
ABSTRACT

BUDSABA, KAMON. Statistical Analysis and Modeling of Pharmacokinetic Data

from Percutaneous Absorption (Under the direction of Charles Eugene Smith.)

Statistical analysis applied to percutaneous absorption and cutaneous disposition

of di�erent types of jet fuels is presented. A slightly di�erent question is addressed

with methyl salicylate absorption, namely when one compound can be used as a sim-

ulant for another compound. A new graphical statistics method, called \Compass

Plot", is introduced for displaying the results in the design of experiments, especially

for balanced factorial experiments. An example of compass plots for visualizing sig-

ni�cant interactions in complex toxicology studies is provided. It is followed by a

simulation study on an approximated F-test to determine whether a random e�ects

model is needed for the exponential di�erence model. A new multivariate coe�cient

of variation, used as an index to determine which e�ects have a random component,

is also introduced and investigated by simulations and two real datasets.
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Chapter 1

Introduction and Overview

We begin our introduction by paraphrasing selected parts of the introduction of a

recent pharmacokinetics text (Riviere, 1999).

The use of mathematical models to quantitate the time course of drug absorption

and disposition in human and animals is one general de�nition of \Pharmacokinetics".

Pharmacokinetics allows dosages of drugs to be administered to individuals or groups

to optimize therapeutic e�ectiveness and minimize toxicity. A pharmacokinetic model

is clearly a mathematical link to the underlying interaction of a drug's pharmacology

with a human or an animal's physiology. Its principal goal is to extrapolate the drug

concentration pro�le by generating parameters that are mathematical abstractions

which quantitate physiological processes as a tool to better understand drug disposi-

tion. Pharmacokinetic principles have been widespread in the discipline of toxicology,

there termed \toxicokinetics". There are no essential di�erences between those terms

except toxicokinetics often deals with higher dose of the chemical, which may satu-

rate metabolizing enzymes and may damage eliminating organs, thereby altering the

1
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disposition of the toxin.

A brief review and extensive bibliography of population pharmacokinetic/ phar-

macodynamic methodology and applications was compiled by Yuh et al., (1994).

A comprehensive text on the nonlinear statistical models for repeated measurement

data (Davidian and Giltinan, 1995) uses pharmacokinetic examples throughout, while

chapter 5 of Bates and Watts (1988) text on nonlinear regression considers them.

Bayesian approaches to population pharmacokinetics have also been explored (Gel-

man et al., 1996). A critique of some of the mathematical modeling issues for com-

partmental models was presented by Zierler (1981). The extension to stochastic com-

partmental models was reviewed by Woodbury and Manton (in Kotz and Johnson,

1982). Classical compartmental model methodology can be found in the several edi-

tions of Jacquez's text (e.g. 1985) and in the special issue of Federation Proceedings

on Pharmacokinetics (Radziuk, 1980; Bischo�, 1980; Urquhart, 1980; Thron, 1980).

In this dissertation we concentrate on compartment models of skin.

\The skin is a complex, multilayered tissue comprising 18,000 cm2 of surface

in an average human male. The quantitative prediction of the rate and extent of

percutaneous penetration (into skin) and absorption (through skin) of topically ap-

plied chemicals is complicated by the biological variability inherent in skin" (Riviere,

1999). The mechanisms of skin transport have both toxicological and therapeutic

relevance. Environmental exposure of skin to a variety of chemical compounds is a
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growing human health concern, while alternative delivery mechanisms for pharma-

ceutical compounds o�er potential health bene�ts (Smith et al., 1996). P. L. Williams

and J. E. Riviere (Smith et al., 1996) have developed several physiologically relevant

compartment models of skin transport. Smith et al. (1996) considers an eight com-

partment model that includes the surface, evaporative loss, a four compartment total

skin component, fat, and e�uent. Then by calculating the dominant eigenvalues of

the solution for the larger, more realistic compartment model, they proposed a re-

duced model of two or three compartments. Their approach provides a connection

between the more realistic model and a parsimonious one that is more useful in com-

parative studies for di�erent compounds or mixtures of compounds. We will use their

parsimonious model approach throughout this dissertation.

Qiao et al. (1996) studied the risk assessment of cutaneous exposure to chemical

mixtures. Their purpose was to de�ne and quantify the e�ects of potential interac-

tions among mixture components on the cutaneous disposition, and to formulate a

dermatopharmacokinetic model to predict the interactions. A full 24 factorial exper-

iment with three replications was performed with pig skin. The pig has been widely

accepted as an animal model for studying human absorption because of the well-

documented histological, physiological, biochemical, and pharmacological similarities

between pig and human skin (Qiao et al., 1996).

Qiao et al. (1996) data were re-analyzed by �tting a two compartment model to

individual pig pro�les instead of performing a full 24 factorial Analysis of Variance
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(ANOVA) on the measurements, e.g., absorption, penetration, etc. The model pa-

rameter estimates obtained from PROC NLIN of SAS were then used to perform 24

factorial Multivariate ANOVA. This approach motivates the statistical analysis we

pursue in this dissertation.

The dissertation has two purposes. The �rst is to provide some examples of sta-

tistical analysis and modeling of pharmacokinetic data from percutaneous absorption

and the second is to introduce some new statistical tools for this type of data. The

new statistical technique can also be applied to other types of data and situations.

The dissertation contains eight chapters. Chapter 2 is a reprint of a published pa-

per in \Toxicology and Applied Pharmacology". It illustrates some statistical analysis

applied to percutaneous absorption and cutaneous disposition of di�erent types of jet

fuels in di�erent marker compounds. A slightly di�erent question is addressed in

chapter 3, a preprint from \Journal of Applied Toxicology", on using one compound,

Methyl Salicylate, as a simulant or surrogate for another compound, Sulfur Mustard,

which is more di�cult to handle in experiments, by comparing their percutaneous

absorption and skin disposition. These two chapters of application of statistics help

motivate the new graphical statistics for presenting the results from an experiment

as well as the new approach for model selection in the following chapters.

Another preprint provided in chapter 4 from \Toxicology Methods" demonstrates

how to visualize signi�cant interactions in complex toxicology studies by using the

compass plots. More uses and examples of compass plots are discussed in the following
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section. This work has been presented as a poster session at three di�erent conferences

during 1999-2000.

Chapter 5 provides a simulation study on an F-test approximation to a likelihood

ratio test to determine whether a random e�ects model is needed for the exponential

di�erence model or the di�erence of exponentials model (Bates and Watts, 1988) for

percutaneous absorption data. Other expansions of this model are also investigated

by simulations. Chapter 6 introduces a new multivariate coe�cient of variation as

an index to determine which e�ects have a random component by simulation study.

Other models and the dependency of random e�ects are also considered in the sim-

ulation study. Examples of the proposed statistics presented in chapter 5 and 6 are

applied to the real primary data (Methyl Salicylate) and secondary data from Pin-

heiro and Bates (1995) in chapter 7. A small simulation to see the e�ect of sample

size on the signi�cance of the marginal t-statistic obtained from PROC NLMIXED

of SAS is presented as another example in this chapter also.

A discussion and some suggestions for the future work are mentioned in the last

chapter. The proposed work includes: more simulation studies for the �xed parame-

ter approach of the approximate F statistic under the null hypothesis of mixed �xed

and random parameters; try to �nd a clearer connection between the size of the er-

ror variance, the multivariate coe�cient of variation of the random parameter and

the �xed parameter approximate F test; �nd a way to determine the approximate

multivariate coe�cient of variation under the �xed e�ect model with the real data;
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�nd some relationship between the estimates from the nonlinear mixed e�ect model

(PROC NLMIXED of SAS) and the mean or median of each individual estimate with

the �xed nonlinear model (PROC NLIN of SAS); analysis of historical percutaneous

data in an e�ort to generate and compare their model estimates in as wide a series

of compounds as possible; attempting to correlate these parameter estimates with

physical-chemical characteristics of these compounds; determine a simple method

to combine or relate the di�erence of exponentials model and the parameters in its

limiting cases; develop three dimensional compass plots that are easily implemented

with a common software; introduce a reasonable resampling method to estimate the

standard error of the multivariate coe�cient of variation; investigate additional appli-

cations of the multivariate coe�cient of variation; and �nally, examine the connection

between scaling of the ux pro�le in surrogate compounds with the bioequivalence

type hypothesis test.
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Abstract

Exposure to chemical vesicants such as sulfur mustard (HD) continue to be a

threat to military forces which requires that protectant strategies to exposure be

evaluated. Methyl salicylate (MS) has historically been the simulant of choice to

assess HD exposure. The purpose of this study was to compare the percutaneous

absorption and skin deposition of MS to HD in the isolated perfused porcine skin ap

(IPPSF). HD data were obtained from a previously published study in this model

(Toxicol. Appl. Pharmacol 135: 25-34, 1995). 400�g=cm2 of 14C�MS or 14C�HD

in ethanol were topically applied to 16 IPPSFs and experiments terminated at 2

hrs, 4 hrs, or 8 hrs. Perfusate was collected at increasing time intervals throughout

perfusion. Radioactivity was determined in perfusate and skin samples. Perfusate

ux pro�les were �tted to a bi-exponential model Y (t) = A(e�bt � e�dt) and AUC,

peak ux and time to peak ux were determined. HD had more pronounced and

rapid initial ux parameters (p < 0:05). AUC determined from observed and model

predicted parameters were not statistically di�erent, although mean HD AUC was 40

to 50% greater than MS. HD skin and fat levels were up to twice those seen with MS,

but had lower stratum corneum and residual skin surface concentrations (p < 0:05).

Compared to other chemical studied in this model, HD and MS cutaneous disposition

were very similar, supporting the use of MS as a dermal simulant for HD exposure.

KeywordsMethyl salicylate, sulfur mustard, percutaneous absorption, dermatophar-

macokinetics, simulants.
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3.1 Introduction

Many chemicals can be absorbed through the skin in toxic amounts. The dermal pen-

etration of chemicals in occupational and environmental settings and those involving

military scenarios can be signi�cant necessitating protective ensembles/clothing. Ex-

posure to chemical vesicants such as sulfur mustard (HD, bis 2 chloroethylsul�de)

continues to be a threat to military forces around the world. The evaluation of the

potential penetration of protective garments is necessary for determining the amount

of chemical deposited and/or absorbed through the skin. Chemical agent simulants

are used as surrogates for highly poisonous substances to test the e�ectiveness of pro-

tective ensembles and equipment in the laboratory and under operational conditions

(NRC, 1997). Methyl salicylate (Oil of Wintergreen, MS), a naturally occurring sub-

stance and component of many topically applied ointments, has been adopted as a

simulant of choice for the chemical warfare agent sulfur mustard because of its safety

and human use considerations. Methyl salicylate has similar physical properties (e.g.

molecular weight, vapor pressure and water solubility) to that of HD. Further, the

penetration behavior of MS, as evaluated in fabric testing, suggest similarities to that

of sulfur mustard. Methyl salicylate has also been advocated as a simulant for as-

sessing the dermal uptake of other agents. Although existing data suggest that MS

is predictive of HD penetration through the skin, these data were derived from non-

physiological models. The utility and validity of MS as a surrogate for HD dermal

penetration would be greatly enhanced if a physiological-based model were used to
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compare dermal uptake characteristics of MS and HD.

There are two primary routes of exposure which are relevant to chemical warfare

agents; inhalational and topical through the skin. Topical exposure to HD results in

severe blistering of the skin. Histologically, this is characterized by epidermal-dermal

separation with extensive basal cell necrosis. The percutaneous absorption and skin

deposition of topically applied sulfur mustard (HD) has been previously reported

(Nagy et al., 1946; Klain et al., 1988; Hambrook et al., 1992; Henriques et al., 1991),

as has the absorption of the commonly used simulant methyl salicylate (Cross et

al., 1998; Danon et al., 1986; Morra et al., 1996). However, signi�cant di�erences

exist in methodology, model systems, and overall experimental design between these

disparate studies, making direct comparison between absorption parameters very dif-

�cult. Additionally, there are two target endpoints to consider when assessing sulfur

mustard exposure, local concentration pro�les in skin which correlate to cutaneous

vesication and sulfur mustard absorption through skin into the cutaneous vasculature

which correlates to systemic toxicity.

Studies of sulfur mustard absorption and skin deposition were conducted by our

group using the isolated perfused porcine skin ap (IPPSF) model (Riviere et al.,

1995a, Spoo et al., 1995). These studies assessed both the percutaneous absorption

into perfusate and skin concentrations after topical sulfur mustard exposure in an

ethanol vehicle. The IPPSF is a viable and vascularized in vitro skin model which
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has been successfully utilized to model the mechanism of percutaneous chemical ab-

sorption (Riviere and Monteiro-Riviere, 1991; Riviere et al., 1995b; Qiao et al., 1996)

and to extrapolate these results to humans (Riviere et al., 1992; Wester et al., 1998;

Williams et al., 1990). Of particular relevance to the present work, the pathogenesis

and cutaneous toxicity of sulfur mustard vesication (King and Monteiro-Riviere, 1990,

Monteiro-Riviere and Inman, 1995, 1997; Riviere et al., 1997; Zhang et al., 1995a,

1998), as well as the nature of the cutaneous immune response (Zhang et al., 1995b),

has also been extensively studied in this model.

The purpose of the present study was to characterize the dermal absorption and

penetration pro�le of methyl salicylate in the IPPSF and compare this to the pre-

viously conducted sulfur mustard studies; and to assess whether methyl salicylate

was a valid simulant for sulfur mustard relative to cutaneous absorption and dis-

position. Secondly, this goal fostered the development of a simple, but statistically

valid approach, to compare overall IPPSF absorption pro�les of two chemicals by

reducing observed experimental data to a three parameter mathematical model that

would allow direct comparisons of extent and rate of chemical absorption and skin

distribution.

3.2 Material and Methods

Chemicals. Radiolabeled 14C- methyl salicylate (speci�c activity = 10.6 mCi/mmol)

was purchased from Sigma Chemical Company (St. Louis, MO) with a radiochemical

purity of � 96% as determined by HPLC.



Chapter 3. Percutaneous Absorption of Methyl Salicylate 29

IPPSF Studies. IPPSFs were created and utilized as fully described elsewhere

(Riviere et al., 1986; Riviere and Monteiro-Riviere, 1991; Riviere et al., 1995b). In

these studies, 400�g=cm2 of 14C-methyl salicylate in ethanol was applied non-occluded

to a 7:5cm2 Stomadhesive dosing template (P�zer, Groton, CT) on the IPPSF. Skin

aps were allowed to equilibrate for 1 hr prior to chemical application. Sixteen IPPSFs

were dosed and terminated at 2 hrs (n=4), 4 hrs (n=4), and 8 hrs (n=8). Total mass

balance studies were conducted in these experiments. Radioactivity was determined

in perfusate samples collected over time (5, 10, 20, 30, 45, 60, 75, 90, 105, 120 minutes

and then every 30 minutes till termination of the experiment). At the termination of

the study, the surface of the skin ap was swabbed twice with a 1 % soap solution

and gauze, and then 12 stratum corneum tape strips were collected. The entire dosed

skin area was demarcated, removed and separated from underlying subcutaneous fat.

All samples were dissolved separately in Soluene. A representative volume of each

sample was oxidized completely via a Packard Model 307 Tissue Oxidizer and 14C

samples were counted separately on a Packard Model 1900TR TriCarb Scintillation

Counter.

Absorption and skin disposition data for 14C-sulfur mustard in an ethanol vehicle

(same dose of 400�g=cm2) were obtained from the previous study (Riviere et al.,

1995a). Based on the data analysis procedure described below, only data from the 2

and 8 hr sulfur mustard experiments were used since the 4 hr perfusate pro�le was

di�erent from the 2 and 8 hr exposures.
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Data Analysis. Two approaches were used to analyze the data obtained from

this study. The �rst involved a direct comparison of the experimental data (mean�

SEM) obtained from all matrices expressed as percent dose absorbed, since the ap-

plied doses were identical in both experiments. Absorption was assessed by determin-

ing area under the perfusate versus time pro�le (AUC), peak ux and time to peak

ux. Comparison with the sulfur mustard data was conducted using a Student t-test.

In addition, the perfusate ux pro�les were �t to a bi-exponential model depicted

in Figure One:

Y (t) = A(e�bt � e�dt) (3.1)

These analyses resulted in estimating the value of three independent parameters:

A, b and d. \A" relates to the amount of applied dose which is ultimately absorbed,

\b" reects the rate of terminal release of absorbed chemical from the IPPSF, and

\d" reects the rate of uptake of chemical from the skin surface into the IPPSF. By

de�nition, d > b. Since some experiments had values of d that were too rapid (e.g.

large) to accurately estimate, these models collapsed to a monoexponential model.

There were 4 methyl salicylate and 5 sulfur mustard aps that �t a one compartment

model, due to the rapid rise of the �rst sample. In order to incorporate these aps

into calculation of mean parameter values across all experiments, it was necessary to

express this equation in the form of time constants as:
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Y (t) = A(e�t=�b � e�t=�d) (3.2)

Where �b = 1=b and �d = 1=d. The data is thus tabulated in terms of time

constants to allow experiments with \in�nite" rate constants to be analyzed. From

these, the area of the �tted perfusate pro�les were determined as area = A(1=b �

1=d) = A(�b��d), and half-lives of the two rate constants were calculated as T1=2(b) =

0:693�b and T1=2(d) = 0:693�d. Values for X1 and X2 were calculated as X1 =

A(d� b)=d and X2 = A�X1.

The parameters A, b, and d were �t for each pro�le using ordinary least squares in

the SAS procedure NLIN. Initial values were obtained by the peeling method (Bates

and Watts, 1988). Provided the Hessian matrix in NLIN was not singular, �b and

�d were calculated as 1/b and 1/d respectively. If the Hessian matrix was singular,

�d was set to zero in equation 3.2 resulting in a one compartment model with a

nonsingular Hessian matrix. Mean model predicted values were calculated by using

the mean of A, �b, and �d from the individual pro�les in equation 3.2. An ANOVA

analysis indicated no signi�cant di�erences among the parameter estimates for 2, 4,

and 8 hours in MS aps and for 2 and 8 hours in HD aps. Approximate con�dence

intervals for the mean prediction were obtained using the delta method or Taylor

series expansion approximation of the variance (Casella and Berger, 1990).

Perfusate ux pro�les (mean�SEM) were then plotted for both methyl salicylate
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and sulfur mustard using the �tted values of this model. Mean and median estimates

were determined to assess how well the model described the data. A Student's t-test

was then employed to test chemical treatment di�erences for the parameters.

3.3 Results

Methyl salicylate showed a rapid absorptive ux pro�le which peaked around 30

minutes at 0.016 % dose/min (Table 1, Figure Two). The AUC of the observed

perfusate ux pro�le over 8 hours was 2:54�0:17 %D-min/ml. Figure Three illustrates

the tissue distribution pro�les of methyl salicylate determined at the end of 2, 4 and 8

hrs of perfusion. Percutaneous absorption into the IPPSf perfusate was 2.39 percent

of applied dose after 8 hours. If this absorbed amount is added to the amount in the

skin and subcutaneous fat, the total amount penetrated would be 3.04 percent applied

dose. In a previous publication which correlated 8-hr IPPSF absorption estimates to

observed 6-day absorption totals for a series of 5 compounds (Wester et al., 1998),

this amount penetrated provided the best link between IPPSF and in vivo human

studies. As can be appreciated from examining this �gure, the majority of methyl

salicylate disposition in skin was into the perfusate as reected by the absorptive ux.

The bi-exponential model adequately described the IPPSF perfusate ux pro�les

of methyl salicylate as seen in the model-predicted versus observed ux pro�les for

all experimental duration experiments in Figure Four. The predicted mean and me-

dian responses were also similar. There was a tendency to underestimate terminal

concentrations, however a third exponential would have to be added to the model
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to eliminate this bias, an approach that would have greatly increased variability and

identi�ability of the parameters. This was also secondary to the fact that these pa-

rameters were estimated from aps of 2, 4, and 8 hr duration, thus they were heavily

inuenced by the data in the shorter duration studies. The model parameter values

are tabulated in Table 1.

Figures Five and Six depict the comparison of methyl salicylate versus sulfur

mustard perfusate and tissue concentrations using the data from the previous sulfur

mustard publication (Riviere et al., 1995a). Tables 1 tabulates observed absorption

and model parameters for both compounds. A comparison of these data indicate

that sulfur mustard has a more pronounced early absorption phase as reected in

the statistically signi�cant greater peak ux and shorter �d. Similarly, sulfur mustard

had signi�cantly greater deposition in skin, fat and overall penetration compared to

methyl salicylate, a �nding consistent with larger X2 values. Curiously, the reverse

relationship holds for surface and stratum corneum concentrations which do not par-

allel the ratios seen in cutaneous tissues. When model predicted absorption envelopes

are compared in Figure Seven, it is clearly seen that the primary di�erence between

the two compounds is in the initial absorption phase up to about 60 minutes after

which the pro�les are similar.

Sulfur mustard has an observed AUC of 3.88 % dose-ml/hr which is 42 % greater

than that of methyl salicylate's 2.54 % dose-ml/hr (ratio = 1.53). The model predicted

area ratio is 3.37/2.38 = 1.41, although the AUC and areas of these two compounds
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were not signi�cantly di�erent. An examination of tissue concentrations suggest that

sulfur mustard tends to have an approximately two-fold greater tendency than methyl

salicylate to partition into fat and skin (p < 0:05). Similarly, sulfur mustard has a

two-fold greater overall penetration than methyl salicylate (p < 0:05). This data,

coupled with the two AUC ratios suggest that if methyl salicylate is used to predict

sulfur mustard absorption, a correction factor of 1.5 to 2.0 could be applied to the

methyl salicylate simulant data. However, given the large degree of variability often

seen in absorption studies, especially in the �eld, this ratio cannot be considered

clinically di�erent.

3.4 Discussion

These studies clearly demonstrate that the percutaneous absorption of sulfur mustard

is comparable to that of methyl salicylate being only 1.5 to 2 times greater, depending

on whether perfusate absorption or skin deposition endpoints are compared. Based

on the IPPSF perfusate ux pro�les previously reported for other compounds (Riviere

and Monteiro, 1991; Riviere et al., 1995b), both methyl salicylate and sulfur mustard

are very similar to each other compared to other chemicals which may demonstrate

a much more prolonged and attened (delayed time to peak ux) absorptive pro�le.

Similarly, the fraction of applied dose absorbed (approximately 2-4 % over 8 hours)

is in an intermediate range studied with some compounds (e.g. organophosphate

pesticides, phenol, � -nitrophenol) showing up to two to three times greater absorptive

uxes and six to ten times greater penetration (Brooks and Riviere, 1996; Chang et
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al., 1994). These comparisons would suggest that methyl salicylate would be an

appropriate simulant for sulfur mustard, but not for nerve agents if the latter behave

similar to their organophosphate pesticide analogues.

At an applied dose of 40 �g=cm2 in the IPPSF, salicylate acid had an 8 hour

absorption of 0.43 % and a penetration of 7.5 % of applied dose. This correlated

to an observed in vivo human absorption of 6.5 % after six days (Wester et al.,

1998). The corresponding values for methyl salicylate in the present study was 2.39

% absorption and 3.04 % penetration in the IPPSF, indicating less overall penetration

and a reduced tendency to remain in skin than its congener. Other published studies

of methyl salicylate absorption after topical administration were conducted using

commercial ointments which alter the absorption rate of the applied compound. These

studies also monitored plasma disposition. Peak uxes were observed at 6 hours after

ointment dosing and demonstrated an absorption half-life of 4 hrs (Morra et al., 1996).

This is similar to the T1=2(b) of 2 hrs seen in the present study which is consistent

with release from skin being the rate limiting step in methyl salicylate absorption.

The work of Cross et al. (1998) demonstrated that a signi�cant fraction of methyl

salicylate absorbed from an ointment was hydrolized to salicylic acid (approximately

20 %). This underscores that for both 14C methyl salicylate and sulfur mustard,

uxes reported are total radiolabel and probably represent parent compound and

metabolite uxes for both compounds. This was previously shown for sulfur mustard

in the IPPSF (Spoo et al., 1995).
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The model used to assess absorption generated rate parameters which are con-

sistent with the previous dermatopharmacokinetic model of sulfur mustard (Riviere

et al., 1995a). In that multi-compartment model, the most rapid forward (surface

! perfusate) intercompartmental rate constant was approximately 0.33 min�1 which

results in a time constant of approximately 3 minutes. This is very close to the �d

seen in the present model of 1 minute. In contrast, the slowest rate-limiting reverse

rate constant was 0.0058 min�1 from skin to fat, which is a time constant of 172

minutes and close to the �b seen in this model of 152 minutes. This suggests that

use of a simple bi-exponential model to describe IPPSF pro�les identi�es the fastest

and slowest rate components governing disposition of a compound in the skin and is

su�cient to describe IPPSF ux pro�les. For methyl salicylate, this reasoning would

suggest that initial rate of penetration is slower (larger �d) but retention and release

from skin depots is similar (�b). Unlike the previous modeling strategy that su�ered

from issues of parameter identi�ability, the present approach makes no assumptions

and generates three parameters which reect both skin permeability and cutaneous

disposition.

The approach used in this study may have application to assessing dermal bioe-

quivalence of topically applied chemicals or drugs using the IPPSF and a simple

data analysis procedure. Because of the biological complexity of the IPPSF and its

demonstrated correlation to in vivo absorption in humans, the perfusate e�ux pro�les

observed may detect di�erences in compound absorption that a simpler in vitro model
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could not detect. Secondly, by using the modeling approach presented coupled with

actual tissue assays, distinct parameters reecting di�erent disposition processes can

be evaluated in addition to direct comparison of experimental endpoints such as per-

fusate ux, and terminal tissue concentrations. Finally, if such a modeling strategy

were applied to a wide variety of chemicals, correlations could then be made between

physical chemical properties and the model parameters.

In summary, the percutaneous absorption and cutaneous disposition of methyl

salicylate and sulfur mustard assessed at the same dosage in the IPPSF model sys-

tem were very similar, with sulfur mustard having a slightly higher initial peak ux

and greater skin deposition. Based on all parameters assessed, sulfur mustard may

have a 1.5 to 2 fold greater absorption and skin retention than methyl salicylate.

These studies strongly suggest that methyl salicylate is an appropriate simulant for

describing sulfur mustard absorption and skin deposition.
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Figure One. Schematic representation of statistical approach to reducing IPPSF

pro�les to three parameters: A, b, and d.

Figure Two. Observed IPPSF ux pro�les of 14C-methyl salicylate from experimen-

tal durations of 2 hrs (n=4), 4 hrs (n=4) , and 8 hrs (n=8).

Figure Three. Terminal tissue concentrations of methyl salicylate in 2, 4 and 8 hour

IPPSF experiments in surface, stratum corneum, dosed skin, fat, perfusate and

total penetration (dosed skin + absorption + fat). Absorption is the amount

recovered in the perfusate. Evaporative loss represents fraction of dose not

recovered in experimental samples (dose - recovery).

Figure Four. Observed versus model predicted methyl salicylate IPPSF perfusate

pro�les.

Figure Five. Methyl salicylate versus sulfur mustard observed IPPSF perfusate ux

pro�les.

Figure Six. Terminal tissue concentrations of methyl salicylate versus sulfur mus-

tard after 2 and 8 hours exposures in surface, stratum corneum, dosed skin, fat,

perfusate and total penetration (dosed skin + absorption + fat). Absorption is

the amount recovered in the perfusate. Evaporative loss represents fraction of

dose not recovered in experimental samples (dose - recovery). � indicates values

for MS and HD are signi�cantly di�erent (p < 0.05) at this time point.
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Figure Seven. Model predicted (mean�approximate95%confidenceinterval) IPPSF

perfusate absorption pro�les of methyl salicylate (n=16) versus sulfur mustard

(n=7).
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TABLE 1
Mean (SEM) Observed and Model Predicted Values

of 14C-Methyl Salicylate vs. 14C-Sulfur Mustard

Observed MS (n=16) HD (n=7)
AUC (%D-min/ml) 2.54 (0.17) 3.88 (0.88)

Peak Flux (%D/min) 0.016 (0.001) 0.036 (0.006)*
Time of peak (min) 30.3 (4.8) 15.7 (3.8)

Model Predicted MS (n=16) HD (n=7)
A (%D) 0.016 (0.002) 0.024 (0.004)
τβ (min) 192 (36) 156 (39)

Area (%D-min/ml) 2.38 (0.31) 3.37 (0.86)
T1/2(b) (min) 133 (25) 108 (27)
T1/2(d) (min) 5.9 (1.2) 0.7 (0.5)*

X1 (%D) 0.012 (0.002) 0.008 (0.006)
X2 (%D) 0.004 (0.001) 0.016 (0.004)*

* = MS significantly different from HD (P<0.05)
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Figure One.

