
ABSTRACT

TIAN, YANJUN. Affine Diffusion Modeling of Commodity Futures Price Term

Structure. (Under the direction of Paul L. Fackler.)

Diffusion modeling of commodity price behavior is important for commodity risk

management. This research seeks to improve upon the existing commodity diffu-

sion models by incorporating stochastic volatility and seasonality through the affine

diffusion framework. In particular, it evaluates affine diffusion models’ performance

at modeling commodity futures price term structure.

Six affine diffusion models are studied in this research. They are one, two,

three-factor Gaussian model and one, two, three-factor stochastic volatility model

with a single stochastic volatility factor. Seasonality is modeled by allowing the

forcing terms of the instantaneous drift and the instantaneous covariance to be

seasonal. Model estimation is done through Q-MLE, for which the state variables are

filtered through the Kalman Filter. To build the connection between affine diffusion

models and known market regularities, affine state variables are interpreted. Factor

interpretations used include the log of the spot price, a spot drift factor, and a

spot variance factor. Empirical analysis covers models’ performance at fitting and

predicting futures price term structures; behavior of the interpretable models; and

model stability.

Empirical studies are applied to the corn and the unleaded gasoline markets. The

following conclusions can be drawn from both markets: 1. For the purpose of mod-

eling futures price dynamics alone, stochastic volatility models have no advantage



over Gaussian models; 2. At least two factors are needed to adequately model com-

modity futures price term structures; the advantage of three-factor models, which

is better capturing the curvature of the term structures, become evident under ex-

treme market conditions; 3. State independent seasonality modeling is effective

under most market conditions, but under extreme market conditions, seasonality

can be mis-represented and it is the source of big measurement errors and predic-

tion errors. 4. Two and three-factor affine diffusion models are able to generate

model behavior that is consistent with known market regularities.

Keywords: Stochastic Processes; Affine Diffusions; Term Structure Modeling;

Commodity Markets
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CHAPTER 1

Introduction

Beginning with the Black-Scholes (1973) model, continuous time models have

become the standard framework for modeling derivative assets. In these models,

the dynamics of derivative prices are determined by the dynamics of the underlying

factors (state variables) through arbitrage relationships and, possibly, assumptions

about risk preferences.

Clearly, more factors and/or more flexible factor dynamics can provide more

flexibility in capturing various features of derivative asset prices. However, model

flexibility comes at a high cost. Often, the derivative price must be computed nu-

merically as a function of the underlying state variables. Moreover, the econometric

analysis is non-trivial. This is particularly true for the stochastic volatility (SV)

models for which the state transition density is not known in closed-form. So the

decision about model specification is a trade-off between flexibility and tractability.

The class of affine diffusion models, in which the drift terms and the instanta-

neous covariance matrix are both affine in the underlying state variables, has re-

ceived considerable attention in recent literature. This class of models yields closed-

or nearly closed-form pricing formulas for certain derivative assets. So with more
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state variables added in, the model becomes more flexible, yet remains tractable.

This property makes it particular attractive in multi-factor settings.

Special cases of affine diffusion models have been widely applied in stock, interest

rate, currency, and commodity markets. Many of them are stochastic volatility

models. Furthermore, as a general framework, affine diffusion models are addressed

by a number of recent studies. Issues investigated include bond pricing, futures and

option pricing, admissibility and identification issues, and estimation methodology.

As in other markets, models of commodity price behavior are essential for any

type of commodity price risk management. Basically, all management decisions, in-

cluding production, storage, and hedging, etc., are based upon the current price be-

havior and its expected future movement. Especially, the adoption of the stochastic

control approach in the asset budgeting analysis greatly expanded the applications

of diffusion models of commodity price behavior. The stochastic control approach is

particularly useful for making management decisions in natural resource industries,

where the price uncertainty is substantial.

Compared with financial markets, commodity markets have their own features,

e.g., seasonality (in terms of price level, variances and covariances, etc.) is common

in most commodity markets; commodity markets are frequently in backwardation,

which refers to the phenomenon that the cash or nearby futures price are often

above the deferred futures prices; moreover, the degree of backwardation tends to

be positively correlated with the level of price volatility. These empirical regularities

need to be replicated by commodity asset pricing models.
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Despite progress in diffusion modeling, models of the commodity price behavior

remain simple. They are mostly special cases of affine diffusion models, including

Brennan and Schwartz (1985) single-factor model, Gibson and Schwartz (1990) and

Smith and Schwartz (1997) two-factor model, and Schwartz (1997) three-factor

model. A common feature of these models is that they are all constant volatil-

ity (Gaussian) models, hence they can model neither the inter-temporal volatility

clustering of commodity prices nor the smile effect in the options implied volatility,

which are both evident features exhibited in the data.

Another problem with the existing commodity models is that the model param-

eters are mostly time-homogeneous, so they can not capture the strong seasonal

pattern evident in most commodity markets. Fackler and Tian (1999) first added

seasonality into the single-factor Brennan and Schwartz (1985) model. Though

the model itself is simple, the time dependent parameters show great potential in

modeling seasonality.

This research builds on previous work to examine the effectiveness of affine dif-

fusion models in representing commodity futures price behavior. It searches for the

appropriate affine diffusion model in terms of how many state variables are necessary

and what is the appropriate instantaneous covariance structure.

Based on previous research, six affine diffusion models are identified as mod-

els of interest. They are one-, two-, three-factor Gaussian models, and one-, two-,

three-factor stochastic volatility models where only one of the factors have stochas-

tic volatility. Appropriate affine diffusion models for commodity markets is found

3



through estimating and evaluating these six models.

Dai and Singleton (2000) developed a canonical form for affine diffusion models

that is useful for estimation purposes but can not be interpreted. Without model

interpretation, one can not build connections between affine diffusion models and

known market fundamentals. The implications of affine diffusion models are hard

to understand, and known market fundamentals can not be verified through the

affine diffusion models. To solve this problem, this research shows how to specify

interpretable just-identified one-, two-, and three-factor affine models. The choice

of three factors is based on previous empirical results. Furthermore, the issue of

specifying (interpretable) just-identified seasonal models is also discussed.

Model estimation uses Quasi-Maximum Likelihood Estimation (Q-MLE) ap-

proach. Q-MLE assumes that the state transition density is normal, which is only

true when the model is Gaussian. So for non-Gaussian models, the efficiency of

Q-MLE requires not only that the sample size goes to infinity, but also the time

interval between two observations goes to zero. The Q-MLE estimator is consistent

and its estimators are asymptotically normally distributed. In addition, to solve the

latent state variable problem, the Kalman filter is used in combination with Q-MLE.

As with Q-MLE, the Kalman filter is optimal for Gaussian models only.

Empirical work uses weekly corn and gasoline futures price data. Corn and

gasoline are chosen as representatives of annually produced agricultural commodity

and continuously produced industrial commodities.

Analysis of empirical results starts with model selection, which is followed by the
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goodness-of-fit and prediction accuracy analysis. Then behavior of the interpretable

models are analyzed. Model stability is reported in the end.

The dissertation is organized as follows. Chapter 2 gives an overview of the basic

arbitrage pricing theory and the current status of derivative asset pricing models,

including the SV and GARCH option pricing models and a brief review of affine

diffusion models. Background knowledge of commodity markets and the current

status of commodity price modeling is also provided in Chapter 2. Chapter 3 gives

a detailed review of literature on affine diffusion models including admissibility and

identification issues and futures pricing. Chapter 4 discusses the issue of specifying

interpretable affine diffusion models for commodity markets. Chapter 5 on season-

ality. Chapter 6 introduces the Q-MLE estimation approach and the Kalman filter

technique used in filtering the latent state variables. Chapter 7 reports empirical

results from corn and unleaded gasoline market. Chapter 8, provides a summary

of the dissertation and offers some conclusions and recommendations for further

research.
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CHAPTER 2

Review of Literature

To improve existing diffusion models of commodity price behavior, efforts can

be made in two directions. First, lessons can be learned from the modeling practice

in other markets. Diffusion factor models are the common tool for pricing assets in

many markets, including stock, bond, currency, etc. The structural commonality

makes it possible to apply some results first established in other markets to com-

modity markets. Second, certain adjustments need to be made in order to capture

the idiosyncratic features of commodity markets. For example, many commodity

prices are highly seasonal, but seasonality is not common in financial markets.

It is the purpose of this chapter, firstly to give an overview of the basic arbitrage

pricing theory and the current status of derivative asset pricing models, and secondly

to give some background knowledge of commodity markets and the current status

of commodity price modeling.

2.1 Background on Arbitrage-free Asset Pricing Models

Arbitrage-free asset pricing theory is the single most important tool for the

analysis of derivative asset prices. Its main idea is the equivalence between no-

arbitrage and the existence of an equivalent martingale measure. Pricing under the
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equivalent martingale measure ensures no arbitrage.

Arbitrage-free asset pricing models are usually set up as diffusion (continuous

time/continuous space) factor models, for the inter-temporal arbitrage relationship

is more easily modeled in a diffusion framework. In these models, all information

related to asset price movements is summarized as ‘state’. ‘State’ is fully described

by a vector of state variables (factors), which are defined as an Ito process. As-

set prices of interest are functions of the state variables, and consequently, their

dynamics depend on the dynamics of the underlying state variables.

The background on arbitrage-free asset pricing models starts with an introduc-

tion of the general arbitrage-free asset pricing framework, then current status is sum-

marized under two topics, the affine diffusion models and the stochastic volatility

(SV)/ generalized auto-regressive conditional heteroscedastic (GARCH) option pric-

ing models. The former becomes an important class of models due to its tractability;

the latter represents an effort to make models more flexible.

2.1.1 Principles of Arbitrage-free Asset Pricing Theory

Ito Diffusions and Ito’s Lemma

Arbitrage-free asset pricing models are often set up in a diffusion framework,

where the Ito diffusion is the mathematical tool that describes the evolution of

random variables over time. An Ito diffusion can be represented by a system of

stochastic differential equations (SDEs) as follows

dX (t) = µXdt + σXdW (t) (2.1)
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with dX and µX being N vectors, dW being a d vector, and σX being a N × d

matrix. dX represents the instantaneous changes in X. µX is the drift term, which

represents the instantaneous expected rate of change. σXσ>X is the instantaneous

covariance matrix of dX, which describes the variability of dX. dW is a standard

Brownian motion in that it is normally distributed with mean 0 and variance dt.

dW represents the innovation in the diffusion process.

When µX and σX depend on X, they are referred to as state dependent. If the

dependence is only on X (t), then the process is referred to as a Markov process;

otherwise, if µX and σX also depend on past Xs, the process is not Markov. Most

asset pricing models assume that the state diffusion is Markov. This assumption is

restrictive, but it makes the derivative prices easier to solve. µX and σX can also

be a function of t, in which case the model is time-dependent, including seasonal.

The arbitrage-free asset pricing models use one or more state variables to sum-

marize the state. State variables can be observable or non-observable. Observable

state variables include the asset prices, bond yields, quantity variables, weather,

etc.; non-observable state variables can be the instantaneous interest rate, the spot

price, the conditional moments, etc. When conditional variance or volatility is used

as a state variable, the model is referred to as a stochastic volatility model.

Derivative asset prices depend on the state of the economy, so they are functions

of the state variables and possibly some other parameters that define the asset, e.g.,

the maturity date of a contract, the strike price of an option, etc. Evolution of

derivative asset prices depends on evolution of the state variables. The dependence
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is governed by Ito’s Lemma.

Let X denote a vector of state variables and assume its evolution follows a

Markov process, which can be represented by SDE 2.1. Let P denote the asset

price of interest, which is a function of X, t, and possibly other parameters that

defines the asset. By applying Ito’s Lemma,

dP =

(
Pt + PXµX +

1

2
tr

(
σXσ>XPXX

))
dt + PXσXdW, (2.2)

where Pt, PX , and PXX are the partial derivatives of P w.r.t. t and X. Use µP

and σP to denote the drift and the volatility of dP , then from equation 2.2, µP =

Pt + PXµX + 1
2
tr

(
σXσ>XPXX

)
, and σP = PXσX .

Lack-of-Arbitrage and Equivalent Martingale Measure

In equilibrium, asset prices allow no inter-temporal arbitrage opportunities. A

related key insight is that, up to some technical conditions, the lack of arbitrage

is equivalent to the existence of some equivalent martingale probability measure

(Q measure), which is equivalent to the actual probability measure (P measure) in

that they have the same set of zero probability events. Under the Q measure, all

asset prices, in expectation, appreciate at the risk-free rate (as if all agents are risk

neutral), and using the risk free bond price as a discount factor, all discounted asset

prices are martingales.

The above equivalence result leads to a ‘black-box’ approach of pricing assets in

the absence of arbitrage, which is to price assets under the equivalent martingale

measure. Mathematically the approach can be described as follows.
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For an asset price as defined in equation 2.2, where dW is a Brownian motion

under P measure, and for a well defined short rate process, there must exist some

Brownian motion dŴ under some Q measure such that

dP = rPdt + σP dŴ (2.3)

where r is the instantaneous risk-free rate. Denote the corresponding state diffusion

under Q measure as

dX = µ̂Xdt + σXdŴ (2.4)

with µ̂X being the drift under Q measure and Λ = µX − µ̂X is the risk premium

associated with factor X. Λ represents the required extra return (in expectation) for

bearing the risk σX .

If the asset of interest pays no dividend and has a terminal payment function

g (X (T ) , T ) , then based upon equation 2.3, its arbitrage-free price is given by

P = EQ
t

[
e−

R T
t r(s)dsg(X (T ) , T )

]
(2.5)

where EQ
t stands for expectation under Q measure and T is the terminal date.

Applying the Feynman-Kac relationship (see Duffie (1996) page 237), P solves the

following partial differential equation (PDE)

EQ (dP ) /dt− r (t) P = 0, (2.6)

with boundary condition

P (T ) = g(X (T ) , T ). (2.7)

PDE 2.6 says that under Q measure, in expectation, asset price appreciates at the

risk-free rate. Terminal condition 2.7 says that on the terminal date, the asset price
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equals the terminal payment of the asset. PDE 2.6 and the associated terminal

condition 2.7 together pin down the functional form of P in terms of X and other

parameters that defines the asset.

Market Completeness

There are two different senses of market completeness. In one sense, the issue

is about whether there is a parametric model that can capture the Q measure from

market prices alone. In another sense, for a given diffusion model, the issue is about

if the state diffusion under Q measure is unique. This discussion focuses on the

second scenario.

When the state variables X are all observable asset prices, the state diffusion

under the Q measure is unique. In that case, the risk neutral drift rate is µ̂X = rX,

and the diffusion term remains the same.

Refer to the assets whose price are in X as the spot assets and the ‘output’ asset

whose price is P as the derivative asset. From a hedging point of view, if all state

variables are spot prices, a dynamically adjusted hedging portfolio of the spot assets

and the risk-free bond can perfectly hedge the payoff of the derivative asset, i.e.,

the state space can be spanned by the spot prices X and the risk-free bond price.

In this sense, the market is complete and the derivative asset is redundant.

When some of the state variables are non-traded factors, e.g., the stochastic

volatility factor, the state diffusion under the Q measure will not be unique for

any two different state diffusions will be observationally equivalent as long as risk

premiums are adjusted correspondingly. In terms of hedging, since shocks to the
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non-traded factor are not perfectly correlated with shocks to spot prices, spot assets

and bond together can not form a perfect hedge for a derivative asset.

When the state diffusion under the Q measure is not unique, further assumptions

about agents’ risk preference need to be made so a specific Q measure can be picked

to price the derivative assets. Picking a Q measure is equivalent to make certain as-

sumptions about the risk premium of the non-traded factors. Even though different

state diffusions under Q measure are observationally equivalent in explaining the

spot behavior, they have different impact on pricing the derivatives. Some of the

assumptions can lead to a better fit of the derivative asset prices and more stable

parameter estimates. These assumptions are then more close to the reality.

Flexibility vs. Tractability

Specification of arbitrage-free asset pricing models is done by specifying the dy-

namics of the underlying state variables. The theme behind this work is to balancing

the conflicting needs of model flexibility and computational tractability.

On one hand, a good asset pricing model needs to be flexible enough so it can

mimic various movements of the market accurately. A model can be more flexible by

including more factors and/or more flexible factor dynamics. If there exists only a

single source of risk, prices of simultaneously traded assets would be instantaneously

perfectly correlated, so in general multi-factor models are preferred. The dynamics

of factors are defined by their drift and diffusion terms. For a given number of

factors, non-affine drift is more flexible than affine drift. Stochastic volatility is

more close to the reality than constant volatility, since most financial time series
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exhibit ARCH (Auto-Regressive-Conditional-Heteroscedasticity) effects.

On the other hand, a model must be tractable so derivative prices can computed

and model parameters estimated. Derivative asset prices can often be expressed as

the solution to a PDE which needs to be solved numerically. As the dimension of the

state space increases, the computational complexity increases exponentially (‘curse-

of-the-dimensionality’). Furthermore, model estimation is not trivial. One source

of the complexity comes from the latent state variables. The other difficulty arises

from the fact that besides some special cases, e.g., the Gaussian and CIR models,

the state transition density generally does not have an analytic expression. For the

tractability reasons, most multi-factor models stay in the affine framework in which

the drift and instantaneous covariance are both affine in the factors themselves.

2.1.2 Affine Diffusion Models: Applications and Effectiveness

The affine diffusion model has become an important class of models due to its

computational tractability. This section briefly introduces this class of models and

summarizes the related empirical work. The emphasis is on its effectiveness which is

the ultimate criteria by which to evaluate affine models relative to their alternatives.

The review focuses on the modeling experience in bond markets, where affine

models are most influential and hence more empirical results are available. In ad-

dition, there are great similarities between the modeling of fixed-income securities

and commodity futures. In both markets, modeling term structure is of primary

interest. More importantly, in affine diffusion models bond prices and commodity

futures prices are both exponential affine functions of the underlying factors. Due
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to these similarities, certain results obtained in bond markets are directly applicable

in commodity markets.

To begin affine models are briefly introduced with their applications in bond

markets and other markets. Then empirical results related to the effectiveness of

affine models are summarized.

A Tractable Class of Models

In affine diffusion models the drift and instantaneous covariance matrix of the

state diffusion are both affine in state variables. Let X denote a vector of state

variables, which, under the Q measure, can be parameterized as

dX =
(
â + K̂X

)
dt + Σ

√
α + B>XdŴ . (2.8)

Based on the inter-temporal arbitrage relationship, certain assets, e.g., bonds and

futures, have prices that are exponential affine functions of the underlying state

variables. Let P (X, t, τ) denote the price of such an asset at time t with time-to-

maturity τ , then

P (X, t, τ) = es(τ)+S(τ)X(t) (2.9)

where s (τ) and S (τ) each solves a system of ODEs subject to appropriate bound-

ary conditions.1 Prices of European options and some exotic options do not have

exponential affine form, but if the prices of their underlying assets have, their prices

are also known up to the solution of systems of ODEs according to Duffie, Pan, and

Singleton(2000).

1ODEs for bond pricing can be found in Duffie and Kan(1996); ODEs for futures pricing are
discussed in chapter 3.
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In summary, affine framework transforms many asset pricing problems from solv-

ing a PDE (possibly multi-dimensional) into solving systems of ODEs. As the state

dimensionality increases, this can greatly reduce the computational cost. As a re-

sult, affine diffusion model can achieve more flexibility at a very low computational

cost.

Applications

Affine models are most widely applied in modeling the term structure of interest

rate. The single-factor and multi-factor models are discussed in turn.

In single-factor affine term structure models, the short rate itself is always the

state variable. The drawback of the single-factor model is that yields of different

times-to-maturities are perfectly correlated, so the model can not explain the joint

movement of different yields. Single-factor affine models include Merton(1971), Va-

sicek(1977), and Cox, Ingersoll and Ross (CIR hereafter)(1985). Among them the

first two models are Gaussian, in which case the interest rate can go negative.

In order to explain the various shapes of the yield curve and its cross-time move-

ment, multi-factor models are necessary. Litterman and Scheinkman(1991) address

the issue of how many of factors are appropriate. They conducted a principal com-

ponent analysis and showed that three factors can explain most of the movements

of a yield curve and these three factors behave like the level, slope, and curvature

of the yield curve.

Interpretations of the factors appearing in multi-factor models are quite different.

Besides short rate, other factors include the long rate, the spread between the short
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rate and the long rate, inflation, the mean level of short rate, duration or volatility

of the short rate. Through a standard change of variable procedure, yields can also

be taken as factors.

Essentially all parametric multi-factor interest rate term structure models are

affine models.2 The earlier models include: Beaglehole and Tenney(1991), Pear-

son and Sun(1994), Chen and Scott(1992, 1993), and Singh(1995). They are all

special cases of affine diffusion models. The general affine term structure models

include Balduzzi, Das, Foresi, and Sundaram(1996), Duffie and Kan(1996), Fisher

and Gilles(1996), Dai and Singleton(2000), Duffie, Pan, and Singleton(2000).

In other markets, special cases of affine models are also widely applied. An in-

complete list includes: Backus, Foresi, and Telmer(1996), Bakshi and Chen(1995),

Nielsen and Saa-Requejo(1993), and Amin and Jarrow(1991) in foreign currency

market; Brennan and Schwartz(1985), Gibson and Schwartz(1990), Smith and Schwartz

(1997), Brennan(1991), Schwartz(1997) in commodity markets, and Heston(1993)

in the options pricing literature.

Effectiveness

The empirical results of special cases of multi-factor models are mixed. On one

hand, two or three factors can model the yield curve very accurately. According to

Chen and Scott(1992, 1993), Litterman and Scheinkman(1991), two factors account

for a great majority of the yield curve movements, and the third factor can account

for almost all the remaining variation in yields. On the other hand, the models are

2Another approach takes the whole yield curve as the underlying state. This approach is taken
by Ho and Lee (1986) and Heath, Jarrow, and Merton(1992).
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still misspecified. Singh(1995) examined the model-implied behavior of the three-

factor CIR model. His study shows that the implied volatility from time series

and cross-sectional data on interest rates do not conform well with the time series

estimates of the volatility. Moreover, the speed of mean reversion and the long run

mean factor are quite unstable over time. Duan and Simonoato(1998) show that

parameter estimates of two-factor CIR model do not lead to an admissible state

diffusion.

Besides empirical results of specific affine models, as a general issue, whether

affine models are appropriate in modeling the term structure of interest rate has

been by addressed by several papers. Mainly two different angles are taken in the

research: one is to study the affineness of the short rate process, the other is to test

the linear relationship among bond yields of different times-to-maturities, which is

an implication of the general affine framework.

The short rate process is explored by many papers. Chan, Karolyi, Longstaff

and Sanders(1992)(CKLS hereafter) fits a nested single-factor model with the short

rate being the state variable. They found that the second order term in the drift

is significant and the partial elasticity of short rate volatility w.r.t. short rate level

is about 1.5, so the drift and volatility of short rate process both are not affine in

its own level. Ait-Sahalia(1996a,1996b) and Stanton(1997) apply a non-parametric

approach to study the conditional mean and conditional variance of the short rate.

Their study also reject the affine hypothesis. More recently, Boudoukh, Richardson

and Stanton(1998) expand the non-parametric analysis into a multi-variate model
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and document strong nonlinearities in the relationship between the slope of the yield

curve and the short rate movement. But according to Pritsker(1998) and Chapman

and Pearson(1999) , the result by Ait-Sahalia(1996a,b) and Stanton(1997) may not

be robust due to the non-parametric approach they took.

It is problematic to base the judgement about whether affine diffusion models

are appropriate for modeling interest rate term structure on the affineness of the

short rate itself. It is true that affine term structure models require that the short

rate is an affine function of the underlying factors and hence itself must also follow

an affine process. But when there are multiple state variables (which is more close

to the reality), the drift, volatility and risk premium of affine short rate is affine in

multiple state variables, but not affine in short rate itself. So the non-affineness of

the short rate can only prove that the single-factor affine model is misspecified.

In responding to the empirical result that short rate is not affine in itself, Ahn-

Gao(1998) developed an non-affine single-factor model with the drift of short rate

being quadratic and the volatility having a partial elasticity of 1.5. Parameter

estimates of this model are more stable over time than those of the single-factor

affine models. As all other non-affine single factor models, this model represents an

effort to provide more flexibility through nonlinear state variable dynamics.

Balduzzi and Eom(1998) explore the affine relationship between bond yields and

the underlying factors which is an implication of equation 2.9. Through a standard

change of variable procedure, constant maturity bond yields can be the underlying

factors, so the affine relationship between bond yields and the underlying factors
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can be transformed into affine relationship among constant maturity bond yields.

If bond yields are observed with no error, then any bond yield can be written as

an exact affine function of as many other yields as the number of underlying state

variables. Nonlinear relationships among cross-section bond yields are then evidence

against affine models. In comparing with analyzing the affineness of the short rate,

this approach is not restricted by specific affine model specifications.

Balduzzi and Eom ask two questions in their paper. First, is the affine class of

models limited in modeling the reality? Second, if yes, then is it still an effective

class of models compared with its alternatives? In answering the first question,

their results show that nonlinearities are significant and robust, at least for models

with three factors or less. Nonlinearity matters for the purpose of pricing and

hedging. For hedging applications, they show that hedging weights based on non-

affine models are more stable over time. Non-affine models are superior, particularly

when the short rate is very high and the yield curve is very negatively sloping. But

in normal situations, when interest rates are at low to intermediate levels and the

yield curve is positively sloping, affine models performs just as well as non-affine

models. In answering the second question, they show that one-factor and two-factor

non-affine models are both misspecified; affine models with one extra factor clearly

out-perform its non-affine alternative. So having more affine factors is more effective

then modeling the nonlinearities.

19



2.1.3 Stochastic Volatility Option Pricing Models

Volatility plays an important role in determining the dynamics of the state vari-

ables and hence the dynamics of the model-implied derivative asset prices. Empirical

evidence suggests that the constant volatility assumption made by Black and Scholes

(BS, hereafter) (1973) model is not consistent with the data. Modifications of the

classical BS model have been made in several directions, including: constant elastic-

ity volatility (CEV) model, Cox and Ross(1976), which is rejected by Beckers(1980)

with stock market data; the jump-diffusion models of Bates(1991) , Merton(1976);

the level-dependent volatility models of Dupire(1994), Derman and Kani(1994) and

Rubinstein(1994), which were shown to be significantly over-parameterized by Du-

mas, Flemming and Whaley(1995); the stochastic volatility models and GARCH

models. GARCH models parallel SV models in a discrete time framework. Some

convergence results between the GARCH and SV models are available.

SV and GARCH asset pricing models are mainly developed in the context of

pricing options, since option markets are considered to be markets for volatility and

options prices are particularly sensitive to assumptions about spot price volatility.3

The overall empirical results are encouraging.

This section first summarizes the empirical volatility behavior which are not

consistent with the constant volatility assumption. Then existing SV models are

discussed with a focus on different model specifications and their consequences.

3SV models have also been applied in pricing the term structure of interest rates. SV term struc-
ture models include Longstaff and Schwartz(1992), Balduzzi, Das, Foresi, and Sundaram(1996),
Duan and Simonato(1998), and Ball and Torous(1999). These models are all special cases of affine
diffusion models.
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GARCH option pricing models and the related convergence results are also briefly

reviewed. The section ends with a discussion of the empirical performance of these

two classes of models.

Empirical Volatility Patterns

Model specification should always be guided by the empirical regularities exhib-

ited in the data, among which volatility is an important aspect. Spot price volatility,

futures price volatility, and implied volatility from the options can be taken as three

different measures of volatility. Volatility behavior can be analyzed both temporally

and cross-sectionally. The former studies the cross-time volatility feature of one as-

set price series; the latter examines the volatility pattern of prices of simultaneously

traded assets, e.g., option implied volatilities from simultaneously traded options

of different strike prices, or volatilities of simultaneously traded futures of different

maturity dates.

Studies of volatility behavior have focused on spot price volatility and option

implied volatility. Evidence against the constant spot price volatility assumption

are gathered as follows.

(a) leverage effects and skewness in the spot return distribution

The leverage effect refers to the correlation between spot price movements and

volatility. This phenomenon was first detected in the stock markets where the

correlation is negative, moreover when stock price is low, the firm will have a higher

leverage (debt equity ratio). High leverage was suspected to be the reason of high

stock price volatility, so the phenomenon that asset price level are correlated with
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asset price volatility is referred to as leverage effect. In commodity markets, however,

this correlation is positive, i.e., commodity spot price are more volatile at high price

levels. The price/volatility correlation determines the skewness in the unconditional

distribution of spot returns. With commodity prices, for example, at high price

levels, price is more volatile and consequently it ‘spreads’ out the right tail of the

probability density, while price is less volatile at a low level, so the left tail is

not spread out. This way we get a positively skewed distribution. Conversely, if

the spot/volatility correlation is negative, the spot return distribution is negatively

skewed.

(b) volatility clustering and fat tails

Volatility clustering refers to the fact that most financial time series have high

and low volatility periods. This indicates volatility is heteroscedastic. In addition,

most asset return distributions have excess kurtosis, i.e., they have fatter tails when

compared with a log normal distribution. Indeed, the two phenomenon are inti-

mately related; they are the dynamic (conditional) and static (unconditional) sides

of the same phenomena. Nelson(1990) proved this relationship in a GARCH (1,1)

framework.4

(c) smile/skew/smirk in BS option implied volatility

BS option implied volatility is defined as the volatility that equates the market

price of an option with the BS price of an option. ‘Smile’ refers to a U-shape

pattern of the implied volatility curve across different strike prices. The shape of

4Nelson (1990) shows that although the innovation of the conditional variance process is con-
ditionally normally distributed in a GARCH (1,1) model, its unconditional distribution is Student
t, which is a fat tailed distribution.
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the ‘smile’ is related to the risk of a particular market. In commodity markets, the

smile curve tends to be upward sloping; in stock markets, it usually is downward

sloping. In addition, the slope of the implied volatility curve changes across time. It

increases quickly when options approach their maturity time and is very pronounced

for short maturity options, while almost disappears when the times-to-maturities of

the options get longer.

Leptokurtosis offers one possible explanation to the smile effect. Higher volatility

at the tails is consistent with the higher implied volatility in far-from-the-money

options. Similarly, skewness in the asset return distribution can cause skew/smirk

in the implied volatilities, i.e., if the volatility at one tail is significantly different

from that at the other tail, the implied volatility far-in-the-money should be different

from that far-out-of-the-money.

The existence of ‘smile’ effect indicates that the constant volatility assumption

of BS model is problematic. The same problem is reflected in the BS option pricing

error, which is systematically related to volatility features of the underlying asset

and the implied volatility from the options. In general, BS model tends to underprice

low volatility securities, underprice out-of-the money options (see Black(1976) and

Gultekin et al(1982)), and underprice short maturity options (see Black(1976) ,

Whaley(1982) ).

