ABSTRACT

TAYLOR, MONIQUE R. Dafermos Regularization of a Modified KdV-Burgers Equation.
(Under the direction of Dr. Stephen Schecter).
This project involves Dafermos regularization of a partial differential equation of

order higher than 2. The modified Korteweg de Vries—Burgers equation is

ur + f(u)x = auxx + Puxxx,

where the flux is f(u) = u®, @ > 0, and 8 # 0. We show the existence of Riemann-Dafermos
solutions near a given Riemann solution composed of shock waves using geometric singular
perturbation theory. When 8 > 0, there is a possibility that the Riemann solution is
composed of two shock waves as opposed to one. In addition, we use linearization to study

the stability of the Riemann—Dafermos solutions.
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Chapter 1

Introduction

The modified KdV-Burgers equation that we study is

ur + f(u)x = auxx + Buxxx, (1.1)

where f(u) = u®, a > 0, and 3 # 0. We are interested in solutions that satisfy a given
initial condition u(0, X)) = uo(X) and boundary conditions

u(T, —o0) = u and u(T, 00) = u", (1.2)

for —0o < X < 00, 0 < T < 00, and u’ # u". Please note that (1.1) is invariant under the
transformation of replacing v by —u. Thus, we will consider u¢ > 0. We know from Shearer
et al. [6] that when 8 > 0, this equation admits travelling waves that are both compressive
and undercompressive. These individual waves were shown to be stable by Dodd in [5].
If we consider our equation with constant boundary conditions, only certain values of u’
and u" generate travelling wave solutions. Our concern is to determine the behavior of the
solutions for other values of u¢ and w”.
Numerics suggest that solutions of (1.1)—(1.2) approach a Riemann solution of

ur + (u?) =0, (1.3)

with shock waves that satisfy the viscous profile criterion for the regularization (1.1). We
observe that convergence is evident in the compressed variable z = % See Figures 1.1
and 1.2. We introduce the variable t = InT" for convenience. With these coordinates, (1.1)
becomes

up + (?)u2 — )y = e Uy + Be Uy (1.4)

As t — oo, (1.4) approaches
ug + (3u® — z)uy =0, (1.5)

which is simply the hyperbolic equation (1.3) in these new coordinates. The steady state
solutions of (1.5) are solutions of (1.3) that only depend on 2. These steady state solutions
approach constants as x = % — #+00 and correspond to Riemann solutions of (1.3).
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(a) Initial Condition (b) Solution at t=3

Figure 1.1: Above is a numerical solution of (1.1)—(1.2) subject to 8 = o = 1,t = 3, and
the indicated initial condition. This solution was obtained by the method of lines and it
converges to a Riemann solution with left and right states given by 0.7 and -0.3 respectively.
The speed of this Riemann solution derived from the Rankine-Hugoniot condition is 0.37.
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(a) Initial Condition (b) Solution at t=4

Figure 1.2: Here is another numerical solution of (1.1)—(1.2) subject to f = a = 1,t = 4,
and indicated initial condition. This solution was obtained by the method of lines and it
converges to a Riemann solution consisting of two shock waves with left, middle, and right
states given by 1.35, -0.8726, and -0.65 respectively. The Rankine-Hugoniot condition gives
the speed of the first shock wave as 1.40592 and the speed of the second wave as 1.75112.
From the formulas derived in [6], the middle state and speed of the first shock wave is
calculated to respectively be -0.878595 and 1.40833. So the numerical results are accurate
up two decimal places.



Notice that for large ¢, e~! is small. We shall attempt to gain insight into the
long-time behavior of the solutions of (1.4) by replacing the exponential term, e, with a
small positive constant, e. This substitution transforms (1.4) into

us + (3u2 — I)Up = €U, + B Upgy. (1.6)

This freezing of time is a way to begin to study a time-dependent system. Equation (1.6)
can be regarded as a Dafermos regularization of (1.3). Dafermos regularization refers to
a technique introduced in 1973 by Constantine Dafermos. This process of regularization
gives rise to stationary solutions, called Riemann—Dafermos solutions, that converge almost
everywhere as ¢ — 0 to a weak solution of a corresponding Riemann problem. Lin and
Schecter in [7] have used this type of regularization to study conservation laws with a second-
order viscous term. However, no previous work has been done with higher order equations.
Furthermore, the stability of Riemann—Dafermos solutions with undercompressive waves
has not been looked at even for second order equations. Our plan is to study the stability
of some of the steady state solutions of (1.6).



Chapter 2

Background

Recall the conservation law up + (u?) «x = 0, equation (1.3). Special solutions of
interest of the conservation law are of the form u(x), where x = 2. Substituting u(z) into
(1.3) yields (3u® — 2)u, = 0. This implies that u(z) is constant or +./%; the latter are
rarefaction waves. In (X,T) coordinates, rarefaction waves fan out, or expand with time.

Shock waves are weak solutions of (1.3) of the form

<s
> S

WX, T) = {5

N3

The numbers u~, u", and s must satisfy the Rankine-Hugoniot condition,

. f(u*l - fEu*) _ (u+)j — (%7)3 _ (u+)2 Luut 4 (u_)z‘

It turns out that the speed, given by s, will always be positive for all of our
considered shock waves. In this thesis, admissible shock waves will be those that satisfy
the viscous profile criterion for (1.1). That is, we consider shock waves that correspond to
travelling wave solutions of (1.1) with the same speed satisfying the boundary conditions
u(—o00) = u~ and u(oo) = u™. Travelling waves with speed s are solutions of (1.1) of the
form w(n), where n = X — sT'. Substituting u(n) in (1.1) produces

(3u? — s)uy = Qupy + By (2.1)

The equation (2.1) is referred to as the travelling wave ordinary differential equation. We
are interested in solutions of this ordinary differential equation that satisfy the boundary
conditions

u(—00) = u~,u(00) = u't, uy(£oo) = 0, and uyy,(+oc) = 0. (2.2)

A Riemann problem is a Cauchy problem for (1.3) with the piecewise constant
initial condition
ut, X <0

mxmz{M,X>0 (2.3)



We look for Riemann solutions of the form u(z), z = 2. This implies that u(z) must satisfy

uéasx—>—oo

u(x) — { (2.4)

u" as x — o0
Riemann solutions are composed of constant parts, rarefaction waves, and/or shock waves.
We will only consider Riemann solutions that are composed of constant states and shock
waves.

In chapter 3, we use [6] to discuss the travelling waves of (1.1),(2.2). We then
introduce the system equations for the Riemann-Dafermos solutions, and show there exists
a Riemann—Dafermos solution near the considered Riemann solution. For 8 > 0, we were
able to find Riemann—Dafermos solutions that converge to a Riemann solution consisting of
two shock waves, one undercompressive and one compressive. In the succeeding chapters,
we investigate the stability of that Riemann—Dafermos solution by linearization. We were
able to discover properties that could potentially lead to stability results.



Chapter 3

The Riemann—Dafermos Solution

3.1 Travelling Wave

The travelling wave ordinary differential equation is (3u? — 8)Uy = QUpy + By
Recall that admissible travelling waves should satisfy the four boundary conditions (2.2).
Considering the boundary conditions and integrating from —oo to 7 yields

u? — su— (u")3 4 su” = auy + Bugy,. (3.1)

Written as a system, (3.1) becomes

Uy, = v, (3.2)
ul—su—z o«
vy, = ———— — =V (3.3)
! 5 B

for z = (u™)? —su~. This is a 2-dimensional system parameterized by z and s for each fixed

a > 0 and 8 # 0. There are at most 3 equilibria for this system. We consider pairs (s, z)

with s > 0 so that 3 distinct equilibria are produced for this system. Since z = su™ — (u~)3,

one equilibrium is (v7,0). Given the s and u~ one can determine the other equilibria by
solving u, = v, = 0.

Linearizing the system (3.2)-(3.3) about an equilibrium (u, 0) will give rise to two

eigenvalues
—a a\? 3u?-—s

If the eigenvalues (3.4) have opposite signs, the corresponding equilibrium is called a saddle.
When the eigenvalues have negative real part, the equilibrium is referred to as an attractor.
When the eigenvalues have positive real part, the equilibrium is said to be a repeller.

For 3 < 0, if s < 3u?, the eigenvalues (3.4) have positive real part. However, if
3u? < s, the eigenvalues have opposite signs. For 8 > 0, if s < 3u?, the eigenvalues (3.4)
have opposite signs. If 3u? < s, eigenvalues with negative real part are produced. Please
note that s = 3u? is the transitional case. As s increase through 3u?, a positive eigenvalue
becomes 0, then negative.

3
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Figure 3.1: Graphical representation of the types of equilibria.
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Figure 3.2: Equilibria types in the xu-plane.



3.1.1 Connecting orbits that start from (u~,0) and their corresponding
Riemann Solutions

The information revealed in this section comes from Jacobs, McKinney, and Shearer
in [6]. In [6], the equilibria of the system (3.2)-(3.3) and connecting orbits are described.
The corresponding shock waves are used to construct Riemann solutions of (1.3), (2.3).
We begin by discussing orbits that connect the equilibrium (™, 0) to another equilibrium
(ut,0).

When § < 0, the equilibria are given by two repellers and one saddle for s > 0. The
only way to have a connection is to have the equilibrium (u~,0) as one of the repellers and
the equilibrium (u™,0) as the saddle. See Figure 3.3. In [6], shock waves that correspond
to the different types of travelling wave orbits from (u~,0) to (u™,0) are described. In this
case, the travelling wave orbit corresponds to a compressive shock wave with left and right
states given by u~ and u™ respectively. A shock wave is referred to as compressive if it
satisfies the Lax entropy condition. The Lax entropy condition states that the left and right
states of a shock wave must satisfy f'(u™) > speed > f’(ut). A compressive shock is one
in which characteristics must enter the shock curve on both sides but not emanate from it.
These types of shock waves are often referred to as classical shocks. An undercompressive
shock is one in which characteristics enter the shock curve and pass through it. These
shocks satisfy one of the following conditions,

1. f'(u™) > speed and f'(u™) > speed, or

2. f'(u”) < speed and f'(ut) < speed.

Saddle Repeller

N

Figure 3.3: Solution that connects the repelling equilibrium to the saddle equilibrium.

When § > 0, the equilibria are given by two saddles and one attractor for s > 0.
There are two ways in which one can find a solution that starts at (u~,0) and ends at (u™,0).
In either case, (u~,0) must be a saddle. See Figure 3.4(a). According to [6], if (u™,0) is a
saddle point, then the travelling wave orbit corresponds to an undercompressive shock wave.

However, if (u™,0) is an attractor, then the corresponding shock wave is compressive. In
2a0v/2
3vB

[6], it is explicitly determined that a saddle-to-saddle connection occurs when |u~| >

- * (=2 _ aV2)— 4 202

and with a speed of s* = (u™) 3\/B]u |+ 55 -
Now consider a Riemann problem (1.3), (2.3) for § > 0. The Riemann solution
is a classical solution for some pairs (uf, u”). Those pairs results in a saddle-to-attractor
connection from (uf,0) to (u",0) for a certain s value. There is then a Riemann solution of



(1.3), (2.3) that is a classical shock wave and takes the form

w(z) = ul forxz < s
Tl W forz>s

for z = . According to [6], this occurs for 0 < u® < 2;‘\/‘/35 and —“72 <u" <ub.

Also, there are some pairs (uf, u") that result in a Riemann solution consisting of
two shock waves. There is a possible saddle-to-saddle connection from (u,0) to the third

equilibrium (u™,0) for s = s9, and a saddle-to-attractor connection from (u™,0) to (u",0)

with a speed s = s3 > so9. See Figure 3.4(b). According to [6], this occurs when u’ > 23%5

¢ . . . .
and —uf 4+ 2¥2 < " < —%. Furthermore, the corresponding Riemann solution consists

ENZ] 2

of an undercompressive shock followed by a faster classical or compressive shock. This

Riemann solution is given as

ul for x < s9
u(x) =< u™ for s9 < x < s3
u” for x > s3

We will focus on 3 > 0 and the equilibrium (u",0) as an attractor.

Attractor

Saddle 2 '\'y' Saddle

(a) Direct Connection

Attractor

PN

Saddle 2 \/Saddle

(b) Indirect Connection

Figure 3.4: Connections from (u~,0) to (u™,0) when 3 > 0.

3.2 Riemann—Dafermos Equations

Riemann-Dafermos solutions are stationary solutions of (1.6) that satisfy the

boundary conditions,

14

u(—o0) = u" and u(co) = u". (3.5)
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Being stationary solutions of (1.6) imply that they satisfy
(Bu? —2)uy = €Ugy + B Upps. (3.6)

Written as a system, (3.6) becomes

€Uy = U, (3.7)
€Uy = w, (3.8)
Wy = ;(3u2 —T)v — %w, (3.9)
zs = 1. (3.10)

In singular perturbation theory, this system is referred to as the slow form of a slow-fast
system. The change of variable x = €£ converts (3.7)—(3.10) into

ug = v, (3.11)

v = w, (3.12)
1

weg = B(Szﬂ—x)v—% , (3.13)

Te = € (3.14)

This is referred to as the fast form. Letting ¢ — 0, the fast form becomes

ue = v, (3.15)

ve = w, (3.16)
1

we = B(i&u2 —xz)v— %w, (3.17)

ze = 0. (3.18)

This is commonly referred to as the fast limit system. We begin by studying the fast limit
system.

3.3 The Fast Limit System

The set of equilibria of (3.15)—(3.18) is the uz-plane. The linearization of the fast
limit system at one of these equilibria has the matrix

0 1 0 O

J(1,0,0,7) 0 0 1 0
u,Y, U, ) = 3ul— o

0 5 3 0

0 0 0 O

The corresponding characteristic polynomial is C(r) = r? (7‘2 +3r— %(3u2 - x)) The

2
_ 3u2 —
eigenvalues are 0, 0, and e \/( @ ) + b

23 26 3
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Notice that as a system, the travelling wave ordinary differential equation (2.1) is
written as

Uy = v, (3.19)

v, = w, (3.20)
1

w, = E(3U2 —s)v — %w. (3.21)

This system has the same form as (3.15)—(3.18). Thus, the dynamics of the solutions of
(3.15)—(3.18) will be exactly the dynamics of the solutions of (3.19)—(3.21) when z = s.
We will now take what was observed in the 2-dimensional setting when 8 > 0 and
relate it to the dynamics of (3.15)—(3.18) in uvwz-space. A connecting orbit of (3.2)—(3.3)
from (u™,0) to (u™,0) corresponds to a connecting orbit of (3.15)—(3.18) from (v, 0,0, )
and (u™,0,0,z) with x = s.
Let z = fw + 2u — u® + av. Differentiating with respect to € results in

d
ze = d—g(ﬁw—i-xu—u?’—i-av)
B 4 zv — 3uv + aw
= 0.

We are now able to write the fast limit system as

U = v, (3.22)
ve = ;(u3 —zu+z) — %v, (3.23)
e = 0, (3.24)
ze = 0. (3.25)

Since z¢ = 0, z is constant in the system (3.22)-(3.25). Since the equilibria for the fast limit
system is the uz-plane, we may define z = zu* — (u*)? for each given u* and x. Please
observe that when = = s, the system (3.2)—(3.3) is the same as the system (3.22)—(3.23). We
will now show that the connections of interest of (3.15)—(3.18) can be viewed as transversal
intersections of invariant manifolds that persist for small € > 0.

3.3.1 Manifolds

Recall that the system (3.15)—(3.18) has a 2-dimensional plane of equilibria, the
uz-space. For x < 3u? the linearization of (3.15)—(3.18) at one of these equilibria has
one negative eigenvalue, one positive eigenvalue, and two 0 eigenvalues. For z > 3u? the
linearization of (3.15)-(3.18) at one of these equilibria has two eigenvalues with real part
negative and two 0 eigenvalues. We will describe the stable and unstable manifolds of
certain 1- and 2- dimensional subsets of the ux-space.
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W;(P) - Stable manifold of P ={all saddle equilibria in the uz-plane such that
T < 3u? — %}

On the parabola, x = 3u?, another 0 eigenvalue emerges. By considering x <
u? — %, we insure that z stays away from 3u?. Each point in P has a 1-dimensional sta-
ble eigenspace. Each of these stable spaces has an invariant curve tangent to it, which is
referred to as the stable fiber for its corresponding point. We will denote W{(P) as the
manifold constructed by the union of all of the 1-dimensional stable fibers of each saddle
point in the uz-plane. Locally this manifold is given by:

u € an open set, u € an open set,

v = Gi(u,w,x), v € G(u,z,x),
UVWI-space UVZT-Space

w € an open set, z € an open set,

T € an open set. r € an open set.

W{(P) - Unstable manifold of P

Consider W§(P) to be the manifold constructed by the union of the 1-dimensional
unstable fibers of each saddle point in P. This manifold is locally given by:

m

an open set,
= N (U, w, 56)7
€ an open set,
€ an open set.

an open set,
F(’LL, 2 1’),

an open set,

an open set.

uvwWI-space UvzZr-space

|8 e

S
S
S
S

8 & ¢ g

W§ (L) - Unstable manifold of the line £, = {(UE,O,O,{L‘”IL‘ < 3(uf)? — %}

The collection of the 1-dimensional unstable fibers of each point on £, will foliate
W§ (L,¢). Locally, this manifold is given by:

v € a neighborhood of uf, v € a neighborhood of u?,
= F: = F
uvwI-space v 1w fiw, 7). @), uvzr-space ! (lé’ Z(x)é 9:63)’
w = fi(u,x), z = xut — (uh)?,
r < an open set. T € an open set.