-0.020

-0.015

-0.010

-0.005

0.000

0.005

0.010

0.015

0.020

0 60 120 180 240 300 360 420 480

Minutes

P
er

ce
n

t 
D

os
e/

m
in

A(-e-dt)

A(e-bt)
(A)

A(e-bt-e-dt)



C
h
a
p
ter

3
.
P
ercu

ta
n
eo
u
s
A
b
so
rp
tio

n
o
f
M
eth

y
l
S
a
licy

la
te

4
7

Figure Two.
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Chapter 4

Compass Plots

4.1 Compass Plots: Visualizing Interactions

COMPASS PLOTS: A COMBINATION OF STAR PLOT

AND ANALYSIS OF MEANS (ANOM) TO VISUALIZE

SIGNIFICANT INTERACTIONS IN COMPLEX

TOXICOLOGY STUDIES

by

Kamon Budsaba, Charles E. Smith and Jim E. Riviere

Toxicology Methods In Press, (2000)
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The Compass Plot, a new graphical method that combines the advantages of the

star plot and the analysis of means (ANOM), has been introduced for displaying the

results of experiments. In contrast to the star plot, this plot allows statistical infer-

ences to be made for treatment and for factor e�ects. In contrast to ANOM, this plot

is good for comparison in multiresponse experiments, a scenario becoming more com-

monplace in toxicology with the advent of increasing numbers of chemical mixture

studies. An example of a 23 factorial chemical exposure experiment is considered here.

Keywords analysis of means; Bonferroni method; chemical mixtures; 2p factorial

experiments; Kimball inequality; parathion; star plot; Yates algorithm.



Chapter 4. Compass Plots 55

4.1.1 Introduction

As the performance capabilities of statistical software packages expand, users face

increasing di�culty in comprehending the analyzed data. Usually, results are com-

municated as numbers, which require the user to build a mental model and extract

critical information. Statistical visualization tries to bridge the communication gap

by creating visual displays that help audiences comprehend in more natural, intuitive

ways the extensive amount of data coming from computers. Visualization techniques

that help audiences see patterns and deviations can enable researchers to reach the

\big picture" more intuitively and get to the main point of a problem quickly. This

need has become evident in complex toxicology experiments involving chemical mix-

tures.

Many data analysis applications involve several or many variables. In reality, it

is crucial to consider more than two variables at a time in a study. Many coding

schemes can be devised for portraying two or more variables simultaneously in the

plotting symbols. The main purpose of multicode schemes is to obtain a symbol

with a distinctive shape for each group, so that an audience can look for pairs or

groups of symbols with similar shapes, or individual that are very di�erent from the

rest (Chambers et al., 1993). In many scenarios encountered in toxicology, it is the

presence of interactions that is particular signi�cant and has to be stressed.

Radial plots for multivariate data have been introduced as a descriptive tool (star

and pro�le plots by Chambers et al. (1993) and by Henry (1995), glyphs by Toit et
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al. (1986), polyplots by Blazek et al. (1987), origraph by Barton (1992), and Kiviat

diagrams by Douglas (1994)). For applications with a relatively small number of

independent variables, some success in multidimensional visualizing has been achieved

through the use of so-called Kiviat diagrams, or star plots (Douglas, 1994). In such

diagrams, we assign the variable, on same scale or di�erent measurement scales, to the

rays of the star. The values of the variables are coded into the lengths of rays. Plotted

values are then connected by lines to form an enclosed �gure. Normal condition can

be indicated by a symmetrical polygon.

The objective of this study was to create a graphical method for presentation of

the results from a 2p balanced factorial experiment that could illustrate treatment

and factor e�ects under a �xed e�ects model (Model I). This method combines the

advantages of the star plot and of the analysis of means (ANOM); we call it the

compass plot. The name \compass plot" was �rst introduced for the presentation

of the results of a chemical mixtures experiment (Qiao, 1996). However, in that

paper compass plots were used only as a descriptive tool. They lacked the ability to

make statistical inferences; that ability is presented here. The ANOM is summarized

subsequently, followed by a discussion of the methods of using compass plots to detect

the treatment e�ects and factor e�ects; examples of compass plots and ANOM-style

plots; and a comparison of compass plots and ANOM-style plots, including their

extensions.
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4.1.2 Analysis of Means (ANOM)

ANOM is a statistical procedure that has been used mainly for solving industrial

problems and analyzing the results of experiments. Ott introduced the ANOM tech-

nique in 1967 (reprinted in Ott, 1983) to test the equality among k means. Schilling

(1973) extended this technique to what he called the analysis of means for treatment

e�ects (ANOME). P.R. Nelson (1982, 1983) and L.S. Nelson (1983) presented exact

critical values for the ANOM. Further applications, tests for interaction e�ects, and

extensions have also been investigated (Nelson, 1988; Wludyka, 1997).

The determination of a signi�cant di�erence is made by creating a chart to com-

pare points representing the k sample means, with upper and lower lines drawn par-

allel to the line of the grand mean. If all the plotted points fall between the upper

and lower decision lines, it is interpreted as representing only random variability. If

a point falls outside of either of these decision lines, it is considered as evidence of

nonrandomness-that is; treatment means are signi�cant di�erences with risk �. The

meaning of this in the setting of toxicology is illustrated later.

The ANOM and the analysis of variance (ANOVA) are not exactly equivalent (Nel-

son, 1983). Although the ANOVA has some theoretical advantage over the ANOM

test, namely of having a superior ability to detect di�erences in the k means and thus

being more useful for a complex design, the e�ectiveness of the ANOVA is limited

because it lacks the kind of appealing graphical visualization produced by the ANOM

(Lapin, 1997).
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ANOM is easy to learn and use because it is a logical extension of the Shewhart

control chart, which is well known to industrial practitioners (Snee, 1983) and is

commonly used in clinical chemistry labs. Ott (1983) summarized the advantages of

ANOM as follows: It provides a direct study of e�ects by dealing with means instead

of variances. It provides a comparison of the relative magnitude of the factors as well

as their statistical signi�cance. It provides a graphical comparison of e�ects which

indicates the source of non-randomness, whereas ANOVA must usually be followed

by some additional analysis to detect the important factors. Finally, ANOM can

be extended when there is no replication due to the missing values, a situation that

arises in toxicological studies. However, although ANOM is appropriate for factors

involving �xed e�ects, it is inappropriate for factors involving random e�ects. Also,

the exact critical values for ANOM are limited to balanced designs and are limited

in the values of the risk � and k, the number of treatments. For unbalanced designs,

approximate critical values can be obtained (Nelson, 1983).

4.1.3 Methods

The following section investigates treatment e�ects for single-factor experiments or

one-way ANOVA models. The next sextion investigates factor e�ects primarily for

2p factorial experiments.

Investigate Treatment E�ects - Model I

As in ANOM, the idea of detecting treatment e�ects by using a compass plot in-

volve comparing all treatment means with the grand mean. Following Neter et al.
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(1990), the single-factor ANOVA cell means model may be considered in a balanced

experiment as follows:

Yij = �i + �ij (4.1)

where:

Yij is the value of the response variable in the jth trial for the ith treatment or factor

level.

�i is the parameter representing the mean of the ith treatment.

�ij is the independent random error term and N(0,�2).

i = 1, : : : ,k; j = 1, : : : ,n.

The factor e�ects model, given below, is an alternative formulation of the cell

means model.

Yij = �: + �i + �ij (4.2)

where �i = �i � �: is the e�ect of the ith treatment and �: is the grand mean. This

de�nition implies that
Pk

i=1 �i = 0. To test for equality of treatment means, the

hypotheses are as follows:

H0: �1 = �2 = : : : = �k�1 = 0

Ha: not all �i equal zero.

For i = 1, : : : ,k-1, let contrast i be Li = �i � �: . An unbiased estimator of Li
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is L̂i = �Yi: � �Y:: . Under model I; Var(L̂i) = (1-1/k)Var( �Yi:) = (k-1)(�2)/(k)(n). The

Bonferroni inequality then implies that the con�dence coe�cient is at least 1-� and

that the following con�dence limits for the k-1 linear combinations Li are all correct;

L̂i � t1� �
2(k�1)

;k(n�1)s(L̂i) (4.3)

where s2(L̂i) = (k � 1)(MSE)=(k)(n) and MSE is the pooled sample variance calcu-

lated from each treatment group.

These con�dence intervals are smaller than those from the Sche��e method because

the number of contrasts to be estimated is equal to the number of factor levels (Neter

et al., 1990: p. 588).

Under H0, it implies that for each �Yi, i = 1,...,k, after some rearranging of terms:

�Y:: � t1� �
2(k�1)

;k(n�1)s(L̂i) � �Yi: � �Y:: + t1� �
2(k�1)

;k(n�1)s(L̂i)

Hence, the plot of treatment means, along with its lower and upper limits as

inner and outer polygons, respectively, can be used in the compass plot to detect the

signi�cance of treatment e�ects. Said another way, our compass plot for treatment

means is simply an ANOM plot mapped to a regular polygon. The inner and outer

polygons can be regarded as the lower and upper decision lines in ANOM. If any of

the k treatment means falls outside the inner and outer polygon, we can conclude

that there is a statistically signi�cant di�erence among the means.

Instead of using the Bonferroni inequality, we can obtain the exact critical value,
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h�;k;df , from the table in L.S. Nelson (1983) at Type I risk �, number of means k, and

degrees of freedom k(n-1). Hence the lower and upper limits are;

Lower limit = �Y:: � h�;k;k(n�1)s(L̂i)

Upper limit = �Y:: + h�;k;k(n�1)s(L̂i)

The compass plot provides a similar graphical representation to investigate factor

e�ects as well, as seen in the next section.

Investigate Factor E�ects - Model I

Extensions of ANOM to examine the factor e�ects were presented in Schilling (1973)

and Ramig (1983) and are denoted as ANOME. Additional work on testing for inter-

actions via a series of ANOM-like plots was introduced by Nelson (1988). In contrast

to these studies, which require several plots to examine the factor e�ects, the compass

plot allows one type of plot to examine all main e�ects and interactions simultane-

ously. The compass plot is particularly useful for 2p factorial experiments.

To detect the factor e�ects by means of a compass plot, each �tted e�ect is

represented as a deviation from the grand mean. The mean response for a given

treatment in a balanced two-factor study is denoted by �ij, where i refers to the level

of factor A (i = 1, : : : ,a) and j refers to the level of factor B (j = 1, : : : ,b). Let

�i: =

Pb

j=1 �ij

b
(4.4)



Chapter 4. Compass Plots 62

�:j =

Pa
i=1 �ij

a
(4.5)

�:: =

P
i

P
j �ij

ab
=

P
i �i:

a
=

P
j �:j

b
: (4.6)

Now consider the factor e�ects ANOVA model for two-factor studies:

Yijk = �:: + �i + �j + (��)ij + �ijk (4.7)

where:

Yijk is the value of the response variable in the kth trial when factor A is at the ith

level and factor B is at the jth level.

�:: is an overall constant representing the grand mean.

�i = �i: � �:: are constants and
P

i �i = 0 (main e�ect of factor A at ith level).

�j = �:j � �:: are constants and
P

j �j = 0 (main e�ect of factor B at jth level).

(��)ij = �ij � (�:: + �i + �j) = �ij � �i: � �:j + �:: are constants and
P

i(��)ij = 0,

P
j(��)ij = 0 (interaction e�ect when factor A is at the ith level and factor B is at

the jth level).

�ij are independent random error terms and N(0,�2).

i = 1, : : : ,a; j = 1, : : : ,b; k = 1, : : : ,n.

Because of the way factorial e�ects sum to 0 over levels of any factor involved,
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estimating one e�ect of each type is su�cient to test the hypothesis in a two level

experiment. To test for main e�ects and interactions in the case of a 22 factorial, the

hypotheses are as follows:

H0 : �2 = �2 = (��)22 = 0

Ha: not all of them equal zero.

Consider the following contrasts; L1 = �2 = �2:��::, L2 = �2 = �:2��::, and L3 =

(��)22 = �22�(�::+�2+�2) = �22��2:��:2+�:: . Least squares estimates of each L

are; L̂1 = �Y2:� �Y::, L̂2 = �Y:2� �Y::, and L̂3 = �Y22�( �Y::+�̂2+�̂2). Because these contrasts

are orthogonal, the Kimball inequality then implies that the con�dence coe�cient is

at least 1- that the following con�dence limits for the 3 linear combinations Li, i =

1,2,3, are all correct:

L̂i � t1� i
2
;k(n�1)s(L̂i) (4.8)

where  = 1 � (1 � i)
3, and s2(L̂i) = MSE=22n. Under H0, after some rear-

ranging of terms, it implies that: for the A main e�ect, �Y:: � t1� 1
2
;k(n�1)s(L̂1) �

�Y2: � �Y:: + t1� 1
2
;k(n�1)s(L̂1); for the B main e�ect, �Y:: � t1� 2

2
;k(n�1)s(L̂2) � �Y:2 �

�Y::+t1� 2
2
;k(n�1)s(L̂2); for the AB interaction, �Y::�t1� 3

2
;k(n�1)s(L̂3) � �Y22�(�̂2+�̂2) �

�Y:: + t1� 3
2
;k(n�1)s(L̂3).

Note that the quantity that is compared with the lower and upper limits above is

the grand mean plus �tted e�ect, which is the predicted value of Y when only that
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e�ect is considered in the model (ŶE); that is, ŶA = �Y2: = �̂::+ �̂2, ŶB = �Y:2 = �̂::+ �̂2,

and ŶAB = �Y22 � (�̂2 + �̂2) = �̂:: + �̂�22. Hence, plotting ŶE along with its lower and

upper limits as inner and outer polygons, can be used in the compass plot to detect

the signi�cance of factor e�ects. Our procedure is reminiscent of the use of Yates

algorithm to generate, for the high levels of all factors, one �tted e�ect of each type

for a 2p dataset (Vardeman, 1994).

In summary, to detect the treatment e�ects, we plot each treatment mean as a ray

on the compass plot. Vertex order follows the Yates algorithm. Then we construct

contrasts to compare each treatment mean with the grand mean. After setting an

appropriate experimentwise error rate, we then construct a simultaneous con�dence

intervals by using the Bonferroni method or the exact critical value (Nelson, 1983)

to get the inner and outer bound around the grand mean. If all treatment means are

inside this band, it indicates no signi�cant di�erence among treatments. Similarly, to

detect the factor e�ects, the grand mean plus each �tted e�ect is then used instead of

the treatment means, and the Kimball Inequality is used to construct the simultaneous

intervals. If any e�ect is outside the band, it implies that the e�ect is signi�cant at

a particular risk level �.

Earlier, we used the inner and outer polygons in the factor e�ects compass plot to

detect signi�cant interactions. We can also qualitatively determine the presence or

absence of interactions by using the compass plot for treatment means and \square-

ness" in the way parallelism is used in the usual means plot. The parallelism in the
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means plot becomes a square in the compass plot by using a folding technique when

no interaction is present. Lack of parallelism or presence of interaction becomes an

inside rectangle for non-crossover interaction and an outside rectangle for crossover

interaction (Gail, 1985).

4.1.4 Example

The following example is a factorial experiment assessing chemical/chemical interac-

tions in a study of topical mixture absorption across skin. Basiclly, we are interested

in the factor e�ects rather than the treatment e�ects. Treatment e�ects are usually

investigated when signi�cant interactions are presented. We begin with an investi-

gation of the treatment e�ects and then consider the factor e�ects according to the

presentation sequence discussed earlier.

We �rst look at a 23 factorial experiment in each vehicle (Qiao, 1996). To assess

the risk of cutaneous exposure to chemical mixtures, acetone or dimethylsulfoxide

(DMSO) was used as a vehicle. Percutaneous absorption and cutaneous disposition

of parathion (PA)were studied following PA dosing on isolated perfused porcine skin

as mechanistically de�ned chemical mixtures consisting of

Factor A : the surfactant sodium lauryl sulfate (SLS; absence or presence)

Factor B : the rubefacient methyl nicotinate (MNA; absence or presence)

Factor C : the reducing agent stannous chloride (SnCl2; absence or presence)

The original design was a full 24 factorial with three replicates that included vehicle

as another factor. The vehicle was signi�cant in most of PA cutaneous disposition
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parameters, so it is appropriate to compare the e�ects and interactions between each

vehicle.

Some parameters of PA cutaneous disposition over the 8-h experimental period

are as follow:

Y1 : the total absorption (%dose)

Y2 : the total penetration (%dose)

Y3 : the dosed skin residue (%dose)

Y4 : the peak ux rate (%dose/min)

Treatment means are shown in Table 4.1 and Table 4.2. The treatment labeled \(1)"

denotes the treatment combination in which all factors are at a low level (absence of all

those factors). The treatment labeled \a" denotes the treatment combination in which

only factor A is at a high level (presence of SLS). Similarly, the treatment labeled

\ab" denotes the treatment combination that both SLS and MNA are presented.

Treatment (1) a b ab c ac bc abc �Y:: MSE

Y1 1.0567 1.8033 0.6700 1.7933 0.6667 2.7333 0.8033 0.8600 1.2983 0.8792

Y2 3.0233 4.4700 1.2700 3.9967 1.2867 4.3000 1.4767 2.6100 2.8042 1.8670

Y3 0.7833 2.1933 0.4067 1.5367 0.3400 0.7433 0.4467 1.1933 0.9554 0.3328

Y4 0.0031 0.0056 0.0022 0.0058 0.0023 0.0128 0.0028 0.0036 0.0048 0.000020

Table 4.1: Treatment means for each parameter of PA cutaneous disposition in

Acetone

For example, to detect treatment e�ects of Y1 for acetone; s2(L̂i) = (k-1) MSE/(k)(n)

= (7)(0.8792)/(8)(3) = 0.2564. If � = .05, by using the table in L.S. Nelson (1983),

h:05;8;16 = 3.09. Hence, for i = (1),a,b,ab,c,ac,bc,abc:

1.2983-(3.09)
p
0:2564 � �Yi � 1.2983+(3.09)

p
0:2564
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Treatment (1) a b ab c ac bc abc �Y:: MSE

Y1 1.3900 3.2733 0.9367 0.2933 0.6433 0.9133 1.0933 1.2867 1.2288 1.3755

Y2 5.3433 5.9767 3.9933 1.6333 3.4800 2.7867 2.7933 3.8900 3.7371 1.4589

Y3 3.5400 1.9133 2.5467 1.1600 2.2033 1.5433 1.3100 2.2433 2.0575 0.4720

Y4 0.0072 0.0144 0.0031 0.0013 0.0031 0.0038 0.0042 0.0041 0.0051 0.000024

Table 4.2: Treatment means for each parameter of PA cutaneous disposition in

DMSO

-0.2664 � �Yi � 2.8630.

For acetone, there is no signi�cant di�erence among total absorption means. The

compass plots for all the treatment e�ects in each parameter for both acetone and

DMSO are shown in Figures 1 and 3. The ANOM-style plots, using the same lower

and upper limits as compass plots are shown in Figures 2 and 4.

For acetone, only dosed skin residue (Y3) at \a" and peak ux rate (Y4) at \ac"

are signi�cant but for DMSO there is a signi�cant di�erence among treatment means

in each parameter-that is, total absorption (Y1), total penetration (Y2), and peak

ux rate (Y4) at \a" but dosed skin residue (Y3) at \(1)".

For factor e�ects, the �tted e�ects, (Ê), and ŶE of Y1 for acetone can be obtained

as in Table 4.3. We assign the plus sign to the factors in columns A, B and C when the

treatment contains that factor at a high level (a string of letters for that treatment

code matches the letter of that particular factor). The sign for an interaction column

such as AB was obtained by multiplication of the signs of the particular factors.

For i = A,B,AB,C,AC,BC,ABC; s2(L̂i) = MSE=23n = 0:8792=(8)(3) = 0:0366.

If  = .10. By the Kimball inequality, i = .0149 and hence t1� :0149
2

;16 = t:9926;16

=2.7265. Then for each factor e�ect:
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Mean A B AB C AC BC ABC

(1)=1.0567 - - + - + + -

a =1.8033 + - - - - + +

b =0.6700 - + - - + - +

ab=1.7933 + + + - - - -

c =0.6667 - - + + - - +

ac =2.7333 + - - + + - -

bc =0.8033 - + - + - + -

abc=0.8600 + + + + + + +

Ê 3.9932/8 -2.1334/8 -1.6332/8 -0.2600/8 0.2534/8 -1.3400/8 -2.3866/8

= 0.4992 = -0.2667 = -0.2042 = -0.0325 = 0.0317 = -0.1675 = -0.2983

ŶE 1.7974 1.0316 1.0942 1.2658 1.3300 1.1308 1.0000

Table 4.3: Calculation of the �tted e�ects, (Ê), and ŶE of the total absorption (Y1)
in acetone

1.2983-(2.7265)
p
0:0366 � ŶE �1.2983+(2.7265)

p
0:0366

0.7767 � ŶE � 1.8199

For acetone, there is no signi�cant e�ect on total absorption. The compass plots

for all the factor e�ects in each parameter for both acetone and DMSO are shown in

Figures 5 and 7. The ANOM-style plots are also shown in Figures 6 and 8.

For acetone, because no interaction e�ect is signi�cant, we can conclude that the

main e�ect A is signi�cant in both total penetration (Y2) and dosed skin residue

(Y3).

For DMSO, the interaction BC is signi�cant in total penetration (Y2),and inter-

action AC is signi�cant in dosed skin residue (Y3). This implies the main e�ect A

is not signi�cant in total penetration (Y2) but we cannot say anything about the

signi�cance of the main e�ects B and C. Similarly, the main e�ect B is not signi�cant

in dosed skin residue (Y3) and we cannot conclude anything about the signi�cance
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of the main e�ects A and C.

In summary, Factor A (SLS) is a signi�cant e�ect for the total penetration (Y2) in

acetone vehicle but not in DMSO vehicle. SLS also is a signi�cant e�ect for the dosed

skin residue (Y3) only in acetone vehicle. For DMSO vehicle, there is interaction

between B (MNA) and C (SnCl2) in total penetration (Y2) and interaction between

A (SLS) and C (SnCl2) in dosed skin residue (Y3). There is no evidence to show the

e�ect of factor B (MNA) on the dose skin residue (Y3) in both vehicles. Also, there

is no evidence to show the e�ect of any factor on the total absorption (Y1) and the

peak ux rate (Y4) in both vehicles.

4.1.5 Conclusion and Discussion

A compass plot for treatment e�ects is a radial plot with the magnitude of each

treatment mean determining the length of the ray. The rays are ordered in accordance

with the experimental design. To �x the ordering in two-level factorial experiments,

we use the ordering in the Yates algorithm. Said another way, the compass plot

is essentially a star plot with the variable being the treatment mean. The unique

contribution of the present work is that simultaneous con�dence intervals are then

added to produce inner and outer polygons. A compass plot for the factor e�ects

follows similarly, with the magnitude of each treatment mean replaced by each �tted

e�ect plus grand mean.

Compass plots can, in fact, be regarded as ANOM-style plots in polar coordinates,

where the actual magnitude of mean or e�ect is plotted instead of the deviation from
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the grand mean. It could be argued that compass plots form a more memorable set

of shapes. In particular, it is easier to decide at a glance whether a spike appearing

in each of two compass plots corresponds to the same variable. This would give

evidence of a signi�cant chemical interaction in a chemical mixture study. However,

with ANOM plots, unless the horizontal axes are lined up, it may not be as clear

which variable is spiking (Chambers, 1983).

Compass plots are a useful graphical method for displaying the signi�cant results

not only for 2p factorial experiments but also for any other type of experiment using

factorials or other designs. For factors with more than two levels, main e�ects at each

level, including their interactions, each with 1 df have to be considered. For example,

a 32 factorial experiment yields a nonagon shape for treatment means and an octagon

shape for the factor e�ects.

For a univariate response two-level experiment, other alternatives to the Yates

vertex ordering can be used. The shape of the plot and the e�ectiveness of the whole

display, can depend critically on this vertex assignment. Replotting the display with

a di�erent assignment might emphasize di�erent features and relationship in the data.

Vertices can be ordered by the magnitude of treatment means or e�ects. This will

create a spiral shape-it may be compared with the seasonal cobweb plot for time series

data (Toit, 1986)-and the signi�cant groups will be in the same neighborhood. For

multiresponse experiments, a �xed order such as that provided by the Yates algorithm

is better for comparison the measurements with each other.
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We can extend the compass plot to include another factor such as time by stacking

successive compass plots. This helps to keep track of how the response at a particular

time compares to the response at other times. By letting time (or another third

variable such as skin layer in our example) run along the third axis, we thus can form

a \compass tube". Such a representation of the compass plot is potentially useful

because it gives the viewer a more global perspective of the response data over time

(Hackstadt, 1995).

We have presented results for the �xed e�ects model, but this method can also

be extended to the mixed e�ects model. In the mixed model, each �xed e�ect has

a di�erent standard error, so we have a set of inner and outer polygons for each

�xed e�ect. For the random e�ects model, interest centers on the variability of the

means and the grand mean. Hence there is little motivation to compare means for

the particular �i's in the experiment and compass plots are not very useful in this

case.

If the factorial experiment is not balanced, the inner and outer polygons will be

irregular; that is, a treatment with fewer replications will have a larger con�dence

interval at its vertices. Heterogeneity of variances can be handled by transformations.

Other choices for multiple comparisons could also be used (Neter, 1990); for example,

the Sche��e method could be used instead of the Bonferroni method for treatment

e�ects simultaneous con�dence intervals. In our plot, for signi�cance testing we used
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polygonal, rather than circular, curves because polygon plots are more widely avail-

able in common software such as Microsoft Excel.

In summary, compass plots provide a graphical counterpart to ANOVA tables and

mean plots. The plots tend to encourage the design of experiments and are an e�ective

method of presenting the �ndings, particularly in the case of multiple responses as

seen in toxicological studies involving complex chemical mixtures.
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FIGURE 1. Compass plots for detecting the treatment e�ects in acetone for total

absorption, total penetration, dosed skin residue and peak ux rate (Y1-Y4

respectively). Heavy solid lines are treatment means, the three concentric oc-

tagons are the lower limit, grand mean, and upper limit respectively. Signi�cant

treatments are indicated with an arrow. Only dosed skin residue (Y3) at \a"

and peak ux rate (Y4) at \ac" are signi�cant.

FIGURE 2. ANOM-style plots for detecting the treatment e�ects in acetone for

total absorption, total penetration, dosed skin residue and peak ux rate (Y1-

Y4 respectively). Treatment means are denoted as points. Horizontal lines from

top to bottom represent the upper decision line, grand mean, and lower decision

line respectively. Only dosed skin residue (Y3) at \a" and peak ux rate (Y4)

at \ac" are signi�cant.

FIGURE 3. Compass plots for detecting the treatment e�ects in DMSO for total

absorption, total penetration, dosed skin residue and peak ux rate (Y1-Y4

respectively). There is a signi�cant di�erence among treatment means in each

parameter, i.e., total absorption (Y1), total penetration (Y2), and peak ux

rate (Y4) at \a" but dosed skin residue (Y3) at \[1]".

FIGURE 4. ANOM-style plots for detecting the treatment e�ects in DMSO for

total absorption, total penetration, dosed skin residue and peak ux rate (Y1-

Y4 respectively). There is a signi�cant di�erence among treatment means in
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each parameter, i.e., total absorption (Y1), total penetration (Y2), and peak

ux rate (Y4) at \a" but dosed skin residue (Y3) at \[1]".

FIGURE 5. Compass plots for detecting the factor e�ects in acetone for total ab-

sorption, total penetration, dosed skin residue and peak ux rate (Y1-Y4 re-

spectively). Since no interaction e�ect is signi�cant then the main e�ect A is

signi�cant in both total penetration (Y2) and dosed skin residue (Y3).

FIGURE 6. ANOM-style plots for detecting the factor e�ects in acetone for total

absorption, total penetration, dosed skin residue and peak ux rate (Y1-Y4

respectively). Since no interaction e�ect is signi�cant then the main e�ect A is

signi�cant in both total penetration (Y2) and dosed skin residue (Y3).

FIGURE 7. Compass plots for detecting the factor e�ects in DMSO for total ab-

sorption, total penetration, dosed skin residue and peak ux rate (Y1-Y4 re-

spectively). The interaction BC is signi�cant in total penetration (Y2),and

interaction AC is signi�cant in dosed skin residue (Y3).