The above discussion largely follows Ghysels, Harvey and Renault(1996). Re-

lated references can be found there.
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Stochastic Volatility Option Pricing Models

In SV models, volatility (or a function of it) is defined as an autonomous diffusion

process.5 Since volatility is a non-trade factor, a common issue with SV models is

that the market is incomplete and hence additional assumptions need to be made

to select a particular Q measure.

Assumptions appeared in the literature mainly follow two different directions:

one is to make additional assumptions about the market price of volatility risk, the

other is to specify the representative agent’s utility function and derive an equi-

librium solution. Researches taking the first route include: Hull and White (HW,

hereafter)(1987), who assume that volatility risk is uncorrelated with the aggregate

assumption; Scott(1987), who assumes the risk premium associated with volatility

innovation is 0; and Johnson and Shanno (JS, hereafter)(1987), who assume the

volatility risk is completely diversifiable. All above assumptions essentially lead to

the same conclusion that the dynamics of volatility (or variance) under P and Q

measures are the same. Wiggins(1987) takes the second route. He assumes that the

representative investor has a constant risk averse utility function and he shows that

when the representative investor has a log utility function, the market price of risk

of a hedge portfolio, which has a return uncorrelated with the stock return, is zero.

In Wiggins’s framework, the sign of market price of risk depends on whether the

representative agent is more or less risk averse than a log utility investor. Hofmann,

5Hobson and Rogers(1998) is a special case where the instantaneous volatility is defined as
the exponentially weighted moments of historic log-price, so it is driven by the same stochastic
factors as the price process. Heston and Nandi(1997) is another special case, where spot price and
instantaneous variance are driven by the same Brownian motion.
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Platen, and Schweizer (HPS, hereafter)(1998) use a minimal equivalent martingale

measure. Intuitively, it minimizes the local risk under Q measure.

Let S denote price of the spot asset, ν denote the volatility factor, and PDE

2.10 and 2.11 describe the their dynamics under P measure(check). Most of the

existing two-factor SV models can be nested in it,

dSt = µ(St, νt, t)Stdt + f (νt) Sα
t dZ1,t (2.10)

dνt = κ(ν̄ − ν)dt + γνβdZ2,t (2.11)

where Z1 and Z2 are two Brownian motions with dZ1dZ2 = ρdt. ν follows a mean

reverting stochastic process with a long-run mean ν̄. The functions in 2.10 and 2.11

are chosen so that the dS and dν process have an unique solution.

In the above setup, the spot return volatility is stochastic, and consequently

its unconditional distribution is fat-tailed. According to Heston(1993), the level of

kurtosis depends on the instantaneous volatility of the volatility factor, γνβ. In the

limit, when volatility of the volatility factor is zero and hence spot price volatility

is deterministic, the spot price is lognormally distributed.

The leverage effect is modeled by ρ, the correlation between dZ1 and dZ2. Ac-

cording to Renault and Taozi(1996) and Heston(1993), when ρ = 0, a stochastic

volatility can only generate a ‘smile’ effect. Another consequence of zero correlation

is that the volatility risk is non-systematic, hence it is not priced by the market.

Otherwise, when the correlation is nonzero, the leverage effect will be captured,

and as a result the skew/smirk pattern will show up in the implied volatility across
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strike prices. As pointed out by Heston(1993), skewness affects the prices of in-the-

money options relative to out-the-money options and Kurtosis affects the prices of

near-the-money options relative to far-from-the-money options.

Table 2.1. Parameterizations of SV Option Pricing Models

Model f(ν) α β ν̄ ρ
HW(1987)

√
ν 1 1 0 0

Wiggins(1987) e
1
2
ν 1 0 c 0

JS(1987) ν c c 0 c
Scott(1987) ν 1 0 c c
SS(1991) ν 1 0 c 0
Heston(1993)

√
ν 1 1

2
c c

HPS(1998) ν 1 1 dν̄ = κ2(νt − ν̄)dt 0

Parameterizations of most influential SV models are listed in table 2.1. In all

listed models µ is constant and ν only enters in the instantaneous volatility of

the spot price process. Various models mainly differ in three aspects: first, the

definition of ν is different. It is defined as log of the instantaneous variance in

Wiggins(1987) ; as instantaneous variance in HW(1987) and Heston(1993); and

as the instantaneous volatility in Scott(1987), JS(1987), JS(1987) and HPS(1998).

Second, ν follows different diffusion process. It follows an arithmetic Ornstein-

Uhlenbeck process in Scott(1987), JS(1987) and SS(1987), a square root process in

Heston(1993) ; HPS(1998) specify ν̄ as a deterministic differential equation, through

which this model brings past dependence into the volatility process.6 Past dependent

6It can be shown that in HPS(1998) ν̄ = ν−0 e−κ2t + κ2

∫ t

0
e−κ2(t−s)σsds. ν̄ is an average of

past νs weighted by an exponential factor. The effect of past instantaneous volatility on current
average volatility decays exponentially and the speed of decaying is determined by the parameter
κ2. HPS model is non-Markovian. Hobson and Rogers(1998) is another SV model with past
dependent volatility.
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volatility is motivated by the idea that current volatility behavior should be related

to the recent history of volatility or price. Third, assumption about ρ is different.

In HW(1987), Wiggins(1987), SS(1991) and HPS(1998) ρ equals to 0; in JS(1987),

Scott(1987) and Heston(1993) ρ is a constant.

GARCH Option Pricing Models

GARCH models, like SV models, are capable of modeling certain features of

financial time series, e.g., volatility clustering and fat tails, etc., so they are also

applied in pricing options.

Compared with SV models, GARCH models have two important features. First,

GARCH models do not introduce a second source of risk. The same shocks the

drive that spot price process also drive the volatility (or variance) process, so, in a

GARCH model, the market is complete. Second, since GARCH models are discrete

time models, the usual risk-neutral asset pricing scheme can not be applied. In the

literature, two approaches have been taken to cope with this situation. One is to use

some equilibrium arguments, the other is to resort to the diffusion limit of GARCH

models.7

Started from Nelson(1990), several papers have focuses on closing the gap be-

tween GARCH and SV models, including: Nelson and Foster(1994), Drost and

Werker(1996) and Duan(1997). Through these works, the convergence results are

available in a fairly general framework.

Follow Frey(1997), the convergence of stochastic difference equations (e.g., GARCH)

7Duan(1995) and Amin and Ng(1993) follow the first approach; Kallsen and Taqqu(1998) and
Heston and Nandi(1997) follow the second approach.
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to stochastic differential equations can be summarized as follows: For a given integer

number n, consider a sequence of equidistant time points 0 = tn0 < · · · < tnk < · · · .

Denote the equidistant time interval as ∆tn, and suppose ∆tn → 0 as n → ∞.

Let (Xn
k )k∈N be a sequence of observations of a GARCH process at the time se-

quence (tnk)k∈N . If the conditional mean and variance of Xn converge after suitable

re-scaling to certain well-behaved functions µ and Σ, and that the jumps of Xn

converges to zero, then the sequence Xn converges in distribution to the solution X

of the SDE with drift µ (X (t)) and quadratic variation Σ (X (t)), provided that the

SDE admits a unique weak solution (check). This convergence is a ∆t convergence

and it is a convergence in distribution, i.e., as ∆t → 0, by matching the first two

conditional moments, the conditional distribution governed by the GARCH process

converges to that governed by the SV process.

Table 2.2. Convergence Results between GARCH and SV Models

Discrete GARCH Models Continuous SV Models
Duan(1995) GARCH(1,1): Generalized HW(1987):
ln St − ln St−1 = µ− 1

2
νt +

√
νtεt dSt = µStdt +

√
νtStdZ1

νt = β0 + β1νt−1 + β2νt−1ε
2
t−1 dνt = κ (ν̄ − ν) dt + γνdZ2

εt ∼ N (0, νt) dZ1dZ2 = 0
EGARCH(1,1): Generalized Wiggins(1987):

ln St − ln St−1 = µ− 1
2
νt + e

1
2
νtεt dSt = µStdt + e

1
2
νdZ1

νt = β0 + β1νt−1 + γρεt−1 dνt = κ (ν̄ − νt) dt + γ
√

νtdZ2

+γ
√

1− ρ2
(|εt−1| − 2

π

)
/
√

1− 2
π

dZ1dZ2 = ρdt

εt ∼ N (0, νt)
Heston and Nandi(1997): Heston(1993):
ln St − ln St−1 = µ− 1

2
νt +

√
νtεt dSt = µSt +

√
νtStdZ1

νt = β0 + β1νt−1 + β2

(
εt−1 − δ

√
νt−1

)2
dνt = κ (ν̄ − νt) dt + γ

√
νtdZ2

εt ∼ N (0, νt) dZ1dZ2 = ρdt
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Some of the results appearing in the option pricing literature are presented in

table 2.2. GARCH(1,1) model in Duan(1995) weakly converges to a slightly gen-

eralized HW(1987) model where ν̄ is allowed to be a parameter instead of zero.

In GARCH(1,1) model, as in HW(1987), asset return and the innovation in the

volatility process are not correlated, so volatility risk is not priced and the model

can not capture the leverage effect. In the EGARCH (1,1) model, the leverage

effect is captured through the parameter ρ. EGARCH (1,1) converges to a gener-

alized Wiggins(1987) model where dZ1 and dZ2 is allowed to be a constant rather

than zero. In Heston and Nandi (HN, hereafter)(1997) the asymmetric influence of

shocks is captured by δ. When δ is positive, negative shocks have bigger impact

to the volatility process and it results in a negative correlation between spot asset

return and its volatility. HN(1997) model converges weakly to Heston(1993) model.

It is worth noticing that correlation in discrete time and in continuous time are not

directly comparable. In discrete Heston and Nandi(1997) model, the covariance be-

tween spot price and its volatility is −2β2δνt and hence it is state dependent. Spot

price and its volatility tend to be more negatively correlated when the market is

more volatile. In Heston(1993) model, the instantaneous correlation between spot

price and its volatility is constant, ρ. The sign of ρ depends on the sign of δ. So

constant instantaneous correlation might be consistent with time varying discrete

time correlation.

GARCH and SV models are unified by the convergence results. The unification

is beneficial to both classes of models: on one hand, GARCH as a diffusion approx-
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imation provides a filtering scheme that makes the estimation of SV models more

efficient; on the other hand, techniques and results developed from SV models can

be applied directly in GARCH framework, so the pricing in discrete models becomes

easier.

Empirical Performance of SV and GARCH Option Pricing Models

SV and GARCH models are essentially equivalent based on their convergence

results, so the related empirical results are reported jointly.

SV and GARCH models are great improvements over the constant volatility BS

model. They perform better in pricing, hedging, and explaining the ‘smile’ effect,

etc. Among others, Heston and Nandi(1997) show that their model can out-perform

the BS model even when the BS model is allowed to be re-parameterized each period

while their model parameters remain constant. Duan(1995) shows the NGARCH

option pricing model can fit the implied volatility smile well. More importantly,

their parameter estimates from option prices are stable over time, and have about

the same magnitude as the ones obtained directly from the time series estimation.

Besides SV/GARCH models, other adjustments can be made in improving the

classical BS model, including stochastic interest rate (SI) models, jump-diffusion

models, SV and SI models, SV jump-diffusion models. Bakshi, Cao and Chen

(BCC, hereafter)(1996) conclude that among these alternatives, the SV/GARCH

is the most effective approach. They applied three standards in their comparison:

the consistency between the option implied parameters and the time-series-implied

parameters, out-sample pricing error and hedging performance. According to their
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study, SV model can significantly reduce the BS pricing error (from 25 percent to

60 percent), and it provides the best hedging results. So, overall, taking stochastic

volatility into account is of the first-order importance in improving upon the BS

formula. A limitation of SV models is in pricing short-term options since when

volatility is modeled as a diffusion process, it can not move very fast.

Even though SV and GARCH models are supported by their empirical perfor-

mance, they may still be significantly misspecified. According to BCC(1997), to

rationalize the skewness and kurtosis exhibited in the option prices, the SV model

needs unreasonable values of volatility-return correlation and volatility of volatility.

This suggests that volatility misspecification is only one of problems of BS model,

apparently an important one. Other factors like jumps, stochastic interest rate,

transaction costs, liquidity problems, etc, may also offer reasonable explanations to

the empirical regularities.

2.2 Commodity Price Behavior and Its Modelling

Commodities are a distinctive class of assets. Comparing with the price behavior

of financial products, e.g., stocks, currency, bonds, indices, etc, the price behavior

of commodities is more closely related to the physical processes of production, con-

sumption, storage, etc. The influence of physical processes appears apparently in the

dynamics of commodity prices, and has profound implications for their modeling.

Different commodities have different physical features. Some are storable, some

are not; some are continuous produced, some are periodically produced, etc. Ac-

cording to their usage, commodities can be divided as: grains, energy products,
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metals, livestock, foodstuff, etc. The following discussion focuses on the first three

groups.

This section first outlines the empirical regularities of commodity price behavior,

then the structural models aiming at explaining regularities are briefly reviewed. In

the end, existing diffusion models are discussed.

2.2.1 Empirical Regularities

Commodity cash markets, futures/forwards markets and options markets are

intimately related. Prices in different markets are inter-temporarily and cross-

sectionally correlated. Viewing spot price as a futures price of immediate delivery,

spot and futures price behavior can be summarized in two aspects: the term struc-

ture of futures/forwards prices and the term structure of their volatilities. Options

price behavior can be captured through BS option-implied volatilities. The follow-

ing discussion does not repeat the volatility patterns already discussed in section

2.1.3.

1. Commodity markets are frequently in ‘backwardation’.

‘Backwardation’ refers to the situation where the nearby futures (or spot) is

above a deferred futures. The reverse case is referred to as ‘contango’. For storable

goods, when backwardation happens the ‘cost-of-carry’ relationship is violated.

The ‘cost-of-carry’ relationship is an inter-temporal arbitrage relationship be-

tween spot and futures, futures price exceeds the spot price by the cost of carrying

inventory. Formally, let St be the spot price at time t, Ft,T be the futures price

at time t with delivery date T , Ct,T be storage cost from time t to T , and assume
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interest rate is constant from t to T . Then,

Ft,T − Ct,T = Ste
rt,T (T−t) (2.12)

or equivalently,

dt,T =
ln(Ft,T − Ct,T )− ln St

T − t
− rt,T = 0 (2.13)

where dt,T is usually referred to as the interest and storage cost adjusted spread or

the basis. It summarizes the spot and futures/forwards relationship. Frequently

dt,T is negative, which indicates the market is in backwardation.8

A market is more likely to be in backwardation when the spot price is high.

For this reason, Working (1948) states that backwardation is a reliable indication

of current shortage. Moreover, spot futures/forwards correlation is inversely related

to the degree of backwardation. In contango, given interest and storage cost, spot

price determines the futures/forwards prices, so the correlations are very high. In

backwardation, the correlations are lower.

Early work of Telser(1958) and Working(1948) document the backwardation

in agricultural commodity markets. Lizenberger and Rabinowitz(1995) document

backwardation in oil market. According to their study, between February 1984 and

April 1992, the nine month ahead futures price was in backwardation 77 percent of

the time. Ng and Pirrong(1994) verify the inverse relationship between backwarda-

tion and spot futures/forwards correlation with metals data.

2. The term structure of volatility changes systematically with the degree of

8The interest and storage adjusted spread in general won’t be positive. If then it indicate
arbitrage opportunity.
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backwardation.

Spot and futures/forwards prices are all more volatile when the market is in

backwardation. Also, when backwardation becomes more severe, the spot and

short-term futures/forwards prices are much more volatile relative to the long-term

futures/forwards prices. When the backwardation is less severe, short-term and

long-term volatilities are more comparable. Related empirical results in industrial

metal markets are documented in Ng and Pirrong(1994), in energy markets are

documented in Ng and Pirrong(1996) and Lizenberger and Rabinowitz(1995) .

3. Many commodity markets exhibit strong seasonality.

If production or/and consumption is seasonal, commodity price behavior will be

seasonal. Seasonality appears both in price levels and volatilities. For agricultural

commodities, production is periodic so inventory level varies seasonally. As a result,

the relationship between spot and futures prices varies seasonally (Fama and French

(1987)). Moreover, since uncertainty about upcoming harvest is resolved in a highly

seasonal way, price volatilities are highly seasonal. For energy commodity prices,

seasonality comes from seasonal consumption. Seasonal patterns of energy prices is

discussed in Amin, Ng, and Pirrong(1995) and Duffie and Gray(1995) .

The seasonality in commodity spot price behavior is directly related to the sea-

sonality in production and/or consumption processes. The seasonality in commodity

futures and option prices behavior, however, is more complicated. Essentially, fu-

tures and options price behavior reflects the seasonality in the spot price behavior, or

more fundamentally, the seasonality in the production and consumption processes,

34



but the reflection is transformed due to their derivative nature. As shown in Fack-

ler and Tian(1999) with soybean data, the futures price volatility basically has the

same seasonal pattern as the spot price volatility, but the time-to-maturity of futures

contract has damping effect on its volatility. The longer the time-to-maturity, the

less responsive of futures price to changes in spot price. A similar idea is expressed

as ‘Samuelson’s Hypothesis’, which says that futures price is more volatile when

the contract is close to mature; option-implied volatility is a time average of the

volatility of futures-price volatility over the remaining life of the futures contract.

So the time-to-maturity of derivative assets is a key parameter that determines how

seasonality in the fundamentals is reflected in the derivative price behavior.

4. Commodity prices are mean reverting.

Short run behavior of commodity prices is influenced by demand and supply

shocks, but in the long run, production technology is the fundamental factor that

determines commodity price level. Given that production technology is relatively

stable over time, commodity prices are mean-reverting.

5. The convergence of spot and futures prices toward their long run relationship

is nonlinear and asymmetric.

Ng and Pirrong(1996) shows that, in the gasoline and heating oil markets, the

convergence of spot and futures prices toward their long run levels is asymmetric in

that that they converges faster when the futures price exceeds the spot price than

when the reverse is true. And the convergence is nonlinear in that the greater the

difference between spot and futures prices, the faster the convergence.
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6. Old crop and new crop futures prices are closely correlated.

At a single time, futures contracts with different delivery dates are traded si-

multaneously in the market. For periodically produced agricultural commodities,

the contracts that mature prior to the upcoming harvest are called old crop con-

tracts, and those mature soon after are called new crop contracts. Pirrong(1998)

shows that old crop and new crop futures prices are highly positively correlated.

The correlations of daily old/new crop futures price changes are around 0.7 or 0.8.

Particularly, on USDA report release dates, this correlation is about 1, which sug-

gests that old crop and new crop futures prices have almost the same responses to

information about upcoming harvest. It implies that the inter-temporal price link

is fairly tight, and hence the price movement might be continuous. If the price

movement is indeed continuous, it then supports using diffusion models to model

discretely produced agricultural commodity-price behavior.

2.2.2 Structural Models

The main issue addressed by structural models of commodity price behavior is

what explains backwardation. For storable commodities, the ‘theory of storage’

exploits the impact of inventory level. For natural resources, the option value of

reserves offers another explanation.

Inventory is a key factor in commodity markets. It summarizes the underlying

demand and supply relationship and hence determines the commodity price dynam-

ics. One way to interpret the role of inventory level is through convenience yield,

which is defined as the benefits that accrue to the owner of the physical commodity,
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but not to the holder of futures/forwards contract. Some define convenience yield

as explicit benefits from holding stocks rather than futures (Working (1948)), others

define it as the value of a timing option, for stock owners can choose to consume

or sell when the commodity is scarce (Routledge, Seppi, and Spatt(1999) ). In the

latter case, convenience yield is non-negative, and is strictly positive if the proba-

bility of stock out is nonzero. It is always inversely correlated with inventory and

positively correlated with price volatility.

Pirrong(1998) explores the impact of both temporary and permanent shocks at

different inventory levels. When inventory is low, purely temporary shocks only

affect spot or nearby futures, but not the deferred futures, so backwardation can

occur and deferred futures can be much less volatile than spot and nearby futures.

When inventory level is high, temporary shocks can affect both spot, nearby futures

and deferred futures. Market is more likely to be in contango and volatilities over

different contracts are more comparable.

For natural resource commodities, reserves underground and inventory above-

ground can be viewed as two types of stocks. In this view, the options value of

reserves parallels the convenience yield of the stock. The level of convenience yield

is a consumption/storage decision factor. The option value of reserves is a decision

factor for determining the timing of production. Lizenberger and Rabinowitz(1995)

argue that if the discounted futures price is higher than the spot price and if extract-

ing costs grow by no more than the interest rate, then all producers will rationally

choose to defer the production. Therefore backwardation is a necessary condition
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for current production. In addition, the value of an option increases when volatility

increases, hence the degree of backwardation increase with prices volatility.

Despite the differences in economic reasoning, all structural models provide a

framework to rationalize the positive correlations between spot price level, price

volatility and the degree of backwardation. This correlation structure is the key in

‘generating’ the observed commodity price behavior and it should be incorporated

in diffusion models of commodity price behavior.

2.2.3 Diffusion Models of Commodity Price Behavior

Motivated both by the need of pricing financial derivatives and applying stochas-

tic control theory in capital budgeting, the diffusion modeling commodity price be-

havior has progressed from single-factor to multi-factor models and from pure dif-

fusion to jump-diffusion models. Parameterizations of the most influential diffusion

models are listed in table 2.3.

Brennan and Schwartz(1985) is the first diffusion model of commodity price

behavior, where spot price (S) is the single state variable. S follows a mean-reverting

process with a speed of mean reversion equal to κ. The problem with single-factor

models is that the spot price and all futures prices are perfectly correlated.

The multi-factor models are able to include more than one source of risks. Gib-

son and Schwartz(1990), Brennan(1991) and Brennan and Crew(1997) include a

mean-reverting stochastic convenience yield as the second factor. In Gibson and

Schwartz(1990), convenience yield δ is defined in terms of dollars per dollar of in-

ventory. In Brennan(1991) and Brennan and Crew(1997), convenience yield is mea-
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Table 2.3. Diffusion Models of Commodity Price Behavior

Models Parameterizations
Brennan and Schwartz(1985) d ln S =

(
κ (µ− ln S)− 1

2
σ2

)
dt + σdW

d ln S =
(
µ− δ − σ2

2

)
dt + σ1dW1,

Gibson and Schwartz(1990) dδ = κ (mδ − δ) dt + σ2dW2,
dW1dW2 = ρdt
ds = −κsdt + σ1dW1

Smith and Schwartz(1997) dl = µldt + σ2dW2

dW1dW2 = ρdt

Brennan(1991) d ln S =
(
µ− C

S
− σ2

2

)
dt + σ1dW1,

Brennan and Crew(1997) dC = κ (mC − C) dt + σ2dW2

dW1dW2 = ρdt

d ln S =
(
µ− δ − σ2

2

)
dt + σ1dW1,

dδt = κ (mδ − δ) dt + σ2dW2,
Schwartz(1997) dr = κ2 (mr − r) dt + σ3dW3

dW1dW2 = ρ1dt,
dW2dW3 = ρ2dt,
dW1dW3 = ρ3dt

sured in dollar per unit of inventory per period. So C = δS. Smith and Schwartz

(1997) propose a long term/short term two factor model where the long term factor

is the equilibrium spot price level, the short term factor is the short term devia-

tion of the spot price from its long run mean. Their model is mathematically and

behaviorally equivalent to Gibson and Schwartz(1990). Schwartz(1997) introduces

a three-factor model with stochastic interest rate being the third factor, but the

interest rate is estimated separately. All multi-factor models clearly out perform

the one-factor model, but the difference between two-factor and three-factor model

is less obvious. The short- to mid-term implications of Gibson and Schwartz(1990)

and Schwartz(1997) are very close, but their long term predictions are quite differ-
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ent. It is not surprising though, because both models are calibrated to the short- to

mid-term data.

Besides Brennan(1991) and Brennan and Crew(1997), all above diffusion models

are special cases of affine diffusion models. Moreover, all existing diffusion models

are Gaussian. The problem with Gaussian model is that they can not model the

impact of stochastic volatility, and consequently, they can not explain the ‘smile’

effect in option implied volatilities.

Hilliard and Reis(1998) expand Schwartz(1997) model by adding jumps in the

spot price process. The expansion has no impact on futures/forward prices. It does

change the price of options, but still no empirical results are available w.r.t. its

ability to model the ‘smile’ effect.

A common feature of all above diffusion models is that they are all time homo-

geneous, so they can not model the seasonal patterns of commodity price behavior.

Particularly, the rich seasonal patterns in commodity price volatilities and covari-

ances can not be incorporated into a time-homogeneous model, even though they

are important for risk management in general.

2.3 Summary

This chapter provides the background in which the affine diffusion models of

commodity price behavior are developed. Affine diffusion and stochastic volatility

models are two approaches that have been extensively studied recently. Affine dif-

fusion models remain computationally tractable when the dimension of state space

increases, and have been proved effective in modeling term structure of interest rate.
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SV/GARCH models have been proved successful in mimicking certain volatility fea-

tures of asset prices. Moreover, stochastic volatility can be incorporated into the

affine framework very easily. But, in commodity markets the diffusion models re-

main simple. They are all time homogeneous Gaussian models, which are known to

be inadequate.

The goal of this research is to explore the effectiveness of the general affine diffu-

sion framework in modeling commodity futures price behavior. Stochastic volatility

and seasonality will both be incorporated into the affine models.
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CHAPTER 3

Backgrounds on Affine Diffusion Models

This chapter first discusses the admissibility and identification issues for affine

diffusion models, which is followed by futures pricing in the affine framework.

3.1 Admissibility and Identification Issues

The admissibility issue concerns conditions required for the SDE that defines

the state diffusion to have a unique (strong) solution. For a model to be well

defined, its state diffusion must be admissible. The identification issue concerns

the relationship between the observable derivative prices and the underlying states.

For a model to be just-identified, the data needs to provide enough information to

uniquely determine the model parameters.

Admissibility conditions were first studied in Duffie and Kan(1996). Dai and

Singleton address admissibility and identification issues through choosing a canon-

ical model, where the admissibility conditions are easy to check and the model is

just identified. The main results in these two papers are discussed as follows.
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3.1.1 Duffie and Kan’s Admissibility Conditions

Consider SDE 2.1 on page 7 . For it to be a well defined affine diffusion, not

only do µX and σXσ>X defined on page 7 need to be affine in X, but also σXσ>X

needs to be nonnegative definite. The issue of admissibility essentially is about how

to ensure the nonnegative definiteness of σXσ>X .

Duffie and Kan proved that when σX is parameterized as Σ
√

diag(α + B>X(t))

and (α + B>X(t)) is nonnegative, the nonnegative definiteness of σXσ>X is ensured,

where Σ is a N ×N matrix, α is a N-vector, and B is a N ×N matrix.

Define ν = α + B>X(t). For
√

ν to be well defined, ν needs to be nonnegative

with probability one. When B = 0, ν = α, the condition can be satisfied by setting

α ≥ 0. When B 6= 0 the dynamics of ν and X become interdependent and conditions

on other parameters are necessary.

The dynamics of ν can be described as

dν = B>µXdt + B>Σdiag(
√

ν)dz. (3.1)

with instantaneous variance B>Σdiag(ν)Σ>B.

νi, ∀i = 1, ..., N , has a drift of B>.i µX and an instantaneous variance
(
Σ>

.iB.i

)2
νi+

B>.i Σ.jνjΣ
>
.iB.j. To ensure that ν is positive in a non-Gaussian model (when B 6= 0),

Duffie and Kan impose two conditions which are,

(1) For any i, if αi + B>.i X(t) = 0, then B>.i µ > B>.i ΣΣ>B.i/2. This condition

requires that when νi is close to zero, its drift term needs to be sufficiently big to

ensure it does not become negative.
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(2) For all i that the probability of νi being 0 is positive, if B>.i Σ.j 6= 0, ∀j =

1, ..., N , then νi is proportional to νj. It says that if νj enters in the volatility of νi,

then when νi = 0, νj must also equal 0. This condition ensures that when νi = 0,

its variance must also go to zero, so νi won’t be driven negative. (check)

The above two conditions ensure that zero is the entrance boundary for ν, i.e., as

long as ν starts above zero, it will remain positive. The second condition is imposed

through certain parameterizations in Dai and Singleton(2000). The first condition

depend on X and it makes the admissibility check particularly hard.

3.1.2 Dai and Singleton’s Canonical Model

Dai and Singleton’s contribution is to come up with a canonical model. In

terms of admissibility check, its advantage is that the drift and diffusion terms can

be checked separately and they only involve sign restrictions. Furthermore, model

parameters can be uniquely identified. These are accomplished through certain

parameterizations and normalization.

Characterization of the State Diffusion

For pricing purpose, i.e., in order to benefit from the affine structure in solving

derivative asset prices as a function of the state variables, the state diffusion only

needs to be affine under Q measure.

Dai and Singleton specify the state diffusion under Q measure as

dX(t) = K̂
(
Θ̂−X(t)

)
dt + Σ

√
diag (α + B>X(t))dŴ (t), (3.2)

where α is a N-vector and B is a N × N matrix. K̂ is a N × N matrix, Θ̂ is a N
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vector, dŴ (t) is a N vector of independent Brownian motions under Q measure. In

the parameterizations of SDE 2.8 on page 14 â = K̂Θ̂.

When model estimation is also considered, it is more convenient to assume the

state diffusion under P measure is also affine. The reason is that the evolution of the

observed states and derivative asset prices are according the state diffusion under P

measure, also P measure and Q measure are only equivalent in that that they have

the same zero probability events. So only when the state diffusion under P measure

is also affine, the conditional mean and covariance matrix of the state variables will

be affine. This requires that the risk premium Λ is also an affine function of X. One

way to ensure it is to assume the market price of risk, denote as θ take the following

form,

θ(t) =
√

diag (α + B>X(t))λ, (3.3)

where θ(t) is a N vector of market price of risk associated with the underlying factor,

and λ is a N vector of constants. The risk premium is then

Λ(t) = Σdiag
(
α + B>X(t)

)
λ, (3.4)

and the dynamics of underlying factors under P measure is

dX(t) =
(
K̂

(
Θ̂−X(t)

)
+ Σdiag

(
α + B>X(t)

)
λ
)

dt

+Σ
√

diag (α + B>X(t))dW (t), (3.5)

which can be simplified as

dX(t) = K (Θ−X(t)) dt + Σ
√

diag (α + B>X(t))dW (t), (3.6)
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where W (t) is a N vector of independent standard Brownian motions under P ,

K = K̂−ΣΦ, Θ = K−1
(
K̂Θ̂ + Σϕ

)
. Φ is a N×N matrix with Φi. = λiB>.i , and ϕ is

a N vector, with ϕi = λiαi. For the convenience of later discussion, define a = KΘ.

It worth emphasizing that the difference between the two state diffusions SDE

3.2 and SDE 3.6 remains in the drift terms. The diffusion terms are the same. De-

note the common instantaneous covariance matrix as V, V = Σdiag
(
α + B>X

)
Σ>.

