ABSTRACT
REIMANN, CRAIG AARON. Development of a General Methodology for Optimizing
Acoustic Treatment using an Equivalent Source Method. (Under the direction of Dr. Robert
Nagel.)
A general optimization methodology has been developed and examined for three
different applications.

The optimization method consists of an acoustic tool and six

optimization algorithms, in which the user inputs some required parameters for the particular
problem (flow field, scattering geometry, and acoustic source for the acoustic tool and initial
guess and tolerance levels for the optimization algorithms) and then receives as output the
optimized acoustic treatment value and desired acoustic field. The applications for this work
consisted of optimizing the acoustic properties of an acoustic treatment for both realistic
(commercial transport engine nacelle) and simple (rectangular duct) shaped geometries and
also educing the properties of the acoustic treatment inside the rectangular duct. The acoustic
results from all applications were calculated using the Fast Scattering Code (FSC). The
objective function for the optimization applications was based on acoustic power, while the
objective function used for the eduction application was based on an averaged L2-norm. Prior
to the optimization process, the soft surface boundary condition implemented into the FSC was
validated using an analytical solution for a monopole point source above an impedance
boundary plane of infinite area.

The advantages and disadvantages of six well-known

optimization methods were assessed during each application.

The results demonstrate

numerically and graphically the potential noise reduction benefits of single and segmented

acoustic treatment configurations with and without flow effects. Overall, the application
results show that 1) the FSC can accurately predict the effects of acoustic treatment, and 2)
coupling the FSC with optimization methods provides an efficient methodology for acoustic
treatment studies.
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Chapter 1

BACKGROUND
1.1 Community Noise Problem
The unprecedented growth in air traffic over the last two decades, coupled with urban
expansion, has made community noise a serious problem in many cities around the world. The
environmental concerns associated with this noise problem, along with the need to
accommodate increasing passenger and cargo loads without compromising the aircraft’s fuel
efficiency and aerodynamic performance, while minimizing the need for changes to existing
airport infrastructure and operations, are some of the most important factors driving the design
of modern aircraft.
The sources of aircraft noise can be divided into two broad categories: airframe noise,
such as that generated by control surfaces (ailerons and rudders), high-lift mechanisms (slats
and flaps), and deployed landing gear; and engine noise, usually comprised of fan, core,
turbine, and jet noise (see Figure 1.1).1, 2, 3, 4 The relative importance of these sources to the
total noise emitted by an engine depends on the type of engine. The turbo jet engines and low
bypass ratio (BPR) turbofans (BPR ≤ 2), jet noise predominates; for higher bypass ratio
turbofan engines (BPR > 5), which are the powerplant of choice for current high-speed
subsonic commercial transports, fan noise dominates even with the inclusion of acoustic
treatment (see Figure 1.2). This type of noise is emitted forward through the inlet or aft
through the fan exhaust duct. The Fan noise reduction can be effected at the source or through
the use of acoustic treatment on the nacelle walls. Experimental and numerical studies on the
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potential benefits of liners abound in the open literature,5 continually advancing the state of the
art in acoustic liner design.
1.2 Liner Technology
The use of acoustic liner treatment dates back to the 1960s and continues to be explored
as a possible means of reducing engine noise (fan noise in particular). The problem that exists
stems from the frequency dependency of acoustic treatment and its required bandwidth. Fan
noise in the form of tonal noise based on the Blade Passage Frequency (BPF), varies for the
different operating conditions (takeoff and approach), thus making it difficult to design
acoustic treatment with a large enough bandwidth to capture the frequencies of interest for the
entire range of operating conditions. Ideally, a single acoustic treatment could handle all
operating conditions, but this in not the case. Thus, three common acoustic treatment type
designs include: single degree of freedom (SDOF), two degree of freedom (2DOF), and the
bulk absorber (see Figure 1.3).5 The SDOF and 2DOF are both based upon the Helmholtz
resonator.
The SDOF design (Figure 1.3a) consists of a single-layer type construction: solid back
plate, cellular partitioned center, and a porous face sheet. Honeycomb and varying ceramic
shaped materials are commonly used for the cellular center section (see Figure 1.4).6 The
2DOF design (Figure 1.3b) is a double-layer design that consists of two cellular partitioned
sections that are separated by a porous septum. The two layers are covered with a porous face
sheet on the top layer and a solid back plate on the bottom of the lower layer. The third
acoustic treatment type design is the bulk absorber (Figure 1.3c). It is another single-layer type
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construction: solid back plate, fibrous/porous mat center, and porous face sheet. The three
designs are presented in order of increasing frequency bandwidth.
Although the three acoustic treatment designs vary in construction, they each are
designed to have a particular impedance value.

Impedance is the property that is most

commonly used to define an acoustic treatment. For a harmonic source (eiωt), impedance is
defined as:
Z = R + iX

(1.1)

where R is the resistance and X is the reactance at a point on the acoustic treatment surface. If
the impedance value at that point is not affected by neighboring points, then the surface is
called a locally reacting surface. If each point affects the other, then the surface is called
extended reaction. Impedance values can be achieved by different approaches because the
resistance and reactance are functions of the acoustic treatment design.
For the SDOF design, the resistance will remain relatively constant with frequency for
a linear face, achieved by having very fine mesh of holes in the face sheet. A face sheet that
has a nonlinear frequency behavior in a no flow environment can be forced to behave as a
linear face sheet by introducing a mean flow. However, nonlinear resistance peaks may exist
near frequencies where the reactance approaches zero. The reactance of a single-layer design
follows a modified cotangent curve, such that the most effective impedance value (gives
greatest noise reduction) is obtained at a single frequency.
The impedance value for the 2DOF acoustic treatment is based largely on the properties
of the septum (see Figure 1.3b). A linear septum is achieved by using a perforate with very
small holes (0.127 to 0.254 mm) that create laminar orifice flow. The septum has two
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important roles in defining the impedance of the acoustic treatment. First, it controls the
resistance of the acoustic treatment surface versus the face sheet, making the acoustic treatment
properties independent of duct flow effects. Second, it allows for the resistance and reactance
to be tailored towards the desired design values over a larger range of frequencies (as compared
to the SDOF).
The third acoustic treatment design (bulk absorber) has a few advantages over the
2DOF design: (1) the resistance of the bulk absorber is distributed continuously over the
acoustic treatment depth while the 2DOF is a combination of the face sheet and septum, (2)
The fibrous mat can be designed to vary the amount of internal flow resistance based on mat
density and fiber diameter, and (3) the desired minimum tuning frequencies can be achieved
with slightly thinner acoustic treatment depths as compared to resonator3 types, due to viscous
and heat transfer effects of the fibrous mat. Although the bulk absorber provides the largest
frequency bandwidth, extra weight introduced by the fibrous mat becomes an issue when
considering incorporating onto an aircraft engine nacelle.
Equations based on the design variables of Figure 1.3, have been developed for
calculating impedance values for the SDOF, 2DOF, and bulk absorber acoustic treatment with
and without flow.5 As expected, the face sheet thickness and porosity, cavity dimensions, and
bulk material properties are some of the properties that enter the equations. The equations can
be incorporated in numerical models to provide the necessary tools to explore potential
acoustic treatment for the highly constrained (weight, available surface area) nacelle inner
walls of current aircraft engines.
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1.3 Computational Efforts in Aeroacoustics
As researchers continue to explore methods of reducing noise from aircraft, advances in
computer technology have facilitated a substantial growth in computational efforts aimed at
predicting/simulating the physical mechanisms that produce noise.7, 8, 9, 10, 11 Because of their
lower cost, relative to experimental investigations, numerical studies12, 13, 14 are becoming the
preferred approach for analyzing configuration and parameter changes during the preliminary
stages of next-generation aircraft and engine liner designs.
The simulation of aerodynamically generated noise can be performed using several
approaches.

In order of decreasing computational intensity, these are: Computational

Aeroacoustics (CAA),15, 16, 17, 18, 19, 20 hybrid methods,21 integral acoustic models, 22, 23, 24, 25, 26
and boundary models.27
The most accurate and comprehensive way to simulate aerodynamic sound is CAA,
which is a time-dependent simulation of the entire fluid region, encompassing the noise
sources, receivers, and the transmission path. Through a rigorous calculation of the transient
flow structures, pressure disturbances in the source regions can be identified and tracked.
Sound transmission is simulated by resolving the pressure waves traveling through the fluid.
Because of the high computational demands of CAA, this approach can be applied only to
relatively small regions of interest in which the sources and observers (receivers) are in close
proximity, and the sound to be simulated is of low frequency and fairly high amplitude.
The computational requirements can be greatly reduced by separating the problem into
two components: sound generation and sound transmission. In this hybrid approach, sound
generation is modeled using a time-dependent computational fluid dynamics (CFD) solver to
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properly resolve the acoustic sources; sound transmission is simulated using a wave equation
solver to propagate the sound waves to the far field.
The approach of solving the flow and sound fields separately can be further simplified
if the observer has an unobstructed view of the sources, i.e., there exists a straight propagation
path. In such cases, sound transmission can be simulated using analytical formulations. Such
integral approaches are based on the Lighthill Acoustic Analogy.28, 29 The Ffowcs-Williams
and Hawkings method,30 which extends the analogy to cases where the sound source is a solid,
permeable, or rotating surface, is the most widely used of the integral acoustic models.
Boundary methods are also based on the same set of governing equations (conservation
of mass, momentum, and energy, and an equation of state). These differential equations are
simplified by assuming that the configuration of interest is immersed in a potential flow
(inviscid, steady, and irrotational) of a perfect gas. Separation of mean and perturbed flow
variables yields the acoustic equations, which are linearized for simplicity and ease of
implementation.
conditions.

The solution of these simplified equations requires a set of boundary

Typical boundary conditions used are the Dirichlet, Neumann, and Robin

boundary conditions. For the Dirichlet boundary condition, the pressure values are specified
on the boundary. For the Neumann boundary condition, the normal pressure gradients are
specified on the boundary. For the Robin boundary condition, a linear combination of the
pressure and its normal gradient are specified on the boundary. In general, the differences
between each computational tool come from the mathematical/physical approximations,
implementation, desired order of accuracy, and error bounds associated with the methods used
to solve the differential equations. Once the governing equations have been put into the
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desired form, the domain is then discretized by subdividing the physical space/domain into
elements. This may be carried out on and around, or just on, the boundaries, depending on the
method chosen to solve the acoustic equations. How the domain is subdivided and where the
governing equations are specified within the domain is discussed in the following subsections.
Four of the more common methods used today to solve the linearized differential equations
relevant to acoustics are briefly introduced: Finite Element Method (FEM), Finite Volume
Method (FVM), Boundary Element Method (BEM), and Equivalent Source Method (ESM).
1.3.1 Finite Element Method (FEM)
The Finite Element Method dates back to the 1950s.31 The FEM is based on the idea of
building blocks or finite elements that are created to represent the geometry (wing, engine,
and/or duct) and domain of interest. The physics of the problem are captured by the use of a
set of governing differential equations.

The equations are prescribed for each element

(typically at element nodes), which are grouped to form sets of matrices that can be solved by
linear algebra techniques.
The FEM is posed as one of four types of problems (zero-, one-, two-, or threedimensional).31 A finite element model that is unaffected by node (grid) point location is
classified as the zero-dimensional finite element. For the one-dimensional finite element, as
the name suggest, the unknown variables vary only in the one direction of the element.
Similarly, the two-dimensional finite element (three or more grid points joined to form a twodimensional plane) has unknown variables that vary in the two directions of the plane. The
three-dimensional finite element (four or more grid points, not all in the same plane, joined to
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form a volumetric shape) has unknown variables that vary in all three directions. These finite
elements are created by subdividing the geometry and field of interest.
No matter how the geometry or field is subdivided, the basic idea behind the FEM is to
minimize an energy functional, consisting of all the energies associated with the finite element
model, which satisfies the law of conservation of energy. The minimum is found by taking the
derivative and setting it equal to zero, thus, the basic equation for finite element analysis is
∂F
=0
∂p

(1.2)

where F is the functional and p is the unknown variables of interest (acoustic pressure or
velocity) at the grid points. Geometric functions to approximate the unknown variables of
interest are called shape functions. The shape functions range from first-order to high-order
polynomials. The higher the order, the more grid points are required to solve for all the
polynomial coefficients. A particular type of finite element that contains shape functions that
conform to the shape of the element is called an isoparametric finite element.31
Generally, finite element models consist of a very large number of finite elements. For
the best accuracy, the number of finite elements should be highest in regions where the
gradient of the unknown variables is highest. To form a matrix equation, all of the variables,
including known noise sources, are collected. The number of unknowns in the matrix equation
for one element is a function of the number of grid points in the element times the number of
degrees of freedom per grid point. The total number of unknowns can be very large, but
simple linear algebra methods (gauss elimination, least squares) exist than can handle large
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matrices. Note, for the FEM the matrix to be inverted is typically sparse (contains zeros),
which slightly simplifies the problem.32
This method has been extensively used in acoustics to investigate problems pertaining
to liners,33,34,35,36 duct propagation,37 and interior acoustics.38

The FEM has one main

drawback, which will become clearer in the upcoming sections, it is limited to finite domains,
such as interior type problems.
1.3.2 Finite Volume Method (FVM)
The Finite Volume Method is similar to the FEM, but instead of using the finite
element grid points, the area (2-D) or volume (3-D) of the element is used to approximate an
integral form of the governing equations.39 For example, the following is the two-dimensional
integral form of the continuity equation compared to the standard differential form40
∂ρ ∂ (ρu ) ∂ (ρv )
+
+
=0 ⇔
∂t
∂x
∂y

∂
ρ dV + ∫ ρ v ⋅ nˆ dS = 0
∫∫
V
S
∂t

(1.3)

where the first integral term consists of the variable of interest over the element area and the
second integral term is the transport of flux across the side boundaries of the element. Eq. (1.3)
can be written as
∂ρ 
=R
∂t

(1.4)


where R represents the flux terms. The left hand side of Eq. (1.4) requires numerical
integration in time (typically by one of the Runge-Kutta methods). The right hand side (flux
terms) of Eq. (1.4), can be written as a summation:

9

ns

ns

Ri , j = ∑ F

m
i, j


= ∑ [ ρ v ⋅ n ∆S ]im, j

m =0

(1.5)

m =0

where m denotes the sides of the element (i,j), ns is the total number of sides for the element,
and Fi ,mj is the numerical flux across element side m.40 The method used to approximate Fi ,mj is
what sets the various FVM schemes apart.

These methods (MacCormack’s, Central

Difference, Upwind, and Dispersion-Relation-Preserving (DRP)) provide a relation between
the unknown variables on both sides of a shared boundary edge formed by adjacent elements.40
Note that Eqs. (1.3) through (1.5) are for the two-dimensional continuity equation for
demonstration purposes, to give the basic idea that differential equations can be written as
integral and summation equations. More common acoustics problems consist of the mass,
momentum, and energy equations for the all elements. For the FVM, the discretization of the
governing equations and the grid generation of the domain are separate.

Thus, when

considering a new problem, only a new domain grid needs to be generated and the governing
equations remain unchanged.41,42 This allows for a little more generality as compared to the
FEM. However, like the FEM, the FVM is best suited for interior type problems. More
information and some applications of the FVM are given in Refs. 43, 44, 45, 46, 47.
1.3.3 Boundary Element Method (BEM)
The Boundary Element Method,48 which is sometimes referred to as the Boundary
Integral Equation Method dates back to the early 1900s, but it was not until the 1960s and
1970s that the method was employed to explore acoustic problems. The BEM evolved during
the same period as the FEM, and thus provided an alternative method to solve similar acoustic
type problems. In fact, both methods have been incorporated into hybrid type methods.49 The
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FEM can be used to solve the finite domain problem and the BEM can be used to extend the
problem to the infinite domain. The exterior boundary of the domain for FEM is prescribed
with boundary conditions representing free- or far-field (Sommerfield’s relation), but to
calculate the acoustic field at a far-field point the FEM domain must encompass that point,
were as the BEM method solution is calculated on the boundary surface and once the solution
is known, exterior (far-field) calculations can be quickly obtained at any point with out having
to recalculate the solution.
The BEM mathematically represents the differential equations of the boundary value
problem as a set of boundary integral equations. Thus employing the use of Green’s identity:

∫ (u∂
V

ii

v − v∂ ii u )dV = ∫ (u∂ n v − v∂ n u )dS
S

(1.6)

for the functions u and v.50 For common acoustics problems based on the Helmholtz governing
equation, u and v are chosen to be the acoustic pressure or velocity and known fundamental
solution (Green’s function). Note that u and v must satisfy the governing equation.
The BEM can be categorized into two types (direct and indirect) of integral equation
formulations. Within the direct formulation there are two types (bounded and unbounded) of
domains. For the bounded domain, the source (singularity of the fundamental solution) is
located outside the domain of interest, somewhere in the domain of interest, or on the boundary
of the domain of interest. For the unbounded domain, as the name suggests, the source is
located within infinite boundaries. For the indirect formulation, the medium is both inside and
outside of the bounding surface.50
No matter where the source is located, a discrete boundary integral equation is used to
solve for the desired values on the surface. In general, these equations cannot be solved
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analytically, thus approximate methods, which require discretization, must be used to obtain
the solution. Similar to the FEM and FVM, the surface of the domain is subdivided into
boundary elements. The integration of the surface is approximated by a sum of integral
equations for all boundary elements. The acoustic pressure and normal velocity on each
element is approximated by a linear combination of shape functions
u h = ∑ψ j u j

(1.7)

j

where u is acoustic pressure or normal velocity values of the discretized field and Ψj is the
shape function associated with the jth node of the boundary element. There exist different
methods for solving Eq. (1.7), but one of the more popular methods is the collocation scheme.
The collocation scheme employs a weighted residual method, where the nodes of the
discretization are chosen as collocation points, thus resulting in the following discrete form50
nn

∑p a
j

nn

ji

= ∑ vnj b ji − Qi

j =1

(1.8)

j =1

where a and b are the pressure and normal velocity coefficients, Q are the sources for the jth
node, nn is the total number of nodes for the problem, and i is the boundary element. As
mentioned above, once the coefficients (a and b) are calculated for the j nodes for the i
boundary elements, a solution for any field point may be easily obtained, thus making the
method quite efficient.
As noted, the main advantage that the BEM has over both the FEM and FVM is that the
discretization is only required on the surface boundary, thus, once the solution is obtained on
the boundary the field calculations can be quickly calculated. The main disadvantage is the
limited range of applications of this method due to increased computation times for larger
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problems (large complex geometries or high frequency). Applications of the BEM can be
found in Refs. 51, 52, 53, 54, 55, 56, and 57.
1.3.4 Equivalent Source Method (ESM)
Relatively new, as compared to the other three computational methods, is the
Equivalent Source Method (also referred to as the Source Simulation Technique (SST)).50 Like
the BEM, it is well suited for fast calculations of acoustic problems of infinite domains.
However the ESM differs from the BEM in how the boundary integral is specified.
For the ESM, the boundary is replaced by a collection of simple sources (monopoles or
dipoles) located within the interior of the boundary. The geometry of the boundary surface,
which encloses the equivalent sources, is assumed to be closed and a Lyapunov surface (has
normal vectors on the surface) exists at each point.50 Geometries with sharp corners can be
handled by approximating the corner with extremely small radius curves. The equivalent
sources have to satisfy the governing equations of the problem. This requires the knowledge of
the known fundamental solution (Green’s function). It is assumed that the pressure can be
written as
p ( x ) = ∫∫∫ c( y ) q( x, y )dy