FIGURE 8. ANOM-style plots for detecting the factor e�ects in DMSO for total

absorption, total penetration, dosed skin residue and peak ux rate (Y1-Y4

respectively). The interaction BC is signi�cant in total penetration (Y2),and

interaction AC is signi�cant in dosed skin residue (Y3).
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4.2 More Examples on Compass Plots

In the previous section, we used the inner and outer polygons in the factor e�ects

compass plot to detect signi�cant interactions. We can also qualitatively determine

the presence or absence of interactions by using the compass plot for treatment means

and \squareness" in the way parallelism is used in the usual means plot. Figures 4.1

and 4.2 are the means plot and compass plot respectively when no interaction is

present.

The parallelism in the means plot becomes a square in compass plot by using a

folding technique. Lack of parallelism or presence of interaction as shown in Figures

4.3 and 4.5 becomes an inside rectangle for non-crossover interaction and an outside

rectangle for crossover interaction (Gail et al. 1985) as shown in Figures 4.4 and 4.6

respectively.
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Figure 4.2: Compass plot with no interaction
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Figure 4.4: Compass plot with non-crossover interaction
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Figure 4.6: Compass plot with crossover interaction
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More examples of compass plots to detect treatment e�ects and factor e�ects are

as follow. Note that these examples use Bonferroni method instead of the table in

L.S. Nelson (1983) to obtain the critical value for the signi�cance of treatment e�ects.

Example 1 : 22 Factorial Experiment (Steel et al., 1997)

Factor A : Time of bleeding (morning or afternoon)

Factor B : Diethylstilbestrol - an estrogenic compound (with or without)

Response : Plasma phospholipid in lambs

Five lambs were assigned at random to each of four treatment groups. Treatment

means and ANOVA table are shown below:

Treatment (1) a b ab

Mean 13.278 36.534 19.360 27.812

(Grand Mean = 24.246)

ANOVA Table

Source df SS MS F p-value

Treatments 3 1,539.4066 513.1355 21.61 :0001�

A 1 1,256.7466 1,256.7466 52.93 :0001�

B 1 8.7120 8.7120 0.37 .5532

AB 1 273.9480 273.9480 11.54 :0037�

Error 16 379.9233 23.7452

Total 19 1,919.3299

For treatment e�ects; s2(L̂i) = (k � 1)(MSE)=(k)(n) = (3)(23:7452)=(4)(5) =

3:5618. If � = .05, by the Bonferroni method, t1� :05
(2)(3)

;16 = t:9917;16 = 2.6750. Hence,

for �Yi, i = (1),a,b,ab:
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24.246-(2.6750)
p
3:5618 � �Yi � 24.246+(2.6750)

p
3:5618

19.1976 � �Yi � 29.2944.

The compass plot for the treatment e�ects is shown in Figure 4.7. Only treatments

(1) and a, are signi�cantly di�erent from the grand mean.
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For factor e�ects, the �tted e�ects, (Ê), and ŶE can be obtained as follows:

Mean A B AB

(1) = 13:278 - - +

a = 36:534 + - -

b = 19:360 - + -

ab = 27:812 + + +

Ê 7.927 -0.660 -3.701

ŶE 32.173 23.586 20.545

For i = 1,2,3, s2(L̂i) = MSE=22n = 23:7452=(4)(5) = 1:1873. If  = .05. By the

Kimball inequality, i = .01695 and hence t1� :01695
2

;16 = t:9915;16 = 2.6647. Then for

each factor e�ect:

24.246-(2.6647)
p
1:1873 � ŶE � 24.246+(2.6647)

p
1:1873

21.3425 � ŶE � 27.1495

The compass plot for the factor e�ects is shown in Figure 4.8. Factor A and

interaction AB are signi�cant e�ects.
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Example 2 : 23 Factorial Experiment (Neter et al. 1990)

Factor A : Gender (male or female)

Factor B : Body fat (low or high)

Factor C : Smoking history (light or heavy)

Response : The exercise tolerance stress test which is measured in minutes until

fatigue occurs while the subject is performing on a bicycle apparatus.

Three subjects in each treatment combination were studied. Treatment means

and ANOVA table are shown below:

Treatment (1) a b ab c ac bc abc

Mean 26 20 14 12 20 12 16 10

(Grand Mean = 16.25)

ANOVA Table

Source df SS MS F p-value

Treatments 7 610.50 87.2143 9.97 :0001�

A 1 181.50 181.50 20.74 :0003�

B 1 253.50 235.50 28.97 :0001�

AB 1 13.50 13.50 1.54 .2321

C 1 73.50 73.50 8.40 :0105?

AC 1 13.50 13.50 1.54 .2321

BC 1 73.50 73.50 8.40 :0105?

ABC 1 1.50 1.50 0.17 .6843

Error 16 140.00 8.75

Total 23 750.50

For treatment e�ects; s2(L̂i) = (k�1)(MSE)=(k)(n) = (7)(8:75)=(8)(3) = 2:5521.

If � = .05, by the Bonferroni method, t1� :05
(2)(7)

;16 = t:9964;16 = 3.0821. Hence, for �Yi, i

= (1),a,b,ab,c,ac,bc,abc:
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16.25-(3.0821)
p
2:5521 � �Yi �16.25+(3.0821)

p
2:5521

11.3263 � �Yi � 21.1737.

The compass plot for treatment e�ects is shown in Figure 4.9. Only treatments

(1) and abc, are signi�cantly di�erent from the grand mean.
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For factor e�ects, the �tted e�ects, (Ê), and ŶE can be obtained as follows:

Mean A B AB C AC BC ABC

(1)=26 - - + - + + -

a =20 + - - - - + +

b =14 - + - - + - +

ab=12 + + + - - - -

c =20 - - + + - - +

ac =12 + - - + + - -

bc =16 - + - + - + -

abc=10 + + + + + + +

Ê -2.75 -3.25 0.75 -1.75 -0.75 1.75 -0.25

ŶE 13.50 13.00 17.00 14.50 15.50 18.00 16.00

For i = 1, : : : ,7; s2(L̂i) = MSE=23n = 8:75=(8)(3) = 0:3646. If  = .05, by the

Kimball inequality, i = .0073 and hence t1� :0073
2

;16 = t:9964;16 = 3.0716. Then, for

each e�ect:

16.25-(3.0716)
p
0:3646 � ŶE � 16.25+(3.0716)

p
0:3646

14.39355 � ŶE � 18.1047

The compass plot for the factor e�ects is shown in Figure 4.10. Factors A and B

are signi�cant e�ects.
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Example 3 : 24�1 Fractional Factorial Experiment (Vardeman, 1994)

Factor A : Side of cloth (nozzle side or opposite side)

Factor B : Yarn type (air spun or ring spun)

Factor C : Pick density (35 ppi or 50 ppi)

Factor D : Air Pressure (30 psi or 45 psi)

Response : Woven fabric tenacity (strength per unit linear density)

A replicated 24�1 experiment was done using the generator D=ABC and �ve pieces

of cloth were tested for each of the eight di�erent treatment combination. Treatment

means and ANOVA table are shown below:

Treatment (1) ad bd ab cd ac bc abcd

Mean 24.50 22.05 24.52 25.00 25.68 24.51 24.68 24.23

(Grand Mean = 24.3962)

Note that for the generator D=ABC, the grand mean ( �Y::::) estimates �:::: +

���2222, rather than �:::: .

ANOVA Table

Source df SS MS F p-value

Treatments 7 38.3229 5.4747 4.0686 :0027�

A=BCD 1 8.0551 8.0551 5.9862 :0201?

B=ACD 1 1.7851 1.7851 1.3266 .2579

AB=CD 1 8.3266 8.3266 6.1880 :0183?

C=ABD 1 5.7381 5.7381 4.2643 .0471

AC=BD 1 .0766 .0766 .0569 .8130

BC=AD 1 11.2891 11.2891 8.3896 :0068�

ABC=D 1 3.0526 3.0526 2.2686 .1418

Error 32 43.0592 1.3456

Total 39 81.3821

For treatment e�ects; s2(L̂i) = (k � 1)(MSE)=(k)(n) = (7)(1:3456)=(8)(5) =
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0:2355. If � = .05, by the Bonferroni method, t1� :05
(2)(7)

;32 = t:9964;32 = 2.8741. Hence,

for �Yi, i = (1),ad,bd,ab,cd,ac,bc,abcd:

2-(2.8741)
p
0:2355 � �Yi � 24.3962+(2.8741)

p
0:2355

23.0015 � �Yi � 25.7910

The compass plot for the treatment e�ects is shown in Figure 4.11. Only treatment

ad is signi�cantly di�erent from the grand mean.
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For factor e�ects, the �tted e�ects, (Ê), and ŶE can be obtained as follows:

Mean A=BCD B=ACD AB=CD C=ABD AC=BD BC=AD ABC=D

(1)=24.50 - - + - + + -

ad =22.05 + - - - - + +

bd =24.52 - + - - + - +

ab=25.00 + + + - - - -

cd=25.68 - - + + - - +

ac =24.51 + - - + + - -

bc =24.68 - + - + - + -

abcd=24.23 + + + + + + +

Ê -0.4488 0.2112 0.4562 0.3788 0.0438 -0.5312 -0.2762

ŶE 23.9475 24.6075 24.8525 24.7750 24.4400 23.8650 24.1200

For i = 1, : : : ,7; s2(L̂i) = MSE=23n = 1:3456=(8)(5) = 0:0336. If  = .05, by

the Kimball inequality, i = .0073 and hence t1� :0073
2

;32 = t:9964;32 = 2.8654. Then, for

each e�ect:

24.3962-(2.8654)
p
0:0336 � ŶE � 24.3962+(2.8654)

p
0:0336

23.8707 � ŶE � 24.9218

The compass plot for the factor e�ects is shown in Figure 4.12. Factor BC=AD

is a signi�cant e�ect.
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Chapter 5

Test whether a Random E�ects Model is

needed

A nonlinear mixed e�ects model is often used to model repeated-measures response

data. In these types of studies, one is usually interested in estimating the underlying

population response curve. Since individuals are randomly sampled from the popu-

lation as a whole, the parameters could be considered as random e�ects. Variance-

covariance parameters are also speci�ed for these random e�ects. Treating the param-

eters as �xed and equal for all individuals implies the variances of these parameters

are zero. Therefore testing whether random e�ects are needed is a test of whether

the parameter's variance is non-zero. The objective of this section is to �nd a simple

approximate way to test for non-zero variance-covariance parameters.

Under the null hypothesis, the true value of a parameter is on the boundary of

the parameter space de�ned by the alternative hypothesis. In the case of the linear

mixed e�ects model (Laird and Ware, 1982), where random e�ects are associated with

parameters in the mean response only, Stram and Lee (1994), applying results of Self

and Liang (1987), showed that the likelihood ratio test statistic for non-zero variance

108
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components under the assumption of normality does not follow a �2 distribution, but

instead has the distribution of a mixture of �2 random variables. Morgan et al. (1995)

developed Stram and Lee's test by using a di�erent approach namely reparameterizing

the covariance matrix of random e�ects. They compared the maximum likelihood

approach to a �xed parameter approach. They found that the F test from the �xed

parameter approach is an exact test given the normality assumption. It is simple to

implement and invariant to the behavior of the parameters not being tested. Power

can be approximated by using Satterthwaite's approximation. However, from their

simulations, the �xed parameter approach F test had slightly lower power than the

likelihood ratio test.

The same idea applies in principle to the case of a non-linear mixed e�ects model.

However, the non-linearity of the model causes several complications, even under

normality assumptions; as discussed by Davidian and Giltinan (1995). Approximate

methods depend on the particular model used and may be computationally intensive.

Zeng and Davidian (1997) adapted a simple method for testing variance components

associated with random regression parameters in the linear random coe�cient models

suggested by Swamy (1971) and Morgan et al. (1995). They concluded that the

approximated test based on �2 random variable achieves the correct � level and

exhibits fairly good power for detection of moderate to large departures from the

homogeneity assumption.
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5.1 A General Non-linear Mixed E�ects Model

Several di�erent nonlinear mixed e�ects models have been proposed in recent years

(Lindstrom and Bates, 1990; Vonesh and Carter, 1992; Davidian and Gallant, 1992;

Wake�eld et al., 1994; Pinheiro et al., 1994; Davidian and Giltinan, 1995). We slightly

modi�ed the model proposed in Pinheiro et al. (1994). This model is a hierarchical

model. At the �rst stage the jth observation on the ith individual is modeled as:

yij = f(�ij; xij) + �ij; i = 1; :::; m; j = 1; :::; ni; (5.1)

where f is a nonlinear function of an individual parameter vector �ij and the

covariate vector xij , �ij is a normally distributed noise term, m is the total number

of individuals, and ni is the number of observation in the ith individual. For the

second stage the individual parameter vector is modeled as:

�ij = Aij� + Bijbi; bi � (0; D); (5.2)

where � is a p-dimensional vector of �xed population parameters, bi is a q-

dimensional random e�ects vector associated with the ith individual,Aij and Bij are

design matrices for the �xed and random e�ects respectively, and D is a variance-

covariance matrix. It is also assumed that observations made on di�erent individuals

are independent and that the �i are independent of the bi.
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The vector bi can be partitioned as bi = (b1;i; b2;i)
0 where b2;i contains the r

elements that are of interest to test as �xed and b1;i contains the other (q-r) elements

in the model. The matrix D can be partitioned accordingly:

D =

2
664
D11 D12

D0

12 D22

3
775 ; (5.3)

where D11 = Var(b1;i), D22 = Var(b2;i), and D12 = Cov(b1;i; b2;i). To test whether

the variance associated with the parameters in b2;i are zero, the hypothesis can be

written as:

H0 = LDL0 = 0; (5.4)

where L = (0(q�r)�(q�r), Ir�r). Under the null hypothesis, D22 equal zero implies

D12 is zero.

5.2 Fixed Parameter Approach

The �xed parameter approach treats the parameters as �xed but di�erent for every

individual. Swamy (1971) suggested this approach as a preliminary test as a diag-

nostic for whether the assumptions of the random coe�cient regression model are

reasonable. A model is �t using ordinary least squares (OLS) in which all parameters

are estimated as di�erent across individuals. Then, a model in which the parameters
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are equal across individuals is �t by OLS. The residual sum of squares between these

two models is then compared and forms a test.

We will follow the �xed parameter approach in the non-linear model and investi-

gate this approximate test with regard to its correct � level and power.

Let SSEF denote the residual sum of squares when the model in which all pa-

rameters are di�erent across individuals is �t, and has
P

ni�mr degrees of freedom.

SSER is the residual sum squares when the model in which all parameters are equal

across individuals is �t and has
P

ni�r degrees of freedom. Let Q = SSER�SSEF ,

the di�erence in the residual sum of squares between these two models. For testing

the hypothesis in (5.4), this approach yields the test statistic (TS) of the form:

TS =
Q=r(m� 1)

SSEF=
P

ni �mr
: (5.5)

This test is approximated as an F random variable with r(m-1) and
P

ni � mr

degrees of freedom under the null hypothesis.

5.3 Simulation Study

We conducted simulations to evaluate the performance of the test statistic from the

�xed parameter approach by considering its empirical size and power under certain

conditions. The simulation is based on the model:
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yij = Ai(exp(�bitij)� exp(�ditij)) + �ij; i = 1; :::; 8; j = 1; :::; 23; (5.6)

where Ai is normal with mean 1.5. bi and di are normal with mean 0.0065 and

0.044 respectively. Ai, bi, and di are considered random e�ects with Pearson's corre-

lation coe�cient (�) between any relevant pair of random parameters is -.90, .0, or

.90. The independent normal random variables �ij have mean zero and four choices

of variance, i.e. V0 = 5:50287 � 10�6, 10 � V0, 100 � V0, and 1000 � V0. These

error terms are also independent of the random e�ects. With these scenarios and

several choices of �, the population coe�cients of variation (CV) of the random ef-

fects across individuals, 1000 Monte Carlo replications were realized at time (tij) =

f0,5,10,15,30,45,60,75,90,105,120,150,180,210,240,270,300,330,36 0,390,420,450,480g.

When only one random e�ect is considered, the results are shown in table 5.1.

The model we propose for the ux rate pro�le is the exponential di�erence or the

di�erence of exponentials model (Bates and Watts, 1988). This model is a compart-

ment model. Compartment models are commonly used in pharmacokinetics, where

the exchange of materials in biological systems is studied. A system is divided into

compartments, and it is assumed that the rates of ow of drugs between compartments

follow �rst order kinetics, so that the rate of transfer to a receiving compartment is

proportional to the concentration in the supplying compartment. The transfer coef-

�cients, which are assumed constant with respect to time, are called rate constants.
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The reciprocal of a rate constant is called a time constant. Our model has two

constant rates (b and d). We also assume that d � b. Since d is greater than b,

this model can be considered as a two compartment model with a faster absorption

constant rate than elimination constan trate. A is mathematically explained as a

function of b, d, and an initial unobservable quantity of the supplying compartment.

This model allows the response to be zero at time zero.

The empirical size of the test slightly increases when the variance of the error term

increases. It is greater than the level .05 but it is still within three standard errors of

the nominal level. When variance of the error terms equals V0 = 5:50287� 10�6, the

achieved power is very high and close to one in all random e�ects when � is only .01.

If the error variance is 10� V0, the achieved power is close to one when � is .05. If

the error variance is 100�V0, the achieved power is close to one when � is .10. If the

error variance is 1000� V0, the achieved power is close to one when � is .10 for only

when A or b is random. The information from 8 individuals each at 23 time points is

su�cient to allow detection of slightly departures from the null hypothesis. The test

o�ers very good power for detection. Power increases as the population CV increases

as expected. The random e�ect d is the slowest e�ect to achieve a higher power with

an increase in the population CV, in contrast with the random e�ect A that is the

fastest e�ect to achieve the desired power.
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Table 5.1: Simulation results: the proportion of times the null hypothesis is rejected

at level 0.05 (F:95;21;160 = 1:622) when a random e�ect is considered at di�erent levels

of the population CV (�) and variance of error terms.

Var(�ij) Random E�ect � = 0 � = .01 � = .05 � = .10

V0 = 5:50287� 10�6 A .068 1.0 1.0 1.0

(Median) (1.018) (37.733) (922.520) (3709.266)
b .068 1.0 1.0 1.0

(Median) (1.018) (20.643) (498.480) (2023.392)

d .068 .992 1.0 1.0
(Median) (1.018) (7.433) (162.317) (655.374)

10� V0 A .069 .978 1.0 1.0

(Median) (1.018) (4.730) (92.742) (369.158)
b .069 .906 1.0 1.0
(Median) (1.018) (3.052) (50.875) (203.448)

d .069 .522 1.0 1.0
(Median) (1.018) (1.655) (17.103) (66.047)

100� V0 A .070 .345 .999 1.0
(Median) (1.021) (1.418) (10.275) (37.768)

b .070 .215 .993 1.0
(Median) (1.021) (1.226) (5.953) (21.217)

d .070 .115 .868 .991

(Median) (1.021) (1.082) (2.656) (7.551)

1000� V0 A .092 .108 .720 .980

(Median) (1.047) (1.087) (2.040) (4.934)
b .092 .094 .473 .916

(Median) (1.047) (1.074) (1.588) (3.163)
d .092 .095 .198 .577

(Median) (1.047) (1.052) (1.220) (1.744)

Table 5.2-5.3 show the preliminary study of 1000 Monte Carlo replications when

two or more random e�ects are in the model and they are negatively correlated,

independent, or positively correlated (� = -.90, .0, .90 respectively) at the error

variance 100� V0, and 1000 � V0. Not surprisingly, the power increases when more

random e�ects terms are in the model. In table 5.2, with � = .0 and � = .01, the
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power increases by .157 (.502-.345) when A and b are both random, compared to

when only A is random (table 5.1). Similarly, the power increases by .056 (.401-.345)

when A and d are both random e�ects, compared to when only e�ect A is random

(table 5.1). When b is the only random e�ect in the model, adding d as an additional

random e�ect slightly increases the power from .215 to .259 . Adding both b and d as

random e�ects in the model that has only A as a random e�ect increases the power

about the same amount as adding only b e�ect. Similar pattern when � = .01 and

.05 is presented in table 5.3

When random e�ects are highly negatively or highly positively correlated, we

observe that positive correlation between each random pair of e�ects causes the power

to be lower than the independent random e�ects case when (A,b), (b,d), and (A,b,d)

are random but not for (A,d). Negative correlation between (A,b) and (b,d) causes

the power to be higher than when they are independent random but not for (A,d).

For example, when � = .01 the power when both A and b are random is .165, .502,

and .698, respectively, when � = .90, .0, and -.90. If both A and d are random when

� = .01, the power is .225, .401 and .547, respectively, when � = -.90, .0, and .90.

Similar results were obtained in table 5.3 when the error variance is 1000� V0.
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Table 5.2: Simulation results: the proportion of times the null hypothesis is rejected

at level 0.05 (F:95;21;160 = 1:622) when more than one random e�ect are considered

at di�erent levels of the population CV (�) and variance of the error terms equal

100� V0.

Random E�ects � = .01 � = .05 � = .10

� = :90 A,b .165 .994 1.0
(Median) (1.201) (5.161) (17.826)

A,d .547 1.0 1.0
(Median) (1.707) (17.085) (65.045)

b,d .193 .997 1.0
(Median) (1.228) (5.762) (20.571)

A,b,d .301 1.0 1.0

(Median) (1.335) (10.041) (37.186)

� = :0 A,b .502 1.0 1.0

(Median) (1.623) (15.166) (57.910)
A,d .401 1.0 .999

(Median) (1.486) (12.137) (45.191)
b,d .259 1.0 1.0
(Median) (1.298) (7.674) (28.059)

A,b,d .546 1.0 1.0

(Median) (1.677) (17.090) (66.105)

� = �:90 A,b .698 1.0 1.0

(Median) (2.032) (25.631) (100.295)

A,d .225 .994 1.0

(Median) (1.267) (6.721) (23.288)

b,d .303 1.0 1.0

(Median) (1.355) (9.189) (34.781)
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Table 5.3: Simulation results: the proportion of times the null hypothesis is rejected

at level 0.05 (F:95;21;160 = 1:622) when more than one random e�ect are considered

at di�erent levels of the population CV (�) and variance of the error terms equal

1000� V0.

Random E�ects � = .01 � = .05 � = .10

� = :90 A,b .103 .410 .903
(Median) (1.073) (1.507) (2.786)

A,d .127 .864 .993
(Median) (1.126) (2.767) (7.826)

b,d .100 .456 .918
(Median) (1.074) (1.549) (3.048)

A,b,d .108 .689 .988

(Median) (1.072) (1.945) (4.793)

� = :0 A,b .126 .846 .998

(Median) (1.114) (2.561) (7.030)
A,d .116 .765 .993

(Median) (1.103) (2.209) (5.693)
b,d .101 .576 .980
(Median) (1.078) (1.752) (3.863)

A,b,d .119 .896 1.0

(Median) (1.122) (2.748) (66.105)

� = �:90 A,b .143 .945 .997

(Median) (1.157) (3.639) (11.473)

A,d .101 .530 .939

(Median) (1.076) (1.688) (3.466)

b,d .103 .661 .984

(Median) (1.096) (1.926) (4.551)
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5.4 Sensitivity Analysis

The performance of the approximate F-test was also evaluated at other di�erent values

of the absorption rate parameter d. First, when d� = d=2 = 0:022 and secondly when

d� = 4 � d = 0:176. Since b = :0065 for both cases, then the �rst model can be

considered as a model where two constant rates are almost equal (a Gamma model

when two constant rate are equal), and the second model can be considered as a

model that comes close to the one compartment model (a model when d approaches

to in�nity). Simulations were conducted at the error variance 10� V0 for both cases.

When only one random e�ect is considered, the empirical size and power are shown

in table 5.4.

The empirical size of the test for both models is about .07. The achieved power is

very high and close to one in all random e�ects when � is .05. Power increases as the

� increases. The random e�ect d is the slowest e�ect to achieve a higher power with

an increase in � for both model. The random e�ect A is the fastest e�ect to achieve

the desired power for the model with d� = 0:176. Both A and b are the quickest to

achieve the desired power for the model with d� = 0:022.

Table 5.5 shows the power when two or more random e�ects are in the model and

they are negatively, independent, or positively correlated (� = -.90, .0, .90 respec-

tively) at the error variance 10� V0 for d
� = 0:022 and d� = 0:176 respectively. The

power increases when more random e�ects terms are in the models. When random

e�ects are highly negatively or highly positively correlated, we observe that positive
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Table 5.4: Simulation results: the proportion of times the null hypothesis is rejected

at level 0.05 (F:95;21;160 = 1:622) when a random e�ect is considered at di�erent levels

of the population CV (�) and variance of error terms equal 10 � V0 for d
� = 0:022,

and d� = 0:176

d� Random E�ect � = 0 � = .01 � = .05 � = .10

0.022 A .067 .904 1.0 1.0
(Median) (1.018) (3.038) (50.682) (198.417)

b .067 .915 1.0 1.0

(Median) (1.018) (3.026) (50.752) (202.534)

d .067 .715 1.0 1.0

(Median) (1.018) (2.046) (26.185) (102.708)

0.176 A .068 .992 1.0 1.0
(Median) (1.035) (7.485) (159.961) (640.095)
b .068 .912 1.0 1.0

(Median) (1.035) (3.032) (50.859) (202.788)
d .068 .324 .998 1.0

(Median) (1.035) (1.385) (9.770) (36.470)

correlation between each random pair of e�ects causes the power to be lower than

the independent random e�ects case when (A,b), (b,d), and (A,b,d) are random but

not for (A,d) for both models. Negative correlation between (A,b) and (b,d) causes

the power to be higher than when they are independent random but not for (A,d)

for both models. For example, when � = :01 and d� = 0:022, the power when both A

and b are random is .602, .989, and .992, respectively, when � = .90, .0, and -.90. If

both A and d are random when � = :01 and d� = 0:022, the power is .593, .964 and

.990, respectively, when � = -.90, .0, and .90. Similar results were obtained in table

5.6 when d� = 0:176.
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Table 5.5: Simulation results: the proportion of times the null hypothesis is rejected

at level 0.05 (F:95;21;160 = 1:622) when more than one random e�ect are considered at

di�erent levels of the population CV (�) and variance of the error terms equal 10�V0
for d� = 0:022.

Random E�ects � = .01 � = .05 � = .10

� = :90 A,b .602 1.0 1.0
(Median) (1.786) (19.789) (76.130)
A,d .990 1.0 1.0

(Median) (6.411) (132.528) (526.178)
b,d .810 1.0 1.0

(Median) (2.404) (34.578) (135.949)

A,b,d .946 1.0 1.0
(Median) (3.376) (60.273) (238.023)

� = :0 A,b .989 1.0 1.0
(Median) (5.014) (98.288) (395.961)

A,d .964 1.0 1.0
(Median) (4.106) (77.407) (310.201)

b,d .981 1.0 1.0
(Median) (4.076) (76.416) (305.277)
A,b,d .996 1.0 1.0

(Median) (6.116) (125.743) (499.374)

� = �:90 A,b .992 1.0 1.0

(Median) (8.295) (181.673) (726.113)

A,d .593 1.0 1.0

(Median) (1.774) (19.415) (75.661)
b,d .992 1.0 1.0

(Median) (5.574) (116.201) (467.617)
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Table 5.6: Simulation results: the proportion of times the null hypothesis is rejected

at level 0.05 (F:95;21;160 = 1:622) when more than one random e�ect are considered at

di�erent levels of the population CV (�) and variance of the error terms equal 10�V0
for d� = 0:176.

Random E�ects � = .01 � = .05 � = .10

� = :90 A,b .987 1.0 1.0
(Median) (4.957) (99.270) (394.322)
A,d .998 1.0 1.0

(Median) (9.304) (205.114) (815.640)
b,d .929 1.0 1.0

(Median) (3.232) (56.903) (222.910)

A,b,d .997 1.0 1.0
(Median) (6.597) (141.152) (560.222)

� = :0 A,b 1.0 1.0 1.0
(Median) (9.5614) (213.113) (854.044)

A,d .998 1.0 1.0
(Median) (7.913) (169.891) (678.277)

b,d .956 1.0 1.0
(Median) (3.346) (60.753) (241.080)
A,b,d .999 1.0 1.0

(Median) (10.114) (222.472) (901.780)

� = �:90 A,b .999 1.0 1.0

(Median) (14.075) (329.347) (1330.202)

A,d .991 1.0 1.0

(Median) (6.396) (132.766) (525.588)
b,d .948 1.0 1.0

(Median) (3.466) (61.865) (249.087)



Chapter 6

Determining which E�ects have a

Random Component

To choose which parameters should be random e�ects, Pinheiro et al. (1994) start

with all parameters as mixed e�ects and then examine the eigenvalues of the estimated

variance-covariance matrix. If one, or more, are close to zero, then the associated

eigenvector(s) would then give an estimate of the linear combination of the parameters

that could be considered as �xed.