W (L) - Unstable manifold of the line £,m = {(um,o,o,x)ya; < 3(um)? — %}

The u! and u” are chosen so that the Riemann solution consists of two shock waves.
This determines the u™ value. After u™ is determined, we are able to consider the unstable
fibers of each point located on the line £,m. The collection of these fibers will be used to
foliate the manifold, W (Lym). Locally this manifold is given by:
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u € a neighborhood of u', u € a neighborhood of 4™,
wwa-space { - G, g1(u, z), ), wozz-space { . G(:;LL’ z(a:)r,nx%,

wo = g1(u, x), z = zu™ — (u™)?,

T € an open set. T € an open set.

W; (Lyr) - Stable manifold of the line £, = {(uT,O,O,x)\x > 3(u")? + %}

Each point on the line £, is associated with a 2-dimensional stable eigenspace.
The 2-dimensional stable space at each point has a two-dimensional invariant manifold that
is tangent to it. Each of these 2-dimensional manifolds are considered to be a stable fiber
of its corresponding point. The collection of these fibers will foliate W (L£,r). The point
(u",0,0,2*) in uvra-space corresponds to the point (u”,0,u"z* — (u")3, 2*) in uvzz-space,
and the stable fiber of the latter is clearly the space (u,v,z*,z*) where z* = u"z* — (u")3.
Therefore, the manifold is locally given by:

u € a neighborhood of u",

v € an open set,
UOWLT=SPACe )y = %(ZE(UT —u) +ud— (u)? — aw),

r < an open set.

u € a neighborhood of u",
uvza-space v € an open set,

z = zu” — (u")3,

xr € an open set.

Theorem 1 For some fizred § >0, let Ly = {x : |x — s1| > 8}, and let Ly = {z : |v — s2| >

§ and |z—s3| > §}. For 3 >0, consider'y = {(ué,u’“)‘o <ul < 2;\/‘/35 and — “72 <u" < ug}

and Ty = {(ue,ur)‘ue > 23%5 and u" > —u’ + g—%} Let (uf,u") € T;. Then for small
€ > 0 there is a Riemann—Dafermos solution tc(x) of (1.6); i.e., a solution of (3.6),(3.5).

As € — 0,1(z) approaches the Riemann solution of (1.3),(2.3) in the C* sense on L;.

This theorem relies on information about the transversality of the manifolds, Fenichel’s
Theorems, [14], and the Exchange Lemma. For convenience we prove the supporting lemmas
of this theorem in the uvzx-coordinates. After the supporting lemmas are verified, we then
prove Theorem 1, in the uvwz-coordinates.

3.3.2 Saddle-to-Attractor Connections

Observe that the equilibrium (u, v, w, z)=(u*,0,0,x) corresponds to (u,v,z,z)=
(u*,0,zu* — (u*)3,x). For e = 0, given (u’,u”) € Ty, there may exist a z-value, sy, such

that there is a solution to (3.22)-(3.25) that serves as a direct connection from (u’, 0, z1u’ —

(u®)3, s1) to (u”, 0, syu”—(u")3, s1). Let’s denote this solution by the curve (@' (€), 5 (€), 2, 51).
Please note that z = sju’ — (uf)? takes the same value as z = sju” — (u")?; i.e. we have
sjul — (uh)? = syu” — (u")3. This follows from the fact that z is constant on solutions of

(3.22)-(3.25).
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Similarly, after discovering the value for ™ for the given (uf,u") € I'y, there may
exist a z-value, s3, such that there is a solution to (3.22)-(3.25) that serves as a direct
connection from (u™, 0, s3u™ — (u™)3, s3) to (u”,0, szu” — (u")3, s3) for € = 0. Denote this
curve by (a3(€),03(€), 2, s3), where z = szu™ — (u™)3 = s3u” — (u")3.

Lemma 1 WY (L) intersects W3 (Lyur) transversally along the curve (u'(€),v(€), z,51)
when the underlying Riemann solution consist of one shock wave.

Lemma 2 WY (Lym) intersects Wi (Lur) transversally along the curve (u(€),03(€), 2, s3)
when the underlying Riemann solution consist of two shock waves.

Proof (Lemma 1). Since the proofs of both lemmas are very similar, we will just prove
one. The manifolds W (L£,¢) and Wy (L,r) are 2 and 3 dimensional respectively. In a
4 dimensional space, if the two intersect transversally, then they will intersect in a 1-
dimensional manifold. The two manifolds intersect along the curve (a'(¢),v%(€), 2, s1). We
will show that for any point on this curve, the tangent vectors of W (£,¢) and W (Lyr)
together will span R*. We will show this result in the uvza-space.

The tangent space to W' (£,¢) at a point is the span of

1 0
F, F, +u'F,
0 ) ué = {QL (12}
0 1
The tangent space to W (L,r) at a point is the span of
1 0 0
0 1 0
O Y O ) ur = {QBaQ4aQ5}
0 0 1

Since the vector (1, Fy, 0, O)T is dependent on the other vectors, we only need to verify that
the other four vectors are linearly independent. Assume that Z?Zl c;igi+1 = 0.

Co == O, Co = 07
ci(Fp +ulF) 4¢3 = 0, c3 = —c(Fy+ u'F,),
= . , =
cu’ + cqu = 0, Cq = —C1,

c1+ ¢y = 0. c1(uf — u") = 0.

Since uf # u", ¢; = 0. Hence, all ¢; = 0 for i = 1,2,3,4. Therefore, {qi}3_y will span
R%, O

Theorem 2 (Fenichel’s First and Second Theorem) Let IT € R" and ¢ € R. Let M)
be an m-dimensional normally hyperbolic locally invariant manifold with compact closure
for the differential equation TI' = f(Il,€) when e = 0. Let W"(My) and W?*(My) be the
unstable and stable manifolds of My respectively, with dimensions m—+k and m+£, where
m+k+¢ = n. Then for small ¢ > 0 there exist locally invariant manifolds M., W*(M,),
and W?*(M,) of dimensions m, m+k, and m+{ respectively, that are respectively C' near

Mo, W¥(My) and W*(My).
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Theorem 3 (Fenichel’s Third Theorem) For e =0 and II € R", let My be a normally
hyperbolic locally invariant manifold for ' = f(Il,e). When € # 0, the nearby manifold
given by Theorem 2 is denoted M. Consider the yab-space where the y-, a-, and b- spaces are
m-, k-, and £- dimensional respectively with m+k+¢ = n. In appropriate yab-coordinates,
M, is given by a = b =0, the unstable manifold, W*(M,), is given by b =0, and the stable
manifold, W*(M,), is given by a = 0. Also in these coordinates, y' depends only on y and €
when either a or b equals 0. If My consists of only equilibria, then the differential equation
on M. can be written as

y = ef(y,e) +9(y,a,b eab, (3.26)
ad = Ay,a,b,e€)a, (3.27)
¥ = B(y,a,b,e)b. (3.28)
VW
v

(a) e=0 (b) e>0

Figure 3.5: Three dimensional representation of the direct connection from L, to L.
When € > 0, the solution asymptotically converges back to £, and forward to £, for large
|z

For the system (3.26)-(3.28), for any small ¢, the point (y°,0,0) € M, has for its
unstable fiber the set {(y,a,b)ly = 3°,b = 0}, and for its stable fiber the set {(y,a,b)ly =
y%,a = 0}. These sets are independent of e. Hence, for II' = f(II, €), the unstable and
stable fibers depend in a C! manner on the base point and e.

Proof of Theorem 1 (One Wave Riemann Solution). For e = 0, the set P defined
earlier is a normally hyperbolic manifold of equilibria for (3.11)-(3.14). By [14], for small
€ > 0 there is a nearby normally hyperbolic locally invariant manifold. This manifold
is again P with its points not given as equilibria. The line £, is contained in P. It is
invariant for each e, and its unstable manifold W¥(L,¢) is the union of the unstable fibers



16

of its points. Therefore W¥(L,,¢) is C! close to WY (L,¢). Similarly, for small €, we conclude
that W (L,r) is C! close to Wi (Lyr).

Since W§ (L,¢) and W (L) meet transversally along the solution
(u(¢),v(&), w'(€), s1), for small € > 0, W¥ (L,¢) and W? (L) meet transversally as well.

The intersection is a solution (! (&), v1(€),w!(€),€€) that asymptotically approaches £, as
¢ — —oo and asymptotically approaches L, as £ — co. The Riemann—Dafermos solution

is de(x) = ul(Z). O

3.3.3 Saddle-to-Saddle Connection

There exists a unique x = sy that provides a connection of (3.22)-(3.25) from L.
to P for e = 0. This connection goes from (u, 0, sou’ — (uf)?3, 52) to (u™,0, sou™ — (u™)3, 52).
Denote this curve as (@2(€),0%(€), 2, s2), where z = sou’ — (u%)3 = sou™ — (u™)3.
Lemma 3 WY (L) intersects W§(P) tranversally along the curve (a?(€),v%(€), z, s2) when
the underlying Riemann solution consists of two shock waves.

Proof. Based on the dimensions of the two manifolds, we expect an intersection of dimension
1. The intersection is given by the curve (#?(€), v%(€), 2, s2). The tangent space to W (L)
at a point is given by the span of

1 0

F, F, + u'F,

o | ol = {p1,p2}.
0 1

Please note that for a given z value, z = zu’ — (u’)®. The tangent space to W (P) at a
point is given by the span of

1 0 0
Gy G, Gy

0 ) 1 ) 0 ) = {QIaPS’p4}-
0 0 1

Remark 1 On the curve in the intersection of the two manifolds of concern, v = F(u, z,x) =
F(u, squ’ — (u)?, s2) must be the same as v = G(u, z,7) = G(u, sou’ — (u*)?, s2). Thus, on

this common curve, Fy, = G,,.

4
Suppose >, ¢;p; = 0.

Cl = 07
co(Fy + ulF,) + 3G, + 4Gy = 0,
2( T Z)CB 3Lz 4 _ —CZUE’ = CQ(Fx + 'LLKFZ - Gx - quf) = 0.

Cy = —C2.
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Remark 2 To analyze the equation co(F, + u'F, — G, — que) = 0, we need to consider
a separation function denoted by S(x). In the uwvzx-space, our system of equations are
defined on the uv-space since both x and z are constant in the system. In the uv-space,
we can consider the line L0 = {(u®,v)} for some fized u°. The separation function S(x)
is designed to measure the distance between W (Ly,) and W§(P). That is, it considers
the v coordinate values of each manifold intersected with the line L0, then measures the
difference of the two v-values. So S(x) = F(u°, zu’ — (u*)?,z) — G(u®, xut — (u®)3,2). The
derivative is given by S'(z) = (Fy+u'F,) — (G, +u’G.,). Since there is only one z-value, s,
that gives a connection between the two manifolds, we know that S(s2) = 0. Thus, we are
interested in S'(s3). S'(s2) can be computed explicitly as a positive multiple of the Melnikov
integral. Thus, if the Melinkov integral is nonzero, S'(s2) is nonzero as well.

Recall the system (3.22)-(3.23)

U = v,
3
ve = =W —zu+z)—=v,
C B E
where z = zu’ — (u*)3. This system may be viewed as
’LL& = f(ua v, fI?),
ve = g(u,v,).

The matrix of the linerization at the arbitrary point (u,v) is

R 0 1
So the trace(J) = -5 fo =0, and g, = %(ue — u). Let’s compute S’(s2) by a positive
multiple of the Melnikov integral.

S/(SQ) _ E/ effoétracej(T)dT

u§ fx(U,U,SQ) ‘df

Ve gI(U,U,SQ)

= E/ e~ Jo tmcej(T)dT(uggI(u,v,SQ) — ve fo(u, v, 52))d

= E/oo s 5 (v;(u‘] —U)> dg
_ ?/_:e%‘ (v (u* —u)) de

We know from [6], that the connecting orbit from (uf,0) is a parabola below the
u-axis. This implies that u¢ = v < 0, so we are moving along the parabola from right to
left. Therefore, (u’,0) is at the right of any point on the part of the parabola that we are
interested in. Hence, u’ — v > 0. This gives us a negative integrand, which produces a
negative integral, since the integrand is an increasing function. Therefore, S'(s2) # 0.

Thus, ¢; = 0 for i = 1,2,3,4, and {p;}] is a linearly independent set. Therefore,
span {p;}] = R%. O
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Lemma 4 (Exchange Lemma) Consider the system (3.26) — (3.28) on yab-space where
y,a, and b are m—, k—, and {— dimensional respectively with m+k+f =n. InR"™, fore =0
let Yo be an invariant manifold of dimension k+ 1 that transversally intersects the yb-plane
at (yo,0,bp). Let 3¢ be an invariant manifold of dimension k+1 as well for e > 0. Assume
that as € — 0, %, — g, in the C* sense. Then X meets the yb-space at the point, (ye,0,bc),
near (yo,0,bo), such that as € — 0, (ye,0,be) — (yo,0,bp).

For € = 0, consider the linear differential equation y' = f(y,0) on the y-space, and
assume that f(yo,0) # 0. Let ¢(t) be the solution of y' = f(y,0) with ¢(0) = yo. For some
to > 0 and smallv > 0, define I = [to—v, to+v] and Uy = {(y,a,0) |y = ¢(t),t € I, ||la]| <v}.
Then for small € > 0,part of ¥, is C' close to Uy.

¢!’ru, )'[J)

oltg —v,3)
D ¢!’ru +u, yu}

U, -rormon oF W (M,)

= NW(M,)
"WHFRE_ ¥, MEETS -SPACE

i

Figure 3.6: Graphical representation of the Exchange Lemma.

When the given Riemann solution consists of 2 shock waves for ¢ = 0, there is
no connection from L, to L. See Figure 3.7(a). When e > 0, we rely on the Exchange
Lemma to track solutions on W¥(L,.) as £ increase and on W*(L,r) as £ decrease. See
Figure 3.3.3. This is done to find the one solution that is on both manifolds. This particular
solution is the Riemann-Dafermos solution for £ = £.

Proof of Theorem 1 (Two Waves Riemann Solution). We shall work in wvwz-
space. Please note that L, P, L,m, and L, are all contained in the uz-space which consists
of only equilibria. From [14] and Fenichel’s Theorems, we can conclude that for € > 0 suffi-
ciently small, W*(L,¢), W:(P), and W(L,r) are respectively C1 close to W (L), W§(P),
and W§(Lyr).

In Fenichel’s Third Theorem, let M. be P. Then in the Exchange Lemma,
P, W¥(P), and W#(P) correspond respectively to y-space, ya-space, and yb-space. In addi-
tion, let W*(L,¢) correspond to .. Recall that the dimensions of W (L,,¢) and W(P) are
2 and 3 respectively. So the two spaces intersect in a 1-dimentional space. By Lemma 3,
WY(L,e) intersects W§(P) transversally along the curve (u?(€), 92 (€), w?(€), x2), which is
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the stable fiber of (u"™, 0,0, s2). By Fenichel’s Theorems, WY (L) intersect W?(P) transver-
sally along the curve (a2(€),02(€),w?(€), €€).

The system (3.11)—(3.14) on P, which is a portion of ux-space, is just @ = 0, & = e.
Now the solution of @ = 0,4 = 1, with (u,z)(0) = (v™,0), is (u,x)(7) = («™, 7). Thus the
solution runs along the line £,m and the x-coordinate increases as 7 increases.

For a small ¢* > 0, let I be the portion of L£,m with so — ¢* < x < s34+ ¢*. Since
83 > s9, the Exchange Lemma implies that for small € > 0, part of W*(L,) is C* close to
WE(T). Now WY (Lym ), and hence W§(I), meets W§(L,r) transversally in a curve located
in the unstable fiber of (u,, 0,0, s3).

Observe that the Exchange Lemma gives the result that for small € > 0, part of
WH(L,e) is Ct close to WY(I). Recall that for small € > 0, W?(L,r) is Ct-close to Wi (Lyr).
This implies that WX*(L,,¢) meets WE(L,r) transversally. The u-component of the curve of
intersection, after the substitution § = ¢, is the Riemann—Dafermos solution. O
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(b) e>0

Figure 3.7: When € = 0, there is no connection from £, to L,r. For € > 0, shown in blue
are the corresponding curves in the two pairs of intersecting manifolds.
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Chapter 4

Linearization and Large
Eigenvalues

When studying the stability of dynamical systems, it is common to use the lin-
earization method. We begin by linearizing (3.6) about the Riemann—Dafermos solution.
We will then study the large eigenvalues associated with this linearization.

Let h(e,z,t) = tc(z) + U(z,t), where 4(x) is the Riemann-Dafermos solution.
Plugging h(e, z,t) into the reguarization (1.6) yields

U; + (60U + 3U)d. + (342 — )U, + (64U 4+ 302U, = aelUpy + Be*Uppe.
Disregarding the nonlinear terms with respect to U produces
U, + 60.0.U + (302 — 2)U, = aelUpy + B Uppe. (4.1)

Equation (4.1) is the linearization of the partial differential equation (3.6) at our Riemann—
Dafermos solution 4.(z). We look for solutions of the form U (z,t) = e U (z).
Substituting in the linear partial differential equation gives rise to

MU + (302 — 2)U, + 600U = aeUpy + B Usze. (4.2)

The corresponding system is

U, =V,
eVy = W,
1
W, = B[E/\U + (342 — 2)V + 6et LU — aW].
Substituting = = €£ into the system, produces
U =V,
Ve = W,
1
We = —(eAU + (3u* — 2)V + 6uueU — aW).

