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Chapter 6 

 

Computer Implementations and Examples 
 

In this chapter, the computer implementations and illustrative examples of the 

proposed methods presented. The proposed methods are implemented on the 500 MHz 

personal computers using Unigraphics CAD modeling system, C programming 

language and Matlab at North Carolina State University.  

 

6.1 Computer Implementations and Examples for Smoothing STL Files by Max-Fit 

Biarc Curves for Rapid Prototyping 

The techniques proposed in Chapter 3 have been implemented by using C 

programming language. The example parts were first designed using Unigraphics CAD 

modeling system.  The example solid models were then converted to STL file format 

Unigraphics’ STL converter.  After the STL files were generated, the parts in STL format 

were sliced using the implemented slicing program and were output as an SSL file.  The 

sliced data files were then used as inputs into the developed program. Using the 

developed technique, we tested several examples.   

Figure 6.1 shows the solid model of the first example part and some of its 

intersection contours.  The dimensions of the bounding box that encloses the example 

part are 2.33x1.89x2 in.  Figure 6.2 shows the slicing layer contours and the linear/biarc 

curve fitting results of the example part.  In Figure 6.2(a), an adjacency tolerance of 

0.075” is used to create the STL model of the example part I.  As shown in Figure 6.2(a), 

the surface of the STL model is rough due to the fact that less triangles are used to 

approximate the example part I.  After the CAD model is transformed to STL format for 

RP processing, the STL slicing intersection data is interpolated by the traditional linear 

segments, as shown in Figure 6.2(b).  For adjacency tolerance of 0.075”, the traditional 

linear interpolation of the STL data requires 112 line segments, as shown in Figure 

6.2(b).  Using the biarc curve-fitting algorithm, the rough cross sections are smoothed 

requiring only 28 biarc segments (56 arc segments) (a reduction of 51% in number of 
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segments) with a fitting tolerance of 0.001”, as shown in Figure 6.2(c). Note that the 

adjacency tolerance is used for both generating the STL model and determining the 

roughness of the STL model, while the fitting tolerance shows how close the biarc curves 

are to the intersection points.   

Figure 6.3(a) shows the 3D view of the STL model generated with an adjacency 

tolerance of 0.01” of the same example part.  Given the adjacency tolerance of 0.01”, the 

traditional linear interpolation of the STL data requires 231 line segments, as shown in 

Figure 6.3(b). The proposed method requires only 52 biarc segments with a fitting 

tolerance of 0.001” (a reduction of 55% in number of segments) for smoother curves, as 

shown in Figure 6.3(c). Notice that by using a fewer number of biarc segments as in 

Figure 6.2(b) (104 biarc segments vs. 112 line segments), the developed algorithm 

generates much smoother and closer curves to the original layers from the original CAD 

model, as shown in Figure 6.3(c).  

Table 6.1 shows the comparison of the total number of segments by both the 

traditional methods and the developed method for the example part I (Figure 6.1).  In 

Table 6.1, two different adjacency tolerance settings, 0.075” and 0.01”, are used in the 

interpolation of example part I for a total of 20 slice layers. As shown in Table 6.1, the 

reduction in the number of segments is significant (about 77%) even for a smaller 

adjacency tolerance.   

 

Table 6.1 Number of approximation segments for the example part I by the 

traditional linear interpolation and the proposed biarc interpolation  

Adjacency 
tolerance  

Curve fitting 
tolerance  

Line segments 
by traditional 
approximation  

Arc segmentsby 
the proposed 
method 

Reduction of 
segments 

0.01” 0.001” 5531 1248 77% 
0.075” 0.001” 2043 454 78% 

 

Figure 6.4 shows the comparison between the contours from a CAD model of 

example part I (in Figure 6.1) and its approximations by both the traditional linear 

segments and the developed biarc segments. In Figure 6.4, both the linear segments and 
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the biarc segments are compared to the original CAD contour using Unigraphics’® curve 

analyzer. Figure 6.4(a) shows the original contour from the CAD model and its 

approximation with traditional linear segments (20 segments). The maximum 

approximation error by the traditional linear segments is 0.2204” and the average error is 

0.0067”, as shown in Figure 6.4(a). In Figure 6.4(b), the same CAD contour is 

approximated with 12 biarc segments using the developed techniques. The maximum 

approximation error by the biarc segments is 0.0025 cm and the average error is 0.0004”, 

as shown in Figure 6.4(b). Notice that the generated biarc contour in Figure 6.4(b) is very 

close to the original CAD contour and the difference can hardly be seen without 

magnification of the curves.  

