
Abstract

HEO, TAE-YOUNG. Spatial Modeling for Capturing the Effects of Point Sources.

(Under the direction of Dr. Jacqueline M. Hughes-Oliver.)

The point source is the most common type of source to be modeled for its effect

on air pollution. Point sources provide auxiliary information that may impact both

the mean and covariance structure of measured responses, but these possible impacts

are often overlooked by spatial modelers. In this dissertation, we investigate the

impact of point sources on both the mean and covariance by incorporating subject-

matter expertise to obtain large- and small-scale models of variability for two real

applications. Inference proceeds according to the Bayesian hierarchical paradigm and

is implemented using Markov chain Monte Carlo methods.

The first application focuses on electric potential in a field containing a metal pole.

Variability due to the point source is captured by our newly proposed autoregressive

point source model. This parametric approach allows a formal test of effectiveness

of the point source, which is significant for capturing small-scale variability of the

electric potential process. The second application focuses on pollution monitoring by

the Kincaid experiments. By combining error components with deterministic atmo-

spheric dispersion models (ADMs) to form our ECA-ADM, we formalize point source

modeling to obtain prediction uncertainties. These error components are based on the

default neighborhood structures created by the point source and already recognized

by ADMs. In addition, a new spatial process, called the clustered double conditional

autoregressive (CDCAR) model, is proposed to accommodate point sources. CD-

CAR includes commonly used processes, such as the conditional autoregressive and

two-fold conditional autoregressive models, as special cases.
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Chapter 1

Introduction to Point Source

Modeling

Point source modeling has various applications in many areas such as environ-

mental science, epidemiology and engineering science etc. Point source is the most

common type of source considered in modeling air pollution. In such instances, the

spatial process of interest may be affected by one or more point sources. These point

sources provide auxiliary information that may impact both the mean and covariance

processes. Unfortunately, resulting point source impact on the covariance function

of a process has received only little attention. Although there has been much work

in the last decade on the development of statistical model for analyzing the small-

scale spatial distribution (i.e., covariance model) of spatial data, there is an only few

research for considering the point source. Hughes-Oliver, Lu, Davis, and Gyurcsik

(1998), Hughes-Oliver, Gonzalez-Farias, Lu, and Chen (1998), and Hughes-Oliver and

Gonzalez-Farias (1999) discuss the effects of point sources on a deposition process in

semiconductor manufacturing and measuring electromagnetism in a field.
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In the epidemiology literature, there has been much development of statistical

methods for disease, much of it motivated by the investigation of putative disease

clusters near nuclear installations; see Bithell and Stone (1989) and Cook-Mozzaffari

et al. (1989). However, their primary goal is to test whether or not clusters of disease

cases in space and/or time are significant, after accounting for chance variation. In

their nomenclature, a “focused” test is used to detect significant clustering around a

point source exposure to a pollutant that is presumed to increase disease risk. Beyond

relative location impact, there is no literature that quantifies how much a point source

contributes to disease risk.

In point source modeling with environmental data application, the factors that

affect the transport, dilution, and dispersion of air pollutants can be grouped into four

categories: emission or source characteristics, the nature of the pollutant material,

meteorological characteristics and, the effects of terrain and anthropogenic structures.

In environmental science, point source is defined as

A stationary location or fixed facility from which pollutants are discharged
or emitted. Any single identifiable source of pollution, such as a pipe or
factory smokestack.

Point sources discharge pollution originating from municipal and industrial facilities,

bypasses and overflows from municipal sewage systems, unpermitted and illegal dis-

chargers, and produced water from oil and gas operations. Thus, evaluation of a point

source’s effect may help companies and communities alleviate the environmental and

human-health costs of pollution. We employed spatial modeling to assess the effect

of a point source.
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In environmental science, atmospheric dispersion models (ADMs) (e.g., ISCST,

AERMOD, and HPDM) can be used to aid in demonstrating environmental compli-

ance, analyzing process changes and evaluating the impacts of accidental releases and

are used to estimate the downwind concentrations of pollutants emitted by various

pollution sources such as industrial facilities and nuclear plants. However, almost

all computer ADMs only provide deterministic predictions without measures of their

uncertainties.

In this dissertation, we propose an error-components-adjusted ADM to evaluate

effect of point source. We also suggest a process decomposition approach to model

stochastic processes across spatial domains and consider the case where a point source

impacts the stochastic process of interest using various kinds of point sources.

This dissertation consists of six chapters. In Chapter 2, we propose our autore-

gressive point source model (ARPS) to evaluate the point source impact; the point

source in Chapter 2 is a metal pole and the measured outcome is electromagnetism.

The remaining chapters of this dissertation relate to air pollution data. Chapter 3

reviews ADMs for plume movement. We introduce error-components-adjusted ADM

and study its prediction ability in Chapter 4. We also propose a combined conditional

autoregressive model (CAR) with environmental data application. In Chapter 5, we

investigate two modified CAR processes, named clustered CAR (CCAR) and clus-

tered double CAR (CDCAR). In Chapter 6, we conclude with suggestions for future

research.
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Chapter 2

An Autoregressive Point Source

Model for Spatial Processes

This chapter is being revised for Communications in Statistics - Theory and Methods.

Resubmission is planned during June 2005
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An Autoregressive Point Source Model for

Spatial Processes
Jacqueline M. Hughes-Oliver, Tae-Young Heo, Sujit K.

Ghosh
1Department of Statistics, North Carolina State University, Raleigh, NC 27695-8203

May 20, 2003

Abstract

We suggest a parametric modeling approach for nonstationary spatial processes driven

by point sources. Baseline near-stationarity, which may be reasonable in the absence

of a point source, is modeled using a conditional autoregressive Markov random field.

Variability due to the point source is captured by our proposed autoregressive point

source model. Inference proceeds according to the Bayesian hierarchical paradigm,

and is implemented using Markov chain Monte Carlo methods. The parametric ap-

proach allows a formal test of effectiveness of the point source. Application is made

to a real dataset on electric potential measurements in a field containing a metal

pole and the finding is that our approach captures the pole’s impact on small-scale

variability of the electric potential process.

KEY WORDS: Bayesian inference; Correlation nonstationarity; Heterogeneity; Hi-

erarchical model; Random effect; Variance nonstationarity.
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2.1 Introduction

Stochastic processes across spatial domains are often modeled by decomposing

them into trend and stationary error processes. However, it has become increasingly

clear that an assumption of stationarity of the error process is driven more by math-

ematical convenience than by reality, and more practitioners are choosing to replace

this convenient assumption with the more realistic assumption of nonstationarity; see,

for example, Sampson and Guttorp (1992), Haas (1995), Cressie and Majure (1997),

Higdon et al. (1999), Fuentes (2002), and Wikle (2004). Nonstationary error models

are difficult to develop and estimate because deviations from stationarity can occur

in many ways. They require direct or indirect methods for describing variance and

correlation as they change over the index set of the process, while guaranteeing that

linear transformations of the process will have non-negative variances. Auxiliary in-

formation, if available, can ease the difficulty associated with modeling nonstationary

error processes.

In this paper, we consider the case where a point source impacts the stochastic

process of interest. Auxiliary information provided by a point source and the resulting

impact on the covariance function of a process has received only minimal attention.

In epidemiology, relatively recent activities have led to a large body of literature

relating point sources to disease “hot spots.” The primary goal is to test whether or

not clusters of disease cases in space and/or time are significant, after accounting for

chance variations. In their nomenclature, a “focused” test is used to detect significant

clustering around a point source exposure to a pollutant that is presumed to increase

6



disease risk. These efforts typically model disease incidence using the Cox process

based on inhomogeneous Poisson processes. A few key references are Diggle and

Rowlingson (1994), Bithell (1995), Lawson (1995, 2001), Lawson and Waller (1996),

and Diggle et al. (1997). Hughes-Oliver et al. (1998a), Hughes-Oliver et al. (1998b),

and Hughes-Oliver and Gonzalez-Farias (1999) discuss the effects of point sources on

a deposition process in semiconductor manufacturing and measuring electric potential

in a field.

We propose a hierarchical Bayesian approach to an extension of the process de-

composition model suggested by Hughes-Oliver and Gonzalez-Farias (1999). There

are three major benefits afforded by the Bayesian paradigm. First, it is able to ac-

count for uncertainty in parameter estimates when evaluating prediction uncertainty;

frequentist approaches are highly criticized for their inability to deal with this issue.

Second, Bayesian inference does not require derivation of asymptotic properties (as

sample size increases) of estimators because results are based entirely on simulated

observations from relevant posterior distributions. Third, the Bayesian paradigm al-

lows the incorporation of prior information that may not be as easily incorporated in

a frequentist approach. There are also benefits of the process decomposition model.

This model provides a parametric method for decomposing the observed process into

a trend surface, a baseline error process, and an additional error process (associated

with the point source) that may be viewed as a “shock” to the baseline. Nonstation-

arity is easily modeled by this additional error process since no restrictions are placed

on the forms of their covariance functions.

We also introduce a newly created autoregressive point source (ARPS) process

7



capturing the effect of a point source on the error component of a process. This process

is attractive for at least three reasons. First, it allows site-specific variances to be a

function of proximity to source, where no restriction is placed on definition of distance;

that is, any relevant distance metric may be used. Second, site-to-site correlations

may be a function of proximity to source. Third, and possibly most attractive, this

model is parametric and lends itself to testing the statistical significance of point

source impacts on the error component of a process. We use the data from Hughes-

Oliver and Gonzalez-Farias (1999) to illustrate our proposed method for modeling

the effect of a point source.

Section 2.2 contains a description of the process decomposition approach. Sec-

tion 2.3 introduces our approach, the so-called ARPS process, for modeling the effect

of a point source on the covariance structure. The full, overall covariance structure

is explored in Section 2.4. Section 2.5 contains modeling details for electric potential

in a field containing a metal pole. Concluding remarks are presented in Section 2.6.

2.2 Process Decomposition

Suppose {Y (s) : s ∈ D ⊆ R2} is the stochastic process of interest and D is the

index set, such that Y (s) is the response at site s. That is, s = (x, y), where x may

be longitude and y may be latitude. Covariates for this process are given as {X(s) : s

∈ D ⊆ R2, X is q-dimensional}. These q covariates may be fixed or random and will

often include distance to the point source located at P . Given covariates, the Y (·)

8



process is decomposed into trend and error as

Y (s) = µ(s) + Z(s), (2.1)

where µ(s) = f(X(s), β) (the trend) is the expectation of Y (s) conditioned on covari-

ates X(s) at site s and Z(s) (the error or detrended response) has zero expectation.

Effect of the point source on trend or large-scale variation is modeled by judicious

choice of the function f(·, ·). This is commonly done using a linear or non-linear func-

tion where the functional form of f(·, ·) is completely known and only the vector β is

unknown. Generalized additive models (GAMs, Hastie and Tishirani 1990) may also

be used as a first-stage approximation of the trend assuming errors are independent

and identically distributed; see Holland et al. (2000) for an application of GAMs to

environmental data.

It is also possible, however, that the point source affects the covariance or small-

scale variation; see Hughes-Oliver et al. (1998a, 1998b), and Hughes-Oliver and

Gonzalez-Farias (1999) for discussions and datasets. This effect leads to covariances

that are functions of the distances (and possibly angles) between the sites and source.

The resulting nonstationarity of Y (s), where the covariance is site-dependent, is mod-

eled using Z(s).

Suppose that Z(s) is the result of a baseline zero-mean process Z0(s) that has

been “shocked” by the zero-mean point source process Z1(s) in such a way that

Z(s) = Z0(s) + Z1(s). (2.2)

Suppose further that processes Z0 and Z1 are independent and that Covi(·, ·) is the

covariance function for Zi, that is, Covi(s, t) = Cov(Zi(s), Zi(t)). The covariance

9



function for Z is then Cov(s, t) = Cov0(s, t) + Cov1(s, t).

Any valid covariance may be assigned to the Covis and this will automatically

guarantee that the covariance of Z is valid, thus linear transformations of the Z

process will have nonnegative variances. The choice of Covi should be motivated by

the data in such a way that the baseline process is well represented and parameters

of Cov1 measure the strength of importance of the source. Specific features may be

built into the Covis in a variety of ways. Suppose the effect of source P on error

process Z is such that the detrended response is the same at all sites equi-distant

from P ; note this does not imply that the effect of the point source on the response is

necessarily taken to be constant at all sites equi-distant from P , only that the errors

are constant. Then the required two-dimensional covariance Cov1(s, t) may be built

from a one-dimensional covariance r1(ds, dt), where ds ≡ ||s − P || is the Euclidean

distance between site s and the source. This is because {Z1(s) : s ∈ D ⊆ R2}

may be written as a process {Z∗
1(ds) : ds ∈ R} on the real line; see Hughes-Oliver

and Gonzalez-Farias (1999) for details. Another approach to building Cov1(s, t) is to

explore the local behavior of the process around the source by means of a conditional

autoregressive model based on special neighbor relationships, as in Heo and Hughes-

Oliver (2004). In the next section, we propose a spatial autoregressive random effects

model for Z1 based on a point source.

10



2.3 Autoregressive Point Source Modeling

Building on the process decomposition model in equations (2.1) and (2.2), we

propose using an autoregressive random effects model to capture the effect of the

point source on error process Z1. For this point source at P , we create a sequence

of concentric regions Rk ⊆ D for k = 1, . . . , r ≤ n, such that P ∈ Rr and the outer

boundary of Rk is the inner boundary of Rk−1 for k = 2, . . . , r, where Rk ∩ Rk′ =

φ, for all k 6= k′; see Figure 2.1 for an illustration of such concentric regions. Next,

we assume that the (random) spatial effect due to point source P for the region Rk

is captured by αk. In other words, {R1, . . . , Rr} forms a partition of the index set D

and the process Z1 is constant across each of these regions. It is important to realize

that this assumption of constancy applies to the error process and not the response.

In fact, the trend term of equation (2.1) allows the mean response to vary within

any particular region Rk. Finally, the random effects α1, . . . , αr arise as an AR(1)

process. This assumption is based on the fact that the spatial effect due to region Rk

depends on the two neighboring regions Rk−1 and Rk+1. More specifically, the error

process caused by the point source P may be written as

Z1(s) =
r∑

k=1

αkI(s ∈ Rk)

α1 ∼ N(0, σ2
1), σ2

1 > 0 (2.3)

αk|αk−1 ∼ N(ψαk−1, σ
2
2), σ2

2 > 0, k = 2, · · · , r.

In the ensuing discussion, we will refer to the model in (6.1) as ARPS(ψ, σ2
1, σ

2
2),

where ARPS stands for autoregressive point source.

To understand the impact of (6.1) on the covariance Cov1(·, ·), let Z1 = [Z1(s1), . . . , Z1(sn)]′
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Figure 2.1: Illustration of regions for the autoregressive point source process.

be the vector of responses from the point source process over all n sampling sites.

Then Σ1 ≡ Var(Z1) has (i, j)th element

r∑

k=1

r∑
m=1

I(si ∈ Rk)I(sj ∈ Rm)Cov(αk, αm)

where, assuming m ≥ k,

Cov(αk, αm)ψm−k

(
σ2

1ψ
2(k−1) + σ2

2

k−2∑
q=0

ψ2q

)
. (2.4)

Suppose Z†1 contains the reordered entries of Z1 such that Z†1 = [Z11 ,Z12 , · · · ,Z1r ]
′,

where Z1k
corresponds to the vector for all nk sites in region Rk. Then, the variance-
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covariance matrix for Z†1 is the n× n matrix

Σ†
1 = Var(Z†1) =




δ1,1Jn1×n1 δ1,2Jn1×n2 δ1,3Jn1×n3 · · · δ1,rJn1×nr

δ1,2Jn2×n1 δ2,2Jn2×n2 δ2,3Jn2×n3 · · · δ2,rJn2×nr

δ1,3Jn3×n1 δ2,3Jn3×n2 δ3,3Jn3×n3 · · · δ3,rJn3×nr

...
...

...
. . .

...

δ1,rJnr×n1 δ2,rJnr×n2 δ3,rJnr×n3 · · · δr,rJnr×nr




=




δ1,1Jn1×n1 ψδ1,1Jn1×n2 ψ2δ1,1Jn1×n3 · · · ψr−1δ1,1Jn1×nr

ψδ1,1Jn2×n1 δ2,2Jn2×n2 ψδ2,2Jn2×n3 · · · ψr−2δ2,2Jn2×nr

ψ2δ1,1Jn3×n1 ψδ2,2Jn3×n2 δ3,3Jn3×n3 · · · ψr−3δ3,3Jn3×nr

...
...

...
. . .

...

ψr−1δ1,1Jnr×n1 ψr−2δ2,2Jnr×n2 ψr−3δ3,3Jnr×n3 · · · δr,rJnr×nr




,

where J is a matrix with all elements equal to 1, δ1,1 = σ2
1, δk,k = ψ2δk−1,k−1 + σ2

2 for

k = 2, 3, . . . , r, and δk,m = ψδk,m−1 for k = 1, . . . , r−1 and m = k+1, . . . , r. If ψ = ±1,

the variance-covariance matrix Var(Z†1) takes a simpler form with δk,m = σ2
1+(k−1)σ2

2

if ψ = 1 and δk,m = (−1)m−k[σ2
1 +(k−1)σ2

2] if ψ = −1, for k ≤ m. Note that Var(Z†1)

is always singular when r < n. Also note that there is relatively little information

available for estimating σ2
1, so in a Bayesian framework one needs to either specify a

very informative prior for σ2
1 or impose a constraint such as a relationship between

σ2
1 and one or more of the other parameters; we develop this idea more fully in

Section 2.4.

Alternative expressions for the ARPS model allows it to benefit from insights

commonly gained for mixed effect models. Specifically, we can write Z1 as

Z1 = ∆α,

where α = (α1, . . . , αr)
′, ∆ = ((δik)), and δik = I(si ∈ Rk) for i = 1, . . . , n, k =
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1, . . . , r. Consequently,

Σ1 = ∆C∆′,

where C = ((ckm)) and ckm = Cov(αk, αm) is as specified in (2.4), for k,m = 1, . . . , r.

Because rank(Σ1) = rank(C) = r, it is clear that Σ1 is singular when r < n.

The ARPS model in (6.1) allows for two types of nonstationarity that we loosely

call variance nonstationarity and correlation nonstationarity. Variance nonstationar-

ity is nonconstant variance and correlation nonstationarity is correlation that is not

a function only of site-to-site distance. If σ2
1 > σ2

1ψ
2 + σ2

2, then variance increases

as sites are further from the source. On the other hand, variance is constant when

σ2
1 = σ2

1ψ
2 + σ2

2 and decreases when σ2
1 < σ2

1ψ
2 + σ2

2. If ψ 6= 0, then correlation is

a function of both site-to-site and site-to-source distances from P , no matter what

relationships exist between σ2
1, σ2

2, and ψ. Consequently, we test the impact of point

source P on small-scale variability by testing the null hypothesis that

ψ = 0 and σ2
1 = σ2

2

against an appropriate alternative; under these conditions, the process exhibits nei-

ther variance nonstationarity nor correlation nonstationarity. Using slightly different

notation, let

η =
σ2

1

σ2
1ψ

2 + σ2
2

.

Then,

• η > 1 and ψ = 0 implies there is no correlation and the point source causes a

single increase in variance from R2 to R1 (variance is the same in R2, . . . , Rr);
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• η > 1 and ψ 6= 0 implies variance increases as sites are further from source P

and correlation is a function of site-to-source distances;

• η = 1 and ψ = 0 implies that variance is constant and there is no correlation,

i.e., the point source does not affect small-scale variability of the process Y ;

• η = 1 and ψ 6= 0 implies that variance is constant and correlation is a function

of site-to-source distances;

• η < 1 and ψ = 0 implies there is no correlation and the point source causes a

single decrease in variance from R2 to R1 (variance is the same in R2, . . . , Rr);

and

• η < 1 and ψ 6= 0 implies variance decreases as sites are further from source P

and correlation is a function of site-to-source distances.

We can thus test the impact of point source P on small-scale variability by testing the

null hypothesis that ψ = 0 and η = 1 against any of the above bulleted alternatives.

2.4 Restrictions On The Parameter Space

Process decomposition, in particular equation (2.2), separates the overall error

process into two component processes, one representing the baseline (when no source

acts on the system) and the other representing the point source. Point source process

Z1 was discussed in Section 2.3 with a comment made that restrictions are necessary

for one of its parameters. This need is discussed here.

15



The baseline process Z0 is assumed to include a measurement error component

and a residual component. In other words, using Σ0 to represent Var(Z0), where

Z0 = [Z0(s1), . . . , Z0(sn)]′, we get

Σ0 = Σ00 + Σ01 = σ2
eIn + Σ01,

and consequently

Σ = σ2
eIn + Σ01 + Σ1

is the overall covariance matrix of the Y process based on (2.1) and (2.2).

Let Z†0 = [Z01 ,Z02 , · · · ,Z0r ]
′ follow the order of Z†1 as described in Section 2.3. If

the Z0 process is iid (making Σ01 the zero matrix) and Z1 is ARPS(1, σ2
1, σ

2
2), then

Σ† = σ2
eIn + Σ†

1

where

Σ†
1 =




σ2
1Jn1×n1 σ2

1Jn1×n2 σ2
1Jn1×n3 · · · σ2

1Jn1×nr

σ2
1Jn2×n1 (σ2

1 + σ2
2)Jn2×n2 (σ2

1 + σ2
2)Jn2×n3 · · · (σ2

1 + σ2
2)Jn2×nr

σ2
1Jn3×n1 (σ2

1 + σ2
2)Jn3×n2 (σ2

1 + 2σ2
2)Jn3×n3 · · · (σ2

1 + 2σ2
2)Jn3×nr

...
...

...
. . .

...

σ2
1Jnr×n1 (σ2

1 + σ2
2)Jnr×n2 (σ2

1 + 2σ2
2)Jnr×n3 · · · [σ2

1 + (r − 1)σ2
2]Jnr×nr




.

In this case, the scale parameter σ2
e always appears with scale parameter σ2

1 as σ2
e +σ2

1.

To improve identifiability, we can place a restriction on either σ2
e , σ2

1, or both. A com-

monly used restriction in time series analysis is one that guarantees stationarity of

the one-dimensional autoregressive process, namely σ2
1 = σ2

2/(1 − ψ2). This restric-

tion would force η = 1 and consequently not allow variances of the Z1 process to

differ based on distance from source. Finding this unacceptable, we settled on the
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alternative restriction σ2
1 = σ2

e . This is quite reasonable given that σ2
e represents

measurement variability of the baseline process Z0. Region R1, whose variance is σ2
1,

is farthest from the source and is thus least affected by that source. Depending on the

strength of impact of the source and the relative size of study region D, we argue that

R1 should exhibit features very similar to the baseline process Z0, thus supporting

the restriction σ2
1 = σ2

e . We use this restriction throughout.

2.5 Modeling Electromagnetism In a Field Con-

taining a Metal Pole

2.5.1 Dataset and Candidate Models

To illustrate some details of our approach, we now describe a real dataset from

Hughes-Oliver and Gonzalez-Farias (1999) in which a point source acts as a catalyst

for the response. Quoting these authors (pp. 63–64), “measurements [of electric

potential] are taken at sites falling on a regular grid, as shown in [Figure 2.2], where

the sites are one meter apart in both the vertical and horizontal directions. . . . [electric

potential] is expected to be fairly constant across the field, but an existing metal pole

affects the measuring device so that the constant pattern in the field is not observable.

It is in this sense that we consider the metal pole to be a point source. . . . [electric

potential] appears to be a function only of distance to the point source, and because

the contours are approximately circular, there is no apparent need for rotating or

rescaling the axes.”