(1.9)

Q

where Q is the area of the sources, which is fully contained within the boundary surface and
embodies all sources and c(y) is the unknown source density that associates with every source a
certain source strength. The second term in the integrand q(x,y) is the source function (trial
function) and can be made up of a finite or infinite sum of elementary sources (monopole,
dipoles, etc.). The volume integral, Eq. (1.9), reduces to a surface integral or a contour integral
if the region Q is a surface or a line. Eq. (1.9) can be substituted into one of the three,
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aforementioned, boundary conditions to obtain the new boundary equations. The solution to
the governing and new boundary equations are approximated by minimizing the boundary
error or residual. Eq. (1.9) can be written in the following form
∞

p ( x ) = c (0 )q (x,0 ) = ∑ cmψ m

(1.10)

m =0

where ψm are spherical wave functions for m equivalent sources. As mentioned above, there
are variants to the ESM and when spherical wave functions are used, the three include: Nullfield, Full-field, and Least squares. All three are based on the function used: Null-field uses ψm
(referred to as Galerkin method), Full-field usesψm* (* denotes complex conjugate), and Least
Squares uses (∂ ψm / ∂ n)*.
Up to this point, the equations presented were based on a single singularity (equivalent
source), which is satisfactory for sphere-like radiators, but as the geometry becomes more
complex, multiple sources are needed within the interior of the boundary surface. The source
functions become

ψ mq ( x ) = ψ m (x − x q )

q = 1,… , Q , m = 0, … , N

(1.11)

where N is the total number of equivalent sources. Thus, Eq. (1.10) can be rewritten into a
form based on the idea that the acoustic pressure can be posed as a function of source strengths,
weighted functions, and boundary conditions that couple to form a uniquely solvable problem:
Q

∞

p( x ) = ∑ ∑ cmqψ mq ( x )

(1.12)

q =1 m = 0

where m is the number of sources (typically monopoles) at q source locations, thus producing a
form of the ESM that is similar to the method employed in the chosen acoustic tool used for
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this work. Note, there are no exact rules to follow for the number and placement of the
equivalent sources. Optimization work has been done to numerically find the best source
location for one type of problem, but it showed just how problem dependent this method is.50
The main advantage of the ESM over other boundary methods is that the linear system
of equations to be solved can be considerably smaller, requiring a fraction of the computer
resources (running time and memory). The main disadvantage is a reduction in numerical
accuracy. Please see Refs. 58, 59, 60, 61, 62, and 63 for some of the implementations and
applications of this method.
1.4 Motivation and Challenges

Because experimental studies are invariably costly and time consuming, computational
methods are fast becoming the preferred tool used to perform the various parametric studies
needed to evaluate the advantages and disadvantages associated with any given concept during
the preliminary design phase. In some cases, such as engine design, computational methods
may prove to be the only way to perform parametric studies due to the lack of suitable nonintrusive experimental methods and the need for rapid design change evaluations.

As

mentioned earlier, one of the most important methods of fan noise abatement is the
incorporation of acoustic treatment to the nacelle inner surfaces (inlet and fan exhaust duct).
Since the attenuation characteristics of a given liner depend on many factors (frequency,
placement, length/surface area of treatment, degrees of freedom), efficient parametric liner
design studies necessitate the development of methodologies that incorporate fast, robust
optimization algorithms and acoustic solvers into a loosely coupled solution system.
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The task of developing a methodology that combines an acoustic computational tool
with optimization algorithms poses many challenges, among them, computational requirements
(time and memory), and the need to determine the most suitable optimization algorithm for a
given application /case. Because of its relevance, this type of work has been in existence for
many years and continues to draw much interest. Such a methodology must be efficient,
accurate, robust, and rapid. The development of new numerical techniques and improved
computer resources, guarantee a reasonable turn around time. Choosing the best optimization
algorithm is subjective and near impossible. Even if an algorithm is considered to be the best
for one particular problem, that same algorithm may not be the best for a different problem.
Even if the same configuration is used, parameters such as Mach number, frequency, objective
function (i.e. attenuation, pressure, or any energy/power relation), and boundary conditions will
change the problem. Thus, the overall technical challenge for this work is the implementation
of a reliable and general optimization algorithm within the framework of an existing acoustic
computational tool.
1.5 Objectives

The present work has three main objectives based on the overall desire to develop an
optimization methodology that incorporates a fast and reliable acoustic prediction tool. First,
the acoustically soft boundary condition implemented in the chosen acoustic tool, which will
be discussed more in Chapter 2, will be validated using an approximate analytical solution.
Second, predictions from the acoustic tool, for a full-scale commercial transport engine nacelle
similar to that of the GE90, will be used to compare an array of popular optimization methods.
The study will include the effects of frequency, background flow, and liner configurations on
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the optimized impedance values. The comparison of the optimization methods will provide
insight into which method is best suited for use with the chosen computational acoustic tool for
one type of problem. Third, the acoustic tool and optimization methods will be used to obtain
results that will be compared to Cremer’s theory of optimal impedance values,5,

64, 65

for a

rectangular shaped duct. This will serve as validation of the optimization methodology for duct
acoustics.
The objectives of the current work apply mainly to the development of a methodology
for studying duct acoustics, but the methodology is not limited to this application. The
generality of this approach, acoustic tool, and optimization algorithms, make it a good resource
for studying other types of acoustic problems, such as those commonly found in the
architectural, automotive, and aircraft industries.
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Chapter 2

COMPUTATIONAL TOOL – FAST SCATTERING CODE
2.1 Introduction

The acoustic solver chosen for the current work, known as the Fast Scattering Code
(FSC),61 is under development at the NASA Langley Research Center (LaRC), and utilizes the
Equivalent Source Method (ESM) to solve a Helmholtz boundary value problem (BVP). The
code has been designed to predict the three-dimensional scattered acoustic field produced by
the interaction of known, time-harmonic, incident sound with aerodynamic structures of
arbitrary shape immersed in a low speed, potential (i.e. steady, inviscid, and irrotational) flow.
The FSC incorporates a boundary condition, similar to that of Myers,66 that provides the
capability of including locally reacting acoustic treatments with spatially varying impedance on
the scattering surfaces.67,

68, 69

The fast numerical techniques incorporated into this

computational tool permit the usage of personal computers and workstations to generate
scattered acoustic fields for complex configurations. The code has been successfully used to
calculate the scattered acoustic field generated by the interaction of engine fan noise and
arbitrary aircraft components.70,

71

To be of use in the engineering community, an engine

nacelle liner optimization methodology must incorporate a robust, rapid acoustic solver. Since
the FSC utilizes the ESM, it requires approximately 1/9th the computer memory and 1/27th the
computational time of other boundary solution techniques. In addition, the code’s versatility
and direct access to technical assistance from the developers make it an ideal choice for
incorporation into the current optimization scheme.
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2.2 FSC Methodology

A detailed description of the mathematical theory behind the FSC methodology is
given in Refs. 61 and 70.

The following paragraphs and equations, taken from these

references, give an overview of the theoretical development and implementation of the
methodology. The mathematical theory is based on the low speed, steady, rectilinear motion of
a slender geometry with a co-moving sound source through air, as depicted in Figure 2.1. The
acoustic source is considered to be isentropic and the scattering surfaces can be prescribed with
either acoustically non-absorbent (hard-wall) or absorbent (soft-wall) properties. Start with the
governing equations for conservation of mass, momentum, and energy, along with an equation

of state, expressed for a Cartesian coordinate system, x :
Dρ

+ ρ∇ ⋅ v = 0 ,
Dt

Dv
+ ∇p = 0 ,
ρ
Dt
Dp
Dρ
− c2
=0 ,
Dt
Dt

c2 =

γp
ρ

,


x ∈ S+


x ∈S+

x ∈S+

x ∈ S+

(2.1)

(2.2)

(2.3)

(2.4)

where S+ is the domain external to the scattering surface, and the substantive derivative is
defined as:

D
∂ 
≡ + v ⋅∇
Dt ∂t
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(2.5)

A small time-harmonic, acoustic disturbance (created by the motion of the body) is added to
the steady background flow.

Separate the flow variables into steady and perturbation

components:






ρ (x , t ) = ρ 0 (x ) + ρ ′(x )e iωt

(2.6)




p ( x , t ) = p0 (x ) + p ′(x )e iωt

(2.7)

 
   
v (x , t ) = v0 ( x ) + v ′( x )e iωt

(2.8)

Substitution of Eqs. (2.6) through (2.8) into Eqs. (2.1) through (2.4) and separation of flow and
acoustic (perturbation) variables, yields, after lengthy manipulations, the following acoustic
BVP:
 p′ 

ik 0 p ′ + ρ 0 c0 ∇ ⋅ 
M 0 + v ′  = 0
 ρ 0 c0


 

1
ik 0 v ′ +
∇ p ′ + ρ 0 c0 M 0 ⋅ v ′ = 0
ρ 0 c0

(

)


x ∈S+


x ∈S+

(2.9)

(2.10)

Note that: 1) the equations have been derived for potential flow, and 2) the higher order terms
have been neglected, resulting in linearized equations. A sound absorbent boundary condition
relating acoustic pressure and velocity is applied to the scattering surfaces:


A p′
v ′ ⋅ nˆ = −
iκ 0


x∈S

(2.11)

The complex admittance, A, is set equal to zero for the case of a hard-wall or to a non-zero
value for a soft-wall. Note that
A=

1
1
=
Z ζρ c
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(2.12)

where Z is dimensional complex impedance as defined by Eq. (1.1) and ζ is the nondimensional complex specific impedance (ζ = θ + χi ). The specific resistance, θ, and
reactance, χ, define the acoustic treatment as discussed in Section 1.2. The variables ρ and c
are the density and speed of sound and combine to give the characteristic impedance of the
medium. The ESM can be used for the infinite domain problem. Thus, the FSC incorporates
Sommerfeld’s radiation condition for far-field predictions:
  ∂p ′

lim
R
+ ik o p ′  = 0


R = x →∞

  ∂R

(2.13)

The known incident sound field is independent of the scattering surfaces and satisfies Eqs.
(2.9), (2.10), and (2.13). Note that the incident sound field can be either a known fundamental
solution, Green’s function, or it can be a sound field generated from either a previous FSC
solution or from another computational aeroacoustic (CAA) tool. The total acoustic pressure
and velocity can be represented by the sum of known incident and unknown scattered parts.
Eqs. (2.9) through (2.13) form a uniquely solvable, exterior BVP for the scattered components
of acoustic pressure and velocity with source terms provided by the incident sound field.
New independent and dependent variables are introduced to reduce Eqs. (2.9) through
(2.11) to a Helmholtz equation BVP. Using a Lorentz transformation, define new independent


( ξ ) and dependent ( p1′ , v1′ ) variables:





ξ = B -01 x

(2.14)

 

 
1
p1′ ξ =
p ′ + ρ 0 c0 M 0 ⋅ v ′ e −iκ 0 M 0 ⋅ξ
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β0

(

)
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(2.15)


 
p ′   −iκ 0M 0 ⋅ξ
v1′ ξ = B 0−1  v ′ +
M 0  e
ρ
c
0 0



()

(2.16)

In the above equations,
B 0-1 = I +

1 − β0   T
M 0M 0
β 0 M 02

(2.17)

 
k
where I is the 3x3 identity matrix, M 02 = M 0T M 0 , β 02 = 1 − M 02 and κ 0 = 0 . Thus Eq. (2.13)
β0

becomes:
  ∂

lim  R 
p1′ + iκ 0 p1′  = 0
R = ξ →∞

  ∂R

(2.18)

Additional manipulations are carried out using the new dependent variables to obtain the
following exterior Helmholtz BVP equations for the scattered component:

∇ 2 ( p1′ )s + κ 02 ( p1′ )s = 0 , ξ ∈ S +

(2.19)

∂ ( p1′ )s
∂ ( p1′ )inc
=−
∂n
∂n

(2.20)


, ξ ∈S

  ∂

(
lim  R 
p1′ )s + iκ 0 ( p1′ )s  = 0
R = ξ →∞

  ∂R

(2.21)

where the subscripts s and inc denote the scattered and incident field values. Once Eqs. (2.19)
through (2.21) are solved, p1′ is recovered from the following equation:
p1′ = ( p1′ )inc + ( p1′ )s

(2.22)


where the incident values are known. The velocity variable, v1′ , can be recovered by using the

following:
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v1′ = −

1
iκ 0 ρ 0c0

(2.23)

∇ξ p1′


With both p1′ and v1′ determined, the original acoustic variables may be obtained by the

following equations:
 

 
1
p′ ξ =
p1′ − ρ 0 c0 M 0 ⋅ v1′ e iκ 0 M 0 ⋅ξ

()

β0

(

)


 
p′    
v ′ ξ = B 0-1  v1′ − 1 M 0 e iκ 0 M 0 ⋅ξ
ρ 0 c0



()

(2.24)

(2.25)

As mentioned earlier, the FSC incorporates the ESM to solve Eqs. (2.19) through (2.21). The
ESM, Section 1.3.4, allows the solution of the acoustic problem to be approximated by a
superposition of simple sources, such as monopoles, dipoles, or any combination of multipoles.
This is implemented by relating the simple sources, Pj, which are solutions of Eqs. (2.19) and
(2.21) and their corresponding source strengths, aj, to an approximate solution for the acoustic
pressure:



Ns



( p1′ )s (ξ ) ≈ ∑ a j Pj (ξ )

(2.26)

j =1

where Ns is the number of equivalent sources. Eq. (2.26) is a solution of Eqs. (2.21) and (2.22).
The source strengths of the equivalent sources are adjusted so that the boundary condition, Eq.
(2.20), is satisfied in the least squares sense. The equivalent sources are located inside the
scattering surfaces, and also satisfy Eqs. (2.19) and (2.21). No established theory or procedures
exist to guide the type, placement, or number of equivalent sources. In general, the actual
number and placement of the equivalent sources depends on frequency and surface area.
Numerical experimentation is usually required to achieve a suitable distribution.
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2.3 Uses/Examples of FSC

This section gives a brief description on how the FSC is used. The following examples
come from Refs. 61, 67, 70. Figure 2.2 depicts the main dialog screen of the graphical user
interface (GUI) that has been designed for use with the FSC, showing the necessary inputs and
resulting output. Although the GUI facilitates I/O, the FSC can also be run in a data file input
mode. In this case, the user manually changes the inputs via modifications to a text input data
file. This method of running the FSC allows the user the freedom to execute automation
scripts to run the code multiple times. The data file input mode is not as user friendly as the
GUI, but the experienced user can use this mode to save a significant amount of time. As can
be seen from Figure 2.2, the user is responsible for four key inputs. The main input is the
scattering geometry with its surface properties in an FSC-compliant format. The user must
provide information concerning the local flow variables that include density, sound speed, and
background flow Mach number.

Other inputs are the operating conditions (excitation

frequency) and program parameters. An incident sound field must also be specified. This can
be generated directly within the current run based on the operating conditions and program
parameters, or input from a previously obtained FSC solution. The output of the code is the
desired scattered acoustic field. The extension and location of this field is defined by the user
through the program parameter inputs. A more detailed description of the FSC, its usage, and
sample cases is given in Ref. 72.
Sample calculations obtained with the FSC, taken from Refs. 61 and 70, are presented
in the following paragraphs. The first example shows how the FSC was used to explore the
sound around a conventional Boeing 777 aircraft. Figure 2.3 shows the sound pressure level
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(SPL) values on the surface of a scaled model of a commercial transport similar to the Boeing
777 aircraft. Note that, as expected, SPL levels are higher in the vicinity of the engine nacelles.
Figure 2.4 shows another choice for the observer field for the same configuration and
excitation frequency, but in the presence of a uniform background flow of M = 0.2. This type
of far-field acoustic field is of interest when considering community noise and the noise
footprint produced by different aircraft. If near-field results are of more interest, Figure 2.5
shows how planes can be specified to explore areas where more detail is desired. Once a
solution is calculated for the source strengths on the scattering surface, the same solution can
be used to obtain any additional observer fields the user desires as long as the operating
conditions and flow parameters do not change. For example, the time required to make the
additional observer plane fields in Figure 2.5 took a fraction of the time required to obtain the
initial solution for the first plane (the plane bisecting the aircraft), respectively. Note that the
larger the desired observer field, the more field points are going to be needed to discretize it,
resulting in increased computation time. However, by solving the problem only once, a
significant amount of time is saved when a new observer field is desired. Because the FSC was
designed to work with arbitrary configurations, it can also be used to study acoustic mode
generation and propagation inside ducts. Figure 2.6 shows the propagation characteristics of a
dominant plane wave traveling inside a hard-wall duct with a curved middle section. When
engine nacelles, or ducts, are considered the interest is typically on the sound exiting the
nacelle and how that sound propagates away. Considering only the sound that exits the engine
nacelle may be insufficient when attempting to reduce engine noise. It can be seen from Figure
2.6 that the FSC can also be used to explore how sound propagates within a duct. This feature
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is of great importance when considering lining the interior walls of engine nacelles with
acoustic treatments to reduce engine noise, which is the basis of the current work.
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Chapter 3

VALIDATION OF SOUND ABSORBENT BOUNDARY CONDITION
3.1 Introduction

The FSC has been successfully used to predict the correct behavior of sound as it
propagates inside ducts of arbitrary geometry with acoustically hard surfaces; the code has also
been utilized to obtain expected trends in the acoustic field produced by interactions with
surfaces incorporating locally reacting liners.67, 68 However, a more rigorous assessment of the
sound absorbent boundary condition implemented in the FSC is necessary before reliable
engine liner design studies can be conducted. Once the validity of the boundary condition has
been established, the process of optimizing surface impedance to maximize noise reduction can
be developed and implemented.
3.2 Point Source above an Impedance Boundary

In order to conduct a proper optimization study of acoustic treatments, the surface
boundary condition implemented in the FSC must be validated for both hard- and soft-wall
configurations with and without the presence of a uniform background flow. In order to do
this, the simple, classical case of a monopole point source above a three-dimensional flat plane
of infinite length and width was chosen.

The problem was simplified by ignoring

environmental effects such as temperature gradients and atmospheric turbulence.73 Because of
the simplicity of the scattering surface, the method of images can be used to derive an
analytical solution.74,

75, 76

This problem has been of interest for many years both

theoretically77, 78, 79, 80, 81, 82, 83, 84, 85, 86, 87 and experimentally,88, 89, 90 being chosen by many as a
benchmark test for numerical schemes.91 Other benchmark problems exist and could have
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been used,92 but the monopole point source above an impedance boundary is the simplest.
Although, there is much interest in mixed impedance surfaces, such as that of a single surface
with both hard- and soft-wall properties88,93 where the impedance discontinuity causes
additional acoustic phenomena to occur (i.e. diffraction effects88). For simplicity, a surface
with uniform impedance was chose for the current validation effort.
The analytical solution used here is based on the no-flow work of Refs. 94 and 95,
which includes the capabilities of prescribing either hard- or soft-wall uniform properties to the
surface. The solution was extended to incorporate a uniform background flow, parallel to the
flat surface, through the use of the material in Refs. 76 and 96. The Cartesian coordinate
system (x,y,z) is initially set in the framework of a moving medium and a stationary point
source. The starting framework for the analytical solution was chosen in order to make direct
comparisons with the FSC, which is set in a similar framework. The equations based on the
initial framework must be transformed into a problem with a well known solution, such as that
of a stationary medium and a stationary source.

