
Abstract

Balikcioglu, Metin. Essays On Environmental And Computational Economics.
(Under the direction of Paul L. Fackler.)

The study consists of three separate essays. The first essay reassesses and extends the

papers by Pindyck (2000, 2002) which analyze the effects of uncertainty and irreversibil-

ity on the timing of emissions reduction policy. It is shown that proposed solutions for

some of the optimal stopping problems introduced in these papers are incorrect. Correct

solutions are provided for both the incorrect special cases and the general model through

a numerical method since closed form solutions do not exist for these problems. In the

second essay, singular control framework is employed in order to allow for gradual emis-

sion reduction instead of once-for-all type policies. The solution for the model is obtained

using the numerical method introduced in the last essay. The effects of uncertainty and

irreversibility on optimal emission reduction policy are investigated. The model is il-

lustrated for greenhouse gas mitigation in the context of climate change problem and

some of the model parameters are estimated using a state space model. In the third

essay, a unified numerical method is introduced for solving multidimensional singular

and impulse control models. The link between regime switching and singular/impulse

control problems is established. This link results in a convenient representation of opti-

mality conditions for the numerical method. After solving the optimality conditions at

a discrete set of points, an approximate solution can be obtained by solving an extended

vertical linear complementarity problem using a variety of techniques. The numerical



approach is illustrated with four examples from economics and finance literature.
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Chapter 1

Introduction

In this work, we study the environmental problem of when to adopt a costly policy of

reducing the emissions of a pollutant which damages an environmental resource. Such a

problem may arise due to a pollutant emission to a lake, or a river leading to loss of these

resources. This is mostly a local problem and the policy decision should be made by a

local authority. However, the problem may have semi-local effects as in acid rains due

to emissions of some chemicals or global consequences as in greenhouse gas emissions

which leads to climate change. In the latter case, a consensus among the countries is

needed for an effective policy adoption. For these problems, the policy maker has to

decide when to reduce the emissions, how much reduction has to be done, what policy

instruments need to be used and finally what incentives need to be created in order to

accomplish a consensus among different authorities.

Determining the adequate policy instruments and creating the right incentives for
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the policy adoption strategies requires first the determination of the optimal policy.

Therefore, in this study, we mainly focus on the timing and the magnitude of the policy

adoption. We develop a stochastic dynamic model which captures the dynamic nature,

irreversibilities and the uncertainties associated with the problem. The optimal policy

of pollutant abatement is determined using the real options model1. We illustrate the

application of the model in the context of the climate change problem.

The climate change problem is rather simple as described by Mendelsohn (2007),

‘ ‘[. . . ], the intuition is simple. Society faces two types of costs associated with
greenhouse gases. First, there is the abatement cost associated with curbing emis-
sions. For example, society may switch to more expensive but cleaner fuels, it
might increase energy efficiency, or it may capture greenhouse gases before they
escape to atmosphere. Second, there is the damage from climate change. Warmer
temperatures may reduce farm values in the low attitudes, cause ecosystems to
shift, or raise sea levels. The efficient solution to the greenhouse gas problem
minimizes the sum of the abatement costs plus climate damage. [. . . ] Because
this is an intertemporal problem stretching over a long time horizon, the timing
is important for both abatement costs and climate change.” Mendelsohn (2007,
p.46)

The problem can be analyzed within a broad range of topics such as the appropriate

policy instrument selection, determining the exact costs of pollution and mitigation,

the credibility and applicability of international agreements, the effects of adaptability

of economic agents to the changing environment, the R&D efforts and new technology

adaptation, etc. (Toman, 1998).

1The irreversibility of the policy and the uncertainty creates an incentive to wait for the new infor-
mation in the dynamic framework. This leads to an economic value so called an option value. Although
the option value concept stems from the decision making problem for financial instruments, it has also
been widely used in economic applications such as the investment theory. Therefore, this dynamic
framework with uncertainty and irreversibility is also known as real option approach in the economics
literature.
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In this study, we intend to obtain insights about the effects of uncertainty and irre-

versibility on the optimal emission abatement policy without considering these overlap-

ping line of research areas. Our goal is to provide a modeling framework which can be

used to determine the timing and the magnitude of the optimal emission reduction path

under irreversibility and uncertainty. In order to do so, we first point out the mistakes

of some of the modeling efforts in the literature, provide the correct solution methodol-

ogy, and then extend this line of research which is based on continuous time stochastic

control framework. In addition, we develop a numerical solution approach that can be

used to overcome the difficulties of solving stochastic control problems which are widely

used as modeling framework in both economic and financial applications.

Our study however, does not cover all the relevant topics of the climate change

problem. This study does not try to evaluate the costs of greenhouse gas abatement

policies and costs of climate change as in so-called “Integrated Assessment Models”.

These models integrate the predictions of future greenhouse emissions and concentra-

tions in the atmosphere, and estimations of physical damage, its economical costs and

the abatement costs in a dynamic growth type modeling framework (Nordhaus, 1994;

Manne, Mendelsohn and Richels, 1995; Plambeck, Hope and Anderson, 1997; Nordhaus

and Boyer, 2000; Tol, 2002a,b). This study also does not intend to find the best policy

instrument2 in order to reduce the emissions (Hoel and Karp, 2001; Aldy, Barrett and

Stavins, 2003; Nordhaus, 2007). In addition, the study does not provide any theoretical

2Price or quantity based instrument.
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framework that would help to understand how incentives could be created for an inter-

national agreement on curbing the greenhouse gas emissions (Dockner and Van Long,

1993; Barrett, 1994; Hoel and Schneider, 1997; Xepapadeas, 1998; Haurie, 2005). Our

objective is not to figure out how the economies will adjust to the changing climate nor

how incentives can be created to influence the technological change towards reducing

the climate policy costs. As Smith (2007) notes, economists don’t have clear answers for

these questions. Finally, this study does not add anything to the debate on the choice

of discount rate for evaluating the future costs of climate change and abatement poli-

cies (Lind, 1995; Manne, 1995; Azar, 1998; Pindyck, 2007). All these relevant questions

should be addressed before any appropriate decision is made.

The dissertation study begins with a brief review of the literature on timing problems

in environmental economics mainly focusing on the climate change problem. Then the

dissertation outline and the contributions of the study are summarized. In Chapter 2, we

focus on the papers of Pindyck (2000, 2002), which are influential in the line of literature

on timing issues in environmental economics. We point out some of the mistakes in

these papers and provide the correct solutions via numerical methods. In Chapter 3,

we introduce a real options model for gradual reduction of pollution emission, estimate

a simple empirical model in order to illustrate the modeling framework and provide

policy recommendations for the greenhouse gas emission abatement problem. In the

final chapter, we introduce a new numerical methodology for solving multidimensional

stochastic singular and impulse control problems which is required to solve the model
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that we present in Chapter 3. In this method, we show that an impulse or singular

control problem can be viewed as a switching problem. This provides a convenient way

to solve these classes of problems which have many application areas both in economics

and finance.

1.1. Literature Review

Timing and decision making problems arise in many different contexts in environmental

and resource economics. Renewable resource management such as optimal fish harvest-

ing (Ludwig, 1979) or forest rotation (Willassen, 1998; Alvarez, 2004), non-renewable

resource management such as mine management (Brennan and Schwartz, 1985) or envi-

ronmental area conservation (Arrow and Fisher, 1974) and pollution abatement policy

problem (Conrad, 1997; Pindyck, 2000) are some of the examples of the environment

and resource related decision making and timing problems. The common characteristics

of these issues are the irreversibility of the decision, the dynamic nature of the problems

and the uncertainty.

In their seminal work, Arrow and Fisher (1974) and Henry (1974) showed that the

irreversibility of a decision under a stochastic environment creates an economic value for

the new information that will be available in the future. Therefore, the decision maker

has to take this so-called quasi-option value into account before making an irreversible

decision. In their context, the quasi-option value is viewed as the value of information
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until the uncertainty is resolved. In a similar way, McDonald and Siegel (1986) intro-

duced the option value concept in investment theory using the financial option pricing

methodology which was later applied to various irreversible decision problems under un-

certainty. Dixit and Pindyck (1994) clearly show that an economic value, the so-called

option value would be lost when an irreversible investment is made; however, uncertainty

is never resolved in this type of framework.

In pollution abatement policy problem uncertainty plays an important role in policy

decision. In the climate change problem for example, there are different types of un-

certainties; first, we don’t know the exact relationship between human action and the

climate. Second, we can not evaluate the costs of environmental damage and impacts of

climate change with certainty. We also don’t know the future emission paths. Finally,

there is uncertainty about the costs of emission reduction due to possible technological

change over time. For detailed examination of the uncertainties in the context of cli-

mate change see the reviews by Heal and Kristrom (2002), Peterson (2006) and Pindyck

(2007). The second key element of the problem is the irreversibilities associated with

the problem. The damage to the environment may be irreversible or may have irre-

versible economical consequences. In addition, the adopted policy is irreversible due to

the sunk costs associated with reducing the emissions. As mentioned above these two

key elements creates an option value that has to be considered in the policy analysis.

The early attempts for incorporating uncertainty and irreversibility can be found in

Kolstad (1992). In his working paper, he developed a three-period model in which the
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uncertainty resolves in the last period and he examines the effects of uncertainty and

irreversibility on the policy adoption in the first two periods. He shows that if the policy

is irreversible, it is better to wait until the uncertainty is resolved. Conrad (1992) has

developed a continuous time model in which the only irreversibility is with respect to

the stock pollutant and he shows that uncertainty leads to early adoption of abatement

policy. However, there is no sunk costs of emission reduction in his model, that is, the

emission reduction policy is not irreversible.

Dixit and Pindyck (1994) introduced a continuous time framework which incorpo-

rates irreversibilities on both the policy and stock pollutant. In this early attempt,

the uncertainty is due to the evolution of the stock pollutant. They showed that the

increasing uncertainty delays the emission reduction policy. Pindyck (2000) formalizes

this framework by analyzing the effects of uncertainties on costs of environmental dam-

age as well as on stock pollutant. Pindyck (2002) generalizes the model by incorporating

both types of uncertainties into the model. He shows that in all cases, as uncertainty

increases, the value to wait for future information increases and this leads to delay in

abatement policy adoption3. In a similar framework but with a different assumption

on the stochastic process of the stock pollutant, Saphores and Carr (2000) investigated

the effects of ecological uncertainty, and they showed that uncertainty has ambiguous

effects on the timing of the policy adoption. When uncertainty is high enough increasing

uncertainty leads to more conservative policy. This result occurs due to the fact that

3See the detailed analysis of these models in Chapter 2
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in their model expected social cost increases with uncertainty. Whereas, in most of the

real option models, expected social cost is not a function uncertainty.

In the line of research discussed, the timing problems are considered as once-and-for-

all policy problems, which lead to an optimal stopping problem. In particular, in the

context of pollutant abatement decision problem, it is assumed that the policy maker

adopts a policy only once and the decision is irreversible. Pindyck (2000) attempts

to model gradual emission reduction with uncertain costs of environmental damage;

however, in order to keep the model simple, he only considers a linear damage function

with respect to the stock pollutant. In addition, he implicitly assumes that the pollution

emission levels can be negative leading to the cost of cleaning the stock pollutant be

same as the cost of emission reduction. Another drawback of his approach is that the

policy maker continues cleaning even when the stock pollutant is completely removed.

Recently, Wirl (2006) introduced a model with continuous emission reduction; however,

in his model there is no sunk cost associated with the emission reduction.

1.2. Outline of the Dissertation

In this study, we make three main contributions to the environmental and computational

economics literature. Our main focus is the irreversibility and uncertainty associated

with the decision making problems in environmental economics. In particular we in-

vestigate these issues in the context of a pollution control problem. The real options
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framework fits well for this purpose, thus we follow this literature. Our first contribution

is to point out the mistakes of some of the real options approaches for timing problems

in environmental economics, and provide the correct solutions for these models. Second,

we extend this line of research by relaxing the assumption of a one time policy adoption.

Finally, the models of real options fall into a class of stochastic controls problems; we

develop a numerical solution strategy for solving these problems.

In Chapter 2, we reexamine the papers by Pindyck (2000, 2002) which attempt to

formalize the optimal timing of pollution abatement policy in the real options framework.

He considers some special cases of a general model and proposes closed form solutions for

these cases. However, in some of these cases, the solutions provided are not correct due

to a mathematically invalid solution methodology. In this chapter, we provide the correct

solution for these cases as well as the general form of the models which have not been

solved by Pindyck. We show that some of the optimal policy adoption rules proposed

are both qualitatively and quantitatively different than the true solution. Since closed

form solutions are not available for these models, we solve them via a generic numerical

method. We extend the general model by altering the social cost function of stock

pollutant and show that considering future catastrophic costs, it is optimal to reduce

the emissions earlier although the current cost is the same for both cases.

In Chapter 3, we relax the assumption of once-and-for-all type of policy adoption

rules by allowing for gradual emission reduction policy. This extension leads to a stochas-

tic singular control type problem in multidimensional state space and, as before, a closed
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form solution is not available for the model. The model is solved via a numerical ap-

proach developed in Chapter 4. The most interesting result of the model is that the

effect of uncertainty on the optimal policy adoption is dependent on the emission lev-

els. Although for a low emission level the policy adoption is delayed as uncertainty

increases, it is optimal to reduce the emissions more for high emission levels. We illus-

trate the model in the context of climate change problem in which greenhouse gases are

considered as the pollutant leading to costly global climate change. For this exercise,

some of the parameters are estimated via a simple empirical climate model, and policy

recommendations are provided based on the estimates.

In Chapter 4, we first briefly overview the stochastic singular and impulse control

models which have been widely used in economics and finance literature. Then the link

between regime switching and singular/impulse control problems is established. This link

provides a convenient representation of the optimality conditions of these problems for

numerical analysis, especially in multidimensional state space settings. We illustrate the

numerical approach with four examples from the literature and show that the numerical

approach proposed here works well for solving these type problems. We believe that this

contribution would help the researchers develop more realistic models since they would

no longer be limited to simple cases in which the closed form solutions may be obtained.
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Chapter 2

Solving Optimal Timing Problems in
Environmental Economics: A
Reexamination of Pindyck (2000, 2002)

2.1. Introduction

Optimal stopping problems arise in environmental economics due to the presence of

uncertainties and irreversibilities. There are uncertainties over the future costs and

benefits of environmental damage as well as over the evolution of the ecosystem. The

implementation of environmental policies often involves sunk or partially sunk costs that

render the policies irreversible. The real options framework fits well for these kinds of

problems.

Pindyck (2000, 2002) develops real options models of environmental policy timing

under economical and/or environmental uncertainty. These models do not consider any

possible uncertainties about the parameters of the underlying processes of variables,

they only consider the dynamic uncertainty on the future values of economical and
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environmental variables. All the models are set up in a continuous time framework and

can be characterized as optimal stopping problems which are widely used for option

valuation in finance and investment decisions in economics. 1

Optimal stopping problems in one dimension are comparatively easier to solve and, in

certain settings, closed form expressions of the solution may even be obtained. In general,

the solution involves finding a threshold for the state variable that determines whether

to stop. In the continuous time framework, an ordinary differential equation (ODE)

has to be solved along with the so called value matching and smooth pasting conditions

at the threshold. If a general closed form expression is available for the solution of

ODE, the constant parameters and the threshold are simultaneously determined using

the conditions at the unknown threshold. In contrast, optimal stopping problems with

two or more state variables involve solving a partial differential equation (PDE) instead

of an ODE. Closed form solutions may not exist for the relevant PDE, in which case

numerical techniques are needed to solve the problems.

In some of the Pindyck’s models, the state space is two dimensional. Pindyck pro-

poses closed form solutions to his models that involve a set of unknown constants.

Although the proposed solution satisfies certain optimality conditions, other conditions

cannot be satisfied unless the “constants” are, in fact, functions of the state variables.

The proposed solutions, therefore, fail to provide the correct solution to the stopping

1Both papers include some other modeling frameworks; a gradual emissions reduction model in the
2000 paper and a two period model in the 2002 paper; these other models are not discussed here.
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problem.

In this paper, we discuss Pindyck’s proposed solutions and compare these to those

obtained using numerical techniques. We describe an efficient numerical solution method

based on the collocation approach and the variational inequality representation of the

optimal stopping problem. The numerical solutions display important qualitative differ-

ences from Pindyck’s proposed solutions.

2.2. Analytical Framework

The decision to adopt a policy to reduce the emission of pollutant is irreversible due to

the sunk costs of implementing such a policy. Time is continuous, the policy maker’s

horizon is infinite and any policy can only be implemented once. The stock pollutant

Mt, is a state variable which is controlled by a flow variable Et. In the global warming

context, for example, Mt may be the total concentration of greenhouse gases or the

average global temperature, and Et may be the rate of greenhouse gas emission. Let the

current emission level be E0 and let E1 < E0 be the permanent emission level after an

emission reduction policy is adopted. The stock pollutant Mt evolves endogenously and

stochastically:

dM = µ(M, E)dt + σ2(M)dz2 (2.1)
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where dz2 is the increment of standard Brownian motion. The flow of social benefits is

given by B(θt, Mt) where θt is a social cost variable which evolves stochastically according

to:

dθ = ν(θ)dt + σ1(θ)dz1 (2.2)

It is assumed that the increments of diffusion of M and θ are uncorrelated, E [dz1dz2] = 0

and the cost of reducing the emission flow, K(E1), is completely sunk.

Pindyck poses the social planner’s problem of determining the optimal time to reduce

the emissions level and optimal permanent emissions level. The objective of policy maker

is to maximize the expected discounted social welfare:

W = max
T,E1

E0

[∫ ∞

0

e−rtB(θt,Mt)dt− e−rT K(E1)

]
(2.3)

where T is the unknown optimal time to adopt a once-and-for-all emission reduction

policy, E0 is the conditional expectation operator based on the information at t = 0

and r is the discount rate. The social planner’s problem is then to determine when to

implement the emission reduction policy and the optimal permanent emissions level E1

as functions of the stochastic state variables, M and θ.

Pindyck (2000) shows that with a linear cost function K(E1) = k(E0 − E1) the

optimal policy is to reduce the flow emission to zero when it is optimal to adopt the

policy. The problem is therefore an optimal stopping problem in which the state space
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can be partitioned into 2 regions; the “no-adopt” region in which it is optimal to continue

emitting pollution at level Et = E0 and the “adopt” region in which the optimal policy

is to reduce the emission to zero. When the policy is adopted, the agent receives a

so-called the stopping reward which is either known or can be computed independently

of the optimization problem.