Let Y (s) denote the following transformed value of electric potential at site s,

17



g(s):

Y (s) =
46300− g(s)

4630
.

This simple rescaling moderates extreme behavior in our Markov chain Monte Carlo

(MCMC) techniques discussed below. Another view of the data is given in Figure 2.3,

where both electric potential and transformed electric potential are plotted as a func-

tion of distance from the point source. This figure clearly suggests that the mean and

variance of Y (s) are decreasing functions of distance from the point source. Using

d(s) to represent Euclidean distance between s and source P , we use equation (2.1)

with

µ(s) = β0 +
β1

d(s)

to describe the trend surface and

Z(s) = Z00(s) + Z01(s) + Z1(s)

to describe the error process as in (2.2) for Z0(s) = Z00(s) + Z01(s). In this error

process, Z00 is a measurement error process and Z01 captures the effect of spatial

proximity in the baseline process; Z00 and Z01 together represent the baseline process

Z0 discussed in Sections 2.2 and 2.4. The process Z1 captures the effect of the

point source, based on r = 10 concentric regions from the metal pole. ARPS regions

R1, . . . , R10 are indicated in Figure 2.3, along with boxplots of the transformed electric

potential, y, within these regions. The processes Z00, Z01, and Z1 all have mean zero

and are assumed independent, conditioned on the mean function µ(·).

We begin by assuming normality of the conditional Y process. Normality can eas-

ily be replaced by a fat-tailed distribution like the Student’s t, but this would require
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Figure 2.3: Electric potential (plotted as bullets) as a function of distance between
measurement sites and the metal pole. Locations of ARPS regions R1, . . . , R10 and
boxplots of transformed electric potential within these regions are also shown.
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an adjustment in interpretation of the variance-covariance matrix by incorporating

a scale factor; we do not pursue this here. The Z00 process is assumed to follow a

normal distribution with constant variance σ2
e ; the Z01 process is assumed to follow a

normal conditional autoregressive (CAR) model; and the Z1 process follows an ARPS

model. More specifically, suppose D is an index set containing sites s1, . . . , sn on the

regular grid of Figure 2.2, where n = 160. Then, the Bayesian hierarchical model

may be written as follows:

Y (sj) ∼ Normal(Y ∗(sj), σ
2
e), j = 1, . . . , n

Y ∗(sj) = β0 +
β1

d(sj)
+ Z01(sj) + Z1(sj) (2.5)

Z01(·) ∼ CAR(ρ, σ2
c )

Z1(·) ∼ ARPS(ψ, σ2
1 = σ2

e , σ
2
2).

The measurement error variance is σ2
e . While the CAR(1, σ2

c ) process is more pop-

ular, we prefer the more general CAR(ρ, σ2
c ) process (Sun et al. 2000) for several

reasons. First, because −1 ≤ ρ ≤ 1, the former is actually a special case of the latter.

Second, the value of ρ indicates the strength of spatial correlation. And third, when

−1 < ρ < 1, CAR(ρ, σ2
c ) yields a positive definite covariance structure for Z01, unlike

the semidefinite covariance offered by CAR(1, σ2
c ). The CAR(ρ, σ2

c ) process specifies

conditional distributions as

Z01(sj)|{Z01(sk), j 6= k} ∼ Normal

(
ρ

n∑

k=1

bjkZ01(sk), ε
2
j

)
,

where bjj = 0, bjk = (1/Nj)I(locations sj and sk are neighbors), Nj is the number

of neighbors of sj, ε2
j = σ2

c/Nj, and σ2
c is a scale parameter measuring smoothness.

The overall variance of the Z01 process is obtained from Σ−1
01 = M−1(I − ρB), where
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B = ((bjk))
n
j,k=1 and M is a diagonal matrix with elements ε2

1, . . . , ε
2
n. Carlin and

Banerjee (2002) argue that negative smoothness parameters are not desirable, so

they use 0 < ρ < 1.

We use proper priors for all hyper-parameters, θ = (β0, β1, σ
2
e , ρ, σ2

c , ψ, σ2
2), as

outlined below:

β0 ∼ Normal(0, 10000)

β1 ∼ Normal(0, 10000)

σ2
e ∼ Inverse Gamma(0.001, 0.001)

ρ ∼ Uniform(0, 1)

σ2
c ∼ Inverse Gamma(.01, .01)

ψ ∼ Uniform(−0.1, 2)

σ2
2 ∼ Inverse Gamma(0.001, 0.001).

The six modeling scenarios considered here are summarized in Table 2.1. Model 1

recognizes no spatial patterns in small-scale variability, neither in the baseline process

nor due to the point source; Model 1 uses ordinary least squares estimation. Models 2,

4, and 6 all include point source covariance models. For Model 2, no spatial proximity

modeling is used for the baseline process. Models 3 and 4 both fit the singular CAR

model, while Models 5 and 6 fit the more general CAR model.

Posterior distributions are obtained using MCMC in software WinBUGS Version

1.3 (Spiegelhalter et al. 2000). This version of WinBUGS provides a function for
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Table 2.1: Modeling Cases for electric potential in a Field

Model∗ CAR(1, τ) CAR(ρ, τ) ARPS(ψ, σ2, σ2
2)

1, trend+ME
2, trend+ME+ARPS x
3, trend+ME+CAR1 x
4, trend+ME+CAR1+ARPS x x
5, trend+ME+CARρ x
6, trend+ME+CARρ+ARPS x x

CAR(ρ, σ2
c ), but only for deterministic ρ. We hard-coded the cases where ρ was

allowed to be random, namely, Models 5 and 6. WinBUGS offers many useful conver-

gence measures that can be conveniently summarized using the CODA module (Best

et al. 1996) running under R or SPlus.

Using this Bayesian hierarchical approach, we implement a Gibbs sampler method

to sample from the full conditional distributions of all these parameters. While all

hyperpriors are proper, Models 2, 4, and 6 contain the singular ARPS and Models

3 and 4 contain the singular CAR(1,σ2
c ). Presence of the measurement error (ME)

component, however, ensures that the overall covariance of Y , given by Σ, is a positive

definite matrix and hence all posterior distributions are proper. Concerns raised by

Sun et al. (1999), Sun et al. (2000), and Sun et al. (2001) are not applicable here. In

Table 2.2, we report summaries of the posterior densities for each of the six models,

and in Table 2.3 we report model diagnostics. Results are based on three chains of

70,000 iterations each after a burn-in period of 30,000 iterations.

Several checks were made on convergence of the MCMC, including running three

separate chains using different starting values and observing Gelman and Rubin’s
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(1992) diagnostic measure R; all values were very close to unity, indicating good

mixing of the chains. Trace and posterior density plots for all three chains obtained for

Model 6 (the most complicated model considered) are given in Figure 2.4. Additional

details on the effect of multiple starting values are provided in Figure 2.5 for ψ of

Model 6, where ψ is the parameter of greatest interest in capturing effect of the point

source on the error process. Recall from Section 2.3 that if ψ 6= 0 then correlation is

a function of both site-to-site and site-to-source distances. There is strong evidence

of convergence.

Recent developments in Bayesian modeling of random effects suggest that results

can be very sensitive to the priors on the associated variances (Gelman 2004; Spiegel-

halter et al. 2004, chap. 5). To investigate the effect of priors on Model 6, we consid-

ered two additional priors for σ2
c and σ2

2, leading us to nine combinations of priors for

these two parameters based on individual priors of uniform(0,.1) for σc or σ2 (most

noninformative), inverse gamma(.001,.001) for σ2
c or σ2

2, and inverse gamma(.01,.01)

for σ2
c or σ2

2 (most informative). Figure 2.6 shows histograms of posterior simulations

of σ2 from the nine combinations of priors. Inference on σ2 clearly differs according to

prior specification for σ2 (but not for σc), with the most informative prior leading to

larger values for σ2, but none of the inverse gamma priors considered here constrain

posterior inference to the degree presented in Gelman et al. (2003, Appendix C).

The parameter σ2 is not of direct interest when determining the impact of ARPS,

however, so we once again focus attention to ψ.

Figure 2.7 shows posterior densities of ψ for each of the nine combinations con-

sidered. Given a prior for σ2
2 (σ2), selection of prior for σ2

c (σc) has little effect on the
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Figure 2.4: MCMC trace and posterior density plots for Model 6 using three chains.
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Figure 2.5: MCMC results for ψ of Model 6. Panel (a) is the autocorrelation function
of ψ for each chain. Panel (b) is the posterior histogram of ψ for each chain. Panel (c)
shows side-by-side boxplots of posterior values for ψ from each chain.
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Figure 2.6: Histogram of posterior simulations of σ2 from models with nine differ-
ent prior distributions: σc distributed as uniform(0,.1) (top row), σ2

c distributed as
inverse gamma(.001,.001) (middle row), σ2

c distributed as inverse gamma(.01,.01)
(bottom row), σ2 distributed as uniform(0,.1) (left column), σ2

2 distributed as inverse
gamma(.001,.001) (middle column), σ2

2 distributed as inverse gamma(.01,.01) (right
column). Solid line denotes the prior distribution.
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Figure 2.7: Posterior densities of ψ obtained from nine different combinations of
priors for σ2

c (σc) and σ2
2 (σ2) in Model 6. Label (a) indicates all three densities

corresponding to σ2 having a uniform(0,.1) prior, the most noninformative prior con-
sidered. Likewise, labels (b) and (c) indicate all three densities corresponding to σ2

2

having inverse gamma(.001,.001) or inverse gamma(.01,.01) priors, respectively. Ver-
tical reference lines indicate 2.5th posterior percentiles for ψ.

posterior distribution of ψ. On the other hand, choice of prior for σ2
2 (σ2) has a big

effect on the model. Vague or noninformative priors allow the data to dominate, and

this leads to a stronger effect, or large values, of the point source parameter ψ. As

expected, very informative priors that place little prior probability on a strong ARPS

process lead to small values of ψ. It is important to note, however, that 95% credible

sets for ψ never include 0, which suggests that the ARPS process adds an important

component to the model for this data.

For all models, the 2.5th posterior percentile of β1 exceeds 0.68, thus suggesting

that electric potential increases at sites further from the pole. Posterior regions for

β0, β1, and σ2
e overlap in significant ways across all six models. The posterior mean
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of σ2
e under Models 1 and 2 are almost double the values under other models, thus

suggesting that the residuals of Models 1 and 2 contain spatial variation that is later

captured by the CAR process. The fitted ARPS process is most impressive when

the CAR process is not modeled, as expected. In the presence of the strong spatial

structure created by a degenerate CAR(1, σ2
c ), ARPS parameters are closer to their

null values, with posterior means of 1.147 for ψ (null value is 0) and 0.5262 for η

(null value is 1) in Model 4. When strength of spatial dependence is estimated using

CAR(ρ, σ2
c ) with random ρ, as in Model 6, posterior means are 1.332 for ψ, 0.3801

for η, and 0.4643 for ρ.

2.5.2 Model Comparison

Many techniques have been suggested for choosing among competing models.

Akaike’s Information Criterion (AIC), Bayesian Information Criterion (BIC), and

Bayes factors are among the most often used, but these methods fail in our models

because of the random effects and some improper priors (Spiegelhalter et al. 2002).

Bayes factors are not interpretable with a CAR(1, σ2
c ) prior for spatial effects (Han

and Carlin 2001). This CAR(1, σ2
c ) prior creates n additional parameters that cannot

be counted as n free parameters, thus making AIC and BIC inapplicable. For our

model comparisons, we use the Deviance Information Criterion (DIC) proposed by

Spiegelhalter et al. (2002). Sum of squared errors (SSE) is used as a secondary model

comparison criterion. SSE due to prediction is computed as

SSE = E

{ n∑
j=1

[
Y (sj)− Ŷ (sj)

]2|Y (·)
}

,
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Table 2.2: Summaries of Posterior Densities from Modeling electric potential

Parameter Mean MCerror 2.5% Median 97.5%
Model 1

β0 -0.0400 1.397E-5 -0.0477 -0.0400 -0.0324
β1 0.8059 3.904E-5 0.7848 0.8059 0.8271
σ2

e 0.001326 3.143E-7 0.001062 0.001315 0.001653
Model 2

β0 -0.0211 2.796E-5 -0.0299 -0.0211 -0.0123
β1 0.7281 1.036E-4 0.6985 0.7281 0.7579
σ2

e 0.001011 3.097E-7 0.000806 0.001003 0.001266
ψ 1.330 3.213E-3 0.5619 1.3430 1.9280
η 0.4737 1.955E-3 0.2265 0.4259 1.0580
σ2

2 0.000586 1.710E-6 0.000179 0.000472 0.001671
Model 3

β0 -0.0224 4.356E-5 -0.0312 -0.0224 -0.0137
β1 0.7339 1.712E-4 0.7012 0.7340 0.7660
σ2

e 0.000599 1.211E-6 0.000330 0.000593 0.000906
σ2

c 0.001775 3.568E-6 0.001051 0.001725 0.002776
Model 4

β0 -0.0191 4.190E-5 -0.0282 -0.0191 0.0100
β1 0.7201 1.637E-4 0.6866 0.7202 0.7534
σ2

e 0.000665 1.173E-6 0.000392 0.000661 0.000959
σ2

c 0.001454 3.927E-6 0.000815 0.001398 0.002420
ψ 1.1470 4.478E-3 0.2223 1.182 1.866
η 0.5262 3.107E-3 0.2037 0.4479 1.384
σ2

2 0.000588 1.498E-6 0.000180 0.000476 0.001671
Model 5

β0 -0.0292 1.067E-4 -0.0433 -0.0295 -0.0127
β1 0.7633 2.263E-4 0.7267 0.7632 0.8001
σ2

e 0.000596 1.779E-6 0.000279 0.000588 0.000962
ρ 0.8527 8.813E-4 0.5397 0.8817 0.9934
σ2

c 0.002221 6.378E-6 0.001143 0.002147 0.003705
Model 6

β0 -0.0204 5.191E-5 -0.0307 -0.0204 -0.0098
β1 0.7252 1.719E-4 0.6928 0.7253 0.7574
σ2

e 0.000554 1.527E-6 0.000265 0.000549 0.000878
ρ 0.4643 1.339E-3 0.0330 0.4630 0.9254
σ2

c 0.002090 5.583E-6 0.001116 0.002031 0.003378
ψ 1.3320 2.858E-3 0.5457 1.3470 1.9250
η 0.3801 1.299E-3 0.1706 0.3494 0.7814
σ2

2 0.000592 1.645E-6 0.000180 0.000477 0.001690
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Table 2.3: Diagnostic Measures from Modeling electric potential

Criteria

Model DIC(Rank) pD pθ D(θ) D SSE(Rank)
1, trend+ME -606(6) 3 3 -612 -609 0.4197(6)
2, trend+ME+ARPS -642(5) 10 15 -662 -652 0.3199(5)
3, trend+ME+CAR1 -660(2) 82 164 -824 -742 0.1876(3)
4, trend+ME+CAR1+ARPS -648(4) 74 176 -796 -722 0.2104(4)
5, trend+ME+CARρ -656(3) 89 165 -834 -745 0.1860(2)
6, trend+ME+CARρ+ARPS -664(1) 90 177 -845 -755 0.1745(1)

where the expectation is taken with respect to the posterior predictive distribution

of Ŷ (·). See Gelfand and Ghosh (1998) for a decision-theoretic justication of this

quantity as a model-choice criterion.

DIC, like AIC and BIC, balances model adequacy against model complexity.

Model adequacy is measured by the posterior mean D = Eθ|y(D(θ)) of the deviance

D(θ), where D(θ) = −2 log f(y|θ) + 2 log(h(y)) and h(y) is unaffected by the model.

Model complexity is measured by the effective numbers of parameters, pD = D−D(θ),

where D(θ) is the deviance evaluated at the posterior mean, θ, of the parameters.

Consequently, DIC = D + pD and small values are desirable. DIC is effective in high-

dimensional or very complicated models because of the method used for determining

the effective number of parameters.

In Table 2.3, we report DIC, and its components, for each of the six models.

Multiple runs yield differences of at most 1.9 in DIC. We also report pθ, the total

number of parameters, and the posterior mean of SSE for all six models. Models 1

and 2 are clearly inadequate. Model 4 is better than Models 1 and 2 but is not as
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good as Models 3, 5, and 6. Model 6 is the best model by all measures.

Model 6 has many interesting features. While the CAR process enforces unequal

variances only to address edge effects caused by differing numbers of neighbors, the

ARPS process explicitly fits unequal variances as suggested by the data in Figure 2.3.

Figure 2.8(a) shows fitted variances (obtained as the diagonal elements of Σ evaluated

at the posterior mean, θ, of the parameters) for Models 3, 5, and 6. The curve for

Model 6 is much more variable than the curves for Models 3 and 5. Figure 2.8(b)

shows fitted variances only for Model 5, and it is clear that these fitted variances

are not consistent with the patterns in the data, as displayed in Figure 2.3. Corner

sites (site numbers 1, 20, 141, and 160) have largest variances, followed by sites

adjacent to corners, followed by other edge sites, and finally followed by interior sites.

Figure 2.8(c) shows fitted variances only for Model 3, and, again, these fitted variances

are clearly not consistent with the data. In both Models 3 and 5, fitted variances are

a function of number of neighbors and they increase away from the pole. There are

much stronger spatial patterns and smoothness in Model 3 (ρ = .99 and σ2
c = .0018

in CAR) than in Model 5 (ρ = .85 and σ2
c = .0022 in CAR).

A second interesting feature of Model 6 is the relationship between correlation

and site-to-source distances. Figure 2.9 shows correlation clouds from Σ evaluated

at θ as a function of site-to-site and site-to-source distances for Models 3, 5, and 6.

Figure 2.9(a) shows that for Model 5, correlations between sites closest to the pole

(ARPS region R10) are in general smaller than correlations between sites farthest

from the pole (ARPS region R1). There is, however, no clear separation between

these groups of correlations. For Model 3, Figure 2.9(b) shows a greater degree of
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Figure 2.8: Fitted variances from Models 3 (modified), 5, and 6. A modification is
necessary for Model 3 because this fitted model is singular. For this model, we replace
ρ = 1 with ρ = 0.99 to obtain invertible matrices that yield variances. Panel (a)
shows variances for all models, while panel (b) shows variances only for Model 5 and
panel (c) shows variances only for modified Model 3. Observation sites numbers are
used as plotting symbols in panels (b) and (c), where site 1 is in the bottom left corner
of Figure 2.2 and site 160 is in the top right corner.
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separation of correlations according to distance from pole, but the separation is still

small. On the other hand, Model 6, as shown in Figure 2.9(c), clearly has correlations

that are a function of distance to pole. Moreover, correlations between sites in R10

are largest.

Third, focusing only on the ARPS process, we consider the one-step correlations

from regions R1 to R10, defined as

Corr(α1, α2) = ψ

√
σ2

1

σ2
1ψ

2 + σ2
2

,

Corr(αk, αk+1) = ψ

√√√√σ2
1ψ

2(k−1) + σ2
2

∑k−2
q=0 ψ2q

σ2
1ψ

2k + σ2
2

∑k−1
q=0 ψ2q

for k = 2, 3, . . . , 9.

Evaluating at θ for Model 6, we obtain Corr(αk, αk+1), k = 1, 2, . . . , 9 as: 0.790, .908,

.954, .975, .987, .993, .996, .998, .999. These numbers change quickly from k = 1 to

k = 3 and are primarily responsible for the differences seen in Figure 2.9(c).

Finally, as evidenced by the posterior density intervals for ψ and η given in Table 2,

as well as additional results not presented here, there is clear evidence of statistical

significance of the ARPS model. More specifically, the posterior interval for ψ does

not contain the value 0 and the posterior interval for η does not contain the value 1.

2.6 Concluding Remarks

Our newly proposed ARPS process can improve models of stochastic phenomena

across spatial domains because it takes advantage of auxiliary information provided

by point sources. The result is more simplified, interpretable, parametric, yet real-

istic, nonstationary modeling of error processes. By restricting the initial variance
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Figure 2.9: Fitted correlations from Models 3 (modified), 5, and 6. A modification is
necessary for Model 3 because this fitted model is singular. For this model, we replace
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σ2
1 of the ARPS process to equal the measurement error variance σ2

e , we strengthen

the interpretation that ARPS captures extra variation due to the point source, and

sites far from this source are well represented by the baseline error process. Addition-

ally, we comment on the interplay between the ARPS process, the commonly used

CAR(1, σ2
c ) process, and the more desirable CAR(ρ, σ2

c ) process. This is all done in

a Bayesian hierarchical framework where key objectives include simple tests for, and

clear interpretations of, the impact of a point source.

A complete analysis of electric potential in a field containing a metal pole clearly

shows the advantages of our approach. With ARPS, we capture the observed trend

of decreasing variances away from the pole; this finding is consistent with Hughes-

Oliver and Gonzalez-Farias (1999). We also achieve greater flexibility in modeling

correlations within and across regions of various distances from the pole. Posterior

density regions for parameters ψ and η clearly do not contain null values, thus im-

plying ARPS is important in capturing statistical significance of the pole’s impact on

small-scale variability of the electric potential process. Model selection is based on

both the DIC and SSE.

The ARPS error process may, at first glance, appear unrealistically simple because

it assigns the same random effect αk across an entire region Rk, but it is actually a

very flexible model. Regions R1, . . . , Rr may be chosen to represent expert knowledge

of the process being monitored (perhaps regions should be irregularly shaped and

defined by geographic features such as rivers, valleys, or plateaus in the monitored

area) with only minimal requirements that one must have enough data to be able

to fit a reliable model for the specified number of parameters. Because the model is
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parametric, we allow testing for the contribution of ARPS toward improving fit of the

observed data, as we have demonstrated for the data on electric potential. Also, by

letting r approach infinity, we can approximate any stochastic process by a sequence

of simple stochastic processes. This idea is similar to approximating a measurable

function by a sequence of simple functions (Billingsley, 1986, pp. 63-65).

There are, however, several issues that are currently being investigated. One such

issue deals with dynamic regionalization for the ARPS process, where we observe

a spatio-temporal process that can possibly alter the effect of a source over time.

This is particularly relevant in spatio-temporal processes affected by meteorological

conditions. On the other hand, regionalization for purely spatial processes may be

done in a straightforward manner, with model fits from different choices for R1, . . . , Rr

compared for adequacy. Ideally, we desire r as large as possible, but this increases the

number of parameters and reduces reliability of the model. Cost-benefits analyses,

possibly using cross validation, may be necessary for selecting r.

Another issue under current investigation is simultaneously accounting for the

impact of multiple sources. Ranking the impact of different sources is particularly

difficult when sites are affected by multiple sources in very different ways. The field

of source apportionment (see, for example, Henry 1997; Henry et al. 1997; Park et

al. 2001; Christensen and Sain 2002; and Park et al. 2002) ranks the impact of mul-

tiple sources by effectively partitioning the observed variance matrix into factors that

represent different categories of sources. Bayesian hierarchical modeling of multiple

ARPS processes is a fundamentally different approach from the standard techniques

of source apportionment. This will be the subject of future manuscripts.
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Chapter 3

Modeling Plume Dispersion

Dating back to the early 1970s, many attempts have been made to model the

movement of pollutants through air. Some analytic formulations, such as the Gaus-

sian plume model (GPM), have been amazingly effective but these have now been rou-

tinely replaced by complex computer atmospheric dispersion models such as ISCST3,

SCREEN, HPDM and AERMOD etc. Details of atmospheric dispersion modeling

are provided in Arya (1999). The purpose of this chapter is to briefly inform the

reader of some of these models and their strengths and weakness. This review is

primarily based on Beychok (1979). Typical inputs to the models are described in

Section 3.1. The GPM is carefully reviewed in Section 3.2. Several other models are

briefly reviewed in Section 3.3, and a table of unit conversions is given in Section 3.4.

