
ABSTRACT 

YANG, MEI.  Liquid-Encapsulated Czochralski Growth of Compound Semiconductor 
Crystals with Steady and Rotating Magnetic Fields.  (Under the direction of Dr. Nancy Ma.) 
 
 Integrated circuits and optoelectronic devices are produced on surfaces of thin wafers 

sliced from a photonic or compound semiconductor crystal.  The growth of compound 

semiconductor crystals is critically important because viable substrates which are 

compositionally uniform both within a wafer and from wafer to wafer are needed.  A dopant 

is an element that is added to the melt during growth to give the semiconductor crystal 

specific electrical and/or optical properties.  More and better compound semiconductor 

crystals are needed for advanced optoelectronic devices. 

 This investigation is focused on developing mathematical and numerical models to 

understand transport phenomena during bulk growth of compound semiconductor crystals.  

Since molten semiconductors are electrical conductors, magnetic fields can be used to control 

the melt motion in order to control the crystal’s dopant distribution.  Compound 

semiconductor crystals can be grown from the melt by the liquid-encapsulated Czochralski 

(LEC) process with a steady magnetic field.  During this process, the molten semiconductor 

(melt) is covered with a layer of liquid encapsulant in order to prevent the escape of the 

volatile component. 

 In this dissertation, we treat several different problems.  We investigate the coupling of 

free convections in the melt and liquid encapsulant in a rectangular enclosure with steady 

vertical and horizontal magnetic fields, and find that these flows are coupled and the 

competition between these flows determines the direction of the horizontal velocity of the 

encapsulant-melt interface.  We also investigate the dopant transport during the LEC 



process with a steady axial magnetic field, and find that both the radial and axial 

homogeneity of the crystal improves as the magnetic field strength decreases.  With 

magnetic stabilization alone, however, the radially-inward flow below the crystal-melt 

interface does not become large enough to produce acceptable levels of segregation.  A 

transverse magnetic field which rotates around the centerline of the melt can provide an 

electromagnetic stirring of the melt, and may represent a promising means to produce a 

crystal with good homogeneity.  We investigate LEC growth with a combination of steady 

and rotating magnetic fields, and find that a rotating field can increase the magnitude of the 

radially-inward flow below the crystal-melt interface. 
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Chapter 1 Introduction 

1.1 Photonic Crystals for Optoelectronics 

 “The basic properties of materials frequently define the capabilities, potential, reliability 

and limitations of technology.  Improved materials and processes will play an increasing 

role in efforts to develop information and communications systems.  Advanced in materials 

research enable progress to be made across a broad range of technological areas with 

dramatic impacts on society.[1]”  Photonic crystals and optoelectronics represent an 

international multi-billion dollar industry [2], whose developments are leading to a major 

revolution in computing and communications because the materials enjoy optical properties.  

Compared to electrical signals, optical signals can carry far more information per second, can 

store far more information on disk, do not attenuate as quickly with distance of transmission, 

and provide much faster communications between processors for parallel computing.  

Compound semiconductors are required for optoelectronic devices since normal silicon does 

not have the needed optical properties.   

 The growth of photonic semiconductor crystals is critically important because viable 

substrates which are uniform both within a wafer and from wafer to wafer are needed.  A 

dopant is an element that is added to the melt during growth to give the semiconductor 

crystal specific electrical and/or optical properties.  Doped semiconductors such as gallium 

antimonide (GaSb) are needed for advanced optoelectronic devices.  High-quality crystals 

of these photonic crystals can be produced by molecular growth methods such as MOCVD 

and MBE, but production rates for molecular growth methods are roughly one-thousand 

times smaller than those for bulk methods such as the Bridgman and liquid-encapsulated 
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Czochralski processes.  Even an epitaxial layer grown on a substrate cannot mask 

imperfections because any such layer replicates the substrate’s microstructure so that the 

quality of the substrate is critically important to the performance of the device.  

Unfortunately, current bulk-growth methods can only produce small photonic crystals which 

generally have many dislocations and very non-uniform dopant distributions.  

Molecular-growth methods cannot possibly be used to produce the quantity of photonic 

crystals which will be needed in the very near future, and the defects of crystals grown by 

current bulk-growth processes severely limit their use.  There is a great need to develop 

bulk-growth methods which produce large photonic crystals with low densities of 

dislocations and compositional uniformity. 

1.2 Use of Magnetic Fields during Bulk Crystal Growth 

 Since molten semiconductors are excellent electrical conductors, magnetic fields can be 

used to control the melt motion in order to control the dopant distribution in the crystal, 

which depends on the convective and diffusive species transport in the melt.  Convective 

transport in the melt may lead to (i) the small-scale spatial oscillations of the crystal’s 

composition, which are called striations or microsegregation, and (ii) large-scale variations of 

the crystal’s composition, which are called macrosegregation.   

 During the bulk growth of semiconductor crystals without a steady magnetic field, the 

buoyant convection in the melt is often periodic, or even turbulent in very large systems.  

Unsteady melt motions lead to fluctuations in the heat transfer across the growth interface 

from the melt to the crystal.  Since the local rate of crystallization depends on the balance 

between the local heat fluxes in the melt and crystal, fluctuations in the heat flux from the 

melt create fluctuations in the local growth rate.  In extreme circumstances, periods of 
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growth alternate with periods of remelting.  Fluctuations in the local growth rate cause two 

major problems.  First, these fluctuations are a major cause of dislocations in the crystal [3].  

Second, the fluctuations in the local growth rate create striations in the crystal.  Most 

dopants are either rejected into the melt during solidification or preferentially absorbed into 

the crystal, i.e. ks<1 or ks>1, respectively, where the segregation coefficient ks is the ratio of 

the local dopant concentration in the crystal to that in the melt at any point along the 

crystal-melt interface.  If ks<1, the rejected dopant accumulates in a species-diffusion 

boundary layer in the melt adjacent to the interface.  The dopant distribution in this layer 

involves a balance between the rejection rate and the rate of diffusion through the melt.  

During a fluctuation in local growth rate, an increase in growth rate causes the local 

concentration to rise because dopant cannot diffuse away fast enough, so that a large dopant 

concentration solidifies.  When the growth rate decreases for the second half of the 

fluctuation, dopant has plenty of time to diffuse away, so the concentration which solidifies is 

low.  Fluctuations in the melt velocity also convect dopant in and out of the 

species-diffusion boundary layer or laterally within this layer, leading to more severe 

striations.  It is not unusual for the maximum dopant concentration to be twice the minimum 

in striations, and a typical distance between adjacent maximums is 1 μm.  Since the 

performance of any electronic or optical device depends strongly on the uniformity of the 

local dopant concentration in the single-crystal wafer on which it is produced, striations are a 

major problem. 

 Many experiments have demonstrated the benefits of applying steady magnetic fields 

during semiconductor crystal growth.  The application of steady magnetic fields during 

growth provides an electromagnetic damping of the electrically-conducting melt and can 
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eliminate all periodicity in the melt.  As an electrically-conducting fluid flows across a 

steady magnetic field, electrons and positive ions experience forces in opposite directions, 

leading to electrons “hopping” from atom to atom or electric current.  Once the electrons 

begin to move, they experience an additional force which is transferred to the continuum 

through intermolecular interactions and which opposes the original motion.  Thus, motion 

creates an “induced” electric field which drives electric current normal to the plane of the 

velocity and the magnetic field.  This current interacts with the magnetic field to produce a 

Lorentz body force opposing the component of the velocity which is perpendicular to the 

steady magnetic field.  Steady magnetic fields have led to dramatic reductions in dislocation 

densities in photonic crystals [4-6].  Bliss et al. [7,8] were the first to produce 

8-cm-diameter twin-free indium-phosphide crystals by using magnetic stabilization.  Cröll 

et al. [9] grew several crystals in which part was grown without a magnetic field and the rest 

was grown with a strong magnetic field, as shown in Fig. 1.1.  The section of each crystal 

grown without a magnetic field had striations, while the section grown with a magnetic field 

had no measurable microsegregation and had only a very small amount of macrosegregation 

which was confined the periphery of the crystal [9].  Experiments conducted by Dold et al. 

[10], Riemann et al. [11] and Carlson and Witt [12] showed that a weak magnetic field does 

not eliminate striations but does produce a periodic striation pattern which is preferred over 

the irregular striation pattern that often occurs in crystals grown without a magnetic field.  

Riemann et al. [11] also showed that crystals grown in a magnetic field have a flatter 

crystal-melt interface which is favorable for preventing twinning.  Experiments have also 

indicated significant reductions in the radial compositional variations of crystals grown in a 

strong magnetic field [13-15].  Hurle and Series [16] reviewed the pre-1994 literature while 
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Walker and Ma [17] reviewed the more recent literature on the use of steady magnetic fields 

during the bulk growth of semiconductor crystals.  There are many experimental programs 

to develop bulk-growth methods to produce photonic crystals using steady magnetic fields in 

the United States, Germany and Japan.  A major benefit of applying a steady magnetic field 

is the electromagnetic stabilization which prevents the melt motion from becoming unstable 

or turbulent, thereby eliminating microsegregation in the crystal.  Unfortunately, the 

application of a steady magnetic field alone does not seem to be a promising means for the 

production of photonic crystals with controllable macrosegregation.  

 Recently, the application of so-called rotating magnetic fields (RMFs) has attracted 

rapidly increasing attention because they have provided an electromagnetic stirring of the 

melt that may reveal a promising flow phenomenon.  An RMF is a periodic transverse 

magnetic field which rotates in the azimuthal direction about the centerline of the melt.  An 

RMF is produced by a number of magnet poles which are placed at equally-spaced azimuthal 

positions around the crystal-growth furnace and which are connected to successive phases of 

a multiphase AC power source.  To date, there have been a handful of experimental studies 

which have investigated crystal growth in an RMF [18-22].  While an RMF can provide 

stirring which can help minimize macrosegregation, this stirring may cause the melt motion 

to become unstable or turbulent.  A number of numerical studies have been concerned with 

determining the conditions under which instability occurs [18,23,24].  Dold et al. [25] and 

Gelfgat et al. [26] reviewed the literature on the effects of RMFs on the hydrodynamics and 

heat transfer during crystal growth. 

 For LEC growth, a steady magnetic field must be used in order to eliminate all periodicity 

in the melt motion and thus striations in the crystal.  Applying a combination of steady and 
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rotating magnetic fields may be a promising alternative to applying a steady field alone.  A 

steady magnetic field can provide electromagnetic (EM) damping in order to prevent the 

onset of instability while a rotating magnetic field can provide EM stirring in order to control 

the convective transport and minimize macrosegregation.  To date, there has only been one 

experimental study which investigated this combination of magnetic fields during silicon 

floating zone growth [27].  Mossner and Gerbeth [28] and Grants and Gerbeth [29] have 

numerically quantified the stability threshold for a combination of steady and rotating 

magnetic fields in a cylindrical cavity.  There may be an optimal combination of steady and 

rotating magnetic fields that minimizes segregation in the crystal. 

1.3 Modelling of Liquid-Encapsulated Czochralski Growth 

 Our research efforts have been focused on modelling the transport phenomena during a 

process called the liquid-encapsulated Czochralski method in support of on-going 

experiments being conducted at the U. S. Air Force Research Laboratory (AFRL) at 

Hanscom Air Force Base in Massachusetts.  This laboratory is a leading world-class facility 

involved in the bulk growth of III-V compound semiconductor crystals.  A photograph of 

the experimental facility is provided in Fig. 1.2.  III-Vs are stoichiometric compounds 

formed from elements in the third and fifth columns of the periodic table, such as indium 

phosphide (InP), gallium antimonide (GaSb) and gallium arsenide (GaAs).  High-speed 

communication, wireless technology and solid-state infrared lasers require substrates of III-V 

compound semiconductor crystals. 

 Unfortunately, obtaining experimental measurements of transport variables in the melt is 

impractical.  Consequently, the only way to compare model predictions with experimental 

measurements is to compare predictions of dopant concentrations in the crystal with 
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measurements of concentrations in wafers sliced from the grown crystal.  The opacity, 

required purity and extremely high temperatures of molten semiconductors make 

experimental measurements of transport variables during growth extremely difficult to obtain 

so that little data are available to guide the design of manufacturing processes.  To date, 

researchers have had some success in measuring temperatures in molten semiconductors 

[30-33], but there have been no quantitative experimental measurements of velocities or 

concentrations.  Modelling in conjunction with on-going experimental efforts is very 

valuable because empirical trial-and-error is tedious and expensive.  Because of the 

extremely limited availability of experimental data and the essentially infinite number of 

possible combinations of controllable process parameters, there is a great need for our 

models used in collaboration with AFRL to define relationships between controllable process 

parameters and the dopant segregation in the crystal. 

 This dissertation investigates different aspects of the liquid-encapsulated Czochralski 

(LEC) growth of InP and GaSb crystals with a steady magnetic field (or with magnetic 

stabilization).  In the LEC process, the molten semiconductor (melt) is contained in an open 

crucible, as shown in Fig. 1.3.  The top surface of the melt is covered with a liquid 

encapsulant in order to prevent escape of the volatile component, e.g. P in InP.  This process 

is a so-called “top-seeded” method in which crystal growth is initiated with a single-crystal 

seed along the top surface of the melt.  The crystal is grown along the central region of this 

surface and the crystal is “pulled” vertically upward continuously during growth.  The LEC 

process has distinct advantages over other crystal-growth methods such as Bridgman because 

the crystal can be viewed directly during growth and because there is no container in contact 

with the crystal. 
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 In the 1990s, the Department of Defense began investing heavily in the research and 

development of InP-based technologies for infrared fiber optic networks and for millimeter 

wave and microwave radar applications [34,35].  Indium phosphide offers a higher electron 

velocity which allows for higher frequency operation and lower power requirements 

compared with the most commonly-used semiconductor, silicon [34].  Consequently, AFRL 

became heavily involved in the bulk growth of InP crystals using the LEC method with 

magnetic stabilization.  Most modelling studies have neglected the coupling between the 

liquid encapsulant and the melt, and treated the encapsulant as stagnant [36,37].  Our 

interest in developing growth methods for InP motivated our investigations in Chapters 2 and 

3, in which we investigate the effects of the coupling between these flows with a steady 

vertical magnetic field and a steady horizontal magnetic field, respectively.  These 

investigations were published in the International Journal of Heat and Mass Transfer [38] 

and the International Journal of Heat and Fluid Flow [39]. 

 Recently, AFRL has been extremely interested in developing substrates for 

antimonide-based devices.  A photograph of a gallium-antimonide crystal which was grown 

at ARFL by the LEC process with magnetic stabilization is provided in Fig. 1.4.  

Antimonides have wider bandgaps and higher electrical resistivity which are needed for large 

circuits of terahertz devices.  Antimonides are also useful for advanced photonic devices 

and millimeter wave components.  An interesting article discussed the usefulness of t-ray 

devices for detection of biological agents including tumors because they are believed to be 

less harmful than x-rays [40].  In Chapter 4, we investigate the melt motion and dopant 

transport during the LEC growth of GaSb crystals with a steady vertical magnetic field, 

provide predictions of the dopant composition in the crystal for different values of the 
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magnetic flux density, and published this investigation in Magnetohydrodynamics [41].  In 

Chapter 5, we investigate the effects of a combination of steady and transverse rotating 

magnetic fields on the melt motion and have submitted this investigation for possible 

publication in the International Journal of Heat and Fluid Flow [42]. 
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Figure 1.1  Micrograph of etched section of a silicon single crystal grown by the 
floating-zone method showing a section that was grown with a 0.5 T magnetic field without 

striations and a section that was grown without a magnetic field with striations [9]. 
 
 
 

 
 

Figure 1.2  High-pressure liquid-encapsulated Czochralski process with magnetic 
stabilization for synthesis of III-V semiconductors at the U. S. Air Force Research 

Laboratory at Hanscom Air Force Base. 
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Figure 1.3  Liquid-encapsulated Czochralski crystal growth process with magnetic 
stabilization. 

 
 
 

 
 

Figure 1.4  A gallium-antimonide crystal grown at AFRL by the liquid-encapsulated 
Czochralski process with magnetic stabilization. 
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Chapter 2 Free Convection in a Rectangular 

Enclosure with a Steady Vertical Magnetic Field 

2.1 Introduction 

 Electronic and optical devices are fabricated on wafers sliced from single crystal ingots of 

compound semiconductor crystals.  Since the performance of any device depends critically 

on the uniformity of the local concentration in the wafer on which it is produced, a major 

objective during the solidification of any semiconductor crystal is to minimize segregation in 

the crystal.  The segregation in the crystal depends on the diffusive and convective transport 

of species in the melt, which depends on the motion of the molten semiconductor (melt).  

Since molten semiconductors are excellent electrical conductors, the melt motion can be 

damped and controlled by a steady (DC) magnetic field in order to control the species 

distribution in the crystal. 

 During the magnetic liquid encapsulated Czochralski (MLEC) growth of compound 

semiconductor crystals, such as indium phosphide (InP), phosphorus gas is bubbled at high 

pressure through an indium melt, and the indium and phosphorus fuse to form the compound 

InP.  A layer of boron oxide (B2O3) encapsulates the melt to prevent escape of the volatile 

component (P).  A single crystal seed is lowered through the encapsulant which initiates 

solidification and crystal growth begins in the presence of an externally-applied vertical 

magnetic field.  This is an extremely important process because it was the first to produce 

8-cm-diameter twin-free indium-phosphide crystals which was accomplished by using 

magnetic stabilization [1,2].  Morton et al. [3] presented a model of dopant transport during 
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the MLEC process.  Understanding transport mechanisms during this important process has 

motivated studies of simplified two-dimensional flows which capture the basic physics that 

may be analogous to flows in an azimuthal plane in a realistic cylindrical system.  Previous 

researchers have investigated the effect of a steady magnetic field on free convection in 

rectangular enclosures [4-11].  In particular, Garandet et al. [9] and Alchaar et al. [10] 

treated two-dimensional free convection in a rectangular enclosure with a vertical magnetic 

field.  Previous research which has treated systems that have liquid encapsulation have 

neglected any coupling between the free convections in the molten semiconductor and in the 

liquid encapsulant and assumed that the liquid encapsulant is stagnant [12,13].  Recently, 

Farrell and Ma [14] used an asymptotic analysis in order to investigate the interaction 

between the melt and the encapsulant in a rectangular enclosure with strong magnetic fields.  

Series and Hurle [15] and Walker [16] have reviewed the use of steady magnetic fields 

during semiconductor crystal growth. 

 Previously, we treated the simplified asymptotic equations which are valid for a strong 

magnetic field for which Ha>>1 [14].  Here, the Hartmann number is Ha=BL(σ/μ)1/2 where 

B is the magnetic flux density and L is the width of the molten semiconductor (melt) or 

liquid encapsulant while σ and μ are the melt’s electrical conductivity and dynamic viscosity, 

respectively.  We investigated the coupling between the free convection in the liquid 

encapsulant and the molten semiconductor in a rectangular enclosure with a strong vertical 

magnetic field.  For a strong magnetic field, we were justified in neglecting effects of inertia 

and convective heat transfer [17].  In an asymptotic solution for the inertialess 

convectionless melt motion for Ha>>1, the melt is divided into (i) an inviscid core region, (ii) 

Hartmann layers with an O(Ha-1) thickness carrying an O(Ha-1) flow adjacent to the bottom 
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wall and adjacent to the encapsulant-melt interface, and (iii) parallel layers with an O(Ha-1/2) 

thickness carrying an O(Ha1/2) flow adjacent to the hot and cold walls.  The Hartmann 

layers have a simple, local, exponential structure, match any vertical core or parallel layer 

velocities, and satisfy the boundary conditions along the bottom wall and along the 

encapsulant-melt interface.  We consistently neglected an O(Ha-1) perturbation, neglected 

the Hartmann layers and relaxed the no-slip conditions along the core adjacent to the hot and 

cold vertical walls. 

 In the present study, we investigate the free convection in the same configuration as 

Farrell and Ma [14].  This investigation is very different from our previous asymptotic 

treatment because we use a numerical approach to treat the full equations in the entire 

volume of the melt so that our solution is valid for any value of the magnetic field strength.  

