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The mean residual life function (mrlf) of a subject is defined as the expected re-

maining (residual) lifetime of the subject given that the subject has survived up to

a given time point. It is well known that under mild regularity conditions, an mrlf

determines the probability distribution uniquely. Therefore, the mrlf can be used to

formulate a statistical model just as it is done with the survival and hazard functions.

In practice, the advantage of the mrlf over the more widely used hazard function lies in

its interpretation in many applications where the primary goal is often to characterize

the remaining life expectancy of a subject instead of the instantaneous failure rate.

In this thesis, we first develop a smooth nonparametric estimator of the mean

residual life function based on a set of right censored observations. The proposed

smooth estimator is obtained by a scale mixture of the empirical estimate of the mrlf.

The large sample properties of the estimator are established. A simulation study shows

that the proposed scale mixture mean residual life function is more efficient in terms of

having lower mean squared error (MSE) than some of the existing estimators available

in the literature. Further, as the scale mixture mean residual life function has a closed

analytical form, it is computationally less demanding for data with a very large sample

size compared to other smooth estimators of the mrlf. Thus the scale mixture estimator

of the mean residual life function turns out to be both statistically and computationally

more efficient.

The scale mixture framework is then extended to the regression model that allows



the incorporation of fixed covariates. The commonly used regression models for the

mrlf, such as the proportional mean residual life (PMRL) model and the linear mean

residual life (LMRL) model, have limited applications due to ad-hoc restriction on the

parameter space. The regression model that we propose does not have any constraint.

It turns out that the proposed proportional scaled mean residual life (PSMRL) model

is equivalent to the accelerated failure time (AFT) model. We use full likelihood

by nonparametrically estimating the baseline mrlf using the smooth scale mixture

estimator that we developed earlier. The regression parameters are estimated using an

iterative procedure. A simulation study is carried out to assess the properties of the

estimates of the regression parameters. We illustrate our regression model by applying

it to the well-known Veteran’s Administration lung cancer data.

Finally, we incorporate time-dependent covariates into our scale mixture framework

by extending the AFT model (or the PSMRL model) using a nonparametric mixture

of Weibull distributions. A nonparametric Bayesian approach with the Markov Chain

Monte Carlo (MCMC) algorithm is used to make the statistical inference for the re-

gression parameter. Unlike the approaches in the literature, our Bayesian approach

is not based on the parametric choice of the functions of time for time-dependent

covariates and hence does not suffer from the problem of deterministic bias. Our

Bayesian approach is also computationally less demanding and more stable compared

to the approaches in the literature. A simulation study is carried out to assess the

sampling properties of the estimates of the regression parameters. The application

of our Bayesian approach to the TUMOR data demonstrates the effectiveness of our

approach.
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Chapter 1

Mean Residual Life Function

Let T be a positive valued random variable that represents the lifetime of a subject.

For example, T could represent the time until a patient dies due to a terminal disease,

the time until a piece of equipment fails, or the time until a stock value exceeds or

proceeds a given threshold value. Next, let F (t) = Pr[T ≤ t] be the cumulative

distribution function (cdf). Notice that F (0) = 0 as T > 0 with probability 1.

In survival analysis, it is customary to work with the survival function (sf), defined

as S(t) = 1 − F (t) = Pr[T > t]. For the rest of the development, we assume that T

has finite expectation, i.e., E(T ) =
∫∞

0
tdF (t) =

∫∞

0
S(t)dt <∞.

Definition 1. The mean residual life function (mrlf) of a lifetime random

variable T with finite expectation is defined as

mT (t) ≡ m(t) ≡ E[T − t|T > t] =





∫∞

t
S(u)
S(t)

du, S(t) > 0,

0 , otherwise,

(1.1)

where S(t) denotes the survival function associated with T .

From its definition, it is clear that an mrlf gives a measure of the expected remaining

(residual) lifetime of a subject given that the subject has survived at least up to time

t. The mrlf can play a very useful role in many fields of applied sciences such as

1



Chapter 1. Mean Residual Life Function

biomedical studies, reliability models, actuarial sciences and economics, where the goal

is often to characterize the residual life expectancy.

A related function that is often used in such studies is known as the hazard func-

tion, which is defined as h(t) = −d logS(t)
dt

(assuming that the survival function S(t) is

differentiable). A hazard function can be equivalently interpreted as the risk of instan-

taneous failure of a subject given that the subject has survived up to time t. Notice

that

h(t) = lim
δ→0

Pr[t < T ≤ t+ δ|T > t]

δ
= lim

δ→0

S(t) − S(t+ δ)

S(t)δ
= −S

′(t)

S(t)
,

where S ′(t) denotes the first derivative of S(t), assuming that it exists at t > 0.

Sometimes, in applied sciences, the mean residual life function can serve as a more

useful tool than the hazard function, because the mean residual life function has a direct

interpretation in terms of average behavior. For example, patients in a clinical trial

might be more interested to know how many more years they are expected to survive

given that they began a treatment at a certain time ago as compared to their risk of

instantaneous dying given that they have started the treatment at a given time (Elandt-

Johnson and Johnson, 1980). In an industrial reliability study, researchers prefer the

use of the mrlf to that of the hazard function, because they can determine the optimal

maintaining and replacing time for a device based on the mrlf (Bhattacharjee, 1982).

In economics, Kopperschmidt and Potter (2003) gave an example of applying the mrlf

in market research. In the social sciences, Morrison (1978) used an increasing mrlf to

model the lifelengths of wars and strikes. A variety of applications of the mean residual

life function can be found in Guess and Proschan (1988).

Although m(t) and h(t) have different interpretations in practice, they are related

2



Chapter 1. Mean Residual Life Function

to each other by a one-to-one map, in the sense that one can be obtained from the

other provided that they are well-defined, as can be seen by the following lemma:

Lemma 1. Let h(t) be the hazard function of a lifetime random variable T . Then

the mrlf m(t) of T is differentiable and is obtained by solving the following differential

equation:

m′(t) + 1 = m(t)h(t) for all t > 0,

where m′(t) denotes the first derivative of m(t).

Proof: From (1.1), it follows that m(t)S(t) =
∫∞

t
S(u)du. The result follows by

differentiating both sides of the previous identity with respect to (wrt) t and using the

definition of h(t). It thus follows that given h(t) we can obtain

m(t) =

∫ ∞

t

exp

{
−
∫ u

t

h(θ)dθ

}
du, (1.2)

and given m(t) we can obtain

h(t) =
m′(t) + 1

m(t)
. (1.3)

However, Guess and Proschan (1988) pointed out that it is possible for the mrlf

to exist but for the hazard function not to exist (e.g., the standard Cantor ternary

function), and also it is possible for the hazard function to exist but for the mrlf not

to exist (e.g., S(t) = 1 − 2
π
tan−1t).

We know that the mrlf has a wide range of applications. On top of that, the

knowledge of the mrlf completely determines the distribution via the inversion formula:

S(t) =
m(0)

m(t)
exp

(
−
∫ t

0

1

m(u)
du

)
. (1.4)

3



Chapter 1. Mean Residual Life Function

Notice that m(0) = E(T ) <∞.

In most applications, data for a given study mainly consist of two types: either all

the observations are completely observed or some of the observations are censored. Let

Ti denote the survival time of the ith subject for i = 1, . . . , n. If all the realizations of

{Ti, i = 1, . . . , n} are completely observed, i.e., if the observed data set is D0 = {Ti, i =

1, . . . , n}, then we can easily obtain an estimate of the mrlf m(t) as defined in equation

(1.1) either based on a parametric model (e.g., Gamma, Weibull, Log-normal etc.) or

nonparametrically as follows:

m̂e(t) =

∑n
i=1(Ti − t)I(Ti − t)∑n

i=1 I(Ti − t)
, for t ∈ [0, T(n)), (1.5)

where I(·) denotes the indicator function, such that I(u) = 1 if u > 0, otherwise I(u) =

0. Notice that, if t ≥ T(n), we define m̂e(t) = 0, where T(n) = max{Ti, i = 1, . . . , n}. By

the strong law of large numbers (SLLN), it follows that m̂e(t) is a consistent estimate of

m(t) and by the Donsker’s Theorem, it follows that
√
n(m̂e(t)−m(t)) is asymptotically

a Gaussian process with mean identically zero and the covariance function given by

σ(s, t) = 1
S(s)S(t)

∫∞

t
u2dF (u) − 1

S(t)

(∫∞

t
udF (u)

)2
, 0 ≤ s ≤ t <∞ (Yang, 1978).

However, in many applications, the Ti’s are often right censored by a random

variable. Let Ci denote the censoring time of the ith subject, i.e., we only observe

Xi = min{Ti, Ci} and the indicator of censoring ∆i = I(Ci − Ti) for i = 1, . . . , n. In

such situations the observed data set is given by D1 = {(Xi,∆i), i = 1, . . . , n}. We

assume that (Ti, Ci) are independent and identically distributed (iid) and further we

assume that T is independent of C. When observations are censored, the nonparamet-

ric estimation of m(t) is non-trivial, and we discuss some methods that are currently

4



Chapter 1. Mean Residual Life Function

available in the literature in Section 2.1, which describes methods of estimating m(t)

based on a censored data set D1 as defined above. We analyze a real censored data

set from a Melanoma study (Ghorai et al., 1980) in Section 2.4. This data set has 27

uncensored observations and 41 censored observations. The mean residual life function

based on this data set is estimated in Section 2.4.

In practice, in addition to just a single sample of iid observations, we might observe

a vector of p explanatory fixed covariates, say denoted by Zi = (Zi1, . . . , Zip)
τ for each

subject i = 1, . . . , n. The Zi’s are variables which are recorded at the baseline and do

not change throughout the treatment period, such as age, gender, initial weight, and

so on. We assume that the Zi’s are observed without any measurement errors. In this

case, assuming that some responses Ti’s may be right censored randomly by Ci’s, we

will observe DR = {(Xi,∆i,Zi), i = 1, . . . , n}, where as before Xi = min{Ti, Ci} and

∆i = I(Ci−Ti). In this case, we assume that for each subject given Zi, the Ti’s and Ci’s

are conditionally independent and the triplets (Ti, Ci,Zi) are also independent across

subjects, i = 1, . . . , n. Given a data set DR, our goal is to estimate the conditional

mean residual life function (cmrlf) defined as

m(t|z) ≡ E[T − t|T > t,Z = z] =

∫ ∞

t

S(u|z)

S(t|z)
du, (1.6)

where S(t|z) = Pr[T > t|Z = z] denotes the conditional survival function of T given

Z = z. We review some regression models with fixed covariates in the literature in

Section 3.1, and then analyze a real data set with fixed covariates from a lung cancer

trial (Prentice, 1973) in Section 3.4. This data set has a censoring rate of 6.6% and

fixed covariates as treatment and Karnofsky Performance Score.
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Chapter 1. Mean Residual Life Function

In survival analysis, besides fixed covariates, we often encounter time-dependent

covariates along with the survival time. Time-dependent covariates are variables that

are changing throughout the treatment period, such as smoking status, cholesterol

level, CD4 count, and so on. For simplicity, we shall assume that there is only one

time-dependent covariate in the study, to be denoted by Vi(t) for the ith subject. Let

V̄i(t) = {Vi(s); 0 ≤ s ≤ t} be the history of the covariate process at time t. In practice,

it is rare for one to observe the entire sample path of Vi(t), but only at a few time points

ti = {tij, j = 1, . . . ,mi} of the clinic visits, where timi
≤ Xi, i.e., no measurement is

available after the subject is dead or censored. Hence, the observed data are DB =

{Xi,∆i,Zi, V̄i, ti} for i = 1, . . . , n, where V̄i = {Vi(tij), j = 1, . . . ,mi}. In this case,

we assume that the Ti’s and Ci’s are conditionally independent and (Ti, Ci,Zi, V̄i) are

also independent across subjects, i = 1, . . . , n. Given a data set DB, the conditional

mean residual life function (cmrlf) is defined as

m(t|z, v̄(t)) ≡ E[T − t|T > t,Z = z, V̄ (t) = v̄(t)] =

∫ ∞

t

S(u|z, v̄(u))
S(t|z, v̄(t)) du, (1.7)

where S(t|z, v̄(t)) = Pr[T > t|Z = z, V̄ (t) = v̄(t)] denotes the conditional survival

function of T given Z = z and V̄ (t) = v̄(t). We review some regression models with

time-dependent covariates in the literature in Section 4.1, and then analyze a real data

set with a time-dependent covariate from a TUMOR study (see Example 54.5 of SAS

online documentation) in Section 4.4. This data set has a censoring rate of 44.4%. The

data set has a fixed covariate as dose levels and a time-dependent covariate as number

of papillomas.

In the literature, there are several methods available to model the cmrlf, some of

6



Chapter 1. Mean Residual Life Function

which are proper in the sense that the model corresponds to a function that is based

on a valid probability model. However, some cmrlf’s are not proper in the sense that

the modeled m(t|z) does not satisfy all the requirements of a function being an mrlf

(see Theorem 1). We discuss several available methods to model m(t|z) within the

regression set up in Section 3.1. To the best of our knowledge, we have not found

regression analysis of the mean residual life function for data with time-dependent

covariates.

Before we develop and discuss statistical methods to estimate the mrlf m(t), based

on a single sample data D1, the cmrlf m(t|z), based on a data set DR with fixed

covariates, or the cmrlf m(t|z, v̄(t)), based on a data set DB with time-dependent

covariates, we state a characterization theorem for an mrlf:

Theorem 1. (Hall-Wellner, 1981)

Let m : R+ → R+ be a function that satisfies the following conditions:

(i) m(t) is right continuous and m(0) > 0;

(ii) e(t) ≡ m(t) + t is non-decreasing;

(iii) if m(t−) = 0 for some t = t0, then m(t) = 0 on [t0,∞);

(iv) if m(t−) > 0 for all t, then
∫∞

0
1/m(u)du = ∞.

Let ι ≡ inf{t : m(t−) = 0} ≤ ∞, and define

S(t) =
m(0)

m(t)
exp

{
−
∫ t

0

1

m(u)
du

}
.

Then F (t) = 1 − S(t) is a cdf on R+ with F (0) = 0 and ι = inf{t : F (t) = 1}, finite

mean m(0) and the mrlf m(t).

7



Chapter 1. Mean Residual Life Function

Proof: See Hall and Wellner (1981), page 172.

Remark 1. Any mrlf m(t) obviously satisfies the four conditions (i)-(iv) of the

above Theorem. In the sequel, an mrlf or cmrlf that violates one of the above four

conditions will be termed as an improper mrlf and we will compare our methods to

only those that are based on proper mrlf ’s (for single sample problems) or cmrlf ’s (for

regression problems).

In Chapter 2, we develop a smooth nonparametric estimator of the mean residual life

function based on right censored observations for single sample problems. In Chapter 3,

we propose the proportional scaled mean residual life model to describe the conditional

mean residual life function with fixed covariates. In Chapter 4, we apply a Bayesian

method to approach the conditional mean residual life function with time-dependent

covariates.

8



Chapter 2

Single Sample Analysis Using Scale

Mixtures

2.1 Introduction

As we mentioned in Chapter 1, let T be a lifetime random variable. If there is no cen-

soring, the data set will be denoted by D0 = {Ti, i = 1, . . . , n}. If there is censoring, let

Ci denote the censoring time of the ith subject, i.e., we only observe Xi = min{Ti, Ci}

and the indicator of censoring ∆i = I(Ci− Ti) for i = 1, . . . , n. The data set in case of

censoring will be denoted by D1 = {(Xi,∆i), i = 1, . . . , n}. It is assumed that (Ti, Ci)

are independent and identically distributed (iid) and T is independent of C. The esti-

mators of the survival function and the hazard function based on the data sets D0 and

D1 are commonly studied in the literature. Here we summarize some of the research

methods on estimating the mean residual life function based on a complete data set

D0 and a censored data set D1, respectively.

The mean residual life function (mrlf) of a lifetime random variable T with

finite expectation is defined as

m(t) ≡ E[T − t|T > t] =





∫∞

t
S(u)
S(t)

du, S(t) > 0,

0 , otherwise.

(2.1)

9



Chapter 2. Single Sample Analysis Using Scale Mixtures

It can be seen from (2.1) that the mrlf m(t) has a disadvantage for its high depen-

dence on the tail behavior of the survival function. Therefore, it is hard to estimatem(t)

with precision, especially when no parametric form can be specified. If the underlying

distribution is assumed to arise from a parametric family, then it will be straightfor-

ward to estimate m(t). Tsang and Jardine (1993), Lai et al. (2004) obtained estimates

of m(t) based on a 2-parameter Weibull distribution model, while Agarwal and Kalla

(1996), Kalla et al. (2001), and Gupta and Lvin (2005) obtained estimates based on

a Gamma distribution model. Gupta and Bradley (2003) studied m(t) when the Ti’s

were assumed to belong to the Pearson family of distributions. However, it is obvious

that the parametric assumptions affect the shape and character of the mrlf which, in

case of an incorrect specification, is undesirable, especially when prediction is of in-

terest. Many researchers then focus on using nonparametric estimation procedures to

study m(t).

Yang (1978) employed the empirical survival function Ŝ(t) of S(t) in (2.1) under

the assumption of no censoring, which results in a discontinuous estimate of m(t) at

each observation. The empirical estimator of m(t) for a complete data set D0 is given

by

m̂e(t) =

∫ ∞

t

Ŝ(u)

Ŝ(t)
du, (2.2)

where nŜ(t) =
∑n

i=1 I(Ti−t) is the number of individuals surviving up to time t. The

empirical estimator m̂e(t) was shown to be asymptotically unbiased and uniformly

strong consistent, and to converge in distribution to a Gaussian process (Yang, 1978).

Although m̂e(t) has good asymptotic properties, it is a discontinuous estimate of

m(t). Consequently, smooth estimation procedures of the mrlf have been developed.

10
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There are different approaches to obtain smooth estimators of m(t) in the literature.

Essentially, all the methods derive the smooth estimators of m(t) by smoothing Ŝ(·) in

(2.2). Some researchers smoothed Ŝ(·) by using the kernel density methods, such as the

classical kernel density method, the recursive kernel density method, or the classical

kernel density method with a local linear fitting technique. Some researchers applied

Hille’s theorem (Hille, 1948) to smooth Ŝ(·). In this study, we use scale mixture to

smooth m̂e(t) directly instead of first obtaining a smooth estimator of S(·).

Kulasekara (1991) used a smoothed estimator of S(·) in the numerator and the

denominator in (2.2) for complete and censored data, and presented an estimator of

m(t) by constructing a kernel density estimator of the lifetime density. The resulting

estimator of m(t) is smooth because of the smoothness of the kernel estimator of the

density function. For a complete data set D0, the kernel density estimator of f at time

t is given by

fKn (t) =
n∑

i=1

1

nh
K

(
t− Ti
h

)
, t ≥ 0,

where K is a symmetric kernel density function, and h is the bandwidth, h = h(n) → 0

and nh(n) → ∞ as n→ ∞.