42



3.1 Typical Inputs for Atmospheric Dispersion Model

An atmospheric dispersion model is a means of calculating air pollution con-

centrations given information about the pollutant emissions and the nature of the

meteorological conditions. Various pollutants are released into the atmosphere by

operating industry plants, automobiles, or heating of houses. The measure of air

quality is set in terms of concentration values, not emission rates. In order to assess

whether an emission is likely to result in an exceedance of a prescribed air quality

standard, it is necessary to know the maximum ground level concentration which may

arise at a distance from the source for an observed range of meteorological conditions.

Knowledge of meteorological conditions affecting of dispersion of pollutants is crucial

to developing reasonable models for atmospheric dispersion. A discussion of these

conditions follows.

3.1.1 Atmospheric Stability and Turbulence

The tendency of the atmosphere to resist or enhance vertical motion and thus

suppress or enhance turbulence is termed stability or instability. The atmospheric

stability, which is a measure turbulence mixing, is a critical component of the meteo-

rological input parameters in an atmospheric dispersion model. Stability has a strong

influence on vertical atmospheric mixing within the atmospheric boundary layer. The

boundary layer is the layer of fluid in the immediate vicinity of a bounding surface.

In the atmosphere the boundary layer is the air layer near the ground affected by

diurnal heat, moisture or momentum transfer to or from the surface. During a sunny
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day, the solar radiation heats up the ground, which heats up the air. This causes

parcels of air to become less dense and rise like bubbles through the heavier, cooler

air above. In turn, cooler air moves downward to displace the rising parcels.

There are many methods for determining atmospheric stability. Chapter 4 dis-

cusses the method based on mixing height and Monin-Obukhov length. The procedure

presented in this chapter is based upon Pasquill’s classes, which are the most com-

monly used categories to define atmospheric stability. The Pasquill method, which is

summarized in Table 3.1, requires the measurement of wind speed, day-time incom-

ing solar radiation, and night-time extent of cloud cover. The degree of atmospheric

stability is characterized by using one of six conditions: A for very unstable, B for

unstable, C for slightly unstable, D for neutral, E for slightly stable and F for sta-

ble. Neutral conditions occur during transition periods from day-time to night-time,

when wind speed is high, or during times of heavily overcast skies. Stable conditions

usually occur during clear nights when winds are not strong. Unstable conditions

are prevalent during day-time hours when there is a positive heat flux at the earth’s

surface or when wind speed is low.

3.1.2 Wind Speed and Direction

Information on wind speed and direction are required to estimate short term peak

which means maximum pollutant concentration within a span of times and long term

average concentrations. These factors, in turn, affect the magnitude of and distance

from the point source to the maximum ground level contaminant concentration.
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Table 3.1: Pasquill atmospheric stability classes, ranging from A (very unstable) to F

(stable)

Day: Incoming Solar Radiation Night1 Cloud cover

Wind Speed 2 Strong3 Moderate4 Slight5 ≥ 4
8

≤ 3
8

< 2 A A - B B F F

2 - 3 A - B B C E F

3 - 5 B B - C C D E

5 - 6 C C - D D D D

> 6 C D C D D

1Night is defined as the period from 1 hour before sunset to 1 hour after sunrise.

2Wind speed at 10 meters, in m/sec

3Strong: > 598.33W/m2

4Moderate: 301.26− 598.33W/m2

5Slight: < 301.26W/m2

6Cloud cover ≥ or thinly overcast
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Wind speed is used to determine plume dilution and plume rise downwind of the

stack or chimney. Wind speeds are usually measured with an anemometer that is

set at a height of 10 meter above the ground; these measurements are denoted as

u10. Of course, the wind speed varies with height, thus, we need some way to relate

wind speed at the anemometer height with wind speed at the effective stack height.

Effective stack height, H, exceeds actual stack height in accordance with pollutant

density, emission velocities, and emission rates. Low pollutant density, high emission

velocities, and high emission rates lead to larger value of H. An approximation of

wind speed at height H (uH) may be given by the power-law expression

uH = u10

(
H

10

)p

, (3.1)

where p is the wind profile exponent that is established according to atmospheric

stability condition and rural/urban classification, as outlined in Table 3.2. Wind

Table 3.2: Wind profile exponent as a function of stability condition and rural/urban
classification

Atmospheric Stability Condition Rural Exponent Urban Exponent

A 0.07 0.15

B 0.07 0.15

C 0.10 0.20

D 0.15 0.25

E 0.35 0.30

F 0.55 0.30

direction has the greatest impact on air quality at a given point because changes in

wind direction have a great effect on the pollution stemming from a point source.

Wind direction, the direction from which the wind is blowing, is measured to the
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nearest degree based on a 360 degree compass with 0 degree being from the North,

90 degrees from the East and 180 degrees being from the South (See Figure 3.1). A

northerly wind means that the wind is blowing from the north to the south. In the
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Figure 3.1: Wind direction is direction from which the wind is blowing, measured in
degree.

polar coordinate system, assuming the origin is at (X0, Y0), the X and Y coordinates

of a receptor at the point (r, θ) are given by

X(R) = r · sinθ −X0, Y (R) = r · cosθ − Y0.

If the X and Y coordinates of the source are X(S) and Y (S), the downwind distance

(see Figure 3.2) to the receptor, along the direction of plume travel, is

Downwind distance = −(X(R)−X(S)) · sin(WD)− (Y (R)− Y (S)) · cos(WD),

where WD is the direction from which the wind is blowing. The downwind distance is

used in calculating the distance-dependent plume rise and the dispersion parameters.

47



The crosswind distance (see Figure 3.2) to the receptor from the plume centerline is

Crosswind distance = (X(R)−X(S)) · cos(WD)− (Y (R)− Y (S)) · sin(WD).

Pollution Plume

Receptor

Crosswind distance

Downwind distance

Point  Source

Wind direction

Actual distance

Figure 3.2: Downwind and crosswind distance.

3.1.3 Wind Rose and Pollution Rose

Wind roses can be used to graphically depict the dominant transport direction of

the winds for a given area. The wind rose provides the best information regarding

the frequency of wind direction and speed. The software used to make the plot

shown here, called WRPLOT View, was obtained from Lakes Environmental company

(http : //www.weblakes.com/lakewrpl.html). In a wind rose plot, the length of each

petal is proportional to the percentage of time the wind blows from the respective

direction. Shading or color patterns indicate different wind speeds.
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Figure 3.3 (a) shows a wind rose where the dominant wind pattern is blowing

from south. In a similar manner, it is possible to relate wind direction with air

quality measurements by a pollution rose in which the length of each petal is drawn

in proportion to the average pollutant concentration for a given wind direction. So

a pollution rose is a tool used to identify direction for the pollution contributions at

a monitor. Figure 3.3 (b) shows a pollution rose for site downwind of a pollution

source. We identify that there exist major point sources at 160 - 180 degrees and 340

degrees.

(a) (b)

Figure 3.3: (a) Example of wind rose. (b) Example of pollution rose.

3.2 Gaussian Plume Model

The Gaussian plume model (GPM) for single and multiple sources is the most

commonly used technique for estimating the impact of non reactive pollutants. One

of the key assumptions of the GPM is that over short periods of time, steady state
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conditions exists with regard to air pollutant emission and meteorological conditions.

Another key assumption of the model is that for a fixed downwind distance the lateral

(crosswind distance) and vertical concentration profiles may be adequately modeled

as two independent Gaussian distributions, each characterized by its own dispersion

parameters, σy and σz. Dispersion in the downwind direction is a function of the

wind blowing across the plume. Dispersion in the crosswind and vertical directions

will be controlled by the Gaussian plume equations of lateral dispersion.

The general equation to calculate steady state concentrations of an air pollutant

at a fixed downwind distance in the open air resulting from a stationary point source

is

C(H, x, y, z) =
Q

2πuHσyσz
exp

[
− y2

2σ2
y

]{
exp

[−(z −H)2

2σ2
z

]
+ exp

[−(z + H)2

2σ2
z

]}
(3.2)

where C(H, x, y, z) is the pollutant concentration (µg/m3), x is downwind distance

(meters), y is crosswind distance (meters), z is vertical height (meters), H is the

effective stack height (meters), Q is the pollutant emission rate from the point source

(µg/sec), σy is the lateral (crosswind) dispersion parameter, σz is the vertical dis-

persion parameter, and uH (meters/sec) is wind speed at the effective stack height.

Equation 3.2 accounts for reflection from the ground.

While downwind distance x does not explicitly appear in equation (3.2), it does

affect the model because both σy and σz increase with downwind distance; this will

be discussed more fully in Section 3.2.2. Note that if only ground level concentrations

are required, the equation 3.2 simplifies to

C(H, x, y, 0) =
Q

πuHσyσz

exp

[
−

(
y2

2σ2
y

+
H2

2σ2
z

)]
. (3.3)

Effective stack height is the sum of the physical stack height (h) and plume rise (4h),
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and it plays an important role in the GPM. The plume rise under different atmospheric

stability conditions can be obtained from plume rise formulas given by Briggs (1965,

1968, 1969, 1972, 1974, 1975). Concentrations given by equations 3.2 and 3.3 critically

depend on parameters H, σy, σz, which in turn are functions of atmospheric stability

conditions, as well as on Q, and uH . The GPM parameterizations for H, σy and σz

are described in the next two subsections.

3.2.1 Effective Stack Height

Due to the difference in temperature of the emissions and temperature of the am-

bient air as well as other atmospheric conditions such as wind speed and atmospheric

stability condition, the plume often rises as it exits the stack or chimney. The height

of plume centerline is a nondecreasing function of downwind distance. Effective stack

height at a fixed downwind distance is the current height of the plume centerline at

that downwind distance until it attains an equilibrium or maximum height. For use

in a GPM, an effective stack height H is calculated as

H = h +4h, (3.4)

where h is the height of the stack and 4h is the plume rise. Plume rise is assumed to

initially increase with downwind distance until it attains its maximum value (called

the final rise) at x = xf .

Briggs uses a buoyancy flux parameter, F (expressed in m4/sec3), to quantify the

stack exit buoyancy of a plume as

F = g
Vs

π

(
Ts − Ta

Ts

)
, (3.5)
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Figure 3.4: Plume envelope, plume rise (4h), and effective stack height (H) for a
buoyant plume. Plume rise at 200 meters is shown as “1” and at 1000 meters it is
shown as “2.”
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where g is gravitational acceleration (9.807 m/sec2), Vs is the exit gas flow rate

(m3/sec), Ta is ambient outdoor temperature (Kelvin), and Ts is exit stack gas tem-

perature (Kelvin). Buoyancy flux parameter increases as (Ts−Ta) increases and also

when emission rate Vs increases. Using the buoyancy flux parameter F , one can cal-

culate xf , which is the distance (meters) downwind at which the plume reaches its

maximum height as

xf =

{
119F 0.40 for F ≥ 55 m4/sec3

49F 0.625 for F < 55 m4/sec3
(3.6)

(Briggs, 1972).

Another parameter that affects the final plume rise under stable conditions (Pasquill’s

categories E and F) is the static stability

s =
g

Ta

(
dT

dz
+ Γ

)
=

g

Ta

dθ

dz
, (3.7)

where Γ = 0.0098K/m is the adiabatic lapse rate, dT
dz

and dθ
dz

represent the ambient

temperature gradient and potential temperature gradient, respectively. If Pasquill-

Gifford atmospheric stability condition is A, B, C or D, when F ≥ 55 m4/sec3, the

plume rise is given by

4h =

{
1.6F 1/3x2/3u−1

p for x < xf

38.7F 0.60u−1
p for x ≥ xf ,

(3.8)

where up is wind speed at physical stack height (meters). Otherwise, when F < 55

m4/sec3, the plume rise is given by

4h =

{
1.6F 1/3x2/3u−1

p for x < xf

21.4F 0.75u−1
p for x ≥ xf .

(3.9)
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If Pasquill-Gifford atmospheric stability condition is E or F, when 1.84 ups
−1/2 ≥ xf ,

the plume rise is given by

4h =





1.6F 1/3x2/3u−1
p for x < xf

38.7F 0.60u−1
p for x ≥ xf and F ≥ 55 m4/sec3

21.4F 0.75u−1
p for x ≥ xf and F < 55 m4/sec3.

(3.10)

Otherwise, when 1.84 ups
−1/2 < xf , the plume rise is given by

4h =

{
1.6F 1/3x2/3u−1

p for x <1.84 ups
−1/2

2.4(F/ups)
1/3 for x ≥1.84 ups

−1/2.
(3.11)

3.2.2 Dispersion parameters σy and σz

Dispersion parameters are critical parameters to the GPM and they depend on

the atmospheric stability condition and distance from source as well as other factors.

In the simplest approach used in most of the recommended or preferred air quality

models by the U.S. EPA, especially for simple, rural terrain, the lateral (σy) and

vertical (σz) standard dispersion parameters are estimated based on the Pasquill-

Gifford dispersion scheme (Turner 1994). The following empirical expressions have

been fitted to the original graphs for σy and σz versus downwind distance x (Turner

1994):

σy = 465.11628 · x · tan(TH), (3.12)

where TH=0.017453293[c−d log(x)] with coefficients c and d given in Table 3.3. The

expressions used to calculate σz for rural area are of the form

σz = axb, (3.13)
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Table 3.3: Input parameters for equation 3.12 to determine σy for rural area

Pasquill atmospheric Stability Category c d

A 24.1670 2.5334

B 18.3330 1.8096

C 12.5000 1.0857

D 8.3000 0.72382

E 6.2500 0.54287

F 4.1667 0.36191

where x is downwind distance in kilometers, and coefficients a and b are listed in

Table 3.4. Actually, these are the best-fitted power-law expressions to the original

Pasquill-Gifford dispersion curves. Tables 3.5 and 3.6 show the empirical equations

used to determine σy and σz for an urban area. These were obtained by Briggs as

reported by Gifford (1976) and represent a best fit to urban diffusion data reported

by McElroy and Pooler (1968) for Saint Louis, MO.

The most widely used refined models for industrial applications are Industrial

Source Complex Version 3 (ISC3) models, which are based on the Gaussian plume

model. The ISC3 model comes in a long-term (LT) version, which predicts seasonal or

annual concentrations, and a short-term (ST) version, which can be used for averaging

times from one hour to annual. The ISCST3 is currently the atmospheric dispersion

model preferred by the EPA for single and multiple source industrial settings. ISCST3

can handle point, area, volume, and open pit sources, and it allows for the effects of

building downwash as well as wet and dry deposition of gases and particulate matter

to be taken into account. The short-term version of the model is generally preferred
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Table 3.4: Input parameters for equation 3.13 to determine σz for rural area

Pasquill atmospheric Stability Category x (kilometer) a b

A1 < 0.10 122.800 0.94470

0.10 - 0.15 158.080 0.94470

0.16 - 0.20 170.220 0.94470

0.21 - 0.25 179.520 0.94470

0.26 - 0.30 217.410 0.94470

0.31 - 0.40 258.890 0.94470

0.41 - 0.50 346.750 0.94470

0.51 - 3.11 453.850 0.94470

> 3.11 2 2

B1 < 0.20 90.673 0.93198

0.21 - 0.40 98.483 0.98332

>0.40 109.303 1.09710

C1 All 61.146 0.91465

D <0.30 34.459 0.86974

0.31 - 1.00 32.093 0.81066

1.01 - 3.00 32.093 0.64403

3.01 - 10.00 33.504 0.60486

10.01 - 30.00 36.650 0.56589

>30.00 44.053 0.51179

E <0.10 24.260 0.83660

0.10 - 0.30 23.331 0.83660

0.31 - 1.00 21.628 0.81956

1.01 - 2.00 21.628 0.75660

2.01 - 4.00 22.534 0.63007

4.01 - 10.00 24.703 0.57154

10.01 - 20.00 26.970 0.46713

20.01 - 40.00 35.420 0.37615

>40.00 47.616 0.29592

F <0.20 15.209 0.81558

0.21 - 0.70 14.457 0.78407

0.71 - 1.00 13.953 0.68465

1.01 - 2.00 13.953 0.63227

2.01 - 3.00 14.828 0.54503

3.01 - 7.00 16.187 0.46490

7.01 - 15.00 17.836 0.41507

15.01 - 30.00 22.651 0.32681

30.01 - 60.00 27.074 0.27436

>60.00 34.219 0.21716

1If the calculated value of σz exceed 5000 meter, σz is set to 5000 meters.

2σz is equal to 5000 meters
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Table 3.5: Dispersion parameter (σy) for urban area

Pasquill atmospheric Stability Category σy (meter)1

A 0.32x(1.0 + 0.0004x)1/2

B 0.32x(1.0 + 0.0004x)1/2

C 0.22x(1.0 + 0.0004x)1/2

D 0.16x(1.0 + 0.0004x)1/2

E 0.11x(1.0 + 0.0004x)1/2

F 0.11x(1.0 + 0.0004x)1/2

1 where x is in meters

Table 3.6: Dispersion parameter (σz) for urban area

Pasquill atmospheric Stability Category σz (meter)1

A 0.24x(1.0 + 0.001x)1/2

B 0.24x(1.0 + 0.001x)1/2

C 0.20x
D 0.14x(1.0 + 0.0003x)1/2

E 0.08x(1.0 + 0.0015x)1/2

F 0.08x(1.0 + 0.0015x)1/2

1 where x is in meters

even for annual concentration estimates because hourly meteorological data are used.

It better captures short-term variations that are smoothed out when statistically

averaged meteorological data are used in the long-term version of the model.

3.3 Non-Gaussian Plume Dispersion Models

The U.S. EPA’s latest short-range dispersion model, AERMOD, is also a partly

Gaussian steady state model that was developed with the objective of superseding

ISCST3. It contains improved algorithms for the convective boundary layer (CBL)

and includes more sophisticated dispersion theories, as well as a more advanced ter-

rain adjustment scheme. The model does not include wet or dry deposition or chem-
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ical transformations. AERMOD is actually a modeling system with three separate

components: AERMIC (AERMIC Dispersion Model), AERMAP (AERMOD Ter-

rain Preprocessor), and AERMET (AERMOD Meteorological Preprocessor). Special

features of AERMOD include its ability to treat the vertical inhomogeneity of the

planetary boundary layer, special treatment of surface releases, irregularly-shaped

area sources, a three-plume model for the convective boundary layer, limitation of

vertical mixing in the stable boundary layer, and treatment of the inversion base at

the top of the CBL as a reflecting surface.

Input data for AERMET, the meteorological preprocessor for the AERMOD, can

come from hourly cloud cover observations, surface meteorological observations and

twice-a-day upper air soundings. Output includes estimated surface meteorological

variables, stability parameters and vertical profiles of several atmospheric parame-

ters. Input data for AERMAP, the terrain preprocessor designed to simplify and

standardize the input of terrain data for AERMOD, include source and receptor ter-

rain elevation data. The terrain data may be in the form of digital terrain data that

is available from the U.S. Geological Survey. Output includes, for each receptor, lo-

cation and height scale which are used for the computation of air flow around hills.

Deterministic models, such as ISCST and AERMOD, are widely used to predict ex-

pected downwind concentrations of current and planned industrial facilities and to

assess their impacts on future air quality.

The Hybrid Plume Dispersion Model (HPDM) was developed for application to

tall stack plumes dispersing over nearly flat terrain (Hanna and Paine 1989). Em-

phasis is on convective and high-wind conditions. The meteorological component is
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based on observational and modeling studies of the planetary boundary layer. The

dispersion estimates for the convective boundary layer (CBL) were developed from

laboratory experiments and field studies and incorporate convective velocity and the

CBL height as the relevant velocity and length scales of the turbulence. For con-

vective conditions, the vertical concentration distribution is non-Gaussian, but for

neutral and stable conditions it is assumed to be Gaussian. The HPDM performance

is assessed with extensive ground-level concentration measurements around the Kin-

caid, Illinois, and Bull Run, Tennessee, power plants. (Hanna and Paine 1988)

3.4 Appendix : Unit Conversions

Table 3.7: Table : Unit conversion

Convert From To Convert From To
1 mile 1.6093 km 1 miles/hr 0.44704 m/sec
1 ft3 0.0283 m3 1 knots 0.514444 m/sec
1 watt/m2 0.239 calory/m2sec 1 pound 453.6 gram
Fahrenheit 1.8C + 32 1 Knots 1.15 mi/hr
Kelvin C + 273.15 1 feet 0.30480 meters
1 µg/m3(SO2)

1 2620 ppm (SO2) 1 µg/m3(O3) 1960 ppm (O3)

1EPA’s standard temperature (25 C) and standard pressure (760 mmHg)

59



Chapter 4

Statistical Adjustments to Air
Dispersion Modeling for
Determining the Effect of a Point
Source

This chapter will be submitted as an article to Journal of Agricultural, Biological,

and Environmental Statistics, June 2005
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Abstract

Atmospheric dispersion models are routinely used in environmental impact assess-

ment, risk analysis, emergency planning, and source apportionment studies. There

are a variety of such computational atmospheric dispersion models, but these models

usually only provide deterministic predictions or estimates without measures of pre-

diction or estimation uncertainty. By introducing error components in atmospheric

dispersion models, we formulate point source modeling to obtain prediction uncer-

tainties and the ability to statistically test the impact of a point source. These error

components are based on the default neighborhood structures created by the point

source and already recognized by atmospheric dispersion models. Application is made

to a real dataset on experimental tracer concentrations measured at the Kincaid power

plant. Posterior inference and model choice are computationally assessed via Markov

chain Monte Carlo (MCMC) techniques, the deviance information criterion (DIC),
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and mean squared predicted error (MSPE).

KEY WORDS: Bayesian analysis; conditional autoregressive model; covariance

modeling; Gaussian plume model; Kincaid tracer experiment; nonstationary covari-

ance; WinBUGS; Markov Chain Monte Carlo (MCMC)
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4.1 Introduction

Concentration of an air pollutant released from a source is affected by dispersion,

dilution, and decay. Atmospheric dispersion models (ADMs) attempt to parameterize

conditions that determine these factors. Such a parameterization includes emission

and flow rates, angle of release, effluent temperature, wind speed, wind direction, am-

bient temperature, atmospheric stability, chemical transformation rates, and removal

process rates. The models consequently provide estimates of the relationship between

source emissions and the expected pollutant concentration levels at any given loca-

tion. The main objective of a modeling study is usually to determine the significance

of the effects of pollutants discharged from a particular source. For example, deter-

ministic models are widely used to project the downwind concentrations of industrial

facilities and to predict future air quality.

One of the key issues of an effective dispersion modeling study is to choose an

appropriate dispersion model. This actually requires two steps, model development

and model assessment. Hunt, Carruthers and Kilbane-Dawe (2002) briefly review

some developments during the 1990s of practical and regulatory models for short

range atmospheric dispersion, while Hanna (1988) proposes a statistical method for

evaluating air quality models across many types of source scenarios and field data

sets. The Gaussian plume model is a stand-alone model that is also a fundamental

component of many other atmospheric dispersion models. Almost all the models of

short-range dispersion recommended by the U.S. Environmental Protection Agency

(USEPA) are Gaussian. In the 1978 and 1990 Clean Air Act Amendments, Congress
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mandated such review and encouraged the standardization of model applications,

ensuring that air quality control agencies and the general public have a common basis

for estimating pollutant concentrations, assessing control strategies and specifying

emission limits.

