
ABSTRACT 
 
 
BUNGET, CRISTINA JANETA. Mechanics of Ultrasonic Tube Hydroforming. (Under the 
direction of Gracious Ngaile.) 
 

Tube hydroforming is a manufacturing process which applies controlled internal pressure and 

axial feed to expand the tube to desired shapes. The main advantages are: part consolidation, 

weight reduction, fewer secondary operations, and tighter tolerances. However, it has 

disadvantages due to many variables, such as loading paths, material formability, and 

tribological conditions, which limit its applicability and influence parts failure (excessive 

thinning, wrinkling, buckling or bursting).  

This research presents ultrasonic technology as a method of improving formability and 

tribological conditions. The superimposing of ultrasonic oscillations was already proved to 

have benefits for other metal forming processes, such as reduction in the forming load and 

frictional stresses. The objectives of this research work are to develop an analytical model to 

predict the state of stress and strain for the tube expansion under internal pressure and 

friction conditions, for ultrasonic and non-ultrasonic processes, observe the effects of the 

vibration on the deformation pattern, design a set of tooling and conduct experiments. 

An analytical model was derived for both conventional and ultrasonic tube hydroforming 

processes, using equilibrium of forces, geometric relationships, material flow law and yield 

criterion. The square dies were chosen for this study, due to the simplicity of plane strain 

conditions. In conventional process the tube is expanded under internal pressure in the 

presence of friction. In the ultrasonic process, vibrations are imposed on the die, resulting in 

alternating gaps at the die/tube interface. The gaps open and close after each oscillation. Two 

different states of stress alternate during one oscillation in an element of the tube wall.  

The analytical model was used to predict the internal pressure required, the corner radius, the 

thickness distribution, and the state of stress and strain. For the conventional process, the 

influence of some parameters on the deformation pattern and the forming load, such as strain 

hardening and friction conditions, was studied. Lower friction coefficient is required for 

more uniform tube wall thickness and lower pressure.  



In the ultrasonic process, more uniform thickness distribution and state of stress and strain 

were predicted, as compared to the classical process. When the internal pressure is 

maintained, the corner radius obtained is smaller. The reduction in the corner radius was 

between 2.4 and 9%. More uniform thickness and less thinning, as well as smaller corner 

radius, indicate improvement of the formability of the material. If ultrasonic oscillations are 

used and the pressure exerted on the tube due to vibration is less than a critical value (equal 

to the internal pressure), there is a decrease in the maximum internal pressure needed for the 

same expansion. The most effective ultrasonic pressure is 0.1 MPa. 

Finite element method was used to approximate the ultrasonic pressure and to design a set of 

tooling for ultrasonic process at 20 kHz. Four models were proposed and analyzed for three 

square die sizes. Modal analysis was used to observe the die vibration and the possible useful 

effects on the forming process. Harmonic response analyses were conducted to evaluate the 

amplitude of vibration in the deformation zone and the stress in the tooling. Based on the 

displacement distribution, a method of approximating the ultrasonic pressure was proposed. 

Most of the average pressure values were found to vary from 5 MPa to 25 MPa. 

In order to observe the effects of ultrasonic oscillations on tube hydroforming, experiments 

were conducted with and without vibration. The ultrasonic tests resulted in smaller corner 

radii as compared to the conventional test, with a reduction of 5.2-7.7%, implying increase in 

forming capability due to vibration.  
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CHAPTER 1 

INTRODUCTION AND RESEARCH OBJECTIVES 
 

 

1.1. Introduction 

This research focuses on tube hydroforming. Tube hydroforming is a forming process in 

which by applying controlled pressure and axial feed, the shape of the tube material is 

changed to the desired shape. Tube hydroforming is mainly used for automotive applications, 

aircraft industries and household appliances. The main advantages of tube hydroforming as 

compared to conventional manufacturing processes are: part consolidation, weight reduction, 

fewer secondary operations, and tighter tolerances. However, this process has disadvantages 

which limit the applicability of the process, such as slow cycle time, expensive equipment 

and lack of extensive knowledge base for process and tool design.  

Tube hydroforming is a complex process involving the interaction of many variables such as 

loading paths, material formability, and tribological conditions. The conditions at the tube/die 

interface have high influence on parts failure, which are excessive thinning, wrinkling, 

buckling or bursting. Formability can be defined as the amount of stretch or deformation 

without any failure during the process. Improvement of formability in tube hydroforming is 

extremely important since it controls the applicability of the process.  

This research proposes ultrasonic technology as a method of improving the tribological 

conditions and formability in tube hydroforming. The superimposing of the ultrasonic 

oscillations proved already to be advantageous for other metal forming processes, due to a 

reduction in the forming load and frictional stresses. It is thought that the use of vibration 

might be beneficial for tube hydroforming too. 
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1.2. Research objectives 

The aim of this research work is to study the possibility of using the ultrasonic oscillations as 

a method of enhancing formability and tribological conditions. The specific objectives are: 

• Understand the mechanics of deformation in tube hydroforming, the formability and the 

variables that influence it. The study should feature a geometry that is representative of 

tube hydroforming and that offers the possibility of applying ultrasonic oscillations. 

• Develop an analytical model for the deformation mechanism of the tube expansion under 

internal pressure and sliding friction conditions at the die/tube interface. The developed 

model should be capable to determine the state of stress, strain and thickness distribution 

for the classical and ultrasonic tube hydroforming. 

• Establish evaluation criteria for quantifying the improvement in formability when 

ultrasonic vibrations are superimposed. Although the proposed model will be limited to 

specific types of tube hydroforming, it will help to draw conclusions regarding the effect 

of the ultrasonic oscillations and to lay a foundation for future more sophisticated models. 

• Design a set of tooling to be used for classical tube hydroforming and also be able to 

impose the ultrasonic oscillation on the process. 

• Validate the analytical model proposed by comparing its predictions with experimental 

investigations. 

• Study the influence of tube size on formability and the influence of the ultrasonic 

oscillations on the formability for different tube sizes. 

1.3. Dissertation organization 

The outline of this dissertation is given below: 

Chapter 1 gives a short introduction in tube hydroforming process and the research 

objectives. 

Chapter 2 presents literature review of tube hydroforming and concentrates on understanding 

the mechanics of deformation in classical tube hydroforming process. 
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Chapter 3 presents in detail the development of a mathematical model for the plastic 

deformation behavior of the tube during hydroforming under internal pressure. The analysis 

is done for planar hydroforming of a square tube. Equilibrium of forces, geometric 

relationships, material flow law, and yield criterion are used to determine the stress, strain 

and pressure distribution. The model incorporates also the friction between the tube and the 

die. The formability is correlated with the tube wall thinning, the minimum corner radius 

reached, and the maximum internal pressure needed to reach a certain expansion. 

Chapter 4 focuses on ultrasonic tube hydroforming process and how the use of ultrasonic 

vibrations reflects on the formability. An analytical model is formulated to quantify the 

improvement in formability. The influence of some process parameters is considered, such as 

strain hardening exponent of the tube material, friction coefficient at the die/tube interface, 

amplitude and frequency of the vibration. The predictions of this model are compared with 

the results for the non-ultrasonic process. 

Chapter 5 covers finite element analyses conducted to observe the mode shapes and their 

possible effects in tube hydroforming, and also to collect data used to refine the analytical 

model. The influence of the boundary conditions from the tooling is studied too.  

Chapter 6 presents the experimental investigations. In this chapter, experimental results are 

compared with the results obtained from the analytical model. 

Chapter 7 concludes this research work. 
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CHAPTER 2 

LITERATURE REVIEW ON MECHANICS OF THE TUBE HYDROFORMING 
 

 

Tube hydroforming is a forming process in which by applying controlled pressure and axial 

feed, the shape of the tube material is changed to the desired shape. Tube hydroforming 

processes can be differentiated based on the application of the hydraulic fluid pressure 

(internally or externally). In a typical tube hydroforming process, the pressure is applied 

internally, where water-oil emulsion is used as a pressure medium [Siegert et al., 2000; 

Ngaile et al., 2006]. Applications of tube hydroforming can be found in the automotive, the 

aircraft industries and in the manufacturing of components for sanitary use. Automotive 

applications can be seen in exhaust parts, camshafts, radiator frames, front and rear axles, 

engine cradles, crank-shafts, seat frames, body parts and space frame [Ahmetoglu et al., 

2000, 1, 2]. Representative household applications are piping components and fittings 

[Jirathearanat et al., 2004]. Figure 1.1 shows some typical hydroformed parts. 

      

                                           (a)                                                                          (b) 

Figure 2.1: Typical hydroformed parts: (a) part of an exhaust system [Siegert, et al., 2000], and              

(b) intermediate steps for the hydroforming of an engine cradle [Hartl, 2005]. 

Some of the advantages of the tube hydroforming in comparison with conventional stamping 

technology are: part consolidation, weight reduction, higher part quality, fewer secondary 
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operations, reduced dimensional variations, reduced scrap, less springback, and improved 

structural strength and stiffness. But this process has also some drawbacks, such as slow 

cycle time, expensive equipment and lack of extensive knowledge base for process and tool 

design [Ahmetoglu et al., 2000, 1, 2; Jirathearanat et al., 2004].  In order to increase the 

implementation of this technology in the stamping industry, some issues need to be 

addressed: the preparation of the tubes (material selection and quality of the incoming tube), 

pre-form design and production method, application of computer simulations, selection of 

effective lubricants and enhancement of the tribological performance, and improvement of 

the formability of the tube. 

2.1. Tube hydroforming system 

In order to understand the tube hydroforming process, specific problems and to find 

solutions, the analysis will start with the tube hydroforming system. The group components 

of this system are material, process, tools and machine and equipment, shown in Figure 2.2. 

Each of these components varies from starting tube geometry and the material properties to 

the quality of the final part [Ahmetoglu et al., 2000, 1].  

 

Figure 2.2: The tube hydroforming system components [Ahmetoglu, et al., 2000, 1]. 

The general sequences of a hydroforming process are: filling, forming and calibration. The 

hydroforming process for obtaining a T-shape is shown in Figure 2.3(a). The loading path for 

this process is shown in Figure 2.3(b). Figure 2.3(c) shows the operation sequences. The 

incoming tube is positioned between the dies and the dies are closed and the entire system is 
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insulated. The tube is filled with fluid, and its pressure is increased, forcing the material into 

the deformation zone. The material is also fed towards the die cavity. The axial feeding and 

internal pressure are controlled simultaneously, with the purpose of improving the material 

shaping capabilities. This may require large pressures to form small corner radii at the end of 

the process referred to as calibration. During the calibration phase the material is stretched at 

the corners by increasing the internal pressure only [Ahmetoglu et al., 2000, 1]. 

(b)                                                             (c)

(a)

(b)                                                             (c)

(a)

 

Figure 2.3: The hydroforming process for T-shape: (a) schematic representation showing initial and 

final tube, (b) loading path, and (c) process sequences [Ahmetoglu et al., 2000, 1]. 

The schematic representations of the tube hydroforming system and the sequences help to 

identify variables that influence the success of a tube hydroforming process, such as 

properties of the material, its formability, quality of the incoming tube, loading paths, 

lubrication conditions at the tube/die interface, and desired final geometry (shape and 

dimensions) [Aue-U-Lan et al., 2004; Jirathearanat et al., 2004].  
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2.1.1. Classification of tube hydroformed parts 

The hydroformed parts can be classified with respect to their variation along longitudinal 

axis, the variation of the feature position relative to the longitudinal axis, and the variation in 

the cross-section [Strano, 2002]. Some examples of critical geometrical features are: 

• Protrusions: The tube expands asymmetrically in a side branch, as in T-shape or Y-shape 

(Figure 2.4(a)). 

• Bulges: The tube cross-sectional perimeter is increased in a round, square, or an irregular 

shape (Figure 2.4(b)). 

• Bends: The shape of the tube central line is bended (Figure 2.4(c)). 

• Spline: The shape of the tube central line can be straight (1-D) or it can lie in two or three 

planes (2-D, 3-D) (Figure 2.4(d)). 

             

             (a)                                (b)                                         (c)                                         (d) 

Figure 2.4: Critical features: (a) Y-shape protrusion, (b) bulge, (c) bend, and (d) 1-D, 2-D, and 3-D 

splines with protrusions along the splines [Strano, 2002]. 

Tube hydroforming can also be classified based on the amount of axial feeding required. This 

classification includes tube hydroforming process without axial feeding (only expansion 

under internal pressure), small feeding, average feeding, and large feeding. The stress and 

strain conditions are different for each group. In general for the first two groups, the plane 

strain or plane stress conditions may be assumed, since the deformation is mostly radial 

expansion. Exception is the free bulging case, where the deformation is under plane stress 

conditions. For the last two groups, the state of stress is 3-D. The technological groups do not 
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coincide with the groups from the previous classification. Parts with different geometrical 

features can belong to the same technological group. For example, for a T-shaped part with 

1-D spline, axial feed is needed in order to obtain the required protrusion height. But an 

engine cradle part has many 3-D bends and therefore cannot be fed axially. The deformation 

is due to expansion only with little axial feed at the ends.  

2.1.2. Tube hydroforming process parameters 

2.1.2.1. Tube material 

The process variables introduced by the tube material are: 

• Material properties: chemical composition, yield strength, ultimate tensile strength, 

percent elongation and flow characteristics. 

• Dimensions: tube diameter and wall thickness of the tube. 

• Quality of the incoming tube and method of preparation of the tube, which can be welded 

or seamless. 

All these variables are critical for the success of the tube hydroforming process and must be 

determined based on the final part requirements and closely monitored during the 

manufacturing process [Ahmetoglu et al., 2000, 1; Carleer et al., 2000]. 

During the manufacturing and bending/pre-forming of the tube before it comes to the 

hydroforming process, the material properties will change and some of its formability will be 

used. There are several tests used in industry to determine the material properties. The most 

widely used test is the tensile test using the flat specimen taken from sheet coil before it is 

rolled into a tube. But the data obtained are not the entirely correct because of the increase of 

plastic deformation in the tube in the course of manufacturing the tube. Also during the tube 

hydroforming process, the tube is subjected to a biaxial state of stress, which is different 

from the state of stress exhibited in a tensile test (uniaxial tension) [Aue-U-Lan et al., 2004]. 

In conclusion, the flow stress of the tube specimen is most likely to be different from that of 

the sheet specimen from which the tube was manufactured. The properties of the tube should 

be determined right before the hydroforming operation. 
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To address this issue, some researchers proposed different tests to be used to determine the 

properties of the material. The tests that are commonly used are the cone test and the 

hydraulic bulge test. Carleer et al., (2000) investigated the influence of various parameters on 

formability. The parameters that were studies included anisotropy parameter (r), strain 

hardening coefficient (n), initial thickness and length of the tube. In their study they found 

that r and n have large impact on the shape of the free expanded tube and on the strain 

distribution. Higher values for r and n result in more evenly distributed strain and will favor 

larger deformations. 

2.1.2.2. Loading path 

The formability is not influenced only by the material of the tube, but also by the loading 

path and the size of the tube [Kang et al., 2005]. An improper loading path will lead to 

failure. The common modes of failure in tube hydroforming are: bursting due to formation of 

a localized necking on the tube wall which leads to fracture, and wrinkling due to local 

buckling. 

The amount of axial feeding has to be coordinated with the internal pressure. If the internal 

pressure is applied rapidly and the axial feeding slowly, the process will fail and cracks will 

appear, because there is not enough material to flow into the die cavities. However, if the 

internal pressure is applied slowly and the axial feeding rapidly, there will be wrinkling or 

bulking on the tube [Jain et al., 2005; Fann et al., 2003]. Optimal loading path (internal 

pressure and the axial feed) is extremely difficult and expensive to achieve via experiments. 

Therefore finite element analysis is used to verify and optimize the initial design before the 

hard tooling is built. 

The loading path for T-shape was investigated through finite element simulations 

[Ahmetoglu et al., 2000, 2]. The purpose of these simulations was to investigate the effect of 

the axial feed on thickness variation and internal pressure. The authors demonstrated that the 

forming process is very sensitive to the axial feeding. The results indicated a decrease in the 

thinning of the tube wall when the axial feeding distance was increased. Also, with an 

increase in the axial feeding, an increase in maximum internal pressure was needed to form 
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the part to its final shape. More force is needed to overcome the wrinkling due to axial 

feeding. The loading path for T-shape tube hydroforming was also studied by [Fann et al., 

2003]. 

Jirathearanat et al. (2004) studied the process design of hydroforming Y-shapes. The study 

began with simple metal forming equations used for initial estimation of process parameters. 

Then these parameters were refined using finite element analysis. Finally, experiments were 

conducted to verify the loading path and to investigate the effect of tube length on 

formability of the protrusion. However, the results of the simulations depend to a great extent 

on the input data, such as flow stress of tube materials and the friction coefficient at the die 

surface [Strano et al., 2004]. 

2.1.2.3. The geometry and the tube dimensions 

Tube hydroforming processes are used to obtain parts with various cross-sections: 

rectangular, trapezoidal or polygonal. A special attention is given on forming of convex 

corners. If the corners are formed through bulging under internal pressure for a certain 

thickness of tube, the pressure needed is nearly inversely proportional to the corner radii. 

Also the thinning at the transition zone between the corner and the straight side of the section 

is larger than for other zones of the section. When the formed part is subjected under loading, 

stress concentration will occur at the location with maximum thinning [Ahmetoglu et al., 

2000, 2; Liu et al., 2006]. 

The deformation at the corner was investigated by using finite element methods to simulate 

the tube hydroforming process for different corner radii [Liu et al., 2006]. The simulation 

results showed that friction between the tube and the die hinders the metal flowing into the 

die corner. Therefore, improving lubrication conditions will results in a uniform deformation. 

Liu et al. (2006) also found that the smaller the corner radius to be formed, the easier the 

thinning occurs at the transition segment.  

The thickness variation and corner filling in tube hydroforming was also investigated by 

Kridli et al. (2003), where the effects of material properties and die geometry on the selection 

of the hydroforming process parameters were examined. The effects of strain hardening 
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exponent and the die corner radii on the thickness distribution of the hydroformed part were 

studied. Finite element simulations and experiments were conducted. As expected Kridli et 

al. (2003) found that for lower values of the strain hardening exponent, a greater amount in 

the variation of the thickness distribution is obtained.  

Other parameter that influences the tube hydroforming process is the tube size (diameter). 

Kang et al. (2005) examined the effect of the tube diameter on formability for a vehicle 

bumper rail section (cross-section similar with the contour of a wide letter ‘H’). In their study 

four types of loading path were used. By slightly changing diameter only by about 10% 

(from 90 to 100 mm), the simulations predicted reduction to about one-third in thinning rate 

and more uniform thickness distribution were predicted whichever loading path was applied 

to the prediction. In general, the results of all the studies indicate that different material, tube 

thickness and diameter and also the corner radii of the dies require different loading 

conditions and will have different effect on the wall thickness obtained through tube 

hydroforming processes. 

2.1.2.4. Tribological aspects in tube hydroforming 

The frictional conditions have a significant influence on the tube hydroforming processes. 

Due to high contact pressures and large contact surfaces, high friction forces between the 

tube and the die will result. These forces will affect not only the process parameters but also 

the quality of the component, such as the wall-thickness distribution. Therefore, it is 

important to decrease the friction and its negative influence in tube hydroforming [Plancak et 

al., 2005; Ngaile et al., 2006]. The friction conditions were investigated by Vollertsen et al. 

(2002). Their conclusion was that due to the deformation process, the surface micro-

geometry will change continuously and therefore the friction conditions will also be changed.  

The main parameters affecting the friction in tube hydroforming are the lubricant, the tube 

material properties (yield strength), surface texture and the die surface finish, die hardness 

and die surface treatment, and coating. The lubricant trapped between the asperities on the 

tube and die surfaces may provide better lubrication at the interface due to the potential for 

hydrostatic lubrication. This, however, will depend on the prevailing pressure. On the other 
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hand pressure increase will result in increase in the area of contact at the interface and 

sticking conditions may occur.  

Figure 2.5 presents the tube hydroforming for T-shape. From the friction point of view it is 

possible to identify three different zones: guided, transition and expansion zones. Due to the 

difference in the material flow and the state of stress, the three zones exhibit different 

tribological conditions [Ahmetoglu et al., 2000, 1; Ngaile et al., 2004, 2; 2006]. Therefore the 

lubricants can perform differently. These zones have to be evaluated separately to determine 

the friction characteristics.  

 
Figure 2.5: Friction zones in tube hydroforming for T-shape [Ngaile et al., 2006]. 

In the guiding zone, due to the higher values for the relative velocity at the die/tube interface, 

in the case of liquid lubrication, micro-plasto-hydrostatic (MPHS) and micro-plasto-

hydrodynamic (MPHD) lubrication mechanisms can easily be obtained, lowering the 

interface friction. In the transition and expansion zone, the relative velocity between the tool 

and tube drops, and the interface friction increases. Under the high pressure (up to 6000 bar), 

the lubricant may break down. Therefore, dry film lubrication is more appropriate for these 

zones. The dry lubricant will follow the surface expansion without breaking down. The 

interface friction will dependent on the shear strength of the lubricant film adhered on the 

tube surface [Strano et al., 2004; Ngaile et al., 2004, 1]. To evaluate lubricants for various 

material/lubricant combinations under hydroforming conditions, several tests were 

developed. These tests are used for the evaluation of lubricants (and coatings) in the different 

process zones: transition, guiding, and expansion.  These tests are used to identify the 
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appropriate lubricant to be used for different materials and geometries and to estimate the 

friction coefficient using the result of the finite element simulations [Strano et al., 2004]. 

The push through test was described by Strano et al. (2004) and Plancak et al. (2005). Other 

tests used to evaluate the performance of lubricants and die coatings in the transition and 

expansion zones are: the limiting dome height test (LDH), the pear-shaped tube expansion 

test (PET), the square die geometry test, and the triangular die test with flat or curved 

surfaces [Ngaile et al., 2004, 1, 2]. Using these tests and the simulations results, the friction 

coefficient can be determined and the lubricants can be ranked. The criteria considered were 

the corner filling, the wall thickness, the corner radius and the bursting pressure (pressure at 

necking). 

Ngaile et al. (2006) proposed a way to enhance the lubricant performance in the guiding zone 

by utilizing textured tubes. The textured surfaces contain ‘pockets’ that will facilitate the 

mechanical entrapment of the lubricant. The effect of the trapped and pressurized lubricant is 

that the lubrication regime will be micro-plasto-hydrostatic. 

2.1.2.5. Formability in tube hydroforming 

The formability can be described as the amount of stretch or deformation without any failure 

during the process. When a load is exerted upon the sheet metal, it exhibits a deformation. 

The deformation increases when the load increases, until the strain reaches the maximum 

limit and the fracture occurs. Figure 2.6 presents the initial specimen for a tensile test and the 

stages of the deformation [Xu, 2006]. These are: 

(i). Elastic deformation – At the beginning of the application of the load, elastic 

deformation occurs. The relationship between stress and strain components can be 

described by the Hooke’s law ( Eσ ε= ). If the stress is released, the deformation 

disappears. During elastic deformation, both stress and strain are uniformly distributed 

in the cross-sectional area.  

(ii). Uniform plastic deformation – When the stress reaches the elastic limit, the deformation 

goes into plastic regime. This is the deformation that cannot be recovered after 

unloading, but it results in permanent shape change. During this stage, there is no 
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microstructure change, and the stress and strain are still uniformly distributed in the 

cross-sectional area of the specimen. This is the deformation range desired to be used 

for a successful formed part. 

(iii). Diffuse necking – When the load reaches the maximum value during the test, the plastic 

deformation keeps increasing, but it is now localized in a small zone. This zone is then 

work hardened, thus an increased yield stress is needed to deform it farther. Therefore, 

the plastic deformation moves in its adjacent zone, where the yield stress is lower. This 

alternating process stays into a certain region, and the sheet metal is thinned. The 

thickness of the specimen is not uniformly reduced. The microstructures start to change. 

Within an acceptable error, the stresses and strains can be assumed uniformly in the 

cross-sectional area. For small regions or small corner radii, this stage can still be used. 

This stage is called global instability. 

(iv). Local necking – When the stress increment due to work hardening is less than the stress 

increment due to decrease in the cross-sectional area in its adjacent zones, the plastic 

deformation no longer moves as in previous stage. The plastic deformation continues in 

a small zone causing local necking. The sheet metal separates along the local necking 

area. The state of stress and strain in the local necking area changes and it becomes 

unstable. This stage is called local plastic instability. The deformation at the onset of the 

local necking, considered as the deformation capacity of the sheet metal is the maximum 

that can be used for obtaining qualitative parts. The local necking stage is followed by 

fracture, in case of tensile stresses, and buckling or wrinkling in case of compressive 

stresses. The later case is referred to as called compressive instability. Experimentally, it 

is possible to establish a ‘Forming Limit Curve’ (FLC) to delineate the boundary of 

uniform deformation and the onset of local necking. The FLC evaluates the formability 

of the material. 
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Figure 2.6: Deformation stages of sheet metal during a tensile test [Xu, 2006]. 

In tube hydroforming, the instability modes are wrinkling, buckling and necking (or 

bursting), shown schematically in Figure 2.7. Wrinkling and buckling occurs when the axial 

compressive stress exceeds the strength of the material and the internal pressure is not high 

enough to produce expansion in the radial direction. Buckling is observed mostly in long 

tubes with thick walls, and wrinkling in short tubes with thin walls. Bursting is a 

consequence of necking, which is due to large tensile stresses, when the plastic deformation 

reached a point at which the deformation will continue under a falling pressure. Hydroformed 

tubes without failure are shown in Figure 2.8(a), while Figures 2.8(b) and 2.8(c) show failure 

by wrinkling and bursting, respectively.  
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                                                            (a)                (b)               (c) 

Figure 2.7: Failure modes in tube hydroforming: (a) wrinkling, (b) buckling, and (c) bursting [Koc et 

al., 2002]. 

 

                          (a)                                                  (b)                                                  (c) 

Figure 2.8: Tube hydroformed parts and different failure modes: (a) without failure, (b) wrinkling, 

and (c) bursting [Daly et al., 2007]. 

Formability is influenced by the state of stress and strain in the material, and the material 

flow, therefore it depends on the material of the tube, the loading path, and the desired 

geometry of the final product. Improvement of formability is extremely important since it 

controls the applicability of the process. Using the forming limit curve, and taking into 

account the limitations given by fracture and wrinkling, a forming window that indicate the 

safe region for the forming process can be obtained. Therefore, it can be concluded that the 

formability controls the applicability of the forming process. 

In practice, the formability of the tubes is derived from the tensile test data from the sheets 

used to manufacture the tubes. Alternatively, tensile tests are conducted directly on the tubes. 

The bulge test is the most common test used to determine experimentally the forming limit 
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curve for tube hydroforming. Before conducting the test, a grid is etched on the external 

surface of the tube. As the internal pressure increases and the tube bulges, the shape of the 

grid circles changes into ellipses. Figures 2.9(a,b) show the circle grid of undeformed tube 

and the modified shape of the grip after deformation, respectively. During the test hydraulic 

pressure is increased gradually until the localized necking and fracture occur (Figure 2.10). 

The axial and hoop strains are measured for different pressure levels. 

 

                                                  (a)                                                                   (b) 

Figure 2.9: Etched grid on the exterior of the tube for (a) undeformed tube, and (b) after bulging 

[Strano, 2002]. 

 

Figure 2.10: Local necking and fracture in the bulge test [Strano, 2002]. 

From the test result a safe forming window is determined as shown in Figure 2.12. Line 1 on 

the graph represents the minimum force required for sealing as the internal pressure 

increases. Line 2 is the approximate frictional force at a point in the expansion area. Line 3 is 

given by the force and pressure required to yield the tube material. Line 4 indicates the 
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pressure required for bursting the tube, and line 5 is the upper limit beyond which the tube 

walls buckle or wrinkle. These lines enclose the safe-forming window [Singh, 2003]. For a 

robust production process, the safe forming window should be made as large as possible. 

