ABSTRACT
SANTISO, ERIK EMILIO. Effect of Confinement on Chemical Reactions. (Under the
direction of Keith E. Gubbins.)

The goal of this project is to gain a fundamental understanding of the different factors that
influence chemical reactions in confinement through the systematic study of simple model
systems. For this purpose, we consider three different examples: (1) The rotational
isomerization of small hydrocarbons in carbon nanopores, showing the impact of the steric
hindrance imposed by the confining material on the reacting system; (2) The unimolecular
decomposition of formaldehyde on carbon pores, as an example of the effect of physical
interactions on a reaction’s mechanism and equilibrium; and (3) The thermal splitting of
water over defective graphene and nanotube surfaces, showing how chemical interactions
with a catalytic substrate can completely modify the chemical landscape and hence the
equilibrium and dynamics of the system. Our main findings from these studies are: (1) In
the molecular sieving limit, the steric hindrance imposed by the pore walls can cause
dramatic changes in the potential energy surface of a reaction, with the rate varying as the
double exponential of the pore dimensions; (2) Physical interactions with a catalytic
support can alter both the thermodynamic properties of the confined molecules and the
reaction dynamics, the latter being especially important in reactions with relatively low
activation barriers; (3) Chemical modification of a carbon substrate can give rise to
completely different reaction mechanisms, which could be exploited in the systematic
molecular-level design of improved catalytic materials.
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Chapter 1
Introduction
Most chemical reactions of practical interest are carried out in micro- and nanoporous
materials, which can enhance or reduce reaction yields through various different effects,
including an increase in the surface area per unit volume, selective adsorption of reactants
and/or products, and shape-catalytic effects, among others. A fundamental understanding
of the role of each one of these different effects could lead to a systematic procedure for
the design of improved catalytic materials that take advantage of all of them
simultaneously1.

Despite the multitude of factors that can affect reactions in confinement, we can classify
these effects into three main groups: (1) shape-catalytic effects, i.e. the effect of the shape
of the confining material and/or the reduced dimensionality of the porous space, (2)
physical (or “soft”) effects, including the influence of dispersion and electrostatic
interactions with the confining material, and (3) chemical (or “hard”) effects, interactions
that involve significant electron rearrangement, including the formation and breaking of
chemical bonds with the confining material. The latter is usually considered to be the
actual catalytic effect, and it is the one that has the most obvious influence on the reaction
rates, as it alters the reaction mechanism. However, the first and second type of effects can
also have a strong influence on both the rates and equilibrium yields, as has been shown in
several recent theoretical calculations2-20 and experimental studies21-36.

The effect of the shape of the confining material, in particular, has been the subject of
extensive research in connection with zeolite-catalyzed reactions, where the interactions
with the confining supramolecular structure of the zeolite have a strong influence on

1

determining

the

allowed

reaction

pathways2,4,5,7,8,21,25,26,33.

The

terms

“shape-

selectivity”2,4,8,25,29,35, “inverse shape-selectivity”4,5,33, “active site shape-selectivity”4,35,
and similar terms4,24,26 are used frequently in the catalysis literature to describe the ability
of zeolites and other supramolecular structures24,27-32 to drastically modify the outcome of
chemical reactions due to confinement effects. It is, however, quite challenging to
elucidate the reasons for these shape-selective effects4,5,24,28 because of the complexity of
these materials, and the interplay of many different factors that influence experimental
results, such as confinement effects on the thermodynamic properties of the substances
involved, changes in the diffusion rates among different species in different confining
materials, and the details of the supramolecular structure at both the atomic scale and the
mesoscale4.

Only recently have carbon-based materials received attention for their possible influence
on chemical reaction equilibria and dynamics3,6,9-20,22,34,36. Graphitic carbon is a suitable
material for such studies for several reasons: first, it is a relatively simple material to
model, which allows for the exploration of a large parameter space (pore sizes, shapes,
etc.) without a very large computational expense; second, it is a remarkably flexible
material37-39, adopting many different structural forms40, which makes it ideal for studying
shape-catalytic effects; third, graphitic carbon has a large polarizability, which allows for
the study of its influence on reactions through physical interactions using relatively simple
models; and lastly, graphitic carbon can be chemically modified in various ways in order to
study chemical interactions. Some possibilities of this kind are the inclusion of structural
defects in the carbon structure41,42, doping37 and the addition of functional groups37.

In this work, we present a review of our research on some of the different factors that can
influence a chemical reaction in confinement through the study of several model systems.
We first consider the influence of steric hindrance on the equilibrium and kinetics for the
rotational isomerizations of several small hydrocarbons10,11. These examples illustrate how
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reaction rates can vary doubly exponentially with the dimensions of the confining material
(which we term the “shape-catalytic” effect). As a second example, we consider the
unimolecular decomposition of formaldehyde on graphitic carbon pores of various sizes13.
These results illustrate the influence of electrostatic interactions with the supporting
material on the reaction mechanism and equilibrium yield for reactions involving a charge
transfer.

As a final example, we consider the interaction of a water molecule with a defective carbon
substrate as an example of a chemical interaction that can be enhanced through a shapecatalytic effect. We first show using ab initio calculations how a vacancy site on a
graphene surface can induce the thermal splitting of water at relatively low temperatures14.
We then examine the dissociation on a vacancy site on a nanotube surface, which shows
the shape-catalytic effect of the surface curvature. These results are a first step toward the
design of catalytic materials that take advantage of different enhancing effects
simultaneously.

The rest of this work is organized as follows: In Chapter 2 we discuss some of the basic
concepts associated with the molecular-level modeling of chemical reactions and review
some of the main methods available for such studies. In Chapter 3 we present our results
on the modeling of the isomerization kinetics of hydrocarbons in confinement, which
illustrate the importance of the shape-catalytic effect in nanoporous materials. Chapter 4
contains our results on the unimolecular decomposition of formaldehyde, as an example of
how physical interactions with the confining material can affect the reaction equilibrium
and dynamics. In Chapter 5, we present our studies on the thermal splitting of water over
defective carbon substrates. Finally, in Chapter 6 we offer some conclusions regarding the
implications of this work and suggest future directions for research in this area.
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Chapter 2
Review of Methods for Modeling Chemical Reactions
In this chapter, we present a review of the most widely used methods to model chemical
reactions, at both the electronic and atomistic levels. While, in principle, ab initio methods
alone should provide the required prediction of reaction mechanisms, yields and rates, in
practice this can rarely be achieved due to the intensive nature of the computations and the
poor scaling of the computational burden with the number of electrons. In many
applications a combination of ab initio and semi-classical atomistic simulations will be
needed. Specialized atomistic simulation methods are necessary, since the reactions are
themselves rare events, and the free energy landscape for the reaction is often rugged with
many possible reaction paths. We provide a survey of these methods, with comments on
their applicability and a description of their strengths and weaknesses. The material in this
chapter has been published in ref. 1

2.1 Introduction
The newcomers to the arcane field of modeling of chemical reactions will usually find
themselves bewildered by the profusion of proposed methods, both ab initio and classical
atomistic. In the case of the ab initio approaches, we find a plethora of mathematical
formulations of the electronic problem, approximations, basis sets. Such methods include
Hartree-Fock theory, Configuration Interaction, Møller-Plesset perturbation methods,
Coupled-Cluster methods, Multireference Self-Consistent Field methods, various SemiEmpirical Methods, Density Functional Theory and Car-Parrinello Molecular Dynamics,
and within each of these there are, on average, four or five different variations. The
atomistic methods include various forms of Transition State Theory, “Blue Moon”
7

Molecular Dynamics, the Reactive Flux Method, Transition Path Sampling, Kinetic Monte
Carlo, Quantum Mechanics/Molecular Mechanics, and others. The multitude of acronyms
used, particularly for the quantum mechanical methods, further strengthens the apparent
impenetrability of the field.

We find ourselves confronted with sentences such as:

“Geometries were optimized at the B3LYP/6-31G(d) level and single-point energies were
obtained from CASSCF and CASPT2 calculations”.
This wide range of methods reflects both the difficulty and importance of this area. While
surveys exist of some of the ab initio2-10 and classical atomistic10-12 methods, there does not
appear to be a general overview of the important methods of both types. However, many
applications require a multi-scale approach in which ab initio and atomistic methods are
combined; due to computer limitations, ab initio methods alone are often insufficient to
deal with adequate system sizes or time scales. This is particularly the case when strong
intermolecular interactions are involved, as in reactions in solution, in supercritical fluids,
and in nanostructured environments (reactions in porous media, composites, reverse
micelles, etc.). In this chapter we present a review of some of the most important ab initio
and classical atomistic methods, at a level that is appropriate for a newcomer to the area.
While space does not permit us to review all of the methods that have been proposed, we
have tried to select those that we believe are most widely useful, and endeavour to make
this area accessible to those researchers who, while being familiar with some simulation or
ab initio methods, may be approaching reacting systems for the first time. Examples of
recent applications of each of the methods are mentioned at the end of each section.
We begin by introducing the basic concepts common to chemical reactions (Section 2.2),
such as potential energy surfaces, transition states and reaction coordinates. Empirical
force field methods to describe the potential energy surface, and the associated molecular
mechanics and quantum mechanics/molecular mechanics methods are described in Section
2.3. The basis of the ab initio methods, and the various approximate methods available for
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their solution, are covered in Section 2.4.

In Section 2.5 we discuss the atomistic

simulation methods, and in Section 2.6 we present some concluding remarks.