B
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Introducing p = e\, we can merge together the linear system with the fast system, (3.11)-
(3.14) and obtain the following 8-dimensional system

ue = v, (4.3)
ve = w, (4.4)
1 o
we = —=(3u?—2)v— —w, 4.5
¢ 5 v =3 (4.5)
Te = € (4.6)
Ue =V, (4.7)
Vi = W, (4.8)
1
We = B[,OU+(3u2 —2)V + 6uvlU — aW], (4.9)
pe = 0 (4.10)
For ¢ > 0, let x = €£, and define u.(§) = . (e£) where u.(x) is a solution

f (3.6),(3.5), a Riemann-Dafermos solution of (1.6). Then for each p € C, the sys-
tem (4.3)—(4.10) has the solution (ue(§),ve(§), we(§),€€,0,0,0,p). If for some p the sys-
tem (4.3)—(4.10) has another solution (uc(§),ve(§), we(§), €€, U(&),V(E), W (), p) such that
(U, V,W) — (0,0,0) as £ — xoo with U() # 0, then for A = 2, ()\, U(e§)> is an eigenpair
for the linear equation (4.2).

For ¢ = 0, the equilibria of this system are dependent on the value of p. For
p # 0, the equilibria are the points in uzp-space. For p = 0, the equilibria are the
points in uxU-space. In addition when e = 0, u(&) is a travelling wave solution for (1.1)
with the speed z. Dodd shows in [5] that the only eigenvalue with real part nonnega-
tive of the linearization of (1.1) at a traveling wave is the simple eigenvalue 0. Thus,
for € = 0 and each p with real part nonpositive, the system (4.3)-(4.10) has the solution
(u(&),v(&),w(&),z,U),V (&), W(£),p) such that (U,V,W) — (0,0,0) as & — Foo with
U(€&) # 0. For p with positive real part, the solution of (4.3)—(4.10) is (u(&), v(§),w(§), z,0,0,0, p).

4.0.4 Jacobian

The Jacobian evaluated at one of the equilibria for p # 0 is

0o 1 0 00 0 0 0
0 0 1 00 O 0 0
3u?—
0 % _% 0 0 0 0 0
0 0 0 00 0 0 0
J(4,0,0,2,0,0,0,p) = | 0 00 1 0 0
0 0 0 00 0 L0
p 3ul-z _a
0 0 0 0 5 T3 5 0
0 0 0 00 O 0 0
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Notice that this matrix is in the form of

Ao O
0 A )’

0 1 0 O 0 1 0 0
0 0 1 0 0 0 1 0
where Ay = 10,2 o , and A; = 3u—2 o . We will
0 0 0 0 0 0 0 O
0 1 0
denote the matrix of the principal minor [A1]s4 as A = A(p,u,z) = | 0 2O 1
p 3ut—z _«a
B E]

The spectrum of J(u,0,0,z,0,0,0,p) is simply the union of the spectra of Ay and of A;.
Since the spectrum of Ag is already computed, we only need to determine the spectrum of

A;. The characteristic polynomial of A; is given by Ca,(u) = <u3 + %,uQ - WT_I/L — %)
The nonzero eigenvalues of A; and the eigenvalues of A are given as the roots of the cubic

_ 3, 0,2_ 3ul-ax, p
g(p) = p’ + Gpu* — 25" pu— 5.

4.1 Eigenvalues of A(p,u,x)

We first find conditions on p for which A(p,u,x) has an eigenvalue with 0 real
part. To do this we let y = bi with b real, and solve the equation g(bi) = 0 for p. We obtain
p = —ab? —ib(Bb* + 3u® — z). Therefore Re(p) < 0 unless b = 0, in which case p = 0.

This tells us that when Re(p) > 0 and p # 0, A(p, u, z) will have no pure imaginary
eigenvalues. Therefore for Re(p) > 0 and p # 0, the number of eigenvalues of A(p, u, x) with
negative (respectively positive) real part never changes. We shall determine these numbers
by considering p € RT.

If the three roots of g(u) are given by 1, 2, and ps, we can compare the product
of the factors to the expression for g(u) and obtain the following relationships

(6%
—S = (4.11)
x — 3u?
3 = pip2 + pips + peps,
p
B = H1H2/13.

Since both the leading coefficient of g(u) and p are positive, then the vertical intercept is
negative and one of the roots must be positive. If we assume that p; > 0, then —% — =
2+ p3 and #Tpﬁ = pops. Since the sum of the remaining roots is negative and their product
is positive, those two roots must have negative real part.

So for all Re(p) > 0, two eigenvalues of A(p,u,x) will have real part negative and
one will have real part positive. Dodd tells us in [5], we know that £ such that Re(p) > 0 is
not an eigenvalue of the linearization of (1.1) at a travelling wave. We use this information
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to show that the 2 values with Re(p) > 0 are not eigenvalues of the linear equation (4.2).
For € = 0, we will investigate the behavior of the solutions of (4.3)—(4.10) when p > 0.
We begin by discussing appropriate manifolds in uvwaxUV W p-space, and their transversal
intersections for p > 0.

4.2 Transversal Intersections for p > 0

For € = 0 and fixed p = p > 0, we define the following manifolds of equilibria:

o2
K =4 (1,0,0,2,0,0,0, %)z < 3u® —
{(U T )|z < 3u? 3ﬁ}
02
Koerm = {(uz/m,O,O,a},O,O,O,pO)‘x < 3(ul™)? - 35} 7
o2
Kur = {(UT,O,O,x,O,O,O,pO)‘x > 3(u’”)2 + w} .

Observe that if ¢ = 0 and the u(§) component of a solution of (4.3)—(4.6) approaches
constants on the boundary, then u(§) is a travelling wave solution of (1.1). Consider the

point (u°,0,0,2°,0,0,0,p°) where 2° is contained either in {z|z < 3u® — %} or {z|z >

3u? + %} We will first describe the stable and unstable fibers of this point. We then
will describe the relevant stable and unstable manifolds of those manifolds of equilibria
mentioned above.

For (ul, vt wh, 2%) € W§(u°,0,0,2°), let (u(€),v(€),w(€)) be the solution of (4.3)—
(4.5), with (u(0 ),v(O),w(O)) = (u!, vl w') and x = 2°. Define S§(ut, vt w!, 20, p°) as the
set of all (U', V!, W) such that if (U(f) V(&),W(&)) is the solution of (4.7)—(4.9) with
(U(0),V(0), W(0)) = (U, V!, W) and (u,v,w,z,p) = (u (&), ( ) w(§),°, p°), then
(U(&),V(§),W()) — (0,0,0) as £ — oo. Each Sg(ul,v wh, 20, p°) is a vector space of di-
mension 2, and Wg(uo, 0,0,2%,0,0,0, 0% is the set of all points

(u', o' wh, 20, UL VE W %) such that (u!, ol w!, %) € Wi(u®,0,0,2%)
and (UL VLW € S§(ut, v, wh, 2%, p°).

For (ul,vl,wl 2%) € Wg(u?,0,0,2°), let (u(£),v(€),w(€)) be the solution of (4.3)—(4.5),
with (u(0 ),v(O),w(O)) = (u, v}, w!) and z = 2°. Let S¥(ut, vt wl, 20, p°) be the set of all
(U, VY, W) such that if (U(€),V(€), W (€)) is the solution of (4.7)-(4.9) with
(U(0),V(0), W(0)) = (U, V!, W) and (u,v,w,z,p) = (u(€),v(€),w(€),2”, p"), then
(U(€),V(€),W(£)) — (0,0,0) as £ — —co. Each S¥(ul, v, w!, 20 p%) is a vector space of
dimension 1, and ng(uo, 0,0,2°,0,0,0, %) is the set of all points

(u', vl wh, 20 UL VE W %) such that (u!, o', w!, 2%) € W (P, 0,0, 2%)

and (U, V1, W) € S¥(ul, vt wh, 20, p°).
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The stable fiber of a point (u,0,0,z,0,0,0, p°) € K is given by W§(u,0,0,x,0,0,0,
p%). The collection of all of the stable fibers of each point in K will foliate the stable manifold
of K,Wi(K). For a fixed p value, the dimension of Wj(K) is 5.

The unstable fiber of each point (ue/m,O,O,x,O,O,O,pO) € K, uym is given by
Wg(ué/m,O,O,:z:,O,O,O,pO). The collection of all of the unstable fibers of each point in
ICjeym will foliate the unstable manifold of I e/m, W (K e/m). For a fixed p value, the
dimension of W (K, ¢/m) is 3.

The stable fiber of a point (u", 0,0, z,0,0,0, p°) € K, is given by Wi (u", 0,0, x, 0,0,
0,0°). The collection of all of the stable fibers of each point in IC,» will foliate the stable
manifold of Kyr, W§(KCyr). For a fixed p value, the dimension of W (K, )is 5.

Theorem 4 If p has positive real part, then for small € > 0, the linear equation (4.1)
does not have £ as an eigenvalue with an eigenfunction that approaches 0 as x — Foo.

Proof. Recall when 3 > 0 that the system (3.15)—(3.18) has 1 or 2 travelling wave
solution(s). There is a possible travelling wave solution that starts out W{' (L) and ends
in W§(Lyr). Alternatively, there are possible travelling wave solutions in which one starts
in W§(L,¢) and ends in W§(P), and the other starts in W{'(Lym) and ends in W§(Lyr).

When p > 0, p is not an eigenvalue of the linearization of (1.1) at a travelling wave,
(Dodd, [5]). Thus, S¥(u(&),v(€),w(£), s« p°) meets Si(u(€),v(€),w(§), s, p°) transver-
sally at the origin. When there is only one shock wave for the related Riemann solution,
WY(K,e) will meet W§(KC,r) transversally at the curve (@!(€), v (), w!(€), s1,0,0,0,0%).
When there are two shock waves for the corresponding Riemann solution, there will be
two pairs of transverse intersections. W (C,¢) will transversally intersect Wi (K) along the
curve (@?(€),0%(€), w%(€), 82,0,0,0,p) and WY(Kym) will transversally intersect Wg(KCyr)
along the curve (a3(€),v3(€), w3 (€), s3,0,0,0, p).

It was shown with Theorem 1 that when € > 0 is sufficiently small, there exists
a curve, (ue(£),ve(8),we(§),€€), which lies in the intersection of W*(L,e) and W2 (Lyr).
The u component for x = €€, tie(x) = ue (f), is the Riemann—Dafermos solution. Using the
Exchange Lemma, we can track solutions on a portion of W*(K,¢) to a portion of W (Kym).
Recall that W (KCym ) meets Wi (ICyr) transversally. Also, we know by Fenichel’s Theorems
that W2 (ICyr) is C1 close to W§(KCyr). So WE(Kyr) can be tracked backwards to WE(Kym ).
This leads us to the conclusion that WX(K,r) meets W?(IC,r) transversally. Based on

€
the dimensions and descriptions of these two manifolds in uxp-space, the intersection of

WH(K,e) with W3(K,r) contains only the curve (uc(€),ve(€),we(€),€€,0,0,0,p%). Since
A = £ > 0 is associated with U(&) = 0, A is not an eigenvalue for the linear equation (4.2).
O
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Chapter 5

Small Eigenvalues

Substituting p = e\ back into the system (4.3)—(4.10) gives rise to the following
system

ug = v, (5.1)
Ve = W, (5'2)
we = ;(SUZ—x)v—gw, (5.3)
T = € (5.4)
Ue =V, (5.5)
Ve = W, (5.6)
We = ;[GAU+(3u2—x)V+6uvU—aW], (5.7)
Xe = 0. (5.8)

Studying (5.1)—(5.8) is equivalent to studying (4.3)—(4.10) for p = e\, which is near 0 for
small enough e. Suppose the system (5.1)—(5.8) has a family of solutions

(ue(€), ve(§), we(§), €6, U (€,€), V(€,€), W (e, §), Ale)), (5.9)

where we recall that i(z) = uc(%) is the Riemann-Dafermos solution. Then ()\(e), U (e, %)

z
€

is an eigenpair for the linear equation (4.1) on any space to which U <e, ) belongs.

Without loss of generality, we assume that the small eigenvalues take the form
Ao+ er1+O(€?) for small € > 0. So for sufficently small € < 1, the eigenvalues are contained
in a neighborhood about Ag. We were able to calculate the only possible value of Ag. If the
Riemann solution consists of one shock wave and A\ # —1 + e\; + O(€?), then the linear
equation (4.1) does not have A as an eigenvalue with an eigenfunction that approaches 0
rapidly as  — 4oo. If the Riemann solution consists of two shocks and A # Ag+eX; +O(€?)
where \g is given by the expression (5.66), the linear equation (4.1) does not have A as an
eigenvalue with an eigenfunction that approaches 0 rapidly as * — F+oo. We will clarify
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v

what it means to “approach 0 rapidly” in subsection 5.1.2. By looking for solutions of (5.1)-
(5.8) of the form (5.9), with the property that (U,V,W) — (0,0,0) rapidly as £ — £o0, we
were able to find more conditions on the eigenfunctions of (4.1). This is revealed at the end
of the chapter.

5.1 Manifolds of equilibria

When € = 0, the space of equilibria is given by uzU A-space. The Jacobian evalu-
ated at one of those equilibria is given as the block diag(Ap, Ap). The nonzero eigenvalues
are the exact same ones as from (3.4), each having algebraic multiplicity of 2. So for
x < 3u?— g—;, we have 4 zero eigenvalues, 2 negative eigenvalues, and 2 positive eigenvalues.

When z > 3u? + %, we have 4 zero eigenvalues and 4 eigenvalues with negative real part.
Therefore, for € = 0 the manifolds of equilibria

2
My = {(u,o,o,x,U,o,o,A)\x < 3u?® — ;‘ﬂ}

2
Mg = {(uOOxUOOA‘:ﬁ>3u+35}

are normally hyperbolic. By Fenichel’s theorem these manifolds perturb to normally hy-
perbolic invariant manifolds M for small € > 0. The equations of these manifolds must
take the form

= v(u,z,U,\e),

= w(u,z,U,\e€),

V(u,z,U, A €),

= W(u,z,U,\e).

T < g e
I

Of course we have
v(u,z,U,\,0) = w(u,z,U,\,0) = V(u,z,U, \,0) = W(u,z,U, \,0) = 0.

In fact we know v(u,z,U,\je) = w(u,z,U,\je) = 0 for any e. We also know that
V(u,z,U, N\ €) and W (u,z,U,\,¢) must be linear in U for fixed (u,z, A, €). Therefore,
on M* V= A(u,z,\,e)U and W = B(u, z, \, €)U, where

A(u,z, N\ e) = (Ao(u, z,\) + €Al (u, z, \) + 0(62)>,
B(u,z,\e) = (Bo(u,w, A) +eBY(u, 2, \) + (’)(62)).

When ¢ = 0, A(u,z,\,0) = A%u,2,\) and B(u,z,\,0) = B°(u,z,\). Since on M%,
V(u,z,\,0)=W(u,z,\,0) = 0, both A%(u,z,)\) and B%(u,x,\) are 0. So actually the

equations of MF are

vV = (eAl(u:r)\ )+ O(e )U,
)

W = <eBl(ux)\ + O(e) | U.
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5.1.1 Differential Equation on M*
Let Q*(&,€) be respective solutions on ME. Assume that Q* (¢, ¢) take the form

Q& 6) = (u(é,e), (& 6), (§,€), (€, €), UE,€), V(E, €), W(E €), A€)-
We can expand the U component of Qi(ﬁ, €) in powers of ¢ by U = Up(&) + €Uy (&) + O(€?).
After differentiating, we obtain U = Up(€) + Uy (€) + O(e?). From (5.1)-(5.8), we know
that U = V. Thus,
Up+ eU1(&) + O(?) = (eA'(u,z,\) + O())U
= (eA'(u,z,A) + O(*)) (Up(&) + €Ur (&) + O(e?))
= eAl(u,z, \Up(€) + O(€®)
From this, we have
Uy = 0,
Ui1(6) = Al(u,z, \)Uo(&).
Therefore, Uy(§) = Uy is constant in £. In addition,
V. = e(DyA'ug + Do A'we)U + eA' (u, 2, M) (U + €Ur) + O(€°)
= e(DuAlv + EDIAI)U + €Al (u, z, \\Uy + O(€?)
= D AW + Al (u, 2, \\Uy + O(€?)
= eAl(u, 2, Uy + O(e?)
= 0+0().
Similarly, W = 0 + O(¢?). From (5.1)-(5.8), we are able equate the two equations for V¢

and obtain,
0+ O(e®) = W = eB' (u,z, \)U + O(€?).