Selection of a proper tube material, better lubrication, better quality of the tube, optimization 

of the loading path, are some ways of improving the formability. The desired geometry is 

also an important factor. When geometry with small corner radii is desired, the internal 

pressure needed is larger, and the probability of bursting increases. 

 

Figure 2.11: Tube hydroforming process diagram [Singh, 2003]. 

A summary of instability modes and an analytical model to predict the forming limits and the 

parameters in the tube hydroforming process, using the thin-walled tube theory, were 

presented in [Koc et al., 2002]. The authors formulated analytical models to predict buckling, 

wrinkling and bursting for a bulge test, and the critical level of the applied loads. Even 

though these models apply only to simple geometries, they could provide helpful predictions 

in the early stages of design, or as initial guesses in the finite element simulations. 
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A failure analysis focused on the onset of bursting failure phenomenon was conducted by 

Chow et al. (2002) for free expansion of a tube under internal pressure. The critical onset 

conditions of tube bursting is given by the solution of the equation  

0dP
dr

= ,                                                                                                               (2.1) 

where P is the internal pressure and r is the internal radius of the tube. When the derivative is 

zero, this means that the pressure reached a maximum. Even if the pressure decreases, the 

expansion process continues and necking occurs. Chow et al. (2002) concluded that for the 

free expansion tube, the formability is proportional to the strain hardening coefficient of the 

material, n, and the anisotropy parameter, R.  

A more complex failure analysis was also proposed by Nefussi et al. (2004) and Brunet et al. 

(2004). Their investigations showed that, depending on the ratio between the internal 

pressure and the axial load, the critical strain for wrinkling or buckling may be smaller that 

the limit for necking. Therefore the authors proposed a unified approach of the two failure 

modes, necking and buckling or wrinkling, using numerical simulations.  

2.1.2.6. Formability in tube hydroforming with planar dies 

For the tube hydroforming with planar dies (i.e. square dies), the friction at the material/die 

interface restricts the flow of the material in contact with the die and causes non-uniform 

distribution of strain, therefore variation in the thickness of the formed tube along the 

circumference. As the internal pressure increase, necking or fracture will take place. The 

thinning usually occurs in the transition zone between the corner and the linear zone (Figure 

2.12). For an automobile part, this has a negative effect on strength and fatigue resistance 

[Liu et al., 2006]. An improvement in formability will result in an increase in the quality of 

the part, so more uniform strain and thickness distribution. 
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                                                              (a)                                      (b) 

Figure 2.12: Localized thinning due to diffuse necking in (a) corner filling test, and (b) automotive 

engine cradle [Daly et al., 2007]. 

The failure analysis conducted by Chow et al. (2002) extended on square dies, with the 

intention of determining the onset of bursting failure phenomenon of the tube under internal 

pressure. Equation (2.1) for the critical onset conditions of tube bursting given previously 

does not have a solution for the square dies case with no friction. Therefore the instability 

conditions of bursting may occur only if the resulting strain reaches the fracture strain of the 

tube material. Experiments conducted by researchers reached the same conclusion for the 

cases when the friction is present. However, for different polygon sections for the dies with 

smaller angles, it is possible that equation (2.1) has solution, and instability occurs due to 

necking of the tube wall. 

The square dies tube hydroforming without axial feeding, or the general case of polygon dies 

was investigated by researchers for different friction conditions at the tube/die interface 

[Smith et al, 2006, 1, 2, Hwang et al, 2003]. In their work, Smith et al. (2006, 1) considered a 

limiting hoop strain as the maximum strain obtained without bursting. Base on this limit, the 

required pressure, the strain and the wall thickness distribution can be predicted, using a 

numerical code. A similar investigation was conducted by Rama et al. (2003) for sticking 

friction conditions. Few mathematical models for the thinning were developed and the 

influence of the friction coefficient on the thinning was discussed [Hwang et al., 2005; Orban 

et al., 2007]. 

Numerical analyses and experimental results of the thickness distribution and parameters that 

influence are presented in [Kridli et al., 2003]. The thickness distribution was founded to be a 

function of the die corner radius and strain hardening coefficient. The thinnest zone in the 
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tube wall, more likely to fail, was found in the transition zone between the tube section in 

contact with the die and the unsupported tube wall. The thinning at the transition corner is 

further analyzed by Liu et al. (2006), where the effect of the friction on the state of stress was 

investigated, proving once more that an improvement in the lubrication conditions will result 

in a uniform thickness distribution and will delay the occurrence of instability. The effect of 

the ratio of wall thickness to the corner radius was also investigated. They concluded that 

when the ratio is greater than 0.5, the difference in the yielding conditions between the 

straight side and the corner is significant and results in excessive thinning. 

2.1.3. Ways of improving formability in tube hydroforming 

There are several ways to improve formability in tube hydroforming, such as using better 

quality tubes, preformed shape designs, optimizing the loading path, better lubrication and 

lower friction, or a temperature increase (warm forming). The concept of dual-pressure tube 

hydroforming as a way to enhance formability was introduced by Jain et al. (2005). In dual-

pressure process a more favorable state of stress is achieved. Figure 2.13 presents the 

schematic of the process, as compared to the classical bulge tube hydroforming. 

  

Figure 2.13: Dual-pressure tube hydroforming [Jain et al., 2005]. 

Jain et al. (2005) investigated four load cases: internal pressure (IP), internal pressure with 

axial feeding (IP+AL), both with and without external pressure (or counter pressure, CP). 

Table 2.1 summarizes the formability limit determined for each case. In the table, n is the 

strain hardening coefficient, pi the internal pressure, po the internal pressure, σθ the hoop 
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stress, σz the axial stress. A higher value of effective strain was observed each time when 

external pressure is applied. As the external pressure increases, the critical strain increases 

too. A larger critical strain implies improvement in the material deformation capabilities. 

Table 2.1: Critical strain for different loading cases [Jain, et al, 2005]. 

                       Loading conditions             Plastic instability (critical strain) 
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IP – internal pressure 
CP – external or counter pressure 
AL – axial load 
 

In an attempt to increase formability Mori et al. (2007) proposed the pulsating bulge tube 

hydroforming model, in which the internal pressure varies sinusoidally. Results from 

experiments and finite element analysis showed a uniform expansion without local thinning. 

Figure 2.14 presents the variation of the internal pressure and a comparison between the 

tubes obtained using the pressure pulsating or constant internal pressure. 

     

Figure 2.14: Pulsating internal pressure in tube hydroforming [Mori et al., 2007]. 



23 

The uniform expansion in the pulsating tube hydroforming is explained by the change in the 

stress components (Figure 2.15). When the pressure decreases, the compressive axial stress, 

σz, is large, and the hoop tensile stress, σθ, is small, therefore small wrinkling appears. When 

the pressure increases the wrinkling disappear due to bulging, or expansion, characterized by 

small σz and large σθ. The pulsating pressure results in repeating the appearance and 

disappearance of the small wrinkling, thus a uniform expansion is obtained and the local 

thinning is prevented. This was also observed in the experiments for longer tubes. 

 

Figure 2.15: Alternating wrinkling and bulging in pulsating tube hydroforming [Mori et al., 2007]. 

Smith et al. (2003) introduced the concept of double-sided high-pressure tube hydroforming 

process. This process employs both internal and external pressures exerted on the tube. The 

presence of the external pressure will result in an increase of compressive radial stress as 

compared to the process with internal pressure only, thereby increasing formability. Finite 

element method was used to investigate the concept for plane-strain tubular sections and the 

results were promising. Greater corner filling, thus greater formability was achieved when 

the external pressure was applied, and a larger pressure difference resulted in a larger effect. 

Although these investigations were limited to free expansion test, or planar tube 

hydroforming cases with zero friction, they indicated an improvement in formability due to 

the pressure differential across the tube either when an external pressure is applied, or the 

internal pressure is pulsating. Based on these results it is thought that an enhancement in 

formability could be obtained by inducing ultrasonic vibrations on tube hydroforming dies. 
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2.2. Ultrasonic forming 

Ultrasonic oscillations are mechanical vibration propagating in a solid or fluid medium, at a 

frequency higher than the range audible to humans, typically in the range between 20 and 

100 kHz, and amplitude range between 5 and 50 microns (0.005 to 0.05 mm, or 0.0002 to 

0.002 inches) [Cheers, 1995]. The ultrasonic oscillations are used in machining processes, 

such as drilling, cutting, grinding, in welding and cleaning, and also in metal forming 

process, such as drawing of tubes and wires, extrusion, rolling and upsetting [Biddell et al., 

1974]. As a function of the trajectory along which the particles of the medium move under 

the action of the oscillating source, the ultrasonic oscillations are longitudinal, when particles 

move along the same direction of the wave, or transversal, when the particles move 

perpendicular to the direction of wave propagation. Figures 2.16(a,b,c) show the difference 

between the rigid body type vibration of a rod, longitudinal and transversal waves, 

respectively. 

Particle motion

Direction of wave 
propagation

Particle motion

Direction of wave 
propagation

 

                           (a)                                                     (b)                                               (c) 

Figure 2.16: Difference between (a) rigid body vibration, (b) longitudinal vibration, and (c) 

transversal vibration of a particle. 

The rate of propagation of longitudinal waves in a rod is determined by 

l
Ec
ρ

= ,                                                                                                            (2.2)                         

where E is the modulus of elasticity of the material of the rod, and ρ is its density. The rate of 

propagation of transversal waves is given by 
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( )
1

2 1t
G Ec
ρ ρ ν

= = ⋅
+

,                                                                                    (2.3) 

where G is the shear modulus and ν is Poisson’s ratio [Severdenko et al., 1972]. 

2.2.1. Ultrasonic forming system 

Ultrasonic oscillations are already used for various metal forming processes, such as rolling, 

extrusion, and wire and tube drawing. Figure 2.17(a) illustrates the basic components of the 

ultrasonic wire drawing process [Siegert et al., 2001].  The phenomena taking place at the 

die/workpiece interface in the presence of the ultrasonic oscillation are shown in Figure 

2.17(b). The wire comes from the wire drum and it is drawn through the conical die to reduce 

its diameter during the deformation process. For the ultrasonic process there are some new 

components, such as ultrasonic generator and piezo-electric transducer. The ultrasonic 

generator applies the alternating voltage to the transducer, which transforms the electric 

signal in mechanical vibration with the same frequency. The transducer is connected to the 

die and it transmits to it the longitudinal vibration.  
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                                                 (a)                                                                          (b) 

Figure 2.17: Ultrasonic wire drawing: (a) components of the ultrasonic system, and (b) processes at 

the die/wire interface [Bunget et. al, 2008]. 
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2.2.2. Effects of the ultrasonic oscillations 

The application of ultrasonic vibration in metal forming has been discussed for many years. 

The experiments investigations conducted by previous researchers emphasized the effects of 

superimposing the ultrasonic oscillations on the forming processes, such as: reduction in the 

flow stress and in the forming load and considerable reduction in the friction force. These 

effects can be grouped into volume effects and surface effects [Winsper et al., 1970]. The 

volume effects are related with a decrease in the flow stress explained partially by the stress 

superposition mechanism, migration in the dislocation due to adsorption and scattering of the 

acoustic energy and localized heating [Pohlman, 1971, Langenecker, 1971, Puskar, 1982]. 

All these factors contribute to a lower resistance of the material of the specimen, thus lower 

flow stress.  

The surface effects are related with the changing of the frictional conditions at the die-

specimen interface. The kinematics of sliding varies and the friction force when 

superimposing the ultrasonic oscillations reverses the direction for every period of 

oscillations. Due to this friction force reversal, the friction force will oppose the forming 

process only during a half of the oscillations, and it will help during the other half. The result 

will be a decrease in forming load. Another effect of the oscillations is the elastic strain 

relaxation, which results in a better lubrication of the surfaces in contact. When the die 

oscillates, there is a gap between the die and the specimen that will entrap the lubricant. The 

entrapment of the lubricant and the separation of surfaces will reduce the frictional stress.  

2.3. Potential of improving formability and tribological conditions by imposing 

ultrasonic oscillations on the tube hydroforming process 

Based on previous research, it is well established that ultrasonic oscillations have useful 

effects on the forming process, such as improvement in the tribological conditions and 

reduction in the forming load [Bunget et al., 2006]. In addition to the above mentioned 

advantages, imposing of the ultrasonic oscillations on the tube hydroforming process will 

result in pressure differential and change the local state of stress. The pressure differential 
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will, however, depend on the frequency and amplitude of vibration, geometry, and material 

properties. 

Figure 2.18 presents a classic and an ultrasonic tube hydroforming process. The local 

openings that may occur at the die/tube interface are shown. The gaps created are opened and 

closed during each oscillation. Thus there is a potential of enhancing the formability in tube 

hydroforming in the presence of ultrasonic vibrations. The aim of this work is to establish 

mathematical relationships for enhancement of tube hydroforming formability via ultrasonic 

vibrations. 
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Figure 2.18: Classical and ultrasonic tube hydroforming process (T-shape) and stress components. 



28 

 

 
CHAPTER 3 

ANALYTICAL MODEL FOR PLANAR TUBE HYDROFORMING 
 

 

The objective of this chapter is to develop a mathematical model for the plastic deformation 

behavior of the tube during hydroforming under internal pressure in square dies, which 

incorporates the friction between the tube and the die. This model is used to calculate the 

state of stress and strain in the expanding tube. The model can also be used to predict the 

maximum forming internal pressure needed for the process to reach a certain deformation 

level as well as prediction of tube thinning distribution as a function of strain hardening 

exponent and interface friction. The deformation mechanism is thoroughly studied for 

different friction conditions at the die/tube interface: sliding friction and no friction 

conditions. Therefore the analytical model establishes guidelines for the process design, i.e. 

selection of the material and lubrication parameters. 

For a better understanding of the mechanics of the tube hydroforming in square dies, both 

analytical modelling and finite element analysis approaches were used. The design of a tube 

hydroforming process requires effective tools to model, predict and simulate the process and 

its various parameters, diminishing the reliance on the experimentation, which can be very 

expensive. The finite element can be successfully used in designing a tube hydroforming 

process, but it cannot offer insight in the complex deformation mechanism under internal 

pressure and interface friction. The advantages of using analytical models are economical, 

since the trial and error experiments are reduced or eliminated.  Besides, the analytical 

models offer the possibility of investigating the effects of various process parameters on the 

tube hydroformed part. Some of the existing analytical models are presented below. 

This chapter starts with Section 3.1 which will review the existing analytical models. Section 

3.2 will focus on the derivation for an analytical model for tube hydroforming with square 

dies. The results of the model developed will be presented and discussed in Section 3.3. 
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3.1. Review of the existing analytical models  

3.1.1. Analytical model for predicting the forming pressure and thickness distribution 

A mathematical model for the plastic deformation of a tube in a square die under internal 

pressure and in the presence of sliding friction at the die/tube interface was developed by 

Hwang et al. (2005). The model was used to predict the forming pressure needed to reach a 

desired corner radius and the wall thickness distribution of the hydroformed part. The effects 

of the friction coefficient on the pressure and the thickness distribution were analyzed, and 

the predictions of the model were compared with the finite element simulations and with 

experimental results.  Figure 3.1 shows schematically the expansion of the tube for one 

quarter of the cross-section. Initially, the tube has thickness t0 and the outer radius R0. Figure 

3.1(a) shows the configuration of the deformed tube after the first step, and Figure 3.1(b) 

shows an intermediate step during the deformation. The deformation is assumed to be done 

in steps corresponding to the pressure increment, ∆P. During each step, a new contact 

element appears, and the existing elements are expanded under plastic deformation. 

 

                                                (a)                                                             (b) 

Figure 3.1: Schematic of the analytical model developed by Hwang et al. (2005): (a) the first step (1), 

and (b) an intermediate step (i+1). 

Some of the assumptions used in the model are: (i) the tube is a rigid-plastic body, (ii) von 

Mises yielding criteria is applicable, (iii) the deformation process takes place under plane 
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strain conditions, (iv) the free expansion part of the tube is circular and has uniform 

thickness, (v) the tube material obeys the power law, given by nKσ ε= , (vi) the thin wall 

theory is applied, assuming that thickness to diameter ratio is less than 10. The model is 

developed by using geometrical relationships and analyzing the state of stress and strains in 

the initial and an intermediate step, before and after the stretching. The analysis is done for 

the two deformation zones: the free expansion at the corner and the contact zone. 

State of stress and strain at the free expansion part: The strain in the thickness direction of 

the tube is [ ]0lnt t tε = , where t0 and t are initial and instantaneous thicknesses, respectively. 

Using the power law and the assumption of plane strain, the von Mises yielding criteria is 

applied and the effective stress is determined as given in equation (3.1).  

( )3
2

Pθσ σ= + ,                                                                                               (3.1) 

where σθ is the circumferential stress. From the thin wall tube theory, the circumferential 

stress is determined from forces equilibrium as a function of the internal pressure as follows 

R t P
tθσ
−

= ,                                                                                                      (3.2) 

where R is the outer radius of the tube. Equation (3.2) is substituted in equation (3.1) and the 

critical pressure needed to start the tube to deform plastically is determined as 

2
3

tP
R

σ= .                                                                                                      (3.3) 

Geometrical relationships at the first step of the expansion process: The geometry of the first 

step, after the internal pressure increased by ∆P, was shown in Figure 3.1(a). The first 

contact element has length L1 and thickness equal with the thickness of the free expansion 

part, t1 = tf1. Therefore, the outside corner radius is R1 = R0 – L1. Assuming the volume 

constancy, the thickness is determined 

( )
2

1 1 1 1 1 0 0 0
4 4 2ft R L R L t R t
π π

⎛ ⎞= + − + − −⎜ ⎟
⎝ ⎠

.                                                   (3.4) 
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The pressure needed to expand the tube, 1 ''P , is determined using equation (3.3) for the new 

dimensions and compared with the preset pressure. The length L1 is readjusted 

until 1 1''P P P= = ∆ .  

State of stress for step i+1 before stretching: At this step, the internal pressure is set as Pi+1 = 

Pi +  ∆P. The contact elements continue to deform plastically, thus they slide toward the 

corner. The circumferential stress acting on the new element i+1 is calculated from equation 

(3.2) as 

( ) 11' i fi
ii

fi

R t
P

tθσ ++

−
= ,                                                                                           (3.5) 

where ( ' ) indicates the state before stretching. The effective stress in each element is 

calculated and compared with the yielding stress. The element is stretched only if the 

effective stress is larger than the yielding limit. The circumferential stress acting on element j 

is determined by subtracting from the tension stress ( )1' iθσ + , the frictional resistance of all the 

elements from the element j to the corner. 

( )
1

11
1

' 1' ' ' (1 )
' '

i
i

j l ii
jj j

t L P j i
t tθ θσ σ µ+

++
=

= − ≤ ≤∑ .                                                   (3.6) 

The effective stress acting on element j is determined using equation (3.1). Thus 

( )1
3' ' (1 )

2j j iP j iθσ σ += + ≤ ≤ .                                                                       (3.7) 

This value is compared with the yielding stress for element j, determined by using power law 

02' ln (1 )
'3

n

yj
j

tK j i
t

σ
⎛ ⎞⎛ ⎞

= ≤ ≤⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
.                                                                   (3.8) 

Geometrical relationships for step i+1 after stretching: If the total elongation of all the 

contact elements is S, the elongation for each deforming element becomes 
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( )
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l
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=

= + ≤ ≤

∑
,                                                              (3.9) 

where ( '' ) represents the state after stretching. The function sign(j) is 1 if the element 

undergoes deformation, otherwise it is 0. The thickness of the element after expansion is 

determined from volume constancy as 

' '
''

''
j j

j
j

t L
t

L
= .                                                                                                     (3.10) 

During step i+1, a new contact element is formed, with length Li+1. The new corner radius is 

Ri+1 = Ri – Li + 1 – S (Figure 3.1(b)). Assuming that the thickness of element i+1 is equal with 

the thickness of the free expansion zone, the volume constancy condition is used to 

determine this thickness as follows 

( )
2

( 1) 1 1 1 1
4 4 2f i i i i i fi i fit R L R L t R t
π π+ + + + +

⎛ ⎞= + − + − −⎜ ⎟
⎝ ⎠

.                                   (3.11) 

An internal pressure needed to expand the tube, 1''iP +  is determined using equation (3.3) for 

the new dimensions, and Li+1 is readjust until 1 1''i iP P+ += . 

State of stress for step i+1 after stretching: The circumferential stress acting on the element 

i+1 is after stretching calculated from equation (3.2) as 

( )
1 ( 1)

11
( 1)

'' ''i f i
ii

f i

R t
P

tθσ + +
++

+

−
= ,                                                                              (3.12) 

The circumferential stress acting on element j is determined by subtracting from the tension 

stress ( )1'' iθσ + , the frictional resistance of all the elements from the element j to the corner 

after the stretching. 

( )

1

11
1
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= − ≤ ≤∑ .                                                        (3.13) 
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The effective stress acting on element j after stretching is determined using equation (3.1). 

Thus 

( )1
3'' '' '' (1 )

2j j iP j iθσ σ += + ≤ ≤ .                                                                 (3.14) 

This value is compared with the yielding stress for element j, determined by using power law 

02'' ln (1 )
''3

n

yj
j

tK j i
t

σ
⎛ ⎞⎛ ⎞

= ≤ ≤⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠
.                                                                (3.15) 

If '' ''j yjσ σ≥ , then S needs to be readjust, until the number of the deforming elements is m = 

0. Figure 3.2 shows the flow chart followed in the calculation, indicating each step as 

described above. 

Hwang et al. (2005) solved the model and determined the internal pressure needed to attain a 

desired corner radius and the resulted thickness distribution, for the case when the friction 

coefficient varies and the material is the same. The predictions of the model were compared 

with finite element analysis and experiments. For the linear zone the results were in good 

agreement, but in the free expansion zone the experiments indicated a thickening 

phenomenon, which cannot be predicted by the analytical model. They suggested that the 

model could be extended for tube hydroforming in rectangular dies. Some specific contact 

conditions between the die and the tube for the longer side of the rectangle would be added in 

the solution chart. 

One of the limitations of the analytical model developed by Hwang et al. (2005) is that it is 

unidirectional. The internal pressure required to attain a certain corner radius is determined, 

but the model cannot be used for determining the stage of expansion for a certain pressure 

imposed. Other limitation that is due to the simplifying assumptions is that during the 

iterations, the individual elongation of each deforming element is assumed to be proportional 

to its length before stretching, thus the hoop strain would be the same along the 

circumference. A more exact solution would have to take into consideration the variation of 

the hoop strain.  
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Figure 3.2: Flow chart used in the numerical calculations [Hwang et al., 2005]. 
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3.1.2. Analytical model for predicting thinning during corner filling 

An analytical model for the deformation of a circular tube in a square die under internal 

pressure and in the presence of friction at the die/tube interface was developed by Orban et 

al. (2007). The authors derived equations for the material flow during expansion and corner 

filling based on geometrical relations, forces equilibrium and material properties, using a 

quarter model of the process. The equations were solved to determine the stresses and strains 

distribution along the tube wall in the cross-sectional area, and also to study the effects of 

friction coefficient and material parameters on these distributions.  

Some of the simplifying assumptions formulated to reduce the problem to a 2-D one are: (i) 

no variation in stress and strain across the tube thickness, (ii) neglect the bending as a result 

of radius change, (iii) the material flow is characterized by ( )0
n

f kσ ε ε= + , (iv) plane strain 

conditions, with no strain in axial direction, (v) the material of the tube is rate independent 

rigid-plastic, (vi) neglect the effect of lateral pressure on the flow stress, (vii) uniform strain 

and stress distribution along the corner zone at any instant. These assumptions limit the 

applicability or the accuracy of the model in some cases, but it still gives insight on how 

friction may affect deformation mechanism. 

The development of the mathematical model started with understanding of the mechanics of 

the deformation process. The internal pressure applied results in lateral forces in the corner, 

along the circumference of the tube. These forces are transmitted to the linear zone, which is 

in contact with the die. The friction present at the die/tube interface causes the 

circumferential forces to dissipate along the linear zone. As the pressure increases and the 

expansion continues, a stick zone develops. In this zone the material is not deformed further.  

Figure 3.3 presents the zones occurring during deformation. 
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Figure 3.3: Model for 2-D analysis of square tube hydroforming used by Orban et al. (2007). 

The model calculates first the pressure needed for the tube material to yield. Starting from 

this value, the pressure is increased by dP and the model is solved incrementally. The 

increase in pressure gives an increase in the force transmitted from the corner to the straight 

zone by dFc. The corner radius changes by dr and the corresponding strain in the 

circumference increases by dεc, calculated form the plane strain condition as follows 

2

c c c
c

c c

dl dl dtd
L tr

ε π= = = − ,                                                                                 (3.16) 

where Lc and tc are the length and the thickness of the tube wall in the corner, respectively. 

The straight part increases by dlw. The model continues with formulating equations to relate 

these variables, using geometry and equilibrium of forces. The geometrical sketch is 

presented in Figure 3.4. 
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Figure 3.4: Geometrical variables [Orban et al., 2007]. 

Analysis of the geometry: The total length of the quarter section is calculated from Figure 3.4 

and differentiated to determine the change in length as a result of the stretching, as follows 

2 2
2 2 2
al r r dl drπ π⎛ ⎞ ⎛ ⎞= − + ⇒ = − −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
.                                                         (3.17) 

The stretching dl is composed by the stretching in the two straight zones (2dlw) and the 

stretching in the corner (dlc). The last one can be related with the change in circumference 

corner strain. After combining with equation (3.17), equation (3.18) is obtained. This is the 

first governing equation of the model. 

2 2
2 2w cdr dl rdπ π ε⎛ ⎞− − = +⎜ ⎟

⎝ ⎠
.                                                                          (3.18) 

Analysis of equilibrium of forces for the corner:  Equations for equilibrium of forces are 

written for both deformation zones. For the corner zone, the free body diagram is shown in 

Figure 3.5. The force transmitted from the corner to the straight part, Fc, is calculated and 

differentiated. Equation (3.19) is the second governing equation of the model. 

c cF Pr dF Pdr rdP= ⇒ = + .                                                                            (3.19) 
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Note that the length in axial direction is equal with the unit. The corner stress is determined 

and differentiated, as shown in equation (3.20). 

2
c c c

c c c
c c c

F dF Fd dt
t t t

σ σ= ⇒ = − .                                                                       (3.20) 

 

Figure 3.5: Free-body diagram for the corner zone [Orban et al., 2007]. 

Combining equations (3.16, 3.19-20) and the relation between the strain increment and stress 

increment given by equation (3.21), the third governing equation of the model is obtained as 

given in equation (3.22). 

c

c c
dd d
d ε

σσ ε
ε

= ,                                                                                               (3.21) 

1, where

c

c c c c

c c

d dF
dt F
d ε

ε β β
σ
ε

= =
⎛ ⎞
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⎝ ⎠

.                                                        (3.22) 

Analysis of equilibrium of forces for the straight zone of the tube wall:  The stretch of the 

wall, dlw, depends on the friction at the die/tube interface. If there were no friction, the strain 

in the straight wall would be equal with the strain the corner. The presence of the friction 

results in a non-uniform thickness of the wall along the circumference. A very large friction 

coefficient results in sticking conditions, when the straight part sticks to the die and does not 

deform any further. A relation between the total stretching in the straight zone and the corner 

force is determined by dividing the straight zone in m elements of length le, and writing 



39 

equilibrium of forces for each of them. The free-body diagram for an element lying between 

xi and xi+1 , corresponding to nodes i and i+1, is shown in Figure 3.6. The total stretching of 

the straight zone is given by the sum of the stretching of each element, and it does not 

include the new material coming in the contact with the die when the tube wall expands. 