We no longer use any asymptotic approximation to treat any subregions of the flow.  We 

present results for a range of magnetic field strengths and compare the results to the 

asymptotic solution of Farrell and Ma [14]. 

2.2 Formulation 

 This chapter treats the two-dimensional free convection in two layers of fluid with a 

molten semiconductor (melt) encapsulated by a layer of boron oxide in a steady vertical 

magnetic field B ŷ .  Here, B is the magnetic flux density while x̂  and ŷ  are the unit 

vectors for the Cartesian coordinate system.  Our dimensionless problem is sketched in Fig. 

2.1.  The coordinates and lengths are normalized by the length of the melt or boron oxide L, 

so that α and (γ-α) are the dimensionless depths of the melt and boron oxide, respectively.  

Along x=0 and x=1, the liquids are maintained at temperatures Tc and Th, respectively, where 

Th>Tc.  The boundaries at y=0 and y=γ are thermal insulators.  Here, the fluid flows are 
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driven by the temperature difference so that the characteristic velocities for the free 

convection in the melt [18] and in the encapsulant are 

  U=
ρgβ(ΔT)

σB2
 ,   Ue=

ρegβe(ΔT)L2

μe  
, (2.1a, 2.1b) 

respectively, where (ΔT)=Th-Tc is the characteristic temperature difference and g is 

gravitational acceleration.  Here, ρ, β and σ are the density, thermal volumetric expansion 

coefficient and electrical conductivity of the melt while ρe, βe and μe are the density, thermal 

volumetric expansion coefficient and dynamic viscosity of the encapsulant.  The 

thermophysical properties of molten indium phosphide and boron oxide are provided in 

Table 2.1.  With (ΔT)=50 K and L=5 cm [14], the characteristic velocity in the boron-oxide 

encapsulant is Ue=0.014065 m/s while the characteristic velocity in the indium-phosphide 

melt is 0.006282 or 0.00006284 m/s for B=0.5 or 5 T, respectively. 

 The electric current in the melt produces an induced magnetic field which is superimposed 

upon the applied magnetic field produced by the external magnet.  The characteristic ratio 

of the induced to applied magnetic field strengths is the magnetic Reynolds number, 

Rm=μpσUL, where μp is the magnetic permeability of the melt.  For all crystal-growth 

processes, Rm<<1 and the additional magnetic fields produced by the electric currents in the 

melt are negligible. 

 Using the Boussinesq approximation, the free convection in the melt is governed by 

  N-1 (v• ∇) v = - ∇p + T y + j × y + Ha -2 ∇2v , (2.2a) 

  ∇• v = 0 ,   ∇• j = 0 ,   j = - ∇ φ + v × y , (2.2b, 2.2c, 2.2d) 

  Pet (v• ∇) T = ∇2T , (2.2e) 
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where v=u x̂ +v ŷ  is the melt’s velocity normalized by U, p is the deviation from hydrostatic 

pressure normalized by ρgβ(ΔT)L, j is the electric current density normalized by σUB, φ is 

the electric potential normalized by UBL, and T is the deviation of the melt’s temperature 

from Tc normalized by (ΔT). Equation (2.2a) is the Navier-Stokes equation the interaction 

parameter N=σB2L/ρU is the characteristic ratio of the electromagnetic (EM) body force 

term to the inertial terms.  Equations (2.2b) and (2.2c) are conservation of mass and electric 

current, respectively.  Equation (2.2d) is Ohm’s law for a vertical magnetic field.  Equation 

(2.2e) is the energy equation where the thermal Péclet number Pet=ρcpUL/k is the 

characteristic ratio of convective to conductive heat transfer.  Here, cp and k are the melt’s 

specific heat and thermal conductivity, respectively. 

 For the present plane recirculating flow in the melt, the condition of zero net electric 

current in the z direction in combination with electrically-insulating boundaries implies that 

the electric field is zero [19]. The only non-zero component of the electric current density, 

normalized by σUB, is given by Ohm’s law, jz=u.  For the present two-dimensional flow, 

this condition is very simple.  In a real three-dimensional flow, electric currents in the z 

direction would close somewhere and generate a much more complex distribution of the 

electric potential φ. 

 With the Boussinesq approximation, the free convection in the encapsulant is governed by 

  Re (ve• ∇) ve = - ∇p e + Te y + ∇2ve , (2.3a) 

  ∇• ve = 0 ,   Pete (v• ∇) Te = ∇2Te , (2.3b, 2.3c) 

where ve=ue x̂ +ve ŷ  is the encapsulant’s velocity normalized by Ue, pe is the deviation of the 

encapsulant’s pressure from the hydrostatic pressure normalized by μeUe/L, and Te is the 

deviation of the encapsulant’s temperature from Tc normalized by (ΔT).  Here, μe is the 
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dynamic viscosity of the liquid encapsulant.  Equation (2.3a) is the Navier-Stokes equation 

where the Reynolds number Re=ρeUeL/μe is the characteristic ratio of the inertial force to the 

viscous force in the encapsulant.  Here, ρe is the encapsulant’s density.  Equation (2.3b) is 

conservation of mass.  Equation (2.3c) is the energy equation where the encapsulant’s 

thermal Péclet number Pete=ρecpeUeL/ke is the characteristic ratio of convective to conductive 

heat transfer in the encapsulant.  Here, cpe and ke are the specific heat and thermal 

conductivity of the encapsulant, respectively. 

 We apply the no-slip and no-penetration conditions along the walls at x=0, x=1, y=0 and 

y=γ.  Along the planar interface, the no-slip and no-penetration conditions [14] are 

  u (x,α) = 
λβ

λμ
 Ha2 ue(x,α)

 
,   for 0≤x≤1 , (2.4a) 

  v(x,α)= 0 ,   for 0≤x≤1 , (2.4b) 

  ve(x,α)=0 ,   for 0≤x≤1 , (2.4c) 

where λβ=ρeβe/(ρβ) and λμ=μe/μ.  With boron oxide and molten indium phosphide, 

λβ=0.051177 and λμ=12210.  The stress is continuous across the interface [14] so that 

  ∂u
∂y (x,α) = λβ Ha2 

∂ue
∂y  (x,α) ,   for 0≤x≤1 . (2.5) 

Here, the gradients of the interfacial tension due to gradients of the temperature or of 

concentration along the encapsulant-melt interface are negligible [14]. 

 The temperatures along x=0 and x=1 are the cold and hot wall temperatures, respectively, 

while the top and bottom of the container are insulated.  The temperature and heat transfer 

in the melt and in the encapsulant are continuous across y=α.  Therefore, the thermal 

boundary conditions are 

  T(0,y)=0 ,   for 0≤y≤α , (2.6a)  
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  Te(0,y)=0 ,   for α≤y≤γ , (2.6b) 

  T(1,y)=1 ,   for 0≤y≤α , (2.6c) 

  Te(1,y)=1 ,   for α≤y≤γ , (2.6d) 

  
∂T
∂y (x,0) = 0

 
,   for 0≤x≤1 , (2.6e) 

  
∂Te
∂y  (x,γ) = 0

 
,   for 0≤x≤1 , (2.6f) 

  T(x,α)=Te(x,α) ,   for 0≤x≤1 , (2.6g) 

  
∂Te
∂y   (x,α) = λk 

∂Te
∂y   (x,α)

 
,   for 0≤x≤1 , (2.6h) 

where λk=ke/k where k and ke are the thermal conductivities of the melt and the liquid 

encapsulant, respectively.  With boron oxide and molten indium phosphide, λk=0.08772. 

 Equations (2.2), (2.3), (2.4), (2.5) and (2.6) were solved using a Chebyshev spectral 

collocation method with Gauss-Lobatto collocation points in x and y.  Since Eqs. (2.2a), 

(2.2e), (2.3a) and (2.3c) are non-linear, we used a Newton-Raphson iterative method.  We 

used rescaled coordinates for our spectral collocation method.  Our rescaled horizontal 

coordinate is ξ=2x-1 so that –1≤ξ≤+1.  In the melt, our rescaled vertical coordinate is 

η=(2y-α)/α so that –1≤η≤+1.  In the encapsulant, our rescaled vertical coordinate is 

χ=(2y-γ-α)/(γ-α) so that –1≤χ≤+1.  We used a sufficient number of collocation points in 

order to resolve the velocity and temperature gradients.  The number of collocation points in 

each direction in both the melt and the encapsulant were increased until the results were 

independent of these numbers.  Of course, the required number of collocation points 

increased as B was increased because the thickness of the boundary layers decreased and the 

velocity gradients increased.  The numbers of collocation points needed to resolve gradients 
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in the parallel and Hartmann layers increase as B increases.  The Gauss-Lobatto collocation 

points are coarse in the center of the domain at ξ=0 and at η=0 in the melt and at χ=0 in the 

encapsulant, and the collocation points become finer as |ξ|, |η| or |χ| increase.  For example, 

for B=0.5 T and α=0.3, we used 41 collocation points in the horizontal direction, 41 

collocation points in the vertical direction in the melt and 41 collocation points in the vertical 

direction in the encapsulant.  When we increased the number of collocation points to 61 in 

each direction, the maximum value of the streamfunction in the melt changed by 0.000087%, 

the minimum value of the streamfunction in the encapsulant changed by 0.000021%, and the 

maximum value of the streamfunction in the encapsulant changed by 0.0015%. 

2.3 Results 

 During the liquid-encapsulated Czochralski process, a molten semiconductor (melt) is 

contained in a crucible which is heated by radio-frequency induction heating.  In order to 

keep the volatile component, i.e. P in InP, from escaping, the melt is encapsulated with liquid 

boron oxide.  A single-crystal seed is lowered to the surface of the melt and initiates 

solidification.  The crystal grows vertically downward into the melt and radially outward.  

Once the crystal reaches the desired diameter, the crystal is continuously “pulled” vertically 

upward until the entire melt’s volume is solidified.  Prior to solidification in the 

liquid-encapsulated Czochralski process, the axisymmetric melt is entirely encapsulated by 

the boron oxide.  After a single crystal seed initiates solidification and the crystal is pulled 

vertically upward, the encapsulant’s depth increases and the melt’s depth decreases due to 

solidification.  Once the top of the crystal is pulled out of the encapsulant, the encapsulant’s 

depth is constant while the melt’s depth continues to decrease.  The purpose of the present 

chapter is to illustrate the degree of coupling for various magnetic field strengths so we only 
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present results for (γ-α)=0.2666 and for a melt depth corresponding to the middle of growth 

for which α=0.3. 

 With the cold and hot walls along the left and right, respectively, the temperature gradient 

drives counterclockwise circulations in both the melt and the encapsulant.  These 

circulations alone would lead to positive and negative values of u in the encapsulant and melt, 

respectively, adjacent to the interface.  Therefore the shear stress σxy along the interface is 

always positive, i.e., a force to the left along the bottom of the encapsulant and an equal force 

to the right along the top of the melt.  The competition between the two free convections, 

reflected by the continuity of u and of σxy along the interface, determines whether u along the 

interface is positive or negative.  A positive value would reflect dominance by the melt 

circulation which results in a clockwise circulation in the encapsulant near the interface.  

For all cases considered here, the interfacial u is positive which reflects a dominance by the 

free convection in the encapsulant.  This dominance increases as the magnetic field strength 

increases. 

 In Fig. 2.2, we present the dimensional interfacial shear stress for various magnetic flux 

densities.  For B=0.5 T, the free convection in the melt is relatively strong and produces a 

relatively large shear stress to the left along the bottom of the encapsulant.  As the magnetic 

field strength is increased, the magnitude of the free convection in the melt decreases roughly 

as B-2, as reflected by our choice for the characteristic velocity in Eq. (2.1a).  This is 

reflected in the maximum magnitude of the melt velocity which is equal to 0.002733, 

0.0009586, 0.0003461 and 0.00008045 m/s for B=0.5 T, 1 T, 2 T and 5 T, respectively, with 

α=0.3. 
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 We present the contours of the temperature and the streamfunction in the melt for B=5 T 

and α=0.3 in Figs. 2.3 and 2.4, respectively.  The vertical isotherms in Fig. 2.3 reflect that 

the heat transfer is dominated by conduction in the melt.  In Fig. 2.4, the maximum value of 

the streamfunction is 0.01120 and the circulation is counterclockwise, where the hot fluid 

rises adjacent to the hot wall along ξ=+1, flows to the left along η=+1, sinks adjacent to the 

cold wall along ξ=-1 and flows to the right along η=-1.  We present the contours of the 

temperature and streamfunction in the encapsulant in Figs. 2.5 and 2.6 respectively.  The 

vertical isotherms in Fig. 2.5 reflect that the heat transfer is dominated by conduction in the 

encapsulant.  In Fig. 2.6, the maximum value of the streamfunction is 2.573x10-5 and the 

encapsulant flows in the counterclockwise direction.  For this strong magnetic flux density, 

there is significant electromagnetic (EM) damping of the melt motion, and the maximum 

magnitude of the melt’s velocity is 16 times larger than that of the encapsulant.  The free 

convection in the encapsulant drives a positive interfacial velocity in the melt and a 

clockwise circulation inside the boundary layer along η=+1.  u=0.07877 along the interface 

at ξ=0.  The interfacial shear stress of the slow-moving melt decreases the velocity of the 

encapsulant but does not drive flow in the opposite direction. 

 When the magnetic flux density is decreased to B=1 T, there is less EM damping of the 

melt motion and the velocity of the melt is larger.  The maximum magnitude of the melt’s 

velocity is 244 times larger than that of the encapsulant.  The heat transfer is still dominated 

by conduction in both the melt and the encapsulant and the isotherms exactly resemble those 

in Figs. 2.3 and 2.5, respectively.  The maximum values of the streamfunction in the melt 

and in the encapsulant are 0.01124 and 2.225x10-5, respectively.  The circulations in both 

the melt and the encapsulant are counterclockwise.  We present the contours of the 
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streamfunction in the encapsulant in Fig. 2.7.  The free convection in the encapsulant drives 

a positive interfacial velocity in the melt and a clockwise circulation inside the boundary 

layer along η=+1.  u=0.002321 along the interface at ξ=0.  Although the melt moves more 

quickly in a 1 T field compared with a 5 T field, the interfacial shear stress more moderately 

decreases the velocity of the encapsulant but does not drive flow in the opposite direction. 

 When the magnetic flux density is decreased to B=0.5 T, there is significantly less EM 

damping of the melt motion and the velocity of the melt is much larger.  This is reflected in 

the maximum magnitude of the melt’s velocity of 0.002733 m/s which is 966 times larger 

than the maximum magnitude of the encapsulant’s velocity.  The heat transfer is still 

dominated by conduction in both the melt and the encapsulant, and the circulation in the melt 

is counterclockwise.  The maximum value of the streamfunction in the encapsulant is 

1.759x10-5.  The circulation in the melt is still counterclockwise and the maximum value of 

the streamfunction in the melt is 0.01148.  As shown in Fig. 2.2, the interfacial shear stress 

for B=0.5 T is much larger than that for the other magnetic flux densities considered in this 

investigation.  This large shear stress causes some reversal of the flow in the encapsulant 

adjacent to the interface at ξ=±1, which is reflected in the contours of the streamfunction in 

the encapsulant presented in Fig. 2.8. 

 We compare our numerical solution of the full governing equations to our asymptotic 

solution [14] which is valid for Ha>>1.  Therefore, our solution should approach that of 

Farrell and Ma [14] as we increase the magnetic flux density.  In Figs. 2.9, 2.10 and 2.11, 

we present the maximum value of the streamfunction in the melt, the minimum value of the 

streamfunction in the encapsulant, and the maximum value of the streamfunction in the 
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encapsulant, respectively, versus magnetic flux density calculated by the present numerical 

solution and by the asymptotic solution. 

2.4 Conclusions 

 The temperature gradient drives counter clockwise circulations in both the melt and 

encapsulant.  These circulations alone would lead to positive and negative values of the 

horizontal velocity in the encapsulant and melt, respectively, near the interface.  The 

competition between the two free convections determines the direction of the horizontal 

velocity of the interface.  For α=0.6 and B=5 T, there is significant EM damping of the melt 

motion and the encapsulant drives a positive interfacial velocity and a small clockwise 

circulation in the melt.  For α=0.6 and a much weaker field B=0.5 T, the maximum velocity 

in the melt is nearly one thousand times larger than that of the encapsulant, thus causing 

some of the encapsulant to circulate in the clockwise direction.  This investigation has been 

published in International Journal of Heat and Mass Transfer [20]. 
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Table 2.1  Thermophysical properties of molten indium phosphide (InP) and boron oxide 
(B2O3). 

 
 Property Molten InP B2O3 Units  

 Density 5050 1530 kg/m3  

 Dynamic viscosity 0.000819 10 Pa•s  

 Thermal conductivity 424 1864.3 W/m•K  

 Specific heat 22.8 2.0 J/kg•K  
 Thermal volumetric 

expansion coefficient 
 

0.000444 
 

0.000075 
 

K-1 
 

 Electrical conductivity 7x105 0.0 S/m   
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Figure 2.1  Two-dimensional problem with a liquid encapsulant and molten semiconductor 
with a steady, uniform, vertical magnetic field By  and with coordinates normalized by the 

distance between the hot and cold vertical walls. 
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Figure 2.2  Dimensional interfacial shear stress σxy (in Pa) versus ξ with α=0.3 for B=0.5 T, 
1 T, 2 T and 5 T. 
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Figure 2.3  Temperature in the melt T(ξ,η) for B=5 T and α=0.3. 
 
 
 

 
 

Figure 2.4  Streamfunction in the melt ψ(ξ,η) for B=5 T and α=0.3. 
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Figure 2.5  Temperature in the encapsulant Te(ξ,χ) for B=5 T and α=0.3. 
 
 
 

 
 

Figure 2.6  Streamfunction in the encapsulant ψe(ξ,χ) for B=5 T and α=0.3. 
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Figure 2.7  Streamfunction in the encapsulant ψe(ξ,χ) for B=1 T and α=0.3. 
 
 
 

 
 

Figure 2.8  Streamfunction in the encapsulant ψe(ξ,χ) for B=0.5 T and α=0.3. 
 
 
 



 Chapter 2 

 35

0.0111

0.0112

0.0113

0.0114

0.0115

0.0116

0.0117

0 2 4 6 8 10

ψ

B (T)

asymptoti c

numerica l

max

 
 

Figure 2.9  Maximum value of the streamfunction in the melt versus magnetic field strength 
for the numerical and asymptotic solutions. 
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Figure 2.10  Minimum value of the streamfunction in the encapsulant versus magnetic field 
strength for the numerical and asymptotic solutions. 
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Figure 2.11  Maximum value of the streamfunction in the encapsulant versus magnetic field 
strength for the numerical and asymptotic solutions. 
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Chapter 3 Free Convection in a Rectangular 

Enclosure with a Steady Horizontal Magnetic Field 

3.1 Introduction 

 The physical understanding of flows that occur during melt growth of semiconductor 

crystals is key to the development of optimal electromagnetic crystal growth systems.  Since 

molten semiconductors are excellent electrical conductors, the melt motion can be damped 

and controlled by a steady (DC) magnetic field in order to control the species distribution in 

the crystal, which depends on the convective and diffusive transport of the species in the melt.  

Electronic and optical devices are manufactured on single-crystal wafers sliced from ingots 

of semiconductor crystals.  Since the performance of any device depends strongly on the 

uniformity of the local concentration in the wafer on which it is produced, a major objective 

during the solidification of any semiconductor is to minimize segregation in the crystal. 

 During the magnetic liquid encapsulated Czochralski (MLEC) growth of compound 

semiconductor crystals, such as indium phosphide (InP), phosphorus gas is bubbled at high 

pressure through an indium melt, and the indium and phosphorus fuse to form the compound 

InP.  A layer of boron oxide (B2O3) encapsulates the melt to prevent escape of the volatile 

component (P).  A single crystal seed is lowered through the encapsulant which initiates 

solidification and crystal growth begins in the presence of an externally-applied magnetic 

field.  Morton et al. [1] presented a model of dopant transport during the MLEC process.  