In sum, the dynamics of the underlying factors X can be captured by γX =

(K, Θ, Σ, α,B, λ) .

Motivations for the Canonical Model

Admissibility and identification are the two issues that motivate Dai and Single-

ton’s canonical model. In a general affine diffusion model, admissibility conditions

involve the realization of state, X, (Duffie and Kan, condition (1) ), which make

it hard to check. Furthermore, the general affine diffusion model defined by SDE

3.6 and equation 3.4 is under-identified, which means there exist multiple sets of

parameters that are observationally equivalent.

It’s worth emphasizing that model parameters include not only the ones that

define the state diffusion but also the ones that determine how state variables affect

derivative asset prices, e.g., in the futures pricing case, the log of the spot price is an

affine function of the states; denote it as ln S = h + H>X, then h and H determine

how the state affects spot price and hence futures prices.

In the canonical model, the first goal is achieved by separating the factors that
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enter in the diffusion term and the ones that do not. Furthermore, the stochas-

tic volatility factors, the ones that enter into the volatility term, are structurally

constructed to be instantaneously uncorrelated with other factors. This way, the

admissibility check only need to be done w.r.t the stochastic volatility factors.

The identification issue is solved through a system of normalization which ensures

that the parameters can be uniquely estimated. The normalization is w.r.t. the level,

scale, signs of the state variables, the inter-dependencies among them, etc.

Canonical Parameterizations

The canonical model is indexed by the total number of factors N , and the number

of stochastic volatility factors n. The first n factors are chosen to be the stochastic

volatility factors in the canonical model. Denote them as XB, and denote other

factors as XD. Model parameters can be decomposed according to their role in

determining the dynamics of XB and XD. The canonical model, as a special case

of 3.6, is defined as follows,

K =



KBB KBD

KDB KDD


 =



KBB 0

KDB KDD


 , (3.7)

for n > 0, and K is either upper or lower triangular for n = 0.

Θ =




ΘB

ΘD


 =




ΘB

0


 , (3.8)

Σ =




ΣBB ΣBD

ΣDB ΣDD


 = I, (3.9)
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α =




αB

αD


 =




0

1


 , (3.10)

B =



BBB BBD

BDB BDD


 =




I BBD

0 0


 , (3.11)

where the BB, DD, BD and DB blocks are n×n, (N −n)× (N −n), n× (N −n),

and (N − n) × n matrixes respectively. The B and D blocks are n and (N − n)

vectors respectively. In addition to the above equality conditions, the following sign

restrictions are also imposed:

KBB
ij ≤ 0, i 6= j, (3.12)

KBBΘB > 0, (3.13)

ΘB ≥ 0, (3.14)

BBD ≥ 0. (3.15)

Among the above restrictions, KBD = 0, ΣBD = 0, ΣBB
ij = 0, ∀ i 6= j, KBB

ij ≤ 0,

∀ i 6= j, and KBBΘB > 0 are admissibility conditions. These conditions only ensure

that zero is reflecting boundary for XB, which means XB can hit zero boundary,

but it will bounce back immediately after it hits the zero boundary.1 Comparing

with the entrance boundary, the condition imposed by Duffie and Kan, this is a

weaker condition. The admissibility condition is sufficient and necessary. Besides

1In Duffie and Kan’s notation, the reflecting boundary modifies Duffie’s condition (1) as: If
αi + B>

.i X(t) = 0, then B.iµX > 0.
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the five admissibility conditions, all others are normalization for the purpose of just-

identification. For a detailed role of each restrictions, see Dai and Singleton(2000)

Appendix 2 and 3.

Canonical Model vs. Interpretable Model

The canonical model is only one representation of a just-identified affine diffu-

sion model. Although it simplifies the admissibility check, the state variables in

the canonical model are very hard to interpret. Under certain circumstances, the

economic interpretations of the underlying factors can be important. To make a

model more interpretable, yet keep it just-identified, invariant transformations can

be applied.

Invariant transformation does not change the mapping from the Brownian mo-

tions to the observable data. After invariant transformations, the likelihood that

the observed sample occurs does not change. So all models that can be transformed

from one to the other through invariant transformations are statistically equivalent.

Invariant transformations are made with non-singular matrix multiplication and/or

matrix addition, so they do not change the rank of B matrix. For this reason, the

general affine diffusion models can be indexed by the total number of factors and

rank(B), which is also the number of stochastic volatility factors. rank(B) represents

the degree of dependency among the instantaneous volatilities. In general, higher

rank of B matrix allows more flexible volatility behavior, but it is achieved at a cost

of simplifying the instantaneous correlation structure among factors.

Four types of invariant transformations are defined in Dai and Singleton(2000),
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including affine transformation, diffusion re-scaling, Brownian motion rotation, and

permutation. According to Fackler(1999c), the invariant transformations can be

grouped into two classes. The first class of transformations transform both the

drift and the diffusion term of the state diffusion. Affine transformation is the

only member of this class of transformations. It permutes the factors or changes

the interpretation of the factors; consequently, it is the only transformation that

matters for the purpose of specifying interpretable affine diffusion models. The other

class of transformation change the diffusion parameters while leaving the variance

covariance matrix and the drift term unchanged. Diffusion re-scaling and Brownian

motion rotation defined by Dai and Singleton all belong to the second class.

3.2 Futures Pricing with Affine Diffusion Models

Futures pricing results discussed in this section are due to Fackler(1999a).

Given state diffusion defined in SDE 3.2, the relationship between futures prices

and the underlying state variables is determined by the inter-temporal arbitrage

relationship and appropriate boundary conditions. The inter-temporal arbitrage

relationship says futures price is a martingale under Q measure. The associated

terminal condition is that futures price at maturity date, T , equals to the spot

price.

Let F (X, t, τ) denote the price of a futures contract traded at time t with a

time-to-maturity τ . The arbitrage relationship can be expressed as

EQ (dF (X, t, τ)) /dt = 0, (3.16)
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which can be expanded into a PDE by applying Ito’s Lemma,

EQ (dF (X, t, τ)/dt) = FX

(
K̂

(
Θ̂−X(t)

))

+
1

2
tr

(
Σdiag

(
α + B>X(t)

)
Σ>FXX

)
= 0, (3.17)

where τ = T − t and the associated boundary condition is

F (X, T, 0) = S(T ), (3.18)

where S stands for the underlying spot price. Futures price F needs to solve PDE

3.17 subject to condition 3.18.

It can be verified that

F (X, t, τ) = em(τ)+M(τ)>X(t) (3.19)

solves the above PDE as long as m(τ) and M(τ) satisfy the following ODEs,

dm(τ)

dτ
= Θ̂>K̂>M(τ) +

1

2
α>diag(Σ>M(τ))(Σ>M(τ)) (3.20)

dM(τ)

dτ
= −K̂>M(τ) +

1

2
Bdiag(Σ>M(τ))(Σ>M(τ)). (3.21)

m and M will become a function of t as well when the dynamics of the state variables

are seasonal. This dependency is suppressed for notation simplicity. To satisfy the

boundary condition, when τ goes to zero, m and M approach their limit h and H,

and

ln S = h + H>X. (3.22)

h and H define how the state variables affect the spot price and hence the futures.
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In sum, futures price is known up to the solution of the system of ODEs 3.20

and 3.21. The dynamics of futures prices depend on not only the dynamics of the

underlying state variables but also on how the state variables enter into the spot

price and hence futures prices through h and H. Denote the parameter vector of

futures price as γF , then γF =
(
h,H, K̂, Θ̂, Σ, α,B

)
.
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CHAPTER 4

Model Interpretation

As mentioned in the previous chapter, factors in the canonical models are not

interpretable. As a result, one can not build the connection between affine diffusion

models and market regularities through the canonical models — implications of the

canonical models can not be explained in terms of commodity market fundamen-

tals; and knowledge about the market fundamentals can not be verified through the

canonical models. To make affine diffusion models a more useful tool in understand-

ing the commodity markets, it is important to be able to interpret the factors in

ways that make economic sense.

This chapter first introduces the affine invariant transformation, the only invari-

ant transformation that changes factor interpretation. Then insights about com-

modity price behavior are used as guidelines in search for the appropriate factor

interpretations. Factor interpretations used in this research include the log of the

spot price (ln S), a factor that enters into the instantaneous drift rate of the spot

price (a drift factor, hereafter) and a factor that enters into the instantaneous vari-

ance of the spot price (a variance factor, hereafter).

Six models are identified as models of interest. They are Gaussian one-, two- and
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three-factor models, and SV one-, two- and three-factor models with rank(B) = 1.

Appropriate affine invariant transformations for these six models are solved subject

to constraints set by the intended factor interpretations.

4.1 Affine Invariant Transformation

A summary of the affine invariant transformation is provided in table 4.1. It

involves an affine transformation of the factors, so it changes factor interpretation;

it also transforms factor dynamics and the correspondence between factors and the

observable variables, so that the observable variables remain unchanged.

Take the futures pricing problem (see section 3.2) as an example. The observ-

able variables are F , a vector of futures prices for contracts deliver at different

future times. The dynamics of F depends on the dynamics of X and the boundary

conditions that define how X enters into the spot price. The latter is defined by

parameters (h, H); the former by the state diffusion parameters (Θ,K, Σ, α,B, λ)

and the Brownian motion process W .

Through affine invariant transformation, X is transformed into X̃, so that X̃ =

LX + l, where L is a nonsingular square matrix and l is a vector. However, the

observable futures prices have to remain the same, i.e., F as a function of X must

behave the same way as it does as a function of X̃. More specifically, the observa-

tional equivalence implies three conditions: F (X̃) = F (X); dF (X̃) = dF (X) under

the Q measure; and dF (X̃) = dF (X) under the P measure. These three conditions,

together with X̃ = LX+l, pin down the transformations from (h,H, Θ,K, Σ, α,B, λ)
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to
(
h̃, H̃, Θ̃, K̃, Σ̃, α̃, B̃, λ̃

)
and from W to W̃ . The resulted transformation operators

are listed in Table 4.1. For a detailed derivation of the transformation operators,

see Appendix A..

Table 4.1. Summary of the Affine Invariant Transformation

Transformation Operators
Transformation of the State Variable:

X̃ = LX + l
Transformation of the Boundary Conditions:

h̃ = h−H>L−1l

H̃ = L−>H
Transformation of the Diffusion Parameters:

K̃ = LKL−1

Θ̃ = l + LΘ

Σ̃ = LΣ
α̃ = α− B>L−1l

B̃ = L−>B
λ̃ = λ

Transformation of the State Diffusion:

W̃ = W

Transformation Ensures:

Y (X̃) = Y (X)

dY (X̃) = dY (X) under the P measure

dY (X̃) = dY (X) under the Q measure

4.2 Interpreting the State Variables

Previous research suggests that three factors is about appropriate to describe the

behavior of commodity future prices.1 The three factors that this research chooses

to work with are the log of the spot price, a drift factor and a variance factor. These

three factors represent the state of a commodity market well.

1Supportive results include Cortazar and Schwartz(1994) and Litterman and Scheinkman(1991).
The former demonstrated that three factors can describe most of the stochastic movements of
copper futures prices, the latter reached the same conclusion in a study of bond yields.
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State of a commodity market can be summarized by supply and demand, which

can be further decomposed into current supply/demand and expectation about sup-

ply/demand in the future.

Current supply/demand condition is the spot market condition. It not only

affect the spot price directly, but also ripple through to affect futures prices at

various horizons. So spot market condition is an important aspect of the state of a

commodity market. When a single factor is allowed, spot price or its transformation

is its best summary. Considering that, in the affine diffusion models, futures price

is an exponentially affine in the factors, ln S fits into the affine framework naturally.

Expectation about future supply/demand condition in comparison with spot

market condition affects how futures prices respond to spot market condition and

determines the shape of futures price term structure. When market is in an imme-

diate shortage but expecting an increase in supply relative to demand, futures price

term structure is likely to demonstrate a backwardation. In contrast, when market

is expecting a tighter supply or a higher demand in the future, futures price term

structure is likely to show a contango. So an important aspect of the expectation

about future supply/demand relationship is where it is going in direction. It can be

modeled by a factor that enters into the drift rate of the spot price.

In addition to the direction that future supply/demand condition is taking, the

uncertainty around it is another aspect. It captures the amount of risk that a

market is facing and affects all market transactions through desired risk premium.

Its impact can be modeled by a factor that enters into the instantaneous variance
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of the spot price.

Summarizing the above discussion, ln S represents the spot market condition;

the drift factor and the variance factor capture the expectation about future sup-

ply/demand condition. Together, they summarize the state of a commodity market.

Moreover, considering that the instantaneous mean and instantaneous variance

of the spot price are likely to be both seasonal and state dependent, they can be

parameterized as s + f , where s is a seasonal intercept and f is a factor whose

dynamics can be seasonal as well.

4.3 Finding the Appropriate Affine Invariant Transformations

This section solves the appropriate affine invariant transformation for six affine

diffusion models. These six models are Gaussian one-, two-, three-factor models,

and SV one-, two-, three-factor models with the rank(B) = 1. According to Dai

and Singleton(2000), rank(B) = 1 provides a balance between the flexibility of

the volatility behavior and the flexibility of the instantaneous correlation structure

among factors. With the above six models, this research is able to examine the im-

pact of adding factors and the impact of adding stochastic volatility to the modeling

of commodity futures markets.

Based on previous discussion about factor interpretation, it is appropriate to

interpret the first factor as the log of the spot price. When a second factor is

applicable, it is desirable to interpret it as a drift factor. For a three factor SV

model, it is natural to interpret the third factor as a variance factor.

The intended factor interpretations set constraints on the values that the trans-
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formed state diffusion parameters can take, so finding the appropriate affine invari-

ant transformation is an exercise of solving for L and l that satisfy certain matrix

equations. When L and l can be uniquely solved, the desired factor interpretation

can be applied, and the model is just identified. When there are multiple solutions

for L and l, the desired factor interpretation can be applied but the model is un-

der identified. Further constraints on L and l are necessary to pin down a unique

transformation. Under certain circumstances, L and l do not exist, in which case

the intended factor interpretation can not be applied.

Among the six models of interest, one can not interpret the third factor of Gaus-

sian three-factor model as a variance factor. It is left uninterpreted, but restricted

to be a factor that only directly enters into the instantaneous drift rate of the spot

price. For all other models the intended factor interpretations work. Factor inter-

pretations and the corresponding invariant transformations for the Gaussian models

are listed in Table 4.2. Parallel results for the SV models, are presented in Table

4.3. Derivation of the transformation matrices are described below.

Interpreting the first factor as ln S leads to constraints on h̃ and H̃. By definition,

ln S = h̃ + H̃>X̃ in the interpretable model, so interpreting the first factor as ln S

implies that h̃ = 0, the first element of H̃ equals 1, and all other elements of H̃,

where applicable, equal 0.

For the one-factor models, the number of constraints on h̃ and H̃ is two. L and l

also have two free elements. So the invariant transformation is unique. It is L = H

and l = h.
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For a two-factor Gaussian model, the number of constraints on h̃ and H̃ is

three. Interpreting the second factor as a drift factor gives 2 more constraints –

K̃1· = [0 − 1]. Together there are 5 constraints but 6 unknowns. Particularly, l2 is

left unrestricted. Setting l2 to 0 normalizes the seasonal independent piece of the

instantaneous drift rate of the spot price (parameterized as ã1 = L1·KL−1(l + LΘ))

to have a seasonal mean of 0. The corresponding invariant transformation becomes

L = [H>;−H>K] and l = [h; 0].

For a two-factor SV model, interpreting the second factor as a drift factor imposes

different constraints on K̃1·, K̃1· = [0 −1]+1
2
(L1·)2B>L−1, where 1

2
(L1·)2B>L−1 comes

from the transformation from the dS process to the d ln S process in a stochastic

volatility setting. Again there are 5 constraints, 6 unknowns and l2 is left free.

Setting l2 to 0 leads to an invariant transformation where L = [H>; 1
2
H2>B>−H>K]

and l = [h; 0]. But in this model, the state independent piece of the instantaneous

drift rate of the spot price no longer have a seasonal mean of 0. It is parameterized

as ã1 − 1
2
φ1, where ã1 = L1·KL−1(l + LΘ), φ1 = (L1·)2(α − B>L−1l).The second

piece, −1
2
φ1 also comes from the transformation from the dS process to the d ln S

process.

For the Gaussian three-factor model, interpreting the second factor as a drift

factor gives 3 constraints: K̃1· = [0 − 1 0]. With the other 4 constraints coming

from interpreting the first factor as ln S, there are 7 constraints, but 12 unknowns.

Particularly, l2, l3 and L3· are left free. Setting L3· equal to [0 0 1] ensures that the

third factor only enters into the second factor directly. As with Gaussian two-factor
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model, l2 can also be set to 0, so the state independent part of the instantaneous

drift rate of the spot price will have a seasonal meal of 0. Further more, l3 can be set

to 0 to pin down a unique invariant transformation where L = [H>;−H>K; 0 0 1]

and l = [h; 0; 0]

When a three-factor model is SV and the third factor is interpreted as a vari-

ance factor, K̃1. = [0 − 1 1
2
], where K̃13 = 1

2
is the consequence of applying Ito’s

Lemma to transform the dS process into the d ln S process. In addition to the con-

straint on K̃13, 3 more constraints are imposed with the interpretation of the third

factor. They are Φ̃1· = (L1·)
2 B>L−1 = [0 0 1]. They ensure that only the third

factor enters into the instantaneous variance of the spot price. With the previously

discussed 7 constraints, there are a total of 10 constraints constraints but 12 un-

knowns. Particularly, l2 and l3 are left free. Setting them to 0 lead to an affine

invariant transformation where L = [H>; 1
2
H2>B>−H>K; H2>B>] and l = [h; 0; 0].

As for the SV two-factor model, the state independent piece of the instantaneous

drift rate of the spot price does not have a seasonal mean of 0.
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Table 4.2. Summary of the Gaussian Model Interpretation

Gaussian 1-Factor Model

State Variable Interpretation:
ln S

Parameter Constraints:

h̃ = h−H>L−1l = 0

H̃> = H>L−1 = 1
Affine Invariant Transformation:

L = H, l = h

Gaussian 2-Factor Model

State Variable Interpretation:
ln S and a drift factor
Parameter Constraints:

h̃ = h−H>L−1l = 0

H̃> = H>L−1 = [1 0]

K̃1· = L1·KL−1 = [0 − 1 ]
ã1 = L1·KL−1 (l + LΘ) = 0

Affine Invariant Transformation:

L =

[
H>

−H>K
]

, l =

[
h
0

]

Note: l2 is set to ensure a unique invariant transformation.

Gaussian 3-Factor Model

State Variable Interpretation:
ln S, a drift factor and a third factor

Parameter Constraints:

h̃ = h−H>L−1l = 0

H̃> = H>L−1 = [1 0 0]

K̃1· = L1·KL−1 = [0 − 1 0]
Affine Invariant Transformation:

L =




H>

−H>K
0 0 1


 , l =




h
0
0




Note: L3·, l2 and l3 are set to ensure a unique invariant transformation.
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Table 4.3. Summary of the SV Model Interpretation

SV 1-Factor Model

State Variable Interpretation:
ln S

Parameter Constraints:

h̃ = h−H>L−1l = 0

H̃> = H>L−1 = 1
Affine Invariant Transformation:

L = H, l = h

SV 2-Factor Model

State Variable Interpretation:
ln S and a drift factor
Parameter Constraints:

h̃ = h−H>L−1l = 0

H̃> = H>L−1 = [1 0]

K̃1· − 1
2
Φ̃1· = L1·KL−1 − 1

2
L2

1·B>L−1 = [0 − 1]
Affine Invariant Transformation:

L =

[
H>

1
2
H2>B> −H>K

]
, l =

[
h
0

]

Note: l2 is set to ensure a unique invariant transformation.

SV 3-Factor Model

State Variable Interpretation:
ln S, a drift factor and a variance factor

Parameter Constraints:

h̃ = h−H>L−1l = 0

H̃> = H>L−1 = [1 0 0]

K̃1· = L1·KL−1 = [0 − 1 1/2]

Φ̃1· = (L1·)
2 B>L−1 = [0 0 1]

Affine Invariant Transformation:

L =




H>
1
2
H2>B> −H>K

H2>B>


 , l =




h
0
0




Note: l2 and l3 are set to ensure a unique invariant transformation.
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CHAPTER 5

Seasonality Specification

Seasonality is a common feature of commodity markets, so allowing seasonality

is critical in the modeling of commodity price behavior. Meanwhile, the choice of

seasonal parameters should be efficient enough, so the majority of seasonality can

be captured, yet the models do not over fit and do not encounter identification

problems.

This research chooses to make Θ and α in the canonical models seasonal. Season-

ality is parameterized through Fourier terms. To accommodate seasonality, certain

normalization and admissibility conditions are modified correspondingly.

5.1 Choice of Seasonal Parameters

Gaussian one-, two-, three-factor models has 3, 6 and 10 free parameters re-

spectively; SV one-, two-, three-factor models, when rank(B) = 1, has 4, 8 and 14

parameters respectively. Potentially every model parameter can be seasonal, how-

ever the most efficient way to specify seasonality is to allow Θ and α in the canonical

model to be seasonal and leave other parameters constant.

The role of Θ and α is like the role of an intercept. They determine the overall

level of drift and volatility of the state diffusion. By making Θ and α seasonal, the
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level of drift and volatility are allowed to be seasonal and that should be able to

capture the main seasonal effects. As a contrast, K and B represent sensitivity of

the drift and volatility to levels of the state variables. These sensitivities may be

seasonal, but their seasonal impact will be weaker than the impact of the seasonal

Θ and α. Σ defines the correlation among state variables and may be seasonal in

nature. But, again, its seasonal impact will be weaker then that of seasonal Θ and

α.

Moreover, by allowing only Θ and α to be seasonal, the computational cost is

greatly reduced. Consider the problem of solving for futures prices by solving the

system of ODEs defined by ODE 3.20 and 3.21 on page 51. Θ and α enter only

in the single ODE of m; furthermore m does not enter in the multiple ODEs of

M . So solving M is not affected by the fact that Θ and α are seasonal, and m

can be solved separately after M is solved. Taking into account the fact that the

futures prices need to be solved for every possible trade date and at each time

when the numerical optimization function updates the parameter estimates, this

can tremendously reduce the computational cost as opposed to also allowing K and

B to be seasonal.

Furthermore, the above choice of seasonality parameterization makes the affine

transformation matrix l seasonal, but leaves L constant. As a result, in the trans-

formed model, Θ̃ and α̃ become seasonal. K̃, Σ̃ and B̃ remain constant.

64



5.2 Parameterization of the Seasonal Parameters

Seasonality can be parameterized with Fourier terms. Take Θj as an example

where j indexes the jth element of Θ. Θj can be defined as

Θj = Θ0
j +

pj∑
i=1

(
Θic

j cos (2πit) + Θis
j sin (2πit)

)
, (5.1)

where Θ0
j represents the time independent part of Θj, Θic

j and Θis
j represent the

time dependent parts. pj is an integer number that specifies the number of Fourier

terms used in specifying Θj, and t is the calendar time.

When the jth factor is a Gaussian factor, Θj in the nonseasonal canonical model

is normalized to be 0 for identification purpose. Similar normalization is still nec-

essary in the seasonal model. It can be handled by setting Θ0
j to zero. As a result

Θj will have an annual mean 0. This can solve the identification problem.

When the jth factor is a SV factor, Θj in the nonseasonal canonical model needs

to be greater or equal to 0 to ensure admissibility of the model. When Θj becomes

seasonal, this admissibility constraint is still valid. It requires min Θj(t) ≥ 0.

In a similar manner, the jth element of α can be defined as

αj = α0
j +

qj∑
i=1

(
αic

j cos (2πit) + αis
j sin (2πit)

)
, (5.2)

with α0
j being the time independent part of αj, αic

j and αis
j being the time varying

parts, and qj being the integer number of Fourier terms used in specifying αj.

To normalize αj for identification purpose, α0
j needs to be set to 0 if the jth

factor is a SV factor, and set to 1 if the jth factor is a Gaussian factor.
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To ensure admissibility, when the jth factor is Gaussian, αj needs to positive

at any time of the year; when the jth factor is a SV factor, αj + Xj needs to be

positive at any time of the year, which is no longer a parameter restriction.

66



CHAPTER 6

Model Estimation

This research uses the (Quasi-) Maximum Likelihood Estimation (Q-MLE here-

after) approach to estimate affine diffusion models. This approach was proposed

by Fisher and Gilles(1996). Comparing with other approaches, including the Par-

tial Maximum Likelihood Estimation and the Fixed-Grid Conditional Character-

istic Function Estimation proposed by Singleton(1999) and the Simulated Method

of Moment Estimation proposed by Gallant and Tauchen(1996), Q-MLE is com-

putationally most efficient. Also its success has been demonstrated in Duan and

Simonato(1998).

Q-MLE approach calculates the likelihood function assuming that the state vari-

ables are conditionally normally distributed. For Gaussian affine diffusion models,

this assumption is true, so Q-MLE is the exact MLE; for SV models, conditional

normality holds instantly but not over discrete sampling interval. As a result, Q-

MLE is not longer the exact MLE. Its efficiency depends not only on the sample

size, but also on the sampling interval.

When applied to the commodity markets, state variables of the affine diffusion

models are unobservable. They need to be filtered from the observable futures prices.
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Since futures prices are affine functions of the state variables, the Kalman filter1 can

be applied. Since the Kalman filter also assumes conditional normality, as Q-MLE,

it is optimal when applied to Gaussian models; when applied to SV models, it is

the best linear filter.

The following discussion first presents the Q-MLE approach assuming that state

variables are observable, then it introduces the filtering scheme through the Kalman

filter.

6.1 Q-MLE in Case of Observable State Variables

Assume state variables, X, follow the affine diffusion defined by SDE 3.5, and

denote the conditional mean and conditional variance of X at time t given X (t− h)

as µ (t) and V (t). Their Euler approximations are2

µ (t) ≈ X (t− h) +K (t− h) (Θ (t− h)−X (t− h)) h (6.1)

and

V (t) ≈ Σ(t− h)diag
(
α (t− h) + B (t− h)> X (t− h)

)
Σ (t− h)> h (6.2)

The exact conditional mean can be calculated as follows,

µ (t) = X (t− h) +

∫ t

t−h

[K (s) (Θ (s)− µ (s))] ds, (6.3)

Take derivative w.r.t. h, µ (t) satisfies the following ODEs,

dµ (t)

dh
= K (t) (Θ (t)− µ (t)) , (6.4)

1A complete discussion of Kalman filter can be found in Harvey(1990).
2The Euler approximation generally uses a(t−h), A(t−h), b(t−h), B(t−h), etc., but in general

one can use a(t + (β − 1)h), A(t + (β − 1)h), b(t + (β − 1)h), B(t + (β − 1)h) for any β ∈ [0, 1].
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with boundary condition

µ (t− h) = X (t− h) . (6.5)

It can be verified that

µ (t) = Ψ (t, h) X (t− h)

+Ψ (t, h)

∫ t

t−h

Ψ−1 (t, s− (t− h))K (s) Θ (s) ds (6.6)

where,

Ψ (t, h) = e−
R t

t−hK(s)ds. (6.7)

The exact conditional variance can be calculated as

V (t)

= Et−h

(∫ t

t−h

Ψ (t, s− (t− h)) Σ (s)

diag
(
α (s) + B (s)> X (s)

)
Σ (s)> Ψ (t, s− (t− h))> ds

)

=

∫ t

t−h

Ψ (t, s− (t− h)) Σ (s) diag
(
α (s) + B (s)> µ (s)

)

Σ (s)> Ψ (t, s− (t− h))> ds (6.8)

Using either the Euler approximation or the exact conditional mean and variance,

the log-likelihood function at time t can be calculated as

l (X(t), γ|I (t− h)) = −1

2
log 2π − 1

2
log |V (t) |

−1

2
(X (t)− µ (t))V (t)−1 (X (t)− µ (t))> (6.9)

where I(t− h) is the information available up to time (t− h).
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Parameter estimates obtained with Q-MLE, when the states are observable, are

consistent and conditionally normal. The asymptotic covariance matrix of the pa-

rameter estimates, for a large sample of size T , is approximately T−1
(
I2DI−1

OP I2D

)−1
,

where

I2D = −T−1

T∑
i=1

∂2l (X(ti), γ|I (ti−1))

∂γ∂γ>
| γ = γ̂ (6.10)

and,

IOP = T−1

T∑
i=1

(
∂l (X(ti), γ|I (ti−1))

∂γ

∂l (X(ti, γ|I (ti−1))

∂γ

>)
|γ = γ̂ (6.11)

with i indexes the number of observation.

6.2 Filtering State Variables through the Kalman Filter

For the problem of filtering state variables from futures prices, the measurement

equation is

log F (X, t, τ)−m (τ) = M (τ) X(t) + em(t), (6.12)

Denote the number of futures contracts observed at time t as N(t). F, τ, m (τ),

and em are n(t) vectors; M (τ) is a n(t) × N matrix. em(t) is often referred to as

measurement error. Since em(t) is the error in log prices, when it is small, it is

approximately the percentage error. Assumptions about measurement error can be

made by defining the mean and variance of em(t). This research assumes e(t) is

normally distributed with mean 0 and variance σ2
ε I(t), where I(t) is a n(t) × n(t)

identity matrix.

The state transition equation is

X (t) = µ̂ (t) + v(t), (6.13)
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where Var (v(t)) = V̂ (t) . µ̂ (t) and V̂ (t) are the conditional mean and conditional

variance of X(t) calculated based on filtered state variables. Essentially, since the

state variables are unobservable, the measurement error in filtering the states leads

to error in calculating the conditional moments. In the case of using the Euler ap-

proximations of the conditional moments rather than the exact form, discretization

error adds additional inaccuracy.

The Kalman filter filters the time series of the state variables and constructs the

likelihood function by the prediction error decomposition. For the problem at hand,

the prediction error at time t is the error made when predicting log F (X; t, τ) with

all information available at time t− h. So, like measurement error, prediction error

is an error in percentage terms. Denote the prediction error at time t as ep(t|t− h).

It can be calculated as

ep(t|t− h) = log F (X, t, τ)− (m (τ) + M (τ) X(t|t− h)) (6.14)

It can be further decomposed as following,

ep(t|t− h) = em(t) + M (τ) (X(t)−X(t|t− h)) (6.15)

The decomposition says that prediction error involves two types of errors: the mea-

surement error em and the error due to imperfect knowledge knowledge of the state.

Assuming em(t) and v(t) are independent, the covariance matrix of ep(t|t − h)

can be calculated as

Σ(t|t− h) = σ2
ε I(t) + M (τ) Ω(t|t− h)M (τ)> (6.16)
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with Ω(t|t− h) being the covariance of X(t) given all information available at time

(t−h).3 With Σ(t|t−h) and ep(t|t−h), the log likelihood function can be calculated

as

l(X(t|t− h), γ|I(t− h)) = −1

2
log 2π − 1

2
log |Σ (t|t− h) |+ ep(t)Σ (t|t− h)−1 ep(t)>

(6.17)

For the problem at hand, the initial state of X is set to the seasonal mean of Θ,

which is the instantaneous mean of X.

