
ABSTRACT 

MORRIS, RICHARD WAYNE.  Likelihood ratio tests for association with multiple 
disease susceptibility alleles, genotyping errors, or missing parental data. (Under the 
direction of Norman L. Kaplan.) 
 

Multiple disease susceptibility alleles, genotype errors, or missing genotype 

data can create problems when testing for association between alleles or genotypes at a 

genetic marker and a dichotomous phenotype.  I used likelihood methods to study the 

impact of each of these factors on detecting association.  In the presence of multiple 

disease susceptibility alleles, I found that power of the likelihood ratio test (LRT) 

declines less when based on haplotypes made up of tightly linked single nucleotide 

polymorphisms (SNPs) than when based on individual SNPs.  The result suggests that 

statistical methods based on haplotypes may be useful to identify and locate complex 

disease genes.  Genotype errors can lead to excess type I error in nuclear family (case-

parents) studies when errors resulting in Mendelian inconsistent families are corrected 

but other errors remain in the data.  I developed a LRT for single SNPs or haplotypes 

that incorporates nuisance parameters for genotype errors and showed that type I error 

rate can be controlled at little cost to power.  For nuclear family data in which missing 

parents and additional siblings create a diversity of family structures, I developed a 

unified approach to computing LRT power for a test of association.  Comparison of 

LRT power with power of a family-based association test showed that LRT has greater 

power. 
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Introduction 

I discuss three types of problems related to testing for association between 

alleles or genotypes at a genetic marker locus and a dichotomous disease phenotype.  

The first problem is theoretical, the second is practical, and the third is 

methodological.  All three problems are addressed using likelihood methods. The first 

problem concerns the choice between single genetic markers or haplotypes as a basis 

for testing association when multiple disease susceptibility mutations have occurred in 

the history of a population.  The second problem offers an approach to maintaining 

correct test size when errors in identifying genotypes occur in the data from a case-

parents design.  The third problem concerns how to compute statistical power for a 

variety of family structures in a case-parents design when genotypes for some parents 

are missing and additional sibling genotypes may be available.   

 

Multiple Disease Susceptibility Alleles 

I investigated the effect of multiple susceptibility alleles at a single disease 

locus on statistical power of a likelihood ratio test to detect association between alleles 

at a marker locus and a disease phenotype in a case-control design.  Using simplifying 

assumptions to obtain the joint frequency distribution of marker and disease locus 

alleles, I present numerical results that illustrate the impact of historical variation of 

initial associations between marker alleles and susceptibility alleles on the power of a 

likelihood ratio test for association.  Our results show that an increase in the number of 

susceptibility alleles produces a decrease in power of the likelihood ratio test.  The 
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decrease in power in the presence of multiple susceptibility alleles, however, is less for 

markers with multiple alleles than for markers with two alleles.  We investigate the 

implications of this observation for tests of association based on haplotypes made up 

of tightly linked single nucleotide polymorphisms (SNPs).  The results show that an 

analysis based on haplotypes can be advantageous over an analysis based on 

individual SNPs in the presence of multiple susceptibility alleles, particularly when 

linkage disequilibrium between SNPs is weak.  The results provide motivation for 

further development of statistical methods based on haplotypes for assessing the 

potential for association methods to identify and locate complex disease genes. 

 

Genotyping Errors 

Genotyping errors can create a problem for the analysis of nuclear family data 

because some families will exhibit genotypes that are inconsistent with Mendelian 

inheritance.  The problem with correcting Mendelian inconsistent genotype errors by 

regenotyping or removing families in which they occur is that the remaining 

unidentified genotype errors can produce excess type I (false positive) error for some 

family-based tests for association.  I address this problem by developing a likelihood 

ratio test (LRT) for association in nuclear families (case-parents) that incorporates 

nuisance parameters for a general genotype error model.  I extend the likelihood 

approach for a single SNP to include short haplotypes consisting of 2 or 3 SNPs.  

Using Monte Carlo simulation, I found that type I error rate for a single SNP can be 

controlled for several genotype error models at different error rates.  Simulations 
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suggest this result is true for 2 and 3 SNPs.  In all cases, power declined with 

increasing genotyping error rates.  In the absence of genotyping errors, power was 

similar whether nuisance parameters for genotype error were included in the LRT or 

not.  The LRT developed here does not require prior specification of a particular 

model for genotype errors and it can be readily computed using the E-M algorithm.  

Consequently, this test may be generally useful as a test of association with nuclear 

family data in which Mendelian inconsistent families occur. 

 

Missing Parents and Additional Siblings 

I describe a unified approach to computing the power of a likelihood ratio test 

(LRT) for association between a genetic marker and a dichotomous phenotype with 

incomplete case-parents data.  The approach is based on a straightforward application 

of the EM algorithm to expected data, under an alternative hypothesis, for nuclear 

families consisting of a single proband with 0, 1, or 2 parents and perhaps additional 

sibling genotypes.  I illustrate LRT power computations for four complex scenarios 

that differ in the amounts of genotype data for parents and additional siblings.  

Comparison of power between LRT and a family-based association test (FBAT), 

representing a general class of conditional association tests, for selected examples 

shows that LRT has greater power. 
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On the Advantage of Haplotype
Analysis in the Presence of Multiple
Disease Susceptibility Alleles

Richard W. Morrisn and Norman L. Kaplan

Biostatistics Branch, National Institute of Environmental Health Sciences,
Research Triangle Park, North Carolina

We investigated the effect of multiple susceptibility alleles at a single disease locus

on the statistical power of a likelihood ratio test to detect association between

alleles at a marker locus and a disease phenotype in a case-control design. Using

simplifying assumptions to obtain the joint frequency distribution of marker and

disease locus alleles, we present numerical results that illustrate the impact of

historical variation of initial associations between marker alleles and suscept-

ibility alleles on the power of a likelihood ratio test for association. Our results

show that an increase in the number of susceptibility alleles produces a decrease in

power of the likelihood ratio test. The decrease in power in the presence of

multiple susceptibility alleles, however, is less for markers with multiple alleles

than for markers with two alleles. We investigate the implications of this

observation for tests of association based on haplotypes made up of tightly linked

single-nucleotide polymorphisms (SNPs). Our results suggest that an analysis

based on haplotypes can be advantageous over an analysis based on individual

SNPs in the presence of multiple susceptibility alleles, particularly when linkage

disequilibria between SNPs is weak. The results provide motivation for further

development of statistical methods based on haplotypes for assessing the

potential for association methods to identify and locate complex disease genes.
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INTRODUCTION

Studies of statistical methods for detecting and localizing genes contributing to
risk for a complex disease depend on a number of simplifying assumptions. One
assumption frequently employed in studies of methods that test for association
between marker genotypes and disease phenotype is that a single susceptibility allele
is present in the population at a disease locus [Clayton, 2000; Lazzeroni, 2001]. This
assumption, embodied in the concept of a shared ancestral haplotype, is appropriate
for populations in which chromosomes bearing a susceptibility allele trace their
history to a common ancestor carrying the susceptibility mutation. Such a mutation
may have been present in a small group of founders, or it may have arisen
spontaneously. Alternatively, allelic variation at a complex disease locus may be
extensive, with multiple susceptibility alleles of independent origin present in a
population [Pritchard, 2001; Terwilliger and Weiss, 1998]. Because the genetic basis
of complex human diseases is unknown, the hypothesis of a single susceptibility allele
may be inappropriate when studying the prospects for association methods to
identify complex disease genes.

An immediate concern raised by the hypothesis of multiple susceptibility
alleles is the potential for limiting statistical power to detect association [Slager et
al., 2000; Longmate, 2001]. It is not difficult to see how the presence of multiple,
independent susceptibility alleles at a disease locus might adversely affect
detection of association between marker genotypes and a disease phenotype.
Suppose that a biallelic marker locus is tightly linked to a disease locus at which
multiple susceptibility alleles arise by independent mutation. Susceptibility
mutations occur on chromosomes bearing either marker allele in proportion to
the frequencies at which the marker alleles occur in the population. If penetrances
of genotypes that carry any of the susceptibility alleles are similar, then the
frequency of a particular marker allele among affected individuals effectively
depends on how often a susceptibility mutation occurs on a background bearing
that marker allele. If the number of independent susceptibility mutations is large,
then the frequencies of marker alleles among affected individuals will be very
similar to the frequencies of marker alleles among unaffected individuals, making
it difficult to detect an association between marker genotypes and a disease
phenotype [MacLean et al., 2000; Schork et al., 2001]. Recombination, which
reduces initial linkage disequilibrium between marker alleles and susceptibility
alleles, would make the situation worse.

Here we investigate the consequences of multiple, independent susceptibility
alleles on the power of a likelihood ratio test (LRT) to detect association in a case-
control design. We studied power under alternatives in which linkage disequilibria
between marker and susceptibility alleles arose from independent sampling of
marker alleles by susceptibility mutations. Our primary conclusion is that in the
presence of multiple susceptibility alleles an analysis based on haplotypes can be
advantageous over an analysis based on individual single-nucleotide polymorphisms
(SNPs), especially when linkage disequilibria between SNPs forming a haplotype are
weak. This result provides motivation for further development of statistical methods
based on haplotypes for assessing the potential for association methods to identify
and locate complex disease genes.
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METHODS

Likelihood Ratio Test

We studied the effect of multiple susceptibility alleles on the statistical power of
an LRT to detect a difference in marker allele frequencies between cases and
controls. We assumed a single population in which mating occurs at random with
respect to marker-disease haplotypes, and computed power of the LRT under
specific alternatives for a sample of 600 cases and 600 controls.

The LRT statistic for a test of the null hypothesis that marker allele frequencies
are equal in case and control populations is given by 2½lðy; p̂pÞÞ � lðy; p̂p0Þ�, where y
represents marker allele, haplotype, or genotype counts. lðy; p̂p0Þ is the value of the
log-likelihood with separate maximum likelihood estimates of marker probabilities,
p̂p, in cases and controls, and lðy; p̂p0Þ is the value of the log-likelihood under the null
hypothesis with marker probability estimates, p̂p0, constrained to be equal in cases
and controls. Under the null hypothesis, the LRT statistic is asymptotically
distributed as central w2 with degrees of freedom equal to the number of constraints
used to compute lðy; p̂p0Þ. Under an alternative hypothesis, the LRT statistic is
asymptotically distributed as noncentral w2 with degrees of freedom as under
the null.

The LRT statistic is based on a multinomial likelihood. For markers with two
or more alleles and for haplotypes when haplotype phase was assumed known, the
LRT statistic was computed using multinomial maximum likelihood estimates
of marker allele or haplotype frequencies [Agresti, 1990]. When haplotype phase
was assumed unknown, the LRT statistic was computed using an expectation-
maximization algorithm to maximize a multinomial likelihood based on genotype
frequencies under the assumption of Hardy-Weinberg equilibrium [Excoffier and
Slatkin, 1995; Fallin et al., 2001]. We used a Newton-Raphson algorithm to
maximize the complete-data likelihood and substituted the resulting maximum
likelihood estimates into the observed-data likelihood, which has coupling and
repulsion phase double heterozygotes confounded, to obtain the LRT statistic.

To compute the power of the LRT, we obtained the noncentral parameter of the
w2 distribution for a specified alternative hypothesis by computing the LRT statistic
using expected log-likelihoods in the expression for the LRT statistic. The resulting
value of the LRT statistic was used as the noncentrality parameter of the noncentral
w2. Expected log-likelihoods were formed by replacing counts y with their expected
values, obtained as the product of sample size and the multinomial probabilities
associated with a specific alternative hypothesis, as described below [for genetic
applications, see Schaid, 1999; Longmate, 2001]. Using this noncentral parameter,
the power for LRT under a specified alternative was obtained by computing the
probability that a noncentral w2 distributed random variate exceeds the (1�a)
percentile from a central w2 distribution with the same degrees of freedom. We used
a¼ 0.01 for all tests. The accuracy of this method of power computation was verified
by computer simulations (results not shown).