The comparison results of the developed biarc contours and the traditional linear 

approximation are shown in the Table 6.2. In Table 6.2, the developed Max-Fit algorithm 

can generate much smoother contours (about 95% improvement of smoothness) than the 

traditional method when using a similar number of segments in approximation (also in 

Figure 6.4).   

 

Table 6.2 Approximation errors by the traditional linear approximation and the 

proposed biarc approximation for the example part I 

 Number of 
Segments 

Traditional 
linear segments 
approximation  

Proposed Biarc 
curves method 

Reduction 
in errors 

Max. Distance 
Error (in) 

20 0.2204 0.0025 99% 

Avg. Distance 
Error (in) 

12 0.0067 0.0004 94% 

 
Figure 6.5(a) shows the solid model and the STL model of the example part II of 

a golf club. The STL model is generated (shown in Figure 6.5(a)) with a less restricted 

adjacency tolerance of 0.05”. The top layer of the slicing contour is used for comparison, 

as shown in Figure 6.5(b). The traditional method takes 67 line segments with rough 

edges, compared to 12 biarc segments (24 arc segments)  (a reduction of 63%) by the 

developed method, as shown in Figures 6.5(d), with smoother curves.  Notice the 
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developed method is able to handle straight lines as well as curved contours, as shown in 

Figure 6.5(d).   

The last example part used is the famous Kline bottle as shown in Figure 6.6.  The 

Kline bottle has a complex geometric shape and a total of 45 slice layers are used in this 

example. The traditional methods require a total of 4,472 line segments for the 

interpolation, and the developed method requires 168 biarc segments (336 arc segments) 

(a reduction of 93%) for the Kline bottle example, as shown in Figure 6.6.  The example 

part III shows that when the parts have more curved surfaces, the developed method can 

significantly reduce the necessary number of interpolation segments. Using the developed 

technique, less strict requirements on STL triangulation tolerance can be used for smooth 

contours when the STL model is generated for RP. Figure 6.7 shows example part II (golf 

club) and part III (Kline bottle) fabricated on a RP machine (Sander ModelMaker® 

machine) at North Carolina State University.   

 

6.2 Examples for Non-Uniform Offsetting and Hollowing by Using Biarcs Fitting for 

Rapid Prototyping Processes 

 The techniques presented in Chapter 4 have been implemented on 500 MHz PCs 

using C programming language. The example parts are designed by using Unigraphics 

CAD modeling system. The example solid models are then converted to a STL file 

format using the CAD system’s STL converter. After the STL files are created, the 

vertices of the original part are offset using the implemented system. The object is then 

sliced by a set of planes to find the contours. The self-intersections and other 

irregularities are removed using the developed technique. Lastly, all the line segments are 

smoothed by biarcs fitting using the developed technique.  

Figure 6.8(a) shows the solid model of example part IV, a sphere with a diameter 

of 1”. Figure 6.8(b) shows its STL model. The example sphere is offset inward by 0.05” 

to calculate the hollow part. After offsetting the vertices, the original surface and the 

offset surface is sliced with 0.1” uniform distance. Figure 6.9 shows the slices of the 

hollowed sphere shown in Figure 6.8. Figure 6.10 shows the different thickness at 

different cutting planes due to the change of part surface normals (z = 0.5, z = 0.9 and z = 
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0.95). As shown in Figure 6.10(a), the thickness at the middle of the part (z = 0.5) is the 

same as the wall thickness of 0.05. At the slicing plane z = 0.9, the thickness changes to 

0.09. This shows that the developed program generates constant wall thickness, which 

results in different thickness at different cutting planes. Figure 6.10(c) shows the top slice 

at z = 0.95. As shown in Figure 6.10(c), there is only one original contour at this cutting 

plane because this cutting plane does not cut the offset surface. 