The distributional properties of the Q-MLE estimates in case of latent state

variables are not known. According to Duan and Simonato(1998), it should be close

to the one when the states are observed.

3For the calculation of Ω(t|t− h) and other technical details, see Fackler’s note on State Space
Model.
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CHAPTER 7

Empirical Applications

This chapter applies affine diffusion models to the analysis of corn and unleaded

gasoline futures markets. Corn is chosen as a representative of periodically produced

agricultural commodities; unleaded gasoline, on the other hand, is a representative

of the continuously produced industrial commodities. By applying affine diffusion

models to both types of commodities, its effectiveness in modeling both types of

markets can be compared.

This chapter first gives a brief introduction of the empirical work, then empirical

applications for corn and unleaded gasoline market are presented.

7.1 Introduction

The analysis of each market starts with a description of the data set and market

fundamentals, then it presents empirical results from the six affine diffusion models

of interest.

7.1.1 Data and Market Fundamentals

Weekly futures price data are used in the estimation. Wednesday data is used

when available, when not available, it is substituted by data observed on other close
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days. To ensure data quality, two exclusion criteria are applied when constructing

the data sets. First, a minimum trading volume is imposed. Since when trading

volume is too low, futures price does not reflect a liquid market. Second, futures

prices observed in the delivery month were excluded. Sellers of the futures contracts

have delivery options regarding delivery time, place, and quality, etc., which make

futures prices behave differently in the delivery month.

Market fundamentals cover the price driving factors of each market, together

with the cause and the expression of price seasonality under various market condi-

tions.

7.1.2 Empirical Results

The empirical results cover the model estimation and model selection results; the

performance of the selected models and their economic behavior; and the stability

of the selected models.

Model Estimation and Model Selection

Model estimation utilizes the canonical models. The model estimation process

starts from the most limited models (in which the market price of risk and all of

the seasonal parameters are set to 0) and goes to the richer models by relaxing

parameter constraints. The initial parameter values for the most limited models are

selected from alternatives which are obtained through grid search.

Model selection uses two criteria. Primarily, it is guided by the Likelihood Ratio

Test (LR Test, hereafter). When likelihoods from two models are very close, long
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run behavior of the interpretable variables, e.g., the long run spot price behavior,

is also used as guidance. Derivation of the long run behavior of the interpretable

variables is documented in Appendix B. The LR test statistics is calculated as

LR = 2 × T × (AvgLkfull − AvgLkrestricted), where T stands for the number of

trading days included in the sample, AvgLkfull stands for the average log likelihood

of the full model and AvgLkrestricted stands for the average log likelihood of the

restricted model. LR test statistics follows a χ2(n) distribution, with n being the

number of parameter constraints.

The model selection process works from fuller models to more restricted models.

According to Judge et. al. (Chapter 3), this helps to avoid the potential biasness

in model estimation.

More specifically, the process starts with the richest model, which incorporates

enough seasonal terms and assumes no additional parameter constraints other than

those for normalization and admissibility purposes. The process first decides on the

state dynamics under the P measure, for which it makes decisions on the seasonal

order of Θ and α and tests the significance of other diffusion parameters when

necessary. Once the state dynamics under the P measure is decided, it tests the

significance of the market price of risk, so the state dynamics under the Q measure

can also be determined.

Decision on the seasonal orders of Θ and α can be complicated for multi-factor

models. For single-factor models, seasonal order combinations of Θ and α can be

presented in a two-way table, so the selection can be done in one step. For multi-
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factor models, since there are multiple elements in Θ and α, this is no longer doable.

One way to solve the problem is to select Θ first given full specification of α, then

select α given the chosen specification for Θ. Or, one can do it in the reverse order,

i.e., select α first and then Θ.

This selection strategy is supported by the way Θ and α works. Θ only enters

into the drift term and α only enters into the diffusion term. This is not only true

for the canonical models, but also true, under the P measure, upon the invariant

transformations that this research is interested in. As a result, Θ only affects the long

term mean of the state variables, and α only affects the long term covariance of the

state variables. Mean and covariance are distinct statistic properties, so separating

the selection of Θ and α should impose no restrictions on model explanatory power.

Furthermore, to limit unnecessary estimation work, the maximum seasonal or-

ders of Θ and α are decided through the one-factor models. In other words, once the

one-factor model selection process suggests that the highest seasonal order needed

for Θ and α are pmax and qmax, pmax is used as the maximum of all of the elements of

p and qmax is used as the maximum of all of the elements of q in the two- and three-

factor models (For seasonality specification, see Chapter 5). The reason behind

this decision is that pmax and qmax are corresponding to the number of frequencies

needed to model the seasonality in the drift term and the diffusion term, which

are determined by the seasonal behavior of futures data. The seasonal behavior of

futures data does not change in responding to how many seasonal parameters are

used, so the maximum number of frequencies should not change either.
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Model Performance

Model performance can be summarized as goodness-of-fit and prediction accu-

racy. These two aspects are related. Without fitting well, a model can not predict

well; however, for given goodness-of-fit, a model’s prediction accuracy is still lim-

ited by how often the information is updated, i.e., by sampling frequency. Since

these empirical applications use weekly data while in the real world information is

updated in the real time, goodness-of-fit should be the focus of attention.

Goodness-of-fit and prediction accuracy are summarized by measurement error

and prediction error summary statistics. Three error summary statistics are reported

for the selected models. They are Mean Error (ME hereafter), Root Mean Squared

Error (RMSE hereafter) and Mean Absolute Error (MAE hereafter). ME provides

information about model biasness; RMSE and MAE both measure the scale of the

errors regardless of their sign.

In addition, fitness of futures price term structures provides more detailed in-

formation on model performance. In general, fitness of futures price term structure

can be decomposed into three aspects: fitness of the slope, fitness of the curvature

and fitness of the seasonality. By examining these three aspects, the strengthes and

weaknesses of each model can be analyzed.

Through comparison of error summary statistics and fitness of futures price term

structure, the impact of adding factors, incorporating seasonality and incorporating

stochastic volatility can be analyzed.
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Model Behavior

The behavior of the interpretable affine diffusion models offers insights on why

a model performs as it does. This research examines five aspects of the model

behavior: the long term mean of the spot price; the long term behavior of the

instantaneous volatility of the log of the spot price; the long run volatility of the log

of the spot price; the correlations among interpretable factors; the stationarity and

speed of mean reversion of the model systems.

Behavior of the spot price can largely summarize the behavior of all state vari-

ables. From single-factor to multi-factor, as more factors are added, the behavior

of spot price become richer and richer and it reflects the impact of other factors as

well. Particularly, the long term mean of the spot price summarizes the long run

drift and diffusion behavior of the model systems. It provides an equal base for

model comparison. Its derivation is documented in Appendix B..

The instantaneous volatility of ln S summarizes models’ diffusion behavior. It

is the conditional volatility of ln S in continuous time, which represents the infor-

mation flow over time. A comparison between its behavior in Gaussian models

vs. in SV models provides an opportunity to examine the impact of incorporating

stochastic volatility. In the Gaussian models, the instantaneous volatility is seasonal

but deterministic; in the SV models, it is stochastic. To handle this difference, its

behavior in the Gaussian models is compared with its long term behavior in the

SV models. Its long run mean and long run variance in the SV models are both

examined.
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The long run volatility of ln S captures the unconditional spot price variabil-

ity in relative (percentage) terms. In contrast with the instantaneous volatility of

ln S which summarizes models’ diffusion behavior only, the long run volatility of

ln S reflects the mixed impact from model drift and model diffusion on spot price

variability.

Correlation structure among interpretable state variables is critical in generating

model behavior that is consistent with known market regularities. In commodity

markets, alone with frequent backwardation, there is a tri-lateral correlation rela-

tionship: the correlations among spot price level, price volatility and the degree of

backwardation are all positive (See page 36). Knowing that the drift factor is nega-

tively correlated with the degree of backwardation (when the spot price is expected

to rise over time, it is less likely for the commodity market to be in a backwarda-

tion.), an equivalent correlation structure is that the log of the spot price and the

variance factor are positively correlated, but both of them are negatively correlated

with the drift factor. It is necessary for the affine diffusion models to demonstrate

this correlation structure in order to capture the backwardation phenomenon.

Stationarity refers to whether a model will eventually reaches its equilibrium;

speed of the mean reversion reveals the time scales that a model operates on. Both

pieces of information are available from the transformed parameter Ã, where Ã =

−K̃. Particularly, when the real parts of the eigenvalues of Ã are all negative, the

model system is stable; the speed of mean reversion is determined by the scale of

the eigenvalues. Half life is one way to represent the speed of mean reversion. It is
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defined as the period of time it takes for the impact of a shock to be halved, which

can be calculated as ln 2/eig(Ã) with eig(Ã) being the eigenvalues of Ã.

Model Stability

Model stability is critical for any type of model application. When a model is

not stable, model implications are not reliable and they should not be used.

Model instability is revealed through parameter instability, which itself is a sign

of model misspecification. It suggests that changes in the state variables are not

enough to explain changes in the observable variables, so the model system has to be

revised to explain the reality. However, other than model misspecification, sampling

error (refers to the fact that parameter estimates are influenced by the idiosyncratic

features of the sample used for estimation) and estimation error (refers to the fact

that parameter estimates are affected by the particular estimation procedure used)

can also cause changes in parameter estimates.

Knowing that parameter estimates can change for several reasons, instead of

looking at the parameter estimates directly, another way to examine model stability

is to look at the model performance stability. Stable performance is an indication

of model stability. When model performance is stable, changes in parameter esti-

mates are more likely caused by sampling error and estimation error; on the other

hand, when model performance is not stable, it is more of an indication of model

misspecification.

To study the stability of model performance, for each commodity, a sub-sample

is constructed in comparison with the whole sample. It covers about one year less
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of data in the end. So the last part of the data is included in the whole sample, but

excluded by the sub-sample. For this reason, the measurement error and prediction

error results of the last part of the sample based on the whole sample parameter

estimates is referred to as the in-sample results; the corresponding results based on

the sub-sample parameter estimates is referred to as the out-of-the sample results.

Since the in-sample results utilize more information, it should be better than the out-

of-sample results. However, if there is a big difference between the in-sample results

and the out-of-sample results, it might be an indication of parameter instability.

7.2 The Corn Market

7.2.1 Data

Chicago Board of Trade corn futures prices are used in the empirical work.1

The data set covers the period from 1/15/1975 to 3/9/2000. Wednesday prices

were used except in 11 cases, in which Tuesday prices were substituted, for a total

of 1313 trading dates.2 Excluding prices observed in the delivery month and those

with trading volume below 50 contracts, there is only one price observation left with

time-to-maturity of 2.7 years; all others have time-to-delivery less than 2.3 years.

This particular price observation is eliminated to avoid a possible outlier problem.

A total of 8264 price observations are included in the sample.

The sample data set has price level ranging from 1.44 to 4.88 dollar per bushel

with an average of 2.67 dollar per bushel. A complete price series of all included

1The data source is Chadwick Investment Group.
2The Tuesday trade dates included are 7/3/1979, 7/3/1984, 12/24/1985, 12/31/1985, 7/3/1990,

12/24/1991, 12/31/1991, 8/31/1993, 4/26/1994, 12/24/1996, 12/31/1996.
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contracts is plotted in Figure 7.1. The 15th of the delivery month is used as delivery

date in calculating time-to-maturity of futures contracts. The average time-to-

delivery is about 8 months. Most time-to-maturities are within one and a half

years. Longer time-to-maturities appeared mainly after 1990 in the most actively

traded December contract and sometimes in the July contract. The number of

contract prices used per day ranges from 4 to 9, with most of days recording 5 to 8

contract maturities. Information regarding each futures contract, including number

of observations in the sample, average price and its standard deviation, average

time-to-maturity and its standard deviation, is presented in Table (7.1).

Figure 7.1. Corn Futures Prices Observed between 1/15/1975 and 3/9/2000 They
are all of the price observations used in the sample, measured in dollar/bushel unit.
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Table 7.1. Corn Futures Price Data by Contract

Contract Nobs Avg. Price(Std) Avg. MTD(Std)
Mar. 1669 2.67(0.44) 8.12(4.48)
May 1526 2.71(0.46) 7.5(4.18)
Jul. 1640 2.74(0.46) 8.18(4.74)
Sept. 1462 2.65(0.44) 7.23(3.98)
Nov. 5 2.46(0.03) 10.6(1.92)
Dec. 1962 2.61(0.39) 9.88(5.94)
All 8264 2.67(0.44) 8.28(4.88)

Note:
Nobs: Number of observation in sample.
Avg. Price: Average price (dollor/bushel) in sample.
Avg. MTD: Average month to delivery in sample.
Std: Standard deviation.

7.2.2 Market Fundamentals

The major supply/demand driving factors for the corn market include weather,

government policy, international trade, technology, changes in living standards, etc.

All these driving factors are closely monitored and information is available to the

market. Base on available information, the market is able to form projections about

future supply/demand conditions.

In comparison with the current supply and demand, market projections can be

characterized into three types: 1. The market expects the current supply/demand

situation to continue within the tradable time horizon. When this is the case,

futures price term structures will indicate a relatively stable price over time. 2. The

market expects more demand and/or less supply within the tradable time horizon.

It is often this case when the current stocks-to-use ratio (STU ratio3, hereafter)

3STU ratio is the ratio of carryover stocks to usage. It is calculated by dividing ending stocks
by total usage.
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is already high and the market expects it to come down over time. In this case,

futures price term structures will reflect an anticipated price increase over time. 3.

The market expects less demand/or more supply within the tradable time horizon.

It is often this case when the STU ratio is already low and market expects it to

come back over time. When it happens, futures price term structures will reflect an

anticipated price drop over time.

Seasonality in corn futures prices is due primarily to seasonality in corn pro-

duction. The corn planting season starts in late March, ends in late May, and is

most active between early April and early May. The harvesting season starts in

late August, ends in early November, and is most active between early September

and early October. The corn marketing year starts on September 1, roughly at the

beginning of its harvesting season. Within a marketing year, the corn stock level

first increases and then decreases.

Reflecting seasonality in the supply and demand, there exists systematic price

differentials among contracts that deliver in different future months. Corn futures

contract delivery dates occur in March, May, July, September, November and De-

cember. When market conditions are normal, i.e., when the market is not in surplus

or in shortage, the typical seasonality pattern is as following: old crop contracts are

more expensive than new crop contracts, i.e., March, May and July contracts are

more expensive than September, November and December contracts4; among old

crop contracts, the later the delivery time, the more expensive the contract; among

4New crop could also refer to next years’ March, May and July contracts.
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new crop contracts, the earlier the delivery time, the more expensive the contract.

A good demonstration of this typical price seasonality is a plot of the historical

average prices of each futures contract. Figure 7.2 plots the sample mean of March,

May, July, September and December contracts. Prices of these 5 contracts resemble

a unbalanced
∧

shape, with July contract being most expensive. September and

December contracts are both cheaper than March contract. This price pattern is

consistent with the seasonality described above.5

Figure 7.2. Sample Means of Corn Futures Prices by Contract It reveals the typical
price seasonality in the corn market.
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However, the expression of futures price seasonality can be altered as market

conditions change. History provides good examples to illustrate various supply and

demand situation and the corresponding futures price term structure. 1989/90,

5Since the November contract was introduced in 1999, its sample mean is not comparable with
others, so it is omitted from the plot.
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1986/87 and 1995/96 are three representative marketing years. Term structures

observed in this three years are plotted in Figure 7.3, 7.4 and 7.5. Within each

plot, term structures observed on six trading days are used to demonstrate the

price movement over the year. These six days are the first Wednesday of October,

December, February, April, June and August.

Figure 7.3. Corn Futures Price Term Structure Observed in 1989/1990 They are
representative of the term structures observed in a balanced market.
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The 1989/90 term structures (see Figure 7.3) reflect a stagnant market period.

Between 1989/90 and 1991/92 was a period of nonevents with decent crops and

a balanced supply and demand. Consequently, the price level was stable over the

year and price differentials among contracts verify the typical seasonality described

above. The 1986/87 term structures(see Figure 7.4) is representative when the

market is in surplus. 1986/87 has the highest STU ratio (67%) within the sample.
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Figure 7.4. Corn Futures Price Term Structure Observed in 1986/1987 They are
representative of the term structures observed when the market in surplus.
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Figure 7.5. Corn Futures Price Term Structure Observed in 1995/1996 They are
representative of the term structures observed when the market in shortage.
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Price was very low and market expected it to go up. As a result, all term structures

are upward sloping. The downward trend among new crop contracts was reversed.

The 1995/96 term structures(see Figure 7.5) is representative when the market is

in shortage. Due to increased exports and a bad crop, 1995/96 marketing year

has the lowest STU ratio on record - 4.8%. Price was very high at the time, and

the market expected it to come down soon. As a result, all term structures are

downward sloping. The upward trend among old crop contracts became very mild

or was reversed.

7.2.3 Model Estimation and Model Selection Results

The model selection process and the supporting evidence for each model are

documented in Appendix C. Model selection results are summarized in Table 7.2.

Parameter estimates and their standard deviations are documented in Appendix D.

Table 7.2. Summary of Model Selection Results for Corn

Model Model Specification
Gaussian 1-Factor (p1, q1) = (2, 3), λ = 0
Gaussian 2-Factor (p1, p2, q1, q2) = (0, 2, 2, 3), λ 6= 0
Gaussian 3-Factor (p1, p2, p3, q1, q2, q3) = (0, 0, 2, 2, 1, 3),λ 6= 0
SV 1-Factor (p1, q1) = (1, 3), λ 6= 0
SV 1-Factor (p1, p2, q1, q2) = (0, 2, 0, 3),B21 = 0, λ 6= 0
SV 3-Factor (p1, p2, p3, q1, q2, q3) = (0, 0, 2, 2, 2, 3),B31 = 0,λ 6= 0
Note:
p: Seasonal order of Θ.
q: Seasonal order of α.
λ: Market price of risk.

A comparison between the Gaussian and the SV models’ estimation results shows

that parameters of the SV models have much bigger standard deviations. It sug-
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gests that futures price data may not provide enough information to estimate the

stochastic volatility models. Or the other way around, the stochastic volatility does

not make significant contribution in the modeling of futures price term structure,

which makes it harder to estimate the SV models.

From the model selection results, for the corn market, the seasonal drift rate can

be captured by an order 2 seasonality; and the diffusion seasonality can be captured

by an order 3 seasonality. In all six selected models, the drift rate seasonality

only enters through one factor. In the two- and three-factor models, they are the

second and the third factor respectively. Except for the SV one-factor model, which

has an order 1 drift seasonality, all other models have order 2 drift seasonality. The

volatility seasonality is parameterized through more factors. Both one-factor models

have order 3 volatility seasonality; in Gaussian two-factor model, the first and the

second factor have order 2 and order 3 seasonality respectively; in Gaussian three-

factor model, the three factors have order 2, 1, and 3 seasonality respectively; in the

SV three-factor model, it is order 2,2, and 3; in the SV two-factor model, volatility

seasonality only enters into the second factor with an order of 3.

In the SV two-factor model, B21 is tested to be 0, so the second factor does not

enters into the volatility of the first factor. Similarly, in the SV three-factor model,

B31 is tested to be 0, so the third factor does not enters into the volatility of the

first factor.

Except for the Gaussian one-factor model, the market price of risk is significant

in all other models.
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7.2.4 Model Performance

Performance of the selected models can be summarized as following: 1. Same-

factor Gaussian models and SV models behave about the same in fitting and pre-

dicting corn futures prices. It indicates that corn futures data alone, when estimated

with Q-MLE, does not favor SV models. 2. At least two factors are needed in the

modeling of corn futures price term structures. One-factor models often fail to cap-

ture the slope of the term structures; two- and three-factor models can always get the

slope right; three-factor models do a better job at fitting the curvature of the term

structures. 3. Adding seasonality helps to reduce/remove biases in measurement

errors and prediction errors, and hence improves models’ overall goodness-of-fit and

prediction accuracy. However, since seasonality is modeled as state independent, it

can be mis-represented under extreme market conditions.

Impact of Incorporating Stochastic Volatility

The impact of incorporating SV can be examined by comparing the performance

of same-factor Gaussian and SV models. Overall, their performance is close in

modeling corn futures price dynamics, which is especially true for two- and three-

factor models.

Panel A of Table 7.3 provides a comparison of error summary statistics for all

contracts between Gaussian and SV seasonal models. It shows Gaussian and SV

one-factor models bias toward different direction: On average, Gaussian one-factor

model over fit by 0.01% and over predict by 0.05%; SV one-factor model under fit by
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0.04% and under predict by 0.16%. Other than the one-factor models, the differences

between two-factor models and between three-factor models are very small. These

results suggest that the overall fitting and predictive power of Gaussian and SV

models are close.

Table 7.3. Error Summary Statistics for Corn

Panel A: Summary of the Seasonal Models

Model Measurement Error Prediction Error
ME RMSE MAE ME RMSE MAE

Gaussian 1-Factor -0.01 3.31 2.4 -0.05 4.08 3.09
Gaussian 2-Factor 0 1.42 1.03 0.02 2.83 2.08
Gaussian 3-Factor 0 1.01 0.7 0.04 2.67 1.95

SV 1-Factor 0.04 3.3 2.39 0.16 4.14 3.09
SV 2-Factor 0 1.42 1.02 0.04 2.85 2.08
SV 3-Factor 0 1.01 0.7 0.05 2.69 1.95

Panel B: Summary of the Non-Seasonal Models

Model Measurement Error Prediction Error
ME RMSE MAE ME RMSE MAE

Gaussian 1-Factor -0.02 3.67 2.71 -0.05 4.4 3.31
Gaussian 2-Factor 0 2.09 1.48 0.01 3.24 2.39
Gaussian 3-Factor 0 1.61 1.1 0.04 3.02 2.22

SV 1-Factor -0.02 3.67 2.71 -0.05 4.4 3.31
SV 2-Factor -0.01 2.09 1.48 0 3.22 2.39
SV 3-Factor 0 1.6 1.1 0.04 3.04 2.22

Note:
ME: Mean Error
RMSE: Root Mean Squared Error
MAE: Mean Absolute Error

Figure 7.6 presents the histograms of the absolute differences between measure-

ment errors of the same-factor Gaussian and SV models. Figure 7.7 presents the
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Figure 7.6. Histograms of Absolute Differences between Measurement Errors of
Gaussian and SV Models for Corn The X-axis is the absolute difference between
measurement errors of the same-factor Gaussian and SV models. They are measured
in percentage terms. In comparison with the overall level of measurement errors,

these differences are very small.
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Figure 7.7. Histograms of Absolute Differences between Prediction Errors of Gaus-
sian and SV Models for Corn The X-axis is the absolute difference between prediction
errors of the same-factor Gaussian and SV models. They are measured in percentage
terms. In comparison with the overall level of prediction errors, these differences are

very small.
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parallel results for the prediction error comparison. These figures indicate that, for

one-factor models, most of the measurement/prediction error differences are within

0.3%/0.5%; for the three-factor models, these numbers 0.15%/0.3%; for two-factor

models, most of the differences in measurement and prediction errors are within

0.1%. Meanwhile, for one-, two- and three-factor models, MAE of the measure-

ments are around 2.4%, 1% and 0.7% respectively; MAE of the prediction errors

are 3.09%, 2.08% and 1.95% respectively. Relative to the overall scale of the mea-

surement and prediction errors, the differences between same-factor Gaussian and

SV models are small, which suggests that their fit and prediction of individual term

structures are close.

Based on the above observation and for the simplicity of presentation, the fol-

lowing discussion only use results from Gaussian models as supporting evidence.

Impact of Adding Factors

Adding factors has similar impact on Gaussian and SV models. Overall, the

improvement from adding the second factor is most dramatic; the improvement

from adding the third factor is also significant.

First, look at the impact of adding the second factor. Take Gaussian models as

examples. As documented in Table 7.3, from one-factor to two-factor model, ME of

the measurement errors becomes 0; ME of the prediction error goes from -0.05% to

0.02%; RMSE and MAE of measurement errors drop from 3.31%, 2.4% to 1.42%,

1.03% respectively; RMSE and MAE of the prediction error drop from 4.08%, 3.09%

to 2.83% and 2.77%. Roughly speaking, by adding the second factor, the goodness-
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of-fit is improved by about 60%, and the prediction accuracy is improved by about

30%.

Comparing with single-factor models, the advantage of multi-factor models is

their improved capability at capturing the slope of the term structures. In a single-

factor setting, a model can only capture the spot market conditions; information

regarding future supply/demand conditions is missing. As a result, a model can

only utilize the statistical relationship buried in the historical data to ‘guess’ where

the market is going. More specifically, the models ‘derive’ the slope of the term

structures based on the level of the spot price. When the spot price is high, the

market is expected to be in backwardation; when the spot price is low, the market

is expected to be in contango. This derivation captures the positive correlation

between spot price and the degree of backwardation, but it is not enough to model

the slope of the term structures. In contrast, in multi-factor settings, future sup-

ply/demand conditions are always captured as part of the market conditions, so

multi-factor models can always capture the slope of the term structures regardless

of the market conditions.

Models’ difference in capturing the slope of the term structures is also reflected

in the error plots. Figure 7.8 presents the percentage measurement error against

time for Gaussian models. Goodness-of-fit of the one-factor model varies a lot from

year to year. When the relationship between spot price level and the degree of

backwardation deviated from its historical average, for example in 1980, 1981, 1982,

and 1986, one-factor model does not even get the sign of the slopes right; when
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the historical average relationship did apply, for example, in 1976, 1978, 1987, 1989,

1990, 1991, 1992, 1993 and 1997, one-factor model’s fit is reasonable. In comparison,

the goodness-of-fit of the multi-factor models is more consistent across years. Figure

7.9 presents measurement errors against time-to-maturity for the Gaussian models.

It tells the same story from another angle. For one-factor model, measurement errors

of different time-to-maturities behave quite differently, but this difference disappears

in multi-factor models. Moreover, this difference in capturing the slope of the term

structures is also demonstrated in models’ prediction errors in similar ways.

Figure 7.8. Gaussian Models’ Measurement Errors against Time for Corn It shows
that, across time, goodness-of-fit of the multi-factor models are much more consistent
than that of the one-factor models. This is because multi-factor models can always

capture the slope of the term structures, but single-factor models can’t.
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Comparatively, the impact of adding the third factor is not as dramatic, but it

is still significant. From Gaussian two-factor model to Gaussian three-factor model,

RMSE and MAE of measurement errors drop from 1.42% and 1.03% to 1.01% and
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Figure 7.9. Gaussian Models’ Measurement Errors against Time-to-Maturity for
Corn It shows that, across time-to-maturity, goodness-of-fit of the multi-factor mod-
els are much more consistent than that of the one-factor models. This is because
multi-factor models can always capture the slope of the term structures, but single-

factor models can’t.
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0.7%; RMSE and MAE of the prediction error drop from 2.83% and 2.08% to 2.67%

and 1.95%. Roughly speaking, the improvement in goodness-of-fit is about 30%;

the improvement in prediction accuracy is about 6%.

Three-factor models’ improvement over two-factor models mainly comes from

its improved capability at capturing the curvature of the term structures. This is

better demonstrated through fit of the nonseasonal models. Figure 7.10 presents the

non-seasonal Gaussian two- and three-factor model’s fit of term structures observed

on 06/01/1983, 08/03/1983, 10/05/1983, and 06/01/1988, 08/03/1988, 10/05/1988.

For these six days, three-factor model does a much a better job at capturing the cur-

vature of the term structure, and the resulted improvement in model fit is dramatic

(see Figure 7.11 ).
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Figure 7.10. Gaussian Non-Seasonal Fit of Corn Futures Price Term Structures
Observed in 1983 and 1988
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Figure 7.11. Gaussian Seasonal Fit of Corn Futures Price Term Structures Observed
in 1983 and 1988
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Impact of Adding Seasonality

Without seasonality, new crop contracts (September and December contracts6)

tend to be over estimated and over predicted; old crop contracts (March, May and

July contracts) tend to be under estimated and under predicted (see Table 7.4).

Seasonality modeling can largely remove these biases. Once the biases are removed,

models’ overall goodness-of-fit and prediction accuracy can be greatly improved.

6Since only 5 November contracts are observed in sample, summary statistics regarding Novem-
ber contracts are not reliable. For this reason, November contracts are not included in the discus-
sion.
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Table 7.4. Gaussian Model Error Statistics for Corn

Error Stattistics RMSE ME MAE
No. of Factors 1 2 3 1 2 3 1 2 3

Measurement Error
Panel A: Results from Seasonal Models

Mar. 0.01 -0.01 -0.01 3.19 0.83 0.62 2.42 0.62 0.46
May -0.02 -0.01 -0.02 3.12 1.09 0.72 2.18 0.83 0.5
Jul. 0.02 0.02 0 3.34 1.69 1.31 2.25 1.28 0.96
Sept. -0.03 0.01 0 2.67 1.31 1 1.94 0.94 0.7
Nov. 5.22 2.25 1.93 5.33 2.28 1.98 5.22 2.25 1.93
Dec. -0.02 0 0.02 3.87 1.82 1.18 3 1.36 0.85
All -0.01 0 0 3.31 1.42 1.01 2.4 1.03 0.7

Panel B: Results from Non-Seasonal Models
Mar. 0.11 0.15 0.1 3.24 1.05 1.07 2.48 0.8 0.73
May 1.29 1.22 0.73 3.43 1.74 1.22 2.53 1.3 0.88
Jul. 1.95 1.78 1.33 3.9 2.55 2.06 2.86 1.9 1.46
Sept. -0.72 -0.88 -0.61 2.78 1.65 1.36 1.98 1.13 0.88
Nov. 2.34 -0.07 -0.06 2.41 0.23 0.22 2.34 0.23 0.19
Dec. -2.28 -1.92 -1.31 4.48 2.76 1.98 3.44 2.09 1.45
All -0.02 0 0 3.67 2.09 1.61 2.71 1.48 1.1

Prediction Error Comparison
Panel A: Results from Seasonal Models

Mar. -0.03 -0.01 0.01 3.96 2.5 2.42 3.11 1.84 1.78
May -0.05 -0.01 0 3.91 2.63 2.47 2.93 1.97 1.84
Jul. 0 0.08 0.06 4.03 2.93 2.79 2.9 2.19 2.06
Sept. -0.12 0.01 0 3.64 2.83 2.7 2.71 2.05 1.98
Nov. 6.63 3.4 3.2 7.24 4.15 4.12 6.63 3.4 3.24
Dec. -0.09 0.01 0.06 4.52 2.98 2.66 3.58 2.25 1.98
All -0.05 0.02 0.04 4.08 2.83 2.67 3.09 2.08 1.95

Panel B: Results from Non-Seasonal Models
Mar. 0.09 0.17 0.2 4 2.59 2.67 3.13 1.92 1.98
May 1.28 1.27 0.82 4.16 2.97 2.69 3.08 2.21 2
Jul. 1.94 1.85 1.42 4.5 3.53 3.26 3.3 2.65 2.42
Sept. -0.81 -0.95 -0.71 3.77 3 2.91 2.77 2.19 2.12
Nov. 3.67 1.02 1.12 4.56 2.71 2.77 3.67 2.18 2.18
Dec. -2.35 -1.96 -1.33 5.1 3.65 3.24 4 2.81 2.44
All -0.05 0.01 0.04 4.4 3.24 3.02 3.31 2.39 2.22

RMSE: Root Mean Squared Error
ME: Mean Error
MAE: Mean Absolute Error
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By adding seasonality to the two- and three-factor models (see Table 7.3), mea-

surement error statistics can improve by over 30%; prediction error statistics can

improve by over 10%. Comparatively, adding seasonality to the one-factor models is

not as effective. The improvement in measurement error statistics is about 10%; the

improvement in prediction error statistics is about 7%. This, again, suggests that

capturing the slope is the top priority in the modeling of commodity term struc-

tures. To do that, at least two factors are necessary. Once the slope is captured,

seasonality is the next priority. Two-factor seasonal models are more effective than

three-factor non-seasonal models.