Although ADMs are indispensable in air quality modeling studies, their limitations

should always be taken into account. The process of atmospheric dispersion modeling

consists of several distinct stages or components—emission and meteorological data

input, dispersion model formulation and parameterization of transport, diffusion and

removal processes, calculation of concentration fields and their spatial and temporal

analyses—and uncertainties may be introduced at any of these stages. These un-

certainties include limitations due to oversimplified physics and chemistry, random

nature of turbulence and diffusion, implied modeling assumptions, and errors in the

input data (Arya 1999; Romanowicz et al. 2000). There have been several studies in

the last twenty years that were aimed at evaluating the performance of short-range

atmospheric dispersion models (see, for example, Irwin 1983). The accuracy and un-

certainty of each stage must be evaluated to obtain a reliable assessment of an overall

model accuracy or uncertainty, but such evaluations are not typically performed. As

a result, model uncertainties may be large and not quantified. Even more alarming is

the fact that ADMs do not provide any measures of prediction uncertainties, whether

these uncertainties are large or small.

To overcome the above drawbacks, we propose augmenting a deterministic ADM

with stochastic components that quantify residual uncertainty, irrespective of their

origin (e.g., errors in inputs or uncertainty of the model itself). The proposed
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approach, called error-component-adjustments for atmospheric dispersion modeling

(ECA-ADM), builds a spatial model where the mean component is based on the de-

terministic ADM and the stochastic components incorporate knowledge about ADM-

based dispersion properties of pollution plumes. In this way, we can build on existing

ADMs while extending to spatial or spatial-temporal models.

Much work has been done to use either spatial or spatial-temporal models for

predicting atmospheric pollutant concentrations or for evaluating performance of nu-

merical models. For example, Meiring et al. (1998) present an approach to estimate

hourly grid-cell surface ozone concentrations based on observations from point mon-

itoring stations over space, for comparison with grid-based results from air quality

models. Haas (1998) evaluates pollutant transport and deposition models through

a Monte Carlo hypothesis test. Civerolo and Rao (2001) illustrate a simple tech-

nique of performing space-time analysis of precipitations-weighted SO2−
4 concentra-

tion data across the eastern US. Fuentes, Guttorp and Challenor (2003) develop a

formal method for evaluation of the performance of numerical models, which can be

implemented even when the field measurements are very sparse. Jun and Stein (2004)

introduce new statistical procedures to evaluate the Model-3/Community Multiscale

Air Quality (CMAQ) model using observed data. Mehdizadeh and Rifai (2004) con-

sidered two USEPA deterministic dispersion models, SCREEN and Industrial Source

Complex, to evaluate the importance of individual point source plumes at high alti-

tude. Best, Lunney and Killip (2001) studied the statistical elements of predicting

the impact of a variety of odor sources using modified dispersion models.

Our work differs in that our modeling is specific to point sources and our stochastic

65



components are designed to incorporate properties of plume dispersion and transport.

Six of the 171 Kincaid tracer field experiments conducted during 1980-1981 provide

evidence that our ECA-ADM is a promising technique for modeling pollution ema-

nating from a single source. The Bayesian paradigm used in this paper is attractive

because it properly accounts for uncertainty, but it is not a required component in

the model.

This paper is organized as follows. Section 4.2 describes the deterministic ap-

proach to atmospheric dispersion modeling. Section 4.3 contains our proposal for

the ECA-ADM. Application to the Kincaid tracer field experiments is in Section 4.4.

Concluding remarks are presented in Section 4.5.

4.2 Atmospheric Dispersion Modeling: A Deter-

ministic Approach

The modern science of atmospheric dispersion modeling began in the 1920’s when

military scientists in England tried to estimate the dispersion of toxic chemical agents

released in the battlefield under various conditions (MacDonald 2003). Atmospheric

dispersion modeling is the primary regulatory tool of the USEPA for predicting source

impacts and compliance with air quality standards. Modeling results are routinely

used to determine the special conditions affecting emission limits for air pollution

sources.

Atmospheric dispersion models (ADMs) provide estimates of the relationship be-

tween source emissions and the expected pollutant concentration levels at any given
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point location (e.g., a receptor). More specifically, ADMs offer site-specific predictions

of pollution concentrations in the atmosphere as a function of pollutant emissions and

meteorological conditions. The need for converting from emission rates to pollutant

concentration is driven by the fact that measures of air quality are set in terms of

concentration values, not emission rates. In order to assess whether an emission is

likely to result in an exceedance of a prescribed air quality standard, it is therefore

necessary to know the ground level concentrations that may arise at specified re-

ceptors. For given sources and their emission rates, ground-level concentrations of

contaminants are primarily controlled by meteorological conditions such as wind di-

rection and speed (for transport), stability or turbulence, and mixing height of the

boundary layer (for dispersion). Consequently, meteorological data is one of the most

important inputs to an atmospheric dispersion model.

The point source is the most common type of source to be modeled, as other

source geometries can be represented in terms of elementary point sources distributed

in the appropriate geometrical patterns. Emissions from point sources are released

to the atmosphere through well-defined stacks or chimneys, and these emissions form

pollution plumes. Plume characteristics for a particular pollutant emitted from a

point source depend on atmospheric stability conditions, stack parameters, pollutant

characteristics, and discharge conditions. Emitted pollutants are usually buoyant

and have an upward velocity. As a contaminated gas stream is emitted, the plume

expands and mixes with the surrounding air. Wind bends the plume in the downwind

direction, and at some distance from the source the plume may level off.

While the plume is rising, bending, and starting to move with the wind in the

67



downwind direction, the pollutant gas or particular matter mixes with and is diluted

by the ambient air. As the pollutant is being diluted by increasing volumes of air, it

eventually reaches ground level. The initial rise of the plume is due to the vertical

inertia of the gas stream exiting the stack, as well as buoyancy. Vertical inertia is

related to the exit velocity and mass of the gas. Buoyancy is related to the density

relative to the surrounding air, primarily determined by temperature. Increasing exit

velocity and increasing exit temperature will increase the plume rise. For given stack

parameters, discharge conditions and atmospheric stability condition, ground-level

concentrations are proportional to the mass flux, i.e. the mass emitted per unit time.

Increasing emission rates lead to a proportional increase in ambient concentrations,

but an increase in the effective height of release results in reduced ground level concen-

trations. Consequently, plume rise (4h) is a very important factor in determining the

maximum ground-level concentrations from most sources since it typically increases

the effective stack height (H) well above (typically, by a factor of 2 to 10) the actual

release height. Figure 4.1 is the graphical representation of a buoyant plume.

A key component of any ADM is its predicted plume centerline. The plume cen-

terline is the downwind trajectory having greatest pollutant concentration. A variety

of computational ADMs have been suggested for modeling the centerline, including

ISCST (USEPA 1995), AERMOD (Cimorelli et al. 1998) and HPDM (Hanna and

Paine 1989). The ISCST dispersion model is a steady-state tool for assessing air

pollutant concentrations from a wide variety of industrial sources and is designed es-

pecially to support the EPA’s regulatory modeling programs (USEPA 1995). It was

designed to provide an accurate estimate of a source’s impact. The U.S. EPA’s lat-
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Figure 4.1: Plume envelope, plume rise (4h), and effective stack height (H) for a
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est regulatory model, AERMOD, stands for the AERMIC Dispersion Model. It was

designed by the American Meteorological Society/Enviornmental Protection Agency

Regulatory Model Improvement Committee (AERMIC) to treat elevated and sur-

face sources over a simple or complex terrain. AERMOD is based on our current

understanding of the planetary boundary layer turbulence, similarity scaling and the-

oretical concepts. The hybrid plume dispersion model (HPDM) was developed for

application to tall stack plumes dispersing over nearly flat terrain. Emphasis is on

convective (unstable) and high-wind conditions. The meteorological component is

based on observational and modeling studies of the planetary boundary layer. The

dispersion estimates for the convective boundary layer (CBL) were developed from

laboratory experiments and field studies and incorporate convective scaling (Hanna

and Paine 1989).

Given appropriate modeling of the plume centerline, the next task is to model

both lateral (crosswind or horizontal) and vertical dispersion away from the cen-

terline at a given downwind distance. The Gaussian plume model (GPM) is one of

the most widely used techniques for estimating the ground-level concentration of non-

reactive pollutants. It is based on a simple formula that describes the two-dimensional

concentration field generated by a point source at a fixed downwind distance under

steady-state meteorological and emission conditions. Most other atmospheric dis-

persion models are based on the GPM as follows. For given downwind distance x

(Cooper 2001),

C

q
=

Gr(z, H, σz)

2πσyσz

exp

[
− y2

2σ2
y

]
, (4.1)

where C is the pollutant concentration (in µg/m3), q is release rate from stack (in
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µg/s), y is crosswind distance (in meters), z is vertical displacement (in meters), σy

is “lateral dispersion” parameter, σz is “vertical dispersion” parameter, H is effective

stack height (in meters) and Gr is the reflected Gaussian distribution function. All

the terms in equation (4.1) are dependent on the downwind distance x, because σy

and σz are functions of x. The plume parameters σy and σz are driven by atmospheric

turbulence and are influenced by the state of convection in the atmosphere. Ground-

level concentrations are obtained by setting z = 0 and centerline concentrations are

obtained when y = 0.

Deterministic ADMs may be run without having measurement data on pollutant

concentrations. As such, they provide predictions of pollutant concentrations in a

manner that is well suited to regulatory aims, namely to avert issues before they

become realities. Unfortunately, these ADMs do not provide accurate measures of

prediction uncertainties and, even when uncertainties are approximately known, it

is not clear how these might be considered in regulatory applications. Uncertainty

estimates based on model evaluations indicate that deterministic ADMs have uncer-

tainties such that their predicted concentrations are generally within a factor of 2 to

5 of observed values (Irwin 1997; Sajo 2003). This wide range of possible uncertainty

should cause concern for those who often make regulatory decisions based on outputs

from deterministic ADMs. It is important to first understand the various sources of

uncertainties and then to model them, if possible.

ADMs are well known to have many limitations (Hanna 1988), and these limi-

tations contribute to prediction uncertainties. These include simplifications of the

physical and chemical processes in the model, the stochastic nature of turbulence
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and diffusion processes, and errors and inaccuracies of inputs. Simplification of the

model physics occurs when there is lack of understanding of the process involved or

when too many simplifications are required in order to make the analysis mathemat-

ically and computationally tractable. Formulation of different types of models (e.g.,

ISCST, AERMOD, HPDM) address this concern, to some extent, in implied model

assumptions. For addressing the concern of inaccurate model inputs leading to large

prediction uncertainties, much less has been done, except in the improved dispersion

parameterization (Hanna 1988; Hanna and Davis 1999; Arya 1999). As described

above, pollutant concentrations are functions of atmospheric conditions (wind speed

and direction, atmospheric stability, etc.) and emission data (stack parameters, pol-

lutant characteristics, and discharge conditions). These input requirements are not

minimal. Consider, for example, the rate of emission of the pollutant of interest.

This is a critical factor that determines discharge conditions at the exit location of

the stack as well as ground level concentrations downwind of the stack. It needs to be

known for each time period of a model run, for example, every hour for one year. Of-

ten, maximum emission rate based on the design capacity of the industrial facility of

interest is used in the model to obtain conservative (higher than expected) estimates

of ground level concentration. For the measured input variables, estimated instru-

mentation errors must be considered in estimating inaccuracies of input parameters

and, hence, the corresponding uncertainties of predicted concentrations.

We propose modeling uncertainties not captured by a deterministic ADM, ir-

respective of the source of uncertainty, by incorporating spatially correlated error

processes. This will allow explicit determination of measures of prediction uncertain-
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ties, in addition to predicted pollutant concentrations. Details are given in the next

section.

4.3 Atmospheric Dispersion Modeling: An Error-

Component-Adjustment Approach

Let Y = {Y (s), s ∈ <d} be a spatial process that is observed at sites ζ =

{s1, · · · , sn}. We assume an additive decomposition

Y (s) = µ(s) + V (s), (4.2)

where Y (s) represents (a function of) the measured outcome at site s, µ(s) represents

the deterministic contribution at s, and V (s) represents error processes. Following

equation (4.1), Y (s) may represent pollutant concentration at site s relative to release

rate (C/q) and µ(s) may be the output from a deterministic ADM. Strictly speaking,

µ(s) may also be a function of a stochastic process, in which case we regard the

relationship in equation (4.2) as conditioned on the outcome of this other process.

Additionally, we further decompose V (s) into independent zero-mean error pro-

cesses as

V (s) = V0(s) +
m∑

j=1

Vj(s),

where V0(s) is measurement error, distributed independently as Normal(0, σ2
e), and

Vj(s), j = 1, 2, . . . , m, capture other spatial patterns that may or may not be due to

the single point source. This decomposition can obviously be extended to multiple

point sources.
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Many options are available for modeling V1, . . . , Vm. We choose a conditional au-

toregressive (CAR) approach for several reasons. First, deterministic ADMs imply a

natural neighborhood structure for modeling the effect of point sources; this default

structure can be incorporated into a CAR approach. Second, Bayesian estimation,

which is our selected method of inference because it appropriately accounts for un-

certainty introduced by estimating covariance parameters for the error processes, is

conducive to CAR modeling. And third, CAR models have been successfully applied

in both frequentist and Bayesian analysis. CAR models based on the Bayesian frame-

work using distance-based neighbors have been employed in Best et al. (1999) and

Conlon and Waller (2000). Some recent studies on CAR models for geostatistical

data include Cressie et al. (1999), who studied sources of variability in measuring

particulate matter as a function of spatial, temporal and meteorological effects, and

Kaiser et al. (2002), who also proposed several models for particular matter in an

urban region.

Determination of an appropriate spatial neighborhood is critical for parameter es-

timation using the CAR model. These models are usually applied when measurements

are available on a regular latticed spatial arrangement that allows easy identification

of first-order neighbors. On the contrary, we apply the natural point source neighbor-

hood structure to delineate irregularly spaced measurement sites in order to obtain

an adjacency matrix of first-order neighbors.

A point source neighborhood system for ζ is defined as

N = {Ni |∀si ∈ ζ},

74



where Ni is the set of sites neighboring si and the sites in ζ are related to one an-

other via a neighboring relationship. The neighboring relationship has the following

properties:

(1) a site is not neighboring to itself if and only if si /∈ Ni ,

(2) the neighboring relationship is mutual if and only if si ∈ Ni ′ ↔ s
′
i ∈ Ni .

Based on Gaussian plume dispersion (equation 4.1), ADMs naturally divide the spa-

tial domain according to downwind distance from the source. This implies that

CAR neighboring relationships should also be based on downwind distance from the

source. For a point source at P , define a sequence of concentric non-overlapping

regions Rk ⊂ <d for k = 0, 1, . . . , r ≤ n such that P ∈ R0 and the inner bound-

ary of Rk encompasses the outer boundary of Rk−1 for k = 1, 2, . . . , r. In other

words, {R0, R1, R2, . . . , Rr} forms a special partition of the index set ζ. We define

the point source neighborhoods of the Markov random field as

Ni = {sj : si ∈ Rk, sj ∈ f (Rk−1, Rk, Rk+1) , j ∈ gi} , i = 1, · · · , n, (4.3)

where f(·) denotes a set-theoretic relationship and gi is a subset of {1, . . . , i− 1, i + 1, . . . , n}

such that sites are neighbors if they fall in either the same or adjacent regions of

the partition. In this system, a site is never its own neighbor and neighboring is

mutual. In the simplest case, a region Rk could consist only of measurement sites

falling at a fixed distance from P . When f (Rk−1, Rk, Rk+1) = Rk−1 ∪ Rk+1 and

gi = (1, . . . , i− 1, i + 1, . . . , n), then first-order neighbors fall on adjacent arcs from

P with no fixed distances between such neighbors. When f (Rk−1, Rk, Rk+1) = Rk

and gi = (i− 1, i + 1), then first-order neighbors are adjacently located on the same

arc.
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Once a neighborhood structure is defined for a generic process Z(·), the next step

in CAR modeling is to determine the conditional mean and variance at a site given

its neighbors. Assuming normality and Hammersley-Clifford conditions, the joint

distribution of the entire observation vector Z = [Z(s1), . . . , Z(sn)] will also follow

a normal distribution. For brevity, we will write Z(si) as Zi, with zi representing a

realization.

In a very general sense, these conditional means and variances may be written as

E(Zi|Z1, . . . , Zi−1, Zi+1, . . . , Zn) = µi +
n∑

j=1,j 6=i

bij(zj − µj)

and

Var(Zi|Z1, . . . , Zi−1, Zi+1, . . . , Zn) = σ2
i ,

for i = 1, . . . , n. If the conditions bijσ
2
j = bjiσ

2
i , bij=0 unless si and sj are neighbors,

bii = 0, and M−1(I−B) is positive definite all hold, then

Z ∼ Normal(µ, (I−B)−1M) (4.4)

where M = diag (σ2
1, σ

2
2, · · · , σ2

n), µ = (µ1, µ2, · · · , µn), and B = {bij} is an n × n

matrix where (i, j)th element is bij.

For irregularly spaced measurement sites, a weighting procedure used by Cressie

and Chan (1989) is bij = θψ(||si−sj||), where ψ(||si−sj||) is a non-increasing function

of the distance ||si − sj|| between pairs of sites. The Sun et al. (1999) CAR process

specifies that bij = ρcij/[Ni] and σ2
i = σ2/[Ni], where cij is one if si and sj are

neighbors and zero otherwise, |ρ| ≤ 1, [Ni] is the number of neighbors of si, and

σ2 > 0. The Besag (1974) CAR is a special case of Sun et al. (1999), where ρ = 1; in

this case, M−1(I−B) is not positive definite so (4.4) does not hold.
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In the next section, we use the point source neighborhood structure with the Sun

et al. (1999) CAR formulation for the Kincaid tracer experiments, after accounting

for the predictions offered by a deterministic ADM.

4.4 Modeling Concentrations During the Kincaid

Field Experiments

4.4.1 Kincaid Tracer Experiments

Data resulting from the Kincaid field experiments (Peters 1998) have been exten-

sively used to evaluate many ADMs such as ISCST, AERMOD and HPDM; see, for

example, Hanna et al. (1986, 1999) and Cooper (2001). The Kincaid power plant is

located in Illinois and is surrounded by flat terrain with some lakes. Sulfur hexafluo-

ride (SF6) was released from the 187 meter plant stack and monitored for a total of 171

hours, with each hour representing a “tracer field experiment.” Atmospheric stability

conditions ranged from neutral to convective (unstable). Two hundred monitoring

sites were deployed on concentric arcs from 0.5 to 50 km from the source as shown in

Figures 4.2 and 4.3. For each tracer field experiment, we have measurements of SF6

concentrations in ppb. Measurements were not made at all 200 receptors (monitoring

sites) for all experiments. Depending on wind direction for a particular day, measure-

ments were recorded only at receptors downwind of the source. For example, on May

25, 1981, wind was blowing from the southwest to northeast so only receptors in the

first quadrant of Figure 4.2 were activated for that day; see Figure 4.3. Meteorolog-

ical data were recorded at a 100 meter tower, a Doppler acoustic sounder, slow-rise

temperature sounders, and at several 10 meter towers. The plumes were also scanned
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by lidar. Through the EPA Air Quality Modeling Group, we were also able to obtain

centerline concentrations from 12 ADMs for each of the 171 tracer field experiments.
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Figure 4.2: Location of sampling sites for Kincaid experiment. Source is located at
(0,0).

In this paper, we will restrict our attention to measurements recorded on May

9, 1980. As explained in Section 4.2, plume characteristics are highly dependent on

atmospheric stability conditions, and so it is important that analyses be conducted
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Location of sampling sites, by Date
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Figure 4.3: Location of sampling site by date.
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separately for each different atmospheric stability condition. May 9, 1980 is the only

day for which there were four atmospheric stability classes and six different sampling

times. Concentrations were observed on a network of about 135 (see Table 4.1)

ground-level monitors on arcs at distances ranging from 2 to 15 km from the stack

on May 9 1980. Although receptors are not exactly on the arc, we use the nominal

downwind distance to the monitoring arc as if it were the actual distance; actual

distance to a given receptor is likely to be somewhat different than the nominal

distance. Six distance values are represented as 2, 3, 5, 7, 10, 15 km from source.

Table 4.1: The number of receptors across sampling time and stability class for May
9, 1980

Sampling Time, in military time

Stability Class 10 - 11 11 - 12 12 - 13 13 - 14 14 - 15 15 - 16
1 136 - - - - -
2 - - - - 137 -
3 - - 135 134 - 134
4 - 136 - - - -

Atmospheric stability class was determined as a function of mixing height, Zi(m),

and Monin-Obukhov length, L(m). Mixing height is determined by either upper at-

mospheric temperature inversions or wind shear (changes in wind speed with height).

Mixing height has a strong diurnal variation and rapidly changes after sunrise and

at sunset. Research shows an inverse relationship between pollutant concentrations

and mixing height, so mixing height is often used as, and is a critical guide of, the

pollution potential in an area (Oke 1987). Dispersion model predictions can be highly

sensitive to changes in mixing height. The Monin-Obukhov length (L) is a measure of
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atmospheric stability. It is negative during the day when surface heating results in an

unstable atmosphere and positive at night when the surface cools (stable atmosphere).

Values of Zi/L near zero indicate slightly unstable or stable conditions (depending on

the sign). Atmospheric stability classifications for each time in Table 4.1 are defined

as given in Table 4.2 (Irwin et al. 2002, 2003).

Table 4.2: Atmospheric stability classes

Stability Solar

Class Daytime? Radiation Wind

Zi/L < −150 1. Very unstable day mod–strong low

−150 < Zi/L < −50 2. Unstable day mod–strong low–med

−50 < Zi/L < −25 3. Slightly unstable day mod–strong med–high

day slight low–med

−25 < Zi/L < 0 4. Neutral day slight–mod med–high

0 < Zi/L 5. Stable night –very little data here–

For each time and arc, we have several observed concentrations, one deterministic-

ADM-predicted centerline concentration, and an estimate of lateral dispersion. In

order to model the Kincaid field experiment, we tackle the existing change of support

problem by interpolating along the state through a Gaussian process (Cressie 1993,

pp 284-289). The Kincaid data are observed at irregularly spaced fixed locations s

(point referenced data), but we will model them using a CAR process on an irregular

lattice (areal data). However, Jun and Stein (2004) mentioned that the concentration

of sulfate generally varies fairly smoothly in space. Assume that the SF6 measured

at receptors within a particular fine grid cell may be used as an input value for that
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cell over small spatial domain of interest horizontal dimensions (< 15 km). Then, the

SF6 may actually not vary at different points within that cell and may have a same

mean. As a result, our modeling has ignored the effects of change of support problem

(Gelfand et al. 2001; Gotway and Young 2002).

As discussed in Section 4.2, for a fixed distance from the source most short-range

ADMs model lateral and vertical dispersion using a Gaussian formulation. In the

Kincaid field experiments, all measurements were at a single vertical height but at

several distances away from the centerline. Because we only have model output along

the centerline, we will use the Gaussian formulation to obtain “model” outputs for

all other sites in the crosswind direction:

Ci = Co exp

[
− y2

i

2σ̂2
y

]
, (4.5)

where yi is the crosswind distance of the site, σ̂y is the lateral standard deviation,

Co is the deterministic-ADM-predicted concentration on the centerline, and Ci is the

modeled concentration at site si. In all cases the assumed plume centerline is taken

to be directly downwind from the source. Figure 4.4 shows the modeled values of

Ci from ADM (blue circle) and the observed concentrations (red circle). For the

second arc, which is a nominal 3km from the point source, the modeled values are

overestimates. For all other arcs, the modeled values either capture or underestimate

the actual concentrations.

By limiting analysis in the current paper to May 9, 1980 (see Figure 4.5), where

only stability class three is observed at multiple hours and all other stability classes

are observed at only one hour, we cannot fit a space-time model. Nevertheless, we
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Crosswind Pattern of Concentrations on 05−09−80
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Figure 4.4: Crosswind pattern of observed and modeled concentrations on 05-09-80.
Blue circle: modeled values from ADM using equation (4.5), red circle: observed
concentrations.
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compare fits at different hours to get a sense of whether there is a temporal trend.