Previous researchers have investigated the effect of a steady magnetic field on 

two-dimensional free convection in rectangular enclosures [2-8].  Previous research which 
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has treated systems that have liquid encapsulation have neglected any coupling between the 

free convections in the molten semiconductor and in the liquid encapsulant and assumed that 

the liquid encapsulant is stagnant [9,10].  Recently, Kuniholm and Ma [11] used an 

asymptotic analysis in order to investigate the interaction between the melt and the 

encapsulant in a rectangular enclosure with strong magnetic fields.  Series and Hurle [12] 

and Walker [13] have reviewed the use of steady magnetic fields during semiconductor 

crystal growth. 

 Experiments [14] have shown some very promising results with a steady horizontal 

magnetic field, which is obtained by placing the crystal-growth furnace between the pole 

faces of an iron-yoke magnet.  Walker and Williams [15] have investigated the effects of a 

horizontal magnetic field on melt motion during Czochralski crystal growth.  Previously, we 

treated the simplified asymptotic equations which are valid for a strong magnetic field for 

which Ha>>1 [11].  Here, the Hartmann number is Ha=BL(σ/μ)1/2 where B is the magnetic 

flux density and L is the width of the molten semiconductor (melt) or liquid encapsulant 

while σ and μ are the melt’s electrical conductivity and dynamic viscosity, respectively.  

We investigated the coupling between the free convection in the liquid encapsulant and in the 

molten semiconductor in a rectangular enclosure with a strong horizontal magnetic field.  

For a strong magnetic field, we were justified in neglecting effects of inertia and convective 

heat transfer [16].  In an asymptotic solution for the inertialess convectionless melt motion 

for Ha>>1, the melt is divided into (i) an inviscid core region, (ii) Hartmann layers with an 

O(Ha-1) thickness carrying an O(Ha-1) flow adjacent to the hot and cold walls, and (iii) 

parallel layers with an O(Ha-1/2) thickness carrying an O(Ha1/2) flow adjacent to the bottom 

wall and adjacent to the encapsulant-melt interface.  The Hartmann layers have a simple, 
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local, exponential structure, match any vertical core or parallel layer velocities, and satisfy 

the boundary conditions along the hot and cold walls.  We consistently neglected an O(Ha-1) 

perturbation, neglected the Hartmann layers and relaxed the no-slip conditions along the core 

adjacent to the hot and cold vertical walls. 

 In the present study, we investigate the free convection in the same configuration as 

Kuniholm and Ma [11].  The configuration treated here is a very simplified model for 

two-dimensional flow in a rectangular enclosure.  The flow would be very different for a 

three-dimensional configuration.  The purpose of the present study is to develop a 

computational method and to understand the basic physics in a simplified problem.  

However, this investigation is very different from our previous asymptotic treatment because 

we use a numerical approach to treat the full equations in the entire volume of the melt so 

that our solution is valid for any value of the magnetic field strength. 

3.2 Formulation 

 This chapter treats the two-dimensional free convection in two layers of fluid with a 

molten semiconductor (melt) encapsulated by a layer of boron oxide in a steady horizontal or 

transverse magnetic field B x̂ .  Here, B is the magnetic flux density while x̂  and ŷ  are 

the unit vectors for the Cartesian coordinate system.  Our dimensionless problem is 

sketched in Fig. 3.1.  The coordinates and lengths are normalized by the length of the melt 

or boron oxide L, so that α and (γ-α) are the dimensionless depths of the melt and boron 

oxide, respectively.  Along x=0 and x=1, the liquids are maintained at temperatures Tc and 

Th, respectively, where Th>Tc.  The boundaries at y=0 and y=γ are thermal insulators.  

Here, the fluid flows are driven by the temperature difference so that the characteristic 

velocities for the free convection in the melt [17] and in the encapsulant are 
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  U=
ρgβ(ΔT)

σB2  
,   Ue=

ρegβe(ΔT)L2

μe  
, (3.1a, 3.1b) 

respectively, where (ΔT)=Th-Tc is the characteristic temperature difference and g is 

gravitational acceleration.  Here, ρ, β and σ are the density, thermal volumetric expansion 

coefficient and electrical conductivity of the melt while ρe, βe and μe are the density, thermal 

volumetric expansion coefficient and dynamic viscosity of the encapsulant.  With (ΔT)=50 

K and L=5 cm [18], the characteristic velocity in the boron-oxide encapsulant is 

Ue=0.014065 m/s while the characteristic velocity in the indium-phosphide melt is 0.006284 

or 0.00006284 m/s for B=0.5 or 5 T, respectively. 

 The electric current in the melt produces an induced magnetic field which is 

superimposed upon the applied magnetic field produced by the external magnet.  The 

characteristic ratio of the induced to applied magnetic field strengths is the magnetic 

Reynolds number, Rm=μpσUL, where μp is the magnetic permeability of the melt.  For all 

crystal-growth processes, Rm<<1 and the additional magnetic fields produced by the electric 

currents in the melt are negligible. 

 Using the Boussinesq approximation, the free convection in the melt is governed by 

  N-1 (v• ∇) v = - ∇p + T y + j × x + Ha -2 ∇2v , (3.2a) 

  ∇• v =  0 ,   ∇• j = 0 ,   j = - ∇ φ + v × x , (3.2b, 3.2c, 3.2d) 

  Pet (v• ∇) T = ∇2T , (3.2e) 

where v=u x̂ +v ŷ  is the melt’s velocity normalized by U, p is the deviation from hydrostatic 

pressure normalized by ρgβ(ΔT)L, j is the electric current density normalized by σUB, φ is 

the electric potential normalized by UBL, and T is the deviation of the melt’s temperature 

from Tc normalized by (ΔT). Equation (3.2a) is the Navier-Stokes equation the interaction 
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parameter N=σB2L/ρU is the characteristic ratio of the electromagnetic (EM) body force 

term to the inertial terms.  Equations (3.2b) and (3.2c) are conservation of mass and electric 

current, respectively.  Equation (3.2d) is Ohm’s law for a horizontal magnetic field.  

Equation (3.2e) is the energy equation where the thermal Péclet number Pet=ρcpUL/k is the 

characteristic ratio of convective to conductive heat transfer.  Here, cp and k are the melt’s 

specific heat and thermal conductivity, respectively. 

 For the present plane recirculating flow in the melt, the condition of zero net electric 

current in the z direction in combination with electrically-insulating boundaries implies that 

the electric field is zero [18]. The only non-zero component of the electric current density, 

normalized by σUB, is given by Ohm’s law, jz=-v. 

 With the Boussinesq approximation, the free convection in the encapsulant is governed by 

  Re (ve• ∇) ve = - ∇p e + Te y + ∇2ve , (3.3a) 

  ∇• ve = 0 ,   Pete (v• ∇) Te = ∇2Te , (3.3b, 3.3c) 

where ve=ue x̂ +ve ŷ  is the encapsulant’s velocity normalized by Ue, pe is the deviation of the 

encapsulant’s pressure from the hydrostatic pressure normalized by μeUe/L, and Te is the 

deviation of the encapsulant’s temperature from Tc normalized by (ΔT).  Here, μe is the 

dynamic viscosity of the liquid encapsulant.  Equation (3.3a) is the Navier-Stokes equation 

where the Reynolds number Re=ρeUeL/μe is the characteristic ratio of the inertial force to the 

viscous force in the encapsulant.  Here, ρe is the encapsulant’s density.  Equation (3.3b) is 

conservation of mass.  Equation (3.3c) is the energy equation where the encapsulant’s 

thermal Péclet number Pete=ρecpeUeL/ke is the characteristic ratio of convective to conductive 

heat transfer in the encapsulant.  Here, cpe and ke are the specific heat and thermal 

conductivity of the encapsulant, respectively. 
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 We apply the no-slip and no-penetration conditions along the walls at x=0, x=1, y=0 and 

y=γ.  Along the planar interface, the no-slip and no-penetration conditions [18] are 

  u (x,α) = 
λβ

λμ
 Ha2 ue(x,α)

 
,   for 0≤x≤1 , (3.4a)  

  v(x,α)= 0 ,   for 0≤x≤1 , (3.4b) 

  ve(x,α)=0 ,   for 0≤x≤1 , (3.4c) 

where λβ=ρeβe/(ρβ) and λμ=μe/μ.  With boron oxide and molten indium phosphide, 

λβ=0.051177 and λμ=12210.  The stress is continuous across the interface [18] so that 

  ∂u
∂y (x,α) = λβ Ha2 

∂ue
∂y  (x,α)

 
,   for 0≤x≤1 . (3.5) 

Here, the gradients of the interfacial tension due to gradients of the temperature or of 

concentration along the encapsulant-melt interface are negligible [11].  A measure of the 

effects of interfacial tension gradients is the Marangoni number, Mae=ρe(-dΓ/dT)(ΔT)L/μe
2, 

where Γ is the interfacial tension of the encapsulant-melt interface.  There are no published 

data on the tension of an interface between a liquid semiconductor and boron oxide.  If we 

use the values of Γ for a liquid-silicon free surface, which are certainly much larger than 

those for an encapsulant-melt interface, we find that Mae=0.00516 for our typical process. 

 The temperatures along x=0 and x=1 are the cold and hot wall temperatures, respectively, 

while the top and bottom of the container are insulated.  The temperature and heat transfer 

in the melt and in the encapsulant are continuous across y=α.  Therefore, the thermal 

boundary conditions are 

  T(0,y)=0 ,   for 0≤y≤α , (3.6a) 

  Te(0,y)=0 ,   for α≤y≤γ , (3.6b)  

  T(1,y)=1 ,   for 0≤y≤α , (3.6c) 
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  Te(1,y)=1 ,   for α≤y≤γ , (3.6d) 

  
∂T
∂y (x,0) = 0

 
,   for 0≤x≤1 , (3.6e) 

  
∂Te
∂y  (x,γ) = 0

 
,   for 0≤x≤1 , (3.6f) 

  T(x,α)=Te(x,α) ,   for 0≤x≤1 , (3.6g) 

  
∂Te
∂y   (x,α) = λk 

∂Te
∂y   (x,α)

 
,   for 0≤x≤1 , (3.6h) 

where λk=ke/k where k and ke are the thermal conductivities of the melt and the encapsulant, 

respectively.  With boron oxide and molten indium phosphide, λk=0.08772. 

 Equations (3.2), (3.3), (3.4), (3.5) and (3.6) were solved using a Chebyshev spectral 

collocation method with Gauss-Lobatto collocation points in x and y.  Since Eqs. (3.2a), 

(3.2e), (3.3a) and (3.3c) are non-linear, we used a Newton-Raphson iterative method.  We 

used rescaled coordinates for our spectral collocation method.  Our rescaled horizontal 

coordinate is ξ=2x-1 so that –1≤ξ≤+1.  In the melt, our rescaled vertical coordinate is 

η=(2y-α)/α so that –1≤η≤+1.  In the encapsulant, our rescaled vertical coordinate is 

χ=(2y-γ-α)/(γ-α) so that –1≤χ≤+1.  We used a sufficient number of collocation points in 

order to resolve the velocity and temperature gradients.  The number of collocation points in 

each direction in both the melt and the encapsulant were increased until the results were 

independent of these numbers.  Of course, the required number of collocation points 

increased as B was increased because the thickness of the boundary layers decreased and the 

velocity gradients increased.  For example, for B=1 T and α=0.6, we used 31 collocation 

points in the ξ direction, 31 collocation points in the η direction in the melt and 31 

collocation points in the χ direction in the encapsulant.  When we doubled the number of 
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collocation points in the ξ direction, the maximum value of the streamfunctions in the melt 

and encapsulant changed by 0.08% and 0.1%, respectively.  When we doubled the number 

of collocation points in the η direction in the melt, the maximum value of the streamfunction 

in the encapsulant did not change and the maximum value of the streamfunction in the melt 

changed by only 0.0004%.  When we doubled the number of collocation points in the χ 

direction in the encapsulant, the maximum value of the streamfunctions in the melt and 

encapsulant did not change. 

3.3 Results 

 During the liquid-encapsulated Czochralski process, a molten semiconductor (melt) is 

contained in a crucible which is heated by radio-frequency induction heating.  In order to 

keep the volatile component, i.e. P in InP, from escaping, the melt is encapsulated with liquid 

boron oxide.  A single-crystal seed is lowered to the surface of the melt and initiates 

solidification.  The crystal grows vertically downward into the melt and radially outward.  

Once the crystal reaches the desired diameter, the crystal is continuously “pulled” vertically 

upward until the entire melt’s volume is solidified.  Prior to solidification in the 

liquid-encapsulated Czochralski process, the axisymmetric melt is entirely encapsulated by 

the boron oxide.  After a single crystal seed initiates solidification and the crystal is pulled 

vertically upward, the encapsulant’s depth increases and the melt’s depth decreases due to 

solidification.  Once the top of the crystal is pulled out of the encapsulant, the encapsulant’s 

depth is constant while the melt’s depth continues to decrease.  The melt’s depth decreases 

from an initial value of α=0.6 until the melt has disappeared.  The purpose of the present 

chapter is to illustrate the degree of coupling for various magnetic field strengths so we only 

present results for (γ-α)=0.2666 and for melt depths corresponding to the beginning of 
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growth for α=0.6.  The dimensionless parameters as a function of the magnetic field 

strength are Ha=1461.76B, N=4412.75B4, Pet=7.3750B-2 and the characteristic velocity of 

the melt is U=0.0015706B-2, where B is in T and U is in m/s.  The characteristic velocity in 

the encapsulant is Ue=0.014065 m/s. 

 With the cold and hot walls at the left and right, respectively, the temperature gradient 

drives counterclockwise circulations in both the melt and the encapsulant.  These 

circulations alone would lead to positive and negative values of u in the encapsulant and in 

the melt, respectively, near the interface.  Therefore the shear stress σxy along the interface 

is always positive, i.e., a force to the left along the bottom of the encapsulant and an equal 

force to the right along the top of the melt.  A positive value of u would reflect dominance 

by the encapsulant’s circulation, resulting in a clockwise circulation in the melt near the 

interface.  A negative interfacial u would reflect dominance by the melt circulation, 

resulting in a clockwise circulation in the encapsulant near the interface.  For B=5 T and 

B=1 T, the interfacial u is positive, which reflects a dominance by the free convection in the 

encapsulant.  For B=0.4 T, the interfacial u is negative, which reflects a dominance by the 

free convection in the melt but this dominance decreases as the field strength is increased. 

 For α=0.6, which corresponds to an early stage of growth, we present the dimensional 

interfacial shear stress for various magnetic field strengths in Fig. 3.2.  For B=0.4 T, the free 

convection in the melt is relatively strong and produces a relatively large shear stress along 

the bottom of the encapsulant.  As the magnetic field strength is increased, the magnitude of 

the free convection in the melt decreases roughly as B-2, as reflected by our choice for the 

characteristic velocity in Eq. (3.1a).  The effect of the electromagnetic damping is reflected 
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in the dramatic decrease of the maximum magnitude of the melt’s velocity for α=0.6 which 

is 0.02359 m/s for B=0.4 T and 0.0005303 m/s for B=5 T. 

 For α=0.6 and B=5 T, we present the isotherms and streamlines in the melt in Figs. 3.3 

and 3.4, respectively.  For this value of B, the dimensionless parameters are Ha=7308.8, 

N=2.75797x106 and Pet=0.294998, and the characteristic velocity in the melt is 

U=0.000062824 m/s.  The isotherms in Fig. 3.3 are vertical which reflect that the heat 

transfer is dominated by conduction.  In the melt, the hot fluid rises adjacent to ξ=+1, flows 

to the left along the encapsulant-melt interface, sinks adjacent to ξ=-1, and flows to the right 

along the bottom.  For this strong field, there is a significant EM damping of the melt 

motion so that the maximum magnitude of the melt’s dimensional velocity is 0.0005303 m/s.  

The maximum magnitude of the encapsulant’s dimensional velocity is 4.7007x10-6 m/s.  In 

Fig. 3.4, the maximum value of the streamfunction is 0.12983.  In an inertialess 

convectionless asymptotic treatment for Ha>>1, O(Ha-1/2) parallel layers adjacent to η=±1 

carry an O(Ha1/2) flow.  While the present solution is a numerical solution for the full 

equations, there is still a large flow adjacent to η=±1, which is reflected in the crowding of 

the streamlines adjacent to η=±1 in Fig. 3.4.  We present the isotherms and streamlines in 

the encapsulant in Figs. 3.5 and 3.6, respectively.  The isotherms in Fig. 3.5 are vertical 

which reflect that the heat transfer is dominated by conduction.  In Fig. 3.6, the 

encapsulant’s circulation is counterclockwise with a positive interfacial velocity and the 

maximum value of the encapsulant’s streamfunction is 0.000024928.  The free convection 

in the encapsulant dominates and drives a positive interfacial velocity in the melt and a 

clockwise circulation inside the parallel layer along η=+1.  That is, along η=+1, 

u=+0.07375 at ξ=0 and decreases to u=0 as |ξ| approaches ±1.  The interfacial shear stress 



 Chapter 3 

 50

of the slow-moving melt decreases the velocity of the encapsulant but does not drive flow in 

the opposite direction. 

 For α=0.6 and B=1 T, the dimensionless parameters are Ha=1461.8, N=4412.8 and 

Pet=7.375, and the characteristic velocity in the melt is U=0.0015706 m/s.  There is 

significantly less EM damping of the melt motion and the velocity of the melt is much larger.  

The maximum magnitude of the dimensional velocity in the melt and in the encapsulant are 

0.005912 m/s and 0.0000026158 m/s, respectively.  The interfacial shear stress is much 

larger, as shown in Fig. 3.2, so that the maximum value of the encapsulant’s streamfunction 

is 0.000016398.  We present the streamlines in the encapsulant in Fig. 3.7, in which the 

encapsulant’s circulation is counterclockwise and the interfacial u is positive.  In the melt, 

the maximum value of the streamfunction is 0.12979 with the bulk of the flow circulating in 

the counterclockwise direction.  The free convection in the encapsulant dominates and 

drives a positive interfacial velocity in the melt and a clockwise circulation inside the 

boundary layer along η=+1.  That is, along η=+1, u=+0.0006523 at ξ=0 and decreases to 

u=0 as |ξ| approaches ±1.  The interfacial shear stress of the slow-moving melt decreases the 

velocity of the encapsulant but does not drive flow in the opposite direction.  In both the 

melt and the encapsulant, the heat transfer remains dominated by conduction. 

 We further decrease the magnetic field strength to B=0.4 T with α=0.6, the dimensionless 

parameters are Ha=584.7, N=112.97 and Pet=46.093, and the characteristic velocity in the 

melt is U=0.009816 m/s.  In both the melt and the encapsulant, the heat transfer is still 

dominated by conduction.  There is significantly less EM damping of the melt motion and 

the velocity of the melt is much larger as reflected in the maximum magnitude of the melt’s 

dimensional velocity which is 0.02359 m/s.  The maximum magnitude of the encapsulant’s 
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dimensional velocity is 0.0000060506 m/s.  In the melt, the maximum value of the 

streamfunction is 0.12935.  The interfacial shear stress, which is presented in Fig. 3.2, is 

large enough to reverse some of the flow in the encapsulant as reflected in Fig. 3.8 where the 

minimum and maximum values of the streamfunction are -0.000008873 and 0.000007387, 

respectively.  Along η=+1, u=-0.0005834 at ξ=0 and increases to u=0 as |ξ| approaches ±1.  

As shown in Fig. 3.2, the maximum value of the interfacial shear stress is located at ξ=0.208 

and decreases as |ξ| approaches ±1.  The deviation from symmetry about ξ=0 is reflected in 

the encapsulant’s streamlines in Fig. 3.8. 

3.4 Conclusions 

 The temperature gradient drives counterclockwise circulations in both the melt and 

encapsulant.  These circulations alone would lead to positive and negative values of the 

horizontal velocity in the encapsulant and melt, respectively, near the interface.  The 

competition between the two free convections determines the direction of the horizontal 

velocity of the interface.  For α=0.6 and B=5 T, there is significant EM damping of the melt 

motion and the encapsulant drives a positive interfacial velocity and a small clockwise 

circulation in the melt.  For α=0.6 and a much weaker field B=0.4 T, the maximum velocity 

in the melt is thousands of times larger than that of the encapsulant, thus causing a large 

volume of the encapsulant’s volume to circulate in the clockwise direction.  This 

investigation has been published in International Journal of Heat and Fluid Flow [20]. 
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Figure 3.1  Two-dimensional problem with a liquid encapsulant and molten semiconductor 
with a steady, uniform, horizontal magnetic field Bx and with coordinates normalized by the 

distance between the hot and cold vertical walls. 
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Figure 3.2  Dimensional interfacial shear stress σxy (in Pa) versus ξ with α=0.6 for B=0.4 T, 
0.5 T, 1 T, 2 T and 5 T. 
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Figure 3.3  Temperature in the melt T(ξ,η) for B=5 T and α=0.6. 
 