2.2. Chemical Reactions2-6,13-15
Before we start discussing methods for dealing with chemical reactions, it is convenient to
talk about the kind of problems we want to consider and define some terms. From a
practical point of view, what we usually want to obtain about a chemical reaction is either
an equilibrium constant or a kinetic rate. Equilibrium constants are in this sense the easiest
to obtain because they depend only on the thermodynamic properties of the reactants and
the products. One may not know how a reaction proceeds from reactants to products and
still get the equilibrium constant for the reaction. The complications that may arise are
those associated with the estimation of thermodynamic properties: non-ideality, effects due
to external imposed fields, etc. In section 2.5 we will talk about a method to obtain
equilibrium constants in such non-ideal conditions, the Reactive Monte Carlo method,
which can deal with this kind of situation.
The estimation of rate constants is an entirely different matter, however, because they are
dynamic properties and hence depend on how the system evolves from reactants to
products. Even for very simple systems, e.g. a reacting mixture of ideal gases, it is not a
trivial task to figure this out. Since reactions usually involve breaking and formation of
chemical bonds, finding out exactly how a reaction proceeds is inherently a quantum
mechanical problem. In sections 2.3 and 2.4 we will discuss some of the methods that can
be used to describe these processes.
One of the things that we will discuss in section 4 is the Born-Oppenheimer
approximation. Within this approximation, one assumes that the only relevant parameters
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necessary to describe the reaction mechanism are the positions of the atomic nuclei in
space. Thus a Potential Energy Surface (PES), which gives the potential energy of the
system E ({R I }) as a function of the nuclear configuration, is used to describe a chemical
reaction.
Figure 2.2.1 is a sketch of a PES. This plot corresponds to a simple case where the PES
depends only on two coordinates16. The variables f and g represent functions of the
configurational variables and could be, for example, distances between two atoms, angles
formed by three atoms or dihedral angles formed by four atoms. The labels A and B
indicate the reactant and product states. The maximum along the minimum energy path,
labeled as TS, is the transition state (also known as the activated state or activated

complex). This point is a first-order saddle point, i.e. the energy increases in all directions
but one.
The PES for a given reaction can be found using a quantum mechanical method. Its
description, however, can be very complicated. In principle, the nuclear configuration
space

{R I }

contains the coordinates of all the nuclei that may have an effect on the

reaction, i.e. not only the reactants and the products but also all the neighboring atoms. In
some cases, for example reactions happening in solution or in confinement, there may be
collective effects involving large numbers of molecules that affect the reaction17-20. Thus
the potential energy surface may exist in a highly multidimensional space, and just
describing it could be impossible. It is often necessary to simplify the system by
considering only some of the coordinates. Even then, or in simpler cases like a reaction
occurring in an ideal gas, there may still be several possible pathways through which the
reaction can proceed.
At finite temperature, the reaction path is really defined on a free energy surface, and this
must be taken into account when calculating reaction rates. However, the way to define
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reaction paths is usually to do ab initio calculations, and these are done at zero temperature
(i.e. the atoms are taken as stationary), so temperature effects have to be included
afterwards. It is possible to directly explore the free energy surface using, for example,
modified ab initio molecular dynamics methods, but these approaches are relatively new
and have not yet had widespread application21.

Figure 2.2.1. A simple potential energy surface; contours are lines of constant energy.
The variables f(r) and g(r) represent functions of the configuration. A and B are the
reactant and product states, and TS is the transition state.
Many methods for estimating reaction rates require defining one or more reaction

coordinates that serve as a measure of the extent of the reaction. A reaction coordinate is a
function of the configurational variables {R I } that measures how far along the reaction
path the system is in a given configuration. In principle the way to find this function is to
search mathematically for the path(s) of minimum energy on the PES that connects the
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reactants to the products (such as the one indicated in figure 2.1). The reaction
coordinate(s) can then be defined by parameterizing this path. When this procedure is
followed one speaks of an intrinsic reaction coordinate, a term due to K. Fukui22-24.
A way to obtain minimum energy paths and hence define intrinsic reaction coordinates is
to follow the softest vibrational mode of the reacting molecule22-24. This requires
numerically calculating the Hessian25 of the potential energy surface as one advances along
the path, and finding its lowest eigenvalue and corresponding eigenvector, and is usually a
very expensive calculation26. In some cases there are also several possible pathways, and it
would be necessary to move along all of them, which multiplies the computational cost.
In principle, intrinsic reaction coordinates are the correct ones. Nevertheless, obtaining a
reaction coordinate in this way is costly, and frequently the parameterized path obtained
from a numerical method is difficult to interpret. For this reason, it is often preferable to
choose a reaction coordinate beforehand based on an intuition of how the reaction should
proceed, or on available data. By choosing a reaction coordinate in this way, however, one
is artificially imposing a reaction path. If this path turns out to be very different from the
true minimum energy path, the results obtained from it (e.g. reaction rates) may be far off
and even physically inconsistent. There are several ways to check whether one has chosen
a good reaction coordinate besides, of course, doing the full search for the minimum
energy path. Some of these will be discussed in section 2.5. Choosing the right reaction
coordinate(s) for complex systems such as reactions occurring in solvents or involving
macromolecules is one of the major problems in the simulation of chemical reactions. In
many cases it is a trial-and-error procedure, and one of the standing problems in the field is
to find a systematical and practical way to deal with this.
The ideas above are best illustrated with an example. Figure 2.2.2 shows a contour plot of
the collinear potential energy surface for the reaction O + H 2 → H + OH as obtained by

12

Schinke and Lester27. The points labeled “O + H2” and “H + OH” correspond to reactants
and products states. The line joining them is the minimum energy path, i.e. the most
probable reaction path, and the point labeled “TS” is the transition state, the first-order
saddle point along the reaction path. A 3D plot showing the corresponding values of the
energy is in figure 2.2.3.

Figure 2.2.2. Contour plot of the potential energy surface for the reaction O + H2 →
H + OH as obtained with the data in ref. 27. The green line is the minimum energy
path.
The reaction path shown in figure 2.2.2 was obtained by following the softest eigenmode
of the Hessian and minimizing along all other directions (in this case one), i.e. it
corresponds to an intrinsic reaction coordinate. Since the computational cost of calculating

13

the Hessian does not always permit using this definition, one may need to rely on intuition
about the reaction mechanism to define the reaction coordinate.

Figure 2.2.3 Potential energy surface for O + H2 → H + OH. The thick line is the
minimum energy path.
Let us imagine that, for the reaction above, we choose to define our reaction coordinate as
the distance between the two hydrogen atoms. With this definition, the lines of constant
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reaction coordinate will be horizontal lines on the contour plot. The points on the reaction
path will then be the minima of the energy along these lines, as shown in figure 2.2.4.
From this figure we see that the reaction path obtained using this definition of the reaction
coordinate is very different from the minimum energy path. Furthermore, starting from the
products side and moving back we get a different path, with a large hysteresis loop. As
discussed in section 2.5.3, this is one way to identify an inadequate choice of reaction
coordinate.

Figure 2.2.4. The reaction path using the distance H-H as a reaction coordinate. The
dashed horizontal lines correspond to a constant reaction coordinate. The triangles
are the minimum energy points obtained in the forward direction, and the circles are
the points obtained in the backwards direction.
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If we choose instead to use the difference between the H-H and the O-H distance,
rHH − rOH , as our reaction coordinate, the results are quite different. The lines of constant
reaction coordinate are now inclined 45º with respect to the horizontal, and minimizing the
energy along these lines gives the path shown in figure 2.2.5. This path is much closer to
the minimum energy path than the one shown in figure 2.2.4. Furthermore, the reaction
path is the same going forwards and backwards, i.e. there is no hysteresis as in figure 2.2.4.
All of this indicates that this is a good choice of reaction coordinate.

Figure 2.2.5. The reaction path using the difference between the H-H and O-H
distances as a reaction coordinate. The dashed diagonal lines correspond to a
constant reaction coordinate. The circles are the minimum energy points found on the
lines of constant reaction coordinate.
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Even when using a simple method, like transition state theory, which does not require
determining the full minimum energy path, estimating a reaction rate requires at least
finding the minima and the transition state(s) in the PES28. There are standard optimization
methods for dealing with this (see, for example, refs. 29-31). Quasi-Newton methods,
particularly the Broyden32,33-Fletcher34-Goldfarb35-Shanno36 (BFGS) method are generally
considered the best for this kind of problem. The BFGS method works only for a
minimization problem, i.e. for the location of the reactant and product states. There are also
quasi-Newton methods that can be used to find first order saddle points, such as the RFO
(Rational Function Optimization) and PRFO (Partitioned Rational Function Optimization)
methods37. For large systems, a limited-memory BFGS method38,39 that does not require
storing the full Hessian is available. We will not describe these methods in detail in this
work. Schlegel31 has recently published a review of the methods used for exploring PESs,
and a good introduction can also be found in ref. 4. There are also methods available to
efficiently construct a PES by interpolating the results from a subset of points, either by
assuming a pre-specified functional form40, or using numerical interpolation techniques4143

, including iterative improving of the PES by using results from rate calculations44-50 or

optimization of discretized reaction paths51-53. Once an interpolated PES is known, it is
much easier to determine its main features. Finally, there are newer methods that can be
used to obtain the minimum energy path on the PES for given initial and final states
without computing second derivatives of the energy, like the nudged elastic band method
of Jónsson et al.54. Since these methods do not require obtaining the Hessian, they can be
used to treat more complex systems.
The description of chemical reactions in terms of reactants, products and a transition state,
although simple, is very useful. But it is necessary to keep in mind that for many reactions
there is not just a single transition state or reaction path. In many cases there are
intermediate stable complexes, and multiple energy barriers, connecting the reactant and
product sides. Choosing a suitable method for predicting reaction rates usually requires a
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previous understanding of the reaction mechanism. It is also important to know the size of
the energy barrier(s) that the system has to overcome for the reaction to occur. For most
reactions, energy barriers are large and reactions happen on a time scale much longer than
that characteristic of the molecular motion. If such reactions proceed in a way such that
there is good thermal coupling between the transition state molecules and the remaining
molecules, and there are only one or a few simple mechanisms for the reaction to proceed,
it is possible to use multi-scale classical trajectory methods such as the reactive flux
method or blue-moon molecular dynamics (discussed in section 2.5). If this is not the case,
as for example in photochemical reactions, a fully quantum mechanical description of the
dynamics is necessary, as in the wave packet propagation methods. A classical trajectory
description is also possible for systems with complex PES’s, where there is not a simple
reaction mechanism, at a higher computational cost. This is the case for the transition path
sampling method, also discussed in section 2.5.