Location of Sampling Sites on 05−09−80
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Figure 4.5: Location of sampling sites on 05-09-80

4.4.2 Process Decomposition for Point Sources

Following Section 4.3, we now model the Kincaid field experiments from May 9,

1980 to separately determine large-scale variation captured by ADMs from small-scale

variations not captured by ADMs. The goals are to better understand the impact of

the point source since both the large-scale and small-scale variations are functions of

distance from the source, and to be able to obtain prediction uncertainties that are

not currently provided by ADMs.

Let C(s) represent the observed concentration at spatial location s (receptor) and
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q the rate of release from the source. Then our model assumes

Y (s) ≡ C(s)

q
= µ(s) + V (s),

where µ(s) represents (possibly a function of) ADM-predicted concentration and V (s)

is error. We model the mean component of the spatial model as

µ(s) =
r∑

k=1

(αk + βk ×Ds)I(s ∈ Rk), (4.6)

where Ds is the output from one of the ADMs for site s and I(s ∈ Rk) takes value

one when site s lies in the kth region Rk from the source. By using (4.6), we allow

output from a deterministic ADM to be used to guide air pollution predictions from

the ECA-ADM.

4.4.3 Preliminary Analysis

Figure 4.6 shows scatter plots of maximum (centerline) observed concentrations

versus maximum (centerline) modeled output from all twelve ADMs, listed in Ta-

ble 4.3, on May 9, 1980. Figure 4.7 shows scatter plots of observed concentrations

versus modeled output from twelve ADMs on May 9, 1980 for all receptors, not just

the centerline. Also shown in these figures is R2 and the fitted line of a simple linear

regression for each ADM. These results suggest that ADM7, which corresponds to

AERMET HPDM, provides a good fit. ADM4, on the other hand, is a very poor fit.

Ultimately, we will focus on ADM7 for building our ECA-ADM.

In a preliminary analysis of the Kincaid data, we explored whether the 12 de-

terministic ADMs provide unbiased estimates of the observed Y by testing the null
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Figure 4.6: Scatter plot of maximum (centerline) observed concentrations versus max-
imum (centerline) modeled output from twelve atmospheric dispersion models using
all data on May 09, 1980. Plot scales differ for ADM8. The simple OLS linear
regression line and its R2 are also shown.
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Figure 4.7: Scatter plot of observed concentrations versus modeled output from twelve
atmospheric dispersion models using all data on May 09, 1980 for all receptors. Plot
scales differ for ADM8. The simple OLS linear regression line and its R2 are also
shown.
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Table 4.3: Twelve atmospheric dispersion models (ADMs)

ADM1 97064 AERMOD1
ADM2 97248 AERMOD2
ADM3 98022 AERMOD3
ADM4 AERMET ISC
ADM5 SigproZi+Sv HPDM1
ADM6 SigproZi HPDM2
ADM7 AERMET HPDM
ADM8 ADMSmet ADMS
ADM9 AERMET AER02161
ADM10 Sigpro HPDM
ADM11 MPRM ISCST3
ADM12 OnSite Sigmas AER02161

hypothesis H
(1)
0 : αk = 0, βk = 1 for k = 1, . . . , r after fitting mean model (4.6).

We also investigated whether the accuracy of ADMs depend on distance from point

source by testing the null hypotheses H
(2)
0 : αk = 0, k = 1, 2 . . . , r and H

(3)
0 : βk =

β, k = 1, 2 . . . , r. To do this, we fit the mean model (4.6) using ordinary least squares

(OLS) and obtained the results in Table 4.4. For all ADMs, equation (4.5) was used

to obtain “model” values at non-centerline locations. R2 is shown for the full model

of spatially varying αk and βk. Null hypothesis H
(1)
0 is clearly rejected for all ADMs,

suggesting that deterministic ADMs provide biased estimates of the expected value

of Y . H
(2)
0 is not rejected for any model or time, indicating that no shift is needed

across arcs.

Null hypothesis H
(3)
0 does not present a consistent story across all models and

times. For the majority of cases (62 cases of 72 using significance level α = 0.05),

H
(3)
0 is rejected, thus implying that ADM bias is a function of both distance from

source and the modeled value. Six of the 10 cases where H
(3)
0 is not rejected are for

88



Table 4.4: Preliminary data analysis

Test statistic (p-value)
Stability: Unbiased? Zero intercepts? Equal slopes? R2 for

Time n H
(1)
0 : αk = 0, βk = 1 H

(2)
0 : αk = 0 H

(3)
0 : βk = β full model

ADM1
1:10-11 136 14.35 (< 0.0001) 0.67 (0.6705) 10.46 (< 0.0001) 0.8277
2:14-15 137 114.62 (< 0.0001) 0.12 (0.9941) 6.95 (< 0.0001) 0.4643
3:12-13 135 8.63 (< 0.0001) 0.42 (0.8677) 7.46 (< 0.0001) 0.7940
3:13-14 134 18.12 (< 0.0001) 0.13 (0.9923) 8.60 (< 0.0001) 0.6647
3:15-16 134 56.04 (< 0.0001) 0.17 (0.9833) 1.34 (0.2534) 0.2380
4:11-12 136 25.69 (< 0.0001) 0.18 (0.9811) 34.06 (< 0.0001) 0.8103
ADM2
1:10-11 136 16.09 (< 0.0001) 0.67 (0.6705) 10.69 (< 0.0001) 0.8277
2:14-15 137 126.95 (< 0.0001) 0.12 (0.9941) 7.02 (< 0.0001) 0.4643
3:12-13 135 6.96 (< 0.0001) 0.42 (0.8677) 7.56 (< 0.0001) 0.7940
3:13-14 134 13.85 (< 0.0001) 0.13 (0.9923) 8.66 (< 0.0001) 0.6647
3:15-16 134 68.50 (< 0.0001) 0.17 (0.9833) 1.35 (0.2491) 0.2380
4:11-12 136 24.04 (< 0.0001) 0.18 (0.9811) 33.64 (< 0.0001) 0.8103
ADM3
1:10-11 136 16.15 (< 0.0001) 0.67 (0.6705) 10.84 (< 0.0001) 0.8277
2:14-15 137 125.31 (< 0.0001) 0.12 (0.9941) 7.00 (< 0.0001) 0.4643
3:12-13 135 6.97 (< 0.0001) 0.42 (0.8677) 7.56 (< 0.0001) 0.7940
3:13-14 134 13.85 (< 0.0001) 0.13 (0.9923) 8.66 (< 0.0001) 0.6647
3:15-16 134 67.08 (< 0.0001) 0.17 (0.9833) 1.35 (0.2487) 0.2380
4:11-12 136 24.03 (< 0.0001) 0.18 (0.9811) 33.63 (< 0.0001) 0.8103
ADM4
1:10-11 136 43.96 (< 0.0001) 0.67 (0.6705) 39.22 (< 0.0001) 0.8277
2:14-15 137 14.50 (< 0.0001) 0.12 (0.9941) 16.34 (< 0.0001) 0.4643
3:12-13 135 60.75 (< 0.0001) 0.42 (0.8677) 66.62 (< 0.0001) 0.7940
3:13-14 134 35.04 (< 0.0001) 0.13 (0.9923) 37.46 (< 0.0001) 0.6647
3:15-16 134 5.39 (< 0.0001) 0.17 (0.9833) 5.03 (0.0001) 0.2380
4:11-12 136 73.51 (< 0.0001) 0.18 (0.9811) 79.38 (< 0.0001) 0.8103
ADM5
1:10-11 136 13.54 (< 0.0001) 0.67 (0.6705) 17.11 (< 0.0001) 0.8277
2:14-15 137 32.89 (< 0.0001) 0.12 (0.9941) 3.91 (0.0025) 0.4643
3:12-13 135 17.81 (< 0.0001) 0.42 (0.8677) 18.52 (< 0.0001) 0.7940
3:13-14 134 23.46 (< 0.0001) 0.13 (0.9923) 1.84 (0.1091) 0.6647
3:15-16 134 59.02 (< 0.0001) 0.17 (0.9833) 2.43 (0.0390) 0.2380
4:11-12 136 19.53 (< 0.0001) 0.18 (0.9811) 27.01 (< 0.0001) 0.8103
ADM6
1:10-11 136 31.10 (< 0.0001) 0.67 (0.6705) 8.16 (< 0.0001) 0.8277
2:14-15 137 24.40 (< 0.0001) 0.12 (0.9941) 3.42 (0.0063) 0.4643
3:12-13 135 17.45 (< 0.0001) 0.42 (0.8677) 19.23 (< 0.0001) 0.7940
3:13-14 134 3.07 (< 0.0001) 0.13 (0.9923) 1.03 (0.4041) 0.6647
3:15-16 134 149.52 (< 0.0001) 0.17 (0.9833) 2.52 (0.0331) 0.2380
4:11-12 136 5.17 (< 0.0001) 0.18 (0.9811) 6.84 (< 0.0001) 0.8103

89



Test statistic (p-value)
Stability: Unbiased? Zero intercepts? Equal slopes? R2 for

time n H
(1)
0 : αk = 0, βk = 1 H

(2)
0 : αk = 0 H

(3)
0 : βk = β full model

ADM7
1:10-11 136 9.16 (< 0.0001) 0.67 (0.6705) 8.85 (< 0.0001) 0.8277
2:14-15 137 37.71 (< 0.0001) 0.12 (0.9941) 3.91 (0.0025) 0.4643
3:12-13 135 15.76 (< 0.0001) 0.42 (0.8677) 10.26 (< 0.0001) 0.7940
3:13-14 134 12.39 (< 0.0001) 0.13 (0.9923) 3.67 (0.0040) 0.6647
3:15-16 134 95.50 (< 0.0001) 0.17 (0.9833) 2.19 (0.0600) 0.2380
4:11-12 136 21.57 (< 0.0001) 0.18 (0.9811) 28.21 (< 0.0001) 0.8103
ADM8
1:10-11 136 78.29 (< 0.0001) 0.67 (0.6705) 24.74 (< 0.0001) 0.8277
2:14-15 137 1274.41 (< 0.0001) 0.12 (0.9941) 4.71 (0.0006) 0.4643
3:12-13 135 895.42 (< 0.0001) 0.42 (0.8677) 25.05 (< 0.0001) 0.7940
3:13-14 134 770.35 (< 0.0001) 0.13 (0.9923) 0.47 (0.7980) 0.6647
3:15-16 134 2105.84 (< 0.0001) 0.17 (0.9833) 2.78 (0.0205) 0.2380
4:11-12 136 172.81 (< 0.0001) 0.18 (0.9811) 14.11 (< 0.0001) 0.8103
ADM9
1:10-11 136 26.24 (< 0.0001) 0.67 (0.6705) 11.59 (< 0.0001) 0.8277
2:14-15 137 40.90 (< 0.0001) 0.12 (0.9941) 6.34 (< 0.0001) 0.4643
3:12-13 135 6.61 (< 0.0001) 0.42 (0.8677) 7.93 (< 0.0001) 0.7940
3:13-14 134 10.97 (< 0.0001) 0.13 (0.9923) 8.59 (< 0.0001) 0.6647
3:15-16 134 92.65 (< 0.0001) 0.17 (0.9833) 1.25 (0.2907) 0.2380
4:11-12 136 24.55 (< 0.0001) 0.18 (0.9811) 34.20 (< 0.0001) 0.8103
ADM10
1:10-11 136 31.10 (< 0.0001) 0.67 (0.6705) 8.16 (< 0.0001) 0.8277
2:14-15 137 24.40 (< 0.0001) 0.12 (0.9941) 3.42 (0.0063) 0.4643
3:12-13 135 17.45 (< 0.0001) 0.42 (0.8677) 19.23 (< 0.0001) 0.7940
3:13-14 134 3.07 (0.0008) 0.13 (0.9923) 1.03 (0.4011) 0.6647
3:15-16 134 149.52 (< 0.0001) 0.17 (0.9833) 2.52 (0.0331) 0.2380
4:11-12 136 5.17 (< 0.0001) 0.18 (0.9811) 6.84 (< 0.0001) 0.8103
ADM11
1:10-11 136 28.61 (< 0.0001) 0.67 (0.6705) 30.08 (< 0.0001) 0.8277
2:14-15 137 108.01 (< 0.0001) 0.12 (0.9941) 4.82 (0.0005) 0.4643
3:12-13 135 91.24 (< 0.0001) 0.42 (0.8677) 9.94 (< 0.0001) 0.7940
3:13-14 134 19.15 (< 0.0001) 0.13 (0.9923) 14.45 (< 0.0001) 0.6647
3:15-16 134 118.06 (< 0.0001) 0.17 (0.9833) 4.51 (0.0008) 0.2380
4:11-12 136 46.50 (< 0.0001) 0.18 (0.9811) 24.82 (<0.0001) 0.8103
ADM 12
1:10-11 136 27.91 (< 0.0001) 0.67 (0.6705) 11.18 (< 0.0001) 0.8277
2:14-15 137 105.73 (< 0.0001) 0.12 (0.9941) 7.00 (< 0.0001) 0.4643
3:12-13 135 6.11 (< 0.0001) 0.42 (0.8677) 7.29 (< 0.0001) 0.7940
3:13-14 134 10.97 (< 0.0001) 0.13 (0.9923) 8.59 (< 0.0001) 0.6647
3:15-16 134 51.14 (< 0.0001) 0.17 (0.9833) 1.34 (0.2503) 0.2380
4:11-12 136 24.94 (< 0.0001) 0.18 (0.9811) 34.69 (< 0.0001) 0.8103
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stability class 3 between 3pm and 4pm. It is interesting to note that for these cases

R2 is a very low 0.2380, indicating a very poor fit of the linear model. The remaining

four cases where H
(3)
0 is not rejected are also for stability class 3, but at time 1pm -

2pm, which has R2 = 0.6647.

It is interesting to note that R2 for the full model and test statistic for H
(2)
0 do

not change across ADMs, but test statistics for H
(1)
0 and H

(3)
0 show some differences

across ADMs. This behavior is a consequence of how we obtained “ADM model”

values at non-centerline receptors. Details are given in Appendix A of this chapter.

To evaluate performance of the spatially varying mean function relative to the

unadjusted ADM model output, we define performance measure relative root mean

squared error (RRMSE) as follows:

RRMSE :

√ ∑
i(Yi − Ŷi)2

∑
i(Yi − Y m

i )2

where Yi is observed concentration, Y m
i is model output from one of the ADMs and

Ŷi is the fitted value from a regression model fit by OLS. Low values of RRMSE

indicate better performance from the regression model. Table 4.5 shows RRMSE

based on Ŷi = β̂Y m
i , which corresponds to fitting equation (4.6) with αk = 0 and

βk = β for k = 1, . . . , r; we will call this the constant-slope mean model. Table 4.6

shows RRMSE based on Ŷi =
∑r

k=1 β̂kY
m
i I(si ∈ Rk), which corresponds to fitting

equation (4.6) with αk = 0 for k = 1, . . . , r; we will call this the spatially-varying-

slope mean model. The analysis of RRMSE from Tables 4.5 and 4.6 indicates that

the spatially-varying-slope mean model is good for most cases, but in some cases,

particularly for ADM4 and between 10am and 11am, the constant-slope model has
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better performance compared to no adjustment of the modeled value.

Table 4.5: Performance measure RRMSE of constant-slope mean model by stability
and time for ADMs

Stability Class : Time

Model 1:10-11 2:14-15 3:12-13 3:13-14 3:15-16 4:11-12

ADM1 0.5688 0.8730 0.9614 0.9713 0.8344 0.8591

ADM2 0.5326 0.9376 0.9551 0.9988 0.9780 0.7768

ADM3 0.5339 0.9381 0.9551 0.9988 0.9788 0.7769

ADM4 0.8785 0.0510 0.0145 0.0373 0.0890 0.0138

ADM5 0.8272 0.9838 0.9743 0.9113 0.9925 0.7446

ADM6 0.2900 0.9921 0.9633 0.9969 0.9642 0.9318

ADM7 0.9830 0.9773 0.9991 0.9868 0.9754 0.8759

ADM8 0.9413 0.8020 0.7524 0.5771 0.8977 0.7632

ADM9 0.3594 0.9899 0.9019 0.9886 0.9655 0.7365

ADM10 0.2900 0.9921 0.9633 0.9969 0.9642 0.9318

ADM11 0.7043 0.9210 0.8197 0.9536 0.9975 0.9851

ADM12 0.3344 0.9477 0.8644 0.9886 0.9879 0.7081

Initial analysis (see Figures 4.6 and 4.7) suggested that ADM7 outperformed all

other ADMs. Specifically, R2 from a simple linear regression of observed centerline

concentrations on centerline ADM7 is 0.463, while it is only 0.013 for regression on

centerline ADM8. On the other hand, a spatially-varying-slope mean model signifi-

cantly improves the performance of ADM8 (relative to the unadjusted ADM8) to the

point where it gives the best RRMSE values over all times; see Table 4.6.

Although spatially-adjusted ADM8 appears to be the best regressor in Table 4.6,

92



Table 4.6: Performance measure RRMSE of spatially-varying-slope mean model by
stability and time for ADMs

Stability Class : Time

Model 1:10-11 2:14-15 3:12-13 3:13-14 3:15-16 4:11-12

ADM1 0.6575 0.2894 0.7442 0.6014 0.3935 0.5379

ADM2 0.6354 0.2761 0.7795 0.6526 0.3610 0.5507

ADM3 0.6348 0.2778 0.7794 0.6526 0.3643 0.5508

ADM4 0.4433 0.6484 0.3837 0.4754 0.8119 0.3526

ADM5 0.6685 0.4918 0.6104 0.5515 0.3849 0.5908

ADM6 0.5074 0.5485 0.6144 0.8791 0.2534 0.8200

ADM7 0.7399 0.4665 0.6340 0.6735 0.3115 0.5716

ADM8 0.3469 0.0902 0.1074 0.1144 0.0696 0.2385

ADM9 0.5401 0.4518 0.7874 0.6957 0.3158 0.5467

ADM10 0.5074 0.5485 0.6144 0.8791 0.2534 0.8200

ADM11 0.5234 0.2974 0.3210 0.5907 0.2827 0.4282

ADM12 0.5282 0.3003 0.7996 0.6957 0.4089 0.5436
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this is only because it is being compared to unadjusted ADM8. Table 4.7 shows

RMSE defined as √∑
i

(Yi − Y m
i )2,

where Yi is observed concentration and Y m
i is the unadjusted ADM model output.

From each ADM, we obtained the same value for RMSE from spatially-varying slope

mean model defined as √∑

k

(Yi − Ŷi)2,

where Ŷi =
∑r

k=1 β̂kY
m
i I(si ∈ Rk). As is seen from the table, all kinds of HPDM

model (ADM5, ADM6, ADM7 and ADM10) provide a good performance in terms of

RMSE.

Figure 4.8 shows scatter plots of concentrations versus modeled output from

ADM7 by stability and time on May 9, 1980. R2 ranged from 0.13 to 0.70 for simple

linear regression. The spatially-varying mean function of (4.6) assumes local linear-

ity, as a function of arc distance from source, for capturing the dependence between

observed and modeled concentrations. Figure 4.9 investigates this assumption by

plotting observed concentration as a function of modeled concentration separately for

each arc from the source. For the 2km arc, very little pattern is observable. For other

arcs, however, local linearity appear to be a reasonable assumption in most cases.

Having selected ADM7 for further analysis and recognizing that a spatially varying

mean function of the form (4.6) with αk = 0 is appropriate, before continuing to fit

a covariance model, we perform preliminary checks of whether residuals are spatially

autocorrelated. The most widely used test for spatial autocorrelation is Moran’s I
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Table 4.7: Performance measure RMSE for ADMs

Stability Class : Time

Model 1:10-11 2:14-15 3:12-13 3:13-14 3:15-16 4:11-12

SAM1 23.4530 14.8215 17.4351 19.0728 11.1256 21.5356

ADM1 35.6685 51.2050 23.4283 31.7104 28.2712 40.0347

ADM2 36.9075 53.6716 22.3645 29.2237 30.8153 39.1037

ADM3 36.9449 53.3497 22.3699 29.2239 30.5365 39.0990

ADM4 52.9017 22.8584 45.4298 40.0904 13.7016 61.0761

ADM5 37.0829 30.1344 28.5607 34.5782 28.8999 36.4500

ADM6 46.2166 27.0185 28.3773 21.6945 43.9052 26.2613

ADM7 31.6969 31.7696 27.4989 28.3156 35.7147 37.6744

ADM8 67.5912 164.1427 162.2538 166.5825 159.8236 90.2646

ADM9 43.4189 32.8034 22.1412 27.4136 35.2295 39.3920

ADM10 46.2165 27.0185 28.3770 21.6943 43.9051 26.2613

ADM11 44.8018 49.8341 54.3150 32.2832 39.3430 50.2857

ADM12 44.3976 49.3512 21.8048 27.4136 27.2044 39.6113

1SAM denotes the spatially-adjusted ADM model
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Figure 4.8: Scatter plot of observed concentrations versus modeled output for ADM7
by stability and time combinations. The simple OLS linear regression line and its R2

are also shown.

(Moran 1948; Cliff and Ord 1972). The value of Moran’s I will be in the range +1 to

−1. Moran’s I is positive when nearby areas tend to be similar in attributes, negative

when they tend to be more dissimilar than one might expect, and approximately zero

when attribute values are arranged randomly and independently in space. Under

the assumptions of normally distributed variables and constant variances, the distri-

bution of Moran’s I under H0 (no spatial autocorrelation) is normal with a known

mean and variance, and its significance can be calculated by computing standardized

normal variables (Cliff and Ord 1981). Moran’s I requires specification of adjacency

matrices that indicate which receptors are neighbors. Table 4.8 presents results based

only on first order neighbors within arcs (see CARv in Section 4.4.4) and Table 4.9

presents results based on first order neighbors within arcs (see CARv in Section 4.4.4)
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Figure 4.9: Scatter plot of observed concentration versus modeled output for ADM7
by stability:time for each arc. Rows indicate stability and time combinations, with
values 1:10-11 (top), 4:11-12, 3:12-13, 3:13-14, 2:14-15, 3:15-16 (bottom). Columns
indicate arc, with values 2km (left), 3km, 5km, 7km, 10km, 15km (right). X-axis
denotes model output, Y-axis denotes concentration, relative to release rate (s/m3).
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and adjacent arc neighbors (see CARh in Section 4.4.4). In both tables, Moran’s I

detects spatial correlation for some, but not all, times. These results are based on

an assumption of equal variances and might not be relevant under heterosecedastic-

ity. We now fit and test the adequacy of several hierarchical models that incorporate

spatial dependence and unequal variance.

Table 4.8: Moran’s I for spatial autocorrelation for residuals from spatially varying
mean function for ADM7 based on first order neighbors within arcs by stability and
time on May 9, 1980

Moran’s Index

Stability:time n I S.D p-value

1:10-11 136 0.2207 0.1501 0.0588

2:14-15 137 0.5568 0.1549 0.0010

3:12-13 135 -0.1014 0.1560 0.7563

3:13-14 134 0.2054 0.1559 0.0719

3:15-16 134 -0.2090 0.1434 0.9306

4:11-12 136 -0.0589 0.1548 0.6849
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Table 4.9: Moran’s I for spatial autocorrelation for residuals from spatially varying
mean function for ADM7 based on first order neighbors within arcs and adjacent are
neighbors by stability and time on May 9, 1980

Moran’s Index

Stability:time n I S.D p-value

1:10-11 136 0.0023 0.0136 0.1876

2:14-15 137 0.0162 0.0143 0.0307

3:12-13 135 0.0001 0.0145 0.2705

3:13-14 134 0.0082 0.0142 0.0920

3:15-16 134 0.0011 0.0138 0.2321

4:11-12 136 0.0019 0.0133 0.1931
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4.4.4 Six Model Scenarios

For our ECA-ADM, we decompose the error component as described in Section 4.3

to obtain

Y (s) = µ(s) + V0(s) +
m∑

j=1

Vj(s), (4.7)

where µ(s) is as specified in (4.6) except that αk = 0, for k = 1, . . . , r. The pattern

of βk depends on characteristics of the deterministic ADMs and on the location of

site s relative to the source. Clearly, stationarity with respect to the mean is not a

valid assumption.