The estimator of the distribution function F (t) corresponding to this density func-

tion fKn (t) is then given by

FK
n (t) =

∫ t

−∞

fKn (u)du =
1

n

n∑

i=1

W

(
t− Ti
h

)
,

whereW (t) =
∫ t
−∞

K(u)du. It follows that the estimator of S(t) is given by SKn (t) = 1−

FK
n (t). Therefore, the smooth estimator m̂K(t) of m(t) can be obtained by substituting

11



Chapter 2. Single Sample Analysis Using Scale Mixtures

Ŝ(·) in (2.2) by its smooth version SKn (·), which is given by

m̂K(t) =

∫∞

t
SKn (u)du

SKn (t)
. (2.3)

Kulasekara (1991) proved the asymptotic consistency and normality of m̂K(t). The

choice of K could be based on the Epanchmikov Kernel (K(t) = 3
4
(1 − t2)I(1 − |t|)),

which is obtained by minimizing C(K) = [
∫ +∞

−∞
t2K(t)dt]

2
5 [
∫ +∞

−∞
K2(t)dt]

4
5 . Since dif-

ferent K’s do not make a significant impact in terms of C(K), its choice could be

arbitrary. Besides considering the degree of differentiability and computational feasi-

bility, the most important issue is how to select a desired bandwidth h. Most often

the choice of h is based on some cross-validation criteria. In the simulation study, Ku-

lasekera (1991) demonstrated that the kernel estimator of the mrlf can be significantly

improved by judicious choice of a certain bandwidth. Moreover, the kernel estimator

was shown to often have much smaller mean squared error (MSE) than the empirical

estimator based on a simulation study. Consequently, the kernel estimator m̂K(t) is

more efficient compared to the empirical estimator m̂e(t).

Ruiz and Guillamon (1996) replaced the empirical survival function in the numer-

ator by a recursive kernel estimate and kept the empirical survival function in the de-

nominator in (2.2). To reduce the bias of the basic kernel density estimator, Swanepoel

and Graan (2005) introduced a new kernel density function estimator based on a non-

parametric transformation of complete data. Abdous and Berred (2005) adopted the

classical kernel smoothing method to estimate m(t) for complete data using a local

linear fitting technique.

Chaubey and Sen (1999) used the so-called Hille’s theorem (Hille, 1948) to smooth

12
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the empirical survival functions both in the numerator and the denominator in (2.2)

only for complete data. For an ordered sample with no ties (T(1), . . . , T(n)) of size n,

the empirical survival function Sn is defined by

Sn(t) =
n− k

n
for T(k) ≤ t < T(k+1), k = 0, 1, . . . , n. (2.4)

Define a set of nonnegative weights as

wk(tλn) = e−tλn
(tλn)

k

k!
, k = 0, 1, 2, . . . ,∞,

where λn = n
T(n)

is chosen to be data-dependent, which makes the weight function wk(·)

stochastic. Hence, the smoothed survival function can be obtained as

S̃n(t) =
∑

k≥0

Sn

(
k

λn

)
wk(tλn).

Plugging the smoothed survival function into (2.2), the smooth estimator of m(t) is

given by

m̃n(t) =
1

λn

∑n
k=0

∑k
r=0((tλn)

(k−r)/(k − r)!)Sn(k/λn)∑n
k=0((tλn)

k/k!)Sn(k/λn)
. (2.5)

Chaubey and Sen (1999) proved that m̃n(t) is a consistent estimator of m(t) and

λ
1/2
n (m̃n(t) −m(t))

d→ N
(
0, m(t)

S(t)

)
pointwise.

However, complete data may not always be available in practice. Sometimes, we

may not be able to observe all subjects completely within a study period. In many

biomedical applications, especially in clinical trials, right censored data are very com-

mon, because some patients might be lost to follow-up, die from other causes, or be
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alive at the end of the period of study. Therefore, estimating the mrlf based on right

censored data is necessary.

Ghorai et al. (1980) first used the Bayes estimator of S(t) into (2.1) to obtain the

estimate of m(t) under the assumption of right censoring. The empirical estimator of

m(t) for a censored data set D1 is given by

m̂e(t) =

∫M
t
Ŝn(u)du

Ŝn(t)
, (2.6)

where M = M(n) → ∞, and

Ŝn(t) =
N+(t) + 1

n+ 1

n∏

j=1

{
2 +N+(Xj)

1 +N+(Xj)

}[∆j=0,Xj≤t]

, (2.7)

where N+(t) =
∑n

i=1 I(Xi−t) denotes the number of censored and uncensored subjects

surviving up to t. The asymptotic consistency and normality of m̂e(t) were proved by

Ghorai et al. (1980).

Like the estimator of the mrlf from Yang (1978) for complete data, the estimator

of the mrlf from Ghorai et al. (1980) for censored data is also a discontinuous estimate

of m(t). Estimation procedures to obtain smooth estimators of m(t) based on right

censored data have been developed. Kulasekara (1991) also smoothed Ŝ(·) in the

numerator and the denominator in (2.2) for censored data. Unlike the smoothed kernel

density function for complete data, the smoothed kernel density function for censored

data has a weight function. For a censored data set D1, the kernel density estimator

14
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of f at time t is given by

fKn (t) =
n∑

i=1

1

h
aiK

(
t−Xi

h

)
, t ≥ 0,

where ai is the size of jump at Xi and it is 0 if ∆i = 0, i.e., when Xi is censored.

The size of jump ai can be estimated by Ŝi − Ŝi+1, where Ŝi =
∏i−1

j=1

(
n−j
n−j+1

)∆j

. The

estimator of the distribution function F (t) corresponding to this density function fKn (t)

is given by

FK
n (t) =

∫ t

−∞

fKn (u)du =
n∑

i=1

aiW

(
t−Xi

h

)
,

where W (t) =
∫ t
−∞

K(u)du. Then, the smooth estimator of S(t) is given by SKn (t) =

1 − FK
n (t). Therefore, the smooth estimator m̂K(t) of m(t) for censored data can be

obtained by substituting Ŝn(t) by its smooth version SKn (t) into (2.6), which is given

by

m̂K(t) =

∫∞

t
SKn (u)du

SKn (t)
. (2.8)

In this study, we also extend the estimation procedures for m(t) of Chaubey and

Sen (1999) for complete data to censored data. We utilize the Kaplan-Meier estimator

of S(·) for censored data in (2.5), instead of the empirical survival function from (2.4)

for complete data. In the simulation study (Section 2.3), the behavior of the estimator

from the extension is compared with that of our smooth estimator.

In this chapter, we propose scale mixture modeling of the mrlf by directly smoothing

the empirical estimator m̂e(t) for complete data and censored data. Finkelstein (2002)

proposed an mrlf from a mixture of distributions to characterize the shape of the mean
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residual life function. The mixture mrlf is defined as

mF (t) =

∫∞

t
SF (u)du

SF (t)
=

∫∞

t

∫∞

0
S(u, θ)π(θ)dθdu∫∞

0
S(t, θ)π(θ)dθ

=

∫ ∞

0

m(t, θ)π(θ|t)dθ, (2.9)

where m(t, θ) =
∫
∞

t
S(u,θ)du

S(t,θ)
and π(θ|t) = π(θ)S(t,θ)∫

∞

0 S(t,θ)π(θ)dθ
. Finkelstein stated that the

mixture mrlf mF (t) could be studied by knowing S(t, θ). However, S(t, θ) is usually

unknown. This mixture mrlf is again based on a mixture of the survival function as

opposed to a direct mixture of the mrlf.

Besides a lot of studies about estimating m(t), there are many studies about testing

the mrlf in the literature, for instance, Hollander and Proschan (1975), Berger et al.

(1988), Ahmad (1992), and Ahmed and Alwasel (2003).

In Section 2.2, we propose a smooth estimator of m(t) using scale mixture and then

examine the asymptotic properties of the proposed mrlf. In Section 2.3, we present a

simulation study to evaluate the performances of the proposed mrlf. In Section 2.4,

we compare the performance of the empirical mrlf, the smooth mrlf (Chauby and Sen,

1999), and our proposed mrlf based on a real data set. In Section 2.5, we present some

discussion and directions for further extensions.

2.2 Scale Mixture Mean Residual Life Function

In this section, we first introduce the Feller Approximation Lemma and the Scale

Mixture Theorem. We then develop a smooth estimator m̂m(t) of m(t) using the

Feller Approximation Lemma, where m̂m(t) happens to be a scale mixture of m̂e(t).

In the sense of our Scale Mixture Theorem, m̂m(t) is a proper mrlf. In this study, the
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smooth estimator m̂m(t) will be called the scale mixture mean residual life function.

We then present closed analytical expressions for m̂e(t) and m̂m(t) for complete and

right censored data. Finally, we provide the asymptotic properties of m̂m(t).

First, we restate the result due to Petrone and Veronese (2002) based on Feller

(1966, p.219).

Lemma 2. Feller Approximation Lemma:

Let g(·) be a bounded and right continuous function on R for each t. Let Zj(t) be a

sequence of random variables for each t such that µj(t) ≡ E[Zj(t)] → t and σ2
j (t) ≡

V ar[Zj(t)] → 0 as j → ∞. Then

E[g(Zj(t))] → g(t) ∀ t.

The proof of the lemma is given in Appendix A. Now, we introduce the Scale

Mixture Theorem.

Theorem 2. Scale Mixture Theorem:

Let m(t) = E[T − t|T > t] be an mrlf. Then

(a) m(tθ)
θ

is a proper mrlf for any θ > 0;

(b)
∫∞

0
m(tθ)
θ
π(θ)dθ is a proper mrlf for any density π(·) on (0,∞).

Proof: Notice that, for θ > 0,

m(tθ)

θ
= E[T − tθ|T > tθ]

1

θ

= E

[
T

θ
− t

∣∣∣∣
T

θ
> t

]
.

17
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Hence, m(tθ)
θ

is the mrlf of T
θ

and (a) is proved.

Next,

∫ ∞

0

m(tθ)

θ
π(θ)dθ = Eπ

[
E

[
T

θ
− t

∣∣∣∣
T

θ
> t

∣∣∣∣θ
]]

= E

[
T

θ
− t

∣∣∣∣
T

θ
> t

]

Hence,
∫∞

0
m(tθ)
θ
π(θ)dθ is the mrlf of T

θ
where T

θ
|θ ∼ m(tθ)

θ
and θ ∼ π(·), and (b) is

proved. Notice that the mrlf uniquely determines a distribution from the inversion

formula (1.4), thus T
θ
|θ ∼ m(tθ)

θ
, which means that the conditional distribution of T

θ

given θ is the distribution induced by m(tθ)
θ

.

Remark 2. Notice that the above result is valid even when T is discrete-valued.

From Theorem 1, we can see that m̂e(t) is a right continuous function on [0, T(n)]

and m̂e(t) = 0 for t > T(n) and hence, m̂e(t) is a bounded function. Then, we can use

the Feller Approximation Lemma to approximate m̂e(t). Let Zn(t) ∼ Ga
(
kn,

t
kn

)
for

t > 0, where kn is a function of n, kn → ∞ as n→ ∞. Ga
(
kn,

t
kn

)
denotes a Gamma

distribution with mean µn(t) = t and variance σ2
n(t) = t2

kn
, and the density function is

given by

fkn,t(z) = f

(
z

∣∣∣∣kn,
t

kn

)
=

(
kn
t

)kn 1

Γ(kn)
zkn−1e−

knz
t .
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We propose the following as a scale mixture estimator of m(t):

m̂m(t) = E[m̂e(Zn(t))]

=

∫ ∞

0

m̂e(u)f

(
u

∣∣∣∣kn,
t

kn

)
du

=

∫ ∞

0

m̂e(u)

(
kn
t

)kn 1

Γ(kn)
ukn−1e−

knu
t du

(
let θ =

u

t

)

=

∫ ∞

0

m̂e(tθ)

θ
π(θ|kn)dθ, (2.10)

where π(θ|kn) = kkn
n

Γ(kn)
θkne−knθ is the density function of Ga

(
kn + 1, 1

kn

)
, and hence

it follows from (b) of the Scale Mixture Theorem (Theorem 2) that m̂m(t) is a scale

mixture mean residual life function and it is a proper mrlf.

The closed analytical form of m̂e(t) for complete data is given in (1.5). Here we

present a unified closed analytical form of m̂e(t) for complete and censored data. Let

the ordered observed data be 0
def
= X0 < X1 < . . . < Xn < Xn+1

def
= ∞, assuming no

ties. Then m̂e(t) can be expressed as

m̂e(t) =





∑n
j=1(Xj−t)I(Xj−t)wj∑n

j=1 I(Xj−t)wj
, 0 < t ≤ Xn,

0 , t > Xn,

=





∑n
j=l+1Xjwj∑n

j=l+1 wj
− t, Xl ≤ t < Xl+1, l = 0, 1, . . . , n− 1,

0 , t > Xn,

(2.11)

where the weight function is wj = Fn(Xj)−Fn(Xj−), and Fn(Xj) is the Kaplan-Meier

(KM) estimate. Notice that wj = 1
n

for complete data.

Then, m̂m(t) can also be calculated with the same closed form for complete and
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censored data based on (2.10). The details of a scale mixture of m̂e(t) to obtain m̂m(t)

are given in Appendix B. The closed analytical form for m̂m(t) is given by

m̂m(t) =

∫
∞

0

m̂e(u)f

(
u

∣∣∣∣kn,
t

kn

)
du

≈
n−1∑

l=0

∑n

j=l+1
Xjwj∑n

j=l+1
wj

[
F

(
Xl+1

∣∣∣∣kn,
t

kn

)
− F

(
Xl

∣∣∣∣kn,
t

kn

)]
− tF

(
Xn

∣∣∣∣kn + 1,
t

kn

)
, (2.12)

where F
(
·
∣∣∣kn, t

kn

)
is the cdf of Ga

(
kn,

t
kn

)
.

Remark 3. If Fn(Xj) in the weight function wj is the KM estimate for data with

tied observations, m̂e(t) and m̂m(t) based on data with tied observations can be calcu-

lated using the same closed forms as (2.11, 2.12).

Next we show that m̂m(t) is a smooth mrlf. The following set of sufficient conditions

guarantees that m̂m(t) is a smooth estimator of m(t) for a general weight function

π(θ|kn) in (2.10), which needs not be a Gamma density function. The conditions are

(A1) π(θ|kn) is a smooth density on (0,∞), such that
∫∞

0
1
θ
π(θ|kn)dθ < ∞ for all n

and

(A2) If Yn ∼ πn(·|kn), then Yn
P→ 1 as n→ ∞.

In this study, π(θ|kn) is chosen to be the density function of Ga
(
kn + 1, 1

kn

)
, such

that ∫ ∞

0

1

θ
π(θ|kn)dθ =

∫ ∞

0

1

θ

kkn
n

Γ(kn)
θkne−knθ = 1,

and hence condition (A1) is satisfied.

Also when Yn ∼ Ga
(
kn + 1, 1

kn

)
, it follows that

E[Yn] =
kn + 1

kn
= 1 +

1

kn
→ 1 as n→ ∞

20



Chapter 2. Single Sample Analysis Using Scale Mixtures

and

V ar[Yn] =
kn + 1

k2
n

=
kn + 1

kn

1

kn
→ 0 as n→ ∞,

and hence condition (A2) is satisfied. Therefore, our scale mixture mean residual life

function m̂m(t) is a smooth estimator.

Finally, we provide the asymptotic properties of m̂m(t) in the following Theorem:

Theorem 3. We assume that kn in Ga
(
kn + 1, 1

kn

)
satisfies kn = cn1+ǫ where

ǫ > 0 and c > 0 is a known constant. Consider the estimator m̂m(t) defined in (2.10)

that satisfies the conditions (A1) and (A2). Then,

(i) m̂m(t) pointwisely converges in probability to m(t).

(ii)
√
n(m̂m(t) − m(t)) is asymptotically a Gaussian process with mean identically

zero and the covariance function σ(s, t), where

σ(s, t) =
1

S(s)S(t)

∫ ∞

t

u2dF (u) − 1

S(t)

(∫ ∞

t

udF (u)

)2

, 0 ≤ s ≤ t <∞

for complete data and

σ(s, t) =
1

S(s)S(t)

∫ ∞

t

φ2(ν)

(S(ν)G(ν))2
dH̃(ν), 0 ≤ s ≤ t <∞,

where φ(t) =
∫∞

t
S(u)du, G(t) = Pr[C > t], and H̃(t) = Pr[∆1 = 1, X1 ≤ t] for

censored data.

Using the results of Yang (1978) for complete data and Ghorai et al. (1980) for

censored data, we have the following asymptotic properties for the empirical estimator

m̂e(t):
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(a) m̂e(t) pointwisely converges in probability to m(t). In other words,

lim
n→∞

P (|m̂e(t) −m(t)| ≥ ǫ) = 0 for ǫ > 0.

(b)
√
n(m̂e(t) − m(t)) is asymptotically a Gaussian process with mean identically

zero and the covariance function given by σ(s, t).

In order to prove (i) and (ii) of Theorem 3, it is sufficient to show that
√
n|m̂m(t)−

m̂e(t)| P→ 0 as n→ ∞.

Proof:

Since m̂e(t) pointwisely converges in probability to m(t) from Yang (1978) and Ghorai

et al. (1980), i.e.,

m̂e(t)
P→ m(t) as n→ ∞

and

Yn
P→ 1 as n→ ∞,

then by the Slutsky’s Theorem

m̂e(tYn)

Yn

P→ m(t ∗ 1)

1
= m(t).

Notice that m̂e(tYn)
Yn

is the mrlf of T̃n

Yn
, where T̃n takes on the values of T1, . . . , Tn each

with probability 1
n
. Then we can see that E

[
T̃n

Yn
− t
∣∣∣ T̃n

Yn
> t, Yn

]
is bounded. Thus we
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can obtain the following relationship by the Dominated Convergence Theorem

E

[
m̂e(tYn)

Yn

]
P→ E[m(t)] wrt π,

i.e.,

m̂m(t)
P→ m(t).

This completes the proof of (i) of Theorem 3.

Now we prove (ii) of Theorem 3. Notice that

√
n(m̂m(t) −m(t)) =

√
n(m̂m(t) − m̂e(t)) +

√
n(m̂e(t) −m(t)),

where
√
n(m̂e(t) −m(t)) ∼ GP (0, σ(·, ·)).

If we can prove that
√
n(m̂m(t)−m̂e(t))

P→ 0 as n→ ∞, (ii) of Theorem 3 is proved.

Now we consider
√
n(m̂m(t) − m̂e(t)) =

√
nE
[
m̂e(tYn)
Yn

− m̂e(t)
]
.

First, we take Taylor’s expansion of m̂e(tYn)
Yn

around t, which is given by

m̂e(tYn)

Yn
=
m̂e(t)

Yn
+

(tYn − t)m̂′
e(t

∗
n)

Yn
,

where t∗n
P→ t as n → ∞. It can be seen from (2.11) that m̂e(t) is differentiable iff

t ∈ (Xl, Xl+1), l = 1, . . . , n−1 and m̂e(t) is not differentiable if t = Xl, l = 1, . . . , n−1.