The form of the social benefit function B(θt,Mt) plays an important role in the

characterization of the optimal policy rule. Pindyck (2000) shows that when B(θ,M)

is linear in stock pollutant M , the optimal policy becomes independent of M and a

closed form solution can be found. On the other hand, if B(θ, M) is quadratic in M ,

the optimal policy also depends on the level of stock pollutant M . Pindyck argues that

the quadratic form of benefit function is more realistic in the context of environmental

pollution; unfortunately the solution to this problem is more challenging. Throughout

this chapter it is assumed that B(θt,Mt) = −θtM
2
t .

Pindyck considers specific models for the evolution of the social cost multiplier given

by

dθ = αθdt + σ1θdz1 (2.4)

and for stock pollutant given by

dM = (βE − δM)dt + σ2dz2 (2.5)
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With these assumptions it is possible to obtain the expected discounted flow of social

benefits given that the emissions level cannot be changed. Using the facts that E [θt|θ0] =

eαtθ0, E [Mt|M0] = e−δtM0 + (1 − e−δt)βE
δ

and V ar[Mt|M0] = (1 − e−2δt)
σ2
2

2δ
, it can be

shown that

−E0

[∫ ∞

0

e−rtθtM
2
t dt

]
= − θ0

r+2δ−α

(
M2

0 +
2βE

r+δ−α
M0 +

2β2E2

(r−α)(r+δ−α)
+

σ2
2

r −α

)

(2.6)

When the emissions level can be reset to 0 at a cost of kE0, the problem becomes a

classic optimal stopping problem. In such problems there is a stopping value of R which

can be a function of state variables. In the current problem the stopping reward equals

the expected discounted flow of social benefits with E1 = 0 less the emission reduction

cost of kE0,
2

R(θ,M) = − θ

r + 2δ − α

(
M2 +

σ2
2

r − α

)
− kE0 (2.7)

The optimal stopping problem can be solved in terms of a value function W (θ,M)

and a switching curve θ∗(M) that satisfy the differential equation so-called the Hamilton-

2In Pindyck’s notation R(θ,M) = WA(θ, M)− kE0
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Jacobi-Bellman equation,3

rW (θ,M) = −θM2 + αθWθ(θ, M) + (βE0 − δM)WM(θ, M) +
1

2
σ2

1θ
2Wθθ(θ,M)

+
1

2
σ2

2WMM(θ,M)

(2.8)

along with the boundary conditions,

W (0,M) = 0,

W (θ∗(M),M) = R(θ∗(M),M),

Wθ(θ
∗(M),M) = Rθ(θ

∗(M),M),

WM(θ∗(M),M) = RM(θ∗(M),M)

(2.9)

Note that an additional boundary condition is actually required to complete the specifi-

cation of the solution. Specifically, some condition on the behavior of the value function

is required in the limit as M →−∞. Intuitively, it is never optimal to reset the emis-

sions level if M is infinitely negative and hence, in the limit, the value function should

approach the value given in eq. 2.6.

Pindyck proposes functional forms for W that include unspecified constants. He

correctly notes that these functions satisfy the Hamilton-Jacobi-Bellman equation. In

order for the proposed solutions to satisfy the boundary conditions, Pindyck redefined

the “constants” as functions of θ and M . In doing so, however, the proposed solutions

3In Pindyck’s notation W is equivalent to WN .
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no longer satisfy the Hamilton-Jacobi-Bellman equation, thereby leading to erroneous

solutions.

It is also instructive to find the open-loop with feedback rule for this problem. The

open loop with feedback rule is one which chooses the stopping time T , treating T as a

fixed value of the current state, with stopping occurring if the optimal T is non-positive.

It can be shown that the open loop rule can be given in terms of a cutoff value of θ that

solves

0 = −θM2 − 2(βE0−δM)θM

r + 2δ − α
− αθ(M2 +

σ2
2

r−α
)

r + 2δ−α
− σ2

2θ

r + 2δ−α
+

rθ(M2 +
σ2
2

r−α
)

r + 2δ − α
+ rkE0

= − 2βE0θM

r + 2δ − α
+ rkE0

(2.10)

This leads to the decision rule to stop if θ exceeds

θ̃ =
r(r + 2δ − α)k

2βM
. (2.11)

The open-loop with feedback rule is optimal when the states are non-stochastic and thus

should be the same as the optimal rule when the σ terms go to zero. It can, therefore,

be used as a check on proposed closed form solutions as well as a starting value for

numerical ones.

No closed form solution exists for the general framework model. Instead Pindyck
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considers three special cases:

case 1: Fixed economic cost and no decay (α = 0, σ1 = 0, δ = 0),

case 2: Economic uncertainty only (σ2 = 0),

case 3: No decay (δ = 0).

In the first case the model has only one state variable as θ is a fixed constant, and a

closed form can be obtained, as Pindyck shows. In the second and third cases, however,

Pindyck proposes closed form solutions that are, in fact, incorrect. In what follows, we

first review the solution for the first case and then discuss Pindyck’s proposed solutions

for the second and third cases.

2.2.1. Ecological Uncertainty

In this special case there is no economical uncertainty, θ being a fixed constant.4 This

implies that α = 0 and σ1 = 0. It is also assumed that the stock pollutant does not

decay, δ = 0.5 The stopping reward of this model is

R(θ,M) = −θ(rM2 + σ2
2)

r2
− kE0 (2.12)

4See Pindyck (2000), section 5.
5If the assumption that δ = 0 is relaxed an almost closed form solution can be found with W

expressed as an infinite ordered polynomial.
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and the following differential equation is satisfied in “no-adopt” region,

rWN = −θM2 + βE0W
N
M +

1

2
σ2

2W
N
MM . (2.13)

Note that the differential equation that must be solved is now an ordinary differential

equation in M . Pindyck (2000) provides the following general solution of the value

function in “no-adopt” region,

W (M) = BeφM − θ(rM2 + σ2
2)

r2
− 2βE0θ(βE0 + rM)

r3
(2.14)

where φ is the positive root of the fundamental equation
σ2
2

2
φ2 + βE0φ− r = 0 and B is

an unknown constant. B and the unknown threshold M∗ can be determined along with

the value matching and smooth pasting conditions and are given by

B =
2βE0θ

r2φ
e−φM∗

(2.15)

M∗ = −βE0

r
+

1

φ
+

r2k

2βθ
. (2.16)

B is found to be constant and the proposed solution satisfies both the differential equa-

tion and the boundary conditions. In addition, as σ2 → 0, φ → r/(βE0) and

M∗ → r2k

2βθ
. (2.17)
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which is consistent with the open loop feedback rule given in eq. 2.11.

There is an important difference between the open-loop and optimal solutions, how-

ever. In the optimal solution, the limiting value of M∗ as θ →∞ provides a lower bound

on M∗:

M∗ ≥ 1

φ
− βE0

r
=

σ2
2

2r
φ > 0 (2.18)

Thus even for very high social costs, it never makes sense to engage in the irreversible

decision to eliminate emissions when the stock of pollution is very low. This may seem

counterintuitive until it is recognized that in this model the pollution stock can be

negative and that negative levels are as harmful as positive ones (recall that the costs are

quadratic in M).6 When the pollution stock is low it makes sense to avoid an irreversible

decision to eliminate emissions, which may in fact be beneficial if the pollution stock

becomes negative.

2.2.2. Economic Uncertainty

In this special case the only uncertainty arises from the flow of social costs of the stock

pollutant.7 It is assumed that there is no ecological uncertainty, σ2 = 0. Then, the

stopping reward is

R(θ, M) = − θM2

r + 2δ − α
− kE0. (2.19)

6Negative pollution stocks may themselves seem counterintuitive. They could be avoided by imposing
a barrier condition at M = 0 or by using a stochastic process for which M = 0 is a natural barrier. In
either case, however, the optimal solution will change. Furthermore, a different interpretation of M as
the deviation from the ideal temperature would make negative M both reasonable and desirable.

7See Pindyck (2000), section 3.3.
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The value function W (θ, M) must satisfy the following differential equation in the

“no-adopt” region,

rW = −θM2 + αθWθ + (βE0 − δM)WM +
1

2
σ2

1θ
2Wθθ (2.20)

along with the appropriate boundary conditions.

Pindyck proposes that the value function in “no-adopt” region has the following

form;

W (θ,M) = Aθγ − θM2

r + 2δ − α
− 2β2E2

0θ

(r − α)(r + 2δ − α)(r + δ − α)

− 2βE0θM

(r + 2δ − α)(r + δ − α)

(2.21)

where A is a “constant” to be determined and γ is the positive root of the fundamen-

tal quadratic equation 1
2
σ2

1γ(γ − 1) + αγ − r = 0.8 The unknown constant A and the

functional form of switching boundary θ∗(M) can be obtained using the boundary con-

ditions. Pindyck’s proposed solution for the optimal switching boundary θ∗(M) and for

the constant A are,

θ∗(M) =
γ

γ − 1

(r − α)(r + 2δ − α)(r + δ − α)k

2β
(
βE0 + (r − α)M

) (2.22)

8The negative root can be ignored because the value function must satisfy the boundary condition
that W (0,M) = 0.
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and

A = E0

(
γ − 1

k

)γ−1[
2β2E0 + 2β(r − α)

(r − α)(r + 2δ − α)(r + δ − α)γ

]γ

Mγ (2.23)

As it can be seen, however, A is not a constant; instead it is a function of the state

variable M . When A(M) is substituted into the proposed solution, it no longer satisfies

the differential equation in eq. 2.20. This proposal, therefore, does not provide the

optimal solution.

In addition, the policy rule given above, if it is the true solution, should converge to

the open loop decision rule as σ1 → 0. In the limit as σ1 → 0, γ → r/α and

θ∗(M) → (r + 2δ − α)(r + δ − α)rk

2β
(
βE0 + (r − α)M

) . (2.24)

It is easily verified that θ∗(M) does not converge to the open loop feedback rule given

in eq. 2.11. To the best of our knowledge, no closed form solution exists for this special

case.

The proposed stopping boundary has the non-intuitive property that the emissions

are stopped if θ is high enough, even when the pollution stock level is low or negative.

Note, for example, when M = 0, 0 < θ∗ < ∞ (it is assumed that α < r). As noted

earlier, the model used here does not rule out negative values of M , with the costs

to society minimized when M = 0. It cannot be optimal to reduce emissions when

M is negative, as a superior policy would be to wait until M reaches 0 before halting
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emissions. In fact, as noted earlier, it is always better to wait until M reaches some

positive level before incurring the fixed cost of emissions control.

2.2.3. Economic and Ecological Uncertainty with zero decay

rate

There is both economic and ecological uncertainty in this special case of the model.9 The

only simplifying assumption is that the decay rate δ is equal to zero. The differential

equation defining the value function in the “no-adopt” region is

rW (θ,M) = −θM2 +αθWθ(θ,M)+βE0WM(θ, M)+
1

2
σ2

1θ
2Wθθ(θ, M)+

1

2
σ2

2WMM(θ,M)

(2.25)

The stopping reward for this model is

R(θ, M) = − θM2

r − α
− σ2

2θ

(r − α)2
− kE0. (2.26)

Pindyck proposes the following closed form expression for the value function in the

“no-adopt” region10

W (θ, M) = aeηMθγ − θM2

r − α
− 2β2E2

0θ

(r − α)3
− −2βE0θM

(r − α)2
− σ2

2θ

(r − α)2
. (2.27)

9See Pindyck (2002), section 3
10This is equivalent to eq. 39 (p. 1690) of Pindyck (2002). The original contains a typo in that the

β2E2
0 term should be divided by (r − α)3; this is clear from the statement of the boundary conditions

in Pindyck’s equations 41 and 42 (p. 1691).
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where a, η and γ are unknown constants. The solution involves finding the values of a,

η, γ and the stopping boundary θ∗(M) that satisfy the boundary conditions. Pindyck

proposes the following solution:11

θ∗(M) =
γ

γ − 1

(r − α)3k

2β(βE0 + (r − α)M)
, (2.28)

η = γ
(r − α)

βE0 + (r − α)M
(2.29)

a =
2βE0

(r − α)2

θ∗1−γe−ηM

η
(2.30)

γ =
(α− 1

2σ2
1)Ω

2(M) + (r − α)βE0Ω(M)
σ2

1Ω2(M) + σ2
2(r − α)2




√√√√1 +
2r

(
σ2

1Ω2(M) + σ2
2(r − α)2

)
(
(α− 1

2σ2
1)Ω(M) + (r − α)βE0

)2 − 1




(2.31)

where Ω(M) = βE0 + (r − α)M . As in the previous case, however, the “constants” are

in fact functions of the state variable M , causing W to fail to satisfy the differential

equation given in eq. 2.25).

Although the expression for θ∗ looks superficially like the one given in eq. 2.22, the

γ term here is not constant in M . Not only does the expression imply the possibility of

stopping at non-positive levels of M but the switching boundary can be discontinuous

in M as γ can be less than one and even negative.12

The limiting behavior of the optimal policy rule should also converge to the expression

11There is a typo in the expression for a which is corrected here.
12Pindyck (2002) notes (in footnote 1, p. 1691) the dθ∗/dM < 0. Unlike case 2, however, γ can be

less than 1 and can change sign. In either case, θ∗ is discontinuous in M at such points and can jump
downwards. Examples of this are shown later in the chapter.
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in eq. 2.16 as α → 0 and σ2 → 0. This is not the case, however. Consider also the

limiting behavior of the policy rule when there is no uncertainty; as σ1 → 0 and σ2 → 0,

γ → r(r − α)M + rβE0

α(r − α)M + rβE0

(2.32)

and

θ∗(M) → (r − α)
(
r(r − α)kM + rβ

)

2βM
(
βE0 + (r − α)M

) . (2.33)

Notice that γ should be the same in this and the previous special case if there is no

uncertainty (and δ = 0); examination of the two expressions, however, reveals that this

is not the case. Furthermore, the limiting optimal policy rule is not consistent with the

open loop feedback rule.

2.3. Numerical Solution of the Models

In this section, a numerical solution approach is provided for the models discussed ear-

lier. Here a general treatment of stopping problems is outlined. Let the continuous

d-dimensional state process S be

dS = µ(S)dt + σ(S)dW (2.34)
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where µ is d× 1 drift vector, σ is a d× d diffusion matrix and dW is the d-dimensional

increment of a Wiener process. When the problem is active, the agent receives a flow

of payments of f(S) per unit time. A one-time reward of R(S) is received when the

problem is stopped. The agent’s problem is then to maximize the expected discounted

flow of payments received and the optimal policy is to choose when to stop the problem.

Let the infinitesimal generator of state process be given by

L =
d∑

i=1

µi(S)
∂

∂Si

+
1

2

d∑
i=1

d∑
j=1

Σij(S)
∂2

∂Si∂Sj

(2.35)

where Σij(S) =
∑

k σik(S)σjk(S). Brekke and Øksendal (1994) shows that the optimal

value function V (S) satisfies the set of variational inequality conditions

rV (S) ≥ LV (S) + f(S) (2.36)

and

V (S) ≥ R(S) (2.37)

with one of the conditions satisfied with equality at each value of S. An equivalent form

of these conditions can be written as

0 = min
[
rV (S)− LV (S)− f(S), V (S)−R(S)

]
(2.38)
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Note that the switching curve is not explicitly found in this framework. Instead the

continuation region is given by the set of points at which 0 = rV (S) − LV (S) − f(S),

the stopping region is the set of points at which 0 = V (S) − R(S) and the switching

curve is the set of points where both conditions are met.

The solution of the regime switching necessitates obtaining the unknown value func-

tion. An approximation to this unknown function can be obtained using the projection

method (Judd, 1998; Miranda and Fackler, 2002). The value function V (S) is approxi-

mated by φ(S)c, where φ is a set of n basis functions and c is an n-vector of coefficients

for the value function. The values of c can be obtained by collocation which solves the

complementarity condition at a set of n nodal points. The approximate condition then

can be written as

0 = min
[(

rΦ− LΦ
)
c− f, Φc−R

]
(2.39)

where Φ is an n×n matrix of φ(S) evaluated at the n nodal points, f is n-vector of f(S)

and R is an n-vector of R(S), both evaluated at the nodal points. When piecewise linear

functions are used to approximate V , the partial derivatives in LΦ are obtained using

finite differences. Eq. 2.39 is a linear complementarity problem which can be solved with

a root finding algorithm such as Newton’s method. Since the functional form min(a, b)

has non-differentiable kinks which create difficulties for Newton’s method, it can be
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replaced by the so-called Fischer-Burmeister function (Fischer, 1992),

λ(a, b) = a + b−
√

a2 + b2. (2.40)

or by other functions that have the same zero-contours as the min function. Another

alternative solution method is the smoothing-Newton method of Qi and Liao (1999).

In general, boundary conditions may need to be imposed to obtain unique correct

solutions. In economics applications the appropriate boundary conditions are typically

determined by economic considerations. Numerically, the complementarity condition

given above is replaced at boundary nodes by the appropriate boundary conditions.

For Pindyck’s general model, the optimality condition is

0 = min

[
rW − αθWθ − (βE0 − δM)WM − 1

2
σ2

1θ
2Wθθ − 1

2
σ2

2WMM + θM2,

W +
θ

r + 2δ − α

(
M2 +

σ2
2

r − α

)
+ kE0

]
.

(2.41)

This can be solved for a set of nodal points on [0, θ]× [0,M ]. The state variable M , by

definition can take negative values; however approximating the value function in [0,M ]

would have negligible effects on the optimal policy because the drift term for the process

is positive and thus the probability of the state variable taking negative values is very

low. We performed sensitivity analysis on the approximation region, and determined

that lack of nodal points in the negative region does not alter the optimal policy. The
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appropriate boundary condition for this problem is W (0,M) = 0 because zero is an

absorbing barrier due to geometric Brownian motion, that is, if θ hits zero, it will stay

at zero forever and thus there won’t be any cost to society.