For the error component, we consider six different modeling scenarios, with each

representing a different hierarchy of spatial structure due to the point source. After

explaining a large amount of spatial variability in Y using the systematic variations

in µ(·), our goal is to better understand and model other spatial patterns and to de-

termine if any are related to the point source. The models considered are summarized

below.

• Model 1 assumes no residual spatial patterns, so that equation (4.7) is simplified

to Y (s) = µ(s) + V0(s), where V0 represents measurement error.

• Model 2 assumes constant within-arc dependence but no between-arc depen-

dence. In this case, equation (4.7) has m=1 and V1 ≡ [V1(s1), · · · , V1(sn)]T is

modeled as

CARv : V1 ∼ CAR(ρv, σ
2
v) for within-arc neighbors,

where CAR(ρv, σ
2
v) represents the CAR process as defined by Sun et al. (1999)
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and neighborhoods are defined according to adjacent location on the same arc.

From (4.3) of Section 4.3, we define f (Rk−1, Rk, Rk+1) = Rk and gi {i− 1, i + 1},

so cij = I ({si, sj ∈ Rk} ∩ {j = i− 1 or i + 1}). The parameters ρv and σ2
v rep-

resent correlation and smoothness with respect to north-south neighbors on the

same arc from the source.

• Model 3 assumes between-arc dependence but no within-arc dependence: m=1

and V1 is modeled as

CARh : V1 ∼ CAR(ρh, σ
2
h) for across-arc neighbors,

where neighborhoods are defined according to location on adjacent arcs. So

cij = I ({si ∈ Rk} ∩ {sj ∈ (Rk−1 ∪Rk+1)}).

• Model 4 assumes independent and additive components for capturing between-

arc and constant within-arc dependence by setting m=2 and modeling

V1 ∼ CARv and V2 ∼ CARh,

where CARv and CARh are as defined above.

• Model 5 assumes independent and additive components for capturing within-

arc dependence where dependence is a function of arc, but no between-arc

dependence. In this case, m=6 and

CARvj
: Vj ∼ CAR(ρvj

, σ2
j ) for within-arc neighbors on the jth arc,

for j = 1, 2, . . . , 6. For CARvj
, cil = I ({si, sl ∈ Rj} ∩ {l = i− 1 or i + 1}) .
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• Model 6 assumes independent and additive components for capturing between-

arc dependence and within-arc dependence where dependence is a function of

arc. In this case, m=7 and

Vj ∼CARvj
j = 1, . . . , 6

V7 ∼CARh,

where CARvj
and CARh are as defined above.

With the exception of Model 1, all other models admit nonstationary covariance

structures, where the covariance between Y (s) and Y (s
′
) is not only a function of the

distance between location s and s
′
. Instead, the covariance is also a function of the

location of s and s
′
relative to the point source. The specification of neighborhood

relationships as a function of distance from the point source is naturally determined

from the theoretical underpinnings of deterministic ADMs as defined by subject-

matter experts. These models were fit using a Bayesian approach.

4.4.5 Bayesian Hierarchical Modeling

Model Fitting

Bayesian hierarchical modeling is achieved using WinBUGS. Noninformative but

proper priors were assigned to all hyper-parameters. Much recent discussion has

focused on what noninformative prior is appropriate for variance parameters of hi-

erarchical models. Based on Hughes-Oliver, Heo and Ghosh (2005), we use uniform

priors for these variance components.
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There are three sets of parameters: parameters in the mean equation θ1 =(β1, β2, . . . , β6),

in the variance equation θ2 = (σ2
v1

, σ2
v2

, . . . , σ2
v6

, σ2
v , σ

2
h, σ

2
e ), and the remaining pa-

rameters θ3 =(ρv1 , ρv2 , . . . , ρv6 , ρh). We assume that the parameters are mutually

independent. The prior distributions are specified as follows:

β1, β2, . . . , β6 ∼ Normal(0, 1000)

ρv1 , ρv2 , . . . , ρv6 , ρh, ρv ∼ Uniform(−1, 1)

σv1 , σv2 , . . . , σv6 , σv, σh ∼ Uniform(0, 100)

σ2
e ∼ Inverse Gamma(0.001, 0.001).

Using the WinBUGS version 1.4.1 updated on September 13, 2004 (Spiegelhalter,

Thomas and Best 2000), we obtain samples from the posterior distributions of the

parameters. To assess convergence, we used several graphical techniques, such as the

trace plot and auto-correlation plot, as well as numerical convergence diagnostics like

Gelman-Rubin (Gelman and Rubin 1992) that are built into WinBUGS. We also used

CODA, a module for the analysis of MCMC output developed by Best et al. (1996) to

help determine whether it was reasonable to assume convergence had been attained. A

general discussion of MCMC convergence monitoring is available in Carlin and Louis

(2000). After some preliminary studies, we ran three parallel chains with dispersed

starting values for each parameter. Chains were run with 25,000 updates and burnin

of 5,000.

For squared-error loss and absolute-error loss, WinBUGS provides two Bayes es-

timators that are the mean and median of the posterior distribution, respectively.

One major benefit of the Bayesian method is that it provides finite sample credible
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interval estimators, based on the posterior samples. In Tables 4.10–4.15, we report

summaries of the posterior densities including the posterior mean and median and a

95% equal-tail credible interval for each parameter of interest in the model, for all six

models and all six combinations of atmospheric stability condition and time.

Model 5 allows for only the crosswind neighbors on arcs to capture the spatial effect

and covariance nonstationarity. Some interesting empirical results can be found from

the two last models, Model 5 and Model 6. From Tables 4.10 – 4.15, the posterior

mean of the conditional correlation parameter for crosswind neighbor (ρv) is stronger

than that of downwind neighbor (ρh). From Model 5, it is seen that the estimates

ρvj
, which describe the conditional spatial dependence for each arc, do not have a

particular pattern for j = 1, . . . , 6.

Model Choice

Model choice is a fundamental and highly discussed activity in real data analysis.

There exist many ways to choose the best model. Penalized likelihood criteria, such

as Akaike’s information criterion (AIC), Bayesian information criterion (BIC), and

Bayes factors, are among the most often used, but these methods fail in our models

because of the random effects (Spiegelhalter, Best, Carlin, and van der Linde 2002).

Bayes factors are not interpretable with a CAR prior for spatial effects (Han and

Carlin 2001). Following the Bayesian point of view, we use the deviance information

criterion (DIC), which is a hierarchical modeling generalization of the AIC proposed

by Spiegelhalter et al. (2002), and Mean squared predicted error (MSPE) proposed
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Table 4.10: Summaries of Posterior Densities from Modeling Kincaid Dataset for
1:10-11

Parameter Mean MCerror 2.5% Median 97.5%

Model 1
β1 1.1450 2.426E-4 1.0200 1.1450 1.2690
β2 0.6718 1.406E-4 0.5937 0.6715 0.7505
β3 0.9379 2.254E-4 0.8205 0.9382 1.0550
β4 1.5890 4.277E-4 1.3490 1.5890 1.8250
β5 1.5010 6.580E-4 1.1290 1.5010 1.8690
β6 1.0110 7.834E-4 0.5885 1.0110 1.4380
σ2

e 4.3320 0.0022 3.3890 4.2900 5.5230
Model 2

β1 1.1270 5.130E-4 0.9922 1.1270 1.2570
β2 0.6707 2.525E-4 0.5885 0.6706 0.7533
β3 0.9382 3.281E-4 0.8149 0.9382 1.0620
β4 1.5870 6.775E-4 1.3390 1.5860 1.8340
β5 1.5040 0.0010 1.1220 1.5040 1.8860
β6 1.0130 0.0012 0.5759 1.0120 1.4500
σ2

bv 2.3210 0.0379 0.4425 2.0800 5.5910
ρv 0.3028 0.0053 -0.4797 0.3543 0.8180
σ2

e 3.0320 0.0213 1.3450 3.0400 4.6670
Model 3

β1 1.1450 2.820E-4 1.0180 1.1450 1.2720
β2 0.6716 1.499E-4 0.5931 0.6717 0.7505
β3 0.9370 2.438E-4 0.8179 0.9370 1.0570
β4 1.5880 4.612E-4 1.3480 1.5870 1.8280
β5 1.5000 8.008E-4 1.1220 1.5010 1.8730
β6 1.0120 0.0011 0.5526 1.0120 1.4730
σ2

bh 15.8400 0.4033 0.9471 12.1300 51.6300
ρh 0.0160 0.0030 -0.9071 0.01965 0.9146
σ2

e 4.0490 0.0076 2.9560 4.0170 5.3010
Model 4

β1 1.1410 8.563E-4 0.9972 1.1390 1.2950
β2 0.6710 2.973E-4 0.5866 0.6710 0.7549
β3 0.9366 4.356E-4 0.8098 0.9368 1.0620
β4 1.5870 7.707E-4 1.3370 1.5880 1.8390
β5 1.5000 0.0015 1.0900 1.5000 1.9050
β6 1.0110 0.0030 0.4525 1.0130 1.5600
ρv 0.2210 0.0055 -0.5756 0.2673 0.8074
ρh 0.0132 0.0028 -0.9061 0.0166 0.9126
σ2

bv 1.3380 0.0228 0.2689 1.1370 3.5210
σ2

bh 37.4100 0.9721 3.4670 26.6000 138.0000
σ2

e 2.9270 0.0228 0.8903 3.0040 4.5700
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Model 5
β1 1.1020 0.0013 0.9395 1.1030 1.2570
β2 0.6736 9.469E-4 0.5641 0.6731 0.7845
β3 0.9384 6.696E-4 0.8263 0.9382 1.0510
β4 1.5920 0.0011 1.3890 1.5920 1.7980
β5 1.4990 4.853E-4 1.3140 1.4990 1.6860
β6 1.0100 5.409E-4 0.7952 1.0100 1.2230
ρv1 0.3309 0.0026 -0.5400 0.3840 0.9187
ρv2 0.3385 0.0017 -0.3181 0.3689 0.8317
ρv3 -0.1003 0.0018 -0.7034 -0.1100 0.5544
ρv4 -0.0439 0.0026 -0.7950 -0.0502 0.7478
ρv5 -0.0698 0.0035 -0.9018 -0.0885 0.8540
ρv6 0.0925 0.0033 -0.8349 0.1237 0.8969
σ2

v1
12.4100 0.0427 4.2390 10.7300 30.4200

σ2
v2

13.0400 0.0266 6.7650 12.4400 22.7400
σ2

v3
6.2970 0.0192 2.8770 6.0400 11.1800

σ2
v4

4.4200 0.0227 1.1000 3.9820 10.3000
σ2

v5
0.6310 0.0076 0.0556 0.4269 2.3290

σ2
v6

0.5000 0.0061 0.0398 0.3374 1.8780
σ2

e 0.7597 0.0053 0.3193 0.7038 1.5270
Model 6

β1 1.1170 0.0011 0.9467 1.1170 1.2820
β2 0.6696 0.0012 0.5329 0.6698 0.8067
β3 0.9348 9.069E-4 0.7982 0.9353 1.0670
β4 1.5880 0.0013 1.364 1.5890 1.8120
β5 1.4990 0.0014 1.182 1.4980 1.8190
β6 1.0120 0.0033 0.5032 1.0150 1.5120
ρv1 0.2501 0.0025 -0.6729 0.3040 0.9116
ρv2 0.3691 0.0021 -0.3832 0.4152 0.8861
ρv3 -0.0969 0.0030 -0.8001 -0.1133 0.6977
ρv4 -0.0278 0.0032 -0.8544 -0.0323 0.8298
ρv5 -0.0042 0.0033 -0.8787 -0.0056 0.8754
ρv6 0.0146 0.0034 -0.8686 0.0193 0.8815
σ2

v1
10.1900 0.0458 2.5030 8.5440 27.6600

σ2
v2

10.0300 0.0375 3.7480 9.4800 19.6100
σ2

v3
3.3800 0.0309 0.5589 3.0960 7.9330

σ2
v4

1.8320 0.0213 0.1570 1.3700 6.0920
σ2

v5
0.6786 0.0092 0.0482 0.4310 2.7080

σ2
v6

0.8253 0.0110 0.0577 0.5299 3.3470
ρh 0.0094 0.0048 -0.9328 0.00978 0.9416
σ2

h 42.0500 0.4358 9.3880 37.4400 94.4400
σ2

e 1.1450 0.0105 0.3054 1.0630 2.4570
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Table 4.11: Summaries of Posterior Densities from Modeling Kincaid Dataset for
2:14-15

Parameter Mean MCerror 2.5% Median 97.5%
Model 1

β1 0.5281 3.353E-4 0.3526 0.5284 0.703
β2 0.2211 1.512E-4 0.1387 0.2212 0.3038
β3 0.4647 2.276E-4 0.3376 0.4647 0.5923
β4 0.7478 4.288E-4 0.5192 0.7478 0.9772
β5 0.7272 5.116E-4 0.4527 0.7275 1.002
β6 0.4317 7.097E-4 0.03919 0.4314 0.829
σ2

e 1.7170 8.068E-4 1.344 1.7 2.191
Model 2

β1 0.3861 0.002369 0.1849 0.3862 0.5862
β2 0.201 0.001212 0.1036 0.2016 0.296
β3 0.4266 0.001634 0.2819 0.4272 0.568
β4 0.7136 0.002767 0.4529 0.714 0.9718
β5 0.7253 0.003876 0.4048 0.7243 1.04
β6 0.4177 0.005554 -0.0448 0.4188 0.8769
σ2

v 1.438 0.004557 0.8856 1.428 2.059
ρv 0.8214 7.641E-4 0.6542 0.8301 0.9352
σ2

e 0.1672 0.002285 0.03457 0.1472 0.4029
Model 3

β1 0.5296 5.014E-4 0.3442 0.5291 0.7163
β2 0.221 1.707E-4 0.1387 0.2211 0.3027
β3 0.4642 2.696E-4 0.3376 0.4642 0.5909
β4 0.7476 4.736E-4 0.5196 0.7475 0.975
β5 0.7265 6.615E-4 0.4489 0.7266 1.007
β6 0.4327 0.001213 -0.0158 0.4321 0.8793
σ2

h 11.84 0.2782 1.513 9.647 35.1
ρh 0.0075 0.00285 -0.8988 0.0096 0.9014
σ2

e 1.461 0.006127 0.8781 1.465 2.012
Model 4

β1 0.4034 0.00294 0.1846 0.4071 0.5984
β2 0.1995 0.00229 0.05471 0.1998 0.3498
β3 0.4048 0.00357 0.1748 0.4064 0.621
β4 0.6918 0.00604 0.2876 0.693 1.087
β5 0.7247 0.00853 0.219 0.7197 1.253
β6 0.4461 0.01668 -0.4608 0.4455 1.362
ρh 7.19E-4 0.01102 -0.9602 -0.0018 0.9855
ρv 0.8975 9.80E-4 0.7483 0.909 0.9835
σ2

h 28.38 0.3422 10.61 26.41 57.71
σ2

v 0.757 0.00393 0.382 0.7309 1.286
σ2

e 0.1277 0.00216 0.02396 0.1058 0.3527
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Model 5
β1 0.4335 0.003256 0.1881 0.4358 0.6627
β2 0.1975 0.00175 0.07847 0.1969 0.3177
β3 0.4387 0.001204 0.3093 0.4394 0.5644
β4 0.7143 0.00104 0.5581 0.716 0.8599
β5 0.713 0.002895 0.4394 0.7151 0.9766
β6 0.4309 4.241E-4 0.2824 0.4308 0.5798
ρv1 0.3545 0.002194 -0.4257 0.4344 0.9088
ρv2 0.8272 0.001092 0.4748 0.8615 0.9825
ρv3 0.6811 0.001579 0.1666 0.7242 0.9553
ρv4 0.7077 0.00194 0.03102 0.7792 0.9778
ρv5 0.7221 0.001591 0.1159 0.7837 0.9777
ρv6 0.1785 0.0034 -0.7783 0.2289 0.9036
σ2

v1
6.554 0.01906 2.63 5.794 14.91

σ2
v2

2.136 0.007197 0.8888 1.982 4.278
σ2

v3
1.678 0.005487 0.7027 1.588 3.157

σ2
v4

0.4767 0.002033 0.1514 0.4148 1.158
σ2

v5
1.475 0.005992 0.4876 1.278 3.615

σ2
v6

0.1235 0.001497 0.01197 0.09121 0.4136
σ2

e 0.1541 0.001018 0.06557 0.1453 0.2927
Model 6

β1 0.4426 0.0028 0.2382 0.4423 0.6527
β2 0.1971 0.0023 0.0489 0.1988 0.3335
β3 0.4272 0.0020 0.2576 0.4286 0.5877
β4 0.7233 0.0014 0.5492 0.7240 0.8965
β5 0.7156 0.0031 0.4279 0.7142 1.0120
β6 0.4360 0.0025 0.1231 0.4359 0.7543
ρv1 0.3516 0.0020 -0.4673 0.4021 0.9060
ρv2 0.8563 0.0011 0.5203 0.8915 0.9884
ρv3 0.7463 0.0019 0.2407 0.7966 0.9761
ρv4 0.5332 0.0039 -0.4434 0.6399 0.9671
ρv5 0.6544 0.0021 -0.0966 0.7331 0.9749
ρv6 0.0182 0.0035 -0.8628 0.0249 0.8764
σ2

v1
6.2920 0.0187 2.3330 5.5300 14.7600

σ2
v2

1.7470 0.0076 0.6285 1.5850 3.8170
σ2

v3
1.2790 0.0066 0.4438 1.1820 2.6930

σ2
v4

0.4237 0.0025 0.0847 0.3592 1.1390
σ2

v5
1.3370 0.0065 0.3381 1.1390 3.5280

σ2
v6

0.1165 0.0019 0.0084 0.0747 0.4681
ρh 0.0108 0.0056 -0.9429 0.0162 0.9521
σ2

h 79.9210 0.1183 2.4920 8.7130 24.1000
σ2

e 0.1436 0.0019 0.0305 0.1269 0.3492
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Table 4.12: Summaries of Posterior Densities from Modeling Kincaid Dataset for
3:12-13

Parameter Mean MCerror 2.5% Median 97.5%
Model 1

β1 1.153 2.236E-4 1.033 1.152 1.274
β2 0.5646 1.494E-4 0.4821 0.5647 0.6472
β3 0.495 2.2E-4 0.3768 0.495 0.6132
β4 1.066 4.784E-4 0.8282 1.066 1.303
β5 0.9662 6.067E-4 0.6429 0.9665 1.283
β6 1.487 0.001028 0.9522 1.488 2.021
σ2

e 2.413 0.001217 1.883 2.387 3.09
Model 2

β1 1.145 3.49E-4 1.02 1.145 1.269
β2 0.5644 2.351E-4 0.4795 0.5645 0.6494
β3 0.4934 3.232E-4 0.3718 0.4931 0.6154
β4 1.062 6.927E-4 0.8152 1.062 1.308
β5 0.9657 8.696E-4 0.6362 0.9656 1.292
β6 1.486 0.001424 0.9354 1.487 2.04
σ2

v 1.15 0.02378 0.1721 0.9691 3.13
ρv 0.2249 0.003837 -0.4332 0.2437 0.761
σ2

e 1.806 0.01241 0.7939 1.831 2.689
Model 3

β1 1.154 4.359E-4 1.025 1.154 1.284
β2 0.5643 2.272E-4 0.4835 0.5645 0.645
β3 0.4936 3.062E-4 0.3791 0.4936 0.607
β4 1.064 6.103E-4 0.8342 1.064 1.293
β5 0.963 9.266E-4 0.6396 0.9628 1.287
β6 1.485 0.002705 0.8282 1.484 2.149
σ2

h 39.5 0.5322 7.199 37.35 82.99
ρh 0.01328 0.002486 -0.8906 0.01642 0.8968
σ2

e 1.442 0.01334 0.4437 1.444 2.455
Model 4

β1 1.159 8.833E-4 1.017 1.158 1.312
β2 0.5638 3.781E-4 0.4778 0.564 0.6484
β3 0.492 5.179E-4 0.3703 0.4923 0.6122
β4 1.064 0.001023 0.8201 1.064 1.304
β5 0.9645 0.00173 0.6139 0.9649 1.313
β6 1.495 0.004706 0.7648 1.493 2.234
ρh 0.01426 0.002827 -0.8868 0.01659 0.9002
ρv 0.1247 0.00539 -0.6248 0.147 0.7734
σ2

h 47.34 0.5127 13.16 45.15 93.16
σ2

v 0.324 0.006985 0.04508 0.262 0.968
σ2

e 1.128 0.01228 0.2307 1.125 2.153
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Model 5
β1 1.141 0.001849 0.9137 1.141 1.373
β2 0.5649 2.793E-4 0.4875 0.5649 0.6425
β3 0.4906 5.594E-4 0.3565 0.4913 0.6204
β4 1.063 8.175E-4 0.839 1.063 1.289
β5 0.9654 5.72E-4 0.7341 0.9656 1.195
β6 1.488 8.239E-4 1.133 1.488 1.841
ρv1 0.02946 0.001722 -0.7462 0.03269 0.7832
ρv2 0.01996 0.002227 -0.7008 0.01817 0.7493
ρv3 0.6359 0.00215 -0.06002 0.7033 0.9668
ρv4 -0.1217 0.002751 -0.8627 -0.1504 0.7501
ρv5 0.1306 0.003268 -0.8072 0.1696 0.9062
ρv6 -0.04972 0.002917 -0.8748 -0.06174 0.8268
σ2

v1
18.49 0.05391 7.097 16.27 42.95

σ2
v2

2.429 0.01312 0.5969 2.24 5.416
σ2

v3
1.927 0.01057 0.5287 1.75 4.37

σ2
v4

2.587 0.01584 0.5073 2.277 6.579
σ2

v5
0.6735 0.007241 0.0644 0.4885 2.314

σ2
v6

0.4824 0.00676 0.04048 0.3333 1.757
σ2

e 0.7952 0.003471 0.3698 0.7745 1.333
Model 6

β1 1.1460 0.0028 0.8881 1.1430 1.4190
β2 0.5638 5.116E-4 0.4752 0.5638 0.6514
β3 0.4900 8.563E-4 0.3506 0.4902 0.6290
β4 1.0610 0.0014 0.8030 1.0610 1.3170
β5 0.9677 0.0014 0.6723 0.9675 1.2670
β6 1.4850 0.0037 0.8660 1.4860 2.1020
ρv1 0.0236 0.001724 -0.7632 0.0279 0.7915
ρv2 0.0107 0.0030 -0.7723 0.0061 0.8036
ρv3 0.5672 0.0041 -0.3548 0.6671 0.9717
ρv4 -0.0854 0.0034 -0.8748 -0.1087 0.8075
ρv5 0.0526 0.4907 -0.8463 0.0686 0.8834
ρv6 0.0019 0.0036 -0.8677 0.0056 0.8667
σ2

v1
16.2800 0.0536 5.3170 14.1400 40.1200

σ2
v2

1.2000 0.0147 0.1369 0.9776 3.5300
σ2

v3
1.2730 0.0103 0.2602 1.1000 3.2790

σ2
v4

1.4610 0.0151 0.1628 1.1500 4.4830
σ2

v5
0.4700 0.0069 0.0370 0.3171 1.8210

σ2
v6

0.4598 0.6302 0.0064 0.3029 1.7870
ρh -0.0037 0.003376 -0.9155 -0.0057 0.9131
σ2

h 28.0900 0.2846 6.5460 25.4400 63.3700
σ2

e 0.7244 0.3108 0.2245 0.6915 1.4030
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Table 4.13: Summaries of Posterior Densities from Modeling Kincaid Dataset for
3:13-14