Thus, m̂′
e(t

∗
n) exists for t∗n ∈ [0,∞)\{X1, . . . Xn}.
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Second, we substitute the Taylor’s expansion into
√
nE
[
m̂e(tYn)
Yn

− m̂e(t)
]
, i.e.,

√
n(m̂m(t) − m̂e(t)) =

√
nE

[
m̂e(tYn)

Yn
− m̂e(t)

]

=
√
nE

[
m̂e(t)

Yn
− m̂e(t) +

(tYn − t)m̂′
e(t

∗
n)

Yn

]

= E

[√
n

(
1

Yn
− 1

)
m̂e(t) −

√
n

(
1

Yn
− 1

)
tm̂′

e(t
∗
n)

]

If we can prove
√
n
(

1
Yn

− 1
)

P→ 0 as n→ ∞, then we can obtain
√
n(m̂m(t)−m̂e(t))

P→

0 as n→ ∞ and the proof is complete. Since Yn ∼ Ga
(
kn + 1, 1

kn

)
, then

E

[√
n

(
1

Yn
− 1

)]
=

√
n

(
E

[
1

Yn

]
− 1

)
=

√
n

(
kn

kn + 1 − 1
− 1

)
= 0

and

V ar

[√
n

(
1

Yn
− 1

)]
= n ∗ V ar

[
1

Yn

]
= n

k2
n

k2
n(kn − 1)

=
n

kn − 1
.

Since we assume kn = cn1+ǫ where ǫ > 0 and c is a constant, it can be seen that

V ar
[√

n
(

1
Yn

− 1
)]

→ 0 as n → ∞. Therefore,
√
n
(

1
Yn

− 1
)

P→ 0 as n → ∞ is

proved. Hence, this completes the proof of Theorem 3.

Remark 4. Notice that the asymptotic properties of m̂m(t) are the same as those of

the estimator of Yang (1978) for complete data and the same as those of the estimator

of Ghorai et al. (1980) for censored data.
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2.3 A Simulation Study

It is difficult to obtain the exact mean squared error (MSE) of the scale mixture mean

residual life function. We conducted a simulation study to explore the properties of the

estimator. We extended the smooth estimation procedures of Chaubey and Sen (1999),

which were originally developed for only complete data, to censored data. The simula-

tion study was used to compare the performances of the empirical mrlf m̂e(t) (emrlf),

the scale mixture mrlf m̂m(t)(mmrlf), and the smooth mrlf m̂s(t) (smrlf)(Chaubey and

Sen, 1999).

The simulation study was carried out under the following conditions:

• The true distribution is Weibull distribution. The properties of Weibull

distribution are listed in Appendix C. The data are generated from Wei(2,

2), where the shape parameter and the scale parameter are both 2. The

performances of emrlf, smrlf, and mmrlf are evaluated at the time points

from quantile 0.01 to quantile 0.90 of this distribution.

• The censoring distribution is Exponential distribution with the scale pa-

rameter λ. The choices of λ to obtain the average censoring rates of 0%,

20%, 40%, and 60% are listed in Table 2.1.

• A sample size of n = 100 and a Monte Carlo sample size of N = 1000 are

used in the simulation study.

• The tuning parameter kn in the Gamma distribution of the scale mixture

mrlf m̂m(t) (mmrlf) is set to kn = n1.01.

• The bias can be estimated by B̂(t) =
∑N

i=1 m̂i(t)

N
− m(t) = ¯̂m(t) − m(t),

and then the relative bias is B̂(t)
m(t)

. The mean squared error (MSE) can be
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estimated by M̂SE(t) = 1
N−1

∑N
i=1(m̂i(t)− ¯̂m(t))2 +B(t)2. The relative ef-

ficiency can be estimated by R̂E12(t) = M̂SE1(t)

M̂SE2(t)
. In this study,

M̂SEemrlf (t)

M̂SEmmrlf (t)
,

M̂SEemrlf (t)

M̂SEsmrlf (t)
, and

M̂SEsmrlf (t)

M̂SEmmrlf (t)
are compared.

Table 2.1: The scale parameters for the Exponential distribution

Average Censoring Rate λ

0% ∞
20% 7.6

40% 3.2

60% 1.7

Figures 2.1-2.4 show the graphical summary of the simulation for the targeted

censoring rates of 0%, 20%, 40%, and 60%, respectively. In each figure, Panels 1, 3,

and 5 feature the boxplots of the 1000 repetitions of m̂(t) changing with time for emrlf,

mmrlf, and smrlf, respectively. Panel 2 compares the averaged emrlf, mmrlf, and smrlf

from the 1000 repetitions with the true mrlf. Panel 4 compares the bias of averaged

emrlf, mmrlf, and smrlf with 0. Panel 6 shows the relative efficiencies (RE) of emrlf to

mmrlf (in dotted line) and emrlf to smrlf (in dash line). Tables 2.3-2.6 list the relative

biases and the relative efficiencies for the experiments of the censoring rates of 0%,

20%, 40%, and 60%, respectively.

Generally, emrlf, mmrlf, and smrlf fit the data well for all the censoring rates of 0%,

20%, 40%, and 60%. With the increase of the censoring rate, the fluctuations of emrlf,

mmrlf, and smrlf also increase, which indicate that the variations of emrlf, mmrlf, and

smrlf increase with the censoring rate as expected. With the increase of the censoring

rate, the biases for emrlf, mmrlf, and smrlf also increase. These are reasonable results,
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because the information provided by the data is limited by the censored observations.

Figure 2.1 and Table 2.3 present the simulation results for data with 0% censoring

rate, i.e., complete data. We have the following key findings:

(i) It can be seen from Figure 2.1 that emrlf, mmrlf, and smrlf have similar

performances for the small and moderate time points.

(ii) It can be observed from Figure 2.1 that emrlf has the largest variation and

the smrlf has the least variation for the extreme time points.

(iii) From Table 2.3, it can be seen that smrlf has larger relative biases at small

time points compared to emrlf and mmrlf. It turns out that these biases of

smrlf are statistically significant (P-value < 0.05) for all time points smaller

than 1.92 (the 33th percentile of this Weibull distribution).

(iv) Generally, mmrlf has smaller biases than emrlf, though none of the biases

of emrlf or mmrlf are significantly different from 0.

(v) In terms of efficiency, mmrlf is always better than emrlf. The smrlf is

less efficient for small time points and more efficient for large time points

compared to emrlf and smrlf.

Therefore, based on relative bias and relative efficiency, mmrlf is a better estimator

compared to emrlf, and mmrlf is a better estimator for small time points compared to

smrlf. The reason why smrlf does better for large time points might be that the number

of the observations used to calculate mmrlf and emrlf decreases with the increase of

time, while the number of the observation used to calculate smrlf stays the same.

However, this advantage of smrlf diminishes with an increasing sample size n, as it

becomes computationally infeasible (see our simulation with n = 5000). In summary,

mmrlf is a much better estimator compared to emrlf and a competitive estimator to
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smrlf for complete data.

Figure 2.2 and Table 2.4 present the simulation results for data with 20% censoring

rate (small). We get similar results for slightly censored data as for the complete data;

i.e., mmrlf is a better estimator compared to emrlf and a better estimator for small

data points compared to smrlf.

Figure 2.3 and Table 2.5 present the simulation results for data with 40% censoring

rate (moderate). For all the time points studied in this simulation, smrlf is significantly

biased. It appears that emrlf and mmrlf are only biased for time points larger than

the 87.5th percentile of the Weibull distribution (P-value < 0.05). Therefore, for

moderately censored data, mmrlf is a better estimator compared to emrlf and smrlf.

Figure 2.4 and Table 2.6 present the simulation results for data with 60% censoring

rate (extreme). For highly censored data, emrlf, mmrlf and smrlf are all significantly

biased for all the time points evaluated (P-value < 0.05). However, the biases from

emrlf and mmrlf are smaller than those from smrlf. Therefore, for highly censored

data, emrlf, smrlf and mmrlf are not so good estimators for a moderate sample size

(n=100). However, given the fact that all these estimators are asymptotically unbiased,

the biases eventually vanish with an increasing sample size.

Considering the fact that we sometimes may encounter data with a very large

sample size, we attempted to compare the performance of emrlf, mmrlf, and smrlf for

a simulation study for data with a sample size of 5000. We set the other conditions as

before, except that the sample size n increased from 100 to 5000. Since the calculation

of smrlf involves smoothing the survival function in the numerator and the denominator

(2.5), the computation for data with a sample size of 5000 is very intensive. We failed

to do the simulation for smrlf under our computing resources. Since m̂e(t) and m̂m(t)
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have closed analytical forms, it did not take much time to do the simulation for emrlf

and mmrlf. Table 2.7 lists the relative efficiencies of emrlf to mmrlf for the censoring

rate of 0%, 20%, 40%, and 60%. It can be seen that mmrlf is a more efficient estimator

of the mrlf compared to emrlf for data with a very large sample size.

2.4 Application to a Melanoma Study

We applied our estimation method to the data set given in Ghorai et al. (1980)

to obtain mmrlf. We also computed the empirical mrlf estimator (emrlf) and the

modified Chaubey and Sen’s estimator (smrlf) for this data set. This data set has

68 observations, which are listed below, corresponding to the survival time (in weeks)

of 68 participants of a Melanoma study conducted by the Central Oncology Group

with headquarters at the University of Wisconsin-Madison. This data set has a high

censoring rate of 58.8%.

Uncensored observations: 16, 44, 55, 67, 73, 76, 80, 81, 86, 93, 100, 108, 114, 120,

125, 129, 134, 140, 147, 148, 151, 152, 181, 190, 193, 213, 215.

Censored observations: 13, 14, 19, 20, 21, 23, 25, 26, 27, 31, 32, 34, 37, 38, 40, 46,

50, 53, 54, 57, 57, 59, 60, 65, 66, 70, 85, 90, 98, 102, 103, 110, 118, 124, 130, 136,

138, 141, 194, 234.

Figure 2.5 shows the results of the three methods. Panel 1 compares emrlf, mmrlf,

and smrlf. Panels 2-4 show the 95% asymptotic confidence intervals computed by

a bootstrap method of case resampling (Efron, 1981) the data 1000 times for emrlf,

mmrlf, and smrlf, respectively. It can be seen that emrlf, mmrlf, and smrlf have similar

results for this highly censored data. However, unlike emrlf, which is a discontinuous
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estimator, mmrlf and smrlf are smooth estimators. It also can be seen that emrlf

vanishes at the largest time point, while mmrlf and smrlf can still take positive values.

This indicates that mmrlf and smrlf can have a better prediction performance than

emrlf even outside the observed time range.

Table 2.2: Estimated mrlf’s with 95% CI at some time points for the Melanoma study

time 23.4 58.5 117 175.5 210.6

emrlf 120.8 89.4 53.2 31.2 10.1

(97.1, 139.5) (75.3, 108.1) (38.8, 71.8) (21.6, 50.8) (1.9, 30.8)

mmrlf 120.8 89.1 54.2 32.2 15.5

(105.6, 139.3) (74.3, 107.2) (40.6, 69.8) (23.9, 45.0) (8.8, 24.5)

smrlf 118.6 88.4 55.0 33.6 21.9

(101.5, 137.1) (71.9, 105.8) (39.3, 70.2) (21.8, 44.3) (11.8, 28.3)

Table 2.2 shows the estimates of the mean residual life function and their corre-

sponding 95% confidence intervals from the empirical mrlf procedure, the scale mix-

ture mrlf procedure, and the modified Chaubey and Sen’s mrlf procedure at some time

points. The time points are 23.4, 58.5, 117, 175.5, and 210.6, which are the 10th, 25th,

50th, 75th, and 90th percentiles of uncensored times. For example, the 50th percentile

of the times is 117, then m̂m(117) = 54.2. This indicates that the expected number

of weeks that a melanoma patient will survive is about 54, given that the patient has

already survived at least 117 weeks after entering the study. Also a 95% confidence

interval for m̂m(117) is (40.6, 69.8), which indicates that it is highly unlikely that the

patient will survival beyond about 70 weeks and it is also highly unlikely that the

patient will survival less than about 40 weeks after entering the study for 117 weeks.
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Notice that the conclusions derived from Table 2.2 can not be made using the hazard

function directly. This illustrates one of the advantages of using the mean residual life

function over the traditional hazard function.

2.5 Discussion and Future Work

In the literature, researchers usually use (2.2) to calculate the empirical mrlf m̂e(t);

i.e., they often first estimate the survival function and then calculate m̂e(t). The closed

analytical form of m̂e(t) from (2.11) provides an easy and unified calculation procedure

for complete data and right censored data. The closed form of our scale mixture mean

residual life function m̂m(t) from (2.12) can be used to obtain a nonparametric smooth

estimator of the mrlf for complete and right censored data.

From the simulation studies presented in Section 2.3, it follows that m̂m(t) is always

a better estimator compared to m̂e(t). In terms of bias, m̂m(t) is always a better esti-

mator compared to the modified Chaubey and Sen’s (1999) estimator m̂s(t). In terms

of MSE, m̂m(t) is competitive to m̂s(t). Finally, m̂e(t) and m̂m(t) are computationally

less demanding compared to m̂s(t).

For moderately censored data, our scale mixture mean residual life function m̂m(t)

performs reasonably well for the smaller time points, while the modified Chaubey and

Sen’s estimator m̂s(t) performs better for the larger time points. It may be worth

combining these two estimators using a weight function as follows:

m̂∗
n(t) = w(t)m̂m(t) + (1 − w(t))m̂s(t),

31



Chapter 2. Single Sample Analysis Using Scale Mixtures

where w(t) is a suitable weight function that is a decreasing function of t. Although

we have not explored this option, it might be a good research topic as part of a future

study.

An alternative estimator can be obtained by using a version of restricted splines.

Let 0 = t0 < t1 < t2 < . . . < tm < tm+1 = ∞ be a partition of [0,∞). Define

mj(t) = aj(tj − t)+, j = 1, . . . ,m,

where aj ∈ (0, 1) and x+ = x if x ≥ 0, otherwise x+ = 0. It can be proved that

mj(t), j = 1, . . . ,m belong to Hall-Weller family (Theorem 1).

Therefore, a finite mixture of mrlf’s can be defined as

mf (t) =
n∑

j=1

wjmj(t),
n∑

j=1

wj = 1, wj ≥ 0.

It would be of interest to obtain estimators of aj’s and wj’s that minimize the empir-

ical integrated squared error
∑m

j=1(mf (tj) − m̂e(tj))
2, where tj’s can be chosen as the

distinct observed survival time.
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Figure 2.1: Estimated mean residual life function for Wei(2, 2) under 0% censoring rate.
Panels 1, 3, and 5 are boxplots for emrlf, mmrlf, and smrlf. Panel 2 compares averaged
emrlf, averaged mmrlf, and averaged smrlf with the true mrlf. Panel 4 compares biases
from averaged emrlf, averaged mmrlf, and averaged smrlf with 0. Panel 6 shows the relative
efficiencies of emrlf to mmrlf and emrlf to smrlf.
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Figure 2.2: Estimated mean residual life function for Wei(2, 2) under 20% censoring rate.
Panels 1, 3, and 5 are boxplots for emrlf, mmrlf, and smrlf. Panel 2 compares averaged
emrlf, averaged mmrlf, and averaged smrlf with the true mrlf. Panel 4 compares biases
from averaged emrlf, averaged mmrlf, and averaged smrlf with 0. Panel 6 shows the relative
efficiencies of emrlf to mmrlf and emrlf to smrlf.
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Figure 2.3: Estimated mean residual life function for Wei(2, 2) under 40% censoring rate.
Panels 1, 3, and 5 are boxplots for emrlf, mmrlf, and smrlf. Panel 2 compares averaged
emrlf, averaged mmrlf, and averaged smrlf with the true mrlf. Panel 4 compares biases
from averaged emrlf, averaged mmrlf, and averaged smrlf with 0. Panel 6 shows the relative
efficiencies of emrlf to mmrlf and emrlf to smrlf.
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Figure 2.4: Estimated mean residual life function for Wei(2, 2) under 60% censoring rate.
Panels 1, 3, and 5 are boxplots for emrlf, mmrlf, and smrlf. Panel 2 compares averaged
emrlf, averaged mmrlf, and averaged smrlf with the true mrlf. Panel 4 compares biases
from averaged emrlf, averaged mmrlf, and averaged smrlf with 0. Panel 6 shows the relative
efficiencies of emrlf to mmrlf and emrlf to smrlf.
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Figure 2.5: Estimated mean residual life function and 95% confidence interval from case
resampling for the Melanoma Study. Panel 1 is emrlf, mmrlf, and smrlf. Panel 2 is emrlf and
CI. Panel 3 is mmrlf and CI. Panel 4 is smrlf and CI.
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Table 2.3: Relative biases and efficiencies of estimated mrlf’s under 0% censoring rate

time
B̂emrlf (t)

m(t)

B̂mmrlf (t)

m(t)

B̂smrlf (t)

m(t)

M̂SEemrlf (t)

M̂SEmmrlf (t)

M̂SEemrlf (t)

M̂SEsmrlf (t)

M̂SEsmrlf (t)

M̂SEmmrlf (t)

0.010 -0.001 -0.001 -0.014 1.000 0.947 1.056

0.169 -0.002 -0.001 -0.014 1.003 0.961 1.044

0.328 -0.001 -0.001 -0.013 1.014 0.970 1.045

0.488 -0.001 -0.001 -0.011 1.015 0.992 1.024

0.647 -0.001 0.000 -0.010 1.012 0.987 1.025

0.806 -0.001 0.000 -0.009 1.037 1.021 1.015

0.965 -0.001 0.000 -0.008 1.056 1.056 1.000

1.124 -0.002 0.000 -0.007 1.067 1.069 0.998

1.284 -0.001 0.000 -0.006 1.064 1.067 0.997

1.443 -0.004 -0.001 -0.005 1.096 1.099 0.998

1.602 -0.004 -0.002 -0.005 1.091 1.102 0.990

1.761 -0.004 -0.002 -0.004 1.159 1.198 0.967

1.920 -0.004 -0.001 -0.002 1.162 1.226 0.948

2.080 -0.002 0.001 -0.001 1.155 1.244 0.928

2.239 0.001 0.002 0.001 1.182 1.309 0.903

2.398 -0.003 0.003 0.002 1.186 1.354 0.876

2.557 -0.001 0.005 0.003 1.261 1.490 0.846

2.716 0.000 0.007 0.003 1.248 1.541 0.810

2.876 0.008 0.009 0.001 1.256 1.643 0.765

3.035 0.008 0.009 -0.001 1.312 1.852 0.708

On average the Monte Carlo Standard Error is about 0.004 with 1000 repetitions.
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Table 2.4: Relative biases and efficiencies of estimated mrlf’s under 20% censoring rate

time
B̂emrlf (t)

m(t)

B̂mmrlf (t)

m(t)

B̂smrlf (t)

m(t)

M̂SEemrlf (t)

M̂SEmmrlf (t)

M̂SEemrlf (t)

M̂SEsmrlf (t)

M̂SEsmrlf (t)

M̂SEmmrlf (t)