 
 

 
 

Figure 3.4  Streamlines in the melt ψ(ξ,η) for B=5 T and α=0.6. 
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Figure 3.5  Temperature in the encapsulant Te(ξ,χ) for B=5 T and α=0.6. 
 
 
 

 
 

Figure 3.6  Streamlines in the encapsulant ψe(ξ,χ) for B=5 T and α=0.6. 
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Figure 3.7  Streamlines in the encapsulant ψe(ξ,χ) for B=1 T and α=0.6. 
 
 
 

 
 

Figure 3.8  Streamlines in the encapsulant ψe(ξ,χ) for B=0.4 T and α=0.6. 
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Chapter 4 Dopant Transport during 

Liquid-Encapsulated Czochralski Growth with a 

Steady Axial Magnetic Field 

4.1 Introduction 

 Externally-applied fields have long been used to control the transport phenomena during 

semiconductor crystal growth in order to optimize properties of the crystal.  Many 

semiconductors in their liquid state have large electrical conductivities so that their melt 

motion can be controlled by applied fields.  During the growth of any semiconductor crystal, 

major objectives include minimizing dislocation densities, thermal stress, species segregation, 

etc. in the crystal.  Chedzey and Hurle [1] and Utech and Flemings [2] were the first to 

discover the benefits of applying magnetic fields during semiconductor crystal growth.  In 

these investigations [1,2], the application of steady magnetic fields during growth provided 

an electromagnetic (EM) damping of the flow and reduced segregation in the crystal.  The 

motion of the electrically-conducting melt across the steady magnetic field lines produces an 

electric current in the melt, and this current interacts with the magnetic field to produce an 

electromagnetic (EM) body force which opposes the melt motion.  Therefore, a steady 

magnetic field produces a body force which damps the buoyant convection due to density 

variations, the thermocapillary convection due to surface-tension variations, the centrifugal 

pumping due to the rotation of the crystal, and any other melt motions.  Witt et al. [3] were 

one of the first to apply steady magnetic fields during Czochralski crystal growth.   
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 Bulk gallium-antimonide (GaSb) semiconductor crystals with high optical transmission 

are extremely important for space-based imaging applications.  Bulk gallium-antimonide 

crystals can be grown from the melt by the liquid-encapsulated Czochralski process.   Since 

molten semiconductors are excellent electrical conductors, steady magnetic fields can be 

used to control the melt motion in order to control the dopant distribution in the crystal, 

which depends on the convective and diffusive transport of the dopant in the melt.  

Convective transport in the melt may lead to (i) small-scale spatial oscillations of the 

crystal’s dopant composition, which are called striations or microsegregation, and/or (ii) 

large-scale variations of the crystal’s dopant composition, which are called radial and axial 

macrosegregation.  Hurle and Series [4] and Walker [5] reviewed the literature on the use of 

steady magnetic fields during the bulk growth of semiconductor crystals.   

 During the bulk growth of semiconductor crystals without a steady magnetic field, the 

buoyant convection in the melt is often periodic, or even turbulent in very large systems.  

Unsteady melt motions lead to fluctuations in the heat transfer across the growth interface 

from the melt to the crystal.  Since the local rate of crystallization depends on the balance 

between the local heat fluxes in the melt and crystal, fluctuations in the heat flux from the 

melt create fluctuations in the local growth rate.  In extreme circumstances, periods of 

growth alternate with periods of remelting.  Fluctuations in the local growth rate cause two 

major problems.  First, these fluctuations are a major cause of dislocations in the crystal [6]. 

Another major cause of dislocations is the thermal stresses in the crystal.  Second, the 

fluctuations in the local growth rate create striations in the crystal.  Most dopants are either 

rejected into the melt during solidification or preferentially absorbed into the crystal, i.e. ks<1 

or ks>1, respectively, where the segregation coefficient ks is the ratio of the local dopant 
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concentration in the crystal to that in the melt at any point along the crystal-melt interface.  

If ks<1, the rejected dopant accumulates in a species-diffusion boundary layer in the melt 

adjacent to the interface.  The dopant distribution in this layer involves a balance between 

the rejection rate and the rate of diffusion through the melt.  During a fluctuation in local 

growth rate, an increase in growth rate causes the local concentration to rise because dopant 

cannot diffuse away fast enough, so that a region with a high dopant concentration solidifies.  

When the growth rate decreases for the second half of the fluctuation, dopant has ample time 

to diffuse away, so the concentration that solidifies is low.  Fluctuations in the melt velocity 

also convect dopant in and out of the species-diffusion boundary layer or radially within this 

layer, leading to more severe striations.  It is not unusual for the maximum dopant 

concentration to be twice the minimum in striations, and a typical distance between adjacent 

maximums is 1 μm.  Since the performance of any electronic or optical device depends 

strongly on the uniformity of the local dopant concentration in the single-crystal wafer on 

which it is produced, striations are a major problem. 

 A steady magnetic field produced by a solenoid placed around the crystal-growth furnace 

can be used to stabilize the melt in order to eliminate all periodicity in the melt motion and to 

eliminate striations produced by unsteady melt motions [7].  Without a steady magnetic 

field, transitions from steady, axisymmetric melt motions to the periodic or even turbulent 

non-axisymmetric melt motions which produce striations depend upon the ratio of the driving 

buoyancy force to viscous dissipation, as reflected by the Rayleigh or Grashof number.  

With a steady moderate magnetic field, both viscous and Joulean dissipations oppose the 

driving buoyancy force and stabilize the flow through electromagnetic (EM) damping.  
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Bliss et al. [8,9] were the first to produce 8-cm-diameter twin-free indium-phosphide crystals 

by using magnetic stabilization.    

 During directional solidification or Bridgman growth of semiconductor crystals, an 

extremely strong EM damping of the melt motion may produce a crystal with an axially and 

radially uniform dopant composition.  In order to achieve such growth conditions, the 

species transport Péclet number, Pem=UbR/D, must be small, where Ub is the characteristic 

velocity for the magnetically damped melt motion, and is inversely proportional to the square 

of the magnetic flux density Bo.  Here, R is the radius of the melt while D is the diffusion 

coefficient for the dopant in the molten semiconductor.  However, since typical values of D 

are 1 to 2x10-8 m2/s, values of Bo required to achieve diffusion-controlled species transport 

are impractical.  Therefore, it is more practical to use moderate magnetic fields to tailor the 

melt motion.   

 At each stage during the growth of a crystal by any process, there are infinitely many 

different ways to tailor the strength and configuration of the externally-applied magnetic 

fields, the distribution of the heat flux into the melt, the radiative and conductive heat losses 

from the melt, etc., so that process optimization through trial-and-error experimental crystal 

growth is tedious and expensive.  Models that accurately predict the dopant distribution in 

an entire crystal for any combination of process variables are needed to facilitate process 

optimization.  In the present chapter, we treat the species transport of selenium (Se) in a 

gallium-antimonide (GaSb) melt during the liquid-encapsulated Czochralski (LEC) process 

with a steady, uniform, axial magnetic field.  For a typical crystal growth process, resolution 

of thin species diffusion boundary layers having O(Pem
-1) thicknesses is often very 

challenging.  Typically, Pem is very large for weak magnetic fields because the value of D is 
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so small.  Several grid points must be concentrated inside each layer in order to give 

accurate results, because these boundary layers play critical roles in the transport.  As the 

magnetic flux density is increased, the value of Pem decreases and the species-diffusion 

boundary layers become thicker but the value of the Hartmann number increases.   Since 

viscous boundary layers with O(Ha-1) thicknesses exist, there are thin species-diffusion or 

viscous boundary layers for every value of Bo.  Here, Ha=BoR(σ/μ)1/2 where σ and μ are the 

electrical conductivity and the dynamic viscosity of the melt, respectively.  Therefore, the 

simultaneous numerical solution of the full Navier-Stokes, internal energy and species 

transport equations must always have a very fine spatial grid and a very small time step.  

Kaiser and Benz [10] stated that the hardware requirements and needed supercomputing time 

for the accurate resolution of concentration and velocity gradients are impractical.  The 

present study eliminates the need for impractical computing resources by using an asymptotic 

approach to treat the unsteady dopant transport for the entire period needed to grow a crystal 

during the solidification of a GaSb crystal with a steady magnetic field.  In a pair of studies, 

Ma and Walker [11,12] presented an asymptotic treatment which provided the first 

predictions of dopant composition in the entire crystal in an idealized configuration with a 

steady magnetic field.  Ma and Walker [12] also validated this asymptotic approach with a 

numerical solution for the full species transport equation.  In the present chapter, we apply 

this asymptotic approach to the LEC process for the growth of gallium-antimonide 

semiconductor crystals with a strong steady magnetic field, and provide accurate predictions 

for the entire period needed to grow a crystal with moderate computational resources.  
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4.2 Temperature 

 This section treats the unsteady, axisymmetric transport of selenium in a 

gallium-antimonide melt during the liquid-encapsulated Czochralski process with an 

externally-applied, steady, uniform, axial magnetic field Bo z .  Here, r , θ  and z  are the 

unit vectors for the cylindrical coordinate system. Our dimensionless problem is sketched in 

Fig. 4.1.  The coordinates and lengths are normalized by R, so that γ is the dimensionless 

crystal radius, and b(t) is the dimensionless depth of the melt where t is normalized with 

R/Ub.  This study uses the bulk approximation which assumes that the crystal-melt and 

encapsulant-melt interfaces lie in the same horizontal plane at z=b(t)=bo-αγ2t.  Here, bo is 

the initial dimensionless melt depth and the dimensionless crystal-growth velocity α=Ug/Ub 

is the sum of the velocity at which the crystal is moved upward and the velocity at which the 

crystal-melt interface moves downward where Ug is the growth rate. 

 Before solidification begins, gallium and antimony are heated in the crucible and the 

elements fuse to form the compound GaSb.  A layer of salt, which is composed of a mixture 

of 50% sodium-chloride (NaCl) and 50% potassium chloride (KCl), encapsulates the melt.  

A single crystal seed is lowered through the liquid salt mixture which initiates solidification.  

Once the crystal has grown to the desired diameter, the crystal is pulled vertically upward at 

a rate which maintains this diameter.  The melt is housed by a fused-silica crucible which is 

structurally supported by a graphite susceptor as shown in Fig. 4.1.  

 In the energy equation, the energy equation, the characteristic ratio of the convective to 

conductive heat transfer is the thermal Péclet number, Pet=ρcpUbR/k, where ρ is the melt’s 

density at the solidification temperature Ts, cp is the melt’s specific heat, and k is the melt’s 

thermal conductivity.  For a sufficiently strong magnetic field, Pet is small, so that the 
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convective heat transfer terms are negligible.  In a recent study, Ma and Walker [13] 

investigated the role of convective heat transfer on the buoyant convection during LEC 

growth with a steady magnetic field, and determined the errors associated with the neglect of 

convective heat transfer.  For LEC growth in a steady magnetic field, Ma and Walker [13] 

found that convective heat transfer significantly affect the buoyant convection when 

Pet=277.3.  As the magnetic flux density is increased from this value, the thermal Péclet 

number decreases as Bo
-2, so that the ratio of the convective heat transfer to conductive heat 

transfer decreases.  Ma and Walker [13] found that the error due to neglect of convective 

heat transfer is less than 4% for Pet≤15.0. 

 In general, Ug<Ub, so that the latent heat released by the cooling melt is negligible 

compared to the conductive heat transfer [11].  The temperature is governed by 

  ∇2T = 0  , (4.1) 

where T is the deviation of the dimensional temperature from the solidification temperature 

Ts normalized by the characteristic temperature difference in the melt (ΔT)c.  We use the 

boundary conditions 

  t)(r,q
ζ
T

b−=
∂
∂  ,   at ζ=-1 , (4.2a) 

  ∂T
∂r

 = 1  ,   at r=1 , (4.2b) 

  T=0 ,   at ζ=+1 ,   for 0≤r≤γ , (4.2c) 

  oκζ
T

b(t)
2

−=
∂
∂  ,   at ζ=+1 ,   for γ≤r≤1 , (4.2d) 

where qb(r,t) is the dimensionless heat flux into the melt along the bottom crucible wall, and 

κo is the dimensionless heat flux lost due to conduction and radiation through the 



 Chapter 4 

 66

semitransparent boron oxide.  Here, qb(r,t) and κo are normalized with (ΔT)ck/R.  The 

rescaled axial coordinate is ζ=-1+2z/b(t) so that -1≤ζ≤+1 for all time.  Since the 

temperature variation along the encapsulant-melt interface is tiny compared to the 

temperature variations in the furnace [14], we assume that the heat flux across the 

encapsulant-melt interface is uniform.  An estimate of the thermal losses through the 

semi-transparent encapsulant [15] give κo=1.2. 

 During the LEC process, radio-frequency (RF) induction heating is used, and has the 

advantage that the heating distribution can be tailored by adjusting the number of loops and 

the spacing between the loops in the induction coil [16].  With RF heating, the distribution 

of heat flux into the horizontal and vertical susceptor walls is highly non-uniform, so that the 

distribution of the heat flux which has conducted through the susceptor, and conducted and 

radiated through the quartz crucible and into the bottom and side of the melt is also 

non-uniform.  In the present study, we treat the thermal problem with uniform side heating 

and with parabolically-varying bottom heating which varies over time so that 0≤T(r,ζ,t)≤1 

for all stages of growth.  For LEC growth, Morton et al. [17] provided an estimate of the 

bottom heating, 

  qb(r,t) = h[b(t)] r2 , (4.3) 

where h[b(t)]=0.890b+0.369b2-5.984b3+7.334b4-3.273b5.  Future research will further 

investigate the effects of RF heating distribution on the buoyant convection and on the 

dopant transport with the objective to tailor the heating distribution in order to achieve a 

better crystal, e.g., one with a more uniform dopant distribution. 

 A Chebyshev spectral collocation method is used to solve for the temperature governed by 

Eqs. (4.1) and (4.2) with Gauss-Lobatto collocation points in r and ζ.  A regularization 
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method is implemented to avoid a Gibb’s phenomena associated with the discontinuous 

boundary condition at r=γ and ζ=+1.  Typical isotherms are presented in Fig. 4.2 for γ=0.4 

and b=0.3174, which correspond to 50% of growth. 

4.3 Melt Motion 

 The melt velocity is normalized by the characteristic velocity for the 

magnetically-damped buoyant convection [18], 

  Ub = 
ρ g β (ΔT)c

σ Bo2
 , (4.4) 

where g=9.81 m/s2 and β is the thermal volumetric expansion coefficient.  The 

dimensionless time to grow the entire crystal is bo/αγ2 if the entire melt is solidified.  We 

have assumed that there is no change in density during solidification. 

 In the present study, we treat two flows, namely, the buoyant convection and the so-called 

melt-depletion flow.  In a reference frame moving with the crucible, the fluid at the 

encapsulant-melt interface moves downward at the rate -db/dt while the fluid at the 

crystal-melt interface moves vertically upward at the pull velocity [19], causing a melt 

motion which is referred to as the melt-depletion flow.  This terminology arises because the 

crystal-melt interface acts as a porous boundary with suction. 

 The electric current in the melt produces an induced magnetic field which is superimposed 

upon the applied magnetic field produced by the external magnet.  The characteristic ratio 

of the induced to applied magnetic field strengths is the magnetic Reynolds number, 

Rm=μpσUbR, where μp is the magnetic permeability of the melt.  For all crystal-growth 

processes, Rm<<1 and the additional magnetic fields produced by the electric currents in the 

melt are negligible. 
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 In the Navier-Stokes equation, the characteristic ratio of the EM body force term to the 

inertial terms is the interaction parameter, N=σBo
2R/ρUb, which varies as Bo

4.  For a 

sufficiently strong magnetic field, N is large, so that the inertial terms are negligible.  In a 

recent study, Ma and Walker [13] investigated the role of inertia during LEC growth with a 

steady magnetic field, and determined the errors associated with the neglect of inertial effects.  

Ma and Walker [13] found that inertia significantly affects the buoyant convection when 

N=1.037.  As the magnetic flux density is increased from this value, the interaction 

parameter increases as Bo
4, so that the ratio of the inertial force to the EM body force 

decreases.  Ma and Walker [13] found that the error due to neglect of inertial effects is only 

2.7% for N=16.59, and is totally negligible for N≥648.1. 

 For an inertialess flow, the equations governing the melt motion are 

  -∇p + fbz  + j×z  + Ha -2 ∇2v = 0  , (4.5a) 

  ∇ ⋅ v = 0 ,   ∇ ⋅ j = 0 ,   j = - ∇φ + v×z  , (4.5b, 4.5c, 4.5d) 

where v(r,ζ,t)=vr r̂ +vz ẑ  is the dimensionless velocity of the melt normalized by Ub, p is the 

deviation of the dimensional pressure from the hydrostatic pressure normalized by σBo
2UbR, 

j is the electric current density normalized by σUbBo, and φ is the electric potential function 

normalized by UbBoR.  In the Navier-Stokes equation, fb is the body force per unit volume 

which is normalized by σUbBo
2.  The body force is fb=0 for melt-depletion flow, and fb=T 

for buoyant convection with the Boussinesq approximation, where T is given by a solution to 

Eqs. (4.1) and (4.2). 

 During growth, experiments indicate that the liquid salt mixture has an unstable or even 

turbulent flow.  The characteristic ratio of the buoyancy forces to viscous forces is the 

Grashoff number Gr=ρ2β(ΔT)cH3/μ2 where H is the depth of the fluid.  For our liquid salt 
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mixture with depth 1 cm, Gr=1.56x106, which is large indicating that the flow is indeed 

turbulent as we speculated from experimental observation.  We also believe that the 

thermocapillary convection driven by the surface tension’s temperature variation along the 

interface is negligible compared to that other melt motions for growth in a steady magnetic 

field [20].  Therefore, we treat the encapsulant-melt interface as a free surface. 

 In an asymptotic solution for Ha>>1, the melt is divided into an inner inviscid core region 

below the crystal-melt interface, an outer inviscid core region below the encapsulant-melt 

interface, an O(Ha-1/2) free shear layer at r=γ beneath the crystal’s edge, Hartmann layers 

with an O(Ha-1) thickness adjacent to the bottom crucible wall at ζ=-1 and adjacent to the 

crystal-melt and encapsulant-melt interfaces at ζ=+1, and a parallel layer with an O(Ha-1/2) 

thickness adjacent to the crucible’s vertical wall.  The Hartmann layers have a simple, local, 

exponential structure, which matches any radial core, free shear layer or parallel layer 

velocities at ζ=±1, which satisfies the no-slip and no-penetration conditions along the 

crucible’s surface and the crystal-melt interface as well as the free surface conditions along 

the encapsulant-melt interface, and which indicates that vz in the cores, free shear layer or 

parallel layer is O(Ha-1) at ζ=±1.  Since the core carries an O(1) flow, the flow circuit must 

be completed through a high-velocity parallel layer with vz=O(Ha1/2) and vr=O(1) inside this 

layer at r=1.  For magnetic field strengths of interest, this parallel layer is not actually thin 

as assumed in the formal asymptotic expansion for Ha>>1.  While a formal asymptotic 

analysis for Ha>>1 is not appropriate, the numerical solution of the inertialess Navier-Stokes 

equation with all viscous terms is not necessary.  The Hartmann layers represent an 

extremely small fraction of the melt depth and have a simple exponential structure.  There is 

no need to numerically duplicate this simple exponential structure.  Therefore, we use a 
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hybrid solution which does not assume that the parallel-layer thickness is small.  We discard 

the viscous terms Ha-2∂2v/∂z2 in the Navier-Stokes equation, and we relax the no-slip 

conditions at ζ=±1 because they are satisfied by the Hartmann layers which are not part of 

the hybrid solution. 