2.3.1. Economic Uncertainty

Here Pindyck’s proposed solution is compared to the numerical solution using the fol-

lowing parameter values: the discount rate r = 0.04, initial emission level is E0 = 0.3

million-tons/year, α = 0.01, β = 1, K = kE0 = 4000 million dollars. In figure (2) the

stopping boundaries obtained for the two solutions are displayed, with θ measured in

million dollars/(million tons)2. In figure 2.1 on the left panel, the decay rate of stock

pollutant is set as δ = 0, and the stopping boundaries are drawn for σ1 = 0.1 and

σ1 = 0.4. In right panel of figure 2.1, σ1 = 0.1 and the stopping boundaries are shown

for δ = 0.01 and δ = 0.02.13

Uncertainty and the decay rate of the stock pollutant both play important roles in

the policy adoption. An increase in either uncertainty and depreciation rate raise the

policy adoption threshold as expected. Not only are there quantitative differences in the

two solutions but a significant qualitative difference lies in the fact that for Pindyck’s

proposed solution θ∗(M) is defined even for small values of M . This leads the coun-

terintuitive (and incorrect) conclusion that when the social cost of pollution (θ) is high

13The parameters used here are the same as those used by Pindyck except that the scales have been
changed to make the values closer to unity. Specifically M is denominated in million tons rather than
tons and monetary units are in million dollars rather than dollars.
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Figure 2.1: Stopping Boundary, θ∗(M) (Economic Uncertainty Only)

enough, it is optimal to incur the fixed costs of emissions reduction when pollution levels

are low.

2.3.2. Economic and Ecological Uncertainty

In this section, we first illustrate the solution for the case in which the decay rate of the

stock pollutant is δ = 0. Then, the complete numerical solution for the general case of

allowing nonzero decay rate is provided.

The optimal stopping boundaries for Pindyck’s proposed solution and for the nu-

merical solution are illustrated in figure (3) for the parameter values r = 0.04, E0 = 0.3

million-tons/year, α = 0.01, σ2 = 1 million tons, β = 1, K = kE0 = 4000 million dollars.

In figure 2.2 on the left panel, the optimal stopping boundary of Pindyck’s solution
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and on the right panel the optimal stopping boundary obtained from the numerical

solution are presented for σ1 equal to 0.1, 0.2 and 0.4. Pindyck’s proposed solution

exhibits discontinuities and, as a result, is not necessarily increasing as the social cost

uncertainty increases.14 The problems arise for two reasons. First, γ can take on values

less than one. In Figure 3a, this occurs for σ1 = 0.1 and σ1 = 0.2 for M less than about

1.6. In addition, there can be a discontinuity in γ when it becomes negative, causing a

discontinuity in θ∗. This occurs in figure 3a for σ1 = 0.2 at about M = 20. For σ1 = 0.4,

γ is negative over the whole range of M shown. On the other hand, the results of the

numerical solution indicates that an increase in uncertainty results in higher optimal

stopping threshold and no discontinuities occur.
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Figure 2.2: Stopping Boundary, θ∗(M) (Economic and Ecological Uncertainty with δ =
0)

14We were unable to reproduce the results of figure 1 in Pindyck’s 2002 paper.
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Although it is always useful if a closed for solution can be found, for many models,

especially stochastic control models with multiple states, this is rarely the case. Methods

for obtaining numerical solutions obviate the need to search for closed form solutions.

With numerical methods there is generally no need to restrict the way models are pa-

rameterized. For example, there is no reason to restrict the general model to have a zero

decay rate. The general model was solved numerically for δ equal to 0, 0.01 and 0.02

(with σ1 = 0.1). The resulting optimal stopping boundaries are shown in figure 2.3. As

expected an increase in decay rate of stock pollutant leads to a higher value of stopping

threshold θ∗. In addition, the often used Geometric Brownian motion assumption is

not needed with numerical solutions. Other, possibly more realistic, processes could

therefore be used to describe the dynamics of the state variables.
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Figure 2.3: Stopping Boundary, θ∗(M) (general model)
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2.4. Extension: Exponential Benefit Function

In this section, we extend the basic model of Pindyck (2000) in order to examine the

effects of an alternative social benefit function. We choose the case in which the uncer-

tainty arises only due to the ecology. In this case, the model is one-dimensional with the

only state variable is the ecological variable M , thus the effect of an alternative benefit

function on the optimal emission abatement policy can be examined in a simpler way

and be illustrated more intuitively.

As an alternative to quadratic benefit function, we assume an exponential benefit

function,

B(θ,M) = −θ exp(γM). (2.42)

An exponential benefit function is interesting to consider because the social cost of stock

pollutant is considerably less at the low values of stock pollutant M ; however, it increases

rapidly as M increases. Exponential function, therefore, may be more suitable in the

context of global warming due to possible catastrophic costs.

A closed form solution can be obtained for this model if irreversibility of environ-

mental damage assumption is imposed (δ = 0). Using Ito’s Lemma, it can be shown

that, in “no-adopt” region, the following differential equation has to be satisfied,

rW + θ exp(γM)− βE0WM − 1

2
σ2

2WMM = 0. (2.43)
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Using the fact that Mt, conditioned on M0 = M is normally distributed with mean

M + βEt and variance σ2t to deduce that the particular solution of the differential

equation is given by

− θ exp(γM)

r − βEγ − σ2

2
γ2

(2.44)

The value function in the ”no-adopt” region with the option value to wait that satisfies

the differential equation above is then,

W (M) = A exp(φM)− θ exp(γM)

r − βEγ − σ2

2
γ2

(2.45)

where, as before, φ > 0 solves 0 = r− βEφ− σ2

2
φ2 and A is the unknown constant. The

stopping reward in this case is,

R(M) = −θ exp(γM)

r − σ2

2
γ2

− kE0. (2.46)

Imposing the value matching and smooth pasting conditions at M∗ leads to15

M∗ =
1

γ
ln

(
φk(r − βEγ − σ2

2
γ2)(r − σ2

2
γ2)

θβγ(φ− γ)

)
(2.47)

15If γ = φ the limiting value is

M∗ =
1
γ

ln

(
φk(βE + σ2γ)(r − σ2

2 γ2)
θβγ

)

40



and

A =
Kθβγ2

θβγ(φ− γ) log(φ
γ
) + φk(βE + σ2γ)(r − σ2

2
γ2)

. (2.48)

In order for M∗ to be well defined, it must be the case that the log term in the above

formula is positive, implying that γ >
√

2r/σ. Note that M∗ can be negative with

this benefit function. In fact, as γ grows, the optimal switching point declines, with

limγ→√2r/σ M∗ = −∞.

We illustrate the model with the following parameter values; θ = 1 million dol-

lars/(million tons)2, r = 0.04, E = 0.3 million-tons/year, β = 1, K = 4000 million

dollars and σ = 0.1. For these parameter values, φ equals to 0.1330 and γ should be less

than 2.82843 in order the stopping threshold to be positive. Figure 2.4 shows the value

function when γ = φ, with M∗ = 38.1648 shown as a star.
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Figure 2.4: Value Function and the Stopping Threshold when γ = φ = 0.1330

41



An illustration of the optimal switching points is given in figure 2.5. As γ increases

the stopping threshold decreases as expected. With these parameter values, M∗ becomes

negative when 2.65455 < γ < 2.82843 and converges to −∞ as γ → 2.82843.
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Figure 2.5: Optimal Switching Points

We compare the optimal pollution abatement policies of the two different benefit

function when γ = 0.37674. This value of γ results in the two forms having an identical

value of stopping threshold of M∗ = 10.6833. Figure 2.6 contrasts the quadratic benefit

function with the exponential form. For lower values of γ the exponential form leads to

higher M∗ than with the quadratic benefit function. In addition, although the stopping

thresholds are set the same for both forms, the social cost in the case of exponential

function is lower than that of quadratic function when it is optimal to stop. This result

is intuitive in the sense that although the current social cost of stock pollutant is lower in
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the exponential case, it is optimal to reduce the emissions now considering the possible

catastrophic costs in the future.
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Figure 2.6: Comparison of Exponential and Quadratic Benefit Functions

2.5. Future Study

The framework that is outlined in this chapter, can be further explored and extended by

altering the assumptions on the drift and diffusion parameters and switching costs of the

basic model. The model can also be extended allowing the possibility of a catastrophic

event occurring in the future. In addition, the adoption decision of alternative emission

reduction technologies can be analyzed by modifying the basic model. These extensions

would help to better understand the emission reduction policy dynamics in more detail.
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2.6. Conclusions

Pindyck (2000, 2002) presents models of optimal timing for reducing the emission of a

pollutant. He considers irreversibility of policy adoption and uncertainty about both the

evolution of a stock pollutant and its social cost in the context of real options theory.

For two of the models, he offers solution methods which are mathematically invalid,

thereby obtaining non-optimal policy rules.

In this chapter, we show the invalidity of Pindyck’s solution methodology and illus-

trate the deviation of his solutions from the true solutions. In order to solve the models,

we offer a numerical solution method. The numerical results display both quantitative

and qualitative differences from those obtained by Pindyck. As an extension, using this

numerical method, we are able to solve the general model allowing for nonzero decay

rate. In addition, we alter the benefit function and show that catastrophic damages in

the future would lead to earlier policy adoption. Furthermore, the numerical method

used here is not limited to the stochastic processes assumed for the state variables and

could easily be extended to models that use different, possibly more realistic, descriptions

of the evolution of the state variables.
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Chapter 3

Gradual Reduction of Pollution
Emissions under Uncertainty

3.1. Introduction

In real options models of environmental problems considered in the previous chapter,

only one time policy adoption strategies are considered. The assumption of one time

policy adoption simplifies the analytical model and makes the problem easier to solve.

Although such model frameworks provide insights about the policy adoption problem,

a once and for all type policy implementation restricts the policy revision. In fact, the

policy decision may be revised due to changes in the economical and/or environmental

state over time. Therefore, a model of the policy adoption decision should incorporate

the flexibility of policy revision.

In this chapter, we introduce a stochastic dynamic model in a continuous time frame-

work that allows for gradual adoption of the environmental policy. The policy maker may

adjust the magnitude of the policy over time given the economical and environmental
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state.

In the model, we consider that the society continuously emits a pollutant which

accumulates over time as the emission continues. The society incurs costs due to the

accumulated pollutant. However, it is also costly for the society to abate the amount of

the emissions. The problem of the policy maker is then to decide on the optimal emission

reduction policy considering both type of costs. This problem may occur either locally

as in the case of pollution in a lake, river, etc., or globally, as in the climate change

problem. In the first problem, the policy adopter would be the local authority like the

state or federal government; whereas in the latter, a consensus among the countries are

required in order to adopt a policy. In our model, we are not interested in the questions

of what incentives are needed to form such a consensus or what policy instruments can

be used to reduce pollution emissions. We are trying instead, to answer what amount

of emission reduction would be optimal if there is a single authority that decides on

the policy adoption. We believe that without proper answers for the latter question, it

would not be possible to come up with answers to the former questions.

The analytical model that we introduce in this chapter fits into a multi-dimensional

singular control problem framework. Although, we keep the model simple, closed form

expressions for the model solution can not be obtained. Therefore, we apply numerical

methods in order to solve the model. In order to illustrate the application of the model,

we consider the climate change problem which has been the subject of extensive debates

over the last couple of decades. We estimate an empirical environmental model for
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determining some of the model parameters. Although, the econometric model is rather

simple and we set ad hoc values for the rest of the parameters, we hope that such an

exercise will demonstrate the application of the model.

In the following section, the analytical model is laid out. In section 3, the model is

solved via numerical methods and the optimal policy decision is analyzed via numer-

ical examples. In Section 4, the empirical model in the context of climate change is

introduced, the estimation results are provided, and the model is illustrated with the

estimated parameters. In addition, the sensitivity of the optimal policy to the change

of the parameters are analyzed. Possible extensions are discussed in Section 5, and the

chapter is concluded by summarizing the contributions to the literature in Section 6.

3.2. The Model

In this section a model of environmental policy adoption under uncertainty is introduced.

Before proceeding further, it is necessary to make the distinction between different kinds

of uncertainties that are inherent in the context of the environmental problems and the

type of uncertainty that is incorporated and analyzed in this study. First, we may

not know the relationship between the environmental variables and the human action.

Although the scientific research attempts to determine the functional relationship, we

may still not know the functional form and its parameters with certainty. The second

type of uncertainty may arise due to the fact that the underlying state variable may not
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be observed. Third, in pre dynamic uncertainty, the functional form and its parameters

are known and the underlying state is observed, but we do not know the future evolution

of the underlying process.

In principle, parameter uncertainty could be included in the model by considering

random parameters that come from a known distribution. The variance of the distri-

bution may be reduced by learning as new data is available. However, this assumption

complicates the dynamic optimization problem. Another strategy would be setting the

underlying parameter as another state variable. Such an extension increases the dimen-

sionality and complexity of the problem. Therefore these types of uncertainties and

alternative models will not be pursued. In this study, we only investigate the effects of

dynamic uncertainty on the optimal emission reduction decision.

The model extends Pindyck (2000) by allowing for gradual emission reduction rather

than a one-time reduction. Consider the stock pollutant M that evolves as follows1

dMt = µ(Mt, Et)dt + σ(Mt)dW (3.1)

where E is the flow emission of the pollutant. It is assumed that the future evolution of

the stock pollutant is not known with certainty. In other words, this model considers the

dynamic uncertainty of the stock pollutant rather than uncertainties over the parameters

of the underlying process on the current level of the stock pollutant. Furthermore, it is

1In general, M can be any environmental variable; however, we use the term “stock pollutant”
throughout the model section.
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assumed that the functional form of the stochastic process (µ, σ) is known.

The flow social benefit of the stock pollutant is given by

B(Mt, θ) = −θM2
t (3.2)

where θ is the multiplicative social cost parameter. The control in this model is the

change in the emission of the pollutant dE which can take negative or positive values.

The control, however, can also be represented as a directional change with a positive

change amount,

dE = κdζ (3.3)

where dζ > 0 is the emission change amount and κ is the direction of the change. If

emission is reduced (increased) then κ = −1 (κ = 1). This representation would allow

the use of the verification theorem by Øksendal and Sulem (2005) and is in line with the

numerical approach that is introduced in Chapter 4.

The cost of changing the emission level is defined by a vector of values for each

direction of movement,

c(Et) = [λi(Et)], i = 1, 2 (3.4)

where λ1 > 0 is the unit cost of emission reduction and λ2 is the unit cost of emission

increase. In the most general case, these costs may also be a function of the current

emission levels. For example, the cost of emission reduction may increase as the emission
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level decreases.

The social planner’s problem is to maximize the expected discounted social benefit by

controlling the flow emission level. This general model leads to different mathematical

problems as the assumption on the cost of emission level change is altered. Depending

on the nature of λ1 and λ2, one gets three different kinds of control problems. In the

following, we overview these alternative problems and discuss how the cost parameters

alter the problem and which is more appropriate for the emission reduction problem.

If the cost of emission reduction and the benefit of emission increase are equal in

absolute terms, λ1 = −λ2, then the model becomes a stochastic continuous control

problem in which emission change is perfectly reversible. In this case, the control variable

becomes the emission amount rather than the change in flow emission. However, such a

model is not realistic in the context of the environmental problem. For example, in the

context of climate change problem, firms may need to scrap existing machines and invest

in new technology in order to reduce the emissions of greenhouse gases. However, these

firms cannot fully recover their investment costs even if the climate conditions become

favorable.

On the other hand, the cost of emission may be partially reversed, that is, −λ1 <

λ2 < 0. In this case, by increasing the emission levels the society recovers some of the

costs that are incurred while reducing the emissions and the problem becomes a singular

control problem. In this case, the control variable is the change in flow emissions and it

may be optimal to increase or decrease the emission amounts in respect to the climate
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conditions. Finally, if increasing emission levels is assumed to be costly or the society

never recovers the emission reduction costs, λ2 ≥ 0, then the cost of emission reduction

becomes completely sunk and it would never be optimal to increase the emissions.

In the climate change context, we believe that the last model fits the policy adoption

problem and we will pursue with this model. In this basic model, the emission reduction

is completely irreversible and when an emission reduction policy is implemented, it is

never optimal to reverse the policy decision. In addition, it is assumed that the unit

cost of emission reduction is constant.2

In the basic model, the problem of the social planner is to maximize expected dis-

counted flow benefits (negative of costs) minus the emission reduction costs,

Jζ(M,E) = E
[ ∫ ∞

0

e−rtB(M, θ)dt−
∫ ∞

0

e−rtλ1dζ
]

(3.5)

where r is the discount rate. Let Z is the set of admissible controls. Then the singular

control problem is to find the value function V (M, E) and optimal singular control

ζ∗ ∈ Z such that

V (M,E) = sup
ζ∈Z

Jζ(M,E) = Jζ∗(M,E) (3.6)

2We discuss altering these assumption later in the future study section.
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given the state processes,




dM

dE


 =




µ(M, E)

0


 dt−




0

dζ


 +




σ(M) 0

0 0







dW

0


 . (3.7)

The value function V (M,E) and the optimal singular control policy ζ∗ have to

be solved simultaneously. Before we proceed with the formal conditions for solving

the problem, we will provide some heuristic conditions that would make the economic

intuition more clear. Consider that, in a very small interval of time ∆t, the flow social

benefit is B(M, E)∆t. Suppose that the social planner decides to decrease the flow

emission level from E to E ′ at the end of this period. The stochastic state variable of

stock pollutant M will evolve to M + ∆M ; however, the social planner only knows the

probability distribution of the value of the stock pollutant at the end of the period given

the current information. Then, the expected discounted value of emission reduction is

B(M,E)∆t + e−r∆t
[
E [V

(
M + ∆M, E ′)]− λ1

(
E − E ′)]. (3.8)

The social planner should choose the optimal amount of E ′ in order to maximize the

expected discounted value in this short period of time. The derivative of the expression

with respect to E ′ above is

e−r∆t
[
E [VE

(
M + ∆M,E ′)] + λ1

]
. (3.9)
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This first order condition exhibits a bang-bang type policy that when E [VE

(
M+∆M,E ′)] >

−λ1, the optimal policy should keep E ′ such that E [VE

(
M +∆M, E ′)] = −λ1 and when

E [VE

(
M + ∆M, E ′)] < −λ1 then the optimal policy should keep the emission levels the

same, E ′ = E, since the maximand is decreasing with respect to E ′. The first order

condition in eq.(3.9) is ensured by the concavity of the flow benefit function B(M,E).

Now, let ∆t → 0, the maximand above becomes VE(M,E) + λ1 and the optimal policy

should set the emission level to E ′ such that VE(M, E ′) = −λ1 when VE(M, E)+λ1 > 0

and set E ′ = E when VE(M, E) + λ1 < 0.

Define a curve in {M,E} state space such that VE(M, E) = −λ1; above this curve

VE(M, E) > −λ1 and it would be more costly for the social planner to keep the emissions

at this high level and therefore, the optimal policy would be to reduce the emissions and

hit the VE(M, E) = −λ1 curve. Below this curve, it costs more to reduce the emissions

than to incur the flow cost of stock pollutant; therefore, it is optimal not to impose any

emission reduction policy.