2.3. Force Field Methods.
Chemical reactions involve the breaking and formation of bonds, which can in principle
only be described correctly using quantum mechanics. For the description of many
complex systems, however, it is not practical to perform quantum mechanical calculations
at each configuration to determine the potential energies. An alternative to this is to
construct empirical equations, based on quantum mechanical calculations or experimental
results (or both), that describe the PES approximately. These methods are usually called

empirical force field (FF) methods. The exploration of PESs using empirical force fields is
often referred to as molecular mechanics (MM). In this section we describe the main ideas
behind the FF approach, and also briefly discuss the combination of FF and electronic
structure methods.
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2.3.1. Semiempirical Force Fields4,5,55-58.

A feature common to FF methods is the decomposition of the total potential energy into
several components. A typical FF expansion of the energy is of the form:

Etotal ({R I }) = Ebond + Eval + Etors + EvdW + Ecoul + Ecorr

(2.3.1)

In equation (2.3.1), Etotal ({R I }) represents the total energy as a function of the nuclear
configuration, i.e. the PES. Each of the terms is also dependent on the nuclear
configuration, but this dependence is not written explicitly for the sake of brevity.
The first three and the last term in (2.3.1) are associated with intramolecular interactions:

Ebond is the energy associated with stretching/compressing bonds between two atoms, Eval
is the energy associated with the bending of valence angles, Etors is the torsional energy for
rotations around bonds. Ecorr is a correction term that can include contributions due to
conjugation, cross interactions, out-of-plane bending, over/under coordination, etc.
The fourth and fifth terms in (2.3.1) represent the intermolecular interactions: EvdW is the
van der Waals contribution and Ecoul is the electrostatic contribution. Figure 2.3.1 shows a
schematic of what each of the terms accounts for. In some FFs the nuclear configuration is
simplified by using the united atom approach, which models groups of atoms (e.g. CH3,
CH2, etc.) as a single atom to reduce the computational cost.
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Figure 2.3.1. Energy contributions in a typical force field.
There are different ways to represent each of the energy contributions in (2.3.1), depending
on the particular FF method used. The simplest way to represent the energies Ebond and

Eval , for example, is the harmonic approximation:

(

Ebond , IJ = kbond , IJ RIJ − RIJ0

(

Eval , IJK = kval , IJK θ IJK − θ0IJK

)

2

)

2

(2.3.2)
(2.3.3)

In (2.3.2) and (2.3.3), Ebond , IJ and Eval , IJK are the stretching energy associated with the
bond between the nuclei I and J and the bending energy associated with the valence angle
between the nuclei I, J and K. RIJ and θ IJK are the distance between I and J and the
valence angle between I, J and K; RIJ0 and θ0IJK are the corresponding equilibrium values
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of these quantities. The force constants kbond , IJ and kval , IJK are empirical parameters that
must be fitted to available data. The Ebond , IJ and Eval , IJK values would have to be summed
over all bonds and valence angles to give the Ebond and Eval terms in (2.3.1)59. The
harmonic approximation has the advantage of its very low computational cost, but it will
only work well for small deviations from the equilibrium values. It is possible to add
higher-order corrections (typically up to fourth order) to (2.3.2)-(2.3.3) to get more
accurate results at low separations, but this requires additional parameters. These Taylor
expansions will also not work when the FF is used to describe a dissociation, since the
energy will diverge as the separation grows. In order to describe the dissociation limit
correctly different functional forms must be used. A typical choice is the Morse60 potential:

Ebond , IJ = D ⎡⎣1 − exp ( aRIJ ) ⎤⎦

2

(2.3.4)

In (2.3.4), D is the dissociation energy and a is a parameter related to the classical
vibrational frequency of the bond. This function describes the stretching energy much
more realistically than a Taylor expansion, but has a larger computational cost due to the
exponential function. More complicated expressions can be used to fit the intramolecular
contribution (for an example see ref. 61).
Torsional contributions to the potential energy are typically represented by Fourier cosine
expansions:

NF

Etors , IJKL = ∑ an , IJKL cos ( nωIJKL )

(2.3.5)

n =0

In (2.3.5), Etors , IJKL is the torsional energy associated with the nuclei I, J, K and L, N F + 1
is the number of terms in the Fourier expansion, and the an , IJKL are coefficients that must
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be fitted to available data. These coefficients depend not only on the nature of the atoms,
but also on the nature of the bond: a double bond, for example, will have a much higher
penalty for rotation than a single bond62. The torsional angle ωIJKL is defined as the angle
between the plane containing the nuclei I, J, K and the plane containing the nuclei J, K, L.
The correction term Ecorr is the one that varies the most between different empirical FFs. It
can contain contributions due to conjugation, out-of-plane bending, over/under
coordination, coupling between stretching, bending and torsional modes, etc. The
particular form of the corrections depends on the kinds of systems that the FF should be
able to represent accurately, and the degree of approximation required. The terms EvdW and

Ecoul account for the non-bonded interactions between the atoms. The van der Waals
energy EvdW is often represented as a sum of two contributions: a repulsive part accounting
for the overlap energy when the nuclei are too close to each other, and an attractive part
due to the mutually induced multipole interactions:
EvdW , IJ = Eov ( RIJ ) − Eatt ( RIJ )

(2.3.6)

The attractive energy Eatt in (2.3.6) can in general be expressed as:

Eatt ( RIJ ) =

C6, IJ
6
IJ

R

+

C8, IJ
8
IJ

R

+

C10, IJ
RIJ10

+"

(2.3.7)

The first term in (2.3.7) accounts for the mutually induced dipole interaction, the second
for the induced dipole-induced quadrupole interaction, and so on. The expansion is
typically truncated at the first term.
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The overlap energy Eov is more difficult to represent than the attractive part. Although the
expansion (2.3.7) can be formally derived using quantum mechanics63-66, there is no
equivalent formal result for the overlap energy. The form for Eov that has the best
theoretical justification is an exponential function. Combining this with the expansion
(2.3.7) truncated to the first term we have the Buckingham potential67:

EvdW , IJ

⎛ R
= AIJ exp ⎜ − IJ
⎝ σ IJ

⎞
⎛ σ IJ ⎞
⎟ − CIJ ⎜
⎟
⎠
⎝ rIJ ⎠

6

(2.3.8)

The energy parameters AIJ and CIJ , as well as the distance parameter σ IJ in (2.3.8) are
empirical constants. This functional form has the disadvantage of requiring an exponential
evaluation. An option is to represent the overlap term by a simpler function of the form
kRIJ− n , where k and n > 6 are also empirical parameters. The most popular choice of this
type is the Lennard-Jones (LJ) potential:

EvdW , IJ

⎡⎛ σ ⎞12 ⎛ σ ⎞6 ⎤
= 4ε IJ ⎢⎜ IJ ⎟ − ⎜ IJ ⎟ ⎥
⎢⎣⎝ RIJ ⎠
⎝ RIJ ⎠ ⎥⎦

(2.3.9)

The energy parameter ε IJ and the distance parameter σ IJ in (2.3.9) are empirical
constants. An advantage of the particular form of the LJ potential is that the first term in
the square bracket can be computed by multiplying the second one by itself, adding only
one multiplication to the computational cost instead of an exponential evaluation. The LJ
and Buckingham potentials are the most commonly used for the van der Waals energy.
Variations of the LJ equation with different exponents are also common. A Morse or
Morse-like potential has also been used to describe the van der Waals energy, as in the
COSMIC68 and ReaxFF61,69 force fields.
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The electrostatic contribution Ecoul to the potential energy can be obtained by assigning
charges to atoms and/or bonds in the molecule, or by using a multipole expansion. The
latter option requires knowledge of the dipole moment of each molecule (and higher
moments if more terms in the multipole expansion are included). The atomic charges used
to calculate Ecoul can be treated as fitting parameters or obtained using an estimation
method. Examples of such methods are the Qeq method70 and the electronegativity
equalization method (EEM)71,72. Sometimes charges are assigned to positions in the
molecule that do not correspond to atoms or bonds to improve the fitting, as in some of the
potentials used to simulate liquid water. For a description of these see ref. 4.
The main advantage of FF methods in general is their much lower computational cost
compared to quantum mechanical calculations. For many complex systems, such as
biomolecules and many reactions in solution, FF methods are the only viable alternative to
describe the PES. There are many different FFs in the literature. In most cases, the FF is
developed to treat a particular class of systems, although there are several FFs that are
general (i.e. parameters are available for all atoms). Some commonly used FFs are73 the
molecular mechanics (MM) force fields of Allinger et al., MM274,75, MM375-78, and
MM479-83, the Merck molecular force field (MMFF)84-88, AMBER89-91 (Assisted Model
Building with Energy Refinement), OPLS91-93 (Optimized Potentials for Liquid
Simulation), CHARMM91,94,95 (Chemistry at HARvard Macromolecular Mechanics),
GROMOS96-98