This reveals to us that B'(u,z,\) = 0. Therefore, the W components of Q¥ (£, €) are 0 up
to the order of €. Equating the two equations for W, we obtain

04+ 0(?) = 3 (e)\U + (3w — )V + 6wl — aW)
= 3 (e/\U + (3u? — z)e A (u, 2, \)U + 6uvU — aeB* (u, 2)U + 0(62)>
_ 1 ((\+ (302 = ) AN, 2, X)) eU +O(&2)).
B
This informs us that A'(u,z,\) = . Thus, the equations of M are
v = 0,
w = 0,
€A 9
V = $_3u2U+(’)(e )
W = 0O(&).
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The differential equations on M* are

Ug = 0, (5.10)

e = € (5.11)
eA

= 12

Us $_3U2U+O( ) (5.12)

A = 0. (5.13)

5.1.2 The connection with solutions of (5.1)—(5.8).

Let

2
MY = {(u{o,o,x,o,o,o, Az < 3(uf)? - ;ﬁ} .
Notice that M*" has dimension 2 and is an invariant subset of M for every e. (In mak-
ing dimension counts, we shall ignore the fact that A is complex and not real and that

(U,V,W) € C3 and not R3®. Considering this information simply doubles the dimension
counts for A and (U, V,W).) Let

2
MY = {(u”,o,o,az,o,o, 0,A)|z > 3(u")* + ;‘5} .

Similarly, M*" has dimension 2 and is an invariant subset of M7 for every e. We are
interested in solutions (5.9) of (5.1)-(5.8) that approach M as € — —oco and MY as
& — oo. If we can ﬁnd one with U(e, &) # 0, then U(e, §) is an eigenfunction.

For (u?,v?,w?, 2%) € W§(u",0,0,2°), let (u (§) v(€),w(§)) be the solution of (5.1)-
(5.3), with (u(0 ),v(O),w(O)) (u?, ’02 wg) and z = 2. Let S§(u?,v?,w?, 2°) be the set of
all (U2, V%, W?) such that if (U(&),V(€), W (€)) is the solution of (5.5)— (5 7) when € = 0,
with (U(0), V(0), W (0)) = (U2, V2, W?) and (u,v,w,z) = (u(),v(€), w(€),z°), then
(U(€),V(€),W(£)) — (0,0,0) as & — oo. Each S§(u?,v?, w?,z) is a vector space of dimen-
sion 2, and Wg(u", 0,0, 2°,0,0,0, \) is the set of all points

(u?,v?, w?, 2%, Uy, Vo, Wa, Xg) such that (u?,v? w?, %) € W5(u",0,0,2°)

and (U%, V2 W?) € §§(u?, v, w?, 20).

The stable fiber of a point (u",0,0,,0,0,0,\) € M* is a 4-dimensional manifold and is
given by W§(u",0,0,2,0,0,0,). The collection of these fibers foliates the 6-dimensional
manifold Wi (M),

For (u?,v? w?,2°) € W¥(u2,0,0,2°), let (u(£),v(€),w(€)) be the solution of (5.1)—
(5.3), with (u (0),1}(0),111(0)) = (v}, v} w?) and z = 2% Let S¥(u?,v?,w? 2°) be the
set of all (U2, V2, W?) such that if (U(€),V(£),W(€)) is the solution of ( ) (5.7) with
(U(0), V(0),W(0)) = (U*,VZW?) and (u,v,w,z) = (u(€),v(£), w(£),z°), then
(U),V(€),W(£)) — (0,0,0) as £ — —oo. Each S¥(u?,v?,w? 2%) is a vector space of di-
mension 1, and W¥(u,0,0,2°,0,0,0,°) is the set of all points

(u?,v?, w?, 2%, U?, V2, W?) such that (u?, 02, w?, %) € W¥(u°,0,0,2°)
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and (U, V2, W?) € S4(u?,v?, w?, 20).
The unstable fiber of a point (uf,0,0,2,0,0,0,)) € M is a 2-dimensional manifold given
by Wg)‘(ue, 0,0,2,0,0,0,A). The collection of these fibers foliates the 4-dimensional manifold
WE(M™).

M7 is a normally hyperbolic invariant manifold, so each of its points has an
unstable fiber. Wg(M“Z) is the union of the unstable fibers of the points of M¥ | which
is a subset of M_. So Wé‘(/\/l“[) is the set of points whose backwards orbit approaches
MY rapidly as & — —oo. There may be orbits in M_ for small € > 0 that approach My
slowly as £ — —oo. Then points in their unstable fibers would also approach M slowly
as £ — —oo. We will not consider such solutions in this chapter. In the next chapter we
consider solutions that go to zero at at least a certain rate. By considering solutions that
go tgo zero at at least a certain rate, we again omit any solutions that very slowly approach
MY

In uvwzUV W A-space, we expect that for small € > 0, the intersection of WY (M“é)
with W2 (M™") to be 2 dimensional. We will show that the set

{(ué(g)? ué(§)7 u6(§)7 65707070? )‘)‘)‘ = )\0 + EAl + 0(62)} s (514)

is contained in the intersection. If WE“(M“Z) and W$(M™") meet transversally at a point
on this 2-dimensional manifold with A = Ao + e\; + O(€?), there are no other solutions
nearby. We now consider the possibility of having additional solutions.

The solutions of interest are those that rapidly approach a solution in MY as
¢ — —oo and a solution in M*" as & — co. On M“Z, a solution takes the form

Q (& €)= (u’,0,0,2(¢,€),0,0,0, ),
and a solution on M"" takes the form

Q;—"‘ (67 6) - (ur7 07 07 $(£7 6)7 07 07 07 )‘)

In the two waves case, we must consider an additional condition for the solutions
of interest. We expect that when 2 < ¢ < % the solutions are near

Qum (&, €) = (u(e),v(&; €), w(§; €), 2(8, €), U(&, €), VI(E, €), W(E, €), Ale)),
a solution of MY" where

062
2" = {(0(0).0(6,), 0(€. 0, 5(6,). U6 0. VIEAIWE AN al€0) < 3020 = 5 |

Please note that M"" is a 2-dimensional invariant subset of M_ for every e. Please note
that when ¢ = 0,

2
ME" = {(um,o,o,m,o,o, 0,\)|z < 3(u™)? — ?O"ﬂ} .
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5.2 Solution of Interest of System (5.1)-(5.8)

Consider the differential equation

X = F(X). (5.15)

Suppose that X () is a solution to (5.15). The corresponding linearized differential equation
at X (&) is .
Y = DF(X(€))Y. (5.16)

Differentiating both sides of (5.15) gives rise to X = DF(X)X. This implies that X solves
(5.16), the linearized differential equation. So if we let
(u, v, w) = (u*(£),v"(£), w*(§), 2")

be a solution of (5.1)—(5.3) for e = 0, then one solution of (5.5)—(5.7) for e = 0 is

(U, V, W) = (@(£), 0°(£), ™ (£))-

Since a multiple of a solution is again a solution, for the constant k, we have

(U7 v, W) = (kU*(§>v kb*(é)? kw*({))

as a solution.

Recall from Chapter 3 that when there is only one travelling wave present, it is
given by (a!(¢),v(€),w!(¢)) with speed s;. When there are two travelling waves present,
they are respectively given by (@2(€),0%(€),w?(¢)) and (@3(€), 3(€), w3(€)) with respective
speeds sy and s3. In (u,v,w,z,U,V,W, X)-space with A = ¢ fixed and with k; given as
constants such that k1 # 0 and ko and k3 are not both 0, we define the following 8 curves:

a = {w ooxoooxoqul}
Cy = {( 1 wl(g) Sl’k1ﬂ£7k15£7klwgon)‘_m<£<oo},
C; = {(, 00$000A0|x>31}
e = {w, OOxOOOAO\x<32}
{
{
{

Cs = {(@¢

Ce =
Cr =
G = {

(a £), w*(€), 32;]?27157]?21757]?2@?,)\0)‘ —o0<{< oo},
(um OO:UOOO o) ‘52<x<53}

(u 3( wg(f) 53a]€3u§7k3v§7k3w§,)\0)‘ —oco<E< oo},
(u” 0056000)\0|x>83}

In the case of a one-wave Riemann solution, we will look for values of Ay for which
(5.1)=(5.8) has, for small € > 0, a solution near {C; U Cy U Cs}. In the case of a two-wave
Riemann solution, we will look for values of Ao for which (5.1)—(5.8) has, for small € > 0, a
solution near {C4 UCs;uUCsgUCrU Cg}.



x*) denote either

(@'(£), 0" (&), w" (€), 51), (@*(£),0%(£), w*(£), s2), or (u?(€),v*(€),
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Let R(&,0) = (u*(&),v*(§), w*(§), z*, k;u* (), kjo* (), kjw*(§), Ao) be a solution of (5.1)-
(5.8) for € = 0 that parameterizes the curve Cy, Cs or C7. Let

R(E,€) = (u(,€),v(&,€),

be a perturbation of this solution.
u(g, €)
v(&; )

[0
~—

A~ N N N N N/
> 22

w(é,€),x( €),U(& €),VI(E €), W
Then
u*(€) + eur (€) + O(2), (5.17)
= (&) + evi (&) + O(e?), (5.18)
= w (&) +ew(§) + O(), (5.19)
= 2"+ ex1(§), (5.20)
= kju* (&) + eU1(€) + O(e?) (5.21)
= ko (&) + eVi(§) + O(e?), (5.22)
= kj* (&) + eW1(€) + O(e?) (5.23)
= X +er +O(D). (5.24)
We investigate the solution of (5.1)—(5.8) when € = 0. Differentiating (5.17)—(5.23) produces
= 4*(€) + eir(§) + O(), (5.25)
= 0°(&) + e (§) + O, (5.26)
= W (&) + ewr (&) + O(?), (5.27)
= er1(§), (5.28)
= kji* (&) + eUr(€) + O(e%) (5.29)
= kji*(€) + eVi(€) + O(?), (5.30)
= k(&) + Wi (€) + O(e2). (5.31)



From (5.1)—(5.8) with substitutions from (5.17)—(5.23), we can conclude that

vH(€) + evr (€) + O(e?),
w*(€) + ewi (€) + O(e?),

;(3(U*(§))2v*(£) + 3e(u*(€)) 01(€) + Gew (Eur (§)v*(€)

—a" 0" () — ex*v1(€) — ex1(€)v7(€) — aw* (€) — eaw: (€) + O(e?)),
k0" (€) + eVi(€) + O(2),

kj* (€) + Wi (€) + O(e?),

1

3 (ekj/\oit*(é) + 3k; (u*(€))0% (€) + 3e(u(€))*Va(€)

+6kjeu”(§)ui(§)7(§) — kja™ 0™ (§) — ex™Vi(€) — ekjz1(£)07(E)
+6kju” (§)v*(§)a™ () + beu” (§)v™ ()U1(E) + Bekju™ (E)vr (§)i™(€)

+6ekju1 (§)v™(§)u* (§) — akjuw™(§) — aeWi(£) + (9(8)) :

Equating the common expressions from (5.25)—(5.31) and (5.32)—(5.38) yields

Ul() = Ul(&)?
01(§) = wi(§),
W (€) + ey (€)= ;(3@*(5))%*(5) — 20" () — aw* ()
g 600 O (©)| (509 + 21(©)0"(©) + aun ©)
z1(€) = 1,
Ui(¢) = Va(9),
Vi(§) = Wi(9),
kjio* (€) + Wi (€) = ’;(;5[3@(5))2@*(5)] —m*v*(&)—aw*@))
+% <>\ok]u (&) — 2"Va(§) — kjz1(§)07(§) — aWi(§))

33

(5.32)
(5.33)

(5.34)

(5.35)
(5.36)
(5.37)

(5.38)
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We are able to derive the following two equations from (5.39)—(5.45).

Bin(€) — ﬁg{sm*(g))?ul@}—x*m(@—m(f)v*(f)—awl@ (5.46)
BWA(E) = Aokyit*(€) — 2" VA(E) — kyan (€)0(€) — aWa (€)) (5.47)
-2 [3<u*<5>>2U1 () + Gkyu (€)v" (€)un) .

Before we can investigate the equations (5.46)—(5.47), we need to determine the
behavior of V; and W7 on the solution of interest. To do this, we must track this solution of
interest and determine the behavior of its limiting solutions. Since it is approaching these
limiting solutions, its long time behavior will be close to that of the limiting solutions.

5.3 Behavior of R(¢,¢) near M=

For small € > 0, let @ _,(&,¢) and Q1 (€, €) be respectively solutions on M4 and
M™ . So the nonzero coordinates of Q.. (€, €) take the form

U(g,E) = ué’
(€)= (ss+exf+ O(?)) + €,
Ae) = Xo+er + 0(62),

where s, is 1 or s5. The nonzero coordinates of Q5 (&, €) take the form

u(é-v 6) = UT’
x(&e) = (Sj +exi + 0(62)) + €€,
Ae) = Xo+er+ 0(62),

where s; is s or s3. In addition, for small € > 0 on M_, we consider the solution @} (&, €)
with its nonzero coordinates given by

u(€e) = u™+eul" + O(?),
z(€e) = (s+ex+O(?)) + €,
Ut e) = €U+ O(e?),
V(g = 0@,
WEo = O,
Me) = Xo+ed +0(),

where s9 < s < s3.
We want to track W;L(M“/) as it passes near C5 and then arrives near the middle
of Cg. Similarly we want to track W?(M"") backwards as it passes near C7 and then
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arrives near the middle of Cgs. Define the portion of a solution of (5.1)—(5.7) that is located
in WM™ as

R_(¢,€) = (u(6 €), v(€, ), w(€, €)," + €, U(€,€), V(€ €), W (£, €), A(6)),
such that (U(£),V(€),W(£)) — (0,0,0) as § — —oco. So we have R_({,€) — Q& €)
as & — —oo and R_(§,€) — Qfm(&,€) as £ increases. Define the portion of a solution of
(5.1)~(5.7) that is located in W3 (M) as

R+(§7 6) = (u(§7 6)7 ’0(5, 6)7 w(ga 6)7 T+ 657 U(ga 6)7 (67 W )
such that (U(€),V (), W(€)) — (0,0,0) as ¢ — co. Thus, we have R, ({,€) — Q)

& — oo and Ry (§,€) = Qim(&, €) as € decreases.
As § — —o0, R_(§, €) will converge to Q_,(&, €) component-wise.

(€, €) as

u(e) — u,
v(§€e) — 0,
w(e) — 0,
z(€,€) — s, +ext+ef+0O(H),
U€e) — 0,
V(e — 0,
W(,e) — 0.

As & — 00, Ry (£, €) will converge to QiF. (&, €) component-wise.

u(é,e) — u,
v(€e) — 0,
w(e) — 0,
z(€€) — 55+ ext + e+ O(),
U e — 0,
V(e — 0,
W(,e) — 0.

In the two waves case, we must consider how close WE“(M“Z) and W3 (MY") are to M_ .
We will show in section 5.6.2 that as £ increases, R_(,€) gets close to a solution on M7
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for a span of time, component-wise in the following manner

u™ + eu + O(€%),

u(e) —
v(€e) — 0,
w(e) — 0,
z(€€) — sy+ext+ef+O(),
Ut e) — €U+ O(e?),
V(e — O,
W(e) — O().

Recall in subsection 5.1.1 we expanded U as Uy + eU; + O(e?). Also recall that we have
shown in section 5.2 that for small ¢ > 0,U = @ = v. This implies that Uy = v. On
MZE v =0 for all e. Thus, Uy = 0. Since U = AY(u, 2, \)Up, Uy must be a constant. So
we have both u}" and U; as constants. We will show in section 5.6.2 that as { decreases,
R (&, €) gets close to a solution on M_ for a span of time, component-wise in the following
manner

u™ + eu + O(€%),

u(é,e) —
v(§e) — 0,
w(e) — 0,
z(€,€) — s3+ext+ef+O(),
Ut e) — €U+ O(e?),
V(g e) — O,
W(E e — O().

5.4 Riemann Solution: One Wave

Please observe that when the Riemann solution consists of one wave, we have
v(Eo0,€) = w(£oo,€) = U(Loo,€) = V(Eoo,e) = W(xoo,€) = 0. Integrating equations
(5.46) and (5.47) over R will produce the following results:
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From Equation (5.46) we have,

5[ et = [ (i[sw*(s»%l@]
e on(€) — w1 (€ (E) aw1<s>> e

0 - — / (@ (©)de

—0o0

0 = - [ @i+ouie

—0o0

0 = —aj(u —uf)— /_ oo (e)de
2 et (€)de

* —
:>$1 = u[_ur

From Equation (5.47), we have

5 / Tinede = / h (Aoﬂ*(ﬁ)—x*W(ﬁ)—m(é)@*(&)

— 00

—aM(©) + [3<u*<s>>2U1<5> n 6u*<s>v*<£>u1<g>>] ) e

0 = AO/Zu*dg—/ooxl(f)ﬂ*(f)df

0 = ol —u)—a@r @+ [ o
0 = ol —u+ [ v
0 = X(u" —ub)+ (" —ub)

:>)\0 = 1.

5.4.1 Discussion

Recall the descriptions of W¥(M™) and Wi(M™") in subsection 5.1.2. For a fixed
Afs Wé‘(./\/luz) and W§(M®") are 3- and 5-dimensional respectively. To be transverse in
R7, the intersection must have dimension 1. Their intersection consists of the family of
curves (5, defined in section 5.2. The union of these curves is a manifold parameterized
by &, k1 € R, so it is 2-dimensional. Having a 2-dimensional intersection implies that the
tangent spaces of Wé*(/\/l“z) and W§(M®") will not span R”. Thus, the two spaces will not
be transverse.

For small € > 0 and Ay # —1 + e\; + O(€?), the intersection of WM and
WS (MY is given by (5.9). Having a 1-dimensional intersection implies that the tangent
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spaces of W;‘(M“Z) and W?(M"") will span R”. So the interpretation of the calculation
in this section is that for small € > 0 and fixed Ay # —1 + e\; + O(€?), the intersection of

WE“(M“Z) and W#(M"") becomes transverse.