 For our axisymmetric flow, there is no azimuthal electric field, and there is a radial EM 

body force due to the azimuthal electric current and the axial magnetic field.  The 

streamfunction ψ is governed by 

  Ha-2 ∂
∂r

 1
r  ∂

∂r
 r ∂

∂r
 1

r  ∂ψ
∂r

 - 4
b2

 1r  ∂
2ψ

∂ζ2
  = ∂fb

∂r  
, (4.6a) 

  vr  = 2
b

 1r  
∂ψ

∂ζ
 ,   vz  = - 1

r  
∂ψ

∂r  
. (4.6b, 4.6c) 

 The boundary conditions along the crystal-melt and encapsulant-melt interfaces are 

  ψ = - 1
2

 α 1 - γ2  r2
 
,   at ζ=+1 ,   for 0≤r≤γ , (4.7a) 

  ψ = - 1
2

 α γ2 1 - r2
 ,   at ζ=+1 ,   for γ≤r≤1 . (4.7b) 

We use a Chebyshev spectral collocation method to solve Eq. (4.6a) with Eqs. (4.7a) and 

(4.7b) at ζ=+1, the no-slip and no-penetration conditions along the crucible’s vertical wall, 

and the no-penetration condition along the crucible’s bottom wall.  We use Gauss-Lobatto 

collocation points in r and ζ, and a sufficient number of collocation points in order to resolve 

the velocity gradients near ζ=+1. 

4.4 Dopant Transport 

 Before solidification begins, the dopant concentration is uniform, and this initial value is 

used to normalize the concentration C, so that C(r,ζ,t=0)=1.  Once crystal growth starts, the 

dopant is rejected into the melt for ks<1, leaving a dopant-rich region near the crystal-melt 
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interface.  The flow convects the melt with the high Se concentration, thus referred to as 

“dopant-rich,” away from the interface.  The dimensionless equation governing this dilute 

species transport is 

  CPeC
t
C 21-

m∇=∇⋅+
∂
∂ v  , (4.8) 

where v is dimensionless velocity for the net melt motion which is equal to the sum of the 

dimensionless velocities for the buoyant convection and the melt-depletion flow.  Since the 

streamfunctions for the buoyant convection and melt-depletion flow are positive and negative, 

respectively, there is some cancellation when they are summed. 

 The boundary conditions for the crystal-melt and encapsulant-melt interfaces are 

  2
b

 
∂C

∂ζ
 = Peg (1- ks) C

 
,   at ζ=+1 ,   for 0≤r≤γ , (4.9) 

where Peg=UgR/D=αPem is the growth Péclet number.  The boundary conditions along the 

encapsulant-melt interface and along the bottom and vertical crucible walls are n•∇C=0, 

where n  is the outward unit normal vector.  Solutions for the dopant concentrations in the 

Hartmann layers show that the changes in the boundary conditions along ζ=±1 due to the 

Hartmann layers are smaller than the O(Ha-1) terms which are neglected in the melt motion 

solutions.  Therefore, the Hartmann layers can be ignored in the species transport problem. 

 We use a Chebyshev spectral collocation method for the convective and diffusive terms 

in Eq. (4.8) with Gauss-Lobatto collocation points in r and ζ.  We use a sufficient number of 

collocation points in order to resolve the concentration gradients near ζ=±1 and the velocity 

gradients near r=1.  For the time derivative in Eq. (4.8), we use a second-order implicit time 

integration scheme from t=0 to a t which is slightly less than bo/αγ2.  We use a large enough 
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number of times steps such that the results do not change by increasing the number of time 

steps.   

 At the beginning of crystal growth, the melt concentration, normalized with the initial 

uniform concentration, is C(r,ζ,t=0)=1.  Thus the amount of dopant initially in the melt is 

obtained by integrating across the melt’s volume giving a total dopant concentration equal to 

πbo.  We verify that the sum of the dopant concentration in the melt and in the crystal is 

equal to πbo at each time step. 

 Assuming that there is no diffusion of dopant in the solid crystal and that the density of 

the solid and liquid are the same, the dopant distribution in the crystal Cs(r,Ξ), normalized by 

the initial uniform dopant concentration in the melt, is given by 

  Cs (r, Ξ) = ks C r, ζ=+1, t= bo-γ2Ξ
αγ2  

, (4.10) 

where ks=0.1 for gallium antimonide doped with selenium.  Here, Ξ=bo/γ2 corresponds to 

the first-grown part of the crystal at t=0 while Ξ=0 corresponds to the last-grown part of the 

crystal.  The first-grown part of the crystal at t=0 solidifies with Cs(r,bo/γ2)=ks. 

4.5 Discussion of Results 

 In the following sections, we present results with R=4.7 cm, (ΔT)c=20 K, γ=0.4, 

bo=0.6348 and Ug=5.556 μm/s for the growth of Se-doped GaSb for which ks=0.1 and 

Peg=13.0556.  The characteristic velocity is Ub=1.133009x10-4Bo
-2, and the dimensionless 

parameters are α=0.049034Bo
2, Ha=977.8942Bo and Pem=266.2572Bo

-2 with Bo in Tesla and 

Ub in m/s.  The dimensionless time to grow the crystal is bo/αγ2=80.913Bo
-2.  The 

thermophysical properties of molten GaSb are provided in Table 4.1. 
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4.5.1 Results for Bo=0.5 T 

 For Bo=0.5 T, Ub=0.0004532037 m/s, α=0.0122584, Ha=448.9, Pem=1065.0, and the time 

to grow the crystal is 323.65.  For this first case, we initially discuss the melt motions 

produced by the melt-depletion flow and by the buoyant convection, and then discuss the net 

melt motion produced by the sum of these two flows.  We follow with a discussion about 

the effects of the melt motion on the dopant transport in the melt and finally predict the 

dopant concentration in the crystal. 

 Without buoyant convection, the melt-depletion flow alone is governed by Eq. (4.6a) with 

fb=0 and boundary conditions (4.7a) and (4.7b).  For a constant growth rate, the minimum 

value of the streamfunction is constant for all stages of growth.  The melt-depletion flow is 

spread over almost the entire volume of the melt with axially downward flow for γ≤r≤1, 

radially inward flow everywhere, and axially upward flow for 0≤r≤γ.  Without a magnetic 

field, this flow would be confined to a region which is much more local to the crystal-melt 

and encapsulant-melt interfaces.  When the electrically-conducting fluid flows radially 

across the vertical magnetic field, it generates an induced electric field which drives an 

azimuthal electric current which in turn flows across the magnetic field, creating an 

electromagnetic (EM) body force which opposes the radial velocity.  Since there is no EM 

body force opposing flow along magnetic field lines, the flow along the magnetic field lines 

is elongated, so that there is melt-depletion flow over the entire melt.  The minimum value 

of the melt-depletion streamfunction is ψmin=-0.000823738, occurs at r=γ and ζ=+1, and 

remains at this value throughout growth for a constant growth rate. 

 Without the melt-depletion flow, the buoyant convection alone is governed by fb=T with 

ψ=0 along ζ=+1 for 0≤r≤1.  Because the magnitude of the buoyant convection decreases 
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with the melt depth, the maximum value of the streamfunction decreases as crystal growth 

progresses.  The hot fluid rises near the periphery of the crucible, flows radially inward 

adjacent to the encapsulant-melt interface, and continues to flow radially inward near the 

crystal-melt interface where it is cooled.  The fluid adjacent to the crystal-melt interface 

either solidifies into the crystal or flows radially downward, and then flows radially outward 

adjacent to the crucible’s bottom wall.  Because the buoyant convection has significant flow 

in the radial direction, i.e., flow normal to the magnetic field lines, the magnetic field 

provides a significant EM damping of the buoyant convection. 

 The balance between the melt-depletion flow and the buoyant convection depends on the 

crystal-growth velocity, the magnetic field strength and the melt depth.  Typically Ub>Ug, 

so that during early stages of growth, the buoyant convection is much stronger than the 

melt-depletion flow, and the melt motion is dominated by the buoyant convection.  For 

example, the streamlines at t=0 very nearly resemble those of the buoyant convection alone, 

and have a maximum streamfunction value ψmax=0.0454127.  The only noticeable 

difference in the streamlines is in a thin region adjacent to ζ=+1 where the buoyant 

convection is small, and the radially-inward flow is vertically downward below the 

encapsulant-melt interface and vertically upward below the crystal-melt interface due to the 

melt-depletion flow.  This phenomenon is reflected in Fig. 4.3 at t=16.183 when 5% of the 

crystal has grown, for which ψmax=0.0413089.  The magnitude of the radially-inward flow 

below the crystal-melt interface is larger than that produced by either the buoyant convection 

or melt-depletion flow alone.  For a given magnetic field strength, the magnitude of the 

buoyant convection velocity is proportional to b(t) and decreases as crystal growth progresses 

while the magnitude of the melt-depletion flow is proportional to Ug and is constant 
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throughout growth.  By the time 50% of the crystal has grown, the melt depth has decreased 

to b=0.3174, so that there is noticeable melt-depletion flow over a larger volume of the melt 

below the crystal-melt interface as reflected in Fig. 4.4 where the maximum value of the 

streamfunction is ψmax=0.0128067.  The melt flows radially outward along ζ=-1, vertically 

upward along r=1, radially inward along ζ=+1 adjacent to the encapsulant-melt interface, and 

then either solidifies or flows vertically downward.  At this time, the vertically upward 

melt-depletion flow has become stronger than the vertically downward velocity of the colder 

sinking fluid.  For r>0.5, the velocity of the rising fluid adjacent to r=1 has decreased due to 

the opposing melt-depletion flow.  However, for 0.5≤r≤ro where ro is the radial position 

corresponding to ψmax, the velocity of the sinking melt and the vertically downward 

melt-depletion flow are superimposed to produce a downward flow larger than that produced 

by either the buoyant convection or melt-depletion flow alone.  The magnitude of the 

radially-inward flow below the crystal-melt interface has decreased because the buoyant 

convection has decreased.  When t=291.29, 90% of the crystal has grown and the 

streamlines are presented in Fig. 4.5, where the maximum value of the streamfunction is 

ψmax=0.000741328.  The minimum value of the streamfunction remains at the 

melt-depletion flow’s value of ψmin=-0.000823738 for the entire process.  At this late stage, 

the buoyant convection is very weak because its strength is proportional to the melt depth b.  

The dominant melt-depletion flow shows the elongation of the flow along magnetic fields 

lines.  Consequently, there is convective species transport for all stages of growth, unlike 

directional solidification or Bridgman crystal growth where there is no melt-depletion flow.  

For Bridgman crystal growth, the species transport becomes dominated by diffusive species 

transport near the end of growth because the buoyant convection becomes small [21].  The 
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minimum and maximum values of the streamfunction, ψmin and ψmax, respectively, are 

summarized in Table 4.2. 

 When 5% of the crystal has grown at t=16.183, most of the melt below the 

encapsulant-melt interface remains at the initial uniform concentration C=1 and the 

maximum value of the concentration is 5.11628, as shown in Fig. 4.6.  The dopant-rich melt 

has already diffused axially downward past a small region below the crystal-melt interface 

where the melt-depletion flow dominates.  The axially-downward diffusion is opposed by 

an axially-upward velocity.  In Fig. 4.6, the dopant which has escaped from this region 

below the crystal-melt interface has been convected axially downward by the buoyant 

convection as reflected in the C=1.76 and C=1.50 contours and has been further convected 

radially outward as reflected in the C=1.24, C=1.08 and C=1.02 contours.  Near the edge of 

the crystal, the dopant-rich melt diffuses radially outward and downward.  This diffusion is 

opposed by a relatively weak axial velocity which is roughly one-fourth the velocity at the 

centerline, so that dopant is easily transported out of this region.  Furthermore, once this 

dopant has diffused a short distance downward it is easily convected downward with a large 

downward velocity.  The radially-inward flow adjacent to the interfaces contributes to the 

accumulation of dopant below the crystal-melt interface. 

 When 50% of the crystal has grown at t=161.83, the minimum and maximum values of 

the concentration are 1.57791 and 9.57958, respectively, as shown in Fig. 4.7.  The buoyant 

convection carries the dopant-rich melt into all regions of the melt.  The radially-inward 

flow for ζ>0 opposes outward radial diffusion adjacent to the crystal-melt interface, while the 

outward radial flow for ζ<0 is consistent with the direction of the outward radial diffusion.  

This is reflected in the shape of the C=2.5781 contour in Fig. 4.7, which curves radially 
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inward as ζ decreases from ζ=+1, becomes more vertical near ζ=0, and then curves radially 

outward near the bottom of the crucible.  The buoyant convection has convected the dopant 

so that the C=1.5900 and C=1.5970 contours have closed on themselves below the 

encapsulant-melt interface as shown in Fig. 4.7.  The radial variation of the concentration in 

the melt along the crystal-melt interface increases because the magnitude of the 

radially-inward flow below the crystal-melt interface decreases. 

 When 90% of the crystal has grown at t=291.29, the minimum and maximum values of 

the concentration are 2.5349 and 84.4993, respectively, as shown in Fig. 4.8.  There is a 

large difference because a large amount of dopant accumulated below the crystal-melt 

interface at the centerline due to the small value of the segregation or partition coefficient.  

At this stage of growth, the flow is weak as reflected by the small value of ψmax and the 

concentration gradient is large so that the species transport is dominated by diffusion.  In 

addition, the axially upward flow below the crystal-melt interface provides dopant 

convection that opposes diffusion away from the interface.  This has caused the 

constant-concentration curves to appear nearly vertical in most of the melt except in a small 

region below the crystal-melt interface. 

 In Fig 4.9, we present the constant-concentration curves in the crystal for Bo=0.5 T.  For 

larger values of Ξ which correspond to the earlier grown sections of the crystal in Fig. 4.9, 

the constant-concentration curves have a large downward slope.  This can be attributed to 

the large inward radial velocity opposing the radically outward diffusion in the top of the 

melt during the early stages of growth.  The difference in the crystal’s composition at its 

centerline and periphery, Γ(Ξ), is summarized in Table 4.3 for several axial positions in the 

crystal.  The radial segregation reflected by this difference Γ(Ξ) increases as Ξ decreases.  
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This occurs because the magnitude of the radially-inward flow below the crystal-melt 

interface decreases as growth progresses. 

4.5.2 Results for Bo=1.0 T 

 We increase the magnetic flux density to Bo=1.0 T, for which Ub=0.0001133 m/s, 

α=0.04903, Ha=977.9, Pem=266.2, and the time to grow the crystal is 80.91.   

 We present the streamlines when 5% of the crystal has grown at t=4.046 in Fig. 4.10.  

With this stronger magnetic field, there is a stronger EM damping of the flow so that the 

buoyant convection is weaker, and the maximum value of the streamfunction is 0.0427579.  

The minimum value of the streamfunction is -0.00329506 which is due to the melt-depletion 

flow so that this minimum value remains constant throughout growth for a constant growth 

rate.  This dimensionless value is different from that for Bo=0.5 T because the normalization 

involves the characteristic velocity which depends on Bo.  When 50% of the crystal has 

grown at t=40.46, the maximum value of the streamfunction is 0.0127493, as shown in Fig. 

4.11.  In Fig. 4.11, the buoyant convection is weaker and the melt-depletion flow takes a 

larger volume of the melt, as reflected by the -0.0003 contour.  By the time 90% of the 

crystal has grown at t=72.82, the melt-depletion flow has taken over a large volume of the 

melt as shown in Fig. 4.12, where the maximum value of the streamfunction is 0.000534928.  

In Fig. 4.12, the circulation due to buoyant convection is smaller compared to growth with 

Bo=0.5 T.  The minimum and maximum values of the streamfunction, ψmin and ψmax, 

respectively, are summarized in Table 4.2. 

 When 5% of the crystal has grown at t=4.046, the dopant transport is dominated by 

diffusion as reflected in Fig. 4.13 due to the much stronger EM damping of the melt motion 

for Bo=1 T compared with Bo=0.5 T.  The dopant rejected along the crystal-melt interface at 
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ζ=+1 has diffused axially downward.  Most of the melt remains at the initial uniform 

concentration C=1.  The maximum value of the concentration in the melt at this time is 

4.891. 

 When 50% of the crystal has grown at t=40.46, the dopant has convected everywhere in 

the melt so that the minimum and maximum values of the concentration in the melt have 

increased to 1.299 and 12.37, respectively, as shown in Fig. 4.14.  None of the contours in 

Fig. 4.14 close on themselves, reflecting that the convective dopant transport is significantly 

weaker compared with the transport at the same stage of growth for Bo=0.5 T.  However, 

convective transport carries the dopant radially outward along ζ=-1 and axially upward along 

r=1.  These phenomena are reflected in the C=1.58 and C=1.34 contours, respectively, in 

Fig. 4.14. 

 When 90% of the crystal has grown at t=72.82, the minimum and maximum values of the 

concentration in the melt are 1.610 and 75.80, respectively, as reflected in Fig. 4.15.  There 

is a very difference because a large amount of dopant accumulated below the crystal-melt 

interface at the centerline due to the small value of the segregation or partition coefficient.  

At this stage of growth, the flow is weak as reflected by the small value of ψmax and the 

concentration gradient is large so that the species transport is dominated by diffusion.  In 

addition, the axially upward flow below the crystal-melt interface provides dopant 

convection that opposes diffusion away from the interface.  This has caused the 

constant-concentration curves to appear nearly vertical in most of the melt except in a small 

region below the crystal-melt interface. 

 In Fig. 4.16, we present the constant-concentration curves in the crystal for Bo=1 T.  For 

larger values of Ξ which correspond to the earlier grown sections of the crystal in Fig. 4.16, 
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the constant-concentration curves have a large downward slope.  This can be attributed to 

the large inward radial velocity opposing the radically outward diffusion in the top of the 

melt during the early stages of growth.  The values of Γ(Ξ) are summarized in Table 4.3 for 

several axial positions in the crystal.  The radial segregation reflected by this difference Γ(Ξ) 

becomes higher as crystal growth progresses, and these values are larger for each Ξ as 

compared with Bo=0.5 T. 

4.5.3 Dopant Segregation 

 In this section, we discuss the radial and axial segregation for several values of Bo and for 

the classical limits. 

 The classical limits where the dopant transport is dominated by either diffusive mass 

transport or convective mass transport are usually defined in terms of directional 

solidification or Bridgman crystal growth, where there is no liquid encapsulant.  For 

directional solidification with a planar interface, there is no radial variation of the crystal’s 

composition for diffusion-controlled growth.  This limit has a different meaning for the 

liquid-encapsulated Czochralski process, where the crystal-melt interface and 

encapsulant-melt interface lie in the same horizontal plane.  Because of the presence of the 

melt-depletion flow, even in the absence of forced or natural convection, convective dopant 

transport creates both an axial and a radial variation of the dopant composition everywhere in 

the crystal [22].   

 During crystal growth without a magnetic field, the mixing may produce a dopant 

composition in the crystal that is close to the classical well-mixed limit.  If the rejected 

dopant is instantly uniformly distributed over the entire volume of the melt at each stage 
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during growth, then the crystal’s dopant composition is radially uniform and the axial 

variation is 

  Cs, well-mixed  (Ξ) = ks  bo
γ2 Ξ

1-ks

 
. (4.11) 

 In Fig. 4.17, we present the axial variation of the radially-averaged crystal concentration, 

Cs,avg(Ξ) for the well-mixed limit and for several values of Bo.  As the magnetic field 

strength is increased from zero, the buoyant convection is reduced and approaches the Bo
-2 

variation in Ub, so that the dopant transport transitions from the well-mixed limit for zero or 

weak magnetic fields to the diffusion-controlled limit for extremely strong magnetic fields.  

For each case, the crystal initially solidifies with Cs=ks=0.1 at Ξ=3.9675.  The maximum 

concentration in the melt at each stage during growth exists at the centerline at ζ=+1, so that 

the crystal solidifies with an elevated C at the centerline for every value of Ξ.  This 

phenomena is reflected in the curves for Bo=0.5 T, Bo=0.8 T and Bo=1.0 T in Fig. 4.18.  