(GROningen

MOlecular

Simulation),

Conformational Energy Program for Peptides), and DREIDING

ECEPP99-101
102

(Empirical

. Most of these methods

were originally developed for the study of biomolecules such as proteins, nucleic acids and
carbohydrates, or hydrocarbons, but some have been extended to handle any atom types.
There are also force fields, such as MOMEC103 and SHAPES104 that were developed for
the study of inorganic compounds, particularly transition metal complexes; and force fields
specifically developed for hydrocarbon compounds, such as EFF (Empirical Force
Field)105,106, the Brenner potential107, AIREBO (Adaptive Intermolecular Reactive
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Empirical Bond Order)108 and ReaxFF61. Other more specialized force fields have been
reviewed by Leach4.
Many force fields, as mentioned in the previous paragraph, have been extended to include
practically all kinds of atoms. There are also force fields developed from the beginning
with the purpose of spanning the full periodic table, such as UFF (Universal Force Field)109
and RFF (Reaction Force Field)110. The problem with the more general FFs is that they are
in general less accurate than FFs developed specifically for a particular family of
compounds, but they have also been around for a shorter time, so it is quite possible that
further refinements can make them competitive. The main problem in fitting a general
force field is to ensure its transferability while using a reasonable number of parameters; in
order to be useful the FF has to be able to predict correctly properties for compounds that
fall outside the set used to fit the parameters.
There are several techniques for exploring PESs, and particularly for finding transition
states, using FF methods5,111-115. These methods are useful for situations where a more
accurate description of the system is not possible, and also for finding initial estimates of
transition state structures to be further refined with, e.g. an ab initio method. There are also
methods that use a combination of a FF with quantum mechanical calculations for efficient
exploration of reactive PESs, like the multiconfigurational molecular mechanics (MCMM)
method116,117 and the QM- guided molecular mechanics (Q2MM) method118, among
others119-122. Some of these methods are related to the approach discussed in the following
section.
The main disadvantage of the FF approach is that there is no way to systematically
improve the results within the method. In the case of ab initio methods, for example, one
can improve the results by increasing the basis set size, or by using a higher level of
theory. In FF this is not possible. The only way to assess the results is to compare to either
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experimental data or to results obtained with an ab initio method, but this comparison is
not always possible. Nevertheless, since for many systems a FF approach is practically the
only viable option, they remain a very useful tool in computational chemistry.
Another problem with FF methods is that there seem to be too many of them. It is difficult
to decide a priori which FF is the best for the particular system that one wants to study.
Many comparisons and evaluations of FFs for different applications, however, have been
published that can serve as a guide in making such a decision. Some of them can be found
in refs.123-137.
Applications of FF methods are numerous, particularly in the study of complex systems
like biomolecules, polymers and reactions in solution. Some recent representative works
that show the applicability of the FF approach include:
-

A molecular dynamics study of seven different oligosaccharide complexes of the
galectin-1 protein138 using the AMBER FF that sheds light on the mechanism of
carbohydrate binding in this protein.

-

A study of the side-chain conformations in the gramicidin-A channel139 through
molecular dynamics simulations using the CHARMM FF, showing the different states
and the frequency of the transitions between states for this system.

-

A conformational study of the O-specific polysaccharide of the bacteria Shigella
flexneri140, a molecule that plays an important role on the immune response against this
microorganism. The study used the MM3 force field, and the models obtained were in
good agreement with NMR measurements.

-

A study of the dynamical effects of mutations on an RNA hairpin141 using constrained
molecular dynamics and the free energy perturbation method. The simulations were
performed using the CHARMM27 FF. The results obtained show good agreement with
experimental measurements.
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2.4. Ab Initio Methods3-10,142,143
Although one may use a previously fitted force field to describe the PES, obtaining it for a
particular system is the purpose of ab initio methods. In these methods the potential energy
is obtained using the principles of quantum mechanics, using only as input the nature of
the atoms comprising the system.
Since we are restricting ourselves to the calculation of chemical reaction rates using
classical trajectory methods, we will not discuss here time-dependent ab initio methods or
quantum scattering methods. An introduction to the former can be found in ref. 3, and a
recent review in ref. 144. A recent review of the quantum scattering methods is in ref. 145.
The quantum Monte Carlo method, which uses the analogy between the time-dependent
Schrödinger equation in imaginary time and the classical diffusion equation for electronic
structure calculations, will also not be discussed here. Good introductions to this subject
can be found in refs. 146 and 147.
The ab initio methods that we will discuss attempt to find approximate solutions to the
time-independent Schrödinger equation for a given many-atom system:

Ĥ Φ = EΦ

(2.4.1)

In (2.4.1), Φ represents the wavefunction of the many-atom system, E is the total energy,
and Ĥ is the Hamiltonian operator. For the general case of a system of N electrons and M
nuclei, the Hamiltonian operator is:
N
M
N M
1
1
Z N −1 N 1 M −1 M Z Z
Hˆ = −∑ ∇i2 − ∑
∇ 2I − ∑∑ I + ∑ ∑ + ∑ ∑ I J
i =1 2
I =1 2 M I
i =1 I =1 riI
i =1 j = i +1 rij
I =1 J = I +1 RIJ
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(2.4.2)

In writing (2.4.2), and in what follows, we use the indices i, j , " for the electrons and the
indices I , J , " for the nuclei. The symbol ∇ i2 is a Laplacian operator with respect to the
coordinates of electron i, and ∇ 2I is a Laplacian operator with respect to the coordinates of
the nucleus I. The first term in (2.4.2) represents the electronic kinetic energy; the second
term is the nuclear kinetic energy. The remaining three terms are the Coulomb interactions
between the nuclei and the electrons, between electron pairs and between nucleus pairs
respectively. All the equations we will write in section 2.4 will be in atomic units.
In sections 2.4.1 to 2.4.3 we will introduce some of the basic elements that are common to
most ab initio methods: the Born-Oppenheimer approximation, the variational principle
and the concept of orbitals and the basis sets used to construct them. In the remaining
sections we will explore some of the most common approaches to finding approximate
solutions to (2.4.1), and discuss their advantages and limitations.

2.4.1. The Born-Oppenheimer Approximation.

Most ab initio methods make use of the Born-Oppenheimer (BO) approximation, proposed
by Born and Oppenheimer in 1927148,149. The idea behind this approximation is that, since
the nuclei are much heavier than the electrons, their motion will be much slower, i.e. the
characteristic time scales of processes involving the electrons are much smaller. If this is
true, the electronic wavefunctions can be found by assuming that the nuclei are static. This
means that the PES will only depend on configurational variables, i.e. on the way the
nuclei are arranged in space, and not on their momenta. The BO approximation is good for
many quantum chemistry problems150, but it fails if two different solutions to the electronic
Schrödinger equation are very close in energy. If non-BO effects (also called nonadiabatic151 effects) may be important, it is possible to include them as corrections after a
BO calculation has been made150, e.g. with a perturbation approach. It is also possible to do
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simulations where there is more than one adiabatic151 potential energy surface, and the
system is permitted to “hop” from one to the other in order to allow for electronic
transitions. These methods are called surface-hopping methods152-154. For a review on these
methods see ref. 155. A review on non-BO reaction dynamics is given in ref. 156.
Within the BO approximation, only the terms in the Hamiltonian (2.4.2) involving the
electrons have to be taken into account. The second term –the kinetic energy of the nuclei–
is neglected because the nuclei are assumed to be static. The last term –the Coulomb
repulsion between the nuclei– is assumed to be constant, and thus can be added to the
energy after solving the electronic problem. The Hamiltonian for the electronic problem is
hence:
N
N M
1
Z N −1 N 1
Hˆ e = −∑ ∇i2 − ∑∑ I + ∑ ∑
i =1 2
i =1 I =1 riI
i =1 j = i +1 rij

(2.4.3)

where the subscript e refers to the electrons. The corresponding Schrödinger equation for
the electronic problem is:
Hˆ e Φ e = Ee ({R I }) Φ e

(2.4.4)

The electronic energy Ee obtained by solving (2.4.4) depends parametrically on the
positions of the nuclei, and it does not include the Coulomb repulsion between them. In
order to obtain the total energy of the system it is necessary to add this contribution
separately:
M −1

Etotal ({R I }) = Ee ({R I }) + ∑

M

ZI ZJ
I =1 J = A +1 RIJ
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∑

(2.4.5)

The quantity Etotal ({R I }) is the PES that is required to study chemical reactions. Within
the BO approximation we need to find solutions to the electronic problem (2.4.4), and then
use (2.4.5) to get the PES. Note that solving (2.4.4) is an eigenvalue problem that will have
an infinite number of solutions. In many cases one is interested in the solution with the
lowest energy, which corresponds to the ground state of the electronic system.

2.4.2. The Variational Principle.

Many ab initio methods are based on the variational principle, sometimes called the

Rayleigh-Ritz variational principle. This principle states that, given any normalized
 e ( r ) , which need not be the true solution to the Schrödinger
electronic wavefunction Φ

equation (2.4.4), the expectation value of the Hamiltonian:
 e ⎤ = drΦ
 ∗e Hˆ Φ
e
E ⎣⎡Φ
⎦ ∫

(2.4.6)

 e will always be greater than or equal to the ground state energy E0 ,
corresponding to Φ

i.e.:

 e ⎤ ≥ E0 for all Φ
e
E ⎡⎣Φ
⎦

(2.4.7)

The proof of this principle is simple. Since the Hamiltonian is a Hermitian operator157, all
of its eigenfunctions are orthogonal:

∫ drΦ

∗
α

Φβ = δαβ
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(2.4.8)

In (2.4.8) Φ α and Φβ are two normalized eigenfunctions of the Hamiltonian and δαβ is
the Kronecker delta. The eigenfunctions also form a complete basis for the space of all
 e ( r ) can be expanded in terms of the
functions Φ ( r ) , so any electronic wavefunction Φ

eigenfunctions as:
 e ( r ) = ∑ cα Φ α ( r )
Φ

(2.4.9)

α

where the cα are constants. If we substitute (2.4.9) into (2.4.6) and use (2.4.8) together
with the fact that the functions Φ α satisfy the Schrödinger equation (2.4.4), we obtain:
 ⎤=∑c 2E
E ⎡⎣ Φ
e⎦
α
α

(2.4.10)

α

Now, since the ground state energy is the smallest of the Eα , this means that:
 ⎤=∑c E ≥E ∑c =E
E ⎡⎣Φ
α
α
α
e⎦
0
0
2

2

α

(2.4.11)

α

The last equality follows from the fact that the Φ α are normalized. The variational
principle provides a very good test of the quality of an approximation to the electronic
wavefunction. Since the true ground state energy is a lower bound for the expectation
energy, one always knows that, among different calculations with the same Hamiltonian,
the one giving the lowest energy is the best. Note that this argument is good only if we are
interested in the ground-state wavefunction. For an excited wavefunction (i.e. one
corresponding to a higher energy), the true energy eigenvalue will be a lower bound only if
the approximate wavefunction happens to be orthogonal to all the exact wavefunctions
corresponding to the lower energies. Since in general we do not know these exact
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wavefunctions, the variational principle is not as useful in this case. Nevertheless, in many
quantum chemistry applications we are interested only in finding the ground state
wavefunction, and hence the variational principle remains very useful.
The variational principle actually provides a way to reformulate the problem of finding the
ground state wavefunction. From (2.4.11) it is clear that the expectation value of the
 e is the true ground state wavefunction (that is, if all
energy will be equal to E0 only if Φ
the coefficients cα for α ≠ 0 are zero). Hence finding the ground state wavefunction can
be formulated as a variational minimization problem:
δE [ Φ 0 ] = 0

(2.4.12)

This is the basis for many ab initio methods, some of which will be discussed in the
following sections.