The strategy we suggest here for determining the random e�ects in the model is

to use the sample coe�cient of variation of each individual estimate (CV(�̂)) and CV

for all possible combinations of the estimates. CV for more than one estimator will be

de�ned later and denoted by CV(�̂1,...,�̂k). For our model, we calculate CV(Â), CV(b̂),

CV(d̂), CV(Â; b̂), CV(Â; d̂), CV(b̂; d̂), and CV(Â; b̂; d̂). We expect that CV(Â) will

have the highest value when A is the only random parameter in the model. Similarly,

CV(b̂) or CV(d̂) will have the highest value when only b or d, respectively, is a random

parameter in the model. When two or more random parameters are in the model,

we want to investigate the performance of those CVs under certain conditions. , e.g.,

123
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CV(Â), CV(b̂), and CV(Â; b̂) will have the highest value when both A and b are

random.

The motivation of using the sample CV of an estimator to detect the corresponding

random parameter after the signi�cance of the approximate F test can be considered

as follows:

Suppose in a single factor balanced ANOVA model II,

Yij = �i + �ij (6.1)

where:

�i are independent N(�:, �
2
�)

�ij are independent N(0,�
2)

�i and �ij are independent random variables

i = 1, : : : ,k groups and j = 1, : : : ,n replications.

From this model, �Yi is an estimator of the random parameter �i. The expectation

and variance of �Yi is as follows:

E( �Yi) = �: (6.2)

V ( �Yi) = �2� +
�2

n
(6.3)

Hence, the population CV(�Yi) is de�ned by:
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CV ( �Yi) =
(�2� +

�2

n
)
1
2

�:
(6.4)

The population CV(�Yi) can be estimated by the sample CV(�Yi:) which is de�ned

by:

CV ( �Yi:) =
[
Pk

i=1(
�Yi: � �Y::)

2=(k � 1)]
1
2

j �Y::j : (6.5)

The test statistics is F =MS(Between Groups)/MS(Within Group). Since MS(Between

Groups) = n
Pk

i=1(
�Yi:� �Y::)

2=(k�1), we then can write MS(Between Groups) in term

of the sample CV ( �Yi:) as follow:

F = [n( �Y::)
2CV 2( �Yi:)]=MS(Within Group): (6.6)

We can see that the larger value of sample CV 2( �Yi:), the larger value of F. If the

null hypothesis is false, the noncentral parameter of F (Kuehl, 1994) is:

� = n

Pk
i=1(�i: � �::)2

�2
: (6.7)

The term
Pk

i=1(�i: � �::)2 in the noncentrality parameter � can be estimated by

( �Y::)
2(k � 1)CV 2( �Yi:), and hence the larger value of CV 2( �Yi:), the larger value of �.

Hence the sample CV of the estimator of a random parameter can be used as an
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index to determine whether the parameter is random after the signi�cance of an F

test. The same idea can also be applied in a nonlinear model.

6.1 Coe�cient of Variation

Coe�cient of variation (CV) is a measure of relative dispersion. It equals the ratio of

the population standard deviation to the population mean (Kotz et al., 1982). It is

often expressed as a percentage ((100�=�)%). The sample coe�cient of variation is

(100S= �Y )%, where S is the sample standard deviation and �Y is the sample arithmetic

mean.

For normal populations, an unbiased estimator of �=�p, where p is any real num-

ber, can be found in Rukhin (1985) as a function of its natural estimator, sample size,

and p. If p = 1/2, that function is a reciprocal of the population CV.

The standard error of the sample coe�cient of variation for a normal distribution

is approximately (�2=2n)(1 + 2�2), where � is the population CV (Stuart and Ord,

1994) obtained by the Taylor series approximations. An approximate standard error

of CV 2 for �nite population (e.g. in a survey sampling) was also given in Kova�cevi�c

et al. (1997) by using the theory of estimating equations. An approximate upper

con�dence limit for the CV was given by Halperin (1963) as a function of the sample

CV, sample size, Student's t and a chi-square variable. A procedure for interval

estimation of the CV or the shape parameter for a gamma distribution was presented

in O'Brien (1973) by using a sequential estimation. A lower bound for the CV for

any unimodal (at zero) distribution is 1=
p
3 (Bryson et al, 1982) by Khintchine's
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theorem. Test for equality of CVs of k gamma populations by a generalized minimum

chi-square procedure was studied by Tripathi et al. (1993). The test statistic is based

on a consistent estimate obtained by using the maximum likelihood estimators from

each population.

CV is free from scale e�ects, and thus is dimensionless, so it permits the com-

parisons among variables. It has appropriate meaning when data achieve ratio scale

(Brown, 1998). CV can also be plotted as a graph to compare data.

There are some variations of the CV. Kitchin and Proschan (1981) de�ne CV for

nonnegative random variable to be �=� if � greater than zero, and equal to one if �

is zero. For investigating the behavior of sums of squares and of the corresponding

variance estimates, relative stability or stability was introduced by Jones (1968). The

stability of any sample statistic is de�ned to be twice the square of the reciprocal of

its CV (i.e., 2�2=�). Coe�cient of Instrusion (Dittman and Prakash, 1979), de�ned

as the ratio of the standard deviation to the mean di�erence (i.e., �=��), which

measures the uncertainty of the cost relative to the mutual separation of the two costs

in accounting applications. Yohannes (1996) also mentioned the weakness of CV in

a �nancial application. He said that CV shares the weakness of standard deviation

since the standard deviation is based on returns that are greater than the mean return

as well as returns less than the mean return. He introduced the semivariance that

uses only returns that fall below the expectation or some target return since investors

are concerned only returns that are less than the mean return. Vogel and Fennessey
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(1993) recommended a CV that is based on L moments, termed the L coe�cient of

variation, which is nearly unbiased for all underlying distributions. Other indexes of

variation such as coe�cient of root variation (�=
p
�, CRV), coe�cient of root inverse

variation (�
p
�), etc. can be found in Worley et al. (1984).

6.2 Some Uses of the Coe�cient of Variation

Since CV is one in an exponential distribution, there have been used of this prop-

erty in the past. Britney (1974) used this property to show the convergence of an

exponential reliability function. O' Brien (1976) also applied the sample CV 2 from

an exponential distribution as a statistic for testing the randomness since a small

value of CV indicates events occurring systematically, and large values of CV indi-

cate clustering. The test statistic has approximately a chi-square distribution. Ratio

of the sample variance to the sample mean can be used to measure the departure

of Poison-Poison from the generalized Poisson distribution (Bowman and Shenton,

1985). CV 2 of the exponential failure and repair times were also mentioned in Vinod

and Altiok (1986). CV or CV 2 was used for testing the Poisson assumption of the

negative binomial distribution model in Kahn et al. (1989).

It is shown in Barlow and Proschan (1975) that CV for an increasing failure rate

average (IFRA) distribution is less than or equal one but greater than or equal one

for a decreasing failure rate.

CV can be used as a criterion when approximating a multiplicative model by an
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additive model after the data have been transformed logarithmically. The approxi-

mation is good when the CV of the untransformed data is small (Menzefricke, 1979).

Classi�cation of models in quasi-likelihood methods, or in general linear models usu-

ally is done in terms of CV, e.g. models with constant CV, or models with constant

variance etc. (Firth, 1987, Firth, 1988, and Eagleson and M �uller, 1997). A condi-

tional random e�ects model that assumes a common CV for each subject to account

for the heterogeneity of the intrasubject variability in bioavailability/bioequivalence

was proposed by Chow and Tse (1990).

CV is frequently used in sample surveys, e.g. as an allocation factor in strati�ed

sampling (Dayal, 1985), for unequal allocation models for ranked set sampling with

skew distributions (Kaur et al., 1997), for estimator consideration in two-phase sam-

pling (Srivastava, 1970), for estimating the mean of a negative binomial distribution

in two-stage sampling techniques (Mukhopadhyay, 1985), and for auxiliary variables

criteria in successive sampling (Sen, 1971).

The extrema of the CV was used as an alternative method for combining estima-

tors which have unknown variance (Stoppa, 1991). CV 2-like statistic on variances

was proposed as a measure of the degree of severity of heteroskedasticity in Kennedy

(1985). This measure does not depend on sample size, scale invariance and does not

depend on the particular form of the heteroskedasticity. CV can be used as a crite-

rion for estimating the variance of a normal population (Pandey and Singh, 1981),

for conditional inference about a normal mean (Hinkley, 1977), and for determining
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of a sample size. The principle of the least CV was introduced in Masuyama (1983)

for estimating growth curves parameters.

6.3 Multivariate Coe�cient of Variation

Some CV-like methods for k samples have been reported in the literature. These

include the arithmetic mean of standard deviation over the grand mean, the CV

based on variation within samples (the square root of the error mean square from

an analysis of variance over the grand mean), and the CV based on variation among

samples (the square root of the added variance component among samples in an

analysis of variance over the grand mean) (Rohlf et al, 1983). The pooled coe�cient

of variation across samples ( �CV ) for homogeneity of variance test (Bartlett's test) is

de�ned by [
Pk

i=1 fi(CVi)
2=f ]1=2, where fi is the degrees of freedom of sample i and f

is the total degrees of freedom, and other pooled coe�cients (e.g. �CRV ) (Worley et.

al, 1984).

Chow and Tse (1990) investigated estimators for the common CV for balanced k

samples in bioavailability/bioequivalence studies. The arithmetic mean of CV, the

pooled CV as in Worley et. al (1984), the least square regression function of Si and �Y ,

(
Pk

i=1 Si
�Yi=
Pk

i=1
�Y 2), the moment estimator under one-way random e�ects model,

etc. were compared asymptotically.

For the multivariate case, the literature is lacking. We use the univariate CV as

an expansion to the multivariate variables. The proposed multivariate coe�cient of

variation is de�ned as:
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�(Y1; :::; Yk) = f1
k
(�1; :::; �k)fCov(Y1; :::; Yk)g�1(�1; :::; �k)Tg� 1

2 : (6.8)

For example:

�(Y1; Y2) = f1
2
(�1; �2)fCov(Y1; Y2)g�1(�1; �2)Tg� 1

2 ; (6.9)

�(Y ) = f(�)2fV ar(Y )g�1g� 1
2

= �=�: (6.10)

Note that when (Y1; :::; Yk) are mutually independent, the reciprocal of the muti-

variate CV squared (�(Y1; :::; Yk)
�2 = �1;:::;k) is the arithmetic mean of each univariate

reciprocal CV squared (�(Yi)
�2 = �i), i.e.,

�1;:::;k =
1

k
(�1 + :::+ �k): (6.11)

The sample coe�cient of variation for k random variables (Y1; :::; Yk) is then given

by:

CV (Y1; :::; Yk) = f1
k
( �Y1; :::; �Yk)f ^Cov(Y1; :::; Yk)g�1( �Y1; :::; �Yk)Tg� 1

2 : (6.12)
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For example;

CV (Y1; Y2) = f1
2
( �Y1; �Y2)f ^Cov(Y1; Y2)g�1( �Y1; �Y2)Tg� 1

2 ; (6.13)

CV (Y ) = f( �Y )2f ^V ar(Y )g�1g� 1
2

= S= �Y : (6.14)

Similar to the population value, when (Y1; :::; Yk) are mutually independent, the

reciprocal of the sample mutivariate CV squared (CV (Y1; :::; Yk)
�2 = �̂1;:::;k) is the

arithmetic mean of each sample univariate reciprocal CV squared (CV (Yi)
�2 = �̂i),

i.e:

�̂1;:::;k =
1

k
(�̂1 + :::+ �̂k): (6.15)

6.4 Standard Error of Multivariate Coe�cient of

Variation

The approximate standard error of CV can be obtained in several ways. The simplest

way is to use Taylor series approximations or the delta method. The delta method

gives a natural method for obtaining variance approximations (Casella and Berger,

1990). It relies upon large sample arguments. Other two empirical methods that

are computer intensive are the jackknife and the bootstrap methods. These two

resampling methods try to improve the bias problem of the delta method in a small

sample when replacing unknown parameters by the appropriate estimates. (Stuart
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and Ord, 1994). Chernick (1999) pointed out that the delta, the jackknife, and

the bootstrap methods are closely related and are asymptotically equivalent. The

bootstrap tends to be superior in general. The jackknife is second best. The delta

method often underestimates the true standard errors. However higher order Taylor

series approximations can be utilized provided that certain derivatives of the function

of interest exist (Khuri, 1993).

By using the delta method with �rst order term of Taylor series expansion and

replacing the unknown parameters with the appropriate estimates, the estimated

variance of the multivariate CV for independent and normal assumptions is;

^V arfCV (Y1; :::; Yk)g = (�̂1 + ::: + �̂k)
�3fk

n
(�̂1 + ::: + �̂k) +

(k=2)

1
(�̂21 + :::+ �̂2k)g

(6.16)

where �̂i = CV (Yi)
�2.

For k � 2, the estimated variance of the multivariate CV for correlated normal

random variables is not simple since they have covariance terms involved, e.g., for k =

2, it is a function of Cov( �Y1; �Y2), Cov( �Y1; S
2
1), Cov(

�Y1; S12), Cov(S
2
1 ; S

2
2), and Var(S12)

etc.
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6.5 Simulation Study

6.5.1 Independent Random E�ects

Two scenarios of simulations were conducted to see the performance of the proposed

sample CV. The multivariate sample CV without the covariance term (Simulation

I) and the multivariate sample CV with the covariance term(s) (Simulation II). In

simulation I, the proposed statistic is correctly calculated since the random e�ects

are independent. The performance of the proposed statistic can also be compared

when it is not correctly calculated in simulation II. Each simulation is based on the

model (5.6). At each replication of 1000 Monte Carlo runs, sample CV of all subsets

of the estimates were obtained and ranked by ascending order. We investigated the

sample CV of these estimates when all parameters are �xed, and for all possible

combinations of independent random e�ects (one, two, or three random parameters)

with several choices of the error variance, i.e. V0 = 5:50287� 10�6, 10� V0, 100� V0,

and 1000�V0. Error terms are also independent of the random e�ects. Three choices

of �, the population CV of each random e�ects across individuals, i.e. .01, .05, and

.10 were studied.

Table 6.1 shows the result when all parameters are �xed under simulation I. CV(d̂)

is about 90 % of the time in the highest rank for all choices of the error variance

except for the error variance 1000 � V0, that is about 85 %. This means that when

all parameters are �xed and the sample CV is calculated without covariance term,

CV(d̂) is more likely to have the highest value.
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Table 6.2 shows the result when all parameters are �xed under simulation II.

CV(d̂) is about 65 % of the time in the highest rank followed by CV(Â; b̂) which

is about 30 % of the time in the highest rank for all choices of the error variance.

This means that when all parameters are �xed and the sample CV is calculated with

covariance term(s), CV(d̂) and CV(Â; b̂) are more likely to have the highest value.

Table 6.1: Simulation results-I: the proportion of times that the sample CV of

the estimator(s) has the highest value when all parameters are �xed and Var(�ij) =
5:50287� 10�6 = V0.

V0 10� V0 100� V0 1000� V0

CV(Â) .011 .012 .017 .075

CV(b̂) .086 .087 .086 .080

CV(d̂) .903 .901 .897 .845

CV(Â; b̂) .0 .0 .0 .0

CV(Â; d̂) .0 .0 .0 .0

CV(b̂; d̂) .0 .0 .0 .0

CV(Â; b̂; d̂) .0 .0 .0 .0

Table 6.2: Simulation results-II: the proportion of times that the sample CV of
the estimator(s) has the highest value when all parameters are �xed and Var(�ij) =

5:50287� 10�6 = V0.

V0 10� V0 100� V0 1000� V0

CV(Â) .002 .001 .002 .030

CV(b̂) .034 .035 .032 .026

CV(d̂) .654 .651 .647 .634

CV(Â; b̂) .308 .311 .317 .309

CV(Â; d̂) .0 .0 .0 .0

CV(b̂; d̂) .002 .002 .002 .001

CV(Â; b̂; d̂) .0 .0 .0 .0
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Presence of random e�ects are considered in tables 6.3, 6.5, 6.7, and 6.9 for simu-

lation I and in tables 6.4, 6.6, 6.8, and 6.10 for simulation II. Table 6.3 and table 6.4

present results of simulations for several values of � and when one, two, or all three

of the e�ects are random with the error variance of V0 = 5:50287 � 10�6. In each

case, information is presented for relevant sample CVs. When only one parameter is

random, we observe that at least 98 % (simulation I) and 96 % (simulation II) of the

time the corresponding CV will be the highest. When the error variance is increased

from 10 times to 1000 times V0 in tables 6.5 - 6.9 (simulation I) and in tables 6.6 - 6.10

(simulation II), we observe that to attain the highest rank most of the times, � of the

random parameter should increase correspondingly. For example, when A is random

and the error variance is 10� V0 we have CV(Â) is highest 100 % (simulation I) and

99 % (simulation II) of the time when � = .05 while it will be only 76 % (simulation

I) and 70 % (simulation II) the highest when the error variance is 100� V0, and just

20 % (simulation I) and 10 % (simulation II) the highest when the error variance is

1000�V0 for this population CV value. Note that when the error variance is 1000�V0

and � = .10 in simulation I, CV(Â) is the highest just 47 % (simulation I) and 36 %

(simulation II) of the time while CV(d̂) is the highest 49 % (simulation I) and 41 %

(simulation II) of the time even though d is a �xed parameter in this case.

In simulation II (incorrectly calculated CV), when A is only random parameter

with � = .01, we observe that CV(d̂) and CV(Â; b̂) also have the highest value a

certain amount of times, e.g., 40 % and 23 % (table 6.6) when the error variance
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is 10 � V0, and 64 % and 30 % (table 6.10) when the error variance is 1000 � V0.

Similarly for the case when b is the only random parameter. When d is the only

random parameter with � = .01 we have that CV(Â; b̂) is the highest 16 % of the

time (table 6.6) when the error variance is 10�V0, while it is the highest 30 % of the

time (table 6.10) when the error variance is 1000� V0. For � = .10, this percentage

goes down to 17 % for the error variance equals 1000� V0.

Table 6.3: Simulation results-I: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random
e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 5:50287� 10�6 = V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .981 1.0 1.0

b CV(b̂) .980 1.0 1.0

d CV(d̂) .996 1.0 1.0

A,b CV(Â) .503 .515 .515

CV(b̂) .497 .485 .485

A,d CV(Â) .476 .528 .527

CV(d̂) .524 .472 .473

b,d CV(b̂) .469 .528 .527

CV(d̂) .531 .472 .473

A,b,d CV(Â) .307 .342 .346

CV(b̂) .280 .317 .314

CV(d̂) .431 .341 .340
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Table 6.4: Simulation results-II: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random

e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 5:50287� 10�6 = V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .971 1.0 1.0

b CV(b̂) .966 1.0 1.0

d CV(d̂) .987 1.0 1.0

A,b CV(Â) .378 .414 .413

CV(b̂) .387 .389 .393

CV(Â; b̂) .234 .197 .194

A,d CV(Â) .413 .425 .422

CV(d̂) .457 .386 .381

CV(Â; d̂) .129 .189 .197

b,d CV(b̂) .403 .426 .420

CV(d̂) .454 .378 .384

CV(b̂; d̂) .142 .196 .196

A,b,d CV(Â) .197 .212 .220

CV(b̂) .186 .220 .218

CV(d̂) .297 .226 .221

CV(Â; b̂) .157 .116 .113

CV(Â; d̂) .078 .105 .101

CV(b̂; d̂) .062 .090 .093

CV(Â; b̂; d̂) .023 .031 .034
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Table 6.5: Simulation results-I: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random

e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 10� V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .460 1.0 1.0

CV(d̂) .504 .0 .0

b CV(b̂) .476 .999 1.0

CV(d̂) .521 .001 .0

d CV(d̂) .953 1.0 1.0

A,b CV(Â) .299 .507 .510

CV(b̂) .318 .493 .490

CV(d̂) .383 .0 .0

A,d CV(Â) .271 .511 .521

CV(d̂) .715 .489 .479

b,d CV(b̂) .292 .503 .552

CV(d̂) .703 .497 .478

A,b,d CV(Â) .173 .331 .351

CV(b̂) .176 .301 .303

CV(d̂) .651 .368 .346
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Table 6.6: Simulation results-II: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random

e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 10� V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .351 .999 1.0

CV(d̂) .398 .0 .0

CV(Â; b̂) .230 .0 .0

b CV(b̂) .370 .998 1.0

CV(d̂) .420 .0 .0

CV(Â; b̂) .183 .0 .0

d CV(d̂) .821 .998 1.0

CV(Â; b̂) .161 .0 .0

A,b CV(Â) .154 .400 .401

CV(b̂) .170 .394 .402

CV(d̂) .262 .004 .0

CV(Â; b̂) .396 .206 .197

A,d CV(Â) .207 .415 .420

CV(d̂) .641 .418 .390

CV(Â; b̂) .134 .0 .0

CV(Â; d̂) .014 .167 .190

b,d CV(b̂) .227 .418 .419

CV(d̂) .642 .413 .385

CV(Â; b̂) .106 .0 .0

CV(b̂; d̂) .023 .169 .196

A,b,d CV(Â) .088 .207 .215

CV(b̂) .088 .205 .209

CV(d̂) .548 .262 .236

CV(Â; b̂) .250 .130 .119

CV(Â; d̂) .010 .094 .104

CV(b̂; d̂) .013 .077 .088

CV(Â; b̂; d̂) .003 .025 .029
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Table 6.7: Simulation results-I: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random

e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 100� V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .065 .763 .978

CV(b̂) .074 .014 .0

CV(d̂) .861 .223 .022

b CV(b̂) .132 .753 .978

CV(d̂) .857 .246 .022

d CV(b̂) .078 .015 .002

CV(d̂) .895 .970 .997

A,b CV(Â) .051 .445 .501

CV(b̂) .122 .443 .499

CV(d̂) .827 .112 .0

A,d CV(Â) .060 .394 .472

CV(b̂) .079 .002 .0

CV(d̂) .861 .604 .528

b,d CV(b̂) .126 .383 .471

CV(d̂) .859 .617 .529

A,b,d CV(Â) .055 .241 .308

CV(b̂) .093 .224 .278

CV(d̂) .852 .535 .414
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Table 6.8: Simulation results-II: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random

e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 100� V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .017 .697 .969

CV(d̂) .625 .201 .016

CV(Â; b̂) .332 .088 .004

b CV(b̂) .051 .686 .960

CV(d̂) .613 .204 .018

CV(Â; b̂) .331 .079 .004

d CV(d̂) .658 .911 .986

CV(Â; b̂) .304 .079 .008

A,b CV(Â) .012 .275 .372

CV(b̂) .043 .290 .386

CV(d̂) .596 .079 .0

CV(Â; b̂) .346 .340 .240

A,d CV(Â) .013 .354 .407

CV(d̂) .650 .558 .465

CV(Â; b̂) .316 .035 .001

CV(Â; d̂) .006 .049 .127

b,d CV(b̂) .044 .333 .402

CV(d̂) .641 .562 .463

CV(Â; b̂) .311 .034 .001

CV(b̂; d̂) .003 .071 .134

A,b,d CV(Â) .012 .147 .193

CV(b̂) .025 .137 .189

CV(d̂) .652 .431 .307

CV(Â; b̂) .307 .217 .158

CV(Â; d̂) .0 .027 .064

CV(b̂; d̂) .002 .034 .063

CV(Â; b̂; d̂) .002 .007 .026
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Table 6.9: Simulation results-I: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random

e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 1000� V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .081 .199 .473

CV(b̂) .079 .053 .030

CV(d̂) .840 .748 .497

b CV(b̂) .088 .188 .451

CV(d̂) .840 .746 .504

d CV(d̂) .840 .867 .910

CV(b̂) .079 .057 .025

A,b CV(Â) .086 .169 .341

CV(b̂) .080 .148 .292

CV(d̂) .834 .683 .367

A,d CV(Â) .090 .189 .303

CV(b̂) .080 .045 .013

CV(d̂) .830 .766 .684

b,d CV(b̂) .086 .154 .270

CV(d̂) .834 .777 .687

A,b,d CV(Â) .076 .135 .216

CV(b̂) .079 .096 .167

CV(d̂) .845 .769 .617



Chapter 6. Determining which E�ects have a Random Component 144

Table 6.10: Simulation results-II: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three independent random

e�ect(s) are considered at di�erent levels of the population CV (�) and variance of

the error terms equal 1000� V0.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .032 .097 .361

CV(d̂) .635 .580 .412

CV(Â; b̂) .301 .307 .206

b CV(b̂) .029 .093 .309

CV(d̂) .625 .548 .393

CV(Â; b̂) .312 .334 .262

d CV(d̂) .637 .679 .786

CV(Â; b̂) .301 .267 .166

A,b CV(Â) .035 .057 .164

CV(b̂) .028 .053 .147

CV(d̂) .617 .501 .260

CV(Â; b̂) .317 .386 .413

A,d CV(Â) .035 .104 .231

CV(d̂) .624 .629 .619

CV(Â; b̂) .313 .254 .133

CV(Â; d̂) .001 .008 .011

b,d CV(b̂) .027 .062 .192

CV(d̂) .626 .613 .589

CV(Â; b̂) .311 .293 .176

CV(b̂; d̂) .003 .004 .025

A,b,d CV(Â) .029 .057 .114

CV(b̂) .028 .030 .073

CV(d̂) .648 .600 .489

CV(Â; b̂) .294 .306 .297

CV(Â; d̂) .0 .001 .012

CV(b̂; d̂) .001 .005 .013

CV(Â; b̂; d̂) .0 .001 .002
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When only two independent random parameters are considered at V0 for simula-

tion I (table 6.3), the corresponding sample CVs of estimators are the highest rank

about 50 % for each individual estimate. For example, when A and b are independent

random parameters, we observe that CV(Â) and CV(b̂) are the highest 50 % of the

time when � = .01. Similar results were obtained when � = .05 or � = .10, and when

A and d, or b and d are random parameters.

Including the covariance term in CV (simulation II) makes the multivariate sam-

ple CV of the random parameters combination share the highest value when two

random parameters are considered at V0 (table 6.4). The corresponding sample CVs

of estimators are the highest rank about 40 % for each individual estimate and 20

% of their combination, i.e., 40 %, 40 % and 20 %. For example, when A and b are

independent random parameters, we observe that CV(Â), CV(b̂), and CV(Â; b̂) are

the highest, respectively, 38 %, 39 %, and 23 % of the time when � = .01. Similar

results were obtained when � = .05 or � = .10, and when A and d, or b and d are

independent random parameters.

If the error variance is increased to 10�V0, and when A and b are the only random

parameters in simulation I (table 6.5), for � = .01 we have that CV(d̂) is the highest

more often (38 %) followed by CV(b̂) and CV(Â) (32 % and 30 %, respectively). The

percentage of time that CV(d̂) is the highest, when � = .05, decreases dramatically

to 0 %. When the error variance is 100� V0 (table 6.7) and � = .01 , CV(d̂) is the

highest more often than CV(Â), or CV(b̂) (83 %, 5 %, and 12 %,respectively). When
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� = .05, the percentage of time CV(d̂) is the highest, decreases to around 11 %. When

the error variance is 1000�V0, CV(d̂) is the highest 68 % of the time for � = .05 and

37 % of the time for � = .10.

With simulation II, if the error variance is increased to 10 � V0, and when A

and b are the only independent random parameters (table 6.6), for � = .01 we have

that CV(Â; b̂) is the highest more often (40 %) followed by CV(d̂) (26 %) and CV(b̂)

and CV(Â) (17 % and 15 %, respectively). The percentage of time that CV(d̂) is

the highest, when � = .05, decreases dramatically to around 0.4 %. When the error

variance is 100� V0 (table 6.8) and � = .01 , CV(d̂) is the highest more often than

CV(Â), CV(b̂) or CV(Â; b̂) (60 %, 1 %, 4 %, and 35 % respectively). When � = .05,

the percentage of time CV(d̂) is the highest, decreases to around 8 %. When the error

variance is 1000� V0, CV(d̂) is the highest 50 % of the time for � = .05 and 26 % of

the time for � = .10.