Figure 6.11(a) shows the solid model of the example part I. The STL model is 

generated using an adjacency tolerance of 0.02” as shown in Figure 6.11(b). The 

hollowed part is created by offsetting 0.1” from the STL model by using the developed 

technique. Figure 6.12(a) shows the original and the offset contour of the example part I 

at the cutting plane z =1.8”. Figure 6.12(a) shows the offset contour (at z = 1.8”) consists 

of self-intersections and irregularities. Figure 6.12(b) shows the same offset contour after 

the self-intersections are removed. Figure 6.12(c) shows the elimination of the 

irregularities by the presented technique. Figure 6.12(d) shows the biarc fitting of both 

the original boundary and the offset contours. Note that the offset distance along the 

contours is not same due to the non-uniform offsetting. Figure 6.13(a) shows the cross 

sections of the hollowed part after the self-intersections and other irregularities are 

removed. Figure 6.13(b) shows the same hollowed part after the biarcs fitting.  

Figure 6.14(a) shows the 3D view of the STL model generated with an adjacency 

tolerance of 0.02” from the example part I. A total of 1,226 triangles are used to generate 

the whole STL part. Figure 6.14(b) shows the STL model of the same part with a better 

adjacency tolerance of 0.001”. For this adjacency tolerance, a total of 21,248 triangles are 

used in this STL model as shown in Figure 6.14(b). Both STL models are hollowed using 

the developed techniques. Figures 6.14(c) and (d) show the original and the offset cross-

sectional contours of the hollowed parts generated from the two STL models. 144 and 

580 line segments are used to approximate the contours shown in Figure 6.14(c) and (d) 

respectively. After the self-intersections and irregularities are removed from the offset 

contours, both the original boundary and the offset contours are approximated with biarc 

curves as shown in Figure 6.14(e) and (f). Only 31 and 21 biarc segments are required to 

approximate the contours as shown in Figure 6.14(e) and (f). Notice that the generated 
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biarc contours in Figure 6.14(e) from a rough STL model are very close to the biarc 

contours in 6.14(f) generated from a finer STL model with higher accuracy. Table 6.3 

shows the comparison of these two STL models and their cross-sectional contours. 

Table 6.3 Comparison of the STL models of the example part I with different 

adjacency tolerance and their contours 

Adjacency 
tolerance  

Number of 
Triangles 

Line segments of 
the contours by 
traditional method 

Biarc segments of 
the contours by the 
developed method 

0.02” 1,226 144 31 
0.001” 21,248 580 21 

 

Figure 6.15 shows the example part V of a human head taken from Rhinoceros ® 

public ftp site. Figure 6.15(a) shows the solid model of the example part V. The 3D STL 

model of the example part V is shown in Figure 6.15(b). The size of the convex hull of 

the object is 6.46”x9.27”x10.58”. The STL model of the part is hollowed by offsetting 

inward 0.5”. After the vertices are offset along their normal directions, the part is sliced 

and the cross-sectional contours are constructed using the developed program. After the 

offset contours are generated, the intersections and irregularities are removed from the 

offset contours. Figure 6.16(a) and (b) shows the original boundary and the offset 

contours around the chin and nose part of the human head model (at z = 1.8 and z = 4.5). 

The self-intersections and irregularities are removed from the offset contours as shown in 

Figure 6.16(a) and (b). Then, both the original boundary and the offset contours are 

smoothed with biarc curves.  Note that the offset distance along the contours is not same 

due to non-uniform offsetting caused by the hollowing operation as shown in Figure 

6.16(a). Figure 6.17(a) shows the original boundary and the offset cross-sectional 

contours of the example part V, after the self-intersections and irregularities are removed. 

Finally, biarc curve fitting is applied to the cross-sectional curves to smooth out the 

original boundary and the offset contours as shown in Figure 6.17(b). 
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6.3 Examples for Ruled Layers Approximation of STL Models and Multi-Axis 

Machining Applications for Rapid Prototyping 

The techniques presented in Chapter 5 have been implemented on 500MHz 

personal computers using MS Visual C++ programming language. The graphic interface 

is developed by using Unigraphics®’s UG/Open API interface. Several example parts are 

designed using Unigraphics® CAD system. The example solid models are then converted 

to STL file format using the CAD system’s STL converter. 