 

Figure 3.6: Free-body diagram for an element in the straight part [Orban et al., 2007]. 

The straight part of the tube wall, which is in contact with the die is formed by sliding and 

sticking zones. For the sliding zone, the shear stress at the interface is q=µP. The equilibrium 

of forces for the element shown in Figure 3.6 is written and differentiated, as follows in 

equation (3.23).  

1 1i i e i i e eF F Pl dF dF Pdl l dPµ µ µ+ +− = ⇒ − = + .                                              (3.23) 

An average strain for the element is used to calculate the change in length, which is plugged 

into equation (3.23). Thus a recurrence relation between the nodal forces is obtained, as 

given in equation (3.24-25). 

1, with .
2

i i
e e av av

d ddl l d d ε εε ε + +
= =                                                                (3.24) 

1i i i idF dF dPα γ+= + ,                                                                                         (3.25) 

where the coefficients αi and γi are given by equation (3.18). 

( )
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( )
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1 1 1

1 1

2 2
, ,

2 2
i i i i i

i i
i i i i i i

x x P x x
x x P x x P

µ β µ
α λ

µ β µ β
+ + +

+ +

− − − −
= =

+ − + −
                                      (3.26) 

with dεi and βi defined similar with equation (3.22).  
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1, where

i

i i i i

i i

d dF
dt F
d ε

ε β β
σ
ε

= =
⎛ ⎞

−⎜ ⎟⎜ ⎟
⎝ ⎠

.                                                          (3.27) 

The boundary between the straight part and the corner is situated at the last node, m. 

Therefore the incremental force at that node is equal with the corner force. 

m cdF dF= .                                                                                                        (3.28) 

The recurrence relation (3.25) is written from nodes i to m, multiplied and added such that 

the only incremental force remaining are for these two nodes, a relation between the force in 

node i and the corner force and pressure increment is determined, as follows 

1 2

1

j m j m k j

i j c k j i i c i
j i j i k i

dF dF dP dF dPα α γ γ η λ
= − = − =

+
= = =

⎛ ⎞⎛ ⎞ ⎛ ⎞
= + + = +⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠
∏ ∑ ∏ .                    (3.29) 

Other recurrence relations are written for these coefficients, to be used in calculating the 

solution, as shown by equation (3.30). 

1 1,i i i i i i iη αη λ α λ γ+ += = +  with the boundary conditions 1, 0m mη λ= = .        (3.30) 

The total stretching in the wall is calculated as 

( )1
12

i i
w e av e i i

d ddl dl d l x xε εε +
+

+
= = = −∑ ∑ ∑ .                                          (3.31) 

Equations (3.29-30) are plugged into equation (3.31), and the total stretching of the straight 

part of the wall is reduced to equation (3.32), which is the forth governing equation of the 

model. New coefficients are defined in equation (3.33). 

2 1w cdl C dF C dP= + ,                                                                                         (3.32) 

( ) ( )1 1 1 1
1 1 2 1,

2 2
i i i i i i i i

i i i iC x x C x xβ λ β λ β η βη+ + + +
+ +

+ +
= − = −∑ ∑ .                  (3.33) 

Solution procedure: Equations (3.18-19, 3.22, 3.32) are solved simultaneously and dr, dFc, 

dlw and dεc are determined for each dP increment. The nodal forces, strain increments and 
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element thickness are updated and the condition of sticking is checked after each iteration. 

When the solution for nodal force is negative in one node, the length of the sticking zone is 

calculated by determining where the position where the force is zero is. The authors solved 

the equations for different friction conditions and material parameters, and the wall thickness 

distribution was determined and the influence of the parameters observed. Their model can 

be used to provide guidelines for designing the square tube hydroforming process, i.e. 

selection of the tube material and lubricant to be used.  

The analytical model developed by Orban et al. (2007) may be used to determine the 

expansion (thickness distribution on corner radius) in tube during hydroforming at a 

particular internal pressure, but it cannot be used to determine the pressure required to reach 

a desired corner radius. Therefore the model is unidirectional. A complete model with a 

possibility to be used in both directions is needed. The model should be able also to 

determine the state of stress and strain in the deforming tube. 

3.1.3. Analytical model for predicting the forming pressure in no friction conditions at the 

die/tube interface 

Marciniak et al. (2002) studied tube hydroforming in square dies under ideal conditions and 

developed an analytical model used to find a relationship between the internal pressure and 

the expansion of the tube (final thickness and corner radius). Some of the assumptions used 

in the model are: (i) the tube is a rigid-plastic body, (ii) von Mises yielding criteria is 

applicable, (iii) the deformation process takes place under plane strain conditions, (iv) 

friction at the die/tube interface is neglected, (v) the tube material obeys the power law, given 

by nKσ ε= , (vi) the thin wall theory is applicable. The model is developed by using 

geometrical relationships and volume constancy. 

In the case when there is no friction at the die/tube interface, the expansion process is 

assumed to be uniform, with constant thickness along the circumference, with no dependence 

of the material. Therefore, the tension in the tube and the circumferential (hoop) stress are 

constant along the whole section, or circumference. The schematic of the tube expansion is 

shown in Figure 3.7, where the initial tube and one stage in the deformation process are 
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shown. The initial dimensions of the tube are r0 and t0. During the deformation process, l is 

the instantaneous contact length between the tube and the die, r is the corner radius, and t is 

the wall thickness. 

( )1 θσ
( )2 rσ

( )3 zσ

( )1 θσ ( )2 rσ

( )3 zσ

 

Figure 3.7: Expansion process at the corner and the state of stress in an element for no friction case. 

In order to find a relationship between t and r, the volume constancy is considered between 

the initial and an intermediate stage. The length of the tube does not change; therefore the 

volume constancy results in cross-sectional area constancy. The areas are computed for a 

quarter of the cross-section of the tube. The curved areas are approximated as rectangles. For 

the initial conditions, the area is given by 0 02
r tπ . For an intermediate position, the area is 

given by 2
2

lt rtπ
+ , where 0 0 0( ) ( )l r r t t r r= − + − − .  After equating the two areas, it 

follows that 

( )0 0 02
2 2

r t r r r tπ π⎛ ⎞= − +⎜ ⎟
⎝ ⎠

.                                                                               (3.34) 

From this equation, the internal corner radius can be found as 

0

0

2
2

2
2

t t
r r

t

π

π

−
=

⎛ ⎞−⎜ ⎟
⎝ ⎠

.                                                                                                (3.35) 
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The state of stress and strain is determined from plane strain conditions and thin wall theory. 

Von Mises yield criterion is used to determine the effective stress and strain. The principal 

and effective strains are given by 

1 rθε ε ε= = − ,  2
0

lnr
t
t

ε ε= = ,  3 0zε ε= = ,   

( ) 02 2 2 ln
3 3 3r

t
tθε ε ε= = − = .                                                                    (3.36) 

The principal and the effective stresses are determined from thin wall theory as follows 

1
pr
tθσ σ= = ,  2 0rσ σ= = ,  ( )3

1
2 2z r

pr
tθσ σ σ σ= = + = , 

3 3 2
2 2 3

pr tp
t rθσ σ σ= = ⇒ = .                                                            (3.37)                         

The pressure variation is determined using the power law, the geometrical equations, and the 

effective strain. The pressure characteristic for the expansion is found as 

12
3

n
ntp K

r θε
+

⎛ ⎞= ⎜ ⎟
⎝ ⎠

.                                                                                         (3.38) 

Although the analytical model developed by Marciniak et al. (2002) can be applied only in 

ideal cases, thus having limited applicability in practice, it can still be used to provide initial 

guesses for solving complex models.  

3.2. Analytical model for tube hydroforming with square dies in sliding conditions 

The tube is subjected to expansion due to the internal pressure. The configurations of the tube 

before and after the expansion process in a square die are shown in Figure 3.8. At the 

beginning of the process the tube is in contact with the die in only four points. As the internal 

pressure increases, the tube expands and the wall comes in contact with the die. The presence 

of the friction at the die/tube interface restricts the flow of material in contact and non-

uniform strain distribution results. Therefore the friction conditions at the interface are 
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critical in square tube hydroforming. The purpose of the process is to form a corner radius as 

small as possible, without fracturing the tube wall.  

 

                                           Initial tube                                          Hydroformed tube 

Figure 3.8: Hydroforming of a cylindrical tube to a square section. 

The mechanics of the process is expressed mathematically and the model is developed using 

equations derived from equilibrium of forces, geometric relationships, material flow law, and 

yield criterion.  

3.2.1. Assumptions of the model 

Some assumptions of the model are: 

• The tube is modeled as a thin-walled axisymmetric shell, because the wall thickness is 

much smaller than its radius. 

• The initial cross-section of the tube is perfectly circular and the initial tube wall thickness 

is uniform at all locations. 

• At the start of the analysis the tube is in contact with the closed die at four points. 

• The effective stress of the material follows the power law: nKσ ε= , where K is the 

strength, ε  is the effective strain, and n is the strain hardening exponent of the tube 

material. 

• The material is isotropic and obeys von Mises’ yield criterion. 
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• The tube is fixed at the ends, therefore the plastic deformation of the tube is assumed to 

be under plane strain conditions.  

• During the deformation, the strain is assumed to be constant across the thickness. 

• The bending and the spring-back as a result of radius change are neglected. The 

deformation mechanism is expansion. 

• Because of the symmetry in a square section, it is assumed that the state of strain and 

stress is symmetrical too, and if only one quarter of the cross-section is analyzed, the 

results can be generalized for the whole section.  

• As the tube wall comes in contact with the die, there will be friction conditions at the 

die/tube interface. The conditions are considered in this analysis: no friction and sliding 

friction conditions. 

• In the free expansion zone, the strains are assumed to be constant. The thickness in this 

zone is assumed to be equal with the thickness from the end of the linear section. 

• In the free expansion zone, the radial stress is considered to be an average between the 

internal and external stresses. 

3.2.2. Solution procedure 

The analysis starts with analysis of the mechanics of the deformation under internal pressure 

and sliding friction conditions. In the process of developing of the analytical model, 

equilibrium of forces and geometrical relationships are employed. The state of stress and 

strain is analyzed for elements taken in each deformation zone and von Mises yield criterion 

is used to determine the effective stress and strain. All the equations constituting the model 

are solved simultaneously and then the complete state of stress and strain is computed for the 

quarter section and is generalized for the entire circumference of the tube. The model is 

solved numerically in MATLAB, and the initial guess or estimation needed for the solution is 

given by the no friction case. Thus, the state of stress and strain is analyzed for the no friction 

case as well. 
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3.2.3. State of stress and strain in sliding friction conditions at the die/tube interface 

The effective strain and stress are calculated using von Mises criterion 

( )
1

2
2 2 2
1 2 3

2
3

ε ε ε ε⎡ ⎤= + +⎢ ⎥⎣ ⎦
,                                                                                  (3.39)  

( ) ( ) ( )
1

2 2 2 2
1 2 2 3 3 1

1
2

σ σ σ σ σ σ σ⎡ ⎤= − + − + −⎣ ⎦ ,                                            (3.40) 

where 1 2 3,  ,  ε ε ε  and  1 2 3,  ,  σ σ σ  are the principal strains and stresses. From the condition of 

volume constancy, a relationship between the strains is 

1 2 3 0ε ε ε+ + = .                                                                                                 (3.41) 

The three principal directions for the tube are: 1 = θ, circumferential direction, 2 = r, radial 

direction, across the wall thickness, and 3 = z, axial direction, along the tube length. During 

the process the length of the tube remains constant, therefore plane strain conditions are 

assumed, with zero axial strain. The presence of friction at the die/tube interface will result in 

non-uniform state of strain and stress in the tube wall, along the circumference, and thus non-

uniform thickness.  

During the deformation process, thinning occurs in the transition zone between the linear 

section and the unsupported radius zone, at the corner. The state of strain and stress is 

determined for the two different zones of the tube expansion: linear and free expansion zones 

(Figure 3.9). The tube material is subjected to different strain and stress conditions in each 

zone.  
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Figure 3.9: Deformation zones in tube hydroforming in square die. 

3.2.3.1. State of stress and strain in the linear zone 

Figure 3.10 illustrates the state of stress in an element considered in the zone of contact with 

sliding friction between the die and the tube.  

( )1 θσ

( )2 rσ

( )3 zσ

( )1 θσ

( )2 rσ

( )3 zσ

( )1 θσ

( )2 rσ

( )3 zσ

( )1 θσ

( )2 rσ

( )3 zσ

 
Figure 3.10: An intermediate position in the expansion process and the state of stress in an element in 

the linear zone. 
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The principal and effective strains are given by 

1 rθε ε ε= = − ,  2
0

lnr
t
t

ε ε= = ,  3 0zε ε= = ,  

( ) 02 2 2 ln
3 3 3r

t
tθε ε ε= = − =  (from equation (3.39)).                               (3.42) 

The principal and the effective stresses are 

1 θσ σ= ,  2 r pσ σ= = − ,  ( ) ( )3
1 1
2 2z r pθ θσ σ σ σ σ= = + = − , 

( ) ( )3 3
2 2r pθ θσ σ σ σ= − = +  (from equation (3.40)).                               (3.43) 

After combining equations (3.42-43) with the power law, nKσ ε= , the hoop stress can be 

expressed by equation (3.44). 

12
3

n
nK pθ θσ ε

+
⎛ ⎞= −⎜ ⎟
⎝ ⎠

.                                                                                    (3.44) 

Forces equilibrium along the wall, in θ direction, is given by 

( ) ( ) 0t p dx d t dtθ θ θσ µ σ σ⋅ + ⋅ − + ⋅ + =                                                           (3.45) 

or 

tθσ ⋅ p dx tθµ σ+ ⋅ − ⋅ dt d t d dtθ θ θσ σ σ− ⋅ − ⋅ − ⋅ 0= .  

The equation (3.46) is obtained and integrated 

( )      p dx d t px t Cθ θµ σ µ σ⋅ = ⋅ ⇒ = + ,                                                         (3.46) 

where C is a constant to be found. Using 0t t e θε−= , resulted from equation (3.42) and also 

equation (3.44), which gives the hoop stress, the terms are replaced as function of θε  and x, 

and equation (3.47) is obtained 
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npx K p t e Cθε
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+
−

⎡ ⎤⎛ ⎞= − +⎢ ⎥⎜ ⎟
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.                                                              (3.47) 

The constant C is determined from the boundary conditions, for x = 0, where the hoop strain 

is symε , the symmetric strain, which depends on the friction coefficient, material, dimensions 

of the tube, and internal pressure. The constant is given by 

1

0
20 :    
3

sym

n
n
symx C K p t e εε

+
−⎡ ⎤⎛ ⎞= = − −⎢ ⎥⎜ ⎟

⎝ ⎠⎢ ⎥⎣ ⎦
, with (0)sym θε ε= .                       (3.48) 

After plugging in the constant value, the equation to be solved is 

1 1

0 0
2 2
3 3

sym

n n
n n

sympx K p t e K p t eθ εε
θµ ε ε

+ +
−−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= − − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

.                      (3.49) 

Equation (3.49) provides the interrelationship between the variables of the tube hydroforming 

process, such as: tube material (K, n), dimensions (t0), internal pressure (p) and friction 

conditions (µ), and the stage of the deformation of the tube (x, symε , θε ). The equation can be 

solved in two directions: (i) impose the internal pressure and determine the maximum 

expansion of the tube by calculating the length of the linear zone and the hoop strain along 

the wall, and (ii) impose a desired maximum length for the linear zone and determine the 

pressure needed and the hoop strain distribution. The solution will differ for different K, n, 

and µ. After the hoop strain is found, the thickness of the tube and the stress and strain 

distribution can be calculated. 

Equation (3.49) is solved numerically using the assumption of volume constancy, which in 

plane strain conditions reduces to area constancy. In any intermediate step during the 

deformation, the cross-sectional area of the tube has to be equal with the initial area. The 

cross-sectional area for an intermediate step is given by the sum of areas of two linear zones 

(I) and a free expansion zone (II) (Figure 3.9). The thickness of the linear zone varies with 

the position along the wall, therefore the area is computes by integration of t(s). The free 

expansion zone is a quarter of a ring of dimensions r and t given by the end of the linear 
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zone. The initial area of the tube (III) is a ring with internal radius r0 and thickness t0. Thus 

the area constancy gives 

( )( ) ( )( )2 22 2
0 00

2 ( )
4 4

x

I IIIII

t s ds r t r r t rπ π
+ + − = + −∫ ,                                            (3.50) 

where s is a dummy variable for the integration.  

3.2.3.2. State of stress and strain in the free expansion zone 

Figure 3.11 shows the principal stresses for an element in the free expansion zone. For this 

zone, it was assumed that the state of strain is constant for the whole curvature, and the 

thickness is equal with the thickness obtained at the end of the linear zone. Using the hoop 

strain obtained from the linear zone, the complete state of stress and strain can be derived. 

The principal and effective strains are given by 

1 rθε ε ε= = − ,  2
0

lnr
t
t

ε ε= = ,  3 0zε ε= = ,  

( ) 02 2 2 ln
3 3 3r

t
tθε ε ε= = − =  (from equation (3.39)).                               (3.51) 

The principal and the effective stresses are 

1 θσ σ= ,  2
0

2 2r
p pσ σ − +

= = = − ,  ( )3
1 1
2 2 2z r

p
θ θσ σ σ σ σ⎛ ⎞= = + = −⎜ ⎟

⎝ ⎠
, 

( )3 3
2 2 2r

p
θ θσ σ σ σ⎛ ⎞= − = +⎜ ⎟

⎝ ⎠
 (from equation (3.40)).                              (3.52) 

Since the tube material is assumed to obey the power law nKσ ε= , the hoop strain can be 

expressed as follows 

12
23

n
n pKθ θσ ε

+
⎛ ⎞= −⎜ ⎟
⎝ ⎠

.                                                                                   (3.53) 
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Figure 3.11: The state of stress in an element in the free expansion zone. 

3.2.3.3. Summary of state of stress and strain 

The given data for the calculation are: the tube material (K, n), the initial dimensions of the 

tube (t0, r0) and the interface conditions (µ). The equations (3.48-49) slightly modified are 

used to calculate the corresponding hoop strain, the maximum length of the linear section and 

the corner radius achieved for an imposed internal pressure. The equations are: 

1 1

0 0
2 2 0
3 3

sym

n n
n n

sympx K p t e K p t eθ εε
θµ ε ε

+ +
−−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞− − + − =⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

                 (3.54) 

and 

( )( ) ( )( )2 22 2
0 0 00

2 ( )   and  
4 4

x

iA t s ds r t r A r t rπ π
= + + − = + −∫ ,                       (3.55) 

where the integral is computed as sum of areas of rectangles, with the constant height given 

by the step taken for x, and the bases given by two consecutive values for the wall thickness. 

An acceptable error for area is chosen as 0.1%, 

0

0

0.001iA A
A
−

≤ .                                                                                              (3.56) 

The calculation was done using MATLAB software. The computation was done for a quarter 

of the section. Table 3.1 summarizes the equation used to find the complete state of strain 

and stress.  
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Table 3.1: Summary of stresses and strains for the two expansion zones. 

Parameters Linear zone Free expansion zone 

Linear zone length maxx   –  

External corner radius – 0 0 max( )R r t x= + −  

Internal corner radius – 
maxx

r R t= −  

Hoop strain ( )xθε  max( )xθ θε ε=  

Radial strain ( ) ( )r x xθε ε= −  r θε ε= −  

Axial strain 0zε =  0zε =  

Effective strain 
2( ) ( )
3

x xθε ε=  2
3 θε ε=  

Thickness ( )
0( ) xt x t e θε−=  0t t e θε−=  

Hoop stress 
12( ) ( )

3

n
nx K x pθ θσ ε

+
⎛ ⎞= −⎜ ⎟
⎝ ⎠

 
12

23

n
n pKθ θσ ε

+
⎛ ⎞= −⎜ ⎟
⎝ ⎠

 

Radial stress r pσ = −  2 2
pσ = −  

Axial stress ( )1( ) ( )
2z x x pθσ σ= −  

1
2 2z

p
θσ σ⎛ ⎞= −⎜ ⎟

⎝ ⎠
 

Effective stress 2( ) ( )
3

n
nx K xθσ ε⎛ ⎞= ⎜ ⎟

⎝ ⎠
 2

3

n
nK θσ ε⎛ ⎞= ⎜ ⎟

⎝ ⎠
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3.2.4. State of stress and strain in no friction conditions at the die/tube interface 

An initial guess for the solution of the analytical model will be provided by the ideal case of 

zero friction. Following the approach taken by Marciniak et al. (2002), presented in Section 

3.1, a correlation between the internal pressure and the geometry of the expanded tube is 

determined. The difference consists in the radial stress in the corner, which is considered to 

vary through wall thickness. An average stress is then assumed. The stresses will be given by 

equations (3.57). 

1
pr
tθσ σ= = ,  2

0
2 2r

p pσ σ − +
= = = − ,  ( )3

1 2
2 4z r

r tp
tθσ σ σ σ −

= = + = , 

( ) ( )3 23
2 4r

r t
p

tθσ σ σ
+

= − = .                                                                   (3.57)                        

Therefore the pressure variation is determined as 

( )
4

3 2
tp
r t

σ=
+

.                                                                                            (3.58) 

After using the geometrical equation (3.35), the equation of the effective strains (3.36), and 

the power law nKσ ε= , the pressure characteristic for the expansion is derived as 
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⎡ ⎤⎛ ⎞−⎜ ⎟⎢ ⎥⎛ ⎞ ⎛ ⎞⎡ ⎤ ⎝ ⎠= = ⎢ ⎥⎜ ⎟ ⎜ ⎟⎢ ⎥+ ⎛ ⎞ ⎛ ⎞⎣ ⎦⎝ ⎠ ⎝ ⎠ ⎢ ⎥− + −⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦

(3.59) 

3.2.5. Solution scheme 

A MATLAB program was implemented to solve numerically the equations derived for the 

model, equations (3.57-59). The model is solved incrementally. By imposing the tube 

material (K, n), the initial dimensions of the tube (t0, r0) and the interface conditions (µ), the 

model can be used to determine the thickness distribution and the state of stress and strain in 

the tube in two situations: 
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(i). Internal pressure applied (p) is the independent variable. In this case the maximum 

expansion (xmax) is determined. The solution scheme is given in Figure 3.12. A step is 

preset for the curvilinear coordinate, ∆x, and x is increase incrementally. At step i, 

equation (3.59) is solved for the ideal conditions of zero friction. The solution will be 

used further as initial guess for the case of sliding friction given by equation (3.54). This 

equation is solved numerically to determine ( )xθε  and the thickness t(x) for each x 

between 0 and i∆x. The thickness corresponding to i∆x is assumed to be equal with the 

thickness along the free expansion zone. Next, the cross-sectional area for a quarter of 

the tube is calculated using equation (3.55) and compared with the initial area, by 

computing an error. The iteration continues until the condition for volume/area 

constancy is verified (error is less than 0.001).  

(ii). Corner radius is imposed, thus the length of the linear zone (xmax) is the independent 

variable. In this case the pressure is determined. The solution scheme is given in Figure 

3.13. The solution is solved similarly with the previous case. A step is preset for the 

internal pressure, ∆p, and p is increase incrementally starting from an initial value p0. 

The starting value for the pressure is determined from the ideal case of zero friction. At 

step i, equation (3.59) is solved for xmax imposed and pressure equal to p0+i∆p. The 

result will be used as initial guess for the case of sliding friction. Equation (3.54) is 

solved numerically to determine ( )xθε  and the thickness t(x) for each x between 0 and 

xmax. The thickness corresponding to xmax is assumed to be equal with the thickness 

along the free expansion zone. Next, the cross-sectional area for a quarter of the tube is 

calculated using equation (3.55) and compared with the initial area, by computing an 

error. The iteration continues until the condition for volume/area constancy is verified 

(error is less than 0.001).  

For both situations, the solution continues with the calculation of the complete distribution of 

stress, strain and thickness for the quarter section of the tube using the equations summarized 

in Table 3.1. The MATLAB script used are listed in Appendix 1. 
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Calculate strains, stresses and 
thickness using equations from 
Table 3.1, for the quarter section

Calculate total 
area error using 

equations (3.55-56)

Process parameters:  
r0, t0, K, n, µ

Set: p

Step i  

Set ∆x
x=i·∆x

Calculate εθ⏐µ=0 (no friction) from 
equation (3.59) using ‘fminsearch’
function in MATLAB

Calculate εθ(x) from equation (3.54) using ‘fminsearch’
(Newton-Gauss method or Least Square minimization)
Use εθ⏐µ=0 as initial guess.

Error ≤ 0.001

Yes

No

Print x, t(x), R, εθ(x), εr(x), εeff(x), 
σθ(x), σr(x), σz(x), σeff(x)

i=i+1

Calculate strains, stresses and 
thickness using equations from 
Table 3.1, for the quarter section

Calculate total 
area error using 

equations (3.55-56)

Process parameters:  
r0, t0, K, n, µ

Set: p

Step i  

Set ∆x
x=i·∆x

Calculate εθ⏐µ=0 (no friction) from 
equation (3.59) using ‘fminsearch’
function in MATLAB

Calculate εθ(x) from equation (3.54) using ‘fminsearch’
(Newton-Gauss method or Least Square minimization)
Use εθ⏐µ=0 as initial guess.

Error ≤ 0.001

Yes

No

Print x, t(x), R, εθ(x), εr(x), εeff(x), 
σθ(x), σr(x), σz(x), σeff(x)

i=i+1

 

Figure 3.12: Solution scheme for the case with internal pressure imposed. 
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Figure 3.13: Solution scheme for the case with corner radius imposed. 
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3.3. Prediction of the analytical model 

The analytical model developed earlier is solved for different conditions. The process 

parameters, material properties and geometrical dimensions of the tube are selected because 

of their influence on the deformation pattern. Their influence on the relative thickness, stress 

and strain distribution is studied.  

The process parameters varied are the internal pressure and the friction conditions. The 

increase of the internal pressure results in more expansion of the tube. Although the square 

tube hydroforming process does not have an instability limit, the failure by bursting is 

possible when the strain in the corner reaches the fracture limit. The friction conditions at the 

tube/die interface have a significant influence on the quality of the final product. Higher 

friction results in higher variation in the thickness variation and makes more difficult to reach 

smaller corner radii. Also, the deformation energy includes a frictional component and higher 

friction results in higher forming load required for a certain expansion.  

The material property varied in this study is the strain hardening coefficient, n, which dictates 

the material flow characteristic. Figure 3.14 presents the stress-strain curves for different 

strain hardening coefficients and strength K = 500 MPa. For a strain lower than 1, lower n 

results in higher stress, therefore the materials needs more forming load for the same amount 

of deformation. For a strain over 1, the effect is reversed. 
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Figure 3.14: Stress-strain curve (K = 500 MPa). 
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The initial dimensions, material and process parameters are given in Table 3.2 for the case 

when the internal pressure is imposed, and in Table 3.3, when a certain radius corner is 

desired to be achieved. The solution schemes for calculating the strain, stress and thickness 

distributions were given in Figures 3.12-13. 

Table 3.2: Initial dimensions and process parameters when the internal pressure is imposed. 

Internal 
pressure, p 

[MPa] 

Strain 
hardening 

coefficient, n 

Friction 
coefficient, 

µ 

Initial 
radius, 
r0 [mm] 

Initial wall 
thickness, 
t0 [mm] 

Strength 
coefficient, 
K [MPa] 

60 
70 

0.4 0.1 

0.1 
60 

0.2 
0.1 

0.01 
70 0.4 

0.1 

25 2 500 

 

Table 3.3: Initial dimensions and process parameters when the corner radius is imposed. 