Knowing that incorporating seasonality is effective, the way this research models

seasonality still has its limitation. Since seasonality is parameterized as state inde-

pendent, it can only capture the average seasonality expression for a given sample

period of time. In other words, seasonality adjustment does not take into account

specific market conditions. When market is under extreme conditions and the sea-

sonality expression deviates from the average situation, the model will miss it.

The comparison between 1994 and 1996’s term structure fit demonstrate this lim-

itation clearly. Figure 7.12 presents Gaussian three-factor seasonal and nonseasonal

models’ fit of six term structures. They are observed on 02/02/1994, 04/06/1994,

06/01/1994, and 02/07/1996, 04/03/1996, 06/05/1996. The 1994 term structures

reflect a mild backwardation; the 1996 term structures reflect a much more severe

backwardation. Even though the seasonality expression in both years are quite

different, the seasonal adjustment made by the model, reflected as the differential
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between seasonal and nonseasonal fit, is about the same for both years. As a result,

the model fits 1994 term structures reasonably well, but the fit for 1996 is much

worse.

Figure 7.12. Gaussian 3-Factor Model’s Fit of Corn Futures Price Term Structures
Observed in 1994 and 1996
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7.2.5 Model Behavior

Long Run Mean of the Spot Price

Figure 7.13 presents the long run mean of the spot price in the six selected mod-

els. Spot price seasonality is consistent across models. It resembles the seasonality

of the futures data. More specifically, price level reaches its peak before harvest,
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around June and July; somewhere in August, as the harvest season approaches,

price starts to drop and continue to drop through out the harvest season; it reaches

its bottom in mid November, when the harvest season ends. Moreover, the size of

spot price differentials (at different time of the year) are consistent with the size of

sample average futures price differentials (among contracts deliver at different time

in a year) demonstrated in Figure 7.2.

Figure 7.13. Long Run Mean of the Spot Price for Corn
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The long term spot price level demonstrates some significant difference among

different models. Its seasonal average is 2.83 $/bu in the Gaussian one-factor model

and 2.23 $/bu in the SV one-factor model. Using the sample mean of the nearby

futures price, which is $2.62/bu, as a rough benchmark, the in-sample biasness

of the one-factor models (for Gaussian one-factor model, the bias is 0.01% above

market; for SV one-factor model, the bias is 0.04% below market.) are carried over

and somehow got magnified in the long term projection. Comparatively, price level
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projection of the multi-factor models are much more comparable. Seasonal average

spot price is 2.66 $/bu and 2.58 $/bu in the Gaussian two- and three-factor model; it

is 2.53 $/bu and 2.55 $/bu in the SV two- and three-factor models. This repeats the

same story as the error summary statistics does: the difference between Gaussian

and SV one-factor models is most dramatic; between two-factor models and between

three-factor models, the differences are small.

Long Run Behavior of the Instantaneous Volatility of the Log of the Spot Price

Figure 7.14 presents the long run mean of the instantaneous volatility of ln S

in the six selected models. Its seasonality is consistent with the way uncertainty

resolves within a year. After the harvest season ends and before the planting season

starts is a period of no events, so the instantaneous volatility stays at its bottom;

it starts to pick up in April when the planting season starts and reaches its peak

between June and July when the weather risk is most influential; after that, it drops

steadily till the harvest season comes; during the harvest season, it maintains its

level and continues to drop after the harvest season ends.

Also, it is worth pointing out that the long run mean of the instantaneous volatil-

ity of ln S has a different shape in the SV three-factor model. That is related to the

periodic behavior in the drift of the SV three-factor model. SV three-factor model

is the only model in which Ã has complex eigenvalues. The imaginary part of the

complex eigenvalues is 1.3137, which is corresponding to a period of 7.55 years.

The instantaneous volatility of ln S is stochastic in the SV models, however, its

variance is very small for the three SV models estimated. For SV one-, two- and
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Figure 7.14. Long Run Mean of the Instantaneous Volatility of the Log of the Spot
Price for Corn

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan
0.1

0.15

0.2

0.25

0.3

0.35

V
ol

at
ili

ty

Gaussian 1−Factor Model
Gaussian 2−Factor Model
Gaussian 3−Factor Model

Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec Jan
0.1

0.15

0.2

0.25

0.3

0.35

V
ol

at
ili

ty

SV 1−Factor Model
SV 2−Factor Model
SV 3−Factor Model

three-factor models, the seasonal average variance of the instantaneous variance of

ln S is 3.47× 10−5, 1.22× 10−7 and 1.85× 10−5. Relative to the seasonal average of

the instantaneous variance itself, which is 0.0293, 0.0439 and 0.0379 respectively in

the three SV models, the variances are tiny.

In other words, the stochastic instantaneous variance of the spot price is almost

non-stochastic. This explains why the SV models behave very close to the Gaussian

models, or equivalently, they offer no advantages at all. This result suggests that

corn futures data alone, at least when estimated with Q-MLE approach, does not

support strong stochastic volatility. It is also the reason why the SV models are

much harder to estimate.
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Long Run Volatility of the Log of the Spot Price

Figure 7.15 presents the long run volatility of ln S. Several features of the un-

conditional spot price variability are revealed by this figure.

First, long run spot price variability across time-in-a-year is very comparable.

For all models, the difference between the maximum volatility and the minimum

volatility is within 2.3%, indicating that the percentage price fluctuation across time-

in-a-year is about same. This is reasonable, because the long run price variability is

driven by the overall supply/demand conditions. When the supply/demand condi-

tions are set, they affect prices over a period of time until the next harvest comes and

the supply/demand re-balances. In other words, prices at different time-in-a-year

are highly correlated.

Figure 7.15. Long Run Volatility of the Log of the Spot Price for Corn
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Secondly, the seasonal peak and trough of the long run volatility both occur later
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than that of the instantaneous volatility. The peak of the instantaneous volatility

happens in July, when the weather risk is most influential and there are a lot of

news regarding the upcoming harvest; the peak of the long run volatility occurs in

August or even later. Similarly, the trough of the instantaneous volatility occurs

at the end of March or early April, but the trough of the long run volatility occurs

in the middle of May. These delay in time happens because shocks (or news) have

continued impact on price level through the drift terms. In other words, it takes

time for the impact of the shocks to disappear and how long the impact will last

depends on the speed of mean reversion.

Thirdly, seasonal average long run volatility is higher than the seasonal average

instantaneous volatility. Take Gaussian models as an example, for Gaussian one-

, two- and three-factor models, the seasonal average long run volatility is 20.9%,

25.4%, and 24.3% respectively; the seasonal average instantaneous volatility is 18%,

21%, and 19.4% respectively. This volatility level difference can be explained by

the corn production technology. For corn market, price level is fundamentally de-

termined by the size of harvest. Price volatility due to the size of harvest is mostly

reflected in the long run volatility; instantaneous volatility does not reflect it fully

because storage links harvests across years and hence creates some cross-year aver-

aging effect.

Fourthly, long run volatility of the one-factor models is significantly lower than

that of the multi-factor models. The long run volatility of the Gaussian one-factor

model is about 3% to 4% lower that that of the Gaussian multi-factor models;
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the long run volatility of the SV one-factor model is about 6% to 7% lower than

that of SV multi-factor models. This is consistent with the instantaneous volatility

behavior, in which average instantaneous volatility of the one-factor models is also

lower than that of the multi-factor models, but by smaller amount. The lower price

variability of the one-factor models could be due to the fact that one-factor models

only captures shocks (information flow) at a single frequency, while multi-factor

models can capture it at multiple frequencies.

Correlation of the Interpretable State Variables

Correlation among the interpretable state variables verifies that the affine dif-

fusion models are capable of capturing the backwardation phenomenon in the corn

market.

In the SV three-factor model, on an annual average basis, ln S and the variance

factor are positively correlated with a correlation of 0.78; ln S and the drift factor

are negatively correlated with a correlation of -0.20; the drift factor and the variance

factor are negatively correlated with a correlation of -0.40. The three correlations

all have the right sign. This verifies that the behavior of the SV three-factor model

is consistent with the known market regularities.

The negative correlation between the price level and the degree of backwardation

is also verified in the Gaussian and SV two-factor models and Gaussian three-factor

model. So these models are also capable of mimicking the backwardation behavior.

In Gaussian two-factor model, ln S and the drift factor are negatively correlated

with a correlation of -0.71; in SV two-factor model, the correlation between them is
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-0.69; in Gaussian three-factor model, the correlation is -0.25.

Model Stationarity and Speed of Mean Reversion

The real parts of eigenvalues of Ã are negative in all six models, indicating that

all six models are stationary.

For Gaussian one-factor model, the half life is 1.88 years; for SV one-factor

model, it is 1.44 years. As more factors are added, the half lives become shorter and

shorter. The half lives of Gaussian two-factor model are 1.46 and 1.26 years; for

SV two-factor model, they are 1.58 and 0.90 years; for Gaussian three-factor model,

they are 1.56, 0.46 and 0.43 years; for SV three-factor models, they are 1.55, 0.58

and 0.58 years. Changes in the half lives suggests that as more factors are added,

the affine diffusion models are able to capture more of the higher frequency market

behavior, and hence mimic richer price dynamics.

Among the six selected models, only SV three-factor model has complex eigen-

values, which indicates that the SV three-factor model is cyclical.

7.2.6 Model Stability

The whole sample of corn data set covers the period from 1/15/1975 to 3/9/2000;

the sub-sample covers from 1/15/1975 to 12/31/1998. In-sample and out-of-sample

error summary statistics for data observed between 1/1/1999 and 3/9/2000 are used

to study the stability of the affine diffusion models.

The stability results are summarized in Table 7.5. They indicate that the one-

factor models are misspecified; between Gaussian and SV one-factor models, Gaus-
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sian one-factor model is much more stable than SV one-factor model; the multi-

factor models are stable, and they are reasonable representation of the corn market

price dynamics.

Table 7.5. Model Stability Analysis for Corn

Statistics ME RMSE MAE
No. of Factors 1 2 3 1 2 3 1 2 3

Gaussian Model Results

Measurement Error
In-Sample 0.46 1.47 0 3.33 1.47 1.22 2.9 1.24 1.05

Out-of-Sample 0.5 1.55 0 3.65 1.55 1.29 3.17 1.3 1.11
Prediction Error

In-Sample 0.43 -0.08 -0.09 4.23 3.07 2.96 3.46 2.26 2.09
Out-of-Sample 0.48 -0.08 -0.11 4.49 3.1 3 3.71 2.29 2.13

SV Model Results

Measurement Error
In-Sample 0.5 0.02 0.01 3.32 1.47 1.23 2.9 1.23 1.06

Out-of-Sample 1.37 0.02 0.01 7.22 1.55 1.31 6.17 1.3 1.13
Prediction Error

In-Sample 0.58 -0.06 -0.1 4.21 3.07 2.97 3.45 2.25 2.1
Out-of-Sample 1.52 -0.06 -0.1 7.71 3.1 3 6.55 2.29 2.14

Note:
ME: Mean Error.
RMSE: Root Mean Squared Error.
MAE: Mean Absolute Error.
In-Sample results are based on data from 1/7/1987 to 12/20/2001.
Out-of-Sample results are based on data from 1/7/1987 to 12/28/2000.

All statistics indicate that the one-factor models are not stable. For Gaussian

one-factor model, from in-sample to out-of-sample, measurement bias increases by

10%; prediction bias increases by 12%; scale of the measurement errors increases by

109



10%; scale of the prediction errors increases between 6% and 7%. The results for

SV one-factor model is even much worse: measurement and prediction biases are

increased by 174% and 162% respectively; measurement error scale increases by over

110%; prediction error scale increases by over 80%. So clearly the SV one-factor

model is misspecified; the Gaussian one-factor model is better, but still the increase

in model biases and the increase in prediction error suggest misspecification.

In contrast, all multi-factor models are stable. For all four models, from in-

sample to out-of-sample, biasness in model fit and model prediction do not change;

the increase in measurement error scale is between 5% and 7%; the increase in

prediction error scale is within 2%. All three-statistics suggests that the multi-

factor models are stable. Further more, between two-factor models and three-factor

models, two-factor models are slightly more stable than the three-factor models, but

its significance and robustness need to be further examined.

7.3 The Unleaded Gasoline Market

7.3.1 Data

New York Mercantile Exchange New York Harbor unleaded gasoline futures

prices are used in the empirical work.7 The data set covers the period from 1/7/1987

to 11/20/2001. Wednesday prices were used except in 8 cases, in which Tuesday or

Monday prices were substituted, for a total of 781 trading dates.8 Excluding prices

observed in the delivery month and those with trading volume below 30 contracts,

7The data source is Logical Information Machines, Inc.
8The non Wednesday trade dates included are 7/3/1990, 12/24/1991, 12/31/1991, 8/31/1993,

4/26/1994, 12/24/1996, 12/31/1996, 7/3/2001, 9/10/2001. Among them the 9/10/2001 is a Mon-
day and all other days are Tuesdays.
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a total of 6020 price observations are included in the sample.

The sample data set has price level ranging from 0.33 to 1.16 dollar per gallon

with an average of 0.59 dollar per gallon. A complete price series is plotted in

Figure 7.16. Again, the 15th of the delivery month is used as the delivery date in

calculating time-to-maturity of futures contracts. The average time-to-maturities is

about 5 months. The longest time-to-maturity is about 15 months. The number of

contract prices used per day ranges from 3 to 13, with most of days recording 4 to 9

contract maturities. Information regarding each futures contract, including number

of observations in the sample, average price and its standard deviation, average

time-to-maturity and its standard deviation, is presented in Table 7.6.

Figure 7.16. Gasoline Futures Price Observed between 1/7/1987 and 11/20/2001
They are all of the price observations used in the sample, measured in dollar per

gallon unit.

1986 1988 1990 1992 1994 1996 1998 2000 2002
0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

$/
ga

l

111



Table 7.6. Gasoline Futures Price Data by Contract

Contract Nobs Avg. Price(Std) Avg. MTD(Std)
Jan. 480 0.57(0.11) 4.33(2.46)
Feb. 461 0.58(0.12) 4.24(2.39)
Mar. 461 0.58(0.12) 4.27(2.47)
Apr. 518 0.61(0.13) 4.69(2.68)
May 521 0.62(0.13) 4.72(2.73)
Jun. 541 0.62(0.13) 4.95(2.91)
Jul. 526 0.6(0.12) 4.84(2.89)
Aug. 525 0.6(0.11) 4.86( 2.9)
Sept. 525 0.6(0.11) 4.82(2.86)
Oct. 476 0.58(0.11) 4.4(2.62)
Nov. 454 0.58(0.12) 4.24(2.51)
Dec. 532 0.57(0.11) 4.81(2.81)
All 6020 0.59(0.12) 4.61(2.71)

Note:
Nobs: Number of observation in sample.
Avg. Price: Average price (dollor/gallon) in sample.
Avg. MTD: Average month to delivery in sample.
Std: Standard deviation.

7.3.2 Market Fundamentals

Gasoline is a petroleum product. Gasoline resale prices, e.g., prices observed

at the New York Harbor pricing point, can be decomposed into cost of crude oil

and gasoline resale spread, where gasoline resale spread is defined as the difference

between gasoline resale price and the cost of crude oil. These two price components

reflect the supply/demand conditions of crude oil and gasoline market respectively.

Crude oil is the primary feed stock for producing gasoline and other petroleum

products. The cost of crude oil is the largest cost component in gasoline price.

The price of crude oil is determined in the international oil markets by changes

in oil demand, available supply, and the success of the Organization of Petroleum

112



Exporting Countries (OPEC) in controlling its production.

Gasoline resale spreads capture refiners’ processing costs, profit margins and

some storage and distribution costs. This price component is heavily influenced by

U.S. gasoline supply/demand fundamentals. It has a strong seasonal pattern and

gives the total gasoline price a seasonal characteristic that can be seen when crude

oil price changes do not obscure it.

Seasonality in gasoline resale spreads reflect seasonal changes in gasoline sup-

ply/demand balance within a year. This seasonality in supply/demand is caused

by the seasonal demand patterns of two primary petroleum products – gasoline and

distillate, which includes heating oil – and the way refiners meet both demands with

a system that co-produces both products at all times. The following paragraph from

‘An Analysis of Gasoline Markets Spring 1996’, published by U.S. Department of

Energy, provides a brief description of the cause and the expression of typical resale

spread seasonality.

‘Gasoline production usually exceeds demand during the fall and through Jan-

uary, with excess production going to build stocks. Refiners are increasing crude

oil inputs to produce more distillate at this time of year, and gasoline is being pro-

duced as a co-product. While gasoline production exceeds demand, gasoline price

spreads weaken. As the winter progresses, crude oil inputs to refineries are reduced.

Refiners anticipate the end of winter and reduced product requirements. Distillate

and gasoline production fall. Excess gasoline stocks built over the winter begin to

be drawn down in February, and when refiners shut down to do maintenance in
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March, stocks drop further. By the beginning of April, demand picks up as sum-

mer approaches. Market pressure builds as stock levels generally continue to fall

with relatively low production. Even as refiners come back on stream, prices are

bid higher and spreads increase, which may attract imports. Sometime in April or

May, refiners reach full production, imports are strong, and the market re-balances.

Prices recede and spreads drop back, only to jump again slightly in August before

continuing their downward path to their December lows.’

Seasonality in gasoline resale spreads is reflected in gasoline futures prices. Even

though changes in oil prices may counter seasonality in gasoline resale spread from

time to time, over time, the overall seasonal pattern of gasoline resale spread can

still be seen from the total gasoline prices. Figure 7.17 is a plot of sample average

prices of each futures contract. The high and low of gasoline average futures prices

do not follow the high and low of a typical gasoline resale spread exactly, but still,

the overall seasonal pattern can be seen — gasoline price is normally high in the

summer and low in the winter.

In any particular year, the expression of gasoline price seasonality can be altered.

This might be caused by changes in the crude oil prices, or by changes in the

supply/demand conditions of the gasoline market itself. History, again, provides

good examples to illustrate various supply/demand situations and the corresponding

futures price term structures. Term structures observed during 1992, 1998, 2001 are

very representative.

Figure 7.18 presents term structures observed in 1992, when gasoline price was
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Figure 7.17. Sample Mean of Gasoline Futures Prices by Contract
It resembles the typical resale spread seasonality in the gasoline market.
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relatively stable and the price level was close to its historical average. Under this

market situation, the expression of gasoline price seasonality was close to its typical

pattern. Figure 7.19 presents term structures observed in 1998. The lowest crude

oil price ($0.33 per gallon) and the lowest gasoline price was both observed in 1998.

In the first half of 1998, gasoline price was already low, so the downward pattern

after May and June was very flat, indicating that the market did not expect gasoline

price to drop further; in the second half of the year, when crude oil and the gasoline

price continued to drop, the downward pattern after May and June was reversed,

indicating that market expected the price level to rise over time. Year 2001 is the

opposite of year 1998. Gasoline price surged during April and early May due to very

low gasoline stocks, which itself is caused by a very tight crude oil market and a
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very high refinery capacity utilization. As demonstrated by Figure 7.20, during this

period of time, the downward slope after May became very steep, indicating that

market expected the price level to drop quickly; as time moved on and price did

drop over time, the downward slope after April and May became much more mild.

Figure 7.18. Gasoline Futures Price Term Structures Observed in 1992 They are
representative of the term structures observed when price is stable.
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In addition to the typical market conditions, gasoline market can experience

some really short term tension. This is because gasoline is continuously produced,

so market tension can be built and released very quickly. Year 1994 provides such

an example. Figure 7.21 shows that in September and October of 1994, price of

December contract rose sharply, while price of other contracts remain relatively

stable. This gives the overall term structure a peculiar shape.
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Figure 7.19. Gasoline Futures Price Term Structures Observed in 1998 They are
representative of the term structures observed when price is expected to rise.
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Figure 7.20. Gasoline Futures Price Term Structures Observed in 2001 They are
representative of the term structures observed when price is expected to fall.
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Figure 7.21. Gasoline Futures Price Term Structures Observed in the Fall of 1994
During this period of time, market was expecting a short term price move, and the

term structures took on unusual looks.
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7.3.3 Model Estimation and Model Selection Results

The model selection process and the supporting evidence for each model is doc-

umented in Appendix E. Model selection results are summarized in Table 7.7. Pa-

rameter estimates and their standard deviations are documented in Appendix F.

As for the corn market, a comparison between the Gaussian and the SV models’

estimation results shows that parameters of the SV models have a much bigger

standard deviation. It suggests that futures price data may not provide enough

information to estimate the stochastic volatility models. Or the other way around,

the stochastic volatility does not make significant contribution in the modeling of

futures price term structure, which makes it harder to estimate the SV models.
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Table 7.7. Summary of Model Selection Results for Gasoline

Model Model Specification
Gaussian 1-Factor (p1, q1) = (6, 1), λ = 0
Gaussian 2-Factor (p1, p2, q1, q2) = (6, 0, 1, 0), λ = 0
Gaussian 3-Factor (p1, p2, p3, q1, q2, q3) = (0, 0, 6, 1, 0, 1),λ = 0
SV 1-Factor (p1, q1) = (6, 1), λ = 0
SV 2-Factor (p1, p2, q1, q2) = (6, 0, 1, 0), λ = 0
SV 3-Factor (p1, p2, p3, q1, q2, q3) = (0, 6, 0, 1, 0, 1),B31 = 0,λ = 0
Note:
p: Seasonal order of Θ.
q: Seasonal order of α.
λ: Market price of risk.

The model selection results suggest that, for the gasoline market, the market

price of risk is 0 in all six models; the seasonal drift rate can be captured by an order

6 seasonality; and the seasonal diffusion can be captured by an order 1 seasonality.

In all six selected models, the drift rate seasonality only enters through one factor. In

the one- and two-factor models, it only enters into the first factor; in the Gaussian

and SV three-factor models, it enters into the third factor and the second factor

respectively. The volatility seasonality only enters into the first factor in the one-

and two factor models; it enters into the first and the third factor in the three factor

models. Furthermore, in the SV three-factor model, B31 is tested to be 0, so the

third factor does not enters into the volatility of the first factor.

7.3.4 Model Performance

Model performance in the gasoline market is very similar to that in the corn

market. Performance of the selected models can be summarized as following: 1.

Same-factor Gaussian models and SV models behave very close in fitting and pre-
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dicting gasoline futures prices. It indicates that gasoline futures data alone, when

estimated with Q-MLE, does not favor SV models. 2. One-factor models are limited

in capturing the slope of the term structures. At least two factors are needed to

get a decent fit of the gasoline futures price term structures. Three-factor models

provide a more refined fit than two-factor models. 3. Adding seasonality helps to

model the price differentials among contracts. It reduces/removes measurement and

prediction biases and hence improve models’ overall goodness-of-fit and prediction

accuracy. However, failure in capturing the extreme expression of seasonality is still

the source of big measurement errors and prediction errors.

Impact of Incorporating Stochastic Volatility

Overall, the performance of same-factor Gaussian and SV models is strikingly

close. It indicates that incorporating stochastic volatility does not help much with

the modeling of gasoline futures price term structures.

Panel A of Table 7.8 provides a comparison of error summary statistics (for

all contracts) between Gaussian and SV seasonal models. Among all ME, RMSE,

and MAE statistics, the maximum difference between same-factor Gaussian and SV

models is 0.01%. Considering the scale of the error statistics, this level of difference

is not significant. It suggests that the overall goodness-of-fit and prediction accuracy

of Gaussian and SV models are almost identical.

Figure 7.22 presents the histograms of the absolute differences between mea-

surement errors of same-factor Gaussian and SV models. Figure 7.23 presents the

parallel results for the prediction error comparison. These figures indicate that, for
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Table 7.8. Error Summary Statistics for Gasoline

Panel A: Summary of the Seasonal Models

Model Measurement Error Prediction Error
ME RMSE MAE ME RMSE MAE

Gaussian 1-Factor 0.02 2.77 1.96 0.22 4.46 3.29
Gaussian 2-Factor 0.01 1.08 0.75 0.25 3.77 2.73
Gaussian 3-Factor 0 0.73 0.47 0.25 3.68 2.66

SV 1-Factor 0.03 2.77 1.96 0.22 4.46 3.29
SV 2-Factor 0 1.08 0.75 0.25 3.77 2.74
SV 3-Factor 0 0.73 0.47 0.25 3.68 2.66

Panel B: Summary of the Non-Seasonal Models

Model Measurement Error Prediction Error
ME RMSE MAE ME RMSE MAE

Gaussian 1-Factor 0.04 4.36 3.4 0.21 5.57 4.27
Gaussian 2-Factor 0.02 2.56 2 0.25 4.59 3.46
Gaussian 3-Factor 0.01 1.48 1.1 0.28 4.18 3.03

SV 1-Factor 0.04 4.36 3.41 0.21 5.58 4.27
SV 2-Factor 0.02 2.56 2.01 0.25 4.58 3.46
SV 3-Factor 0.01 1.33 0.93 0.24 3.88 2.85

Note:
ME: Mean Error
RMSE: Root Mean Squared Error
MAE: Mean Absolute Error
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Figure 7.22. Histograms of Absolute Differences between Measurement Errors of
Gaussian and SV Models for Gasoline The X-axis is the absolute difference between
measurement errors of the same-factor Gaussian and SV models. They are measured
in percentage terms. In comparison with the overall level of measurement errors,

these differences are very small.
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Figure 7.23. Histograms of Absolute Difference between Prediction Errors of Gaus-
sian and SV Models for Gasoline The X-axis is the absolute difference between pre-
diction errors of the same-factor Gaussian and SV models. They are measured in
percentage terms. In comparison with the overall level of prediction errors, these

differences are very small.
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one-factor models, most of the measurement/prediction error differences are within

0.05%/0.02%; for the two-factor models, most of them are within 0.03%/0.01%; for

three-factor models, most of them are within 0.02%/0.01%. Meanwhile, for one-,

two- and three-factor models, MAE of the measurements are around 1.96%, 0.75%

and 0.47%; MAE of the prediction errors are 3.29%, 2.73% and 1.66%. Relative

to the overall scale of measurement errors and prediction errors, the differences be-

tween same-factor Gaussian and SV models are small, which suggests that their fit

and prediction of individual term structures are close.

Based on this observation and for the simplicity of presentation, the following

discussion only use results from Gaussian models as supporting evidence.

Impact of Adding Factors

As for the corn market, adding the second factor has dramatic impact. Take

Gaussian models as an example. As documented in Table 7.8, from one-factor to

two-factor model, RMSE and MAE of the measurement errors reduce from 2.77%

and 1.96% to 1.08% and 0.75%; RMSE and MAE of the prediction errors drop from

4.46% and 3.29% to 3.77% and 2.73%. Roughly speaking, by adding the second

factor, the goodness-of-fit is improved by about 60%, and the prediction accuracy

is improved by about 15%.

Comparatively, the impact of adding the third factor is a lot smaller. From

Gaussian two-factor model to Gaussian three-factor model, RMSE and MAE of

measurement errors drop from 1.08% and 0.75% to 0.73% and 0.47%; RMSE and

MAE of the prediction errors drop from 3.77% and 2.73% to 3.68% and 2.66%.
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Roughly speaking, the improvement in goodness-of-fit is over 30%; the improvement

in prediction accuracy is less than 3%.

In comparison with the corn market, adding factors has similar scale of impact

on the goodness-of-fit, but is less effective for the prediction accuracy. Recall that,

for the corn market, by adding the second factor, prediction accuracy is improved

by 30%; by adding the third factor, it is improved by 6%. This less improvement

in prediction accuracy can be explained by the higher volatility level of the gasoline

market, which itself implies bigger prediction errors.

As for the corn market, the fundamental difference between one-factor models

and multi-factor models is still their capability at capturing the slope of the term

structures. Figure 7.24 demonstrates the limitation of one-factor models. It presents

Gaussian one-factor model’s non-seasonal fit of the term structures observed on

4/5/1989, 6/7/1989, 4/3/1996, 6/5/1996, 4/2/1997, and 6/4/1997. On these six

days, since spot prices (derived based on nearby futures prices) are close, one-factor

model fitted slopes of the term structures are also close, even though the actual

slopes of the term structures are not.

In comparison, two- and three-factor models can capture the slope and hence

fit reasonably well under most market conditions. Between year 1998 and 2001,

gasoline market went though extremely low and extremely high price periods, so

term structures fit over these four years are presented as examples to demonstrate

the fit of two- and three-factor models. As shown by Figure 7.25, 7.26, 7.27 and

7.28, two- and three-factor models fit all four years’ term structure reasonably well.
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Figure 7.24. Gaussian One-Factor Model’s Non-Seasonal Fit of Gasoline Futures
Price Term Structures Observed in 1989, 1996, 1997 It shows that one-factor models
are limited in capturing the slope of the term structures. It derives the slope of
the term structure based on spot price level. When spot prices are close, one-factor

model’s fit of the slopes of term structures are also close.
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Under most situations, the fit of two- and three-factor models are close.

Three-factor models generally provide a more refined fit than the two-factor mod-

els. Under extreme market conditions, three-factor models’ advantage at capturing

the curvature of the term structures become more apparent. During periods of 1988

and 1994, price seasonality took on very unique looks. These periods are good ex-

amples to demonstrate the difference between two-factor models and three-factor

models.