2.4.3. Orbitals and Basis Functions158,159.

The wavefunction appearing in the electronic problem (2.4.4) depends on the coordinates
of all the electrons. For ease of both visualization and computation, it is convenient to
express the electronic problem in terms of functions that depend only on the coordinates of
a single electron. These functions are called orbitals. In the following sections we will see
several ways to relate the many-electron wavefunction appearing in (2.4.4) to these
orbitals. In this section we will discuss some common ways to represent these orbitals in
ab initio calculations.
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A spatial orbital ψ i ( r ) is a function of the position of a single electron i defined such that
the probability density of finding the electron in a position r is ψ i ( r ) . The description of
2

an electron also requires assigning a spin to it. When the spatial orbitals are combined with
functions that specify the spin of the electron, σ , we obtain the spin orbitals χi ( r, σ ) .
Since the spin of an electron can have two values (“spin up” and “spin down”), any given
spatial orbital gives rise to two spin orbitals. Any single electron can be described by a
single spin orbital.
In order to find approximate solutions to the electronic problem, it is necessary to assume a
mathematical form for the spatial orbitals. This is usually done by expanding these orbitals
in terms of a set of basis functions φμ ( r ) :

K

ψ i ( r ) = ∑ Cμi φμ ( r )

(2.4.13)

μ=1

These basis functions are often, but not always, centered at the nuclei. When functions
centered at different nuclei in a molecule are combined linearly as in (2.4.13), we have the
LCAO-MO (Linear Combination of Atomic Orbitals Molecular Orbitals) representation.
This is the most common way to represent molecular wavefunctions. Once a set of basis
functions is chosen, the problem of finding the orbitals reduces to finding the expansion
coefficients Cμi . In general, a larger basis set leads to a more accurate solution, but the
computational cost typically increases as O ( K 4 ) or more, so it is imperative to choose
basis functions that give good results with the lowest possible number of terms.
One set of basis functions that can be used for the spatial orbitals is inspired by the form of
the analytical solution of the Schrödinger equation for the hydrogen atom. These functions
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are called Slater160 type orbitals (STOs). The normalized STO for a 1s orbital centered at
R A is given by:
12

φ

STO
1s

⎛ ζ3 ⎞
= ⎜ ⎟ exp ( −ζ r − R A
⎝ π⎠

)

(2.4.14)

where ζ , the Slater orbital exponent, is a parameter. In principle, this parameter should be
adjusted together with the expansion coefficients Cμi in (2.4.14). This however, makes the
problem nonlinear and much more difficult to solve. There are published values of the best
Slater exponents for each atomic species (see, for example, ref. 158), and these are
normally used to avoid the nonlinearity. For orbitals other than the 1s, the STOs are
multiplied by polynomials in the components of r − R A .
STOs usually give very good results, but they have a major drawback. In most ab initio
methods, it is necessary to calculate integrals involving the orbitals in order to obtain the
expectation values of all the terms in the Hamiltonian (2.4.3). These integrals do not have
an analytical solution for STOs, and their numerical calculation adds a lot of computational
cost. An alternative is to use Gaussian type orbitals161 (GTOs). For a 1s orbital, the
normalized GTO centered at R A is:

φ

GTO
1s

⎛ 2α ⎞
=⎜
⎟
⎝ π ⎠
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(

exp −α r − R A

2

)

(2.4.15)

where α is a parameter. It is possible to obtain analytical expressions for the expectation
values of all terms in the Hamiltonian (2.4.3) when GTOs are used, hence reducing the
computational cost considerably with respect to STO calculations. As with STOs, the
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orbitals other than 1s are obtained by multiplying by polynomials in the components of
r − RA .

One major difference between STOs and GTOs is that the slope at r = R A of a GTO is
always zero, which is not the case for the STOs. The GTOs also decay much faster with
increasing distance. Since STOs usually give better results, one way to use GTOs but still
keep some of the precision of the STOs is to fit the STOs using GTOs. The orbitals
obtained in this way are called STO-NG orbitals, where the “NG” indicates the number of
Gaussians used to fit the STO. For example, the STO-3G function is given by:
− 3G
φ1STO
= d1φ1GTO
( α1 ) + d 2φ1GTO
( α 2 ) + d3φ1GTO
( α3 )
s
s
s
s

(2.4.16)

where the di are contraction coefficients. For a given STO, it is possible to find these
coefficients and the corresponding Gaussian exponents αi that provide the best fit. Using
this kind of orbital considerably improves the computational speed with respect to an STO
calculation, retaining much of its accuracy. Figure 2.4.1 shows how an increasingly better
approximation is obtained by adding more GTOs to the expansion (2.4.16).
A way to incorporate more flexibility into the basis set is to allow for more than one Slater
function to represent the same orbital. These orbitals are called multiple-zeta or split basis
sets, and the most common are the double-zeta, which use two Slater functions for one
orbital. Since in most cases the chemistry is determined by the valence electrons, it is
common to use split basis functions only for them, and single STO-NGs for the core
electrons. Such a basis set is called a split valence basis set. Split valence basis sets are
usually labeled by three numbers (in the case of a double-zeta basis for the valence): one is
the number of GTOs used to fit the STO for the core electrons, the other two are the
numbers of GTOs used to fit the two STOs for the valence electrons. Hence, a 4-31G basis
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would consist of STO-4G functions for the core electrons, and a STO-3G and a STO-1G
(the latter being effectively just one GTO) for the valence electrons. This can be extended
to multiple-zeta basis for the valence, for example a 6-311G basis would use STO-6G
functions for the core electrons, and one STO-3G and two GTOs for the valence electrons.
Among the most common split-valence basis sets are the 3-21G162-164, 4-31G165-167, 621G162-164, 6-31G166,167 and 6-311G168-171.

Figure 2.4.1. Three successive approximations to a hydrogen 1s Slater orbital using
Gaussian functions.
Another improvement on the basis set is to include the possibility of polarization, that is
contributions from higher angular momentum orbitals in the description. For example, a
non-polarized basis set for a hydrogen atom would only contain s-type functions, but a
polarized basis set would also include p-type or higher angular momentum functions.
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Polarized basis sets are usually labeled by adding one or more stars (*) to their name, or by
adding a list of the additional polarization functions used. For example, the 6-31G* – or,
equivalently, 6-31G(d) – basis set172-175 for the first and second-row atoms in the periodic
table is like the 6-31G but with an additional set of 3d GTOs. The 6-31G** basis – or 631G(d,p) – also includes p-type GTOs for hydrogen. Including polarization gives more
angular freedom so that the basis is able to represent bond angles more accurately,
especially in strained ring molecules. Diffuse functions, which are additional GTOs with
smaller exponents, can be also added for increased accuracy, and are denoted by adding
“+” or “++” to the name. When “+” is used, it indicates the addition of a set of s- and pfunctions for the heavy atoms, whereas “++” indicates that an additional s- diffuse GTO
for hydrogen. Diffuse functions are especially useful for cases where more radial flexibility
is needed, such as the modeling of anions or Rydberg states176.
The basis sets discussed so far are among the most commonly used. With the increasing
computational power available to quantum chemists, some more sophisticated basis sets
have been developed. Among the most commonly used are the correlation-consistent basis
sets of Dunning177-179, which include up to quintuple-zeta functions and polarization, and
can be augmented with diffuse functions. These sets are usually labeled as (AUG-)ccpVNZ, where the prefix AUG- is added when diffuse functions are included, and N may
be D (for double-zeta), T (triple-), Q (quadruple-) and 5 (quintuple-). A good description of
these and other basis sets not discussed here can be found in ref. 5, chapter 5.
Another approach that is often used in solid-state calculations is to use plane wave basis

sets (PWs), i.e. to represent the spatial orbitals as 3D Fourier expansions:

K

ψ i ( r ) = ∑ Cμi e
μ=1
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ik μ ⋅r

(2.4.17)

Using PW functions has several advantages, especially in the study of periodic solids and
in ab initio molecular dynamics (discussed in section 4.10). In the latter case, the basis
functions that are centered on the nuclei give rise to contributions to the forces on the
nuclei due to the fact that the basis functions’ centers move in time. These contributions
are sometimes called Pulay forces180, and are expensive to calculate181. Since PWs do not
have a “center”, there is no need to calculate these contributions in PW calculations. For a
more detailed discussion of this point see ref. 181. Another advantage of PWs is that the
calculation of forces can be done more easily in Fourier space. Since there are very
efficient Fast Fourier Transform algorithms available, this decreases the computational
cost of obtaining forces even further. PW basis sets are also very useful to study electrons
that are not tightly bound to a nucleus, as in metals, and this is a reason for their popularity
in solid-state calculations. In a sense, PW basis sets are complementary to atom-centered
basis sets: a very good description of a material can be obtained by using atomic orbitals in
the vicinity of the nuclei and plane waves in the internuclear regions. This is the basis for
the muffin-tin approximation used in solid-state calculations. For an introduction to this
treatment, see ref. 10. For a discussion of the relative advantages and disadvantages of
PWs see ref. 181.
The main problem with PWs is that the wavefunctions tend to oscillate strongly in the core
region due to the singularity of the Coulomb potential at r = 0 and the requirement of
orthogonality of the one-electron states. This adds very high-frequency components to the
wavefunction, which require a large number of terms in the Fourier expansion (2.4.17).
Since the valence shells are the most important for quantum chemistry, a way around this
problem is to replace the core (i.e. nucleus + core electrons) by a potential that does not
have a singularity at the origin. This potential is fitted to guarantee that the wavefunction
of the valence electrons beyond a certain radius coincides with the “true” wavefunction
(i.e. the one obtained when solving with the real potential and all the electrons). These
potential functions are called atomic pseudopotentials (also known as effective core
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potentials), and their use permits obtaining good results with fewer terms in the expansion
(2.4.17). The PW pseudopotential approach is very often used in solid-state calculations,
and in ab initio molecular dynamics (see section 2.4.10). Another advantage of the
pseudopotential approach is that it is not necessary to solve for the core states, which
reduces the computational cost significantly. Furthermore, in heavy atoms relativistic
effects can be taken care of in the pseudopotential generation.