0.010 -0.001 -0.001 -0.013 1.000 0.966 1.036

0.169 -0.001 -0.001 -0.013 1.002 0.977 1.026

0.328 -0.001 -0.001 -0.012 1.010 0.981 1.030

0.488 0.000 0.000 -0.010 1.013 1.007 1.006

0.647 0.000 0.001 -0.009 1.010 1.002 1.008

0.806 0.000 0.001 -0.007 1.035 1.038 0.998

0.965 0.000 0.001 -0.006 1.052 1.067 0.986

1.124 -0.001 0.001 -0.005 1.057 1.077 0.981

1.284 0.001 0.001 -0.005 1.063 1.084 0.981

1.443 -0.001 0.001 -0.004 1.083 1.105 0.980

1.602 -0.002 -0.001 -0.004 1.083 1.117 0.969

1.761 -0.005 -0.002 -0.004 1.124 1.187 0.947

1.920 -0.005 -0.002 -0.004 1.152 1.240 0.929

2.080 -0.005 -0.001 -0.004 1.143 1.253 0.912

2.239 -0.002 0.000 -0.004 1.160 1.308 0.887

2.398 -0.006 0.000 -0.004 1.177 1.374 0.857

2.557 -0.002 0.002 -0.005 1.222 1.486 0.822

2.716 -0.005 0.003 -0.008 1.178 1.517 0.777

2.876 0.002 0.003 -0.012 1.237 1.722 0.718

3.035 0.000 -0.002 -0.018 1.292 1.963 0.658

On average the Monte Carlo Standard Error is about 0.004 with 1000 repetitions.
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Table 2.5: Relative biases and efficiencies of estimated mrlf’s under 40% censoring rate

time
B̂emrlf (t)

m(t)

B̂mmrlf (t)

m(t)

B̂smrlf (t)

m(t)

M̂SEemrlf (t)

M̂SEmmrlf (t)

M̂SEemrlf (t)

M̂SEsmrlf (t)

M̂SEsmrlf (t)

M̂SEmmrlf (t)

0.010 -0.002 -0.002 -0.014 1.000 0.977 1.024

0.169 -0.002 -0.002 -0.013 1.004 0.990 1.014

0.328 -0.002 -0.002 -0.012 1.006 0.986 1.020

0.488 -0.002 -0.001 -0.011 1.014 1.013 1.001

0.647 -0.002 -0.001 -0.010 1.004 1.001 1.002

0.806 -0.002 -0.001 -0.009 1.021 1.025 0.996

0.965 -0.002 -0.001 -0.008 1.040 1.061 0.980

1.124 -0.004 -0.001 -0.008 1.047 1.077 0.973

1.284 -0.002 -0.002 -0.008 1.060 1.091 0.971

1.443 -0.004 -0.003 -0.009 1.070 1.110 0.964

1.602 -0.006 -0.005 -0.010 1.069 1.126 0.949

1.761 -0.009 -0.007 -0.011 1.110 1.193 0.930

1.920 -0.010 -0.007 -0.012 1.107 1.212 0.913

2.080 -0.009 -0.006 -0.013 1.113 1.246 0.893

2.239 -0.008 -0.006 -0.015 1.161 1.346 0.862

2.398 -0.011 -0.007 -0.019 1.104 1.345 0.820

2.557 -0.009 -0.011 -0.025 1.171 1.515 0.773

2.716 -0.019 -0.020 -0.034 1.178 1.623 0.726

2.876 -0.028 -0.038 -0.049 1.160 1.712 0.678

3.035 -0.055 -0.070 -0.071 1.243 1.977 0.628

On average the Monte Carlo Standard Error is about 0.005 with 1000 repetitions.
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Table 2.6: Relative biases and efficiencies of estimated mrlf’s under 60% censoring rate

time
B̂emrlf (t)

m(t)

B̂mmrlf (t)

m(t)

B̂smrlf (t)

m(t)

M̂SEemrlf (t)

M̂SEmmrlf (t)

M̂SEemrlf (t)

M̂SEsmrlf (t)

M̂SEsmrlf (t)

M̂SEmmrlf (t)

0.010 -0.010 -0.010 -0.020 1.000 0.974 1.027

0.169 -0.010 -0.010 -0.021 1.003 0.980 1.023

0.328 -0.011 -0.011 -0.021 1.007 0.986 1.022

0.488 -0.011 -0.011 -0.020 1.010 0.988 1.023

0.647 -0.013 -0.012 -0.021 1.005 0.987 1.018

0.806 -0.014 -0.013 -0.022 1.022 1.014 1.008

0.965 -0.017 -0.016 -0.024 1.020 1.026 0.994

1.124 -0.022 -0.019 -0.027 1.043 1.063 0.981

1.284 -0.023 -0.022 -0.030 1.046 1.073 0.975

1.443 -0.028 -0.026 -0.034 1.030 1.074 0.959

1.602 -0.033 -0.031 -0.039 1.092 1.174 0.930

1.761 -0.039 -0.037 -0.046 1.088 1.201 0.906

1.920 -0.047 -0.044 -0.054 1.095 1.242 0.882

2.080 -0.055 -0.052 -0.065 1.102 1.300 0.848

2.239 -0.058 -0.065 -0.081 1.114 1.394 0.799

2.398 -0.081 -0.087 -0.102 1.132 1.531 0.739

2.557 -0.110 -0.124 -0.131 1.162 1.711 0.680

2.716 -0.155 -0.176 -0.168 1.206 1.921 0.628

2.876 -0.233 -0.246 -0.213 1.196 2.066 0.579

3.035 -0.332 -0.329 -0.266 1.203 2.295 0.524

On average the Monte Carlo Standard Error is about 0.006 with 1000 repetitions.
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Table 2.7: Relative efficiencies of mmrlf to emrlf for a sample size of 5000

M̂SEemrlf (t)/M̂SEmmrlf (t)

censoring rate

time 0% 20% 40% 60%

0.010 1.000 1.000 1.000 1.000

0.169 1.000 1.000 1.000 0.999

0.328 0.999 0.999 0.999 1.000

0.488 1.003 1.003 1.002 1.002

0.647 1.002 1.002 1.003 1.000

0.806 1.006 1.005 1.005 1.003

0.965 1.000 1.002 1.002 1.002

1.124 1.010 1.012 1.007 1.005

1.284 1.010 1.008 1.008 1.007

1.443 1.011 1.011 1.012 1.007

1.602 1.013 1.011 1.006 1.002

1.761 1.014 1.012 1.011 1.013

1.920 1.018 1.024 1.016 1.008

2.080 1.020 1.015 1.015 1.014

2.239 1.020 1.022 1.019 1.016

2.398 1.023 1.032 1.029 1.015

2.557 1.034 1.044 1.039 1.031

2.716 1.039 1.036 1.027 1.029

2.876 1.031 1.021 1.025 1.038

3.035 1.034 1.028 1.037 1.039
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Chapter 3

Regression Analysis Using Scale Mixtures

3.1 Introduction

In Chapter 2, we studied nonparametric estimation procedures of the mean residual life

function based on a single sample of iid observations, which are either partially censored

or completely observed. However, in many applications, in addition to just a single

sample of iid observations, we might observe a vector of p explanatory fixed variables,

say denoted by Zi = (Zi1, . . . , Zip)
τ for each subject i = 1, . . . , n. For instance, Zi are

the prognostic factors for the ith subject and Zi1 = treatment, Zi2 = gender, Zi3 = age,

and so on. We assume that the Zi’s are observed without any measurement errors. Let

Ti denote the survival time of the ith subject for i = 1, . . . , n. We assume that some Ti’s

may be right censored randomly by Ci’s, and we will observe DR = {(Xi,∆i,Zi), i =

1, . . . , n}, where Xi = min{Ti, Ci} and ∆i = I(Ci − Ti) as before. In this case, we

assume that for each subject given Zi, the Ti’s and Ci’s are conditionally independent

and the triplets (Ti, Ci,Zi) are also independent across subjects, i = 1, . . . , n.

To measure the effect of fixed covariates on the survival time, the proportional

hazards model (Cox, 1972) and the accelerated failure time model (Kalbfleisch and

Prentice, 1980) are often used. The proportional hazards (PH) model is defined as

h(t|z) = h0(t) exp(zτγ), (3.1)
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where h(·|z) denotes the conditional hazard function of the lifetime random variable

T given Z = z, h0(·) denotes the baseline hazard function, γ denotes the vector

of regression parameters, and the superscript τ denotes the transpose of a vector.

Usually, the maximum partial likelihood method is used to estimate and make inference

about γ. For example, Tsiatis (1981) rigorously proved the consistency and asymptotic

normality of the partial likelihood estimate γ̂. Bagdonavicius (1999) modified the

partial likelihood to study the generalized proportional hazards model.

The accelerated failure time (AFT) model is given by

log T = zτβ + e, (3.2)

or

S(t|z) = S0(t exp{−zτβ}),

where β is the vector of regression parameters, e = log(T0) where T0 is the baseline

survival time, and S0(·) denotes the baseline survival function. A lot of research has

been done on the AFT model. For example, Miller (1976), Buckly and James (1979),

and Lai and Ying (1991) investigated the least squares based and M-estimation method

for the AFT model. Tsiatis (1990), Wei et al. (1990), and Ying (1993) used the rank-

based method to study the estimation and inference for the regression parameters.

Ghosh and Ghosal (2006) approached the statistical inference using a nonparametric

Bayesian method.

The survival function and the hazard function are important in understanding sur-

vival or aging process. However, to assess the remaining life expectancy, it is desirable

to study the mean residual life function. The mean residual life function (mrlf)
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of a lifetime random variable T with finite expectation is defined as

m(t) ≡ E[T − t|T > t] =





∫∞

t
S(u)
S(t)

du, S(t) > 0,

0 , otherwise.

(3.3)

To evaluate the effect of fixed covariates on the remaining life expectancy, the

conditional mean residual life function has to be studied. The conditional mean

residual life function (cmrlf) is defined as

m(t|z) ≡ E[T − t|T > t,Z = z] =

∫ ∞

t

S(u|z)

S(t|z)
du, (3.4)

where m(t|z) is the conditional mean residual life function associated with Z, and

S(t|z) = Pr[T > t|Z = z] denotes the conditional survival function of T given Z = z.

Conversely, the conditional survival function can be expressed in terms of the cmrlf as

follows:

S(t|z) = Pr(T ≥ t,Z = z) =
m(0|z)

m(t|z)
exp

{
−
∫ t

0

1

m(u|z)
du

}
. (3.5)

Oakes and Dasu (1990) proposed a semiparametric model called the proportional

mean residual life (PMRL) model, which is similar to the proportional hazards model,

for studying the association between the mean residual life and the fixed covariates Z.

The PMRL model is defined as

m(t|z) = m0(t) exp{g(z,β)}, (3.6)

wherem0(t) = m(t|Z = 0) is the baseline mean residual life function, which is generally
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unspecified and can be interpreted as the mean residual life function for the population

of subjects with Z = 0, β is associated regression parameter for covariates Z = z, and g

is a regression function, such that g(0,β) = g(z, 0) = 0 is satisfied. Usually, researchers

take the regression function as g(z,β) = zτβ. In this study, unless specified, g(z,β) =

zτβ is used. The PMRL model directly describes the distribution of remaining lifetime

and holds appealing interpretation in life expectancy. However, this model has some

limitations. One constraint is that e0(t) = m0(t) + t must be nondecreasing (see

Theorem 1). Furthermore, another constraint is that m(t|z) should be a proper mrlf

for all β. From the two constraints, we can see that

(1) for an increasing baseline mrlf m0(t), m(t|z) is a proper mrlf for all β;

(2) for a decreasing or non-monotonic baseline mrlf m0(t), m(t|z) is a proper mrlf

for all β only when it satisfies exp{zτβ} > 1.

Thus, in order to obtain a proper estimator of the cmrlf, these two constraints have

to be checked after obtaining β̂ and m̂0(t). Oakes and Dasu (1990) pointed out that

m(t|z) is an mrlf for all β if m0(t) itself is monotonically nondecreasing, when they

proposed the PMRL model.

Nanda et al. (2006) showed that the proportional mean residual life model leads to

the following model in terms of the hazard function

h(t|z) = exp{−zτβ}
(

1 + exp{zτβ}m′
0(t)

1 +m′
0(t)

)
h0(t), (3.7)

where m′
0(t) = dm0(t)/dt. It can be seen from (3.7) that β must satisfy the condi-

tion 1 + exp{zτβ}m′
0(t) ≥ 0, which implies that 1 + m′

0(t) ≥ 1 − exp{−zτβ}, i.e.,
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exp{zτβ} > 1, which verifies the second constraint we mentioned above. Notice that if

Z > 0 then exp{zτβ} → 0 as β → −∞ and if Z < 0 then exp{zτβ} → 0 as β → ∞.

Thus, exp{zτβ} > 1 can not be satisfied for all β.

There is a relationship between the proportional mean residual life function and the

proportional hazards function. The hazard function h(·|z) of the forward recurrence

time in the renewal processes formed by the T ’s is the reciprocal of the mean residual

life function m(·|z) (Maguluri and Zhang, 1994). Furthermore, when a model satisfies

the assumptions for both the proportional hazards model and the proportional mean

residual life model, its underlying distribution belongs to the Hall-Wellner class of

distributions with linear mean residual life functions (Oakes and Dasu, 1990). For

example, Pareto, Exponential, and a certain class of rescaled Beta distributions have

linear mean residual life functions, i.e., m(t) = at + b where b > 0 and a > −1. For

a > 0, a = 0, and −1 < a < 0, the distributions correspond to Pareto distributions,

Exponential distributions, and rescaled Beta distributions, respectively.

Chen et al. (2004) pointed out that the proportional mean residual life model and

the accelerated failure time model coincide if and only if the baseline mean residual life

function m0(t) is constant, i.e., the underlying distribution belongs to the Exponential

family.

If the underlying distribution is assumed from a parametric family or if m0(t) is

known up to some unknown parameters, it will be straightforward to do regression

analysis based on the PMRL model using the maximum likelihood method. If there

is no censoring, then the density function f(t|z) = −S ′(t|z) is utilized, and it can be
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expressed as

f(t|z) =
m0(0)

m0(t)
exp

(
−
∫ t

0

exp{−zτβ}
m0(u)

du

)
(m′

0(t) + exp{−zτβ}).

When there is censoring, f(t|z) = h(t|z)∆S(t|z) is used. The loglikelihood function is

given by

ll(β) =
n∑

i=1

[∆i log h(Xi|Zi) + logS(Xi|Zi)],

where h(t|z) can be obtained from (3.4) and (3.6) as

h(t|z) =
m′

0(t) + exp{−zτβ}
m0(t)

.

Thus, the maximum likelihood method can be used to estimate β, when the baseline

function m0(t) is known up to some unknown parameters m0(t) ≡ m0(t|η).

However, it is often inadequate to make parametric assumptions for the baseline

mrlf m0(t). Thus, many researchers approach regression analysis problems by semi-

parametric estimation procedures. Now we review some studies on the PMRL model

based on complete data and censored data, respectively.

Maguluri and Zhang (1994) developed semiparametric estimation procedures for

complete data. Considering a hypothetical equilibrium renewal process, the forward

recurrence time V is defined as the time from a fixed time to the next immediate

renewal. Its density function fv(t|z) is equal to Sv(t|z)/m(0|z) based on Cox (1962,

p.63). Thus, its hazard function is given by

hv(t|z) =
fv(t|z)

Sv(t|z)
=

S(t|z)∫∞

t
S(u|z)du

= m(t|z)−1,
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where hv(t|z) is the hazard function related to Sv(t|z). Hence, the hazard function of

the residual lifetime is the reciprocal of the mean residual life function, which means

that the PMRL function implies the PH model for V ,

hv(t|z) = m(t|z)−1 = m0(t)
−1 exp{−zτβ} = hv,0(t) exp{−zτβ},

where hv,0(t) = hv(t|Z = 0) = m(t|Z = 0)−1 = m0(t)
−1. The following partial score

equation can be used to estimate β in this PH semiparametric model (Cox, 1972),

Ê(Z) +

∫ ∞

0

Ê{Z exp{−Zτβ}I(V ≥ t)}
Ê{exp{−Zτβ}I(V ≥ t)}

dŜv(t) = 0,

where Ê and Ŝv are appropriate estimates of the expectation E and Sv, respectively.

However, E and Sv can not be obtained from the hypothetical forward recurrence

time V . Maguluri and Zhang (1994) then obtained the following estimating equation

for β based on the survival time T instead of V ,

Ê(Z) −
∫ ∞

0

Ê{Z exp{−2Zτβ}(T − t)I(T ≥ t)}
Ê{exp{−2Zτβ}(T − t)I(T ≥ t)}

Ê{exp{−Zτβ}I(T > t)}
Ê{exp{−Zτβ}T}

dt = 0.

Then, Ê can be further replaced by their empirical estimates, since no censoring exists.

The estimating equation is modified as

U0(β̂) = n−1
n∑

i=1

Zi −
∫ ∞

0

ΣZi exp{−2Zτ
i β̂}(Ti − t)I(Ti ≥ t)

Σ exp{−2Zτ
i β̂}(Ti − t)I(Ti ≥ t)

Σ exp{−Zτ
i β̂}I(Ti > t)

Σ exp{−Zτ
i β̂}Ti

dt = 0.

Maguluri and Zhang (1994) also established the asymptotic properties of β̂. Yuen et

al. (2003) proposed a goodness-of-fit test for the mean residual life regression model
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of Maguluri and Zhang (1994).

In addition to β̂, the baseline mrlf m0(t) has to be estimated in order to estimate

m(t|z). Chen et al. (2004) suggested an approach to obtain the estimate of m0(t)

under the no censoring assumption. The approach is to make use of the relationship

m0(t) = h−1
v,0(t). The PH model based on V is given by

hv,0(t) =
hv(t|z)

exp{−zτβ} = − 1

Sv(t|z) exp{−zτβ}
dSv(t|z)

dt
.

Then, a consistent estimator of hv,0(t) based on T is given by

ĥv,0(t) =
1

Ê{exp{−2zτβ}(T − t)I(T ≥ t)}
Ê{exp{−zτβ}I(T > t)}

Ê{exp{−zτβ}T}
.

Then, Ê can be further replaced by their empirical estimates, since no censored obser-

vation is assumed to exist. The estimating equation for m0(t) is given by

m̂0(t) = ĥ0(t)
−1 =

Σ exp{−2Zτ
i β̂}(Ti − t)I(Ti ≥ t)

n

Σ exp{−Zτ
i β̂}Ti

Σ exp{−Zτ
i β̂}I(Ti > t)

. (3.8)

Oakes and Dasu (2003) defined a weighted ratio estimator to estimate β for the two

sample case under the no censoring assumption. Berger et al. (1988) proposed tests

and confidence sets for comparing two mean residual life functions without building up

any regression model.

In practice, however, data collected for survival analysis often involve censoring,

when the complete survival time is not fully observable. Berger et al. (1988) also

compared two median residual life functions instead of two mean residual life functions

for censored data. Chen et al. (2004) modified the Maguluri and Zhang’s method to
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accommodate potential censoring using the inverse probability of censoring weighted

approach. In their method, the distribution of the censored observation Ci is assumed

to be Sc(·). The Kaplan-Meier estimator, Ŝc(·), is an appropriate estimate of Sc(·),

Ŝc(t) =
∏

s≤t

[
1 − dNc(s)

Y (s)

]
,

where Nc(s) = ΣjNc,j(s) = ΣjI(Xj ≤ s,∆j = 0) is the counting process of the censored

observations and Y (s) = ΣjYj(s) = ΣjI(Xj ≥ s) is the at-risk process. When the

differences between the observations and their expectations are assumed to be equal

weight, the estimating function of β would be defined as

U(β) = n−1

n∑

i=1

∆i

Ŝc(Xi)
{Zi − Z̄i(β, Ŝc)}, (3.9)

where

Z̄i(β, Ŝc) =

∫
∞

0

Zie
−2Zτ

i
β(Xi − t)I(Xi > t)

n−1Σje−2Zτ

i
β(Xi − t)I(Xi > t)∆j{Ŝc(Xj)}−1

n−1Σje
−Zτ

i
β∆j{Ŝc(Xj)}−1

n−1Σje−Zτ

i
βXj∆j{Ŝc(Xj)}−1

dt.