To compare the power of a multiple-degree-of-freedom LRT based on
haplotypes with the power based on individual SNPs, we defined an individual
SNP procedure as the maximum LRT statistic among the set of LRT statistics
computed individually for each SNP comprising a haplotype. Control of type I error
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associated with performing separate tests was accomplished by Bonferroni
correction of the critical value. Results of permutation tests for individual SNP
procedures suggested that Bonferroni correction at level a¼ 0.01 is not conservative
for 2 and 3 marker haplotypes (results not shown).

Specification of Alternative Hypotheses

The LRT has null hypothesis PrfmijAg ¼ Prfmig for all i ¼ 1; 2; . . . ; r,
where mi indexes the i

th allele (or haplotype) among r marker alleles, and A denotes
an affected phenotype. As shown in the Appendix, under random mating,
PrfmijAg ¼

Pt
j¼0 Prfmi jgjgPrfgj jAg, where gj represents allele j ¼ 0; 1; . . . ; t at the

disease locus. The case for a single susceptibility allele is given by Akey et al. [2001]
and Chapman and Wijsman [1998].

The null hypothesis is satisfied when all penetrances are identical (i.e.,
Prfgj jAg ¼ Prfgjg for all j ). In this article, we limit consideration to additive
penetrances of the following form: PrfAjg0g0g ¼ b0, PrfAjg0gjg ¼ b0 þ b1, and
PrfAjgigjg ¼ b0 þ 2b1, for i; j ¼ 1; 2; . . . t. Power computations were done using
values of b0 ¼ 0:01 and b1 ¼ 0:02, which produce genotype relative risks of 3 or 5 for
1 or 2 copies of a susceptibility allele, respectively.

The null hypothesis is also satisfied when linkage equilibrium occurs between all
marker-disease allele pairs (i.e., Prfmi jgjg ¼ Prfmig for all i and j ). Since the joint
marker-disease allele frequency distribution determines all pairwise linkage
disequilibria, it is sufficient to specify the joint frequency distribution of marker
and disease locus alleles along with a set of penetrances to compute the power for an
alternative hypothesis, and thereby study the power of the LRT.

Single Historical Scenario

To illustrate the construction of a joint marker-disease allele frequency
distribution for one possible historical scenario, we consider a single susceptibility
allele and assume a large population in which a biallelic marker is segregating for
alleles m1 and m2. Suppose that a susceptibility mutation, g1, at a tightly linked
disease locus occurs by chance on a chromosome bearing 1 of the 2 marker alleles,
say, the m2 allele. If the effects of recombination are minimal, then to a reasonable
approximation, Prfm2jg1g ¼ 1, which implies Prfm2 \ g1g ¼ Prfg1g. Moreover,
since g1 initially occurred on a chromosome bearing m2, we also have Prfm1jg1g ¼ 0,
which implies Prfm1 \ g1g ¼ 0. Among chromosomes bearing the nonsusceptibility
allele g0, we assume that marker allele frequencies are stable and write Prfmi \ g0g ¼
PrfmigPrfg0g for i¼ 1, 2.

Generalizing to multiple susceptibility alleles, the joint marker-disease allele
frequency distribution has three types of elements:

Prfmi \ g0g ¼PrfmigPrfg0g

Prfmi \ gjg ¼
Prfgjg if gj occurs on a chromosome with marker mi

0 otherwise

� �

where j ¼ 1; . . . t indexes susceptibility alleles. Table I gives an example of one
possible historical scenario for four marker alleles and four susceptibility alleles. This
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hypothetical joint distribution is a reasonable approximation when four preexisting
marker alleles are segregating in a population into which four susceptibility
mutations were introduced at a tightly linked locus and increased in frequency
quickly enough that recombination can be ignored. Omitting recombination results
in complete linkage disequilibrium between marker alleles and susceptibility alleles,
which produces the greatest opportunity for detecting an association. We consider
the consequences of relaxing this assumption in the Discussion.

The distribution given in Table I differs from the initial conditions employed by
Chapman and Wijsman [1998, their Table 1] and Akey et al. [2001] for a single
susceptibililty allele. They fixed marginal marker allele frequencies at the time of
sampling, whereas we fixed ancestral marker allele frequencies and allowed
alternative mutational histories to influence marginal marker allele frequencies
at the time of sampling, depending on how the mutation process distributed
susceptibility alleles among marker alleles. Current marker allele frequencies can
therefore be viewed as random variables whose values depend on the outcome of
a random mutation process that associates susceptibility mutations with marker
alleles. From this perspective, ancestral marker allele frequencies, Prfmig, can be
thought of as expected values of current marginal marker allele frequencies over
random mutational histories. In what follows, when we refer to marker allele
frequencies, we mean ancestral marker allele frequencies.

The joint marker-disease allele frequency distribution is determined by marker
allele frequencies, susceptibility allele frequencies, and the outcome of the historical
process that associates particular susceptibility alleles with particular marker alleles
as a consequence of independent mutations. For stable ancestral marker allele
frequencies, we consider the consequences of alternative historical scenarios on LRT
power when susceptibility alleles are equally frequent. This represents a worst-case
scenario with respect to LRT power, because disease locus genotypes bearing a
particular number of susceptibility alleles will be equally represented among cases.
For a fixed number of susceptibility alleles, t, we set Prfg0g ¼ 0:80 and let
Pr{gj}¼ 0.20/t for all j.

Multiple Historical Scenarios

With two marker alleles and t41 susceptibility alleles, the number of
susceptibility mutations associated with one of the marker alleles, say, m1, is

TABLE I. Hypothetical Joint Distribution of a Marker Locus With Four Alleles and Disease Locus With

One Nonsusceptibility Allele, g0, and Four Susceptibility Alleles

Disease locus alleles

Marker alleles g0 g1 g2 g3 g4

m1 Pr{m1}Pr{g0} Pr{g1} 0 0 0

m2 Pr{m2}Pr{g0} 0 Pr{g2} 0 Pr{g4}

m3 Pr{m3}Pr{g0} 0 0 0 0

m4 Pr{m4}Pr{g0} 0 0 Pr{g3} 0

a
All LRT power computations, except those based on ancestral selection graph, assume Pr{g0}¼ 0.80 and

equally frequent susceptibility alleles (Pr{gj}¼ 0.20/t for j¼ 1, 2,. . .,t).
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binomial with parameters Prfm1g and t. Each realization of the binomial process
represents a particular mutational history, which has associated with it a joint
marker-disease allele frequency distribution from which LRT power can be
computed. Consequently, power can be viewed as a random variable that depends
on initial associations between marker alleles and susceptibility mutations that occur
with binomial probabilities. We generalize the binomial distribution for a two-allele
marker to a multinomial distribution for an r-allele marker. With t susceptibility
alleles, the multinomial distribution has parameters t ¼ ðt1; t2; . . . ; trÞ

0 and
p ¼ ðp1; p1; . . . ; prÞ

0, where t is the vector of counts of susceptibility mutations
associated with each of the r marker alleles, such that

Pr
i¼1 ti ¼ t and p is the vector

of marker allele frequencies. For a fixed number of susceptibility mutations, the
number of historical scenarios considered for LRT power computations is the
number of outcomes for the multinomial distribution [Feller, 1957].

Expected LRT Power

Expected LRT power over all unobservable histories, denoted L, is given by

EL½PrfrejectH0g� ¼
X
h2L

PrfrejectH0jhgPrfhg;

where h indexes a particular historical realization. PrfrejectH0jhg is the power of
LRT conditional on a history, and Pr {h} is the multinomial probability for that
history. For a given number of equally frequent susceptibility alleles, there can be
substantial variation in conditional LRT power for different marker-susceptibility
allele configurations. Consequently, we summarized the distribution of conditional
LRT power resulting from historical variation by computing the probability of
obtaining an LRT with power of at least 0.80. The quantile statistic is

PrfLRT power � 0:80g ¼
X
h2sðLÞ

Prfhg;

where s(L) is the subset of histories for which conditional LRT power is at least 0.80.
We computed LRT power for every history and summed the multinomial
probabilities of histories for which conditional LRT power was 0.80 or greater.

Nonuniform Susceptibility Allele Frequencies

We relaxed the assumption of equally frequent susceptibility alleles by using a
model employed by Pritchard [2001] to study properties of susceptibility alleles that
originate by mutation and are subject to drift and weak purifying selection. The
model, known as the ancestral selection graph (ASG), was originally described by
Krone and Neuhauser [1997] and Neuhauser and Krone [1997], and represents an
extension of neutral coalescent methods to accommodate weak selection [Nordborg,
2001]. We used software developed by Paul Fearnhead (http://www.maths.lancs.
ac.uk/~fearnhea/software/) to generate samples of disease locus alleles from an ASG,
with mutation and selection parameters set to values provided by Pritchard [2001]. In
particular, we used ASG parameter values 4Nes ¼ 20 and 4Nem ¼ 5, where Ne is the
effective population size, s is the amount of selection against susceptibility alleles,
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and m is the mutation rate to susceptibility alleles (Pritchard’s ms). The mutation rate
from susceptibility to nonsusceptibility alleles (Pritchard’s mN) was 10

�2m.
For each ASG realization, representing a single historical scenario, a

prespecified allele was designated the nonsusceptibility allele and all other alleles
were designated susceptibility alleles. We used only realizations where the frequency
of the nonsusceptibility allele was in the interval [0.50, 0.95]. The joint marker-
disease allele frequency distribution used to compute LRT power was obtained
by random assignment of susceptibility alleles to marker alleles. Conditional
LRT power was computed for each ASG realization, and PrfLRT power � 0:80g
was estimated by the proportion of realizations with conditional LRT power
at least 0.80.

RESULTS

Uniform Distribution of Multiple Susceptibility Mutations:
2, 4, and 8 Marker Alleles

Since, for a fixed number of marker alleles, equally frequent alleles yield the
most powerful test [Chapman and Wijsman, 1998], we computed PrfLRT power �
0:80g under a uniform distribution of marker alleles. Figure 1 shows that for a
marker with 2, 4, or 8 alleles, PrfLRT power � 0:80g declines as the number of
susceptibility alleles increases. An interesting feature of Figure 1 is that with equally
frequent marker alleles, PrfLRT power � 0:80g does not decline as quickly for

Fig. 1. PrfLRT power � 0:80g for a marker with 2, 4, or 8 equally frequent alleles. Susceptibility alleles

are equally frequent, and sample size is 600 cases and 600 controls.
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a multiple allele marker as it does for a biallelic marker. Alternatively, for a given
number of susceptibility alleles, PrfLRT power � 0:80g is greater with more marker
alleles. This observation motivates power comparisons based on haplotypes.

Uniform Distribution of Multiple Susceptibility Mutations:
Haplotypes

Figure 2 illustrates results for a 3-SNP haplotype for which each SNP has
equally frequent alleles. Figure 2a represents uniformly distributed haplotype
frequencies, and Figure 2b represents skewed haplotype frequencies, with 2
complementary haplotypes at high frequency (0.41) and 6 haplotypes at low
frequency (0.03). Comparison of PrfLRT power � 0:80g among the three LRTs
shows that phase-known and phase-unknown exhibit a power advantage over the
individual SNP procedure. The power advantage is greater in Figure 2a, where
linkage equilibrium holds, than in Figure 2b, which illustrates a skewed haplotype
distribution. Similar results were obtained for a 2-SNP haplotype (results not
shown).