According to the heuristic approach above, the optimal policy can be defined with

a curve which divides the state space into 2 regions; the continuation region (no-action

region) in which it is optimal not to take any action, and the action region in which the

optimal policy should reduce the emission levels immediately in order to reach to the

continuation region.

The general solution approach for singular control problems in the literature (Dixit

and Pindyck, 1994) is based on solving the partial differential equation (PDE) that holds
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in the continuation region. In order to solve the PDE, value matching and smooth pasting

conditions are applied at the boundary between the continuation and action regions. In

the following, we follow this approach and show that the model can not be solved via

this methodology. We provide a numerical solution methodology in the next section.

In the continuation region, the emission levels will be constant when we consider an

infinitesimal time period, then the value function in the continuation region should be

equal to the cost of flow emissions plus the expected discounted value in the future,

V
(
M,E

)
= B(M,E)dt + e−rdtE [V

(
M + dM, E

)
]. (3.10)

Using Ito’s Lemma, it can be shown that the following partial differential equation (PDE)

holds in the continuation region,

rV
(
M, E

)
= B(M, E) + µ(M,E)VM

(
M, E

)
+

1

2
σ2(M)VMM

(
M, E

)
. (3.11)

The left hand side of the equation above can be viewed as the rate of return from the

existing asset which in this case is the polluted environment. The first term in the

right hand side is the flow social benefit (negative cost) and the last terms represent the

expected change in the value of the polluted environment.

In the action region, since the optimal action is to reduce the emissions immediately

and hit the continuation region, the value function in the action region should satisfy
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the following equality,

V
(
M, E

)
= V

(
M, E∗(M)

)− λ1

(
E − E∗(M)

)
(3.12)

The boundary between action and continuation regions is called the free boundary. Tak-

ing the derivatives of both sides of the equation above with respect to E and evaluating

at the free boundary leads to the smooth pasting condition,

VE

(
M,E∗(M)

)
= −λ1. (3.13)

In the action region, the cross derivative with respect to E and M is zero. Following the

verification theorem by Øksendal and Sulem (2005), the value function of the singular

control problem must be C2. Therefore, in order the value function to have C2 behavior

the cross derivative of the value function in the continuation region should also be zero.

This leads to the optimality condition, the so-called high contact condition,

VEM

(
M,E∗(M)

)
= 0. (3.14)

The smooth pasting condition suggests that the marginal value should not change on

the free boundary. Infinitesimal amount of change in the state variable does not change

the marginal value of emission reduction on the boundary. The idea for the singular

control problem is that, each incremental reduction decisions can be considered as an
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optimal stopping problem. When it is decided to stop, emissions are reduced by an

infinitesimal (marginal) amount. The singular control problem can then be viewed as

series of stopping problems. At the stopping boundary, therefore, the marginal value

functions w.r.t. the emissions should be equal for both action and continuation regions.

This leads to the smooth pasting condition. In addition, there should not be any kink

in the marginal value function w.r.t. the state variable on the stopping boundary (Dixit

and Pindyck, 1994). This leads to the high contact condition. Derivative of marginal

value function w.r.t. state variable should be the same for both action and continuation

regions.

The PDE in (3.11) along with the conditions (3.13) and (3.14) are sufficient to

determine the optimal emission reduction policy and the value function associated with

the problem. In order to solve the problem, we have to specify the functional forms of

the drift and the diffusion functions of the underlying stock pollutant process. Following

Pindyck (2000, 2002), we assume that the stock pollutant follows the following diffusion

process,3

dM = βEdt + σdW. (3.15)

Note that the underlying environmental process M can become negative, with its

natural domain including all real numbers. The possibility of negative levels of M

suggests that one should interpret this variable as the deviation of an environmental

3This is the irreversibility assumption of environmental damage. In the following sections, we will
relax this assumption by allowing the stock pollutant decay with a certain rate.
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variable from some ideal level, for example, global mean temperature. When the state

variable takes very large negative values, society would not willing to reduce emissions.

The solution to the PDE in (3.11) has two parts; the particular and the homogeneous

solutions. Following Pindyck (2000), the particular solution for the PDE is

P (M,E) = −θ(rM2 + σ2)

r2
− 2βEθ(βE + rM)

r3
. (3.16)

Although the particular solution satisfies the PDE, it is not the complete solution

without the homogeneous solution. We assume the following general form for the solution

of the value function,

V (M,E) = B(E)eA(E)M − θ(rM2 + σ2)

r2
− 2βEθ(βE + rM)

r3
(3.17)

where A(.) and B(.) are the unknown functions to be determined. We assume that A and

B are functions of E. The particular solution represents the total expected discounted

social cost of the polluted environment given the continuing of emitting pollutant at

rate E forever and given the current stock pollutant amount M . The homogeneous part

represents the option value to reduce the emissions in the future.

Substituting the partial derivatives of the proposed solution in (3.17) into the PDE
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in (3.11) yields to the following fundamental quadratic equation,

B(E)
[
r − βEA(E)− 1

2
σ2A2(E)

]
= 0. (3.18)

Similarly, the smooth pasting and high contact conditions at the free boundary M∗(E)

are

[
B′(E) + B(E)A′(E)M∗(E)

]
eA(E)M∗(E) − 4β2Eθ

r3
− 2βθM∗(E)

r2
= −λ1 (3.19)

[
B′(E)A(E) + B(E)A′(E)M∗(E) + B′(E)A′(E)M∗(E)

]
eA(E)M∗(E) − 2βθ

r2
= 0. (3.20)

The three unknown functional forms; A(E), B(E) and the free boundary M∗(E) have to

be obtained simultaneously using the three equations (3.18), (3.19) and (3.20). Assuming

that B(E) is non-negative for all values of E, a closed form expression for A(E) can be

obtained from (3.18),

A(E) =
−βE +

√
β2E2 + 2rσ2

σ2
. (3.21)

where A(E) is the positive root of the fundamental quadratic equation. We ignore the

negative root, because solution requires that the option value B(E)eA(E)M to reduce the

emissions goes to zero as M goes to −∞. The intuition here is that, as the environ-

mental variable (e.g., global temperature) deviates from its ideal levels in the negative

direction, the society benefits from emitting pollutants. Therefore, the option to reduce
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the emissions, which slows warming, becomes increasingly less valuable as temperature

decreases.

Finding solutions for the remaining unknowns is not trivial. To our best knowledge,

there is no closed form expressions for the unknown functions M∗(E) and B(E) that

satisfy the optimality conditions.

In order to solve the problem, a numerical solution method is applied. We approxi-

mate two unknown functions by B(E) = φ(E)c and M∗(E) = φ(E)d where φ is a set of

n-basis functions, and c and d are n-vectors of approximation coefficients. In addition,

B′ is approximated by φ′(E)c. Evaluating the basis functions at n nodal points, (3.19)

and (3.20) become,

[
[Ψ.c] + [Φ.c][Φ.d]A′(E)]

]
eA(E)[Φ.d] − 4β2Eθ

r3
− 2βθ[Φ.d]

r2
+ λ1 = 0 (3.22)

[
[Ψ.c]A(E) + [Φ.c]A′(E) + [Φ.c][Φ.d]A(E)A′(E)]

]
eA(E)[Φ.d] − 2βθ

r2
= 0. (3.23)

where Φ and Ψ are respectively, (n × n) matrices of φ(E) and φ′(E) evaluated at the

nodal points. [X.z] denotes
∑n

j=1 Xijzj and all other multiplications are element-wise.

Equations (3.22) and (3.23) are 2n-system of non-linear equations with unknown coeffi-

cients ci’s and di’s that are needed to be determined. The coefficient vectors c and d can

be found by a non-linear root finding algorithm (e.g., Broyden method). However, this

system of equations are highly non-linear, and Broyden method fails to convergence due
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to numerical instabilities.4 Therefore, in order to solve the model, we must implement

some other numerical techniques. We have developed such a technique (see Chapter 4)

and in the following section, we will provide the numerical solution of the model.

3.3. Numerical Solution of the Model

The optimal solution for the two-dimensional singular control problem defined in (3.5),

(3.6) and (3.7), can be expressed as a variational inequality. Following Øksendal and

Sulem (2005, Theorem 5.2), the variational inequality associated with this problem can

be written as

0 = min
(
rV (M, E)−µ(M)VM(M,E)− 1

2
σ2(M)VMM(M, E)−B(M, E), VE(M, E)+λ1

)

(3.24)

and any C2 function for V (.) that solves the above equation and the appropriate regular-

ity conditions on the boundaries of the region that the problem is defined, is the solution

for the singular control problem. These regularity conditions may not be known. Fortu-

nately, in this problem, we can infer the regularity condition at the upper boundary of

M . As M goes to ∞, the option value to reduce the emissions vanishes since the society

should reduce the emissions immediately. In this problem, the boundary condition in

E dimension is irrelevant since the PDE does not involve any partial derivatives with

4Numerous reformulations of the above expressions are tried; however, these do not overcome the
numerical instability problem.
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respect to E.

Once the unknown value function is approximated via a set of basis functions and

approximation coefficients, the variational inequality in (3.24) is transformed into an

extended vertical linear complementarity problem which has to be solved for the approx-

imation coefficients. The numerical method applied to solve this problem is explained

in Chapter 4 in detail.

In order to illustrate the solution and the results of the model, following Pindyck

(2000), we use the following general functional forms σ(M) = σ and µ(M,E) = βE−δM

where δ is the decay rate of the stock pollutant. When δ equals to zero, the damage

to the environment is irreversible. This general form allows us to analyze the effects of

irreversibility of environmental damage on the optimal mitigation policy. The parameter

δ is inversely proportional to the half life of current emission, ln(2)/δ. The numerical

solution is obtained for the following parameter values following Pindyck (2000); r =

0.04, θ = 0.002 billion $/(million tons)2, β = 1, λ1 = 13.33 billion $, σ = 0.8 and δ = 0.

Figure 3.1 shows the value function.

The value function in figure 3.1 has the expected form; for all the values of emission

levels E and stock pollutant M , the value function is negative and the maximum value

can be obtained when E = 0 and M = 0. As the stock pollutant increases, the value

function decreases since the expected discounted flow cost of environmental pollution

increases. The value function is also decreasing in positive values of E for given M , since

the emission of the pollutant increases the expected future flow social cost of pollution.
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Figure 3.1: Value Function

Figure 3.2 shows the continuation region and thus the optimal pollutant mitigation

policy. The continuation region is shown as circles which are placed at approximation

nodes and the remaining part of the plot corresponds to the action region. The optimal

policy is to reduce the emissions to hit the continuation region immediately at the

given stock pollution level if the state variables are in the action region and to continue

emitting with the same amount in the continuation region. In order to illustrate the

optimal policy, suppose that initially the emission amount is 0.4 million tons and the

total amount of the stock pollutant is 6 million tons. This initial point corresponds to
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Figure 3.2: Optimal Policy

point A in the figure. The optimal policy is then to move instantaneously to point B

where emission level is 0.135 million tons in order to hit the boundary of the continuation

region. As the stock pollutant increases stochastically, the point (M,E) enters the action

region and emission is reduced immediately again in order to hit the continuation region.

In fact, except for the initial time the point (M, E), the state process never enters the

action region due to instantaneous decrease in emissions. This process is illustrated with

horizontal and vertical arrows in figure 3.1.5 The emission amounts decrease along the

5The length of arrows are exaggerated for illustrative purposes
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free boundary between continuation and action regions as the stock pollutant increases.

As can be seen from figure 3.2, for high values of the stock pollutant M , the optimal

flow emission values become negative. In this model, the ability to clean (or reduce) the

stock pollutant is implicity assumed. Indeed, the cost of cleaning is set equal to that

of reducing positive emissions. This is very unlikely in the context of environmental

problems, especially in climate change problem. The model, however, can be modified

by restricting the flow emission level be non-negative, E ≥ 0.

In the following, we impose a non-negativity constraint on the state variable E. In

other words, in this model cleaning the stock pollutant is not allowed. When emissions

are reduced to zero E = 0, they cannot be increased and/or become negative by def-

inition and will stay at zero level forever. In this case, there is no option value and

homogeneous part of the solution of the PDE for the value function becomes zero. The

value function when E = 0 can be shown to equal

V (M, 0) =
θ

r + 2δ

(
M2 +

σ2

r

)
. (3.25)

In our numerical procedure, we impose this on the value function. Figure 3.3 shows

the value function for the cleaning restricted model with the same parameter values as

before.

The value function is again negative for all values of E and M , and decreasing with

the stock pollutant M . It is also decreasing in E when the emission level is positive.
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Figure 3.3: Value Function (No Cleaning)

Figure 3.4 shows the optimal policy when cleaning is not allowed. Suppose that

initially the state variables are at point A, that is, emission level is again 0.4 million

tons and the stock pollutant is 6 million tons. Since this initial point is in the action

region, it is optimal to reduce the emissions immediately in order to hit the continuation

region. This corresponds to point C where the emission level is 0.1 million tons. The

optimal emission level is less in this case compared to the case where cleaning is allowed

(point B).

The differences between the free boundaries of the model with and without no-
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Figure 3.4: Optimal Policy (No Cleaning)

cleaning restriction is shown in figure 3.5. The model with no-cleaning restriction leads

to a more conservative optimal policy than that of the model with cleaning. This result

is intuitive since in the case of cleaning, the emission reduction policy is delayed due to

the opportunity to actively reduce the stock pollutant in the future. However, if there

is no cleaning opportunity, then it is better to reduce the emission earlier (or more) in

order to avoid the adverse effects of a bad outcome.

In order to investigate the effects of uncertainty on the optimal policy, the free

boundaries for alternative values of σ (0, 0.4, 0.8, and 1.2) are shown in figure 3.6. An
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interesting outcome of this model is that for low values of M , an increase in uncertainty

lowers the emission reduction boundary; however, it increases the boundary for higher

values of M . This result can also be interpreted with respect to emission level E. When

the emission level is high, it is better to reduce the emissions more if the uncertainty is

higher and reduce the emissions less when the emission level is lower. In other words,

when uncertainty about the future values of the stock pollutant/temperature is high, it

is optimal to be conservative initially and reduce the emission levels more, but as the

emission level decreases, the society is better off waiting for new information about the

69



environmental damage in order to reduce the emissions.
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Figure 3.6: Free Boundaries with Alternative Uncertainty

In most of the real option models, increase in uncertainty leads to delaying the ir-

reversible action to be taken. To our knowledge, the only exception for this common

wisdom is the model introduced by Saphores and Carr (2000). They show that the

uncertainty has ambiguous effects on an irreversible decision. In their model when un-

certainty is low, an increase in uncertainty delays the emission reduction policy; however,

as uncertainty increases further, it becomes optimal to reduce the emissions earlier. The

reason for this conclusion is that although the option value to waiting increases with
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uncertainty, the expected social cost of environmental damages increases even more,

dominating the increase in value to wait.

The result of gradual emission reduction model is in line with Saphores and Carr

(2000)’s findings. Although, we don’t provide a formal statement since closed form

expressions for the solution is not available, this outcome is intuitively reasonable. When

the emissions are high, the expected social cost of the stock pollutant increases more than

the increase in the value of delaying policy adoption as uncertainty increases. However,

as the emission level is decreased, the increase in the option value to wait dominates

the increase in expected cost of stock pollutant. It is intuitive that the society is more

conservative when the emissions and the uncertainty are high since when the emissions

are high, the stock pollutant will increase rapidly and the expected cost of environmental

damage will be incurred sooner although uncertainty on the stock pollutant is higher.

Reducing the emissions when they are high would avoid the possibility of incurring the

large costs of environmental damage. On the other hand, when the emissions are low,

the effects of uncertainty on the stock pollutant dominates the effects of the emissions.

Therefore, it would be better to wait for the new information in order not to incur the

emission reduction costs. All in all, the society is better off reducing the emission to

moderate levels immediately when uncertainty is high, and then delay the incremental

emission reduction when emission level is low.

Finally, we examine the effects of irreversibility of environmental damage on the

optimal emission reduction policy by altering the decay rate of the stock pollutant.
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Figure 3.7 shows the free boundaries with alternative values of the decay rate δ (0, 0.005

and 0.01). As expected, an increase in δ shifts the free boundaries outwards leading to

a less conservative policy. The policy maker becomes more willing to delay the action

when the stock pollutant decays faster because of the reduction in the expected cost of

the stock pollutant.
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Figure 3.7: Free Boundaries with Alternative Decay Rates
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3.4. Application and Empirical Study

In this section, we will illustrate the use of the basic model in the context of climate

change problem. We attempt to estimate a simple climate model in order to obtain the

parameters of the underlying stochastic process and based on the estimated parameters,

determine the optimal policy rule.

3.4.1. Application to Climate Change Problem

In our real options model of emissions reduction, we mainly focus on ecological un-

certainty. Suppose that we observe a climate variable Mt which follows the following

stochastic process

dM = µ(M, E, ω)dt + σ(M, ω)dW (3.26)

where ω is a vector of model parameters. Assuming that the variable Et, represents the

flow of greenhouse gas emissions and Mt represents the long-run global mean tempera-

ture, then the model presented in the previous sections can be used in the analysis of the

greenhouse gas emission reduction policy problem. Using the model, optimal emission

abatement policy can be determined under uncertainty.

In fact, climate is a very complex system with complex physical relationships between

atmosphere, land, oceans, etc. Climatologists develop highly complex models (with

hundreds of state variables and equations), simulate those models and compare the

outcomes of the models with the historical data. Further, they try to forecast the
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possible magnitude of the climate change under different emission scenarios based on

the models. However, their models are so complicated that they cannot be used in

dynamic optimization models. Therefore, we need a simplified and aggregate climate

model and estimates of its parameters (using historical data) in order to apply our

economical model.