2.4.4. Self-Consistent Mean-Field Theory – The Hartree-Fock Method

The Hartree-Fock182-184 (HF) method is a reference for many other ab initio methods. Most
of the modern picture of atomic and molecular structure in chemistry comes from the HF
description. Since HF is the starting point for many other ab initio calculations, as well as
the simpler semiempirical methods, we will discuss it first.
In the HF method, a many-electron system is treated using a collection of one-electron
spin-orbitals. Each electron is assumed to belong to a different spin-orbital according to the
exclusion principle, and the electron-electron interactions are replaced by the interaction of
each electron with the mean field resulting from the other electrons, as depicted in figure
2.4.2. Hence the HF method is a mean-field theory. This ansatz gives rise to an iterative
procedure: each of the electronic wave functions will depend on the mean interaction with
the other electrons, which in turn depends on the other electrons’ wavefunctions. Therefore
it is necessary to iterate with the set of wave functions until convergence is achieved. The
resulting set of solutions after convergence is said to be self-consistent, and hence the name

self-consistent mean-field theory.
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Figure 2.4.2. The Hartree-Fock picture. The original many-body problem is
transformed into a set of 2-body problems by replacing all but one of the electrons by
a mean field. The equations for each electron are then solved self-consistently
In order to carry out this iterative procedure, we need to assume a form of the wave
function for the many-electron system that contains some adjustable parameters. Since the
many-electron wavefunction has to be antisymmetric, a possible mathematical form for it
is the Slater185 determinant:
χ1 ( r1 )

Ψ=

χ 2 ( r1 ) "

χ N ( r1 )

1 χ1 ( r2 ) χ 2 ( r2 ) " χ N ( r2 )
#
#
%
#
N!
χ1 ( rN ) χ ( rN ) " χ N ( rN )

In (2.4.18), the χi are orthonormal spin-orbitals and the 1

(2.4.18)

N ! is a normalization factor.

Note that, since the exchange of two rows in a determinant changes its sign, this function
satisfies the requirement of being antisymmetric upon exchange of two electrons.
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If the system under study is a closed-shell system, i.e. a system with equal numbers of

electrons of either spin, (2.4.18) may be rewritten as:
ψ1 ( r1 ) α ( σ1 )

Ψ=

ψ 2 ( r1 ) β ( σ1 )

"

ψ N ( r1 ) β ( σ1 )

ψ1 ( r2 ) α ( σ 2 )
ψ 2 ( r2 ) β ( σ2 ) " ψ N ( r2 ) β ( σ 2 )
1
#
#
%
#
N!
ψ1 ( r2 N ) α ( σ 2 N ) ψ 2 ( r2 N ) β ( σ2 N ) " ψ N ( r2 N ) β ( σ 2 N )

(2.4.19)

where the ψ i are orthonormal spatial orbitals and α, β are functions determining the spin
of the electron. In this case we have a restricted Hartree-Fock (RHF) calculation186. When
the system under study is not a closed-shell system, it is necessary to perform an
unrestricted Hartree-Fock calculation (UHF), which treats the electrons with different

spins differently. Since the main ideas behind the method are the same in both RHF and
UHF, we will describe the simplest one (RHF). For a detailed treatment of UHF see, for
example, refs. 5 and 7.
Using (2.4.19), the expectation value of the Hamiltonian can be written as:

E [ Ψ ] = 2∑ H ii − ∑∑ ( 2 J ij − K ij )
N

N

N

i =1

i =1 j =1

(2.4.20)

where the H ii contain the contributions of the kinetic energy and the potential energy of
the electron-nuclei interactions:
⎡ 1
Z
H ii = ∫ drψ∗i ⎢ − ∇ 2 − ∑ I
I riI
⎣ 2
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⎤
⎥ ψi
⎦

(2.4.21)

The index I in (2.4.21) runs over all the nuclei in the molecule. The terms J ij in (2.4.20)
are called the Coulomb integrals and represent the potential energy of the interactions of
electrons with orbitals ψ i and ψ j :

J ij = ∫ ∫ dr1dr2 ψ∗i ( r1 ) ψ∗j ( r2 )

1
ψ i ( r1 ) ψ j ( r2 )
r12

(2.4.22)

Finally, the terms K ij in (2.4.20) are the exchange integrals, which arise from the
requirement that the wavefunction be antisymmetric, and represent the “exclusion
principle” contribution to the energy:

K ij = ∫ ∫ dr1dr2 ψ∗i ( r1 ) ψ∗j ( r2 )

1
ψ i ( r2 ) ψ j ( r1 )
r12

(2.4.23)

Now that we have an expression for the energy, we can apply the variational principle. The
value that minimizes E in (2.4.20), subject to the restriction that the orbitals be
orthonormal, is the solution to our problem. Applying the method of Lagrange multipliers
to the minimization problem we obtain:
N
⎡ˆ
⎤
⎢ H n + ∑ 2 Jˆ j − Kˆ j ⎥ ψ i = Fˆ ψ i = εi ψ i
j =1
⎣
⎦

(

)

(2.4.24)

where we defined the Fock operator F̂ . It is defined in terms of the nuclei-electron
Hamiltonian Hˆ n :
1
Z
Hˆ n ψ i ( r1 ) = − ∇ 2 − ∑ I
2
I riI
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(2.4.25)

the Coulomb operators Jˆ j :

1
Jˆ j ψ i ( r1 ) = ∫ dr2 ψ∗j ( r2 ) ψ j ( r2 ) ψ i ( r1 )
r12

(2.4.26)

and the exchange operators Kˆ j :

1
Kˆ j ψ i ( r1 ) = ∫ dr2 ψ∗j ( r2 ) ψ i ( r2 ) ψ j ( r1 )
r12

(2.4.27)

The εi in equation (2.4.24) are the Lagrange multipliers, called the orbital energies, and
include the kinetic energy and the energy of the nuclei-electron interactions for each
orbital. In order to minimize (2.4.24) we need to choose a form for the orbitals, i.e. expand
them in terms of some basis functions as discussed in section 4.3. By substituting the
expansion (2.4.13) into (2.4.24), multiplying both sides by φμ and integrating over all
space, we obtain the Roothaan equations187,188 (also known as the secular equations, or
Roothaan-Hall189 equations):

∑C (F
K

ν=1

νi

μν

− εi Sμν ) = 0

(2.4.28)

where:
Fμν = ∫ drφ∗μ Fˆ φν
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(2.4.29)

are the matrix elements of the Fock operator in the given basis, and:
Sμν = ∫ drφ∗μ φν

(2.4.30)

are the elements of the overlap matrix. There is one secular equation for each value of i, μ
from 1 to K. For the solution to be nontrivial, the determinant of this system of equations
(the secular determinant) has to be zero. Solving this determinant equation for each orbital
i gives the values of the orbital energies εi , and then the secular equations (2.4.28) can be
solved to obtain the coefficients (except for one, which can be given an arbitrary value).
The general procedure for obtaining a HF wave function is hence as follows:
(1) Choose a set of basis functions φμ and guess initial values for the coefficients Cμi for
each orbital. Calculate the elements Sμν of the overlap matrix.
(2) Calculate the matrix elements of the Fock operator Fμν , find the orbital energies εi by
setting the secular determinants to zero, and solve (2.4.28) in order to obtain improved
values of the coefficients Cμi .
(3) With the new Cμi , return to step (2). Repeat until convergence is achieved.
(4) Once the Cμi are known, equations (2.4.19) and (2.4.20) can be used to construct the
approximate all-electron wave function and the energy.
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The most computationally expensive part of the HF procedure is to evaluate the integrals
needed to build the Fock matrix defined by (2.4.29). The reason for this can be seen by
substituting the definition of the Fock operator into the expression for its matrix element:

⎡ 1
Z ⎤
Fμν = ∫ drφ∗μ ⎢ − ∇ 2 − ∑ I ⎥ φν +
I riI ⎦
⎣ 2
1
⎡
⎤
∗
∗
⎢ 2 ∫ ∫ dr1dr2 φμ ( r1 ) φν ( r1 ) r φλ ( r2 ) φσ ( r2 ) − ⎥
N 2 K K
12
⎥=
Cλj Cσj ⎢
∑∑∑
1
⎢
⎥
∗
∗
j =1 λ=1 σ=1
⎢ ∫ ∫ dr1dr2 φμ ( r1 ) φλ ( r1 ) r φν ( r2 ) φσ ( r2 ) ⎥
12
⎣
⎦
⎡ 1
Z
= ∫ drφ∗μ ⎢ − ∇ 2 − ∑ I
I riI
⎣ 2