Fig. 2. PrfLRT power � 0:80g for a 3-SNP haplotype. Susceptibility alleles are equally frequent, and

sample size is 600 cases and 600 controls. Two haplotype frequency distributions are illustrated. a: Equally
frequent haplotypes. b: 0.41, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, and 0.41. Dark gray columns, phase known;

light gray columns, phase unknown; open columns, individual SNP procedure.
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To investigate extended haplotypes, we used haplotype data for six SNPs in
the IL4RA gene for a sample of whites (170) and blacks (108) in the Chicago area
[Table 1 in Ober et al., 2000]. The sample for whites has two haplotypes with
frequencies 0.382 and 0.376 and 11 haplotypes with frequencies below 0.06. In
contrast, the most frequent haplotype in blacks has a frequency of 0.194, and
ordered haplotype frequencies exhibit a comparatively smooth decline. Conse-
quently, haplotype frequencies in the sample for whites appear more skewed than in
the sample for blacks.

In Figure 3, we use sample haplotype frequencies for six SNPs in the IL4RA
gene as ancestral haplotype frequencies, and compare power for the phase-known
LRT and the individual SNP procedure. For whites and blacks, PrfLRT power �
0:80g declines with an increase in the number of susceptibility alleles. For blacks, the
decline in power is less, and the advantage of the haplotype procedure over the
individual SNP procedure is greater than for whites. This result is consistent with
observations on 3-SNP haplotypes in Figure 2 and observations on 2-SNP
haplotypes (results not shown).

Nonuniform Distribution of Multiple Susceptibility Mutations

Figure 4 illustrates the impact of skewness of susceptibility allele frequencies on
the value of PrfLRT power � 0:80g for 3-SNP haplotypes. For each of two 3-SNP
haplotype distributions, two sets of LRT power estimates are plotted. One set,
labeled ‘‘Ancestral Selection Graph’’, was computed directly from ASG output,

Fig. 3. PrfLRT power � 0:80g for a 6-SNP haplotype in the IL4RA gene (see text). Susceptibility alleles

are equally frequent, and sample size is 600 cases and 600 controls. Haplotype frequency distribution for

whites is 0.382, 0.376, 0.053, 0.041, 0.029, 0.029, 0.029, 0.024, 0.012, 0.006, 0.006, 0.006, and 0.006, and for

blacks is 0.194, 0.148, 0.129, 0.111, 0.102, 0.074, 0.064, 0.056, 0.037, 0.028, 0.019, 0.019, and 0.018. Gray

columns, phase known; open columns, individual SNP procedure.
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while the other set, labeled ‘‘Uniform Susceptibility Alleles’’, was computed using the
observed number of alleles from each ASG realization but setting ‘‘Uniform
Susceptibility Alleles’’ to be equally frequent when constructing the joint marker-
disease allele frequency distribution. For each of the three LRTs, PrfLRT power �
0:80g is greater when computed directly from susceptibility allele frequencies
generated under ASG than when computed using the number of alleles generated by
ASG but forcing them to be equally frequent. This observation holds when all three
SNPs are in pairwise linkage equilibrium and haplotypes are equally frequent
(Fig. 4a) and when the 3-SNP haplotype marker distribution is skewed (Fig. 4b),
although in the latter case power is reduced. We observed the same effect on power
for ASG parameters 4Nes ¼ 12 and 4Nem ¼ 1, and for 2-SNP haplotypes with both
sets of parameters (results not shown).

DISCUSSION

Our study of the effects of multiple susceptibility alleles on the statistical power
of an LRT to detect association is based on a variety of assumptions. Perhaps the
most critical of these assumptions is the form of the joint frequency distribution
of alleles at marker and disease loci. To highlight independent sampling of the
background marker distribution, which is an essential feature of the effect of
multiple susceptibility alleles, we assumed complete association between suscept-
ibility alleles and marker alleles. This assumption produces a simple limiting form of
the joint frequency distribution that retains initial marker-susceptibility allele
associations resulting from independent mutations occurring on a background

Fig. 4. PrfLRT power � 0:80g for a 3-SNP haplotype. For each history, the number of susceptibility

alleles is given by ASG. Susceptibility allele frequencies are directly from ASG or are assumed to be

equally frequent. Two haplotype frequency distributions are illustrated. a: Equally frequent haplotypes. b:
0.41, 0.03, 0.03, 0.03, 0.03, 0.03, 0.03, and 0.41. Dark gray columns, phase known; light gray columns,

phase unknown; open columns, individual SNP procedure.
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marker allele distribution. Scenarios where such a joint frequency distribution is
reasonable require minimal recombination between marker and disease loci. This
assumption is appropriate if marker and disease loci are tightly linked and
susceptibility mutations are of recent origin. Young neutral susceptibility mutations
may often be in low frequency; however, more common susceptibility mutations can
also be young if allelic variation at the disease locus is due to a dynamic balance
between mutation and drift with weak purifying selection [Pritchard, 2001]. We can
relax the assumption of minimal recombination when constructing the joint marker-
disease allele frequency distribution by allowing a fraction of initial association
between marker allele and susceptibility allele to be distributed among other markers
in proportion to ancestral marker allele frequencies. Computations performed using
this surrogate for recombination dynamics resulted in reduced power of the LRT
(results not shown). Relaxing the assumption of no recombination in this way,
however, did not alter the qualitative results.

We have assumed throughout that different susceptibility mutations occur
independently of one another in the history of the population. This assumption is
key to our treatment of the problem of multiple susceptibility alleles. Most of our
results, however, were obtained under two additional and admittedly artificial
assumptions that can have an effect on the impact of multiple susceptibility alleles.
One assumption is that susceptibility alleles are equally frequent, which represents
a worst-case scenario. To investigate the effect of this special distribution, we used
a plausible model for susceptibility alleles, the ASG, in which the resulting
distribution is typically skewed with one or few frequent alleles and other less
frequent alleles. In the extreme, a single susceptibility allele would be present. The
effect of skewness is to mitigate the impact of multiple susceptibility alleles on power
reduction of the LRT test. A second assumption is that all susceptibility alleles have
equal penetrance. This assumption ensures that there is no differential representation
of susceptibility alleles in cases due to differential penetrance. Relaxation of this
assumption to a limiting case in which one susceptibility allele has high penetrance
and all others have low penetrance could be expected to reduce allelic variation
among cases and, like skewness in distribution, reduce the impact of multiple
susceptibility alleles. It therefore follows that an ideal scenario for detecting
association with a marker in the presence of multiple susceptibility alleles is for the
disease locus to have a skewed distribution of susceptibility alleles, with the most
frequent allele having the greatest penetrance. Whether this special scenario is
representative of complex disease loci is unclear.

First and foremost, this study shows that the presence of multiple susceptibility
alleles at a disease locus can reduce the power of the LRT test to detect association.
This result was foreshadowed by Terwilliger and Weiss [1998] and illustrated for a
biallelic marker in family-based association tests by Slager et al. [2000]. Our results
extend these earlier results by showing that markers with multiple alleles also
experience a decline in power with an increase in the number of susceptibility alleles.
Consequently, if recent multiple susceptibility alleles are a feature of complex disease
loci, then sample sizes larger than those indicated for a single susceptibility allele
must be considered.

The results of this study suggest that in the presence of multiple disease
susceptibility alleles, haplotype analysis can be advantageous over analyses based
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on individual SNPs. For a single susceptibility allele, Akey et al. [2001] reported
that with equally frequent haplotypes made up of 2 or 4 biallelic sites, a chi-square
test has greater power when based on haplotype than when based on individual
SNPs. Their model involves recombination dynamics, but their conclusion is
essentially the same as that of Chapman and Wijsman [1998], who showed that
with equally frequent alleles, the power of the chi-square test is greater for a
multiple allele marker than for a biallelic marker. The results of this investigation
suggest that these conclusions can be extended to multiple susceptibility alleles at a
disease locus.

In the presence of multiple susceptibility alleles, the power advantage of
haplotype analysis over an individual SNP procedure depends on the degree of
nonrandom association among component SNPs. With strong correlation among
SNPs, marker variability is associated with a few common haplotypes. In this case,
as our results suggest, the power advantage of haplotype analysis can be minimal
or lost. Alternatively, if linkage disequilibrium between SNPs is weak, then
statistical methods based on haplotypes may hold promise for identifying and
locating disease genes if multiple susceptibility alleles are a general feature of
complex disease genes.
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APPENDIX

Denote an affected phenotype by A and let f ¼ PrfAg. Let migj index marker-
disease haplotypes with alleles i ¼ 1; 2; . . . ; r at the marker locus, and alleles j ¼
0; 1; . . . ; t at the disease locus. Let migj/mkgl represent the two haplotypes of an
individual. Then

PrfmijAg ¼
Xr

k¼1

Xt

j¼0

Xt

l¼0

Prfmigj=mkgl \ Ag=f

¼
Xr

k¼1

Xt

j¼0

Xt

l¼0

Prfmigj=mkglgPrfAjmigj=mkglg=f:

Assume disease status depends only on genotype at the disease locus, and write
PrfAjmigj=mkglg ¼ PrfAjgjglg. Further assume that genotypes are formed by
random union of marker-disease haplotypes, so that Prfmigj=mkglg ¼
PrfmigjgPrfmkglg. Then write gamete probabilities Prfmigjg as PrfmijgjgPrfgjg,
and obtain

Prfmi jAg ¼
Xr

k¼1

Xt

j¼0

Xt

l¼0

Prfmi jgjgPrfgjgPrfmk jglgPrfglgPrfAjgjglg=f:
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Sum over marker alleles k and note that random union of marker-disease haplotypes
implies Prfgkglg ¼ PrfgkgPrfglg. Summation over disease alleles l gives the result:

Prfmi jAg ¼
Xt

j¼0

Xt

l¼0

Prfmi jgjgPrfgjgl jAg ¼
Xt

j¼0

Prfmi jgjgPrfgj jAg:
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Abstract 

Genotyping errors can create a problem for the analysis of nuclear family data because 

some families will exhibit genotypes that are inconsistent with Mendelian inheritance.  

The problem with correcting Mendelian inconsistent genotype errors by regenotyping 

or removing families in which they occur is that the remaining unidentified genotype 

errors can produce excess type I (false positive) error for some family-based tests for 

association.  We address this problem by developing a likelihood ratio test (LRT) for 

association in nuclear families (case-parents) that incorporates nuisance parameters for 

a general genotype error model.  We extend the likelihood approach for a single SNP 

to include short haplotypes consisting of 2 or 3 SNPs.  For a single SNP, we found, 

using Monte Carlo simulation, that type I error rate can be controlled for several 

genotype error models at different error rates.  Simulation results suggest the same is 

true for 2 and 3 SNPs.  In all cases, power declined with increasing genotyping error 

rates.  In the absence of genotyping errors, power was similar whether nuisance 

parameters for genotype error were included in the LRT or not.  The LRT developed 

here does not require prior specification of a particular model for genotype errors and 

it can be readily computed using the E-M algorithm.  Consequently, this test may be 

generally useful as a test of association with nuclear family data in which Mendelian 

inconsistent families occur. 

 

Key Words: SNP, EM algorithm, Likelihood Ratio Test, haplotype 
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Introduction 

Family-based statistical tests for association between a genetic marker and a 

disease phenotype implicitly assume that marker genotypes are identified without 

error.  But mistakes in identifying marker genotypes are inevitable, especially in large 

studies involving many markers.  As a consequence, these statistical tests require the 

investigator to discover and correct genotype errors prior to testing for association.  

The additional genotyping effort required for error correction is necessary because 

simply regenotyping or removing families with markers that exhibit genotypes 

inconsistent with Mendelian inheritance and analyzing the “corrected” data can result 

in a type I (false positive) error rate that exceeds the size (α level) of the test [Gordon 

et al., 2001; Mitchell et al., 2003].  This can happen because genotyping errors 

consistent with Mendelian inheritance go undetected in the data.  Although a protocol 

based on exhaustive error correction is straightforward in principle, short of 

regenotyping whole samples, it is difficult to achieve in practice because many 

genotyping errors in nuclear family data are expected to be consistent with Mendelian 

inheritance, making them difficult to identify [Douglas et al., 2002; Geller and 

Ziegler, 2002]. 