The process begins with a Galilean

transformation to convert the moving medium into a stationary medium. As a result, the
source terms are altered and must be corrected. A Lorentz transformation is performed to
correct the source terms, thus introducing a new set of spatial variables that can be directly
applied to the stationary medium and stationary source case. A few of the pertinent equations
are given here for reference purposes. Please see Appendix 10.2 for a more detailed derivation.
The following equations give the new transformed variables as a function of the original
variables. The variables and flow direction were set to match those of the FSC, Figure 3.1.
The field is three-dimensional and the uniform flow is in the negative z-direction:
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X =γx

(3.1)

Y =γ y

(3.2)

Z = γ 2z

(3.3)

Mz 

Tγ =  t − γ 2

c 


(3.4)

where Tγ is the retarded time in the transformed space and γ is the Lorentz factor:

γ=

1
1− M 2

(3.5)

The scattered pressure field, assuming harmonic waves of the form eiωt, may be obtained by the
combination of the incident and reflected fields:94, 95
ps = B

e

(

i ωTγ − k1R1

R1

)

 R1
ik1 ( R1 − R2 ) 
1 + R Qe

2



(3.6)

In Eq. (3.6), B is the source strength, ω is the excitation frequency, k1 is the medium’s wave
number, and Q is the image source strength. The distance between source and observer is R1,
while the distance from the image source to the observer is R2. Note that R1 and R2 are
functions of X, Y, and Z, the new spatial variables defined in Eqs. (3.1) through (3.3). The
image source strength is calculated using the following equation:
Q = R p + F (ωd )(1 − R p )

(3.7)

where Rp is the plane wave reflection coefficient for a locally-reacting surface, ωd is the
numerical distance, and F(ωd ) is the so-called boundary-loss factor, which corrects the
reflected plane wave near the boundary for spherical wave propagation.
distance for a locally-reacting surface is defined by:94
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The numerical

(sin(φ ) + A)
1
ωd = ik1R2
2
1 + A sin(φ )

2

(3.8)

where A is the complex admittance, Eq. (2.12), and φ is the incidence angle (see Figure 3.1).
The boundary-loss factor F(ωd) is defined as:94,95
∞

wdn
12
− wd
− wd
(
)
π
ωd < 1
1
+
ie
w
−
2
e
∑
d

n =1 (n − 1)! (2 n − 1)


F (ωd ) = 1 + ie − wd π wd erfc − i wd
1 ≤ ωd ≤ 10
 ∞
(2n )!
− ∑
10 < ωd
n
 n =1 2 n! (2 wd )n

(

)

(3.9)

where the equation varies with ωd. Note that when k1R2 and/or A is sufficiently small, F(ωd )≈ 1
and Q ≈ 1, thus spherical radiation is accounted for and when k1R2 and/or A is sufficiently large
(ωd >>1), F(ωd )≈ 0 and the equations reduce to that of plane wave propagation.94 Note that the
transformations necessary to obtain Eqs. (3.1) through (3.4) do not reproduce the correct
boundary conditions for the soft-wall case with flow. The neglected terms are thought to be of
the order of M, O(M). The effects of the neglected terms are expected to be insignificant: their
omission may cause errors near the boundary, but their effect in the far field should be small.
The geometry of the problem is depicted in Figure 3.1.
The approximate analytical solution was incorporated into a FORTRAN code, in which
the user can easily change the parameters, which include hard- or soft-wall configuration,
frequency, Mach number, impedance value, and incident or scattered field. Note that the
analytical derivation in Appendix 10.2 is for a uniform flow in the positive x-direction, while
the Eqs. (3.1) through (3.4) are for the case of having uniform flow in the negative z-direction.
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The difference stems from how the derivation was originally carried out and the final desire to
make direct comparisons to the FSC solutions.

3.2.1 Test Cases
The following parameters were chosen for the present validation: monopole point
source excitation frequencies f = 75Hz, 100Hz, and 125Hz; background flow Mach number M
= 0.0 and 0.3; and specific normal impedance ζ = ∞ + 0.0i for the hard-wall boundary and ζ =
1.0 - 0.5i for the soft-wall boundary, which was chosen based on previous soft-wall, duct
liner,97 investigations. Both the analytical and FSC solutions are based on a locally-reacting
surface. The acoustic source was centrally located above the surface at two heights: 1m and
10m. These distances were chosen to be approximately 0.3λ and 3λ, where λ is the wavelength,
3.4m. Although the FSC cannot be used on an infinite surface, the dimensions of the flat plate
were sufficiently large (40m x 40m) to minimize reflections from the edges. The edges were
also rounded to prevent any diffraction effects.

3.2.2 Results
When comparing scattered field results from analytical, experimental, or numerical
methods, one must first make sure that the incident field is the same for each case. Otherwise,
the total acoustic field (incident + scattered ) will not match. This is a problem that most often
occurs between numerical and experimental comparisons, because the source from the
experiment must be closely matched by that of the computational tool.
Figures 3.2 and 3.3 show the acoustic pressure incident field from the analytical and
numerical method, FSC, for the cases of no-flow, Figure 3.2, and with flow, Figure 3.3, for a
monopole point source with an excitation frequency of 100Hz.
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Comparisons between

analytical and FSC results for 75Hz and 125Hz (not shown) similar trends. Note from Figure
3.2 that there is excellent agreement between the analytical, (a), and FSC, (b), results for the
no-flow case. However, there are slight amplitude differences between the two solutions when
a uniform flow is present, Figure 3.3. To get a better idea of the differences between the
analytical and FSC solutions, line plots of pressure amplitude at two constant measuring height
locations, x = 0.2m and 10m, in the y = 0.0m plane are presented for the no-flow, Figure 3.4,
and with flow, Figure 3.5, cases. The line plots include a subset of the data seen in the
previous two contour plot figures. It can be observed in Figure 3.4 that there is excellent
agreement between the analytical and numerical incident pressure field solutions for both
observer locations. This indicates that in the absence of flow, the monopole point source is
consistent for the two approaches. As expected, the field is symmetric about the z = 0.0m
plane. It is also apparent that there is a decrease in amplitude as the observers are moved away
(in the x-direction) from the source by comparing Figure 3.4a, approximately 3λ away, to
Figure 3.4b, in the vicinity of the source. Similar phenomena are seen when flow is present,
Figure 3.5, but the agreement between the analytical and numerical solutions decreases slightly
(see Figure 3.5b), with the most noticeable differences occurring close to the source. The
differences tend to decrease as the distance between observer and source increases in z and/or
height, Figure 3.5a. The differences seen for the case with flow can be attributed to the
inherent differences between the two approaches: a least squares solution employed by the FSC
and the corrections for flow inherent in the analytical approximation. Now that the incident
fields have been examined, the total acoustic pressure fields can be explored.
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Acoustic pressure fields for a monopole point source located 1m above a hard-wall, ζ =
∞ + 0.0i, and soft-wall, ζ = 1.0 - 0.5i, boundary, for excitation frequencies of 75Hz, 100Hz,
and 125Hz, and in the absence of background flow are presented in Figures 3.6 through 3.11.
For the hard-wall cases, the analytical, (a), and FSC, (b), solutions are in excellent agreement.
Figure 3.6 shows that for 75Hz the incident and reflected waves interact, resulting in enhanced
wave amplitude near the hard-wall surface. As expected, in the absence of flow, the field is
symmetric on either side of the source. As the frequency is increased, Figure 3.7, a similar
phenomenon occurs between the incident and reflected waves, but now there is discernible
wave cancellation at approximately 30o from the z = 0.0m plane. If the frequency is increased
even more, Figure 3.8, the wave cancellation regions appear to have shifted to approximately
45o from the z = 0.0m plane. For acoustically soft boundaries, the two solutions, Figures 3.9
through 3.11, differ slightly in the vicinity of the wall. The discrepancies can be attributed to
the inherent differences between the two approaches: a least squares solution employed by the
FSC as mentioned earlier and the boundary-loss factor used in the analytical solution.
However, the effect of the acoustic treatment is clearly visible in both results: the radiation
pattern changes significantly, as compared to the corresponding hard-wall figures, because
energy absorption by the boundary reduces the amplitude of the reflected waves. This results
in a pattern that resembles that of a freely radiating monopole point source. The figures show
that the agreement between the two solutions improves as the observer distance from the
boundary and source increases. This is to be expected since the spherically radiating waves in
the far field increasing resemble plane waves as the distance increases.
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The effects of uniform flow on the pressure field for the 1m high monopole point
source are depicted in Figures 3.12 through 3.17, for both acoustically hard- and soft-wall
boundaries. In the ground-fixed frame of reference, air flows in the -z direction as depicted in
Figure 3.1. Although the differences between the two approaches are more pronounced in the
region near the source, there is very good overall agreement between the FSC and analytical
solutions. The presence of flow causes a reduction in wavelength for upstream traveling waves
and an increase in wavelength for downstream traveling waves. In a quiescent medium, a
stationary point monopole source emits an omnidirectional sound field, as seen in Figure 3.2.
The presence of background flow causes the pressure perturbations upstream of the source to
be more intense (with reduced wavelength)98 than those downstream of it (with increased
wavelength), as seen in Figures 3.12 through 3.17. This is a result of the conservation of mass
flow in and out of the source in order to maintain a constant amplitude mass flow (boundary
condition). The side of the source that faces the incoming freestream flow, must push out a
higher pressure amplitude wave in order to counter the incoming flow and maintain a constant
mass flow out. The opposite side must account for the increased mass flow on the incoming
freestream flow side and thus the opposite side will have a reduction in pressure amplitude of
mass flow out.
In an attempt to explore the effect of the proximity of the source to the boundary, a set
of acoustic field results, similar to those of Figures 3.6 through 3.17, are presented for a
different source location. Total acoustic pressures for a monopole point source located 10m
above hard-wall, ζ = ∞ + 0.0i, and soft-wall, ζ = 1.0 - 0.5i, boundaries, for the same three
excitation frequencies of 75Hz, 100Hz, and 125Hz, and in the absence of background flow, are
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presented in Figures 3.18 through 3.23. As was observed for the 1m source location for the
hard-wall cases, the analytical, (a), and FSC, (b), solutions are in excellent agreement. In
Figures 3.18 through 3.20 the incident and reflected waves interact resulting in a significantly
different radiation pattern as compared to Figures 3.6 through 3.8. As would be expected in the
absence of flow, the acoustic field is symmetric about the z = 0.0m plane. As the frequency is
increased, Figures 3.19 and 3.20, a similar phenomenon occurs between the incident and
reflected waves resulting in similar radiation patterns. The solutions for the acoustically soft
boundary are shown in Figures 3.21 through 3.23 and are in excellent agreement with almost
unnoticeable differences. The effect of the acoustic treatment is clearly visible. As mentioned
above, the lined surface absorbs some of the energy from the incident waves, which reduces
the amplitude of the reflected waves and results in a pattern that resembles that of a freely
radiating monopole point source. This is clearly seen by comparing Figure 3.22 to Figure 3.2.
Overall, the agreement between the two solutions for the no-flow case is very good and it is
evident that the source’s proximity to the surface does affect the prediction of the total acoustic
field.
The effects of a uniform background flow on the total pressure field, for the 10m high
monopole point source, are depicted in Figures 3.24 through 3.29, for both acoustically hardand soft-wall boundaries. These plots are similar to those presented for the 1m high source and
are given only to show the effects of moving the source farther from the reflecting surface. As
was seen for the 1m high source, the differences between the two approaches are more
pronounced in the region near the source. However, the agreement between the FSC and
analytical solutions is very good. As observed in Figures 3.12 through 3.17, the presence of
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flow causes a pressure amplification effect and reduction in wavelength for upstream traveling
waves, and a pressure amplitude reduction effect and increase in wavelength for downstream
traveling waves (see Figures 3.27 through 3.29).
To get a better idea of the differences between the analytical and FSC solutions, line
plots of acoustic pressure at a height of x = 0.2m above the surface in the y = 0.0m plane are
presented in Figures 3.30 through 3.41 for both source locations, 1m and 10m, and all three
excitation frequencies, 75Hz, 100Hz, and 125Hz. The line plots include a subset of the data
seen in the previous contour plot figures, but for a constant height above the surface. Figures
3.30 through 3.32 show the hard-wall no-flow case. Note that the agreement between the two
solutions is excellent: the acoustic pressure amplitudes are reduced as the distance between the
monopole point source and the surface is increased. This is to be expected due to the 1/R
nature of monopole source radiation, Eq. (3.6). The pressure amplitude has an oscillatory
shape as well, showing the sources’ harmonic nature. Results for the acoustically soft-wall
boundary without the presence of flow are depicted in Figures 3.33 through 3.35.

The

differences between the two solutions are confined to the vicinity of the source when it is close
to the boundary, a), and are manifested as a slight shift in phase away from the source. The
interactions between the source and the surface decrease as their separation distance is
increased, resulting in better agreement between the numerical and analytical approximations,
b). The difference in phase close to the source, Figures 3.33a through 3.35a, decreases with
increasing frequency. As observed in the corresponding contour plots, Figures 3.9 through
3.11 and Figures 3.21 through 3.23, the absorption of acoustic energy by the soft-wall surface

36

causes a reduction in the intensity of the reflected waves, thus reducing their amplitude in the
near and far fields.
Figures 3.36 through 3.41 show line plot results where a uniform flow, M = 0.3, was
present. As was observed in the contour plots, there is a compression and expansion of the
waves forward and aft of the source, respectively. As the fluid, air, moves around the
stationary source the waves in front of the source are compressed and the pressure amplitude
levels are slightly increased. Behind the source, the pressure amplitude levels are slightly
decreased and the waves are expanded. The discrepancies between the two approaches, more
evident in regions near the source and boundary combination, a), consist mainly of differences
in amplitude for the hard-wall cases, Figures 3.36 through 3.38, and phase plus amplitude for
the finite impedance or soft-wall cases, Figures 3.39 through 3.41. As mentioned above, these
discrepancies are most likely caused by intrinsic differences between the numerical and
analytical approximations. As noticed for the no-flow soft-wall cases, the phase difference
between the analytical and FSC solutions seems to decrease with increasing frequency.
Overall, the line plots in Figures 3.30 through 3.41 show that there is good agreement between
the two solutions when the source is 1m, a), away from the boundary and excellent agreement
when the source is moved to 10m, b).
As the name suggest, the FSC’s defining feature is that it calculates the incident and
scattered fields. As such, Figures 3.6 through 3.41 presented the total, incident + scattered,
acoustic pressure values. It was observed in Figure 3.5 that there was a slight amplitude
difference between the analytical and FSC solutions for the incident field in the presence of
flow. As a last check of the absorbent boundary condition, the scattered component, total -
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incident, was plotted for the hard-, a), and soft-wall, b), boundary. Figure 3.42 shows the
results for the no-flow case and Figure 3.43 presents the results where a uniform flow is
present. There is excellent agreement between the two solutions for the scattered component of
pressure for all cases presented. This shows that some of the discrepancies between the
analytical and FSC solutions result from slightly different incident field solutions.

3.3 Conclusions
The FSC absorbent boundary condition has been tested and validated using an
approximate analytical solution for a number of cases, which include: three frequencies, two
flow conditions, and two uniform impedance boundary values. Overall, it can be concluded
that the FSC and analytical solutions are in very good agreement for the cases tested.
Therefore, the FSC can be used as a reliable tool when wall acoustic treatment is present,
specifically, engine nacelle liner optimization studies.
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Chapter 4

OPTIMIZATION METHODS
4.1 Introduction
The ultimate goal of any optimization study is to maximize or minimize a particular
objective function of interest.99, 100, 101 In the field of Aeroacoustics, optimization is commonly
used to design airfoil/wing profiles,102, 103 overall aircraft geometries,104, 105, 106, 107 and engine
nacelles and liners108, 109, 110, 111, 112, 113, 114, 115, 116 that produce the least amount of noise.
The choice of optimization method depends on the problem at hand, especially, on the
characteristics of the objective function.117 If the objective function is continuous and/or
differentiable then classical (analytical) optimization methods can be used to find the optimum
of the function. Although analytical methods are very efficient and reliable, they have a
limited range of application. This limitation results from the fact that typical problems of
interest have objective functions that are not continuous and/or differentiable. Thus, iterative
numerical methods must be used to find the optimum of the objective function. The basic
procedure behind numerical optimization methods can be described by a five step process.
First, specify an initial starting point, x1, if required. Second, prescribe a suitable direction-set,
Si (i = 1, 2, …, n), that points in the general direction of the minimum. Third, determine an
appropriate step length, λ*i , for movement along the direction-set, Si. Fourth, obtain the new
approximation, xi+1, using an updating scheme such as:
xi +1 = xi + λ*i S i
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(4.1)

Fifth, test whether xi+1 is the optimum function value. How the step length, λ*i , and directionset, Si, are determined is what defines each individual optimization method. The updating
scheme of Eq. (4.1) is used in what is referred to as one-dimensional minimization methods.
The scheme in Eq. (4.1) can easily be applied to multi-dimensional methods:
 xi1+1   xi1 
 Si1 
    * 
   =    + λi   
 xin+1   xin 
 Sin 
   
 

(4.2)

With the existence of a large number of algorithms in use today, various methods must be
considered before selecting the most appropriate one.118 Earlier aeroacoustic optimization
studies on nacelle liners have included the use of simple Newton type methods,119 while other
work has relied on the use of packaged sets of algorithms such as those found in the
MATLAB® Optimization Toolbox.120, 121, 122, 123
For the present study, six different methods were selected for the task of finding the
nacelle liner properties that minimize noise levels at a given observer field. The objective
function chosen for this work is the total acoustic power on an arc around the nacelle. Acoustic
power was selected for two reasons: it provides an indication of the amount of acoustic energy
absorbed by the liner, which in turn gives an estimate of the noise reduction;124 and it is
convenient, because the acoustic power calculation already exists in the FSC. The nacelle
configuration considered here is similar to that of the GE90 engine nacelle, Figure 4.1.
Because it is an axisymmetric nacelle, an 180o arc is sufficient for the acoustic power
calculations, thus reducing the required computational resources. The relative placement of the
arc around the nacelle is shown in Figure 4.2. Typically for engine nacelle liners, wall
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impedance and effective frequency range are the more important parameters. Thus, for the
current work, specific impedance was chosen for optimization. Other nacelle liner properties,
such as cavity depth or diameter (see Figures 1.3 and 1.4), which determine liner impedance,
could have been chosen. However, a simplified problem is obtained by directly considering
the impedance only. For the present work, the impedance values were constrained to be
comparable to conventional single degree-of-freedom liners used on current commercial
aircraft. Removing this constraint may result in optimized impedances that can only be
achieved in practice by liners with multiple degrees-of-freedom (i.e. multiple layers). Thus, by
choosing wall impedance as the parameter to be optimized, a variety of liner designs can be
considered. The impedance values reported here are normalized by ρc, the characteristic
impedance of the medium, and are defined as a two-variable, n = 2, complex equation:

ζ = θ + χi

(4.3)

The variables in this equation are the specific acoustic resistance, θ, and the specific acoustic
reactance, χ. The FSC simulates an acoustically treated surface by using a finite, dimensional
acoustic admittance, A, which is required to satisfy the boundary condition given in Eq. (2.11).
The dimensional acoustic admittance is related to the specific impedance, ζ, through Eq.
(2.12).