When the error variance equals 10�V0 and when A and d are independent random

parameters in simulation I (table 6.5), for � = .01 we have that CV(d̂) is the highest

most often (72 %). When � = .05 and � = .10, the corresponding CVs of estimates

for Â and d̂ have the highest rank (about 51-52 % for CV (Â) and 48-49 % for CV (d̂)).

When the error variance is increased 100 times (table 6.7) and � = .01, CV(d̂) is the

highest most often (86 %) as in the case of all parameters are �xed. To attain the

highest value of the corresponding CVs of estimators Â and d̂, the population CV of

each random parameter has to be at least .05 when the error variance is 10� V0 and
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more than .10 when the error variance is 1000 � V0. Similar results were obtained

when only b and d are independent random in the model.

With simulation II, when the error variance equals 10 � V0 and when A and d

are random parameters (table 6.6), for � = .01 we have that CV(d̂) is the highest

most often (64 %) while CV(Â; b̂) is the highest 13 % of the time. When � = .05

and � = .10, the corresponding CVs of estimates for Â, d̂ and (Â; d̂) have the highest

rank (about 40 % for CV (Â) and CV (d̂), and 20 % for CV(Â; d̂)). When the error

variance is increased 100 times (table 6.8) and � = .01, CV(d̂) and CV(Â; b̂) are the

highest most often (65 % and 32 % respectively) as in the case of all parameters are

�xed. Similar results were obtained when only b and d are independent random in

the model.

When all parameters are independent random at variance level V0 for simulation I

(table 6.3), CV(Â), CV(b̂) and CV(d̂) share the highest rank with the amount being

32-34 % of the time (� = .10). To see this pattern, when the error variance increases,

the population CV of each random parameter has to increase (� = .05 in table 6.5).

With simulation II, when all parameters are independent random at variance level

V0 (table 6.4), CV(Â), CV(b̂) and CV(d̂) share the highest rank with the amount being

22 % of the time (� = .10). Similar to simulation I, to see this pattern, when the error

variance increases, the population CV of each random parameter has to increase.

Figures 6.1-6.3 and �gures 6.4-6.6, for simulation I and II respectively, show the



Chapter 6. Determining which E�ects have a Random Component 148

means of the sample CV of the estimator(s) at the error variance V0 when the pop-

ulation CV of each independent random e�ect is, respectively, .01, .05, and .10. In

each �gure the means of CV of the estimator(s) when all parameters are �xed is

shown at the upper left corner. Both simulations I and II, for this error variance

(V0 = 5:50287 � 10�6), means of CV of the estimator(s) under �xed e�ects are all

within the dashed septagon for all values of the population CV (.01, .05, and .10),

then we can see the pattern of the sample CV of the estimator(s) clearly. For exam-

ple, when only one random e�ect is considered, the mean of the sample CV of the

corresponding estimator is highest and close to the population CV. When both A and

b are independent random, the mean of CV(Â), CV(b̂), and CV(Â; b̂) are all highest

and close to the population CV. When all parameters are independent random, all

means of the sample CV are close to population CV. Note that the means of both

simulations are very close. Means of the multivariate CVs from simulation II are

slightly less than the means from simulation I. The corresponding means tables for

�gures 6.1-6.3 and �gures 6.4-6.6 are given in the appendix of this section.
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Figure 6.1: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)
are considered, each with the population CV = .01 and Var(�ij) = 5:50287� 10�6 =

V0.
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Figure 6.2: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)
are considered, each with the population CV = .05, and Var(�ij) = 5:50287� 10�6 =

V0.
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Figure 6.3: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)
are considered, each with the population CV = .10, and Var(�ij) = 5:50287� 10�6 =

V0.
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Figure 6.4: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)
are considered, each with the population CV = .01 and Var(�ij) = 5:50287� 10�6 =

V0.
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Figure 6.5: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)
are considered, each with the population CV = .05, and Var(�ij) = 5:50287� 10�6 =

V0.
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Figure 6.6: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)
are considered, each with the population CV = .10, and Var(�ij) = 5:50287� 10�6 =

V0.
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Figures 6.7-6.9 and �gures 6.10-6.12, for simulation I and II respectively, show the

means of CV of the estimator(s) at the error variance 10 � V0 when the population

CV of each independent random e�ect is, respectively, .01, .05, and .10. In each �gure

the means of CV of the estimator(s) when all parameters are �xed, is shown at the

upper left corner. With this error variance (10� V0) for both simulations, means of

CV of the estimator(s) under �xed e�ects are all within the dashed septagon when

the population CV = .05 and .10, then we can see the same pattern as for the case

when the error variance is V0 for the population CV = .05 and .10 only. Note that

the means of both simulations are very close. Means of the multivariate CVs from

simulation II are slightly less than the means from simulation I. The corresponding

means tables for �gures 6.7-6.9 and �gures 6.10-6.12 are given in the appendix of this

section.
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Figure 6.7: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .01, and Var(�ij) = 10� V0.
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Figure 6.8: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .05, and Var(�ij) = 10� V0.
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Figure 6.9: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .10, and Var(�ij) = 10� V0.
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Figure 6.10: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .01, and Var(�ij) = 10� V0.
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Figure 6.11: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .05, and Var(�ij) = 10� V0.
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Figure 6.12: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .10, and Var(�ij) = 10� V0.
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Similar results were obtained when the error variance is 100 � V0 (�gures 6.13-

6.15 for simulation I and �gures 6.16-6.18 for simulation II ). The mean of CV of

the corresponding estimator(s) is highest and close to the population CV when the

population CV is .05 and .10 (�gures 6.14-6.15 for simulation I and �gures 6.17-6.18

for simulation II). For both simulations, it is also clearer when the population CV

=.10 than the population CV =.05.

When the error variance is 1000�V0 (�gures 6.19-6.21 for simulation I and �gures

6.22-6.24 for simulation II), we cannot see this pattern anymore since under �xed

e�ects model, all means of CV of estimator(s) are not inside the dash septagon.

The corresponding means tables for �gures 6.13-6.15, �gures 6.16-6.18, �gures

6.19-6.21, and �gures 6.22-6.24 are given in the appendix of this section.
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Figure 6.13: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .01, and Var(�ij) = 100� V0.
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Figure 6.14: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .05, and Var(�ij) = 100� V0.
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Figure 6.15: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .10, and Var(�ij) = 100� V0.
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Figure 6.16: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .01, and Var(�ij) = 100� V0.
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Figure 6.17: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .05, and Var(�ij) = 100� V0.
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Figure 6.18: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .10, and Var(�ij) = 100� V0.
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Figure 6.19: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .01, and Var(�ij) = 1000� V0.
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Figure 6.20: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .05, and Var(�ij) = 1000� V0.
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Figure 6.21: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .10, and Var(�ij) = 1000� V0.
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Figure 6.22: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .01, and Var(�ij) = 1000� V0.
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Figure 6.23: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .05, and Var(�ij) = 1000� V0.
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Figure 6.24: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s)

are considered, each with the population CV = .10, and Var(�ij) = 1000� V0.
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Table 6.27 (simulation I) and table 6.28 (simulation II) in the appendix show the

means of CV of the estimator(s) when all parameters are �xed at the error variance

V0, and 10, 100, or 1000 times V0. For both simulations, we can see that the highest

value is .005 (CV (d̂)) at variance level V0. This implies that, at variance level V0, the

population CV of any random component has to be at least .005 for detecting the

di�erence between CV of estimators associated with random and �xed e�ects. The

highest CV of estimator at 10�V0, 100�V0, and 1000�V0 are, respectively, .015, .046

and .145. This implies that, to be able to detect the di�erence between the sample

CV of estimator associated with random and �xed e�ects, the population CV of each

random component has to be at least .015, .046 and .145 for the error variance level

10� V0, 100� V0, and 1000� V0, respectively.

The population CV of each random parameter is .01, .05, and .10, respectively,

(tables 6.29 - 6.31 for simulation I and tables 6.32 - 6.34 for simulation II in the

appendix). The sample CV of the estimates corresponding to the random e�ects and

its combination are highest and close to the population value. For example, at V0,

when A and b are random we observe that the mean of CV(Â), CV(b̂) and CV(Â; b̂)

are .01 (the value of the population CV of each random component) while means

of the rest are .005 or .006. Similar results are presented in tables 6.30 - 6.31 for

simulation I and tables 6.33 - 6.34 for simulation II. Note that in simulation II (the

multivariate CV with covariance term(s)), the mean values are slightly underestimate.

When the error variance is 10�V0, we cannot see the di�erence between the sample
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CV of estimator associated with random and �xed e�ects in table 6.35 for simulation

I and table 6.38 for simulation II, since the population CV of each random parameter

is only .01. If we increases the population CV as in table 6.36 and table 6.39 (CV =

.05), or table 6.37 and table 6.40 (CV = .10), we can observe the di�erence.

The same performance is shown when the error variance is 100 � V0 for both

simulations. The di�erence between the sample CV of estimator associated with

random and �xed e�ects can be noticed when the population CV is .05 (table 6.42

and table 6.45 in the appendix) and .10 (table 6.43 and table 6.46 in the appendix).

Since the population CV of each random component is less than .145 (the mean

of CV(d̂) when all parameters are �xed at 1000 � V0), so we cannot observe any

di�erence among the sample CV of estimators in tables 6.47 - 6.49 for simulation I

and tables 6.50 - 6.52 for simulation II.

6.5.2 Correlated Random E�ects

Two scenarios of simulations were conducted to see the performance of the proposed

CV when two or more random e�ects are in the model, and they are positively

or negatively highly correlated. With similar scenarios as in the previous section,

with the addition that the Pearson's correlation coe�cient (�) between any relevant

pair of random parameters is .90 or -.90. Simulation I in this section refers to the

multivariate sample CV with the covariance term(s) (correctly calculated statistic)

and simulation II refers to the multivariate sample CV without the covariance term

(incorrectly calculated statistic). Simulation II were investigated at the error variance
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V0 = 5:50287 � 10�6 and 10 � V0 only. The results of the proportion of times that

the sample CV of the estimator(s) is the highest are shown in tables 6.11, 6.13, 6.15,

and 6.16 for simulation I and tables 6.12 and 6.14 for simulation II.

For simulation I, when only two positively correlated parameters are present at

V0 (table 6.11), we observe that the CV of the corresponding estimators have the

highest rank most of the time when � = :90. For example, when A and b are

positively correlated, CV(Â; b̂) is the highest about 84 %, 85 %, and 84 % of the

time, respectively, when � = .01, .05, and .10. This result is signi�cantly higher

than the case when both parameters are independent random (table 6.3), where only

CV(Â) and CV(b̂) share the highest rank. When � = �:90, we observe that CV of the

estimator corresponding with each individual random parameter has the highest rank

most of the time. For example, when A and b are negatively correlated, CV(Â) and

CV(b̂) has the highest, respectively, about 51 % and 49 % of the time for all values

of �. This result is very similar to the case when both parameters are independent

random (table 6.3).

Similar results with the bivariate positively correlated e�ects were obtained when

all parameters are positively correlated at the error variance level V0 (table 6.11),

CV(Â; b̂; d̂) is the highest 50 %, 61 %, and 63 % of the time, respectively, when �

= .01, .05, and .10. This is signi�cantly higher than the case when all parameters

are independent random variables (table 6.3) where only CV(Â), CV(b̂), and CV(d̂)

share the highest rank.
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In contrast with simulation I, when more than two positively correlated parameters

are present at V0 (table 6.12) and we ignore the covariance term in the multivariate

sample CV (simulation II), we observe that only the CVs of the estimator correspond-

ing with each individual random parameter share the highest rank when � = :90. For

example, when A and b are positively correlated, CV(Â) and CV(b̂) share the highest

rank about 48-49 % and 51 % of the time, respectively. When all parameters are

positively correlated, CV(Â), CV(b̂), and CV(d̂) share the highest rank about 29 %,

26 %, and 45 % for � = .01 and about 32-34 % each for � = .05, and .10.

An interesting result when � = �:90, we observe that ignoring the covariance term

in the multivariate sample CV yields similar result as simulation I and hence similar

to the case when both parameters are independent. For example, when A and b are

negatively correlated, CV(Â) and CV(b̂) has the highest, respectively, about 51 %

and 49 % of the time for all values of � (table 6.4).
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Table 6.11: Simulation results-I: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three correlated e�ect(s) are
considered at di�erent levels of the population CV (�) and variance of the error terms

equal 5:50287� 10�6 = V0.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .509 .508 .513 .070 .075 .078

CV(b̂) .484 .492 .487 .073 .074 .078

CV(d̂) .003 .0 .0 .005 .016 .0

CV(Â; b̂) .004 .0 .0 .841 .851 .844

A,d CV(Â) .429 .515 .520 .117 .084 .080

CV(d̂) .569 .485 .480 .180 .076 .075

CV(Â; d̂) .0 .0 .0 .703 .840 .845

b,d CV(b̂) .431 .516 .518 .099 .080 .079

CV(d̂) .567 .484 .482 .179 .075 .076

CV(b̂; d̂) .0 .0 .0 .722 .845 .845

A,b,d CV(Â) .017 .010 .009

CV(b̂) .008 .011 .010

CV(d̂) .075 .013 .010

CV(Â; b̂) .216 .121 .123

CV(Â; d̂) .089 .129 .124

CV(b̂; d̂) .094 .102 .098

CV(Â; b̂; d̂) .501 .614 .626
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Table 6.12: Simulation results-II: the proportion of times that the sample CV of

the estimator(s) has the highest value when one, two or three correlated e�ect(s) are
considered at di�erent levels of the population CV (�) and variance of the error terms

equal 5:50287� 10�6 = V0.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .510 .508 .513 .480 .490 .486

CV(b̂) .487 .492 .487 .508 .510 .514

CV(d̂) .003 .0 .0 .012 .0 .0

CV(Â; b̂) .0 .0 .0 .0 .0 .0

A,d CV(Â) .430 .515 .520 .416 .485 .488

CV(d̂) .570 .485 .480 .584 .515 .512

CV(Â; d̂) .0 .0 .0 .0 .0 .0

b,d CV(b̂) .432 .516 .518 .421 .491 .485

CV(d̂) .568 .484 .482 .579 .509 .515

CV(b̂; d̂) .0 .0 .0 .0 .0 .0

A,b,d CV(Â) .293 .321 .325

CV(b̂) .255 .333 .337

CV(d̂) .452 .346 .338

CV(Â; b̂) .0 .0 .0

CV(Â; d̂) .0 .0 .0

CV(b̂; d̂) .0 .0 .0

CV(Â; b̂; d̂) .0 .0 .0
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For simulation I, when the error variance is 10 � V0 (table 6.13), similar results

to the case when the error variance equals V0 were obtained. When A and b are

positively correlated, CV(Â; b̂) is the highest about 67 %, 85 %, and 85 % of the

time, respectively, when � = .01, .05, and .10. This is signi�cantly higher than the

case when both parameters are independent random (table 6.5), where only CV(Â)

and CV(b̂) share the highest rank. Note that the sample CV of the corresponding

estimators (CV(Â; b̂)) is the highest most of the time when � is only .01. This is not

true for this particular � (.01) if parameter d is also random variable, as well as either

A, b or (A,b) are random. We observe that the sample CV of the corresponding

estimators will be highest most of the time when � is .05 or .10. For example,

CV(Â; d̂) is the highest 79 % and 82 % of the time, respectively, when � is .05 and

.10. CV(b̂; d̂) is the highest 79 % and 83 % of the time, respectively, when � is .05

and .10. CV(Â; b̂; d̂) is the highest 56 % and 61 % of the time, respectively, when �

is .05 and .10 (table 6.13)

For the negatively correlated parameters with the error variance equals 10 � V0

(table 6.13), the sample CV of the estimator corresponding with each individual

random parameter has the highest rank most of the time when � = .05 and � = .10

only. For example, when A and b are negatively correlated, CV(Â) and CV(b̂) has

the highest, respectively, about 50-51 % and 49-50 % of the time for � = .05 and .10.

This result is very similar to the case when both parameters are independent random

(table 6.5).
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For simulation II, when the error variance is 10 � V0 (table 6.14), similar results

to the case when the error variance equals V0 were obtained. If we ignore the co-

variance term in the multivariate sample CV, we observe that only the CVs of the

estimator corresponding with each individual random parameter share the highest

rank when � = :90 for � = .05, and .10 only. For example, when A and b are posi-

tively correlated, CV(Â) and CV(b̂) share the highest rank about 49 % and 51 % of

the time, respectively. When all parameters are positively correlated, CV(Â), CV(b̂),

and CV(d̂) share the highest rank about 30 %, 30 %, and 40 % for � = .05 and about

32-36 % each for � = .10.

When � = �:90, we observe the similar interesting result to the case when the

error variance equals V0 for � = .05, and .10 only, i.e., ignoring the covariance term

in the multivariate sample CV yields similar result as simulation I and hence similar

to the case when both parameters are independent.
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Table 6.13: Simulation results-I: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error
terms equal 10� V0.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .271 .506 .499 .034 .076 .079

CV(b̂) .296 .491 .501 .050 .074 .076

CV(d̂) .302 .001 .0 .238 .0 .0

CV(Â; b̂) .123 .002 .0 .665 .848 .845

A,d CV(Â) .107 .472 .508 .175 .090 .088

CV(d̂) .713 .528 .492 .598 .125 .089

CV(Â; b̂) .164 .0 .0 .120 .0 .0

CV(Â; d̂) .0 .0 .0 .104 .785 .823

b,d CV(b̂) .165 .484 .512 .171 .090 .087

CV(d̂) .709 .516 .488 .580 .120 .085

CV(Â; b̂) .120 .0 .0 .096 .0 .0

CV(b̂; d̂) .001 .0 .0 .152 .790 .828

A,b,d CV(Â) .026 .009 .011

CV(b̂) .016 .007 .008

CV(d̂) .394 .035 .015

CV(Â; b̂) .465 .183 .127

CV(Â; d̂) .007 .102 .120

CV(b̂; d̂) .027 .101 .112

CV(Â; b̂; d̂) .065 .563 .607
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Table 6.14: Simulation results-II: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error
terms equal 10� V0.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .314 .507 .499 .242 .485 .487

CV(b̂) .340 .492 .501 .285 .514 .513

CV(d̂) .346 .001 .0 .473 .0 .0

CV(Â; b̂) .0 .002 .0 .0 .0 .0

A,d CV(Â) .148 .472 .508 .270 .454 .481

CV(d̂) .814 .528 .492 .721 .546 .519

CV(Â; b̂) .0 .0 .0 .0 .0 .0

CV(Â; d̂) .0 .0 .0 .0 .0 .0

b,d CV(b̂) .196 .484 .512 .278 .450 .481

CV(d̂) .786 .516 .488 .721 .550 .519

CV(Â; b̂) .0 .0 .0 .0 .0 .0

CV(b̂; d̂) .0 .0 .0 .0 .0 .0

A,b,d CV(Â) .193 .304 .318

CV(b̂) .166 .299 .325

CV(d̂) .641 .397 .357

CV(Â; b̂) .0 .0 .0

CV(Â; d̂) .0 .0 .0

CV(b̂; d̂) .0 .0 .0

CV(Â; b̂; d̂) .0 .0 .0
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If we increases the error variance to be 100 � V0 (table 6.15, simulation I), the

corresponding sample CV of estimator(s) will be the highest most of the time when the

population CV is also increased. For example, when A and b are positively correlated,

CV(Â; b̂) is the highest most of the time when � = .05 and .10. When (A,d), (b,d),

or (A,b,d) are positively correlated, respectively, CV(Â; d̂), CV(b̂; d̂), and CV(Â; b̂; d̂)

will be the highest most of the time when � = .10. This is also true when the error

variance is 1000 � V0 (table 6.16), for only A and b are random parameters with �

= .10 but it is not true with this particular � (.10) when (A,d), (b,d) or (A,b,d) are

random parameters.

When A and b are negatively correlated at the error variance 100�V0 (table 6.15,

simulation I), CV(Â) and CV(b̂) is the highest most of the time (about 42 % - 43

% for both CV(Â) and CV(b̂)) when � = .05 and about 50 % for both CV(Â) and

CV(b̂) when � = .10.

At the error variance 100 � V0, if parameter d is also random variable as well

as either A or b. We observe that when (A,d) or (b,d) are negatively correlated,

respectively, CV(Â), CV(d̂) and CV(b̂), CV(d̂) will be in the highest rank most of

the time when � = .10 (table 6.15). We cannot observe this pattern when the error

variance is 1000� V0 (table 6.16).



Chapter 6. Determining which E�ects have a Random Component 186

Table 6.15: Simulation results-I: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error
terms equal 100� V0.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .023 .415 .495 .006 .059 .070

CV(b̂) .047 .432 .497 .035 .063 .067

CV(d̂) .632 .099 .004 .577 .080 .005

CV(Â; b̂) .293 .047 .004 .379 .780 .846

A,d CV(Â) .006 .238 .418 .024 .188 .110

CV(d̂) .676 .693 .580 .644 .442 .198

CV(Â; b̂) .291 .056 .002 .308 .026 .0

CV(Â; d̂) .0 .0 .0 .0 .343 .692

b,d CV(b̂) .036 .278 .441 .046 .171 .107

CV(d̂) .660 .673 .557 .640 .426 .184

CV(Â; b̂) .302 .041 .002 .307 .020 .0

CV(b̂; d̂) .001 .002 .0 .006 .383 .709

A,b,d CV(Â) .005 .025 .015

CV(b̂) .025 .009 .009

CV(d̂) .592 .237 .069

CV(Â; b̂) .372 .374 .225

CV(Â; d̂) .000 .032 .090

CV(b̂; d̂) .005 .058 .099

CV(Â; b̂; d̂) .001 .265 .493
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Table 6.16: Simulation results-I: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error
terms equal 1000� V0.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .034 .089 .268 .031 .048 .070

CV(b̂) .030 .087 .253 .026 .035 .040

CV(d̂) .619 .519 .290 .630 .482 .256

CV(Â; b̂) .314 .299 .180 .311 .431 .616

A,d CV(Â) .030 .064 .165 .033 .104 .205

CV(d̂) .639 .653 .656 .633 .630 .576

CV(Â; b̂) .303 .261 .166 .306 .249 .128

CV(Â; d̂) .0 .0 .0 .0 .007 .090

b,d CV(b̂) .028 .051 .154 .026 .065 .137

CV(d̂) .630 .610 .576 .635 .635 .568

CV(Â; b̂) .308 .308 .237 .303 .267 .138

CV(b̂; d̂) .001 .0 .001 .004 .020 .150

A,b,d CV(Â) .035 .055 .054

CV(b̂) .025 .021 .019

CV(d̂) .631 .532 .387

CV(Â; b̂) .306 .380 .437

CV(Â; d̂) .000 .000 .009

CV(b̂; d̂) .003 .006 .030

CV(Â; b̂; d̂) .000 .006 .064
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Figures 6.25-6.27 and �gures 6.28-6.30 for simulation I and II respectively, show

the means of the sample CV of the estimator(s) at the error variance V0 when the

population CV of each correlated e�ect is, respectively, .01, .05, and .10. In each

�gure, means of CV of the estimator(s) when all parameters are �xed is shown at the

upper left corner. With this error variance (V0 = 5:50287�10�6), the means of CV of

the estimator(s) under �xed e�ects are all within the dashed septagon for all values

of the population CV (.01, .05, and .10) then we can see the pattern of the sample

CV of the estimator(s) clearly. For simulation I (correctly calculated sample CV), the

performance of CV of the estimator(s) when the random e�ects are highly positively

correlated (� = :90) is di�erent from when the random e�ects are highly negatively

correlated (� = �:90). For example, when A and b are positively correlated, the

mean of CV(Â; b̂), CV(Â), and CV(b̂) are highest. The mean of CV(Â; b̂) is the

highest while the mean of CV(Â) and CV(b̂) are close to the population CV. If A and

b are negatively correlated, only the mean of CV(Â) and CV(b̂) are highest and close

to the population CV. With simulation II (incorrectly calculated sample CV), the

means from positively correlated and the means from negatively correlated random

e�ects are very close. The corresponding means tables for �gures 6.25-6.27 and �gures

6.28-6.30 are given in the appendix of this section.
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Figure 6.25: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 5:50287� 10�6 = V0.
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Figure 6.26: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 5:50287� 10�6 = V0.
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Figure 6.27: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 5:50287� 10�6 = V0.
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Figure 6.28: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 5:50287� 10�6 = V0.
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Figure 6.29: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 5:50287� 10�6 = V0.
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Figure 6.30: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 5:50287� 10�6 = V0.
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Figures 6.31-6.33 and �gures 6.34-6.36, for simulation I and II respectively, show

the means of CV of the estimator(s) at the error variance 10�V0 when the population

CV of each independent random e�ect is, respectively, .01, .05, and .10. In each �gure,

means CV of the estimator(s) when all parameters are �xed is shown at the upper

left corner. With this error variance (10� V0) for both simulations, the means of CV

of the estimator(s) under �xed e�ects are all within the dashed septagon when the

population CV = .05 and .10, then we can see the same pattern as for the case when

the error variance is V0 for the population CV = .05 and .10. only. The corresponding

means tables for �gures 6.31-6.33 and �gures 6.34-6.36 are given in the appendix of

this section.
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Figure 6.31: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 10� V0.
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Figure 6.32: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 10� V0.



Chapter 6. Determining which E�ects have a Random Component 198
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Figure 6.33: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 10� V0.
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Figure 6.34: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 10� V0.
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Figure 6.35: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 10� V0.
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Figure 6.36: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 10� V0.
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Similar results were obtained when the error variance is 100�V0(�gures 6.37-6.39,

simulation I). The mean of CV of the corresponding estimator(s) is highest and close

to the population CV when the population CV is .05 and .10 (�gures 6.38-6.39).

It is also clearer when the population CV =.10 than the population CV =.05. For

example, when the population CV = .10 and both A and b are correlated (�gure

6.39). The mean of CV(Â; b̂), CV(Â), and CV(b̂) are highest. Mean of CV(Â; b̂) is

higher than the population CV while the mean of CV(Â) and CV(b̂) are close to the

population CV for � = :90. Only the mean of CV(Â) and CV(b̂) are highest and close

to the population CV when � = �:90.

When the error variance is 1000�V0(�gures 6.40-6.42), we cannot see this pattern

anymore since under �xed e�ects model, all means of CV of estimator(s) are not

inside the dash septagon.

The corresponding means tables for �gures 6.37-6.39 and �gures 6.40-6.42 are

given in the appendix of this section.
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Figure 6.37: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 100� V0.



Chapter 6. Determining which E�ects have a Random Component 204
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Figure 6.38: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 100� V0.
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Figure 6.39: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 100� V0.
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Figure 6.40: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 1000� V0.



Chapter 6. Determining which E�ects have a Random Component 207

A,b,d Fixed at 1000V0

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

A,b (CV = .05, Rho = .90)

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

A,d (CV = .05, Rho = .90)

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

b,d (CV = .05, Rho = .90)

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

A,b (CV = .05, Rho = -.90)

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

A,d (CV = .05, Rho = -.90)

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

b,d (CV = .05, Rho = -.90)

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

A, b, d (CV = .05, Rho = .90) 

0

0.05

0.1

0.15

CV(A)

CV(b)

CV(d)

CV(A,b)CV(A,d)

CV(b,d)

CV(A,b,d)

Figure 6.41: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 1000� V0.
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Figure 6.42: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 1000� V0.
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From simulation I and the tables of means in the appendix, the sample CV of the

corresponding estimators will be the highest value when the parameters are positively

correlated, and the sample CV of the estimator corresponding with each individual

random parameter will be the highest value when the parameters are negatively cor-

related at some particular error variance and population CV (�). For example, at

the error variance V0 we can observe that the average of CV(Â; b̂), the average of

CV(Â; d̂), or the average of CV(b̂; d̂) are higher than the average of CV(Â), the av-

erage of CV(b̂), or the average of CV(d̂) when � = .01, .05, and .10. At the error

variance 10 � V0 we can observe this pattern when � = .05, and .10. At the error

variance 100� V0 we can observe similar pattern when � = .10. When error variance

is 1000� V0, we cannot observe this pattern anymore.

When the parameters are negatively correlated, the average of CV(Â), the average

of CV(b̂), or the average of CV(d̂) are close to the true value while the average of

CV(Â; b̂), the average of CV(Â; d̂), and the average of CV(b̂; d̂) are lower when � =

.01, .05, and .10 at the error variance V0. At the error variance 10�V0 we can observe

this pattern when � = .05, and .10. At the error variance 100 � V0 we can observe

similar pattern when � = .05 and � = .10. When error variance is 1000 � V0, we

cannot observe this pattern anymore.