An alternative approach is to incorporate a model for genotyping error into a 

test for association.  For example, Gordon et al. [2001] introduced an allele 

misclassification model into a likelihood-based transmission/disequilibrium test and 

showed using simulation that the resulting test was valid in the presence of marker 

allele misclassification.  More generally, Sobel et al. [2002] have advocated 
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incorporating genotype error models into genetic analyses based on pedigree 

likelihoods.  In this article, we develop a family-based likelihood framework that 

incorporates a genotype error model into a likelihood ratio test (LRT) for association.  

We introduce a general error model for biallelic, single nucleotide polymorphism 

(SNP) data in which any true genotype can be misidentified as any other genotype.  

Specific genotype error mechanisms can be modeled as special cases of the general 

model.  The LRT developed for 1 SNP is extended to 2 and 3 SNP haplotypes.  Using 

Monte Carlo simulation, we find that incorporating a model for genotype errors into a 

LRT for association provides protection against excess type 1 error when genotype 

errors are present at little or no cost to power when genotype errors are absent. 

 

Methods 

We consider a nuclear family consisting of a mother, a father, and a single 

child and assume throughout that a family is ascertained because the child exhibits an 

affected phenotype.  We also assume there are no paternity or maternity errors. 

Genotype Error Model 

Let m  and  represent two SNP alleles and index genotypes 

 by the number of m  alleles, denoted by { .  Define 

 as the conditional probability that true genotype  is identified as 

genotype , where i

1

, 0m

j

0m

,

},{ 00111 mmmmm

}|Pr{ ij SS

S

1 },, 012 SSS

iS

j = 0,1,2.  For notational clarity, we represent this conditional 

probability by γ i→ j .  Table 1 illustrates this genotype error model. 
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For a single SNP, we incorporate the genotype error model in Table 1 into the 

likelihood under three assumptions.  First, we assume the error process resulting in 

observed marker genotypes is independent of the sampling process reflecting the 

distribution of true marker genotypes in the population.  Second, we assume 

individuals are genotyped independently.  With a single SNP per individual, this 

assumption is equivalent to assuming that SNPs are genotyped independently.  Third, 

we assume genotype error rates are homogeneous among family members.  These 

assumptions may be appropriate for errors introduced in the laboratory when scoring 

individual genotypes and for errors introduced into the database when recording 

individual genotypes.  They may not hold over subsamples genotyped in different 

laboratories or at different times in the same laboratory.  Nor would they be 

appropriate for systematic errors in family membership, like paternity errors, which 

would violate the third assumption.  

For multiple SNPs, we introduce two additional assumptions concerning 

genotype error rates.  First, we extend the assumption of homogeneous genotype error 

rates among family members to include homogeneity among SNPs.  This assumption 

limits the number of genotype error parameters to six, but must be considered an 

oversimplification if genotype error rates vary widely among SNPs composing a 

haplotype [Mitchell et al., 2003; Sobel et al., 2002].  Second, we simplify 

computations by assuming that the genotype error rate per SNP is small.  For multiple 

SNPs with independent genotype errors, the potential number of observed family 

genotypes can be large, but with low genotype error rates families containing more 
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than one error will be rare.  Therefore, we allow no more than one genotype error per 

family.  This constraint results in a first-order approximation of the genotype error 

distribution under independent errors, which is a reasonable approximation when the 

probability of genotyping error is small, say less than 0.05. 

We studied three sets of genotype error parameters in our simulations, which 

we refer to as the independent allele, the allele dropout, and the empirical error 

models.  The independent allele model has parameter values 

01.0,0,005.0,005.0,0,01.0 120221012010 ====== →→→→→→ λλλλλλ , which approximate values 

expected when alleles are independently misclassified with probability 0.005.  The 

allele dropout model has parameter values 

0,0,03.0,0,0,0 120221012010 ====== →→→→→→ λλλλλλ , which reflect misidentification of a 

heterozygote as a homozygote bearing two copies of the A allele with probability 0.03.  

The empirical genotype error model has parameter values that are the sum of values 

for the independent allele and allele dropout models.  The empirical error model 

illustrates a case in which heterozygotes are more likely to be misidentified than 

homozygotes [Sobel et al., 2002].  Under this genotyping error model, random mating, 

and an A allele frequency of 0.20, the fraction of nuclear families exhibiting 

Mendelian inconsistent genotypes among families with one or more genotyping errors 

is 0.31.  Therefore, among families with at least one genotyping error, about one third 

are detectable. 
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Nuclear Family Model 

Let m , , and  represent genotypes of the mother, father, and child, 

respectively, and denote their joint probability conditional on the child being affected 

by Γ .  For a single SNP, we fit the model 

f c

mfc ),( 21| ρρπ mfcmfmfc r⋅=Γ , where mfπ  is an 

arbitrary mating type parameter and ), 2( 1| ρρmfcr  is a function of marker genotype 

penetrances, }|Pr{ cAffectedc =φ , expressed in terms of genotype relative risks 

0/φφρ c=c .  Table 2 gives values of ), 21(| ρρmfcr  for different parental mating 

combinations.  This model has been discussed in a log-linear context [Weinberg, 

1999a; Weinberg et al., 1998].  We assume fmmf ππ = , which reduces nine ordered 

parental mating types to six.  As a consequence, the model has two inference 

parameters, the genotype relative risks 1ρ  and 2ρ , five free parental mating type 

parameters, and six genotype error parameters. 

For multiple SNPs treated as haplotypes, we limit the number of penetrance 

and mating type parameters by assuming 1) random mating with respect to haplotype-

disease-locus chromosomes and 2) multiplicative penetrances at the disease locus.  

Under these two assumptions, SNP genotype penetrances can be expressed in terms of 

haplotype relative risks, defined as jjj φθ =  for the jth haplotype (Appendix A).  

Indexing family member genotypes by haplotype subscripts  as },...,2,1{,,, rsuqp =

pqm = , , and usf = puc =  gives the model 

suqpmfc ψψψψ **=Γ        

 24



where  is the probability that the transmitted maternal haplotype is p and *
pψ qψ  is the 

probability that the nontransmitted maternal haplotype is q [Clayton, 1999].  Paternal 

haplotypes u and s are similarly distinguished.  In this model, qψ  is the frequency of 

haplotype q in the population and  is the population frequency weighted by 

haplotype relative risk as 

*
pψ

∑=
j

jjpp θψψψ *
pθ / .  Thus, under random mating and 

multiplicative penetrances, transmitted “case” haplotypes and nontransmitted 

“control” haplotypes are jointly independent.  This model has been discussed by 

Clayton [1999].  If we assume that the frequencies of transmitted and nontransmitted 

haplotypes do not differ between parents, this model has r-1 free parameters for 

transmitted haplotypes, r-1 free parameters for nontransmitted haplotypes, and six 

genotype error parameters.   

Likelihood of Observed Data   

For a sample of N independent nuclear families in which each family member 

is genotyped independently for a single SNP, the multinomial likelihood for observed 

nuclear family genotypes is proportional to 

MFCn

mfc
mfcCcFfMmMFC 







ΓΠ ∑ →→→ γγγ  

where M , , and  index the observed number of  alleles in the mother, father, 

and child, respectively, and 

F C 1m

∑=
MFC

MFCnN , where n  is the number of families with 

genotype . 

MFC

MFC
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For 2 or 3 SNPs, the assumption that at most a single genotype error occurs per 

family means that family member genotype determinations are not independent.  Let 

 be the probability that true family genotype  is observed as family 

genotype .  With no more than a single genotype error per family, the joint 

genotype error probability, 

MFCmfc→Λ mfc

MFC

MFCmfc→Λ , will be one of the individual genotype error 

probabilities in Table 1.  Under this error model the multinomial likelihood for 

observed nuclear family genotypes is proportional to 

MFCn

mfc
mfcMFCmfcMFC 







ΓΛΠ ∑ →  

For 1, 2, or 3 SNPs, an E-M algorithm, outlined in Appendix B, is used to maximize 

the observed-data likelihood with respect to risk parameters, mating type parameters, 

and genotype error parameters.  It should be noted that phase ambiguity, which occurs 

in individuals heterozygous for two or more SNPs, is accounted for in the E step of the 

E-M algorithm. 

Likelihood Ratio Test 

For a single SNP, the observed-data likelihood is maximized under the 

alternative hypothesis for two genotype relative risk parameters, { }cρ , five free 

mating type parameters, { }mfπ , and six genotype error parameters, { }j→iγ .  Under the 

null hypothesis, 1=21 = ρρ , the observed-data likelihood is maximized for mating 

type and genotype error parameters only.  The likelihood ratio statistic is computed as 

, where l  is the log of the observed-data likelihood evaluated at maximum )ˆˆ(2 0 all −− 0̂
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likelihood estimates (MLEs) for nuisance parameters under the null hypothesis 1=cρ  

and l  is the log of the observed-data likelihood evaluated at MLEs under the 

alternative hypothesis.  Under the null hypothesis, the likelihood ratio statistic is 

asymptotically distributed as central chi-square with 2 degrees of freedom.  With 

multiplicative penetrances, 

â

ρρρ == 12 , a 1 degree of freedom LRT, which tests the 

null hypothesis 1=ρ , is equivalent to a null hypothesis of equal allele transmission 

probabilities in heterozygous parents.  This test is based on the same likelihood that 

the TDT is derived from as a conditional score test [Schaid, 1996].   

}j

1=

 

For 2 or 3 SNPs, the observed-data likelihood is maximized under the 

alternative hypothesis for transmitted haplotype probabilities, { , nontransmitted 

haplotype probabilities, {

}*
jψ

ψ , and six genotype error parameters, { }ji→γ .  Under the 

null hypothesis, where  for all j, the observed-data likelihood is maximized for 

a single set of haplotype probabilities, and six genotype error parameters.  The 

likelihood ratio statistic, constructed as above, is asymptotically distributed as central 

chi-square with degrees of freedom equal to one less than the number of haplotypes. 

jθ

Data Analysis Strategies 

We consider two analysis strategies.  A naïve analysis strategy, labeled 

Regenotype Mendelian Errors (RME), identifies nuclear families exhibiting genotypes 

inconsistent with Mendelian inheritance, regenotypes them to correct errors, and tests 

for association with a LRT that assumes there are no genotype errors in the data.  We 
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assume that families that are regenotyped contain no genotype errors.  An alternative 

analysis strategy, labeled Model Genotype Errors (MGE), employs all of the data, 

including family genotypes inconsistent with Mendelian inheritance, to test for 

association using a LRT that models genotype errors with a saturated model 

containing six parameters (see Table 1). 

Simulations 

Monte Carlo simulations were done assuming random mating and, unless 

noted otherwise, a sample size of 250 nuclear families ascertained by having a single 

affected child.  Estimates of type I error and power are based on replications of 5000, 

2000, and 500 for 1, 2, and 3 SNPs respectively.  See tables for parameter values used 

to compute type I error rates and power. 

 

Results 

Type I Error Eate for Single SNP 

 
Table 3 presents estimates of type I error rates for RME and MGE for a level 

05.0=α  LRT of the null hypothesis of no association between a SNP with minor 

allele frequency 0.2 and a disease phenotype.  For each analysis strategy, estimates of 

type I error rates for 1 and 2 degree of freedom LRTs are given when no genotype 

errors occur and when genotype errors occur under three different genotype error 

models.  With no genotype errors in the data, estimates of the type I error rate of RME 

and of MGE are close to 0.05 for both 1 and 2 degree of freedom LRTs.   
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When genotype errors are present, however, the type I error rate for RME can 

exceed 05.0=α .  The amount by which the type I error rate exceeds 0.05 varies with 

the type of genotype error, the rates at which genotype errors occur, and whether a 1 

or 2 degree of freedom LRT is used.  For the set of genotype error scenarios 

investigated in Table 3, there is a positive correlation between the type I error rate of 

the RME strategy and the incidence of genotype errors as reflected by the percent 

Mendelian inconsistent families.  A test for correlation between type I error rate and 

percent Mendelian inconsistent families using Kendall’s τ  is significant for both 1 

and 2 degree of freedom LRTs (P≤0.001).  In contrast, estimates of type I error rates 

of MGE presented in Table 3 show no tendency to exceed 0.05 when genotype errors 

are present.  This is true for both 1 and 2 degree of freedom LRTs. 