For a particular nacelle liner (acoustic treatment), the two components of the

dimensional admittance are updated until the optimum liner properties are obtained. Once the
optimized results are obtained, ζ is obtained from Eq. (2.12) for reporting purposes. The
number of variables in the optimization problem increases as n = 2j, where j is the number of
liners with different uniform admittance values. The optimization studies carried out for this
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work include configurations for n = 2 (one liner), 4 (two liners), and 8 (four liners), which are
discussed in Chapter 5, and depicted in Figure 4.3.
The optimization process begins with the user providing the necessary inputs to the
FSC and choosing an optimization method and relevant parameters (such as problem size,
tolerances, and constraints). If required by the optimization method, an initial value for A is
also provided. The initial value, when required, was set to be the same for all optimization
methods. The admittance for the hard-wall case, A = 0.0 + 0.0i (ζ = ∞ + 0.0i), can be used as
the initial value for the nacelle liner properties. However, it was observed that, for the nacelle
configuration under study, fewer function evaluations and slightly better results were obtained
if a non-zero value was used. After some testing, the initial value of A = 0.0009 + 0.0009i (ζ =
1.3393 - 1.3393i), was chosen. This value is within the range of current engine nacelle liner
technology, and has been used in previous work.68 This dimensional admittance value is sent
to the FSC as input for the initial calculation of the acoustic power. If the acoustic power is
deemed to be the minimum value, i.e. if the nacelle liner property values have converged
according to preset tolerances, then these values are considered optimum and the process exits;
otherwise, the process continues and new wall admittance values are generated and sent to the
FSC to calculate a new acoustic power value. A schematic of the optimization process is
shown in Figure 4.4. Note that both the FSC and the optimization methodology are written in a
modular structure. Thus incorporating any optimization algorithm of choice requires little
effort. The six methods chosen for the current work are briefly described in the following
sections. Note that the source code for each of the algorithms were preexisting and obtained
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from reference papers and textbooks (Powell and BFGS), colleagues (SDFP and GA), and the
internet (SIGMA).

4.2 Contour Method (CtrMd)
A simple method to begin any two-variable optimization study is the CtrMd.119, 125, 126
For this method, the real part of the dimensional admittance is plotted on the x-axis and the
imaginary part of the dimensional admittance is plotted on the y-axis. The contours that are
produced represent regions in the dimensional admittance plane with constant values of
acoustic power. A graphics package for data visualization is required to take full advantage of
this method. The optimized nacelle liner property values can easily be read from the plot by
locating the values where the acoustic power is a minimum. The CtrMd is very dependable if
the region of interest, which contains the minimum, is within the calculated plane of
admittances. Unfortunately, this method has a few drawbacks. This method only works for the
two-variable, n = 2, or single uniform liner configuration.

The CtrMd method is

computationally expensive because numerous function evaluations must be performed in order
to get a high enough resolution of the admittance plane to locate the minimum to the desired
accuracy, and the admittance plane must be large enough to capture the minimum region.
Lastly, the method involves a computationally and labor intensive process in which new
contour plots must be made for each new problem that arises from the different combinations
of liner configuration, frequency, and Mach number. To avoid these drawbacks, any of the
following methods may be used for the two and higher variable or single and multi-liner
configuration problems, Figure 4.3.
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4.3 Powell
Powell’s method is in a class known as direction-set or direct search methods.99, 127, 128
These methods are non-gradient types, meaning that they do not require the calculation of the
derivative (gradient) of the objective function, defined as:

∂ f 
∂ x 
 1
∇f =   
∂ f 
 ∂ xn 

(4.4)

For these types of methods, a series of successive line minimizations is carried out, in which
one direction is minimized while the other directions remain fixed. A feature of the directionset methods is that conjugate directions can be used to obtain quadratic convergence, similar to
the convergence obtained by the gradient based methods. Using a conjugate set of directions
means that the directions chosen for the successive line minimization are linearly independent
and can be discarded after use. This feature prevents duplicate directions, and thus, extra
function evaluations. However, this feature does not always prove advantageous. It depends
on the behavior of the objective function. If the function includes long twisty valleys where a
large number of successive line minimizations are required, this method is not very efficient.
An example of the path towards convergence using conjugate directions, for the two-variable
problem, x1 and x2, is given in Figure 4.5. Point 1 is the initial guess or starting point. The first
line minimization moves along the u1 coordinate direction towards point 2. The second
successive line minimization moves towards point 3 along the u2 coordinate direction. Instead
of using the u1 coordinate direction for the next minimization path, the direction-set, S1, from
points 1 to 3 is obtained based on the two previous line minimizations. The S1 direction-set
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allows the method to move in the direction towards point 4. Note that the points are the
locations were a new minimum value is reached. The old direction-set, along the u1 direction,
is discarded and the new direction-set, S1, is used. The method continues by moving in the u2
direction until it reaches point 5. Now, based on points 4 and 5, a new direction-set, S2, is
obtained. The u2 direction path is discarded and S1 and S2 are the new coordinates. This
process continues until the minimum is obtained within the specified tolerances. The version
of the method used in this work does not take advantage of the quadratic convergence of
conjugate directions. It is a more heuristic scheme that comes up with a few good directions,
based on previous iterations and the largest decrease in the objective function.128 The path
towards convergence for the Powell’s method used here, for the two-variable problem of x1 and

x2, is given in Figure 4.6. The coordinates, direction-sets, or paths towards the minimum are
orthogonal to each other and form a stair stepping approach. This means that for the current
problem of a single uniform nacelle liner, the resistance is minimized while the reactance is
held constant, and vice versa, until the n variable values converge to the optimum within the
specified tolerances. Powell’s method is a great choice when the gradient of the objective
function is not easily calculated. One of the main drawbacks is that it requires an educated
initial guess; otherwise, the method will converge to the closest local minimum.

4.4 Broyden-Fletcher-Goldfarb-Shanno (BFGS)
The BFGS method is often referred to as quasi-Newton or variable metric method and
falls under the larger, more general category known as ascent/descent methods.127,128 This
class of methods is similar to the direction-set methods in that successive line minimizations
are used until convergence to the minimum is achieved to within the specified tolerances.
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However, unlike Powell’s method, the calculation of the gradient of the objective function, Eq.
(4.4), is used to update the direction-set. The direction of steepest descent is obtained by taking
the negative of the gradient vector; otherwise the resulting direction would be the steepest
ascent. The direction of steepest descent generally varies from point to point and typically
forms a curved line path towards the minimum, as seen in Figure 4.7. The gradient is
computed numerically by a finite difference approximation.

The finite difference

approximations for the first order derivative are:
Forward-Difference:

f (x + h ) − f ( x )
h

(4.5)

Backward-Difference:

f (x ) − f ( x − h )
h

(4.6)

Central-Difference:

f (x + h ) − f (x − h )
2h

(4.7)

where h is the spatial step size. By using the gradient to obtain direction-sets, the value of the
objective function can be decreased at an increasing rate towards the minimum. Thus, a
method using the gradient vector can be expected to reach the minimum faster than one which
does not use the gradient vector. The BFGS method is similar to the method of DavidonFletcher-Powell (DFP)99,127,128,129 and only differs in the details of the equation used for
updating the new direction-set. The BFGS method combines the features of Newton’s method,
rapid convergence when near the minimum, and steepest descent, good performance if far from
the minimum. The BFGS method, as used in the present study, has two main drawbacks. The
first arises from the requirement of an initial guess (dimensional admittance) for the starting
location. Like Powell’s method, the BFGS will only locate local minima. Thus, if there is
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more than one local minimum the method will converge to the minimum closest to the initial
guess, which may not be the global minimum.

The second drawback pertains to the

computation of the gradient of the objective function. The calculation of the gradient by a
finite difference approximation (forward-difference, Eq. (4.5), in the current implementation)
introduces numerical errors and additional function evaluations. However, these additional
function evaluations may be offset by the method’s fast convergence, depending on the
behavior of the objective function.

4.5 Stewart-Davidon-Fletcher-Powell (SDFP)
The SDFP method also falls in the descent methods category.126, 130, 131 It is similar to
the DFP and BFGS methods, and similarly differs only in the details of how the new directionset is updated. The SDFP method also combines the features of Newton’s method and the
steepest decent. This method, as used in this work, has the same drawbacks as the BFGS
method. One of the differences between the two lies in the approximations used to calculate
the gradient. The SDFP method uses both forward-, Eq. (4.5), and central-difference, Eq. (4.7),
approximations to calculate the gradient, depending on the desired accuracy of the gradient.
The accuracy is specified by the user, but the choice of the finite difference approximation is
automatically determined by the method to achieve a given accuracy.

4.6 Stochastic-Integration Global Minimization Algorithm (SIGMA)
Unlike Powell’s, BFGS, and SDFP methods, the SIGMA method is a global minimum
search method. It is similar to the descent methods, but varies slightly on how the direction-set
is updated.132,

133

This method was inspired by statistical mechanics and is a stochastic

perturbation of a steepest descent method. The term that is added to the steepest descent
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method’s differential equation is a stochastic “white noise” term, which is used to prevent the
steepest descent direction-set from being captured by a local minimum. As the method
progresses the “white noise” term tends toward zero, resulting in Eq. (4.1). This method
includes the calculation of the gradient, but differs from the previous two methods in that it
uses Euler’s method to approximate the new updated variables or liner properties:

xi +1 = xi − hi ∇f ( xi ) + C

(4.8)

where hi is the time-integration step length, ∇f is the gradient as defined by Eq. (4.4), and C is
the additional “white noise” term. Note that the ∇f term in Eq. (4.8) is approximated by either
the forward-, Eq. (4.5), or central-difference, Eq. (4.7), depending on prescribed tolerance
values. During the process, the spatial and time step lengths are automatically incremented to
yield random finite-difference gradient values used to calculate direction-sets that evolve
simultaneously, but independently from the “white noise” terms, which are held constant.
During this process the worst direction-sets are discarded.

This allows the method to

continuously look for the best direction-sets towards the minimum, while avoiding local
minima. The process continues until convergence has been achieved to the desired tolerances.

4.7 Genetic Algorithm (GA)
The GA is another method that utilizes a search for the global minimum.125, 126, 134 It is
based on Darwin’s theory of evolution, where the solution for the minimum point is obtained
through an evolutionary process. The GA starts with a random set of initial values, which for
the current work are the components of dimensional admittance. This set is called the initial
population, which is used to create a new population. This new set of values is created based
on the expectation that they will be better (i.e. have a smaller acoustic power value), than the
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previous population.

The nacelle liner properties used to form the new population, or

offspring, are selected according to their fitness, which is the corresponding objective function
value. The better their fitness, that is, the smaller the object function value, the more likely
they are to reproduce.

This reproductive process continues for a prescribed number of

generations or until the condition of finding the minimum objective function is satisfied.
Unlike the BFGS, SDFP, and SIGMA methods, the GA does not require the calculation of the
gradient of the objective function or the specification of an initial guess. The main drawback
of the GA is that it requires more function evaluations when compared to Powell’s, BFGS, and
SDFP methods. The number of function evaluations can be set to be lower than the other
methods, but this may cause a reduction in accuracy.

The need for additional function

evaluations can be offset by the fact that the GA can be run in parallel. However, for the
present work, the runs were executed sequentially on one processor.
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Chapter 5

RESULTS & DISCUSSION
The optimization methodology developed in Chapter 4 will be applied to two
configurations: a full scale commercial transport nacelle, similar to the GE90 used in the
Boeing 777 aircraft, and a duct of rectangular cross-section. The optimized liner results will be
compared to the baseline case (hard-wall) to assess the validity of the methodology.

5.1 Commercial Transport Nacelle
Figure 5.1 shows the nacelle and general placement of the equivalent sources. For the
present case, the axisymmetric nacelle option, within the FSC, was used. For this option, it is
assumed that the nacelle ca be represented as a body of revolution. As such, only one airfoil is
necessary to define its shape, and only this airfoil is discretized into collocation points and
equivalent sources. The resulting quasi-3D problem is much smaller than the corresponding
full 3-D one; thus, only a fraction of the computational resources are required to obtain a
converged solution. To make this engine nacelle liner problem as realistic as possible, an
incident sound field with cut-on modal content corresponding to an excitation frequency of two
times the blade passage frequency (2xBPF) and circumferential mode number m = -10 was
used. The incident field was generated using m spinning monopoles placed at the tips of the
fan rotor. The mode number was chosen based on rotor-stator interaction theory135 and
previous FSC work.70 The following equation was used to calculate the circumferential mode
order:
for k = …, -1, 0, 1, …

m = µB + kV
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(5.1)

where µ is the particular harmonic of interest, B is the number of rotor blades and V is the
number of stator vanes. For positive m, the mode is spinning in the same direction as the rotor
blades. If m is negative, the mode is spinning opposite to the rotor blades. The following cutoff criterion was used to obtain the value of m = -10 and also to check the feasibility of having
other modes cut-on: the (m,µ) mode is cut-off if m ≥ µB or V ≥ 2 µB .135, 136 Note that B and

V were set to 22 and 54, respectively, for the engine nacelle used for this work. Nacelle results
are presented for liners placed at the inlet only, exit only, and both inlet and exit.

5.1.1 Inlet Liner
Figure 5.2 shows the results obtained using the CtrMd (Contour Method) method for
the single uniform nacelle liner, n = 2, configuration, Figure 4.3a.

The contour plots

correspond to specific impedance with and without a uniform background flow of M = 0.2.
The x-axis is the specific resistance, θ, and the y-axis is the specific reactance, χ. The nacelle
surface properties are specified in the FSC as dimensional admittance, A, Eq. (2.11). The
values were converted to specific impedance, Eq. (2.12), to present the results. The limits of
the specific impedance plane were set to be the same for all contour plots and are based on
specific impedance values comparable to those of typical single degree-of-freedom liners in
use today.
The dark blue areas in Figure 5.2 designate the minimum acoustic power locations.
Thus, the optimal nacelle liner properties are obtained by locating the point on the contour plot
with the minimal power value. The black and red areas, or hot spots, are locations where the
combination of liner properties and equivalent source surface parameters has caused the
surface boundary condition not to be satisfied. This results from using the equivalent source
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method, which requires numerical experimentation to determine the ideal placement of the
equivalent sources.

In the optimization methodology presented here, the location of the

equivalent sources is fixed.

However, the hot spots appear to have little effect on the

optimization methodology’s ability to locate the optimal impedance values.
The optimum impedance values obtained from the contour plots are given in Tables 5.1
and 5.2 for M = 0.0 and 0.2, respectively. Results from the other numerical methods for n = 2
(see Figure 4.3a) are also found in the tables. Note that the values obtained with the CtrMd
method are closest to the results obtained using Powell’s method. The final results are not
always the deciding factor for choosing one method over another. The computational expense,
time, and user effort invested in obtaining the optimized values must be considered. The
results in Table 5.1 show that the SIGMA method and the GA find the minimum acoustic
power, but take a significantly larger number of function evaluations to do so, as compared to
the other methods. So it is best to use the SIGMA method and the GA only when the objective
function can be calculated relatively quickly in order to avoid lengthy optimization studies.
The other two methods that include gradient-based search methods, BFGS and SDFP,
converged quickly, but to minimum values that were not as satisfactory as those of Powell’s
method.
Note from Table 5.2 that the presence of flow causes a slight reduction in the total
radiated power for the hard-wall nacelle. The optimized values indicate that flow tends to
increase liner performance, thus resulting in lower acoustic power over the arc, Figure 4.2, as
compared to the values in Table 5.1. Note that when flow is introduced inside ducts there is
potential for additional modes to be cut-on, and already cut-on modes to be enhanced. For the

52

already cut-on modes, the propagation angle (measured from a plane perpendicular to the main
direction of propagation) increases as the mode becomes more cut-on. Thus, the sound
propagates in a direction more too parallel to the duct axis. As a result, the propagating modes
are in less contact with the soft-wall, which causes the soft-wall to become less effective. The
decrease in contact with the soft-wall limits the liner’s ability to absorb energy from the
propagating modes.

The effectiveness of a nacelle liner is not solely based on this

phenomenon. Nacelle liner performance depends also on the liner configuration being used
and on the direction of the flow relative to the direction of noise propagation. For example, the
inlet liner for this configuration is located forward of the acoustic source (fan) and as the sound
propagates towards the nacelle inlet, opposite to the direction of the uniform background flow,
the wavelength is reduced. So, even with the increased propagation angle, the energy from
these waves is more easily absorbed by the liner, as compared to the liner for the no-flow case.
The trends seen in Table 5.2 for the optimization methods are similar to those noted in Table
5.1. The gradient-based methods tend to converge more rapidly, thus requiring fewer function
evaluations, but do not result in the minimum acoustic power. The SIGMA method takes
fewer evaluations for this case and compares better to the CtrMd method. The GA results are
satisfactory, but overall, Powell’s method appears to produce better results which are closest to
those from the CtrMd method.
Although the CtrMd method is reliable, it is limited to two-variable problems, n = 2,
and is relatively time intensive. To investigate multi-liner configurations, the other iterative
methods must be used. Results for different liner configurations and Mach numbers are given
in Tables 5.3 and 5.4. Table 5.3 contains results for M = 0.0 and a nacelle with an equally
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segmented inlet liner comprised of two different uniform liners (see Figure 4.3b). The treated
regions are in the same location as those for the n = 2 problem; however, n = 4 implies that the
properties of the inlet liner closest to the nacelle leading edge (Liner A) and inlet liner closest
to the fan location (Liner B), are different. It is clear from Table 5.3 that having two different
uniform liners causes a slight decrease in the amount of noise that is attenuated, 1.8dB,
compared to the 1.7dB reduction in acoustic power through the arc for n = 2 (Table 5.1). Note
that these dB values were calculated by taking the average of the Powell, SIGMA, and GA
results and then taking the difference between the average value and the baseline. The BFGS
and SDFP methods were excluded due to their poor performance. The reason for taking an
average was to account for the results of each method, since ideally each method should have
converged to the same values. By equally segmenting the n = 2 inlet liner configuration to
form the two new uniform liners, n = 4, an additional impedance discontinuity was formed
between Liner A and B. This discontinuity causes additional modes to be cut-on, which will
have different propagation angles. The slight decrease in noise attenuation from the segmented
liner may be attributed to the additional energy carrying modes that are not completely
absorbed by the two liners. Overall, the SIGMA method and the GA provide the best results,
but both took significantly more function evaluations than Powell’s method, which produced
satisfactory results.
Results for n = 4, M = 0.2 are presented in Table 5.4. Note that the addition of flow
causes a slight decrease in the acoustic power obtained for the baseline configuration and the
optimized acoustic power through the arc. The improved effectiveness of the liner may be
attributed to flow effects on wavelength, as mentioned above. Powell’s method yields the
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lowest acoustic power, with considerably different liner properties as compared to the results
from the other methods. However, there is less than 1dB spread between all of the methods.
This shows that the minimum acoustic power can be achieved within a range of nacelle liner
properties, as shown in Figure 5.2. Thus, depending on manufacturing constraints, the actual
impedance of the resulting nacelle liner can vary slightly from the optimal value while still
maintaining the ability to attenuate noise and minimize acoustic power.
Sound pressure level (SPL) contour plots were made to illustrate the characteristics of
the acoustic field as affected by the optimized liner properties summarized in the tables above.
All of the results presented here were generated using the nacelle liner property values obtained
with Powell’s method, which proved to be superior based on the number of function
evaluations and minimum acoustic power value. The acoustic fields obtained for the baseline
(hard-wall) nacelle and nacelle liner configurations n = 2 and 4, for M = 0.0, are shown in
Figure 5.3.