The above estimating equation can be extended to include a weight function in Uw(β)

to obtain a more efficient estimate of β:

Uw(β) = n−1

n∑

i=1

W (Xi)∆i

Ŝc(Xi)
{Zi − Z̄i(β, Ŝc)}, (3.10)

where W (·) is a specified weight function converging uniformly to a deterministic func-

tion w0(·). The asymptotic properties of β̂ were proved in Chen et al. (2004). They
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gave the estimating equation for m0(t) as

m̂0(t) = ĥ0(t)
−1

=
Σe−2Z

τ

i
ˆβ(Xi − t)I(Xi ≥ t)∆i{Ŝc(Xi)}−1

n

Σe−Z
τ

i
ˆβXi∆i{Ŝc(Xi)}−1

Σe−Z
τ

i
ˆβ∆i{Ŝc(Xi)}−1

.

The straightforward approach of Chen et al. (2004) requires estimating or modeling

the distribution of censoring. To avoid that, Chen and Cheng (2005) proposed quasi-

partial score estimating equations for the regression parameters using counting process

theory. They provided a closed-form estimator for m0(t) as

m̂0(t; β) = ŜNA(t)−1

∫ ∞

t

ŜNA(u)Q(u; β)du, (3.11)

where Q(t; β) = Σn
i=1Yi(t) exp{−Zτ

iβ}/Σn
i=1Yi(t) and Yi(t) = I(Xi − t), and ŜNA =

exp{−
∫ t

0
Σn
i=1dNi(u)/Σ

n
i=1Yi(u)} and Ni(t) = I(t − Xi)∆i. Generally, ŜNA is called

the Nelson-Aalen estimator of the survival function for the pooled observations. The

estimating equation for β is given by

U(β) = n−1

n∑

i=1

∫ ∞

0

{Zi − Z̄(t)}{m̂0(t; β)dNi(t) − Yi(t) exp{−Zτ
iβ}dt} = 0, (3.12)

where Z̄(t) = Σn
i=1Yi(t)Zi/Σ

n
i=1Yi(t). Let β̂ and β be the estimated and true values of

β, respectively. Then under some regularity conditions,

n1/2(β̂ − β)
d→ N

(
0, A−1V {A−1}τ

)
,
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where A and V can be consistently estimated by their empirical estimators,

Â =
1

n

n∑

i=1

∫ ∞

0

{Zi − Z̄}
⊗

2Yi exp{−Zτ
iβ}dt, and

V̂ =
1

n

n∑

i=1

∫ ∞

0

{Zi − Z̄}
⊗

2Yim̂0(t; β̂){exp{−Zτ
iβ}dt+ dm̂0(t; β̂)},

where v
⊗

2 denotes vvt for a vector v. Inferences for β can then be made through this

large-sample normal approximation distribution of β̂. The asymptotic 100(1 − α)%

confidence region for β is given by

R = {β : n(β̂ − β)τ ÂV̂ −1Âτ (β̂ − β) ≤ X 2
p (α)},

where X 2
p (α) is the upper α-quantile of the Chi-square distribution with degrees of

freedom p.

The accuracy of the above semiparametric inference procedures may be low, when

the censoring proportion is relatively large or the sample size is relatively small. To

improve the accuracy, Zhao and Qin (2006) considered the empirical likelihood method

to estimate the regression parameters and construct confidence regions for the regres-

sion parameters. From the estimating equation for β of Chen and Sheng (2005), Zhao

and Qin (2006) defined Gi for i = 1, 2, . . . , n as

Gi =

∫ ∞

0

{Zi − Z̄(t)}{m̂0(t; β)dNi(t) − Yi(t) exp{−Zτ
iβ}dt} = 0. (3.13)
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The empirical profile likelihood of β is given by

L(β) = sup

{
n∏

i=1

pi : Σpi = 1,
n∑

i=1

piGi = 0, pi ≥ 0, i = 1, . . . , n

}
, (3.14)

where (p1, . . . , pn)
τ be a vector of probabilities. Since

∏n
i=1 pi obtains its maximum at

pi = 1
n
, the empirical likelihood ratio is given by

R(β) = sup

{
n∏

i=1

npi : Σpi = 1,
n∑

i=1

piGi = 0, pi ≥ 0, i = 1, . . . , n

}
.

When {Zi, i = 1, . . . , n} are assumed to be uniformly bounded by a constant, −2 logR(β)

converges in distribution to X 2
p . −2 logR(β) is given by

−2 logR(β) =

(
n−1/2

n∑

i=1

Gi

)τ (
n−1

n∑

i=1

GiG
τ
i

)−1(
n−1/2

n∑

i=1

Gi

)

→ X 2
p .

Hence, the asymptotic 100(1 − α)% confidence region for β is given by

R =
{
β : −2 logR(β) ≤ X 2

p (α)
}
.

Recall that the life expectancy of T at time t given by e(t) = m(t) + t should

be monotonically nondecreasing (see Theorem 1). The PMRL model may not always

have a nondecreasing function e(t|z), for e(t|z) = m0(t) exp{zτβ} + t. To solve this

problem, Chen and Cheng (2006) suggested a linear mean residual life (LMRL) model

to assess the association between the survival time and fixed covariates. The LMRL
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model is defined as

m(t|z) = m0(t) + zτβ. (3.15)

It is apparent that the additive structure in (3.15) complies with this constraint of

nondecreasing e(t|z), since the model is equivalent to e(t|z) = e0(t) + zτβ. The

parameter β can be interpreted as the average difference in remaining lifetime per unit

change in Z. But for this model, that m′(t|z) = m′
0(t) does not depend on Z makes

it unatractive for physical interpretation. Moreover, this model also has a constraint

zτβ > 0, because m0(t) + zτβ must be nonnegative. The procedures for estimating β

and m0(t) in Chen and Sheng (2006) are similar to the procedures in Chen and Sheng

(2005), except for different mean residual life models.

It can be seen that the PMRL model and the LMRL model have some constraints.

In Section 3.2, we propose the proportional scaled mean residual life model, which does

not have any constraint. In Section 3.3, we present a simulation study to evaluate the

performance of the proposed regression model. In Section 3.4, we apply the proposed

regression model to a real data set. In Section 3.5, we do some discussion and give a

suggestion for future work.

3.2 Proportional Scaled Mean Residual Life Model

The motivation behind the proportional scaled mean residual life (PSMRL) model is

(a) of the Scale Mixture Theorem (Theorem 2), which says that m(tθ)
θ

is a proper mean

residual life function for any θ > 0, if m(t) is a mean residual life function.

Let m0(t) = m(t|Z = 0) be a baseline mrlf. We assume that m0(t) is continuously

differentiable on [0, T(n)]. We also know that exp{−g(z,β)} > 0. Based on (a) of the
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Scale Mixture Theorem, we propose the PSMRL model to describe the cmrlf as

m(t|z) = exp{g(z,β)}m0(t exp{−g(z,β)}), (3.16)

where g(z,β) = zτβ is chosen in this study, i.e., the regression model is given by

m(t|z) = exp{zτβ}m0(t exp{−zτβ}), (3.17)

or

m(t|z) = exp{Z1β1 + Z2β2 + . . .+ Zpβp}m0(t exp{−(Z1β1 + Z2β2 + . . .+ Zpβp)}).

From the Scale Mixture Theorem, it can be seen that our PSMRL model is a proper

mrlf for all β, which is the advantage over the PMRL model and the LMRL model.

Since our PSMRL model is proposed based on the Scale Mixture Theorem (Theorem

2), the regression analysis is based on scale mixture.

We can obtain the AFT model directly from our PSMRL model by (3.5), since

m(t|z) = exp{zτβ}m0(t exp{−zτβ}) ⇒ S(t|z) = S0(t exp{−zτβ}).

This indicates that our model is equivalent to the AFT model as log T = zτβ + e.

Naturally, our regression parameter β has the same direct interpretation as the AFT

model as the change in the logarithm of the survival time for per unit change in Z.

Our PSMRL model also has its own physical interpretation. This model reflects

both the time scale changing effect and the proportional mean residual life effect,
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because

m(teδ
τ
β|z + δ)

m(t|z)
= eδ

τ
β,

where δ is a p-dimensional shift vector.

With δk = 1 unit increase in the kth covariate Zk, while other covariates being held

fixed (i.e., δk′ = 0 for k′ 6= k), we can obtain

m(teβk |Zk + 1)

m(t|Zk)
= eβk .

If βk > 0, then the expected remaining lifetime at a higher time point for a subject

with covariate Zk + 1 is eβk (where eβk > 1) times of the expected remaining lifetime

at a lower time point for a subject with covariate Zk. Accordingly, it is obvious that a

subject with covariate Zk + 1 has a longer expected remaining lifetime than a subject

with covariate Zk at the same time point. If βk < 0, then the expected remaining

lifetime at a lower time point for a subject with covariate Zk +1 is eβk (where eβk < 1)

times of the expected remaining lifetime at a higher time point for a subject with

covariate Zk.

We present some examples for this model from our daily life:

(a) Let Zk denote the male population while Zk + 1 be the female population.

Let βk=0.15 and t = 60. We can have the following relationship

m(te0.15|female)
m(t|male) =

m(70|female)
m(60|male) =

24

20
= e0.15 = 1.2,

which indicates that a female at 70 years old is still expected to live 24 more

years, while a male at 60 years old is only expected to live 20 more years.
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This information might be very important to an annuity company, which

may make lower monthly payments to females, because they are expected

to live longer.

(b) Let Zk denote a control treatment for a certain disease and Zk + 1 denote

a new treatment. If βk > 0, people taking the new treatment even for a

longer time have longer average remaining lifetime than people taking the

control treatment for a shorter time. This means that the new treatment

has improved the remaining lifetime of patients.

(c) Let Zk denote low blood pressure and Zk + 1 denote high blood pressure.

If βk < 0 in this case, this indicates that people with higher blood pressure

have shorter average remaining lifetime at younger age than people with

lower blood pressure at older age.

Now we propose a nonparametric maximum likelihood method to estimate β and

the baseline mrlf m0(t), where f(t|z) = h(t|z)∆S(t|z) is used to build the likelihood

function.

It is well known that there is a one-to-one relationship between the hazard function

and the mrlf, i.e.,

h(t|z) =
m′(t|z) + 1

m(t|z)
. (3.18)

Notice that under our PSMRL model, the hazard function in (3.18) can be expressed

as

h(t|z) =
m′

0(t exp{−zτβ}) + 1

exp{zτβ}m0(t exp{−zτβ}) .
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Also it follows from (3.5) that

S(t|z) =
m(0|z)

m(t|z)
exp

{
−
∫ t

0

1

m(u|z)
du

}

=
exp{zτβ}m0(0)

exp{zτβ}m0(t exp{−zτβ}) exp

{
−
∫ t

0

exp{−zτβ}
m0(u exp{−zτβ})du

}

=
m0(0)

m0(t exp{−zτβ}) exp

{
−
∫ exp{−zτβ}t

0

1

m0(v)
dv

}
.

The loglikelihood function of β is then expressed as,

ll(β,m0(·)) = log

(
n∏

i=1

h(Xi|Zi)
∆iS(Xi|Zi)

)

=
n∑

i=1

{∆i log h(Xi|Zi) + logS(Xi|Zi)}

= n log(m0(0)) −
n∑

i=1

∆iZ
τ
iβ −

n∑

i=1

(∆i + 1) log(m0(Xi exp{−Zτ
iβ}))

+
n∑

i=1

∆i log(m′
0(Xi exp{−Zτ

iβ}) + 1) −
n∑

i=1

∫ exp{−Z
τ

i β}Xi

0

1

m0(v)
dv.

To obtain the estimate of β from the above loglikelihood function, we have to know

m0(·) and m′
0(·). We can use the transformed survival time to estimate m0(·), since

our PSMRL model has the following property:

E[T − t|T > t,z] = exp{zτβ}m0(t exp{−zτβ})

⇒ E

[
T

exp{zτβ} − t

exp{zτβ}

∣∣∣∣
T

exp{zτβ} >
t

exp{zτβ}

]
= m0

(
t

exp{zτβ}

)

⇒ E

[
T

exp{zτβ} − s

∣∣∣∣
T

exp{zτβ} > s

]
= m0 (s) .
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Therefore,m0(·) emerges as the mrlf of the transformed survival time T ∗ = T exp{−zτβ}.

For the transformed data {(T ∗
i ,∆i), i = 1, . . . , n}, m̂0(·) can be calculated using the

closed analytical form (2.12) for the smooth estimator of the mrlf based on a single

sample from Chapter 2, which is given by

m̂0(t|β) =

n−1∑

l=0

[(∑n
j=l+1 X∗

jwj∑n
j=l+1 wj

)(
F

(
X∗
l+1

∣∣∣∣kn,
kn

t

)
− F

(
X∗
l

∣∣∣∣kn,
kn

t

))]
−tF

(
X∗
n

∣∣∣∣kn + 1,
kn

t

)
,

where F
(
·
∣∣∣kn, t

kn

)
is the cdf of Ga

(
kn,

t
kn

)
. m̂′

0(·) can be calculated by

m̂′
0(t|β) =

n−1∑

l=0

(∑n
j=l+1X

∗
jwj∑n

j=l+1wj

)
kn
t

{(
F

(
X∗
l+1

∣∣∣∣kn + 1,
kn
t

)
− F

(
X∗
l

∣∣∣∣kn + 1,
kn
t

))

−
(
F

(
X∗
l+1

∣∣∣∣kn,
kn
t

)
− F

(
X∗
l

∣∣∣∣kn,
kn
t

))}
+ knF

(
X∗
n

∣∣∣∣kn + 1,
kn
t

)

−(kn + 1)F

(
X∗
n

∣∣∣∣kn + 2,
kn
t

)
.

We propose a 2-step estimation scheme to obtain β̂ and m̂0(·) iteratively:

• STEP 0: Set initial values:

Set β̂
(0)

= 0 and the transformed survival time is still {Xi, i = 1, . . . , n}.

Calculate m̂
(0)
0 (t) and m̂

′(0)
0 (t) based on {(Xi,∆i), i = 1, . . . , n}.

Obtain β̂
(1)

based on {(Xi,∆i,Zi), i = 1, . . . , n} by maximizing ll
(
β,m

(0)
0 (·)

)
.

Set k=1.

• STEP 1: Calculate m̂0(·):

Transform the survival time, X∗(k) = X exp
{
−Zτ β̂

(k−1)
}

.

Calculate m̂
(k)
0 (t) and m̂

′(k)
0 (t) based on

{(
X

∗(k)
i ,∆i

)
, i = 1, . . . , n

}
.
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• STEP 2: Estimate β:

Obtain β̂
(k+1)

based on {(Xi,∆i,Zi), i = 1, . . . , n} by maximizing ll
(
β,m

(k)
0 (·)

)
.

Set k=k+1 and return to STEP 1.

We set the convergence criterion to be that the difference between two successive

estimates is smaller than 0.01. After convergence, we can obtain m̂0(t) from the last

iteration and m̂(t|z) as

m̂(t|z) = exp{zτ β̂}m̂0(t exp{−zτ β̂}).

Accordingly, we can calculate Ŝ0(t), Ŝ(t|z), ĥ0(t), and ĥ(t|z), which can not be ob-

tained through the approaches to the AFT model (e.g., Jin et al., 2003). The module

OPTIM in R can be used to obtain β̂ by maximizing ll(β, m̂0(·)).

3.3 A Simulation Study

A simulation study was conducted to assess the properties of the proposed estimation

procedures. We did some preliminary simulation studies for censored data with fixed

covariates. It turned out that the parameter kn used to calculate m̂0(t) and m̂′
0(t) is

needed to be tuned for highly censored data. For simplicity, in this simulation study,

we just consider complete data with fixed covariates, i.e., {(Ti,Zi), i = 1, . . . , n}. The

simulation study was carried out under these conditions:

• The baseline mrlf m0(t) = 1 is Exponential distribution with the density
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function f(t) = e−tI(t).

• The fixed covariates are Z = (Z1, Z2)
τ . Z1 is a Bernoulli random variable

with success probability of 0.5 and Z1 is scaled to have values of ±0.5.

Z2 ∼ N(0, 1). Therefore, Z1 is a discrete variable and Z2 is a continuous

variable.

• The survival time is generated according to our PSMRL model (3.17), where

the true parameters β are (1, 1)τ or (0, 1)τ .

• A sample size of n = 100 and a Monte Carlo sample size of N = 1000 are

used in the simulation study.

• The tuning parameter kn used to calculate m̂0(t) and m̂′
0(t) is set to kn =

n1.01.

The generated data were analyzed using our 2-step estimation procedures in R,

assuming the data follow the conditional mean residual life function. Since our PSMRL

model is equivalent to the AFT model, the same data were also analyzed using the

semiparametric approaches of Jin et al. (2003), assuming the data follow the AFT

model where the module aft.fun in the R package rankreg was used. The Gehan

estimate and the logrank estimate can be obtained from the module aft.fun. The

simulation results are summarized in Table 3.1 and in Figure 3.1. Table 3.1 shows

the summaries of N, bias, SE, and P-value. N is the number of the estimates used to

calculate bias and SE. If the absolute value of an estimate exceeded 3, the estimate

was not used to calculate bias and SE. P-value is used to test if the bias is significantly

different from 0. Figure 3.1 is the boxplot for the estimates of β1 and β2 based on

the simulation study. In Figure 3.1, the letters ′G′, ′L′, and ′M ′ represent the Gehan

estimate, the logrank estimate, and the estimate from our PSMRL model approach.
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Table 3.1: Results based on the simulation study

Proposed model Jin et al. method Jin et al. method

Gehan estimate Logrank estimate

Z1 Z2 Z1 Z2 Z1 Z2

β = (1, 1)τ

N 995 995 1000 1000 995 995

Bias -0.012 -0.006 -0.251 -0.253 0.312 0.324

SE 0.019 0.009 0.009 0.007 0.014 0.012

P-value 0.264 0.252 < 0.001 < 0.001 < 0.001 < 0.001

β = (0, 1)τ

N 995 995 1000 1000 1000 1000

Bias 0.008 -0.014 0.001 -0.269 0.014 0.273

SE 0.018 0.009 0.007 0.006 0.011 0.010

P-value 0.328 0.06 0.443 < 0.001 0.101 < 0.001

SE is the standard deviation of parameter estimates.

From Table 3.1, it can be seen that the number N used to calculate bias and SE is

at least 995 out of 1000. This indicates that we do not have many extreme estimates.

From Table 3.1, it can be observed that the biases of the estimates for β1 and β2 under

our approach are close to 0, while the Gehan estimates tend to underestimate and the

logrank estimates tend to overestimate the parameters with true values of 1, though

most of the biases are not significant based on the P-values.