Figure 1 shows the relationship between the probability of type I error and 

marker allele frequency for RME and MGE under the empirical genotype error model.  

The type I error rate for RME increases as the marker allele frequency becomes rare, 

but type I error rates for MGE remain close to 0.05 (Figure 1A).  Doubling genotype 

error rates of the empirical model increases the probability of type I error for RME at 

all allele frequencies examined, but has no effect on type I error rates for MGE (Figure 

1B). 

Type I Error Rate for 2 and 3 SNPs 

Table 4 presents type I error rates for level 05.0=α  LRTs based on 2-SNP 

haplotypes with genotype errors produced under the empirical model.  Type I error 

rates for four gamete distributions are presented, representing SNPs with minor allele 
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frequencies {0.5, 0.5} and {0.2, 0.2} at linkage equilibrium and at high linkage 

disequilibrium.  For SNP allele frequencies {0.5, 0.5} in linkage equilibrium, the type 

I error rate for RME is close to 0.05, but exceeds 0.05 at high linkage disequilibrium.  

With SNP allele frequencies {0.2, 0.2}, the type I error rate for RME exceeds 0.05 

under linkage equilibrium and is greater under high linkage disequilibrium.  In 

contrast, MGE produces type I error rates close to 0.05 for all scenarios in Table 4. 

Figure 2 illustrates the relationship between type I error rate and the amount of 

linkage disequilibrium between the two SNPs, expressed as D′  [Lewontin, 1988], for 

RME and MGE under the empirical genotype error model with SNP frequencies {0.2, 

0.2}.   Type I error rate increases with increasing linkage disequilibrium for the RME 

strategy.  In contrast, type I error for the MGE strategy does not depend on linkage 

disequilibrium and remains close to 0.05. 

Table 5 presents type I error rates for 3-SNP haplotypes with minor allele 

frequencies {0.2, 0.2, 0.2} and the empirical genotype error model.  Simulation results 

for two sample sizes, 250 and 750, are presented.  For a sample size of 250 and no 

genotype errors in the data, type I error rates for both RME and MGE appear to exceed 

0.05.  With a larger sample size of 750, however, the type I error rates for both 

strategies are close to 0.05.  We interpret this sample size effect to indicate that the 

distribution of the likelihood ratio statistic is not closely approximated by a 7 degree 

of freedom central chi-square distribution in samples of size 250 and that a larger 

sample size results in a better approximation.  When genotype errors are introduced 

into the data, type I error rates for RME can exceed 0.05 by an amount that increases 
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with sample size.  On the other hand, MGE maintains a type I error rate that does not 

increase with sample size and remains close to 0.05. 

Power Loss Under MGE 

Table 6 presents power computations for RME and MGE in the absence of 

genotype errors and for MGE at three levels of empirical genotype error.  When no 

genotype errors are present, estimates of power for RME and MGE for 1, 2, and 3 

SNPs are essentially the same.  In the presence of genotype error, the power of MGE 

declines with increasing genotype error rate, as anticipated.   

 Bias of RME Under Alternative Hypothesis 

As illustrated in Table I for a single SNP, type I error rate for RME increases 

with genotype error rate, as measured by percent Mendelian inconsistent families.  On 

the other hand, under an alternative hypothesis in which genotypes bearing the least 

frequent allele have the greatest penetrances, the probability of rejecting the null 

hypothesis declines with increasing genotype error rate.  Figure 3 illustrates for RME 

the relationship between the probability of rejecting the null hypothesis and the 

amount of genotype error under the null hypothesis and under this particular 

alternative hypothesis.  In this example, when Mendelian inconsistent families exceed 

6%, the probability of rejecting the null hypothesis when it is true exceeds the 

probability of rejecting it when it is false.  Therefore, under some alternative 

hypotheses genotype errors can increase the probability of type II (false negative) 

errors as well as type I errors. 
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Discussion 

We have shown how to obtain a valid likelihood ratio test for association in 

nuclear families with a single affected child in the presence of genotyping errors.  For 

a single SNP, MGE extends the model discussed by Weinberg et al. [1999a; 1998] to 

include genotype misclassification.  The extended model, which includes six 

genotyping error parameters in addition to five parental mating type parameters and 

two parameters for relative genotype risk, provides a 2 degree-of-freedom likelihood 

ratio test for association that makes no restrictive assumptions about the genetic model 

and is robust to population stratification.  Our results show that both 1 and 2 degree of 

freedom MGE maintained the correct type I error rate regardless of whether genotype 

errors were present or not, and that power for 1 and 2 degree of freedom MGE 

declined with increasing genotype error rates. 

We extended MGE to 2 and 3 SNP haplotypes by modeling mating types 

under random mating and by assuming multiplicative penetrances.  Clayton [1999] 

used these two assumptions to generalize the Transmission/Disequilibrium Test (TDT) 

to haplotypes.  From this perspective, MGE applied to haplotypes can be thought of as 

extending the generalized TDT to include genotype errors.  In addition to constraints 

on mating structure and penetrances, we also assumed that genotyping error rates are 

sufficiently low that we could limit the maximum number of genotype errors per 

family to one.  Under low error rates, MGE maintained an appropriate type I error rate 

for 2 and 3 SNP haplotypes.  For a 2 SNP haplotype, we found that the presence of 

linkage disequilibrium between SNPs contributed to excess type I error of RME, but 
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MGE maintained appropriate type I error over a wide range of linkage disequilibrium 

values.  As anticipated, MGE power for 2 and 3 SNP haplotypes declined with 

increasing genotype error rates.  We emphasize, however, that MGE for 2 and 3 SNP 

haplotypes was carried out under random mating and it is unclear to what extent the 

results might be affected by violation of this assumption.  

When genotype errors are absent from the data type I error rate and power for 

MGE and RME were essentially the same.  This is true for one SNP (Tables 3, 6) and 

for 2 and 3 SNP haplotypes (Tables 4, 5, 6).  (Notice that in the absence of genotype 

errors, RME is identical to the traditional LRT.)  The similar behavior observed for 

MGE and RME is due to convergence of maximum likelihood estimates of genotype 

error rate parameters in MGE to 0.  

Data sparseness may become an issue as the number of SNPs in a haplotype is 

increased while the sample size remains fixed.  With 3 SNPs, represented by 8 

haplotypes, a great many nuclear family genotypes are possible, even with only one 

genotype error per family.  Simulation results in Table 5 for a sample of size 250 

suggest that in the absence of genotyping errors the distribution of the likelihood ratio 

statistic for RME and MGE may not be well approximated by a central chi-square 

with 7 degrees of freedom.  Tripling the sample size from 250 to 750 results in type 1 

error rates for RME and MGE that are closer to 0.05, the nominal size of the test 

(Table 5).     

When genotyping errors are present in the data, the amount by which the type I 

error rate of RME exceeds the nominal α  level depends upon the rates and pattern of 
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genotyping errors.  The impact of the random allele and allele drop-out models on 

RME can be understood in terms of the expected effect of cryptic genotype errors on 

allele transmission probability.  Under the random allele misidentification model, 

homozygous parents can be misidentified as heterozygotes, leading to apparent over 

transmission of the most common marker allele to the child [Mitchell et al., 2003].  

Under the asymmetric allele drop-out model, a heterozygous child will systematically 

be misidentified as one of the homozygotes, leading to bias in allele frequency in 

children compared with their parents.  This bias could produce apparent under 

transmission of the marker allele misidentified in heterozygotes.  As our simulations 

illustrate, cryptic genotype errors arising from either of these genotype error models, 

or from their combined effects in the empirical model, can produce excess type I error 

for RME. 

The observed number of families that exhibit Mendelian inconsistent 

genotypes reflects some, generally unknown, proportion of all genotype errors in the 

data [Geller and Ziegler, 2002].  For the single SNP genotype error models 

investigated here, the proportion of all genotype errors that result in Mendelian 

inconsistent families ranges from 0.28 to 0.35.  Thus, the 1% to 5% of families with 

Mendelian inconsistent genotypes represent approximately one third of all genotype 

errors in the data.  For the genotype error models studied, the lowest observed 

percentages of Mendelian inconsistent families produce little evidence of excess type I 

error in a sample of size 250.  Nevertheless, cryptic genotype errors present at these 

error levels produce bias in MLEs of risk parameters that results in an increase in type 
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I error with sample size.  For example, under the empirical genotype error model, 

1.8% of the sample is expected to exhibit Mendelian inconsistent genotypes, 

representing 4-5 families in a sample of size 250.  For samples of size 500 and 1000, 

this error model results in type I error rate estimates of 0.075 and 0.086, respectively. 

Because genotyping error can lead to excess type I errors [Gordon et al., 2001; 

Mitchell et al., 2003], some SNPs that achieve statistical significance may represent 

false positives due to genotyping error.  Genotyping errors may also contribute to false 

negative inference as well.  For example, genotyping errors that result in homozygous 

parents being identified as heterozygous parents can produce apparent over 

transmission of the most frequent allele [Mitchell et al., 2003].  A positive bias in 

apparent transmission of the most frequent allele could be offset if affected children 

bearing the least frequent allele were at increased relative risk.  The net effect, 

illustrated in Figure 3, is that the chance of identifying a SNP with this type of effect 

on risk can vary among studies depending upon study specific genotype error rates. 

The MGE test can be extended in a straightforward way to allow for missing 

parental or child genotypes.  Families with partial genotype information could be 

included in MGE by allocating them among complete families using probabilities 

conditional on observed genotype data in the expectation step of the E-M algorithm.  

A variety of incomplete family genotype data could be accommodated in this way, but 

many incomplete families would provide no information about genotype errors 

because it is difficult to identify Mendelian inconsistency with incomplete families.  

Further work is needed to characterize the behavior of MGE with incomplete genotype 
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information.  Another unexplored extension of MGE would be to generalize genotype 

risk models beyond child genotype effects to include maternal or paternal effects or 

effects of imprinting, as discussed by Weinberg [1999b]. 

We have presented a likelihood-based method of handling genotype errors in 

an association study based on a nuclear family design.  This approach models 

genotype error rates using information from Mendelian inconsistent families.  

Mendelian inconsistent families can arise by errors in paternity or, more rarely, in 

maternity or by systematic mistakes in data management.  Consequently, we assume 

that prior to data analysis the investigator has removed paternity and maternity errors, 

identified independently of the SNPs of interest, and has corrected gross data errors 

affecting multiple individuals.   

If no Mendelian inconsistent families occur in the data then there is no reason 

to use MGE instead of the traditional LRT.  We caution, however, that the investigator 

must be confident that Mendelian inconsistent genotype errors have not been removed 

or corrected prior to data analysis.  Our simulation results show that a small 

percentage of Mendelian inconsistent families can produce type I error rates that 

exceed the α  level of the traditional LRT by an amount that increases with sample 

size.  If an investigator suspects that Mendelian inconsistent families have been 

singled out for regenotyping, then the data should be considered compromised and 

potentially susceptible to uncontrolled type I error.  On the other hand, if Mendelian 

inconsistent families occur in the data as a consequence of individual genotype errors, 

then MGE provides a valid test for association.   
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Appendix A 

We show that random mating with respect to SNP-haplotype-disease-locus 

chromosomes and multiplicative penetrances at the disease locus is sufficient to ensure 

multiplicative penetrances for SNP haplotypes.  Let 
qphhφ  be the penetrance for marker 

genotype h , , where  denotes haplotype p.  Assume a disease 

locus with genotypes , 

qph rqp ,...,2,1, =

lk gg k,

ph

t,...,l 2,1=  and penetrances 
lk ggφ .  Under random 

mating, , and multiplicative penetrances at the 

disease locus, 

}qPr{}pkhPr{}: qlp ghg =Pr{ khg lhg

ll ggφklk ggφ =
k ggφ , marker penetrance is given by 

∑∑
∑∑
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Define ∑=
t

k
pkggp hg

kk
}|Pr{φθ  and note that qphh qp

θθφ =  is the form of interest.  