(2.4.31)

N 2 K K
⎤
φ
+
⎥ ν ∑∑∑ Cλj Cσj ⎡⎣ 2 ( μν λσ ) − ( μλ νσ ) ⎤⎦
j =1 λ=1 σ=1
⎦

where we have introduced the shorthand notation190

( μν λσ )

for the two-electron

integrals:

( μν λσ ) ≡ ∫ ∫ dr dr φ ( r ) φ ( r ) r1 φ ( r ) φ ( r )
1

∗
2 μ

1

∗
ν

λ

1

2

σ

2

(2.4.32)

12

Note that the number of two-electron integrals needed for a basis set containing K

( )

functions grows as O K 4 . This is the reason why it is important to use basis functions
that can be integrated analytically, as mentioned in section 2.4.3.
One important advantage of the HF method is that it provides a basis to interpret the
properties of atoms and molecules in terms of simple orbitals. The HF representation is the
basis for most of the modern picture of the electronic structure of atoms. The HF method
also has a low computational cost, as compared to most other ab initio methods, which
makes it able to treat larger systems. Actually, in many cases HF is used to obtain a first
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approximation to the solution (and a basis for the space of many-electron wavefunctions,
as explained in the next section).
The main disadvantage of HF is that the potential energy of the electron-electron
interaction is treated as an average, i.e. each electron is assumed to interact with the
average force field produced by the other electrons. This neglects the contribution from the
instantaneous electron-electron potential energy, which does not average to zero. This
energy is called the correlation energy and it is an important contribution191. Many other
ab initio methods attempt to correct this by using HF to generate a first approximation and
then add terms to account for the correlation energy.
As opposed to force-field methods, in the HF method it is possible to systematically
improve on the results by using larger basis sets. In the limit of an infinitely large basis set,
the HF limit, the only error is the correlation energy. After that point, the only possible
improvement is to use a different method that is able to estimate the correlation energy.
Starting with the HF method, there are different pathways that lead to different methods, as
depicted in figure 2.4.3. One option is to develop higher-level methods to calculate the
correlation energy and thus improve the HF results. This gives rise to the families of
correlation energy methods discussed in the next three sections. The problem with these
approaches, as we will see, is that they increase the computational cost and hence are only
applicable to relatively small systems. The other option is to add simplifications to the HF
method, and include adjustable parameters that are fitted so that the calculations reproduce
experimental data. This gives rise to the family of semi-empirical methods, which have a
much lower computational cost and hence can be applied to larger systems. Although these
methods are not truly ab initio methods, because they rely on experimental data, they also
play an important role in the study of chemical reactions and so we will discuss them
briefly in section 2.4.8.
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Multireference configuration
interaction (MRCI)
Multireference
coupled-cluster
(MRCC)
Cluster
expansion

expansion

expansion

Coupled-cluster
methods
(CCD, CCSD, ...)
Cluster
expansion

expansion

Perturbation

Determinantal
expansion

Perturbation
methods
(MP2,MP4,...)

Perturbation

Configuration interaction
(CISD, CISDT, ...)

Determinantal

Multireference perturbation
(MRPT) methods
(e.g. CASPT2)

Multireference SCF methods
(e.g. CASSCF)

Add configurations

Hartree-Fock
(SCF)

Solve self-consistently

Neglect terms

Fit to experiment

Semi-empirical methods
(CNDO, INDO, MNDO,
AM1, PM3, SAM1, ...)

Figure 2.4.3. Connection between many of the ab initio methods. The terms in this
schematic are explained in the following sections.
Applications of the HF method, by itself, are nowadays more often in the study of complex
systems, such as large molecules, surfaces and solutions. HF calculations are, however,
used as a starting point for many other higher-level methods. Some recent studies
involving purely HF calculations, showing the kind of systems that can be handled by it
with the current computational power, are:
-

A study of the charge distribution in spodumene192, showing the different electron
distributions around the nonequivalent oxygen atoms in the mineral’s structure. The
structural features of spodumene obtained in this work showed a reasonably good
agreement with experimental results from x-ray and neutron diffraction studies.
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-

A conformational analysis of the hormone melatonin193, which considered all the
torsional angles relevant for the description of the conformational PES of the molecule.

-

A recent benchmark calculation of the interaction energy of streptavidin and biotin194,
using a system of 1775 atoms. The calculations in this work were made using a new
linear-scaling computational method. Several methods that are linear- or almost linearscaling are currently in development that can make ab initio calculations affordable for
complex systems in the near future. For examples of these techniques, see refs. 195,
196.

2.4.5. Configuration Interaction and Other Variational Methods.

There is an important observation to make about the HF solutions. Since there are K
equations in (2.4.28), there will be as many spatial orbitals as there are basis functions. If
the number of basis functions K were equal to N, i.e. half the number of electrons, there
would be only one way to build the Slater determinant (2.4.18) and one set of orbital
energies. However, if the basis set is larger (which is usually the case), there are more than
N spatial orbitals ψ i and energies εi in the solution. The ground state of the system will be
the Slater determinant corresponding to the N lowest-energy eigenvalues. The next higher
energy eigenvalues are approximations to the energies of the excited states of the molecule.
There is in fact a result, known as Koopmans’ theorem197, which relates the energies of the
virtual (i.e. unoccupied) orbitals to the electron affinities198. One may also build additional
excited determinants by replacing one or more orbitals in the Slater determinant (2.4.18)
with orbitals corresponding to higher energies. Thus one may build singly-excited, doublyexcited, and so on determinants. These determinants are usually not good approximations
for the real excited many-electron wavefunctions of the system, because electronic
excitations are often collective effects and neglecting the correlation energy leads to major
errors. Excited determinants, however, are important for another reason. Since they are the
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eigenfunctions of the many-electron Hartree-Fock Hamiltonian, they form a basis for the
space of antisymmetric many-electron wavefunctions. Hence the exact many-electron
wavefunction may be written as a linear combination of the excited determinants as:
rs
Φ e = c0 Ψ 0 + ∑ car Ψ ra + ∑∑ cab
Ψ rsab + "

(2.4.33)

a ,r b > a
s>r

a ,r

In (2.4.33), Ψ 0 is the Hartree-Fock many-electron wavefunction. The symbol Ψ ra
indicates a singly excited determinant186 in which the a-th spin orbital has been replaced by
the r-th excited spin orbital. The symbol Ψ rsab means that also the b-th spin orbital has been
replaced by the s-th excited spin orbital, and so on. These contributions are depicted in
figure 2.4.4. The second summation is made over b > a and s > r to avoid counting the
same doubly excited determinant twice. The expansion (2.4.33) would be infinite if the

⎛ 2K ⎞
basis set were infinite. For the case of a basis set with K functions, there are ⎜
⎟ excited
⎝ N ⎠
determinants, and the basis set is not complete. Nevertheless, if all the excited
determinants are included in the expansion, the expression (2.4.33) gives an exact
representation of the many-electron wavefunction within the function space spanned by the
chosen orbital basis. The expansion (2.4.33) is the basis for the configuration interaction
(CI) methods.
The basic idea of CI is to find the coefficients in the expansion (2.4.33) by applying the
variational principle (2.4.12) to the all-electron wavefunction Φ e . Actually, if the basis set
used for the electronic orbitals were infinite, finding all the coefficients appearing in
(2.4.33) would lead to the exact solution to the electronic Schrödinger equation (2.4.4). Of
course, we cannot work with an infinite basis set, so the next step would be using a set
with a finite number K of basis functions. If all the terms in the (now finite but large)
expansion (2.4.33) are used, the CI result would be the exact solution to the electronic
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Schrödinger equation within the function space spanned by the chosen basis. This is called
a full CI calculation. The problem with full CI is that its computational cost grows more
than exponentially with the number of electrons, making it impractical for all but the
smallest systems. Yet full CI is often used as a reference to benchmark the accuracy of
other methods. One of the benchmark requirements usually imposed to modern ab initio
methods is to be equivalent to full CI when applied to a two-electron system199,200.

Virtual orbitals
(r, s, t,...)

Virtual orbitals
(r, s, t,...)

Virtual orbitals
(r, s, t,...)

↑

↑
↑

LUMO
HOMO

↑↓

↑↓

↑↓

Occupied orbitals
(a, b, c,...)

↑↓

Occupied orbitals
(a, b, c,...)

↑↓

↑

↑↓

↑↓

↑↓

↑↓

↑

↑

Hartree-Fock ground state

A singly-excited configuration

Occupied orbitals
(a, b, c,...)