Parameter Mean MCerror 2.5% Median 97.5%
Model 1

β1 0.346 2.681E-4 0.2089 0.346 0.4833
β2 0.6669 1.63E-4 0.5774 0.6669 0.7567
β3 0.8085 2.625E-4 0.6676 0.8087 0.9479
β4 0.978 5.429E-4 0.7083 0.978 1.25
β5 0.663 6.246E-4 0.3211 0.6637 1.001
β6 1.075 0.001055 0.482 1.074 1.672
σ2

e 2.911 0.001428 2.271 2.877 3.733
Model 2

β1 0.2566 0.001064 0.1026 0.257 0.4096
β2 0.6562 5.992E-4 0.5589 0.6564 0.7531
β3 0.7994 9.935E-4 0.6444 0.7992 0.9553
β4 0.9697 0.001967 0.6777 0.9686 1.268
β5 0.6646 0.002503 0.2975 0.6653 1.036
β6 1.057 0.003898 0.4229 1.058 1.685
σ2

v 2.909 0.01648 1.485 2.88 4.539
ρv 0.6432 0.002037 0.308 0.6598 0.8846
σ2

e 0.6641 0.007954 0.1455 0.633 1.367
Model 3

β1 0.3467 4.076E-4 0.2004 0.3469 0.4939
β2 0.6668 2.021E-4 0.5769 0.6666 0.7571
β3 0.8087 3.201E-4 0.6682 0.8088 0.949
β4 0.976 5.812E-4 0.7074 0.9761 1.245
β5 0.6628 8.503E-4 0.3137 0.6624 1.017
β6 1.069 0.00183 0.4035 1.068 1.731
σ2

h 22.02 0.4618 2.764 18.8 59.62
ρh -0.001328 0.002766 -0.8999 -0.004365 0.901
σ2

e 2.447 0.009945 1.518 2.447 3.386
Model 4

β1 0.3116 0.001797 0.1304 0.3097 0.5026
β2 0.6505 0.001374 0.5187 0.6513 0.7806
β3 0.795 0.001961 0.6027 0.7941 0.9945
β4 0.9534 0.003911 0.5801 0.9527 1.325
β5 0.6608 0.005832 0.1218 0.6609 1.191
β6 1.053 0.01358 -0.07604 1.057 2.191
ρv 0.8308 0.001726 0.5302 0.8598 0.9675
ρh 0.004423 0.004923 -0.9241 0.005288 0.9263
σ2

v 1.207 0.009544 0.4816 1.124 2.392
σ2

h 53.28 0.497 20.43 50.65 101.8
σ2

e 0.5257 0.007554 0.09391 0.4671 1.253
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Model 5
β1 0.2648 0.001699 0.1548 0.2649 0.3704
β2 0.6576 0.00182 0.5595 0.6562 0.7642
β3 0.8002 0.002315 0.6616 0.8001 0.9393
β4 0.9756 0.002923 0.7518 0.9759 1.2
β5 0.665 0.00155 0.494 0.6662 0.8304
β6 1.071 2.537E-4 0.9647 1.071 1.176
ρv1 -0.1956 0.001953 -0.845 -0.2254 0.6125
ρv2 0.5133 0.001461 -0.05812 0.5501 0.8892
ρv3 0.7406 0.001056 0.3449 0.7723 0.9555
ρv4 0.3689 0.001814 -0.3705 0.4115 0.8782
ρv5 0.4909 0.001922 -0.2741 0.5523 0.9341
ρv6 -0.1278 0.004182 -0.9171 -0.1717 0.8357
σ2

v1
10.85 0.02982 4.581 9.606 24.43

σ2
v2

7.321 0.0109 4.074 6.947 12.7
σ2

v3
2.916 0.005652 1.552 2.763 5.162

σ2
v4

3.886 0.007488 1.844 3.576 7.724
σ2

v5
1.118 0.003469 0.4127 1.006 2.462

σ2
v6

0.04165 0.001523 0.003994 0.02793 0.1401
σ2

e 0.06785 7.437E-4 0.02266 0.05966 0.1626
Model 6

β1 0.2756 0.0012 0.1280 0.2768 0.4179
β2 0.6517 0.0018 0.5038 0.6511 0.7993
β3 0.7950 0.0019 0.6131 0.7960 0.9749
β4 0.9777 0.0031 0.6639 0.9771 1.2980
β5 0.6640 0.0015 0.4260 0.6640 0.9056
β6 1.0750 0.0036 0.5664 1.0740 1.5980
ρv1 -0.1545 0.0020 -0.8519 -0.1832 0.6819
ρv2 0.6385 0.0023 0.0202 0.6927 0.9624
ρv3 0.8479 0.0012 0.4731 0.8888 0.9890
ρv4 0.3139 0.0024 -0.5571 0.3682 0.9031
ρv5 0.1043 0.003869 -0.8301 0.1337 0.9044
ρv6 0.0113 0.0034 -0.8722 0.0148 0.8788
σ2

v1
10.5800 0.0345 3.7880 9.1740 25.7600

σ2
v2

5.1460 0.0257 1.6470 4.7940 10.6600
σ2

v3
1.4630 0.0084 0.4377 1.3070 3.3640

σ2
v4

2.4810 0.0152 0.4931 2.2080 6.0590
σ2

v5
0.3271 0.0043 0.0245 0.2242 1.2250

σ2
v6

0.2535 0.0052 0.0164 0.1563 1.0270
ρh -0.0043 0.0050 -0.9403 -0.00466 0.9392
σ2

h 19.9800 0.2542 4.6340 17.2300 51.2300
σ2

e 0.3491 0.0039 0.0943 0.3141 0.8040
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Table 4.14: Summaries of Posterior Densities from Modeling Kincaid Dataset for
3:15-16

Parameter Mean MCerror 2.5% Median 97.5%
Model 1

β1 0.5563 3.833E-4 0.357 0.5567 0.7542
β2 0.1395 1.377E-4 0.06471 0.1395 0.2139
β3 0.1563 1.668E-4 0.06816 0.1564 0.2439
β4 0.1537 2.185E-4 0.0315 0.1538 0.2759
β5 0.2165 3.296E-4 0.04519 0.2162 0.3874
β6 0.4582 6.638E-4 0.1013 0.4589 0.8135
σ2

e 0.9892 4.917E-4 0.7731 0.9781 1.265
Model 2

β1 0.4422 0.001338 0.2676 0.4419 0.6167
β2 0.1361 5.377E-4 0.06488 0.1361 0.2068
β3 0.1487 6.991E-4 0.06215 0.1489 0.233
β4 0.1506 9.553E-4 0.03282 0.1509 0.2686
β5 0.1745 0.001275 0.01036 0.1743 0.3413
β6 0.3618 0.002795 0.01073 0.3616 0.7168
σ2

v 1.346 0.003527 0.9158 1.337 1.83
ρv 0.1757 0.00115 -0.2008 0.1795 0.5272
σ2

e 0.1304 0.002289 0.02123 0.1112 0.3469
Model 3

β1 0.5587 8.316E-4 0.3454 0.5588 0.7736
β2 0.1395 2.001E-4 0.0664 0.1394 0.2125
β3 0.1558 2.344E-4 0.0715 0.1559 0.24
β4 0.1529 3.534E-4 0.03343 0.1527 0.2736
β5 0.2164 4.911E-4 0.04564 0.2164 0.3878
β6 0.46 0.002131 -0.002033 0.4596 0.925
σ2

h 14.01 0.2566 2.375 12.76 32.27
ρh 0.01214 0.002524 -0.8856 0.01597 0.8963
σ2

e 0.6399 0.006464 0.2081 0.6481 1.043
Model 4

β1 0.5422 0.002365 0.3037 0.5356 0.8243
β2 0.139 8.619E-4 0.04751 0.1385 0.2351
β3 0.1535 8.509E-4 0.05002 0.1536 0.2575
β4 0.1512 0.001401 -0.003235 0.1511 0.3084
β5 0.1992 0.00234 -0.03768 0.1996 0.4353
β6 0.4376 0.00785 -0.2467 0.4339 1.151
ρv 0.1355 0.003622 -0.5209 0.1533 0.6912
ρh 0.01246 0.004273 -0.9059 0.01937 0.9144
σ2

v 0.4429 0.008658 0.04103 0.4063 1.068
σ2

h 19.72 0.1957 6.401 18.85 38.0
σ2

e 0.268 0.004477 0.0491 0.2351 0.6515
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Model 5
β1 0.438 0.001644 0.2165 0.4394 0.6519
β2 0.1362 6.079E-4 0.05134 0.1362 0.221
β3 0.1485 2.422E-4 0.08921 0.1486 0.2083
β4 0.1521 2.635E-4 0.07667 0.1519 0.2277
β5 0.1796 0.001352 -5.955E-4 0.1798 0.361
β6 0.3732 0.001178 0.1052 0.3746 0.6352
ρv1 -0.2357 0.001935 -0.8701 -0.2778 0.6024
ρv2 0.09346 0.001607 -0.5576 0.1018 0.7002
ρv3 0.4546 0.002288 -0.2932 0.5083 0.9133
ρv4 0.05325 0.002731 -0.7781 0.06663 0.8295
ρv5 0.5229 0.0023 -0.3283 0.6036 0.9599
ρv6 0.3237 0.00231 -0.5214 0.3763 0.8994
σ2

v1
4.38 0.01346 1.65 3.823 10.43

σ2
v2

2.35 0.00471 1.221 2.24 4.09
σ2

v3
0.3438 0.001738 0.1051 0.3165 0.7434

σ2
v4

0.3662 0.002992 0.05514 0.3154 0.9809
σ2

v5
1.352 0.005272 0.4084 1.147 3.495

σ2
v6

0.5893 0.002316 0.1864 0.5165 1.411
σ2

e 0.1691 0.001128 0.066 0.162 0.3117
Model 6

β1 0.4537 0.0018 0.2271 0.4551 0.6709
β2 0.1366 0.0014 0.0147 0.1368 0.2600
β3 0.1524 0.0004 0.0829 0.1526 0.2216
β4 0.1525 0.0005 0.0605 0.1527 0.2441
β5 0.1812 0.0021 -0.04229 0.1806 0.4095
β6 0.4201 0.0037 -0.02803 0.4252 0.8423
ρv1 -0.2158 0.002074 -0.8683 -0.2537 0.6352
ρv2 0.0872 0.0018 -0.6078 0.0964 0.7319
ρv3 0.2815 0.0036 -0.618 0.3377 0.9065
ρv4 0.0325 0.0036 -0.8368 0.0431 0.8638
ρv5 0.4347 0.0024 -0.4857 0.5131 0.9516
ρv6 0.0689 0.0033 -0.8236 0.0884 0.8738
σ2

v1
4.2090 0.0135 1.4490 3.6310 10.4200

σ2
v2

1.9490 0.0057 0.8684 1.8340 3.7050
σ2

v3
0.1831 0.0018 0.0276 0.1535 0.5077

σ2
v4

0.1515 0.0019 0.0142 0.1105 0.5277
σ2

v5
1.3320 0.0055 0.3331 1.1140 3.6060

σ2
v6

0.2791 0.0045 0.0176 0.1938 1.0210
ρh 0.0072 0.0041 -0.9235 0.0122 0.9262
σ2

h 8.8940 0.0950 2.4870 8.1660 19.5100
σ2

e 0.1528 0.0014 0.0442 0.1428 0.3182
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Table 4.15: Summaries of Posterior Densities from Modeling Kincaid Dataset for
4:11-12

Parameter Mean MCerror 2.5% Median 97.5%
Model 1

β1 0.8548 3.602E-4 0.6603 0.8546 1.05
β2 0.532 1.645E-4 0.4447 0.532 0.6193
β3 1.705 2.913E-4 1.547 1.705 1.864
β4 2.176 6.383E-4 1.838 2.175 2.514
β5 2.076 0.001007 1.551 2.076 2.604
β6 2.405 0.001539 1.588 2.404 3.237
σ2

e 3.651 0.001774 2.853 3.613 4.668
Model 2

β1 0.7514 0.00131 0.5432 0.7502 0.9614
β2 0.5285 4.036E-4 0.4386 0.5288 0.6161
β3 1.703 7.523E-4 1.539 1.703 1.864
β4 2.174 0.001485 1.836 2.173 2.515
β5 2.079 0.002301 1.558 2.078 2.606
β6 2.404 0.003667 1.564 2.404 3.229
σ2

v 4.0 0.03559 1.432 4.001 6.643
ρv 0.1745 0.001624 -0.2731 0.1813 0.5783
σ2

e 1.41 0.01985 0.2891 1.332 2.979
Model 3

β1 0.8571 7.063E-4 0.6459 0.857 1.067
β2 0.5314 2.085E-4 0.4449 0.5315 0.6186
β3 1.704 3.566E-4 1.548 1.704 1.859
β4 2.173 7.966E-4 1.838 2.173 2.509
β5 2.072 0.001429 1.533 2.072 2.609
β6 2.413 0.003295 1.425 2.412 3.414
σ2

h 39.71 0.6709 5.566 36.6 89.24
ρh 0.01474 0.002563 -0.8915 0.01837 0.9002
σ2

e 2.76 0.01555 1.509 2.76 4.042
Model 4

β1 0.8585 0.001982 0.6137 0.8526 1.137
β2 0.5299 4.056E-4 0.4362 0.5299 0.6236
β3 1.704 7.246E-4 1.536 1.704 1.872
β4 2.174 0.001371 1.822 2.174 2.525
β5 2.071 0.002972 1.476 2.07 2.664
β6 2.398 0.008774 1.155 2.399 3.624
ρv 0.08355 0.003646 -0.5949 0.09796 0.694
ρh 0.01587 0.002597 -0.8911 0.02342 0.902
σ2

v 0.7947 0.0187 0.08118 0.6181 2.509
σ2

h 66.73 0.887 15.71 60.7 149.1
σ2

e 1.796 0.0191 0.3515 1.813 3.325
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Model 5
β1 0.6858 0.003913 0.3175 0.6956 0.9987
β2 0.5293 5.342E-4 0.4397 0.5295 0.6189
β3 1.706 0.001156 1.532 1.706 1.88
β4 2.175 5.961E-4 1.982 2.175 2.368
β5 2.087 0.002077 1.684 2.086 2.496
β6 2.409 0.001044 1.997 2.409 2.818
ρv1 0.0751 0.003488 -0.7612 0.08755 0.8492
ρv2 0.0714 0.001683 -0.5889 0.07767 0.6943
ρv3 0.0947 0.00161 -0.5323 0.1018 0.6772
ρv4 0.161 0.002955 -0.7364 0.2022 0.8745
ρv5 0.4533 0.002676 -0.4755 0.5385 0.9483
ρv6 0.00398 0.002885 -0.8456 0.00148 0.8579
σ2

v1
28.46 0.07617 10.14 24.6 69.98

σ2
v2

6.264 0.01483 2.98 5.945 11.35
σ2

v3
6.674 0.01535 3.43 6.424 11.46

σ2
v4

0.7956 0.007853 0.09368 0.6357 2.396
σ2

v5
1.967 0.01124 0.3815 1.645 5.45

σ2
v6

0.4123 0.005695 0.02917 0.2737 1.56
σ2

e 0.6538 0.003902 0.2771 0.6208 1.217
Model 6

β1 0.7105 0.0036 0.3885 0.7166 1.0020
β2 0.5297 0.0011 0.4084 0.5293 0.6525
β3 1.7020 0.0024 1.4550 1.7030 1.9380
β4 2.1730 0.0011 1.9370 2.1720 2.4100
β5 2.0810 0.0031 1.6060 2.0790 2.5650
β6 2.4030 0.0063 1.5290 2.4060 3.2540
ρv1 0.0596 0.0030 -0.7690 0.0671 0.8362
ρv2 0.0646 0.0020 -0.6486 0.0725 0.7334
ρv3 0.0867 0.0018 -0.5928 0.0963 0.7143
ρv4 0.0529 0.0036 -0.8304 0.0682 0.8705
ρv5 0.1956 0.0035 -0.7853 0.2537 0.9215
ρv6 0.0101 0.0034 -0.8687 0.0115 0.8758
σ2

v1
26.9300 0.0815 8.8330 23.0500 69.1000

σ2
v2

4.7920 0.0223 1.5520 4.4860 9.7590
σ2

v3
5.2780 0.0193 2.0930 5.0330 9.8560

σ2
v4

0.3884 0.0054 0.0343 0.2733 1.4160
σ2

v5
1.0120 0.0125 0.0758 0.7186 3.6630

σ2
v6

0.5099 0.0076 0.0368 0.3250 2.0350
ρh 0.0106 0.0046 -0.9332 0.0163 0.9385
σ2

h 32.1800 0.3779 6.6730 28.5700 78.2100
σ2

e 0.6429 0.0062 0.1809 0.5876 1.4290
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by Gelfand and Ghosh (1998) to compare models. DIC is defined as

DIC = Eθ|y




−2logf(y|θ) + h(y)︸ ︷︷ ︸

D(θ)





︸ ︷︷ ︸
D̄

+pD, pD = D̄ −D(θ̄),

where D(θ) is the deviance evaluated at the posterior mean, θ, of the parameters, D

is the posterior mean of the deviance, and pD is the effective number of parameters.

DIC is then equal to D + pD, the model fit penalized by the number of parameters of

the model. DIC is easily computed in WinBUGS. The Gelfand and Ghosh criterion is

defined as E(MSPE|Y ) and is calculated based on posterior predictive distribution of

a future return. This criterion can be used to compare across many models including

non-nested ones. As with DIC, we prefer a model with smaller value of the Gelfand

and Ghosh criterion called MSPE as follows:

MSPE = E

{
n∑

i=1

[
Y (si)− Ỹ (si)

]2 ∣∣∣Y
}

,

where Ỹ (si) is the predicted value obtained from posterior predictive distribution.

We compare DIC, as shown in Table 4.17, and MSPE, as plotted in Figure 4.10,

between models with spatial structure and models without spatial structure. From

Table 4.17, we choose Model 5 as the best model to describe the May 9, 1980 Kincaid

field trials for all combinations of stability class and sampling time. Although Model 6

includes another random spatial effect for between-arc neighbors, the strength of effect

is negligible. While the choice is not as clear using MSPE, Figure 4.10 shows that

Model 5 is always among the best of the six models. Combining the strong signals

from DIC with weaker signals from MSPE, we select Model 5.
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Figure 4.10: Posterior densities of MSPEi, i = 1, 2, . . . , 6 by stability:time

Results

Using results from the selected Model 5, Figures 4.11–4.13 show posterior densi-

ties of θ1, θ2 and θ3, respectively. Spatially varying coefficients replace the constant

regression coefficient by assigning a separate coefficient for each arc, the idea being to

capture the interaction between the effect of point source and distance. Figure 4.11

shows that βj depends on stability:time and distance from source. In other words,

different bias adjustments are required for improving the deterministic ADM output

depending on stability conditions and/or time, and on distance of location from the
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Table 4.16: DIC values for each model obtained from WinBUGS 1.4.1 using car.proper
function based on posterior samples from modeling Kincaid dataset. ME indicates
measurement error.

Stability Class : Time

Model 1:10-11 2:14-15 3:12-13 3:13-14 3:15-16 4:11-12

1, mean+ME 590.2 467.7 506.9 528.4 383.9 567.0

2, mean+ME+CARv 588.5 404.9 507.3 481.7 389.0 548.9

3, mean+ME+CARh 594.7 471.4 503.2 532.2 380.2 568.4

4, mean+ME+CARv+CARh 613.0 1635.7 553.2 769.5 543.0 623.9

5, mean+ME+CAR∗
vj

2 520.0 293.2 473.5 313.9 277.5 473.9

6, mean+ME+CAR∗vj
+CARh 633.0 498.4 554.4 558.3 428.5 591.8

2CAR∗vj
=

∑6
j=1 CARvj

source. For example, beyond 3km from the source, the deterministic ADM underpre-

dicts SF6 concentration by as much as a factor of three when atmospheric conditions

are neutral (4:11-12), while it overpredicts at distances below 5km. Overall, deter-

ministic ADM predictions for very unstable atmospheric conditions (1:10-11) required

the least amount of bias adjustments. Another feature observed from Figure 4.11 is

that the posterior variability of βj increases as distance from source increases beyond

arc 2 (3km). The contributions of β1, . . . , β6 are significant for improving the poor

fits obtained from the deterministic ADM.

We make use of our prior beliefs that the effect of the point source is likely to

vary across arcs and so we model the random effects with an appropriate spatially

structured prior distribution. Markov random fields with spatially varying coeffi-

cients can take into account not only mean nonstationarity but also nonstationarity
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Figure 4.11: Posterior densities of βi, i = 1, 2, . . . , 6 by stability:time

of the covariance. The posterior densities of σ2
1, . . . , σ

2
6 shown in Figure 4.12 suggest

that conditional variance decreases as locations are further removed from the source.

In other words, spatial smoothness increases away from the source. The posterior

densities of ρ1, . . . , ρ6 shown in Figure 4.13 also suggest that covariance is location

dependent because ρj changes according to arc in a manner that suggests less spatial

correlation at sites further from the source. The parameters ρ1, . . . , ρ6 are also very

dependent on atmospheric stability condition, with larger spatial signals during un-

stable conditions (2:14-15). For the May 9, 1980 Kincaid tracer field experiments,
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Figure 4.12: Posterior densities of σ2
vi
, i = 1, 2, . . . , 6 by stability:time

we have found that adjustments are needed to improve predictions from determinis-

tic ADMs. We also conclude that the strength of correlation in the error process is

ignorable for east-west or between-arc neighbors (downwind direction) but important

for north-south or within-arc neighbors (crosswind direction). Moreover, both the

adjustments to ADM output and the covariance structure are functions of stability

class and/or sampling times, and distance from source. We also use these results to

obtain maps of SF6 predicted concentrations and associated prediction uncertainties.
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Figure 4.13: Posterior densities of ρi, i = 1, 2, . . . , 6 by stability:time

Figure 4.14 shows the predicted values, which are means of the posterior predictive

distributions, of SF6 using the Model 5 version of our ECA-ADM. As expected,

predictions are greatest at small crosswind distances. The predicted concentrations

are highest during unstable periods. Our findings are also consistent with evidence

suggesting that crosswind dispersion is a function of atmospheric stability conditions.

Figure 4.15 shows prediction uncertainties associated with the predictions in Fig-

ure 4.14. These are obtained as the standard error of the posterior predictive distri-

122



bution at each receptor. The prediction uncertainties increase with predicted concen-

trations. Prediction uncertainties depend on both stability class/time and distance

from source, and are relatively low around the southern portion of the 7km arc. There

is higher uncertainty in areas close to the point source. In other words, there is in-

creased variability due to the point source. Such prediction uncertainty maps are

possible only because of the stochastic nature of our ECA-ADM.

In order to compare performance of our proposed model with deterministic ADM7,

we again consider RRMSE but now Ŷi is obtained from Model 5. A “good” model will

provide low values of the RRMSE. Table 4.17 show RRMSE values by stability and

time. From Table 4.17, comparing the proposed ECA-ADM prediction with predic-

tion from deterministic ADM show that the prediction from the ECA-ADM provides

considerable benefit beyond only spatially varying the ADM but not including error

components. Table 4.18 presents Moran’s I results based only on first order neigh-

bors within arcs for spatial autocorrelation for residuals from Model 5 by stability

and time on May 9, 1980. These results show that there does not exist a spatial

autocorrelation.