One pθ  is set to 1 to ensure identifiably. 

 

Appendix B 

Likelihood of Complete Data   

Consider true genotypes as missing data and define  as the number of 

families with true genotype mfc that are observed as genotype MFC.  With complete 

data, the likelihood factors and maximum likelihood estimates are obtained by 

separately maximizing that portion of the complete-data likelihood in which a set of 

parameters occurs. 

mfcMFCn

 38



  

For a single SNP with independent genotype determinations for family 

members, the multinomial likelihood for complete data is proportional to 

( ) mfcMFCn
mfcmfCcFfMmmfcMFC

r ),( 21 ρρπγγγ →→→ΠΠ  

where ji→γ , mfπ , and ),( 21 ρρmfcr  are defined in the text.  Under the assumption that 

genotype error rates are homogenous among family members, the likelihood factors as  

( ) ( ) mfcmfij n
mfcmfc

n
mfmf

k
jiji

r ),()( 21 ρρπγ ΠΠΠΠ →  

where  and ∑=
MFC

mfcMFCmfc nn ∑∑=
c MFC

mfcMFCmf nn .  Coefficients ij
mfc MFC

mfcMFCnk δ∑∑=  ij  

represent the total number of misclassifications of true genotype i as observed 

genotype j, where δij = {0,1,2,3} is the number of genotype misclassifications of type 

i → j  present in a triplet with true genotype mfc and observed genotype MFC.   

 

For multiple SNP genotypes, the multinomial likelihood for complete data is 

proportional to 

( ) mfcMFCn
ffmmMFCmfcmfcMFC

ψψψψ **
→ΛΠΠ  

where  and  are transmitted haplotypes from mother and father respectively, 

 and  are corresponding nontransmitted haplotypes, and 

*
mψ

ψ

*
fψ

mψ f MFCmfc→Λ  is the error 
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model defined in the text.  Under the assumption that haplotype frequencies are equal 

in mothers and fathers, the likelihood factors as 

( ) ppij N
pp

T
pp

k
jiji

)()( * ψψγ ΠΠΠΠ →  

where coefficients for genotype error parameters, ij
mfc MFC

mfcMFCnk δ∑∑=  ij , represent the 

total number of misclassifications of true genotype i as observed genotype j, where 

}1,0{=ijδ .  Haplotype transmission coefficients are given by T , where 

 and 

∑=
mfc

p n pmfcδ

∑=
MFC

mfc nn mfcMFC }2,1,0{=pδ  indicates the number of p haplotypes transmitted by 

parents in true family genotype mfc.  Nontransmission coefficients, , are similarly 

defined, with the constraint 

pN

mfcp nN 4=
p

pT +∑ . 

Expectation Step 

For a single SNP and maximum likelihood estimates of parameters { , 

, and {  at iteration v, the expected data for iteration v+1 is given by 

}, 21
vv ρρ

}{ v
mfπ }v

ji→γ

MFC

cfm

vv
cfm

v
fm

v
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v
FfM
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vv
mfc

v
mf

v
Cc

v
FfM

v
mv

mfcMFC n
r

r
n ⋅=

∑
′′′
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21

211

ρρπγγγ
ρρπγγγ

 

where nMFC  is the observed number of families with genotypes M, F, and C.  For 

multiple SNPs and maximum likelihood estimates { , { , and { , the 

expected data for iteration v+1 is given by 

}*v
hψ }v

hψ }v
ji→γ
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where  index haplotypes that result in genotypes consistent with 

, , and .  Note that phase uncertainty in individuals heterozygous for two or 

more SNPs is accounted for in the E step for multiple SNPs. 

},...,2,1{,,, rsrqp =′′′′

′ c′m′ f

Maximization Step 

1) Genotype Error Parameters 

For both single and multiple SNPs, MLEs of genotype error parameters are 

obtained separately for each of three trinomial distributions indexed by true genotype 

i.  For iteration v+1, MLEs of genotype error are obtained as relative counts of 

genotype misclassifications observed in expected data at iteration v.   

∑
=+

→

*
*

1ˆ

j

v
ij

v
ijv

ji k
k

γ
 

With a linear constraint for each i, 1=∑ →
j

jiγ , there are six error parameters to be 

estimated. 

2) Mating Type Parameters 

For single SNPs, MLEs of the multinomial parental mating type parameters for 

iteration v+1 are obtained as relative counts for expected data at iteration v. 
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∑
=
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m
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For multiple SNPs, relative counts for transmitted and for nontransmitted haplotypes 

are given by 

∑
=+

mfc

v

v
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p
mfc

n
T
2

ˆ 1*ψ   and   ∑
=+

mfc

v

v
pv

p
mfc

n
N
2

ˆ 1ψ  

 

3) Child Genotype Risk Parameters 

For a single SNP, MLEs for  and  are obtained by numerically 

maximizing the portion of the complete-data likelihood involving  (see 

Table 2) for expected data at iteration v. 

1
1

+vρ 1
2

+vρ

),(
21

vv
mfcr ρρ
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Table 1: General genotype error model.  Parameter ji→γ  is the probability genotype j 
is observed given that the true genotype is i. 
 

 

              Observed Number of A Alleles 

  2 1 0 

2 1− γ2→1 − γ2→0 γ 2→1 γ 2→0  

1 γ1→2 1− γ1→2 − γ1→0 γ1→0 

 

True 

Number of 

A Alleles 

 0 γ 0→2  γ 0→1 1− γ 0→2 − γ0→1
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Table 2: Probability distribution of child genotype in terms 
of relative genotype risk, with one, 1ρ , or two, 2ρ , copies 
of allele A, conditional on parental mating type and an 
affected child. 

 
 
  

  

  

  

  

  

  

  

  

 

2

1 2ρ + ρ 1 2ρ + ρ 1+ 2ρ + ρ
ρ 1

  
Number of A alleles in Child 

Mating 
Type 2 1 0 

2,2 1 0 0 

2,1 
ρ

ρ1 + ρ2
 

ρ1

ρ1 + ρ2
 0 

2,0 0 1 0 

1,1 
ρ2

+ 1 2

2ρ1

+ 1 2

1

1 2
 

1,0 0 1

1+ ρ1
 1+ ρ1

 

0,0 0 0 1 
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Table 3.  Type I (false positive) error rates for level 05.0=α  likelihood ratio tests for 
association between a SNP and a disease phenotype.  For each genotype error model 
rejection rates were obtained either by applying an LRT to data with Mendelian 
inconsistent families regenotyped (Regenotype Mendelian Errors) or by applying an 
LRT that incorporates a general genotype error model to data with genotype errors 
included (Model Genotype Errors).  See text for the distinction between 1 and 2 
degree of freedom LRTs.  Sample size is 250 and minor allele frequency is 0.20. 

a: 0,0,0,0,0,0 120221012010 ====== →→→→→→ λλλλλλ  

1 degree of freedom LRT 2 degree of freedom LRT 

Genotype Error 
Model 

Mendelian 
Inconsis-

tent  
Families 

(%) 

Geno-
type 
Error 
Rate 

Regeno-
type 

Mendelian 
Errors 

Model 
Genotype 

Errors 

Regeno-
type 

Mendelian 
Errors 

Model 
Genotype 

Errors 

No Errorsa 0 - 0.051 0.051 0.050 0.051 

0.83 x1 0.056 0.049 0.059 0.049 

1.64 x2 0.068 0.054 0.064 0.043 

 
Independent 

Alleleb 

 
2.42 x3 0.086 0.050 0.075 0.045 

0.98 x1 0.050 0.055 0.055 0.053 

1.93 x2 0.055 0.051 0.070 0.054 
Allele 

Dropoutc 
 

2.85 x3 0.068 0.054 0.084 0.053 

1.81 x1 0.060 0.053 0.061 0.047 

3.54 x2 0.091 0.054 0.090 0.045 Empiricald 

 

5.22 x3 0.132 0.051 0.127 0.049 

b: 01.0,0,005.0,005.0,0,01.0 120221012010 ====== →→→→→→ λλλλλλ  
c: 0,0,03.0,0,0,0 120221012010 ====== →→→→→→ λλλλλλ  
d: 01.0,0,035.0,005.0,0,01.0 120221012010 ====== →→→→→→ λλλλλλ  
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Table 4.  2-SNP haplotype:  Type I (false positive) error rates for level 05.0=α  
likelihood ratio tests for association between a 2-SNP haplotype and a disease 
phenotype.  Rejection rates were obtained by applying an LRT to data with Mendelian 
inconsistent families regenotyped (Regenotype Mendelian Errors) or by applying an 
LRT that incorporates a general genotype error model to data with genotype errors 
included (Model Genotype Errors).  Sample size is 250. 

a: frequencies ordered by haplotype: 11, 10, 01, 00 

3 degree of freedom LRT 

2-SNP 
Haplotype Frequenciesa 

Mendelian 
Inconsiste
nt Families 

(%) 

Regenotype 
Mendelian 

Errorsb 

Model 
Genotype 

Errorsb 

0.64, 0.16, 0.16, 0.04 0 0.048 0.044 

0.25, 0.25, 0.25, 0.25 5.25 0.058 0.052 

 
0.45, 0.05, 0.05, 0.45 

 
5.25 0.153 0.056 

0.64, 0.16, 0.16, 0.04 3.68 0.093 0.058 

 
0.78, 0.02, 0.02, 0.18 

 
3.68 0.299 0.051 

b: empirical genotype error:    
 01.0,0,035.0,005.0,0,01.0 120221012010 ====== →→→→→→ λλλλλλ
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Table 5.  3-SNP haplotype:  Type I (false positive) error rates for a level 05.0=α  
LRT for association between 3-SNP haplotypes and a disease phenotype.  Rejection 
rates were obtained by applying an LRT to data with Mendelian inconsistent families 
regenotyped (Regenotype Mendelian Errors) or by applying an LRT that incorporates 
a general genotype error model with six parameters to data that included genotype 
errors generated under the empirical genotype error model (Model Genotype Errors).  
Sample size is 250. 

a: frequencies ordered by haplotype: 111, 110, 101, 100, 011, 010, 001, 000 

7 degree of freedom LRT 
Regenotype 
Mendelian 

Errors 

Model  
Genotype 

Errors 
3-SNP Haplotype 

Frequenciesa 

Mendelian 
Inconsistent 

Families 
(%) N=250 N=750 N=250 N=750 

{0.512, 0.128, 0.128, 0.032, 
0. 128, 0.032, 0.032, 0.008} 0 0.068 0.056 0.064 0.052 

{0.512, 0.128, 0.128, 0.032, 
0. 128, 0.032, 0.032, 0.008} 5.52b 0.092 0.136 0.066 0.060 

 

{0.740, 0.020, 0.020, 0.020, 
0.020, 0.020, 0.020, 0.140} 
 

5.52b 0.230 0.702 0.050 0.054 

b: empirical genotype error: 
 01.0,0,035.0,005.0,0,01.0 120221012010 ====== →→→→→→ λλλλλλ
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Table 6.  Power of RME and MGE for 1, 2, and 3 SNP markers with and without genotype errors.  Genotype error rates are expressed 
as multiples of empirical genotype error rates.  For 1 SNP, error rate multiples of 1, 2, and 3 result in 2.2%, 4.3%, and 6.4%  
Mendelian inconsistent families respectively.  Minor SNP allele frequencies are 0.20 with haplotype frequencies for 2 and 3 SNPs 
indicated.  Power estimates are based on sample size 250 with 5000, 2000, and 500 simulations for 1, 2, and 3 SNPs respectively.  