Figure 7.29 presents Gaussian models’ seasonal fit of the weekly term structures

observed between 10/5/1988 and 11/9/1988. In October 1988, prices of the two
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Figure 7.25. Gaussian Seasonal Fit of Gasoline Futures Price Term Structures Ob-
served in 1998
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Figure 7.26. Gaussian Seasonal Fit of Gasoline Futures Price Term Structures Ob-
served in 1999
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Figure 7.27. Gaussian Seasonal Fit of Gasoline Futures Price Term Structures Ob-
served in 2000
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Figure 7.28. Gaussian Seasonal Fit of Gasoline Futures Price Term Structures Ob-
served in 2001
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nearby contracts, Nov. and Dec. contract, rose sharply, while the more deferred

contracts were not affected by much. That caused the price differentials between

Nov., Dec. and Jan. contract became very big, while other price differentials re-

mained normal. For this period, two-factor models tend to under fit the price

differential between Nov., Dec., and Jan. contracts, while over fit the differential

between contracts that matures after Apr. and May. Comparatively, three-factor

models provide a better fit. Moreover, one-factor models completely missed the

slope of the term structures. Based on the price level, they project that price will

rise over time.

Figure 7.30 presents Gaussian models’ seasonal fit of the weekly term structures

observed between 9/7/1994 and 10/12/1994. During this period of time, market

expected gasoline price will take a unusual sharp rise in December while October

and November prices are not affected by much. More over, price will take a more

steep down turn after April. For these term structures, three-factor models tracks

the sharp rise in December contract better, also, it tracks the downturn after April

better.

As for the corn market, measurement error plots are also provided to demonstrate

the impact of adding factors. From Figure 7.31 and Figure 7.32, it is clear that,

across time and across time-to-maturity, goodness-of-fit of the multi-factor models

is much more consistent than that of the one-factor models; Three-factor models fit

slightly better than the two-factor models under most market conditions.
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Figure 7.29. Gaussian Seasonal Fit of Gasoline Futures Price Term Structures Ob-
served in 1988
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Figure 7.30. Gaussian Seasonal Fit of Gasoline Futures Price Term Structures Ob-
served in the Fall of 1994
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Figure 7.31. Gaussian Models’ Measurement Errors against Time for Gasoline It
shows that, across time, goodness-of-fit of the multi-factor models are much more
consistent than that of the one-factor models. This is because multi-factor models
can always capture the slope of the term structures, but single-factor models can’t.
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Figure 7.32. Gaussian Models’ Measurement Errors against Time-to-Maturity for
Gasoline It shows that, across time-to-maturity, goodness-of-fit of the multi-factor
models are much more consistent than that of the one-factor models. This is because
multi-factor models can always capture the slope of the term structures, but single-

factor models can’t.
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Impact of Adding Seasonality

Without seasonality, winter gasoline prices tend to be over estimated and over

predicted; summer gasoline prices tend to be under estimated and under predicted.

Incorporating seasonality largely reduces/removes these biases and hence improves

models’ overall goodness-of-fit and prediction accuracy.

In terms of goodness-of-fit (see Table 7.9), for Gaussian one-, two- and three-

factor models, going for non-seasonal models to seasonal models, RMSE reduces

from 4.36%, 2.56%, 1.48% to 2.77%, 1.08%, 0.73%; MAE drops from 3.4%, 2%,

1.11% to 1.96%, 0.75%, and 0.47%. Percentage wise, the improvement is about

40%, 60%, and over 50% in the Gaussian one-, two- and three-factor model. In

terms of prediction accuracy (see Table 7.10), for Gaussian one-, two- and three-

factor models, RMSE reduces from 5.57%, 4.59%, 4.18% to 4.46%, 3.77%, 3.68%;

MAE reduces from 4.27%, 3.46%, 3.03% to 3.29%, 2.73%, and 2.66%. Percentage

wise, the improvements are about 20%, 20%, and 1%.

In comparison with the corn market, seasonality modeling is more effective for

the gasoline market. Goodness-of-fit improvements for the gasoline market are big-

ger than that for the corn market for all models examined; prediction accuracy

improvements are also bigger in case of the one- and two-factor models.

This result can be explained by the different production technologies in the

two markets. Since gasoline is continuously produced, its term structures demon-

strate more continuity across time. In comparison, corn is annually produced, so

supply/demand conditions are reset every year with the harvest of the new crops.
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Table 7.9. Gaussian Model Error Statistics for Gasoline

Error Statistics ME RMSE MAE
No. of Factors 1 2 3 1 2 3 1 2 3

Measurement Error

Panel A: Results from Seasonal Models
Jan. 0.01 0.01 0.01 2.71 0.95 0.52 2.03 0.66 0.39
Feb. 0 0 0 2.28 0.83 0.57 1.73 0.66 0.42
Mar. 0.01 -0.02 -0.02 2.12 0.92 0.73 1.5 0.74 0.55
Apr. 0.02 0 0 2.89 1.39 1.13 2.06 1.06 0.81
May 0.04 0 0.01 2.83 1.05 0.67 2.07 0.78 0.46
Jun. 0.03 0 0.01 2.76 0.95 0.49 2.03 0.68 0.36
Jul. 0.04 0 0.01 2.56 0.81 0.44 1.89 0.58 0.33
Aug. 0.04 0 0 2.7 0.81 0.41 1.95 0.59 0.32
Sept. 0.03 0.02 -0.01 2.49 0.9 0.49 1.85 0.68 0.38
Oct. 0.04 0.01 0 2.88 0.99 0.55 1.91 0.76 0.4
Nov. 0.02 0.02 0.02 3.29 1.47 1.07 2.09 0.92 0.61
Dec. 0.02 0.01 0.01 3.45 1.55 1.13 2.34 0.93 0.59
All 0.02 0.01 0 2.77 1.08 0.73 1.96 0.75 0.47

Panel B: Results from Non-Seasonal Models
Jan. -3.57 -1.67 -0.46 4.73 2.38 1.34 3.85 1.98 1.08
Feb. -2.85 -1.63 -0.99 3.82 2.31 1.64 3.1 1.99 1.35
Mar. -1.67 -1.41 -1.29 2.94 2.26 1.76 2.21 1.83 1.49
Apr. 3.38 2.52 1.73 4.67 3.61 2.4 3.87 3.04 2.04
May 4.05 2.23 1 5.12 3.12 1.56 4.24 2.58 1.22
Jun. 3.92 1.71 0.17 5 2.45 1.04 4.04 1.94 0.76
Jul. 2.79 1.02 -0.18 3.96 1.72 0.98 3.1 1.32 0.72
Aug. 1.72 0.59 -0.05 3.49 1.72 1.18 2.57 1.41 0.86
Sept. 0.42 0.18 0.31 3.14 2.21 1.2 2.29 1.64 0.9
Oct. -2.24 -1.2 -0.44 4.12 2.6 1.13 3.17 1.92 0.89
Nov. -3.32 -1.5 -0.33 4.93 2.8 1.43 3.87 2.13 0.92
Dec. -3.67 -1.43 0.2 5.38 2.86 1.59 4.38 2.21 1.06
All 0.04 0.02 0.01 4.36 2.56 1.48 3.4 2 1.1

Note:
ME: Mean Error
RMSE: Root Mean Squared Error
MAE: Mean Absolute Error
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Table 7.10. Table 7.9 (Continued)

Error Statistics ME RMSE MAE
No. of Factors 1 2 3 1 2 3 1 2 3

Prediction Error Comparison

Panel A: Results from Seasonal Models
Jan. 0.11 0.15 0.16 4.66 3.87 3.79 3.45 2.76 2.69
Feb. 0.12 0.19 0.2 4.51 4.08 4.07 3.31 2.89 2.87
Mar. 0.01 0.04 0.04 4.33 4.01 3.96 3.16 2.89 2.83
Apr. 0.14 0.16 0.14 4.49 3.86 3.79 3.42 2.91 2.84
May 0.23 0.29 0.28 4.57 3.9 3.78 3.44 2.91 2.79
Jun. 0.21 0.25 0.26 4.4 3.83 3.69 3.33 2.81 2.71
Jul. 0.18 0.14 0.14 4.08 3.44 3.36 3.14 2.59 2.54
Aug. 0.22 0.17 0.15 3.95 3.29 3.17 3.07 2.51 2.4
Sept. 0.35 0.37 0.34 4.13 3.55 3.45 3.07 2.54 2.47
Oct. 0.48 0.49 0.47 4.53 3.69 3.64 3.18 2.57 2.53
Nov. 0.38 0.49 0.5 4.86 3.89 3.82 3.31 2.74 2.67
Dec. 0.25 0.31 0.31 4.94 3.83 3.71 3.57 2.72 2.62
All 0.22 0.25 0.25 4.46 3.77 3.68 3.29 2.73 2.66

Panel B: Results from Non-Seasonal Models
Jan. -3.55 -1.6 -0.2 6.03 4.44 4.2 4.64 3.35 3.09
Feb. -2.72 -1.35 -0.7 5.37 4.54 4.55 4.03 3.41 3.29
Mar. -1.58 -1.08 -1 4.76 4.56 4.51 3.53 3.43 3.31
Apr. 3.62 3.12 2.31 5.89 5.42 4.84 4.79 4.34 3.72
May 4.37 2.89 1.51 6.38 5.2 4.27 5.11 4.08 3.19
Jun. 4.18 2.21 0.52 6.15 4.77 4.01 4.86 3.64 2.89
Jul. 2.92 1.24 -0.09 5.04 3.94 3.89 3.95 3.03 2.81
Aug. 1.83 0.63 -0.15 4.46 3.77 3.76 3.42 2.95 2.79
Sept. 0.62 0.21 0.35 4.54 4.25 3.93 3.31 3.18 2.82
Oct. -2 -1.13 -0.18 5.32 4.51 3.85 3.99 3.28 2.66
Nov. -3.16 -1.48 0.04 6.01 4.65 3.97 4.54 3.39 2.8
Dec. -3.57 -1.49 0.58 6.38 4.71 4.24 5 3.44 3.02
All 0.21 0.25 0.28 5.57 4.59 4.18 4.27 3.46 3.03

Note:
ME: Mean Error
RMSE: Root Mean Squared Error
MAE: Mean Absolute Error
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Particularly, the price differentials between old crop contracts and new crop con-

tracts are largely determined by the size of the harvest, which is a discrete factor

and fundamentally more difficult to model with a continuous time model.

The less reduction in prediction errors of the three-factor models is likely caused

by the fact that gasoline market is more volatile than corn market. Particularly,

when information is only updated weekly, prediction accuracy is fundamentally re-

stricted by the high level of uncertainty faced by the market. For the three-factor

non-seasonal model, it might be true that, given the amount of uncertainty that

the market faces, there is not much room left for the improvement of prediction

accuracy.

Furthermore, it is important to notice that for two- and three-factor models,

the worst sample fit happens during 1994, when seasonality took on unusual looks.

(Figure 7.30 provides an example.) So failure to capture seasonality under extreme

market condition is the cause of big measurement errors.

7.3.5 Model Behavior

Long Run Mean of of the Spot Price

Figure 7.33 presents the long run mean of the spot price in the six selected mod-

els. Spot price seasonality is consistent across models. It resembles the seasonality

of gasoline futures data. Specifically, price is low during winter time when excess

production builds up the stocks; it starts to rise in February when refineries are

shut down for maintenance; price reaches its peak in the middle of April as demand

increases and production remains relatively low; after that as more refineries resume
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production and with the help of imports, price starts to drop and continues its down

path to its winter lows.

Figure 7.33. Long Run Mean of the Spot Price for Gasoline
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The long term spot price level projected by the affine models is significantly

lower than the sample average nearby futures price (0.60$/gal). One-factor models

project the highest long term price level, which gives a seasonal average price of

0.50$/gal; the seasonal average price projected by the multi-factor models are all

between 0.45$/gal and 0.46$/gal.

This deviation between model projected price level and sample average price

level is likely caused by the short sample used in the estimation. Particularly, as

will be discussed later, the longest half life of shocks estimated is about 4 years, so

one of the market driving factors mean reverts very slowly. When this is the case,

the 15 year sample used in the estimation is nowhere close to be large sample and

it limits models capability of estimating the long run price level.
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Long Run Behavior of the Instantaneous Volatility of the Log of the Spot Price

Figure 7.34 presents the long run mean of the instantaneous volatility of ln S in

the six selected models. The seasonality of the instantaneous volatility is consistent

with the way uncertainty resolves within a year. It is low between May and June

after refineries resume production and the summer high demand has yet to come;

volatility starts to rise in July as weather risk begins to build; it reaches its peak

between November and December when the uncertainty regarding winter weather

is most high; after that, it starts to drop as weather risk reduces but maintains a

decent level during the spring time when demand starts to pick up but production

is at a seasonal low.

Figure 7.34. Long Run Mean of the Instantaneous Volatility of the Log of the Spot
Price for Gasoline
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The instantaneous volatility of ln S is stochastic in the SV models, however, its

variance is very small for the three SV models estimated. For SV one-, two- and
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three-factor models, the seasonal average variance of the instantaneous variance of

ln S is 2.6123 × 10−4, 3.2103 × 10−4 and 5.8066 × 10−4. Relative to the seasonal

average of the instantaneous variance itself, which is 0.0649, 0.1314 and 0.1458

respectively in the three SV models, these variances are very small.

This result is very much like the result from the corn market, i.e., the stochastic

variance is almost non-stochastic. Again, this explains why the SV models behave

very close to the Gaussian models, or equivalently, they offer no advantages at all.

This result suggests that gasoline futures data alone, at least when estimated with

Q-MLE approach, does not support strong stochastic volatility. It is also the reason

why the SV models are much harder to estimate.

Long Run Volatility of the Log of the Spot Price

Figure 7.35 presents the long run volatility of ln S for the gasoline market. It

reviews similar features of the unconditional volatility of ln S that also appear in

the corn market.

First, long run spot price variability across time-in-a-year is almost the same.

For all models, the difference between the maximum volatility and the minimum

volatility is within 1.5%, indicating that the percentage price fluctuation across

time-in-a-year is about same. This is reasonable, because, for gasoline market, the

long run price variability is mainly driven by the price variability of crude oil, and

crude oil price variability is not very seasonal.

Secondly, the seasonal peak and trough of the long run volatility both occur

later than that of the instantaneous volatility. Since the long run volatility of ln S
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Figure 7.35. Long Run Volatility of the Log of the Spot Price for Gasoline
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is almost flat, this is not apparent, but it is still true. Take the seasonal peak

as an example, peak of the instantaneous volatility occurs between November and

December; but peak of the long run volatility is delayed till late December and early

January. As for the corn market, the continued impact of shocks can explain this

difference.

Thirdly, long run volatility of the one-factor models is about 10% lower than

that of the multi-factor models. Similar level of difference also appears in the in-

stantaneous volatility. Again, this may be related to the frequencies that different

models operate on. As will be discussed later, for the gasoline market, one-factor

models are not able to distinguish the short term shocks (with half life shorter than

3 months) from the long term shocks (with half life longer than 3 years). Instead,

it captures an average behavior for which the shocks have a half life of about 1.5

years. This averaging across frequencies could have reduced the level of volatility
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that the models can capture.

In addition to the similarities, difference between the two markets does exist.

Particularly, for the gasoline market, seasonal average instantaneous volatility and

seasonal average long run volatility is at similar level. Take Gaussian models as an

example, for one-, two-, three-factor models, seasonal average instantaneous volatil-

ity is 26.8%, 38.8%, and 41.3% respectively; seasonal average long run volatility is

27.5%, 37.7% and 40.8% respectively. This result is consistent with the fact that

gasoline as well as its feed stock - crude oil are both continuously produced, so stor-

age does not play as big a role as it does for the corn market in terms of averaging

market conditions across years.

Correlation of the Interpretable State Variables

Correlation among the interpretable state variables verifies that the affine diffu-

sion models are capable of capturing the backwardation phenomenon in the gasoline

market.

In the SV three-factor model, on an annual average basis, ln S and the variance

factor are positively correlated with a correlation of 0.69; ln S and the drift factor

are negatively correlated with a correlation of -0.71; the drift factor and the variance

factor are negatively correlated with a correlation of -0.32. The three correlations

all have the right sign. This verifies that the behavior of the SV three-factor model

is consistent with the known market regularities.

The negative correlation between the price level and the degree of backwarda-

tion is also verified in the Gaussian and SV two-factor models and the Gaussian

140



three-factor models. So these three models are also capable of mimicking the back-

wardation behavior. In Gaussian two-factor model, ln S and the drift factor are

negatively correlated with a correlation of -0.84; in SV two-factor model, the corre-

lation is -0.83; in Gaussian three-factor models, the correlation is -0.71.

Model Stationarity and Speed of Mean Reversion

The eigenvalues of Ã are real and negative for all six models, indicating that all

six models are stationary.

For Gaussian one-factor model, the half life is 1.46 years; for SV one-factor

model, it is 1.39 years; for Gaussian two-factor model, they are 3.17 and 0.26 years;

for SV two-factor model, they are 2.88 and 0.26 years; for Gaussian three-factor

model, they are 3.81, 0.26 and 0.14 years; for SV three-factor models, they are 3.43,

0.22 and 0.15 years. It shows that, multi-factor models are able to separate between

the short term and the long term shocks, i.e., between business cycle related shocks

and the weather related seasonal shocks; in comparison with the two-factor models,

three-factor models are able to capture more of the shorter term behavior and hence

have even richer price dynamics.

7.3.6 Model Stability

The whole sample of gasoline data set covers from 1/7/1987 to 12/20/2001; the

sub-sample covers from 1/7/1987 to 12/28/2000. In-sample and out-of-sample error

summary statistics for data observed between 1/1/2001 and 12/20/2001 are used to

study the stability of the affine diffusion models.
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The stability results are summarized in Table 7.11. They indicate that SV

two-factor model and both three-factor models are stable. They are reasonable

representation of the gasoline price dynamics. Both one-factor models and the

Gaussian two-factor model are not stable. They are likely to be misspecified.

Table 7.11. Model Stability Analysis for Gasoline

Statistics ME RMSE MAE
No. of Factors 1 2 3 1 2 3 1 2 3

Gaussian Model Results

Measurement Error
In-Sample 0.27 0.01 0 3.73 1.1 0.68 2.88 0.84 0.49

Out-of-Sample 0.37 0.02 0 4.13 1.32 0.77 3.19 1.01 0.56
Prediction Error

In-Sample 0.19 -0.18 -0.21 5.62 4.41 4.33 4.47 3.36 3.3
Out-of-Sample 0.35 -0.16 -0.19 5.92 4.49 4.34 4.71 3.45 3.32

SV Model Results

Measurement Error
In-Sample 0.27 0.01 0 3.73 1.11 0.68 2.87 0.84 0.49

Out-of-Sample 0.37 0.01 0 4.13 1.22 0.76 3.18 0.94 0.55
Prediction Error

In-Sample 0.2 -0.18 -0.2 5.62 4.42 4.34 4.47 3.37 3.31
Out-of-Sample 0.36 -0.17 -0.19 5.92 4.46 4.35 4.71 3.41 3.33

Note:
ME: Mean Error.
RMSE: Root Mean Squared Error.
MAE: Mean Absolute Error.
In-Sample results are based on data from 1/7/1987 to 12/20/2001.
Out-of-Sample results are based on data from 1/7/1987 to 12/28/2000.

Both measurement error and prediction error results suggest that the one-factor

models are not stable. It is revealed most clearly in the model biases. From in-sample
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to out-of-sample, for both one-factor models, measurement bias is increased by 47%;

prediction bias is increased by over 80%. Moreover, the increase in prediction error

scale is about 5%, way more than the increase in the multi-factor models. So there

is no doubt that the one-factor models are misspecified.

Moreover, the results suggest a significant discrepancy between the stability of

the Gaussian and the SV two-factor models. SV two-factor model are much more

stable than the Gaussian two-factor model. For the Gaussian two-factor model,

from in-sample to out-of-sample, measurement bias increases by 50%; scale of mea-

surement errors increases by 20%. For SV two-factor model, measurement bias does

not change, and the increase in measurement error scale is about 10%. Furthermore,

the difference in their prediction stability is also significant. From in-sample to out-

of-sample, for Gaussian two-factor model, the increase in prediction error scale is

between 2% and 3%; for SV two-factor models, it is about 1%. All these results

suggest that Gaussian two-factor model is likely to be misspecified.

Performance stability of Gaussian and SV three-factor models are close. For

Gaussian three-factor model, the reduction in goodness-of-fit is between 13% and

14%; for SV three-factor model, it is around 12%. For both models, from in-sample

to out-of-sample, prediction accuracy hardly change - in terms of RMSE, it is re-

duced by 0.2%; in terms of MAE, it is reduced by 0.6%. These results suggest that

the three-factor models are stable.

Along with stability of each individual model, it is worthy of noticing that there

exists a big difference between measurement stability and prediction stability. Over-
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all, from in-sample to out-of-sample, the reduction in prediction accuracy is much

lower than that in goodness-of-fit.This discrepancy can be explained by the high

volatility level of the gasoline market, which is especially true in year 2001.

Year 2001 is an extreme year for the gasoline market - the highest sample price

and the highest sample stochastic volatility are both observed in 2001. When the

market is so volatile, without updating parameters, models’ goodness-of-fit is cer-

tainly going to drop quite a bit. Consequently, models’ knowledge of the state of

the economy become less accurate. On the other hand, prediction error comes from

two sources. Inaccuracy in the knowledge of economic state is one of them; the

other source is the uncertainty that exists, or equivalently, the new information that

arrives, in the predicting period. When the second source dominates the first, the

impact of reduced accuracy in the knowledge of the state of economy becomes less

apparent.

In addition, measurement bias and prediction bias behave quite differently in

the multi-factor models. Specifically, all four models over predict the 2001 gasoline

price by about 0.2%, but they either show no bias (the three-factor models) or under

fit the 2001 price by small amount (the two-factor models). This discrepancy can

be explained by the strong downward trend that existed in 2001. When market

changes rapidly, but information, or equivalently the state of the economy, is not

updated frequently enough, the model is going to mis-predict. This again indicates

that for a market as volatile as the gasoline market, weekly prediction results is not

very useful in judging the model performance.
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CHAPTER 8

Summary and Conclusion

Diffusion models of commodity price behavior is an important tool for com-

modity risk management. Their applications have been greatly expanded since the

adoption of the stochastic control approach in the asset budgeting analysis. How-

ever, despite progress made in modeling other markets, models for the commodity

markets remain simple. Stochastic volatility and seasonality are both missing from

all existing models, which make them inadequate in modeling the known volatility

features and the strong seasonality common in many commodity markets. On the

other hand, affine diffusion models have been widely studied and applied because of

their flexibility and computational tractability. They have been proved successful

in modeling interest rate term structures. So this research seeks to improve upon

the existing commodity diffusion models by incorporating stochastic volatility and

seasonality through the affine diffusion framework.

It addresses the issue: what is the best affine diffusion model for modeling com-

modity futures dynamics. Six affine diffusion models has been applied and evaluated

in two commodity markets. The major conclusions are: 1. For the purpose of mod-

eling futures price dynamics alone, stochastic volatility models have no advantage
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over Gaussian models; 2. At least two factors are needed to adequately model com-

modity futures price term structures; the advantage of three-factor models, which

is better capturing the curvature of the term structures, becomes evident under

extreme market conditions; 3. State independent seasonality modeling is effective

under most market conditions, but extreme seasonality expression can be missed

and it is the source of big measurement errors and prediction errors. These insights

are valuable for the diffusion modeling of commodity markets. They lead to inex-

pensive models that can be applied in a business environment. Moreover, they are

valuable for the assessment of the affine diffusion framework itself.

In the theoretical developments this research has sought to build the connection

between affine diffusion models and structural models, so implications of the affine

diffusion models can be understood in economic terms and known market regulari-

ties can be tested through the affine diffusion models. In particular, it has identified

meaningful interpretation for three diffusion factors - log of the spot price, an instan-

taneous drift factor, and an instantaneous variance factor, and found corresponding

affine invariant transformations that can interpret Gaussian and SV one-, two- and

three-factor models.

Seasonality has been built into affine diffusion models by allowing the forcing

terms of the instantaneous drift and the instantaneous covariance (Θ and α) to be

seasonal, while restricting all other parameters to be constant. Model admissibility

conditions has been adjusted to accommodate seasonality.

Model estimation utilizes Q-MLE together with the Kalman filter. This approach
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is computationally efficient and optimal for Gaussian models. Dai and Singleton’s

canonical models are used in estimation, so all models take the least restrictive

yet identifiable parameterization. Admissibility conditions are imposed through

inequality constraints. As a result, all models estimated are admissible, identifiable

and least restrictive.

Empirical study is applied to corn and unleaded gasoline futures markets. Evalu-

ation of model performance covers goodness-of-fit and prediction accuracy, behavior

of interpretable models, and model stability.

Results for both markets indicate that futures data alone does not favor SV

models. Instantaneous variance of the spot price has very low volatility in the SV

models, so its behavior is close to that in the Gaussian models. As a result, per-

formance of the same-factor Gaussian and SV models are very close. Based on this

result, Gaussian models are appropriate for the purpose of modeling futures price

dynamics. They delivery comparable results and yet are a lot easier to implement.

Also demonstrated in both markets, adding factors are very effective in mod-

eling futures price dynamics. One-factor models often miss the slope of the term

structures; two- and three-factors models can always capture the slope and fit the

term structures reasonably well under most market conditions; three-factor models

fit the curvature of the term structures better. The advantage of three-factor models

is more evident under extreme market condition.

Incorporating seasonality is critical for both markets. It reduces/removes the

measurement error and prediction error biasness of individual contracts. For both
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markets, seasonal two-factor models perform better than non-seasonal three-factor

models. Meanwhile, since seasonality is implemented as state independent in this

research, it can be miss represented under extreme market conditions. Failure in

capturing seasonality under extreme market conditions is the source of extreme

measurement errors and prediction errors.

Stability results from the two markets show some differences. For the corn

market, the results suggest that all multi-factor models are stable; neither of the

one-factor models are stable; stability of the SV one-factor model is even much worse

than the stability of the Gaussian one-factor model. For the gasoline market, the

results suggest that SV two-factor model and both three-factor models are stable;

Gaussian two-factor model and both one-factor models are not stable; there is no

difference between the stability of the Gaussian and the SV one-factor model. So

there is a discrepancy regarding the stability of SV one-factor model and the Gaus-

sian two-factor model, which could be due to the different volatility levels of the two

markets.

A comparison between the two markets does show that each futures market has

its own peculiarities. In particular, gasoline market has a higher volatility level

than the corn market; gasoline market is influenced by higher frequency shocks;

the storage link across time is a lot weaker in the gasoline market than in the corn

market; under normal market conditions, gasoline price term structures demonstrate

more continuity across time than the corn price term structures do; meanwhile,

gasoline market can experience some really short-term tension, so that prices of one
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or two gasoline contracts can spike out while others remain reasonably stable, which

is less likely in the corn market. All these features are related and they all get back

to the difference in the production cycle of the two markets.

In terms of diffusion modeling of the two types of markets, under most market

conditions, corn price seasonality is more difficult to model than gasoline price sea-

sonality, but diffusion models are certainly effective for modeling the price dynamics

of annually produced agricultural commodities.

A number of research topics are suggested by this study. The study of other

markets is certainly one of these, as is the continued monitoring of the two markets

examined. Particularly, the gasoline price series is not very long for the type of

models applied, and the extreme market condition in the last year of the sample

may have affected the model stability results. Soybean and heating oil are two others

attractive markets for analysis. Both markets demonstrate strong seasonality and

for which long enough price history exists.

Further analysis with higher frequency data may also lead to interesting results.

This research shows that, for both markets, adding the third factor does not help

much with the prediction error, also for the gasoline market, all six models are biased

downwards in step ahead prediction. These results might be specific for the data

set used. Their significance and robustness need to examined with higher frequency

data sets.

Finally, applying affine diffusion models to analyze commodity options market

would be a useful topic for study. In the real world, options and futures are used side
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by side in managing commodity price risk, so consistent and adequate modeling of

both markets is important. Along this line, one interesting study to pursue is to use

the models estimated from futures data alone to price options. The result will give

a sense how useful the models are in managing volatility risk. Another direction to

go is to use affine diffusion models to model commodity options directly and analyze

the impact of incorporating stochastic volatility, adding factors and incorporating

seasonality in the options markets.
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APPENDICIES

A. Derivation of Affine Invariant Transformation Operators

Affine invariant transformation transforms the state variables X through an

affine operation

X̃ = LX + l (A.1)

where L is nonsingular square matrix and l is a vector. Diffusion parameters

(Θ,K, Σ, α,B, λ) and boundary condition parameters (h,H) are transformed cor-

respondingly to ensure observational equivalence. Observational equivalence im-

plies three conditions: F (X̃) = F (X); dF (X̃) = dF (X) under P measure; and

dF (X̃) = dF (X) under Q measure. All transformation operators can be derived

from these three conditions.

First, from F (X) = F (X̃) one can get

h + H>X = h̃ + H̃>X̃ (A.2)

Substitute Equation A.1 into Equation A.2 and collect terms with X, one can get

H̃ = L−>H (A.3)

Then collect terms without X and utilize Equation A.3, one can get

h̃ = h−H>L−1l (A.4)
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Secondly, dF (X) = dF (X̃) under P measure together with Equation 3.6 implies

H̃>
(
K̃

(
Θ̃− X̃

)
dt + Σ̃

√
diag

(
α̃ + B̃>X̃

)
dW̃

)

= H>
(
K (Θ−X) dt + Σ

√
diag (α + B>X)dW

)
(A.5)

Collect dt terms and substitute in Equation A.1 and A.3, one can get

H>
(
L−1K̃

(
Θ̃− LX − l

)
−K (Θ−X)

)
dt = 0 (A.6)

Further collect terms with X, one can get L−1K̃LX = KX, which implies

K̃ = LKL−1 (A.7)

Then collect terms without X from Equation A.6 and substitute in Equation A.7,

one can get

Θ̃ = LΘ + l (A.8)

Furthermore, Equation A.5 implies that the instantaneous covariance of the trans-

formed state diffusion must be equal to that of the original, i.e.,

H>L−1Σ̃diag
(
α̃ + B̃>X̃

)
Σ̃>L−>H = H>Σdiag

(
α + B>X

)
Σ>H (A.9)

From Equation A.9, one can get

Σ̃ = LΣ (A.10)

Then substitute Equation A.1, A.3 and A.10 into Equation A.5 and collect terms

with X and without X, one can get

B̃ = L−>B (A.11)
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and,

α̃ = α− B>L−1l (A.12)

Further substitute Equation A.7, A.8, A.10, A.11 and A.12 into Equation A.5, one

can get

dW̃ = dW (A.13)

dW̃ = dW has to be true for any time t, so one will have

W̃ = W (A.14)

When F (X̃) = F (X) and dF (X̃) = dF (X) under P measure are satisfied,

dF (X̃) = dF (X) under Q measure further implies that

H̃>Σ̃diag
(
α̃ + B̃>X̃

)
λ̃ = H>Σdiag

(
α + B>X

)
λ (A.15)

Substitute Equation A.1, A.3, A.10, A.11 and A.12 into Equation A.15, one can get

λ̃ = λ (A.16)

That finishes the derivation of all transformation operators.