Approximately eight radial modes appear to be cut-on at the inlet for this

configuration, indicating the existence of eight propagating axial modes. Note that the last few
modes are only slightly cut-on at the periphery of the nacelle. A similar pattern is observed at
the exit plane.

Notice that the strongest radiation occurs close to the nacelle axis, and

corresponds to the first radial mode. Figure 5.3b shows the benefit of introducing the constant
value optimized uniform nacelle liner at the inlet region of the nacelle. The forward radiated
noise is noticeably reduced, preventing some of the higher order modes from propagating
outside the duct. However, since only the nacelle inlet is lined, the noise propagating out of the
nacelle exit is similar to that of the hard-wall configuration, (Figure 5.3a).
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The acoustic field for the n = 4 uniform liner configuration in the absence of flow is
shown in Figure 5.3c. The trends observed in the corresponding table, Table 5.3, indicate that
the noise levels should be slightly higher than those for the n = 2 case, when compared to the
hard-wall case of Figure 5.3a. Figure 5.3c clearly shows that additional higher order modes are
cut-on for the segmented inlet liner and the more prominent first radial mode has been reduced.
The same trend observed for the n = 2 configuration is seen for the n = 4 configuration where
only the inlet is lined. The plots of Figure 5.3 clearly show that the presence of the inlet liners
affects the forward radiated noise.
Figure 5.4 shows the effects of uniform background flow, M = 0.2, on baseline and
optimized nacelle liner behavior for the n = 2 and 4 configurations. By comparing Figure 5.4
to Figure 5.3, the presence of background flow is seen to cause changes to the radiation
patterns emanating from the nacelle: for the hard-wall case (Figure 5.4a), forward radiated
noise appears to have increased, while aft radiated noise appears to have decreased. A similar
behavior is noted for the n = 2 nacelle liner (Figure 5.4b), where some of the higher order
modes have been cut-off. The segmented n = 4 nacelle liner (Figure 5.4c) shows the same
trend as observed for the M = 0.0 case (increase in inlet modal content). Similar to the M = 0.0
case results of Figure 5.3, the presence of only the inlet liner has little effect on the noise
propagating out the exit of the nacelle as compared to the baseline configuration.

5.1.2 Exit Liner
Figure 5.5 shows the results obtained using the CtrMd method for the single uniform
nacelle liner, n = 2, configuration, Figure 4.3c. It is similar to the contour plots presented in the
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previous section and includes results for M = 0.0 and 0.2. Note the shift in impedance values
as compared to Figure 5.2.
The optimum impedance values obtained from the contour plots are given in Tables 5.5
and 5.6 for M = 0.0 and 0.2, respectively. Results for the other numerical methods, for n = 2
(see Figure 4.3c), are also found in the tables. Overall, the values in Table 5.5 are less than
those for the inlet liner configuration, Table 5.1. This is to be expected, since the exit liner
covers more internal surface area than the inlet liner: there is more liner to absorb the energy
from the cut-on modes. The values obtained with the CtrMd method are closest to the results
obtained using Powell’s and SIGMA methods and the GA. The results in Table 5.5 show that
the SIGMA method finds the minimum acoustic power, but takes a significantly larger number
of function evaluations to do so, as compared to the other iterative methods. Thus, it is best to
use the SIGMA method only when the objective function can be calculated relatively quickly.
The other two gradient-based search methods, BFGS and SDFP, converged quickly and to
similar values, but to minimum values that were not as satisfactory as the other methods.
Overall, the results obtained with Powell’s method were in excellent agreement with those of
the CtrMd method and required less function evaluations as compared to the SIGMA method
and the GA.
Table 5.6 shows that the presence of flow causes a slight reduction in the total radiated
power for the hard-wall nacelle. The optimized values indicate that flow tends to decrease
liner performance, thus resulting in higher acoustic power over the arc, Figure 4.2, as compared
to the results in Table 5.5. The trends seen in Table 5.6 are similar to those noted in Table 5.5.
The gradient-based methods tend to converge more rapidly, thus requiring fewer function
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evaluations, but do not result in the minimum acoustic power. The SIGMA method takes
fewer evaluations for this case, but produces a significantly less attenuated power than that in
Table 5.5. However, the SIGMA method compares favorably to the CtrMd method. The GA
results are satisfactory, but at the cost of a significant number of function evaluations. Overall,
Powell’s method appears to produce results which are closest to those from the CtrMd method.
The results for the n = 4 exit liner configuration and two Mach numbers are given in
Tables 5.7 and 5.8. Table 5.7 contains results for M = 0.0 and a nacelle with two different
uniform liners (see Figure 4.3d). The treated regions are in the same location as those for the n
= 2 problem; however, n = 4 implies that the properties of the exit liner closest to the location
of the fan blades (Liner A) and the exit liner closest to the nacelle’s trailing edge (Liner B), are
different. Note from Table 5.7 that having two different uniform liners causes near negligible
improvement in the amount of noise that is attenuated, 3dB, compared to the 2.8dB reduction
in acoustic power through the arc for n = 2 (Table 5.5). Note, that these dB attenuation values
were calculated in the same fashion as for the inlet only results (difference in the baseline value
and the average value from Powell, SIGMA, and GA). Powell’s method and the SIGMA
method provide the best results, but the SIGMA method took over a hundred times more
function evaluations than Powell’s method.
Results for n = 4 exit liner configuration, M = 0.2 are presented in Table 5.8. Note that
the addition of flow causes a slight decrease in the acoustic power obtained for the baseline
configuration, but an increase in the optimized acoustic power values through the arc. This
indicates that the nacelle exit liners are less effective when flow is present, as noted for the n =
2 case. The decrease in effectiveness of the exit liner is attributed to the flow causing a shift in
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the propagation angle of the cut-on modes away from the nacelle surface, thus reducing the
potential for the nacelle exit liner to absorb energy from the cut-on modes. Since the liner is
positioned downstream of the acoustic source, noise is propagating over the exit liner in the
same direction as the flow. Downstream of the source, the presence of flow increases the
wavelength of the sound and alters its amplitude. This phenomenon may also contribute to the
reduction in liner effectiveness, as compared to the inlet case. Powell’s method yields the
smallest acoustic power, which is 1dB less than the next best results from the SIGMA method.
The other methods produce results that are similar to the SIGMA method, showing that the
minimum acoustic power can be achieved within a range of nacelle liner properties, as shown
in Figure 5.5.
As in the previous section, SPL contour plots were made to illustrate the characteristics
of the acoustic field as affected by the optimized liner properties summarized in the tables.
Again, the results presented here were generated using the nacelle liner property values
obtained from Powell’s method, which proved to be the best based on the minimum acoustic
power value and the number of function evaluations. The acoustic fields obtained for two
nacelle exit liner configurations, n = 2 and 4, for M = 0.0, are shown in Figure 5.6. Figure 5.6a
shows the benefit of introducing the single, n = 2, optimized uniform nacelle liner in the exit
region of the nacelle. Aft radiated noise is noticeably reduced, as compared to the baseline
configuration (see Figure 5.3a), preventing some of the higher order modes from propagating
outside the duct. The forward radiating noise is similar to that of the baseline (Hard-wall)
configuration, which is to be expected since there is no inlet liner for this configuration (see
Figure 4.3c). The acoustic field for the n = 4 uniformly segmented exit liner configuration in
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the absence of flow is shown in Figure 5.6b. The trends observed in the corresponding table,
Table 5.7, indicate that the noise levels should be reduced even more than those for the n = 2
case, when compared to the hard-wall case of Figure 5.3a. The plots of Figure 5.6 clearly
show that the presence of liners reduces radiated noise, but the amount of attenuation is
unclear. There are also more modes cut-on for the n = 4 configuration as compared to the n = 2
configuration. The first radial mode has shifted its propagation angle to almost parallel to the
nacelle center axis, which makes it more of a problem for the liner.
Figure 5.7 shows the effects of uniform flow, M = 0.2, on the optimized nacelle liner
behavior for the n = 2 and 4 configurations. As observed in the previous section for the
baseline configuration, and by comparing Figure 5.7 to Figure 5.6, the presence of a uniform
background flow causes changes to the radiation patterns emanating from the nacelle: for the n
= 2 liner (Figure 5.7a) and n = 4 liner (Figure 5.7b) configurations the forward radiated noise
appears to have increased, while aft radiated noise appears to have decreased.

5.1.3 Inlet and Exit Liners
Figure 5.8 shows the results obtained using the CtrMd method for the single uniform
nacelle liner, n = 2, (Figure 4.3e) applied to both inlet and exit regions. The acoustic power
contour plots are given for M = 0.0 and 0.2 and show the minimum acoustic power locations
(dark blue regions). The optimum impedance values obtained from the contour plots are given
in Tables 5.9 and 5.10 for M = 0.0 and 0.2, respectively. Results for the other numerical
methods, for n = 2 are also found in the tables. The values obtained with the CtrMd method
are closest to the results obtained using Powell’s method. The results in Table 5.9 show that
the SIGMA method finds the minimum acoustic power, but as previously observed, takes a
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significantly larger number of function evaluations to do so, as compared to the other methods.
The BFGS and SDFP methods converged quickly, but to minimum values that were not as
satisfactory as those of Powell’s method. The acoustic power obtained with the GA was
similar to those of the CtrMd and Powell’s methods, but the number of function evaluations
was much larger than that of Powell’s method. The larger number of function evaluations
required by the GA is a function of the desired number of offspring (see Section 4.7). The
number of offspring is set by the user and can be reduced, but possibly at the cost of accuracy.
Table 5.10 contains the results for the case with M = 0.2 flow. As observed for the exit
liner alone configuration, the optimized values indicate that flow tends to decrease liner
performance, thus resulting in higher acoustic power over the arc as compared to the values in
Table 5.9. The decrease stems from the previously mentioned phenomena (flow inducing
changes in modal behavior). The trends seen in Table 5.10 are similar to those noted in Table
5.9. The gradient-based methods tend to converge more rapidly, thus requiring fewer function
evaluations, but do not result in the minimum acoustic power. The SIGMA method takes
fewer evaluations for this case, but produces a significantly less attenuated power than that in
Table 5.9. The GA results are satisfactory, but overall Powell’s method appears to produce
better results which are closest to those from the CtrMd method.
The results for different liner configurations, frequencies, and Mach numbers are given
in Tables 5.11 through 5.16. Table 5.11 contains results for M = 0.0 and a nacelle with two
different uniform liners (see Figure 4.3f). The treated regions are in the same location as those
for the n = 2 problem; however, n = 4 implies that the properties of the inlet liner (Liner A) and
exit liner (Liner B), are different. Note from Table 5.11 that having two different uniform
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liners causes a slight improvement in the amount of noise that is attenuated, 5dB, compared to
the 4.65dB reduction in acoustic power through the arc for n = 2 (Table 5.9). Note that these
dB values were calculated by taking the difference between the baseline value and the value
obtained with Powell’s method. The reason for only using Powell’s method for this case was
because, up to this point, Powell’s method has proved to be the better of the methods and
stands to provide the best comparison to the baseline results. Powell’s method and the SIGMA
method provide the best results, but the SIGMA method took many more function evaluations
than Powell’s method.
The results for the n = 4 inlet and exit liner configuration in the presence of a uniform
background flow, M = 0.2, are presented in Table 5.12. As observed for the exit alone liner
configuration, the addition of flow causes a slight decrease in the acoustic power obtained for
the baseline configuration, but an increase in the optimized acoustic power values through the
arc. As mentioned above, the decrease in liner effectiveness is attributed to the flow causing a
shift in the propagation angle of the cut-on modes away from the nacelle surface, which
reduces the ability of the nacelle liner to absorb energy from the cut-on modes. Both Powell’s
and SIGMA methods yield the same acoustic power, with slightly different liner properties.
This shows that the minimum acoustic power can be achieved within a range of nacelle liner
properties, as shown in Figure 5.8. Thus, depending on the constraints for manufacturing the
engine nacelle liner, the actual impedance of the resulting nacelle liner can vary slightly from
the optimal value, while still maintaining the ability to attenuate noise and minimize acoustic
power.
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Table 5.13 contains optimization results for M = 0.0 and a nacelle liner composed of
four regions with different uniform impedances, n = 8 (see Figure 4.3g). The lined regions
were obtained by equally segmenting the n = 4 configuration. Since Powell’s method proved
to be superior for the previous liner configurations and current application, it was used to
obtain the rest of the optimization results. Table 5.13 shows that a slight benefit (0.1dB) was
obtained by using segmented liners to reduce the acoustic power through the arc as compared
to the two uniform liner configuration of Table 5.11. Note that care must be taken when
considering a difference 0.1dB. This is a very small number and numerical inaccuracies
(truncation or round off errors) could lead to similar differences.
Table 5.14 presents results for n = 8, M = 0.2. The same trends observed in the
previous tables are seen here: by using a four-liner instead of a two-liner configuration, the
acoustic power through the arc can be reduced an additional 0.1dB, as compared to Table 5.12.
The extra gain in reduction is not likely worth the cost of manufacturing the additional two
liners for this case, but in other cases where a significant decrease in acoustic power may be
obtained, multiple or segmented nacelle liners should be considered.
Tables 5.15 and 5.16 contain results for 3xBPF and a propagating circumferential mode
number m = 12. Table 5.15 shows optimized values for n = 4, M = 0.0. Note that acoustic
power for the baseline configuration decreased by 2dB, when compared to the baseline case
given in Table 5.11. By using Powell’s method, it is shown that a reduction of almost 3.75dB
can be achieved with two uniform liners with the properties listed in Table 5.15.
Optimization results for n = 4, M = 0.2 are presented in Table 5.16. Baseline acoustic
power is smaller than the corresponding baseline configuration without flow, Table 5.15, as
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observed in previous tables. However, for the present case, and as seen for the inlet liner alone
configuration, liner performance appears to have improved with flow: there is an additional
1dB reduction in the acoustic power as compared to that in Table 5.15.
SPL contour plots were made to illustrate the characteristics of the acoustic field as
affected by the optimized liner properties summarized in the tables. As before, the results were
generated using the nacelle liner property values obtained from Powell’s method. The acoustic
fields obtained for the three different uniform nacelle liner configurations, n = 2, 4, and 8, for
M = 0.0, are shown in Figure 5.9. The noise reduction benefit that results from introducing the
constant value optimized uniform nacelle liner at the inlet and exit regions of the nacelle is
apparent from Figure 5.9a. As compared to Figure 5.3a, the noise radiated out of the nacelle is
noticeably reduced. The trends observed for the n = 4 and 8 in Tables 5.11 and 5.13, indicate
that the noise levels should be reduced even more than those for the n = 2 case, when compared
to the hard-wall case of Figure 5.3a. The plots of Figure 5.9 clearly show that the presence of
liners reduces radiated noise, but the amount of attenuation is unclear. The results in Figure
5.9c (n = 8) seem to show that the noise levels increased slightly, contradicting the results in
the tables. The arc around the nacelle serves to measure the total radiated acoustic power.
Variations in radiation/directivity patterns caused by the different liner configurations cannot
be discerned from one, “catch-all” number, especially when the differences in acoustic power
among the n = 2, 4, and 8 liner configurations are small, less than 0.5dB in this case. Thus,
slight noise increments in one region may be compensated by decrements somewhere else,
their effect not being discernible upon visual inspection of the figures.
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Figure 5.10 shows the effects of uniform background flow, M = 0.2, on optimized
uniform nacelle liner behavior for the n = 2, 4, and 8 configurations. The same flow trends
observed previously can be noted here by comparing Figures 5.10 to 5.9: aft radiated noise is
noticeably reduced, especially for the n = 8 case (Figure 5.10c), while forward radiated noise is
somewhat increased.
The study of the more conventional placement of a liner at both the inlet and exit
regions of the engine nacelle was extended to include a higher frequency, 3xBPF, with the
propagating circumferential mode m = 12 (see Tables 5.15 and 5.16). The results presented
include only those for the hard-wall and the equally segmented uniform nacelle liner n = 4
configurations. Note from Figure 5.11 that, as expected, the modal content is very different
than that for the 2xBPF case: for the baseline nacelle, several additional radial modes are cuton, and the total radiated noise is reduced. The addition of an optimized segmented liner to the
nacelle inner wall (Figure 5.11b) noticeably reduces propagation of the higher order radial
modes, enhancing radiation of the first radial mode.
The effects of a uniform background flow (M = 0.2) on nacelle radiation are depicted in
Figure 5.12a for the baseline, and Figure 5.12b for the n = 4 nacelle liner, 3xBPF. Note from
Figure 5.12a that flow tends to increase the propagation angle and strength of the axial modes
radiating from the nacelle outlet. Radiation forward of the inlet appears to have been slightly
reduced. While first radial mode propagation out the nacelle openings still dominates the
acoustic behavior of the n = 4 lined nacelle, the presence of flow causes a slight reduction in
noise levels, as seen in Figure 5.12b.
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5.2 Duct Acoustics and Mode Generation
In order to get a better understanding of duct mode generation and propagation in
aircraft engines, this section briefly discusses a few aspects of duct acoustics and the formation
of modes through an example, that of a duct of rectangular cross-section.
As mentioned in Chapter 1, the high-bypass ratio turbofan engine (see Figure 1.1) has
become the powerplant of choice for mid- to long-range commercial aircraft. The bar chart in
Figure 1.2 shows that fan noise can be the dominant source of noise during takeoff and landing.
The physical processes that lead to the formation of fan noise are given in Figure 5.13. As can
be seen, the noise generated by the fan stems from the presence of unsteady aerodynamic flow
around the rotating and stationary blades.137, 138 The sound generated by the unsteady flow
couples to the duct to form acoustic duct modes.

The existence of modes depends on

parameters such as flow conditions, number of blades and vanes, frequency of the blade
rotation, and duct geometry. There are several techniques available to determine if modes are
cut-on (Eq. 5.1 for rotor-stator interaction). The following is a discussion on techniques that
can be used for simple circular and rectangular shaped ducts.
One method is based on the calculation of the axial wave number, which is a function
of the freestream Mach number, frequency, modal content, and duct geometry. For the
rectangular duct (see Appendix 10.1), the axial wave number is defined as

ka =

± Mk ∓ k 2 − β 2 (α 2 + µ 2 )

β2

(5.2)

Note that the sign is chosen based on the direction of sound propagation within the duct.
Knowing the axial wave number, one can calculate which modes exist and if they will
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propagate through the duct. If the calculated axial wave number for a corresponding mode
number (m,n) is purely real, then the waves will propagate. The propagating waves transport
acoustic energy. When the frequency is reduced and the axial wave number becomes purely
imaginary, the acoustic wave decays exponentially: the wave corresponding to that particular
(m,n) mode is said to be evanescent. This means that the duct mode (m,n) will not propagate
and acoustic energy will not be radiated.
A similar technique is based on the calculation of the so-called cut-off ratio. The cutoff ratio, βm,n, is a function of the wave number, Mach number, and duct geometry and is given
by the following equation

β m ,n =

γk
k a ,mn

(5.3)

where ka,mn is the axial wave number for an (m,n) mode and γ is the Lorentz factor:
1

γ =

1− M 2

(5.4)

Under uniform flow conditions, if βm,n > 1, the frequency is sufficiently high, and the (m,n)
mode corresponds to a real axial wave number: mode is said to be cut-on. For the situation βm,n
≤ 1, the (m,n) mode is said to be cut-off.