From Figure 3.1, it can be observed that the medians of the estimates from our

approach are close to the true values whether the true values are 0 or 1, while the

medians of the Gehan estimates are obviously lower than the true value and the medians
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of the logrank estimates are obviously higher than the true value when the true value

is 1.

It can be concluded that our approach is better than the AFT approach of Jin et

al. (2003) in terms of reducing bias.

3.4 Application to a Lung Cancer Trial

The data set of the Veterans’ Administration lung cancer trial (Prentice, 1973) is

often analyzed in survival analysis. There are 137 subjects in the data set. The

response variable is the survival time, which ranges from 1 to 999 days. The censoring

rate is about 6.6%, which is pretty low. Therefore, the tuning parameter kn is still

set to kn = n1.01. The first fixed covariate we consider is treatment, which has two

levels: 1 and 2. The second fixed covariate is karno (Karnofsky Performance Score),

which ranges from 10 to 99. Treatment is a discrete variable and karno is a continuous

variable. To maintain numerical stability, we rescaled the response variable by dividing

its standard deviation. We centered treatment to take values ±0.5. We standardized

karno to take values roughly in (−3, 3).

The data set was analyzed by our PSMRL model approach and the AFT model

approach of Jin et al. (2003). Since our PSMRL model is equivalent to the AFT

model, the estimate from our approach, the Gehan estimate and the logrank estimate

from the AFT model should be close. The estimation results are summarized in Table

3.2. It can be seen that our approach and the approach of Jin et al. (2003) have

similar results, i.e., the two levels of treatment do not have significant different effects

and karno (Karnofsky Performance Score) has a significant effect on the survival time
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based on P-values. The three estimates for karno are quite different. Since treatment

is a discrete variable, it is possible for our approach or the AFT model approach of Jin

et al. (2003) not to converge. In this case, our approach converged and the AFT model

approach of Jin et al. (2003) did not converge, which indicates that the solution from

Jin et al. (2003) is not unique. Since our approach converged, it is more reasonable to

interpret the estimates from our model.

Table 3.2: Parameter estimates and estimated standard errors based on AFT model for the
lung cancer data

Proposed model Jin et al. method Jin et al. method

Gehan estimate Logrank estimate

treatment karno treatment karno treatment karno

estimate -0.084 0.706 -0.019∗ 0.267∗ 0.029∗ 0.351∗

SE 0.089 0.049 0.067 0.027 0.119 0.059

t-value -0.941 14.320 -0.283 9.889 0.249 5.949

∗ represents that the estimate is not unique

As we mentioned in Section 3.2, the estimates of the regression parameters and

m̂0(t) can be simultaneously obtained through our 2-step procedures. Hence we can

obtain m̂(t|z), which can not obtained through the approach of Jin et al. (2003). If we

consider that two patients A and B are both taking treatment with level 2. Patient A

has a karno of 55, while Patient B has a karno of 50. The expected remaining lifetime

of these two patients is shown in Figure 3.2.

Figure 3.2 shows the time scale changing effect and the proportional mean residual

lifetime effect as we expected for the PSMRL model. It can be seen from Figure 3.2
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that Patient A is always having a longer expected remaining lifetime than Patient B.

For Patient A, the expected remaining lifetime increases with the days of survival until

about 230 days. For Patient B, the expected remaining lifetime increases with the days

of survival until about 190 days. The reason might be the patients who entered this

study were very sick and the survived ones at lower time points were strong ones. Once

they survived, the treatments would improve their expected remaining lifetime. For

Patient A, the expected remaining lifetime decreases with the days of survival after

about 230 days. For Patient B, the expected remaining lifetime decreases with the

days of survival after about 190 days. This is reasonable, because people would be

expected to live shorter time when they are getting older.

Now, let us interpret the estimate value 0.706 for the standardized karno under our

approach. We transform it back to the original scale and obtain an estimate value

0.035 for the original karno. From Figure 3.2, we can see that Patient B is expected

to live 55 more days if he or she has survived up to 500 days. We also can see that

Patient A is expected to live 66 more days if he or she has survived up to 595 days.

This also can be obtained from the following equation:

m(te5∗0.035|Z = 55)

m(t|Z = 50)
=
m(500e5∗0.035|Z = 55)

m(500|Z = 50)
=
m(595|Z = 55)

m(500|Z = 50)
=

66

55
= e5∗0.035 = 1.19.

It can be concluded, a higher value of Karnofsky Performance Score a patient has, the

longer the patient can live.

Let us interpret the estimate value 0.035 for the original karno under the AFT

model. The lifetime of Patient A with a karno of 55 is e5∗0.035 = 1.19 times of the

lifetime of Patient B with a karno of 50. This interpretation is in accordance with the
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interpretation from our PSMRL model approach.

3.5 Discussion and Future Work

Unlike the PMRL model and the LMRL model, our PSMRL model is not restricted

by any parameter constraints like ez
τβ > 1 or zτβ > 0. One of the advantages

of our regression method is that we estimate the regression parameters and m̂0(·)

simultaneously, hence we can obtain m̂(t|z), Ŝ0(t), Ŝ(t|z), ĥ0(t), and ĥ(t|z), which can

not be obtained through the approaches (e.g., Jin et al., 2003) for the AFT model.

One obvious advantage is that we can apply some existing estimation methods of the

AFT model to our model (see Chapter 4), since our PSMRL model is equivalent to

the AFT model. Another advantage is that our PSMRL model has a special physical

interpretation for the regression parameters in addition to the same interpretation as

the AFT model.

In Chapter 2, the tuning parameter kn, which is used to obtain the scale mixture

mean residual life function based on a single sample, is set to be kn = cn1+ǫ where

ǫ > 0 and c > 0 is a constant. In Chapter 3, kn is used to calculate m̂0(t) and m̂′
0(t)

in our simulation study. We utilized c = 1 and ǫ = 0.01 in our simulation study. We

did try some studies, which showed that c and ǫ need to be tuned for highly censored

data. This can be investigated in the future.
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Figure 3.1: Boxplot for results based on the simulation study. Panels 1 and 2 are boxplots for
β1 = 1 and β2 = 1 from experiment β = (1, 1), respectively. Panels 3 and 4 are boxplots for
β1 = 0 and β2 = 1 from experiment β = (0, 1), respectively. ’G’ represents Gehan estimate.
’L’ represents logrank estimate. ’M’ represents estimate from our PSMRL model approach.

68



Chapter 3. Regression Analysis Using Scale Mixtures

0 200 400 600 800 1000

20
40

60
80

10
0

12
0

14
0

time points

m
rlf

karno=55
karn0=50

Figure 3.2: Comparison of the conditional mean residual life functions for the lung cancer
data. The solid line is the cmrlf for people with treatment level 2 and karno of 55. The dash
line is the cmrlf for people with treatment level 2 and karno of 50.
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Chapter 4

Regression Analysis with Time-dependent

Covariates

4.1 Introduction

In Chapter 2, we studied nonparametric estimation of the mean residual life function

based on a single sample consisting of censored observations. Recall that the mean

residual life function (mrlf) of a lifetime random variable T with finite expectation

is defined as

m(t) ≡ E[T − t|T > t] =





∫∞

t
S(u)
S(t)

du, S(t) > 0,

0 , otherwise.

(4.1)

In Chapter 3, we studied semiparametric estimation of the conditional mean residual

life function with fixed covariates. The conditional mean residual life function

(cmrlf) with fixed covariates is defined as

m(t|z) ≡ E[T − t|T > t,Z = z] =

∫ ∞

t

S(u|z)

S(t|z)
du, (4.2)

where Z are fixed covariates. However, in many applications, in addition to just fixed

covariates, we might observe time-dependent covariates, along with the survival time.
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In this chapter, we study the conditional mean residual life function with fixed and

time-dependent covariates through Bayesian approaches.

As before, we assume that some responses Ti’s may be right censored randomly by

Ci’s. Then, we observeXi = min{Ti, Ci} and ∆i = I(Ci−Ti) for i = 1, . . . , n.We might

observe a vector of p fixed covariates, say denoted by Zi = (Zi1, . . . , Zip)
τ . Without

loss of generality, we shall assume that there is only one time-dependent covariate in the

study, to be denoted by Vi(t) for the ith subject. Let V̄i(t) = {Vi(s); 0 ≤ s ≤ t} be the

history of the covariate process at time t. In practice, it is rare for one to observe the

entire sample path of Vi(t), but only at a few time points ti = {tij, j = 1, . . . ,mi} of the

clinic visits, where timi
≤ Xi, i.e., no measurement is available after the subject is dead

or censored. Hence, the observed data are DB = {Xi,∆i,Zi, V̄i, ti} for i = 1, . . . , n,

where V̄i = {Vi(tij), j = 1, . . . ,mi}. In this case, we assume that the Ti’s and Ci’s

are conditionally independent and (Ti, Ci,Zi, V̄i) are also independent across subjects,

i = 1, . . . , n. Then, the conditional mean residual life function (cmrlf) with

fixed covariates and a time-dependent covariate is defined as

m(t|z, v̄(t)) ≡ E[T − t|T > t,Z = z, V̄ (t) = v̄(t)] =

∫ ∞

t

S(u|z, v̄(u))
S(t|z, v̄(t)) du, (4.3)

where S(t|z, v̄(t)) = Pr[T > t|Z = z, V̄ (t) = v̄(t)] denotes the conditional survival

function of T given Z = z and V̄ (t) = v̄(t).

In this section, we first review some Bayesian approaches for estimating the mean

residual life function, and then review some studies with time-dependent covariates. In

the literature, many Bayesian approaches have been developed to estimate the mean

residual life function based on a single sample. For instance, Lahiri and Park (1991)
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proposed a nonparametric Bayesian estimator of the mean residual life function for

completely observed data using a Dirichlet Process prior (Ferguson, 1973) under the

squared error loss function. Let P be the probability measure corresponding to the

cumulative density function F and let F (x|t) = P (X < t + x|X > t) denote the

conditional probability of failure during the next interval of duration x of a subject at

age t. Then the mean residual life function m(t) in (4.1) can be rewritten as

m(t) ≡ E[T − t|T > t] =





∫∞

0
xdF (x|t), S(t) > 0,

0 , otherwise.

(4.4)

The goal is to estimate m(t) under the integrated squared error (ISE) loss function

L(m, m̂) =

∫
(m(t) − m̂(t))2dW (t),

where W is a known finite measure on (R+,B+), and R+ = [0,∞) and B+ is the

σ-field of subsets of R+. Let A1 = [0, t], A2 = (t, t + x], and A3 = (t + x,∞) be a

partition of R+, and Pi (or αi) be the P (or α) measure of Ai for i = 1, 2, 3. Assume

that P ∼ DP (M,F0), where DP (M,F0) denotes a Dirichlet Process with base measure

α(·) = MF0(·) (Ferguson, 1973). Then, it follows from the definition of the Dirichlet

Process that the random vector (P1, P2, P3) has a Dirichlet distribution with parameters

α1, α2 and α3, where αi = α(Ai) for i = 1, 2, 3.

The Bayes estimator of m(t) for no sample problem under DP (M,F0) and the ISE
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loss function is given by

mB0(t) = E(m(t)) =

∫ ∞

0

xdE(F (x|t)) =

∫ ∞

0

xd(α(t, t+ x]/α(t,∞)).

Let X = (X1, . . . , Xn) denote a random sample taken from P . It is well known that

P |X ∼ DP (α +
∑n

i=1 δXi
) (Theorem 1, Ferguson 1973), where δXi

is the Dirac delta

function, the Bayes estimator of m(t) for a sample of size n under DP (M,F0) and the

ISE loss function is given by

mB(t) =

∫∞

0
xd(α(t, t+ x] +

∑n
i=1 δXi

(t, t+ x])

α(t,∞) +
∑n

i=1 δXi
(t,∞)

.

To simplify the expression, let 0
def
= X(0) < X(1) < . . . < X(n) be the order statistics

corresponding to the sample. Assuming that there are no ties, Lahiri and Park (1991)

proposed the Bayesian estimate of the mean residual life function as

mB(t) = D(t)mB0(t) + (1 −D(t))m̂e(t),

where

D(t) = α(t,∞)/(α(t,∞) + n− k),

and

m̂e(t) =





∑n
j=k+1(X(j) − t)/(n− k), X(k) < t ≤ X(k+1),

0 , t > X(n).

Actually, m̂e(t) is the empirical mean residual life function for completely observed

data as described in Chapter 2.
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Ebrahimi (1998) proposed a parametric method to estimate the mean residual life

function based on a completely observed data using a Bayesian approach.

In Chapter 3, we proposed the proportional scaled mean residual life (PSMRL)

model to describe the conditional mean residual life function with fixed covariates.

Let m0(t) = m(t|Z = 0) be a baseline mrlf. We assume that m0(t) is continuously

differentiable on [0, X(n)]. Then the PSMRL model is given by

m(t|z) = exp{zτβ}m0(t exp{−zτβ}). (4.5)

We also showed in Chapter 3 that our PSMRL model is equivalent to the accelerated

failure time (AFT) model, which is given by

log T = zτβ + e, (4.6)

where e = log(T0) has an unspecified distribution and T0 is the baseline survival time.

Since our proportional scaled mean residual life model is equivalent to the acceler-

ated failure time model, we also review some Bayesian approaches for the AFT model.

The AFT model has been studied by many researchers through Bayesian approaches,

such as Christensen and Johnson (1988), Kuo and Mallick (1998), Hanson and John-

son (2004), and Ghosh and Ghoshal (2006). Since Ghosh and Ghoshal (2006) were

the first ones to formally prove the posterior consistency and to implement the pro-

cedure in WinBUGS using a Dirichlet Process approximation method, we review their

nonparametric Bayesian approach in details.

According to Ghosh and Ghoshal (2006), any arbitrary survival function can be
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approximated by a scale mixture of Weibull distribution with an unknown shape pa-

rameter. Therefore, the conditional survival function and the baseline survival function

can be approximated by

S(t|z) =

∫ ∞

0

Sb(t/(µ exp{zτβ})dG(µ), (4.7)

and

S0(t) =

∫ ∞

0

Sb(t/µ)dG(µ),

where Sb(t, α) = e−t
α

is the Weibull survival function with an unknown shape param-

eter α. The unspecified mixing distribution function G(·) will be estimated nonpara-

metrically with the constraint G(0) = 0. It can be seen that S(t|z) = S0

(
e−zτβt

)
,

which indicates that (4.7) is the AFT model.

Based on the definition equation (4.2) of the conditional mean residual life func-

tion, the cmrlf can be obtained from the conditional survival function. Therefore, the

conditional mean residual life function can also be represented as the form of a scale

mixture of Weibull distribution, which is given by

m(t|z) =

∫∞

t
S(u|z)du

S(t|z)
=

∫∞

t

∫∞

0
Sb(w/(µ exp{zτβ})dG(µ)dw∫∞

0
Sb(t/(µ exp{zτβ})dG(µ)

(4.8)

= ez
τβm0

(
te−zτβ

)
, (4.9)

where

m0(t) =

∫∞

t
S0(u)du

S0(t)
=

∫∞

t

∫∞

0
Sb(w/µ)dG(µ)dw∫∞

0
Sb(t/µ)dG(µ)

.

This indicates that the accelerated failure time model based on scale mixture is still
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equivalent to the proportional scaled mean residual life model based on scale mixture.

In Chapter 3, we utilized the PSMRL model to build the likelihood and therefore

obtained the regression parameter estimates. We could interpret these estimates based

on the AFT model. On the contrary, Ghosh and Ghoshal (2006) used the AFT model

to build the likelihood and therefore obtained the regression parameter estimates. We

could interpret these estimates based on the PSMRL model.

It follows from (4.7) that the conditional density function is given by

f(t|z) =

∫ ∞

0

fb(t/(µ exp{zτβ})(µ exp{zτβ})−1dG(µ), (4.10)

where fb is the density function corresponding to the Weibull survival function Sb. To

avoid maximizing the likelihood function over all distributions of the mixing function

G(·) with the restriction G(0) = 0 and over all possible values of the shape parameter

α of the Weibull distribution, Ghosh and Ghoshal (2006) utilized the Markov Chain

Monte Carlo (MCMC) method to obtain the marginal posterior distribution of β by

integrating out the nuisance parameters G(·) and α. In addition, they also established

the posterior consistency for β under some regularity conditions.

Based on (4.10), the semiparametric accelerated failure time model can be presented

using a mixture of Dirichlet processes. Ghosh and Ghoshal (2006) expressed the AFT
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model as a Bayasian hierarchical model as follows,

Xi|Zi, α, µi,β ∼ Weibull (α, µi exp{Zτ
iβ});

µi|G(·) iid∼ G(·);

G(·) ∼ DP (M,Gb(·));

(α,β) ∼ π(α,β).

In this model, µ1, . . . , µn are latent variables, which can not be observed directly. G(·)

is assumed to have a Dirichlet Process (DP) prior, denoted as DP (M,Gb(·)) with base

measure Gb(·) and precision parameter M . M is often chosen to have a moderate

value. The joint density π(α,β) is independent of G(·) and usually chosen to be of the

product of the diffuse uniform prior on (0,∞) and Rp.

For the AFT model, the posterior distribution of the parameters can not be obtained

in a closed form. Gibbs sampling with a data augmentation step can be used to obtain

MCMC samples. A finite approximation for Dirichlet Process can be used within

the software WinBUGS to implement the Gibbs sampling. This can be achieved by

introducing latent variables L = (L1, . . . , Ln)
τ , which indicate the group membership

for the latent variables µi’s along with a probability vector w = (w1, . . . , wN)τ , where

N is the number of groups. In other words, the AFT model was rewritten by Ghosh
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and Ghoshal (2006) as

Xi|Li, α,β ∼ Weibull (α, µLi
exp{Zτ

iβ});

Li|w iid∼ Multinomial ({1, . . . , N},w);

µl
iid∼ Gb(·), l = 1, . . . , N ;

w ∼ Dirichlet

(
M

N
, . . . ,

M

N

)
;

(α,β) ∼ π(α,β), (4.11)

where Pr[Li = l] = wl for l = 1, . . . , N and
∑N

l=1wl = 1. As for the group number N,

Ishwaran and Zarepour (2002) suggested to use N =
√
n for a large sample size n and

N = n for a small sample size n.

In many survival studies, there are two kinds of covariates: fixed covariates and

time-dependent covariates. Fixed covariates are variables which are recorded at the

baseline and do not change throughout the treatment period, such as demographic

information (population, birth place, life expectancy, etc.) and physical characteristics

(gender, age, initial weight, etc.). Time-dependent covariates are variables that change

over time. Examples of time-dependent covariates are smoking status (Cavender et al.,

1992), bone transplant status (Fisher and Lin, 1999), cholesterol level (Fisher and Lin,

1999), CD4 count (Tsiatis et al., 1995), and so on.

Time-dependent covariates can be used to assess the effects of subjects transferring

from one treatment group to another. For instance, Crowley and Hu (1977) evaluated

whether patients receiving heart transplants would benefit with increased survival. In

many instances time-dependent covariates are collected longitudinally. For instance,

blood pressure, CD4 count, and relative weight may be collected at selected periodic
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time points. The chances of survival are dependent on the entire longitudinal response

trajectory of the time-dependent covariates, apart from fixed covariates. Therefore, it

is important to include the time-dependent covariates in survival analysis.