3.4.2. Empirical Models

The parameters of the continuous time stochastic process of the state variable, in this

case global mean temperature, can be obtained via quasi maximum likelihood estimation

based on the conditional transition density function. For the process above the maximum

likelihood estimator is

ω̂ = argmax

N−1∏
t=1

l(Mt+1|Mt, ω) (3.27)

where l(.) is the conditional transition density function of the state process. The con-

ditional transition density function may not be known in explicit form for most of the

stochastic processes. In those cases, one common practice is to discretize the process

via Euler approximation,

Mt+1 = Mt + µ(M, E, ω)∆t + σ(M, ω)
√

∆tu (3.28)
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where u ∼ N(0, 1) and the discretization interval is ∆t. However, if we assume the state

variable M follows an arithmetic Ornstein-Uhlenbeck process,

dMt = (βEt − δMt)dt + σMdW (3.29)

then the conditional transition density function can be shown to have the following form,

Mt+∆t|Mt ∼ N

(
βEt

δ
+

(
Mt − βEt

δ

)
exp(−δ∆t),

σ2
M

2δ

(
1− exp(−2δ∆t)

))
. (3.30)

The maximum likelihood estimator for this model follows as

[β̂, δ̂, σ̂] = argmax

{
N−1∏
t=1

1

σ

√
δ

π
[
1− exp(−2δ∆t)

]×

exp

[
− δ

[
Mt+∆t −

(
βEt

δ
+ (Mt − βEt

δ
) exp(−δ∆t)

)]2

σ2
(
1− exp(−2δ∆t)

)
]}

. (3.31)

Taking the natural logarithm leads to the following equivalent maximization problem

which is easier to solve and estimate the parameters [β, δ, σ],

[β̂, δ̂, σ̂] = argmax

{
(N − 1)

[1

2
ln

( δ

π
[
1− exp(−2δ∆t)

]
)
− ln σ

]
−

δ

σ2
[
1− exp(−2δ∆t)

]
N−1∑
t=1

[
Mt+∆t −

(βEt

δ
+ (Mt − βEt

δ
) exp(−δ∆t)

)]2
}

. (3.32)

In the empirical model above, we assume that there is only single source of uncer-
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tainty over the global mean temperature. However, two types of uncertainty may play

role in the evolution of the temperature; first is the year to year volatility of the observed

temperature and this should not reflect the climate variability. In addition, the variabil-

ity in observed temperature may be due to measurement, sampling errors and limited

observational coverage, etc. The second is the variation over the relationship between

long-run global mean temperature and the greenhouse gas emissions. The uncertainty

over the long-run relationship between emissions and temperature may be due to com-

plex structure of the climate and other variables that are not included in the simple

empirical model. These two types of volatility can be viewed as the short and long run

uncertainties over the underlying global temperature process.

In order to identify these two sources of uncertainty, we propose a state space version

of the empirical model. In the state space model, we assume that the observed state

variable global average temperature anomaly Tt consists of two components; the long

run unobserved component Mt and the short run component et. TIn this way, we would

eliminate the year-to-year temperature fluctuations which may not be related to climate

variation and recover the related information about the long run component of global

average temperature anomaly. This approach is similar to the commodity price model

proposed by Schwartz and Smith (2000).

The general form of a state space model consists of two equations.6 The first is the

6We follow the notation by Harvey (1989)

76



measurement equation,

yt = Zαt + d + εt, t = 1, . . . , T (3.33)

where αt is an unknown or unobserved state vector, yt is the observed variable, Z and

d are respectively an N ×m matrix and an N × 1 vector that give the relation between

the observed and unobserved variables, and εt is a serially uncorrelated disturbance

vector with mean zero and covariance matrix Ht. The second equation is the so-called

transition equation which represents the state transition process,

αt = Rαt−1 + c + ηt, t = 1, . . . , T (3.34)

where R is an m ×m matrix and c is an m × 1 vector of coefficients of the transition

equation, and ηt is an m× 1 vector of serially uncorrelated disturbance with E(ηt) = 0

and var(ηt) = Qt. The further assumptions of a state space model are: the error terms,

εt and ηt, are uncorrelated with each other and with the initial state α0 in all time

periods, that is

E(ε′tηs) = 0, E(ε′tα0) = 0 ∀ t, s = 1, . . . , T (3.35)

and initial state vector α0 has mean of a0 and variance of P0.

We make the following assumption on the observed global average temperature
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anomaly :

Tt = Mt + et, e ∼ N(0, σ2
T ). (3.36)

This observation equation suggests that the observed temperature anomaly Tt has an

additional noise over the long-run component Mt due to short run fluctuations. We

assume that any short term shock to the temperature is temporary and follows a normal

distribution with zero mean. In a similar model, Schwartz and Smith (2000) assume a

mean-reverting process for the short term fluctuations for the commodity prices. They

show that even though the short term shocks are persistent, the short period fluctuations

have negligible effects on the optimal decisions due to the long horizon of the problem.

Therefore, our assumption on the observation equation is reasonable and would eliminate

the short term fluctuation that does not have much effects on the optimal emission

reduction decisions.

For the transition equation, we use the discrete time version of the continuous

stochastic process of the state variable,

Mt+∆t = exp(−δ∆t)Mt +
βE

δ

[
1− exp(−δ∆t)

]
+

√
σ2

M

2δ

[
1− exp(−δ∆t)

]
u (3.37)

The parameters β, δ, σM and σT in equations (3.36) and (3.37), and the unknown state

Mt can be simultaneously estimated via Kalman Filter and maximum likelihood.

The Kalman Filter is a recursive algorithm that estimates the unknown state vector
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αt given the parameter values of the observation and transition equation, and all the

information up to time t. In addition, the Kalman Filter provides mean and variance

estimates of the state vector αt which is normally distributed conditional on the point

estimate, α̂t−1, and the variance estimate, P̂t−1, of the state vector at time t − 1. The

likelihood function can then be computed given the mean and variance estimate of the

conditional probability density function and the unknown parameters of the system can

be estimated by maximizing the likelihood obtained from the Kalman Filter.

3.4.3. The Data and Estimation Results

The yearly data on global average temperature anomaly from 1850 to 2005 is obtained

from Met Office Hadley Centre of UK, named as HadCRUT3 time series of global tem-

perature (Hadley Center (2006)). This dataset is constructed using the observations

from a grid of land and marine stations and reported as the degrees Celsius anomaly

from the mean temperature over the period 1961-1990. The details of the procedure and

statistical methods that are applied to generate the series can be found in Brohan et al.

(2006).

For greenhouse gas emissions, we use the available historical series of Carbon dioxide

(CO2) and Methane (CH4). According to IPCC (2001), these two gases account for

92.5% (CO2, 69.6%; CH4, 22.9%) of the total anthropogenic greenhouse gas effect on the

climate. Therefore these two series would be sufficient for the estimation purposes. The
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CO2 emission series is taken from Carbon Dioxide Information Analysis Center (2007).

The series contains the estimates of CO2 emissions from gas, liquid and solid fossil fuels,

cement production and gas flaring 1850 to 2005. We use the sum of all different sources

of emissions as the total human induced CO2 emissions in our empirical study. Emission

estimates are expressed in billion metric tons of carbon. For the details of the methods

used to construct these series see Marland, Boden and Andres (2007).

We utilize two sources of estimates for CH4 emissions. The first is the yearly es-

timates of CH4 emissions from gas flaring and supply, coal mining, biomass burning,

livestock and rice production, and landfills for the period 1860-1994. The methodology

to construct these series can be found in Stern and Kaufmann (1996). The second se-

ries is obtained from EPA (2006) for the period 1990-2005 with the emission estimates

for 5 year intervals. The series are expressed in billion metric tons of CO2 equivalent.

Since the CO2 emissions are available in billion metric tons of carbon equivalent, we

convert CH4 series into carbon equivalent using the ratio of the molecular weight of

carbon to carbon dioxide (12/44). We combine these two series and impute the missing

years for emissions using two methodologies; linear interpolation and regression based

imputation. We perform a cointegration analysis between the total emissions and CO2

emissions for the period in which both data is available. The cointegration test of Stock

and Watson (1988) suggests that there is only a linear common trend between these two

series. Therefore, the imputation for the missing years can be performed by regressing

the total emissions on CO2 emissions and using the predicted values of total emissions
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given the CO2 emissions of the year that CH4 emissions are missing.

Figure 3.8: Temperature Anomaly, CO2 and Total Emissions Series (1860-2005)

The temperature anomaly, CO2 and total emissions series are shown in figure 3.8.

As it can be seen, CO2 and total emissions follow the same pattern over time. We first

estimate both models using only the CO2 emission series since the data is available for

the whole 1860-2005 period. We also perform the estimation using both the available

data for the total emissions series and the imputed total emission series for the same

period.

The estimation results of the simple empirical model and the state space model using

CO2 emissions are reported in Table 3.1. We use the mean of the observed temperature

series T for the mean of the initial state variable M0, and initial guess of σ2
T for the
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variance of the initial state variable. Due to the recursive structure of the estimation

methodology, we use different initial values for the mean and variance of the initial state

M0, and different starting values for the parameters in order to initialize the numerical

non-linear maximization routine. The estimates are found to be robust for alternative

initial values. Table 3.1 also includes the estimation results based on different periods

of time. The parameter estimates for the entire data period, has the expected signs.

The emission conversion rate β is estimated to be positive in both models; however,

this coefficient is statistically insignificant in the basic model. The state space model

improves the results by eliminating the short term noise over the observed yearly tem-

perature anomaly, and thus we obtain a significant positive effect of CO2 emissions on

the temperature anomaly. The estimate of the decay rate, δ is approximately 0.078 for

the basic model, that is, the half life of current emissions is 8.77 years, whereas the state

space model leads to a more realistic decay rate of 0.017 per year that corresponds to

a half life of 40.77 years. The diffusion parameter for the state process is estimated as

0.1157 in the basic model; however, after eliminating the short-term fluctuation of mean

temperature anomaly via Kalman Filter, the estimate decreases to 0.076. We obtain

similar results when the models are estimated for the period 1900-2005. The estimates

for the period 1950-2005 has mostly the expected signs except the decay rate estimate of

the state space model. Since the last set of estimates is based on only 56 observations,

these final estimates may not be accurate.

In order to select the model to be used for the illustration, we use the values of
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Table 3.1: Estimation Results of the Environmental Model (CO2 Only)

Model Parameters Estimate Standard Error t-value p-value

Estimation Period: 1860-2005

Basic Model

β 0.00348 0.00313 1.1123 0.1339
δ 0.07767 0.03301 2.3526 0.0099

σM 0.11565 0.00682 16.9410 < 0.0001
σT – – – –

AIC=−234.7 SIC=−231.0 HQIC=−225.6

State Space

β 0.00285 0.00146 1.9456 0.0268
δ 0.01726 0.01811 0.9531 0.1704

σM 0.07624 0.01934 3.9413 < 0.0001
σT 0.07628 0.01000 7.6256 < 0.0001

AIC=−244.4 SIC=−239.5 HQIC=−232.2

Estimation Period: 1900-2005

Basic Model

β 0.00368 0.00319 1.1529 0.1258
δ 0.08558 0.04450 1.9234 0.0286

σM 0.11708 0.00847 13.8289 < 0.0001
σT – – – –

AIC=−155.3 SIC=−152.1 HQIC=−147.3

State Space

β 0.00283 0.00138 2.0579 0.0211
δ 0.01324 0.02227 0.5907 0.2768

σM 0.07130 0.02081 3.0157 0.0016
σT 0.07918 0.00761 6.6228 < 0.0001

AIC=−161.6 SIC=−157.3 HQIC=−150.9

Estimation Period: 1950-2005

Basic Model

β 0.00773 0.00418 1.8492 0.0351
δ 0.24731 0.10532 2.3482 0.0113

σM 0.13312 0.01423 9.357 < 0.0001
σT – – – –

AIC=−72.8 SIC=−70.4 HQIC=−66.7

State Space

β 0.00241 0.00018 13.5835 < 0.0001
δ −0.01499 0.00983 1.5242 0.0668

σM 1× 10−10 0.00687 2× 10−8 > 0.9999
σT 0.09664 0.00923 10.4656 < 0.0001

AIC=−88.0 SIC=−84.9 HQIC=−79.9
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Akaike (AIC), Schwarz (SIC) and Hannan-Quinn (HQIC) information criteria. These

values are presented in Table 3.1. All the information criteria favor the state space model

over the basic model; therefore, we use the estimates of the state space model for the

period 1860-2005 for the parameter values of the real option model in order to illustrate

the optimal CO2 emission reduction policy.

The estimation results for the climate model using the methane emission data is sum-

marized in 3.2 for the period 1860-1995 and 1860-2005. For the latter period, missing

observations are imputed using simple linear regression.7 The information criteria again

favor the state space model over the basic model; therefore we proceed with the state

space model. The results are qualitatively similar to that of estimation with only CO2

emissions. However, the magnitude of emission conversion rate β is reduced since our

model does not involve an intercept term and the level of emissions shifts up due to the

additional methane emissions. The estimate of the emission conversion rate is statisti-

cally insignificant for the period 1860-1995; however, it is significant with the magnitude

of 0.00209 for the period 1860-2005. The decay rate estimate for the same period is

approximately 1.9%, that is, the half life of the current emissions is approximately 37

years.

7Estimation results using linear interpolation are almost identical to the results of regression based
imputation; therefore they are not reported.
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Table 3.2: Estimation Results of the Environmental Model (CO2 + CH4)

Model Parameters Estimate Standard Error t-value p-value

Estimation Period: 1860-1995

Basic Model

β 0.00033 0.00283 0.1165 0.4537
δ 0.09092 0.03918 2.3204 0.0109

σM 0.11649 0.00742 15.6851 < 0.0001
σT – – – –

AIC=−203.5 SIC=−199.9 HQIC=−194.7

State Space

β 0.00109 0.00148 0.7395 0.2305
δ 0.03076 0.02422 1.2703 0.1031

σM 0.08501 0.02280 3.7278 < 0.0001
σT 0.07334 0.01206 6.0827 < 0.0001

AIC=−209.6 SIC=−204.8 HQIC=−197.9

Estimation Period: 1860-2005

Basic Model

β 0.00209 0.00230 0.9097 0.1822
δ 0.08258 0.03602 2.2928 0.0117

σM 0.11827 0.00725 16.3191 < 0.0001
σT – – – –

AIC=−213.4 SIC=−209.8 HQIC=−204.5

State Space

β 0.00196 0.00106 1.8511 0.0331
δ 0.01972 0.01940 1.0164 0.1556

σM 0.07632 0.01982 3.4850 < 0.0001
σT 0.07844 0.01023 7.6653 < 0.0001

AIC=−222.8 SIC=−218.0 HQIC=−210.9
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3.4.4. Policy Recommendations

We illustrate the gradual emission reduction model with the parameters that are esti-

mated for both CO2 only and total emissions via the state space model. We use ad hoc

values for the flow social cost multiplier θ and the cost of emission reduction λ1 since

estimating these parameters would require extensive research and it is beyond the scope

of this study. In addition, one of the parameters θ or λ1 is redundant in this model

since the emission reduction cost is linear in emission amounts. Therefore, the ratio of

unit emission reduction cost to flow social cost multiplier, λ1/θ would be appropriate to

use as a single model parameter with the units being square temperature anomaly per

billion metric tons carbon emissions.

Figure 3.9 shows the optimal emission reduction boundary with base parameters

θ = 1 trillion dollars per square temperature anomaly in degrees Celsius, λ1 = 1 trillion

dollars per billion metric tons of greenhouse gas emissions (CO2 only or total) thus

λ1/θ = 1, r = 0.04, β = 0.00285, σ = 0.076 and δ = 0.017 with emissions in billion

metric tons. As of 2005, CO2 emission level is 7.985 billion metric tons per year and

the temperature anomaly is 0.4790C. As can be seen in figure 3.9, it is optimal to

reduce the CO2 emission levels to 6.32 billion metric tons per year. As the temperature

increases, CO2 emissions should be reduced along the curve between continuation and

action regions.

Figure 3.10 shows the optimal policy when λ1/θ = 0.5. The optimal policy in this
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Figure 3.9: Optimal Emission Reduction Policy - CO2 Only (Base Values)

case is to reduce the CO2 emission levels from 7.985 to 1.138 billion metric tons per

year. In order to reduce the CO2 emissions by 5.25 billion metric tons, the society needs

to incur approximately 3.42 trillion dollars of emission reduction costs if θ is assumed

to be 1 trillion dollars.

The sensitivity of the optimal policy to the model parameters is investigated by

altering the parameter values with the base values of λ1/δ = 1, r = 0.04, δ = 0.017,

σ = 0.076 and β = 0.00285. The estimated parameters are altered by one standard error

of the point estimates. Table 3.3 summarizes the optimal emission levels with respect to

the alternative parameter values for different temperature anomaly figures; M = 0.479,

0.5, 0.75 and 1.0 degrees Celsius. Note that, by definition, it is never optimal to increase
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Figure 3.10: Optimal Emission Reduction Policy - CO2 Only (λ1/θ = 0.5)

the emissions, therefore if the emission levels are less than the optimal emission levels

shown in table 3.3, it is optimal not to reduce the emission levels. If the current emissions

are higher than the optimal levels then it is optimal to reduce the emission to the optimal

levels immediately.
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Table 3.3: Sensitivity Analysis of the Optimal Policy

Parameter Value E∗(M = 0.479) E∗(M = 0.5) E∗(M = 0.75) E∗(M = 1.0)

r

0.04∗ 6.32 5.77 1.60 0
0.03 2.47 2.20 0 0
0.02 0.83 0.68 0 0
0.01 0.32 0.23 0 0

λ1/θ

0.50 1.13 0.85 0 0
0.75 3.43 3.07 0 0
1.00∗ 6.32 5.77 1.60 0
1.50 20.04 17.34 5.90 2.30

δ

0.035 17.25 15.54 7.09 4.08
0.017∗ 6.33 5.79 1.62 0

0 1.09 0.79 0 0

σ

0.096 7.73 7.14 2.43 0
0.076∗ 6.32 5.77 1.60 0
0.060 5.02 4.53 0.95 0

β

0.0044 1.61 1.39 0 0
0.00285∗ 6.32 5.77 1.60 0
0.0013 36.39 35.80 28.71 20.13

Notes: The parameter values with asterisk (∗) are the base parameters.

It is evident from Table 3.3 that the optimal policy rules are very sensitive to some

of the parameters; especially the decay rate δ and the emission conversion rate β. When

the decay rate δ is increased by one standard error to 0.035, or the emission conversion

rate β is increased to 0.0013, the emission reduction levels increase drastically. The

optimal policy is also sensitive to the volatility parameter σ although the magnitude

of the effect is less compared to δ and β. These results highlight the importance of

determining the parameters of underlying process with high accuracy. In addition, the
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discount rate r affects the optimal policy since the society incurs the emission reduction

cost today while reducing the emission yields future benefits.

We also provide policy recommendations based on the combined CO2 and CH4

emissions. We assume that unit cost of emission reduction for both gases are the same.