Figure 6.18 shows the top views of some example contours and their ruled surface 

approximation using the developed techniques. As shown in Figure 6.18, the developed 

method can generate the ruled layers with non-intersecting ruled surfaces of different 

slicing contours.  

The Example part IV as shown in Figure 6.8 with a diameter of 3” is converted to 

the STL model with 14,640 triangular facets using the STL adjacency tolerance of 

0.001”. The STL model of Example part IV is then sliced with a layer thickness of 0.15” 

(a total of 20 slices) by the developed method. In the traditional method where the STL 

model of the part is approximated by 2D layers, the cross-sections are extruded along the 

build direction to form the 2D layers as shown in Figure 6.19(a). In Figure 6.19(a), the 

maximum approximation error εmax,2D by the traditional method is found to be 0.1520”. 

Using the developed method, the example part is approximated with ruled layers, as 

shown in Figure 6.19(b). In Figure 6.19(a), the maximum error εmax,ruled for the developed 

method is calculated as 0.0294”, which is much smaller than the maximum error by the 

traditional 2D approximation (i.e., εmax,ruled < εmax,2D). As shown in Figure 6.19, the 

developed method can generate the ruled layer surfaces much closer to the original 

surfaces than the traditional 2D staircase approximation surfaces.  

To compare the maximum errors at different z-height of the sphere, the maximum 

errors from both developed method and traditional 2D layer method are calculated for the 

layer thickness of 0.15”. As shown in Figure 6.20, the maximum error in both methods is 

higher around the top and bottom of the example part because of the high vertical 

curvature (relative to the build direction +Z). The errors from the developed ruled layer 

approximation method are much smaller than the traditional 2D layer approximation as 



 102 

shown in Figure 6.20. The average error for the traditional 2D layers method εaverage,2D is 

calculated 0.0765” while the average error for the developed ruled layer method 

εaverage,ruled is just 0.0058”. 

Using the Unigraphics’s distance analysis module, we checked the actual errors 

between the original CAD model of the designed part and the approximated 2D and ruled 

layers to compare the actual and the calculated errors for layer thickness for 0.15”. Table 

6.4 shows the actual and the calculated errors for the 2D and the ruled layer 

approximations and their absolute differences at some sampling z-heights. As shown in 

Table 6.4, the developed method can calculate the errors very close to the actual errors. 

Note that the STL model of the example part, which also introduces an adjacency error, is 

used in the proposed method. Figure 6.21 shows the actual and the calculated errors 

plotted at different z-height for the 2D and the proposed ruled layer approximation for a 

layer thickness of 0.15”.   

 

Table 6.4 Comparison of the actual and the calculated errors at 

different z-heights for Example part IV (layer thickness = 0.15”) 

 2D layer approximation 
Developed ruled layer 

approximation 
Z-height Actual Calculated Difference Actual Calculated Difference 

0.15 0.14997 0.15202 0.00204 0.02945 0.02943 0.00002 
0.45 0.11748 0.11696 0.00052 0.00501 0.00479 0.00022 
0.75 0.08485 0.08417 0.00068 0.00309 0.00282 0.00027 
1.05 0.05366 0.05237 0.00129 0.00226 0.00218 0.00008 
1.35 0.02295 0.02269 0.00025 0.00200 0.00199 0.00001 
1.65 0.00678 0.00907 0.00229 0.00250 0.00201 0.00049 
1.95 0.03645 0.03785 0.00140 0.00264 0.00221 0.00043 
2.25 0.06550 0.06806 0.00256 0.00274 0.00238 0.00036 
2.55 0.09459 0.09823 0.00364 0.00355 0.00349 0.00006 
2.85 0.12522 0.12838 0.00316 0.00733 0.00725 0.00008 
3.00 0.13672 0.13945 0.00273 0.02842 0.02840 0.00002 

 
Figure 6.22 shows the maximum approximation errors of both methods at 

different layer thickness for Example part IV (also shown in Table 6.5).  
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Table 6.5 Approximation errors for different layer thickness 