Corner radius 
achieved, 
R [mm] 

Strain 
hardening 

coefficient, n 

Friction 
coefficient, 

µ 

Initial 
radius, 
r0 [mm] 

Initial wall 
thickness, 
t0 [mm] 

Strength 
coefficient, 
K [MPa] 

0.2 
0.3 
0.4 

0.01 

0.01 
0.05 
0.1 
0.2 

7 

0.2 

0.5 

25 2 500 

0.01 
0.05 
0.1 
0.2 

7.5 0.2 

0.5 

15.9 1.6 500 
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3.3.1. Prediction of the analytical model when the internal pressure is imposed 

In this section, the pressure is imposed and the strain hardening and friction coefficients are 

varied. The analytical model is solved using the solution scheme presented in Figure 3.12. 

Initially the length of the linear zone is calculated and the corresponding hoop strain along it. 

Next the wall thickness, strain and stress distribution along the circumference of the tube are 

determined using equations summarized in Table 3.1. The results are compared for different 

conditions. The comparison is done by varying one parameter and keeping the other constant. 

An indicator of formability is the corner radius achieved for a certain level of internal 

pressure exerted on the tube. A more deformable material will expand more for the same 

forming load, and will result in a longer linear zone and smaller corner radius before fracture. 

Only one dimension of tube was selected, but it is expected that the results for other 

dimensions are similar.  

 
3.3.1.1. Influence of process parameters on thickness distribution 

For the beginning, two different values for the internal pressure were considered and a 

relative thickness distribution was calculated as t/t0, where t is the instantaneous wall 

thickness, and t0 is the initial thickness of the circular tube. Figure 3.15 shows the results for 

a quarter of the tube, for a material with the strain hardening coefficient n = 0.4 and friction 

coefficient µ = 0.1. In the earlier stage, corresponding to a lower pressure, the thickness 

decreased along the whole tube. As the pressure increases, the expansion process goes farther 

and the deformation starts to be more localized towards the corners. The deformed tube is 

thinner toward the corner due to continuous expansion, but a smaller corner radius is 

achieved as the pressure increases. Therefore the circumferential length increases when the 

pressure increases. 
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Figure 3.15: Influence of the pressure on the relative thickness distribution (n = 0.4, µ = 0.1). 

Next, the predictions of hydroforming of two materials with different strain hardening 

exponents are compared. The friction coefficient is maintained at µ = 0.1. The change in 

relative thickness is shown in Figure 3.16. When n is larger, the length of the linear zone 

obtained is larger, therefore a smaller corner radius is reached. This behavior is in accord 

with the stress-strain curves which indicate that a material is more deformable when n is 

larger (Figure 3.14). The difference is reflected in the relative thickness distribution. The 

thickness of the tube in the free expansion zone is smaller when n is smaller.  

Another parameter with considerably influence on the deformation pattern, thus on the 

relative thickness distribution, is the friction coefficient. Its influence is analyzed by keeping 

the internal pressure and the strain hardening coefficient the same (Figure 3.17). Between the 

two cases considered, there is a significant difference. For a very small friction coefficient (µ 

= 0.01), the thickness distribution is almost uniform. The increase in friction coefficient 
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results in higher variation along the linear zone in the thickness distribution. At the same time 

the corner radius obtained is smaller, indicating lower formability. 
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Figure 3.16: Influence of the strain hardening coefficient on the relative thickness distribution                

(µ = 0.1, p = 60 MPa). 
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Figure 3.17: Influence of the friction coefficient on the relative thickness distribution                               

(n = 0.4, p = 70 MPa). 
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3.3.1.2. Influence of process parameters on the strain distribution 

Figure 3.18 shows effective strain and radial strain distributions for two pressure levels of 60 

MPa and 70 MPa. The hoop strain distribution is not included, since it is equal in magnitude 

with the radial strain, but of opposite sign. Strain hardening coefficient of n = 0.4 and friction 

coefficient of µ = 0.1 were used. An increase of 16.67% in pressure resulted in a maximum 

increase of 37% in the effective strain, as recorded for the end of the linear zone and for the 

free expansion zone.  
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Figure 3.18: Influence of the pressure on the strain distribution (n = 0.4, µ = 0.1). 

The influence of the strain hardening coefficient on the thickness distribution is studied for 

the case when the internal pressure and the friction coefficient were kept the same (Figure 

3.19). For n = 0.2, the predicted strains are larger in average by 14% as compared to n = 0.1, 

due to more expansion. 
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Figure 3.19: Influence of the strain hardening coefficient on the strain distribution (µ = 0.1, p = 60 

MPa). 

The influence of the friction coefficient on the strain coefficient was analyzed by keeping the 

internal pressure and the strain hardening coefficient the same (Figure 3.20). Between the 

two cases considered the maximum difference in the strain distribution is 19%.  
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Figure 3.20: Influence of the friction coefficient on the strain distribution (n = 0.4, p = 70 MPa). 

3.3.1.3. Influence of process parameters on stress distribution 

The influence of the internal pressure on the stress distribution is shown in Figure 3.21 for 

the strain hardening coefficient n = 0.4 and friction coefficient µ = 0.1. When the pressure 

increased by 16.67%, an increase in the stresses was predicted. The radial stress, which is 

directly related with the pressure, changed in the same percent, but the axial, hoop and 

effective stresses increased only by 5-7%, with higher values at the end of the linear zone and 

in the free expansion zone. 
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Figure 3.21: Influence of the pressure on the stress distribution (n = 0.4, µ = 0.1). 

The influence of the material strain hardening exponent on the stress distribution is shown in 

Figure 3.22. The difference in the stress distribution is not significant. When the strain 

hardening coefficient is higher, the stresses are larger by maximum 2.5%. This effect is 

explained by the larger expansion in the tube, which results in larger strain. 

The friction coefficient has considerably bigger influence on the stress distribution, when the 

internal pressure and the strain hardening coefficient are the same (Figure 3.23). Between the 

two cases considered, the difference in effective stresses is between 4-11%. The stress is 

higher for the higher friction in the end of the linear zone and in the free expansion zone, and 

lower in the rest of the linear zone. This variation is explained by the non-uniformity in the 
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tube wall thickness. In conclusion lower friction results in more uniform distribution of the 

stress in the wall along the circumference. 
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Figure 3.22: Influence of the strain hardening coefficient on the stress distribution (µ = 0.1, p = 60 

MPa). 
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Figure 3.23: Influence of the friction coefficient on the stress distribution (n = 0.4, p = 70 MPa). 

3.3.2. Prediction of the analytical model when the corner radius is imposed 

In this section, the pressure is imposed and the strain hardening and friction coefficients are 

varied. The solution scheme used for solving the analytical model was presented in Figure 

3.13. The relative thickness, strain and stress distribution are calculated. 

3.3.2.1. Influence of process parameters on thickness distribution 

When the same corner radius is achieved, the internal pressure varies. The material strain 

hardening coefficient and the friction conditions influence the thickness distribution (Figures 

3.24-25). The thickness varies between the linear section and the free expansion zone. The 

variation is more significant when n is smaller. It can also be observed that the pressure 

required to reach the same corner radius is smaller for higher strain hardening coefficients. 
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Figure 3.24: Influence of the strain hardening coefficient on the relative thickness distribution                

(µ = 0.01, r0 = 25 mm, t0 = 2 mm, R = 7 mm). 

For the same strain hardening coefficient, thickness variation increased with increase in 

friction. For the frictionless case the wall thickness is uniform and the relative thickness is 

0

0.82t
t
= . As the friction increases, the variation of the thickness along the circumference 

increases. The thinning reaches maximum value in the transition zone between the linear and 

free expansion zones, as well in the entire free expansion zone. For µ = 0.01, the relative 

thickness varies from 0.782 to 0.862, therefore by 10%. While for µ = 0.1, the relative 

thickness varies by 22%, from 0.744 to 0.908. For µ = 0.5, the relative thickness varies from 

0.703 to 0.960, this by 36%.  

The friction coefficient has a significant effect on the forming pressure required to deform 

the tube to the same extent in terms of length of the linear zone and corner radius. The higher 

the friction is, the higher the pressure is needed. A farther section will discuss these 

observations. 
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Figure 3.25: Influence of the friction coefficient on the relative thickness distribution                               

(n = 0.2, r0 = 25 mm, t0 = 2 mm, R = 7 mm). 

The influence of the friction coefficient was also studied for different tube dimensions. 

Figure 3.26 shows the variation of the relative thickness along the tube circumference. The 

pattern is the same as in the bigger tube, presenting higher non-uniformity in the relative 

thickness distribution and higher pressure requirements when the friction conditions are more 

severe.  
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Figure 3.26: Influence of the friction coefficient on the relative thickness distribution                               

(n = 0.2, r0 = 15.9 mm, t0 = 1.6 mm, R = 7.5 mm). 

3.3.2.2. Influence of process parameters on strain distribution 

The influence of the strain hardening coefficient and of the friction coefficient on the state of 

strain when the same corner radius is acquired was studied. The same observations for the 

thickness distribution are valid for the effective strains (Figures 3.27-28). The strain variation 

increases for a larger friction coefficient, and for a smaller strain hardening coefficient.  
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Figure 3.27: Influence of the strain hardening exponent on the effective strain                                           

(µ = 0.01, r0 = 25 mm, t0 = 2 mm, R = 7 mm). 
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Figure 3.28: Influence of the friction coefficient on the effective strain distribution                                   

(n = 0.2, r0 = 25 mm, t0 = 2 mm, R = 7 mm). 
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3.3.2.3. Influence of process parameters on stress distribution 

The influence of the strain hardening coefficient and of the friction coefficient on the state of 

stress when the same corner radius is acquired was studied. Figures 3.29-30 show the 

influences on the effective stress. For the free expansion zone, the stresses are higher when 

the strain hardening coefficient is lower and friction coefficient is higher. The difference is 

between 5 and 10%. For the linear zone the difference is larger, up to 23%. Also the variation 

of the effective stress between the two zones for the same strain hardening and friction 

coefficients is larger when n is smaller or µ is higher. 
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Figure 3.29: Influence of the strain hardening coefficient on the effective stress distribution                    

(µ = 0.01, r0 = 25 mm, t0 = 2 mm, R = 7 mm). 
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Figure 3.30: Influence of the friction coefficient on the effective stress distribution                                   

(n = 0.2, r0 = 25 mm, t0 = 2 mm, R = 7 mm). 

3.3.2.4. Influence of the process parameters on the required pressure 

The pressure required for the process when a certain radius corner is desired to be achieved 

depends on the material characteristics, especially the strain hardening coefficient, and the 

friction coefficient at the tube/die interface. For more severe friction conditions, more 

pressure is required, since the frictional stress tends to oppose the flow of the material. When 

the friction conditions are similar, a material with higher strain hardening coefficient is more 

deformable, thus the same pressure results in more expansions, or a lower pressure is needed 

for the same expansion. This scenario is valid as long as the strain is less than 1. When the 

strain exceeds 1, the material with a higher strain hardening coefficient will require more 

forming load, see Figure 3.14. 

The influence of these two parameters on the required internal pressure is exemplified in 

Figure 3.31 for the tube with initial conditions r0 = 25 mm and t0 = 2 mm. Based on the 

observed thickness distribution for other tube dimensions, it is assumed that the pattern will 
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be similar. For a more exact behavior, more cases of r0/t0 ratios and level of expansion need 

to be studied. 
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Figure 3.31: Influence on the pressure required to achieve a certain corner radius of (a) friction 

coefficient when n = 0.2, and (b) strain hardening exponent when µ = 0.01                                               

(K = 500 MPa, r0 = 25 mm, t0 = 2 mm, R = 7 mm). 

3.4. Concluding remarks 

This chapter presented the derivation of a mathematical model used to characterize the 

plastic deformation of a tube subjected to internal pressure and different friction conditions at 

the die/tube interface, with square dies. The analytical model can be used to predict the 

correlation between the internal pressure and the corner radius achieved, the thickness 

distribution, and the state of strain and stress in the tube. The influence of some process 

parameters, such as strain hardening and friction coefficient can be studied with the help of 

the model. 

The analytical model was solved numerically for few selected condition, and some 

observation were done: 

• The friction conditions influence considerably the deformation pattern and the 

forming load needed. Lower friction coefficient, thus better lubrication is needed for a 

more uniform thickness distribution along the wall circumference and for lowering 
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the pressure requirements. Also for a smaller corner radius the lubricants have to 

withstand a very high pressure. 

• The strain hardening coefficient of the tube material is another parameter with 

influence on the deformation pattern, thus on formability. A material with higher n 

expands more for the same forming load, the thickness distribution is more uniform 

for the same expansion level and requires a lower pressure. 

In conclusion, the model can be used to establish guidelines for designing the tube 

hydroforming process in square dies, by assisting in selecting the material and also the 

lubrication conditions, as a function of the desired quality of the hydroformed part to be 

obtained and forming load capabilities. A similar method used in the derivation of the model 

can be adopted for other planar geometries, by considering the linear contact zones and the 

free expansion zones. 

In the next chapter the model will be further developed to incorporate the conditions specific 

for ultrasonic oscillations and study their influence on the formability. 
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CHAPTER 4 

ANALYTICAL MODEL FOR ULTRASONIC PLANAR TUBE HYDROFORMING 
 

 

The objective of this chapter is to develop a mathematical model for the plastic deformation 

behavior of the tube during ultrasonic hydroforming process with square dies, when the tube 

expands under internal pressure and the die vibrates. The model incorporates the effects of 

the ultrasonic oscillations and the friction at the interface. This model is used to calculate the 

complete state of stress and strain in the tube, and the thickness distribution. A parametric 

study is conducted to investigate the influence of the process variables on the hydroformed 

part, and also to compare the thickness distribution with the classical planar tube 

hydroforming.  

4.1. Introduction and objectives 

The ultrasonic tube hydroforming is a process where besides the load applied in the classical 

process, the die is excited with a very high frequency. The vibration results in appearance of 

local openings that may occur at the die/tube interface (Figure 4.1). The gaps created are 

opened and closed during each oscillation. Ultrasonic vibrations result in pressure differential 

and change in the local state of stress. This change is a function of time/frequency, amplitude 

of vibration, geometry, material properties, etc.  

 

Figure 4.1: Classical and Ultrasonic tube hydroforming (THF). 
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Considering an element in the tube cross-section, during one oscillation, there are two 

different conditions at the die/tube interface: 

• Step 1: When the die goes up, there is an opening at the interface, and the die and 

tube are not in contact (Figure 4.2). Although the tube is under internal pressure, it 

can be assumed that this gap will be formed due to the inertia of the tube material; 

therefore the tube will not follow immediately the die movement. There will be an 

elastic bending of the tube. 

• Step 2: The die returns and make contact with the tube. The die will exert pressure on 

the tube. 

Between these two steps, for a short period of time, the external pressure can be considered 

as being zero. The tube will then expand due to the internal pressure. 

Die

Tube

Maximum opening

Next step: contact

Opening OpeningContact

Die

Tube

Maximum opening

Next step: contact

Opening OpeningContact

Die

Tube

Maximum opening

Next step: contact

Opening OpeningContact
 

Figure 4.2: Steps in the ultrasonic tube hydroforming. 

The steps in Figure 4.2 will be used in the establishment of the ultrasonic model. The next 

section will discuss the parameters of the ultrasonic waves, and thereafter proceed with the 

derivations of the analytical model. 

4.2. Parameters of the ultrasonic waves 

An oscillating particle in a medium creates elastic stress which causes oscillations of the 

neighboring particles of the medium, solid particles in this case [Rose, 1999, Severdenko et 

al., 1972]. The propagation of oscillations is referred to as a wave. Figure 4.3 presents a thin 

rod with constant cross-section of area S and dimensions much smaller than the length. A 
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volume element of length dx is taken in this rod. A pressure p caused by the oscillation acts 

on this element. Due to this pressure, the element shifts to the right by a distance u, and 

consequently changes its thickness from dx  to udx dx
x
∂

+
∂

. Thus elastic stresses act on the 

element, given by Hooke’s law 

udx dx dx
uxE E E

dx x
σ ε

∂⎛ ⎞+ −⎜ ⎟ ∂∂⎝ ⎠= = =
∂

                                                               (4.1) 

2

2

uE
x x
σ∂ ∂
=

∂ ∂
,                                                                                                       (4.2) 

where E is the Young’s modulus specific to the material of the medium, and ε  is the strain. 

x dx
uu dx
x
∂

+
∂

O

p

u
udx dx
x
∂

+
∂

σ dx
x
σσ ∂

+
∂ S

 

Figure 4.3: Oscillation of a volume element in a thin rod. 

By Newton’s 2nd law, the resultant of the forces acting on the element due to elastic stresses, 

should be equal to the product of the mass of the element times its acceleration. The mass of 

the element is dm dV Sdxρ ρ= = , where ρ  is the density of the material, and the 

acceleration is 
2

2

u
t

∂
∂

. The equilibrium of forces results in 

2

2

uS dx S Sdx
x t
σσ σ ρ∂ ∂⎛ ⎞− + + = ⋅⎜ ⎟∂ ∂⎝ ⎠

.                                                                   (4.3) 

By simplifying equation (4.3) and substituting into equation (4.2), equation (4.4) can be 

obtained 
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2 2

2 2

u uE
x t

ρ∂ ∂
=

∂ ∂
 or 

2 2
2

2 2

u uc
t x

∂ ∂
=

∂ ∂
,                                                                        (2.4) 

where Ec
ρ

=  is the rate of propagation of the wave through the medium. Equation (4.4) is 

known as wave equation. This equation is solved for 0x > , 0t > , and invoking boundary 

condition at one end of the rod given by harmonic excitation (0, ) cosu t tω= , where ω  is the 

angular frequency. The particular solution for equation (4.4) is 

( , ) cos xu x t a t
c

ω⎛ ⎞= −⎜ ⎟
⎝ ⎠

,                                                                                     (4.5) 

where u(x,t) is the instantaneous displacement of a particle in the medium at a distance x 

from the oscillation source, at time t, and a is the amplitude of the oscillation. For the 

uniform rod, with no change in the cross-sectional area, the maximum displacement is 

maxu a= .  

The wave can also be described by using frequency (f), wavelength (λ), period (T), and wave 

propagation rate (c). The relationship between the frequency, the period and the angular 

frequency is given by equation (4.6), and equation (4.7) provides expression for the 

wavelength. 

1
2

f
T

ω
π

= = ,                                                                                                      (4.6) 

1c E
f f

λ
ρ

= = .                                                                                                 (4.7) 

Using equations (4.6) and (4.7), the solution for equation (4.4) can also be given by equation 

(4.8) 

( )2( , ) cos 2 cosxu x t a f t a ct x
c

ππ
λ

⎛ ⎞= − = −⎜ ⎟
⎝ ⎠

.                                                   (4.8) 

The variable pressure at some point at the distance x from the oscillation source can be found 

from the elastic stress using equation (4.1). 
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( , ) ( , ) sin sinu x Ea xp x t x t E Ea t t
x c c c c

ω ωσ ω ω∂ ⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = − − − = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟∂ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠
.       (4.9) 

Using Ec
ρ

= , the pressure can be also written as 

( ) max( , ) sin sinx xp x t a c t p t
c c

ω ρ ω ω⎛ ⎞ ⎛ ⎞= − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.                                          (4.10) 

The pressure has a harmonic variation in space and time, with the amplitude given by 

maxp a cω ρ= . Using equations (4.8) and (4.10), the variation in space for the displacement 

and pressure is plotted in Figure 4.4. Note that figure shows only the maximum values for 

displacement and pressure along the distance x, but these values are the amplitudes for the 

variation in time. 

Displacement 
antinode
Displacement node

Stress antinode

Stress node

Displacement 
antinode
Displacement node

Stress antinode

Stress node

 

Figure 4.4: The magnitudes of the displacement and pressure of the ultrasonic oscillations. 

It can be observed that at x=0 and any integer multiple of λ/2, the magnitude of the 

displacement is maximum. These points are called antinodes. At points x=λ/4, 3λ/4,…, 

(2n+1)λ/4,… the displacement is 0 at any moment of time. These points are referred as 

nodes. The variation of the pressure magnitude with the distance is shifted by λ/4, the 

pressure having its maximum values in displacements nodes, and 0 in displacement 

antinodes. These nodes and antinodes are generally used in the design of the ultrasonic 
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system. The displacement nodes are used for mounting the tooling, and the dimensions will 

be chosen such that the deformation zone will be placed at the displacement antinodes, where 

the amplitude is maximum, or at the nodes, where the displacement is 0, but the acoustic 

pressure is maximum. 

The velocity of the oscillations of the particles is determined by taking the time derivative of 

the displacement given by equation (4.5), leading to equation (4.11) 

max( , ) sin sinx xv x t a t v t
c c

ω ω ω⎛ ⎞ ⎛ ⎞= − − = − −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

,                                              (4.11) 

where maxv aω= .  

There are two types of waves transmitted through a solid medium, defined by the direction of 

the motion of the particles relative to the direction of the propagation of waves: longitudinal 

or compression wave, and transversal or shear wave. Figure 4.5 presents a sketch of the two 

types of waves. In the longitudinal waves the particles oscillate in the same direction as the 

wave, while in the transversal wave the particles oscillate in a direction perpendicular to the 

direction of the wave propagation. 

λ λ

Particle 
motion

Direction of wave 
propagation

Particle 
motion

Direction of wave 
propagation

λ λ

Particle 
motion

Direction of wave 
propagation

Particle 
motion

Direction of wave 
propagation

 

                                      (a)                                                                                 (b) 

Figure 4.5: Types of waves (a) longitudinal, and (b) transversal waves. 

For the longitudinal waves, the particles have a displacement along the direction of the wave 

propagation. This results in regions of compression, where the density of the material is 
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slightly greater, alternating with regions of rarefaction, of decreased density. The 

wavelength, λ, is the distance between two adjacent regions with maximum compression, 

where the pressure has a maximum value, or maximum rarefaction, where the displacement 

has a maximum. For the transversal waves, the particles oscillate perpendicular to the 

direction of wave propagation. Therefore, there are no regions with compression or 

rarefaction, thus no fluctuations in density. The longitudinal waves are used in most 

applications in ultrasonic forming. 

4.3. Analytical model for ultrasonic tube hydroforming with square dies in sliding 

conditions 

The deformation mechanics of the tube subjected to expansion due to the internal pressure is 

studied using equilibrium of forces, geometric relationships, material flow law and yield 

criterion. The objective is to develop a model to predict the stress, strain and pressure 

distribution. Based on the instability criterion, the formability limit will be determined for 

classical and ultrasonic tube hydroforming and the change in formability will be calculated. 

The model will be used for a parametric study of the effect of different process variables on 

the formability. The configurations of the tube and die before and after the expansion process 

in a square die are shown in Figure 4.6. At the beginning of the process, the tube is in contact 

with the die in only four points. As the internal pressure increases, the tube expands, and the 

wall comes in contact with the die. The die vibrates with very high frequency, in ultrasonic 

domain. 

 

Figure 4.6: Ultrasonic hydroforming of a cylindrical tube to a square section 
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4.3.1. Assumptions of the model 

Some assumptions of the model are: 

• The tube is modeled as a thin-walled axisymmetric shell, because the wall thickness is 

much smaller than its radius. 

• The initial cross-section is perfectly circular and the initial tube wall thickness is uniform 

at all locations. 

• At the start of the analysis the tube is in contact with the closed die at four points. 

• The tube material obeys the power law, nKσ ε= . 

• The material is isotropic and obeys von Mises’ yield criterion. 

• The tube is fixed at the ends, therefore the plastic deformation of the tube is assumed to 

be under plane strain conditions. The problem will be reduced to a plane problem, where 

only the cross-section of the tube and the die is analyzed. 

• During the deformation, the strain is assumed to be constant across the thickness. 

• The spring-back as a result of radius change is neglected. The deformation mechanism is 

expansion. 

• Sliding friction conditions at the die/tube interface are considered. The coefficient of 

friction is assumed to be uniform at all points. 

• The internal pressure is not influenced by the ultrasonic vibrations. The appearance of the 

gap could contribute to an increase in the internal volume, therefore a decrease in the 

pressure. But this is balanced by the increase in the external pressure from the dies, due to 

ultrasonic vibrations. 

• The surface roughness of the dies and tube is ignored. 

• The strain rate is not taken into consideration. 

• A pattern for the appearance of the gaps at the die/tube interface is adopted. 

• The reduced contact time between the dies and the tube is taken into consideration. 
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• The analysis will be simplified by assuming symmetry in the section of the dies and in 

the formation of the gaps. 

• Because of the symmetry in a square section, it is assumed that the formation of the gaps 

is symmetrical, and therefore the state of strain and stress is symmetrical too, and if only 

one quarter of the cross-section is analyzed, the results can be generalized for the whole 

section.  

• In the free expansion zone, the strains are assumed to be constant. The thickness in this 

zone is assumed to be equal with the thickness from the end of the linear section. 

• In the free expansion zone, the radial stress is considered to be an average between the 

internal and external stresses. 

4.3.2. State of stress and strain 

During the deformation process, there are two zones: linear and free expansion zone. The 

state of strain and stress in the free expansion zone is not influenced directly by the presence 

of the ultrasonic oscillations. As in the classical process, the zone has the strains and stress 

constant, given by the end of the linear zone. The differences introduced by the presence of 

the ultrasonic oscillations appear in the linear zone. This is the zone that is analyzed in this 

section. 

The state of strain and stress in the tube is changing during one oscillation of the die, and is 

determined for two elements in the linear zone during the two steps of the ultrasonic process. 

The thickness and the state of strain at the ends for each element are equal with the thickness 

and strains from the neighboring element. 

The effective strain and stress are calculated using von Mises criterion 

( )
1

2
2 2 2
1 2 3

2
3

ε ε ε ε⎡ ⎤= + +⎢ ⎥⎣ ⎦
                                                                                   (4.12) 

and 
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( ) ( ) ( )
1

2 2 2 2
1 2 2 3 3 1

1
2

σ σ σ σ σ σ σ⎡ ⎤= − + − + −⎣ ⎦ ,                                            (4.13) 

where 1 2 3,  ,  ε ε ε  and  1 2 3,  ,  σ σ σ  are the principal strains and stresses. From the condition of 

volume constancy, a relationship between the strains is 

1 2 3 0ε ε ε+ + = .                                                                                                 (4.14) 

The three principal directions for the tube are: 1 = θ, circumferential direction, 2 = r, radial 

direction, across the wall thickness, and 3 = z, axial direction, along the tube length. During 

the process, the length of the tube remains constant, therefore plane strain conditions are 

assumed, with zero axial strain.  The principal and effective strains are given by 

1 rθε ε ε= = − ,  2
0

lnr
t
t

ε ε= = ,  3 0zε ε= = ,  

( ) 02 2 2 ln
3 3 3r

t
tθε ε ε= = − = .                                                                    (4.15) 

The principal and the effective stresses are 

1 θσ σ= ,  2 rσ σ= ,  ( )3
1
2z rθσ σ σ σ= = + , 

( )3
2 rθσ σ σ= − .                                                                                            (4.16) 

4.3.2.1. State of stress and strain for an element in the opening zone 

Figure 4.7 illustrates the state of stress in an element considered in the opening zone, when 

there is no contact between the tube and the die. The element is under the internal pressure, 

but there is no external pressure. 
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Figure 4.7: Element in the opening zone. 

The compressive radial stress is assumed to be the average between the internal and external 

pressure, therefore: 

( )1 1
2 2r i o ip p pσ = − + = −                                                                                (4.17) 

Forces equilibrium along the wall, in θ direction is 

( ) ( )d t dt tθ θ θσ σ σ+ + = ⋅                                                                                 (4.18) 

or 

tθσ ⋅ dt d t d dtθ θ θσ σ σ+ ⋅ + ⋅ + ⋅ tθσ= ⋅ .  