Table 4.17: Performance measure RRMSE of spatially varying ADM7 (without error
components) and ECA-ADM Model 5 by stability and time combinations

Stability Class : Time

Model 1:10-11 2:14-15 3:12-13 3:13-14 3:15-16 4:11-12

ADM73 0.7399 0.4665 0.6340 0.6735 0.3115 0.5716

Model 5 0.3930 0.2485 0.4862 0.1664 0.2553 0.3604

3ADM7 is AERMET HPDM
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Table 4.18: Moran’s I for spatial autocorrelation for residuals from ECA-ADM Model
5 by stability and time on May 9, 1980

Moran’s Index

Stability:time n I S.D p-value

1:10-11 136 -0.1101 0.1482 0.7984

2:14-15 137 -0.1984 0.1495 0.9091

3:12-13 135 0.0084 0.1499 0.4579

3:13-14 134 -0.1264 0.1518 0.8230

3:15-16 134 -0.0592 0.1525 0.6469

4:11-12 136 -0.0592 0.1485 0.6615
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Figure 4.14: Predicted SF6 concentrations. This figure show the mean of the posterior
predictive distribution
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Figure 4.15: Standard error of the posterior predictive distribution for the SF6 con-
centrations
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4.5 Conclusions

The need for realistically complex models in environmental science has made de-

terministic computer models more popular, since it is possible to numerically analyze

quite elaborate deterministic models. Unfortunately, these deterministic ADMs do

not adequately address uncertainty due to inaccurate model inputs or assumptions

(Hanna 1988), and they do not quantify the uncertainties of their model predictions

for pollutant concentrations.

In this paper, deterministic ADMs, with their many advantages that originate

from subject-matter expertise, form the basis of our approach for capturing uncertain-

ties not captured by the deterministic ADM. Our approach, the ECA-ADM, models

concentrations using both a deterministic component, which is based on a determinis-

tic ADM, and a random component that conforms to some of the same assumptions of

the deterministic ADM, such as effect of wind direction on movement and dispersion

of the pollution plume. In fact, we allow several sub-components of the random com-

ponent so that each captures a particular feature. For example, the selected model

for Kincaid field experiments contains several random sub-components where each

captures spatial patterns along an arc at a fixed distance from the source, for several

distances. In this manner, we were able to identify variability patterns that are at-

tributable to the point source beyond those patterns uncovered by the deterministic

model.

We were even able to identify systematic biases contained in the deterministic

ADM output. The amount of bias depends on distance of site from source and at-
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mospheric conditions, and we adjusted for these biases before modeling uncertainties.

Predictions from our ECA-ADM were meaningful and, more importantly, prediction

uncertainties were obtained to reveal additional insights not available from a deter-

ministic model. Bayesian estimation was used here, but is not a required part of the

model.

One major limitation of our ECA-ADM is that it requires actual measurement

data, in addition to deterministic ADM output, in order to build the model and

hence learn about the limitations of the deterministic ADM and obtain prediction

uncertainties. If such measurement data is unavailable, the results from this paper are

still useful in that we have identified clear patterns of increased prediction uncertainty

near the source, along the centerline, and even far from the centerline but along an

arc at a fixed distance from the source. These patterns offer improvements beyond

the “prediction uncertainties are 2-5 times the predicted value” rule (Irwin 1997; Sajo

2003).

Appendix

The purpose of this appendix is to explain why R2 and the test statistic for H
(2)
0 ,

as shown in Table 4.4, are the same no matter what ADM is used. This phenomenon

is caused by the manner in which we obtain non-centerline “model output.”

For deterministic ADM j, the linear model implied by an OLS fit of equation (4.6)

is

Y = W(j)θ + ε (4.8)
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where Y is the vector of observed C/q values ordered according to location of receptors

on arcs, θ = {α1, . . . , αr, β1, . . . , βr}T , ε ∼ (0, σ2I), x
(j)
k is the vector of model output

from ADM j for the kth arc for k = 1, . . . , r, x
(j)
k = C

(j)
ok dk, C

(j)
ok is centerline model

output on the kth arc from ADM j, dk is the vector of values

exp

[
− y2

ik

2σ̂2
yk

]

where i changes within the kth arc, yik represents crosswind distance on the kth arc,

σ̂2
yk is lateral dispersion for the kth arc, and matrix W(j) is

W(j) =




1 0 0 · · · 0 x
(j)
1 0 0 · · · 0

0 1 0 · · · 0 0 x
(j)
2 0 · · · 0

0 0 1 · · · 0 0 0 x
(j)
3 · · · 0

...
...

...
. . .

...
...

...
...

. . .
...

0 0 0 · · · 1 0 0 0 · · · x
(j)
r




=




1 0 0 · · · 0 C
(j)
o1 d1 0 0 · · · 0

0 1 0 · · · 0 0 C
(j)
o2 d2 0 · · · 0

0 0 1 · · · 0 0 0 C
(j)
o3 d3 · · · 0

...
...

...
. . .

...
...

...
...

. . .
...

0 0 0 · · · 1 0 0 0 · · · C
(j)
or dr




Because dk is not a function of the ADM used, x
(j)
k and x

(l)
k for ADMs j and l

differ only by a constant:

x
(j)
k =

C
(j)
ok

C
(l)
ok

x
(l)
k .

This leads to W(j) = W(l)V(jl) for nonsingular V(jl) defined as

V(jl) = diag

(
1T

r ,
C

(j)
o1

C
(l)
o1

, . . . ,
C

(j)
or

C
(l)
or

)
.
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As a result, the projection matrices based on W(j) and W(l) are the same:

P(j) ≡ W(j)
[
W(j)TW(j)

]−1

W(j)T

= W(l)V(jl)
[
V(jl)W(l)TW(l)V(jl)

]−1

V(jl)W(l)T

= W(l)V(jl)V(jl)−1
[
W(l)TW(l)

]−1

V(jl)−1
V(jl)W(l)T

= W(l)
[
W(l)TW(l)

]−1

W(l)T ≡ P(l).

Equation (4.8) does not include an intercept, so R2 is defined as YTPY
/
YTY,

which does not change according to the ADM used since projection matrix P does

not depend on what ADM is used.

For investigating the impact of selected ADM on θ̂, let θ̂
(j)

and θ̂
(l)

represent

parameter estimates obtained from W(j) and W(l), respectively. Then, using the

same steps as above,

θ̂
(j)

=
[
W(j)TW(j)

]−1

W(j)TY

= V(jl)−1
[
W(l)TW(l)

]−1

W(l)TY = V(jl)−1
θ̂

(l)
.

In other words, α̂ = (α̂1, . . . , α̂r)
T does not depned on selected ADM and β̂

(j)
k =

C
(l)
ok

C
(j)
ok

β̂
(l)
k for k = 1, . . . , r.

Finally, consider H
(2)
0 : Aθ = 0, where

A =
[

Ir 0r×r

]
.

The F statistic for testing H
(2)
0 using ADM j is

F (j) =

(
Aθ̂

(j)
)T

[
A

[
W(j)TW(j)

]−1

AT

]−1

Aθ̂
(j)

/
r

YT (I−P(j))Y
/

(n− 2r)
.
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The denominator of F (j) is not dependent on ADM j since P(j) = P(l). For the

numerator of F (j), we use Aθ̂
(j)

= α̂ irrespective of selected ADM to obtain

α̂T

[
AV(jl)−1

[
W(l)TW(l)

]−1

V(jl)−1
AT

]−1

α̂
/

r

= α̂T

[
A

[
W(l)TW(l)

]−1

AT

]−1

α̂
/

r

= numerator of F (l).

The first equality occurs because

AV(jl)−1
=

[
Ir 0r×r

]
=


 Ir 0

0 Er×r


 =

[
Ir 0r×r

]
= A.

Hence F (j) = F (l).
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Chapter 5

Clustered Double Conditional

Autoregressive Model

5.1 A Brief Introduction

In this Chapter, we introduce another possible method for capturing the stochastic

pattern for modeling the spatial effect of the point source. In many cases, environ-

mental data are recognized as nonstationary spatial processes which exhibit highly

non-smooth behavior in their covariance structure due to a point source. Each lo-

cation will have a different form of covariance structure. In such case traditional

stationary spatial models are inappropriate. We need more flexible spatial model-

ing approaches to reproduce complex air pollution dispersion patterns and the wide

variety of heterogeneities observed due to a point source.

We showed that the results are physically meaningful that the concentration of

SF6 can be highly heterogenous and exhibit nonstationary behavior due to a point
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source. In other words, we find that the concentration of SF6 is highly dependent

on distance from a point source and atmospheric stability condition. We can expect

to see different patterns in the covariance between points, both within regions and

across regions.

We have previously formulated the nonstationary covariance function using mul-

tiple processes. We extend this model to incorporate spatial heterogeneity from

between-arc and within-arc neighborhoods simultaneously. Our proposed method

works by naturally decomposing the spatial domain into clustered regions. Due to

a point source, the processes have different covariance structure for each clustered

region and across regions the data are assumed to be dependent. Here we extend

the popular CAR model to mixture CAR models that we call CCAR and CDCAR.

CDCAR is a generalization of CAR and CCAR model and an alternative solution of

multiple process used in model 2-6 of Chapter 4. The properties of this model may

be studied through both simulation and the analysis of a real dataset.

5.2 Methods for Capturing Stochastic Pattern: CCAR

and CDCAR

As reviewed in Chapter 4, ADMs typically operate in at least two phases. In the

first phase, pollutant concentrations are predicted along the centerline downwind of

the source. At a particular downwind distance x from the source, pollutant concen-

tration is believed to be greatest along the centerline since this location is directly

downwind of the source. Given downwind distance x from the source, the second
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phase distributes the pollutant both laterally and vertically. This suggests possible

dependence relationships among laterally and/or vertically obtained measurements of

pollutant concentrations for each downwind distance from the source. It also suggests

possible dependence between measurements obtained at different downwind distances

from the source. We call the former within-arc dependence and the latter between-arc

dependence.

    1 32

Receptors

Clustered Region 1

Clustered Region 2

Clustered Region 3

rho

4 5 6 7

8 9 10

Figure 5.1: Graphical representation of clustered conditional autoregressive model
(CCAR); ρ denotes the spatial correlation parameter for between clustered regions
effect.

For between-arc dependence, a natural neighborhood structure is to consider first-

order neighbors as illustrated in Figure 5.1. Referring to all measurement sites at a

fixed downwind distance from the source as a clustered region, in Figure 5.1 we label

as first-order neighbors any sites in adjoining clustered regions, irrespective of the

actual distance between the measurement sites. Furthermore, Figure 5.1 does not
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show dependence between sites within a clustered region. We call this the clustered

conditional autoregressive (CCAR) model, where we define bij = ρcij/[Ni] as Sun et

al. (2000) but specify cij using the neighborhood structure of Section 4.3 as

cij = I[{si ∈ Rk} ∩ {sj ∈ (Rk−1 ∪Rk+1)}], σ2
i =

σ2

[Ni]
, [Ni] =

n∑
j=1

cij, (5.1)

where I[·] is the indicator function.

The disadvantage of the CCAR model is that it does not take into account any

possible within-arc or within-clustered region dependence. We propose the clustered

double conditional autoregressive (CDCAR) model to address this deficiency. CD-

CAR will be able to evaluate the impact of a point source on small scale variability in

a manner that allows determination of local heterogeneity within a clustered region, in

addition to local heterogeneity between clustered regions. As depicted in Figure 5.2,

in addition to modeling first-order dependence between clustered regions using ρ as

CCAR, CDCAR also models first-order dependence within each clustered region us-

ing ρk for the kth clustered region. This significantly complicates specification of the

conditional distributions.

It is convenient to order site numbers to follow assignment to clustered regions

and to indicate first-order dependence within clustered regions. In other words, we

will refer to

Z = [Z1,1, . . . , Z1,n1 , Z2,n1+1, . . . , Z2,n1+n2 , . . . , Zr,n1+···+nr−1+1, . . . , Zr,nr ]
T

according to sites s1, . . . , sn1 , sn1+1, . . . , sn1+n2 , . . . , sn1+···+nr−1+1, . . . , sn1+···+nr such

that s1, . . . , sn1 all belong to the first clustered region R1 and within R1, s1 and

s2 are first-order neighbors but not s1 and s3. The CDCAR neighborhood structure
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Figure 5.2: Graphical representation of clustered double conditional autoregressive
model (CDCAR); ρ and ρ1, . . . , ρ3 denote the spatial correlation parameters for be-
tween clustered regions and within clustered region effects, respectively

is defined using

cij = I ([{si ∈ Rk} ∩ {sj ∈ (Rk−1 ∪Rk+1)}] ∪ [{si, sj ∈ Rk} ∩ {j = i− 1 or i + 1}]) (5.2)

and number of neighbors for si as di =
∑n

j=1 cij. Within clustered regions, interior

sites have two neighbors while edge sites have one neighbor. A site in clustered

region Rk will have nk−1 neighbors from clustered region Rk−1 and nk+1 neighbors

from clustered region Rk+1. For example, consider Figure 5.2 where there are r = 3

clustered regions consisting of n1 = 3, n2 = 4 and n3 = 3 sites. Then the number of

neighbors for the sites are d1 = 5, d2 = 6, d3 = 5, d4 = 7, d5 = 8, d6 = 8, d7 = 7, d8 =
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5, d9 = 6, d10 = 5.

We assume conditional normality and define the conditional expectation of Zk,i

given Z(−k,i), where Z(−k,i) represents Z excluding Zk,i, as

E(Zk,i|z(−k,i)) =
ρ

di

σk

σk−1

n∑

j=1

cijZ(k−1),j +
ρ

di

σk

σk+1

n∑

j=1

cijZ(k+1),j +
ρk

di

n∑

j=1

cijZkj , (5.3)

for k = 1, . . . , r and i = 1, . . . , n, where the three parts relate to neighbors in the

“lower” clustered region, the “higher” clustered region, and the same clustered region,

respectively. Conditional variance is defined as

Var(Zk,i|z(−k,i)) =
σ2

k

di

, k = 1, · · · , r, i = 1, . . . , n. (5.4)

The σ2
1, . . . , σ

2
r are scale parameters for each clustered region, while ρ and ρ1, . . . , ρr

(all restricted to [-1,1]) are spatial correlation parameters for between clustered regions

and within clustered region effects. The conditional specifications given in (5.3) and

(5.4) lead to multivariate normality of Z, as stated in the following theorem.

Theorem: Assuming conditional normality with conditional means and variances as

given in (5.3) and (5.4), provided |ρ| < 1, |ρ1| < 1, . . . , |ρr| < 1, 0 < σ2
1, . . . , σ

2
r , then

Z is distributed as multivariate normal with mean vector 0 and variance-covariance

matrix Σ−1, where

Σ =




1
σ2
1
(D1 − ρ1C1,1) − ρ

σ1σ2
Jn1,n2 0 · · · 0

− ρ
σ2σ1

Jn2,n1
1

σ2
2
(D2 − ρ2C2,2) − ρ

σ2σ3
Jn2,n3 · · · 0

0 − ρ
σ3σ2

Jn3,n2
1

σ2
3
(D3 − ρ3C3,3) · · · 0

...
...

...
. . .

...

0 0 0 · · · 1
σ2

r
(Dr − ρrCr,r)




, (5.5)

Dk = diag(dn1+···+nk−1+1, . . . , dn1+···+nk
) is nk×nk, Ck,k is a tri-diagonal nk×nk matrix

with zeroes on the main diagonal and ones on the upper and lower first bands, and Ja,b

is an a×b matrix of ones. We will refer to this as Z ∼ CDCAR(ρ, ρ1, . . . , ρr, σ
2
1, . . . , σ

2
r).

¥
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Proof: see in Appendix.

The CDCAR process is quite general and is related to other processes. If r = 2 and

n1 = n2, then CDCAR is similar to the twofold CAR model of Kim et al. (2001)

for estimating mortality rates of a single disease for a given population, using ad-

ditional information from a second disease. A major distinction is that the twofold

CAR assumes multiple responses on the same observational unit (thus introducing

an extra parameter), while the CDCAR does not make this assumption. CCAR is

the special case of CDCAR where ρ1 = · · · = ρr = 0, σ2
1 = · · · = σ2

r = σ2 and

Ck,k is an nk × nk matrix of zeroes for k = 1, . . . , r. The Sun et al. (1999) CAR

(ρ∗, σ2
∗) process is also a special case of CDCAR where ρ = 0, ρ1 = · · · = ρr = ρ∗ and

σ2
1 = · · · = σ2

r = σ2
∗. With the stated neighborhood structure, CCAR captures only

between-arc dependence, while CAR captures only constant within-arc dependence.

5.2.1 Findings from CDCAR

• CDCAR is a generalization of CAR model.

• CDCAR can be an alternative to the multiple processes used in models 2-6 of

Chapter 4.

• We showed that the joint distribution is not singular.

• For future, we will do simulation for performance and compare to fits model 2-6

of Chapter 4.

• We also can use it to fit other datasets from the literature, i.e., we may separately

capture N-S and E-W variation in crop yield trials or may fit space-time models.
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Appendix

Proof : First, we note that (5.5) implies the following patterned adjacency matrix

for CDCAR:

C =




C1,1 Jn1,n2 0 · · · 0 0

Jn2,n1 C2,2 Jn2,n3 0 0

0 Jn3,n2 C3,3 0 0
...

. . .

0 0 0 Cr−1,r−1 Jnr−1,nr

0 0 0 Jnr,nr−1 Cr,r




,

where Ck,k and Ja,b are as defined previously. Summing the elements of the ith row

of C gives di. This in turn implies that

C1n = vecdiag(D1,D2, . . . ,Dr) (5.6)

where 1n is the n-dimensional vector of ones and vecdiag(D1,D2, . . . ,Dr) = (d1, . . . , dn)T .

We will see this fact later. Next, we apply the following result from Besag (1974):

Let Z = [Z1, . . . , Zn]T be a random vector with full conditional densities

f(zi|{zj : j 6= i}) =
( αi

2πσ2

) 1
2
exp

{
− αi

2σ2
(zi −

n∑

j 6=i

βijzj)
2

}
,

where i = 1, · · · , n. Let Σ be an n × n matrix with diagonal entries αi

and off-diagonal entries −αiβij, that is, Σii = αi and Σij = −αiβij. If Σ
is symmetric and positive definite, then Z ∼ Normal (0, σ2Σ−1).
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Using this result and the conditional means and variances specified in (5.3) and (5.4),

we define

αi =
di

σk

for si ∈ Rk,

βij =





ρ
di

σk

σk−1
for si ∈ Rk, sj ∈ Rk−1

ρ
di

σk

σk+1
for si ∈ Rk, sj ∈ Rk+1

ρk

di
for si, sj ∈ Rk and j = i− 1, i + 1

0 otherwise

to arrive at Σ as given in (5.5). This matrix is clearly symmetric since Dk and

Ck,k are symmetric and JT
a,b = Jb,a. The only matter awaiting verification is positive

definiteness of Σ.

It is possible to write Σ = HT AH where H is nonsingular and A is positive definite

when the conditions of Theorem 1 hold. This in turn implies that Σ is positive definite

when the conditions of Theorem 1 hold because for x 6= 0,xT Σx =
(
xT HT

)
A(Hx) >

0 since A is positive definite and H being nonsingular implies Hx 6= 0. Let H be the

block diagonal matrix H = diag( 1
σ1

In1 , · · · , 1
σr

Inr) and A be the block tri-diagonal

matrix

A =




D1 − ρ1C1,1 −ρJn1,n2 0 · · · 0 0

−ρJn2,n1 D2 − ρ2C2,2 −ρJn2,n3 0 0

0 −ρJn3,n2 D3 − ρ3C3,3 0 0
...

. . .

0 0 0 Dr−1 − ρr−1Cr−1,r−1 −ρJnr−1,nr

0 0 0 −ρJnr,nr−1 Dr − ρrCr,r




,

It is easy to verify that indeed Σ = HT AH. Provided 0 < σ2
1, . . . , σ

2
r , as required by

the theorem, H is clearly nonsingular. Assuming |ρ| < 1, |ρ1| < 1, . . . , |ρr| < 1, as

required by the theorem, equation (5.6) guarantees diagonal dominance in matrix A
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(wherein the ith diagonal element of A exceeds the sum of all other absolute values

in the ith row of A). Because square matrix A is diagonally dominant, it is positive

definite (see, e.g., Ortega 1987, p. 225). ¥
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Chapter 6

Suggestions for Future Research

6.1 Vector Autoregressive Point Source Model

Autoregressive point source (ARPS) process introduced by Hughes-Oliver et al.

(2004) capture the effect of a point source on the error component of a stochastic pro-

cesses across spatial domains. They considered univariate ARPS process case which

would only capture monotone increasing/decreasing point source effect phenomenon.

They defined univariate ARPS as follows

Z1(s) =
r∑

k=1

αkI(s ∈ Rk)

α1 ∼ N(0, σ2
1), σ2

1 > 0 (6.1)

αk|αk−1 ∼ N(ψαk−1, σ
2
2), σ2

2 > 0, i = 2, · · · , r.

Now we extend the ARPS process to vector autoregressive point source process.

Definition Let A be a fixed arbitrary neighborhood matrix and let Z = (Z1, · · · , Zn)

be a vector process with the properties that E(Zt) = 0 and Σ is assumed to be non-
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singular. Then a vector process Z(s) = (Z1(s), · · · , Zn(s)) satisfying

Zk+1(s) = AZk(s), (6.2)

Due to the structure of point source process term, the process as specified in defi-

nition (6.2) are usually seen to be determined by vector autoregressive point source

process. We define Vector Autoregressive Point Source process (VARPS) as follows

Z1(s) ∼ Normaln1(01, Σ1,1),

Zk+1(s)|Zk(s) ∼ Normalnk+1
(ρA(k+1),kZk(s), Σ(k+1),(k+1)).

where A is (k+1)×k matrix and k = 1, · · · , r−1. Zk is called a Vector Autoregressive

Point Source Process (VARPS).

Proposition Let dimensions be the same for all regions, matrix A simplify to A = I

and ni = nj = n. Then CDCAR model is a special case of VARPS.

Proof We can see easily the joint conditional distribution of Zk+1 given Zk for

CDCAR model is a special case of VAPRS,

letting

Σ1,1 =
1

σ2
1

(D1 − ρ1C1,1),

A = − σk

σk+1

Jnk+1,nk
(Dk − ρkCk,k)

−1

and

Σ(k+1),(k+1) =
1

σ2
k+1

(Dk+1 − ρk+1Ck+1,k+1)− ρ2

σ2
k+1

Jnk+1,nk
(Dk − ρkCk,k)

−1Jnk,nk+1
.

We investigate first order vector autoregressive point source (VARPS) processes

that satisfy relationship according to the definition (6.2).
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We show that specifying an CDCAR also leads to an VARPS. The joint conditional

distribution of Zk+1 given Zk for CDCAR model is a special case of VARPS. Hence,

the use of CDCAR reveals some interesting connections to VARPS and interpretations

for point source modeling.

6.2 Space Time Autoregressive Point Source Model

We easily modify VARPS to space time autoregressive point source model (STARPS)

defined as

Zk+1(t, s) = ρtZk(t, s),

where Z(t, s) is ARPS model at time t and ρt denote the effect of point source at

time t.

We may want test

H0 : ρi = ρj

H1 : ρi > ρj,

where i = j = 1, 2, . . . , t and i 6= j.

The hypothesis H1 represent that the effect of point source decrease as time. We

may apply STARPS model to Hanford (EPA super fund site) Tritium data (Lee 2001)

to evaluate whether there are improvements for cleanup progress.
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