B. Long Run Moments of the Interpretable Variables

This appendix derives: 1. the long run mean and variance of the log of the spot

price; 2. the long run mean and variance of the instantaneous variance of the log

of the spot price; 3. the long run mean of the spot price. The derivation is largely

based on Fackler(2000b).
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Long Run Mean and Variance of Affine Diffusions

According to Fackler(2000b), for a N dimensional affine diffusion processes

dX(t) = K (Θ(t)−X(t)) dt + Σ
√

diag (α(t) + B>X(t))dW (t), (B.1)

the conditional mean and covariance of the state variables are both affine in the

current state:




Et−τ (X(t))

V ec (Vt−τ (X(t)))


 =




m0(τ, t)

V0(τ, t)


 +




m1(τ)

V1(τ)


 X(t− τ) (B.2)

The coefficient matrices satisfy two systems of ODEs in τ ,



∂m0(τ,t)
∂τ

∂V0(τ,t)
∂τ


 = c(t) + C




m0(τ, t)

V0(τ, t)


 (B.3)

and 


∂m1(τ)
∂τ

∂V1(τ)
∂τ


 = C




m1(τ)

V1(τ)


 (B.4)

where

c(t) =




KΘ(t)

(Σ⊗ Σ)Dα(t)


 (B.5)

and

C =




−K 0

(Σ⊗ Σ)DB> (−K ⊗ IN −K ⊗ IN)


 , (B.6)

where D is an N2 ×N matrix such that vec(diag(x)) = Dx; specifically, Dij = 1 if

i = (j − 1)n + j and 0 otherwise.
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Equation B.3 is a (N +N2)×1 system of ODE; Equation B.4 is a (N +N2)×N

system of ODE. The initial (τ = 0) conditions are m0(0, t) = 0, V0(0, t) = 0,

m1(0) = IN and V1(0) = 0. These two systems of ODEs can be solved using

techniques such as Runge-Jutta (Press et al., chap.13) or collocation (Judd).

The long run mean and variance of the state variables can be calculated according

to Equation B.2 by taking limits when τ → ∞. For stationary processes (ones for

which the real parts of the eigenvalues of −K are strictly negative), the long run

moments are



E(X(t))

V ec (V (X(t)))


 = lim

τ→∞




m0(τ, t) + m1(τ)X(t− τ)

V0(τ, t) + V1(τ)X(t− τ)


 =




m0(∞, t)

V0(∞, t)




(B.7)

Long Run Mean and Variance of the Interpretable State Variables

The above statement can be applied to the transformed, interpretable affine

models of interest. To calculate the long run mean and variance of the interpretable

state variables, diffusion parameters of the interpretable models need to be cal-

culated and substituted into Equation B.5 and Equation B.6. More specifically,

diffusion parameters of the interpretable models can be calculated from diffusion

parameters of the canonical models by applying the affine transformations specified

in Table 4.1, for which the invariant transformation matrices can be found in Table

4.2 and Table 4.3.
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Long Run Mean and Variance of the Log of the Spot Price

The long run mean and variance of ln S(t) is the unconditional mean and variance

of ln S(t). Denote them as E(ln S(t)) and V (ln S(t)). They can be calculated in two

ways. First, they can be calculated from the long run moments of the canonical state

variables. Since ln S(t) = h + H>X(t) (see page 51), E(ln S(t)) = h + H>E(X(t))

and V (ln S(t)) = V ec(HH>)>V ec(V (X(t))), where E(X(t)) and V (X(t)) are the

long run mean and variance of the canonical state variables. Alternatively, since the

first state variables of the interpretable models are ln S, E(ln S(t)) and V (ln S(t))

are the first elements of E(X̃(t)) and V (X̃(t)), where E(X̃(t)) and V (X̃(t)) are the

long run mean and variance of the interpretable models. These two ways yield the

same results.

Long Run Mean and Variance of the Instantaneous Variance of the Log of the Spot
Price

The instantaneous variance of ln S(t) measures the conditional variance of ln S(t)

in continuous time. It is is parameterized as Σ̃2
1·(α̃ + B̃>X̃(t)) in the interpretable

models. In Gaussian models, it becomes deterministic, parameterized as Σ̃2
1·α̃; in

SV models, its long run mean and variance can be calculated as Σ̃2
1·(α̃+B̃>E(X̃(t)))

and V ec(B̃Σ̃2>
1· Σ̃2>

1· B̃>)>V ec(V (X̃(t))), where E(X̃(t)) and V (X̃(t)) are the long run

mean and long run variance of the interpretable state variables.

Long Run Mean of the Spot Price

The long run mean of the spot price can be calculated knowing that the condi-

tional expectation of the spot price is equivalent to the futures prices, i.e., just as
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futures prices, it is an exponential affine function of the state variables.

Equation 3.19, 3.20, 3.21 (See page 51) can be applied to calculate the conditional

mean of the spot price. More specifically, in the context of calculating the conditional

mean of the spot price, they become

Et−τ (S(t)) = em(τ,t)+M(τ)>X(t−τ) (B.8)

where m (τ, t) and M (τ) satisfy the following ODEs,

∂m(τ, t)

∂τ
= Θ̂(t− τ)>K̂>M(τ) +

1

2
α(t− τ)>diag(Σ>M(τ))(Σ>M(τ)) (B.9)

∂M(τ)

∂τ
= −K̂>M(τ) +

1

2
Bdiag(Σ>M(τ))(Σ>M(τ)) (B.10)

The initial (τ = 0) conditions are m(0, t) = h and M(0) = H.

The long run mean of the spot price can be calculated according to Equation

B.8 by taking limit when τ →∞. For stationary process,

E(S(t)) = lim
τ→∞

em(τ,t)+M(τ)>X(t−τ) = em(∞,t) (B.11)

For Gaussian models, where the spot price is log-normally distributed, there is

an alternative approach to calculate the long run mean of the spot price. It can be

calculated from the long run mean and the long run variance of ln S based on the

relationship E(S(t)) = eE(ln S(t))+ 1
2
V (ln S(t)). The two approaches are equivalent.

C. Model Selection for Corn

This appendix documents the detailed model selection process and the support-

ing evidence for the corn market.
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Table C.1 lists the average log-likelihoods of the Gaussian one-factor model as-

suming the market price of risk is not zero. p1 and q1 are the seasonal order of

Θ and α respectively. The LR tests suggest that the best seasonal combination is

p1 = 2 and q1 = 4; however when q1 = 4 spot price volatility became very wiggly,

so q1 = 3 was selected. The market price of risk was then tested given p1 = 2 and

q1 = 3. The average log-likelihood assuming λ = 0 is 17.392. According to the LR

test, λ is not significantly different from zero. So when p1 = 2, q1 = 3 and λ = 0,

the Gaussian one-factor model fits the corn futures data the best.

Table C.1. Gaussian 1-Factor Model Average Log-Likelihood for Corn

q1

p1 0 1 2 3 4 5
0 16.7533 17.264 17.286 17.3081 17.3111 17.3112
1 17.3119 17.3564 17.377 17.3897 17.3998 17.4008
2 17.3313 17.3757 17.3845 17.3923 17.4012 17.4024
3 17.3314 17.3771 17.3858 17.3936 17.4023 17.4035
4 17.3314 17.3828 17.3912 17.3989 17.4068 17.4082
5 17.3315 17.3842 17.3929 17.4006 17.4085 17.4098
Note:
p1: Seasonal order of Θ.
q1: Seasonal order of α.
λ, market price of risk, not equal to zero is assumed.

Assuming that seasonal behavior of two-factor model appears at similar frequen-

cies as it does in the one-factor model and knowing that the best choice for (p1, q1)

in the one-factor model is (2, 3), it is reasonable to assume that the full seasonal

specification for the Gaussian two-factor model is (p1, p2, q1, q2) = (2, 2, 3, 3). Un-

der the assumption, the seasonal model selection evidence is documented in Table

C.2. First, conditioning on p = (2, 2) and λ 6= 0, q = (2, 3) is selected accord-
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ing to the LR tests; then conditioning on q = (2, 3) and λ 6= 0, p = (0, 2) is the

best choice supported by the LR tests. The corresponding average log-likelihood

is 21.4155. Further restricting the market price of risk, λ, to be zero leads to an

average log-likelihood of 21.4069. According to the LR test, it suggests that λ is

significantly different from zero. In summary, the best Gaussian two-factor model

is (p1, p2, q1, q2) = (0, 2, 2, 3) and λ 6= 0.

Table C.2. Gaussian 2-Factor Model Average Log-Likelihood for Corn

lk When p = (2, 2), λ 6= 0
q2

q1 0 1 2 3
0 21.3313 21.3889 21.3995 21.4050
1 21.3473 21.3968 21.4074 21.4129
2 21.3563 21.4000 21.4101 21.4155
3 21.3574 21.4001 21.4103 21.4157

lk When q = (2, 3), λ 6= 0
p2

p1 0 1 2
0 21.3694 21.4067 21.4155
1 21.4063 21.4067 21.4155
2 21.4153 21.4154 21.4155

Note:
p: Seasonal order of Θ.
q: Seasonal order of α.
λ: Market price of risk.

By similar argument, it is assumed that the full seasonal model specification

for the Gaussian three-factor model is (p1, p2, p3, q1, q2, q3) = (2, 2, 2, 3, 3, 3). Under

this assumption, the average log-likelihood used in selecting Gaussian three-factor

models are listed in Table C.3. First, conditioning on p = (2, 2, 2) and λ 6= 0, LR
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tests suggest that q = (2, 1, 3) is the best choice; then given q = (2, 1, 3) and λ 6= 0,

p = (0, 0, 2) is the best choice indicated by LR tests. The corresponding average log-

likelihood is 22.7163. When λ is restricted to equal zero, the average log-likelihood

drops to 22.7106, which indicates that λ is significantly different from zero. So

the best Gaussian three-factor model is when λ 6= 0 and (p1, p2, p3, q1, q2, q3) =

(0, 0, 2, 2, 1, 3).

Average log-likelihood for the SV one-factor model when assuming market price

of risk is not zero is reported in Table C.4. The LR tests suggest that the best

(p1, q1) combination is (p1, q1) = (1, 3). It gives an average log-likelihood of 17.3716.

If λ is constrained to equal zero, the average log-likelihood becomes 17.3576. It

suggests that λ is significantly different from zero. So the best model specification

is (p1, q1) = (1, 3) and λ 6= 0.

Like Gaussian two-factor model, the full seasonality specification for SV two-

factor model is assumed to be (p1, p2, q1, q2) = (2, 2, 3, 3). Under the assumption,

the seasonal model selection evidence is documented in Table C.5. First, given

p = (2, 2) and λ 6= 0, LR tests suggest that q = (0, 3). Then given q = (0, 2) and

λ 6= 0, p = (0, 2) is selected. It gives an average log-likelihood of 21.4128 and the

parameter estimate for B21 is very close to zero. A test of B21 is further conducted.

Restricting B21 to zero leads to an average log-likelihood of 21.4104. According

to the LR test at 5% significance level, B21 is not significantly different from zero.

Then given (p1, p2, q1, q2) = (0, 2, 0, 3) and B21 = 0, the significance of λ is tested.

Restricting λ to 0 gives an average log-likelihood of 21.4039. It suggests that λ is

160



Table C.3. Gaussian 3-Factor Model Average Log-Likelihood for Corn

lk When p = (2, 2, 2), λ 6= 0
q lk q lk q lk q lk

(0,0,0) 22.6163 (1,0,0) 22.658 (2,0,0) 22.6851 (3,0,0) 22.6851
(0,0,1) 22.662 (1,0,1) 22.6963 (2,0,1) 22.7092 (3,0,1) 22.7092
(0,0,2) 22.6689 (1,0,2) 22.7039 (2,0,2) 22.7136 (3,0,2) 22.7136
(0,0,3) 22.6738 (1,0,3) 22.7076 (2,0,3) 22.7174 (3,0,3) 22.7174
(0,1,0) 22.6835 (1,1,0) 22.6871 (2,1,0) 22.6901 (3,1,0) 22.6901
(0,1,1) 22.6911 (1,1,1) 22.7021 (2,1,1) 22.7115 (3,1,1) 22.7115
(0,1,2) 22.6931 (1,1,2) 22.7068 (2,1,2) 22.7162 (3,1,2) 22.7162
(0,1,3) 22.6932 (1,1,3) 22.7115 (2,1,3) 22.7199 (3,1,3) 22.7199
(0,2,0) 22.6968 (1,2,0) 22.7061 (2,2,0) 22.7067 (3,2,0) 22.7067
(0,2,1) 22.7047 (1,2,1) 22.7131 (2,2,1) 22.7133 (3,2,1) 22.7133
(0,2,2) 22.7059 (1,2,2) 22.7142 (2,2,2) 22.7179 (3,2,2) 22.7179
(0,2,3) 22.7061 (1,2,3) 22.7154 (2,2,3) 22.7217 (3,2,3) 22.7217
(0,3,0) 22.7006 (1,3,0) 22.7095 (2,3,0) 22.7099 (3,3,0) 22.7099
(0,3,1) 22.708 (1,3,1) 22.7166 (2,3,1) 22.717 (3,3,1) 22.717
(0,3,2) 22.7091 (1,3,2) 22.7177 (2,3,2) 22.7187 (3,3,2) 22.7187
(0,3,3) 22.7092 (1,3,3) 22.7179 (2,3,3) 22.7226 (3,3,3) 22.7226

lk When q = (2, 1, 3), λ 6= 0
p lk p lk p lk

(0,0,0) 22.6794 (1,0,0) 22.6953 (2,0,0) 22.7076
(0,0,1) 22.6929 (1,0,1) 22.6953 (2,0,1) 22.7167
(0,0,2) 22.7163 (1,0,2) 22.7163 (2,0,2) 22.719
(0,1,0) 22.6954 (1,1,0) 22.6954 (2,1,0) 22.7169
(0,1,1) 22.6956 (1,1,1) 22.6956 (2,1,1) 22.7169
(0,1,2) 22.7163 (1,1,2) 22.7163 (2,1,2) 22.719
(0,2,0) 22.7162 (1,2,0) 22.7162 (2,2,0) 22.7185
(0,2,1) 22.7167 (1,2,1) 22.7167 (2,2,1) 22.7186
(0,2,2) 22.7168 (1,2,2) 22.7169 (2,2,2) 22.7199

Note:
lk: Average Log-Likelihood
p: Number of Fourier Terms Used in Modelling Θ.
q: Number of Fourier Terms Used in Modelling α.
λ: Market price of risk.
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Table C.4. SV 1-Factor Model Average Log-Likelihood for Corn

q1

p1 0 1 2 3 4 5
0 16.7522 17.2673 17.2867 17.2867 17.2926 17.295
1 17.3137 17.3359 17.3561 17.3716 17.3716 17.3716
2 17.3334 17.3565 17.3663 17.3718 17.3718 17.3717
3 17.3334 17.3579 17.3702 17.3718 17.3788 17.3788
4 17.3334 17.3579 17.3704 17.3727 17.3788 17.3826
5 17.3334 17.3579 17.3706 17.3727 17.3788 17.3826
Note:
p1: Seasonal order of Θ.
q1: Seasonal order of α.
λ, market price of risk, not equal to zero is assumed.

significantly different from zero. So the best SV two-factor model is a model where

(p1, p2, q1, q2) = (0, 2, 0, 3), B21 = 0 and λ 6= 0.

Table C.5. SV 2-Factor Model Average Log-Likelihood for Corn

lk When p = (2, 2), λ 6= 0
q2

q1 0 1 2 3
0 21.343 21.3960 21.4070 21.4133
1 21.343 21.3975 21.4088 21.4145
2 21.343 21.3979 21.4122 21.4174
3 21.343 21.4013 21.4125 21.4178

lk When q = (0, 3), λ 6= 0
p2

p1 0 1 2
0 21.3472 21.3773 21.4128
1 21.3778 21.3778 21.4129
2 21.4122 21.4123 21.4133

Note:
p: Seasonal order of Θ.
q: Seasonal order of α.
λ: Market price of risk.
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As for Gaussian three-factor model, the full seasonal model specification for the

SV three-factor model is also assumed to be (p1, p2, p3, q1, q2, q3) = (2, 2, 2, 3, 3, 3).

Under this assumption, the average log-likelihood used in selecting Gaussian three-

factor models are listed in Table C.6. First, conditioning on p = (2, 2, 2) and λ 6= 0,

LR tests suggest that q = (2, 2, 3) is the best choice; then given q = (2, 2, 3) and λ 6=

0, p = (0, 0, 2) is the best choice indicated by LR tests. The corresponding average

log-likelihood is 22.7393. Since the estimate for B31 is close to 0, the significance

of B31 is further tested. When B31 is constrained to equal zero, the average log-

likelihood does not change within the fourth decimal place, so B31 is not significant.

When λ is restricted to equal zero, the average log-likelihood drops to 22.7341, which

indicates that λ is significantly different from zero. So the best SV three-factor model

is when λ 6= 0, (p1, p2, p3, q1, q2, q3) = (0, 0, 2, 2, 2, 3) and B31 = 0.
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Table C.6. SV 3-Factor Model Average Log-Likelihood for Corn

lk When p = (2, 2, 2), λ 6= 0
q lk q lk q lk q lk

(0,0,0) 22.6189 (1,0,0) 22.6359 (2,0,0) 22.6624 (3,0,0) 22.6663
(0,0,1) 22.6729 (1,0,1) 22.6925 (2,0,1) 22.6986 (3,0,1) 22.6986
(0,0,2) 22.6836 (1,0,2) 22.7036 (2,0,2) 22.7059 (3,0,2) 22.7059
(0,0,3) 22.7199 (1,0,3) 22.729 (2,0,3) 22.7357 (3,0,3) 22.7359
(0,1,0) 22.6189 (1,1,0) 22.6522 (2,1,0) 22.6625 (3,1,0) 22.6681
(0,1,1) 22.6729 (1,1,1) 22.694 (2,1,1) 22.6987 (3,1,1) 22.6987
(0,1,2) 22.6836 (1,1,2) 22.7036 (2,1,2) 22.7059 (3,1,2) 22.7059
(0,1,3) 22.7199 (1,1,3) 22.7346 (2,1,3) 22.736 (3,1,3) 22.7372
(0 ,2,0) 22.6189 (1,2,0) 22.654 (2,2,0) 22.6625 (3,2,0) 22.6681
(0,2,1) 22.7112 (1,2,1) 22.7212 (2,2,1) 22.7386 (3,2,1) 22.7386
(0,2,2) 22.7309 (1,2,2) 22.7415 (2,2,2) 22.7478 (3,2,2) 22.748
(0,2,3) 22.7348 (1,2,3) 22.7454 (2,2,3) 22.7502 (3,2,3) 22.7503
(0,3,0) 22.6189 (1,3,0) 22.6541 (2,3,0) 22.6625 (3,3,0) 22.6681
(0,3,1) 22.7135 (1,3,1) 22.73 (2,3,1) 22.7389 (3,3,1) 22.739
(0,3,2) 22.7312 (1,3,2) 22.7433 (2,3,2) 22.7482 (3,3,2) 22.7482
(0,3,3) 22.7351 (1,3,3) 22.7464 (2,3,3) 22.7506 (3,3,3) 22.7507

lk When q = (2, 2, 3), λ 6= 0
p lk p lk p lk

(0,0,0) 22.6862 (1,0,0) 22.7317 (2,0,0) 22.7392
(0,0,1) 22.705 (1,0,1) 22.7317 (2,0,1) 22.7393
(0,0,2) 22.7392 (1,0,2) 22.7394 (2,0,2) 22.7397
(0,1,0) 22.694 (1,1,0) 22.7317 (2,1,0) 22.7392
(0,1,1) 22.705 (1,1,1) 22.7318 (2,1,1) 22.7393
(0,1,2) 22.7393 (1,1,2) 22.7394 (2,1,2) 22.7398
(0,2,0) 22.7388 (1,2,0) 22.7388 (2,2,0) 22.7392
(0,2,1) 22.7388 (1,2,1) 22.7388 (2,2,1) 22.7393
(0,2,2) 22.7393 (1,2,2) 22.7394 (2,2,2) 22.7398

Note:
lk: Average Log-Likelihood
p: Number of Fourier Terms Used in Modelling Θ.
q: Number of Fourier Terms Used in Modelling α.
λ: Market price of risk.
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D. Parameter Estimation Results for Corn

This appendix lists the estimation results for the corn market. For each model,

estimation results from the whole sample estimation and from the sub-sample esti-

mation are both presented.

Table D.1. Gaussian 1-Factor Model Parameter Estimation Result for Corn

1/15/1975 - 1/15/1975 -
Period 3/9/2000 12/30/1998
K 0.3687(0.0025) 0.3449(0.0025)
h 5.6214(0.0028) 5.6137( 0.003)
H 0.1805(0.0051) 0.1767(0.0049)
Θ1s 1.9707(0.0969) 2.275(0.1082)
Θ1c 0.9996(0.1002) 1.1383(0.1094)
Θ2s -0.5443(0.2236) -0.5812(0.2421)
Θ2c 0.7188(0.2955) 0.8374(0.3206)
α1s -0.1348(0.0742) -0.1112(0.0734)
α1c -0.8221(0.0717) -0.8225(0.0718)
α2s 0.0735(0.0946) 0.0121(0.0933)
α2c 0.464(0.0626) 0.4406(0.0642)
α3s -0.0696( 0.077) -0.0523(0.0751)
α3c -0.3115(0.0698) -0.3482(0.0685)
σε -0.0347(0.0001) -0.0346(0.0001)

Avg. Log-likelihood 17.3920 17.3767
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Table D.2. Gaussian 2-Factor Model Parameter Estimation Result for Corn

1/15/1975 - 1/15/1975 -
Period 3/9/2000 12/30/1998
K11 0.575( 0.046) 0.6034(0.0451)
K21 0.5387(0.0361) 0.5698(0.0383)
K22 0.4482(0.0449) 0.4612(0.0439)
h 5.5319(0.1263) 5.5298(0.1236)
H1 0.037(0.0202) 0.0315( 0.019)
H2 0.2066(0.0049) 0.2054(0.0046)
λ1 -0.7237(0.2757) -0.7186(0.2766)
λ2 -0.3656(0.2233) -0.3893(0.2223)
Θ1s

2 1.6249(0.2407) 1.6477(0.2229)
Θ1c

2 1.5221(0.3896) 1.5081(0.3729)
Θ2s

2 -0.5153(0.1191) -0.4989( 0.12)
Θ2c

2 0.1322(0.2685) 0.1608(0.2551)
α1s

1 -0.3799(0.1197) -0.3523(0.1231)
α1c

1 -0.3095(0.1224) -0.3092(0.1245)
α1s

2 -0.172(0.0516) -0.1774(0.0515)
α1c

2 -0.7304(0.0516) -0.7202(0.0525)
α2s

2 0.076(0.0675) 0.0502(0.0675)
α2c

2 0.3559(0.0471) 0.3426(0.0477)
α3s

2 -0.0515(0.0475) -0.0647(0.0475)
α3c

2 -0.193(0.0498) -0.2114(0.0494)
σε -0.0158(0.0001) -0.0157(0.0001)

Avg. Log-likelihood 21.4128 21.4048
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Table D.3. Gaussian 3-Factor Model Parameter Estimation Result for Corn

1/15/1975 - 1/15/1975 -
Period 3/9/2000 12/30/1998
K11 1.6103( 0.432) 1.6693( 0.403)
K21 4.4063(0.3362) 4.3077(0.3241)
K22 1.5092(0.4228) 1.5305( 0.387)
K31 -1.7432(0.3651) -1.7092(0.3392)
K32 -0.81(0.1842) -0.8346(0.1779)
K33 0.4432( 0.034) 0.4305(0.0317)
h 5.5223(0.1099) 5.5279(0.1126)
H1 -0.0064(0.0118) -0.0122(0.0117)
H2 -0.038(0.0151) -0.0398(0.0143)
H3 0.1897(0.0065) 0.1894(0.0062)
λ1 -0.524(0.2931) -0.4774(0.2898)
λ2 0.5499( 0.252) 0.5366(0.2533)
λ3 -0.1999( 0.232) -0.1793(0.2285)
Θ1s

3 2.1407(0.3444) 2.2119(0.3395)
Θ1c

3 1.2206(0.3499) 1.2232( 0.344)
Θ2s

3 -0.5878(0.1342) -0.5953(0.1407)
Θ2c

3 0.3987(0.2329) 0.4724(0.2401)
α1s

1 -0.2521(0.1457) -0.2331(0.1498)
α1c

1 -1.0157(0.1095) -1.0067(0.1101)
α2s

1 0.2259(0.1302) 0.1964(0.1313)
α2c

1 0.3302(0.1235) 0.2989(0.1248)
α1s

2 -0.0768(0.1174) -0.0703(0.1169)
α1c

2 -0.2575(0.1198) -0.277(0.1199)
α1s

3 -0.112(0.0639) -0.1012(0.0615)
α1c

3 -0.6087( 0.065) -0.6027( 0.063)
α2s

3 0.029(0.0759) -0.0117(0.0723)
α2c

3 0.2846(0.0571) 0.2741( 0.056)
α3s

3 -0.0252(0.0516) -0.0109(0.0499)
α3c

3 -0.1865(0.0565) -0.198(0.0553)
σε 0.0116(0.0001) 0.0114(0.0001)

Avg. Log-likelihood 22.7163 22.7031
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Table D.4. SV 1-Factor Model Parameter Estimation Result for Corn

1/15/1975 - 1/15/1975 -
Period 3/9/2000 12/30/1998
K 0.4823(0.0267) 0.4564(0.0257)
h 4.5221(0.0434) 4.5455(0.0408)
H 0.0338(0.0024) 0.0329(0.0021)
λ -0.1001(0.0185) -0.0981(0.0174)
Θ0 25.6927(2.2142) 25.3918(1.9055)
Θ1s 7.9544( 0.639) 9.0965(0.7416)
Θ1c 5.8997(0.5819) 6.4622(0.5988)
α1s 1.0503(1.4939) 1.2624(0.3635)
α1c -12.9803(1.9576) -12.9706(1.9989)
α2s -2.4969( 1.094) -2.5502( 1.093)
α2c 8.3251(1.2709) 8.5067(1.2881)
α3s -0.2486(0.8552) -0.0965(0.1171)
α3c -6.996(1.5135) -7.0799( 1.519)
σε -0.0347(0.0007) -0.0346(0.0007)

Avg. Log-likelihood 17.3716 17.3625
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Table D.5. SV 2-Factor Model Parameter Estimation Result for Corn

1/15/1975 - 1/15/1975 -
Period 3/9/2000 12/30/1998
K11 0.7739(0.1305) 0.8155(0.1535)
K21 0.1418(0.0294) 0.1497(0.0363)
K22 0.4361(0.0459) 0.4307(0.0829)
h 5.3547(0.1496) 5.3434(0.1237)
H1 0.0109(0.0062) 0.0116(0.0089)
H2 0.2059(0.0084) 0.2033(0.0117)
λ1 -0.1986(0.0892) -0.1945(0.0816)
λ2 -0.4058( 0.355) -0.3889(0.2382)
Θ1 13.6247(6.4117) 13.6311(6.5824)
Θ1s

2 1.6402(0.3846) 1.7293(0.3272)
Θ1c

2 1.4896(0.7232) 1.4773(0.2888)
Θ2s

2 -0.5343(0.4076) -0.5015(0.3209)
Θ2c

2 0.0956(0.2465) 0.1562(0.3897)
α1s

2 -0.179(0.1163) -0.1674(0.1426)
α1c

2 -0.7335(0.0856) -0.7133(0.0842)
α2s

2 0.0801(0.2793) 0.0279(0.1536)
α2c

2 0.3569(0.0684) 0.3376(0.0866)
α3s

2 -0.0534(0.1491) -0.0403(0.0433)
α3c

2 -0.1914(0.0766) -0.2139(0.0737)
σε -0.0158(0.0004) -0.0157(0.0004)

Avg. Log-Likelihood 21.4104 21.3920
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Table D.6. SV 3-Factor Model Parameter Estimation Result for Corn

1/15/1975 - 1/15/1975 -
Period 3/9/2000 12/30/1998
K11 0.4462( 0.1009) 0.3955( 0.0885)
K21 -1.4252( 0.6432) -1.4086( 1.1107)
K22 1.4388( 0.3695) 1.486( 0.5727)
K23 35.2398( 8.9267) 35.2381( 5.8209)
K31 -0.0512( 0.0225) -0.0513( 0.0286)
K32 -0.0506( 0.0144) -0.0531( 0.0156)
K33 0.9546( 0.3529) 1.0054( 0.5723)
B21 1.0951( 0.4756) 1.1164( 1.538)
h 4.3198( 0.2245) 4.3026( 0.7754)
H1 0.0192( 0.003) 0.0194( 0.0108)
H2 -0.0116( 0.0033) -0.0118( 0.0025)
H3 0.0758( 0.0212) 0.0665( 0.0175)
λ1 0.0262( 0.016) 0.027( 0.062)
λ2 0.0657( 0.0274) 0.0635( 0.1503)
λ3 -0.3838( 0.3909) -0.4071( 0.5961)
Θ0

1 62.1052(17.7855) 62.1068(81.4146)
Θ1s

3 -0.5652( 0.122) -0.5689( 0.1284)
Θ1c

3 -0.0419( 0.0781) -0.0281( 0.0736)
Θ2s

3 0.1441( 0.0347) 0.1422( 0.0316)
Θ2c

3 -0.1304( 0.0421) -0.1432( 0.1294)
α1s

1 -13.0019(10.5444) -13.0003(32.5004)
α1c

1 -16.3668( 6.0644) -16.3692(40.4879)
α2s

1 0.1275( 0.191) 0.1293( 0.0871)
α2c

1 0.7261( 0.8929) 0.7318( 7.0639)
α1s

2 -0.2938( 0.3945) -0.2939( 2.4289)
α1c

2 -1.2083( 1.9056) -1.2119( 3.6884)
α2s

2 0.3389( 0.2519) 0.337( 1.7286)
α2c

2 0.6556( 0.5906) 0.6539( 1.385)
α1s

3 -0.2002( 0.1311) -0.2025( 0.6369)
α1c

3 -1.1055( 0.0944) -1.1209( 0.1085)
α2s

3 0.1819( 0.0677) 0.1562( 0.6607)
α2c

3 0.5091( 0.0758) 0.5059( 0.3255)
α3s

3 -0.0039( 0.012) -0.0268( 0.123)
α3c

3 -0.2015( 0.106) -0.2513( 0.4601)
σε 0.0116( 0.0004) 0.0114( 0.0004)

Avg. Log-Likelihood 22.7393 22.7738
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E. Model Selection for Gasoline

This appendix documents the detailed model selection process and the support-

ing evidence for the gasoline market.