The Cox proportional hazards model with time-dependent covariates has been

widely studied; see for instance Wulfsohn and Tsiatis (1997), Suriyasathaporn et al.

(1998), Tsiatis and Davidian (2001), and Platt et al. (2004). The Cox proportional

hazards model for fixed covariates is extended to incorporate time-dependent covariates

as

h(t|z, v(t)) = h0(t) exp(zτβ + γv(t)), (4.12)

where Z = z and V (t) = v(t) are fixed covariates and time-dependent covariates,

respectively. In this model, the conditional hazard function at time t is a function of the

baseline hazard function h0(t), the fixed covariates Z, and the time-dependent covariate

V (t), which is also a function of time t through V (t) but not on the entire history V̄ (t).

Therefore, the effect of the time-dependent covariate on survival is dependent on time.

If the parameter γ is statistically significantly different from 0, then the proportionality

assumption of the Cox proportional hazards model does not hold. In this case, (4.12) is

often called the Cox non-proportional hazards model. Kalbfleisch and Prentice (2002)

proposed a partial likelihood similar to that for the Cox proportional hazards model

to estimate parameters β and γ in (4.12). PROC PHREG in the software SAS can handle

time-dependent covariates in the Cox non-proportional hazards model.

The incorporation of the time-dependent covariates in the Cox proportional hazards

model provides the opportunities to understand the association and potentially causal

mechanisms. However, great caution is advisable when interpreting hazard rates with

79



Chapter 4. Regression Analysis with Time-dependent Covariates

time-dependent covariates. In the first place, the use of time-dependent covariates in

the Cox non-proportional hazards model involves constructing a function of time, which

has great potential for bias. In the second place, h(t|z, v(t)) might not be a proper

hazard function. Notice that h(t) is a hazard function if h(t) ≥ 0 and
∫∞

0
h(t)dt = ∞,

because S(t) = e−
∫ t

0 h(s)ds → 0 as t → ∞. h(t|z, v(t)) is proper, if
∫∞

0
h(t|z, v(t))dt =

∫∞

0
h0(t)e

zτβ+γv(t)dt = ez
τβ ∫∞

0
h0(t)e

γv(t)dt = ∞, which holds if V (t) is bounded.

Otherwise, h(t|z, v(t)) may not be a proper hazard function. For example, if h0(t) = h0

and V (t) = t, h(t|z, v(t)) is not a proper hazard function when γ < 0. Finally, the

Cox non-proportional hazards model does not have the ability to give individualized

predictions of the estimated time to the event of interest. The first reason is that

the future values of the time-dependent covariates are usually unknown until they are

observed. The second reason is that the conditional hazard function based on the

history of the time-dependent covariates may not make any sense since the existence

of the future values implies that the subject is still alive at the time point.

Since the Cox non-proportional hazards model may have problems as mentioned

above, the accelerated failure time model is an attractive alternative to study the effects

of time-dependent covariates. The accelerated failure time model with time-dependent

covariates has also been widely studied; see for instance Robins and Tsiatis (1992),

Lin and Ying (1995), and Tseng et al. (2005). Assume that no fixed covariate exists.

Let Ui denote the survival time of the ith subject with the time-dependent covariate

Vi(t) ≡ 0. Cox and Oakes (1984, Ch.5, Page 64-65) extended the AFT model to study

only one time-dependent covariate. The model is given by

U ∼ S0,
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where

U = ψ(V̄ (T ); γ) =

∫ T

0

eγV (s)ds.

This implies that the conditional survival function is given by

S(t|v̄(t)) = S0(ψ(v̄(t); γ)) = S0

(∫ t

0

eγv(s)ds

)
, (4.13)

which indicates that subjects age on an accelerated schedule, ψ(v̄(t); γ), under a base-

line survival function S0(·). If S0 is absolutely continuous, the conditional hazard

function can be expressed as

h(t|v̄(t)) = h0(ψ(v̄(t); γ))ψ′(v̄(t); γ) = h0

(∫ t

0

eγv(s)ds

)
eγv(t), (4.14)

where ψ′ is the first derivative of ψ and h0(·) is an unspecified baseline hazard function.

Notice that in this case h(t|v̄(t)) depends on the entire history V̄ (t) and not just V (t). If

V̄ (t) = {V (s); 0 ≤ s ≤ t} can be observed without measurement errors, a certain class

of rank estimating equations was proposed by Robins and Tsiatis (1992) to estimate

the regression parameter γ.

If there are measurement errors e(t), the actually observed time-dependent covariate

at discrete time points are given by

W (t) = V (t) + e(t). (4.15)

In this case, the observed data are D = {Xi,∆i, W̄i, ti} for i = 1, . . . , n, where W̄i =

{Wi(tij), j = 1, . . . ,mi}. Tseng et al. (2005) proposed a Gaussian model specified via
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linear mixed effects to describe the true time-dependent covariate as

Vi(t) = bτiR(t),

where R(t) = {R1(t), . . . , Rq(t)}τ and the R(t) are known parametric functions such

as {R1(t), R2(t)} = {1, t} for q = 2; bτi = (b1i, . . . , bqi) are random effect vectors which

are q-dimensional multivariate normal, Nq(µb,Σ), independent of the measurement

errors ei’s. The measurement errors ei’s are also assumed to be multivariate normal,

eij
iid∼ N(0, σ2

e) for j = 1, . . . ,mi.

Tseng et al. (2005) proposed joint modeling of the survival time (4.14) and the

time-dependent covariate (4.15) to make inference about the regression parameter γ

and the baseline hazard function h0(·). The joint observed likelihood is given by

L(θ) = L(γ, µb,Σ, σ
2
e , h0)

=
n∏

i=1

[∫ { mi∏

j=1

f(Wij|bi, ti, σ2
e)

}
f(Xi,∆i|bi, ti, h0, γ)f(bi|Σ, µb)dbi

]
,

where f(Wij|bi, ti, σ2
e) and f(bi|Σ, µb) are the density functions of N(bτiR(t), σ2

e) and

N(µb,Σ) respectively, and

f(Xi,∆i|bi, ti, h0, γ) = [h0{ψ(Xi; γ,bi)}ψ′(Xi; γ,bi)]
∆i exp

{
−
∫ ψ(Xi;γ,bi)

0

h0(t)dt

}
.

Tseng et al. (2005) utilized the Monte Carlo EM algorithm to maximize the joint

likelihood by treating the random effect vectors b as missing data. A Bootstrap method

was used to obtain the standard error of the estimate γ̂, as the information based mea-
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sure of uncertainties is too complicated to derive. Moreover, no formal asymptotic

justification of the approach was provided. Further, just like the Cox non-proportional

hazards model, the joint likelihood is sensitive to the parametric assumption of the

time-dependent covariate, that is the choice of the parametric functions, R. A mis-

specified functional form of the time-dependent covariate has great potential for bias.

Finally, the approach of Tseng et al. (2005) is very computationally intensive. A

Bayesian approach with MCMC algorithm can ease the computational burden. We

propose a Bayesian approach for their joint model in Section 4.5 as a possible research

topic for future work.

As we mentioned above, the extension of the AFT model by Tseng et al. (2005)

involves constructing functions of time for the time-dependent covariate, which might

cause bias. In this study, we just consider the cumulative effects of the time-dependent

covariate, instead of first constructing parametric functions of time for the time-

dependent covariate. We also use the MCMC method to obtain the standard error

of the estimate γ̂ from the posterior distribution of the regression parameter.

In Section 4.2, we extend the AFT model (i.e., the PSMRL model ) to accommodate

time-dependent covariates. We also propose a Bayesian hierarchical model to describe

the extended model. In Section 4.3, a simulation study is carried out to illustrate the

efficiency of our approach. In Section 4.4, we apply our Bayesian approach to a real

date set and compare the results from our approach to those based on the Cox non-

proportional hazards model. In Section 4.5, we present some discussion and directions

for further research.
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4.2 Conditional Mean Residual Life Function with

Time-dependent Covariates

We extend the nonparametric Bayesian approach (Ghosh and Ghoshal, 2006) for the

AFT model with only fixed covariates to accommodate time-dependent covariates. For

simplicity, we assume that V̄ (t) = {V (s); 0 ≤ s ≤ t} is the entire history of a single

time-dependent covariate and V̄i(t)’s are observed without any measurement errors.

We propose the following conditional survival function, which can still be modeled

as a scale mixture of Weibull distribution as

S(t|z, v̄(·)) =

∫ ∞

0

Sb

(
1

µ

∫ t

0

ω
(s
t

)ω−1

e−zτβ−γv(s)ds

)
dG(µ), (4.16)

and the baseline survival function is given by

S0(t) = S(t|Z = 0, V (·) ≡ 0) =

∫ ∞

0

Sb

(
t

µ

)
dG(µ),

where Sb(t, α) = e−t
α

is still the Weibull survival function with an unknown shape

parameter α and ω > 0 is a tuning parameter. The unspecified mixing distribution

function G(·) can be estimated nonparametrically with the constraint G(0) = 0. Then

the extended AFT model is given by

S(t|z, v̄(·)) = S0

(∫ t

0

ω
(s
t

)ω−1

e−zτβ−γv(s)ds

)
, (4.17)

which indicates that subjects age on an accelerated schedule,
∫ t

0
ω
(
s
t

)ω−1
e−zτβ−γv(s)ds,

under a baseline survival function S0(·).
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If V (·) = v(·) in (4.16) is a constant over time, then the extended AFT model

(4.16) with fixed and time-dependent covariates is reduced to the AFT model (4.7)

with only fixed covariates. Unlike the approach of Tseng et al. (2005), which assigns

equal weight to every moment of the history of V (t), we use a beta density kernel as a

discounting factor, which can assign different weight to different moment. ω
(
s
t

)ω−1
in

(4.16) is the beta density kernel with parameters ω > 0 and 1. If ω = 1, equal weight

is assigned to every moment of the history V̄ (t). If 0 < ω < 1, more weight is put

on the earlier values of V̄ (t) than the later values of V̄ (t). If ω > 1, more weight is

put on the later values of V̄ (t) than the earlier values of V̄ (t). As ω → ∞, only the

latest available value of V̄ (t) is used. A realistic value of ω should be determined by

the data set itself, which can be obtained by our Bayesian approach using the posterior

distribution of ω.

To simplify the extended AFT model in (4.17), let

ψ(t) ≡ ψ(z, v̄(t)) =

∫ t

0

ω
(s
t

)ω−1

e−zτβ−γv(s)ds,

then the extended AFT model can be expressed as

S(t|z, v̄(t)) = S0(ψ(t)) =

∫ ∞

0

Sb

(
ψ(t)

µ

)
dG(µ). (4.18)

The extended proportional scaled mean residual life model with fixed covariates and a

time-dependent covariate can be expressed as

m(t|z, v̄(·)) =

∫∞

t
S(w|z, v̄(·))dw
S(t|z, v̄(·)) =

∫∞

t
S0(u)du∫∞

ψ(t)
S0(u)du

m0(ψ(t)) = g(ψ(t))m0(ψ(t)),
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where

m0(t) =

∫∞

t
S0(u)du

S0(t)
,

which indicates that the extended PSMRL model also reflects the time scale changing

effect and the proportional mean residual life effect.

The extended AFT model or the extended PSMRL model can be equivalently ex-

pressed as a Bayesian hierarchical model as follows:

ψi|α, µi,β, γ,Xi ∼ Weibull(α, µi);

µi|G(·) iid∼ G(·);

G(·) ∼ DP (M,Gb(·));

(α,β, γ) ∼ π(α,β, γ). (4.19)

As in Ghosh and Ghoshal (2006), µ1, . . . , µn are latent variables, which can not be

observed directly. G(·) is assumed to have a Dirichlet Process (DP) prior, denoted as

DP (M,Gb(·)) with base measure Gb(·) and precision parameter M . M is often chosen

to have a moderate value. The joint density π(α,β, γ) is independent of G(·) and

usually chosen to be of the product of the diffuse uniform prior on (0,∞), Rp, and R.

For the extended model, the posterior distribution of the regression parameters can

not be obtained in a closed form. Gibbs sampling with a data augmentation step is used

to obtain MCMC samples. Similar to the Bayesian approach of Ghosh and Ghoshal

(2006) for the AFT model, we also introduce latent variables L = (L1, . . . , Ln)
τ , which

indicate the group membership for the latent variables µi’s along with a probability
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vector w = (w1, . . . , wN)τ . The Bayesian hierarchical model (4.19) can be rewritten as

ψi|α,Li,β, γ,Xi ∼ Weibull(α, µLi
);

Li|w iid∼ Multinomial ({1, . . . , N},w);

µl
iid∼ Gb(·), l = 1, . . . , N ;

w ∼ Dirichlet

(
M

N
, . . . ,

M

N

)
;

(α,β, γ) ∼ π(α,β, γ), (4.20)

Therefore, β̂ and γ̂ can be obtained from the posterior distributions of the regression

parameters. Moreover, after β̂ and γ̂ are obtained, S0(t), S(t|z, v̄(t)), h0(t), m0(t), and

m(t|z, v̄(t)) can be estimated by Monte Carlo integration.

4.3 A Simulation Study

A simulation study was performed to explore the sampling properties of the Bayesian

estimates of the regression parameters of the fixed covariates and the time-dependent

covariates. In this simulation study, we only consider the simplest situation with ω = 1,

i.e., we assign equal weight to every moment of the history V̄ (t). We also consider only

one fixed covariate and one time-dependent covariate. Then (4.16) is reduced to

S(t|z, v̄(·)) =

∫ ∞

0

Sb

(
1

µ

∫ t

0

e−βZ1−γv(s)ds

)
dG(µ), (4.21)

The following two assumptions were made to generate the single time-dependent

covariate.
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• Assumption 1: the time-dependent covariate is observed at 5 equally-spaced

visits for each subject, i.e., ti1 − ti0 = ti2 − ti1 = ti3 − ti2 = ti4 − ti3 =

ti5 − ti4, and ti5 = Ti for i = 1, . . . , n.

• Assumption 2: the records of the time-dependent covatiate at the 5 equally-

spaced visits are independent, i.e., Vi1, . . . , Vi5 are independent and each

record is constant within each time segment, i.e., Vij is constant from ti(j−1)

to tij for j = 1, . . . , 5.

Based on the assumptions, the survival function of the Weibull distribution in (4.21)

is given by

Sb = e
−

(
e−β1Z1

∫ t
0 e−γV (s)ds

µ

)α

= e
−

(
1

µeβ1Z1
(e−γV1∗T

5
+e−γV2∗T

5
+e−γV3∗T

5
+e−γV4∗T

5
+e−γV5∗T

5 )
)α

= e
−

(
T

5µeβ1Z1
(e−γV1+e−γV2+e−γV3+e−γV4+e−γV5)

)α

.

In this case, the survival time still has Weibull distribution as

T ∼ Weibull

(
α,

5µeβ1Z1

(e−γV1 + e−γV2 + e−γV3 + e−γV4 + e−γV5)

)
.

The true values of the parameters in (4.21) were set as β1 = −0.5, γ = 0.5, and

α = 1. The following steps were taken to generate the data for the simulation study:

• Generate Ui
iid∼ Beta(3, 3) and set z1i = 6Ui − 3. The fixed covariate Z1i is

the standardized z1i.

• Generate Dij
iid∼ Beta(3, 3) and set vij = 6Dij − 3, j = 1, . . . , 5. The

time-dependent covariate Vij is the standardized vij.
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• Generate µi
iid∼ Weibull(a∗ = 1, b∗ = 2). This means that the mixing

distribution is also a Weibull distribution.

• Generate Ti ∼ Weibull

(
α, 5µie

β1Z1i

(e−γVi1+e−γVi2+e−γVi3+e−γVi4+e−γVi5)

)
.

• Generate Ci
iid∼ Weibull(a∗, 2b∗). This ensures that the censoring rate is

about 30% on average. The censoring mechanism does not depend on

covariates.

• Set Xi = min(Ti, Ci) and ∆i = I(Ci − Ti).

• The sample size is set to be n = 100 and the Monte Carlo sample size is

set to be 500.

The prior distributions for the parameters in the Bayesian hierarchical model (4.20)

are Uniform distributions, i.e. α ∼ Uniform(0.01, 100), β1 ∼ Uniform(−10, 10), and γ ∼

Uniform(−10, 10). Some other constants in the Bayesian hierarchical model (4.20) are

set as M = 1 and N =
√
n = 10.

Since some observations of our data are censored, we used ”zero-trick” to model the

Bayesian hierarchical model (4.20). The details about the ”zero-trick” are described

in Appendix D. The Bayesian hierarchical model (4.20) was programmed in WinBUGS.

The data generation was carried out in the software R. The R package R2WinBUGS was

used to call the model in WinBUGS. All the initial values for the prior distributions were

generated by WinBUGS. 1000 samples were burned in and 2000 samples were used to cal-

culate the estimates of α, β1, and γ. The results based on 500 Monte Carlo repetitions

are shown in Table 4.1 and Figure 4.1.

Table 4.1 shows the posterior mean, posterior standard deviation, posterior 2.5

percentile, 97.5 percentile, and the posterior median, with the associated Monte Carlo

standard error (MCSE) from the 500 repetitions. In addition, we also present the
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Table 4.1: Bayesian parameter estimates and standard errors based on the proposed
method with a Monte Carlo sample size of 500

mean sd 2.5% L 97.5% U median cp

β1 = −0.5 -0.509 0.190 -0.888 -0.14 -0.507 0.950

MCSE 0.194 0.027 0.215 0.192 0.193

γ = 0.5 0.454 0.381 -0.316 1.179 0.463 0.938

MCSE 0.411 0.078 0.455 0.387 0.418

α = 1 0.866 0.189 0.615 1.347 0.826 0.953

MCSE 0.129 0.078 0.065 0.302 0.125

“mean” is the “average of posterior means”.

“sd” is the “average of posterior standard deviations”.

“2.5% L” is the “average of posterior 2.5 percentile”.

“97.5% U” is the “average of posterior 97.5percentile”.

“median” is the “average of posterior medians”.

“cp” is the “ coverage probabilities of a 95% posterior interval containing a true value”.

“MCSE” is the “ Monte Carlo standard error from the 500 repetitions”.

coverage probability (cp) based on a 95% equal-tail posterior interval obtained by

posterior 2.5 and 97.5 percentiles in Table 4.1. For instance, the entry -0.509 for β1 is

the average of 500 posterior means with MCSE 0.194 ( which is the standard deviation

of 500 posterior means). The entry 0.190 is the average of 500 posterior standard

deviations with MCSE 0.027. Finally, a cp of 0.950 means that 95.0% of 500 95%

equal-tail posterior intervals contained the true values of β1 = −0.5. The average of

the censoring rates is about 27% (range 16-39%). Figure 4.1 shows the boxplot of the

500 repetitions of the estimates of the parameters. The dash lines represent that the
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Figure 4.1: Boxplots of 500 posterior means of the parameters based on a simulation study
with the Monte Carlo sample size of 500. The left boxplot is for the parameter α (true value
1). The middle boxplot is for β1 (true value -0.5). The right boxplot is for γ (true value 0.5).

true values for β1, γ, and α are -0.5, 0.5, and 1, respectively.

