step, the time used in sampling and processing could be greatly reduced to improve

the system speed.
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(From the top to bottom, sampling rates of the left column are 10, 20, 50 while the right column are100,
500, and 1000 at each step, respectively)

Figure 73. Force-displacement relationship measured in the online system with different sampling rates

Table 22. The time used in data sampling and processing at each step

Sampling Rate Time (µs)

10 295

20 525

50 1401

100 3152

500 18754

1000 45947
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However, by using smaller sampling rates, the force-displacement data includes a

lot of noise as a result. It is impossible to apply the IDA directly without proper

processing of the data. The WTAF technique is therefore used to process the data and

remove the noise.

5.2 The Application of the WTAF to the Online Measurement System

In the online measurement system, the measured signal for the load cell is weak.

The EMI of the let-off motor, take-up motor, and the linear motor that drives the top

roller attached to the load cell impose much variation to the measured force-displacement

data. The take-up motion is intermittent, and thus the noise model varies with time.

Moreover, more EMI is to be expected in an industrial environment. In addition the nip

movement in the testing head and the variation of the fabric being tested also results in

more variation in the force-displacement data.

The WTAF is a powerful method to extract information from background noise.

In this study, a 3-stage DWT based WTAF and a 3-stage DWT based block WTAF were

employed to process the raw force-displacement data acquired by a sampling rate of 10.

The purpose of this study is to remove the noise in the raw data resulted in by using a

lower sampling rate so that the IDA could be properly applied. By doing so, we can

improve the system speed. The adaptive method used here is an adaptive line enhancer.

 In an adaptive system, a desired signal is used as a frame for the expected

measurement. Since the desired signal for this application is also an unknown parameter,

it had to be measured directly from the system. The method used in this study to setup the
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desired signal was to measure the target force-displacement relationship using a sampling

rate of 1,000 and smoothed it using a cubic spline.

A 3-stage, DWT based WTAF was employed to process the force-displacement

relationship first. Figure 74 shows the signals in the 3-stage DWT WTAF system. d(n) is

the desired signal, obtained by using the method mentioned above, x(n) is the force-

displacement data acquired by sampling 10 times at each step, and y(n) is the output of

the 3-stage DWT based WTAF with a learning rate of 0.0005. Obviously, there is still a

lot of noise in the beginning, but y(n) become closer to the desired signal and less noisy

with the development of the adaptation process.

Figure 74. Signals of online system in a 3-stage DWT WTAF system (Learning rate=0.0005)
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 Figure 75 shows the subband signals of force-displacement relationship.

Apparently the useful signal lies in the approximation band, A3.

(D1: Detail level 1, D2: Detail level 2, D3: Detail level 3, A3: Approximation level 3)

Figure 75. Subband signals of force-displacement relation

Figure 76 shows the weight adaptation process of the DWT based WTAF. All

weights except for w3 become close to 0, while w3 remains close to 1. The relative sharp

change for the w3 in the end of the compression cycle is possibly related with the sharp

change in the A3 subband, when the fabric becomes more rigid as the pressure becomes

higher. This problem could also be improved by using a smaller learning factor, as will

be seen in the later discussions.
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(Learning rate=0.0005, w0, w1, w2, and w3 represent the weights in level D1, D2, D3, and A3,
respectively)

Figure 76. Weight adaptation process of a 3-stage DWT WTAF for force-displacement data

Figure 77 is the learning curves of the DWT based WTAF. Again the larger

learning rate results in faster convergence, but it is less stable. Actually when the learning

rate is 0.001, the system becomes unstable. The signal processing effect can be further

improved. Though there are variations within the fabric, the general compressional

behavior is similar among different compression cycles. Therefore, the parameters of the

adaptive filter should be similar to one another among different testing cycles for the

same fabric. Therefore, the trained weights of the previous cycle could be used as the

initial value of weights for the next cycle. The next experiment demonstrated this idea.

The weight adaptation process, shown in Figure 78, and the signals in the online system,

shown in Figure 79, showed much better result compared with Figure 76 and Figure 74,

respectively.
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Figure 77. Learning curves with different learning rates

Figure 78. Weight adaptation process with learned weights (learning rate = 0.0005)
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Figure 79. Signals in the WTAF with learned weights (learning rate = 0.0005)

In the same time, the learning factor could also be reduced to improve stability of

the algorithm. Figure 80 shows the weight adaptation process of learning rate of 0.0001,

where the learned weight has already been used. In this case w3 does not change as

abruptly as in the case of a learning factor of 0.0005.

Figure 80. Weight adaptation process of the block WTAF (block size is 4, learning rate is 0.0001)
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Table 23 shows the MSE for different schemes. We can see that though smaller

learning rate leads to better stability, the MSE turns out to be worse. Compromises have

to be made between stability and accuracy.

Table 23. The MSE for different schemes with 3-stage DWT WTAF

(MSE of the input signal is 51.1973)

Initial Value of Weights Learning
Factor

MSE of output

All 1 0.0005 7.8289

Learned value 0.00005 9.1135

Learned value 0.0001 7.4234

Learned value 0.0005 4.3572

The block WTAF algorithm was also employed to process the force-displacement

data. This is a 3-stage DWT block WTAF. Figure 81 shows the weight adaptation

process, and Figure 82 shows the signals in the system. The signal processing was also

very successful.

Figure 81. Weight adaptation process of block WTAF, block size is 4 (Learning rate is 0.0001)
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Figure 82. Signals in block WTAF, block size is 4 (Learning rate is 0.0001)

Table 24 shows the MSE of the processed signal with learning rate of 0.0001.The

stability of the block algorithm is not as good as the non-block algorithm, as discussed

before and it getting worse when the block size becomes large.