 Likelihood Ratio Test 
Regenotype 
Mendelian 

Errorsa Model Genotype Errors 

 
SNPs 

Allele or Haplotype Frequencies 
and 

Genotype or Haplotype Relative Risks df 

 
No Genotype 

Errors 

 
No Genotype 

Errors 

Empirical 
Genotype 
Errors(x1) 

Empirical 
Genotype 
Errors(x2) 

Empirical 
Genotype 
Errors(x3) 

1 {0.8, 0.2} 
{1, 1.6} 1 0.881     0.886 0.816 0.758 0.705

1 {0.8, 0.2} 
{1, 1.6, 2.56} 2 0.817     

     

     

     

0.805 0.725 0.656 0.590

2 {0.64, 0.16, 0.16, 0.04} 
{1, 1, 1, 2} 3 0.495 0.506 0.439 0.369 0.310

2 {0.78, 0.02, 0.02, 0.18} 
{1, 1, 1, 2} 3 0.985 0.980 0.979 0.969 0.960

3 
{0.740, 0.020, 0.020, 0.020, 0.020, 0.020, 0.020, 0.140} 

{1, 1, 1, 1, 1, 1, 1, 2} 
 

7 0.898 0.904 0.864 0.826 0.804

  a: Equivalent to traditional LRT 
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Figure 1.  Allele frequency and type I error rate.  Relationship of type I 
error rate to marker allele frequency for RME (square) and MGE (circle).  
Type I error rate for a 2 degree of freedom test, based on 2000 samples of 
size 250, is plotted against minor marker allele frequency for the empirical 
genotype error model with parameter values 

( ). 
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Figure 2.  Linkage disequilibrium and type I error rate.  Relationship 
of type I error rate to linkage disequilibrium for RME (square) and 
MGE (circle).  Both SNPs have minor allele frequency .2, and linkage 
disequilibrium is expressed as  [Lewontin, 1988].  Type I error 
rates are based on 2000 samples of size 250 under the empirical 
genotype error model 

( ). 
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Figure 3.  Bias of RME test.  Relationship between probability of rejecting the 
null hypothesis with RME and the expected percent of families showing 
Mendelian inconsistent inheritance for a single SNP under the null hypothesis 
(dotted line) and under an alternative hypothesis (solid line).  The frequency of
risk allele is 0.2 and penetrances are 1, 1.6, 2.56 for genotypes with 0, 1, and 2 
risk alleles.  Estimates of rejection probabilities are based on 2000 samples of 
size 250 for multiples of 0, 1, …, 6 times the empirical genotype error model 

( ). 01.0,0,035.0,005.0,0,01.0 120221012010 ====== →→→→→→ λλλλλλ
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Abstract 

We describe a unified approach to computing the power of a likelihood ratio 

test (LRT) for association between a genetic marker and a dichotomous phenotype 

with incomplete case-parents data.  Our approach is based on a straightforward 

application of the expectation-maximization algorithm to nuclear families consisting 

of a single proband with 0, 1, or 2 parents and perhaps additional sibling genotypes.  

We illustrate power computations for four complex scenarios that differ in the 

amounts of genotype data for parents and additional siblings.  Comparison of power 

between LRT and a family-based association test (FBAT) for selected examples shows 

that LRT has greater power.  
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Introduction 

 
 Tests for association between genotypes or alleles at a genetic marker 

and a dichotomous phenotype can be based on a case-parents design, which samples 

nuclear families consisting of a proband and its mother and father.  The case-parents 

design is attractive from a statistical perspective because it uses parents as controls 

and, as a consequence, is not sensitive to excess type I errors (false positive) caused by 

population stratification (Ewens and Spielman, 1995, 2001).  From a practical 

perspective, the case-parents design is attractive because ascertainment of the proband 

is often carried out in a clinical environment that allows uniform and consistent 

phenotype classification.  However, the benefits of high quality phenotype 

classification can be offset by probands that lack complete parental genotype data.  

One strategy to recover missing parental genotype information is to genotype full 

siblings of the proband, but this approach can result in a sample containing a diversity 

of family structures.   

This article offers a unified approach to computing power for a likelihood ratio 

test (LRT) for association using a variety different nuclear family structures.  Power 

computations represent a useful way of characterizing the tradeoff between missing 

parental genotypes and additional sibling genotypes.  Such computations may be used 

prospectively to quantify the amount of sampling effort needed to detect a particular 

association, or they may be used retrospectively to determine the amount of 

association that could be detected with a particular mixture of family genotype data.  

Here we describe how to use the expectation-maximization (EM) algorithm to 
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compute LRT power for various nuclear family structures containing incomplete 

parental genotype data supplemented by sibling genotype data.  We illustrate power 

calculations for four different mixtures of nuclear family structures.  We also compare 

LRT power computations to power computations for a general class of family-based 

association tests (FBAT), which uses a conditional test statistic to accommodate 

partial family genotype data (Lange and Laird, 2002a, 2002b).  

 

Methods 

Nuclear Families 

A complete nuclear family consists of a mother, a father and an affected 

offspring, the proband.  We restrict consideration here to nuclear families ascertained 

through a single proband.  We assume that every proband is genotyped for the marker 

under consideration and that complete data consist of the genotypes of the proband 

and both of its parents.  Genotype data for one or both parental genotypes may be 

missing.  For such families, we allow, for convenience, up to 3 full sibling genotypes.  

Generalization to more than 3 siblings is straightforward.  Thus, the sampling unit is 

the classical nuclear family, possibly supplemented with full sibling genotypes.  Since 

sibling genotypes provide no additional information in complete nuclear families, we 

consider nine simple family structures: complete families, one missing parent with 0 to 

3 siblings, and two missing parents with 0 to 3 siblings.  Our primary focus is to 

compute power for mixtures of these simple family structures.  For example, a sample 

might consist of 30% complete nuclear families, 25% with one parent, 20% with one 
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parent and one sib, 15% with no parents and two sibs, and 10% with no parents and 

three sibs.  We assume that parental genotypes are missing at random, that biological 

relationships are correct, and that no genotyping errors occur. 

Likelihood for Nuclear Families 

Let 1 and 0 index two alleles at a genetic marker and indicate marker 

genotypes by the sum of allele indices as {2,1,0}.  Denote marker genotypes of the 

mother, father, and child, as , , and  respectively, and let their joint probability 

conditional on the child being affected be 

m f c

mfcΓ .  We follow a likelihood approach 

(Schaid, 1999; Weinberg, 1999) and fit the model ),( 21| ρρπ mfcmfmfc r⋅=Γ , where mfπ  

is an arbitrary mating type parameter and )2,1(| ρρmfc

}, 2

r  is a function of genotype 

relative risks.  Genotype relative risks, { 1 ρρ , are given by 0/φφρ cc = , where 

}|Pr{ cAffectedc =φ  are penetrances induced at a marker locus by a disease 

susceptibility locus in linkage disequilibrium with the marker locus, or they are 

penetrances at the disease susceptibility locus itself.  Table 1 gives values of 

),( 21| ρρmfcr  for different parental mating types.  We assume fmmf ππ = , so that nine 

ordered parental mating types reduce to six.  In this model, genotype relative risks are 

inference parameters and parental mating type parameters are nuisance parameters. 

 

Null Hypothesis 

With a single proband and unaffected siblings, the null hypothesis is either no 

linkage or no association.  Either of these conditions is sufficient for the “induced” 
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genotype relative risks at a marker to equal 1 (Whittaker and Morris, 2001).  Rejection 

of the null hypothesis implies both linkage and association.  These considerations are 

appropriate when the LRT is carried out for an anonymous genetic marker, such as 

might occur in a genome scan.  On the other hand, if the genetic marker is located in a 

candidate gene then multiple affected offspring can be incorporated in the LRT by 

treating them as conditionally independent (Schaid and Li, 1997).  The null hypothesis 

in this case is that all penetrances are equal.     

 

EM Algorithm   

We used the EM algorithm to fit the model with missing parental genotypes 

(Schaid and Li, 1997; Weinberg, 1999).  Our treatment differs from Schaid and Li 

(1997) in that we limit ascertainment to a single proband and, other than the phenotype 

of the proband, do not include phenotype information about siblings in the likelihood.  

As a consequence our method is not restricted to a candidate gene.  We also relax their 

assumption of random mating, although our computational examples are specified 

under random mating.   
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Let Γ  be the joint probability of nuclear family mfc and w sibling 

genotypes  conditional on genotype c being affected.  We note that, 

conditional on parental genotype mf, sibling genotypes are mutually independent and 

write , where sibling genotype probabilities are 

conditional on parental genotypes given by Mendelian probabilities, which do not 

depend upon genotype relative risks.  Sibling genotypes, therefore, provide 

wsmfcs ...1

sss ,...,, 21

... mfcsw
Γ=

w

w

j=
Π }|Pr{

11
mfs jmfcsΓ



information about parent genotypes through , which is used in the 

expectation step of the EM algorithm as follows. 

}|Pr{
1

mfs j
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To be specific, assume the mother’s genotype is missing.  Generalization to 

other patterns of missing parent genotypes is straightforward.  Let  represent 

the number of families missing the mother’s genotype but with father, proband, and 

sibling genotypes fcs1…sw.  Given maximum likelihood estimates (MLEs) for {

wsfcsn ...1•

}, 21 ρρ  

and { }mfπ  at iteration v,  is computed and the contribution of families •fcs1…sr  to 

the expected data for family mfcs1…sw at iteration v+1 is obtained by  

v
mfcΓ̂

ww s

m

w

j

v
fcm

w

j

v
mfcv
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The maximization step uses complete nuclear family data, summed over sibling 

genotypes, to estimate genotype risk and mating type parameters.  Let 

, where  represents the set of all sibling genotypes.  The MLEs at 

iteration v+1 for the multinomial mating type parameters are given by 

∑
∈∗

∗=
}{ jss

v
mfcs

v
mfc nn ∗s

′

+ =

m

v
mf

1π̂  

Genotype relative risk parameters are obtained by numerically maximizing the portion 

of the complete data likelihood involving 1ρ  and . 
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The E step alternates with the M step until MLEs for genotype relative risks 

and mating types converge.  

  

Likelihood Ratio Test    

The log-likelihood for observed data is proportional to 

( ) 







Γ+








Γ+








Γ+Γ ∑∑∑

′′
′′••

′
′•

′
′•

fm
cfmc

f
cfmcm

m
fcmfcmfcmfc nnnn ˆlogˆlogˆlogˆlog  

where for notational convenience sibling genotypes are suppressed.  Under the null 

hypothesis of no association, 121 == ρρ , the proband is no different from any other 

sibling and the distribution of offspring genotypes within mating types is determined 

by Mendelian probabilities alone.  The likelihood ratio statistic is computed as 

 where l  is the value of the log-likelihood at MLEs for genotype relative 

risk and mating type parameters and l  is the value of the log-likelihood at MLEs for 

mating type parameters with genotype relative risks set to 1.  Under the null 

hypothesis, the likelihood ratio statistic is asymptotically distributed as central chi-

square with 2 degrees of freedom.  We also computed a one degree of freedom test by 

introducing the restriction 

)ˆˆ(2 0lla − â

0̂

ρρρ == 12 , which corresponds to a multiplicative 

penetrance model. 

 

Power Computations 

To compute power for LRT, we computed the noncentrality parameter for the 

likelihood ratio statistic using expected data (Longmate, 2001; Schaid, 1999).  This 
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method of computing LRT power replaces observed data by expected counts 

generated under an alternative hypothesis and uses the value of the resulting likelihood 

ratio statistic as the noncentrality parameter for a noncentral chi-square distribution.  

Power is then computed as the probability that a noncentral chi-square distributed 

random variable exceeds the α−1  percentile of a central chi-square distribution with 

2 degrees of freedom.  We used 05.0=α .  To validate LRT and to verify power 

computations we estimated type I error rate and LRT power for different nuclear 

family designs using Monte Carlo simulations based on 5000 and 2000 replications, 

respectively.   