Note that presence of the positively correlated e�ects makes the mean of CV of the

corresponding estimators higher than the independent random e�ect case. Presence of

the negative correlated e�ects makes the mean of CV of the corresponding estimators
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lower than the independent random e�ect case. For example, when A and b are

random with � = .05 at V0 (table 6.54, simulation I), mean of CV(Â; b̂) is .062 (for

� = :90) and .015 (for � = �:90) while mean of CV(Â; b̂) is .046 (for � = :0, table

6.30).

6.6 Sensitivity Analysis

The performance of the proposed sample CV was also evaluated at other di�erent

values of the absorption rate parameter d. First, when d� = d=2 = 0:022 and secondly

when d� = 4� d = 0:176. Since b = :0065 for both cases, then the �rst model can be

considered as a model where two constant rates are almost equal (a Gamma model

when two constant rate are equal), and the second model can be considered as a model

that collapses to the one compartment model (a model when parameter d approaches

in�nity). Simulations were conducted at the error variance 10� V0 and three choices

of �, the population CV of each random e�ects across individuals, i.e. .01, .05, and

.10.

6.6.1 Independent Random E�ects

Two scenarios of simulations were conducted, the multivariate sample CV without

the covariance term (Simulation I) and the multivariate sample CV with covariance

term(s) (Simulation II). Each simulation is based on the model (5.6). At each repli-

cation of 1000 Monte Carlo runs, sample CV of all subsets of the estimates were
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obtained and ranked by ascending order. We investigated the sample CV of these es-

timates when all parameter are �xed, and for all possible combinations of independent

random e�ects (one, two, or three random parameters).

Table 6.17 shows the results when all parameter are �xed for d� = 0:022 and

d� = 0:176 under simulation I. CV(Â) is about 98 % of the time in the highest rank

for d� = 0:022 but CV(d̂) is about 99 % of the time in the highest rank for d� = 0:176.

This means that when all parameters are �xed, CV(Â) and CV(d̂) are more likely to

have the highest value than other CVs, under the correctly calculated sample CV,

when d� = 0:022 and d� = 0:176 respectively. The results from simulation II (table

6.18) is similar to simulation I for the proportion of CV(Â) (d� = 0:022) and CV(d̂)

(d� = 0:176).

Table 6.17: Simulation results-I: the proportion of times that the sample CV of
the estimator(s) has the highest value when all parameters are �xed and Var(�ij) =
10� V0 for both models.

d� = 0.022 d� = 0.176

CV(Â) .977 .0

CV(b̂) .001 .014

CV(d̂) .022 .986

CV(Â; b̂) .0 .0

CV(Â; d̂) .0 .0

CV(b̂; d̂) .0 .0

CV(Â; b̂; d̂) .0 .0

Presence of random e�ects are considered in tables 6.19 - 6.20 (d� = 0:022) and

tables 6.21 - 6.22 (d� = 0:176). Table 6.19 presents results from simulation I for

several values of � and when one, two, or all three of the e�ects are random with the
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Table 6.18: Simulation results-II: the proportion of times that the sample CV of

the estimator(s) has the highest value when all parameters are �xed and Var(�ij) =

10� V0 for both models.

d� = 0.022 d� = 0.176

CV(Â) .967 .0

CV(b̂) .0 .014

CV(d̂) .022 .978

CV(Â; b̂) .011 .0

CV(Â; d̂) .0 .0

CV(b̂; d̂) .0 .008

CV(Â; b̂; d̂) .0 .0

error variance of 10 � V0 for d� = 0:022. When only one parameter is random, we

observe that the corresponding sample CV will be the highest when � is at least .05.

For example, CV(Â), CV(b̂), and CV(d̂) is highest, respectively, 99 %, 88 %, and 90

% of the time when � is .05.

When only two independent random parameters are considered (table 6.19), the

corresponding sample CVs of each random e�ect share the highest rank when � is at

least .05. For example, at � = .05, CV(Â) and CV(b̂) are the highest, respectively, 61

% and 39 % of the time when A and b are random. At � = .05, CV(Â) and CV(d̂)

are the highest, respectively, 59 % and 41 % of the time when A and d are random.

When all parameters are independent random (table 6.19), CV(Â), CV(b̂), and

CV(d̂) share the highest rank with the amount being, respectively, 45 %, 24 %, and

31 % of the time (� = .05).

Table 6.20 presents results from simulation II for several values of � and when

one, two, or all three of the e�ects are random with the error variance of 10 � V0
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for d� = 0:022. Similar results to simulation I were obtained, but the proportions

the corresponding sample CV will be the highest are less than the proportions from

simulation I when � is at least .05.

Table 6.19: Simulation results-I: the proportion of times that the sample CV of es-

timator(s) has the highest value when one, two or three independent random e�ect(s)

are considered at di�erent levels of the population CV (�) and variance of the error

terms equal 10� V0 for d
� = 0:022.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .969 .985 .999

b CV(Â) .949 .124 .006

CV(b̂) .033 .875 .994

d CV(Â) .872 .099 .003

CV(d̂) .127 .901 .997

A,b CV(Â) .943 .614 .536

CV(b̂) .028 .385 .464

A,d CV(Â) .891 .592 .533

CV(d̂) .107 .408 .467

b,d CV(Â) .852 .027 .002

CV(b̂) .022 .460 .509

CV(d̂) .126 .513 .489

A,b,d CV(Â) .861 .446 .374

CV(b̂) .025 .242 .289

CV(d̂) .114 .312 .337
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Table 6.20: Simulation results-II: the proportion of times that the sample CV of es-

timator(s) has the highest value when one, two or three independent random e�ect(s)

are considered at di�erent levels of the population CV (�) and variance of the error

terms equal 10� V0 for d
� = 0:022.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .939 .978 .998

CV(d̂) .026 .010 .0

CV(Â; b̂) .035 .011 .0

b CV(Â) .728 .055 .003

CV(b̂) .004 .696 .979

CV(d̂) .010 .0 .0

CV(Â; b̂) .256 .247 .018

d CV(Â) .867 .096 .003

CV(d̂) .123 .889 .991

CV(Â; b̂) .009 .0 .0

A,b CV(Â) .741 .448 .410

CV(b̂) .003 .238 .349

CV(d̂) .018 .0 .0

CV(Â; b̂) .238 .313 .241

A,d CV(Â) .867 .556 .467

CV(d̂) .099 .373 .398

CV(Â; b̂) .033 .001 .0

CV(Â; d̂) .001 .069 .135

b,d CV(Â) .670 .009 .002

CV(b̂) .004 .350 .418

CV(d̂) .097 .429 .406

CV(Â; b̂) .227 .105 .002

CV(b̂; d̂) .002 .096 .170

A,b,d CV(Â) .709 .289 .251

CV(b̂) .003 .140 .192

CV(d̂) .087 .229 .228

CV(Â; b̂) .201 .244 .160

CV(Â; d̂) .0 .043 .077

CV(b̂; d̂) .0 .036 .062

CV(Â; b̂; d̂) .0 .019 .030
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Table 6.21 presents results from simulation I for several values of � and when

one, two, or all three of the e�ects are random with the error variance of 10� V0 for

d� = 0:176. When only one parameter is random, we observe that the corresponding

sample CV will be the highest when � is at least .05. For example, CV(Â), CV(b̂),

and CV(d̂) is highest 100 % of the time when � is .05. This is very similar to the

model with d = .044.

When only two independent random parameters are considered (table 6.21), simi-

lar pattern to the model with d = .044 was observed. For example, when A and b are

random parameters, we observe that CV(Â) and CV(b̂) are the highest, respectively,

51 % and 49 % of the time when � = .05.

When all parameters are independent random (table 6.21), CV(Â), CV(b̂) and

CV(d̂) share the highest rank with the amount being 30-38 % of the time (� = .05).

This pattern is also very similar to the case when d = .044.

Table 6.22 presents results from simulation II for several values of � and when

one, two, or all three of the e�ects are random with the error variance of 10 � V0

for d� = 0:176. Similar results to simulation I were obtained, but the proportions

the corresponding sample CV will be the highest are less than the proportions from

simulation I when � is at least .05.



Chapter 6. Determining which E�ects have a Random Component 216

Table 6.21: Simulation results-I: the proportion of times that the sample CV of es-

timator(s) has the highest value when one, two or three independent random e�ect(s)

are considered at di�erent levels of the population CV (�) and variance of the error
terms equal 10� V0 for d

� = 0:176.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .271 1.0 1.0

CV(d̂) .723 .0 .0

b CV(b̂) .376 1.0 1.0

CV(d̂) .624 .0 .0

d CV(d̂) .995 1.0 1.0

A,b CV(Â) .193 .513 .518

CV(b̂) .296 .487 .482

CV(d̂) .511 .0 .0

A,d CV(Â) .166 .495 .523

CV(d̂) .830 .505 .477

b,d CV(b̂) .232 .506 .520

CV(d̂) .768 .494 .480

A,b,d CV(Â) .087 .327 .344

CV(b̂) .141 .301 .310

CV(d̂) .772 .372 .346
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Table 6.22: Simulation results-II: the proportion of times that the sample CV of es-

timator(s) has the highest value when one, two or three independent random e�ect(s)

are considered at di�erent levels of the population CV (�) and variance of the error

terms equal 10� V0 for d
� = 0:176.

Random E�ect(s) � = .01 � = .05 � = .10

A CV(Â) .226 .999 1.0

CV(d̂) .675 .0 .0

CV(Â; b̂) .027 .0 .0

b CV(b̂) .340 .999 1.0

CV(d̂) .587 .0 .0

CV(b̂; d̂) .073 .001 .0

d CV(d̂) .993 1.0 1.0

CV(d̂; b̂) .003 .0 .0

A,b CV(Â) .117 .406 .414

CV(b̂) .215 .399 .390

CV(d̂) .442 .0 .0

CV(Â; b̂) .152 .195 .196

A,d CV(Â) .135 .397 .416

CV(d̂) .784 .410 .385

CV(Â; b̂) .018 .0 .0

CV(Â; d̂) .061 .193 .199

b,d CV(b̂) .207 .409 .414

CV(d̂) .719 .396 .382

CV(b̂; d̂) .074 .195 .204

A,b,d CV(Â) .053 .202 .215

CV(b̂) .090 .205 .217

CV(d̂) .697 .255 .232

CV(Â; b̂) .066 .110 .110

CV(Â; d̂) .034 .105 .102

CV(b̂; d̂) .045 .092 .094

CV(Â; b̂; d̂) .015 .031 .030
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Figures 6.43 - 6.45 (for d� = 0:022, simulation I), �gures 6.46 - 6.48 (for d� = 0:022,

simulation II), �gures 6.49 - 6.51 (for d� = 0:176, simulation I), and �gures 6.52 - 6.54

(for d� = 0:176, simulation II), show the means of the sample CV of the estimator(s)

at the error variance 10 � V0 when the population CV of each independent random

e�ect is, respectively, .01, .05, and .10. In each �gure, means of CV of the estimator(s)

when all parameters are �xed is shown at the upper left corner. Both simulations

I and II, for this error variance (10 � V0), means of CV of the estimator(s) under

�xed e�ects are all within the dash septagon when the population CV = .05 and .10,

then we can see the expected pattern for the population CV = .05 and .10 only. For

example, when only one random e�ect is considered the mean of the sample CV of

the corresponding estimator is highest and close to the population CV. When both A

and b are independent random, the mean of CV(Â) and CV(b̂) are highest and close

to the population CV. When all parameters are independent random, all means of

the sample CV are close to population CV. Note that means of both simulations are

very close. Means of the multivariate CVs from simulation II are slightly less than

the means from simulation I except for CV(Â; b̂) when (A,b) and (A,b,d) are random.

The corresponding means tables for �gures 6.43 - 6.45, �gures 6.46 - 6.48, �gures 6.49

- 6.51, and �gures 6.52 - 6.54 are given in the appendix of this section.
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Figure 6.43: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .01, and Var(�ij) = 10�V0 for d
� = 0:022.
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Figure 6.44: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .05, and Var(�ij) = 10�V0 for d
� = 0:022.
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Figure 6.45: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .10, and Var(�ij) = 10�V0 for d
� = 0:022.
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Figure 6.46: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .01, and Var(�ij) = 10�V0 for d
� = 0:022.
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Figure 6.47: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .05, and Var(�ij) = 10�V0 for d
� = 0:022.
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Figure 6.48: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .10, and Var(�ij) = 10�V0 for d
� = 0:022.
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Figure 6.49: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .01, and Var(�ij) = 10�V0 for d
� = 0:176.
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Figure 6.50: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .05, and Var(�ij) = 10�V0 for d
� = 0:176.
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Figure 6.51: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .10, and Var(�ij) = 10�V0 for d
� = 0:176.
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Figure 6.52: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .01, and Var(�ij) = 10�V0 for d
� = 0:176.
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Figure 6.53: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .05, and Var(�ij) = 10�V0 for d
� = 0:176.
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Figure 6.54: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when one, two, or three independent random e�ect(s) are

considered, each with the population CV = .10, and Var(�ij) = 10�V0 for d
� = 0:176.
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6.6.2 Correlated Random E�ects

Two scenarios of simulations were conducted, the multivariate sample CV with the

covariance term(s) (Simulation I) and the multivariate sample CV without the co-

variance term (Simulation II). Each simulation is based on the model (5.6). At each

replication of 1000 Monte Carlo runs, sample CV of all subsets of the estimates were

obtained and ranked by ascending order. We investigated the sample CV of these esti-

mates when all parameters are �xed, and for all possible combinations of independent

random e�ects (one, two, or three random parameters).

Table 6.23 (for d� = 0:022, simulation I), table 6.24 (for d� = 0:022, simulation II)

and table 6.25 (for d� = 0:176, simulation I), table 6.26 (for d� = 0:176, simulation

II), show the results of the proportion of times that the sample CV of the estimator(s)

is the highest when the error variance is 10� V0. Similar results for the case when d

= 0.044 were obtained for both simulations and values of d, when � is at least .05.

For simulation I, we observe that the CV of the corresponding estimators have

the highest rank most of the time when � = :90 but when � = �:90, we observe

that CV of the estimator corresponding with each individual random parameter has

the highest rank most of the time. For example, for d� = 0:022 (table 6.23) when A

and b are positively correlated, CV(Â; b̂) is the highest about 77 %, and 84 % of the

time, respectively, when the population CV (�) = .05, and .10. When A and b are

negatively correlated (table 6.23), CV(Â) and CV(b̂) has the highest, respectively,

about 62 % and 35 % of the time for � = :05.
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For simulation II, we observe that only the CVs of the estimator corresponding

with each individual random parameter share the highest rank when � = :90. When

� = �:90, we observe that ignoring the covariance term in the multivariate sample

CV yields similar result as simulation I, and hence similar to the case when both

parameters are independent. For example, for d� = 0:022 (table 6.24) when A and

b are positively correlated, CV(Â) and CV(b̂) are the highest about 57 %, and 43 %

of the time, respectively, when the population CV (�) = .10. When � = �:90 and

d� = 0:022 (table 6.24) when A and b are random, CV(Â) and CV(b̂) are the highest,

respectively, about 54 % and 46 % of the time for � = :10.
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Table 6.23: Simulation results-I: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error

terms equal 10� V0 for d
� = 0:022.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .708 .617 .538 .897 .195 .102

CV(b̂) .009 .349 .458 .0 .026 .056

CV(d̂) .012 .0 .0 .027 .003 .0

CV(Â; b̂) .271 .034 .004 .076 .772 .842

A,d CV(Â) .918 .689 .588 .826 .332 .159

CV(d̂) .043 .300 .412 .151 .215 .151

CV(Â; b̂) .039 .009 .0 .021 .0 .0

CV(Â; d̂) .0 .0 .0 .002 .453 .690

b,d CV(Â) .703 .044 .009 .656 .002 .0

CV(b̂) .002 .320 .479 .001 .103 .101

CV(d̂) .074 .452 .477 .106 .190 .130

CV(Â; b̂) .221 .175 .028 .232 .118 .001

CV(b̂; d̂) .0 .0 .0 .005 .587 .768

A,b,d CV(Â) .819 .104 .029

CV(b̂) .0 .0 .004

CV(d̂) .131 .093 .040

CV(Â; b̂) .048 .289 .211

CV(Â; d̂) .0 .061 .101

CV(b̂; d̂) .0 .044 .079

CV(Â; b̂; d̂) .002 .409 .536
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Table 6.24: Simulation results-II: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error

terms equal 10� V0 for d
� = 0:022.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .919 .638 .541 .959 .743 .572

CV(b̂) .059 .362 .459 .005 .252 .427

CV(d̂) .022 .0 .0 .036 .005 .001

A,d CV(Â) .951 .695 .588 .838 .599 .525

CV(d̂) .046 .304 .412 .162 .401 .475

b,d CV(Â) .856 .079 .014 .847 .025 .0

CV(b̂) .018 .396 .494 .021 .439 .467

CV(d̂) .126 .525 .492 .132 .536 .533

A,b,d CV(Â) .854 .547 .413

CV(b̂) .002 .098 .217

CV(d̂) .144 .355 .370
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Table 6.25: Simulation results-I: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error

terms equal 10� V0 for d
� = 0:176.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .140 .494 .497 .010 .075 .076

CV(b̂) .271 .505 .503 .063 .078 .081

CV(d̂) .530 .0 .0 .413 .0 .0

CV(Â; b̂) .003 .0 .0 .444 .845 .843

A,d CV(Â) .079 .475 .519 .055 .079 .079

CV(d̂) .907 .524 .481 .713 .118 .081

CV(Â; b̂) .007 .0 .0 .014 .0 .0

CV(Â; d̂) .002 .0 .0 .218 .803 .840

b,d CV(b̂) .150 .492 .524 .094 .092 .085

CV(d̂) .844 .508 .476 .658 .118 .078

CV(b̂; d̂) .005 .0 .0 .248 .790 .837

A,b,d CV(Â) .002 .006 .007

CV(b̂) .018 .006 .010

CV(d̂) .562 .037 .021

CV(Â; b̂) .152 .111 .112

CV(Â; d̂) .012 .127 .129

CV(b̂; d̂) .071 .130 .108

CV(Â; b̂; d̂) .183 .583 .613
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Table 6.26: Simulation results-II: the proportion of times that the sample CV of

estimator(s) has the highest value when one, two or three correlated e�ect(s) are

considered at di�erent levels of the population CV (�) and variance of the error

terms equal 10� V0 for d
� = 0:176.

Random � = �:90 � = :90

E�ects � = .01 � = .05 � = .10 � = .01 � = .05 � = .10

A,b CV(Â) .158 .494 .497 .112 .469 .476

CV(b̂) .293 .506 .503 .293 .531 .524

CV(d̂) .549 .0 .0 .595 .0 .0

A,d CV(Â) .084 .476 .519 .117 .438 .480

CV(d̂) .914 .524 .481 .881 .562 .520

b,d CV(b̂) .153 .492 .524 .177 .454 .481

CV(d̂) .847 .508 .476 .823 .546 .519

A,b,d CV(Â) .046 .251 .304

CV(b̂) .127 .289 .317

CV(d̂) .827 .460 .379
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Figures 6.55 - 6.57 (for d� = 0:022, simulation I), �gures 6.58 - 6.60 (for d� = 0:022,

simulation II), �gures 6.61 - 6.63 (for d� = 0:176, simulation I), and �gures 6.64 - 6.66

(for d� = 0:176, simulation II) show the means of the sample CV of the estimator(s)

at the error variance 10 � V0 when the population CV of each correlated e�ect is,

respectively, .01, .05, and .10. In each �gure, means of CV of the estimator(s) when

all parameters are �xed is shown at the upper left corner. Both simulations I and

II, for this error variance (10� V0), the means of CV of the estimator(s) under �xed

e�ects are all within the dash septagon when the population CV = .05 and .10,

then we can see the expected pattern (similar for the case when d = .044) for the

population CV = .05 and .10 only. For example, in simulation I, when A and b are

positive correlated, the mean of CV(Â; b̂) is higher than the population CV while the

means of CV(Â) and CV(b̂) are close to the population CV. If A and b are negatively

correlated, only the mean of CV(Â) and CV(b̂) are highest and close to the population

CV. For simulation II, since the covariance term is ignored, only the mean of CV(Â)

and CV(b̂) are close to the population value.

The corresponding means tables for �gures 6.55 - 6.57, �gures 6.58 - 6.60, �gures

6.61 - 6.63, and �gures 6.64 - 6.66 are given in the appendix of this section.
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Figure 6.55: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 10� V0 for d
� = 0:022.
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Figure 6.56: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 10� V0 for d
� = 0:022.
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Figure 6.57: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 10� V0 for d
� = 0:022.
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Figure 6.58: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 10� V0 for d
� = 0:022.
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Figure 6.59: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 10� V0 for d
� = 0:022.
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Figure 6.60: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 10� V0 for d
� = 0:022.
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Figure 6.61: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 10� V0 for d
� = 0:176.
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Figure 6.62: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 10� V0 for d
� = 0:176.
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Figure 6.63: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 10� V0 for d
� = 0:176.
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Figure 6.64: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .01, and Var(�ij) = 10� V0 for d
� = 0:176.
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Figure 6.65: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .05, and Var(�ij) = 10� V0 for d
� = 0:176.
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Figure 6.66: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and when two or more correlated e�ects are considered, each

with the population CV = .10, and Var(�ij) = 10� V0 for d
� = 0:176.
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Table 6.27: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and Var(�ij) = 5:50287� 10�6 = V0.

V0 10� V0 100� V0 1000� V0

CV(Â) .003 .010 .032 .109

CV(b̂) .003 .010 .032 .101

CV(d̂) .005 .015 .046 .145

CV(Â; b̂) .003 .010 .032 .103

CV(Â; d̂) .004 .012 .037 .120

CV(b̂; d̂) .004 .011 .036 .114

CV(Â; b̂; d̂) .003 .011 .034 .111

Table 6.28: Simulation results-II: means of the sample CV of the estimator(s) when
all parameters are �xed and Var(�ij) = 5:50287� 10�6 = V0.

V0 10� V0 100� V0 1000� V0

CV(Â) .003 .010 .032 .109

CV(b̂) .003 .010 .032 .101

CV(d̂) .005 .015 .046 .145

CV(Â; b̂) .004 .013 .041 .127

CV(Â; d̂) .001 .004 .013 .045

CV(b̂; d̂) .002 .006 .019 .059

CV(Â; b̂; d̂) .001 .004 .014 .049
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Table 6.29: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .01, and Var(�ij) = 5:50287� 10�6 = V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .010 .003 .003 .010 .010 .003 .010

CV(b̂) .003 .010 .003 .010 .003 .010 .010

CV(d̂) .005 .005 .011 .005 .010 .010 .011

CV(Â; b̂) .004 .004 .003 .010 .004 .004 .010

CV(Â; d̂) .006 .004 .004 .006 .010 .004 .010

CV(b̂; d̂) .004 .006 .004 .006 .004 .010 .010

CV(Â; b̂; d̂) .004 .004 .004 .006 .005 .005 .010

Table 6.30: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .05, and Var(�ij) = 5:50287� 10�6 = V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .049 .003 .003 .049 .049 .003 .049

CV(b̂) .003 .049 .003 .048 .003 .049 .048

CV(d̂) .005 .005 .049 .005 .048 .048 .048

CV(Â; b̂) .004 .005 .003 .046 .004 .005 .046

CV(Â; d̂) .006 .004 .005 .006 .046 .005 .046

CV(b̂; d̂) .004 .006 .004 .006 .004 .046 .046

CV(Â; b̂; d̂) .004 .005 .004 .008 .005 .006 .045



Chapter 6. Determining which E�ects have a Random Component 253

Table 6.31: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .10, and Var(�ij) = 5:50287� 10�6 = V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .097 .003 .003 .097 .097 .003 .097

CV(b̂) .003 .097 .003 .097 .003 .097 .096

CV(d̂) .005 .005 .097 .005 .096 .096 .097

CV(Â; b̂) .005 .005 .003 .092 .005 .005 .092

CV(Â; d̂) .007 .004 .005 .007 .092 .005 .092

CV(b̂; d̂) .004 .007 .005 .007 .005 .092 .092

CV(Â; b̂; d̂) .004 .005 .004 .008 .006 .006 .090

Table 6.32: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .01, and Var(�ij) = 5:50287� 10�6 = V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .010 .003 .003 .010 .010 .003 .010

CV(b̂) .003 .010 .003 .010 .003 .010 .010

CV(d̂) .005 .005 .011 .005 .010 .010 .011

CV(Â; b̂) .004 .004 .004 .010 .004 .004 .010

CV(Â; d̂) .005 .001 .003 .005 .009 .003 .009

CV(b̂; d̂) .002 .005 .003 .005 .004 .009 .009

CV(Â; b̂; d̂) .002 .001 .004 .005 .004 .004 .008



Chapter 6. Determining which E�ects have a Random Component 254

Table 6.33: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .05, and Var(�ij) = 5:50287� 10�6 = V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .049 .003 .003 .049 .049 .003 .049

CV(b̂) .003 .049 .003 .048 .003 .049 .048

CV(d̂) .005 .005 .049 .005 .048 .048 .048

CV(Â; b̂) .004 .004 .004 .045 .004 .004 .045

CV(Â; d̂) .006 .001 .004 .006 .045 .004 .044

CV(b̂; d̂) .002 .006 .004 .006 .004 .045 .045

CV(Â; b̂; d̂) .002 .001 .004 .006 .005 .005 .040

Table 6.34: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .10, and Var(�ij) = 5:50287� 10�6 = V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .097 .003 .003 .097 .097 .003 .097

CV(b̂) .003 .097 .003 .097 .003 .097 .096

CV(d̂) .005 .005 .097 .005 .096 .096 .097

CV(Â; b̂) .004 .004 .004 .089 .004 .004 .089

CV(Â; d̂) .006 .001 .004 .006 .089 .004 .088

CV(b̂; d̂) .002 .006 .004 .006 .004 .089 .089

CV(Â; b̂; d̂) .002 .001 .005 .007 .005 .005 .080
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Table 6.35: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .01, and Var(�ij) = 10� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .014 .010 .010 .014 .014 .010 .014

CV(b̂) .010 .014 .010 .014 .010 .014 .014

CV(d̂) .015 .015 .017 .015 .017 .017 .018

CV(Â; b̂) .011 .011 .010 .013 .011 .011 .013

CV(Â; d̂) .014 .012 .012 .014 .015 .012 .015

CV(b̂; d̂) .011 .014 .012 .014 .012 .015 .015

CV(Â; b̂; d̂) .012 .012 .011 .013 .012 .012 .014

Table 6.36: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .05, and Var(�ij) = 10� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .050 .010 .010 .050 .050 .010 .049

CV(b̂) .010 .050 .010 .050 .010 .050 .049

CV(d̂) .015 .015 .050 .015 .050 .050 .051

CV(Â; b̂) .014 .014 .010 .047 .014 .014 .047

CV(Â; d̂) .019 .012 .014 .019 .047 .014 .048

CV(b̂; d̂) .011 .019 .014 .019 .014 .047 .047

CV(Â; b̂; d̂) .014 .014 .012 .023 .016 .017 .046
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Table 6.37: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .10, and Var(�ij) = 10� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .098 .010 .010 .098 .098 .011 .098

CV(b̂) .010 .098 .010 .097 .010 .098 .097

CV(d̂) .015 .015 .098 .015 .097 .097 .098

CV(Â; b̂) .014 .015 .010 .092 .014 .015 .092

CV(Â; d̂) .020 .012 .015 .020 .092 .015 .093

CV(b̂; d̂) .011 .020 .014 .021 .014 .092 .092

CV(Â; b̂; d̂) .014 .014 .012 .025 .017 .018 .091

Table 6.38: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .01, and Var(�ij) = 10� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .014 .010 .010 .014 .014 .010 .014

CV(b̂) .010 .014 .010 .014 .010 .014 .014

CV(d̂) .015 .015 .017 .015 .017 .017 .018

CV(Â; b̂) .013 .013 .013 .016 .013 .013 .016

CV(Â; d̂) .008 .004 .006 .008 .010 .006 .010

CV(b̂; d̂) .006 .009 .007 .009 .007 .011 .011

CV(Â; b̂; d̂) .006 .005 .007 .008 .008 .007 .010
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Table 6.39: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .05, and Var(�ij) = 10� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .050 .010 .010 .050 .050 .010 .049