In fact, the costs may be different; however, alternative assumptions would complicate

the problem. Figure 3.11 shows the optimal policy rule when these two gases are taken

into account. As of 2005, total emissions are 10.358 billion metric tons per year and

the temperature anomaly is 0.4790C; however, it is not optimal to reduce the emission

levels since the current values of the state variables lie in the continuation region. In

other words, the society would be better off waiting for the arrival of new information

about the global mean temperature before implementing any emission curbing policies.

Figure 3.12 shows the optimal policy rule for the alternative social cost scenario in

which the ratio of unit emission reduction cost to social cost multiplier is 0.5 (λ1/θ = 0.5).

Under this cost structure, it is optimal to reduce the emissions to 5.21 billion metric

tons per year. If we assume that θ is 1 trillion dollars, then the society should incur 2.57

trillion dollars in order to mitigate the emissions immediately.

3.5. Future Study

In the model applications, we assume that the stock pollutant follows an arithmetic

Ornstein-Uhlenbeck process, an assumption which is not based on any empirical ev-
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Figure 3.11: Optimal Emission Reduction Policy - CO2 + CH4 (Base Values)

idence. The study can be extended for different types of processes, and the effects

of underlying process on the optimal policy can be investigated. Alternative types of

stochastic processes can be estimated and the process which fits the real data can be

determined.

One of the drawbacks of the model we introduced in this chapter is that emitting

the pollutant does not provide any welfare to the society. Therefore, it is never optimal

to increase the emission levels. In fact, in the context of climate change, we still observe

increasing emission levels. Our model can be extended by introducing a utility function

increasing with respect to the emission levels. With such an assumption, it may still

be optimal to increase the emission levels when the pollution is low and decrease the
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Figure 3.12: Optimal Emission Reduction Policy - CO2 + CH4 (λ1/θ = 0.5)

emissions eventually as the stock pollutant increases. In addition, the effects of partially

sunk costs of emission reduction can be investigated using the model by associating pos-

itive benefits with emissions. In this case, the policy maker would be more conservative

in terms of emitting the pollutant since the society may switch back to the dirty tech-

nology in favorable environmental conditions. With such an extension, we can quantify

the effects of reversibility on the optimal emissions decision.

The emission reduction policy is assumed to have only proportional costs; however,

policy adoption may involve fixed costs each time an emissions change is undertaken.

The model can be extended by introducing fixed costs of emission reduction. This

model extension leads to stochastic impulse control problem and can be solved using
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the numerical method we introduce in the next chapter. In addition, the proportional

cost may not be constant, instead it may be a decreasing function of emission levels

since it may be more difficult to reduce the emissions as emission levels decrease. On

the other hand, with the technological advancement, emission costs may decrease over

time. Therefore, it would be interesting to investigate the effects of stochastic emission

costs on emission reduction policy.

3.6. Conclusions

In this chapter, we extend the real option model of Pindyck (2000) on pollution reduc-

tion policy. Instead of a once-and-for-all type of policy we allow for gradual emission

abatement policy. This assumption may be extreme since adopted policies may not be

revised frequently due to the implementation difficulties and the costs of revisions. The

policy may be reversed by increasing the emissions or the emission reduction amount

may be changed if the costs of the accumulated pollutant and/or of emission reduction

have changed. In addition, the policy may only be revised in distinct discrete time peri-

ods. In our basic model, we ignore these possibilities in order to keep the model simple;

however, our model framework would allow for such assumptions. Although closed form

expressions can not be obtained for the model, we are able to illustrate the solution via

a numerical method.

We first consider the fact that when the pollution can not be removed from the envi-
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ronment, a more conservative environmental policy is favored. Further, we analyze the

effects of uncertainty on the optimal emission reduction path. The interesting outcome

of the model is that the increase in uncertainty delays the policy adoption when the

emission is low; however, when emission level is high, more aggressive emission reduc-

tion policy should be adopted as uncertainty increases. This result, in fact, runs counter

to the common wisdom in the real options literature that increasing uncertainty delays

irreversible actions. We also investigate the effects of irreversibility in ecological damage

and found that as the decay rate of stock pollutant gets smaller, it is optimal to reduce

the emissions more or earlier.

Finally, we illustrate the model in the context of the climate change problem. We

develop a simple empirical climate model in order to estimate some of the parameters of

the model. Although, we use ad hoc values for stock pollutant and emission abatement

costs, we provide policy recommendations for curbing the greenhouse gas emissions.

There are two drawbacks of the application of the model in the climate change context.

First is that the stochastic process of the global mean temperature anomaly assumed to

revert back to zero if emissions are reduced to zero. The anomaly for the temperature

is calculated based on the average of the temperature over the period 1961-1990. In

fact, the physical process may revert to a value other than zero. Second, we assume

that the ideal temperature anomaly is zero that is, the society does not incur any flow

costs if the temperature anomaly is zero. However, we really don’t know what the ideal

temperature that the society benefits the most. Our model and the application can be
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extended in order to consider these two issues; however, this is left for future study.

All in all, the framework proposed in this chapter brings new insight to the effects of

irreversibility and uncertainty on optimal pollution abatement policy and can be used

for policy analysis of environmental problems, especially for the climate change problem.
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Chapter 4

A Numerical Method for
Multidimensional Singular and Impulse
Control Problems

4.1. Introduction

Impulse and singular control problems have been widely used in economics and finance

for over a decade. Examples can be found in the context of (ir)reversible investment

with adjustment costs (Dixit and Pindyck, 1994; Dixit, 1997), environmental policy

adoption (Pindyck, 2000), stochastic forest rotation (Willassen, 1998; Alvarez, 2004),

control of exchange rates (Cadenillas and Zapatero, 1999), cash management (Buckney

and Korn, 1998; Bar-Ilan, Perry and Stadje, 2004), portfolio optimization (Korn, 1998),

and international asset pricing (Hodder, Tourin and Zariphopoulou, 2001). A review

of impulse control applications in finance can be found in Korn (1999). Solving these

models can be a difficult task, and except for special cases, closed form solutions can

not be obtained. Such problems become even more challenging in a multidimensional
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state space.

The main difference between instantaneous stochastic control problems and im-

pulse/singular control problems is that in the latter, transaction costs are incurred every

time the control is exerted. In this case, it is not optimal to exert the control at every

time instant; instead, the system is intervened at discrete selected times. Therefore, the

optimal action is to not exert control in certain regions of the state space, the so-called

continuation region, and to exert the control in action regions. If the transaction costs

of intervention have a fixed cost component, then the state variable jumps from one

point to another when an action is taken and the problem is called impulse control.

On the other hand, in a singular control problem, there are no fixed transaction costs

and an infinitesimal amount of action is taken in order to keep the state process in the

continuation region.

The common solution approach for these problems is to formulate the optimality

conditions as variational inequalities (VI) in singular control and quasi-variational in-

equalities (QVI) in impulse control problems. When the solution is known to be smooth

enough, value matching and smooth pasting principles are applied along with the gen-

eral form of a Hamilton-Jacobi-Belmann (HJB) equation of the continuation region in

order to find the unknown boundaries of the action and continuation regions, and the

parameters of the value function associated with the problem. Closed form expressions

for the solution may be obtained for certain problems and stochastic processes using

this method. However, the general solution in the continuation region may not be avail-
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able for the problem considered. In addition, if the dimension of state space is two

or more, the HJB equation is a partial differential equation (PDE) instead of an ordi-

nary differential equation (ODE). In most of the problems, the general solution strategy

does not work in multidimensional case due to the lack of general solution of PDE’s.

These challenges limit the researchers to very simple models instead of more realistic

and complicated models.

Numerical methods have recently emerged to overcome the difficulties that arise in

singular/impulse control problems. Kushner and Dupuis (1992) have developed a general

method which is based on Markov chain approximation of the various stochastic con-

trol problems. The idea is to approximate the continuous time model with a consistent

Markov chain model and solve the discrete time optimization problem using appropriate

numerical methods. Another numerical method is suggested by Chancelier, Messaoud

and Sulem (2007). Their approach is based on approximating the value function as-

sociated with the problem using piecewise linear basis functions and finite-difference

derivatives, and solving the (quasi)-variational inequality using policy iteration, the so-

called the Howard algorithm. Baccarin (2007) also proposes a numerical scheme that

is designed to solve QVI directly. In his method, the value function is approximated

using a finite element method and the QVI is solved via projected successive over re-

laxation (PSOR) method. Kumar and Muthuraman (2004) also suggest a method to

solve singular control problems. Their approach is based on guessing a wide range of

continuation region and iterating on the boundaries of the continuation region using the
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smooth pasting principle.

The main problem with solving QVI is the existence of an additional optimization

problem embedded in the QVI. This requires a global search over the state space to solve

the embedded optimization problem. In this chapter, we propose an alternative way of

viewing singular/impulse control problems. Our approach uses the link between singu-

lar/impulse control problems and optimal regime switching problems by treating both

continuation and action as different regimes. In impulse control problem, each regime is

represented by a different value function and thus the QVI is transformed into a set of

VI’s. This treatment leads to a very convenient representation of optimality conditions

for our numerical approach by eliminating the additional optimization problem. Using

the finite difference method, the problem of solving VI’s transforms into an extended

vertical linear complementarily problem (EVLCP) which can be solved via Newton type

methods.

Our goal in this chapter is twofold; first, we provide a convenient representation of the

optimality conditions of stochastic impulse control problems. This will allow for solving

impulse control problems, especially in the multidimensional state space. Second, we

demonstrate a computational strategy to solve variational inequalities. The chapter is

organized as follows; we briefly review the singular/impulse control problems in section 2.

Following, we heuristically provide the link between singular/impulse control problems

and optimal regime switching problem. In section 4, selected examples are illustrated

and Section 5 concludes.
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4.2. Impulse and Singular Control Problems

In this section, we provide a basic framework for impulse and singular control problems.

We limit ourselves in the control problems in which the underlying stochastic process is

an Ito process.1 In addition, our treatment in this section is meant to be intuitive; those

who desire rigorous treatment of impulse/singular control problems in a very general

context, we refer to the excellent text by Øksendal and Sulem (2005) and the references

therein. We assume that the singular/impulse control problem satisfies enough regularity

conditions to ensure a well defined and unique solution.

Let the n-dimensional uncontrolled state process S(t) evolve according to

dSt = µ(St)dt + σ(St)dWt (4.1)

where µ : Rn → Rn is the drift function, σ : Rn → Rn×n is the diffusion function, and

these functions are assumed to satisfy all the conditions of unique and non-exploding so-

lution of S(t). Wt is an n-dimensional Brownian motion on a probability space (Ω,F , P )

with a given filtration {F}t≥0. The controller has a flow (running) benefit from the

state, defined as f(St). The state process can be controlled and every time the control

is exerted, transaction costs are incurred. The controller’s problem is to maximize the

expected discounted flow benefit over an infinite horizon subject to the cost structure

1Jump diffusions can be handled in principle but lead to some numerical issues that may require
special treatment.
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defined.2 The problem is said to be an impulse control problem if the cost function has

a fixed component and a singular control problem when there is no fixed cost associated

with exerting the control.

In both of the problems, the state space is divided into two main regions; contin-

uation region in which no control is exerted and action region where an appropriate

optimal action is taken. It is then optimal to intervene with the system at certain se-

lected times. In impulse control setting, the control moves the state process from one

point to another. On the other hand, in singular control, except possibly at the ini-

tial time, only an infinitesimal amount of control is exerted in order to keep the state

process in the continuation region. Therefore, these two problems are different in their

definition, settings and the optimality conditions. In the following sub-sections, we con-

sider the problems separately and provide optimality conditions for both of the problems.

4.2.1. Impulse Control

In this section, we follow the notation and definitions by Øksendal and Sulem (2005).

Consider the Ito diffusion given in eq.(4.1) governs the state St of the system if there

are no interventions. At any time t, the controller is allowed to choose the intervention

times τ and the amount of the impulse ζ ∈ Z ⊆ Rn where Z is a given set of admissible

2The problem can be generalized to a fixed finite time problem by treating time as one of the state
variables. To keep the notation simple, however, this case is not explicitly treated.
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impulses. When the control is exerted the state process jumps from St− to St = St− + ζ

where S−τi
is the value of the state variable just prior to exerting the control at time τi.

An impulse control policy can be defined as two sequences

ϑ = (τ1, τ2, . . . , τi, . . . ; ζ1, ζ2, . . . , ζi, . . .) (4.2)

where τ1 < τ2 < . . . < τi < . . . is a sequence of increasing intervention times and

ζ1, ζ2, . . . , ζi, . . . is a sequence of impulses associated with the intervention times. Let V

be the set of admissible controls and S ⊆ Rn be the set of admissible state values. Define

the cost function K : S × Z → R of intervention as K(s, ζ). Given the flow benefit

function f : S → R, where f is a C2 function, the controller’s problem is to maximize

expected, discounted value of all future flow benefits minus the costs of intervention with

a given discount rate r,

Jϑ(s) = Es

[∫ ∞

0

e−rtf
(
St

)
dt−

∞∑
i=1

e−rτiK(S−τi
, ζi)

]
. (4.3)

Given the set of admissible impulse controls V , the impulse control problem is to find

the value function V (s) and the optimal impulse control ϑ∗ ∈ V such that

V (s) = sup
ϑ∈V

Jϑ(s) = Jϑ∗(s). (4.4)
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Define the infinitesimal generator associated with S as the operator L

L =
n∑

i=1

µi(s)
∂

∂si

+
1

2

n∑
i=1

n∑
j=1

[σ(s)σ(s)>]ij
∂2

∂si∂sj

(4.5)

and the intervention (maximum utility) operator M by

Mh(s) = sup
ζ

{
h(s + ζ) + K(s, ζ)

}
. (4.6)

Now, let the admissible region S be divided into two main regions, the continuation

region and the action region. Notice that the operator MV (s) represents the maximum

value attainable when an action is taken (action region). For some values of S, however,

it is not optimal to take an action (continuation region). Intuitively, therefore, the

following relation holds in the entire admissible region,

V (s) ≥MV (s). (4.7)

When it is optimal to take an action, this relation holds with equality. In addition, using

the Bellman principle heuristically, it can be shown that the following inequality holds

in the admissable region,

rV (s)− LV (s)− f(s) ≥ 0. (4.8)
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In the continuation region, that is, when it is not optimal to intervene with the sys-

tem, eq.(4.8) holds with equality. Following these intuitive observations the optimality

conditions can be written as

rV (s)− LV (s)− f(s) ≥ 0

V (s)−MV (s) ≥ 0

[
rV (s)− LV (s)− f(s)

][
V (s)−MV (s)

]
= 0.

(4.9)

According to the verification theorem by Øksendal and Sulem (2005, Theorem 6.2), any

C1 function for V (s) that satisfies the above conditions and any regularity conditions

on boundaries of the admissible region, is the value function and the solution of the

impulse control problem in eq.(4.3). In general, boundary conditions can be defined as

the value of the value function or its derivatives as the underlying process approaches

to the boundary of the admissible region in the limit. These conditions arises due to

the characteristics of the problem. In this chapter, we assume that these boundary

conditions are well defined and known. In the continuation region, the first equation

above holds with equality, and in the action region, the second equation holds with

equality. This set of conditions is called the quasi-variational inequality (QVI) and can

be simply represented as

0 = min
[
rV (s)− LV (s)− f(s), V (s)−MV (s)

]
. (4.10)
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4.2.2. Singular Control

The singular control problem can be viewed as an impulse control problem in which the

intervention cost function does not have a fixed component. Without a fixed cost of

intervention, it is optimal to exert control with an infinitesimal amount in order to keep

the process in continuation region. However, the intervention (utility) operator defined

in eq. 4.6 is not valid since the size of the jump is zero and the verification theorem for

the impulse control problem does not hold for the singular control problem. Therefore,

the setup and the verification theorem of the singular control problem is different than

that of impulse control problem.

Let the singular control be dζ, then the controlled process of St can be written as

dSt = µ(St)dt + σ(St)dWt + κdζt (4.11)

where κ = [κij] ∈ Rn×Rm is the constant matrix that defines the direction of movement

in each direction i = 1, . . . , n for any action j = 1, . . . , m. There are m different possible

movements in the admissible region, and κij defines the movement in dimension i for

the action j. The cost of intervention in the jth direction is given by

cj(s) =

[
∂K(s, xκj)

∂ζ

∣∣∣∣
x=0

]
κj (4.12)

Define [c(s)]j = cj(s) to be an m-vector of costs. The flow benefit is given by a function
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f : Rn → R. The controller maximizes expected discounted flow benefits minus the

intervention costs,

Jζ(s) = Es

[ ∫ ∞

0

e−rtf
(
St

)
dt−

∫ ∞

0

e−rtc(St)dζt

]
. (4.13)

Given the set of admissible controls Z and the admissible region S, the singular control

problem is to find the value function V (s) and the optimal singular control ζ∗ ∈ Z such

that

V (s) = sup
ζ∈Z

Jζ(s) = Jζ∗(s). (4.14)

The admissible region is again divided into two regions; continuation and action

regions. Initially, if the state is in action region, the control is exerted in order to move

the state to the boundary of the continuation region. Then, the control is only exerted

infinitesimally when the state process moves out of the continuation region. Using the

similar arguments for impulse control problem, in the admissible region, the following

inequality holds,

rV (s)− LV (s)− f(s) ≥ 0, (4.15)

and in the continuation region, the relation above holds with equality. Again, note that

V (s) is the maximum value attainable if the optimal actions are taken. Intuitively, the

optimal action should be taken when the marginal value of the action is equal to the

marginal cost of the action. Therefore, in the action region the following equality should
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hold for all the possible actions,

n∑
i=1

∂V (s)

∂si

κij − cj(s) = VS(s)κj − cj(s) = 0, j = 1, . . . ,m. (4.16)

However, for some values of s, the optimal decision is not taking any action (continuation

region); that is, marginal cost outweighs the marginal value. Therefore, in the entire

solvency region, the following inequality holds

cj(s)− VS(s)κj ≥ 0, j = 1, . . . ,m. (4.17)

Following these intuitive observations, the optimality conditions for the singular con-

trol problem can be stated as follows;

rV (s)− LV (s)− f(s) ≥ 0

cj(s)− VS(s)κj ≥ 0, j = 1, . . . ,m

[
rV (s)− LV (s)− f(s)

] m∏
j=1

[
cj(s)− VS(s)κj

]
= 0.