We can observe from Figure 4.1 that the median of the estimates for β1 are close to

true value -0.5, while the medians of the estimates for γ and α are little smaller than

the true values 0.5 and 1. However, it can be seen from Table 4.1 that the estimates

of the parameters are not significantly biased from the true values, since the P-values

for the tests of the biases of β1, γ, and α are 0.318, 0.454, and 0.237, respectively.

Moreover, we can see that the coverage probabilities of a 95% posterior interval are

close to the nominal value of 95%. It also can be seen that the standard deviations (sd)

of the Bayesian estimates of β1, γ, and α are close to their Monte Carlo standard errors
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(MCSE). This indicates that a Monte Carlo sample size of 500 adequately represented

the population.

4.4 Application to the TUMOR Data

We apply our Bayesian approach to analyze the TUMOR data set, which is obtained

from SAS online documentation Version 9.1.3. This data set was analyzed based on

the Cox non-proportional hazards model by PROC PHREG in SAS. We compare the re-

sults from our Bayesian approach to those from PROC PHREG. The TUMOR data were

collected from an experiment designed to study the dose effects of a tumor-promoting

agent. Forty-five rodents initially exposed to a carcinogen were randomly assigned to

three dose groups: 1, 2.5, and 10. After the first death of an animal, the rodents

were examined every week for the number of papillomas. Investigators were interested

in determining the effects of dose on the carcinoma incidence after adjusting for the

number of papillomas.

The data set TUMOR consists of the following variables:

• Xi= survival time of the ith subject for i = 1, . . . , n, where n = 45;

• ∆i= censoring status of the ith subject;

• Zi= dose of the ith subject. Z is a fixed covariate;

• sj = si,j = {27, 34, 37, 41, 43, 45, 46, 47, 49, 50, 51, 53, 65, 67, 71} =longitudi-

nally recording time points in weeks for j = 1, . . . , 15;

• Pi,j= number of papillomas of the ith rat at the jth week for i = 1, . . . , 45

and j = 1, . . . ,mi,mi ≤ 15. P is a time-dependent covariate.

It can be seen that if a rat died before Week 71, the number of its records of
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papillomas were less than 15. For example, Rat 1 died at Week 47, then it only had

eight records of papillomas as P1,1 to P1,8. To simplify the analysis, we assume that

each rat had been examined for the number of papillomas at 15 equally-spaced time

points. For example, Rat 1 had been originally examined at s1,1 = 27, s1,2 = 34, s1,3 =

37, s1,4 = 41, s1,5 = 43, s1,6 = 45, s1,7 = 46, s1,8 = 47. We assume that Rat 1 had been

examined at t1,0 = 26, t1,1 = 27.4, t1,2 = 28.8, t1,3 = 30.2, t1,4 = 31.6, t1,5 = 33, t1,6 =

34.4, t1,7 = 35.8, t1,8 = 37.2, t1,9 = 38.6, t1,10 = 40, t1,11 = 41.4, t1,12 = 42.8, t1,13 =

44.2, t1,14 = 45.6, t1,15 = 47, where s1,8 = t1,15. We use linear interpolation to obtain

the time-dependent covariate Vi,j from Pi,j.

The data set used in our analysis consists of the following variables:

• Xi= survival time of the ith subject for i = 1, . . . , n, where n = 45;

• ∆i= censoring status of the ith subject;

• Zi= dose of the ith subject. Z is a fixed covariate;

• ti = ti,j=equally-spaced recording time points for the ith subject, where

ti,j − ti,(j−1) = ti,(j+1) − ti,j for j = 1, . . . , 14;

• Vi,j=interpolated number of papillomas at ti,j. V is a time-dependent co-

variate.

In order to maintain numerical stability, we standardize the fixed covariate Z and

logtransform the time-dependent covariate V . We also assign equal weight to the 15

moment of the history (i.e., fix ω = 1).

First, we use PROC PHREG and our approach to analyze the data without the time-

dependent covariate, i.e., {Xi,∆i, Zi, i = 1, . . . , 45}. The results are shown in Table 4.2.

Moreover, we present the posterior kernel density of parameter β1 for dose in Figure 4.2.

This figure shows that the posterior distribution can not be approximated by a normal
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distribution, which indicates that the inference based on large sample normal theory

is invalid. From Table 4.2, the estimate for dose from PROC PHREG is 0.164, which is

statistically significantly different from 0, since the 95% confidence interval does not

cover 0. This indicates that the risk of a rat dying increases with the increase of the

dose level, if we do not consider the effect of papillomas. The estimate for dose from

our Bayesian approach is -0.173, which is also statistically significantly different from

0, since the 95% posterior interval does not cover 0. This indicates that the survival

time for a rat decreases with the increase of the dose level. This also indicates that a

younger rat supplied with high does generally has shorter remaining lifetime compared

to a older rat supplied with low does. Therefore, PROC PHREG and our approach have

similar results for analyzing the data without the time-dependent covariate.

Table 4.2: Results for the TUMOR data without the time-dependent covariate

PROC PHREG

Variable Estimate Standard Error 95% confidence interval

dose 0.164 0.052 (0.062, 0.266)

Bayesian approach

Variable Posterior mean Posterior sd 95% posterior interval

dose -0.173 0.082 (-0.320, -0.021)

We further use PROC PHREG and our Bayesian approach to analyze the data set

with the time-dependent covariate, i.e., {Xi,∆i, Zi, V̄i, ti = 1, . . . , 45}. The results are

summarized in Table 4.3. Moreover, we show the posterior kernel density for parameter

β1 for dose in Figure 4.3 and that for parameter γ for number of papillomas in Figure

4.4. Both figures have long tails, which indicate that asymptotic normal theory may not
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be valid for making inference. Our Bayesian approach has similar estimation results as

PROC PHREG. The estimate for dose from PROC PHREG is 0.069, which is not statistically

significantly different from 0, since the 95% confidence interval covers 0. The estimate

for dose from our approach is -0.041, which is not statistically significantly different

from 0, since the 95% posterior interval covers 0. The results from the two approaches

show that dose does not have significant effect on the survival time of rats after the

number of papillomas is adjusted for. The estimates for papillomas from PROC PHREG

and our approach are significantly different from 0, which indicate that the risk of a

rat dying is positively associated with the number of papillomas, the time-dependent

covariate.

From Table 4.2 and Table 4.3, we can conclude that the time-dependent covariate

plays an important role in understanding the survival analysis.

Table 4.3: Results for the TUMOR data with the time-dependent covariate

PROC PHREG

Variable Estimate Standard Error 95% confidence interval

dose 0.069 0.056 (-0.041, 0.179)

papillomas 0.117 0.030 (0.058, 0.176)

Bayesian approach

Variable Posterior mean Posterior sd 95% posterior interval

dose -0.041 0.102 (-0.216, 0.197)

papillomas -0.263 0.093 (-0.511, -0.147)
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4.5 Discussion and Future Work

The Cox non-proportional hazards model has been extensively studied and applied,

even though it has problems such as possible bias in specifying the temporal evolution,

inability to predict future values, the possibility of generating an improper survival

funtion. The extended AFT model with time-dependent covariates in the literature

may also have bias, since it involves the choice of the function of time. Our approach

using a scale mixture of Weibull distribution does not involve the choice of the function

of time, as we use a linear interpolation to estimate the temporal evolution. Therefore,

our approach does not have the problem of bias. An alternative to linear interpolation

would be to use a spline function to interpolate the time-dependent covariate Vi(t)

using the data {(ti1, Vi(ti1)), . . . , (timi
, Vi(timi

))} for each i.

We just studied the extended AFT model or the extended PSMRL model with fixed

covariates and a single time-dependent covariate. It is straightforward to accommodate

multivariate time-dependent covariates into our procedure.

Clearly, it is not easy to simulate data with time-dependent covariates. In our

simulation study, we made some assumptions and let the tuning parameter ω of the

discounting factor be 1. In the future work, it may be worth relaxing these assumptions

and trying to estimate the tuning parameter ω using the posterior distribution of ω.

Finally, a joint likelihood is commonly used to study the Cox non-proportional

hazards model and the extended AFT model. Usually, maximizing the joint likelihood

tends to be computationally intensive. Our approach using MCMC algorithm does not

have computational intensity. In the future, a Bayesian approach with MCMC algo-

rithm can be used to ease the computational burden of maximizing the joint likelihood
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by Monte Carlo EM algorithm used by Tseng et al. (2005). The model of Tseng et al.

(2005) has the following structures:

Wij ∼ N(bτiR(tij), σ
2
e);

bi ∼ N(µb,Σ);

ψi =

∫ Xi

0

eγVi(s)ds ∼ Weibull(α, eγVi(s)).

Let the functions of time be R(t) = (1, t)τ . The Bayesian hierarchical model can be

used to describe the above structures as follows:

Wij|b1i, b2i, ti, σ2
e ∼ N(b1i + b2itij, σ

2
e);

σ2
e ∼ inverse gamma(a,A);

(b1i, b2i)
τ ∼ N2((µb1, µb2)

τ ,Σ);

ψi|α, µi, γ,Xi ∼ Weibull(α, µi);

µi|G(·) iid∼ G(·);

G(·) ∼ DP (M,Gb(·));

(α, γ) ∼ π(α, γ).

A WinBUGS code can be easily programmed for this Bayesian hierarchical model.

The posterior distributions of the parameters in the model can be obtained by MCMC

sampling and the estimates of S0(t), h0(t), m0(t), S(t|v̄(t)), h(t|v̄(t)), and m(t|v̄(t))

can be obtained by Monte Carlo integration.
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Figure 4.2: Kernel density estimate of posterior samples of the regression coefficient for dose
based on using only fixed covariate AFT model for the TUMOR data.
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Figure 4.3: Kernel density estimate of posterior samples of the regression coefficient for dose
based on using fixed and time-dependent covariates AFT model for the TUMOR data.

99



Chapter 4. Regression Analysis with Time-dependent Covariates

−0.7 −0.6 −0.5 −0.4 −0.3 −0.2 −0.1

0
1

2
3

4
5

6

’gamma’

Figure 4.4: Kernel density estimate of posterior samples of the regression coefficient for
number of papillomas based on using fixed and time-dependent covariates AFT model for
the TUMOR data.
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Appendix A

Proof of Feller Approximation Lemma

Lemma 3. Feller Approximation Lemma:

Let g(·) be a bounded and right continuous function on R for each t. Let Zj(t) be a

sequence of random variables for each t such that µj(t) ≡ E[Zj(t)] → t and σ2
j (t) ≡

V ar[Zj(t)] → 0 as j → ∞. Then

E[g(Zj(t))] → g(t) ∀ t.

Proof: Let Fj,t denote the cumulative distribution function of Zj(t). Since g is right

continuous at t, given ǫ > 0 there exists δ1 > 0 such that z ∈ (t, t+δ1) ⇒ |g(z)−g(t)| <

ǫ and Pr[t − δ1 < Zj(t) < t] < ǫ. Since g is bounded, we can find a δ0 such that

|g| ≤M for all z − t ≥ δ0. Take δ = max(δ1, δ0), then

|E(g(Zj(t))) − g(t)| ≤ E[|g(Zj(t)) − g(t)|]

=

∫
|g(z) − g(t)|dFj,t(z)

=

∫

z∈(t,t+δ)

|g(z) − g(t)|dFj,t(z) +

∫

z /∈(t,t+δ)

|g(z) − g(t)|dFj,t(z)

≤ ǫPr[t < Zj(t) < t+ δ] + 2MP [Zj(t) < t or Zj(t) > t+ δ]

≤ ǫ+ 2M{Pr[|Zj(t) − t| > δ] + Pr[t− δ1 < Zj(t) < t]}

≤ ǫ+ 2M

(
σ2
j (t)

δ2
+ ǫ

)
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Appendix A. Proof of Feller Approximation Lemma

Let j → ∞, we get σ2
j (t) → 0 and

lim
j→∞

E[|g(Zj(t)) − g(t)|] ≤ ǫ.

But ǫ > 0 is arbitrary, so

lim
j→∞

E[|g(Zj(t)) − g(t)|] = 0,

i.e.,

lim
j→∞

E(g(Zj(t))) = g(t).

This completes the proof.
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Details of a Scale Mixture of m̂e(t) to

Obtain m̂m(t)

m̂s(t), the smooth estimator of m(t) for censored data ( complete data are special case

of censored data where weight function wj = 1
n
), can be calulated with a closed form.

The details of Scale Mixtures of m̂e(t) to Obtain m̂s(t) are given here.

m̂s(t) =

∫
∞

0
m̂e(u)f

(
u

∣∣∣∣kn,
t

kn

)
du =

n−1∑

l=0

∫ Xl+1

Xl

m̂e(u)f

(
u

∣∣∣∣kn,
t

kn

)
du

=

n−1∑

l=0

[∑n
j=l+1Xjwj∑n

j=l+1 wj

∫ Xl+1

Xl

f

(
u

∣∣∣∣kn,
t

kn

)
du−

∫ Xl+1

Xl

uf

(
u

∣∣∣∣kn,
t

kn

)
du

]

=

n−1∑

l=0



∑n

j=l+1Xjwj∑n
j=l+1 wj

∫ Xl+1

Xl

f

(
u

∣∣∣∣kn,
t

kn

)
du−

∫ Xl+1

Xl

u
ukn−1

(
t

kn

)kn

Γ(kn)
e
−( t

kn
)u
du




=

n−1∑

l=0

[∑n
j=l+1Xjwj∑n

j=l+1 wj

∫ Xl+1

Xl

f

(
u

∣∣∣∣kn,
t

kn

)
du−

(
t

kn

)kn 1

Γ(kn)

∫ Xl+1

Xl

ukne
−( t

kn
)u
du

]

=

n−1∑

l=0



∑n

j=l+1Xjwj∑n
j=l+1 wj

∫ Xl+1

Xl

f

(
u

∣∣∣∣kn,
t

kn

)
du−

Γ(kn + 1)

Γ(kn)

t

kn

∫ Xl+1

Xl

ukn

(
t

kn

)kn+1

Γ(kn + 1)
e
−( t

kn
)u
du




=

n−1∑

l=0

[∑n
j=l+1Xjwj∑n

j=l+1 wj

∫ Xl+1

Xl

f

(
u

∣∣∣∣kn,
t

kn

)
du− t

∫ Xl+1

Xl

f

(
u

∣∣∣∣kn + 1,
t

kn

)
du

]

=

n−1∑

l=0

∑n
j=l+1Xjwj∑n

j=l+1 wj

[
F

(
Xl+1

∣∣∣∣kn,
t

kn

)
− F

(
Xl

∣∣∣∣kn,
t

kn

)]

−

n−1∑

l=0

t

[
F

(
Xl+1

∣∣∣∣kn + 1,
t

kn

)
− F

(
Xl

∣∣∣∣kn + 1,
t

kn

)]

=

n−1∑

l=0

∑n
j=l+1Xjwj∑n

j=l+1 wj

[
F

(
Xl+1

∣∣∣∣kn,
t

kn

)
− F

(
Xl

∣∣∣∣kn,
t

kn

)]

−t

[
F

(
Xn

∣∣∣∣kn + 1,
t

kn

)
− F

(
X0

∣∣∣∣kn + 1,
t

kn

)]

=

n−1∑

l=0

∑n
j=l+1Xjwj∑n

j=l+1 wj

[
F

(
Xl+1

∣∣∣∣kn,
t

kn

)
− F

(
Xl

∣∣∣∣kn,
t

kn

)]
− tF

(
Xn

∣∣∣∣kn + 1,
t

kn

)
,

113



Appendix B. Details of a Scale Mixture of m̂e(t) to Obtain m̂m(t)

where the weight function is wj = Fn(Xj)−Fn(Xj−) and Fn(Xj) is the KM estimate.
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Properties of Weibull Distribution

• The density function is given by

f(t) =
α

β

(
t

β

)α−1

e−( t
β )

α

.

• The survival function is given by

S(t) = e−( t
β )

α

.

• The hazard function is given by

h(t) =
α

β

(
t

β

)α−1

.

• The mean residual life function is given by

m(t) =
β

α
e(

t
β )

α

Γ

(
1

α
,

(
t

β

)α)
,

where the incomplete gamma function is defined as

Γ(α, x) =

∫ ∞

x

tα−1e−tdt.
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• When the shape parameter α > 1, α = 1, and 0 < α < 1, the mean residual

life function is decreasing, constant, and increasing, respectively.
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Bayesian Hierarchical Model for

Programming in WinBUGS

Since censored observations and uncensored observations contribute different likelihood

terms, we use ”zeros trick” to build the likelihood. The trick is that an observation

Xi contributes a likelihood term Li. We assume that a Poisson observation of zero

has likelihood Li. Let B has a Poisson distribution with parameter λ. Then f(Bi =

0, λi) = Li. Hence, the parameter for the Poissson distribution is λ = − log(Li).

In this study, we only consider the simplest situation with ω = 1, i.e. we assign

equal weight to every moment of the history V̄ (t). The conditional survival function

is given by

S(t|z, v̄(·)) =

∫ ∞

0

Sb

(
1

µ

∫ t

0

e−zτβ−γv(s)ds

)
dG(µ), (4.1)

Accordingly, we can obtain the survival function and the probability density func-

tion of the Weibull distribution as

Sb = e
−

( ∫ t
0 e−γv(s)ds

µe
zτβ

)α

,

and

fb =
α
(∫ t

0
e−γv(s)ds

)α−1

(µez
τβ)α(

∫ t
0
e−γv(s)ds)′

e
−

( ∫ t
0 e−γv(s)ds

µe
zτβ

)α

.
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Using the ”zeros trick”, the Bayesian hierarchical model can be expressed into two

parts. The part for the censored observations is given by

ceni = 0;

ceni|Li,α,β,γ
∼ Poisson

((∫ Xi

0
e−γVi(s)ds

µLi
eβZi

)α)
;

Li|w iid∼ Multinomial (1, . . . , N,w);

µl
iid∼ Gb(·), l = 1, . . . , N ;

w ∼ Dirichlet

(
M

N
, . . . ,

M

N

)
;

(α,β, γ) ∼ π(α,β, γ).

The part for the uncensored observations is given by

obsi = 0;

obsi|Li,α,β,γ
∼ Poisson


− log




α
(∫ Xi

0
e−γv(s)ds

)α−1

(µez
τβ)α(

∫ Xi

0
e−γv(s)ds)′

e
−

( ∫ Xi
0 e−γv(s)ds

µe
zτβ

)α

+ const




Li|w iid∼ Multinomial (1, . . . , N,w);

µl
iid∼ Gb(·), l = 1, . . . , N ;

w ∼ Dirichlet

(
M

N
, . . . ,

M

N

)
;

(α,β, γ) ∼ π(α,β, γ),

where const is a constant to ensure the parameter of the Possion distribution is a

positive value. We set const = 1000 in our study.

In practice, it is rare for one to observe the entire sample path of V̄i, but only at a
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few time points tij, j = 1, . . . ,mi of the clinic visits, where timi
≤ Xi, the point where

the subject either dies, or censors due to the end of the study. Then the integration

part in the Bayesian hierarchical model can be approximated by

∫ Xi

0

e−γVi(s)ds ≈
mi∑

j=1

e−γVij(tij − ti(j−1)), j = 1, . . . ,mi.
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