CV(b̂) .010 .050 .010 .050 .010 .050 .049

CV(d̂) .015 .015 .050 .015 .050 .050 .051

CV(Â; b̂) .013 .013 .013 .047 .013 .013 .046

CV(Â; d̂) .017 .004 .012 .017 .045 .012 .045

CV(b̂; d̂) .006 .017 .012 .017 .012 .045 .045

CV(Â; b̂; d̂) .007 .005 .013 .017 .014 .014 .040

Table 6.40: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .10, and Var(�ij) = 10� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .098 .010 .010 .098 .098 .011 .098

CV(b̂) .010 .098 .010 .097 .010 .098 .097

CV(d̂) .015 .015 .098 .015 .097 .097 .098

CV(Â; b̂) .013 .014 .013 .090 .013 .014 .090

CV(Â; d̂) .019 .004 .013 .019 .089 .013 .089

CV(b̂; d̂) .006 .018 .013 .018 .013 .089 .089

CV(Â; b̂; d̂) .007 .005 .014 .020 .015 .015 .080
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Table 6.41: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .01, and Var(�ij) = 100� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .034 .032 .032 .034 .034 .032 .034

CV(b̂) .032 .033 .032 .033 .032 .033 .033

CV(d̂) .046 .046 .047 .046 .047 .047 .047

CV(Â; b̂) .032 .032 .032 .033 .032 .032 .033

CV(Â; d̂) .038 .037 .037 .038 .038 .037 .038

CV(b̂; d̂) .036 .037 .036 .037 .036 .037 .037

CV(Â; b̂; d̂) .035 .035 .035 .035 .035 .035 .036

Table 6.42: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .05, and Var(�ij) = 100� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .059 .033 .033 .058 .058 .032 .058

CV(b̂) .032 .059 .032 .059 .032 .058 .057

CV(d̂) .046 .046 .066 .046 .065 .065 .068

CV(Â; b̂) .038 .039 .032 .056 .038 .039 .055

CV(Â; d̂) .049 .037 .040 .049 .058 .040 .060

CV(b̂; d̂) .036 .049 .039 .049 .039 .058 .059

CV(Â; b̂; d̂) .040 .040 .036 .050 .042 .043 .057



Table 6.43: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .10, and Var(�ij) = 100� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .103 .033 .033 .102 .102 .034 .102

CV(b̂) .032 .103 .032 .103 .032 .102 .102

CV(d̂) .047 .046 .107 .047 .105 .105 .109

CV(Â; b̂) .043 .044 .032 .097 .043 .044 .097

CV(Â; d̂) .058 .037 .044 .058 .098 .045 .100

CV(b̂; d̂) .036 .058 .043 .058 .043 .098 .100

CV(Â; b̂; d̂) .043 .044 .038 .065 .050 .051 .097

Table 6.44: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .01, and Var(�ij) = 100� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .034 .032 .032 .034 .034 .032 .034

CV(b̂) .032 .033 .032 .033 .032 .033 .033

CV(d̂) .046 .046 .047 .046 .047 .047 .047

CV(Â; b̂) .041 .041 .041 .042 .041 .041 .042

CV(Â; d̂) .015 .013 .014 .015 .016 .014 .016

CV(b̂; d̂) .019 .020 .019 .020 .019 .021 .021

CV(Â; b̂; d̂) .017 .014 .015 .017 .018 .015 .018
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Table 6.45: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .05, and Var(�ij) = 100� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .059 .033 .033 .058 .058 .032 .058

CV(b̂) .032 .059 .032 .059 .032 .058 .057

CV(d̂) .046 .046 .066 .046 .065 .065 .068

CV(Â; b̂) .042 .042 .041 .061 .041 .043 .060

CV(Â; d̂) .034 .013 .025 .034 .047 .025 .047

CV(b̂; d̂) .019 .037 .028 .036 .028 .049 .048

CV(Â; b̂; d̂) .020 .015 .028 .032 .030 .028 .044

Table 6.46: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .10, and Var(�ij) = 100� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .103 .033 .033 .102 .102 .034 .102

CV(b̂) .032 .103 .032 .103 .032 .102 .102

CV(d̂) .047 .046 .107 .047 .105 .105 .109

CV(Â; b̂) .042 .043 .041 .099 .042 .044 .099

CV(Â; d̂) .048 .013 .035 .048 .090 .035 .090

CV(b̂; d̂) .019 .049 .035 .049 .036 .091 .091

CV(Â; b̂; d̂) .021 .015 .038 .047 .039 .039 .082
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Table 6.47: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .01, and Var(�ij) = 1000� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .109 .109 .109 .109 .109 .109 .109

CV(b̂) .101 .101 .101 .102 .101 .101 .101

CV(d̂) .145 .145 .146 .145 .145 .145 .146

CV(Â; b̂) .103 .103 .103 .103 .103 .103 .103

CV(Â; d̂) .121 .120 .120 .120 .120 .120 .121

CV(b̂; d̂) .114 .114 .114 .114 .114 .114 .114

CV(Â; b̂; d̂) .111 .111 .111 .111 .111 .111 .111

Table 6.48: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .05, and Var(�ij) = 1000� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .120 .109 .109 .119 .119 .110 .120

CV(b̂) .101 .113 .101 .113 .101 .112 .111

CV(d̂) .146 .146 .153 .146 .152 .152 .156

CV(Â; b̂) .107 .108 .104 .113 .107 .109 .113

CV(Â; d̂) .127 .121 .123 .127 .129 .123 .131

CV(b̂; d̂) .114 .122 .116 .122 .116 .123 .124

CV(Â; b̂; d̂) .114 .115 .112 .119 .115 .116 .120
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Table 6.49: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .10, and Var(�ij) = 1000� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .147 .111 .113 .147 .150 .116 .153

CV(b̂) .102 .141 .102 .142 .103 .141 .141

CV(d̂) .148 .146 .174 .148 .173 .172 .180

CV(Â; b̂) .116 .119 .105 .139 .117 .121 .140

CV(Â; d̂) .142 .122 .130 .142 .153 .130 .158

CV(b̂; d̂) .115 .138 .121 .139 .122 .147 .150

CV(Â; b̂; d̂) .121 .124 .116 .138 .126 .130 .146

Table 6.50: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .01, and Var(�ij) = 1000� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .109 .109 .109 .109 .109 .109 .109

CV(b̂) .101 .101 .101 .102 .101 .101 .101

CV(d̂) .145 .145 .146 .145 .145 .145 .146

CV(Â; b̂) .127 .127 .127 .127 .127 .127 .128

CV(Â; d̂) .046 .045 .046 .046 .046 .045 .046

CV(b̂; d̂) .059 .060 .060 .060 .059 .060 .060

CV(Â; b̂; d̂) .050 .049 .049 .050 .050 .049 .050



Chapter 6. Determining which E�ects have a Random Component 263

Table 6.51: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .05, and Var(�ij) = 1000� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .120 .109 .109 .119 .119 .110 .120

CV(b̂) .101 .113 .101 .113 .101 .112 .111

CV(d̂) .146 .146 .153 .146 .152 .152 .156

CV(Â; b̂) .130 .134 .127 .139 .129 .135 .139

CV(Â; d̂) .058 .045 .052 .058 .063 .052 .064

CV(b̂; d̂) .060 .070 .064 .070 .064 .075 .074

CV(Â; b̂; d̂) .059 .050 .057 .061 .065 .057 .068

Table 6.52: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .10, and Var(�ij) = 1000� V0.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .147 .111 .113 .147 .150 .116 .153

CV(b̂) .102 .141 .102 .142 .103 .141 .141

CV(d̂) .148 .146 .174 .148 .173 .172 .180

CV(Â; b̂) .133 .141 .128 .164 .133 .144 .164

CV(Â; d̂) .081 .046 .068 .082 .099 .067 .100

CV(b̂; d̂) .060 .092 .075 .092 .075 .109 .108

CV(Â; b̂; d̂) .064 .050 .074 .080 .081 .074 .098
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Table 6.53: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 5:50287� 10�6 = V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .010 .010 .003 .010 .010 .003 .010

CV(b̂) .010 .003 .010 .010 .003 .010 .010

CV(d̂) .005 .011 .011 .005 .011 .011 .011

CV(Â; b̂) .005 .004 .004 .013 .004 .004 .013

CV(Â; d̂) .005 .003 .003 .005 .012 .003 .012

CV(b̂; d̂) .005 .003 .003 .005 .003 .013 .012

CV(Â; b̂; d̂) .002 .003 .003 .005 .003 .003 .014

Table 6.54: Simulation results-I: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 5:50287� 10�6 = V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .049 .049 .003 .049 .049 .003 .049

CV(b̂) .049 .003 .049 .049 .003 .049 .049

CV(d̂) .005 .048 .048 .005 .049 .049 .049

CV(Â; b̂) .015 .004 .004 .062 .004 .004 .062

CV(Â; d̂) .006 .014 .004 .006 .062 .004 .062

CV(b̂; d̂) .006 .004 .014 .006 .004 .062 .062

CV(Â; b̂; d̂) .005 .004 .004 .007 .004 .004 .068
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Table 6.55: Simulation results-I means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 5:50287� 10�6 = V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .097 .097 .003 .097 .097 .003 .097

CV(b̂) .097 .003 .097 .097 .003 .097 .097

CV(d̂) .005 .097 .097 .005 .097 .097 .098

CV(Â; b̂) .029 .004 .004 .123 .004 .004 .124

CV(Â; d̂) .006 .028 .004 .006 .123 .004 .124

CV(b̂; d̂) .006 .004 .028 .006 .004 .123 .123

CV(Â; b̂; d̂) .006 .005 .005 .007 .005 .005 .137

Table 6.56: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 5:50287� 10�6 = V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .010 .010 .003 .010 .010 .003 .010

CV(b̂) .010 .003 .010 .010 .003 .010 .010

CV(d̂) .005 .011 .011 .005 .011 .011 .011

CV(Â; b̂) .010 .004 .004 .010 .004 .004 .010

CV(Â; d̂) .006 .010 .004 .006 .010 .004 .010

CV(b̂; d̂) .006 .004 .010 .006 .004 .010 .010

CV(Â; b̂; d̂) .006 .005 .005 .006 .005 .005 .010
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Table 6.57: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 5:50287� 10�6 = V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .049 .049 .003 .049 .049 .003 .049

CV(b̂) .049 .003 .049 .049 .003 .049 .049

CV(d̂) .005 .048 .048 .005 .049 .049 .049

CV(Â; b̂) .048 .004 .005 .048 .004 .005 .048

CV(Â; d̂) .006 .048 .005 .006 .048 .005 .048

CV(b̂; d̂) .006 .004 .048 .006 .004 .048 .048

CV(Â; b̂; d̂) .008 .005 .006 .008 .005 .006 .048

Table 6.58: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 5:50287� 10�6 = V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .097 .097 .003 .097 .097 .003 .097

CV(b̂) .097 .003 .097 .097 .003 .097 .097

CV(d̂) .005 .097 .097 .005 .097 .097 .098

CV(Â; b̂) .096 .005 .005 .096 .005 .005 .096

CV(Â; d̂) .007 .096 .005 .007 .096 .005 .096

CV(b̂; d̂) .007 .005 .096 .007 .005 .096 .096

CV(Â; b̂; d̂) .008 .006 .006 .008 .006 .006 .096
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Table 6.59: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 10� V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .014 .014 .010 .014 .014 .010 .014

CV(b̂) .014 .010 .014 .014 .010 .014 .014

CV(d̂) .015 .017 .017 .015 .017 .017 .017

CV(Â; b̂) .013 .013 .013 .018 .013 .013 .018

CV(Â; d̂) .008 .005 .006 .008 .013 .006 .013

CV(b̂; d̂) .009 .007 .007 .009 .007 .014 .013

CV(Â; b̂; d̂) .006 .005 .006 .009 .008 .005 .014

Table 6.60: Simulation results-I: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 10� V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .050 .050 .010 .050 .050 .010 .050

CV(b̂) .050 .010 .050 .050 .010 .050 .050

CV(d̂) .015 .050 .050 .015 .051 .051 .050

CV(Â; b̂) .019 .013 .013 .063 .013 .013 .063

CV(Â; d̂) .017 .015 .012 .017 .062 .012 .062

CV(b̂; d̂) .017 .012 .015 .017 .012 .062 .062

CV(Â; b̂; d̂) .010 .011 .010 .019 .011 .011 .068



Table 6.61: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 10� V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .098 .098 .011 .098 .098 .010 .098

CV(b̂) .098 .010 .098 .098 .010 .098 .098

CV(d̂) .015 .098 .098 .015 .098 .098 .098

CV(Â; b̂) .032 .013 .014 .124 .013 .013 .124

CV(Â; d̂) .019 .028 .014 .019 .124 .013 .124

CV(b̂; d̂) .019 .013 .029 .019 .013 .124 .123

CV(Â; b̂; d̂) .015 .013 .014 .021 .014 .013 .136

Table 6.62: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 10� V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .014 .014 .010 .014 .014 .010 .014

CV(b̂) .014 .010 .014 .014 .010 .014 .014

CV(d̂) .015 .017 .017 .015 .017 .017 .017

CV(Â; b̂) .013 .011 .011 .014 .011 .011 .014

CV(Â; d̂) .014 .015 .012 .014 .015 .012 .015

CV(b̂; d̂) .014 .012 .015 .014 .012 .015 .014

CV(Â; b̂; d̂) .013 .012 .012 .014 .012 .012 .014

268
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Table 6.63: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 10� V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .050 .050 .010 .050 .050 .010 .050

CV(b̂) .050 .010 .050 .050 .010 .050 .050

CV(d̂) .015 .050 .050 .015 .051 .051 .050

CV(Â; b̂) .049 .014 .014 .049 .014 .014 .049

CV(Â; d̂) .019 .049 .014 .019 .049 .014 .049

CV(b̂; d̂) .019 .014 .049 .019 .014 .049 .049

CV(Â; b̂; d̂) .022 .016 .017 .023 .016 .017 .049

Table 6.64: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 10� V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .098 .098 .011 .098 .098 .010 .098

CV(b̂) .098 .010 .098 .098 .010 .098 .098

CV(d̂) .015 .098 .098 .015 .098 .098 .098

CV(Â; b̂) .096 .014 .015 .097 .015 .014 .097

CV(Â; d̂) .021 .096 .015 .020 .097 .014 .097

CV(b̂; d̂) .021 .014 .096 .020 .015 .097 .097

CV(Â; b̂; d̂) .025 .017 .019 .025 .018 .018 .096
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Table 6.65: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 100� V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .034 .034 .032 .034 .034 .032 .034

CV(b̂) .033 .032 .033 .033 .032 .033 .033

CV(d̂) .046 .047 .047 .046 .047 .047 .046

CV(Â; b̂) .041 .041 .041 .042 .041 .041 .043

CV(Â; d̂) .015 .014 .014 .015 .018 .014 .017

CV(b̂; d̂) .020 .019 .019 .020 .019 .022 .022

CV(Â; b̂; d̂) .016 .015 .015 .016 .019 .014 .019

Table 6.66: Simulation results-I: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 100� V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .058 .058 .033 .058 .058 .033 .059

CV(b̂) .059 .032 .058 .058 .032 .058 .058

CV(d̂) .046 .066 .066 .046 .067 .067 .065

CV(Â; b̂) .044 .041 .043 .074 .042 .042 .074

CV(Â; d̂) .034 .020 .025 .034 .063 .025 .062

CV(b̂; d̂) .036 .028 .024 .037 .028 .065 .064

CV(Â; b̂; d̂) .019 .020 .020 .038 .027 .019 .069
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Table 6.67: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 100� V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .102 .102 .035 .102 .102 .033 .103

CV(b̂) .103 .032 .103 .103 .033 .102 .102

CV(d̂) .047 .106 .106 .046 .108 .108 .106

CV(Â; b̂) .051 .042 .045 .130 .043 .043 .130

CV(Â; d̂) .048 .032 .036 .048 .124 .035 .123

CV(b̂; d̂) .049 .035 .035 .050 .036 .126 .124

CV(Â; b̂; d̂) .025 .027 .028 .053 .032 .027 .136

Table 6.68: Simulation results-I: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 1000� V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .109 .109 .109 .109 .109 .109 .109

CV(b̂) .101 .101 .101 .101 .101 .101 .101

CV(d̂) .145 .146 .146 .145 .146 .146 .145

CV(Â; b̂) .127 .127 .127 .127 .127 .127 .127

CV(Â; d̂) .046 .045 .045 .046 .047 .046 .046

CV(b̂; d̂) .060 .060 .060 .060 .060 .061 .060

CV(Â; b̂; d̂) .050 .049 .049 .049 .051 .049 .050
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Table 6.69: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 1000� V0.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .119 .119 .111 .119 .120 .109 .119

CV(b̂) .113 .101 .113 .112 .102 .112 .112

CV(d̂) .146 .153 .152 .146 .154 .154 .151

CV(Â; b̂) .134 .129 .136 .141 .130 .134 .141

CV(Â; d̂) .058 .049 .052 .058 .075 .052 .073

CV(b̂; d̂) .070 .064 .063 .070 .064 .086 .083

CV(Â; b̂; d̂) .055 .054 .055 .064 .070 .052 .080

Table 6.70: Simulation results-I: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 1000� V0.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .148 .149 .124 .146 .151 .110 .147

CV(b̂) .143 .102 .143 .140 .105 .139 .139

CV(d̂) .149 .176 .172 .147 .175 .177 .172

CV(Â; b̂) .142 .131 .149 .178 .135 .140 .177

CV(Â; d̂) .080 .058 .069 .083 .128 .067 .126

CV(b̂; d̂) .093 .075 .070 .093 .075 .137 .133

CV(Â; b̂; d̂) .059 .060 .063 .092 .081 .058 .140
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Table 6.71: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and Var(�ij) = 10� V0 for d
� = 0:022.

10� V0

CV(Â) .034

CV(b̂) .020

CV(d̂) .026

CV(Â; b̂) .024

CV(Â; d̂) .029

CV(b̂; d̂) .022

CV(Â; b̂; d̂) .025

Table 6.72: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and Var(�ij) = 10� V0 for d
� = 0:022.

10� V0

CV(Â) .034

CV(b̂) .020

CV(d̂) .026

CV(Â; b̂) .015

CV(Â; d̂) .006

CV(b̂; d̂) .007

CV(Â; b̂; d̂) .006
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Table 6.73: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .01, and Var(�ij) = 10� V0 for d
� = 0:022.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .035 .034 .034 .035 .035 .034 .035

CV(b̂) .020 .023 .020 .022 .020 .022 .022

CV(d̂) .026 .026 .028 .026 .027 .027 .028

CV(Â; b̂) .025 .026 .024 .026 .025 .026 .026

CV(Â; d̂) .029 .029 .030 .029 .030 .030 .030

CV(b̂; d̂) .022 .024 .023 .023 .023 .024 .024

CV(Â; b̂; d̂) .025 .026 .025 .026 .025 .026 .026

Table 6.74: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .05, and Var(�ij) = 10� V0 for d

� = 0:022.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .059 .034 .035 .059 .059 .035 .060

CV(b̂) .020 .053 .020 .053 .020 .053 .053

CV(d̂) .026 .026 .055 .026 .054 .054 .056

CV(Â; b̂) .027 .039 .025 .053 .027 .039 .053

CV(Â; d̂) .033 .029 .040 .033 .054 .040 .055

CV(b̂; d̂) .022 .032 .026 .032 .026 .050 .051

CV(Â; b̂; d̂) .026 .032 .028 .036 .030 .041 .052
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Table 6.75: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .10, and Var(�ij) = 10� V0 for d
� = 0:022.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .103 .035 .037 .103 .103 .039 .104

CV(b̂) .020 .100 .021 .100 .021 .100 .099

CV(d̂) .026 .026 .100 .027 .099 .099 .101

CV(Â; b̂) .028 .046 .026 .096 .029 .049 .097

CV(Â; d̂) .035 .030 .048 .036 .096 .049 .097

CV(b̂; d̂) .022 .035 .029 .036 .029 .094 .095

CV(Â; b̂; d̂) .027 .035 .031 .042 .035 .055 .094

Table 6.76: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .01, and Var(�ij) = 10� V0 for d

� = 0:022.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .035 .034 .034 .035 .035 .034 .035

CV(b̂) .020 .023 .020 .022 .020 .022 .022

CV(d̂) .026 .026 .028 .026 .027 .027 .028

CV(Â; b̂) .019 .027 .015 .027 .019 .027 .027

CV(Â; d̂) .008 .006 .009 .008 .011 .009 .011

CV(b̂; d̂) .007 .010 .009 .010 .009 .012 .011

CV(Â; b̂; d̂) .008 .006 .010 .008 .010 .010 .011
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Table 6.77: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .05, and Var(�ij) = 10� V0 for d
� = 0:022.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .059 .034 .035 .059 .059 .035 .060

CV(b̂) .020 .053 .020 .053 .020 .053 .053

CV(d̂) .026 .026 .055 .026 .054 .054 .056

CV(Â; b̂) .026 .043 .015 .057 .026 .043 .057

CV(Â; d̂) .022 .006 .029 .022 .045 .029 .045

CV(b̂; d̂) .007 .025 .020 .025 .020 .045 .045

CV(Â; b̂; d̂) .008 .006 .016 .021 .022 .031 .042

Table 6.78: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .10, and Var(�ij) = 10� V0 for d

� = 0:022.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .103 .035 .037 .103 .103 .039 .104

CV(b̂) .020 .100 .021 .100 .021 .100 .099

CV(d̂) .026 .026 .100 .027 .099 .099 .101

CV(Â; b̂) .026 .046 .015 .097 .027 .049 .098

CV(Â; d̂) .029 .006 .040 .029 .089 .041 .088

CV(b̂; d̂) .007 .031 .025 .031 .025 .089 .089

CV(Â; b̂; d̂) .008 .006 .017 .030 .028 .045 .081
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Table 6.79: Simulation results-I: means of the sample CV of the estimator(s) when

all parameters are �xed and Var(�ij) = 10� V0 for d
� = 0:176.

10� V0

CV(Â) .004

CV(b̂) .006

CV(d̂) .013

CV(Â; b̂) .005

CV(Â; d̂) .006

CV(b̂; d̂) .008

CV(Â; b̂; d̂) .006

Table 6.80: Simulation results-II: means of the sample CV of the estimator(s) when

all parameters are �xed and Var(�ij) = 10� V0 for d
� = 0:176.

10� V0

CV(Â) .004

CV(b̂) .006

CV(d̂) .013

CV(Â; b̂) .005

CV(Â; d̂) .003

CV(b̂; d̂) .005

CV(Â; b̂; d̂) .003
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Table 6.81: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .01, and Var(�ij) = 10� V0 for d
� = 0:176.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .011 .004 .004 .011 .011 .004 .011

CV(b̂) .006 .012 .006 .012 .006 .012 .011

CV(d̂) .013 .013 .016 .013 .016 .016 .017

CV(Â; b̂) .007 .006 .005 .011 .007 .006 .010

CV(Â; d̂) .011 .006 .006 .011 .012 .006 .012

CV(b̂; d̂) .008 .012 .008 .012 .008 .013 .013

CV(Â; b̂; d̂) .008 .006 .006 .011 .008 .007 .011

Table 6.82: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .05, and Var(�ij) = 10� V0 for d

� = 0:176.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .049 .004 .004 .049 .049 .004 .049

CV(b̂) .006 .049 .006 .049 .006 .049 .048

CV(d̂) .013 .013 .050 .013 .049 .049 .050

CV(Â; b̂) .009 .006 .005 .046 .009 .006 .046

CV(Â; d̂) .018 .006 .006 .018 .046 .006 .047

CV(b̂; d̂) .008 .018 .009 .018 .009 .046 .047

CV(Â; b̂; d̂) .010 .007 .006 .021 .011 .007 .046
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Table 6.83: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .10, and Var(�ij) = 10� V0 for d
� = 0:176.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .097 .004 .004 .097 .097 .004 .097

CV(b̂) .007 .097 .006 .097 .006 .097 .096

CV(d̂) .013 .013 .098 .013 .096 .096 .098

CV(Â; b̂) .009 .006 .005 .092 .009 .006 .092

CV(Â; d̂) .019 .006 .006 .019 .092 .006 .092

CV(b̂; d̂) .008 .018 .009 .019 .009 .092 .092

CV(Â; b̂; d̂) .010 .007 .006 .023 .011 .007 .090

Table 6.84: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .01, and Var(�ij) = 10� V0 for d

� = 0:176.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .011 .004 .004 .011 .011 .004 .011

CV(b̂) .006 .012 .006 .012 .006 .012 .011

CV(d̂) .013 .013 .016 .013 .016 .016 .017

CV(Â; b̂) .008 .006 .005 .011 .008 .006 .011

CV(Â; d̂) .009 .003 .004 .009 .010 .004 .010

CV(b̂; d̂) .005 .010 .006 .009 .006 .011 .011

CV(Â; b̂; d̂) .006 .004 .004 .008 .007 .004 .009
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Table 6.85: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-

lation CV = .05, and Var(�ij) = 10� V0 for d
� = 0:176.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .049 .004 .004 .049 .049 .004 .049

CV(b̂) .006 .049 .006 .049 .006 .049 .048

CV(d̂) .013 .013 .050 .013 .049 .049 .050

CV(Â; b̂) .008 .006 .005 .045 .008 .006 .045

CV(Â; d̂) .016 .003 .005 .016 .045 .005 .045

CV(b̂; d̂) .005 .016 .008 .016 .008 .045 .045

CV(Â; b̂; d̂) .006 .004 .006 .017 .009 .006 .040

Table 6.86: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three independent random e�ect(s) are considered, each with the popu-
lation CV = .10, and Var(�ij) = 10� V0 for d

� = 0:176.