This method is widely used and has been

implemented into a graphical approach.139

The cut-off modes decay exponentially,

propagating only a short distance. If the duct is long enough, these modes do not propagate out
of the duct openings. Note that for a hard-wall duct, only the propagating modes carry energy.
Another interesting feature of the cut-off ratio is that information about the propagation
angle can be determined.

As the cut-off ratios converge towards βm,n = 1, the modal
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propagation angle becomes nearly perpendicular to the duct axis, which is a favorable
condition for absorption of sound by duct acoustic treatment. As the cut-off ratios increase in
the positive direction away from βm,n = 1 the modal propagation angle becomes nearly axial,
thus minimizing absorption by wall treatments. One method for calculating the propagation
angle for a cylindrical duct is given in Ref. 140.
For ducts with acoustic treatment on their walls (soft-wall), the determination of cut-on
or cut-off modes is slightly less straightforward.141 The problem becomes one of solving a
transcendental eigenvalue equation to determine the eigenvalues or modes that propagate.97
Various techniques have been developed over the years to solve the transcendental equation for
the eigenvalues.5, 76,

142

For the current work, a technique based on a zero finding method143

was developed (Appendix 10.1). The propagating soft-wall acoustic modes decay at varying
rates. Due to this behavior, the modes are defined based on the amount by which they are
attenuated by the acoustic treatment. The least attenuated modes propagate further down the
duct, while the most attenuated modes decay the fastest and propagate the least distance. The
physical reason for the decay is absorption of acoustic energy from the propagating modes by
the acoustic treatment.
A study of the acoustic behavior inside cylindrical and/or rectangular ducts is a good
starting point before considering the more complex aircraft engine, which includes
turbomachinery components.17,

84, 144, 145

Because of their ease of manufacturing, rectangular

ducts have been extensively used to study acoustic treatment materials in order to develop
improved liner designs.67,

146

The following two sections describe applications of the

optimization methodology to a duct of rectangular cross-section.
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5.3 Liner Impedance Optimization for a Rectangular Duct
Figure 5.14 shows a schematic of the rectangular duct used for the current work, with
the relative placement of the acoustic treatment. The dimensions of the rectangular duct and
noise source are based on previous work.67, 147 The rectangular duct section of interest has
dimensions of Height, Width, and Length equal to 0.381m, 0.1524m, and 3m, respectively, and
conform to those of the test section of the NASA LaRC CDTR.147 The test section has acoustic
treatment on both side walls (see Figure 5.14), while the top and bottom walls are hard-walled.
The amplitude of the upstream (positive z-direction) acoustic source is 130dB with an
excitation frequency of 1500Hz. This study only includes the M = 0.0 case. A dominant (0,0)
mode (plane-wave) is propagated down the duct towards the test section. The dominant (0,0)
mode is obtained by suppressing the other modes that are cut-on at the target frequency
through the judicious placement of two monopole point sources.67 Figure 5.15 shows the
acoustic pressure field in the hard-wall rectangular duct for both an analytical pure (0,0) mode
(Figure 5.15a) and a dominant (0,0) mode obtained with the FSC (Figure 5.15b). Comparing
Figure 5.15a to Figure 5.15b clearly shows that both patterns correspond to the propagation of
a plane wave.
The developed optimization methodology was used for the rectangular duct problem134
to assess its applicability to other nacelle type problems. The objective function used is similar
to that of Ref. 148, where the summation of the acoustic intensity over two planes (see Figure
5.16) is computed and the resulting acoustic power is used to calculate the power attenuation
between the two planes:
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where z is fixed at the in and out locations (see Figure 5.14), W and H are the width and height
of the duct, p is the acoustic pressure, and u* is the complex conjugate of the acoustic velocity.
The Extended Trapezoidal rule was used to perform the numerical integration in Eq. (5.5):
b

1

∫ f (x ) dx = h 2 f

0

+ f1 + f 2 +  + f n −2 + f n−1 +

a

1 
fn 
2 

(5.6)

where h is the uniform step size, n is the number of steps, and f is the function being integrated
(acoustic intensity for Eq. 5.5). Similar to the GE-90-type nacelle work, the acoustic treatment
property that was optimized is the admittance. For this problem, only the two-variable single
uniform acoustic treatment was investigated. The impedance was varied until Eq. (5.5) was
maximized (based on preset tolerances), thus resulting in the optimal acoustic treatment that
yields the greatest noise attenuation.
To test the methodology, the initial idea was to use the revised optimal specific
impedance equation of Cremer64 by Tester65 for an infinitely long rectangular duct with
acoustic treatment on two sides:

ζ opt = (0.929 − 0.744i )

kd
2π

(5.7)

where k is the wave number and d is the distance between the two opposing soft-walls
(acoustic treatments).

For the current problem, based on the geometry and excitation

frequency, the optimal specific impedance is ζopt = 0.61 - 0.49i. However, the duct being used
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here has finite length and partially lined walls. Thus, comparing the optimization results to Eq.
(5.7) would not be a consistent comparison. However, Eq. (5.7) should provide some insight
into what type of impedance values to expect. To the author’s knowledge, an exact optimal
solution for the finite rectangular duct with a section of acoustic treatment does not exist.
Thus, the optimal specific impedance for the finite rectangular duct (see Figure 5.14) will be
obtained with each optimization method and the results will be evaluated in a similar fashion as
was done for the GE90-type nacelle exercise.
Figure 5.17 shows a contour plot of power attenuation obtained using the CtrMd
method. The specific resistance, θ, is on the x-axis and specific reactance, χ, is on the y-axis.
The optimal acoustic treatment properties are obtained by locating the point/s on the contour
plot with the maximum (most negative) power attenuation, which corresponds to the dark blue
regions in the contour plot. There appears to be multiple local maximums. Since the exact
optimal value is unknown, the other numerical optimization algorithms were used to compare
to the results of the CtrMd method. Table 5.17 lists the values obtained by all the optimization
methods. Note that the same initial guess, if required, was used by all the methods. The initial
guess was the same dimensional admittance value used for the Ge90-type nacelle work. The
hard-wall ∆dB value should be equal to zero, as there is no power attenuation in the absence of
acoustic treatment (neglecting viscous effects). The results for the hard-wall (baseline) case
show that, indeed, the ∆dB value is approximately zero. The same general trends noted for the
GE90-type nacelle work are apparent here. The gradient based methods (BFGS and SDFP)
converged faster, but to less satisfactory values. The GA converged to specific impedance
values which are significantly less than the initial guess used by the other methods, resulting in

71

a lower ∆dB value. The SIGMA and Powell’s method obtained results closest to the CtrMd
method. However, the SIGMA method required significantly more function evaluations.
Thus, Powell’s method proved to be the better choice. The specific impedance obtained with
this method was used to calculate the acoustic pressure field in the rectangular duct (see Figure
5.18). The effects of the acoustic treatment are clearly visible by comparing Figures 5.18 and
5.15b: the absorption of sound by the liner is negligible at the test section inlet, but increases
with distance (length of treatment), a maximum at approximate z = 0.2. Since acoustic energy
has been absorbed, the pressure amplitude remains very small downstream of the test section.
Note that ∆dB values obtained by the SIGMA and Powell’s method are very large and are
purely a computational possibility and that experimentally such values would not be obtained.

5.4 Liner Impedance Eduction for a Rectangular Duct
The following eduction method is based on the work of Ref. 126, where an acoustic
pressure field is measured along one of the hard-wall sides of the rectangular duct and then
those acoustic pressure values are used to educe the liner (acoustic treatment) impedance value.
The dimensions of the rectangular duct and acoustic treatment placement are the same as in the
previous optimization exercise.

This approach can be used to assess the fidelity of a

manufactured liner impedance when compared to designed values. In the eduction method of
Jones, Watson, and Parrott,6 the unknown impedance of a liner sample is determined with the
help of surface acoustic pressures measured along the hard wall opposite the sample. For the
present exercise, the known hard surface acoustic pressures are not measured, but calculated
using the FSC and a known impedance value for the lined side walls. For this case, M = 0.0
and the acoustic source is a dominant (0,0) mode with an excitation frequency of 1500Hz. The
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acoustic pressure field is calculated on the top hard-walled surface adjacent to the liners (see
Figure 5.19). Note that only one of the liners can be seen in the figure. The other liner is
located on the opposite wall. The specific impedance value used (ζ = 0.23 – 0.14i) was
obtained from previous eduction work.147 The use of a known impedance value provides a test
to verify that the developed optimization methodology can reproduce or educe this initially
known impedance.
The objective function used for the eduction approach is an averaged form of the L2norm:149
L2 =

1
N

N

∑ [( p

− pkwn )( pc − pkwn )

*

c

]

i

(5.8)

i =1

where N is the total number of points where the acoustic pressure is calculated/measured, pc is
the calculated complex acoustic pressure, pkwn is the known/measured complex acoustic
pressure, and * is the complex conjugate. For this approach, Eq. (5.8) is minimized, with L2
converging towards zero.
A contour plot showing the results obtained with the CtrMd method is given in Figure
5.20. The plot is of the L2 value (Eq. 5.8) for a range of specific impedances. The x-axis is the
specific resistance, θ, and the y-axis is the specific reactance, χ. The minimum L2 value is
obtained by locating the dark blue region in the contour plot. The acoustic treatment properties
that produce an acoustic field most similar to the field produced with the known acoustic
treatment values are obtained by locating the point on the contour plot with the minimum L2
value. For the eduction problem, there appears to be only one minimum, which can easily be
read off the contour plot. Note that there is a peak near the ζ = 0 + 0i location, which is the
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result of Eq. (2.12).

The FSC uses dimensional admittance (Eq. (2.11)), thus specific

impedance values approaching ζ = 0 + 0i would lead to very large values of dimensional
admittances (mathematically the singularity comes from dividing by zero).
The results for the CtrMd method are given in Table 5.18, along with the acoustic
treatment and the L2 values obtained by the other optimization algorithms. As expected, the
gradient based methods (BFGS and SDFP) performed the least amount of function evaluations,
which led to less than satisfactory results. Unlike the previous results, Powell’s method was
less than satisfactory for this problem. The SIGMA method and GA obtained results closest to
the CtrMd method. The SIGMA method required three times more function evaluations as
compared to the other methods. The GA proved to be the algorithm better suited for this
problem. The known specific impedance and the educed impedance value obtained with the
GA were used to calculate the acoustic pressure field (see Figure 5.21) in the rectangular duct
on the same plane used to calculate the L2 values (see Figure 5.19). The excellent agreement
between the known and educed generated fields can clearly be seen by comparing Figures
5.21a and 5.21b.
The optimization methodology was also used to educe the impedance value for a hardwall duct (ζ = ∞ + 0i). For this exercise, only the GA and Powell’s method was used.
Powell’s method was used after poor results were obtained with the GA. The results for both
methods are given in Table 5.19. The table clearly shows that Powell’s method converged to a
L2 value most similar to the known value and that the GA resulted in a L2 value that was off by
orders of magnitude. Note that the impedance values obtained with Powell’s method are quite
different than the known values. This is because the optimization algorithm knows nothing

74

about the physics of the problem. It converges to the values that produce the best desired
result, minimum L2 value for this application. Thus, it is not surprising that the converged
values for Powell’s method are very large, as the algorithm attempts to converge towards the
known impedance values. Figure 5.22 shows the acoustic pressure field calculated with the
known specific impedance and the educed impedance value obtained with Powell’s method.
By comparing Figures 5.22a and 5.22b, it is clearly evident that there is excellent agreement
between the two fields.

75

Chapter 6

CONCLUSIONS
The development of a general optimization methodology has been performed and three
different applications have been examined. The optimization method consists of an acoustic
tool and six optimization algorithms, in which the user inputs some required parameters for the
particular problem (flow field, scattering geometry, and acoustic source for the acoustic tool
and initial guess and tolerance levels for the optimization algorithms) and then receives as
output the optimized acoustic treatment value and desired acoustic field. The first application
consisted of an investigation of the acoustic properties of commercial transport engine nacelle
liners. The second application involved the use of a simpler shaped rectangular duct and
included the optimization of the acoustic treatment properties within a section of the duct. The
same rectangular duct was used for the third application, which involved the eduction of the
properties for an acoustic treatment within the duct from an existing acoustic pressure field.
The optimization of the acoustic properties of commercial transport engine nacelle
liners was examined first. However, before proceeding with the optimization study, the sound
absorbing boundary condition implemented in the acoustics code was validated via
comparisons with results from an analytical solution of monopole radiation above a finite
impedance boundary of infinite dimensions, with and without uniform background flow. The
comparisons indicated that the FSC is a reliable tool for predicting the scattered acoustic field
in the presence of lined surfaces, thus providing a solid foundation for code usage as part of an
engine liner optimization process. The objective function used was the total radiated acoustic
power, measured over an arc around the nacelle. The study included an assessment of six well76

known optimization methods as they apply to engine liner design. Parameters affecting liner
performance, such as frequency, background flow, and liner segmentation were considered.
Three liner location configurations were also considered: inlet, exit, and both inlet and exit.
Powell’s method was found to be superior for the application. A segmented liner with n = 4
variables provided the greatest benefit in engine noise attenuation, at the cost of increased
complexity. In general, the presence of flow seemed to augment the noise radiated forward of
the nacelle inlet, resulting in increased acoustic power.
The study of a rectangular duct for both optimization and eduction applications was
examined next. By using the simpler shaped geometry, where analytical models exist, other
uses of the methodology can be examined. The goal of the optimization application was to
obtain the properties of the acoustic treatment segment that would provide the greatest power
attenuation inside the duct. The goal of the eduction application was to educe the properties of
the acoustic treatment that would reproduce the known acoustic pressure field (measured or
calculated). Both applications include an assessment of the six optimization methods for a
single frequency and in the absence of flow. The objective function used for optimization was
the power attenuation between the beginning and end of the acoustic treatment section within
the duct. Powell’s method was found to lend the best results for the single case. The results
indicate that the FSC can be reliably used to solve interior noise problems. The objective
function used for the eduction study was an averaged L2-norm value over a hard-walled section
adjacent to the acoustic treatment section within the duct. Unlike the results from the previous
two applications, for this application both Powell’s and the GA were found to provide the most
satisfactory results.
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Overall the three applications demonstrate a few of the capabilities of the methodology
and indicate that it can be used with confidence to explore various acoustic problems. As
newer acoustic tools are developed, the capability of solving acoustic scattering problems faster
and with increased accuracy will be possible. Thus, future work should consist of first: further
development of the FSC to extend its already quick calculations to larger problems (higher
frequencies) and second: explore other possible optimization algorithms that have been
thoroughly tested. Also, the rectangular duct work should be extended to include frequency
and flow effects and for the eduction application, a measured data set should be used to test the
methodology. Although very good results were obtained for the present work, with the
development of new acoustic treatment technology, there will continue to be the need for
improved optimization methodologies.
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Chapter 8

TABLES

Table 5.1 - Inlet Liner results from all optimization methods. n = 2,
M = 0.0, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Hard-wall
(Baseline)

Resistance

Reactance

θ

χ

Acoustic Power
(dB)

1

∞

0.0000

58.46

Initial Value

1

1.3393

-1.3393

57.35

Powell

330

0.2051

-0.0310

56.92

BFGS

41

1.3393

-1.3399

57.35

SDFP

25

1.2940

0.0448

57.04

SIGMA

16566

0.4398

-0.2183

56.83

GA

5000

0.1710

-0.1562

56.45

CtrMd

4131

1.3537

-0.0758

56.93
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Table 5.2 – Inlet Liner results from all optimization methods. n = 2,
M = 0.2, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Hard-wall
(Baseline)

Resistance

Reactance

θ

χ

Acoustic Power
(dB)

1

∞

0.0000

58.28

Initial Value

1

1.3393

-1.3393

56.76

Powell

136

2.2361

0.0581

56.30

BFGS

104

3.0075

-0.5254

56.35

SDFP

64

1.3391

-1.3122

56.76

SIGMA

6905

2.1851

-0.2925

56.31

GA

5000

2.1173

-0.0730

56.31

CtrMd

4131

2.2156

0.0862

56.30

Table 5.3 – Inlet Liner results from all optimization methods. n = 4,
M = 0.0, 2xBPF, m = -10.
Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

58.46

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

57.35

Powell

373

0.1823

-0.0125

1.3686

-1.3273

56.98

BFGS

61

0.5828

-1.7845

0.7682

0.1417

56.93

SDFP

26

1.5958

-0.9687

1.5089

-0.3923

57.07

SIGMA

25288

0.1464

-0.2947

0.1087

-0.1727

56.30

GA

5000

0.4384

-1.0163

0.4557

0.1544

56.48
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Table 5.4 – Inlet Liner results from all optimization methods. n = 4,
M = 0.2, 2xBPF, m = -10.
Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

58.28

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

56.76

Powell

366

0.3121

-0.1720

1.3393

-1.3393

55.90

BFGS

82

0.0485

-0.0009

1.8065

-1.4204

56.57

SDFP

16

1.3474

-1.3542

1.3540

-1.3285

56.75

SIGMA

2389

0.0013

-0.0003

2.0821

-0.0645

56.33

GA

5000

0.1528

0.1316

1.9900

0.6396

56.08

Table 5.5 – Exit Liner results from all optimization methods. n = 2,
M = 0.0, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Hard-wall
(Baseline)

Resistance

Reactance

θ

χ

Acoustic Power
(dB)

1

∞

0.0000

58.46

Initial Value

1

1.3393

-1.3393

56.09

Powell

122

1.2174

0.1087

55.67

BFGS

55

2.6609

-0.2973

55.90

SDFP

23

0.8154

-0.2768

55.89

SIGMA

26261

1.2490

0.0471

55.54

GA

5000

1.2541

0.0256

55.67

CtrMd

4131

1.2810

0.0756

55.67
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Table 5.6 – Exit Liner results from all optimization methods. n = 2,
M = 0.2, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Hard-wall
(Baseline)

Resistance

Reactance

θ

χ

Acoustic Power
(dB)

1

∞

0.0000

58.28

Initial Value

1

1.3393

-1.3393

57.80

Powell

162

3.5683

-0.3529

57.59

BFGS

44

2.7689

-2.7600

57.66

SDFP

14

1.3393

-1.3393

57.80

SIGMA

2228

3.6685

-1.8313

57.60

GA

5000

0.1811

0.1360

56.78

CtrMd

4131

3.5718

-0.6406

57.59

Table 5.7 – Exit Liner results from all optimization methods. n = 4,
M = 0.0, 2xBPF, m = -10.
Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

58.46

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

56.09

Powell

350

0.4871

0.4794

1.3393

-1.3415

55.36

BFGS

25

1.3393

1.3393

1.3393

1.3393

56.09

SDFP

17

1.3393

1.3393

1.3393

1.3393

56.09

SIGMA

50283

0.4495

0.3417

0.8982

-0.1286

55.44

GA

5000

0.8836

0.4745

1.2541

-0.1829

55.61
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Table 5.8 – Exit Liner results from all optimization methods. n = 4,
M = 0.2, 2xBPF, m = -10.
Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

58.28

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

57.80

Powell

865

0.1919

-0.0010

0.9896

-0.1844

56.20

BFGS

80

3.7221

-2.3675

3.6598

1.1231

57.58

SDFP

23

1.3559

-0.8486

1.9994

0.4126

57.74

SIGMA

13870

0.0780

-25.6165

1.0502

-0.4354

57.22

GA

5000

0.1944

0.1502

0.3318

0.2745

57.29

Table 5.9 – Inlet and Exit Liners results from all optimization methods. n = 2,
M = 0.0, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Hard-wall
(Baseline)

Resistance

Reactance

θ

χ

Acoustic Power
(dB)

1

∞

0.0000

58.46

Initial Value

1

1.3393

-1.3393

55.09

Powell

217

1.7410

0.3074

53.81

BFGS

61

2.6238

0.8101

54.12

SDFP

24

1.7099

-0.6256

54.25

SIGMA

25841

0.7358

0.4112

52.92

GA

5000

1.7436

0.1495

53.86

CtrMd

4131

1.7800

0.3001

53.84
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Table 5.10 – Inlet and Exit Liners results from all optimization methods. n = 2,
M = 0.2, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Hard-wall
(Baseline)

Resistance

Reactance

θ

χ

Acoustic Power
(dB)

1

∞

0.0000

58.28

Initial Value

1

1.3393

-1.3393

56.29

Powell

203

2.2031

0.3285

55.21

BFGS

44

1.3559

1.7013

55.90

SDFP

20

1.5704

-0.9749

55.88

SIGMA

2253

1.2502

-1.0298

56.17

GA

5000

0.7778

0.0897

54.36

CtrMd

4131

2.1606

0.3746

55.21

Table 5.11 – Inlet and Exit Liners results from all optimization methods. n = 4,
M = 0.0, 2xBPF, m = -10.

Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

58.46

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

55.09

Powell

487

1.7584

0.3627

1.4384

0.1663

53.48

BFGS

40

1.3461

-1.3575

1.3569

-1.3552

55.09

SDFP

48

1.3483

-1.1942

1.3853

-1.2006

54.93

SIGMA

51765

0.6193

0.3167

1.0124

0.5315

53.16

GA

5000

0.8836

0.4745

1.2541

-0.1829

54.22
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Table 5.12 – Inlet and Exit Liners results from all optimization methods. n = 4,
M = 0.2, 2xBPF, m = -10.

Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

58.28

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

56.29

Powell

423

1.6707

0.3918

3.0369

0.1392

55.13

BFGS

73

2.8315

-1.1937

4.6197

-3.1680

55.54

SDFP

28

0.6584

-0.1803

0.9418

-1.1748

55.54

SIGMA

13622

1.7015

0.3686

2.9590

0.0476

55.13

GA

5000

0.4171

0.0729

0.2138

0.0763

55.55
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Table 5.13 – Inlet and Exit Liners results from all optimization methods. n = 8, M = 0.0, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Resistance

Reactance

Resistance

Reactance

Resistance

Reactance

θ

χ

θ

χ

θ

χ

Resistance Reactance

θ

χ

(Liner A)

(Liner A)

(Liner B)

(Liner B)

(Liner C)

(Liner C)

(Liner D)

(Liner D)

Acoustic
Power
(dB)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

∞

0.0000

∞

0.0000

58.46

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

1.3393

-1.3393

1.3393

-1.3393

55.09

Powell

1480

0.3276

0.1320

1.3393

-1.3393

1.4522

1.3346

1.3393

-1.3390

53.34

Table 5.14 – Inlet and Exit Liners results from all optimization methods. n = 8, M = 0.2, 2xBPF, m = -10.
Optimization
Method

Number of
Function
Evaluations

Resistance

Reactance

Resistance

Reactance

θ

χ

θ

χ

θ

χ

θ

χ

(Liner A)

(Liner A)

(Liner B)

(Liner B)

(Liner C)

(Liner C)

(Liner D)

(Liner D)

Acoustic
Power
(dB)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

∞

0.0000

∞

0.0000

58.28

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

1.3393

-1.3393

1.3393

-1.3393

56.29

Powell

1073

0.1768

-0.0117

1.8116

1.2533

1.3393

-1.3393

0.8804

-0.3300

54.94

98

Resistance

Reactance

Resistance Reactance

Table 5.15 – Inlet and Exit Liners results from all optimization methods. n = 4,
M = 0.0, 3xBPF, m = 12.

Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

56.32

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

53.86

Powell

841

1.3903

-0.4294

1.5777

0.4956

52.60

Table 5.16 – Inlet and Exit Liners results from all optimization methods. n = 4,
M = 0.2, 3xBPF, m = 12.

Optimization
Method

Number of Resistance Reactance Resistance Reactance
Acoustic
Function
θ
χ
θ
χ
Power (dB)
Evaluations (Liner A) (Liner A) (Liner B) (Liner B)

Hard-wall
(Baseline)

1

∞

0.0000

∞

0.0000

56.17

Initial Value

1

1.3393

-1.3393

1.3393

-1.3393

53.46

Powell

664

1.4035

0.0656

0.5918

0.5531

51.43
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Table 5.17 – Rectangular duct results from all optimization methods.
M = 0.0, f = 1500Hz, and dominant (0,0) mode.
Optimization
Method

Number of
Function
Evaluations

Hard-wall
(Baseline)

Resistance

Reactance

θ

χ

1

∞

0.0000

0.0056

Initial Value

1

1.1254

-1.1254

32.6530

Powell

210

0.8921

-0.4393

98.6123

BFGS

21

1.1254

-1.1254

32.6530

SDFP

19

0.5621

-0.4166

55.6399

SIGMA

691

0.8678

-0.7822

98.9033

GA

400

0.0000

0.0000

31.4882

CtrMd

441

0.8997

-0.4503

65.7845

Abs(∆dB)

Table 5.18 – Rectangular duct eduction results for soft-wall from all optimization
methods. M = 0.0, f = 1500Hz, and dominant (0,0) mode.

Known Value

Number of
Function
Evaluations
1

Initial Value

1

1.1254

-1.1254

3.3398

Powell

309

0.0076

-0.0043

1.7615

BFGS

38

0.0018

-0.0076

1.8289

SDFP

20

0.2181

0.0277

1.4233

SIGMA

1467

0.1833

-0.1095

0.0745

GA

400

0.1970

-0.1168

0.0374

CtrMd

441

0.2001

-0.1200

0.0661

Optimization
Method

Resistance

Reactance

θ

χ

0.2282

-0.1371

0.0000

100

L2-norm / N

Table 5.19 – Rectangular duct eduction results for hard-wall from two optimization
methods. M = 0.0, f = 1500Hz, and dominant (0,0) mode.

Known Value

Number of
Function
Evaluations
1

Initial Value

1

1.1254

-1.1254

7.8693

Powell

427

178460.6344

-327316.3157

0.0002

GA

400

0.0000

0.0000

9.4510

Optimization
Method

Resistance

Reactance

θ

χ

∞

0.0000

0.0000

101

L2-norm / N
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FIGURES

Figure 1.1 - Noise Sources for Turbofan Engine. (Ref. 2).

102

Figure 1.2 - Noise Components for turbofan engine. (Ref. 1).
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Figure 1.3 - Acoustic treatment design parameters. a) SDOF,
b) 2DOF, and c) Bulk Absorber. (Ref. 5).
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Figure 1.4 - Acoustic treatment schematic. (Ref. 34).

Figure 2.1 - Predefined geometry in uniform motion. (Ref. 61).
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Figure 2.2 - Main dialog screen for the FSC GUI. (Ref. 72).
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a)

b)
Figure 2.3 - Sound pressure levels on the surface of a commercial transport vehicle.
M = 0.0, f = 3 kHz. a) Top Surface and b) Bottom Surface. (Ref. 61).

107

Figure 2.4 - Noise footprints for model commercial transport during take-off.
M = 0.2, f = 3kHz, climb angle = 22.5o. (Ref. 61).

108

Figure 2.5 - Acoustic pressure contours in the vicinity of a 2.68% scale model of a
commercial transport. M = 0.2, f = 5 kHz, m = 2 (sources spinning in the same
direction). (Ref. 70).

109

Figure 2.6 - Mode propagation within a sinusoidal test section with hard-walls.
M = 0.0, f = 1500 Hz, dominant (0, 0) mode. (Ref. 67).
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Figure 3.1 - Acoustic point source above a boundary. (Ref. 94).
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a)
b)
Figure 3.2 - Incident acoustic pressure field for a point source.
M = 0.0, f = 100Hz. a) Analytical and b) FSC.

(a)
(b)
Figure 3.3 - Incident acoustic pressure field for a point source.
M = 0.3, f = 100Hz. a) Analytical and b) FSC.

112

a)
b)
Figure 3.4 - Plot of the incident acoustic pressure at an observer x-location for a point
source at x = 10m. M = 0.0, f = 100Hz. x = a) 0.2m and b) 10m.

a)
b)
Figure 3.5 - Plot of the incident acoustic pressure at an observer x-location for a point
source at x = 10m. M = 0.3, f = 100Hz. x = a) 0.2m and b) 10m.
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a)
b)
Figure 3.6 - Acoustic pressure field for a point source 1m above a hard-wall boundary.
M = 0.0, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.7 - Acoustic pressure field for a point source 1m above a hard-wall boundary.
M = 0.0, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.8 - Acoustic pressure field for a point source 1m above a hard-wall boundary.
M = 0.0, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.9 - Acoustic pressure field for a point source 1m above a soft-wall boundary.
M = 0.0, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.10 - Acoustic pressure field for a point source 1m above a soft-wall boundary.
M = 0.0, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.11 - Acoustic pressure field for a point source 1m above a soft-wall boundary.
M = 0.0, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.12 - Acoustic pressure field for a point source 1m above a hard-wall boundary.
M = 0.3, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.13 - Acoustic pressure field for a point source 1m above a hard-wall boundary.
M = 0.3, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.14 - Acoustic pressure field for a point source 1m above a hard-wall boundary.
M = 0.3, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.15 - Acoustic pressure field for a point source 1m above a soft-wall boundary.
M = 0.3, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.16 - Acoustic pressure field for a point source 1m above a soft-wall boundary.
M = 0.3, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.17 - Acoustic pressure field for a point source 1m above a soft-wall boundary.
M = 0.3, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.18 - Acoustic pressure field for a point source 10m above a hard-wall
boundary. M = 0.0, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.19 - Acoustic pressure field for a point source 10m above a hard-wall
boundary. M = 0.0, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.20 - Acoustic pressure field for a point source 10m above a hard-wall
boundary. M = 0.0, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.21 - Acoustic pressure field for a point source 10m above a soft-wall boundary.
M = 0.0, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.22 - Acoustic pressure field for a point source 10m above a soft-wall boundary.
M = 0.0, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.23 - Acoustic pressure field for a point source 10m above a soft-wall boundary.
M = 0.0, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.24 - Acoustic pressure field for a point source 10m above a hard-wall
boundary. M = 0.3, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.25 - Acoustic pressure field for a point source 10m above a hard-wall
boundary. M = 0.3, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.26 - Acoustic pressure field for a point source 10m above a hard-wall
boundary. M = 0.3, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.27 - Acoustic pressure field for a point source 10m above a soft-wall boundary.
M = 0.3, f = 75Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.28 - Acoustic pressure field for a point source 10m above a soft-wall boundary.
M = 0.3, f = 100Hz. a) Analytical and b) FSC.

a)
b)
Figure 3.29 - Acoustic pressure field for a point source 10m above a soft-wall boundary.
M = 0.3, f = 125Hz. a) Analytical and b) FSC.
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a)
b)
Figure 3.30 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
hard-wall boundary. M = 0.0, f = 75Hz. a) 1m and b) 10m.

a)
b)
Figure 3.31 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
hard-wall boundary. M = 0.0, f = 100Hz. a) 1m and b) 10m.

a)
b)
Figure 3.32 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
hard-wall boundary. M = 0.0, f = 125Hz. a) 1m and b) 10m.
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a)
b)
Figure 3.33 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
soft-wall boundary. M = 0.0, f = 75Hz. a) 1m and b) 10m.

a)
b)
Figure 3.34 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
soft-wall boundary. M = 0.0, f = 100Hz. a) 1m and b) 10m.

a)
b)
Figure 3.35 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
soft-wall boundary. M = 0.0, f = 125Hz. a) 1m and b) 10m.
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a)
b)
Figure 3.36 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
hard-wall boundary. M = 0.3, f = 75Hz. a) 1m and b) 10m.

a)
b)
Figure 3.37 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
hard-wall boundary. M = 0.3, f = 100Hz. a) 1m and b) 10m.

a)
b)
Figure 3.38 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
hard-wall boundary. M = 0.3, f = 125Hz. a) 1m and b) 10m.
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a)
b)
Figure 3.39 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
soft-wall boundary. M = 0.3, f = 75Hz. a) 1m and b) 10m.

a)
b)
Figure 3.40 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
soft-wall boundary. M = 0.3, f = 100Hz. a) 1m and b) 10m.

a)
b)
Figure 3.41 - Plot of the acoustic pressure at a height of 0.2m for a point source above a
soft-wall boundary. M = 0.3, f = 125Hz. a) 1m and b) 10m.
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a)

b)

Figure 3.42 - Plot of the scattered acoustic pressure at a height of 0.2m for a point
source 10m above a boundary. M = 0.0, f = 100Hz. a) hard-wall and b) soft-wall.

a)

b)

Figure 3.43 - Plot of the scattered acoustic pressure at a height of 0.2m for a point
source 10m above a boundary. M = 0.3, f = 100Hz. a) hard-wall and b) soft-wall.
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Figure 4.1 - GE90 engine and nacelle schematic. (Ref. 70).
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Figure 4.2 - Relative placement of nacelle with arc.

128

a)

b)

c)

d)

e)

f)

g)
Figure 4.3 - Nacelle liner configurations. a) Inlet n = 2, b) Inlet n = 4,
c) Exit n = 2, d) Exit n = 4, e) Inlet and Exit n = 2, f) Inlet and
Exit n = 4, and g) Inlet and Exit n = 8.
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Figure 4.4 - The optimization process.
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Figure 4.5 - Convergence of Powell’s method with conjugate directions. (Ref. 99).

131

x2

6

5
3
S1
1

u1

S2 u
2

4

2

x1

Figure 4.6 - Convergence of Powell’s method without conjugate direction-sets.
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Figure 4.7 - Convergence of Gradient-Based method.
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Figure 5.1 - Equivalent source placement for GE90-type Nacelle.
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a)

b)
Figure 5.2 - Contour plot to obtain minimum specific impedance for the Inlet Liner
configuration. 2xBPF, m = -10, a) M = 0.0 and b) M = 0.2.
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a)

b)

c)
Figure 5.3 - Sound Pressure Level field for a GE90-type nacelle with Inlet Liner.
M = 0.0, 2xBPF, m = -10. a) Hard-wall, b) Optimized Liner (n = 2),
and c) Optimized Liner (n = 4).
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a)

a)

b)
Figure 5.4 - Sound Pressure Level field for a GE90-type nacelle with Inlet Liner.
M = 0.2, 2xBPF, m = -10. a) Hard-wall, b) Optimized Liner (n = 2),
and c) Optimized Liner (n = 4).
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a)

b)
Figure 5.5 - Contour plot to obtain minimum specific impedance for the Exit Liner
configuration. 2xBPF, m = -10, a) M = 0.0 and b) M = 0.2.
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a)

b)
Figure 5.6 - Sound pressure level field for a GE90-type nacelle with Exit Liner. M = 0.0,
2xBPF, m = -10. a) Optimized Liner (n = 2) and b) Optimized Liner (n = 4).
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a)

b)
Figure 5.7 - Sound pressure level field for a GE90-type nacelle with Exit Liner. M = 0.2,
2xBPF, m = -10. a) Optimized Liner (n = 2) and b) Optimized Liner (n = 4).
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a)

b)
Figure 5.8 - Contour plot to obtain minimum specific impedance for the Inlet and Exit
Liner configuration. 2xBPF, m = -10, a) M = 0.0 and b) M = 0.2.
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a)

b)

c)
Figure 5.9 - Sound Pressure Level field for a GE90-type nacelle with Inlet
and Exit Liner. M = 0.0, 2xBPF, m = -10. a) Optimized Liner (n = 2),
b) Optimized Liner (n = 4), and c) Optimized Liner (n = 8).
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a)

b)

c)
Figure 5.10 - Sound Pressure Level field for a GE90-type nacelle with Inlet
and Exit Liner. M = 0.2, 2xBPF, m = -10. a) Optimized Liner (n = 2),
b) Optimized Liner (n = 4), and c) Optimized Liner (n = 8).
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a)

b)
Figure 5.11 - Sound Pressure Level field for a GE90-type nacelle with Inlet and Exit
Liner. M = 0.0, 3xBPF, m = 12. a) Hard-wall and b) Optimized Liner (n = 4).
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a)

b)
Figure 5.12 - Sound Pressure Level field for a GE90-type nacelle with Inlet and Exit
Liner. M = 0.2, 3xBPF, m = 12. a) Hard-wall and b) Optimized Liner (n = 4).

145

Figure 5.13 - Noise generation process of turbomachinery. (Ref. 1).
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Figure 5.14 - Schematic of rectangular duct with acoustic treatment in red.
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a)

b)
Figure 5.15 - Acoustic Pressure field along the y = 0.0 m plane for a hard-wall duct.
M = 0.0, f = 1500Hz, and dominant (0,0) mode.
a) Analytical (Appendix 10.1) and b) FSC.
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Figure 5.16 - Schematic of rectangular duct with optimization planes at the In (blue)
and Out (yellow) locations.
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Figure 5.17 - Contour plot to obtain maximum ∆dB.
M = 0.0, f = 1500Hz, and dominant (0,0) mode.
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Figure 5.18 - Acoustic Pressure field along the y = 0.0 m plane for a soft-wall duct
(ζopt = 0.8921 - 0.4393i). M = 0.0, f = 1500Hz, and dominant (0,0) mode.