Figure 4.18 indicates that there is more radial segregation as the flux density increases, which 

is also quantified in Table 4.3.  The maximum concentration in the melt at each stage during 

growth increases for increasing Bo, so that the crystal solidifies with consistently higher 

concentration for a given Ξ for increasing Bo except near the end of growth.  For a crystal 

grown in a stronger field, the dopant is not convected away from the crystal-melt interface as 

quickly, as compared with a crystal grown in a weaker field.  This phenomena is shown in 

the curves for Bo=0.5 T, Bo=0.8 T and Bo=1.0 T.  For ks=0.1, the crystal absorbs little 

dopant at each stage during growth so that the dopant concentrations in the melt are large 

near the end of growth.  At the end of growth, all of the remaining dopant-rich melt must 
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solidify, so that the last-grown sections of the crystal solidify with much higher 

concentrations, as reflected in the steepness of the curves in Fig. 4.17 for small values of Ξ.  

4.6 Conclusions 

 As the steady magnetic field strength increases, the electromagnetic damping of the melt 

becomes stronger.  For a given magnetic field strength, the buoyant convection is 

proportional to the melt depth and decreases as growth progresses while the melt-depletion 

flow is proportional to the growth rate and is constant throughout growth.  As the magnetic 

field strength increases, the radial segregation in the crystal increases because the magnitude 

of the radially-inward flow below the crystal-melt interface decreases.  At a given axial 

position in the crystal, the segregation is larger for a crystal grown in a stronger field as 

compared with a crystal grown in a weaker field.  That is, as the steady magnetic field 

strength increases, both the radial and axial segregation in the crystal generally increases.  

This investigation has been published in Magnetohydrodynamics [23]. 
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Table 4.1  Thermophysical properties of molten gallium antimonide (GaSb). 
 
 Property Value Units  

 Density 6030 kg/m3  

 Dynamic viscosity 0.00231 Pa•s  

 Thermal conductivity 17.1 W/m•K  

 Specific heat 328 J/kg•K  
 Thermal volumetric 

expansion coefficient 
 

0.0000958 
 

K-1 
 

 Electrical conductivity 1x106 S/m   
 
 

Table 4.2  Minimum and maximum values of the streamfunction in the melt for LEC 
growth with a steady magnetic field. 

 
  

Bo (T) 
 
t 

% of 
growth

 
ψmin 

 
ψmax 

 

 0.5 16.183 5 -0.000823738 0.0413089  

 0.5 161.83 50 -0.000823738 0.0128067  

 0.5 291.29 90 -0.000823738 0.000741328  

 1.0 4.046 5 -0.00329506 0.0427579  

 1.0 40.46 50 -0.00329506 0.0127493  

 1.0 72.82 90 -0.00329506 0.000534928  
 
 
Table 4.3  Radial variation of the dopant composition in the crystal Γ(Ξ)=Cs(0,Ξ)-Cs(0.4,Ξ). 
 

 Bo=1 T Bo=0.8 T Bo=0.5 T 

Γ(3.045758) 0.799748 0.709224 0.513262 

Γ(2.685076) 0.873685 0.789561 0.585088 

Γ(1.963712) 1.098267 1.029105 0.814452 

Γ(0.961818) 2.156428 2.151954 1.978856 
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Figure 4.1  Liquid-encapsulated Czochralski crystal growth with a steady, uniform, axial 
magnetic field Boz  and with coordinates normalized by the crucible’s inner radius. 
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Figure 4.2  Temperature in the melt when 50% of the crystal has grown for γ=0.4 and 
b=0.3174. 
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Figure 4.3  Streamlines in the melt ψ(r,ζ,16.183) when 5% of the crystal has grown for 
Bo=0.5 T. 
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Figure 4.4  Streamlines in the melt ψ(r,ζ,161.83) when 50% of the crystal has grown for 
Bo=0.5 T. 
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Figure 4.5  Streamlines in the melt ψ(r,ζ,291.29) when 90% of the crystal has grown for 
Bo=0.5 T. 
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Figure 4.6  Contours of concentration in the melt C(r,ζ,16.183) when 5% of the crystal has 
grown for Bo=0.5 T. 
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Figure 4.7  Contours of concentration in the melt C(r,ζ,161.83) when 50% of the crystal has 
grown for Bo=0.5 T. 
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Figure 4.8  Contours of concentration in the melt C(r,ζ,291.29) when 90% of the crystal has 
grown for Bo=0.5 T. 
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Figure 4.9  Contours of concentration in the crystal Cs(r,Ξ) for Bo=0.5 T. 
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Figure 4.10  Streamlines in the melt ψ(r,ζ,4.046) when 5% of the crystal has grown for 
Bo=1.0 T. 
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Figure 4.11  Streamlines in the melt ψ(r,ζ,40.46) when 50% of the crystal has grown for 
Bo=1.0 T. 
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Figure 4.12  Streamlines in the melt ψ(r,ζ,72.82) when 90% of the crystal has grown for 
Bo=1.0 T. 
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Figure 4.13  Contours of concentration in the melt C(r,ζ,4.046) when 5% of the crystal has 
grown for Bo=1.0 T. 
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Figure 4.14  Contours of concentration in the melt C(r,ζ,40.46) when 50% of the crystal has 
grown for Bo=1.0 T. 
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Figure 4.15  Contours of concentration in the melt C(r,ζ,72.82) when 90% of the crystal has 
grown for Bo=1.0 T. 
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Figure 4.16  Contours of concentration in the crystal Cs(r,Ξ) for Bo=1.0 T. 
 

 
 



 Chapter 4 

 92

    

0

0.5

1

1.5

2

0 0.5 1 1.5 2 2.5 3 3.5 4

C
s,avg

Ξ

Bo=1 T

Bo=0.8 T

Bo=0.5 T

well-mixe d

 
 

Figure 4.17  Axial variation of the radially-averaged dopant concentration in the crystal 
Cs,avg(Ξ). 
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Figure 4.18  Radial variation of the dopant composition in the crystal 
Γ(Ξ)=Cs(0,Ξ)-Cs(0.4,Ξ). 
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Chapter 5 Melt Motion during Liquid-Encapsulated 

Czochralski Growth with Steady and Transverse 

Rotating Magnetic Fields 

5.1 Introduction 

 Bulk gallium-antimonide (GaSb) semiconductor crystals with high optical transmission 

are extremely important for space-based imaging applications.  Bulk gallium-antimonide 

crystals can be grown from the melt by the liquid-encapsulated Czochralski (LEC) process.  

A major objective during the growth of a semiconductor crystal is to minimize the 

segregation in the crystal.  Since molten semiconductors are excellent electrical conductors, 

externally-applied magnetic fields can be used to control the melt motion in order to control 

the dopant distribution in the crystal, which depends on the convective and diffusive 

transport of the dopant in the melt.  Convective transport in the melt may lead to (i) 

small-scale spatial oscillations of the crystal’s dopant composition, which are called striations 

or microsegregation, and/or (ii) large-scale variations of the crystal’s dopant composition, 

which are called radial and axial macrosegregation. 

 During the bulk growth of semiconductor crystals without a steady magnetic field, the 

buoyant convection in the melt is often periodic, or even turbulent in very large systems.  

Unsteady melt motions lead to fluctuations in the heat transfer across the growth interface 

from the melt to the crystal.  Since the local rate of crystallization depends on the balance 

between the local heat fluxes in the melt and crystal, fluctuations in the heat flux from the 

melt create fluctuations in the local growth rate.  In extreme circumstances, periods of 
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growth alternate with periods of remelting.  Fluctuations in the local growth rate cause two 

major problems.  First, these fluctuations are a major cause of dislocations in the crystal [1]. 

Another major cause of dislocations is the thermal stresses in the crystal.  Second, the 

fluctuations in the local growth rate create striations in the crystal.  Most dopants are either 

rejected into the melt during solidification or preferentially absorbed into the crystal, i.e. ks<1 

or ks>1, respectively, where the segregation coefficient ks is the ratio of the local dopant 

concentration in the crystal to that in the melt at any point along the crystal-melt interface.  

If ks<1, the rejected dopant accumulates in a species-diffusion boundary layer in the melt 

adjacent to the interface.  The dopant distribution in this layer involves a balance between 

the rejection rate and the rate of diffusion through the melt.  During a fluctuation in the local 

growth rate, an increase in growth rate causes the local concentration to rise because dopant 

cannot diffuse away fast enough, so that a region with a high dopant concentration solidifies.  

When the growth rate decreases for the second half of the fluctuation, dopant has ample time 

to diffuse away, so the concentration that solidifies is low.  Fluctuations in the melt velocity 

also convect dopant in and out of the species-diffusion boundary layer or radially within this 

layer, leading to more severe striations. 

 A steady magnetic field produced by a solenoid placed around the crystal-growth furnace 

can be used to stabilize the melt in order to eliminate all periodicity in the melt motion and to 

eliminate striations produced by unsteady melt motions [2].  Without a steady magnetic 

field, transitions from steady, axisymmetric melt motions to the periodic or even turbulent 

non-axisymmetric melt motions which produce striations depend upon the ratio of the driving 

buoyancy force to viscous dissipation, as reflected by the Rayleigh or Grashof number.  

With a steady moderate magnetic field, both viscous and Joulean dissipations oppose the 
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driving buoyancy force and stabilize the flow through electromagnetic (EM) damping.  

Bliss et al. [3,4] were the first to produce 8-cm-diameter twin-free indium-phosphide crystals 

by using magnetic stabilization.  Li et al. [5] provided numerical predictions of thermal 

stress in the crystal during the LEC process and found that the crystal’s thermal stress 

increases as the magnetic field strength increases. 

 Unfortunately, crystal growth in a steady magnetic field alone produces crystals with 

relatively severe dopant segregation because there is a radially-inward flow just below the 

crystal-melt interface [6,7,8].  Morton et al. [6] indicated that the radial and axial 

segregation decreases as the magnetic field strength decreases.  This occurs because the 

magnitude of the radially-inward flow below the crystal-melt interface increases as the 

magnetic field strength decreases.  A means to tailor the melt motion in order to increase the 

radially-inward flow below the crystal-melt interface may achieve both radial and axial 

uniformity in the crystal.  Recent experiments have shown that certain periodic, transverse 

magnetic fields, called rotating magnetic fields (RMFs), produce better crystals with less 

segregation [9,10].  An RMF is a transverse magnetic field with a fixed spatial pattern 

which rotates at an angular velocity around the vertical centerline of the crucible.  An RMF 

is produced by connecting a number of inductors at equally-spaced azimuthal positions to the 

successive phases of a multiphase AC power source.  Since a steady magnetic field is 

needed in order to stabilize the melt motion, an RMF would be superimposed on the steady 

magnetic field.  To date, there has been one study which investigated combining an RMF 

and a steady, uniform, axial magnetic field by presenting a numerical solution for a 

liquid-metal flow in a fixed cylinder [11].  Witkowski et al. [12] and Walker et al. [13] 

modelled the flow of electrically-conducting fluids in a vertical cylinder.  Walker [14] 
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reviewed the use of steady magnetic fields during crystal growth while Dold and Benz [15] 

reviewed the use of rotating magnetic fields during crystal growth.  In the present paper, we 

treat the buoyant convection and crystal-growth flow during the LEC process in the presence 

of both steady and rotating magnetic fields.  This investigation focuses on the melt motion 

while a future study will investigate the effects of the melt motion on the dopant segregation 

in the crystal. 

5.2 Temperature 

 This chapter treats the unsteady, axisymmetric transport of selenium in a 

gallium-antimonide melt during the liquid-encapsulated Czochralski process with an 

externally-applied, steady, uniform, axial magnetic field Bstz  and with an externally-applied, 

rotating, transverse magnetic field Brot x̂ , as shown in Fig. 1.  Here, Bst and Brot are the flux 

densities of the steady and rotating magnetic fields, respectively, and r , θ  and z  are the 

unit vectors for the cylindrical coordinate system while x̂ , ŷ  and z  are the unit vectors 

for the Cartesian coordinate system.  The coordinates and lengths are normalized by the 

crucible’s inner radius R, so that γ is the dimensionless crystal radius, and b(t) is the 

dimensionless depth of the melt.  This study uses the bulk approximation which assumes 

that the crystal-melt and encapsulant-melt interfaces lie in the same horizontal plane at 

z=b(t)=bo-αγ2t, where t is time normalized with R/Ub.  Here, bo is the initial dimensionless 

melt depth and the dimensionless crystal-growth velocity α=Ug/Ub is the sum of the velocity 

at which the crystal is moved upward and the velocity at which the crystal-melt interface 

moves downward.  Here, Ub is the characteristic velocity of the melt while Ug is the 

crystal-growth velocity. 
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 Before solidification begins, gallium and antimony are heated in the crucible and the 

elements fuse to form the compound GaSb.  A layer of salt, which is composed of a mixture 

of 50% sodium-chloride (NaCl) and 50% potassium chloride (KCl), encapsulates the melt.  

A single crystal seed is lowered through the liquid salt mixture which initiates solidification.  

Once the crystal has grown to the desired diameter, the crystal is pulled vertically upward at 

a rate which maintains this diameter.  The melt is housed by a fused-silica crucible which is 

structurally supported by a graphite susceptor as shown in Fig. 5.1. 

 The melt velocity is normalized by the characteristic velocity for magnetically damped 

buoyant convection [16], 

  2
st

c
b B

)T(g
U

σ

Δβρ
=

 
, (5.1) 

where g=9.81 m/s2 and (ΔT)c is the characteristic temperature difference in the melt.  Here, 

ρ, σ and β are the melt’s density at the solidification temperature Ts, the melt’s electrical 

conductivity and the melt’s thermal volumetric expansion coefficient, respectively.  The 

crystal-melt interface moves at a constant dimensionless velocity α, and the dimensionless 

time to grow the entire crystal is bo/αγ2 if the entire melt is solidified. 

 The temperature is governed by 
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where v(r,ζ,t)=vr r̂ +vθ θ̂ +vz ẑ  is the dimensionless velocity of the melt normalized by Ub, 

and T is the deviation of the dimensional temperature from the solidification temperature Ts 

normalized by (ΔT)c.  In Eq. (2), the characteristic ratio of the convective to conductive heat 

transfer is the thermal Péclet number, Pet=ρcpUbR/k, where cp is the melt’s specific heat and 
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k is the melt’s thermal conductivity.  Ma and Walker [17] investigated the role of 

convective heat transfer on the buoyant convection during LEC growth with a steady 

magnetic field, and determined the errors associated with the neglect of convective heat 

transfer.  The thermal Péclet number decreases as Bst
-2, so that the ratio of the convective 

heat transfer to conductive heat transfer decreases as the magnetic field strength increases.  

Ma and Walker [17] found that the error due to neglect of convective heat transfer is less 

than 4% when Pet≤15.0 for which Bst≥0.20 T for the present process.  Since, Ug<Ub, the 

latent heat released by the cooling melt is negligible compared to the conductive heat transfer 

[18].  Therefore, only the conductive terms are included in the present study. 

 We use the boundary conditions 

  t)(r,q
ζ
T

b−=
∂
∂  ,   at ζ=-1 , (5.3a) 

  ∂T
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,   at r=1 , (5.3b) 
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at ζ=+1 ,   for γ≤r≤1 , (5.3d) 

where qb(r,t) is the heat flux into the melt along the bottom crucible wall normalized with 

(ΔT)ck/R, and κo is the heat flux lost due to conduction and radiation through the 

semitransparent boron oxide normalized with (ΔT)ck/R.  Here, ζ=-1+2z/b(t) is a rescaled 

axial coordinate so that -1≤ζ≤+1 for all time.  Since the temperature variation along the 

encapsulant-melt interface is tiny compared to the temperature variations in the furnace [19], 

we assume that the heat flux across the encapsulant-melt interface is uniform.  An estimate 

of the thermal losses through the semi-transparent encapsulant [20] give κo=1.2. 
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 During the LEC process, radio-frequency (RF) induction heating is used, and has the 

advantage that the heating distribution can be tailored by adjusting the number of loops and 

the spacing between the loops in the induction coil [21].  With RF heating, the distribution 

of heat flux into the horizontal and vertical susceptor walls is highly non-uniform, so that the 

distribution of the heat flux which has conducted through the susceptor, and conducted and 

radiated through the quartz crucible and into the bottom and side of the melt is also 

non-uniform.  In the present study, we treat the thermal problem with uniform side heating 

and with parabolically-varying bottom heating which varies over time so that 0≤T(r,ζ,t)≤1 

for all stages of growth.  For LEC growth, the bottom heating is estimated by a quadratic 

form given by [6] 

  qb(r,t) = h[b(t)] r2 , (5.4) 

where h[b(t)]=0.890b+0.369b2-5.984b3+7.334b4-3.273b5.  

 We use a Chebyshev spectral collocation method to solve for the temperature governed by 

Eqs. (2) and (3) with Gauss-Lobatto collocation points in r and ζ.  A regularization method 

is implemented to avoid Gibbs phenomena associated with the discontinuous boundary 

condition at r=γ and ζ=+1.  Typical isotherms are presented in Fig. 5.2 for γ=0.4 and 

b=0.3174, which correspond to 50% of growth. 

5.3 Melt Motion 

 We apply a rotating magnetic field (RMF) with a frequency f=60 Hz and with one pair of 

magnet poles for which m=1.  This spatially-uniform, transverse, rotating magnetic field 

produces an essentially constant magnetic-field pattern which rotates in the azimuthal 

direction around the vertical centerline of the melt with an angular velocity ω/m, where ω is 

the circular frequency of the electric power source.  An RMF actually produces a periodic, 
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non-axisymmetric body force in addition to the steady, axisymmetric, azimuthal body force 

but the frequency of the non-axisymmetric body force is 2mf, and the inertia of the melt 

precludes any response such a high-frequency oscillatory body force [12]. 

 The EM body force per unit volume S* created by the externally-applied steady and 

rotating magnetic fields is 

  )ˆ()ˆ()ˆ()ˆ( strotrotstrotrotstst zBjxBjxBjzBjS ×+×+×+×= ∗∗∗∗∗  , (5.5) 

where Bst is the flux density of static axial magnetic field, Brot is the flux density of the 

transverse rotating magnetic field, jst* is the electric current density induced by the static 

magnetic field, and jrot* is the electric current density induced by the rotating magnetic field.  

In Eq. (5.5), the last two terms, i.e., the electromagnetic body forces created by jst* and the 

rotating magnetic field and by jrot* and the static magnetic field, are negligible compared 

with the first two terms [11].  In present study, we neglect these two terms.  An 

externally-applied RMF is given by 

  ]ˆωt)sin(θˆ)ωtcos(θ[ˆ ωrot θrBxB −−−=  , (5.6) 

where Bω is the amplitude of the strength of the rotating magnetic field and t is time 

normalized by R/Ub. 

 The electric current in the melt produces an induced magnetic field which is superimposed 

upon the externally-applied magnetic fields.  The characteristic ratio of the induced to 

steady magnetic field strength is the magnetic Reynolds number, Rm=μpσUbR, where μp is 

the magnetic permeability of the melt.  The characteristic ratio of the induced magnetic field 

to the rotating magnetic field is the shielding parameter, Rω=μpσωR2.  For all 

crystal-growth processes, both Rm<<1 and Rω<<1, so that the additional magnetic fields 

produced by the electric currents in the melt are negligible. 
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 With the Boussinesq approximation, the equations governing the three-dimensional 

axisymmetric melt motion are 

  ( ) vSSzvvv 2
2rot
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where p is the deviation of the dimensional pressure from the hydrostatic pressure 

normalized by σBst
2UbR, and T is given by a solution to Eqs. (5.2) and (5.3).  In Eq. (5.7a), 

the characteristic ratio of the EM body force induced by the steady field to the inertial force 

is the interaction parameter, N=σBstR/ρUc, while the square root of the characteristic ratio of 

the EM body force induced by the steady field to the viscous force is the Hartmann number, 

Ha=BstR(σ/μ)1/2.  The characteristic ratio of the EM body force induced by the RMF to the 

EM body force induced by the steady field is TmPr/Ra, where the magnetic Taylor number is 

Tm=ρσωBω
2R4/μ2, the Prandtl number is Pr=μcp/k, and the Rayleigh number is 

Ra=gρ2cpβ(ΔT)R3/μk.  The EM body forces per unit volume due to the steady field and due 

to the rotating field normalized by σUbBst
2 are Sst and Srot, respectively.  For 

electrically-insulating boundaries, these forces are given by 
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where Jk is the Bessel function of the first kind and kth order, and λn are the roots of 

λnJ0(λn)-J1(λn)=0.  Equation (5.8b) was originally derived by Witkowski et al. [12].  In 

Figs. 5.3, 5.4 and 5.5, we present contours of the magnitude of the EM body force per unit 
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volume due to the RMF given by Eq. (5.8b) when 5% of the crystal has grown for b=0.03174, 

when 50% of the crystal has grown for b=0.3174, and when 90% of the crystal has grown for 

b=0.5713, respectively.  The magnitude of Srot is largest at r=1 and ζ=0, and decreases as r 

decreases and as |ζ| increases.  In Figs. 5.3, 5.4 and 5.5, the maximum values are 0.121977, 

0.061932 and 0.011908, respectively, which decrease as growth progresses.  