Table 24. The MSE of the output signal with block WTAF

 (Learning rate is 0.0001, MSE of input is 51.1937)

Block size MSE of output

1* 7.4742

2 7.6378

4 8.0229

8 15.9384

*: Equivalent to non-block algorithm
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In conclusion, both of the WTAF schemes greatly improved the signal-to-noise

ratio. These processed force-displacement data can be used with the IDA to extract

pressure-displacement relationship. By using the WTAF, lower sampling rates can be

used in the online measurement system, which makes improving system speed possible.
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CHAPTER 6 

CONCLUSIONS

The Wavelet Transform Adaptive Signal Detection (WTASD) is a signal

detection method by use of the Wavelet Transform Adaptive Filter (WTAF). The WTAF

is an adaptive filtering technique that leads to better convergence properties and lower

computational complexity, as compared with conventional time-domain adaptive filtering

technique. It is also better than the DFT based adaptive filtering in that it can better

represent the non-stationary nature of the signals, and thus could find the optimal solution

in the transient sense. The WTAF also has the potential for implementation in subbands

on a parallel processor. A small amount of data have to be processed in each subband,

and the adaptive filter length can be small. The WTAF is a powerful tool for adaptive

signal detection.

Different architectures for the WTAF were proposed and studied in this

dissertation. In terms of the type of the wavelet transform being used, we presented the

DWT based WTAF and the wavelet tree based WTAF. In terms of the position of the

adaptive filter in the signal paths of the system, we presented the Before-Reconstruction

WTAF, in which the adaptive filter is placed before the reconstruction filter; and the

After-Reconstruction WTAF, in which the adaptive filter is placed after the

reconstruction filter. This could also be considered as implementing the adaptive filtering

in different domains, with the Before-Reconstruction structure corresponding to adaptive



117

filtering in the scale-domain, and the After-Reconstruction structure corresponding to

adaptive filtering in the time-domain. In terms of the type of the error signal used in the

WTAF, we presented the output error based WTAF and the subband error based WTAF.

In the output error based WTAF, the output error signal is used as input to the LMS

algorithm. In the subband error based WTAF, the error signal in each subband is used as

input to the LMS algorithm. The subband error signal can be in the time-domain or in the

scale-domain.

The algorithms for the WTAF were also generalized for the output error based

architecture and the subband error based architecture. In order to speed up the

calculation, the block LMS based WTAF was developed for the first time. This technique

uses the wavelet transform to partition the input signal into subbands, partitions the

subband signal into blocks and takes the average gradient within a data block, and thus

updates the block adaptive filter on a block basis. It makes parallel processing possible

and reduces the computational complexity, which makes real-time application a

possibility.

Experimental studies were performed to study different WTAF architectures and

the block WTAF algorithm. Based on the experimental results, the comparison of the

stability, speed, and learning effect (by comparing the MSE) between these algorithms

are listed in Table 25. From this table, it is obvious that none of the WTAF algorithms

performing adaptive filtering in the scale-domain (the Before-Reconstruction structure) is

stable. The subband error based WTAF implemented in the time-domain could trap into

local optimization and thus caution has to be used in practice. On the other hand,

overhead operations involved in the software implementation degrades its speed
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advantages over the output error based WTAF. The subband error scheme outperforms

the output error scheme only when the number of subbands is greater than 6.

Table 25. Summary of performance for different WTAF algorithms

Architecture Stability Speed Precision

DWT Good Good Very goodTransform

Method Wavelet Good Bad Good

Scale Bad N/A N/ADomain of
adaptive
filtering Time Good Good Good

Output Good Marginal(1) Good

Subband (in
time-domain)

Good Marginal(1) GoodError signal for
LMS

Subband (in
scale-domain)

Bad N/A N/A

Block Block Marginal(2) Very good Good

Note: (1) Depends on number of subbands. When n<6, the output error WTAF is better than the subband
error WTAF. When n=6, they are similar. When n>6, the subband error WTAF is better.

(2) Depends on the block size. When the block size is less than or equal to number of subbands, it is
stable.

Theoretical analysis and simulation results showed that the DWT, After-

Reconstruction, output error based WTAF has the best performance. The wavelet tree

based structure could be a replacement of the DWT structure when the noise is highly

colored, or when extra information of the system is available to setup the best tree

structure for the particular signal. The block WTAF improved speed greatly, but it was

traded for stability. When both stability and speed are desired, subband error (in the time-

domain) based WTAF could be employed. If it is implemented in software, only when

number of subband is greater than 6 can it improve speed. However, when hardware
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resources are available to take over the simple overhead operations, the speed can be

greatly improved for the WTAF with any number of subbands.

We applied the WTAF algorithm to the textile area for the first time and it

showed good results. A 3-stage DWT based WTAF was used to process the noisy force-

displacement signal acquired from the online measurement system for fabric

compressional behavior. The signal-to-noise ratio was greatly increased by applying this

WTAF, which made lower sampling rate a possibility. The reduction of time for data

sampling and processing greatly improved the system speed to meet faster testing

requirements. The block WTAF based on a 3-stage DWT was also applied to process the

force-displacement data and the result was similar to the DWT based WTAF.

Future research may explore the possibility to improve the speed and stability of

the WTAF algorithms. Instead of using a constant learning factor, varying learning rates

could be used. The WTAF could be used with the self-organizing and the exponentially

weighted convergence methods to improve the algorithm performance.
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