Figure 5.19 - Schematic of rectangular duct with acoustic treatment (in red) and
measured/calculated acoustic pressure field (in blue) locations.
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Figure 5.20 - Contour plot to obtain minimum L2-norm / N.
M = 0.0, f = 1500Hz, and dominant (0,0) mode.
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a)

b)

Figure 5.21 - Acoustic Pressure field along the x = 0.4064 m plane for two impedance
values. Soft-wall, M = 0.0, f = 1500Hz, and dominant (0,0) mode.
a) known and b) educed (GA).
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a)

b)

Figure 5.22 - Acoustic Pressure field along the x = 0.4064 m plane for two impedance
values. Hard-wall, M = 0.0, f = 1500Hz, and dominant (0,0) mode.
a) known and b) educed (Powell).
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APPENDICES
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Chapter 10

APPENDICES
10.1 Zero Finding Method for the Eigenvalue Problem of Soft-Wall Rectangular Duct
The following is a technique for the solution of the acoustic velocity potential in a
rectangular duct with one soft-wall (Top wall) using the homotopy continuation method143 and
a Newton-Rhapson method to find all eigenvalues within a specified domain. Given the height
and width of the three-dimensional rectangular duct (Figure 10.1), air density, Mach number,
source excitation frequency, and soft-wall impedance (Top surface), the internal acoustic field
(velocity potential) can be calculated.
The governing equations for conservation of mass, momentum, and energy, along with
an equation of state, are used to develop the equation for the velocity potential in a rectangular
duct with uniform flow:

 1 ∂
∂

+ M
∂x
 co ∂ t

2

 ~
 ϕ − ∇ 2ϕ~ = 0


(10.1)

iω t
where the harmonic velocity potential is expressed as ϕ~ = ϕ e . The following boundary

condition66 is used to define the material properties of the duct walls.

 
 p′   1    p ′   p′   
n ⋅ n ⋅ ∇U
u ⋅ n = −  −  U ⋅ ∇  + 
 Z   iω 
 Z   iω Z 

(

)

(10.2)

where Z is the complex impedance (Z = ζρc). For the case of a rectangular duct that has one
soft-wall, Eqs. (10.1) and (10.2) lead to the following transcendental eigenvalue equation97
f (γ ) =

ikα mn

ζ Top
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− γ tan (γ h ) = 0

(10.3)

where the eigenvalues are the zeros, γ, and ζTop is the specific impedance of the top surface.
The αmn variable is defined as
 Mk x 
= 1 ±

k 


α mn

2

(10.4)

and the axial wave-number is defined as
kx =

± Mk ∓ k 2 − β 2 (α 2 + γ 2 )

β2

(10.5)

where β 2 = 1 − M 2 , M is the uniform duct Mach number, and k is the wave number defined as
k=ω/c. The ± signs in Eqs. (10.4) and (10.5) correspond to the direction of propagation: waves

propagating downstream travel in the positive x-direction; waves propagating upstream, in the
negative x-direction (see Figure 10.1). For downstream propagation Eq. (10.4) takes the form

α mn

 Mk x 
= 1 −

k 


2

(10.6)

and Eq. (10.5) takes the form
kx =

where the sign in front of

− Mk ∓ k 2 − β 2 (α 2 + γ 2 )

β2

(10.7)

k 2 − β 2 (α 2 + γ 2 ) is chosen so as to have an acoustic wave that

decays exponentially down the duct. The exponential decay comes from the following velocity
potential solution of Eq. (10.1)

ϕ~ = A cos(γy ) cos(α z )ei ( wt −k x )
x

(10.8)

The choice of sign is based on the following condition
Im (k x ) ≤ 0
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(10.9)

For the hard-wall case, γ and α in Eq. (10.8) can be calculated using the following equations:

γ=

mπ
nπ
and α =
h
w

(10.10)

where m are the height modes (m = 0, 1, 2, …) , n are the width w modes (n = 0, 1, 2, …),
Figure 10.2, h is the duct height, and w is the duct width. When at least one of the duct walls is
acoustically treated, the variable α in Eq. (10.10) remains the same, but γ must be numerically
determined from Eq. (10.3).
The homotopy continuation method, which is typically used in mathematics to find all
the zeros of analytical functions, begins with the following definition of the variable sl
n
1
l f ' (γ )
γ
d
γ
=
γ lj = sl
∑
2π i C∫
f (γ )
j =1

(10.11)

and

σ n = (− 1)n γ 1 γ n

(10.12)

where γj ( j = 1, … , n) are the n eigenvalues (zeros) of Eq. (10.3). The variable sl can be
related to σn by Eq. (10.11) and Eq. (10.12) through Newton’s identities
s1 + σ 1 = 0,
s2 + s1σ 1 + 2σ 2 = 0,

sn + sn−1σ 1 + sn−2σ 2 +  + s1σ n−1 + nσ n = 0

(10.13)

Eq. (10.11) is similar to the argument principle when l = 0:
s0 =

1
f ' (γ )
dγ
∫
2π i C f (γ )

158

(10.14)

The Re(s0) will give the total number of zeros, n, within the specified contour integral C
prescribed in the complex plane, Figure 10.3. For simplicity, a rectangle was chosen to
surround the desired zeros. The width and height of the rectangle, specified by the user, may
need to be adjusted in order to capture the desired number of zeros. The location of the zero is
specified by A+Bi, Figure 10.3. Note that the zeros located completely on the Real axis (A+0i)
are the eigenvalues that correspond to hard-wall modes and can be used as a guide to define the
rectangular domain for this method.
Numerical integration was used to calculate the line integral for each of the four sides
of the specified rectangular domain. The results were summed, giving the total number of
zeros within the domain. Similarly, s1 through sn can be determined through Eq. (10.11), and
then used to construct the following matrix
 1
s
 1
MtxS =  s2

 
 sn −1

0
2
s1

sn −2

0
0
3

sn −3

0
0
0
n −1
…

0
0

0


n 

(10.15)

and vector
 s1 
s 
 2
VS = −  s3 
 

 sn 

(10.16)

Using Eqs. (10.15) and (10.16), σ can be determined by employing the least squares method as
follows
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σ 1 
 1
s
σ 
 1
 2
σ = σ 3  = −  s2
 

 
 
σ n 
 sn −1

0

0

2

0

s1

3





sn −2

s n −3

0
0
0

0
0

n −1  
… n 
0

−1

 s1 
s 
 2
 s3 
 

 sn 

(10.17)

There is some numerical inaccuracy to this approach due to matrix conditioning for large n
valued problems. These inaccuracies are corrected during the final step of this approach by
using a Newton-Rhapson method.
The following ordinary differential equation (ODE) is the basis of the homotopy
continuation method and is solved to calculate the desired zeros, γ :
n
dγ i
1
1
n +1
= (− 1)
σ ni − j (s j − p j (a )) ⋅
∑
dλ
j
∏l ≠i (γ l − γ i ) j=1

(10.18)

where pj(a) is defined as
n

p j (a ) = a1j +  + anj = ∑ aij = s j

(10.19)

i =1

The a’s are the initial value guesses, created by a random complex number generator. The
initial value of σ ij is set as σ 0i = 1.0 (i = 1, …, n), while the original σ values, calculated from
Eq. (10.17), are defined as

σ 0j = σ 1j = σ j (j=1, …, n)

(10.20)

To obtain the other σ ij values, the following function is used:

σ ij = σ j + γ iσ ij −1

for 1 ≤ i , j ≤ n-1

(10.21)

Then using Eqs. (10.19) through (10.21), the zeros (eigenvalues) of Eq. (10.3) can be found via
Eq. (10.18). For the first iteration, λ is set to vary from 0 to 0.95 with the initial condition γi(0)
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= ai as suggested in Ref. 143. The range for λ may need to be adjusted to reach convergence
and numerical experimentation is advised. For the second and remaining iterations required to
solve the ODE system, λ is set to range from 0 to 1.0. Again, the range for λ may need to be
adjusted. It was found that at least three iterations were needed, with five being adequate to
obtain reasonable results.
A test was conducted to check the results for a nine zeros problem. After substituting
the results back into Eq. (10.3), it was found that the computed nine zeros, γ, did not quite
result in f(γ) = 0. The accuracy was on the order of f(γ) = 10-3. To make the method more
accurate an additional step was added. The new step uses the calculated zero values from the
homotopy continuation method as initial guesses in a Newton-Rhapson method. The reason
why a Newton-Rhapson method alone is not used is because the number and location of the
zeros in the complex plane is initially unknown. Although the hard-wall values are good
starting points for the initial guesses, there is still no guarantee that all of the desired zeros will
be obtained. By using the Newton-Rhapson method, the initial guess will converge to the
closest zero. The closest soft-wall zeros may be the same for only one of the hard-wall initial
guesses. Thus, a number of soft-wall zeros will be missed, due to the lack of additional initial
guesses closer to the missed zero values. The homotopy continuation method provides an
excellent initial guess, where the results are close to the desired values (zeros). The new
calculated nine zeros, γ, for the example where substituted back into Eq. (10.3) and the γ values
gave excellent results ranging from f(γ ) = 10-15 to 0. With the eigenvalues (zeros) determined,
the acoustic field within the rectangular duct can be calculated using Eq. (10.8). Table 10.1
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gives the resulting nine zeros for the rectangular duct (Height x Width = 0.381m x 0.1524m)
used in the current work.

10.2 Derivation for Uniform Background Flow
To validate the sound absorbent boundary condition of the Fast Scattering Code (FSC),
a classical test problem, that of a monopole point source above a three-dimensional flat plate of
infinite length and width, was chosen (see Figure 10.4). The following is the derivation of the
new space and time variables, for the analytical solution, from the presence of a uniform
background flow.150

The solution begins with defining the function Ψ( x,t) , which satisfies the equation
∇2Ψ -

Ψtt + 2UΨxt + U 2 Ψxx
= - δ (x )δ (y )δ (z ) S(t )
c2

(10.22)


Ψ (x, t ) is the velocity potential for the acoustic field maintained by a stationary point source

immersed in a medium moving with uniform speed U in the positive x-direction. New
independent variables are introduced through a Galilean transformation to convert the moving
medium into a stationary medium. Define

ξ = x - Ut

(10.23)

τ =t

(10.24)

and


and temporarily consider Ψ (x, t ) as a function of the independent variables ξ, y, z, and τ.

Thus,

∂ Ψ ∂ Ψ ∂ξ
=
∂ x ∂ξ ∂ x

162

(10.25)

or

∂Ψ ∂Ψ
=
∂ x ∂ξ

(10.26)

∂ 2Ψ ∂ 2Ψ
=
∂ x 2 ∂ξ 2

(10.27)

∂ 2Ψ ∂ 2Ψ
∂ 2Ψ
=
-U
∂ x∂ t ∂ξ∂τ
∂ξ 2

(10.28)

∂ Ψ ∂ Ψ ∂ τ ∂ Ψ ∂ξ
=
+
∂ t ∂ τ ∂ t ∂ξ ∂ t

(10.29)

and
2
∂ 2Ψ ∂ 2Ψ
∂ 2Ψ
2 ∂ Ψ
=
2U
+
U
∂ t2 ∂ τ 2
∂ τ∂ξ
∂ξ 2

(10.30)

From Eqs. (10.23) and (10.24), have:
t =τ

(10.31)

x = ξ + Uτ

(10.32)

and

Hence, employing Eqs. (10.27), (10.28), (10.30), (10.31), and (10.32), Eq. (10.22) is written as:

∂ 2Ψ ∂ 2Ψ ∂ 2Ψ
+
+
∂ξ 2 ∂ y 2 ∂ z 2
-

2
2
2
∂ 2Ψ
∂ 2Ψ
∂ 2Ψ
2 ∂ Ψ
2 ∂ Ψ
2 ∂ Ψ
2U
+
U
+
2U
2U
+
U
∂τ 2
∂ τ∂ξ
∂ξ 2
∂ξ∂ τ
∂ξ 2
∂ξ 2

c2

= - δ (ξ + Uτ )δ (y )δ (z )S(τ )

or
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(10.33)

∂ 2Ψ ∂ 2Ψ ∂ 2Ψ 1 ∂ 2Ψ
+
+ 2 - 2
= - δ (ξ + Uτ )δ (y )δ (z )S(τ )
∂ξ 2
∂y 2
∂z c ∂τ 2

(10.34)

with the delta function, δ. Now let

α = γ (ξ + Uτ )

(10.35)

Uξ 

Τ = γ τ + 2 
c 


(10.36)

where γ is the Lorentz factor

γ=

1

(10.37)

1 - M2

and M is the Mach number
M=

U
c

(10.38)

Then, writing the partial derivative terms of Eq. (10.34):

∂ Ψ ∂ Ψ ∂α ∂ Ψ ∂ Τ
=
+
∂ξ
∂α ∂ξ ∂ Τ ∂ξ

(10.39)

and
2

2

∂ 2 Ψ ∂ 2 Ψ  ∂α  ∂ Ψ ∂ 2α
∂ 2 Ψ ∂ Τ ∂α ∂ 2 Ψ  ∂ Τ  ∂ Ψ ∂ 2 Τ
(10.40)
=
+
+
2
+



 +
∂ξ 2 ∂α 2  ∂ξ 
∂α ∂ξ 2
∂ Τ∂α ∂ξ ∂ξ ∂ Τ 2  ∂ξ  ∂ Τ ∂ξ 2
or, by using Eqs. (10.35) and (10.36), Eq. (10.40) is reduced to:
2

2
2
2
∂ 2Ψ
γ U  ∂ Ψ γ U ∂ Ψ
2 ∂ Ψ
=γ
+ 2 2 γ
+ 2 
2
∂α 2
∂ξ 2
 c  ∂ Τ∂α  c  ∂ Τ

(10.41)

2
2
2
 2
∂ 2Ψ
 M  ∂ Ψ  M  ∂ Ψ 
2 ∂ Ψ



=γ 
+ 2 
+ 2 
2
2
∂ξ 2
 c  ∂ Τ∂α  c  ∂ Τ 
 ∂α

(10.42)

or
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The time varying derivative is written as
2

2

∂ 2 Ψ ∂ 2 Ψ  ∂α  ∂ Ψ ∂ 2α
∂ 2 Ψ ∂ Τ ∂α ∂ 2 Ψ  ∂ Τ  ∂ Ψ ∂ 2 Τ



 +
=
+
+
2
+
∂ τ 2 ∂α 2  ∂ τ 
∂α ∂ τ 2
∂ Τ∂α ∂ τ ∂ τ ∂ Τ 2  ∂ τ  ∂ Τ ∂ τ 2

(10.43)

or in the reduced form
2
∂ 2Ψ
∂ 2Ψ ∂ 2Ψ 
2
2 ∂ Ψ


γ
=
U
+
2U
+

∂τ 2
∂α 2
∂ Τ∂α ∂ Τ 2 


(10.44)

Eq. (10.35) may be written as

ξ + Uτ =

α
γ

(10.45)

Solving Eqs. (10.35) and (10.36) for τ yields



τ = γ Τ -

αM 

c 

(10.46)

Employing Eqs. (10.42) and (10.44) through (10.46), Eq. (10.34) may be written in the form,
 ∂ 2Ψ

2
2
2
2
2
 M  ∂ Ψ  M  ∂ Ψ  ∂ Ψ ∂ Ψ


+
2
+
+
+
 
2
2
2
 2 
∂ z2
 c  ∂ Τ∂α  c  ∂ Τ  ∂ y
 ∂α

γ 2 

α 
∂ 2Ψ
∂ 2Ψ ∂ 2Ψ 
1 
  αM  
 = - δ   δ (y )δ (z ) S γ  Τ - 2 γ 2  U 2
+
2U
+

2
2 
∂α
∂ Τ∂α ∂ Τ 
c
c 
 
γ 


(10.47)

or
α 
∂ 2Ψ ∂ 2Ψ ∂ 2Ψ 1 ∂ 2Ψ
  αM  
+
+
- 2
= - δ   δ (y )δ (z )S γ  Τ 
2
2
2
2
∂α
∂y
∂z c ∂Τ
c 
 
γ 

(10.48)

where,
α 
δ   = γδ (α )
γ 

PROOF:
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(10.49)

∞

∫ δ (x ) dx = 1

(10.50)

-∞

Let
x=

α
γ

(10.51)

Thus,
dx =

dα

γ

(10.52)

and
∞

∞

 α  dα
∫- ∞δ (x ) dx = -∫∞δ  γ  γ = 1

(10.53)

Hence,
∞

α 

∫ δ  γ  dα = γ

(10.54)

-∞

Hence, Eq. (10.49) holds. Further, must have
 
 

δ (α ) S γ  Τ -

αM  

  = δ (α ) S(γΤ )
c 

(10.55)

  αM  
since δ(α) = 0 unless α = 0, the value of S γ  Τ   is of interest only at α = 0. Thus,
c 
 

∂ 2Ψ ∂ 2Ψ ∂ 2Ψ 1 ∂ 2Ψ
+
+
= - γδ (α )δ (y )δ (z ) S(γΤ )
∂α 2 ∂ y 2 ∂ z 2 c 2 ∂ Τ 2

(10.56)

Now let
X = γα

(10.57a)

Y =γ y

(10.57b)
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Z=γ z

(10.57c)

Τγ = γΤ

(10.57d)

Employing the variables in Eq. (10.57), Eq. (10.56) is written as
 ∂ 2Ψ

γ 2 

∂ X

2

+

X  Y Z
∂ 2 Ψ ∂ 2 Ψ 1 ∂ 2 Ψ 
+
- 2
= - γδ   δ   δ   S(Τγ )
2
2
2 
∂Y
∂ Z c ∂ Τγ 
 γ   γ  γ 

(10.58)

The use of Eq. (10.49), yields

∂ 2Ψ ∂ 2Ψ ∂ 2Ψ 1 ∂ 2Ψ
+
+
- 2
= - γ 2δ (X )δ (Y )δ (Z )S(Τγ )
2
2
2
2
∂X ∂Y
∂ Z c ∂ Τγ

(10.59)

The solution of Eq. (10.59) is
R


c

4πR

γ 2S Tγ Ψ=

where, S(Φ ) = e iωΦ = e

(

i ωTγ - kR

)

(10.60)

, with the wave number defined as k =

ω
c

and the distance

between the observer (X,Y,Z) and Source/Image (X0,Y0,Z0) (see Figure 10.4) defined as
R=

(X - X 0 )2 + (Y - Y0 )2 + (Z - Z 0 )2

(10.61)

After substituting Eq. (10.57a) through Eq. (10.57c) and reducing further with Eqs. (10.32) and
(10.35), Eq. (10.61) is put in terms of the original variables, (x, y, z):
R = γ γ 2 (x - x 0 ) + (y - y 0 ) + (z - z 0 )
2

2

2

(10.62)

Further, using Eqs. (10.36) and (10.57d) put Tγ in terms of the original variables, x, y, z, and t
as follows:
Uξ 

Τγ = γ 2 τ + 2 
c 
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(10.63)

From Eqs. (10.23) and (10.24), Eq. (10.63) is written as
U (x - Ut ) 

Τγ = γ 2  t +

c2



(10.64)

or, by employing Eqs. (10.37) and (10.38), Eq. (10.63) is put in terms of the original variables:
x

Τγ =  t + γ 2 M 
c


(10.65)

Table 10.1 – Eigenvalues (Zeros) for infinitely long rectangular duct with acoustic
treatment. M = 0.0, f = 1500Hz, (0,0) mode, and ζ = 0.2282 - 0.1371i.
Zero

Re(γ )

Im(γ )

1

10.62830866

-0.60657637

2

31.94883514

-1.827413382

3

53.48471662

-3.038001073

4

75.40892062

-4.065692826

5

97.62376046

-4.501876224

6

119.5823457

-4.294742233

7

141.0891767

-3.865574297

8

162.2860358

-3.445693739

9

183.3007069

-3.086224455
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Figure 10.1 - Side and front view of 3-D Rectangular Duct geometry
and coordinate system.

Figure 10.2 - Rectangular duct mode patterns for a hard-wall duct.
m = 0, 1, 2 and n = 0, 1, 2.
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Figure 10.3 - Complex plane with example zero (red symbols) locations.
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Figure 10.4 - Acoustic point source above the boundary.
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