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Figure 6.9: Transition from a 30 degree wedge-shaped hopper to a 25 degree wedge-shaped
hopper.

that of the conical hopper, but later shows much stronger shocks. It has also been observed

that the stress fields in wedge-shaped hoppers are more apt to develop fields that leave

the yield surface (as described above for the transition to rougher walls). Consequently,

we have made less progress investigating stress fields (and, by extension, velocity fields) in

wedge-shaped hoppers.

Finally, we examine the stress field for a wedge shaped hoppers with a transition from a

30◦ wall angle to a 35◦ wall angle. See Figure 6.10. Transitions of this type, in wedge-shaped

hoppers, develop fields with shocks that, from our observations repeat indefinitely down the

hopper. Note however, that in the conical hopper the shocks diminish down the hopper and

the field seems to approach a radial field appropriate for the lower hopper.

Unfortunately, it is not clear at this time how to set up appropriate velocity field problems.

Initial tests with both the stress and the velocity specified along the top boundary, while

initially appealing, failed to satisfy the λ condition that troubled us in the experiments

above.

In fact, it is possible to explicitly show that our approach will lead to an unacceptable

value of λ for a transition from a shallower to a steeper hopper. In that case the value of

vϑ in the lower hopper section is the projection of vr from the upper hopper onto a line of

constant ϑ for the lower hopper. This value is, at the left hopper wall, positive, as it will
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Figure 6.10: Transition from a 30 degree wedge-shaped hopper to a 35 degree wedge-shaped
hopper.

point towards the center of the hopper. Yet, the solution will immediately seek vϑ = 0 at the

wall; thus ∂ϑvϑ will quickly attain a large, positive value under most conditions. Examining

the (2,2)-entry of the strain rate V , see (2.10), is enough to show that where ∂ϑvϑ is large

and positive, λ will take on a negative value.

Thus, computations of this type must be deferred until we have a greater understanding

of how to construct appropriate boundary value problems for Jenike’s and Spencer’s models.



Chapter 7

Conclusions

In the field of granular materials two models, the Mohr-Coulomb-Jenike and the Mohr-

Coulomb-Spencer, are both considered standard approximations of mass flow in a converging

hopper. The relative merits of these two models have been debated for years, and there is yet

no resolution to the question of which model better captures the qualities of a real granular

flow. In this work we have used computational and analytical tools to study these different

models of the stress and velocity fields. In particular, we have analyzed the model stress

and velocity equations, as well as the naturally arising radial fields and the stability of those

radial fields. To our knowledge, we are the first to implement, test, and subsequently apply a

high order numerical method to the governing stress and velocity equations in their original

conservation form. The results of those numerical experiments have lent insight into the

issues surrounding the study of stress and velocity fields arising from discontinuous changes

in parameters.

Before this work, research on these problems has focused on the model equations ex-

pressed in terms of the Sokolovskii variables. Consequently, only smooth stress and velocity

fields could be treated, and that work forms the basis for modern industrial hopper design.

Our approach, for the first time, removes the restriction to smooth fields and allows cor-

rect calculation of discontinuities in the stress field and subsequent resolution of the related

velocity field.

Our study of a variety of boundary value problems has raised some interesting issues

that only became apparent once a wider array of fields could be treated. The deceptively

simple experiment proposed in Section 6.2, makes the need for meaningful and tractable
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boundary value problems painfully clear. Further, despite being eliminated from the system,

the function λ still bears upon the model and subtly ties the stress field to the velocity field in

an essential way. A possible explanation of the appearance of negative values of the function

λ could be the formation of rigid zones of material within the hopper. In regions where the

material no longer deforms, the model we use breaks down and new equations governing the

stress and velocity fields there would have to be found. To our knowledge, it is not known

how to handle such zones. Further, if the information propagates in different directions in

the hopper for the stress and velocity fields, we will then be required to solve for one field and

then the other; this raises the problem of not even knowing that the fields have developed

such a region in which λ has assumed negative values until after both computations have

been completed. This phenomenon require further research and should lead to a greater

understanding of the model itself.

The inclusion of the Mohr-Coulomb-Spencer model in this research serves two purposes.

Primarily, we would like to provide some comparative results that may help distinguish one

model as capturing more of the features of real granular flows. Our radial field studies have

shown that the Spencer model seems, at this stage, to share many of the same stability

characteristics as the Jenike model. And even though the Spencer model does not contain

this parameter λ that troubles the Jenike model, we may still check the physical feasibility of

our results using the sign of work done by friction. Only the first preliminary results of this

application are coming to light, but future research should provide further insight. Those

preliminary results seem to indicate that Spencer’s model can make the sign of work done by

friction negative, and thus exhibiting nonphysical features similar to those seen with Jenike’s

model.