Random E�ect(s) A b d A,b A,d b,d A,b,d

CV(Â) .097 .004 .004 .097 .097 .004 .097

CV(b̂) .007 .097 .006 .097 .006 .097 .096

CV(d̂) .013 .013 .098 .013 .096 .096 .098

CV(Â; b̂) .008 .006 .005 .089 .008 .006 .089

CV(Â; d̂) .017 .003 .006 .017 .089 .006 .089

CV(b̂; d̂) .006 .017 .008 .017 .008 .089 .089

CV(Â; b̂; d̂) .006 .004 .006 .018 .009 .006 .080
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Table 6.87: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 10� V0 for d
� = 0:022.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .035 .035 .034 .035 .035 .034 .035

CV(b̂) .023 .020 .022 .022 .020 .022 .022

CV(d̂) .026 .027 .027 .026 .028 .028 .027

CV(Â; b̂) .029 .019 .026 .021 .019 .027 .021

CV(Â; d̂) .008 .006 .009 .008 .014 .009 .013

CV(b̂; d̂) .010 .009 .008 .010 .009 .014 .014

CV(Â; b̂; d̂) .007 .007 .008 .008 .010 .007 .015

Table 6.88: Simulation results-I: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 10� V0 for d
� = 0:022.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .059 .059 .036 .059 .059 .034 .060

CV(b̂) .053 .020 .053 .053 .021 .052 .053

CV(d̂) .026 .054 .055 .026 .055 .055 .054

CV(Â; b̂) .038 .025 .044 .069 .026 .042 .069

CV(Â; d̂) .022 .016 .029 .022 .062 .028 .062

CV(b̂; d̂) .025 .020 .016 .025 .020 .062 .062

CV(Â; b̂; d̂) .010 .017 .016 .024 .014 .021 .068
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Table 6.89: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 10� V0 for d
� = 0:022.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .102 .104 .045 .103 .102 .035 .104

CV(b̂) .100 .021 .100 .100 .022 .099 .099

CV(d̂) .027 .100 .100 .026 .101 .101 .100

CV(Â; b̂) .047 .027 .055 .128 .028 .045 .129

CV(Â; d̂) .030 .030 .044 .029 .122 .038 .124

CV(b̂; d̂) .031 .025 .029 .031 .025 .123 .123

CV(Â; b̂; d̂) .016 .024 .027 .032 .019 .034 .136

Table 6.90: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 10� V0 for d
� = 0:022.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .035 .035 .034 .035 .035 .034 .035

CV(b̂) .023 .020 .022 .022 .020 .022 .022

CV(d̂) .026 .027 .027 .026 .028 .028 .027

CV(Â; b̂) .026 .025 .026 .027 .025 .026 .027

CV(Â; d̂) .029 .030 .030 .029 .030 .030 .030

CV(b̂; d̂) .024 .023 .024 .023 .023 .024 .024

CV(Â; b̂; d̂) .026 .025 .026 .026 .025 .026 .026
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Table 6.91: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 10� V0 for d
� = 0:022.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .059 .059 .036 .059 .059 .034 .060

CV(b̂) .053 .020 .053 .053 .021 .052 .053

CV(d̂) .026 .054 .055 .026 .055 .055 .054

CV(Â; b̂) .054 .027 .040 .055 .027 .039 .055

CV(Â; d̂) .033 .056 .040 .033 .055 .039 .054

CV(b̂; d̂) .032 .026 .053 .032 .027 .052 .051

CV(Â; b̂; d̂) .036 .030 .043 .036 .031 .041 .053

Table 6.92: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 10� V0 for d
� = 0:022.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .102 .104 .045 .103 .102 .035 .104

CV(b̂) .100 .021 .100 .100 .022 .099 .099

CV(d̂) .027 .100 .100 .026 .101 .101 .100

CV(Â; b̂) .098 .028 .055 .100 .030 .045 .100

CV(Â; d̂) .037 .101 .055 .035 .099 .045 .099

CV(b̂; d̂) .036 .028 .099 .035 .030 .098 .098

CV(Â; b̂; d̂) .043 .034 .061 .041 .036 .052 .098
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Table 6.93: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 10� V0 for d
� = 0:176.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .011 .011 .004 .011 .011 .004 .010

CV(b̂) .012 .006 .012 .012 .006 .012 .011

CV(d̂) .013 .016 .016 .013 .016 .016 .017

CV(Â; b̂) .007 .008 .006 .014 .008 .006 .013

CV(Â; d̂) .009 .006 .004 .009 .013 .004 .013

CV(b̂; d̂) .009 .006 .007 .010 .006 .014 .013

CV(Â; b̂; d̂) .005 .005 .004 .010 .007 .004 .014

Table 6.94: Simulation results-I: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 10� V0 for d
� = 0:176.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .049 .049 .004 .049 .049 .004 .048

CV(b̂) .049 .006 .049 .049 .006 .049 .049

CV(d̂) .013 .050 .050 .013 .050 .050 .051

CV(Â; b̂) .016 .008 .006 .062 .008 .006 .062

CV(Â; d̂) .016 .015 .005 .016 .062 .005 .062

CV(b̂; d̂) .016 .008 .015 .016 .008 .062 .062

CV(Â; b̂; d̂) .011 .008 .005 .018 .009 .005 .068
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Table 6.95: Simulation results-I: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 10� V0 for d
� = 0:176.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .097 .097 .004 .097 .097 .004 .097

CV(b̂) .097 .006 .097 .098 .007 .097 .097

CV(d̂) .013 .097 .097 .013 .098 .098 .099

CV(Â; b̂) .029 .008 .006 .124 .008 .006 .124

CV(Â; d̂) .017 .029 .006 .017 .123 .006 .124

CV(b̂; d̂) .017 .008 .029 .017 .008 .124 .124

CV(Â; b̂; d̂) .015 .009 .006 .019 .009 .006 .137

Table 6.96: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.01, and Var(�ij) = 10� V0 for d
� = 0:176.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .011 .011 .004 .011 .011 .004 .010

CV(b̂) .012 .006 .012 .012 .006 .012 .011

CV(d̂) .013 .016 .016 .013 .016 .016 .017

CV(Â; b̂) .011 .007 .006 .011 .007 .006 .011

CV(Â; d̂) .011 .012 .006 .011 .012 .006 .012

CV(b̂; d̂) .012 .008 .013 .012 .008 .013 .013

CV(Â; b̂; d̂) .011 .009 .007 .011 .009 .007 .012



Chapter 6. Determining which E�ects have a Random Component 286

Table 6.97: Simulation results-II: means of the sample CV of the estimator(s) when

one, two or three correlated e�ect(s) are considered, each with the population CV =

.05, and Var(�ij) = 10� V0 for d
� = 0:176.

� = �:90 � = :90
Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .049 .049 .004 .049 .049 .004 .048

CV(b̂) .049 .006 .049 .049 .006 .049 .049

CV(d̂) .013 .050 .050 .013 .050 .050 .051

CV(Â; b̂) .048 .009 .006 .048 .009 .006 .048

CV(Â; d̂) .018 .049 .006 .018 .049 .006 .049

CV(b̂; d̂) .018 .009 .049 .018 .009 .049 .049

CV(Â; b̂; d̂) .021 .011 .007 .021 .011 .007 .048

Table 6.98: Simulation results-II: means of the sample CV of the estimator(s) when
one, two or three correlated e�ect(s) are considered, each with the population CV =

.10, and Var(�ij) = 10� V0 for d
� = 0:176.

� = �:90 � = :90

Random E�ects A,b A,d b,d A,b,d A,b A,d b,d A,b,d

CV(Â) .097 .097 .004 .097 .097 .004 .097

CV(b̂) .097 .006 .097 .098 .007 .097 .097

CV(d̂) .013 .097 .097 .013 .098 .098 .099

CV(Â; b̂) .096 .009 .006 .096 .009 .006 .096

CV(Â; d̂) .019 .096 .006 .019 .096 .006 .097

CV(b̂; d̂) .019 .009 .096 .019 .009 .096 .097

CV(Â; b̂; d̂) .023 .011 .007 .022 .011 .007 .096
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Examples

7.1 Example 1

To illustrate use of the proposed statistics, we applied it to the methyl salicylate data

(MS). 400 �g=cm2 of 14C �MS in ethanol were topically applied to 16 isolated per-

fused porcine skin aps (IPPSF) and experiments terminated at 2 hrs (4 aps), 4 hrs

(4 aps), or 8 hrs (8 aps). Perfusate was collected over time (5,10,20,30,45,60,75,90,

105,120 minutes and then every 30 minutes until termination of the experiment). Per-

fusate ux pro�les were �tted to an exponential di�erence model, yij =Ai(exp(�bitij)�

exp(�ditij)) + �ij. We performed the test statistic from 8 hr MS data. There are

5 aps for the �nal analysis since two aps �t just a two parameter model yij =

Aiexp(�bitij) + �ij and one ap is an outlier. Prior to analysis, time was converted

to hours and percent of dose was multiplied by 100.

The individual estimates are shown in table 7.1 and the pro�le �tting is shown in

�gure 7.1. The sample variance-covariance matrix and Pearson's correlation matrix

of the estimates are also shown in table 7.2.

287
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Table 7.1: Parameter estimates for each ap of 8 hr MS data

Flap Â b̂ d̂

1 1.0516 0.3007 3.6095

2 1.6230 0.3397 3.2220

3 1.7346 0.4414 10.1435

4 1.7642 0.3076 5.6908

5 1.7109 0.2978 9.4859

Mean 1.5769 0.3375 6.4302

Median 1.7109 0.3076 5.6908

Table 7.2: Sample variance-covariance matrix (upper triangular part) and Pearson's

correlation matrix with p-values (lower triangular part) of estimates from 8 hr MS

data

Â b̂ d̂

Â .0890 .0062 .5477

b̂ .3451 .0037 .0958
(.5696)

d̂ .5671 .4893 10.4794

(.3188) (.4028)
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Individual Profile Fitting for 8 hr Mes Data
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Figure 7.1: Individual pro�le �tting for 5 replications of 8 hr MS data (original
scale)



Chapter 7. Examples 290

The approximate F test statistic is 18.419 with p-value close to 0 (F(:95;12;100) =

1.850). This result suggests that a random e�ects model is needed for these data

under model assumptions.

Model selection to see which parameter should be considered random by using the

multivariate coe�cient of variation is presented in table 7.3.

Table 7.3: Sample multivariate coe�cients of variation of the estimates from 8 hr
MS data

Estimate(s) CV

Â 0.1892

b̂ 0.1792

d̂ 0.5034

Â; b̂ 0.2133

Â; d̂ 0.2606

b̂; d̂ 0.2505

Â; b̂; d̂ 0.2384

The sample CV(d) is highest (0.5034), follow by CV(A,d) and CV(b,d) (0.2606 and

0.2505 respectively). We might suggest the model with only d random, or the model

with d and one other parameter. For example, the model with A and d random, or

the model with b and d random, compared to the model with all parameters random.

The �xed parameter approach then will be used to form an approximate F test for

model selection.

The full model here is the model with all parameters random with CV(A,b,d)

= 0.2384. The reduced model I is the model with only d random with CV(d) =

0.5034, the other reduced models II and III are the models with A and d random
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with CV(A,d) = 0.2606, and the model with b and d random with CV(b,d) = 0.2505.

The test statistics, critical values of the F random variable, and p-values are shown

in table 7.4.

Table 7.4: Test statistics, F random variables and p-value for testing the full model

and reduced model for 8 hr MS data

Reduced Model TS F Random Variable p-value

I (d random) 5.799 F(:95;8;100) = 2.032 .0000

II (A,d random) 1.863 F(:95;4;100) = 2.463 .1229
III (b,d random) 1.677 F(:95;4;100) = 2.463 .1612

The results in table 7.4 indicate that the model with only d random (CV(d) =

0.5034) is signi�cantly di�erent from the model with all parameters random (CV(A,b,d)

= 0.2384). The model with A and d random (CV(A,d) = 0.2606) and the model with

b and d random (CV(b,d) = 0.2505) are not di�erent from the model with all param-

eters random (CV(A,b,d) = 0.2384). Based on the sample multivariate coe�cients of

variation and the p-value from the approximate F tests, we then conclude that the

model with b and d random is appropriate for this data.

Akaike's Information Criterion (AIC), a �nite-sample corrected version of AIC

(AICC), and Schwarz's Bayesian Information Criterion (BIC) (Burnham and Ander-

son, 1998), were examined for this data set. The order of AICC, AIC and BIC from

smallest to largest for all combinations of random term in the model obtained from

PROC NLMIXED of SAS are shown in table 7.5.

The multivariate coe�cient of variation criteria do agree with AICC, AIC or BIC
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Table 7.5: Order of AIC and BIC for all combinations of random term in the model

for 8 hr MS data

Random Parameter(s) AICC AIC BIC

(1) b,d -108.0 -109.1 -111.8

(2) A,d -107.4 -108.4 -111.2

(3) d -92.0 -92.5 -94.5
(4) A,b -87.9 -89.0 -91.7

(5) A -82.9 -83.5 -85.4

(6) A,b,d -41.2 -43.4 -47.3

(7) b -40.2 -40.8 -42.7

(8) Fixed -26.5 -26.8 -28.4

for the best model selection as expected. The �nal model is yij = Ai(exp(�bitij) �

exp(�ditij)) + �ij, where Ai = �, bi = � + bi, and di = � + di. Note that �,�, and �

denote �xed e�ects parameters, bi and di denote random e�ects parameters with an

unknown covariance matrix. By assuming that the conditional model for the data and

the joint distribution of bi and di are normal, the maximum likelihood estimates of the

parameters were obtained from PROC NLMIXED with Newton-Raphson Ridge op-

timization technique and integral approximations by adaptive Gaussian quadrature.

Results are shown in table 7.6.

From table 7.6, with only 5 replications, there is no evidence to argue that both

�̂2b and �̂2d are marginally signi�cant even though a model with b and d random is

the most appropriate. There does not appear to be a signi�cant covariance between

them also, as seen by the estimate of �bd. The issue of number of replications will be

examined further in the simulations of example 3. The �nal pro�le �tting is shown

in �gure 7.2. Note that the pro�le from PROC NLMIXED and the pro�le from the
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Table 7.6: Parameter estimates of the model with b and d random from 8hr MS

data

Parameter Estimate Standard Error df t value Pr > jtj
� 1.6978 0.0613 3 27.70 0.0001

� 0.3673 0.0355 3 10.35 0.0019

� 6.1918 1.5811 3 3.92 0.0296
�2� 0.0157 0.0022 3 7.24 0.0054

�2b 0.0044 0.0034 3 1.32 0.2780

�2d 11.1502 7.7217 3 1.44 0.2445

�bd -0.0854 0.1179 3 -0.72 0.5209

mean of individual estimates are similar.
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Final Profile Fitting for 8 hr Mes Data
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Figure 7.2: Final pro�le �tting of 8 hr MS data
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7.2 Example 2

The second example is the theophylline data from Pinheiro and Bates (1995) taken

from an example for PROC NLMIXED of SAS (http://www.sas.com/rnd/app/da/

new/expdoc/chap3/sect36.htm). Serum concentrations of the drug theophylline are

measured in 12 subjects over a 25-hour period (11 time points) after oral administra-

tion. We �t our model yij = Ai(exp(�bitij)� exp(�ditij))+ �ij to this data. Pinheiro

and Bates (1995) model is slightly di�erent from our model. Yij is the observed con-

centration (mg/L) of the ith subject at time j, b is the elimination rate constant for

subject i, d is the absorption rate constant for subject i, and �ij are normal errors.

Each individual estimates are shown in table 7.7 and the pro�le �tting is shown

in �gure 7.3. Sample variance-covariance matrix and Pearson's correlation matrix of

the estimates are also shown in table 7.8.
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Table 7.7: Parameter estimates for each ap of theophylline data

Subject Â b̂ d̂

1 11.2273 0.0540 1.7774

2 10.5440 0.1017 1.9427
3 9.6443 0.0814 2.4536

4 11.1206 0.0875 1.1715
5 12.6447 0.0884 1.4715

6 8.5131 0.0995 1.1637

7 11.5463 0.1022 0.6797

8 9.6079 0.0920 1.3755

9 8.2971 0.0866 8.8654
10 14.0316 0.0740 0.6955
11 8.6538 0.0981 3.8490

12 15.2576 0.1056 0.8329

Mean 10.9240 0.0892 2.1899

Median 10.8323 0.0902 1.4235

Table 7.8: Sample variance-covariance matrix (upper triangular part) and Pearson's
correlation matrix with p-values (lower triangular part) of estimates from theophylline

data

Â b̂ d̂

Â 4.8451 -0.0016 -2.8205

b̂ -.0494 0.0002 -0.0021

(.8787)

d̂ -.5617 -.0619 5.2036

(.0573) (.8485)
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Individual Profile Fitting for Theophylline Data
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Figure 7.3: Individual pro�le �tting for 12 subjects of theophylline data
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The approximate F test statistic is 12.503 with p-value close to 0 (F(:95;33;96) =

1.558). This result suggests that a random e�ects model is needed in these data under

model assumptions.

Model selection to see which parameter should be considered random by using the

multivariate coe�cient of variation is presented in table 7.9.

Table 7.9: Sample multivariate coe�cients of variation of the estimates from theo-
phylline data

Estimate(s) CV

Â 0.2015

b̂ 0.1632

d̂ 1.0417

Â; b̂ 0.1749

Â; d̂ 0.2105

b̂; d̂ 0.2254

Â; b̂; d̂ 0.1796

Similar to example 1, the sample CV(d) is highest (1.0417), follow by CV(b,d) and

CV(A,d) (0.2254 and 0.2105 respectively). We might suggest the model with only d

random, or the model with d and one other parameter. For example, the model with

b and d random, or the model with A and d random, compared to the model with

all parameters random. The �xed parameter approach then will be used to form an

approximate F test for model selection.

The full model here is the model with all parameters random with CV(A,b,d) =

0.1796. The reduced model I is the model with only d random with CV(d) = 1.0417,

the other reduced model II and III are the model with b and d random with CV(b,d)
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= 0.2254, and the model with A and d random with CV(A,d) = 0.2105. The test

statistics, critical values of the F random variable, and p-values are shown in table

7.10.

Table 7.10: Test statistics, F random variables and p-value for testing the full model

and reduced model for theophylline data

Reduced Model TS F Random Variable p-value

I (d random) 11.181 F(:95;22;96) = 1.654 .000000
II (b,d random) 4.649 F(:95;11;96) = 1.890 .000012

III (A,d random) 1.310 F(:95;11;96) = 1.890 .230880

The results in table 7.4 indicate that model with only d random (CV(d) = 1.0417)

and model with b and d random (CV(b,d) = 0.2254) are signi�cantly di�erent from

the model with all parameters random (CV(A,b,d) = 0.1796). Model with A and

d random (CV(A,d) = 0.2105) is not di�erent from the model with all parameters

random (CV(A,b,d) = 0.1796). Based on the sample multivariate coe�cients of

variation and the p-value from the approximate F tests, we then conclude that the

model with A and d random is appropriate for this data.

Akaike's Information Criterion (AIC), a �nite-sample corrected version of AIC

(AICC), and Schwarz's Bayesian Information Criterion (BIC) were examined for this

data set. The order of AICC, AIC and BIC from smallest to largest for all combi-

nations of random term in the model obtained from PROC NLMIXED of SAS are

shown in table 7.11.

The multivariate coe�cient of variation criterion does agree with AICC, AIC or
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Table 7.11: Order of AIC and BIC for all combinations of random term in the model

for theophylline data

Random Parameter(s) AICC AIC BIC

(1) A,d 380.4 379.5 382.8

(2) b,d 396.7 395.8 399.2
(3) A,b,d 398.2 396.4 401.3

(4) A,b 431.6 430.7 434.1

(5) b 438.4 438.0 440.4

(6) A 439.5 439.0 441.4

(7) d 450.8 450.3 452.7
(8) Fixed 466.9 466.6 468.5

BIC for the best model selection as expected. The �nal model is yij = Ai(exp(�bitij)�

exp(�ditij)) + �ij, where Ai = � + ai, bi = �, and di = � + di. Note that �,�, and �

denote �xed e�ects parameters, ai and di denote random e�ects parameters with an

unknown covariance matrix. By assuming that the conditional model for the data and

the joint distribution of ai and di are normal, the maximum likelihood estimates of the

parameters were obtained from PROC NLMIXED with Newton-Raphson Ridge op-

timization technique and integral approximations by adaptive Gaussian quadrature.

Results are shown in table 7.12.

From table 7.12, �̂2a almost marginally signi�cant at � = :05 but �̂2d almost

marginally signi�cant at � = :10. This indicating between-subject variability in

Ai and absorption rate constants di, respectively. There does not appear to be a

signi�cant covariance between them, as seen by the estimate of �ad. The �nal pro�le

�tting is shown in �gure 7.4. Note that the pro�le from PROC NLMIXED and the

pro�le from the mean or median of individual estimate are similar.
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Final Profile Fitting for Theophylline Data
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Figure 7.4: Final pro�le �tting of theophylline data
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Table 7.12: Parameter estimates of the model with A and d random from theo-
phylline data

Parameter Estimate Standard Error df t value Pr > jtj
� 10.6703 0.6961 10 15.33 < :0001
� 0.0847 0.0044 10 19.24 < :0001

� 1.8914 0.3752 10 5.04 0.0005
�2� 0.5247 0.0739 10 7.10 < :0001

�2a 4.6203 2.0794 10 2.22 0.0505

�2d 1.4663 0.8241 10 1.78 0.1056
�ad -1.5169 0.9377 10 -1.62 0.1368
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7.3 Example 3

The purpose of this example is to investigate the performance of the marginal sig-

ni�cance of the estimates by t statistic in PROC NLMIXED. The estimates of the

parameter values after successful convergence of the optimization problem or the �nal

values of the parameters under nonconvergence are obtained from this procedure. If

the problem did converge, standard errors, computed from the �nal Hessian matrix,

are also provided. The ratio of the estimate with its standard error produces a t value,

with approximate degrees of freedom equal the number of subjects minus the number

of random e�ects (http://www.sas.com/rnd/app/da/new/expdoc/chap3/sect33.htm).

A p-value is also provided as in the previous examples.

From example 1, the model with b and d random was chosen as the most appro-

priate model with the CV and AIC criteria. The �nal estimates of �2b and �
2
d both are

not marginally signi�cant by the t-test. A few small simulations were then conducted

to see the empirical size and the power of the marginal t-test under certain conditions.

The simulation is based on the model:

yij = Ai(exp(�bitij)� exp(�ditij)) + �ij; i = 1; :::; m; j = 1; :::; 23; (7.1)

where Ai is �xed parameter with mean 1.6978. bi and di are bivariate normal with

mean 0.3673, and 6.1918 respectively. �2b is 0.0044, �
2
d is 11.1502, and �b;d is -0.0854.

The independent normal random variables �ij have mean zero and two choices of
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variance, i.e. V0 = 0:0157, and V0=10. Those numbers were generated according to the

�nal estimates from the example 1. Note that CV(b) = .181 and CV(d) = .539. With

these scenarios and several choices of m, the number of replications, 100 Monte Carlo

replications were realized at time (tij) = f0,0.08,0.17,0.25,0.50,0.75,1.0,1.25,1.50,1.75,

2.0,2.5,3.0,3.5,4.0,4.5,5.0,5.5,6.0,6.5,7.0,7.5,8.0g. The results are shown in table 7.13.

Table 7.13: Simulation results: the proportion of times that the p-value of each

estimate less than .05 or .10 at di�erent m (number of replications) and the error
variance.

Error S2
b S2

d

Variance < :05 < :10 < :05 < :10

V0 m = 8 .0 .0 .0 .011

m = 12 .065 .826 .196 1.0

m = 16 .897 1.0 1.0 1.0

V0=10 m = 5 .0 .0 .0 .011

m = 8 .0 .510 .0 .885

From 100 simulations, there are some iterations that the Hessian matrix is not

positive de�nite or some optimization problem. Only 95 (m = 8), 92 (m = 12), and

87 (m = 16) simulations for the error variance V0, and 95 (m = 5), and 96 (m = 8)

simulations for the error variance V0=10 were used to �nd the proportions in table

7.13. With the error variance V0, almost none of the p-value less than .10 for m = 8

replications. When the number of replication is 12, 20% of the p-value less than .05

and 100% of them less than .10 for S2
d , but only 7% of them less than .05 and 83% of

them less than .10 for S2
b . If the number of replicates increases to 16, all of them less

than .05 for S2
d , but 90% of them less than .05 and 100% of them less than .10 for S2

b .
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For the error variance V0=10, 95-96 iterations were obtained. With m = 5 repli-

cations, almost none of the p-value less than .10 for both S2
b and S2

d . If the number

of replications is 8, 89% of them less than .10 for S2
d , and 51% of them less than .10

for S2
b . Note that none of the p-value less than .05 for m = 8 replications.

For the empirical size, since most of them got the missing value for standard error

of estimate variance and some of them did not converge, hence no result is shown in

the table 7.13.
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Conclusion, Discussion, and Suggestions

for Future Research

To model and to estimate an underlying population response curve from repeated-

measures response data, a nonlinear mixed e�ects model is often used. Its parameters

might be considered as random e�ects since individuals are randomly sampled from

the population. A simple way to test whether random e�ects are needed is therefore

of interest to investigate. We proposed a test statistic, approximately an F random

variable, from the �xed parameter approach which compares the residual sum of

squares from the full model (the model in which all parameters are di�erent across

individuals) and the reduced model (the model in which all parameters are equal

across individuals).

From the di�erence of exponentials model simulations, the empirical size of the

test is slightly higher than the nominal level �. The test o�ers very good power

for detection. The achieved power depends on the error variance, the population

coe�cient of variation (CV) of the random e�ects, and the number of random e�ects

in the model. For a �xed error variance, power increases as the population CV

306
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increases and/or the number of random e�ects increases. The random e�ect d is the

slowest and the random e�ect A is the fastest parameter to achieve a higher power

with an increase in CV when only one random e�ect is considered. When more than

one independent random e�ects are considered, adding parameter d as an additional

random e�ect slightly increases the power. High positive or negative correlation

between each pair of e�ects causes the power to be lower or higher respectively, than

the independent random e�ects case except for the pair (A,d). From our sensitivity

analysis the performance of these test statistics is similar when the model has two rate

constant that are almost equal, or when the model that is close to a one compartment

model. However, now A and b are the quickest to achieve a higher power for the

approximate gamma model.

Multivariate coe�cient of variation for each individual estimate and for all com-

binations of estimates, was then used to determine which e�ects have a random

component. Simulations show that when all parameters are �xed and the sample CV

is calculated without the covariance term, CV(d̂) is likely to have the highest value. If

the sample CV is calculated with the covariance term(s), CV(d̂) followed by CV(Â; b̂)

are likely to have the highest value.

The characteristics of the estimates summarized here, can be seen clearly when

the error variance is small enough. If the error variance is increased, to attain the

same characteristic, the population CV of random parameters should be increased

also.
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When only one parameter is random, the sample CV of the corresponding es-

timate will be the highest rank most of the time whether sample CV is calculated

with or without the covariance term. When more than two independent random ef-

fects are considered, the corresponding sample CV of the individual estimate equally

shares the highest if CV is calculated without covariance term. However, CV of their

combination also shares the highest rank with lower percentage if covariance term is

included.

The average sample CV without covariance term is higher than the CV with

covariance term(s) for the independent random e�ects case. With only one random

e�ect, the mean of the sample CV of the corresponding estimate is highest and close

to the population CV. When two independent random e�ects are considered, the

mean of each individual CV estimate and their combination are highest and close to

the population CV. If all parameters are independent and random, the mean CV of

all estimators and their combinations are close to the population value.

When the random parameters are highly positively correlated, the CV of the cor-

responding combination of estimators will have the highest rank most of the time if

the CV is calculated with covariance term(s). Without the covariance term, only the

CVs of the corresponding individual estimates have the highest rank. High negative

correlation between random parameters causes the CVs of the corresponding individ-

ual estimates to have the highest rank most of the time whether CV is calculated with

or without the covariance term, and similar to the independent random parameters
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case.

When the random parameters are highly positively correlated, the average sam-

ple CV of the corresponding combination of estimators is highest, followed by each

corresponding individual estimate if the CV is calculated with covariance term(s).

Without covariance term(s), only the average CVs of the corresponding individual

estimates have high CVs, similar to the case when they are highly negatively corre-

lated. High negative correlation between random parameters causes the average CVs

with covariance term and CV without covariance term to be approximately equal.

When all parameters are �xed, CV(Â) is likely to have the highest value for the

approximate gamma model but CV(d̂) is likely to have the highest value when the

model is close to a one compartment model. These results are true whether CV is

calculated with or without a covariance term. Otherwise, the performance is similar

to the standard model previously mentioned.

Two examples for the di�erence of exponentials model are given, and the �xed

parameter approach test statistic then be used to test whether random e�ects are

needed. The multivariate sample coe�cient of variation is applied to indicate which

parameter appears to be random and then the �xed parameter approach is performed

to pick the appropriate model. The optimum solution agrees with other model se-

lection criteria, e.g., AICC, AIC or BIC. The e�ect of the number of replications

(subjects) to the signi�cance of the marginal t statistic from PROC NLMIXED was

investigated in the last example. The marginal signi�cance of the random component
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depends strongly on number of the subjects and the error variance.

To use the approximate F statistics from the �xed parameter approach, remember

that the empirical size of the test is slightly higher than the nominal level �. The

desired level � can be set by choosing a lower nominal level in practice. To determine

which e�ects are random by the multivariate coe�cient of variation, the correlation

among the individual parameter estimates should be investigated. If the correlation

shows nonsigni�cance, no covariance term is needed in the multivariate coe�cient of

variation calculation. If there is a high positive correlation, the multivariate coe�cient

of variation with covariance term(s) is strongly recommended. In contrast, if there

is a high negative correlation, the multivariate coe�cient with or without covariance

term have similar performance.

Suggested future research includes:

� More simulation studies for the �xed parameter approach of the approx-

imate F statistic under the null hypothesis of mixed �xed and random

parameters.

� Try to �nd a clearer connection between the size of the error variance,

the multivariate coe�cient of variation of the random parameter and the

�xed parameter approximate F test.

� Find a way to determine the approximate multivariate coe�cient of vari-

ation under the �xed e�ect model with the real data. It can be done by

the resampling methods.
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� Find some relationship between the estimates from the nonlinear mixed

e�ect model (PROC NLMIXED of SAS) and the mean or median of each

individual estimate with the �xed nonlinear model (PROC NLIN of SAS).

� Analysis of historical percutaneous data in an e�ort to generate and com-

pare their model estimates in as wide a series of compounds as possi-

ble. Then attempt to correlate these parameter estimates with physical-

chemical characteristics of these compounds.

� Determine a simple method to combine or relate the di�erence of expo-

nentials model and the parameters in its limiting cases: the gamma model

and the one compartment model.

� Develop three dimensional compass plots that are easily implemented with

a common software.

� Introduce a reasonable resampling method to estimate the standard error

of the multivariate coe�cient of variation. Investigate additional applica-

tions of the multivariate coe�cient of variation.

� Finally, examine the connection between scaling of the ux pro�le in sur-

rogate compounds with the bioequivalence type hypothesis test.
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