 We introduce a Stokes streamfunction for the radial and axial velocities in the meridional 

circulations, 

  
ζ∂
ψ∂

=
r
1

b
2

vr  ,   
rr

1
vz ∂

ψ∂
−=  , (5.9a, 5.9b) 

which identically satisfies conservation of mass (5.7b) for our axisymmetric melt motion.  

We also refer to ψ as the meridional streamfunction.  The boundary conditions along the 

crystal-melt and encapsulant-melt interfaces are 

  ψ = - 1
2

 α 1 - γ2  r2
 
,   at ζ=+1 ,   for 0≤r≤γ , (5.10a) 

  ψ = - 1
2

 α γ2 1 - r2
 ,   at ζ=+1 ,   for γ≤r≤1 , (5.10b) 

During crystal growth, experiments indicate that the liquid salt mixture has an unstable or 

even turbulent flow.  We believe that this occurs because the encapsulant has a very small 

viscosity compared with that of the melt and because the thermocapillary convection driven 

by the surface tension’s temperature along the interface is negligible compared to the other 

melt motions for growth in a steady magnetic field [23,24].  Therefore, we treat the 

encapsulant-melt interface as a free surface.  

 In the melt, there are three mechanisms that drive flow, which are (a) the EM stirring 

induced by the RMF, (b) the buoyant convection, and (c) the melt-depletion or 

crystal-growth flow.  (a) The azimuthal EM body force due to the RMF induces an 
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azimuthal melt motion.  The axial variation of the centrifugal force due to the azimuthal 

velocity induces a secondary flow in the meridional plane with radial and axial velocity 

components, vr and vz, respectively, which we refer to as the meridional melt motion.  The 

EM stirring alone would be symmetric about the mid-height at ζ=0, and would induce a 

clockwise circulation for ζ<0 and a counterclockwise circulation for ζ>0.  The clockwise 

circulation would provide a radially-inward flow below the encapsulant-melt and crystal-melt 

interfaces.  (b) Since the melt is heated along its side and bottom, the buoyant convection 

alone would have a single counterclockwise circulation with radially-inward flow below the 

interfaces.  (c) In a reference frame moving with the crucible, the fluid along the 

encapsulant-melt interface moves downward at a rate –db/dt while the fluid along the 

crystal-melt interface moves vertically upward at the pull velocity [22], driving a melt motion 

which is referred to as the melt-depletion flow.  This terminology arises because the 

crystal-melt interface acts as a porous boundary condition.  This flow alone would be 

radially-inward everywhere with axially-downward flow below the encapsulant-melt 

interface and axially-upward flow below the crystal-melt interface.  Each of these three 

flows produces a radially-inward flow below the crystal-melt interface. 

 The steady magnetic field provides an EM damping of the radial and azimuthal velocities, 

as reflected by Eq. (5.8a).  When the electrically-conducting melt flows radially or 

azimuthally across the steady vertical magnetic field, it generates an induced electric field 

which drives an azimuthal electric current or a radial electric current, respectively.  The 

azimuthal and radial electric currents flow across the steady magnetic field lines, creating an 

EM body force which opposed the radial and azimuthal velocities.  There is no EM body 

force opposing flow along steady magnetic field lines. 
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 We use a Chebyshev spectral collocation method with a second-order implicit time 

integration scheme and with Gauss-Lobatto collocation points to solve Eqs. (5.7a) and (5.7b) 

with Eqs. (5.10a) and (5.10b) along ζ=+1, and the no-slip and no-penetration conditions 

along the crucible’s walls.  For the time derivative in Eq. (5.7a), we use a second-order 

implicit time integration scheme from t=0 to a t which is slightly less than bo/αγ2.  A 

regularization method is implemented to avoid Gibbs phenomena associated with the 

discontinuous boundary condition at r=γ and ζ=+1.  The initial condition at t=0 is given by 

a solution to Eqs. (5.7a) and (5.7b) without the time derivative in Eq. (5.7a).  Since Eq. 

(5.7a) is non-linear, we use a Newton-Raphson iterative procedure. 

5.4 Discussion of Results 

 In the following sections, we present results for several combinations of steady and 

rotating magnetic fields.  For a typical process, R=4.7 cm, (ΔT)c=20 K and 

Ug=5.55556x10-6 m/s.  For gallium antimonide, Pr=0.0443087 and Ra=5.88992x105.  

Under these conditions, Ub=1.13301x10-4Bst
-2, α=0.0490336Bst

2, N=68793.4Bst
4, 

Ha=977.894Bst, and Tm=2.07882x1012Bω
2 with Bst and Bω in Tesla and with Ub in m/s.  The 

characteristic ratio of the EM body force induced by the RMF to the EM body force induced 

by the steady field is TmPr/Ra=1.56385x105Bω
2. 

5.4.1 Effects of Increasing Bω for Bst=0.5 T 

 We investigate the effects of increasing Bω with Bst=0.5 T.  For Bst=0.5 T, the 

characteristic velocity is Ub=0.000453204 m/s and the dimensionless parameters are 

N=4,299.59, Ha=488.947 and α=0.0122584.  The minimum and maximum values of the 

meridional streamfunction and azimuthal velocity as a function of Bst and Bω are presented in 
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Table 5.1.  The radial velocities in the melt below the crystal-melt interface at ζ=0.9999 

when 5%, 50% and 90% of the crystal has grown are presented in Tables 5.2, 5.3 and 5.4, 

respectively. 

 We begin by discussing the effects of an applied RMF.  An RMF induces an azimuthal 

body force which drives a primary flow in the azimuthal direction around the centerline of 

the melt with an azimuthal velocity vθ.  This azimuthal EM body force Srot in given by Eq. 

(5.8b).  The actual EM body force due to the RMF is given by the product of Srot and 

TmPr/Ra.  The axial variation of the centrifugal force due to the azimuthal velocity induces 

a secondary flow in the meridional plane with radial and axial velocity components, vr and vz, 

respectively, which we refer to as the meridional melt motion.  In the absence of any other 

flows such as the buoyant convection and the melt-depletion flows, the meridional melt 

motion due to the EM stirring would be symmetric about the mid-height at ζ=0, would have 

a counterclockwise circulation for ζ>0 with radially-inward flow below the crystal-melt and 

encapsulant-melt interfaces, and would have a clockwise circulation for ζ<0 with 

radially-inward flow adjacent to the bottom of the crucible.  For Bst=0.5 T and Bω=0.01 T, 

we present the azimuthal velocity vθ and the meridional streamfunction ψ in the melt when 

5% of the crystal has grown at t=16.183 in Figs. 5.6 and 5.7, respectively.  For Bω=0.01 T, 

Tm=2.0788x108 and TmPr/Ra=15.639.  The EM body force in Fig. 5.3 drives the azimuthal 

flow in Fig. 5.6, for which the maximum value is 1.62981.  This weak RMF has a very 

minor effect on the meridional melt motion in Fig. 5.7 and very nearly resembles that for a 

steady field alone.  In Fig. 5.7, the minimum and maximum values of ψ are -0.000823738 

and 0.0367461.  At early stages of growth, the melt motion is dominated by a 

counterclockwise circulation due to buoyant convection except in an extremely small region 
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adjacent to ζ=+1 where the melt-depletion flow dominates as reflected by the ψ=-0.00004 

contour.  The minimum value of ψ occurs at r=γ and ζ=+1 due to the melt-depletion flow 

and remains constant throughout growth for a constant growth rate.  The maximum value of 

ψ occurs near r=1 and ζ=0 due to the buoyant convection.  We present the azimuthal 

velocity and meridional streamfunction in the melt when 50% of the crystal has grown at 

t=161.83 in Figs. 5.8 and 5.9, respectively.  In Fig. 5.9, the maximum value of ψ decreases 

to 0.0119152.  This is because the magnitude of the buoyant convection’s velocity is 

proportional to the melt depth b(t) and decreases as growth progresses.  The magnitude of 

the radially-inward velocity decreases as growth progresses.  Because the magnitude of the 

melt-depletion flow is proportional to the growth rate Ug and is constant throughout growth, 

the melt-depletion flow becomes increasingly important as growth progresses.  We present 

the azimuthal velocity and meridional streamfunction in the melt when 90% of the crystal has 

grown at t=291.29 in Figs. 5.10 and 5.11, respectively.  The melt-depletion flow takes a 

larger fraction of the melt volume. 

 For Bst=0.5 T, we increase the flux density of the RMF to Bω=0.05 T, we present the 

azimuthal velocity vθ and the meridional streamfunction ψ in the melt when 5% of the crystal 

has grown at t=16.183 in Figs. 5.12 and 5.13, respectively.  For Bω=0.05 T, Tm=5.197x109 

and TmPr/Ra=390.96, so that the relative importance of EM body force due to the RMF to the 

EM body force due to the steady field increases.  The azimuthal EM body force due to the 

RMF in Fig. 5.3 drives the azimuthal flow in Fig. 5.12, for which the maximum value is 

40.7362.  The RMF displaces the location of the maximum value of the streamfunction ψmax 

near r=1 to an axial position for which ζ>0 as reflected in Fig. 5.13, and increases the 

maximum value of ψmax compared to growth without an RMF because the EM stirring 
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augments the buoyant convection for ζ>0 and opposes the buoyant convection for ζ<0.  The 

RMF also augments the radially-inward flow below the crystal-melt interface due to the 

melt-depletion flow, which is reflected in the increase of the value of vr presented in Table 

5.2.  In Fig. 5.13, the minimum and maximum values of the streamfunction are 

-0.000823738 and 0.0476321, respectively.  This minimum value is due to the 

melt-depletion flow and remains constant throughout growth for a constant growth rate.  In 

Figs. 5.14 and 5.15, we present the azimuthal velocity and meridional streamfunction, 

respectively, in the melt when 50% of the crystal has grown at t=161.83.  In Fig. 5.14, the 

maximum value of the azimuthal velocity is 40.7268, which is slightly smaller than the value 

when 5% of the crystal has grown because the EM body force due to the RMF in Fig. 5.4 

decreases.  The RMF further displaces the location of the maximum value of the 

streamfunction ψmax near r=1 to an axial position ζ>0 as reflected in Fig. 5.15, increases the 

maximum value of ψmax compared to growth without an RMF and induces a clockwise 

circulation adjacent to r=1 and ζ=-1.  Compared to 5% growth, the radially-inward flow 

below the crystal-melt interface decreases because the buoyant convection decreases.  At 

this stage, the EM stirring plays a stronger role because the buoyant convection decreases 

while growth progresses, while the driving force for the meridional melt motion is about the 

same.  In Fig. 5.15, the minimum and maximum values of the streamfunction are 

-0.000823738 and 0.0189049, respectively.  We present the azimuthal velocity and 

meridional streamfunction in the melt when 90% of the crystal has grown at t=291.29 in Figs. 

5.16 and 5.17, respectively.  The clockwise circulation due to the RMF near r=1 and ζ=-1 

has become larger and the counterclockwise circulation due to the buoyant convection has 

shrunk substantially.  The driving mechanisms for the melt-depletion flow and EM stirring 
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are constant while the buoyant convection decreases as growth progresses.  Therefore, the 

magnitude of the radially-inward flow below the crystal-melt interface decreases as growth 

progresses, as indicated in Tables 5.2, 5.3 and 5.4. 

 For Bst=0.5 T, we further increase the flux density of the RMF to Bω=0.10 T, and we 

present the azimuthal velocity and meridional streamfunction in the melt when 5% of the 

crystal has grown at t=16.183 in Figs. 5.18 and 5.19, respectively.  For Bω=0.10 T, 

Tm=2.0788x1010 and TmPr/Ra=1563.8, and relative importance of the EM body force due to 

the RMF to the EM body force due to the steady field further increases.  In Fig. 5.18, the 

maximum value of vθ is 162.439.  This much stronger RMF induces a much stronger EM 

stirring so that the maximum value of vθ increases substantially.  In Fig. 5.19, the minimum 

and maximum values of the streamfunction are -0.274451 and 0.323790, respectively.  At 

this early stage of growth, the clockwise meridional circulation due to the EM stirring near 

r=1 and ζ=1 takes a significant volume of the melt.  In Figs. 5.20 and 5.21, we present the 

azimuthal velocity and meridional streamfunction, respectively, when 50% of the crystal has 

grown at t=161.83.  In Fig. 5.21, the minimum and maximum values of the streamfunction 

are -0.149373 and 0.165163, respectively.  The circulation due to the RMF takes a larger 

volume of the melt, compared to 5% growth.  We present the azimuthal velocity and 

meridional streamfunction in the melt when 90% of the crystal has grown at t=291.29 in Figs. 

5.22 and 5.23, respectively.  In Fig. 5.23, the minimum and maximum values of the 

streamfunction are -0.0293447 and 0.0299807, respectively.  The clockwise circulation due 

to EM stirring takes a larger volume of the melt while the counterclockwise circulation due 

to buoyant convection has shrunk.  As indicated in Tables 5.2, 5.3 and 5.4, the magnitudes 
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of the radially-inward flow below the crystal-melt interface are larger at each stage of growth 

for this larger RMF. 

5.4.2 Effects of Increasing Bω for Bst=1.0 T 

 We investigate the effects of increasing Bω with Bst=1.0 T.  For Bst=1.0 T, the 

characteristic velocity is Ub=0.000113300 m/s and the dimensionless parameters are 

N=68,793.4, Ha=977.894 and α=0.0490336.  The minimum and maximum values of the 

meridional streamfunction and azimuthal velocity as a function of Bst and Bω are presented in 

Table 5.1.  The radial velocities in the melt below the crystal-melt interface at ζ=0.9999 

when 5%, 50% and 90% of the crystal has grown are presented in Tables 5.5, 5.6 and 5.7, 

respectively. 

 For Bst=1.0 T and Bω=0.01 T, we present the azimuthal velocity vθ and meridional 

streamfunction ψ in the melt when 5% of the crystal has grown at t=4.046 in Figs. 5.24 and 

5.25, respectively.  For Bω=0.01 T, Tm=2.0788x108 and TmPr/Ra=15.639.  In Fig. 5.25, the 

minimum and maximum values of the streamfunction are -0.00329506 and 0.0414196, 

respectively.  This strong steady field provides a stronger EM damping of the meridional 

melt motion compared to growth with Bst=0.5 T.  For this strong steady field and weak 

RMF, the minimum value of ψ is due to the melt-depletion flow and remains constant 

throughout growth due to the constant growth rate.  This stronger EM damping of the melt 

motion causes the melt-depletion flow to take a larger volume of the melt as reflected by the 

ψ=-0.001 contour in Fig. 5.25 compared to growth with Bst=0.5 T in Fig. 5.7.  This weak 

RMF has a relatively negligible effect on the meridional melt motion.  We present the 

azimuthal velocity and meridional streamfunction when 50% of the crystal has grown at 

t=40.46 in Figs. 5.26 and 5.27, respectively.  In Fig. 5.27, the maximum value of ψ is 



 Chapter 5 

 114

0.0119043.  We present the azimuthal velocity and meridional streamfunction in the melt 

when 90% of the crystal has grown at t=72.82 in Figs. 5.28 and 5.29, respectively.  The 

weak RMF has even less effect on the meridional melt motion for this strong steady magnetic 

field compared with Bst=0.5 T.  In addition, compared to a given stage of growth with 

Bst=0.5 T, the buoyant convection is weaker and the melt-depletion flow is stronger, because 

this larger value of Bst provides a stronger EM damping of the buoyant convection.   

 For Bst=1.0 T, we increase the flux density of the RMF to Bω=0.05 T, we present the 

azimuthal velocity and meridional streamfunction in the melt when 5% of the crystal has 

grown at t=4.046 in Figs. 5.30 and 5.31, respectively.  For Bω=0.05 T, Tm=5.197x109 and 

TmPr/Ra=390.96.  In Fig. 5.31, the minimum and maximum values of the streamfunction 

are -0.00329506 and 0.0415417, respectively.  This minimum value due to the 

melt-depletion flow remains constant throughout growth.  The buoyant convection is 

weaker compared to growth with Bst=0.5 T in Fig. 5.13, and the RMF only slightly displaces 

the location of the maximum value of ψ to a higher vertical position.  In addition, the 

magnitude of the radially-inward flow is smaller compared to growth with Bst=0.5 T as 

indicated in Table 5.5.  In Figs. 5.32 and 5.33, we present the azimuthal velocity and the 

meridional streamfunction, respectively, when 50% of the crystal has grown at t=40.46.  In 

Fig. 5.33, the maximum value of the streamfunction is 0.0119423.  For this larger steady 

field with a correspondingly stronger EM damping, the RMF is not strong enough to induce a 

clockwise meridional circulation near r=1 and ζ=-1 as compared to growth with Bst=0.5 T in 

Fig. 5.15.  We present the azimuthal velocity and meridional streamfunction in the melt 

when 90% of the crystal has grown at t=72.82 in Figs. 5.34 and 5.35, respectively.  The 

larger steady field provides a stronger EM damping of the radial velocity, so that the 
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magnitude of vr below the crystal-melt interface is smaller compared to growth with Bst=0.5 

T, as reflected in Tables 5.5, 5.6 and 5.7.  

 For Bst=1.0 T, we further increase the flux density of the RMF to Bω=0.10 T, and we 

present the azimuthal velocity and meridional streamfunction in the melt when 5% of the 

crystal has grown at t=4.046 in Figs. 5.36 and 5.37, respectively.  For Bω=0.10 T, 

Tm=2.0788x1010 and TmPr/Ra=1563.8.  In Fig. 5.37, the minimum and maximum values of 

the streamfunction are -0.00329506 and 0.0521600, respectively.  This minimum value is 

due to the melt-depletion flow and remains constant throughout growth.  In Figs. 5.38 and 

5.39, we present the azimuthal velocity and the meridional streamfunction, respectively, 

when 50% of the crystal has grown at t=40.46.  In Fig. 5.39, the maximum value of the 

streamfunction is 0.0184350.  The RMF is strong enough to drive a clockwise circulation 

near r=1 and ζ=-1 but the minimum streamfunction at still occurs at r=γ and ζ=+1 due to the 

melt-depletion flow.  We present the azimuthal velocity and meridional streamfunction in 

the melt when 90% of the crystal has grown at t=72.82 in Figs. 5.40 and 5.41, respectively.  

The radial velocities below the crystal-melt interface are presented in Tables 5.5, 5.6 and 5.7. 

5.5 Conclusions 

 An externally-applied RMF alone would induce flow in a meridional plane which consists 

of a counterclockwise circulation in the upper half of the melt below the crystal-melt and 

encapsulant-melt interfaces and a clockwise circulation in the lower half of the melt.  