We are actively pursuing several areas of research. Initially, the question of acceptable

boundary value problems for these models must be resolved. Consequently, there is a need

for acceptable resolution of the stress and velocity fields for both models and a comprehensive

study of their features. Ideally this would include some stability studies of the discretized

nonlinear stress model to compare with the linear stability studies found in the literature.

Ultimately, the work then must be compared with results available from industry and lab-

oratory experiment, for evaluation of the quality of the model and the methods used in
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numerical simulation. In this last point we hope to involve further our contact with Jenike

& Johanson, an engineering firm dedicated to the solution of industrial granular materials

handling problems.
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[20] J. Jaffré, C. Johnson and A. Szepessy, Convergence of the discontinuous Galerkin finite

element method for hyperbolic conservation laws, Mathematical Models & Methods in

Applied Sciences, 5 (1995), p.367–386.

[21] P. Jamet, Galerkin-type approximations which are discontinuous in time for parabolic

equations in a variable domain, SIAM J. Numer. Anal., 15 (1978), p.912–928.

[22] A. Jenike, Gravity flows of bulk solids, Bulletin No. 108, vol. 52, Utah Eng. Expt.

Station, University of Utah, Salt Lake City (1961)

[23] G. Jiang and C.-W. Shu, On cell entropy inequality for discontinuous Galerkin methods,

Math. Comp., 62 (1994), p.531-538.

[24] P. LeSaint and P.A. Raviart, On a finite element method for solving the neutron trans-

port equation. Mathematical aspects of finite elements in partial differential equations,

C. de Boor editor, (1974) Academic Press, p.89–145.

[25] R.J. Leveque, H.C. Yee, A study of numerical methods for hyperbolic conservation laws

with stiff source terms, J. Comput. Phys., 86 (1990), p.187–210.

[26] R.M. Nedderman, Static and kinematic of granular materials, Cambridge University

Press (1992).

[27] E.B. Pitman, The stability of granular flow in converging hoppers, SIAM J. Appl. Math.,

48 (1988), p.1033–1052



References 76

[28] E. B. Pitman and D. G. Schaeffer, Stability of Time Dependent Compressible Granular

Flow in Two Dimensions, Communications on Pure and Applied Mathematics, Vol XL

(1987), p.421-447.

[29] J. Ravi Prakash and K. Kesava Rao, Steady compressible flow of cohesionless granular

materials through a wedge-shaped bunker, J. Fluid Mech., 225 (1991), p.21–80

[30] C. Canuto, M.Y Hussaini, A. Quarteroni, T.A. Zang, Spectral methods in fluid dynam-

ics, (1988) Springer Verlag.

[31] W.H. Reed and T.R. Hill, Triangular Mesh methods for the neutron transport equation,

Technical Report LA-UR-73-479 (1973), Los Alamos Scientific Laboratory.

[32] G.R. Richter, An exlicit finite element method for the wave equation, Applied Numerical

Mathematics, 16 (1994), p.65–80.

[33] A.T. Royal, Private communication, Jenike & Johanson, Inc., (1998, 1999).

[34] S.B. Savage, The mass flow of granular materials from from coupled stress-velocity fields,

British J. Appl. Phys., 16 (1965), p.1885-1888.

[35] D. G. Schaeffer, Instability in the evolution equations describing incompressible granular

flow, J. Diff. Eq., 66 (1987), p.19-50.

[36] C.-W. Shu and S. Osher, Efficient implementation of essentially non-oscillatory shock

capturing schemes, J. Comput. Phys., 77 (1988), p.439–471.

[37] C.-W. Shu and S. Osher, Efficient implementation of essentially non-oscillatory shock

capturing schemes, II, J. Comput. Phys., 83 (1989), p.32–78.

[38] A. J. M. Spencer, A theory of the kinematics of ideal soils under plane strain conditions,

J. Mech. Phys. Solids, 12 (1964), p.337–351.

[39] A. J. M. Spencer, Remarks on coaxiality in fully developed gravity flows of dry granular

materials, IUTAM Symposium on Mechanics of Granular and Porous Materials, edited

by N. A. Fleck and A. C. F. Cocks, Kluwer Academic Publishers, 1997.



References 77

[40] D.E. Stewart and Z. Lyek, Meshach numerical linear algebra library,

http://www.netlib.no/netlib/c/meschach/, 1994.

[41] T.C. Warburton and G.E. Karniadakis, A discontinuous Galerkin method for the viscous

MHD equations, J. Comput. Phys., 152 (1999), p.1–34.

[42] L.C. Wellford, Jr. and J.T. Oden. A theory of discontinuous finite element approxima-

tions for the analysis of shock waves in nonlinear elastic materials. J. Comput. Phys.,

19 (1975), p.179–210.