We compared power of LRT to power of a family-based association test, 

FBAT (Lange and Laird, 2002a, 2002b).  FBAT is a conditional test that compares 

marker scores in affected children with marker scores in their parents expected under 

the null hypothesis.  For missing parental data, the FBAT conditions on minimal 

sufficient statistics for parental genotypes (Lange and Laird, 2002a).  FBAT requires 

specification of a genetic model to define marker scores.  We used a multiplicative 

genetic model.  Because FBAT power is conditional on data, expected power for 

FBAT is obtained by summing conditional power over phenotype and mating type 

distributions under the alternative hypothesis.  Power computations for FBAT were 

obtained using PBAT software, v0.1 (http://biosun1.harvard.edu/~fbat/pbat.htm). 
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Results 

Power for Scenarios A-D  

We illustrate power computations with four selected sampling scenarios 

intended to represent a tradeoff between missing parental genotype data and additional 

sibling genotype data.  Table 2 gives the fraction of different nuclear family structures 

in scenarios A, B, C and D.  In scenario A, 50% of the families have complete parental 

data, 30% have one parent, and 20% have no parents.  No sibling genotype data is 

present in scenario A.  Scenario D, in contrast, has 30% of the families with one parent 

and either 2 or 3 sibling genotypes in addition to the proband, and 70% of the families 

with no parents and either 2 or 3 sibling genotypes.  Scenarios B and C are 

intermediate. 

 Table 3 gives estimates of type I error rate for a 0.05 level LRT with 

sample sizes 100, 200 and 500 for scenarios A-D.  Estimates are consistent with the 

nominal level of the test. 

 Comparison of power for a 2 degree of freedom LRT based on Monte 

Carlo simulation with power based on computation of the noncentrality parameter is 

shown in Figure 1.  Power for a multiplicative model with three values of ρ  for 

scenarios A-D is shown.  Power computed by either method was essentially the same. 

 Figure 2 shows power curves for scenarios A-D computed using the 

noncentrality parameter for a 2 degree of freedom LRT.  Power for increasing values 

of genotype relative risk under a multiplicative model differs little between scenarios.  

Scenarios D and A are nearly indistinguishable and C and B show somewhat less 
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power.  This result illustrates that power can be computed accurately for a variety of 

nuclear family structures with quite different composition.  It also shows that despite 

overt differences in family composition present in scenarios A and D, the indirect 

parental information from sibling genotypes can compensate for missing parental 

information to yield nearly equivalent power for a LRT test of association. 

  

Power for Simple Family Structures 

Insight into tradeoffs among different family structures can be obtained by 

studying power for simple family structures.  Figure 3 plots power of a 2 degree of 

freedom LRT against the frequency of the risk allele for a multiplicative model with 

8.1=ρ  and sample size 200.  Power for a sample of complete nuclear families is 

given for reference.  As expected, power for a sample with only one parent increases 

with the number of sibling genotypes.  The same is true for a sample with no parents.  

In either case, adding a sibling increases power about half way to the power of 

complete family data.   

The possibility of developing thumb rules based on power curves given in 

Figure 3 for simple families is attractive.  But the nonlinear power curves shown in 

Figure 4 for genotype relative risk under a multiplicative model suggest 

generalizations may be risky.  For a given value of genotype relative risk, power 

increases with the number of siblings for one or two missing parents.  Nevertheless, 

the size of the increase varies with the amount of genotype relative risk.  
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Comparison of LRT and FBAT Power 

An alternative approach to computing power for a test of association is based 

on the FBAT class of tests (Lange and Laird, 2002b).  LRT and FBAT power 

computations for a multiplicative penetrance model with several values of genotype 

relative risk are presented in Figure 5 for scenarios A-D.  FBAT power is generally 

less than LRT power.  The greatest difference occurs in scenarios A and B.  Both of 

these scenarios contain 20% of the sample with a single proband and neither parental 

nor additional sibling genotypes.  FBAT cannot use information from these 

incomplete families although LRT can include them.  All family structures in 

scenarios C and D can be used by both tests.  For scenarios C and D, FBAT has lower 

power than LRT, but the differences are not large.  

 Lange and Laird (2002b, Table 1) illustrated FBAT power 

computations for a bipolar disorder study with the following numbers of family 

structures: 213 probands with two parents, 175 probands with one parent and one 

sibling, 175 probands with one parent and two siblings, 220 probands with one sibling, 

and 220 probands with two siblings.  They computed power for a 00001.0=α  level 

FBAT with additive penetrances ( 03.02 =φ , 02.01 =φ , 01.00 =φ ) and various 

frequencies of the risk allele.  Table 4 presents power computations for 1 and 2 degree 

of freedom LRTs for this design along with FBAT power computations from Table 1 

of Lange and Laird .  We list FBAT power for the case in which additional offspring 

were not phenotyped since this is also true for LRT.  LRT power for both 1 and 2 

degrees of freedom exceeds FBAT power for all allele frequencies considered.  For 
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this example, LRT is to be preferred because the 2 degree of freedom LRT test does 

not require specifying a genetic model as does FBAT.  

 

Discussion 

We have shown how to compute power for a LRT for association between a 

genetic marker and a dichotomous phenotype when nuclear families that differ in the 

number of parent and sibling genotypes are combined.  A likelihood approach allows 

well-known methods for missing data to be applied in this setting (Little and Rubin, 

1987).  We note that the LRT considered here makes no restrictive assumptions about 

mating structure and, consequently, is robust to deviation from random mating.  

Moreover, the 2 degree of freedom LRT makes no restrictive assumptions about a 

genetic model.  Introducing an appropriate genetic model and computing a 1 degree of 

freedom LRT might increase power.  But misspecification of the genetic model risks 

loss of power.   

The LRT presented here assumes ascertainment of the sample is based on a single 

proband.  This assumption is motivated by the practice of identifying affected 

individuals in a clinical setting and obtaining genotypes of siblings when parent 

genotypes are unavailable.  The likelihood treats genetic transmissions involving 

siblings of the proband as independent, conditional on their parents, and uses 

Mendelian transmission probabilities in computing the LRT.  As a consequence, the 

LRT presented here is appropriate for nuclear families with one affected and multiple 

unaffected siblings.  Multiple affected offspring can be incorporated in the LRT by 
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treating them as conditionally independent (Schaid and Li, 1997).  Doing so, however, 

assumes that the genetic marker lies in a candidate gene.  If this is not the case, then 

the likelihood becomes more complicated.  

The method for computing LRT power presented here can be used to compare 

power among simple family structures, as illustrated by the power curves in figures 4 

and 5.  As anticipated, LRT power increases with the number of siblings.  This is true 

for both one-parent and no-parent families.  The similarity between power curves for 

siblings and one parent and power curves for siblings and no parents under a 

multiplicative model suggests that power curves are similar when the sum of the 

number of parents and number of siblings are equal.  For example, the power curve for 

one-parent families with no siblings is similar to the power curve for no parent 

families with one sibling.  As a consequence, there may be little distinction between 

such families with respect to power.  

A comparison of power between LRT and FBAT for selected scenarios with 

missing parental genotypes and additional sibling genotypes suggests that LRT has 

greater power than FBAT.  This observation is not unexpected (Shih and Whittemore, 

2002; Teng and Risch, 1999) because FBAT conditions on genotypes and phenotypes 

of family members (Lange and Laird, 2002a).  As a conditional test, FBAT uses 

information within families but not among families, as does LRT.  On the other hand, 

FBAT can use sibling phenotypes, which can be informative when phenotype 

prevalence is high. 
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The likelihood approach represents a general and powerful method of handling 

missing data with complex nuclear family structures.  Two extensions of this approach 

are attractive.  First, the method can be extended to sex-linked markers, as has been 

done for a test that reconstructs missing parental genotypes (Horvath et al., 2000).  It 

should be noted that their test is only a test of linkage in the presence of association.  

Second, the likelihood approach can be extended to haplotype markers with missing 

parental data.  Missing data methods based on the EM algorithm in a likelihood setting 

have previously been used to account for phase uncertainty associated with observing 

genotypes rather than haplotypes (Excoffier and Slatkin, 1995; Fallin and Schork, 

2000).  Extension of haplotype markers to missing parents should be straightforward. 
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Table 1: Probability distribution of child genotype, in terms of 
genotype relative risk, conditional on parental mating type and 
that the child is affected. 

 
  

Number of A alleles in Child 
Mating 
Type 2 1 0 

2,2 1 0 0 

2,1 
ρ2

ρ1 + ρ2
 

ρ1

ρ1 + ρ2
 0 

2,0 0 1 0 

1,1 
ρ2

1+ 2ρ1 + ρ2

2ρ1

1+ 2ρ1 + ρ2

1
1+ 2ρ1 + ρ2

 

1,0 0 
ρ1

1+ ρ1
 

1
1+ ρ1

 

0,0 0 0 1 
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Table 2:  Example scenarios. Fraction of each nuclear family structure present in 
four sampling scenarios.  A: 2, 1, or 0 parents with no sibs, B: 2, 1, or 0 parents 
with 1 or 2 sibs, C: 1 or 0 parents with 1, 2, or 3 sibs, D: 1 or 0 parents with 2 or 3 
sibs. 

 
 

Triplet 

 

One Parent 

 

No Parents 
 

Sample 
Scenario sibs 0  0 1 2 3 0 1 2 3 

A 
 

0.5  0.3 0 0 0 0.2 0 0 0 

B 
 

0.2  0.2 0.1 0.1 0 0.2 0.1 0.1 0 

C 
 

0  0 0.2 0.2 0.1 0 0.2 0.2 0.1

D 
 

0  0 0 0.1 0.2 0 0 0.4 0.3
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Table 3.  Estimates of type I error rate for 1 and 2 degree of freedom 
LRT under scenarios A, B, C, and D.  Frequency of allele  is 0.3 
with random mating.  Estimates based on 5000 replications. 

1m

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Scenario 
Degrees 

of 
Freedom 

Sample 
Size A B C D 

100 0.054 0.058 0.052 0.055 

200 0.052 0.051 0.052 0.054 1 

500 0.052 0.049 0.052 0.048 
      

100 0.052 0.057 0.057 0.051 

200 0.056 0.055 0.055 0.052 2 

500 0.049 0.055 0.055 0.050 
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Table 4.  Comparison of LRT Power and FABT Power 

 LRT 
Allele 

Frequency FBATa 1 df 2df 

0.5 0.986 0.997 0.992 

0.4 0.995 0.999 0.998 

0.3 0.997 0.999 0.999 

0.2 0.993 0.999 0.997 

0.1 0.902 0.967 0.940 

0.05 0.474 0.670 0.565 

0.01 0.007 0.020 0.011 

 a: Table 1, column 3, of Lange and Laird (2002b). 
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Figure 1.  Comparison of power for a 2 degree of freedom LRT based on 
simulation and on computation of the noncentrality parameter of the asymptotic 
chi-square distribution for scenarios A-D at three values of relative risk for a 
multiplicative genetic model.  Simulations are based on 2000 replications with a 
sample of 200 and risk allele frequency of 0.3. 
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Figure 2.  Power of 2 degree of freedom LRT plotted against relative risk for 
scenarios A-D with a multiplicative genetic model.  Power was computed using 
the noncentrality parameter, a sample of size 200, and risk allele frequency 0.3. 
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Figure 3.  Power of 2 degree of freedom LRT plotted against frequency of risk 
allele for simple family structures under a multiplicative genetic model with 

.  Power was computed using the noncentrality parameter and a sample 
of 200. 
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Figure 4.  Power of 2 degree of freedom LRT plotted against relative risk under 
a multiplicative genetic model for simple family structures.  Power was 
computed using the noncentrality parameter, a sample of 200 and risk allele 
frequency 0.3. 
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Figure 5.  Comparison of LRT power and FBAT power for scenarios A-D at three 
values of relative risk for a multiplicative genetic model with sample size 200 and 
risk allele frequency 0.3. 
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