5.5 The Adjoint Solution

Consider the system (3.22)—(3.23) with z = 2*. We assume that for v = v~ and
2* = xu~ — (u”)3, there is a solution (u*(&),v*(€)) of (3.22)-(3.23) that goes from the
equilibrium (u~,0) to a second equilibrium (u*,0) with ut # w~. Then (u*(£),v*(£), z*)
is a solution of (3.22)—(3.23) that goes from the equilibrium (v, 0, 2*) to the equilibrium
(ut,0,2%). The linearization of (3.22)-(3.23) along this solution is

X =A@©x (5.48)
Uy 0 1 0
— A — | 3u(§)*—a* a 1
where X = | Wi and A = Al
Z1 0 0 0

In this section we consider adjoint solutions of (5.48). This information is vital to under-
standing the solution of (5.1)—(5.8) when the Riemann solution consists of two waves.

The adjoint system corresponding to the given homogeneous system is ¥/ =
—\Iffl(f), where W is in the form of a row vector. An equivalent system for ¥ given as

a column vector is U/ = —A({)T\I/. Either system can be written as
. Tt — 3u*2
¥y = ————Uy,
g
. o
\IJQ — _\Ill + *\1127
g
. 1
Vs = ——Ws.
g

Since ‘1}1 and \I)Q are decoupled from W3, one can try to use \1)1 and s to solve for ¥y and
U,. Afterwards, one can use ¥y to find ¥3. Furthermore, U3 = —;/\112(T)d7. Another
solution is given by the constant vector E3 =( 0 0 1 ). Fori = 1,2, the adjoint solutions
are in the form of cyF3 + Z?:l ¢ ( VAR —% JWi(r)dr ) We now consider the 2-

dimensional system o
(U1, ¥2) = (V1, U2)D(E), (5.49)

D<f>=(xoauz ‘J).
8 I}

where
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5.5.1 \Ijl(g) and \112(5)
Consider the differential equation X = C(£)X, where X € R? and

c) = (Zég Z(é;) Suppose a solution to the differential equation is given by X =

< §1 ) The corresponding adjoint system is given by ¥ = —WC/(£).
2

Proposition 1 A solution to the adjoint system is
\Ij(é) — ( \I;l(g) \112(§) ) — ( e~ fog tmce{A(s)}dsX2 e~ fog tmce{A(s)}dS)(1 ) .

Proof. Differentiating ¥ produces the following equations:

i? = (a(€) + d(§))e” S ITdNds x, _ o filaledlNds
= (a(€) + d(§))e oI x5, _ [ ITANE () X, + d(€) Xo)
_ a(g)e—fog(a(s)-i-d(s))dsX e — Ji (a(s)+d(s))ds c(€) Xy,

dVUs — [ (a(s)+d(s))ds J5 (als)+d(s))ds

e —(a(§) +d(§))e Yo Xite o X1

= (@w+ﬂ®>*F“@+“”“X-+efb D (a(6) X1 + b(E) o)
—  _d(e)e [ @) +de)ds x| 4 o= [ ale)+d)dsp(e)

The differential equation for the adjoint system is given by
T = VA

b
- <€‘f‘f(“(s)+d<8”d5x2 _ e~ Jo (als)+d(s))ds x, ) (:Zg) diii)

_ (e () — e O X))
N e~ [E (a(s)+d(s) )dstb(f) —e” Jg (a(9)+d(s dled(g)

This is the same result as the one found by calculating the derivatives directly. O
Let

U =i =0t and V= 5" = (2= au(€) + (1)) - av’(€)),

Then (U*,V*,0) is a solution of (5.48). Hence by Proposition 1,
(\Illa \1,2) — fof traceD(T)dT(_,D*,U*) (550)
is a solution of the adjoint equation. Please note,

e f0§ traceD(T)dT(_,l-)*,v ) — ¢ fo M (r +>\2(T))d7'( Q'J*,’U*),
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where A1 (7), A2(7) are the eigenvalues of D(7). As 7 — 400, A;(7) — A, for some nonzero
/\Z:-t’s. Furthermore, the ;" values will have opposing signs and /\j values will be negative.
When 7 — —o0, the equilibria are saddles, which indicates \| < 0 < A;. If

for nonzero constant dy U*(§) =~ dyerz§ , then there exists a nonzero constant ds so that
V*(€) =~ doe*2 € when € near —oo. This implies that for £ near —oo,

e fog troweD(T)dT(_z-)*7 7)*) ~ e f()&()\f+)\;)d7'(_®*7 ’U*)
6(_A;_A5)£(—1)*, U*)
= M TN (g2 € dyete b
= (—dge_Afg, d1€_>\;£).
Notice that as & — —o0, (—dee 1 &, die™1¢) — (0,0). However, if we consider U*(¢) ~
die™2 € when ¢ near oo, then as &€ — oo both U*(¢) and V*(€) will converge to 0. Therefore,

if we consider a solution that decays to 0 when & — +o0, then its adjoint solution will also
decay to 0 when & — +o0.

We approximate the adjoint solutions to be
o a 1 o0 a
U = (U, Uy, Us) = (—ea%*, e BSy*, ﬁ/ eﬁ%*dg) . (5.51)
3

5.5.2 Inhomogeneous Equation

Consider the inhomogeneous equation

A~

U =—VAE) + H, (5.52)

0
where H = 0
de (60" (©)ur(§)v(€) + Mou(§) — 27 (€)) — €w" ()
Let X be a solution of (5.52), and let ¥ be a solution of ¥ = —WA(¢). Then

/OO VHdr = /OO U(X — A()X)de

—00 —0o0

=[x - wigxa
= /Oo (UX + UX)de

_ / T (WX de

—0o0

= (VX)) (00) = (VX)(—00)

Remark 3 This integral exists if one of the following occurs:
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1. W(&) must be bounded when X (00) # 0 or X (—o0) # 0,
2. W(&) must not grow faster than X (&) decays to 0 at +oo.

Observe that the first two components of H are 0 in (5.52). This implies ffooo VHd¢ =
[ W3H3dE. Alternatively, for i = 1,2, 3,

3

/ T WHAE = (WX)(00) — (UX)(—00) = 3 (WiX2)(00) — (W3 X3)(—00).

> i=1

The previous subsection gives us a good candidate for the first 2 components of
our adjoint system. If we choose our solution U*(§) that converges to 0 on the boundary,
V*(&) will also go to 0 on the boundary due to the nature of our problem. Moreover, the
corresponding first two components of our chosen adjoint solution will converge to 0 on the
boundary as well. Thus, (¥;X;)(c0) = (V;X;)(—00) =0, for i = 1,2. Therefore,

/ " WHAE = (W5X3)(00) — (W3X3)(—00). (5.53)

—00

5.6 Riemann Solution: Two Waves

We denote RD1 as the portion of the solution of (5.1)-(5.3) that asymptotically
approaches Mgé as £ — —oo and stays near Mgm as £ increases from —oo. Let RD2 be
the portion of the solution that asymptotically approaches ./\/lgr as £ — oo and stays near
/\/lgm as ¢ decreases from oco. Similarly, we denote by LRD1, the portion of the solution of
(5.5)-(5.8) that is associated with RD1 and approaches zero as £ — —oo, and LRD2 as the
portion of the solution that is associated with RD2 and approaches zero as £ — oo.

5.6.1 Riemann—Dafermos solution portion
Under the change of coordinates
up = u1,v; = v1, and 21(€) = wi — avy — (3(u*)? — ¥)uy, (5.54)

(5.39)—(5.41) becomes

w (&) = vi(§), (5.55)
(e = ;(z1<5>+<3<u*<5>)2—w*)m(&)—owl(f)), (5.56)
4(6) = —m(Ov*(©). (5.57)

This representation can be written in the matrix form,

~

Oc = A(§)O + H(S),
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Ul 0
WhereG(vl)andH( 0 )
21 —z1(§)v*(§)

Let ¥ be a solution of the adjoint equation ¥ = —\Iffl(f).
| won©d = [ w©m@d = [ -va© + o

RD1
Let us first consider RD1. Take ¥ = FEj.

- [ w@n©v©i=- [ @i+ 0v©ds = —aim - - [ er(pe
From equation (5.53) we have
- /_Oo 3(&)z1(§)v*(§)dE = O3(00) — O3(—00) = z1(00) — 21(—00).

Based on (5.54),

z1(00) — z1(—00) = 7(3(um)2 — x")up(00).
Therefore,
—/_OO U3(&)z1 (v (€)de = —(3(u™)? — 2*)ua(o0) (5.58)
e =) - [ e ©de = ~Bm - au() (5.59)

Recall that ¥ = (U, ¥y, ¥3), given by equation (5.51). Then,

_ / T w©m @ (©de = / (€ () de / w660t (©)de.

From equation (5.53),

- /_oo U3 (E)z1(€)v* (€)dE = —T3(00)(3(u™)? — 2 )us (c0).

Hence,

—at [ W)t (€)de — / T Wy()60" (€)dE = —W(00)(B(u™)? — 2*Jun(o0).

The obtained information gives rise to the following equations

B — 2y (00) = —ari(u™ — ) — /_OO £o" ()de, (5.60)
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—W3(00)(3(u™)? — wYur(o0) = —aj /_Z‘Ps(é)v*(«f)dé (5.61)
- [ wger @
Substituting (5.60) into (5.61) gives
R o (\I' (&)év*(¢) — W VRO )AE [ (Wy(€) — Wy(00)) Ev*(€)deE

T =

W3(00) (u™ — uf) f ‘1’3 Our(€)de [, (Ws(€) — Ws(o0)) v (E)de

Since W3(&) is any antiderivative for —B\Ilg(f), we may choose the antiderivative so that
U3(00) = 0. With this choice of V3,

I m©e @
T us(ur(©)de

Recall from (5.50) that a good choice for the second component of our adjoint system is

e‘%%*(g). Also, observe that v*(§) is the derivative of a travelling wave solution of (1.1).
On any trajectory that connects a point on the space of saddle equilibria to another saddle
point on that space, Jacob, McKinney, Shearer [6] points out that v*(§) < 0. (Refer back
to subsection 3.3.3.) Thus,

Us(&) = —; /5 Uy (1)dr = ;/;O 6_%TU*(T)dT

Since ¥3(&) # 0, z7 is well defined. Knowing the value of z7 will allow us to find the value
of u1(o0) from (5.60),

ri(u™ —u') + [T Ev*(€)de

u1(00) = 3(um)? — z*

RD2
Now we will consider RD2. Take ¥ = Fjs.

- [T wm©n©v©E = - [ a©ved
- _/_Zx;u*(g)df—/_25v*(£)d§

[o.¢]
= s -0 - [ e
—0o0
Equation (5.53) implies that,

- /°° €0 (€)dE = O3(o0) — O3(—o0)

= z1(00) — z1(—0)
= (3(u™)? — 2" u1(—00).
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Remark 4 Although ui(§) is defined to be two different functions for RD1 and RD2,
ui(00) defined for RD1 will be the same value as ui(—o0) for RD2. So from the above

calculation -
(3(u™)? — x*)ur(—o00) + [ Ev*(€)dE

u™m —u”

x] =

5.6.2 Linearized portion

Defining Z1(£) = —(3(u*(€))? — 2*)U1(€) + aVi(§) + BW1(€) produces a new rep-
resentation of (5.43)—(5.45),

Ui(¢) = W),

i) = ;(zl<g>+<3<u*<s>>2—x*>m<s>—av1<f>),
20 = k (on*@)—x1<s>w*<s>+i(ﬁu*@)ul(é)v*(@)).

This representation can be written in the following matrix form Q' = A(£)Q + H(&), where
U, 0 10

Q= ( Vi ) JA@g) = | M@=t a1 and
Z 0 0 0

0
Aov*(§) — 21 (§w™(§) + gg (6u™(§)ua(§)v*(£))
The corresponding adjoint system for the homogeneous system is given by ¥’ = —WA(E).
Let W(£) be a solution to the adjoint system. Then

S22 W(EH (§)dE = |77 5(&) Hs(€)dE.

IR

[ wom@ds = & [ w© (~a©+ 5 (0w © + o0 ©u©v©

€
—xi*v*(&)))df

= () (hou"(€) + 60" (Qu(Ov' () — 2} (©)) |~ -
b [ () (o (©) + 0w ©u(©)07(©) - 210" )

+V5(§)Ew™(£)dg

= kj)\o (‘Ilg(oo)u*(oo) _ \IIS(—OO)U*(—OQ)>
_kj /Oo \I’g(f) ()\OU*(S) + 6U*(€)u1(§)v*(§) _ fL‘TU*(f))
+W3(&)Ew™ (§)dE
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LRD1

Let us first consider the portion of the linearized solution that corresponds to RD1,
LRDI1. Taking ¥(§) = E3 implies
| w@m©d = ueo) - (o) (5.62)

In addition,

/OO W3 (6)Hs(E)de = mo u —uf

N—

o
_ (u—U>

= kj/\()(u —ut k;
- kj(A0+1)( —u‘f).

N——

3

Equating this to the equation (5.62), we are able to conclude that U;(co) has a finite value
and kj (Ao + 1) (u™ — uf) = —(3(u™)? — 2*) Uy (c0).

Now, take ¥(£) to be given by (5.51).

/_Zm)ﬂg(s)ds = ki <w3< ' = Ws(—oopu' + 5 / (¢ )
Tk / (©ur(E)v™(€) — 230"(€))

+EUs()w <s>)d5

Please note

/ T (O Hs(E)dE = Ws(00)Qs(00) — Wa(—00)Q(—o0) (5.63)
= ‘1/3(00)21(00) — ‘1/3(00)21(—00)
= W3(00)Z1(0)

1
= —U3(c0)(3(u™)? — z*)U1(c0).

(sutoom — w-oont+ [ wuenc)
LG

From equation (5.63) we obtain
~W3(00)(3(u™)? — 2 )Ui(00) = kjho
tk; =¥2(8) (6u (§)ur (§)v™ () — 2107 (£))

+EW3(E)w’ (€) ) de.
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Thus, the following equations are generated,
k; (Mo +1) (um - uf) = —(3(u™)? — 2*)U1(c0), (5.64)

—W3(00)(3(u™)? — 2*)Uy(00) = ko (‘Ifg(oo)um - \113(—00)’1/

1 o0
o5 [ wae (@
[ (G20 60 ©Ou©0©)
)\
—2ju () + EWa(§)w (&) ) de (5.65)

[e.9]

= o [ @@k [ sl ©)de

—00

iy [ L0306 (607 (O (©07() — w10(€) de.

Substituting (5.64) into (5.65) produces,

o0

Wa(oo) o+ 1) (=) = do [ W@~ [ wale)ew©)de

— 00

5 | OO ©ur(©v(©) — aivt ©)de,
This implies that
W (00)(u’ —u™) + [, (6u” (5) (5)0*(5) 210" (§)) — Ws(§)sw™ (§)dE
\113( ) (um —uf) — [% Wy(E)0*(€)de '
We may choose V(&) so that U3(co) = 0. This produces,

S5 = 5P2(8) (6u™ (Eur (§)v* (€) — jv*(€)) + Us(&)sw* (€)dE
J2o Ws(§)v (€)dg '

Ao =

A =

Please observe that

| mogr©ds = v ©-w@| 4y [ n©er© - v
= Wa(ooo’ — Baoalu™ + 5 [ (€07 () — (€

= Wy(—o0)u’ — Wy(oo)u™ + Wy(€)u*(¢)|

ﬁ/ L2808 _

_ _/_00%@) d£+ﬁ/ Wy (€)€0* (€)dE.

- [ @
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So we have,
JZ50 =5 2(8) (6u* (&)ur(§)v*(§) — wfv*(€)) + Wa(§)Ew*(€)dE

Joo0 Wa(&)v*(€)de
S22 =5 2(8) (6u*(&)ur (€ ) (&) — z1(§v*(€)) d€

= T Ws(€)or (€)deé -

Observe that v*(€) is the derivative of a travelling wave solution of (1.1). It was noted
in subsection 3.3.3 that on any trajectory that connects a point on the space of saddle
equilibria to another saddle point on that space, we have v*(§) < 0. Thus, using (5.51),

Ao = (5.66)

Us(é) = — ﬂ dT—ﬂ/ T)dT # 0.

Since W3(&) #Z 0, Ao is well defined.

kiAo + 1) (uf — um)'

Ui (o0) = 3(um)? — z*

LRD2

Now we will consider the portion of the linearized solution that corresponds to
RD2, LRD2. Please notice that,

/_ T UGBy (€)dE = Wa(00)0s(00) — Ts(—00)s(—o0) (5.67)
= W3(00)Z1(00) — ¥3(00)Z1(—00)
= —VU3(-00)Z1(~0)

= W3(—00)(3(u™)? — 2")U1(~00).
When U3(¢) = E3, we have

/OO Us(§)H3(§)dE = kiAo (u" —u™ / Ew* (&
= kj(Ao+1)(u" —u™

Equating this equation with equation (5.67), we have the results that U(—o0) has a fi-

nite value and that k;j(Ao + 1) (u” — u™) = W3(—00)(3(u™)? — z*)U;(—00). Since Ao was
kj()\0+1)(ur7um)

Suwm)—ar 0 & finite value.

determined when viewing LRD1, U;(—o0) is determined as

5.6.3 Eigenfuncton for A\
Recall that on MF we have the system (5.10)—(5.13), or equivalently
uy = 0, (5.68)
U, = A U+ 0O(e), (5.69)

x — 3u?