(4.18)

According to the verification theorem by Øksendal and Sulem (2005, Theorem 5.2), if

one finds a C2 function for V (s) that satisfies the above conditions and any regularity

conditions on the boundaries of admissible region, the function is the solution to the

singular control problem in eq.(4.13). In the continuation region, the first condition

holds with equality and in the action regions, one of the conditions in the second line of
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eq.(4.18) holds with equality, and the associated optimal action is taken. The optimality

conditions can simply be written as

0 = min
[
rV (s)− LV (s)− f(s), c1(s)− VS(s)κ1, . . . , cm(s)− VS(s)κm

]
. (4.19)

4.3. Switching Approach

The QVI is difficult to solve especially in problems where the state is multidimensional.

Here we propose a convenient way to represent the optimality conditions of the impulse

control problem. In order to make the approach clear, we start with a regime switching

problem which results in an impulse control problem as the bound on the control goes

to infinity.3

First consider a control problem with m + 1 regimes given by the set R = (1, 2, . . . ,

m + 1) where in each regime j ∈ R, the n-dimensional state process evolves according

to

dSt =
[
µ
(
St

)
+ xκj

]
dt + σ

(
St

)
dWt, j = 1, . . . , m + 1 (4.20)

where µ : S → Rn, σ : S → Rn×n, x is the rate at which the control is exerted,

κ = [κij] ∈ Rn×m is the constant matrix which determines the direction of the control

and κj is the n-column vector of the direction matrix associated with regime j ∈ R. It

3The problem can also be viewed as a stochastic bang-bang problem, in which it is also optimal to
exert a control at its maximum level or not at all.
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is assumed that the feasible values of x are in the interval [0, x] where x is finite. In

each regime, the control only affects the drift function of the underlying process, and the

diffusion function is the same for all of the regimes. Furthermore, the flow of rewards is

generated in all the regimes equal to

f
(
St

)− xc
(
St, j

)
, j ∈ R (4.21)

where f : S → R is a C2 function, and c : S ×R → R is a C1 function with respect to S.

Regime m + 1 is a special regime in that κi(m+1) = 0n×1 and c
(
S(t),m + 1

)
= 0. This is

the inactive regime, whereas in the other regimes, the controller is actively moving the

value of the state in the direction κj at the rate x/||κj||. The controller also incurs a

switching cost to change regimes. This can be represented by a function C(s, j, k) where

C : S × R ×R → R. C(s, j, k) represents the cost of switching from current regime j

to regime k given that the state variable equals s. It is assumed that C(s, j, k) = 0, for

j = k. The cost function of switching satisfies the inequality

C(s, j, k) ≤ C(s, j, l) + C(s, l, k). (4.22)

This condition ensures that it is more (or equally) costly to switch to a regime in multiple

steps than switching in one step directly. This condition therefore, prevents arbitrage

opportunity with multiple switches between the regimes. The controller’s problem is to
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maximize the expected discounted flow of rewards discounting at rate r.4

Due to the linearity of both the reward and the drift in x, the control problem is of

bang-bang type, meaning that x is either 0 or x̄. If we place the further restriction on

the problem that setting x = 0 causes a switch to the special regime m+1, the problem

can be expressed as a standard regime switching problem with m + 1 regimes.

As a switching problem, a control ϑ is a set of switch times τ1 < τ2 < . . . < τi < . . .

and a regime indicator variable Zt ∈ R. For any control policy the discounted flow of

net returns is

Jϑ(s, z) = Es,z

[∫ ∞

0

e−rt
(
f
(
St

)− x̄c
(
St, Zt

))
dt−

∞∑
i=1

e−rτiC
(
St, Zτi

− , Zτi

)
]

(4.23)

where S0 = s and Z0 = z. The controller’s problem is to solve

V (s, z) = sup
ϑ∈V

Jϑ(s, z) = Jϑ∗(s, z). (4.24)

The solution to such switching problems is a set of value functions V j, one for each

regime, that satisfy

0 = min

[
rV j(s)− LV j(s)− f(s) + x̄

(
c(s, j)− VS(s)κj

)
,

V j(s)−max
k 6=j

(
V k(s)− C(s, j, k)

)] (4.25)

4The discount rate could be a function of S with little alternation to the problem or the solution
method.
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where L is the infinitesimal generator given in (4.5).

If we now let x̄ → ∞, the term x̄
(
c(s, j) − VS(s)κj

)
dominates the first part of the

complementarity conditions and notice that in regime m + 1, the amount of control

x = 0, then the complementarity conditions become

0 = min

[
c(s, j)− V j

S (s)κj, V
j(s)−max

k 6=j

(
V k(s)− C(s, j, k)

)]
, ∀j = 1, . . . , m

0 = min

[
rV m+1(s)− LV m+1(s)− f(s), V m+1(s)− max

k 6=m+1

(
V k(s)− C(s, m + 1, k)

)]

(4.26)

In this switching problem, in the action regimes, the appropriate action is taken

in an instant of time with infinite rate and the process switches to the continuation

regime. This can be viewed as no time is spent in the action region and therefore, there

is no need for discounting. In the action region, the discount factor r is 0, the diffusion

functions σ(S, j) are 0, the drift functions µ(S, j) equal to −κj which are the directions

of the actions and the rewards are −c(s, j) which corresponds to the proportional costs of

actions. In the continuation regime, no action is taken, and when the underlying process

hits the switching boundary of the action region, a switching cost which corresponds to

the fixed component of the transaction cost is incurred.

To make the connection between switching and impulse/singular control problems

more explicit define ζ =
∑p

i=1 xιiκιi , where ιi ∈ {1, . . . , m} is the ith direction required

to move in the direction ζ and ιp+1 = m + 1. Furthermore, let ζj =
∑j

i=1 xιiκιi with
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ζ0 = 0. The cost of exerting an impulse ζ can then be written as

K(S, ζ) =

p∑
j=1

∫ S+ζιj

S+ζιj−1

c(z, ιj)dz + C(S,m + 1, ι1) +

p∑
j=1

C(S, ιj, ιj+1). (4.27)

Clearly not all possible control cost functions can be written in this way but the frame-

work is sufficiently flexible to handle most of the impulse and singular control problems

appeared in economics and finance literature.5

In the context of the switching problem, when it is optimal to exert the impulse

control, the system switches from the inactive regime (m + 1) to the appropriate active

regimes by incurring a switching cost which corresponds to the fixed cost component

of impulse control. Except possibly at the initial time period, the system moves inside

the inactive region until such a time as it hits the boundary of this region. Each point

on the boundary is a trigger associated with a specific target inside the inactive regime.

When a trigger point is reached, the state is immediately moved to its associated target

point. The jump occurs instantaneously, that is, the system hits the boundary of the

action region and moves to the inaction region immediately.

In singular control problems, the fixed cost of switching is zero, then the optimality

5The general form of the cost function can be generalized in various ways and should be investigated
further in order to allow for more general impulsive control problems; however, this issue is left for
future work since to our best knowledge, this framework covers all currently existing impulse control
problems in the literature.
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conditions given in equation 4.26 reduce to

0 = min
[
c(s, j)− VS(s)κj, V j(s)−max

k 6=j
V k(s)

]
, ∀j = 1, . . . , m

0 = min
[
rV m+1(s)− LV m+1(s)− f(s), V m+1(s)− max

k 6=m+1
V k(s)

]
.

(4.28)

The right hand side of the set of first equations above suggest that, in the continuation

region, the following relation should hold

V j(s)− V k(s) ≥ 0, ∀j = 1, . . . , m, k = 1, . . . , m + 1 (4.29)

and the right hand side of the last condition leads to

V m+1(s)− V k(s) ≥ 0, k = 1, . . . , m (4.30)

in the appropriate action region k. Following (4.29) and (4.30), it is clear that the value

functions associated with each regimes must equal one another, that is, V 1 = V 2 =

. . . = V m+1 = V . The optimality conditions for the singular control problem, therefore,

reduce to single complementarity condition

0 = min
[
c(s, 1)− VS(s)κ1, . . . , c(s,m)− VS(s)κm, rV (s)− LV (s)− f(s)

]
. (4.31)

This condition is essentially identical to the optimality condition for the singular control
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problem given in Øksendal and Sulem (2005), Theorem 5.2.6

In this section, we heuristically establish the link between optimal switching prob-

lems and impulse/singular control problems. The optimality condition for the impulse

control is then formulated as a set variational inequalities instead of a quasi-variational

inequality. In addition, the optimality condition for the singular control problem is de-

rived from the optimality condition of impulse control and it ends up with the same

conditions given by Øksendal and Sulem (2005).

Thus for impulse and singular control problems in which the control cost function

can be written in the form given in eq.(4.27), the problem is easily converted to a

switching problem which can be solved numerically. The idea behind the numerical

solutions for switching problems is that the complementarity conditions are satisfied

exactly at a grid of values of the state space, with the L operator replaced by a finite

difference approximation. The problem is thus converted into a type of complementarity

problem known as an extended vertical linear complementarity problem (EVLCP), with

the unknowns being the values of the V j evaluated at the grid points.

EVLCP’s can be solved directly via a smoothing Newton algorithm developed by

Qi and Liao (1999). Functions that are used to solve the non-linear complementarity

problems (NCP) can also be used in order to solve the problem. Newton’s method can

be applied along with the iterated versions of these so-called NCP functions such as

6The presentation here is slightly more general in that Øksendal and Sulem (2005) assumed that
c(i, j) is constant.
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Fischer-Burmeister function that have the same zero contours as min(x, y) function.

Details concerning these numerical algorithms can be found in Fackler (2007).

4.4. Examples

The solution method proposed is used to solve the gradual emission reduction problem

in the previous chapter. In addition to that, in this section, the switching approach

to the impulse control problem and the numerical method proposed is illustrated with

some other problems from economics and finance literature.

4.4.1. Example 1: Exchange Rate Control

Although our method is suitable for multidimensional problems, we first illustrate the

switching approach vith a one dimensional problem. The exchange rate control problem

is taken from Cadenillas and Zapatero (1999).

Consider a central banker whose goal is to keep the exchange rate, which evolves

stochastically over time, close to a given target. There is a flow cost associated to the

deviation of exchange rate from it’s target. Central banker can control the exchange

rate; however, fixed and proportional costs are incurred in order to intervene with the

exchange rate. The problem of central banker can be solved in an impulse control frame-

work.
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Let the uncontrolled process of the exchange rate Xt be a geometric Brownian motion,

dXt = µXtdt + σXtdW (4.32)

and the flow return (negative cost) of deviation from target rate be

f(Xt) = −(Xt − ρ)2 (4.33)

where ρ is the given target rate. The intervention costs are given by

K(x, ζ) =





C + cζ, ζ > 0

D + d|ζ|, ζ < 0

(4.34)

where ζ is the amount of impulsive control. Let the fixed discount rate be r, then the

objective of the central banker is to minimize

E
[ ∫ ∞

0

e−rtf(Xt)dt +
∑

i

e−rτiK(x, ζ)
]

(4.35)

or maximize

E
[ ∫ ∞

0

−e−rtf(Xt)dt−
∑

i

e−rτiK(x, ζ)
]

(4.36)

where τi’s and ζi’s, i = 1, 2, ... are respectively, the intervention times and sizes.
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Now, define the generator operator L by

Lh(x) = µx
dh(x)

dx
+

1

2
σ2x2d2h(x)

dx2
(4.37)

and the operator M by

Mh(s) = sup
ζ

{
h(s + ζ) + R(s, ζ)

}
. (4.38)

then the QVI associated with this problem can be written as

rV (x)− LV (x) + f(x) ≥ 0

V (x)−MV (x) ≥ 0

[
rV (x)− LV (x)− f(x)

][
V (x)−MV (x)

]
= 0.

(4.39)

A function V (x) satisfying the conditions above is the value function of the impulse

control problem. This problem has an almost closed form solution due to a general

solution of the ODE associated with the continuation region,

V (x) = Axθ1 + Bxθ2 +
( 1

σ2 + 2µ− λ

)
x2 +

( 2ρ

λ− µ

)
x− ρ2

λ
(4.40)

where A and B are the unknown constants, θ1 and θ2 are respectively the positive and
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negative roots of the fundamental equation,

0 =
σ2

2
θ(θ − 1) + µθ − r. (4.41)

There are two unknown trigger points for X and two associated targets; a lower trigger

a that, when reached, causes the process to be moved upward to the target point α and

an upper trigger point b, that, when reached, causes the process to be moved downward

to the target point β. The unknown trigger and target points, and the constants A and

B can be determined by solving the following value matching and the smooth pasting

conditions,

V (a) = V (α)− C − c(α− a)

V (b) = V (β)−D − d(b− β)

V ′(a) = c

V ′(α) = c

V ′(b) = −d

V ′(β) = −d

(4.42)

Although a closed form solution can not be obtained for the six unknowns A, B, a, α,

β and b; their values can be found using standard numerical root finding methods like

Newton’s or Broyden’s method.
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Considered as a regime switching problem, there are three regimes; upward movement

regime (regime-1 ), downward movement regime (regime-2 ) and the continuation regime

(regime-3 ). Hence the direction matrix κ is

κ =

[
1 −1

]
(4.43)

The fixed costs of switching are independent of X and can be described by the matrix




0 ξ 0

ξ 0 0

C D 0




(4.44)

where ξ ≥ 0 is arbitrary. It is never optimal to switch from regime 1 to 2 or from 2 to 1

as long as the cost of such a switch is non-negative.

The flow costs associated with the action regimes are

c(x, 1) =
∂K(x, ζ)

∂ζ
κ1 = c, ζ > 0

c(x, 2) =
∂K(x, ζ)

∂ζ
κ2 = d, ζ < 0.

(4.45)
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Then, the optimality conditions in the switching context are simply written as

0 = min
[
c− V 1

x , V 1 − V 2 + ξ, V 1 − V 3
]

0 = min
[
d + V 2

x , V 2 − V 1 + ξ, V 2 − V 3
]

0 = min
[
rV 3 − LV 3 + (x− ρ)2, V 3 − V 1 + C, V 3 − V 2 + D

]
(4.46)

Using the switching approach, the optimality conditions are characterized as a set of

variational inequalities instead of quasi-variational inequalities. These variational in-

equalities can be solved using the smoothing Newton method described in the previous

section.

Since, the solution method is illustrated as a maximization problem, the value func-

tion is the negative of the value function in minimization problem. We use the same

parameter values as in Cadenillas and Zapatero (1999); µ = 0.1, σ = 0.3, λ = 0.06,

ρ = 1.4, C = 0.5, c = 0.2, D = 0.7 and d = 0.4. The value functions are approximated

in the range [0, 3.5] using piecewise linear basis functions with 1001 nodal points. The

results are shown in figure 4.1 and table 4.1.

Table 4.1: Comparison of Nearly Closed Form and Approximate Solutions

Method a α β b

Almost closed form solution 0.5513 1, 0823 1.2265 2.3874
Approximate solution 0.5548 1.0798 1.2268 2.3853
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Figure 4.1: Value and Marginal Value Functions

The value functions V i(x) and the marginal value functions, V i
x(x) i = 1, 2, 3 are

shown in figure 4.1. The solid line represents the value function of the continuation and

thus it is the value function of the impulse control problem. The dotted and the dashed

lines represent respectively the value functions of the upward action and downward

action regimes. These auxiliary value functions are shown for illustrative purpose.

When the exchange rate X is between a and b, the system is in the continuation

regime (regime-3 ) and thus no control is exerted. When X hits the trigger point a =

0.5548 from above (or X starts below a), the regime switches from continuation to

the upward action regime (regime-1 ) in which the state is moved to the target point

α = 1.0798 instantaneously, after which the regime switches back to the continuation

regime. Similarly, switching occurs when X hits the trigger point b = 2.3853 from below
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(or X starts above b), and state jumps to the target point β = 1.2268. Of course, the

system does not remain in the action regimes for any length of time; rather the state

and regime changes occur instantaneously.

The approximation error of our numerical approach is determined by the length of

the piecewise segments. The approximate results given in table 4.1 for the switch points

give the midpoint between grid points at which a regime switch occurs. The compar-

isons of these points with the almost closed form solution, which is computed with an

accuracy of 10−8, demonstrates that the errors of approximate solution are less than

one grid width unit of the actual solution. This error decreases as the number of basis

functions increases.

4.4.2. Example 2: Capacity Choice and (Ir)reversible Invest-

ment

In this example, we want to illustrate our numerical method in solving multidimensional

singular control problems. First, we consider the capacity choice problem with irre-

versible investment taken from Dixit and Pindyck (1994). This model has a closed form

solution, thus the performance of our numerical method can be evaluated. Further, we

will relax the irreversibility assumption. Although the reversible investment problem

does not have a closed form solution, an almost closed form solution can be obtained
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using a standard root finding algorithm.

Consider a firm that operates with a profit function π(Yt, Kt) = YtH(Kt) = YtK
θ
t

where Y is multiplicative exogenous demand shock which follows geometric Brownian

motion dYt = µYtdt + σYtdZt, and K is the capital stock. The unit investment cost

is λ1 and resale value of the capital is zero and there is no depreciation, so the cost of

acquiring capital is sunk and the investment is irreversible. The firm’s problem is to

maximize expected discounted current and future profit.

This is a singular control problem since there is no fixed cost associated with the

control and can be stated as follows,

max
{Ut}

Ey

[ ∫ ∞

0

e−rtπ(Yt, Kt)dt−
∫ ∞

0

e−rtλ1dUt

]
(4.47)

with respect to the state processes,




dYt

dKt


 =




µYt

0


 dt +




σYt 0

0 0







dZt

0


 +




0

dUt


 . (4.48)

Here U is a non-decreasing controlled process. Viewed as a regime switching problem

there are two regimes; the investment regime (regime-1 ) and the continuation regime
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(regime-2 ), and the following relations hold,

dSt =




dYt

dKt


 , f(St) = π(Yt, Kt), κ =




0

1


 , dζt = dUt, and c(St, 1) = λ1. (4.49)

Let the value function of the firm be V (Y,K), then the variational inequality associated

with the problem is

0 = min

[
rV − µY

∂V

∂Y
− 1

2
σ2Y 2∂V 2

∂2Y
− π(Y, K), λ1 − ∂V

∂K

]
. (4.50)

The problem requires finding the unknown value function and the so-called free bound-

ary between the continuation and action regions. Dixit and Pindyck (1994) derive the

following closed form expression for the free boundary,

Y (K) =
β

β − 1

(r − µ)λ1

θKθ−1
(4.51)

where β = 1
2
− α

σ2 +

√( 1
2
−α

σ2

)2
+ 2r

σ2 .