The equation is integrated 

1t Cθσ ⋅ =  or 1
1C
tθσ = ⋅ ,                                                                                  (4.19) 

where C1 is a constant to be found from boundary conditions. The equations that will give the 

complete state of strain and stress are summarized in Table 4.1. 
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Table 4.1: Summary of the equations used to determine state of strain and stress for an element in the 

opening zone. 

Direction Strains Stresses 

Hoop  0ln t
tθε =   1

1C
tθσ = ⋅  

Radial  
0

lnr
t
t θε ε= = −   1

2r ipσ = −  

Axial  0zε =   ( )1
2z rθσ σ σ= +  

Effective (von Mises)  02 2 ln
3 3

t
tθε ε= =   ( )3

2 rθσ σ σ= −  

4.3.2.2. State of stress and strain for an element in the contact zone 

Figure 4.8 illustrates the state of stress in an element considered in the contact zone, when 

there is contact between the tube and the die. The element is under the internal pressure, an 

external pressure due to the contact and the ultrasonic oscillations. There is also friction 

present at the die/tube interface, opposing to the material flow. 
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Figure 4.8: Element in the contact zone. 

The external pressure is 

o i UOp p p= + ,                                                                                                   (4.20) 
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where pUO is the pressure due only to the ultrasonic oscillations. The compressive radial 

stress is assumed to be the average between the internal and external pressure, therefore: 

( )1 1
2 2r i o i UOp p p pσ = − + = − − .                                                                     (4.21) 

Equilibrium of forces along the wall in θ direction is 

( ) ( ) od t dt t p dxθ θ θσ σ σ µ+ + = ⋅ + ⋅                                                                (4.22) 

or 

tθσ ⋅ dt d t d dtθ θ θσ σ σ+ ⋅ + ⋅ + ⋅ tθσ= ⋅ op dxµ+ ⋅ .                                                

The equation is integrated 

2ot p x Cθσ µ⋅ = ⋅ + ,                                                                                          (4.23) 

where C2 is a constant to be found from boundary conditions. The equations that will give the 

complete state of strain and stress are summarized in Table 4.2. 

Table 4.2: Summary of the equations used to determine state of strain and stress for an element in the 

contact zone. 

Direction Strains Stresses 

Hoop  0ln t
tθε =  ( ) 2

1
i UOp p x C

tθσ µ= + ⋅ +⎡ ⎤⎣ ⎦

Radial  
0

lnr
t
t θε ε= = −   1

2r i UOp pσ = − −  

Axial  0zε =   ( )1
2z rθσ σ σ= +  

Effective (von Mises)  02 2 ln
3 3

t
tθε ε= =   ( )3

2 rθσ σ σ= −  
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4.3.3. Simplified model 

This model assumes that the external pressure is an average of the pressure for the two 

elements analyzed. Therefore, in the linear zone there will be a unified state of strain and 

stress during the deformation process. Figure 4.9 presents the stresses in an element in the 

linear zone. 
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Figure 4.9: Element in the linear zone for the simplified model. 

The external pressure is 

( ) ( )1 1
2 2av o opening o contact i UOp p p p p− −= + = + ,                                                    (4.24) 

where pUO is the pressure due only to the ultrasonic oscillations. The compressive radial 

stress varies between pi and pav. It is assumed that 

r ipσ ≈ − .                                                                                                          (4.25) 

Equilibrium of forces along the wall, in θ direction is 

( ) ( ) avd t dt t p dxθ θ θσ σ σ µ+ + = ⋅ + ⋅                                                               (4.26) 

or 

tθσ ⋅ dt d t d dtθ θ θσ σ σ+ ⋅ + ⋅ + ⋅ tθσ= ⋅ avp dxµ+ ⋅ .                                                

The equation is integrated 
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avt p x Cθσ µ⋅ = ⋅ + ,                                                                                          (4.27) 

where C is a constant to be found from boundary conditions.  

From the equations (4.16) and (4.25), the hoop stress can be determined as 

2 2
3 3r ipθσ σ σ σ= − = − .                                                                           (4.28) 

Using equation (4.15) and nKσ ε= , equation (4.28) becomes 

12
3

n
n

iK pθ θσ ε
+

⎛ ⎞= ⋅ −⎜ ⎟
⎝ ⎠

.                                                                                (4.29) 

After replacing σθ  and 0t t e θε−=  into equation (4.28), equation (4.30) is obtained. 

1

0
2
3

n
n

i avK p t e p x Cθε
θε µ

+
−

⎡ ⎤⎛ ⎞ ⋅ − ⋅ ⋅ = ⋅ +⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

.                                                  (4.30) 

The constant C is found from the boundary conditions, for x = 0, where the hoop strain is 

symε , the symmetric strain, which depends on the friction coefficient, material, dimensions of 

the tube, the internal and the average external pressure. The constant is given by 

1

0
20 :    
3

sym

n
n

sym ix C K p t e εε
+

−⎡ ⎤⎛ ⎞= = −⎢ ⎥⎜ ⎟
⎝ ⎠⎢ ⎥⎣ ⎦

.                                                      (4.31) 

After plugging in the constant value, the equation to be solved is 

1 1

0 0
2 2 ,
3 3

sym

n n
n n

av i sym ip x K p t e K p t eθ εε
θµ ε ε

+ +
−−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= − − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

      

or 

( )
1 1

0 0
1 2 2
2 3 3

sym

n n
n n

i UO i sym ip p x K p t e K p t eθ εε
θµ ε ε

+ +
−−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞+ = − − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

.(4.32) 
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Equation (4.32) provides an interrelationship between the deformation state of the tube (x, 

θε ) and the variables of the ultrasonic tube hydroforming, such as tube material and 

dimensions (K, n, t0), internal pressure (pi), friction conditions (µ), and the pressure exerted 

by the die on the tube due to the oscillations (pUO). Similarly with the analytical model for 

conventional tube hydroforming derived in Chapter 3, this model can be solved in two 

directions: (i) impose internal pressure and solve for the maximum expansions and for the 

strain distribution, and (ii) impose a corner radius, thus the length of the linear zone, and 

determine the pressure required to reach that expansion and the hoop strain distribution. Once 

the hoop strain distribution along the circumference is determine, all other variables 

(thickness distribution, state of stress and strain) can be determined. 

The method of solving equation (4.32) is by numerical approximation, as in the non-

ultrasonic case, using the assumption of volume constancy, which in plane strain condition 

reduces to area constancy. The initial cross-sectional area of the tube has to be equal with the 

cross-sectional area in every step of deformation. An error of 0.1% is acceptable. 

( )( ) ( )( )2 22 2
0 0 00

0

0

2 ( ) and ,
4 4

0.001.

x

i

i

A t s ds r t r A r t r

A A
A

π π
= + + − = + −

−
≤

∫
                      (4.33) 

The calculation is done for a quarter of the section using MATLAB software. Table 4.3 

summarizes the equations used to find the complete state of stress and strain. The stresses 

and strains for the free expansion zone are given by the same equations derived in Section 

3.2.3.2. 
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Table 4.3: Summary of the equations used to determine state of strain and stress for an element in the 

linear zone, using the simplified model.  

Parameters Linear zone Free expansion zone 

Linear zone length maxx   –  

External corner radius – 0 0 max( )R r t x= + −  

Internal corner radius – 
maxx

r R t= −  

Hoop strain 0( ) ln tx
tθε =  max( )xθ θε ε=  

Radial strain ( ) ( )r x xθε ε= −  r θε ε= −  

Axial strain 0zε =  0zε =  

Effective strain 
2( ) ( )
3

x xθε ε=  2
3 θε ε=  

Thickness ( )
0( ) xt x t e θε−=  0t t e θε−=  

Hoop stress 
12( ) ( )

23

n
n i avp px K xθ θσ ε

+
+⎛ ⎞= ⋅ −⎜ ⎟

⎝ ⎠

12
23

n
n i avp pKθ θσ ε

+
+⎛ ⎞= −⎜ ⎟

⎝ ⎠

Radial stress ( )1
2r i avp pσ = − +  

2
i

r
pσ = −  

Axial stress ( )1( ) ( )
2z rx xθσ σ σ= +  

1
2 2z

p
θσ σ⎛ ⎞= −⎜ ⎟

⎝ ⎠
 

Effective stress ( )3( ) ( )
2 rx xθσ σ σ= −  ( )3( )

2 rx θσ σ σ= −  
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Some observation about the ultrasonic model: 

• A particular case of the model is when the pressure due to ultrasonic is equal with the 

internal pressure, pUO = pi. Plugging this value in equation (4.32) will result in 

1 1

0 0
2 2
3 3

sym

n n
n n

i i sym ip x K p t e K p t eθ εε
θµ ε ε

+ +
−−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= − − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

,                 (4.34) 

which is exactly the non-ultrasonic model, as it would be expected from physical point of 

view. The application of the ultrasonic oscillations will result in double frictional stress 

during half of the period. In other words there is a pressure range upon which imposing 

ultrasonic vibration will be beneficial. 

• After some manipulations, equation (4.32) can be written as follows 

1 1

0 0
2 2

2 3 3
sym

n n
n ni UO

i i sym i
i

p p p x K p t e K p t e
p

θ εε
θµ ε ε

+ +
−−

⎡ ⎤ ⎡ ⎤⎡ ⎤+ ⎛ ⎞ ⎛ ⎞= − − −⎢ ⎥ ⎢ ⎥⎢ ⎥ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

, 

or 

1 1

0 0
2 2
3 3

sym

n n
n n

p i i sym ip x K p t e K p t eθ εε
θµ ε ε

+ +
−−

⎡ ⎤ ⎡ ⎤⎛ ⎞ ⎛ ⎞= − − −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

,                (4.35) 

where µp is the ‘effective coefficient of friction’ given by 

1
2 2 2

i UO UO
p

i i

p p p
p p

µ µ µ
⎛ ⎞+

= = +⎜ ⎟
⎝ ⎠

.                                                                      (4.36) 

In can be observed from equation (4.36) that for very small values for pUO, the coefficient 

µp ≈ µ/2.  

• If the ultrasonic pressure exceeds the internal pressure, the ‘effective coefficient of 

friction’ is larger than the original coefficient of friction. Therefore it is expected that the 

effect will be worsening the deformation. 
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4.3.4. Solution scheme 

The analytical model developed for the ultrasonic tube hydroforming is solved following a 

similar procedure with the one described for the classical process. A MATLAB program was 

implemented to solve numerically the equations derived for the model, equations (4.32-33). 

The model is solved incrementally. By imposing the tube material properties (K, n), the 

initial dimensions of the tube (t0, r0), the interface conditions (µ), and the ultrasonic 

parameters (pUO), the model can be used to determine the thickness distribution and the state 

of stress and strain in the tube. There are two possible situations of applying the analytical 

model, similarly with the non-ultrasonic case: 

(i). Internal pressure (pi) is the independent variable and the maximum expansion (xmax) is 

determined, along with hoop strain and thickness distribution. The solution scheme is 

shown in Figure 4.10. The procedure is the same as that used for the non-ultrasonic case 

described in Section 3.2.5. 

(ii). The length of the linear zone (xmax), is independent variable. The pressure needed to 

reach the expansion is determined. Then the strain and thickness distributions are 

calculated. The solution scheme given in Figure 4.11 is similar with the non-ultrasonic 

case described in detail in Section 3.2.5.  

The solution continues with the calculation of the complete distribution of stress, strain and 

thickness for the quarter section of the tube using the equations summarized in Table 4.3. 

The initial guess for the strain is determined for the case when friction is zero, given by 

equation (3.59). The MATLAB scripts used are listed in Appendix 2. 
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Calculate strains, stresses and 
thickness using equations from 
Table 3.1, for the quarter section

Calculate total 
area error using 
equation (4.33)

Process parameters:  
r0, t0, K, n, µ, pUO

Set: p

Step i  

Set ∆x
x=i·∆x

Calculate εθ⏐µ=0 (no friction) from 
equation (3.59) using ‘fminsearch’
function in MATLAB

Calculate εθ(x) from equation (4.32) using ‘fminsearch’
(Newton-Gauss method or Least Square minimization)
Use εθ⏐µ=0 as initial guess.

Error ≤ 0.001

Yes

No

Print x, t(x), R, εθ(x), εr(x), εeff(x), 
σθ(x), σr(x), σz(x), σeff(x)

i=i+1

xxmax

Calculate strains, stresses and 
thickness using equations from 
Table 3.1, for the quarter section

Calculate total 
area error using 
equation (4.33)

Process parameters:  
r0, t0, K, n, µ, pUO

Set: p

Step i  

Set ∆x
x=i·∆x

Calculate εθ⏐µ=0 (no friction) from 
equation (3.59) using ‘fminsearch’
function in MATLAB

Calculate εθ(x) from equation (4.32) using ‘fminsearch’
(Newton-Gauss method or Least Square minimization)
Use εθ⏐µ=0 as initial guess.

Error ≤ 0.001

Yes

No

Print x, t(x), R, εθ(x), εr(x), εeff(x), 
σθ(x), σr(x), σz(x), σeff(x)

i=i+1

xxmax
xxmax

 

Figure 4.10: Solution scheme for the case with internal pressure imposed. 
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Calculate strains, stresses and 
thickness using equations from 
Table 3.1, for the quarter section

Calculate total 
area error using 
equation (4.33)

Process parameters:  
r0, t0, K, n, µ, pUO

Set: xmax

Step i  

Set ∆p
p=p0+i·∆p

Calculate εθ⏐µ=0 (no friction) from 
equations (3.34-36) and p0 from 
equation (3.59)

Calculate εθ(x)  from equation (4.32) using ‘fminsearch’
for 0 ≤ x ≤ xmax .
Use εθ⏐µ=0 as initial guess.

Error ≤ 0.001

Yes

No

Print x, p, t(x), R, εθ(x), εr(x), εeff(x), 
σθ(x), σr(x), σz(x), σeff(x)

i=i+1

xxmax

Calculate strains, stresses and 
thickness using equations from 
Table 3.1, for the quarter section

Calculate total 
area error using 
equation (4.33)

Process parameters:  
r0, t0, K, n, µ, pUO

Set: xmax

Step i  

Set ∆p
p=p0+i·∆p

Calculate εθ⏐µ=0 (no friction) from 
equations (3.34-36) and p0 from 
equation (3.59)

Calculate εθ(x)  from equation (4.32) using ‘fminsearch’
for 0 ≤ x ≤ xmax .
Use εθ⏐µ=0 as initial guess.

Error ≤ 0.001

Yes

No

Print x, p, t(x), R, εθ(x), εr(x), εeff(x), 
σθ(x), σr(x), σz(x), σeff(x)

i=i+1

xxmax
xxmax

  

Figure 4.11: Solution scheme for the case with corner radius imposed. 
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4.4. Prediction of the simplified analytical model – Results and comparison between 

ultrasonic and classical tube hydroforming processes 

The model developed and given by the equations (4.32-33) is solved for different conditions: 

(i) internal pressure imposed, or (ii) corner radius imposed. The thickness distribution and 

state of stress and strain are determined for a quarter of the section, using solution schemes 

presented in Figures 4.10 and 4.11. The influence of the parameters of the process, such as 

internal pressure and friction coefficient, tube material parameters and dimensions were 

analyzed. Tables 4.4 and 4.5 present the initial dimensions of the tube and the process 

parameters. 

Table 4.4: Initial dimensions and process parameters when the internal pressure is imposed. 

Internal 
pressure, p 

[MPa] 

Strain 
hardening 

coefficient, n 

Friction 
coefficient, 

µ 

Initial 
radius, 
r0 [mm] 

Initial wall 
thickness, 
t0 [mm] 

Strength 
coefficient, 
K [MPa] 

60 
70 

0.4 0.1 

0.1 60 
0.2 

0.1 

0.01 
70 0.4 

0.1 

25 2 500 

Table 4.5: Initial dimensions and process parameters when the corner radius is imposed. 

Corner radius 
achieved, 
R [mm] 

Strain 
hardening 

coefficient, n 

Friction 
coefficient, 

µ 

Initial 
radius, 
r0 [mm] 

Initial wall 
thickness, 
t0 [mm] 

Strength 
coefficient, 
K [MPa] 

0.2 
0.4 

0.01 

0.01 
0.1 

7 
0.2 

0.5 

25 2 500 

0.01 
0.1 7.5 0.2 
0.5 

15.9 1.6 500 
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4.4.1. Prediction of the analytical model when the internal pressure is imposed 

In this section, the pressure is imposed and the strain hardening and friction coefficients are 

varied. The analytical model is solved using the solution scheme presented in Figure 4.10. 

First the length of the linear zone and the hoop strain along it are calculated, and then the 

wall thickness and the strain and stress distributions are determined using equations 

summarized in Table 4.3. The length of the linear zone also gives the corner radius, which is 

an indicator of formability. A more deformable material will expand more for the same 

forming load, and will result in a longer linear zone and smaller corner radius before fracture. 

Only one dimension of tube was selected, but it is expected that the results for other 

dimensions are similar.  

4.4.1.1. Influence of process parameters on thickness distribution 

Two different values for the internal pressure were imposed and the relative thickness 

distribution was calculated as t/t0, where t is the instantaneous wall thickness, and t0 is the 

initial thickness of the circular tube. An external pressure due to ultrasonic oscillations, pUO, 

of 0.1 MPa was used. The thickness distributions are compared with the non-ultrasonic case 

solved in the previous chapter.  

Figure 4.12 shows the results for a quarter of the tube, for a material with the strain 

hardening coefficient n = 0.4 and friction coefficient µ = 0.1. When the internal pressure 

increases, the tube expands more and tends to thin at the corner. When ultrasonic oscillations 

are used, the deformation is more uniform. In the following figures and tables, the classical 

process is noted by ‘Non-UO’, and ‘UO’ represents the process where ultrasonic oscillations 

are used. 

Table 4.6 gives the variation in wall thickness and a reduction in thinning for ultrasonic 

process. The variation is calculated as the difference between the maximum and minimum 

values of the relative thickness. The reduction in thinning is given by the ratio between the 

variations for both cases to the variation for non-ultrasonic case. Similarly, a ratio of decrease 

in the corner radius when ultrasonic oscillations are used is determined and included in the 

table. It can be observed that the thinning is reduced by a large percentage. 
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Figure 4.12: Influence of the ultrasonic oscillations on the relative thickness distribution when the 

internal pressure is varied (n = 0.4, µ = 0.1, pUO = 0.1 MPa). 

Table 4.6: Variation in wall thickness with internal pressure with and without ultrasonic oscillations. 

Variation in relative thickness Internal 
pressure, pi Without UO With UO 

Reduction in 
thinning variation 

with UO 

Decrease in 
corner radius 

with UO 

60 MPa 0.071170 0.040607 42.9% 3.6% 
70 MPa 0.112546 0.082404 26.8% 5.9% 

 
Next, the influence of the ultrasonic oscillations when the strain hardening coefficient is 

varied is studied. The friction coefficient is maintained at 0.1. The change in relative 
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thickness is shown in Figure 4.13. When n is larger, the tube expand more under the same 

internal pressure, therefore a smaller corner radius is achieved. The use of the ultrasonic 

oscillations has two beneficial results: (i) more uniform thickness distribution, and (ii) more 

expansion, thus smaller corner radii. Both these aspects indicate formability enhancement 

with vibration. As before, a comparison for the thickness variation and the corner radii is 

conducted (Table 4.7). 
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Figure 4. 13: Influence of the ultrasonic oscillations on the relative thickness distribution when the 

strain hardening coefficient is varied (pi = 60 MPa, µ = 0.1, pUO = 0.1 MPa). 
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Table 4.7: Variation in wall thickness with internal pressure with and without ultrasonic oscillations. 

Variation in relative thickness Strain 
hardening 

coefficient, n Without UO With UO 

Reduction in 
thinning variation 

with UO 

Decrease in 
corner radius 

with UO 

0.1 0.074810 0.053705 28.2% 2.4% 
0.4 0.071172 0.040607 42.9% 8.8% 

 
The effect of using ultrasonic oscillations was next studied for different friction coefficients. 

The material has a strain hardening of 0.4, and the internal pressure is 70 MPa. Again the use 

of the ultrasonic oscillations results in more uniform thickness distribution, less thinning, and 

more expansion, thus smaller corner radius (Figure 4.14).  A comparison of the results with 

and without oscillations is given in Table 4.8. 

0.75

0.85

0.95

0 10 20 30 40 50

Curvilinear distance, x [mm]

Re
la

tiv
e 

w
al

l t
hi

ck
ne

ss
, t

/t
0

Non-UO  (R   = 9.23 mm)

Non-UO (R  = 11.58 mm)

Linear zone Linear zoneFree expansion zone

 µ  = 0.01

UO  (R   = 8.4 mm)

 µ  = 0.1

UO (R  = 10.9 mm)

 
Figure 4.14: Influence of the ultrasonic oscillations on the relative thickness distribution when the 

friction coefficient is varied (n = 0.4, pi = 70 MPa, pUO = 0.1 MPa). 
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Table 4.8: Variation in wall thickness with internal pressure with and without ultrasonic oscillations. 

Variation in relative thickness Friction 
coefficient, µ Without UO With UO 

Reduction in 
thinning variation 

with UO 

Decrease in 
corner radius 

with UO 

0.01 0.014966 0.005741 61.6% 9.0% 
0.1 0.112546 0.082405 26.8% 5.9% 

 

Figure 4.15 shows the radius corner attained when ultrasonic oscillations are used and pUO = 

0.1 MPa. The internal pressure is pi = 70 MPa and strain hardening coefficient is n = 0.4. The 

friction coefficient is varied and the corner radii are determined for both ultrasonic and non-

ultrasonic case.  A smaller corner radius is achieved when the vibration is used, thus the 

formability is enhanced. 
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Figure 4. 15: Influence of the ultrasonic oscillations on the corner radius when the friction coefficient 

is varied (n = 0.4, pi = 70 MPa, pUO = 0.1 MPa). 

  



103 

4.4.1.2. Influence of ultrasonic oscillations on the strain distribution 

Figure 4.16 shows effective strain and radial strain distributions for a non-ultrasonic and for 

ultrasonic process, under the same conditions. As expected, the ultrasonic process display 

reduced and more uniform distributed strains, as compared with the conventional process. 
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Figure 4.16: Effect of the ultrasonic oscillations on the strain distribution (n = 0.4, µ = 0.1, pi = 60 

MPa, pUO = 0.1 MPa). 

4.4.1.3. Influence of ultrasonic oscillations on stress distribution 

The influence of the ultrasonic oscillations on the stress distribution is shown in Figure 4.17 

for the strain hardening coefficient n = 0.4, friction coefficient µ = 0.1, internal pressure pi = 

60 MPa, and pUO = 0.1 MPa. The hoop and effective stresses are shown in the figure, since 
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they exhibited the higher difference among the stresses. Even though the difference is not 

very large, the use of oscillations resulted in reduced and more uniform distributed stresses. 
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Figure 4.17: Influence of the ultrasonic oscillations on the stress distribution (n = 0.4, µ = 0.1, pi = 60 

MPa, pUO = 0.1 MPa). 

4.4.2. Prediction of the analytical model when the corner radius is imposed 

4.4.2.1. Influence of process parameters on thickness distribution 

The thickness distribution is calculated for the ultrasonic conditions, and compared with the 

thickness distribution obtained in non-ultrasonic process. Figure 4.18 presents the results for 

the case when different materials are used, but the friction conditions are the same, µ = 0.01. 

The materials have the same strength coefficient, K, but the strain hardening exponent is 

varied. Two values are used, n = 0.2 and n = 0.4. For this analysis, the initial dimensions of 
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the tube considered were r0 = 25 mm and t0 = 2 mm. The external pressure resulted from 

application of ultrasonic oscillations used in these calculations was pUO = 0.1 MPa. 

From the comparison of these preliminary results, it could be observed that the use of the 

model with ultrasonic oscillations resulted in more uniform thickness distribution in all cases 

considered. The reduction in the relative thickness distribution varies with n. A smaller effect 

was observed for n = 0.4. The variation in wall thickness was calculated by comparison with 

the uniform distribution in the frictionless case. The wall thickness variation percents with 

the strain hardening coefficients considered here are given in Table 4.5. Note that the internal 

pressure required to attain the same corner radius decreases with vibration, but the reduction 

is small. 
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Figure 4.18: Influence of the strain hardening coefficient on the relative thickness distribution for 

ultrasonic and classic square tube hydroforming (µ = 0.01, r0 = 25 mm, t0 = 2 mm, pUO = 0.1 MPa). 
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Table 4.9: Variation in wall thickness with strain hardening exponent with and without ultrasonic 
oscillations (UO). 

Variation in relative thickness Strain 
hardening 

coefficient, n Without UO With UO 

Reduction in 
thinning variation 

with UO 

0.2 0.080510 0.050769 36.9% 
0.4 0.018172 0.008165 55.1% 

 

Next, the friction conditions at the die/tube interface are varied and the material is the same, 

with strain hardening coefficient n = 0.2. The values considered in this study for the friction 

coefficient were: µ = 0.01, µ = 0.1 and µ = 0.5. The external pressure resulted from 

application of ultrasonic oscillations used in these calculations was pUO = 0.1 MPa. Figure 

4.19 presents the results for the larger tube considered, and Figure 4.20 for the smaller tube.  

Both plots indicate more uniform thickness distribution with the use of ultrasonic oscillations 

in all cases considered. The variation in wall thickness between the two extremes in the 

thickness was calculated for both tubes and it is given in Table 4.10 and 4.11. The variation 

in the relative thickness distribution is larger for larger µ.  The reduction in the variation is 

for the smaller tube follows the same pattern as for the larger tube, but a solid comparison 

should be done by keeping the same ratio between the tube dimensions, r0/t0, and the same 

expansion, Lc/R, where Lc is the length of the linear zone and R is the corner radius. 

In can be observed again that the internal pressure required to achieve the same corner radius 

decreased when ultrasonic oscillations were used. A more significant reduction indicates that 

interface friction has significant influence on deformation. Section 4.4.3 will discuss this 

effect in more detail. 
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Figure 4.19: Influence of the friction coefficient on the relative thickness distribution for ultrasonic 

and classic square tube hydroforming (n = 0.2, r0 = 25 mm, t0 = 2 mm, pUO = 0.1 MPa). 

Table 4.10: Variation in wall thickness with friction coefficient, with and without ultrasonic 

oscillations for the larger tube. 

Variation in relative thickness Friction 
coefficient, 

µ Without UO With UO 

Reduction in 
thinning variation 

with UO 

0.01 0.080510 0.050769 36.9% 
0.1 0.163969 0.135834 17.2% 
0.5 0.257376 0.213944 16.9% 
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Figure 4.20: Influence of the friction coefficient on the relative thickness distribution for ultrasonic 

and classic square tube hydroforming (n = 0.2, r0 = 15.9 mm, t0 = 1.6 mm, pUO = 0.1 MPa). 

Table 4.11: Variation in wall thickness with friction coefficient, with and without ultrasonic 

oscillations for the smaller tube. 

Variation in relative thickness Friction 
coefficient, 

µ Without UO With UO 

Reduction in 
thinning variation 

with UO 

0.01 0.030641 0.013743 55.2% 
0.1 0.162531 0.114712 29.4% 
0.5 0.251262 0.220166 12.4% 
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4.4.2.2. Influence of process parameters on strain distribution 

The variation of the effective strain along the tube wall was investigated. The model 

predicted a similar pattern as the one observed for the thickness variation. The use of the 

analytical model with ultrasonic oscillations predicts more uniform strain distribution in all 

cases. Figure 4.21 shows the strain distribution for the case when different tube material are 

used, and the process takes place under the same interface friction conditions. The strain 

hardening exponent is varied, while the friction coefficient is µ = 0.01. Figure 4.22 presents 

the strain variation along the tube wall when the friction coefficient is varied, and same 

material is used for the tubes (K = 500 MPa, n = 0.2).  
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Figure 4.21: Influence of the strain hardening coefficient on the strain distribution for ultrasonic and 

classic square tube hydroforming (µ = 0.01, r0 = 25 mm, t0 = 2 mm, pUO = 0.1 MPa). 
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Figure 4.22: Influence of the friction coefficient on the strain distribution for ultrasonic and classic 

square tube hydroforming (n = 0.2, r0 = 25 mm, t0 = 2 mm, pUO = 0.1 MPa). 