Ae = O. (5.70)
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The solutions of (5.68)—(5.70) to lowest order are

u = up, (5.71)
U = C(z—3ud), (5.72)
A= o (5.73)

Recall that x = so and x = s3 are the speeds of the two shock waves in the Riemann
solution, and recall that for the real number Ao given by (5.66), we have found Uj(c0) for
LRD1 and U;(—o0) for LRD2. Recall the curves from section 5.2, {C1,Ca,...,Cs}. Notice
that the trajectory of reference for LRD1 when € > 0 is simply a solution near {Cy, C5, Cs}.
The trajectory of reference for LRD2 when € > 0 is near {C4, C7, Cs}. Equating (5.72) with
the U(£o0) values derived earlier enables us to obtain the two constants. Let C'j denote
the constant C' in (5.72) for the two solutions of concern. Then,

koMo + (™ —ub)

L k‘g()\o + 1)(um - ur)
O oy — sy

and 2 — (83 — 3(um)2)/\0+1

Since we are interested in the continuous solution, we look to see when the two solutions lie
on the same trajectory (5.72). That is, we find conditions in which C7 = Cj.

ka(Mo+1)(u™ —u®)  ks(ho+ 1)(u™ —u")
(52 — 3(um)Z)Motl (g5 — 3(um)2)ot]
ko (u™ — uf) B (u™ — ")
k3(sg — 3(um)2)rotl (53— 3(um)2)rot1’ for k3 # 0
ko (u™ — uf) (52— 3(um)? Ao+1
m = <53—3(um)2> for k3 75 0.

_ m\2
Please notice that since 0 < so < s3 < 3(u™)?, % > 1. Then

(.92 — 3(um)2>ko+1 <0

s3 — 3(u™)?

m__, L
for all A\p € R. This implies that ’Z(uiu) > 0.

(=)

In [6], it was proved that when u’ > 23%5, we have the ordering u™ < u” < u’.

This gives the result that both u™ —u’ and u™ —u" are negative, so the quotient is positive.

um_uZ um_ué
Since % > 0, we have % > 0 and In <M> € R. Thus,
kz(um—ue)
In < ks(um™—ur) >
Ao = ~ 1. (5.74)

In (25005

We can observe the following from (5.74):



49

1. If Ag < —1, then 0 < 2 < “7=47,

um—uy

um—u

2. If Ao > —1, then 2 > “7=4 > (.

We are able to define the range of values for ke and k3 in terms of the other, for the given
Ao value (5.66). Since the signs of ko and ks are the same, the related eigenfunction will
have a consistent sign as = varies.

5.6.4 Discussion

Recall the description of W¥(M¥') and W (My) in section 5.1. For a fixed Ay,
ng(/\/luz) and Wj(M,) are 3 and 5 dimensional respectively. Their intersection consists
of the curve Cjs, defined in section 5.2. The curve Cjs is defined for all £, ko € R, making
it 2-dimensional. Having a 2-dimensional intersection implies that the two spaces are not
transverse. The calculation of A\g given by (5.66), leads us to conclude that for small € > 0
and fixed Ay # Ao + e\ + O(€?), the intersection of WHE(MH) and WE(M() becomes
transverse. This intersection is given by the curve (5.9).

Recall that for a fixed A, W5(M¥") and W¥(M,) are both 5-dimensional. So
Wi (MY) and WE (M) are transverse if their intersection is 3-dimensional. Observe that
for each x, there is saddle-to-attractor connection denoted by u(£). The intersection contains
the family of curves C7. Since there are multiples of 4, ©¥, and w in the linear portion, another
dimension is added to the intersection. So the intersection is parameterized by the triple
(x,€, k3). Thus, the two manifolds are transverse for fixed Ay and small € > 0.

Notice that the dimensions of both W¥(M®) and WYE(MY™) are 3 for a fixed
Af. To verify that a portion of WEM™) is CF close to a portion of WEM™™) we need
an extended version of the Exchange Lemma. Schecter creates in [12] an extended version
of the Exchange Lemma. We should be able to use this extended Exchange Lemma to
track Wé‘(/\/l“z) as € increases and track W$(MY") as ¢ decreases. As we track W2 (MY")
as & decreases, we will see that it will be close to W§ (M ). As we follow Wg(/\/l“e) as &
increases, we will find that it becomes close to WE(M"™) € W¥(My). Since WE(MY™)
and W; (M, ) are transverse, C 1 spaces near by the two manifolds will be transverse as well.
So for small € > 0 and fixed Ay, WE(M™) and W#(M¥") are transverse. The intersection
of WY (M“Z) and W?(M"") is a curve that starts out near Cy and ends near Cg. It is given
by (5.14), which has a 0 U-component. Thus, A\s is not an eigenvalue of (4.1). This means
that when Af # Ao + €A1 + O(€?), then WE(M™) and WE(M™") becomes transverse. The
details of this have not been worked out.

We will now examine the linear system (4.7)—(4.10) further. Analyzing this system
will assist us in finding properties possessed by the eigenpairs of (4.1).
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Chapter 6

Resolvent Set

Recall the linear equation (4.2),
U + (302 — 2)U, + 600U = aeUyy + B2 Usza.

We can write this as the system Yz = BY, where Y = (U, V,W)T and

0 1 0
B(ﬂ? u’ v? x) = 0 O 1
ptbuv  3ul-z
B B
In addition, recall from Chapter 4 that
0 1 0
A(p,u,z)=1 0 0 1
p 3ulP-z
B B B

From Chapter 5, we know that uc(€), £ = £, is the Riemann-Dafermos solution, and v¢(§) =
Ue(§). So we have

0 1 0
B(p, 675) :B(pv u67v€7€§) = 0 0 1

p+6ue’ue 3“2 _€§ _ o

B8 B8 B8
Let u* be either uf or u”. We define
0 1
A(p,e,§) = A(p,u*,e) = | O 0 1
p 3w)’-e  q
g J¢] B

For x = €, the linear equation (4.2), can also be written as

Ye = B(p, e, Y. (6.1)
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For the sparse matrix

0 0 0
Aeoy=| 0 0 0|,
( 5) Suev. 3(11,2—(114*)2) 0
B B

B(p,€,€) is a sum of A(p,e,€) and A(e, €).
We begin by studying the matrix A(p,u*, z). Information discovered about the
system,
Ye = A(p,u”, x)Y, (6.2)

when x = €£ will lead to discovering vital properties of (6.1). We show that there exists a
spectral gap between the eigenvalues of A(p,u*,x) for |z| large. Consider H such that its
columns constitutes the eigenspace of A(p,u*,z). This spectral gap property leads to the
system Yy = H *1121(,0, €,£)HY having a pseudoexponential dichotomy. We then are able to
show that the system Y, = H -1B (p,e, )HY has a pseudoexponential dichotomy as well
with a nearby projection matrix. Consequently, we are able to locate the eigenvalues with
geometric multiplicity one and resolvent values of the operator,

TE[U] = BUgee + alUee — (3u? — €€)Ug — 6uctiU.

This allows us to determine the location the corresponding eigenvalues and resolvent values
of the operator form of (4.1),

E[U] = ﬁ€2Uxazx + aelUyy — (3ﬂ2 - l‘)Ux — 6ut,U,

which is our interest.

6.1 Spectral Gap

For 0,w,a,b € R, let p = 0 + iw and let = a + ib be an eigenvalue of A(p,u*, ).
Recall that the characteristic equation of A(p,u*,x) is

« z — 3u*? p
O=p’+ PP+ ———p— 7.
T T T T
Substituting the expressions for p and p into this equation results in
Q@ x — 3u*? 0+ iw
0 = (a+bi)+—=(a+0bi)*+"——(a+bi)— ,
( ) 5( ) 3 ( ) 3
—3u*?) 4
0 = a?’—3ab2—|—ga2—b2 +7a(x —]
| YT T

2abac bz — 3u*?) w]
g B Bl

+i [3a2b — b+ + - =



52

This gives rise to the two equations

*2
0 = a3—3ab2+g(a2—b2)+a(x_;m)—g, (6.3)
*2
0 = 3a2b— b3+ 2“;“ LG _53“ ) _ % (6.4)

From (6.3) we have, b? — S2b0e bele3)0 g o 0 then Gad+aa?+a(—3u2)—0 >

0. This implies that 6 < —a(—Ba®> — aa + 3u*? — z). Consider m > 0 such that m >> %
We consider m sufficiently large so that

1. if 2 < 3u*? — m, then x is close to —oo, or
2. if > 3u*? 4+ m, then x is close to oo.

Please notice that if z < 3u*® — m, then z < 3u*? — o and if z > 3u*? + m, then

*2 2
T > 3u +§—5.

Lemma 5 For 0 < § < %, ifa € I = la1,b1] = [4(8}”25,%] and x € J; = {z|z <

3u*? —m}, then 6 < —6.

Proof. For each § > 0, the assumptions a € I1 and = € J; gives us the following conclusion:
4836 ( o? a? a2 a?  a? 9 2

0l=—-—=)<a|l-—=|=a|l-——=—-——=+ =] <a(- — 3ut —1x) < —0.
7 (48ﬂ>_a<48ﬂ a 165 4ﬂ+3 a(—pa® — aa + 3u x)

O

Lemma 6 For (0 < § < %, if a € Iy = [ag,bo] = [—&,—4%6] and x € Jy = {z|z >
3u*? 4 m}, then 6 < —4.

Proof. For each § > 0, the assumptions a € Iy and = € Js gives us the following conclusion:
o2
-5 > =
- <48ﬁ>
o2
= —Qa _—
483
o? n a2 a?
= —Qa —_— —_— —
168 46 30
—a (fﬁa2 —aa+ 3u? — x)
> 0.

\Y
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3

Theorem 5 For 6 > 0 define K5 = {p|Re(p) > —6}. Then for 0 < ¢ < ooz ond x € Jj,

two eigenvalues of A(p,u*,x) have real part less than aj, and one eigenvalue of A(p,u*,x)
has real part greater than b; when p € K.

Proof. Note that 0 € K5. The eigenvalues of A(0,u*, x) satisfy the following for u = u*:

« x — 3u*? « z — 3u*?
0:H3+6M2+ﬂ,&:#(#2+ﬁ#+6> = p(p = p=) (o = pg)-

The nonzero roots are given by

__ai\/<a)2+?w*2—x
Y 28 3

First we consider € J;. This will result in g and p4 having opposing signs. In addition,
we have the following result:

«
3 *2 > 7’
U T 35
N a? n 3u*? — x - Ta? S 902
432 I5] 1232 1632’

B 4B’

a a?  3u? -z a
:>_26+\/4ﬁ2+6 > @,
a
5

Hence for = € Jj, the eigenvalues of A(0,u*, z) divide into two sets:

= fye >

Set 1: {0, u—} — The real parts are less than 43—@5 =a.

Set 2: {u4} — The real part is greater than j = b;.

2
Now consider 2 € Jo. The assumption z > 3u*? + g—ﬂ implies that Re(uy) =

—% < —%. When z € Jy, the eigenvalues of A(0,u*, x) split into the following sets:

Set 1: {u—, pu4} — The real parts are less than — 75 = a.
Set 2: {0} — The real part is greater than — %% — p,.

o2

We have shown that for x € J;, two eigenvalues of A(0,u*,z) have real part less
than a; and one has real part greater than b;. Moreover, from Lemmas 5 and 6, we know
that when x € J; and p € K;, no eigenvalue has real part in I;. Since the eigenvalues
depend continuously on (p, u*, z), two eigenvalues of A(p,u*,z) have real part less than a;
and one has real part greater than b;, for all z € J; and p € Kj. O
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6.2 Pseudoexponential Dichotomy

3
Let the eigenvalues of A(p,u*,z) be denoted as {,uj = pi(p,u’, :c)} L We will

first look at the behavior of these eigenvalues for |z| large. This is done to determine the
appropriate scale of the eigenvectors so that they remain bounded as |z| — oo. This in turn
will lead to (6.1) having a pseudoexponential dichotomy on .J;.

6.2.1 Eigenvalues of A(p,u*,z) for |z| Large
Let ¢ = % As z — +00,q — 0. Multipying (6.3) and (6.4) by ¢ generates

*2
Qo , 5 o 3qau a qb
0 = —qa®+3agh® — - (a® — V) + - =+ =
( ) p g B

p
= fl(a7 b7 q)7
. 2qgaba bg3ut? b qw
0 = —3qa’b+ qb® — + - =+
B B g B
= fQ(av ba q)

Denote f(a,b,q) = (fl(a,b, q), f2(a,b, q)) One solution to f(a,b,q) = (0,0) is given by
(a,b,q) = (0,0,0). The Jacobian evaluated at this solution is

(6.5)

-1 9 ¢
Df(0,0,0) = oﬁ AR
B B
-1 9
Notice that D, f(0,0,0) = 05 1 | is nonsingular. The Implicit Function Theo-
B

rem tells us that near (0,0,0), the solutions of the equation f(a,b,q) = 0 are given by
(a,b) = (m1(q), m2(q)) = 7(q), with 7(0) = (0,0). So we have

a 0
Ozfl(a7b7Q) ~ _B—’_%a
b

This implies that a =~ ¢f and b ~ gqw. This tells us that one of the eigenvalue is given
by p=a+bi = (0 +iw)q + O(¢*) = pq + O(¢?). Without loss of generality, we will let
us = pq + O(q?). This eigenvalue is close to zero as x — oo for any given p.

From the relationships (4.11) we have

« «
mtp = —g =g = Be+ O,
p

_ __p
HH Burs B+ O(q?)




95

This tells us that as |z| — oo, u1 + 2 and |y pe| approaches —% and oo respectively. This
1
[zl

ﬁu?us = —% — p1 — p3. This implies that 0 = Buspi + (o + Bus)psps + p. This forces the
values of p; and ps to be

__a+fBgp 9 a+ Bap\ _ 1
T +OMi\/( 26 )*O(QQ) Ba+O(c?)

= 0(¢")+0(¢") + O(¢*) £ VO(¢°) + O(q") + O(¢?) + O(q~)
= 0(¢°) £/O(q71)
= O(¢2).

reveals that — 0 as * — £o00. Also from the equations (4.11), we can conclude that

Please note that as |x| — oo, |1, |u2| — oo for any given p.

6.2.2 Pseudostable Projector

Lemma 7 Let 0 < § < %. If x € Jj and p € K, the eigenvalues of A(p,u*,x) are
distinct.

Proof. We know from Theorem 5 that if p € K5 = {p|Re(p) > —6,0 > 0} and x € J;, the
eigenvalues will split into two disjoint sets. Thus, all 3 eigenvalues will not be the same.
Assume that pq has algebraic multiplicity 2.

Observe from 4.11 that,

= —3uf— -,
B !
L0 - 2+2a +a:—3u*2
o a\? 3ul-z
Hence, the two possibilities for p; are —% + <3ﬂ> + 7 This gives rise to two

corresponding possibilities for ps

o o — « 9 a\? 3u?—2z
~5-m=-gen(5) + M
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For z € Jo,x > 3u*? +m > 3u*? + %;, we have
z—3u? >

%a

x — 3u*? a\2
MY <3ﬁ> ’

Y]

P T S ot
= Re(ur) = —% for k =1,2,3 with p1 = us.

This contradicts the result of Theorem 5. One of the eigenvalues must have real part greater
than bsy.

For x € Ji, x is close to —oco. we know that when x is close to —oo, there is one
eigenvalue of A that is close to 0. However, as x gets close to —oo, u1 gets close to 00 and
the related 3 gets close to Foo. This contradicts the fact that one eigenvalue is close to 0
as x gets close to —oo.

Since the assumption that an eigenvalue of A(p,u*,z) has multiplicity greater
than one leads to a contradiction, all eigenvalues of A(p,u*,z) are distinct on J; when
p € Ks. a

The eigenvectors of A(p,u*, x) are

1 1 1
M1 ’ 2 5 M3
T 13 13

Please note that when = € J;, we can order the eigenvalue by Re(u1) < Re(us) < a1 <

b1 < Re(u2). However, for x € Jy, we can order the eigenvalue by Re(u1) < Re(ug) < ag <

by < Re(us). The pseudostable space is the space spanned by the eigenvectors associated

with the eigenvalues of A(p,u*, ) with real part less than a;. The pseudounstable space is

spanned by the eigenvector associated with the eigenvalue with real part greater than b;.
For a fixed p € K5 and « € J1, we define

1 4
. A
Hl(P, U 71.) = E M3 E
1 w2 1
Its inverse is given by
u%ugug - H%(M2+M3) V’%
(ug—p1)(p2—p1) (u3—p1)(m2—p1) (u3—p1)(m2—p1)
H—l( u* iL‘) _ pip2 _ pitp2 1
1 P (#3—#2)(/;3—#1) (uz;m)(us—m) (“3_“2)(%3_“1)
Hipsps w3 (p1tps) _ 153

—~

T (us—p2)(pe—pr)  (p3—p2)(uz—p1) (n3—p2)(p2—p1)
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For a fixed p € K5 and x € Js, define

119
.
*
HQ(PaU ,Z’) - E ;% M3 )
2
L1 p
and its inverse as
u%p,gug . H%(M?‘Hﬁ‘s) N%
. (urul)(%rm) (#3;(#1)(#2;#1) (#3*#1)052*#1)
H- vy =1 _ Bipp 13 M5 (p1+ps3 o |2
2 () (m3—p2)(pa—p1)  (us—p2)(p2—p1) (n3—p2)(p2—p1)
12 _ p1tp2 1
(n3—p2)(p3—p1) (n3—p2)(ps—p1)  (us—p2)(us—p)

The columns of H; are the eigenvectors of A on J;. The projection for the pseu-
dostable space is given as P(p,u*,z) = HjPQH;l, where P, = diag(1,1,0). For fixed
p € K, each entry of P(p,u*,x) is well defined and is a continuous function of z. There-
fore, P(p,u*, x) is continuous with respect to x.