Layer 
Thickness 

2D layer 
Approximation 

Developed Ruling 
Line Approximation 

0.3 0.3086 0.0643 
0.24 0.2457 0.0500 
0.18 0.1832 0.0359 
0.12 0.1211 0.0223 
0.06 0.0601 0.0099 
0.03 0.0300 0.0041 
0.015 0.0149 0.0018 

 

The STL models can be adaptively sliced by the developed method. Figure 

6.23(a) shows the Example part IV approximated by the traditional 2D layer method with 

100 2D layers. The maximum approximation error εmax,2D by the traditional method is 

calculated 0.0301 (i.e., εmax,2D = 0.03”). Using this error as a tolerance (τ =0.0301), the 

same example part is adaptively sliced by the developed method with only 11 ruled layers 

(εmax,ruled  = 0.0297 < τ =0.03”) as shown in Figure 6.23(b). There is an 89% reduction of 

the number of layers, which has direct impact on the total build time. For comparison, 

Figure 6.23(c) shows the same example part sliced by the developed method with 20 

adaptive ruled layers. As shown in Figure 6.23(c) the maximum surface error εmax,ruled  is 

smaller than the given tolerance 0.003” (i.e., εmax,ruled  = 0.0029 < τ =0.003”). 

 The STL model of the Example part V is sliced with a constant layer thickness of 

0.15” (a total of 20 layers). Figure 6.24 shows the comparison of the results generated by 

the traditional 2D approximation and the developed ruled layer approximation method. 

As shown in Figure 6.24(a), using thicker slices causes rougher surface (εmax, 2D = 

0.1556”). Small details around the nose and the mouth may be lost using the 2D 

approximation as shown in Figure 6.24(a). Figure 6.24(b) shows the solid model and its 

wire frame of the same part, which is approximated with the developed ruled layer 

method with the same layer thickness. As shown in the Figure 6.24(b), the developed 

method can generate the surface much closer to original surface even the thicker slices 

are used (εmax, ruled = 0.1047”). 
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For comparison, we sliced the same example part layers with a smaller layer 

thickness of 0.0857” (a total of 35 layers). As shown in Figure 6.25, the maximum error 

caused by the developed method (εmax, ruled = 0.0645”) is much smaller than the maximum 

error caused by the traditional 2D layer method (εmax, 2D = 0.1312”).  

Figure 6.26 shows the comparison of the surface errors of Example part V by the 

traditional 2D layers method (εmax,2D = 0.0167”) and the developed ruled layers method 

(εmax,ruled = 0.0062”).  The proposed method can generate surfaces with much better 

surface accuracy (εmax,ruled < εmax,2D).  As shown in Figure 6.26, the average surface error 

by the traditional 2D layer method εaverage,2D is found to be 0.0107” while the average 

surface error by the proposed ruled layer method εaverage,ruled  is found to be 0.0011” (i.e., 

εaverage,ruled  <  εaverage,2D  ).    

Figure 6.27 shows the comparison of both the traditional method and the 

developed adaptive ruled layers method. Figure 6.27(a) shows Example part V 

approximated by the traditional 2D layer method with 100 layers, and the maximum error 

εmax,2D is found to be 0.0322”.  Figure 6.27(b) shows the same example part is 

approximated by the developed method with only 19 adaptive ruled layers and εmax,ruled = 

0.0321”.  Figure 6.27(c) shows the same example part approximated by the developed 

method with 30 adaptive ruled layers and the maximum surface error εmax,ruled  is found to 

be 0.0029”, which is much smaller than that derived by other methods.  . 

Figure 6.28 shows Example part VI. Using the total 8 adaptive ruled layers, the 

accuracy of 0.03” (i.e., εmax,ruled  = 0.0296” < τ = 0.03” ) is achieved as shown in Figure 