Table E.1 lists the average log-likelihoods of Gaussian one-factor model assuming

the market price of risk is not zero. p1 and q1 are the seasonal order of Θ and α

respectively. The LR tests suggest that the best seasonal combination is p1 = 6 and

q1 = 1. The corresponding average log-likelihood is 22.1299. Since the parameter

estimates for λ is close to zero, the significance of λ was then tested given p1 = 6

and q1 = 1. The average log-likelihood when it is assumed that λ = 0 is 22.1282.

According to the LR test, λ is not significantly different from zero. So the best

Gaussian one-factor model is when p1 = 6, q1 = 1 and λ = 0.

Table E.1. Gaussian 1-Factor Model Average Log-Likelihood for Gasoline

q1

p1 0 1 2 3 4 5
0 19.125 21.7969 21.8783 21.9807 21.99 22.0135
1 21.8892 21.8999 21.9608 22.0516 22.0549 22.0724
2 21.9625 21.9738 21.9769 22.0654 22.0687 22.09
3 22.0729 22.0836 22.0866 22.092 22.0944 22.1061
4 22.0783 22.0891 22.092 22.0974 22.0999 22.1095
5 22.1113 22.1218 22.1246 22.1302 22.1326 22.1331
6 22.1194 22.1299 22.1328 22.1385 22.1408 22.1413
7 22.1194 22.13 22.1328 22.1385 22.1408 22.1413
Note:
p1: Number of Fourier terms used in modeling Θ.
q1: Number of Fourier terms used in modeling α.
λ, market price of risk, not equal to zero is assumed.

Assuming that seasonal behavior of two-factor model appears at similar frequen-
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cies as it does in the one-factor model and knowing that the best choice for (p1, q1)

in the one-factor model is (6, 1), it is reasonable to assume that the full seasonal

specification for the Gaussian two-factor model is (p1, p2, q1, q2) = (6, 6, 1, 1). Under

the assumption, the seasonal model selection evidence is documented in Table E.2.

First, conditioning on q = (1, 1) and λ 6= 0, p = (0, 6) is the best choice according to

the LR tests, however, the long term mean of the spot price become very wiggly un-

der this choice. In comparison, p = (6, 0) gives slightly lower likelihood, but the long

term mean of the spot price make a lot of sense, so p = (6, 0) is chosen instead. Then

conditioning on p = (6, 0) and λ 6= 0 , q = (1, 0) is the best choice supported by the

LR tests. The corresponding average log-likelihood is 27.3231. Further restricting

λ to be zero leads to an average log-likelihood of 27.3208. LR test suggests that λ

is not significantly different from zero. In summary, the best Gaussian two-factor

model for gasoline market is (p1, p2, q1, q2) = (6, 0, 1, 0) and λ = 0.

By similar argument, it is assumed that the full seasonal model specification

for the Gaussian three-factor model is (p1, p2, p3, q1, q2, q3) = (6, 6, 6, 1, 1, 1). Under

this assumption, the average log-likelihood used in selecting Gaussian three-factor

models are listed in Table E.3 and Table E.4. First, conditioning on q = (1, 1, 1) and

λ 6= 0, LR tests suggest that p = (0, 0, 6) is the best choice; then given p = (0, 0, 6)

and λ 6= 0, p = (1, 0, 1) is the best choice indicated by LR tests. The corresponding

average log-likelihood is 28.9621. When further restricting λ to be zero, the average

log-likelihood drops to 28.96, which indicates that λ is not significantly different

from zero. So the best Gaussian three-factor model for gasoline market is when
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Table E.2. Gaussian 2-Factor Model Average Log-Likelihood for Gasoline

lk When q = (1, 1), λ 6= 0
p2

p1 0 1 2 3 4 5 6
0 26.188 26.2595 26.5119 27.0918 27.1272 27.2852 27.3286
1 26.2582 26.2595 26.5119 27.0918 27.1272 27.2852 27.3286
2 26.51 26.5102 26.5119 27.0918 27.1272 27.2852 27.3286
3 27.0892 27.0893 27.0907 27.0918 27.1272 27.2852 27.3286
4 27.1248 27.1262 27.1263 27.1268 27.1272 27.2853 27.3287
5 27.2819 27.2819 27.282 27.282 27.282 27.2853 27.3287
6 27.3241 27.3242 27.3242 27.3258 27.3259 27.3301 27.3318

lk When p = (6, 0), λ 6= 0
q2

q1 0 1
0 27.3008 27.3016
1 27.3231 27.3241

Note:
lk: Average Log Likelihood.
p: Number of Fourier terms used in modeling Θ.
q: Number of Fourier terms used in modeling α.
λ: Market price of risk .

(p1, p2, p3, q1, q2, q3) = (0, 0, 6, 1, 0, 1) and λ = 0.
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Table E.3. Gaussian 3-Factor Model Average Log-Likelihood for Gasoline

lk When q = (1, 1, 1), λ 6= 0
p1

(p2, p3) 0 1 2 3 4 5 6
(0,0) 27.1772 27.2199 27.5992 28.5127 28.6026 28.8779 28.9593
(0,1) 27.22 27.22 27.5993 28.513 28.6026 28.8779 28.9593
(0,2) 27.5995 27.5996 27.5996 28.513 28.6026 28.8779 28.9593
(0,3) 28.5126 28.5126 28.5126 28.513 28.6026 28.878 28.9593
(0,4) 28.603 28.603 28.603 28.603 28.603 28.878 28.9593
(0,5) 28.8771 28.8771 28.8771 28.8771 28.8771 28.878 28.9593
(0,6) 28.9627 28.9629 28.9629 28.9629 28.9629 28.9629 28.9633
(1,0) 27.2204 27.2206 27.6005 28.5138 28.603 28.8783 28.9594
(1,1) 27.2204 27.222 27.6009 28.5139 28.603 28.8784 28.9594
(1,2) 27.5996 27.5997 27.6009 28.5139 28.603 28.8784 28.9594
(1,3) 28.5126 28.5126 28.5126 28.5139 28.603 28.8784 28.9594
(1,4) 28.603 28.603 28.603 28.603 28.6031 28.8784 28.9594
(1,5) 28.8771 28.8771 28.8771 28.8772 28.8776 28.8784 28.9594
(1,6) 28.9627 28.9629 28.9629 28.9629 28.9629 28.9629 28.9633
(2,0) 27.6 27.6001 27.6044 28.519 28.6094 28.8805 28.965
(2,1) 27.6 27.6002 27.6044 28.5191 28.6094 28.8836 28.9651
(2,2) 27.6 27.6002 27.6045 28.5191 28.6094 28.8841 28.9652
(2,3) 28.5126 28.5126 28.5186 28.5191 28.6094 28.8841 28.9652
(2,4) 28.603 28.603 28.6086 28.6086 28.6094 28.885 28.9657
(2,5) 28.8771 28.8772 28.8823 28.8823 28.8829 28.885 28.9657
(2,6) 28.9627 28.9629 28.9643 28.9644 28.965 28.9671 28.9674
(3,0) 28.5134 28.5134 28.5188 28.5208 28.6096 28.8851 28.9655
(3,1) 28.5134 28.5134 28.5191 28.5209 28.6097 28.8852 28.9658
(3,2) 28.5134 28.5134 28.5191 28.5209 28.6097 28.8853 28.9658
(3,3) 28.5134 28.5134 28.5191 28.5209 28.6098 28.8853 28.9658
(3,4) 28.603 28.603 28.6091 28.6112 28.6112 28.8853 28.9658
(3,5) 28.8771 28.8772 28.8824 28.8847 28.8847 28.8853 28.9658
(3,6) 28.9629 28.9629 28.9644 28.9667 28.9668 28.9675 28.9741
(4,0) 28.6035 28.6035 28.6093 28.6107 28.6132 28.8882 28.9687
(4,1) 28.6035 28.6035 28.6093 28.6107 28.6132 28.8882 28.9687
(4,2) 28.6035 28.6035 28.6093 28.6107 28.6132 28.8883 28.9687
(4,3) 28.6035 28.6035 28.6093 28.6107 28.6132 28.8884 28.9687
(4,4) 28.6035 28.6035 28.6093 28.6113 28.6132 28.8884 28.9687
(4,5) 28.8774 28.8774 28.8828 28.8848 28.8869 28.8884 28.9687
(4,6) 28.9629 28.963 28.9649 28.9667 28.9689 28.9705 28.9756

Note:
lk: Average Log-Likelihood.
p: Number of Fourier Terms Used in Modelling Θ.
λ: Market price of risk.
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Table E.4. Table E.3 (Continued)

lk When q = (1, 1, 1), λ 6= 0
p1

(p2, p3) 0 1 2 3 4 5 6
(5,0) 28.8787 28.8787 28.8842 28.8857 28.8883 28.8893 28.9693
(5,1) 28.8787 28.8788 28.8842 28.8857 28.8884 28.8893 28.9693
(5,2) 28.8787 28.8788 28.8842 28.8857 28.8884 28.8893 28.9694
(5,3) 28.8788 28.8788 28.8842 28.8857 28.8884 28.8893 28.9694
(5,4) 28.8788 28.8788 28.8842 28.8857 28.8884 28.8893 28.9694
(5,5) 28.8788 28.8788 28.8842 28.8857 28.8884 28.8893 28.9703
(5,6) 28.9629 28.963 28.9664 28.9677 28.9704 28.9713 28.9775
(6,0) 28.9616 28.9617 28.967 28.9684 28.9709 28.972 28.9745
(6,1) 28.9616 28.9617 28.967 28.9684 28.9709 28.972 28.975
(6,2) 28.9616 28.9617 28.967 28.9684 28.9709 28.972 28.975
(6,3) 28.9615 28.9617 28.967 28.9684 28.9709 28.972 28.975
(6,4) 28.9616 28.9617 28.967 28.9684 28.9709 28.972 28.975
(6,5) 28.9616 28.9617 28.967 28.9684 28.9709 28.972 28.9751
(6,6) 28.9662 28.9662 28.967 28.9684 28.971 28.9769 28.9798

lk When p = (0, 0, 6), λ 6= 0
q lk q lk

(0,0,0) 28.9426 (1,0,0) 28.9468
(0,0,1) 28.9579 (1,0,1) 28.9621
(0,1,0) 28.943 (1,1,0) 28.9472
(0,1,1) 28.9583 (1,1,1) 28.9627

Note:
lk: Average Log-Likelihood.
p: Number of Fourier Terms Used in Modelling Θ.
q: Number of Fourier Terms Used in Modelling α.
λ: Market price of risk.

Average log-likelihood for the SV one-factor model when assuming market price

of risk is not zero is reported in Table E.5. The LR tests suggest that the best

(p1, q1) combination is (p1, q1) = (6, 1). It gives an average log-likelihood of 22.1423.

When further restricting λ to be zero, the average log-likelihood drops to 22.1409,
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which suggests that λ is not significantly different from zero. So the best model

specification is (p1, q1) = (6, 1) and λ = 0.

Table E.5. SV 1-Factor Model Average Log-Likelihood for Gasoline

q1

p1 0 1 2 3 4 5
0 19.134 21.8163 21.897 21.9961 22.0056 22.0264
1 21.8967 21.9115 21.9115 22.0543 22.0623 22.0932
2 21.9704 21.985 21.9897 22.0696 22.0732 22.092
3 22.0808 22.0957 22.0957 22.1002 22.1002 22.1002
4 22.0863 22.1008 22.105 22.105 22.108 22.1127
5 22.119 22.1331 22.1374 22.1374 22.1374 22.142
6 22.1276 22.1423 22.1423 22.1423 22.1423 22.1423
7 22.1276 22.142 22.1454 22.1454 22.1493 22.1497
Note:
p1: Number of Fourier terms used in modeling Θ.
q1: Number of Fourier terms used in modeling α.
λ, market price of risk, not equal to zero is assumed.

Like Gaussian two-factor model, the full seasonality specification for SV two-

factor model is assumed to be (p1, p2, q1, q2) = (6, 6, 1, 1). Under the assumption,

the seasonal model selection evidence is documented in Table E.6. First, given

q = (1, 1) and λ 6= 0, LR tests suggest that p = (6, 0). Then given p = (6, 0) and

λ 6= 0, q = (1, 0) is selected. It gives an average log-likelihood of 27.3355. Then

given (p1, p2, q1, q2) = (6, 0, 1, 0), the significance of λ is tested. Restricting λ to

0 gives an average log-likelihood of 27.333. It suggests that λ is not significantly

different from zero. So the best SV two-factor model specification for the gasoline

market is a model where (p1, p2, q1, q2) = (6, 0, 1, 0) and λ = 0.
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Table E.6. SV 2-Factor Model Average Log-Likelihood for Gasoline

lk When q = (1, 1), λ 6= 0
p2

p1 0 1 2 3 4 5 6
0 26.1116 26.2566 26.5085 27.0886 27.1239 27.2821 27.324
1 26.2545 26.2566 26.5085 27.0886 27.124 27.2822 27.324
2 26.5094 26.5095 26.5095 27.0886 27.124 27.2822 27.324
3 27.0851 27.0862 27.0862 27.0886 27.124 27.2823 27.324
4 27.1221 27.1227 27.1228 27.1228 27.124 27.2823 27.324
5 27.2916 27.2916 27.2921 27.2928 27.2934 27.2934 27.335
6 27.3355 27.3355 27.3355 27.3355 27.3355 27.3358 27.3358

lk When p = (6, 0), λ 6= 0
q2

q1 0 1
0 27.3165 27.3165
1 27.3355 27.3355

Note:
lk: Average Log Likelihood.
p: Number of Fourier Terms used in modeling Θ.
q: Number of Fourier Terms used in modeling α.
λ: Market price of Risk.

As for Gaussian three-factor model, the full seasonal model specification for the

SV three-factor model is also assumed to be (p1, p2, p3, q1, q2, q3) = (6, 6, 6, 1, 1, 1).

Under this assumption, the average log-likelihood used in selecting Gaussian three-

factor models are listed in Table E.7 and Table E.8. First, conditioning on q =

(1, 1, 1) and λ 6= 0, LR tests suggest that p = (0, 6, 0) is the best choice; then given

p = (0, 6, 0) and λ 6= 0, q = (1, 0, 1) is the best choice indicated by LR tests. The

corresponding average log-likelihood is 28.9782. Since the estimate for B31 is close to

0, the significance of B31 is further tested. When restrict B31 to zero, the average log-
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likelihood drops to 28.9780. According to LR test, B31 is not significantly different

from zero. When further restrict λ to be zero, the average log-likelihood drops to

28.9744, which indicates that λ is not significantly different from zero. So the best

SV three-factor model is when λ = 0 and (p1, p2, p3, q1, q2, q3) = (0, 6, 0, 1, 0, 1) and

B31 = 0.
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Table E.7. SV 3-Factor Model Average Log-Likelihood for Gasoline

lk When q = (1, 1, 1), λ 6= 0
p1

(p2, p3) 0 1 2 3 4 5 6
(0,0) 27.1686 27.2292 27.6175 28.5299 28.6186 28.8935 28.9742
(0,1) 27.2281 27.2401 27.6178 28.5299 28.6195 28.8938 28.9745
(0,2) 27.6214 27.6214 27.6214 28.5299 28.6195 28.8943 28.9745
(0,3) 28.5332 28.5332 28.5332 28.5332 28.6196 28.8943 28.9745
(0,4) 28.6229 28.623 28.623 28.623 28.623 28.8943 28.9746
(0,5) 28.8975 28.8975 28.8975 28.8975 28.8975 28.8975 28.9746
(0,6) 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784
(1,0) 27.2364 27.2378 27.6177 28.5299 28.6186 28.8935 28.9742
(1,1) 27.2364 27.2401 27.6178 28.5299 28.6195 28.8938 28.9745
(1,2) 27.6214 27.6214 27.6214 28.5299 28.6195 28.8943 28.9745
(1,3) 28.5332 28.5332 28.5332 28.5332 28.6195 28.8943 28.9746
(1,4) 28.6229 28.623 28.623 28.623 28.623 28.8943 28.9746
(1,5) 28.8975 28.8975 28.8975 28.8975 28.8975 28.8975 28.9748
(1,6) 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784
(2,0) 27.6194 27.6199 27.6201 28.5322 28.6187 28.8935 28.9742
(2,1) 27.6199 27.62 27.6201 28.5322 28.6195 28.8938 28.9745
(2,2) 27.6214 27.6214 27.6214 28.5322 28.6195 28.8943 28.9745
(2,3) 28.5332 28.5332 28.5332 28.5332 28.6196 28.8943 28.9746
(2,4) 28.623 28.623 28.623 28.623 28.623 28.8943 28.9746
(2,5) 28.8975 28.8975 28.8975 28.8975 28.8975 28.8975 28.9748
(2,6) 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784
(3,0) 28.5312 28.5312 28.5312 28.5323 28.6186 28.8935 28.9742
(3,1) 28.5312 28.5312 28.5312 28.5323 28.6195 28.8939 28.9746
(3,2) 28.5312 28.5312 28.5312 28.5323 28.6195 28.8943 28.9746
(3,3) 28.5332 28.5332 28.5332 28.5332 28.6196 28.8943 28.9746
(3,4) 28.623 28.623 28.623 28.623 28.623 28.8943 28.9746
(3,5) 28.8975 28.8975 28.8975 28.8975 28.8975 28.8975 28.9748
(3,6) 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784
(4,0) 28.6218 28.6218 28.6218 28.6218 28.6218 28.8935 28.9742
(4,1) 28.6218 28.6218 28.6218 28.6218 28.6218 28.8938 28.9746
(4,2) 28.6218 28.6218 28.6218 28.6218 28.6218 28.8943 28.9746
(4,3) 28.6218 28.6218 28.6218 28.6218 28.6218 28.8943 28.9746
(4,4) 28.623 28.623 28.623 28.623 28.623 28.8943 28.9746
(4,5) 28.8975 28.8975 28.8975 28.8975 28.8975 28.8975 28.9748
(4,6) 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784

Note:
lk: Average Log-Likelihood.
p: Number of Fourier Terms Used in Modeling Θ.
λ: Market price of risk.
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Table E.8. Table E.7 (Continued)

lk When q = (1, 1, 1), λ 6= 0
p1

(p2, p3) 0 1 2 3 4 5 6
(5,0) 28.8962 28.8962 28.8962 28.8962 28.8962 28.8962 28.9742
(5,1) 28.8962 28.8962 28.8962 28.8962 28.8962 28.8962 28.9745
(5,2) 28.8962 28.8962 28.8962 28.8962 28.8962 28.8962 28.9745
(5,3) 28.8962 28.8962 28.8962 28.8962 28.8962 28.8962 28.9746
(5,4) 28.8962 28.8962 28.8962 28.8962 28.8962 28.8962 28.9746
(5,5) 28.8976 28.8975 28.8975 28.8975 28.8975 28.8975 28.9748
(5,6) 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784 28.9784
(6,0) 28.9783 28.9787 28.9787 28.9788 28.9788 28.9788 28.9788
(6,1) 28.9786 28.9786 28.9787 28.9787 28.9788 28.9788 28.9788
(6,2) 28.9787 28.9787 28.9787 28.9787 28.9788 28.9788 28.9788
(6,3) 28.9787 28.9787 28.9787 28.9787 28.9788 28.9788 28.9788
(6,4) 28.9787 28.9788 28.9788 28.9788 28.9788 28.9788 28.9788
(6,5) 28.9788 28.9788 28.9788 28.9788 28.9788 28.9788 28.9788
(6,6) 28.9791 28.9791 28.9791 28.9791 28.9791 28.9791 28.9791

lk When p = (0, 6, 0), λ 6= 0
q lk q lk

(0,0,0) 28.9616 (1,0,0) 28.9735
(0,0,1) 28.9666 (1,0,1) 28.9782
(0,1,0) 28.9616 (1,1,0) 28.9735
(0,1,1) 28.9666 (1,1,1) 28.9784

Note:
lk: Average Log-Likelihood.
p: Number of Fourier Terms Used in Modeling Θ.
q: Number of Fourier Terms Used in Modeling α.
λ: Market price of risk.

F. Parameter Estimation Results for Gasoline

This appendix lists the estimation results for the gasoline market. For each

model, estimation results from the whole sample estimation and from the sub-sample

estimation are both presented.
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Table F.1. Gaussian 1-Factor Model Parameter Estimation Result for Gasoline

1/7/1987 - 1/7/1987 -
Period 12/20/2001 12/28/2000
K 0.4733( 0.004) 0.5249( 0.004)
h 3.8638(0.0037) 3.8627(0.0032)
H 0.2677(0.0054) 0.2694(0.0053)
Θ1s 2.516(0.0635) 2.1672( 0.054)
Θ1c 0.3992(0.0316) 0.2892(0.0285)
Θ2s 0.0933(0.0663) 0.0858(0.0588)
Θ2c -0.5593(0.0642) -0.4568(0.0578)
Θ3s -1.0761(0.1295) -0.9248(0.1138)
Θ3c -0.0207(0.1246) -0.0677( 0.111)
Θ4s -0.1676(0.2025) -0.1785(0.1808)
Θ4c 0.2222(0.2011) 0.1805(0.1799)
Θ5s 1.0139( 0.272) 0.8343( 0.239)
Θ5c 0.0245(0.2845) -0.0363(0.2528)
Θ6s 0.0799( 2.167) 0.0932(2.0333)
Θ6c -0.4037( 0.297) -0.2874( 0.267)
α1s -0.215( 0.064) -0.2111(0.0661)
α1c 0.2848(0.0592) 0.2769( 0.059)
σε 0.0295(0.0001) 0.0282(0.0001)

Avg. Log-Likelihood 22.1282 22.1237
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Table F.2. Gaussian 2-Factor Model Parameter Estimation Result for Gasoline

1/7/1987 - 1/7/1987 -
Period 12/20/2001 12/28/2000
K11 0.2186(0.0092) 0.327(0.0097)
K21 -0.0653(0.0928) 0.0425(0.0998)
K22 2.693( 0.031) 2.9175(0.0346)
h 3.7227(0.0164) 3.7878(0.0091)
H1 0.2404(0.0102) 0.2471(0.0098)
H2 -0.3049(0.0084) -0.2914(0.0083)
Θ1s

1 4.6792(1.7248) 4.4077(1.3866)
Θ1c

1 0.3042(0.6372) 0.9382(1.1333)
Θ2s

1 0.1865(0.1342) 0.2773(0.2181)
Θ2c

1 -0.8934(0.3505) -0.8617(0.3393)
Θ3s

1 -1.9547(0.7883) -1.9436(0.8378)
Θ3c

1 -0.1645( 0.164) -0.3135(0.2978)
Θ4s

1 -0.2605(0.1983) -0.3108(0.2343)
Θ4c

1 0.5107(0.2452) 0.4467(0.2401)
Θ5s

1 1.6549(0.6982) 1.6063( 0.744)
Θ5c

1 -0.1042(0.3383) -0.0867(0.3074)
Θ6s

1 0.0783(4.5441) 0.0902( 3.316)
Θ6c

1 -0.6837(0.4608) -0.6424(0.4811)
α1s

1 -0.3613(0.0548) -0.3583(0.0568)
α1c

1 0.354(0.0506) 0.3163(0.0515)
σε -0.0122(0.0001) -0.0121(0.0001)

Avg. Log-Likelihood 27.3208 27.9995
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Table F.3. Gaussian 3-Factor Model Parameter Estimation Result for Gasoline

1/7/1987 - 1/7/1987 -
Period 12/20/2001 12/28/2000
K11 5.0596(0.2659) 5.4061(0.2547)
K21 4.4179(0.2621) 4.7102(0.2899)
K22 2.7129(0.2106) 2.5608(0.2014)
K31 2.0058(0.3129) 1.769(0.3364)
K32 0.1264(0.1437) -0.1907( 0.135)
K33 0.1822(0.0212) 0.2794(0.0234)
h 3.7157(0.0413) 3.7898(0.0233)
H1 0.1903(0.0256) 0.2131(0.0248)
H2 0.291(0.0143) 0.2535(0.0158)
H3 -0.2231(0.0075) -0.2419(0.0077)
Θ1s

3 -7.8839(1.1001) -4.6398(0.4959)
Θ1c

3 -1.4879(0.2756) -0.7867( 0.131)
Θ2s

3 -0.5493(0.0975) -0.3081(0.0511)
Θ2c

3 1.7301(0.2582) 0.9997( 0.119)
Θ3s

3 3.4665(0.4944) 1.9752( 0.229)
Θ3c

3 0.4015( 0.138) 0.2355(0.0829)
Θ4s

3 0.6319(0.2289) 0.3854(0.1398)
Θ4c

3 -1.0544(0.2313) -0.5221(0.1323)
Θ5s

3 -2.867(0.5007) -1.5575(0.2419)
Θ5c

3 0.2167(0.4389) 0.2178(0.2897)
Θ6s

3 -0.9015(5.9687) -1.3028( 4.01)
Θ6c

3 1.1584(0.6371) 0.5511(0.4166)
α1s

1 -0.2552(0.0857) -0.3279( 0.091)
α1c

1 0.1404(0.1125) 0.2374(0.1203)
α1s

3 -0.3108(0.0559) -0.3044(0.0561)
α1c

3 0.2808(0.0508) 0.2683(0.0493)
σε 0.0087(0.0001) 0.0087(0.0001)

Avg. Log-likelihood 28.96 28.5391
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Table F.4. SV 1-Factor Model Parameter Estimation Result for Gaosline

1/7/1987 - 1/7/1987 -
Period 12/20/2001 12/28/2000
K 0.5001( 0.03) 0.5507( 0.0358)
h 2.9739( 0.3543) 2.9339( 0.4316)
H 0.0637( 0.0242) 0.0633( 0.0284)
Θ0 14.1752(10.8608) 14.8283(13.3937)
Θ1s 9.8214( 3.9299) 8.628( 4.0931)
Θ1c 1.5349( 0.7667) 1.1156( 0.6658)
Θ2s 0.3396( 0.2031) 0.3582( 0.2395)
Θ2c -2.1681( 0.8903) -1.8782( 0.9399)
Θ3s -4.2991( 1.7766) -3.6727( 1.7133)
Θ3c -0.0666( 0.1167) -0.278( 0.3347)
Θ4s -0.6715( 0.4207) -0.7314( 0.4408)
Θ4c 0.9001( 0.4309) 0.7392( 0.4285)
Θ5s 4.145( 1.7443) 3.5701( 1.8003)
Θ5c 0.0681( 0.0456) -0.1807( 0.1849)
Θ6s 0.4912( 0.3908) 0.4961( 0.7668)
Θ6c -1.6367( 0.7129) -1.179( 0.5843)
α1s -0.8072( 1.7368) -0.9459( 1.8464)
α1c 5.6337( 2.9569) 5.7043( 3.6411)
σε -0.0295( 0.0008) -0.0282( 0.0009)

Avg. Log-likelihood 22.1409 22.1355
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Table F.5. SV 2-Factor Model Parameter Estimation Result for Gasoline

1/7/1987 - 1/7/1987 -
Period 12/20/2001 12/28/2000
K11 0.2408( 0.0358) 0.2513( 0.1543)
K21 0.0633( 0.141) 0.0793( 0.0413)
K22 2.7024( 0.1667) 2.8184( 0.2404)
B21 9.2166(37.4858) 9.2195( 18.4803)
h 1.4749( 0.8247) 1.5713( 1.7839)
H1 0.0207( 0.0061) 0.0196( 0.0206)
H1 -0.009( 0.0185) -0.0086( 0.0158)
Θ0

1 110.0618(71.0412) 110.065(198.1667)
Θ1s

1 69.8921(24.8905) 69.8825(112.2756)
Θ1c

1 15.7193( 7.0914) 15.7372( 25.813)
Θ2s

1 4.3766( 2.0287) 4.3781( 6.8061)
Θ2c

1 -13.9402( 5.1715) -13.9381( 22.6645)
Θ3s

1 -31.7917(11.2891) -31.7868( 51.9115)
Θ3c

1 -4.2883( 1.8089) -4.2972( 5.6525)
Θ4s

1 -4.5654( 1.7552) -4.5678( 7.3386)
Θ4c

1 8.0778( 3.3387) 8.0721( 14.4101)
Θ5s

1 26.7935( 9.924) 26.7908( 44.4202)
Θ5c

1 -0.497( 3.7715) -0.5015( 0.424)
Θ6s

1 1.1094( 8.1364) 1.1088( 4.7512)
Θ6c

1 -11.1793( 4.6584) -11.1758( 20.1766)
α1s

1 -32.1761( 25.023) -32.1769( 55.1203)
α1c

1 38.5296(26.1354) 38.5307( 62.9671)
σε 0.0122( 0.0004) 0.0121( 0.0005)

Avg. Log-Likelihood 27.333 26.9940
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Table F.6. SV 3-Factor Model Parameter Estimation Result for Gasoline

1/7/1987 - 1/7/1987 -
Period 12/20/2001 12/28/2000
K11 0.2045( 0.0542) 0.2923( 0.0804)
K21 2.355( 1.0641) 2.1722( 1.2977)
K22 1.6747( 0.15) 1.5769( 0.1719)
K23 -57.2805(21.9185) -57.3132(14.6099)
K31 -0.2677( 0.1222) -0.3315( 0.0995)
K32 0.068( 0.0237) 0.0648( 0.0193)
K33 6.0652( 0.615) 6.2967( 0.6628)
B21 6.3777( 3.4891) 6.5164( 4.1944)
h 1.8747( 0.7901) 1.8955( 0.5612)
H1 0.0364( 0.0118) 0.037( 0.0117)
H2 0.0113( 0.0036) 0.0114( 0.0024)
H3 -0.1865( 0.0208) -0.1878( 0.0235)
Θ0

1 51.682(37.1735) 51.6779(31.1779)
Θ1s

2 15.4417( 4.83) 15.4858( 3.8983)
Θ1c

2 7.7038( 2.6015) 7.9632( 2.1103)
Θ2s

2 4.32( 1.4462) 4.2676( 0.9017)
Θ2c

2 -3.8491( 1.3184) -3.7885( 1.154)
Θ3s

2 -11.2201( 3.5268) -10.9993( 3.0598)
Θ3c

2 -8.585( 3.6753) -8.7885( 2.2427)
Θ4s

2 -5.0438( 2.0545) -5.0007( 1.3049)
Θ4c

2 2.9261( 1.2234) 2.541( 1.1781)
Θ5s

2 13.7999( 4.3844) 13.6908( 2.8721)
Θ5c

2 5.5991( 3.8048) 5.4195( 2.963)
Θ1s

2 2.9279( 6.1214) 2.8788( 4.0289)
Θ1c

2 -6.1676( 3.0014) -6.0606( 3.3191)
α1s

1 -8.7207( 9.5634) -8.7343( 8.2588)
α1c

1 13.1854(10.3062) 13.2294( 6.2455)
α1s

3 -0.28( 0.1134) -0.3336( 0.1178)
α1c

3 0.0329( 0.0541) 0.1059( 0.1217)
σε -0.0087( 0.0004) -0.0087(0.0004)

Avg. Log-Likelihood 28.9744 28.5515
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