Proposition 23 Let  be a compact set of C. Then there exists a constant k > 0 such that
for0<d < M%W’p € (KsnQ), and z € Jj, |P(p,u*,z)(I — Po)| < k.

Proof. Observe that as & — —o0,

2
010 . 00 (lt3—lt1)1(1u2—m) 00 %
Hy— |0 0 0] and H; (I-P)=10 0 Tis—r2) (a—p1) — 10 O (1)
101 00 — 3 00 3
(u3—p2)(p2—p1)
As x — 00, we have
00 M !
0 0 1 (,u3—u1)(;§2—ul) 00 5
Hy— [0 1 0),andHy'(I-P)=|0 0 ——+2 | —=[0 0 2
(n3—pz)(p2—p1)
1 0 0 0 0 1 0 0 0

(u3—p2)(us—p1)
Since both H; and H j_l(I — P,) approach constant matrices when |z| — oo, there exists

nonzero constants ky;,kp; > 0 such that ||H;|| < ki; and HH;l(I — P)|| < koj. Let
k = v/2max {k%j,kgj, kijko;}. Since P(p,u*,z) = HngHj_l, then
IP(p,u*,2)(I = Po)|| = | HyP2Hy (I = Po)|| < [ Hj ||| Pollll H; (I = Po)|| < k.

Therefore, for all € J; and for fixed p € K5 N, we have |P(p,u*,z)(I — P)| bounded
by k. |



o8

6.2.3 Pseudoexponential Dichotomy Property

Definition 1 Suppose T'(§,() be a family of state transition matrices for the given system
Ye = D()Y. That system is said to have pseudoexponential dichotomy on J with
spectral gap (&,l;) if there exist C > 0 and projections P(§), for & € J, such that the
following holds:

(i) P(€) is continuous on J and uniformly bounded on J.

(i) T(&,O)P(C) = P(E)T(E,C).

(iii) If ys € R(P(C)), and € > ¢, then |T(€,Q)ys]| < Ce?E9) |y
(iv) If yu € R(I = P(C)), and € < ¢, then |T(€, Q)yull < CePE 9y |.

Theorem 6 (Coppel’s Roughness Theorem) Suppose Ye = D(§)Y has a pseudoez-
ponential dichotomy on J with given projections P(§). Let Cy and v be positive num-
bers. Then there exist positive numbers €y and L such that the following is true. Suppose
the pseudoezponential dichotomy has constants C > 0 and @ < b so that C < Cy and
b—a>r. Let 0 < e<e. If |E©)| < e forall € € J, then the linear differential equation
Ye = (D(§) + E(§))Y has a pseudoexponential dichotomy on J with projections P(€) close

to P(§), constant C' close to C, and exponents a and b with a < b and

|P(€) — P(&)|| < €L for all £ € J,

IC - C| < eL,
la —a| < €L,
b —b| < eL.

Theorem 7 For each compact subset Q of C, there exist positive constants €y and L such
3
that the following is true. If 0 < § < M%W’p € (K5 N Q), and 0 < € < ¢y then

Ze = H; ' (p,u*,€€)Blp, e, ) Hj(p,u*, €)Z

has a pseudoexponential dichotomy on both Jj = {&le€ € J;} with projections near Ps,
constant C' near 1, and exponents a; < b; with |a; — aj| < eL and |b; — b;| < eL.

Lemma 8 For(0 < < %,p € Ks, and any € > 0, the system

ZE = Hj_l(pa U*7€§)A(pv €, 6£)Hj(p7u>k7€§)z

has an pseudoexponential dichotomy on jj. The projection in the dichotomy is Ps. The
constant C is 1. The constants a and b for the intervals J; are respectively a; and b;.
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Proof (Lemma). Choose 0 < § < %, p € Ksand € > 0. Consider z € J;. Let p(p, u*, z),

k =1,2,3, be the eigenvalues of A(p,u*,x). Denote ui(z) = pr(p,u*,x). For x = €&, the
eigenvalues take the form py(ef) = pp(p, u*, €€). Let N = Hj_lAHj. We have

p(e€) 0 0
Nl|j = 0 p3(e€) 0 ,
0 0 pa(ef)
p(e€) 0 0
Nlj, 0 pa(ef)

0 0 ps(e§

)
Notice that the eigenvalues of N are the same as those of fl(p, €,§). Consider the system
Ze = N(p,,€)Z. (6.6)

Consider the system (6.6) on J;. The solution of (6.6) with constant initial condi-
tion Z(&o) = (Z1(&0), Z2(&0), Z3(%0)) is

3
Zl(f,e) — Zl(fg,e)efgoul(”)d77

3
Zg(f,e) _ Z2(€07€)€f§0;u'3(67)dT’

3
Zg(f,G) — Zg(&]’e)efgo#z(eﬂ')dr'

The state transition matrix for (6.6) is given by
R(E, €0, €) = diag (effo plerdr JE e f§ m(U)dT) |

Denote 0 as a column vector of zeros and R; « and R, ; as the it" row and jth column of
Rl,*
R(&, &, €) respectively. Observe that the two matrices | Ras | and ( Ri1 Ri2 O ) are
0"
equal. Thus, the equation R(§,&o, €)% = P2R(E, §o, €) is satisfied.
For £ € J; and £ > &y, we observe the following:

¢ eT)dT
’Z1(§76)| = Z1(5076)6f50 p1(er)d

3
_ |Zl(50, e)|ef50 Re(ul(er))dT
f§ 4806 1
< [Z1(6o, €)|e’%0 o7

4836

= |Z1(&, €)]e a2 (€—¢o)



3 eT)dT
’Z2(§7 6)| = Z2(€0,6)€f50'u3( )d

3
= [Z2(&o,€) |€f50 Re (“3(57))d‘r

3 48ﬁ6
< | Za(&o, )€l W

— [ Z(o, €)|e 02 € )

For § < &,
|Z3(€,€)] = |Z3(&,€)le JE Re(pa(er))dr
= 1 Zs(E, )|l ~Re(maten))ar
JEo —zar
< |Zs(6o, e)lels” 5
= |Zs(€0,€)e T

For j = 1,2 and & > &,
48,66
‘ ( )‘ <:’23 (50 €)|€ a2 (5 50)

We have for £ < &g,
|Z3(§a€)‘ < |Z3(€0,€)|6@(€_§0).

Now consider ¢ € J;. The solution of (6.6) with constant initial condition Z (&, €) =

(2160, ), Za(60,€), Zs(€0,)) s

¢
Z1(&€) = Zl(€O’€)6f§OM1(€T)dT’

¢
Zy(&€) = Za(&o, 6)€f§0 /J«2(€T)d7'7

¢
Z3(&,e) = 23(5076)ef50u3(e7)dT

The state transition matrix for (6.6) is given by
M&qum@(kww JE naler)a waﬂﬁ'

Rl,*
Clearly, Ry« and ( R.1 Rip2 0 ) are equal. This implies that the equation
0"
R(&,&0,€)Po = PyR(, &, €) is satisfied.
For j =1,2 and £ > &

1Z,(¢, )| < |Zj(&o, €)]e” 1 E%0),

When & < &,
7 <z ——425‘5 (€—¢o0)
1Z3(&, )| < |Z5(&os€)le :

60
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We conclude that the system (6.6) has a pseudoexponential dichotomy on each J;.
The projection is P,. The constants are given in the statement of the lemma. ]

Proof (Theorem). Recall that B(p,e,&) = A(p, €, &) + A(e,£). Under the change of variable
Y = H;Z, the system (6.1) becomes

Ze = (H;'Y)e = (H; " Alp, e, §)Hj + H;  Ale, §)Hj — H; ' He) Z, (6.7)
The derivative of H; is given by
Hg‘J] = _% :[1’3 _:% and H&‘jg = _% _% 1[1’3
0 2ugps O 0 0 2p3ps
Please note that fi; = %j = %%Z—g = —eqz%. This give rise to the following derivatives:
dpi12 of P
) — _ _ = :l:
i €q ( 5 0
pla+ Bap) 1 ) <a+ﬁqp>2 2
——4+00) — 5 —— ] +0(q
(B 00 - rrom 2 )
N
Bq+ O(¢?)
_ 1
= —e? (0(") £ 0la™)(O(¢71)?)
_3
= —¢*0(q?)
= €0(q?),
dps 2
— = - @]
T3 eq”(p+ O(q))
= €O(¢%).

So as |z| — oo, He| 7, approaches the zero matrix. This implies that there exists ks, such

that HHg]jj H < k3. Please observe that although Hj_1 are not bounded on J;, both

pa(=2pspatp (p2+ps)) f3 1 (3 —p2) fr2pi} (p2—p3)
p1(pe—pr)(p3—p1) (u3—p1)(p2—p1) w3 (p3—pa)(pe—p1)
HlH ;= fo1 (1 —pz2) —f13(p1+p2—2u3) fr2(p2—p1)
1 Heln (u3—p1)(p3—p2) (n3—p1)(p3—p2) 13 (p3—p1)(p3—p2) )
103 (p3—p1) 33 (1 —p3) —f2(—2p1 pr3+pp (3 +p1))
13 (3 —p2) (p2—p1) (n3—p2)(p2—p1) p2(ps—p2)(p2—p1)
fa(—2pspetppotpips)  fropd(pa—po) f13p3 (p3—pi2)
11 (u3—pr) (p2—pu1) 3 (u3—p1)(p2—p1)  ps(ua—pa)(p2—p1)
H'H |7 = f1ps (s —p) f2(2p1 pi3—p1 po—popi3) fiz 5 (01 —p3)
2 LR 13 s —pin) (s —pi2) w2 (s —p2)(pa—pm) (us—H2) (2 —p1)
£a (p1—p2) oo (p2—p1) _ ps(pitpe—2p3))

i (pa—p2)(pa—p) 13 (na—p2)(pa—p) (ns—p2)(us—p1)
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approach the zero matrix as || — oo. Moreover, the product Hj_ng = O(e) on J;.
The matrix product H; ' A(e, €)Hy on Jj is

buvt3pd(u?—(u*)?)  Guvpd+3udus(ut—(u*)?)  Guvpl+3us(u?—(u*)?)

ﬁ(us—ut)(uz(—u;g) B(uz— ul()(m( uﬁ)) B (uz— ;(u)(u(z ;)u))

—-173 o 6uv+-3p1 (u”—(u 6uv+-3us(u”—(u 6uv+3po(u”—(u*

Hy " Ale,§)H = ,@u21(u3 M2)(M3 p1) ﬁ(us uz)(u3 p1) Bu(ns—p2) (H3—p1)
—6psuv—3p1 (u>—(u*)?)  —6puv—3us(u?—(u*)?)  —6uv—3us(u—(u*)?)
B3 (3 —p2) (pe—p1) B(uz—p2)(p2—p1) Bpz—p2)(p2—p1)

On Jg,
buvt3 (i —(u)?)  Guvpd+3utua(ui—(u)?)  Guvn+3udus(u—(u")?)
B(grm)(;(z;m() 2y Bu3(ua— NE)(M( u;)) ﬁ(l;S*Hé)(H(zgm() 2y

—173 o _ buvps+3p ps (u”—(u” _ 6uvt3pug(u”—(u” _ buvps+3psps(u”—(u”

H, A(e,§)Hay = ﬂé(ug—u;)(m—m) Buz—p2)(p2—p1) ﬁ(zuza—/iz)(m—ul)
6uv+3u1 (u?—(u*)?) 6uv+3pus (u?—(u*)?) 6uv+3us(u?—(u*)?)
Bu3 (13 —p2) (13 —p1) Bz (uz—pz)(uz—p1) Bz —p2)(u3—p1)

As |§] — oo, H 5 1/1(6,5)]‘[]‘ approach the zero matrix. This implies that the product
Hj_lfl(g €)H, is uniformly bounded on Jj; i.e. there exists [ > 0 so that HHj_lfl(e, §H;| <
l. Observe that fl(e, €) decrease exponentially on J_] Although H j_l increases algebraically
on Ji, the product H i LA(e, &) will still decrease exponentially on Jj. Thus, for a suffi-
ciently small € > 0, H; 1A(6,§) is small in norm. Moreover, for a sufficiently small € > 0,

||Hj_1f~l(e,§)HjH = O(e). Thus, there exists a constant M > 0 so that for all £ € J;, we
have
IH: Ale, §)Hy — H; " He || < eM.

The result follows from Coppel’s Roughness Theorem and Lemma 8. The system
(6.7) has a pseudoexponential dichotomy on Jj with projections Q] (p,€,€) that are near
P,. Since Q] (p, €, &) are near Py, Q(p, €, &) will be uniformly bounded on J;}. O

We denote the projection for the pseudoexponential dichotomy of (6.7) on jj by
Qj(p,€,€). To simplify the notation, we suppress the € and p. Since (6.7) has a pseudo-
exponential dichotomy, for small § > 0, there exists constants C' > 0 and a;() < b;(d) so
that for £ > ¢

12(6.0)Q (O < Cen@E0), (6.8)

and for £ < ¢ 3
(£, )T — Q;(Q))|| < Ceb e, (6.9)

Observe that a solution of (6.7) is represented by Z(§) = ®(£,()Z(¢). Since
Y (¢) = H;(¢)Z((), the solution representation is actually

HH©Y (€)= 06, QH QY (Q).

This implies that
Y(€) = H; ()@ (&, OH; QY (©).

So the state transition matrix for (6.7) in Y-space is

T(&,¢) = Hj(©) (&, Q) H;(¢)- (6.10)
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Since (6.7) has a pseudoexponential dichotomy, ®(£,¢)Q;(¢) = Q;(£)®(&,¢). This implies
that

Hj(€)® (&, OH; () H;(¢) Q5 (Q)HFH(¢) = H;(§)Q;(§) H} () H;(€)® (&, O H ' (¢).

Therefore, for

Qj(p,e,&) = Q;(&) = H;(§)Q; () H;(€), (6.11)
T(£,¢0)Q;(¢) = Qj(&)T(&, Q).

This information will help us to explore the solutions of both the homogeneous
and nonhomogeneous versions of (6.1). Knowing the behavior of these solutions combined
with using the information revealed about A for p = e will help us to locate the eigenvalues
of the operator form of (4.1).

6.3 Resolvent Set

For u given as the Riemann-Dafermos solution .(z), we consider the following
linear operator

T*U] = B Upae + 0€?Upy — €(30% — 2)U, — Getvii, U.
For x = €€, this operator is
TE[U) = BUgee + alUge — (3u® — €€)Us — 6uueU.
We consider both the eigenvalue problem
(T¢ - pI)U =0, (6.12)
and the nonhomogeneous problem
(T¢ - pI)U = f. (6.13)

We will denote 7¢ and 7¢ — pI as 7 and 7, respectively. The weighted space,
C(ev,R¢), is the space of continuous functions on R such that the weighted norm is given
by [|U]|ey = supg |U(€)]eél < oo. The resolvent set of 7 consists all the p’s for which the
following are satisfied:

1. 7;_1 exists.
2. 7;_1 is bounded.
3. C(ev,R¢) is the domain of 7;)_1.

Notice that the system
Ve = Blp,e, )Y + F (6.14)

is equivalent to (6.13) with F' = ( 00 f )T. We will use properties of the system (6.1)
to locate the resolvent set of 7.
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Theorem 8 Let ) be a compact subset of C, €9 and L be the positive constants given by
Theorem 7, and dy = mln(L, 192?:82> Let v > L + %. Let 0 < € < Lég and 0 = 7.

Then if p € (K5 N Q),p is either a eigenvalue of T¢ with geometric multiplicity 1 or in the
resolvent set of T¢, where T¢ operates on C(evy,Re).

Proof. Fix p € K;N(). Notice that 6 = + < dp < % and € < Ldy < eg. Hence by Theorem
7, (6.7) has a pseudoexponential dichotomy on .J;, with projections Q;(£) = Q;(p, ¢, &).
According to [7], this result can be extended back from oo to 0.

Let A = R(Q2(0))NR(I—Q1(0)). Since R(Q2(0)) has dim 2 and R(I — Q1(0)) has
dim 1, A has dim 0 or 1. First suppose A has dim 1. If Yy € A, let Y (&) = (U(€),V(§), W(€))
be the solution of Yz = B(p,¢,£)Y with Y(0) = Yp. Then U(€) is an eigenfunction of 7¢
for the eigenvalue p, and all eigenfunctions arise in this way. Since A has dim 1, p is an
eigenvalue of T¢ of geometric multiplicity one.

Now we will assume that A only contains the zero vector. Since R(Q2(0)) has
dimension 2 and R(1 — Q;(0)) has dimension 1, we have R(Q2(0))® R(I —Q1(0)) = R3. Let
f € C(ev,R). Assume that Y (§) is a solution to (6.14) in C'(ey,R). Let Y5 = Q2(0)Y(0), and
let Y, = (I — Q1(0))Y(0). Let T'(§, () denote the family of state transition matrices for the
homogeneous system (6.1). We will show that when A has dimension 0 and f € C(ev, R¢),
p € KsNQ is a resolvent value for 7¢ if and only if Y € C(ey, R).