Therefore, the flow induced by the RMF augments the radially-inward flow below the 

crystal-melt interface due to both the melt-depletion flow and buoyant convection.  For a 

given growth rate and RMF, the driving mechanisms for the melt-depletion flow and 

electromagnetic stirring are constant while the buoyant convection decreases as growth 
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progresses so that the magnitude of the radially-inward flow below the crystal-melt interface 

decreases as growth progresses.  For a given steady magnetic field, increasing the flux 

density of the RMF increases the magnitude of the radially-inward flow.  For a given RMF, 

increasing the flux density of the steady magnetic field decreases the magnitude of the 

radially-inward flow because the steady field provides an electromagnetic damping of the 

radial component of flow.  The addition of the RMF may be beneficial for reducing 

segregation in the crystal because it may help convect the dopant away from the crystal-melt 

interface.  This investigation is under consideration for possible publication in the 

International Journal of Heat and Fluid Flow [25]. 
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Table 5.1  Minimum and maximum values of the meridional streamfunction and azimuthal 
velocity in the melt for LEC growth with steady and rotating magnetic fields. 

 
  

Bst (T) 
 

Bω (T) 
 
t 

% of 
growth

 
ψmin 

 
ψmax 

 
vθ,max 

 
 

 0.5 0.01 16.183 5 -0.000823738 0.0367461 1.62981  

 0.5 0.01 161.83 50 -0.000823738 0.0119152 1.62944  

 0.5 0.01 291.29 90 -0.000823738 0.000503271 1.61839  

 0.5 0.05 16.183 5 -0.000823738 0.0476321 40.7362  

 0.5 0.05 161.83 50 -0.000823738 0.0189049 40.7268  

 0.5 0.05 291.29 90 -0.000823738 0.00220247 40.4513  

 0.5 0.10 16.183 5 -0.274451 0.323790 162.439  

 0.5 0.10 161.83 50 -0.149373 0.165163 162.376  

 0.5 0.10 291.29 90 -0.0293447 0.0299807 161.3001  

 1.0 0.01 4.046 5 -0.00329506 0.0414196 1.62975  

 1.0 0.01 40.46 50 -0.00329506 0.0119043 1.62967  

 1.0 0.01 72.82 90 -0.00329506 0.000331231 1.62693  

 1.0 0.05 4.046 5 -0.00329506 0.0415417 40.7438  

 1.0 0.05 40.46 50 -0.00329506 0.0119423 40.7417  

 1.0 0.05 72.82 90 -0.00329506 0.000356934 40.6732  

 1.0 0.10 4.046 5 -0.00329506 0.0521600 162.973  

 1.0 0.10 40.46 50 -0.00329506 0.0184350 162.965  

 1.0 0.10 72.82 90 -0.00329506 0.00199275 162.691  
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Table 5.2  Radial velocity in the melt below the crystal-melt interface 
vr(r,ζ=0.9999,t=16.183) versus r when 5% of the crystal has grown for Bst=0.5 T with 

Bω=0.01 T, 0.05 T and 0.10 T. 
 

  

r 

vr(r,0.9999,16.183) 

for Bω=0.01 T 

vr(r,0.9999,16.183) 

for Bω=0.05 T 

vr(r,0.9999,16.183) 

for Bω=0.10 T 

 

 0.000000 0.000000 0.000000 0.000000  

 0.021053 -0.001006 -0.001096 -0.002434  

 0.042105 -0.007468 -0.007631 -0.010077  

 0.063158 -0.008916 -0.009171 -0.013003  

 0.084211 -0.009948 -0.010302 -0.015609  

 0.105263 -0.016506 -0.016945 -0.023554  

 0.126316 -0.018453 -0.019001 -0.027241  

 0.147368 -0.019281 -0.019951 -0.030020  

 0.168421 -0.025782 -0.026567 -0.038366  

 0.189474 -0.028611 -0.029537 -0.043453  

 0.210526 -0.029192 -0.030284 -0.046673  

 0.231579 -0.035391 -0.036648 -0.055535  

 0.252632 -0.039675 -0.041128 -0.062956  

 0.273684 -0.040274 -0.041963 -0.067326  

 0.294737 -0.045563 -0.047503 -0.076649  

 0.315789 -0.051684 -0.053911 -0.087367  

 0.336842 -0.053371 -0.055945 -0.094607  

 0.357895 -0.057007 -0.059973 -0.104509  

 0.378947 -0.063726 -0.067129 -0.118253  

 0.400000 -0.070094 -0.074018 -0.132972  
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Table 5.3  Radial velocity in the melt below the crystal-melt interface 
vr(r,ζ=0.9999,t=161.83) versus r when 50% of the crystal has grown for Bst=0.5 T with 

Bω=0.01 T, 0.05 T and 0.10 T. 
 

  

r 

vr(r,0.9999,161.83) 

for Bω=0.01 T 

vr(r,0.9999,161.83) 

for Bω=0.05 T 

vr(r,0.9999,161.83) 

for Bω=0.10 T 

 

 0.000000 0.000000  0.000000  0.000000   

 0.021053 0.001968  0.001860  0.000267   

 0.042105 -0.006466  -0.006610  -0.008811   

 0.063158 -0.005089  -0.005343  -0.009152   

 0.084211 -0.002856  -0.003229  -0.008798   

 0.105263 -0.011243  -0.011666  -0.018043   

 0.126316 -0.010635  -0.011179  -0.019358   

 0.147368 -0.007802  -0.008493  -0.018835   

 0.168421 -0.015872  -0.016643  -0.028247   

 0.189474 -0.016700  -0.017616  -0.031407   

 0.210526 -0.013048  -0.014160  -0.030829   

 0.231579 -0.020174  -0.021422  -0.040191   

 0.252632 -0.023374  -0.024810  -0.046421   

 0.273684 -0.019176  -0.020883  -0.046490   

 0.294737 -0.023954  -0.025897  -0.055068   

 0.315789 -0.030089  -0.032293  -0.065453   

 0.336842 -0.027037  -0.029618  -0.068375   

 0.357895 -0.027450  -0.030431  -0.075175   

 0.378947 -0.033820  -0.037206  -0.088105   

 0.400000 -0.034990  -0.038900  -0.097664   
 

 
 



 Chapter 5 

 120

Table 5.4  Radial velocity in the melt below the crystal-melt interface 
vr(r,ζ=0.9999,t=291.29) versus r when 90% of the crystal has grown for Bst=0.5 T with 

Bω=0.01 T, 0.05 T and 0.10 T.  
 

  

r 

vr(r,0.9999,291.29) 

for Bω=0.01 T 

vr(r,0.9999,291.29) 

for Bω=0.05 T 

vr(r,0.9999,291.29) 

for Bω=0.10 T 

 

 0.000000 0.0000000  0.0000000  0.0000000   

 0.021053 0.0160045  0.0154294  0.0088112   

 0.042105 -0.0205016  -0.0201930  -0.0174983   

 0.063158 -0.0067492  -0.0069583  -0.0102701   

 0.084211 0.0114028  0.0105490  -0.0001726   

 0.105263 -0.0245183  -0.0245155  -0.0262743   

 0.126316 -0.0144843  -0.0149132  -0.0218078   

 0.147368 0.0070103  0.0058204  -0.0098430   

 0.168421 -0.0270497  -0.0274596  -0.0351138   

 0.189474 -0.0239761  -0.0246574  -0.0358335   

 0.210526 0.0022336  0.0006166  -0.0213977   

 0.231579 -0.0265776  -0.0276053  -0.0438968   

 0.252632 -0.0350949  -0.0361243  -0.0532332   

 0.273684 -0.0052109  -0.0073498  -0.0374652   

 0.294737 -0.0213126  -0.0232920  -0.0527058   

 0.315789 -0.0443867  -0.0460393  -0.0730797   

 0.336842 -0.0192649  -0.0219982  -0.0621756   

 0.357895 -0.0123749  -0.0157107  -0.0640250   

 0.378947 -0.0400767  -0.0430308  -0.0890132   

 0.400000 -0.0316243  -0.0351676  -0.0896626   
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Table 5.5  Radial velocity in the melt below the crystal-melt interface vr(r,ζ=0.9999,t=4.046) 
versus r when 5% of the crystal has grown for Bst=1.0 T with Bω=0.01 T, 0.05 T and 0.10 T. 

 
  

r 

vr(r,0.9999,4.046) 

for Bω=0.01 T 

vr(r,0.9999,4.046) 

for Bω=0.05 T 

vr(r,0.9999,4.046) 

for Bω=0.10 T 

 

 0.000000 0.000000  0.000000  0.000000   

 0.021053 0.004110  0.004104  0.004023   

 0.042105 -0.013889  -0.013899  -0.014054   

 0.063158 -0.011001  -0.011017  -0.011257   

 0.084211 -0.006284  -0.006306  -0.006636   

 0.105263 -0.024174  -0.024202  -0.024617   

 0.126316 -0.022939  -0.022973  -0.023488   

 0.147368 -0.016963  -0.017005  -0.017632   

 0.168421 -0.034200  -0.034249  -0.034988   

 0.189474 -0.036052  -0.036110  -0.036981   

 0.210526 -0.028363  -0.028431  -0.029453   

 0.231579 -0.043633  -0.043711  -0.044893   

 0.252632 -0.050610  -0.050700  -0.052067   

 0.273684 -0.041845  -0.041951  -0.043534   

 0.294737 -0.052233  -0.052354  -0.054176   

 0.315789 -0.065690  -0.065830  -0.067923   

 0.336842 -0.059762  -0.059923  -0.062339   

 0.357895 -0.061481  -0.061667  -0.064449   

 0.378947 -0.076910  -0.077123  -0.080321   

 0.400000 -0.084769  -0.085014  -0.088701   
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Table 5.6  Radial velocity in the melt below the crystal-melt interface vr(r,ζ=0.9999,t=40.46) 
versus r when 50% of the crystal has grown for Bst=1.0 T with Bω=0.01 T, 0.05 T and 0.10 T. 

 
  

r 

vr(r,0.9999,40.46) 

for Bω=0.01 T 

vr(r,0.9999,40.46) 

for Bω=0.05 T 

vr(r,0.9999,40.46) 

for Bω=0.10 T 

 

 0.000000 0.000000  0.000000  0.000000   

 0.021053 0.011679  0.011673  0.011583   

 0.042105 -0.018775  -0.018785  -0.018931   

 0.063158 -0.009066  -0.009082  -0.009321   

 0.084211 0.004170  0.004148  0.003809   

 0.105263 -0.025867  -0.025894  -0.026301   

 0.126316 -0.019166  -0.019200  -0.019714   

 0.147368 -0.003323  -0.003365  -0.004002   

 0.168421 -0.031920  -0.031969  -0.032701   

 0.189474 -0.030868  -0.030926  -0.031792   

 0.210526 -0.011381  -0.011450  -0.012481   

 0.231579 -0.035875  -0.035953  -0.037131   

 0.252632 -0.044228  -0.044318  -0.045677   

 0.273684 -0.022055  -0.022161  -0.023752   

 0.294737 -0.036599  -0.036720  -0.038543   

 0.315789 -0.056808  -0.056947  -0.059031   

 0.336842 -0.039034  -0.039195  -0.041614   

 0.357895 -0.035848  -0.036033  -0.038823   

 0.378947 -0.059744  -0.059956  -0.063147   

 0.400000 -0.061670  -0.061915  -0.065596   
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Table 5.7  Radial velocity in the melt below the crystal-melt interface vr(r,ζ=0.9999,t=72.82) 
versus r when 90% of the crystal has grown for Bst=1.0 T with Bω=0.01 T, 0.05 T and 0.10 T.  

 
  

r 

vr(r,0.9999,72.82) 

for Bω=0.01 T 

vr(r,0.9999,72.82) 

for Bω=0.05 T 

vr(r,0.9999,72.82) 

for Bω=0.10 T 

 

 0.000000 0.0000000  0.0000000  0.0000000   

 0.021053 0.0646600  0.0646421  0.0643746   

 0.042105 -0.0823514  -0.0823497  -0.0823248   

 0.063158 -0.0266241  -0.0266389  -0.0268619   

 0.084211 0.0468045  0.0467697  0.0462480   

 0.105263 -0.0978850  -0.0979015  -0.0981485   

 0.126316 -0.0571932  -0.0572245  -0.0576960   

 0.147368 0.0297174  0.0296623  0.0288349   

 0.168421 -0.1075207  -0.1075605  -0.1081584   

 0.189474 -0.0949636  -0.0950155  -0.0957955   

 0.210526 0.0109464  0.0108648  0.0096390   

 0.231579 -0.1052525  -0.1053255  -0.1064230   

 0.252632 -0.1396932  -0.1397736  -0.1409825   

 0.273684 -0.0191579  -0.0192750  -0.0210348   

 0.294737 -0.0845174  -0.0846400  -0.0864820   

 0.315789 -0.1786998  -0.1788250  -0.1807064   

 0.336842 -0.0786572  -0.0788225  -0.0813061   

 0.357895 -0.0531656  -0.0533607  -0.0562923   

 0.378947 -0.1729477  -0.1731499  -0.1761872   

 0.400000 -0.1611455  -0.1613820  -0.1649351   
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Figure 5.1  Liquid-encapsulated Czochralski crystal growth with a steady uniform axial 
magnetic field Bstz  with a rotating transverse magnetic field Brot x̂  and with coordinates 

normalized by the crucible’s inner radius. 
 
 
 

 
 

Figure 5.2  Temperature in the melt when 50% of the crystal has grown for γ=0.4 and 
b=0.3174. 
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Figure 5.3  Magnitude of the azimuthal body force per unit volume due to the RMF in the 
melt Srot(r,ζ) when 5% of the crystal has grown for b=0.03174. 

 
 
 

 
 

Figure 5.4  Magnitude of the azimuthal body force per unit volume due to the RMF in the 
melt Srot(r,ζ) when 50% of the crystal has grown for b=0.3174. 
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Figure 5.5  Magnitude of the azimuthal body force per unit volume due to the RMF in the 
melt Srot(r,ζ) when 90% of the crystal has grown for b=0.5713. 

 
 
 

 
 

Figure 5.6  Azimuthal velocity in the melt vθ(r,ζ,16.183) when 5% of the crystal has grown 
for Bst=0.5 T and Bω=0.01 T. 
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Figure 5.7  Streamlines in the melt ψ(r,ζ,16.183) when 5% of the crystal has grown for 
Bst=0.5 T and Bω=0.01 T. 

 
 
 

 
 

Figure 5.8  Azimuthal velocity in the melt vθ(r,ζ,161.83) when 50% of the crystal has 
grown for Bst=0.5 T and Bω=0.01 T. 
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Figure 5.9  Streamlines in the melt ψ(r,ζ,161.83) when 50% of the crystal has grown for 
Bst=0.5 T and Bω=0.01 T. 

 
 
 

 
 

Figure 5.10  Azimuthal velocity in the melt vθ(r,ζ,291.29) when 90% of the crystal has 
grown for Bst=0.5 T and Bω=0.01 T. 

 
 



 Chapter 5 

 129

 
 

Figure 5.11  Streamlines in the melt ψ(r,ζ,291.29) when 90% of the crystal has grown for 
Bst=0.5 T and Bω=0.01 T. 

 
 
 

 
 

Figure 5.12  Azimuthal velocity in the melt vθ(r,ζ,16.183) when 5% of the crystal has 
grown for Bst=0.5 T and Bω=0.05 T. 
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Figure 5.13  Streamlines in the melt ψ(r,ζ,16.183) when 5% of the crystal has grown for 
Bst=0.5 T and Bω=0.05 T. 

 
 
 

 
 

Figure 5.14  Azimuthal velocity in the melt vθ(r,ζ,161.83) when 50% of the crystal has 
grown for Bst=0.5 T and Bω=0.05 T. 
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Figure 5.15  Streamlines in the melt ψ(r,ζ,161.83) when 50% of the crystal has grown for 
Bst=0.5 T and Bω=0.05 T. 

 
 
 

 
 

Figure 5.16  Azimuthal velocity in the melt vθ(r,ζ,291.29) when 90% of the crystal has 
grown for Bst=0.5 T and Bω=0.05 T. 
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Figure 5.17  Streamlines in the melt ψ(r,ζ,291.29) when 90% of the crystal has grown for 
Bst=0.5 T and Bω=0.05 T. 

 
 
 

 
 

Figure 5.18  Azimuthal velocity in the melt vθ(r,ζ,16.183) when 5% of the crystal has 
grown for Bst=0.5 T and Bω=0.10 T. 
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Figure 5.19  Streamlines in the melt ψ(r,ζ,16.183) when 5% of the crystal has grown for 
Bst=0.5 T and Bω=0.10 T. 

 
 
 

 
Figure 5.20  Azimuthal velocity in the melt vθ(r,ζ,161.83) when 50% of the crystal has 

grown for Bst=0.5 T and Bω=0.10 T. 
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Figure 5.21  Streamlines in the melt ψ(r,ζ,161.83) when 50% of the crystal has grown for 
Bst=0.5 T and Bω=0.10 T. 

 
 
 

 
 

Figure 5.22  Azimuthal velocity in the melt vθ(r,ζ,291.29) when 90% of the crystal has 
grown for Bst=0.5 T and Bω=0.10 T. 
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Figure 5.23  Streamlines in the melt ψ(r,ζ,291.29) when 90% of the crystal has grown for 
Bst=0.5 T and Bω=0.10 T. 

 
 
 

 
 

Figure 5.24  Azimuthal velocity in the melt vθ(r,ζ,4.046) when 5% of the crystal has grown 
for Bst=1.0 T and Bω=0.01 T. 
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Figure 5.25  Streamlines in the melt ψ(r,ζ,4.046) when 5% of the crystal has grown for 
Bst=1.0 T and Bω=0.01 T. 

 
 
 

 
 

Figure 5.26  Azimuthal velocity in the melt vθ(r,ζ,40.46) when 50% of the crystal has 
grown for Bst=1.0 T and Bω=0.01 T. 
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Figure 5.27  Streamlines in the melt ψ(r,ζ,40.46) when 50% of the crystal has grown for 
Bst=1.0 T and Bω=0.01 T. 

 
 
 

 
 

Figure 5.28  Azimuthal velocity in the melt vθ(r,ζ,72.82) when 90% of the crystal has 
grown for Bst=1.0 T and Bω=0.01 T. 
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Figure 5.29  Streamlines in the melt ψ(r,ζ,72.82) when 90% of the crystal has grown for 
Bst=1.0 T and Bω=0.01 T. 

 
 
 

 
 

Figure 5.30  Azimuthal velocity in the melt vθ(r,ζ,4.046) when 5% of the crystal has grown 
for Bst=1.0 T and Bω=0.05 T. 
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Figure 5.31  Streamlines in the melt ψ(r,ζ,4.046) when 5% of the crystal has grown for 
Bst=1.0 T and Bω=0.05 T. 

 
 
 

 
 

Figure 5.32  Azimuthal velocity in the melt vθ(r,ζ,40.46) when 50% of the crystal has 
grown for Bst=1.0 T and Bω=0.05 T. 
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Figure 5.33  Streamlines in the melt ψ(r,ζ,40.46) when 50% of the crystal has grown for 
Bst=1.0 T and Bω=0.05 T. 

 
 
 

 
 

Figure 5.34  Azimuthal velocity in the melt vθ(r,ζ,72.82) when 90% of the crystal has 
grown for Bst=1.0 T and Bω=0.05 T. 
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Figure 5.35  Streamlines in the melt ψ(r,ζ,72.82) when 90% of the crystal has grown for 
Bst=1.0 T and Bω=0.05 T. 

 
 
 

 
 

Figure 5.36  Azimuthal velocity in the melt vθ(r,ζ,4.046) when 5% of the crystal has grown 
for Bst=1.0 T and Bω=0.10 T. 
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Figure 5.37  Streamlines in the melt ψ(r,ζ,4.046) when 5% of the crystal has grown for 
Bst=1.0 T and Bω=0.10 T. 

 
 
 

 
 

Figure 5.38  Azimuthal velocity in the melt vθ(r,ζ,40.46) when 50% of the crystal has 
grown for Bst=1.0 T and Bω=0.10 T. 
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Figure 5.39  Streamlines in the melt ψ(r,ζ,40.46) when 50% of the crystal has grown for 
Bst=1.0 T and Bω=0.10 T. 

 
 
 

 
 

Figure 5.40  Azimuthal velocity in the melt vθ(r,ζ,72.82) when 90% of the crystal has 
grown for Bst=1.0 T and Bω=0.10 T. 
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Figure 5.41  Streamlines in the melt ψ(r,ζ,72.82) when 90% of the crystal has grown for 
Bst=1.0 T and Bω=0.10 T. 
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