4.4.2.3. Stress distribution and influence of the process parameters for a particular corner 

radius 

The variation of the effective stress along the tube wall was investigated and the model 

predicted a more uniform distribution of the effective stress in the tube wall. Figure 4.23 

shows the stress distribution for the case when different tube material are used, and the 

process takes place under the same interface friction conditions. The stress distribution is 

more uniform and with less variation in ultrasonic process, as compared to the classical 

process. Figure 4.24 presents the effective stress distribution along the tube wall when the 
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friction coefficient is varied, for the same material used for the tubes. The reduction in stress 

variation depends on the friction coefficient, with larger reduction for a larger friction 

coefficient.  
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Figure 4.23: Influence of the strain hardening coefficient on the stress distribution for ultrasonic and 

classic square tube hydroforming (µ = 0.01, r0 = 25 mm, t0 = 2 mm, pUO = 0.1 MPa). 
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Figure 4.24: Influence of the friction coefficient on the stress distribution for ultrasonic and classic 

square tube hydroforming (n = 0.2, r0 = 25 mm, t0 = 2 mm, pUO = 0.1 MPa). 

4.4.3. Effects of the magnitude of the external pressure induced by the ultrasonic 

oscillations 

The study continues with the investigation of the effect of the magnitude of external pressure 

due to ultrasonic oscillations, pUO, on the thickness distribution along the circumference. 

There are two cases: (i) internal pressure imposed, and (ii) corner radius imposed. For the 

first case, the internal pressure was maintained at 70 MPa, and the ultrasonic pressure varies 

between 0.1 and 90 MPa. The relative thickness distribution is plotted in Figure 4.25, and a 

detail is given in Figure 4.26. As it was observed from the equation (3.35), the maximum 

effect of the vibration is reached at the smallest value of pUO. As pUO increases, the beneficial 
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effect reduces. It vanishes completely for pUO = pi. If pUO exceeds pi, the effect is more 

thinning. 
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Figure 4.25: Influence of the ultrasonic pressure on the relative thickness distribution when the 

internal pressure is imposed (n = 0.2, µ = 0.1, pi = 70 MPa). 
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Figure 4.26: Detail on influence of the ultrasonic pressure on the relative thickness distribution for 

pressure imposed. 

Figure 4.27(a,b) presents the variation of the corner radius with the ultrasonic pressure, when 

the internal pressure is imposed. The ratio of change in corner radius is determined by 

comparison with the non-ultrasonic case. The strain hardening exponent and the friction 

coefficient are kept the same. The same conclusions apply here. Maximum effect is for pUO = 

0.1 MPa, while for pUO = 90 MPa (> pi = 70 MPa), the radius is larger, therefore the 

formability deteriorates.  
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Figure 4.27: Influence of ultrasonic pressure on (a) the corner radius, and (b) ratio of the change in 

corner radius (n = 0.4, µ = 0.1, pi = 70 MPa). 

For the second case, the corner radius to be obtained is imposed and the pressure required to 

reach the expansion level is calculated. The thickness distribution is determined. The 

conditions considered are: strain hardening exponent of the material n = 0.2, and interface 

friction coefficient µ = 0.1. The ultrasonic pressure is varied between 0.1 and 40 MPa. The 

relative thickness distributions for the quarter cross-section are determined and compared 

between them and with the non-ultrasonic case. Figure 4.28 shows the results, and a detail is 

given in Figure 4.29. For all cases considered, the use of the external pressure contributes to 

a more uniform distribution, but the reduction in variation of the thickness is smaller for 

larger pUO.  

Another effect is an increase in the internal pressure required as the ultrasonic pressure 

increases. Figure 4.30 plots the dependence of the internal pressure required for the same 

corner radius (R = 7 mm) with the ultrasonic pressure, pUO. The minimum internal pressure to 

reach the same expansion is required for pUO = 0.1 MPa. In conclusion, the use of the 

vibration has a more significant contribution to improvement in material deformability as 

long as the ultrasonic pressure is as small as possible. 
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Figure 4.28: Influence of the ultrasonic pressure on the relative thickness distribution when the 

corner radius is imposed (n = 0.2, µ = 0.1, R = 7 mm). 
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Figure 4.29: Detail on influence of the ultrasonic pressure on the relative thickness distribution for 

corner radius imposed. 

100

105

110

115

120

125

0 10 20 30 40

External pressure due to ultrasonic oscillations, p UO  [MPa]

Re
qu

ir
ed

 in
te

rn
al

 p
re

ss
ur

e,
 p

i 
[M

Pa
]

Non-UO

 

Figure 4.30: Influence of the ultrasonic pressure on the internal pressure required to reach a corner 

radius R = 7 mm (K = 500 MPa, n = 0.2, µ = 0.01). 
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4.5. Concluding remarks 

This chapter presented the development of an analytical model for the plastic deformation of 

a tube subjected to internal pressure and ultrasonic oscillations of a square die. Sliding 

friction was adopted at the die/tube interface. The model was derived following a similar 

method with the model developed in the previous chapter for the classical square tube 

hydroforming. A simplified case was considered, by including an average external pressure. 

The model was solved numerically for few selected conditions, and some conclusions can be 

reached from these results: 

• In all cases considered, the use of the model with ultrasonic oscillations resulted in more 

uniform thickness distribution for the same expansion, as compared to the classical 

process. More uniform thickness distribution will result in reduced and more uniform 

strain and stress distribution. 

• For the same forming load, the use of the ultrasonic oscillations in the model results in a 

smaller corner radius, thus improves the deformability of the material. 

• The reduction in the relative thickness distribution varies with n and µ. By comparison, 

thickness variation is reduced with decrease in friction. 

• The useful effect of superimposing the ultrasonic oscillations were evident for a lower 

size of the tube, but a size effect was not studied. 

The model does not account for the possible surface and volume effects of the ultrasonic 

oscillations. In the simplifying assumptions, the friction coefficient was kept the same, but 

the resultant friction coefficient might be reduced by the surface effects, such as friction 

reversal, better separation and lubrication of the contact surfaces, weaker welds between the 

surface asperities, and effects of the vibration on the lubricant. The volume effects might 

result in lowering the flow stress due to the energy input in the migration of dislocations, or 

the heat generated during the vibration.  

The model did not consider the specific case when only one zone with open and closed gap is 

created along each side of the square section. In that case, the useful effect of the ultrasonic 

oscillations may be even larger, because the pressure in the middle of the side is larger, 
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helping the thinning of the tube in that zone when the die and tube are in contact. When there 

is an opening, there is a large free section, where the deformation process is uniform, since 

there is no contact and hence no friction.  

Future task in development of the model should include refinement by using fewer 

simplifying assumptions. 
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CHAPTER 5 

FINITE ELEMENT MODELING  
 

 

The purpose of introducing ultrasonic oscillations in planar tube hydroforming process is to 

enhance the formability by obtaining a more uniform thickness of the wall and to provide 

better tribological conditions at the die/tube interface. In this chapter finite element method is 

used to investigate the possibility of designing an ultrasonic square tube hydroforming 

system and to choose proper boundary conditions which will give maximum useful effects 

from the ultrasonic oscillations. The study of the mode shape and formation of the gaps at the 

die/tube interface during the oscillations will provide information useful for refining the 

analytical model developed in Chapter 4. 

5.1. Introduction in ultrasonic tube hydroforming 

A typical ultrasonic forming system for metal forming consists of a power supply, i.e. the 

ultrasonic generator and the vibratory system. The vibratory system consists of a transducer, 

a concentrator and a forming unit all combined in an integral piece of equipment. The system 

usually incorporates a feed-back control circuit (Figure 5.1). 

Ultrasonic 
Generator

Ultrasonic 
Transducer

Ultrasonic 
Concentrator

Forming 
Unit

Feed-back 
control

Ultrasonic 
Generator

Ultrasonic 
Transducer

Ultrasonic 
Concentrator

Forming 
Unit

Feed-back 
control  

Figure 5.1: Diagram of an ultrasonic forming system. 

The ultrasonic generator converts the electric power into high-frequency electric signal 

transmitted to the transducer. Typical generators have maximum outputs ranging between 

300 and 2000 Watts [Cheers, 1995]. There are two parameters to be considered when a 
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generator is chosen, and these are related with the output parameters, which need the 

presence of the control circuits: amplitude and frequency. The amplitude varies usually 

between 5 and 50 µm. By convention within the ultrasonic industry, the amplitude values are 

given in ‘peak-to-peak’ terms, and 5 – 50 µm is given as 10 – 100 µm. The frequency can 

vary between 20 and 170 kHz. The more usual output frequencies are 20, 22 and 40 kHz.  

The ultrasonic transducer converts the electrical signal received from the ultrasonic 

generator into mechanical vibration with the same frequency. Usually the transducer contains 

piezoelectric material, whose characteristic is to produce oscillating stress and displacement 

when the voltage applied oscillates.  The ultrasonic concentrator, or the waveguide, is the 

most important part from the design point of view. It has to transmit the vibratory energy 

from the transducer to the deformation zone, and also to amplify the amplitude of vibration. 

The transducer and the concentrator are tightly connected and specifically designed and 

tuned to resonate at the same exact frequency. The vibratory part of the forming unit is 

connected with the concentrator.  

The design principles for the ultrasonic system are deduced from the wave equation (Section 

4.2). In order to design an efficient ultrasonic system and benefit from the effects of the 

ultrasonic oscillations on the forming process, there are some requirements that need to be 

met, as given below: 

• Acquire the resonance. This requirement is met when all the components of the system 

are designed to resonate at the exciting frequency under loading conditions. This can be 

done by using a feed-back control system, typically included in the ultrasonic generator 

circuits, which adjusts the operating frequency to resonance [Abramov, 1994]. 

• Minimize the energy losses. Good acoustic connections between parts are needed for 

avoiding the transmission of the ultrasonic energy in the system. The support for the 

concentrator should be placed at the nodal point. 

• Maximize the effects of ultrasonic oscillations. For meeting this requirement, the 

concentrator plays the most important role. The dimensions of the concentrator have to be 

determined such that the deformation zone will be placed in the displacement antinode if 
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a better separation at the workpiece/tool interface is desired, or in the displacement node 

if a release in the stress is most wanted.  

• Offer stability. The vibratory system should offer stability despite the variation in the 

loading forces and the changes in the dimension of the workpiece during the deformation 

process. A more precise tuning under the load conditions result also in a decrease in 

energy consumption and increase in output capacity. Continuous tuning may be necessary 

for some processes, due to non-steady conditions. The design should be simple and easy 

to maintain. 

5.2. Design principles for the ultrasonic tube hydroforming 

The performance of the ultrasonic system and the magnitude of the effects on the 

deformation process depend on the parameters of the ultrasonic oscillations, especially on the 

amplitude. The ultrasonic oscillations are transmitted to the deformation zone through the 

concentrator. This plays two roles (i) to transmit and focus the oscillations from the 

transducer to the deformation zone, and (ii) to increase the amplitude of vibration when the 

ultrasonic energy is concentrated in a smaller volume. To facilitate the achievement of the 

first role, the concentrator must be designed to resonate at the same frequency as the 

transducer by having the length equal to an integer multiple of the half of the wavelength 

corresponding to the imposed frequency given by the ultrasonic generator and the transducer. 

This length ensures that the maximum amplitude of vibration is transmitted to the 

deformation zone. The second role can be completed by reducing the cross-sectional area of 

the concentrator. 

In ultrasonic tube hydroforming the dies form the concentrator which is connected to the 

transducer. It is desirable that the natural frequency of the tooling be as close as possible to 

the imposed frequency (20000 Hz). Figure 5.2 shows one model of a concentrator clamped in 

the zones with zero amplitude, planes (m) and (n). The geometrical dimensions of the 

concentrator are initially selected based on the behavior of the wave equation, in conformity 

with Figure 4.4. The amplitude will have a maximum at the zone around the axis of the tube, 

and also at the transducer/concentrator interface. Note that this design does not respect the 
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second role of a usual ultrasonic concentrator, since its cross-section needs to increase to 

enclose the tube. Besides, an increase in dimensions results in transmitting transversal waves, 

which in this case is not a loss, because vibrations will be transmitted within the entire 

concentrator, with maximum around the square section. 

0 4
λ

2
λ 3

4
λ

Transducer Concentrator 
(Die) 

(n) (m) 

 

Figure 5.2: Example of design of the concentrator for ultrasonic square tube hydroforming. 

5.3. Proposed models 

Different models and boundary conditions are proposed for superimposing the ultrasonic 

oscillations on the tube hydroforming process. The final design will be decided after the 

dynamic analysis is carried out. This analysis is used to assist the design, in two steps:  

(i). Find a design with satisfactory natural frequencies and mode shapes. Modal analysis 

will be used in this analysis. 

(ii). Determine the optimum design that works at maximum amplitude in the deformation 

zone. This can be done using harmonic response analysis. 

Beside the design of an ultrasonic tube hydroforming system, finite element analysis is used 

to draw conclusions that can be used in refining the analytical model developed in the 

previous chapter. 
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An example of how the die/concentrator can be included in the rest of the system is shown in 

Figure 5.3. The square dies are connected with the transducer and enclosed in two plates. 

During the hydroforming process, the plates are closed and tightly connected, to resist the 

internal pressure exerted in the tube. Between the dies and the body part there will be ball 

bearings allowing movement in certain directions. Ideally the oscillations should be confined 

to the concentrator and die. Since practically this is not possible, the design should be 

conceived in such a way to minimize the losses and maximize the transmission of the 

oscillations to the deformation zone. 

Transducer

Square Dies

Tube

Top Plate

Transducer

Square Dies

Tube

Top Plate

 

Figure 5.3: Proposed variant design for ultrasonic square tube hydroforming [Bunget et al., 2007]. 

Using this design, few models were proposed by Bunget et al. (2007) for two different shapes 

of dies (pear shape and pentagon) and four different sizes of tubes (2.25, 1.375, 1.125, 0.750 

in). A modal dynamic analysis was conducted in ANSYS, and the mode shapes were closely 

analyzed. The models were constrained on the surfaces corresponding to the wave nodes, but 

in different ways. From the five models proposed, two were found to have appropriate mode 

shapes. These models were decided to be used for the square tube hydroforming, together 

with another two models (Table 5.1).  

The contact surfaces between the bearings and the die are vertical constrained. For these dies, 

three sizes are analyzed:  
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(i). Square die 1, for a diameter tube of 57.15 mm (2.25 in). 

(ii). Square die 2, for a diameter tube of 35 mm (1.375 in). 

(iii). Square die 3, for a diameter tube of 24.5 mm (1 in). 

Boundary conditions are given by the placement of the bearings or spacers. Various 

constraints are applied, function of the boundary conditions imposed. The four models 

proposed and the specific boundary conditions are shown in Table 5.1. The application of the 

ultrasonic oscillations (UO) is shown. 

(i). Model 1 uses the design illustrated in Figure 5.2 and it has four bearings orthogonal 

to the direction of the wave propagation, and parallel to the tube to be deformed. The 

side surfaces, where the amplitude nodes are situated are used for supporting the die, 

and therefore all degrees of freedom are 0. On the surfaces of contact with the 

bearings, only the movement in vertical direction is constrained. This model can be 

used for all three dimensions of the tubes. 

(ii). Model 2 also uses the design illustrated in Figure 5.2 and it has four bearings along 

the direction of wave propagation, and orthogonal to the longitudinal direction of the 

tube. The constraints for the support are similar with Model 1, and also the constraints 

in vertical direction in the bearings zones. This model can be used for all three 

dimensions of the tubes. 

(iii). Model 3 proposed a simpler design. The ultrasonic oscillations are applied 

perpendicular to the tube, and the die is prevented to move only in the corner zones. 

Spacers are used to limit the contact between the dies and the surrounding system. 

The rest of the surfaces are free to move in all directions. This model can be used 

only for Squares 2 and 3. 

(iv). Model 4 is similar with the previous model. The difference consists in the shape and 

dimensions of the spacers. This model uses two longer spacers per side. This model 

can be used only for Squares 2 and 3. 
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Table 5.1: Models proposed. 

Model number – Boundary conditions 

1 

Bearings

UO

Bearings

UO

 

2 

Bearings

UO

Bearings

UO

 

3 UO

Spacers

UO

Spacers

 

4 UO

Spacers

UO

Spacers
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5.4. Application of the finite element method in selection of the boundary conditions 

The ultrasonic concentrator and its constraints are the most important part of the design of an 

ultrasonic microforming system. Though some rules derived from analytical equations or 

based on industrial practice are available for starting the design, they cannot easily provide 

the details on the mode shapes. Thus, the use of finite element analysis is recommended. This 

section presents the modal finite element analysis used to determine vibrational mode shapes 

at various frequencies. The material parameters and the characteristics of ultrasonic 

oscillations are given in Table 5.2. 

Table 5.2: Summary of the material and ultrasonic oscillations parameters used in the concentrator 

design. 

Parameter Equation and numerical value 

Material Steel type 

Young Modulus E = 210000 MPa = 210 x 109 kg/s2m 

Density ρ = 7.8 kg/cm3 = 7800 kg/m3 

Poisson’s Ratio 0.3ν =  

Wave speed 
ρ
Ec =  = 5188.75 m/s 

Frequency f = 20000 Hz [ s-1] 

Wavelength f
c
f

λ = =  0.259  m 

 

5.4.1. Modal analysis 

After deciding on the variants of the boundary conditions imposed on the concentrator/dies, 

the next step is the modal analysis. Modal or free response analysis is used to find the natural 
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frequencies of the system, to select the one closer to the desired frequency and to observe the 

mode shape of the structure characteristic for that frequency. The purpose is to decide on a 

design that gives the more appropriate mode shape for the forming operation, at the desired 

frequency.  The general equation that has to be solved in a modal analysis is 

{ } { } { }[ ] [ ] 0M D K D+ =                                                                                      (5.1) 

where [M] is the mass matrix, [K] is the stiffness matrix, and {D} is the displacement (the 

response). The solution of this equation is of the type 

{ } { } { }sin(2 ) sin( )D A ft A tπ ω= = , with 2
eω λ= ,                                             (5.2) 

where { }A  is the eigenvector, given by the amplitude of the vibration, λe is the eigenvalue, or 

the mode shape, and ω is the angular frequency. Plugging equation (5.2) into equation (5.1) 

gives 

[ ] [ ] { }0eK Mλ− = .                                                                                            (5.3) 

This equation is solved for the eigenvalues, and each eigenvalue gives a frequency and an 

eigenvector to specify the deformed relative position of each node of the structure. The 

analysis presented in this chapter is based on ANSYS general purpose commercial FEA 

software. ANSYS was used to find the natural frequencies and the corresponding mode 

shapes. The main steps followed in the analysis were: 

(i). Input the geometry. The geometry can be created in ANSYS or imported from CAD 

software.  

(ii). Input the material properties: ensure consistency in the units.  

(iii). Define the element type and mesh the volume. The mesh has to be chosen carefully, 

depending on the accuracy wanted.  For the simulations presented in this chapter, the 

element type used was ‘Solid187’. 

(iv). Apply appropriate constraints in the nodes where the concentrator is fixed. Beside the 

boundary conditions discussed earlier, supplementary conditions are introduced by 
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the use of the ultrasonic transducer. The contact surface between the transducer and 

dies is constrained in the direction of application of the ultrasonic oscillations.  

(v). Select the frequency range where equation (5.3) is solved. In this case, the solutions 

are sought between 19000 and 22000 Hz, using Block Lanczos method. 

(vi). Review the results. For each natural frequency obtained in the range, the mode shape 

is observed, with a special interest given to the movement in the deformation zone. 

The relative displacements can be obtained. Note that there are various mode shapes 

in the frequency range imposed, but there are not useful in the forming operation. The 

scale of the process is also to be considered when the mode shape is chosen. 

The models proposed were simulated for all the tube sizes and the mode shapes were 

analyzed, with special attention given to the square section. The mode shapes sought have the 

natural frequency in the range provided by the ultrasonic generator (the range selected in this 

analysis was extended to 19500-21500 Hz), and offer the possibility of gap formation 

between the dies and the tube.  

5.4.1.1. Modal analysis for Model 1 

This design has four bearings oriented perpendicular to the direction of the wave 

propagation, and along the axial direction of the tube. The natural frequencies and the mode 

shapes for Model 1 and the three square sizes are given in Tables 5.3-5.5, followed by a 

description of the mode of vibration and of the possible effects on the tube. The pictures in 

the table illustrate the motion of the die showing the two extreme displaced positions.  

For Square die 1 (Table 5.3), all the mode shapes result in possible gap formation at the 

die/tube interface, therefore in the enhancement of the tribological conditions due to better 

separation of surfaces, better lubrication, less time for formation of the welds at the interface. 

The reduction of frictional stresses will result in a reduction of the forming load. The 

particularities of each mode shape are: 

• 20108 Hz – This mode shape presents a combination of translation along x-direction with 

vertical vibration, and a slight torsional vibration about x-direction. The translation along 
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x-direction could help the material to flow by pushing it in toward corners during half of 

the oscillations. The other half, the movement of the die will result in a reversal of the 

friction force, which also help the flow of the material. Gaps and closings could appear 

on all sides along the tube. 

• 21172 Hz – There is longitudinal translation along x-direction, combined with torsion 

about y-direction. The upper and lower sides present each one gap and one closing, but 

the vertical sides have three segments (two openings and one closing, or one opening and 

two closings at the same time). There are also gaps and closing along z-direction. These 

could be beneficial if axial feeding is also used, as the lubricant is better spread along the 

tube. 

• 21213 Hz – The movement is a longitudinal translation along x-direction, similar with the 

previous mode, but without any torsion. The same advantages as mode shape 21172 

apply. 

• 21240 Hz – The movement for this natural frequency seems to be more concentrated in 

the zone of connection between the dies and the transducer, and around the square section 

the die does not appear to move significantly.  
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Table 5.3: Mode shapes for Model 1, Square die 1. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

20108 

     

21172 

     

21213 

     

21240 

     

For Square die 2 (Table 5.4) similar gap formation at the die/tube interface is possible. The 

particularities of each mode shape are: 

• 19723 Hz – The movement is torsion about z-direction. Gaps and closings could occur in 

all sides of the square section, and also alternate along z-direction, helping the material 

flow and the lubrication. 

• 20435 Hz - The movement for this natural frequency seems to be more concentrated in 

the zone of connection between the dies and the transducer, and around the square section 
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the die does not appear to move significantly. Hence the mode shape has no benefits in 

tube hydroforming. 

• 20541 Hz – This mode shape combines a rotation around the vertical direction with a 

slight rotation about x-direction. The maximum displacement on each side appears to be 

close to the middle of the square section, thus resulting in maximum external pressure 

applied in a zone where usually the tube wall is thicker. A larger compressive stress eases 

the deformation. 

• 21387 Hz – The mode shape is similar as for 20435 Hz. 

Table 5.4: Mode shapes for Model 1, Square die 2. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

19723 

     

20435 

     

20541 

     

21387 
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For Square die 3 (Table 5.5) similar gap formation at the die/tube interface is possible too. 

The particularities of each mode shape are: 

• 19711 Hz – The movement is mainly torsion about x-direction, with both dies in the same 

direction, and it results in alternating gaps and closings along the tube, possible localized 

on the upper and lower sides of the square section. 

• 20235 Hz – Torsion about x-direction for both dies, but in opposite direction, is 

combined with torsion about y. There is one gap along each side at a time, or one closing. 

The maximum displacement is recorded in the middle of each side of the square section, 

resulting in better lubrication and a maximum compressive stress in a zone with thicker 

tube wall. 

• 20582 Hz - The movement is torsion about z-direction. Gaps and closings could occur in 

all sides of the square section, and also alternate along z-direction, helping the material 

flow and the lubrication. 

• 20762 Hz - The movement for this natural frequency seems to be more concentrated in 

the zone of connection between the dies and the transducer, and around the square section 

the die does not appear to move significantly. 

• 20812 Hz – Both dies oscillate mostly along y-axis in opposite directions. This 

movement is combined with a longitudinal vibration in x-direction. The result appears to 

be uniform gaps on all sides of the square section. The position of the maximum in the 

middle contributes to a better flow of the material, thus enhancement in the formability. 

• 20990 Hz - Torsion about x-direction for both dies, but in opposite direction, is combined 

with torsion about y. There is one gap along each side at a time, or one closing. The 

maximum displacement is recorded in the middle of each side of the square section, 

resulting in better lubrication and a maximum compressive stress in a zone with thicker 

tube wall. 
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Table 5.5: Mode shapes for Model 1, Square die 3. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

19711 

     

20235 

     

20582 

     

20762 

     

20812 

     

20990 
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Favorable mode shapes were found in the desired range of frequencies for all square die 

sizes. If the tube is assumed to be inside the die, there are gaps created at the interface 

between the die and the tube. There are two types of gap formation along the circumference:  

• Zone with two sets of open and closed gaps– when there are two different zones on one 

side with alternating state of stress and stress in time and space (see Figure 4.2). One 

zone has a gap, the other one is in contact. The gaps appear towards the corners of the 

square section, where the transition from linear to free expansion zone is. The presence of 

the gaps will result in better lubrication. 

• Zone with one set of open and closed gap – when there is one zone with alternating 

stresses and strain in time only. This might be a better situation for the square tube 

hydroforming, since the maximum displacement will occur in the middle of the section, 

where better lubrication and flow of the material is most needed.  

5.4.1.2. Modal analysis for Model 2 

This design includes four bearing sets along the direction of the wave propagation, and 

orthogonal to the longitudinal direction of the tube. The natural frequencies and the mode 

shapes for Model 2 and the three square sizes are given in Tables 5.6-5.8, followed by a 

description of the modes of vibration and of the possible effects on the tube. In all cases, 

there are natural frequencies that give appropriate mode of vibration in the range of 

frequencies studied. Description of the mode shapes and possible useful effects on the 

deformation process for Square die 1 (Table 5.6): 

• 20512 Hz – The vibration for this natural frequency appears to be concentrated in the 

zone of connection between the dies and transducer. There is also a translation in x-

direction, which results in possible gap formation at the tube/die interface on all sides. 

• 21318 Hz – There is a translation along x-direction combined with a rotation about y. 

Due to this movement, gaps and closings are alternating along the sides of the section, 

and also along the longitudinal direction of the tube. 

• 21387 Hz – This mode shape is similar with 20512 Hz. 
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Table 5.6: Mode shapes for Model 2, Square die 1. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

20512 

     

21318 

     

21387 

     

The mode shapes for Square die 2, shown in Table 5.7, are exactly the same as for the larger 

square, described previously. The only difference is in the values of the natural frequencies, 

which are lower. 

For Square die 3, the results are summarized in Table 5.8. Again the same mode shapes are 

found, with the same possible effects, but this time only two of them are in the range of 

interest. 

The use of Model 2 results in more gap formation on the left and right sides, and less on the 

upper and lower sides of the square section. All sizes present the same mode shapes. The 

vibration appears to concentrate more in the zone of connection between the die and 

transducer, which will result in less energy in the deformation zone. Between Model 1 and 2, 

the first one is preferable. 
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Table 5.7: Mode shapes for Model 2, Square die 2. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

20073 

     

20563 

     

20796 

     
 
Table 5.8: Mode shapes for Model 2, Square die3. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

20488 

     

21017 
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5.4.1.3. Modal analysis for Model 3 

Model 3 is a simpler design, with inserts on the lateral zones of the corners. The advantage of 

this model is that the surface with constrained motion is much reduced than in the previous 

models. The natural frequencies and the mode shapes for Model 3 and the three sizes of tube 

are given in Tables 5.9-5.10, followed by a description of the mode of vibration and of the 

possible effects on the tube. For Square die 2, besides the general gap formation and its 

advantages, the specific of these mode shapes are: 

• 20933 Hz – The movement is a torsional vibration around y-direction, which is the 

direction of wave propagation. This movement results in occurrence of gaps mostly on 

the upper and lower sides. 