We implement the numerical method to solve this problem for the following param-

eter values; r = 0.04, θ = 0.5, µ = 0.01, σ = 0.1 and λ1 = 1.7 The value function is

approximated in the state space, [0, Ȳ ]× [0, K̄] where Ȳ = 0.11 and K̄ = 1 and 51 nodes

7In problems for which m = 2, as is the case here, the complementarity problem can be solved
by applying Newton’s method and replacing the min function with the so-called Fischer-Burmeister
function, λ(a, b) = a + b − √a2 + b2. This method is also implemented and produces similar results
with that of smoothing Newton method.
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are used in each dimension. A boundary condition on the upper boundary of approx-

imation space in K-direction is imposed that is obtained by noting that as K → ∞,

the option value to invest approaches to zero. The value function at K̄, therefore, is set

equal to the expected discounted future profit, V (Y, K̄) = Y K̄θ/(r − µ).
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Figure 4.2: Value and Marginal Value Functions (Irreversible Investment)

Figure 4.2 shows the value function and the marginal value function w.r.t. K, and

figure 4.3 shows the continuation and action regions obtained numerically and the closed

form solution of the free boundary. As it can be seen the method works quite well since

the exact free boundary and the free boundary obtained via the numerical method are

essentially identical.

In the previous problem, investment was irreversible. Instead suppose that invest-

ment is partially reversible, with the resale value of one unit of capital greater than zero
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Figure 4.3: Continuation and Action Regions

but less than the unit cost of capital. In this case, the firm may sell its existing capital

under unfavorable demand conditions. Formally, the firm’s problem is

max
{Ut},{Lt}

Ey

[ ∫ ∞

0

e−rtπ(Yt, Kt)dt−
∫ ∞

0

e−rtλ1dUt −
∫ ∞

0

e−rtλ2dLt

]
(4.52)

with respect to the state processes,




dYt

dKt


 =




µYt

0


 dt +




σYt 0

0 0







dZt

0


 +




0

dUt


−




0

dLt


 (4.53)

where λ2 is the cost of selling a unit of capital; therefore in our context λ2 < 0. In the

switching context, there are three regimes; invest (regime-1 ), disinvest (regime-2 ) and
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continuation (regime-3 ). The following relations show the link between the switching

approach and the singular control problem;

dSt =




dYt

dKt


 , f(St) = π(Yt, Kt), κ =




0 0

1 −1


 ,

dζt =




dUt

dLt


 , c(St, 1) = λ1 and c(St, 2) = λ2.

(4.54)

Since there are three regimes, the variational inequality has three components and can

be written as,

0 = min

[
rV − µY

∂V

∂Y
− 1

2
σ2Y 2∂V 2

∂2Y
− π(Y, K),− ∂V

∂K
+ λ1,

∂V

∂K
+ λ2

]
. (4.55)

A closed form solution can not be obtained for this model; however, an almost closed

form solution may be obtained. The general solution of the partial differential equation

governing the continuation regime is

V (Y, K) = B1(K)Y β1 + B2(K)Y β2 +
Y H(K)

r − µ
(4.56)

where β1 and β2 are respectively, the positive and negative roots of the fundamental

quadratic equation 1
2
σ2β(β − 1) + µβ − r = 0, and B1(K) and B2(K), for given K are

the unknown values to be determined. It can be shown that the value matching and the
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smooth pasting conditions lead to the following four conditions given the value of K,

VK(Y ∗, K) = B′
1(K)(Y ∗)β1 + B′

2(K)(Y ∗)β2 +
Y ∗H ′(K)

r − µ
= λ1

VK(Y ∗∗, K) = B′
1(K)(Y ∗∗)β1 + B′

2(K)(Y ∗∗)β2 +
Y ∗∗H ′(K)

r − µ
= −λ2

VKY (Y ∗, K) = β1B
′
1(K)(Y ∗)β1−1 + β2B

′
2(K)(Y ∗)β2−1 +

H ′(K)

r − µ
= 0

VKY (Y ∗∗, K) = β1B
′
1(K)(Y ∗∗)β1−1 + β2B

′
2(K)(Y ∗∗)β2−1 +

H ′(K)

r − µ
= 0

(4.57)

where Y ∗(K) and Y ∗∗(K) are respectively the unknown invest and disinvest boundaries.

For a given value of K, the four unknowns Y ∗(K), Y ∗∗(K), B1(K) and B2(K) can

be solved using the four equations given above via a standard root finding algorithm.

This almost closed form solution is used in order to compare with the solution of our

numerical method.

The numerical method is applied to this problem with the following parameter values:

r = 0.04, θ = 0.5, µ = 0.01, σ = 0.2, λ1 = 1 and λ2 = −0.5. The value function is

approximated in the state space, [0, Ȳ ] × [0, K̄] where Ȳ = 1.3 and K̄ = 1.5 The

number of nodal points set to 71 in K direction, 51 in Y direction. We apply the

boundary condition, V (0, K) = −λ2K. This condition arises due to the geometric

Brownian motion. When Y = 0, the firm sells all its capital stock immediately and the

value function equals to the resale value of all the capital. In addition, the condition

V (Ȳ , K) = 0 is applied on the upper boundary in Y -direction.

Figure 4.4 shows the approximate value and marginal value functions of this problem.
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Figure 4.4: Value and Marginal Value Functions (Partially Reversible Investment)

The optimal policy is illustrated in figure 4.5. The continuation regime (region) is shown

with dots, the invest and disinvest boundaries, which are obtained by solving the set of

equations given in eq.(4.57), are shown respectively with solid and dashed lines. As it

can be seen, our numerical method provides a very accurate solution and works well for

this problem.

4.4.3. Example 3: Multi-Factor Dynamic Investment under

Uncertainty

In the previous example, the only production factor is the capital stock; Dixit (1997)

extends the capacity choice problem by allowing two factors of production, capital and

labor. The problem is three dimensional but in a special case where the production
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Figure 4.5: Optimal Policy (Partially Reversible Investment)

function homogeneous of degree one in inputs, it can be reduced to two dimensions.

This problem is not solved by Dixit (1997) and, indeed, lacks a closed form solution;

however, he overviews some characteristics of the solution and provides intuitive results

of the problem. Kumar and Muthuraman (2004) use this problem in order to illustrate

their numerical method for solving singular control problems; however, the solution they

show was inconsistent with the characteristics of the true solution.

Consider the firm operates with a profit function

Π(Yt, Kt, Lt) = Y α
t Kβ

t Lγ
t −mKt − wLt, α + β + γ = 1 (4.58)

where Y is a multiplicative exogenous demand shock which follows geometric Brownian

motion , K is the capital stock with unit maintenance cost is m, L is the labor with
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the wage rate w. Investment and disinvestment costs of a unit capital are respectively

λ1 and λ2, hiring and firing costs of unit labor are respectively ψ1 and ψ2. The firm’s

problem is to maximize expected discounted current and future profit. This is a singular

control problem since there is no fixed cost associated with the control.

A dimension reduction can be accomplished using the transformations kt = Kt

Yt
and

lt = Lt

Yt
since the profit function is homogeneous degree one in (Y,K, L);

Π(Y,K,L) = Y π(k, l) = Y (kβlγ −mk − wl) (4.59)

The firm’s problem can be stated formally as follows,

max
{U1t},{U2t},{L1t},{L2t}

Ek,l

[ ∫ ∞

0

e−rtπ(k, l)dt−
∫ ∞

0

e−rtλ1dU1 −
∫ ∞

0

e−rtψ1dU2

−
∫ ∞

0

e−rtλ2dL1 −
∫ ∞

0

e−rtψ2dL2

] (4.60)

with respect to the state processes,




dkt

dlt


 =




(σ2 − µ)kt

(σ2 − µ)lt


 dt +




σkt 1

1 σlt


 dZt +




dU1

dU2


−




dL1

dL2


 . (4.61)

In the switching context, there are five regimes; investment (regime-1 ), disinvestment

(regime-2 ), labor hire (regime-3 ), labor fire (regime-4 ) and continuation (regime-5 ). The

following relations link the switching approach and the singular control problem,
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dSt =




dkt

dlt


 , f(St) = π(kt, lt), κ =




1 −1 0 0

0 0 1 −1


 , dζt =




dU1

dU2

dL1

dL2




,

c(St, 1) = λ1, c(St, 2) = λ2, c(St, 3) = ψ1, c(St, 4) = ψ2

(4.62)

Let V (k, l) be the value function of the problem, then the variational inequality associ-

ated with this problem is written as

0 = min

[
rV (k, l)− LV (k, l)− π(k, l), λ1 − ∂V

∂k
, λ2 +

∂V

∂k
, ψ1 − ∂V

∂l
, ψ2 +

∂V

∂l

]
(4.63)

where

L = (σ2 − µ)k
∂

∂k
+ (σ2 − µ)l

∂

∂l
+

1

2
σ2k2 ∂2

∂k2
+ σ2kl

∂2

∂k∂l
+

1

2
σ2l2

∂2

∂l2
(4.64)

To our best knowledge, closed form expression for the solution of this problem can not

be obtained. The problem is solved numerically using the following parameter values;

µ = 0.01, σ = 0.01, β = 0.37, γ = 0.37, m = w = 0.17, and λ1 = λ2 = ψ1 = ψ2 = 0.5.

The value function is approximated in the state space, [0, k̄] × [0, l̄] where k̄ = l̄ = 60

with the number of nodal points set to 71 in each dimension. The value function of the
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problem is shown in figure 4.6.
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Figure 4.6: Value Function of Multi-factor Dynamic Investment Problem

The optimal policy is shown in figure 4.7. Once the process is in the continuation

region, it will never leave it, as the controls will be applied to keep the state within

this region. When the process starts outside of the continuation region, it is brought

immediately to the boundary of the region. There is some ambiguity in the control rule

for the switching formulation, however. For example, if the state begins with a large labor

force and a small capital stock, it is optimal to simultaneously fire some labor and invest

in new capital, bringing the state to the upper left hand corner of the continuation region.

Using the switching approach results in a degeneracy issue concerning whether to enter

the firing regime or the investment regime first. However, such degeneracy problems

does not alter the continuation region thus the optimal decisions since whichever action
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regime is switched to first, the state ends up at the corner of the continuation region.
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Figure 4.7: Optimal Policy of Multi-factor Dynamic Investment Problem

One of the main feature of this model is that the comparative flexibility of factors are

determined endogenously. In other words, given the parameter values, the shape of the

continuation region determines which factor is more (less) flexible. If the continuation

region is stretched along the k-dimension, labor is said to be more flexible, and if it is

stretched along the l-direction, then it can be concluded that the capital is more flexible.

In order to illustrate this feature, figure 4.8 shows the optimal policies in cases; (i) The

disinvest cost is 0.1 (λ2 = 0.1), (ii) Firing cost is (ψ2 = 0.1). Since the disinvest cost is

less, then intuitively, capital should be more flexible and the continuation region should

stretch along l-dimension in case(i). Similarly, in case(ii), the continuation region should

stretch along k-direction and labor should be more flexible. These intuitive results are
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confirmed in figure 4.8.
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Figure 4.8: Optimal Policy Comparison

4.4.4. Example 4: Capacity Choice and Irreversible Investment

with Fixed Costs under Uncertainty

In this example, we extend the capacity choice problem in section 4.4.2 by introducing

fixed capital adjustment cost. In this extension, the firm incurs both a proportional

investment cost and a fixed cost of investing in new capital. Irreversible investment

problem with fixed costs of adjustment leads to an impulse control problem which we

solve via our numerical method.
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Define the capital adjustment cost as

F (I) = F0 + λ1I, I > 0 (4.65)

where I is the investment amount, λ1 and F0 are respectively, the proportional and fixed

costs associated with the investment. Then, the firm’s problem can be stated as

max
{It}

Ey

[ ∫ ∞

0

e−rtπ(Yt, Kt)dt−
∑

i

e−rτiF (I)
]

(4.66)

with respect to the state processes,




dYt

dKt


 =




µYt

I


 dt +




σYt 0

0 0







dZt

0


 . (4.67)

where τi’s are the discrete investment times and π(Yt, Kt) = YtH(Kt) = YtK
θ
t is the

firm’s revenue function. Let the value function associated with the investment region be

V 1 and with the continuation region be V 2, then the optimality conditions an be written

as

0 = min
[
λ1 − ∂V 1

∂K
, V 1 − V 2

]

0 = min
[
rV 2 − LV 2 + π(Yt, Kt), V 2 − V 1 + F0

]
.

(4.68)

We illustrate the numerical solution of the model with the following parameter values:
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r = 0.04, θ = 0.5, µ = 0.01, σ = 0.1, λ1 = 1 and F0 = 0.5. The value function is

approximated in the region [0, Ȳ ] × [0, K̄] where Ȳ = 1.5 and K̄ = 200. The number

of nodal points is set to 71 in Y direction and 131 in K direction. The value function

at K̄ is set to V (Y, K̄) = Y K̄θ/(r − µ). This boundary condition arises due to the fact

that as the capital amount goes to infinity, the option value to invest vanishes to zero

and therefore, value function becomes the expected discounted future profit. Figure

4.9 shows the optimal investment policy and compares it with the no fixed cost case.

Numerical instability is observed at the boundary of K because the trigger boundary

can not be extended further in K direction. Therefore, the figure only shows the region

(Ȳ = 1.2 and K̄ = 100) where the effects of numerical instability is negligible. The thick

line represents the trigger boundary and the thin line is the target boundary. When the

stochastic demand process Y hits the trigger boundary from below, it is optimal to invest

instantaneously to hit the target boundary. The dashed line is the free boundary when

there is no fixed cost of investment as in example 4.4.2. As can be seen, the firm invests

in more favorable demand conditions compared to the no fixed cost case; however, when

it is optimal to invest, the capital stock increased to a higher level than in the no fixed

cost case. The gap between the target and trigger boundaries shrinks as the fixed cost

decreases and converges to the boundary of the no fixed case as the fixed cost goes to

zero.
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4.5. Conclusions

We introduce a unified method to solve both impulse and singular control problems

in the multidimensional state space. We show the link between impulse and singular

control problems and optimal switching problem. This allows us to formulate the opti-

mality conditions of the impulse/singular control problem as a set of complementarity

conditions.

An obvious extension to this approach is that mixed switching and impulse/singular

control problems can be solved. It is straightforward to have more than one “inactive”

regime in addition to the active regimes that represent controlled impulses. It is also

possible to solve hybrid models in which continuous and discrete controls are used. This
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makes the problem non-linear but it could still be solved as a non-linear complemen-

tarity problem. In addition, curse of dimensionality issues hamper the extension of the

approach even to moderate dimensional problems. Recent developments in approxima-

tion theory, however, show promise in addressing this issue. We plan to explore these

possibilities in further work.

142



Bibliography

Alvarez, L. H. R.(2004), “Stochastic Forest Stand Value and Optimal Timber Harvest-

ing”, SIAM Journal on Control and Optimization, 42, 1972–1993.

Baccarin, S. (2007), “Optimal Impulse Control for a Multidimensional Cash Manage-

ment Sytems with Generalized Cost Functions”, Working Paper, Department of Statis-

tics and Applied Mathematics, University of Turin.

Bar-Ilan, A., Perry, D. and Stadje, W. (2004), “A Generalized Impulse Control Model

of Cash Management”, Journal of Economic Dynamics & Control, 28, 1013–1033.

Brekke, K.A. and Øksendal, B.(1994), “Optimal switching in an economic activity under

uncertainty”, SIAM Journal on Control and Optimization, 32, 1021–1036.

Buckney, I.R.C. and Korn, R.(1998), “Optimal Index Tracking under Transaction Costs

and Impulse Control”, International Journal of Applied and Theoretical Finance, 1,

315–330.

143



Cadenillas, A. and Zapatero, F.(1999), “Optimal Central Bank Intervention in the

Foreghn Exchange Market”, Journal of Economic Theory, 87, 218–242.

Chancelier, J., Messaoud, M. and Sulem, A.(2007), “A Policy Iteration Algorithm for

Fixed Point Problems with Nonexpansive Operators”, Mathematical Methods of Op-

erations Research, 65, 239–259.

Dixit, A.K. and Pindyck, R.S. (1994), Investment under Uncertainty, Princeton, NJ:

Princeton University Press.

Dixit, A. (1997), “Investment and Employment Dynamics in the Short Run and the

Long Run”, Oxford Economic Papers, 49, 1-20.

Fackler, P.L. (2007), “Computational Methods for Real Options Models,” Presented at

CEF, 2007, Montreal, June 14-16, 2007.

Fischer, A. (1992), “A Special Newton-type optimization method”, Optimization, 24,

269–284.

Hodder, J.E., Tourin, A. and Zariphopoulou, T. (2001), “Numerical Schemes for Varia-

tional Inequalities Arising in International Asset Pricing”, Computational Economics,

17, 43–80.

Korn, R. (1998), “Portfolio Optimisation with Strictly Positive Transaction Costs”, Fi-

nance and Stochastics, 2, 85–114.

144



Korn, R. (1999), “Some Applications of Impulse Control in Mathematical Finance”,

Mathematical Methods of Operations Research, 50, 493–518.

Kumar, S. and Muthuraman, K. (2004), “A Numerical Method for Solving Singular

Stochastic Control Problems”, Operations Research, 52, 563–582.

Kushner, H.J. and Dupuis, P.G. (1992), Numerical Methods for Stochastic Control Prob-

lems in Continuous Time, Berlin, Germany: Springer-Verlag.

Judd, K. (1998), Numerical Methods in Economics, Cambridge, MA: MIT Press.

Miranda, M.J. and Fackler, P.L. (2002), Applied Computational Economics and Finance,

Cambridge, MA: MIT Press.

Øksendal, B. and Sulem, A. (2005), Applied Stochastic Control of Jump Diffusions,

Berlin, Germany: Springer-Verlag.

Pindyck, R.S. (2000), “Irreversibilities and the timing of environmental policy”, Resource

and Energy Economics, 22, 233–259.

Pindyck, R.S. (2002), “Optimal timing problems in environmental economics”, Journal

of Economic Dynamics & Control, 22, 233–259.

Qi, H. and Liao, L. (1999), “A Smoothing Newton Method for Extended Vertical Linear

Complementarity Problems”, SIAM Journal on Matrix Analysis and Applications, 21,

45–66.

145



Willassen, Y.(2004), “The Stochastic Rotation Problem: A Generalization of Faust-

mann’s Formula to Stochastic Forest Growth”, Journal of Economic Dynamics &

Control, 22, 573–596.

146