6.28(a). Figure 6.28(b) shows the same example part is approximated with 100 2D layers 

to achieve the same accuracy of 0.03” (i.e., εmax,2D  = 0.03”). As shown in Figure 6.28(a), 

using the developed method can significantly reduce the total number of layers for given 

tolerance (τ = 0.03”). Figure 6.28(c) shows the proposed method slices the example part 

adaptively where there are more layers for the surfaces with small curvature and less 

layers in the relatively flat areas according to surface errors. Figure 6.28(d) shows the 

solid model of the part approximated with adaptive ruled layers.  
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Figure 6.29 shows Example part VII, a vase. Figure 6.29(a) shows the example 

part VII is approximated with 47 adaptive ruled layers by the developed adaptive ruled 

layer method. The maximum approximation error for the adaptive ruled layers is 

calculated 0.001” (i.e., εmax,ruled  = 0.001”). Using the same number of layers (i.e., 47 

layers), the example part VII is approximated with the traditional 2D layers as shown in 

Figure 6.29(b). The maximum approximation error for the traditional 2D layer 

approximation is found to be 0.0532” (i.e., εmax,2D = 0.0532) which is much higher than 

the maximum error for the developed method. Figure 6.29(c) shows the proposed method 

adaptively sliced the part such that thinner ruled layers are used for the areas with smaller 

curvature whereas thicker layers are used for the areas with relatively bigger curvature. 

Figure 6.29 (d) shows the solid view of the example part VII approximated with adaptive 

ruled layers. 

 
6.4 Summary 

In this chapter, the results of the developed techniques proposed in Chapters 3, 4 and 5 

are presented. The results show that the developed methods can not only improve the 

accuracy of the RP parts but also increase the efficiency by reducing the total number of 

layers.  



Figure 6.1 Solid model of the example part I

(a) Some contours of the example part (b) Solid model of the example part
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(b) Layers approximated with line segments
(adjacency tolerance=0.075”)

(112 line segments)

(c) Layers approximated with biarc curves
(fitting tolerance = 0.001”)

(28 biarc segments)

(a) 3D view of the STL model ( adjacency tolerance = 0.075”)

Figure 6.2 Slicing curves and curve fitting of the example part I (adjacency tolerance = 0.075”)
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(b) Layers approximated with line segments
(adjacency tolerance=0.01”)

(231 line segments)

( c) Layers approximated with biarc curves
(fitting tolerance = 0.001”)

(52 biarc segments)

( a) 3D view of STL model (tolerance = 0.01”)

Figure 6.3 Slicing curves and curve fitting of the example part I. (adjacency tolerance = 0.01” )
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Figure 6.4 Comparing the accuracy of the linear and the biarc
approximations for the example part I.

smoothness and

(a) An original contour from the CAD model and its linear approximation

(20 line segments) (Max. error = 0.2204” , average error = 0.0067”)

(a) The same contour approximated by the developed biarc program

(12 biarc segments) (Max. error = 0.0025”, average error = 0.0004” )

Linear segmentsOriginal
contour

Biarc curve

Original
contour

Maximum error

Maximum error
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Solid model

(b) Top slice curve of the original CAD model

d) Approximated by the proposed curve fitting (12 biarc segments)

Figure 6.5 Solid model and top section of the example part II, golf club

3D view of STL model of the example part I

(a) Example part II (golf club)

(c) Approximated by line segments (51 lines) (adjacency tolerance = 0.05”)
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(tolerance = 0.05”)



Intersection curves approximated with biarc curves
(168 biarc segments v.s. 4472 line segments)

Figure 6.6 Example part III, Kline Bottle
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(a) Example part II, golf club

(b) Example part III, Kline Bottle

Figure 6.7 Fabricated example parts by using RP machines
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Figure 6.8 Solid model and STL model of the example part IV, sphere

(b) 3D view of STL model of the example part IV

(a) Solid model of the example part, IV
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Figure 6.9 Slices of the generated hollowed part of the example part IV, sphere
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Figure 6.10 Cross sections of the example part IV at different cutting planes

0.05

0.09

(a) Cross sections at z=0.5 cutting plane

(b) Cross sections at z=0.9 cutting plane

0.05

(c ) Cross section at z=0.95 cutting plane
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Figure 6.11 Solid model and STL model of the example part I

(b) 3D view of STL model of the example part I

(a) Solid model of the example part I

116



Figure 6.12 Example contour of the example part I showing
self-intersection and irregularity elimination

(b) Same contour after the self-intersections
are removed

(d) Biarcs fitting of the boundary
and the offset contour

(a) Example contour with self-intersections
and irregularities

(c ) Elimination of irregularities
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