Let 0 < & < 00 and 7 > . Using the variation of parameters formula and then
allowing 7 to approach infinity, we can write

Y = QY+ U —-2))Y()
= 0O / Qu(E)T(E, OF ()¢ + (I — Qa(€))T (€. 7)Y (7)

T / (I = Qu(E)T(€, OF(C)dc

¢ ¢
= T(£,0)Qz(0)Y(0)+/O T(ﬁ,C)Qz(C)F(C)dCJr/ T(& O — Q2Q)F(Q)dC

3 3
= TEOYe+ [ TEOQOFQ+ [ TE.01 - QOO
Please notice that as 7 — oo, the term (I — Q2(&))T'(¢, 7)Y (7) — 0. This can be seen by
looking at its norm. Based on the fact that (6.7) has a pseudoexponential dichotomy on
Jo, and on the equations (6.10), (6.11), we have

I = QaeNTE DY) = [T, - Q)Y ()]
= IH:(©)(, > S () = Ha(r)Qa(r)Hy (7)Y (7)]
= | H(§)@(, 7 H7 (1) (Ha(r)(I = Qa(r) H3 (1) )Y (7)]

)

(€)
[ H2(£)D(, )(I Qz(T))H Y)Y ()l
1H2(&)1@(&, ) = Qa(r)) Il Hy  (D)IIY ()]

IN
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Recall that for &€ < 7, [|®(&,7)(I — Qa(7)| < Ceb2(E7) with by given in the statement of
Theorem 7. Then

~ 48036

ey +by>ey+ba+Le = ¢ ag + Le
48(e

= ev—Laz—i—Le

Hence,

I(1 = QNTE Y (D) < [Ha(OIIRE )T = Qo()I1H; (DY (7)]
< De"Z(’S’Tf”T!\H{l(TNIIIY(T)H
< D RTH ()Y (7))

Since || H, ()| grows algebraically as 7 — oo, the decaying exponential term will dominate
the behavior of the product as 7 — oco. Thus as 7 — oo, ||[(I — Q2(§))T(&, 7)Y ()| — 0.
Similarly, for 7 < £ and allowing T — —00, we can write Y (§) on —oo < £ <0 as

Y = QY+ U —-2(9))Y(©)
_ Q¢ / Q1 (¢ ()¢ + (I — Qu(E)T(E,0)Y(0)

+ /0 (I - QuE)T(E OF(C)dc
£
- /_ T(,0)Qu(C)F(Q)dC + T(E.0)(T — ©1(0))Y(0)
£
+ /O T(E, )T — Q1) F(C)dc

£ £
- [ Te0QFQa+ TE0Y + | TE O - QO)F(Qc
As T — —00,[|Q1(&)T (&, 7)Y (7)|| — 0. This can be seen by observing that

11T, 7)Y (7)]] 1T(&, 7)Qu(T)Y ()l )
= [H(2(& 1) H (1) Hi(r)Qu(n) Hy ()Y (7))
< JH©ll@E ) umIIHT (DY (7).

Recall that for € > 7, [|®(¢, 7)1 (7)|| < Ce® (=) with a; given in the statement of Theorem
7. Then

4830

ey —a; >ey— (a1 + Le) = eyngfLe
48¢

= ey—Laz—Le
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So we have,

1Q1(T(, 7)Y (7)]] H~H1(€)HH<1>(§,T)Ql(T)HHHJI(T)HHY(T)H
CelED= M B ()Y (7)]ey

Cel V=T HH ()1 (7)ler-

(VAN VAN VAN

Since ||[Hy ()| grows algebraically as 7 — —oo, the decaying exponential term will dom-
inate the behavior of the product as 7 — —oo. Therefore ||Q1(£)T(&, 7)Y (7)|| — 0 as
T — —00.

We conclude that if equation (6.14), with f € C(ey,R¢), has a solution Y €
C(ev,R¢), then Y must be given by expression

3 13
/ T@Kﬂh@ﬁﬂmK+T@ﬂﬁa+ACH&OU—QNOHWO%

— 00

for £ <0 and the expression

3 3
70V, + [ TEQQOPQOK+ [ TE.01 - )P

for € > 0. It is easy to check that these formulas define solutions of (6.14) on £ < 0 and
£ > 0 respectively. If Y € C(ev,R¢), then it must be continuous at 0. We will find a
condition on Y, and Y; that guarantees that Y is continuous at 0. In addition, we will show
that the ||Y(§)|ley < K||f]|ey, for some constant K. This will aid in verifying that the p
values in K5 N € for the 0-dimensional A are the resolvent values of 7°¢.

Using the fact that (I — Py)F = F, we observe when ¢ > 0, the norm of Y (§) is
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bounded in the following way,

YOI <

IN

IN

IN

13
IT(€. 0)Ya] + /0 IT(€,)Qa(O) (I — P)F(C)]ldC

n /5 TN — Q0 — POF(C)C]
| Ha(€) (€, 0)Hy (0)Vi
/ | Hae O HA) OO H; ()T — P)F(Q)de

Jr/5 | Ha() (€, Q) Hy (O Ha(O — Q2(¢)) Hy () = P)F(Q)]|d¢

| H (6)B( )Yl + / | Ha(€)D(&,C) Oa(O)H3 (O — Po)F(C) |de
n /;OHHz() (60T = Ba(O) H; ()T — Py)F(Q)dC|

1E2(&) 12 (&, 0) 1]l 5 (0) 15

¢ -
+/0 1212, ) Q2O Hy (O = P)IF()IldS
+/:O 1E2(&) @€, ) (I — Qa(ONIIHZ (O = PIIIF(C)dc]]

. R & A 0o .
D16a2£HY:9|| +D2HF”ew/ edz(é*()fﬂcdg + D3”F||sw/ ebz(éfC)fedeC
0 3

D18V, | + DallFley (™ — €2) 4 Ds|| Flleye™ ",

Multiplying [|Y ()|l by €%, gives e[|V (§)]| < Co|Ys|| + ¢[| Fler-
Again using the fact that (I — P,)F = F, we observe when { < 0, the norm of
Y (€) is bounded in the following manner,
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3 0
Yl = < / IIT(S,C)Ql(C)F(C)Ildc+IIT(&O)YuII+/€ 17(&, O — Q1(O)F(Q)ld¢

£ -
- / L ()0 (€, ) H (O H (O On (OB () (I — Py)F(C)de
+|[H1()®(£,0)Hy H(0)Yy||
0
+ /E | ()0 (€, O H N (OHWCO (I — 01 (O)H ()T — Py)F(O)]|de

3 -
- / I HL(©)B(E, )01 (OB ()T — Po)F(C)[[dC + [ Hi (€)B(€, 0)H (0)Ya|

0

+ : IH1(§)®(E, ) (I — Q1(O)H (U = Py)F(C)|ld¢

IN

3 .
/_ IEL )€, O QuOIIE ) = P2)IIIE()]dC

+HIHL(E) @€ 0) Il H T O]Vl

0 ~
Jr/g I I, O = QuOIIHT (U = P)IIF()ldS

A ¢ - X 0
= ClHFHW/ eal('f*g)fé’YK‘dC—i-CQleé“YuH +03’F”e'y/ ebl(ﬁ*()*ﬁ’ﬂng
—00 3
— Cull Pl + CocP €] + G Pl (e — P,

Multiplying by el gives e/l (€)|| < C1[|Ys]| + K| Fl|y-
The values Y; and Y, are chosen so that Y (£) is continuous at 0. So for £ = 0, we
have

Y, Y, = / T(0,0)Q1()F(¢)dC + /°° (0, )T — Qa(C)) F(O)dC.

Since R(Q2(0)) and R(I — Q1(0)) are complementary, we can define a projection Q on R?
with R(Q) = R(Q2(0)) and R(I — Q) = R(I — Q1(0)). Let Y denote the right hand side of
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the previous equation. Then QY = Y; and (I — Q)Y = —Y,,. Therefore:
QY| < /_ : 1QQ1(0)T(0, Q) F(C)||d¢ + /0 1O — Q) T(0,QF(O)ld
= / OOO |QH:(0)Q1(0)Hy ™ (0)Hy (0)®(0, Q) Hy () (I = Po)F(C)]d¢
+ /0 I QHA0)(I — a(0) Hy  (0) Ha(0)(0, ) Hy ™ (¢) (I — P F()|d¢
= [ 1em 020,087 O - PRl

+/OOO IQH(0)(I — Q2(0))2(0,¢) Hy ' (O)(I — P2)F(C)IldS

IN

0 ~
/ IQIIHLO)1Q1(0)2(0, O)IIIH; (O — )| F(C)Id¢

+/OOO QI H2O)[I(1 = Q2(0))@(0, )l Hy () = P)IIF ()¢

IN

0 [e’e) .
ElHFHev/_ e—&1c—evlﬁld<+E2|F”67/o e_b2C_5’Y<dC
= Fi|F|l
N ~ 0 A~ 00 A~
IC-QF1 < [ 10 -Q@OT0.0FO]d + / 17— Q)T — Qa(0))T(0, O)F(O)]|dC
0
= [ 1= QMmO O O m 080,08 Q) - PP
+ /0 h 1(1 = Q)H2(0)(I — Q2(0))Hy " (0)H2(0)2(0,¢) Hy ! (¢)(I — Po)F(¢)]|d¢
0
- / I — Q)H1(0)Q: (0)8(0, ) H M (¢)(I — Py)F(O)]|d¢

+/OOO I — Q)H2(0)(I — Q2(0))2(0, O)Hy (I — P)F(¢)]d¢

IN

0 N
/ 17 = QINIHL(0)[1Q1(0)®(0, ) Hi ()1 — P2l F(C)IldS
+/Ooo I = QIIIE2(0)[II(Z = Q2(0)2(0. I H5 () = P)IIF(C)]d¢

0 - ]
< BFl [ e i B Pl [ e heota
. 0

= Eof|Flley

So we have, [Vall < Erl|Flly for € > 0 and [Yall = || — Yall < Bol[Flly for
¢ < 0. This implies that, ||V (€)||ey = e¢|Y (€)| is bounded by a positive multiple of ||F||c,.
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Therefore, Y (§) € C(evy,R¢) for all £ € R. Since solving 7,U = f is equivalent to solving
(6.14), U is the first component of the solution of (6.14), which is Y7 (). Thus, there exists a
constant K > 0 so that ||U|ey < K||F|ley = K| f||ey. Therefore, ’Z;;l exists and is bounded
on C(ey,Re). O

6.3.1 Discussion

The purpose of the section is to analyze the eigenpairs of the linear operator given
by the equation (4.1) denoted by

1

The eigenpairs of & satisfy (4.2). Please observe that U(§) € C(ey,R¢) implies that the
function U(z) = U (%) is in C(7y,Ry). U(z) € C(v,R,) implies that sup, |U(z)[e"*! < cc.
As a result, p is an eigenvalue or resolvent value of 7¢ on C/(ev, R¢) is equivalent to p being
an eigenvalue or resolvent value of 7% on C'(7,R;). Then the corresponding A(e) = £ is an
eigenvalue or resolvent value of & on C(v,R;).

Please note that since 4§ is defined to be 1 in the Theorem 8, %K(; is simply the set
of complex numbers with real part at least —%. Theorem 8 tells us that if p = e\ € K5NQ,
then p is an eigenvalue of 7% with geometric multiplicity 1 and eigenfunction located in

C(v,R;) or a resolvent value of 77. Since p = e\, we have
1 1
A E f(KgﬁQ): <K1QQ>.
€ L €

Since €2 is given as any arbitrary compact set in C, the space (K 1 N %Q) is relatively large.
The result from Theorem 8 simply implies that the above A values are either eigenvalues of
& with geometric multiplicity 1 and eigenfunctions in C(v, R;) or resolvent values of &.

In Chapter 5, we mentioned for sufficiently small ¢ > 0 that the small eigenvalues
of the operator & whose eigenfunctions go to 0 rapidly as z — 400, were contained in a
small neighborhood about the calculated Ag. The corresponding eigenfunctions that go to
0 rapidly as x — Fo00 are those whose values at 0 are in the space A. Thus the eigenpairs
discussed in Chapter 5 are precisely those in which the related eigenfunctions are located
in C(y,RR;). So these eigenpairs are the very ones mentioned in Theorem 8.

We pointed out in Chapter 5 that WQ‘(M“Z) and W2(M™") are transverse for
fixed A # Ao + €A1 + O(e?). We are able to make an inference that if \ is a resolvent value
of &, then W*(M™) and W5(M™') are transverse for each A. So the resolvent values in

(K% N %Q), will produce a solution that starts in W*(M"') and ends in W5(M™").
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Chapter 7

Concluding Thoughts and Future
Endeavors

7.1 Conclusions
7.1.1 Existence of a Riemann—Dafermos Solution
We began by considering a modified version of the KdV-Burgers equation (1.1),
ur + 3ulux = auxx + Puxxx.

Motivated by the suggestion of numerical approximations, we applied the change of variables

X
r=7 t=hT (7.1)

to (1.1) to produce equation (1.4),
ug + (3u2 — T)uy = ae Uy, + Be Muppy.

Instead of focusing on (1.4) directly, we replaced the time dependent coefficients
in (1.4) with small positive constants and obtained (1.6),

up + (3u2 — Z)Up = Q€U + B Uy

One can view those substituted constants as the exponentials evaluated at some large time
to. So when time is near tg, the solutions (1.6) are near those of (1.4) for e = e~t0.
Motivated by (1.1) subject to

w(T, —00) = u’ and u(T,0) = ",
we turned our interests to the steady state solution of (1.6), subject to the conditions

u(—o0) = uf, and u(co) = u".
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We refer to this solution as the Riemann—Dafermos solution.
We learned from [6] that select pairs of boundary conditions give rise to shock
waves,

u(z) = ,

ul forx<s
u"  forx > s

that are either compressive or undercompressive. These shock waves solutions are weak
solutions of (1.3), the underlying conservation law of (1.1) in (z,t)-coordinates

us + (3u® — z)uy = 0.

For 8 > 0, it was shown by Jacobs, McKinney, and Shearer in [6] that the shock wave was

compressive when
2011/2 ¢
u' e |0, o2 and u" € —u—,uf .
3VPB 2
It was also shown in [6] that a dispersion phenomenon occurred when 5 > 0,

ut > @, and u” > —u’ + M.
3VB 3VB

This phenomenon is one in which a compressive shock splits into an undercompressive shock
followed by a faster compressive shock. For § > 0 and these pairs of boundary conditions,
we were able to show, for a Riemann solution consisting of either 1 or 2 shock wave(s)
and for small € > 0, the existence of a Riemann-Dafermos solution that is C' close to the
corresponding Riemann solution away from its discontinuities.

7.1.2 Stability Properties

We studied the stability of the Riemann—Dafermos solution by means of lineariza-
tion. After finding the corresponding linear partial differential equation (4.1),

Us + 60.0.U + (362 — 2)U, = aeUpy + B Uspa,

we used Dodd results in [5] to be able to conclude that for e > 0 and Re(\) > 0, A will not
be an eigenvalue of (4.1). The operator form of (4.1) is given by U; = E.U, where

EU = B Uppy + aeUy, — 604U — (302 — x)U,.

We consider €2 as any given compact subset of C and K 1= {)\}Re A\ > —%,L > 0}.

For sufficiently small ¢ > 0, we were able to show that the set <K 1 N %Q) contains only
resolvent values of & and eigenvalues of & with geometric multiplicity of one.

We assume that the eigenvalues take the form \g+eA;+O(e?). Thus for sufficiently
small € > 0, the eigenvalues are contained in a neighborhood about A\g. Let N denote the
portion of the neighborhood about Ay that contains all small eigenvalues of £ with geometric

multiplicity 1. Then (K 10 %Q) \ N would contain the resolvent set of &..
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As € > 0 gets smaller, N gets smaller and (K 1 N %Q) gets larger. Thus, as € > 0
gets smaller, (K 1 N %Q) \ N gets larger. The intersection (K 1 N %Q) is simply a subset

that lies completely in K 1. As € — 0, the intersection (K 1 N %Q) — K 1. This implies
that as ¢ — 0, K 1 will only contain resolvent values. That is, as ¢ — 0, the number
of eigenvalues with geometric multiplicity 1 goes to 0. There is no way to guarantee the
existence of a sufficiently small €* value so that for every fixed ¢ smaller than €*, the
intersection (K 1 N %Q) contains only resolvent values. If we could provide this, then any

of those sufficiently small € values less than € would create that neighborhood about Ay so
that if A is in it then Re(\) < —7 < 0.

7.2 Next

The natural next step is to investigate the spectrum more to get those stability
results and determine how to relate our results about solutions of (1.6) to those of (1.4),
solutions of (1.1) under the change of variables (7.1). Another equation of interest is a thin
film model studied by Bertozzi, Miinch, Shearer, (1999). This model is given by

hT(h2 — h3)X = —63(h3hxxx)x. (7.2)

This equation models the movement of a thin liquid film of thickness h up an inclined plane
due to a temperature gradient on the plane. This equation has been studied subject to the
conditions:

h(—00,T) = hso h(co,T) =b 0<b<hoo e >0 (small) . (7.3)

The constant h, represents the depth of the film at the bottom of the plane. The constant
b is the depth of a thin precursor layer above the climbing liquid. Numerical simulations of
(7.2) — (7.3), as well as experiments, show that after a large time the solution is close to a
Riemann solution of the conservation law of concern. A future project is to use Dafermos
regularization to investigate this model further.
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