• 21316 Hz – A combination of two torsional movements about y and z results in a more 

uniform formation of the gaps on all sides. Thus the effect on the process is uniform. 

Table 5.9: Mode shapes for Model 3, Square die 2. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

20933 

               

21316 

               

All the mode shapes observed present the possible gap formation at the die/tube interface, but 

it appears to be more uniform for this smaller square size. Specific description of the mode 

shapes and possible useful effects on the deformation process: 
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• 20198 Hz - The movement is torsion about z-direction. Gaps and closings could occur in 

all sides of the square section, and also alternate along x-direction, helping the material 

flow and the lubrication. 

• 20454 Hz - Both dies oscillate mostly along z-axis in opposite directions. This movement 

is combined with a longitudinal vibration in y-direction. The result appears to be uniform 

gaps on all sides of the square section. The position of the maximum in the middle 

contributes to a better flow of the material, thus enhancement in the formability. 

• 20491 Hz - Torsion about y-direction for both dies, but in opposite direction, is combined 

with torsion about z. There is one gap along each side at a time, or one closing. The 

maximum displacement is recorded in the middle of each side of the square section, 

resulting in better lubrication and a maximum compressive stress in a zone with thicker 

tube wall. 

Table 5.10: Mode shapes for Model 3, Square die 3. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

20198 

              

20454 

              

20491 
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5.4.1.4. Modal analysis for Model 4 

This model is similar with Model 3, but with only two longer inserts on each side. Thus the 

area constrained by the inserts is larger. The natural frequencies and the mode shapes for 

Model 4 and the two sizes of tube are given in Tables 5.11-5.12. Description of the mode 

shapes and possible useful effects on the deformation process for Square die 2 (Table 5.11): 

• 20162 Hz – Both dies oscillate mostly along z-axis in opposite directions. This 

movement is combined with a longitudinal vibration in y-direction. The result appears 

to be uniform gaps on all sides of the square section. The position of the maximum in 

the middle contributes to a better flow of the material, thus enhancement in the 

formability. 

• 21268 Hz – The torsion about y-direction for both dies, but in opposite direction 

results in appearance of one gap along each side at a time, or one closing. The 

maximum displacement is recorded in the middle of each side of the square section, 

resulting in better lubrication and a maximum compressive stress in a zone with 

thicker tube wall. 

Table 5.11: Mode shapes for Model 4, Square die 2. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

20162 

              

21268 
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Description of the mode shapes and possible useful effects on the deformation process for 

Square die 3 (Table 5.12): 

• 19650 Hz – There is a combination between translation along y-direction and vertical 

vibration of the entire square section in the same time. Gaps appear on all sides, 

contributing to better lubrication. The translation could help the material flow by 

pushing it along the die wall toward corners. 

Table 5.12: Mode shapes for Model 4, Square die 3. 

Natural 
frequency 

[Hz] 
Displaced structure – Sequences of motion  

 
X

Y

Z
X

Y

Z

19650 

              
 
The revision of the mode shape found in the interest range for all models and square sizes 

found mode shapes with possible useful effects in each case. Models 1 and 3 appeared to 

result in more uniform gap formation. For most of the models, there are more mode shapes, 

offering the possibility to choose between them as a function of the desired effects. A more 

useful tool for comparison between different mode shapes will be provided by the harmonic 

response analysis. 

5.4.2. Harmonic response analysis 

The modal analysis of the concentrator helped in selecting optimum dimensions for having a 

natural frequency as close as possible to the imposed frequency, and a corresponding mode 

of vibration useful for the square tube hydroforming application. The next step to be 

followed is the harmonic response analysis, which is conducted to evaluate: 

• The amplitude of the vibration of the system with focus on the zone of deformation. The 

amplitude should be as uniform as possible on all sides of the square section. 
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• Meaningful gap size, especially in the middle of the section, where the tube will be in 

contact with the die during the deformation process. During the vibration, the die and 

tube needs to separate from each other. The gaps should be large enough to allow the 

lubricant to spread. Besides a larger gap results in larger contact pressure applied at the 

interface and the asperities are easier crushed. 

• The stresses in the tooling. These have to be within the acceptable limits of the material 

used for the tooling. 

Harmonic analysis is used to determine the linear steady-state response of the system, when 

the loads vary sinusoidally or harmonically with time. The analysis determines the response 

at the frequencies indicated. The graphs of the response quantity, for example displacement 

vs. frequency, are obtained for the point of interest. The imposed frequencies that involve the 

most kinetic energy are those near the natural frequencies of the structure. The general 

equation that has to be solved in a dynamic analysis is 

{ } { } { } { }[ ] [ ] [ ]M D C D K D F+ + = ,                                                                   (5.9) 

where [M], [K] and {D} are defined as in the modal analysis, [C] is the damping matrix, and 

{F} is the load applied, which can be force, pressure or displacement. This equation is solved 

only for a single frequency to find the response {D} for a given force {F}, or it can be 

extended to determine the response over a range of frequencies, by repeating the analysis. 

The solution of the general equation of motion is of the type 

{ } { }max
i i tD D e eϕ Ω= ,                                                                                         (5.10) 

where Dmax is the maximum displacement, φ is the displacement phase shift, given in radians, 

and Ω is the imposed angular frequency, with Ω=2πf. Using Euler’s identity, equation (5.10) 

can be written as 

{ } ( ){ } { } { }( )max 1 2cos sin i t i tD D i e D i D eϕ ϕ Ω Ω= + = +  ,                                  (5.11) 

where {D1} and {D2} are the real and the imaginary displacement vectors. Similarly, the 

force is written as 
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{ } { } { } { } { }( )max 1 2
i i t i tF F e e F F i F eψ Ω Ω= = + ,                                                   (5.12) 

where {F1} and {F2} are the real and the imaginary force vectors. After plugging equations 

(5.10-12) into equation (5.9) and doing some simplifications, the equation (5.13) is obtained. 

[ ] [ ] [ ]( ) { } { }( ) { } { }2
1 2 1 2M i C K D i D F i F−Ω + Ω + + = + .                                 (5.13) 

This equation is solved for the displacements {D1} and {D2} for all nodes using finite 

element analysis. The steps followed in the analysis are: 

(i). Solve the modal analysis, as described in section 5.4.1. The goal is to find the natural 

frequencies for which to calculate the response in the harmonic analysis. 

(ii). Apply the varying load (force, pressure or displacement) by inputting its magnitude. 

(iii). Select the frequency range and the number of steps in that range. These values give Ω 

in equation (5.13).  

(iv). Input the damping value, which can be constant or varying with the frequency. The 

constant damping for a steel structure is 0.1-3%. 

(v). Obtain the solution and review the results. Some nodes in the deformation zone are 

selected and the displacement response is observed. Also the stresses are determined for 

the structure. 

Figure 5.4 exemplifies an assembly of the dies forming a single body having appropriate 

constrains. Beside the material parameters and the geometrical dimensions, the harmonic 

analysis requires as input the damping ratio of the structure, the frequency range and the 

number of steps for the calculation, and the harmonic excitation, to conform to equation 

(5.13). 
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( )0 sinF tωcos( )u A tω=X 
Y 

Z 

( )0 sinF tωcos( )u A tω=X 
Y 

Z 

 

Figure 5.4: Example of constraints and load applied in the model. 

Ultrasonic excitation is applied on the surface of the die where the transducer is connected. 

The design will include a transducer that will confer a displacement of ~10 µm, and the 

contact area between the transducer and die will be circular of diameter of 38 mm. The 

displacement is applied as sinusoidal function to mimic the ultrasonic vibration, in 

conformity with equation (5.14). 

cos( )u A tω= ,                                                                                                   (5.14) 

where A is the amplitude, and ω is the angular frequency. 

The harmonic response analyses were carried out using ANSYS. A damping ratio of the 

structure was input as ξ = 0.5%, and a frequency range and step were specified for each 

simulation. Introducing the damping changes the frequency response of the structure, 

resulting in overlapping a dominant mode over others. 

Simulations were run for each model proposed. The interest was to analyze the vibration of 

the square section of the die and determine the displacements. These will offer information 

about the size of the gaps possible to appear at die/tube interface, and the average pressure 

exerted by the die on the tube due to vibration. The harmonic analysis was also used to check 

the maximum stress in the tooling. 

Method proposed to determine the pressure due to ultrasonic oscillations 

During the oscillation of the die, gaps will be formed at the die/tube interface. Where the die 

will be in contact with the tube, it will exert pressure on the tube, and this pressure varies 

with the variation of the displacement. It is assumed that each point from the square section 

exert a pressure corresponding to a plane wave with the maximum amplitude equal with the 
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displacement normal to the surface at that point. The displacement and the pressure of the 

vibration of the point can be described by 

cos( )P Pu u tδ ω= , ( )sin( )P Pp c u tρω δ ω= ⋅ ,                                                    (5.15) 

where uP describes the vibration of the point P with a maximum δuP, determined from the 

harmonic simulation, ρ is the material density, and c is the wave speed (see Table 5.2). 

Figure 5.5 describes the two phases (steps) during the oscillation. In the first phase, pressure 

is exerted on one part of the surface, as there is no contact on the other part. In the second 

phase, the gap is closed and the other one is opened. The pressure will be exerted now on the 

other part of the surface. 

An average pressure is calculated taking these two phases into consideration. This average 

pressure varies in time after a sinusoidal law given by  

( )sin( ) sin(2 )av P av
p p t c u ftω ρω δ π= = ⋅ ,                                                       (5.16) 

where pav is the amplitude averaged on the surface. This pressure has to be further averaged 

in time, to obtain the final pressure due to ultrasonic oscillations, pUO. 

1
2

0

22 sin(2 )f
UO av avp f p ft pπ

π
= =∫ .                                                                 (5.17) 

This is the value to be used in the analytical model developed in Chapter 4. A more exact 

average will divide this result by a factor of 2, but this is done in the model.  

Note that the average is assumed even if the formation of the gaps is not symmetrical on the 

side. 



146 

p
pav

pav

Initial position 
of the die

Maximum 
displacement of the 
die in phase 1

Maximum 
displacement of the 
die in phase 2

Maximum pressure 
distribution in phase 2

Maximum pressure 
distribution in phase 1

0

0

0

p

δu

Elements in the
linear zone in 
the tube wall

p
pav

pav

Initial position 
of the die

Maximum 
displacement of the 
die in phase 1

Maximum 
displacement of the 
die in phase 2

Maximum pressure 
distribution in phase 2

Maximum pressure 
distribution in phase 1

0

0

0

p

δu

Elements in the
linear zone in 
the tube wall

 

Figure 5.5: Schematic of pressure distribution during the oscillation of the die. 

Figure 5.6 illustrates the variation of the pressure on the lower side of the square section for 

Model 1, Square 1, frequency 19021 Hz. The figure shows the pressure distribution during 

one oscillations of duration T, and eight intermediate steps, starting with position 1, when 

there is no pressure exerted on the interface. In position 2, corresponding to T/8, pressure 

starts to be exerted on a part of the contact surface, with a maximum in position 3, at T/4, and 

then starts to decrease (position 4, at 3T/8). In position 5, at T/2, there is again no pressure. 

Pressure will start to be exerted on the other side of the contact surface, shown in an 

intermediate position 6 at 5T/8, maximum in position 7 at 3T/8, and followed by decreasing 

at 7T/8 in position 8, and going back to zero. 
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Figure 5.6: Pressure distribution on the lower side of the square section during one oscillation of the 

die (Model 1, Square 1, 19021 Hz). 
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5.4.2.1. Harmonic analysis for Model 1 

Harmonic response analysis for Model 1 was conducted for all three sizes of square dies and 

the displacement was recorded for each natural frequency. Special attention was given to the 

displacements of the sides of the square section. The displacement normal to the surface 

gives indication about the size of the gaps to be formed.  

• Square die 1: The distribution of the normal displacements showed that in general the 

gaps formation is similar for the upper and lower sides of the square section, and there 

are two zones with open and closed gaps. The amplitude of the displacements is similar 

too. The left side presents one zone with open and closed gap. The right side exhibits 

both scenarios, and the amplitude is reduced as compared to the left side. The 

displacement distributions are shown in Table 5.13 for a frequency of 20108 Hz, and in 

Appendix 3 for the other natural frequencies. Each table indicates the maximum von 

Mises stress. All the values are within acceptable limits. Note that dies are usually 

hardened to withstand 2000 MPa stress loading.  

• Square die 2: The distribution of normal displacements showed one zone with open and 

closed gap for all sides of the square section and all mode shapes, except for 21386 Hz. 

At this frequency, the right side has two sets of open and closed gaps. The amplitudes of 

displacements are symmetrical for upper and lower sides of the square section. The 

displacements in the left and right sides are antisymmetrical and their amplitudes are 

similar, slightly lower for the right side. The displacement distributions are shown in 

Table 5.14 for a frequency of 20435 Hz, and in Appendix 3 for the other natural 

frequencies. The stresses are within acceptable limits. 

• Square die 3: For all mode shapes studied, the left, upper and lower sides of the square 

section of the die display the formation of one zone with open and closed gap with 

similar amplitudes. The right side has one or three sets of open and closed gaps. For the 

last scenario the average amplitude of the displacements is smaller. Table 5.15 shows the 

displacements distribution for 20812 Hz, and the distribution for the rest of the natural 

frequencies are included in Appendix 3. The stresses are within acceptable limits. 
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Table 5.13: Displacement distribution for Model 1, Square die 1, 20108 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 174 MPa.
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Table 5.14: Displacement distribution for Model 1, Square die 2, 20435 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 133 MPa.
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Table 5.15: Displacement distribution for Model 1, Square die 3, 20812 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 181 MPa.
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The normal displacements recorded in the harmonic analyses are used in equations (5.16-17) 

to calculate the pressure exerted by the die on the tube due to vibration (pUO) for each side of 

the square section of the die and each natural frequency. Table 5.16 shows the results for 

Square die 1. It can be observed that the upper and lower sides have the same pressure, but 

there is a large difference between the left and right sides, since the ultrasonic transducer 

exerts the displacement on the left side. Tables 5.17 and 5.18 summarize the pressures for 

Square dies 2 and 3, respectively. For all the square sizes, there are some mode shapes that 

display more uniform pressure distribution. Another aspect is that the values increase when 

the size of the die decreases. 

Table 5.16: Average ultrasonic pressure on the die/tube interface: Model 1, Square die 1. 

Natural frequency 
[Hz] 20108 21172 21213 21240 

Square section side Ultrasonic  pressure, pUO [MPa] 

Down 7.24 5.54 8.10 14.30 

Up 7.27 5.53 8.11 14.29 

Left 18.99 19.22 16.42 14.46 

Right 3.39 6.01 2.62 0.88 

 

Table 5.17: Average ultrasonic pressure on the die/tube interface: Model 1, Square die 2. 

Natural frequency 
[Hz] 19723 20435 20541 21386 

Square section side Ultrasonic pressure, pUO [MPa] 

Down 35.06 15.08 13.64 6.53 

Up 35.04 15.07 13.67 6.52 

Left 26.43 24.64 24.92 34.59 

Right 25.27 20.65 20.84 31.09 
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Table 5.18: Average ultrasonic pressure on the die/tube interface: Model 1, Square die 3. 

Natural frequency 
[Hz] 19711 20235 20582 20762 20812 20990 

Square section side Ultrasonic pressure, pUO [MPa] 

Down 16.52 24.96 45.30 47.34 11.18 31.074 

Up 16.55 25.00 45.40 47.36 11.12 31.11 

Left 22.24 23.79 25.04 27.23 31.11 38.28 

Right 8.26 6.43 3.86 4.11 22.35 52.40 

 

5.4.2.2. Harmonic analysis for Model 2 

Harmonic response analysis for Model 2 was conducted for all three sizes of square dies and 

the displacement normal to the surfaces of the square section was recorded for each natural 

frequency.  

• Square die 1: The distribution of the normal displacements showed similar formation of 

gaps for the upper and lower sides of the square section, and there are two sets of open 

and closed gaps. The amplitude of the displacements is similar too. The left and right 

sides present one zone with open and closed gap. The left side showed much higher 

displacements than the other sides. The displacement distributions are shown in Table 

5.19 for a frequency of 20512 Hz, and in Appendix 3 for the other natural frequencies. 

Each table indicates the maximum von Mises stress. All the values are within acceptable 

limits. 

• Square die 2: The distribution of normal displacements showed one zone with open and 

closed gap for all sides of the square section. The amplitudes of displacements are 

symmetrical for upper and lower sides of the square section. The displacements in left 

and right sides are antisymmetrical and their amplitudes are in general similar, except the 

first mode, where the left side exhibit larger displacements. The displacement 

distributions are shown in Table 5.20 for a frequency of 20073 Hz, and in Appendix 3 for 

the other natural frequencies. The stresses are within acceptable limits. 
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• Square die 3: This size of the square die displays similar mode shapes as Square die 2. 

For all mode shapes studied, the left, upper and lower sides of the square section of the 

die display the formation of one zone with open and closed gap. Table 5.21 shows the 

displacements distribution for 20488 Hz, and the distribution for the other natural 

frequency is included in Appendix 3. The stresses are within acceptable limits. 
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Table 5.19: Displacement distribution for Model 2, Square die 1, 20512 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 136 MPa.
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Table 5.20: Displacement distribution for Model 2, Square die 2, 20073 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 80.5 MPa.
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Table 5.21: Displacement distribution for Model 2, Square die 3, 20448 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 105 MPa.
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Following the same procedure described for the previous model, the pressure exerted by the 

die on the tube due to vibration (pUO) is calculated for each side of the square section of the 

die and each natural frequency. Table 5.22 shows the results for Square die 1. The upper and 

lower sides have almost the same pressure, and close to the value for the right side. The left 

side shows much higher pressures. Table 5.23 shows the results for Square die 2. Except one 

frequency (20073 Hz), the others display more uniform pressure distribution. Square die 3 

shows a higher value for the pressure on the left side, but the difference is reduced as 

compared to Square die 1.  

Table 5.22: Average ultrasonic pressure on the die/tube interface: Model 2, Square die 1. 

Natural frequency 
[Hz] 20512 21318 21387 

Square section side Ultrasonic  pressure, pUO  [MPa] 

Down 5.56 5.77 6.36 

Up 5.56 5.67 6.49 

Left 19.75 20.49 20.94 

Right 4.39 7.75 8.55 

 

Table 5.23: Average ultrasonic pressure on the die/tube interface: Model 2, Square die 2. 

Natural frequency 
[Hz] 20073 20563 20796 

Square section side Ultrasonic  pressure, pUO [MPa] 

Down 8.61 34.63 22.63 

Up 8.59 34.35 22.49 

Left 20.86 26.03 25.47 

Right 9.59 29.88 26.76 
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Table 5.24: Average ultrasonic pressure on the die/tube interface: Model 2, Square die 3. 

Natural frequency 
[Hz] 20488 21017 

Square section side Ultrasonic pressure, pUO [MPa] 

Down 10.02 13.56 

Up 10.08 13.60 

Left 26.35 32.77 

Right 16.31 22.29 

 

5.4.2.3. Harmonic analysis for Model 3 

Harmonic response analysis for Model 3 was conducted for two sizes of square dies. The 

displacement normal to the surfaces of the square section was recorded for each natural 

frequency.  

• Square die 2: The distribution of normal displacements showed the possible appearance 

of one to three zones with open and closed gaps for all sides of the square section. The 

amplitudes of displacements are in the same range for all four sides of the square section 

of the die. The displacement distributions are shown in Table 5.25 for a frequency of 

20933 Hz, and in Appendix 3 for the other natural frequency. The stresses are within 

acceptable limits. 

• Square die 3: This size of the square die displays two scenarios of gap formation. At 

20198 and 20491 Hz there is one zone with open and closed gap for all sides of the 

square section, with very high amplitudes. At 20454 Hz there is possible to have one to 

three zones with open and closed gaps (Table 5.26). The displacements are smaller for 

upper and lower sides, and in the same range for left and right sides. The distributions for 

the other natural frequencies are included in Appendix 3. The stresses are within 

acceptable limits for 20454 Hz, but for the other two mode shape, the effective stress is 

around 900 MPa, which is rather large. 
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Table 5.25: Displacement distribution for Model 3, Square die 2, 20933 Hz. 

 

 

 

   

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 120 MPa.
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Table 5.26: Displacement distribution for Model 3, Square die 3, 20454 Hz. 

 

 

 

   

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 108 MPa.
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The pressure exerted by the die on the tube due to vibration (pUO) is calculated for each side 

of the square section of the die and each natural frequency. Table 5.27 shows the results for 

Square die 2. An almost uniform distribution of pressure on all sides of the square section is 

observed. Table 5.28 shows the results for Square die 3, for the mode shape with acceptable 

effective stress in the tooling. The distribution is not uniform. 

Table 5.27: Average ultrasonic pressure on the die/tube interface: Model 3, Square die 2. 

Natural frequency 
[Hz] 20933 21316 

Square section side Ultrasonic pressure, pUO [MPa] 

Down 17.69 16.60 

Up 17.62 16.37 

Left 21.09 20.96 

Right 17.90 20.20 

 

Table 5.28: Average ultrasonic pressure on the die/tube interface: Model 3, Square die 3. 

Natural frequency 
[Hz] 20454 

Square section side 
Ultrasonic 

pressure, pUO 
[MPa] 

Down 6.04 

Up 6.00 

Left 15.22 

Right 17.02 

 

5.4.2.4. Harmonic analysis for Model 4 

Harmonic analysis was conducted Model 4 was conducted for Square dies 2 and 3, and 

displacement normal to the surfaces of the square section was recorded for each natural 

frequency.  
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• Square die 2: The distribution of normal displacements showed the possible appearance 

of one to three zones with open and closed gaps. The amplitudes of displacements are 

similar for upper and lower sides of the square section, higher as compared to the other 

two sides for a frequency of 20162 Hz (Table 5.29), and much higher for 21268 Hz 

(Appendix 3). Therefore the distribution of pressure is highly non-uniform. The stresses 

are within acceptable limits. 

• Square die 3: This size of the square die has only one mode shape in the range of interest, 

which displays symmetrical one zone with open and closed gap on all sides of the square 

section (Table 5.26). The stresses are within acceptable limits. 



164 

Table 5.29: Displacement distribution for Model 4, Square die 2, 20491 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 85 MPa.
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Table 5.30: Displacement distribution for Model 4, Square die 3, 19650 Hz. 

 

 

 

 
  

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 113 MPa.
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The pressure exerted by the die on the tube due to vibration (pUO) is calculated for each side 

of the square section of the die and each natural frequency. Table 5.31and 5.32 show the 

results for Square dies 2 and 3, respectively. For Square die 2 there are huge differences 

between the values of the pressures for the sides, while an almost uniform distribution of 

pressure on all sides of the square section is observed for Square die 3.  

Table 5.31: Average ultrasonic pressure on the die/tube interface: Model 4, Square die 2. 

Natural frequency 
[Hz] 20162 21268 

Square section side Ultrasonic pressure, pUO [MPa] 

Down 4.06 77.76 

Up 4.01 77.60 

Left 20.44 13.66 

Right 14.93 11.15 

Table 5.32: Average ultrasonic pressure on the die/tube interface: Model 4, Square die 3. 

Natural frequency 
[Hz] 19650 

Square section side 
Ultrasonic 

pressure, pUO 
[MPa] 

Down 19.41 

Up 19.44 

Left 17.74 

Right 22.31 

 

5.5. Concluding remarks 

This chapter presented a finite element analysis of the models proposed for the ultrasonic 

square tube hydroforming design. The objectives of the modeling were: (i) have a design 

with modes of vibration favorable for the forming process and corresponding natural 

frequencies of the system as close as possible to the superimposed frequency, and (ii) 
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determine an approximate value for the pressure due to ultrasonic oscillations. Some 

conclusions from these analyses are: 

• The modal analysis found useful natural frequencies and mode shapes around 20000 

Hz. The mode shapes observed were in agreement with the assumption of having 

vibration all around the square section. This vibration results in occurrence of gaps at 

the die/tube interface. 

• Between Models 1 and 2, the boundary conditions for Model 1 resulted in larger 

displacements, thus larger ultrasonic pressures exerted on the tubes, while Model 2 

showed more uniform distribution. Based on the results of the analytical model 

developed for ultrasonic tube hydroforming, lower ultrasonic pressure is desired. 

Since a more uniform distribution results in a uniform deformation of the tube on all 

four sides of the square section. Thus, the boundary conditions given by Model 2 may 

be preferred. 

• Between Models 3 and 4, Model 3 showed more uniform pressure distributions on all 

four sides for Square die 2. Model 4 was more favorable for Square die 3. Different 

design variant may be selected as a function of the dimensions of the square die. The 

values of the pressure are in the same range with the other two models for the same 

square dies. 

• The analyses indicated that a vast majority of the mode shapes result in one zone with 

open and closed gap. Therefore the simplified methodology used in the derivation of 

the model is satisfactory. 

• The information gathered may be used for refining the analytical model. 
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CHAPTER 6 

EXPERIMENTAL INVESTIGATION IN TUBE HYDROFORMING 
 

 

The objective of this chapter is to discuss the experimental investigations conducted on 

ultrasonic and non-ultrasonic tube hydroforming processes. Experiments were carried out to 

observe the effects of ultrasonic oscillations on the deformation of a tube in a square die. The 

test set-up and the experimental procedures will be presented, and the results of the 

experiments discussed. 

6.1. Experimental set-up  

The experimental set-up for ultrasonic hydroforming consists of two systems:  

• Tube hydroforming assembly, which is mounted on the hydroforming press (Figure 

6.1). The press has a maximum clamping load of 150 tons. The axial cylinders used 

for feeding material or for axial clamping have a maximum capacity of 50 ton each. A 

close-up view of the tooling with the square die assembled is shown in Figure 6.2, 

with the tube to be deformed inside the die. The internal pressurization for the tube 

hydroforming test rig is accomplished through the use of a control unit shown beside 

the tube hydroforming press (Figure 6.3(a)). The internal pressure which can be 

varied from 0 to 20,000 psi, is controlled by a series of PLC controllers (Figure 

6.3(b)).  

• Ultrasonic system, which includes the ultrasonic generator and the piezoelectric 

transducer connected with the square die. The ultrasonic generator transmits an 

electrical signal to the transducer. The generator of 2 kW power shown in Figure 6.4 

can transmit a signal of 20 kHz frequency. This electric signal is transformed into 

mechanical vibration with maximum amplitude of 22-23 µm. The transducer is 

tightly connected to the die (Figure 6.2). 
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Figure 6.1: Tube hydroforming test rig. 

              

Square die

Tube to be 
deformed

Piezoelectric 
transducer

Square die

Tube to be 
deformed

Piezoelectric 
transducer

 

Figure 6.2: Close-up view of the tooling with the square die. 
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                         (a)                                                                            (b) 

Figure 6.3: (a) Control unit, and (b) THF test control screen and Data acquisition. 

 

Figure 6.4: The ultrasonic generator and the voltage transformer. 

A close-up view of the square die used in the experiments for a tube of 35 mm diameter is 

shown in Figure 6.5. The die was manufactured in accordance with Model 3. The die consists 

of two parts assembled together. The inserts used for constraining all degrees of freedom in 

the lateral sides of the corner are shown in the figure. The rest of the surfaces of the dies are 

free. The piezoelectric transducer can also be observed in the figure. 
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Insert
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Transducer

Insert
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Transducer

 

Figure 6.5: Close-up view of the square die and the inserts. 

6.2. Test procedures and experiments 

The tooling presented in the previous section was used to test the influence of the ultrasonic 

oscillations on the tube hydroforming process. The experiments were carried out using 

annealed Copper Alloy 122 tubing.  The tube had an outer diameter of 35 mm and tube wall 

thickness of 1.6 mm. The length of tube samples was 220 mm. The strength coefficient, K, 

and strain hardening coefficient, n, for this material were 560 MPa and 0.46 respectively. 

Before experiments the tube were dipped in a hydraulic oil bath.   

Prior to applying internal pressure to the tube, the top and bottom dies were clamped at a 

clamping load of 37 tons. To prevent leakage from the internal pressurized fluid (hydraulic 

oil) the tube ends were conically formed using axial conical punches. A forming load of 10 

tons was applied from each of the 50 ton axial cylinders.    

Two pressure levels were used in the tests, 8,000 psi and 9,000 psi. The pressure was ramped 

linearly from zero to the maximum pressure. The experiments were stopped immediately 
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after reaching the maximum pressure.  An example of a pressure loading path is shown in 

Figure 6.7. Ultrasonic generator was actuated approximately 10 seconds after pressurization. 

The total duration for the test was 30 seconds. Ultrasonic vibration was applied to the die 

system for the last 20 seconds (two intervals of 10 seconds).   

 

Figure 6.6: Samples before and after experiment. 
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Figure 6.7: Forming pressure loading path. 

6.3. Results and discussion 

After the experiments, the radii of the four corners of the formed square tube were measured 

using radius gauge. Table 6.1 shows the measured data for ultrasonic and non-ultrasonic 

experiments. The table also includes the power consumption recorded by the ultrasonic 

generator. 

Table 6.1: Test matrix and corner radii attained.  

Forming pressure 
Process type 

[psi] [MPa] 

Corner radius 

[mm] 

Ultrasonic power 

[Watts] 

8000 55.2 7.80 N/A Conventional 

THF 9000  62 6.75 N/A 

8000  55.2 7.20 1220 Ultrasonic 

Vibration THF 9000  62 6.40 1600 
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As can be seen in the table, ultrasonic tube hydroforming resulted in lower corner radius. 

This implies that ultrasonic vibration increased the forming capability of the tube 

hydroforming process. A reduction in the corner radius, rc, can be calculated using the 

following formula 

[%] 100C THF U THF
c

C THF

R Rr
R

− −

−

−
= ⋅ ,                                                                            (6.1) 

where RC-THF and RU-THF are the corner radius obtained in the classical and ultrasonic tube 

hydroforming process respectively. The reduction in the corner radius for each pressure level 

is shown in Table 6.2. 

Table 6.2: Reduction in corner radii attained with vibration.  

Forming pressure 

[psi] 

Reduction in corner 

radius, rc [%] 

8000 7.7 

9000 5.2 

 

6.3.1. Verification of the analytical model for conventional tube hydroforming 

The experimental results are compared with the predictions of the analytical model for 

conventional tube hydroforming. The model was solved for the dimensions and material of 

the tube (diameter of 35 mm, t0 = 1.6 mm, K = 560 MPa, n = 0.46) and the internal pressure 

used in the second set of experiments (p = 62 MPa), for different frictional conditions. Figure 

6.8 plots the variation of the corner radius achieved with the friction coefficient. 
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Figure 6.8: Corner radius achieved for different friction coefficients. 

From this figure, for R =6.75 mm, a friction coefficient of 0.02 is approximated, which may 

be close to the real value. In order to validate the model and determine its accuracy, further 

tests would be needed to determine the friction coefficient at the die/tube interface. 

6.3.2. Verification of the analytical model for ultrasonic tube hydroforming 

Assuming that the friction coefficient is the same in the ultrasonic tube hydroforming tests, a 

variation of the corner radius with the ultrasonic pressure is determined for the friction 

coefficient approximated, µ = 0.02 (Figure 6.9). The same dimensions, tube material and 

internal pressure are used. Using the corner radius obtained experimental, R = 6.4 mm, the 

pressure due to ultrasonic oscillations, pUO, is approximated as being around 4 MPa. 
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Figure 6.9: Influence of ultrasonic pressure on the corner radius. 

The finite element analysis presented in Chapter 5 indicated a pressure between 16-21 MPa. 

The difference might be due tot the simplifications of the analytical models, uncertainties 

introduced by the numerical approximations, material imperfections, and energy loses during 

the vibration. 

6.4. Concluding remarks 

This chapter presented experiments carried out to investigate the effects of the ultrasonic 

oscillations on the tube hydroforming processes. The experimental set-up was used to 

conduct test with and without oscillations imposed for two levels of internal pressure. The 

measurements of the corner radii of the tube indicated that the use of the ultrasonic 

oscillations resulted in lower corner radii. This is a result of more expansion of the tube 

material, and points to an improvement in the formability. 

 



177 

 

 
CHAPTER 7 

CONCLUSIONS AND FUTURE WORK 
 

 
 
The objectives of this research work were: (i) to understand the mechanics of deformation in 

tube hydroforming in square dies, the formability and the variables that influence it, (ii) to 

study the possibility of using the ultrasonic oscillations as a method of enhancing formability 

and improving tribological conditions, (iii) to develop an analytical model to predict the state 

of stress and strain for a tube expansion under internal pressure and sliding friction 

conditions at the die/tube interface, for the ultrasonic and non-ultrasonic process, and to 

observe the effects of the ultrasonic oscillations on the deformation pattern, (iv) to design a 

set of tooling capable to superimpose the ultrasonic oscillations on the tube hydroforming 

process, and (v) to conduct experiments to observe the influence of the ultrasonic oscillation 

on the process. 

In Chapter 3 an analytical model used to characterize the plastic deformation of the tube 

hydroformed in square dies was derived using equilibrium of forces, geometric relationships, 

material flow law and von Mises yield criterion. In conventional tube hydroforming the tube 

is expanded under internal pressure and different friction conditions are present at the 

die/tube interface. The analytical model was used to predict the correlation between the 

internal pressure and the possible corner radius to be achieved, the thickness distribution, and 

the state of strain and stress in the tube. The influence of some process parameters, such as 

strain hardening and friction coefficient was studied with the help of the model. 

The model can be used to establish guidelines for designing the tube hydroforming process in 

square dies, by assisting in selecting the material and also the lubrication conditions, as a 

function of the desired quality of the hydroformed part to be obtained and forming load 

capabilities. The prediction of the model indicated that the friction conditions and the strain 

hardening coefficient of the tube material influence considerably the deformation pattern and 

the forming load needed. Lower friction coefficient is required for more uniform thickness 
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distribution along the wall circumference and for lowering the pressure requirements. A 

material with higher n expands more for the same forming load, and the thickness 

distribution is more uniform for the same expansion level and requires a lower pressure. The 

predictions of the analytical model developed agree well with the experimental investigations 

of other researchers [Hwang et al., 2005; Orban et al., 2007]. 

Using similar approach and appropriate assumptions, the model was developed further to 

account for the ultrasonic oscillations imposed on the hydroforming die. Chapter 4 described 

the derivation of the analytical model for ultrasonic square tube hydroforming. Some 

assumptions and simplifications were made. There are two different state of stress in an 

element of the tube wall in the linear zone during the oscillations of the die, one 

corresponding to free expansion, when a gap occurs at the interface, and one corresponding 

with compression in radial direction with an increase pressure due to impact contact of the 

vibrating die. The model assumes an average between the two states. 

The analytical model was solved numerically for few selected conditions and showed that the 

use of ultrasonic oscillations resulted in more uniform thickness distribution for the same 

expansion, as compared to the classical process, and more uniform stress and strain 

distribution. When the internal pressure is maintained, the corner radius obtained is smaller. 

For the cases considered in this study, the reduction in the corner radius was between 2.4 and 

9 %. A more uniform thickness and less thinning, as well as a smaller corner radius, indicate 

an improvement of the formability of the material. If the corner radius is imposed, then the 

maximum internal pressure is determined.  If ultrasonic oscillations are used and the pressure 

exerted on the tube due to vibration is less than a critical value (equal to the internal 

pressure), there is a decrease in the maximum internal pressure needed for the same 

expansion. The most effective ultrasonic pressure is 0.1 MPa. 

Chapter 5 presented the finite element modeling used to design a set of tooling for the 

ultrasonic tube hydroforming process to superimpose oscillations at a frequency of 20 kHz, 

select between the boundary conditions proposed in order to maximize the effects of the 

oscillations, study the possible modes of gaps formation at the die/tube interface, and 
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approximate the external pressure due to ultrasonic oscillations, pUO, used in the analytical 

model.  

The most important part of the design of the ultrasonic system is the concentrator, which is 

the die in this case. The concentrator is used to transmit and focus the oscillations from the 

transducer to the deformation zone, and amplify the oscillation through geometry and, more 

important, use of resonance. The design needs to respect some requirements related with 

acquiring the resonance, minimizing the energy losses and maximizing the effects of the 

ultrasonic oscillations by maximizing the amplitude of the vibration in the deformation zone. 

Four models were proposed and finite element analysis was used to analyze them for three 

sizes of square dies. Modal analysis was used to observe the mode of vibration of the die in 

the range of frequencies between 19.5 and 21.5 kHz and the possible useful effects on the 

forming process.  There were two type of mode shapes assumed to be useful: 

• Zone with two sets of open and closed gaps; in this zone there are two different 

elements on one side, with alternating state of stress and stress in time and space. The 

presence of the gaps in the transition from the contact linear zone to the free 

expansion zone will result in better lubrication. 

• Zone with one set of open and closed gap; in this zone there is one element only with 

alternating stresses and strain in time. This might be a better situation for the square 

tube hydroforming, since the maximum displacement will occur in the middle of the 

section, where better lubrication and help with the flow of the material is most 

needed. Besides, the gap is still present in the transition zone, where better lubrication 

is needed. 

The revision of the mode shape found in the interest range for all models and square die sizes 

found mode shapes with possible useful effects in each case. Models 1 and 3 appeared to 

result in more uniform gap formation. For most of the models, there are more mode shapes, 

offering the possibility to choose between them as a function of the desired effects. The main 

criterion for further selection is to have a uniform mode of vibration for all four sides of the 

square cavity of the die, with uniform displacement and pressure distributions. In this case 
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the vibration will have uniform effect on the deformation along the circumference of the 

tube. 

Harmonic response analyses were conducted to evaluate the amplitude of vibration in the 

deformation zone, which corresponds to the square section of the die and the stress in the 

tooling. Based on the displacement distribution, a method to approximate the external 

pressure due to ultrasonic oscillations, pUO, was proposed. It was assumed that the vibration 

of the die and the displacements are transmitted to the tube at the same frequency, similarly 

with a plane wave. The pressure exerted on the tube is therefore calculated from the wave 

equation, and an average in time and space is determined.  

A comparison between the possible pressure distribution for Models 1 and 2 found that the 

first results in higher pressures exerted on the tube, but the last showed more uniform 

distribution around the circumference. Between Models 3 and 4, it was found that Model 3 

has a more uniform pressure distribution for Square die 2, and Model 4 would be more 

favorable for Square 3. In conclusion, the selection of the boundary conditions to be used 

should be selected also taking into account the size of the process/tube dimensions. Most of 

the average values of the external pressure due to ultrasonic oscillations were between 5 and 

25 MPa. 

Chapter 6 presented the experiments conducted to observe the effects of ultrasonic 

oscillations on the deformation of a tube in a square die. Tube hydroforming tests were 

carried out with and without ultrasonic oscillations. The duration of the test was 30 seconds. 

In the ultrasonic test, first 10 second was without oscillations, followed by 20 seconds of 

vibration imposed on the die. Two pressure levels were used in the test, 8,000 psi and 9,000 

psi. After the experiments, the corner radii were measured and compared. The ultrasonic test 

resulted in smaller corner radii as compared to the conventional tube hydroforming test. The 

reduction in corner radius was 5.2-7.7%. This implies that ultrasonic vibration increased the 

forming capability of the tube hydroforming process in conformity with the predictions of the 

analytical model developed earlier. 

Although these preliminary results are promising, there is still work to be done for a further 

advance in understanding the mechanisms underlying the effects of the ultrasonic 
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oscillations. The derivation of the analytical does not account for the surface effects, such as 

friction reversal, better separation and lubrication of the contact surfaces, weaker welds 

between the surface asperities, and effects of the vibration on the lubricant, or the volume 

effects, such as lower flow stress due to the energy input in the migration of dislocations, or 

the heat generated during the vibration.  

Future tasks in development of the model should include validation of the model via finite 

element analysis, and refinement by using lesser simplifications and including the two 

different states of stress and strain taking place during the ultrasonic process.  

A similar method used in the derivation of the model can be adopted for other planar 

geometries, for both conventional and ultrasonic tube hydroforming cases. Also, the 

conclusions drawn from this research could be applied for more complicated geometries, 

with 3-D strain conditions. 

The useful effects of superimposing the ultrasonic vibration on the forming process could be 

also extended to smaller scales of the hydroforming process, where the friction conditions are 

more difficult, and the small corner radii require higher internal pressures. 
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APPENDIX 1  

MATLAB scripts used in solving the analytical model for conventional tube 
hydroforming 

 
Case 1: Internal pressure imposed 
 
% ============================================== 
% Planar tube hydroforming 
% Script for Case 1: Impose internal pressure 
% Find: - length of linear zone 
%       - thickness distribution along the linear zone 
%       - strain distribution along the linear zone 
% ============================================== 
  
function c1_planar(p,x)  
clear all 
  
% ============================================== 
% Initial conditions: dimensions tube, material parameters 
  
r_0 = 25; % initial internal radius [mm] 
t_0 = 2;  % initial thickness [mm] 
al = 2/sqrt(3); % constant 
  
k_m = 500; % strength of the material [MPa/mm^2] 
n = 0.1;   % strain hardening coefficient 
miu = 0.1; % friction coefficient 
  
area_0 = pi/4*(27^2-25^2); % initial area of a quarter of the tube [mm^2] 
  
% ============================================== 
% Pressure imposed 
  
p = 60; % [MPa] 
  
% ============================================== 
% Find an initial guess for the strain from the case with friction zero 
  
eq1 = @ (eps)norm(p-al^(n+1)*k_m*eps^n*(2*t_0^2*exp(-2*eps)*(2-pi/2))/... 
    (2*r_0*(2*t_0*exp(-eps)-pi/2*t_0)+t_0^2*exp(-2*eps)*(2-pi/2))); 
[eps, fval] = fminsearch(eq1, 0.1); 
  
eps_0 = eps; 
  
% ============================================== 
% Start iteration 
  
area_l = 0; 
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for k = 1:241; 
    x(k) = 0.1*(k-1); % maximum x is 24 mm 
     
    eq2 = @ (ep)norm((k_m*ep(1)^n*al^(n+1)-p)*t_0*exp(-ep(1))-... 
        (k_m*ep(2)^n*al^(n+1)-p)*t_0*exp(-ep(2))-miu*p*x(k)); 
    [ep, fval] = fminsearch(eq2, [eps_0, eps_0]); 
     
    eps(k) = ep(1);  % strain at x(k) 
    eps_sym = ep(2); % strain at x=0 
     
    t(k) = t_0*exp(-eps(k));  % thickness at x(k) [mm] 
    r(k) = 27-x(k)-t(k);      % corner radius [mm] 
     
    area_l = area_l + 0.1*t(k);           % area of the linear zone    
                                          % [mm^2] 
    area_c = pi/4*((r(k)+t(k))^2-r(k)^2); % area of the corner zone  
                                          % [mm^2] 
    area_t = 2*area_l+area_c; 
    error = abs(area_t-area_0)/area_ct; 
  
    if error <= 0.001  
        d = [x' t' eps'];  
        xlswrite('solution_c1.xls',d) % write the solution in an 'excel'  
                                      % file   
    end 
end 
 
 
 
Case 2: Length of the linear zone imposed 
 
% ============================================== 
% Planar tube hydroforming 
% Script for Case 2: Impose length of linear zone 
% Find: - internal pressure needed 
%       - thickness distribution along the linear zone 
%       - strain distribution along the linear zone 
% ============================================== 
  
function c2_planar(p,x)  
clear all 
  
% ============================================== 
% Initial conditions: dimensions tube, material parameters 
  
r_0 = 25; % initial internal radius [mm] 
t_0 = 2;  % initial thickness [mm] 
al = 2/sqrt(3); % constant 
  
k_m = 500; % strength of the material [MPa/mm^2] 
n = 0.1;   % strain hardening coefficient 
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miu = 0.1; % friction coefficient 
  
area_0 = pi/4*(27^2-25^2); % initial area of a quarter of the tube [mm^2] 
  
% ============================================== 
% Length of the linear zone imposed 
  
l = 20; % [mm] % this is x maximum 
  
% ============================================== 
% Find an initial guess for the strain and a starting value for  
% the internal pressure from the case with friction zero   
  
r = r_0-l; 
t = pi/2*r_0*t_0/(2*x+pi/2*r); 
eps_0 = log(t_0/t); 
p_0 = al^(n+1)*k_m*eps_0^n*(2*t_0^2*exp(-2*eps_0)*(2-pi/2))/... 
    (2*r_0*(2*t_0*exp(-eps_0)-pi/2*t_0)+t_0^2*exp(-2*eps_0)*(2-pi/2))); 
  
% ============================================== 
% Start iteration 
  
area_l = 0; 
  
for p = p0:0.1:200; % maximum pressure is 200 MPa  
    for k = 1:201; 
        x(k) = 0.1*(k-1); % maximum x is 20 mm 
     
        eq2 = @ (ep)norm((k_m*ep(1)^n*al^(n+1)-p)*t_0*exp(-ep(1))-... 
            (k_m*ep(2)^n*al^(n+1)-p)*t_0*exp(-ep(2))-miu*p*x(k)); 
        [ep, fval] = fminsearch(eq2, [eps_0, eps_0]); 
     
        eps(k) = ep(1);  % strain at x(k) 
        eps_sym = ep(2); % strain at x=0 
     
        t(k) = t_0*exp(-eps(k));  % thickness at x(k) [mm] 
        r(k) = 27-l-t(k);         % corner radius [mm] 
     
        area_l = area_l + 0.1*t(k);           % area of the linear zone  
                                              % [mm^2] 
        area_c = pi/4*((r(k)+t(k))^2-r(k)^2); % area of the corner zone  
                                              % [mm^2] 
        area_t = 2*area_l+area_c; 
        error = abs(area_t-area_0)/area_ct; 
  
        if error <= 0.001  
            d = [x' t' eps' p'];  
            xlswrite('solution_c2.xls',d) % write the solution in an  
                                          %  'excel' file   
        end 
    end 
end 
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APPENDIX 2 

MATLAB scripts used in solving the analytical model for ultrasonic tube hydroforming 
 
Case 1: Internal pressure imposed 
 
% ============================================== 
% Ultrasonic planar tube hydroforming 
% Script for Case 1: Impose internal pressure 
% Find: - length of linear zone 
%       - thickness distribution along the linear zone 
%       - strain distribution along the linear zone 
% ============================================== 
  
function uo1_planar(p,x)  
clear all 
  
% ============================================== 
% Initial conditions: dimensions tube, material parameters 
  
r_0 = 25; % initial internal radius [mm] 
t_0 = 2;  % initial thickness [mm] 
al = 2/sqrt(3); % constant 
  
k_m = 500; % strength of the material [MPa/mm^2] 
n = 0.1;   % strain hardening coefficient 
miu = 0.1; % friction coefficient 
  
area_0 = pi/4*(27^2-25^2); % initial area of a quarter of the tube [mm^2] 
  
% ============================================== 
% Internal pressure imposed  
  
p = 60; % [MPa] 
  
% ============================================== 
% Ultrasonic pressure 
  
p_uo = 0.1; % [MPa] 
  
% ============================================== 
% Find an initial guess for the strain from the case with friction zero 
  
eq1 = @ (eps)norm(p-al^(n+1)*k_m*eps^n*(2*t_0^2*exp(-2*eps)*(2-pi/2))/... 
    (2*r_0*(2*t_0*exp(-eps)-pi/2*t_0)+t_0^2*exp(-2*eps)*(2-pi/2))); 
[eps, fval] = fminsearch(eq1, 0.1); 
  
eps_0 = eps; 
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% ============================================== 
% Start iteration 
  
p_av = (p+p_uo)/2; % [MPa] 
  
area_l = 0; 
  
for k = 1:241; 
    x(k) = 0.1*(k-1); % maximum x is 24 mm 
     
    eq2 = @ (ep)norm((k_m*ep(1)^n*al^(n+1)-p)*t_0*exp(-ep(1))-... 
        (k_m*ep(2)^n*al^(n+1)-p)*t_0*exp(-ep(2))-miu*p_av*x(k)); 
    [ep, fval] = fminsearch(eq2, [eps_0, eps_0]); 
     
    eps(k) = ep(1);  % strain at x(k) 
    eps_sym = ep(2); % strain at x=0 
     
    t(k) = t_0*exp(-eps(k));  % thickness at x(k) [mm] 
    r(k) = 27-x(k)-t(k);      % corner radius [mm] 
       
    area_l = area_l + 0.1*t(k);           % area of the linear zone  
                                          % [mm^2] 
    area_c = pi/4*((r(k)+t(k))^2-r(k)^2); % area of the corner zone  
                                          % [mm^2] 
    area_t = 2*area_l+area_c; 
    error = abs(area_t-area_0)/area_ct; 
  
    if error <= 0.001  
        d = [x' t' eps'];  
        xlswrite('solution_c1.xls',d) % write the solution in an 'excel'  
                                      % file   
    end 
end 
 
 
 
Case 2: Length of the linear zone imposed 
 
% ============================================== 
% Ultrasonic planar tube hydroforming 
% Script for Case 2: Impose length of linear zone 
% Find: - internal pressure needed 
%       - thickness distribution along the linear zone 
%       - strain distribution along the linear zone 
% ============================================== 
  
function uo2_planar(p,x)  
clear all 
  
% ============================================== 
% Initial conditions: dimensions tube, material parameters 
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r_0 = 25; % initial internal radius [mm] 
t_0 = 2;  % initial thickness [mm] 
al = 2/sqrt(3); % constant 
  
k_m = 500; % strength of the material [MPa/mm^2] 
n = 0.1;   % strain hardening coefficient 
miu = 0.1; % friction coefficient 
  
area_0 = pi/4*(27^2-25^2); % initial area of a quarter of the tube [mm^2] 
  
% ============================================== 
% Length of the linear zone imposed 
  
l = 20; % [mm] % this is x maximum 
  
% ============================================== 
% Ultrasonic pressure 
  
p_uo = 0.1; % [MPa] 
  
% ============================================== 
% Find an initial guess for the strain and a starting value for  
% the internal pressure from the case with friction zero   
  
r = r_0-l; 
t = pi/2*r_0*t_0/(2*x+pi/2*r); 
eps_0 = log(t_0/t); 
p_0 = al^(n+1)*k_m*eps_0^n*(2*t_0^2*exp(-2*eps_0)*(2-pi/2))/... 
    (2*r_0*(2*t_0*exp(-eps_0)-pi/2*t_0)+t_0^2*exp(-2*eps_0)*(2-pi/2))); 
  
% ============================================== 
% Start iteration 
  
area = 0; 
  
for p = p0:0.1:200; % maximum pressure is 200 MPa  
    p_av = (p+p_uo)/2; % [MPa] 
    for k = 1:201; 
        x(k) = 0.1*(k-1); % maximum x is 20 mm 
     
        eq2 = @ (ep)norm((k_m*ep(1)^n*al^(n+1)-p)*t_0*exp(-ep(1))-... 
            (k_m*ep(2)^n*al^(n+1)-p)*t_0*exp(-ep(2))-miu*p_av*x(k)); 
        [ep, fval] = fminsearch(eq2, [eps_0, eps_0]); 
     
        eps(k) = ep(1);  % strain at x(k) 
        eps_sym = ep(2); % strain at x=0 
     
        t(k) = t_0*exp(-eps(k));  % thickness at x(k) [mm] 
        r(k) = 27-l-t(k);         % corner radius [mm] 
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        area_l = area_l + 0.1*t(k);           % area of the linear zone   
                                              % [mm^2] 
        area_c = pi/4*((r(k)+t(k))^2-r(k)^2); % area of the corner zone  
                                              % [mm^2] 
        area_t = 2*area_l+area_c; 
        error = abs(area_t-area_0)/area_ct; 
         
        if error <= 0.001  
            d = [x' t' eps' p'];  
            xlswrite('solution_uo2.xls',d) % write the solution in an  
                                           % 'excel' file   
        end 
    end 
end 
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APPENDIX 3 

Displacement distribution for the models proposed for the die used in ultrasonic tube 
hydroforming 

 

This appendix includes the displacement distribution for: 

• Model 1 

• Square die 1 – frequencies: 21172, 21213, and 21240 Hz (Tables A3.1-3). 

• Square die 2 – frequencies: 19723, 20541, and 21386 Hz (Tables A3.4-6). 

• Square die 3 – frequencies: 19711, 20235, 20582, 20762, and 20990 Hz (Tables 

A3.7-11). 

• Model 2 

• Square die 1 – frequencies: 21318 and 21387 Hz (Tables A3.12-13). 

• Square die 2 – frequencies: 20563 and 20796 Hz (Tables A3.14-15). 

• Square die 3 – frequency: 21017 Hz (Table A3.16). 

• Model 3 

• Square die 2 – frequency: 21316 Hz (Table A3.17). 

• Square die 3 – frequencies: 20198 and 20491 Hz (Tables A3.18-19). 

• Model 4 

• Square die 3 – frequency: 21268 (Table A3.20). 
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Table A3.1: Displacement distribution for Model 1, Square die 1, 21172 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 149 MPa.
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Table A3.2: Displacement distribution for Model 1, Square die 1, 21213 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 151 MPa.
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Table A3.3: Displacement distribution for Model 1, Square die 1, 21240 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 152 MPa.
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Table A3.4: Displacement distribution for Model 1, Square die 2, 19723 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 191 MPa.
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Table A3.5: Displacement distribution for Model 1, Square die 2, 20541 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 134 MPa.
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Table A3.6: Displacement distribution for Model 1, Square die 2, 21386 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 196 MPa.
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Table A3.7: Displacement distribution for Model 1, Square die 3, 19711 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 106 MPa.
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Table A3.8: Displacement distribution for Model 1, Square die 3, 20235 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 130 MPa.
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Table A3.9: Displacement distribution for Model 1, Square die 3, 20582 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 198 MPa.
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Table A3.10: Displacement distribution for Model 1, Square die 3, 20762 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 211 MPa.
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Table A3.11: Displacement distribution for Model 1, Square die 3, 20990 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 234 MPa.
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Table A3.12: Displacement distribution for Model 2, Square die 1, 21318 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 134 MPa.
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Table A3.13: Displacement distribution for Model 2, Square die 1, 21387 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 148 MPa.
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Table A3.14: Displacement distribution for Model 2, Square die 2, 20563 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 183 MPa.
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Table A3.15: Displacement distribution for Model 2, Square die 2, 20796 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 158 MPa.
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Table A3.16: Displacement distribution for Model 2, Square die 3, 21017 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 164 MPa.
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Table A3.17: Displacement distribution for Model 3, Square die 2, 21316 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 113 MPa.
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Table A3.18: Displacement distribution for Model 3, Square die 3, 20198 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 916 MPa.
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Table A3.19: Displacement distribution for Model 3, Square die 3, 20491 Hz. 

 

 

 

 
  

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 850 MPa.
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Table A3.20: Displacement distribution for Model 4, Square die 2, 21268 Hz. 

 

 

 

 
 

 

Displacements are given in microns, and 
surface coordinates in meters.  Maximum stress: 308 MPa.