A doubly-excited configuration

Figure 2.4.4. Excited configurations. HOMO and LUMO stand for “highest occupied
molecular orbital” and “lowest unoccupied molecular orbital”.
For systems large enough to be impractical for a full CI calculation, it is still possible to do
a CI calculation by considering only some of the terms in the expansion (2.4.33). This
gives rise to the CIS (CI with single excitations), CID (CI with double excitations), CISD
(CI with single and double excitations), CISDT (CISD plus triple excitations), CISDQ
(CISD with quadruple excitations) and CISDTQ (CISD plus triple and quadruple
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excitations) methods. Very seldom are higher order excitations taken into account because
of the computational cost involved.
A CI calculation where the coefficients of the orbitals in (2.4.13) are also optimized is an
example of a Multiconfigurational Self-Consistent Field (MCSCF) method5. Besides
truncating the full CI expansion, it is possible to select the configurations that make up the
all-electron wavefunction in a different way. One broadly used option is the Complete
Active Space Self-Consistent Field method201 (CASSCF). In this method, the molecular
orbitals are divided into inactive orbitals, which are always doubly occupied, and active
orbitals. The CASSCF method consists of including all excitations for only the active
orbitals, which usually correspond to the valence states202. Since the chemistry is
determined principally by them, this is usually a very good approximation, and has a much
lower computational cost than a full CI calculation, especially for heavy atoms. Another
method on the lines of MCSCF is the Generalized Valence Bond (GVB) method203,204, in
which two different configurations are used to form the all electron wavefunction. The
GBV method is an extension of the Valence Bond (VB) method, originally introduced by
Heitler and London to study the hydrogen molecule in 1927205,206. The VB method is an
alternative to the molecular orbital description more commonly used in ab initio methods.
Recent accounts of VB methods including modern VB theory are in refs. 207-211. It is
also possible to use multireference all-electron wavefunctions in a determinantal expansion
like (2.4.13) to obtain a multireference CI (MRCI) method
An advantage that is common to all variational methods is the very fact that they use the
variational principle. Hence, it is easy to compare two different results: the one giving the
lowest ground-state energy is the most accurate. On the other hand, many of these methods
have what is called the size-extensivity problem (exceptions are, for example, full CI and
CASSCF if the active space is chosen appropriately). Let us assume that we want to
describe the bond between two atoms A and B to form a molecule AB. If we do a CISD
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calculation to find the energies of both A, B and AB, the results are not consistent. The
reason is that a double excitation for A and B atoms would be a quadruple excitation for
AB. The result of this is that a CISD calculation for a system containing an A and a B atom
very far from each other would give a different energy than the sum of energies from
separate calculations with A and B, which is physically absurd. One way around this
problem is to use a perturbation method or a coupled-cluster method; these are described in
the next sections.
Unlike the HF method, in the CI methodology there are two different ways to improve on
the results: one is to use a larger basis set, and the other is to include more excitations in
the CI expansion. Also unlike HF, the CI method can in principle give results arbitrarily
close to the exact solution, by letting the basis set and the CI expansion both become large.
Typical applications of CI methods to chemical reactions are usually restricted to simple
systems due to their computational cost. Most recent applications employ the more
sophisticated CI methods, like CASSCF and multireference CI. Some recent representative
applications of CI and other variational methods are:
-

A study of the concerted and stepwise mechanisms of the hetero-Diels-Alder reaction
of butadiene with formaldehyde ( C4 H 6 + HCHO → C5 H8O ) and thioformaldehyde
( C4 H 6 + HCHS → C5 H8S ) using the CASSCF method212. The Diels-Alder reactions
have a notoriously complex reaction mechanism, and have been the subject of many ab
initio studies.

-

A study of the PES for the charge exchange between different cations (H+, Na+, C+ and
S+) and a lithium fluoride surface using several CI approaches and also a coupledcluster method213.

-

An analysis of the electronic spectrum of the SiSe molecule214, giving a good
agreement with experimentally observed electronic transitions.
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2.4.6. Perturbation Methods.

Once an approximate solution to the electronic problem (2.4.4) is known, e.g. from a HF
calculation, it is possible to obtain an improved wave function through perturbation theory.
In the Rayleigh-Schrödinger (RS) approach, we start by assuming that we have a first
approximate set of many-electron wavefunctions Ψ i( ) , which are eigenfunctions of an
0

approximate Hamiltonian Ĥ 0 :
0
0
0
Hˆ 0 Ψ (i ) = Ei( ) Ψ (i )

(2.4.34)

We can now define a perturbation operator Vˆ as the difference between the exact
electronic Hamiltonian Hˆ e and the approximate Hamiltonian Ĥ 0 . As is usually done in
perturbation theory, we will introduce a perturbation parameter λ , which varies between 0
and 1, and define the functions:

(

Ψ λ ,i ( λ ) = Ψ (i ) + λ Φ i − Ψ (i
0

(

Eλ ,i ( λ ) = Ei( ) + λ Ei − Ei(
0

0)

0)

)

)

(2.4.35)

where Φ i and Ei are the eigenfunctions and eigenvalues of Hˆ e . It is clear that these
functions give the approximate Ψ i(

0)

and Ei(

0)

for λ = 0 , and approach the exact solutions

as λ → 1 . If we expand these functions in a Taylor series in λ we get:

( )
= E ( ) + λE ( ) + λ E ( ) + O ( λ )

Ψ λ ,i = Ψ (i ) + λΨ (i ) + λ 2 Ψ (i ) + O λ 3
0

Eλ ,i

1

0

i

1

2

2

2

i

i
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3

(2.4.36)
(2.4.37)

It is possible to take more terms in the series into account; we will just show the procedure
for second-order perturbation here. In (2.4.36) and (2.4.37) we have defined:
⎛ ∂Ψ λ ,i ⎞
≡⎜
⎟
⎝ ∂λ ⎠λ=0

(1)

Ψi

⎛ ∂E ⎞
= ⎜ λ ,i ⎟
⎝ ∂λ ⎠λ=0

(1)

Ei

( 2)

Ψi

( 2)

Ei

2
1 ⎛ ∂ Ψ λ ,i
= ⎜⎜
2 ⎝ ∂λ 2
2
1 ⎛ ∂ Eλ ,i
= ⎜⎜
2 ⎝ ∂λ 2

⎞
⎟⎟
⎠λ=0

(2.4.38)

⎞
⎟⎟
⎠λ=0

(2.4.39)

From the definition of the perturbation operator Vˆ , we have:
Hˆ e = Hˆ 0 + Vˆ

(2.4.40)

Substituting equations (2.4.36), (2.4.37) and (2.4.40) into the electronic Schrödinger
equation (2.4.4) we get:

( Hˆ

0

)

( )

0
1
2
+ Vˆ ⎡ Ψ (i ) + λΨ (i ) + λ 2 Ψ (i ) + O λ 3 ⎤ =
⎣
⎦

( )

( )

0
1
2
0
1
2
= ⎡ Ei( ) + λEi( ) + λ 2 Ei( ) + O λ 3 ⎤ ⎡ Ψ (i ) + λΨ (i ) + λ 2 Ψ (i ) + O λ 3 ⎤
⎣
⎦⎣
⎦

(2.4.41)

which can be rewritten as:

( Hˆ

0

− Ei(

0)

) Ψ ( ) + λ ⎡⎣ Hˆ Ψ ( ) + Vˆ Ψ ( ) − E ( )Ψ ( ) − E ( )Ψ ( ) ⎤⎦ +
0

i

1

0

i

0

i

0

i

1

i

1

i

0

i

2
1
0
2
1
1
2
0
+λ 2 ⎡ Hˆ 0 Ψ i( ) + Vˆ Ψ (i ) − Ei( ) Ψ (i ) − Ei( ) Ψ (i ) − Ei( ) Ψ (i ) ⎤ + O ( λ 3 ) = 0
⎣
⎦
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(2.4.42)

Now, equating like powers of λ on both sides we get:

( Hˆ

0

− Ei(

0)

) Ψ( ) = 0
0

(2.4.43)

i

and:
1
0
0
1
1
0
Hˆ 0 Ψ (i ) + Vˆ Ψ (i ) − Ei( ) Ψ (i ) − Ei( ) Ψ (i ) = 0

(2.4.44)

2
1
0
2
1
1
2
0
Hˆ 0 Ψ (i ) + Vˆ Ψ (i ) − Ei( ) Ψ (i ) − Ei( ) Ψ (i ) − Ei( ) Ψ (i ) = 0

(2.4.45)

Equation (2.4.43) tells us something we already knew: that Ψ (i

0)

and Ei(

0)

are the

eigenfunctions and eigenvalues of Ĥ 0 . Equation (2.4.44) gives the first-order corrections
and (2.4.45) gives the second-order corrections. If more terms are used in the expansions
(2.4.36)-(2.4.37), higher order corrections can be obtained. In order to solve equation
(2.4.44), we express the first-order perturbation function Ψi(1) as a combination of the Ψi(0 )
orthonormal functions:

Ψ i( ) = ∑ Cik Ψ (k )
1

0

(2.4.46)

k

For example, if Ĥ 0 is taken to be the many-electron Hartree-Fock Hamiltonian, this
expansion would be equivalent to the expansion (2.4.33). Substitution of (2.4.46) into
(2.4.44) yields:

( Hˆ

0

− Ei(

0)

) ∑ C Ψ ( ) = − (Vˆ − E ( ) ) Ψ ( )
ik

0
k

k
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1

i

0

i

(2.4.47)

Taking the inner product on both sides with Ψ (j ) and using (2.4.43) and the orthonormality
0

conditions (2.4.8) we get:

( E( ) − E( ) ) C
0

j

0

i

ij

1
0∗
0
= Ei( ) δij − ∫ drΨ (j ) Vˆ Ψ (i )

(2.4.48)

This set of equations allows us to obtain the coefficients in the expansion (2.4.46) and the
energies Ei( ) . A similar procedure can be used to obtain the second-order corrections,
1

starting with equation (2.4.45).
What we have described above is the general RS perturbation theory. A more detailed
treatment of it can be found, for example, in ref. 7. Evidently the details of the solution will
depend on the choice of the approximate Hamiltonian Ĥ 0 . By far the most common choice
is to use the Hartree-Fock Hamiltonian as the reference; in this case we obtain the MøllerPlesset215 (MP) perturbation theory216-221. Usually the MP methods are referred to as MPN,
where N is the order of the corrections used. There is really no such thing as MP1, because
the first correction to the Hartree-Fock energies actually arises from the second-order
term7. The most common implementations are MP2218-220 and MP4221, but other levels of
approximation are available.
It is possible to develop a perturbation theory using different references. In the complete

active space perturbation theory (CASPT) method222, for example, the reference is
obtained from a CASSCF calculation. CASPT is an example of a multi-reference

perturbation method, where a MCSCF method is used for the zero-th order approximation.
A major advantage of perturbation approaches is that they do not suffer from sizeextensivity problems. They can also handle excited states more easily than most variational
methods. Nevertheless, the fact that they are not variational means that one cannot directly
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assess the relative quality of two different perturbation results. Since different-order
perturbations correspond effectively to different Hamiltonians, one cannot invoke the
variational principle and say that the lowest ground-state energy is the most accurate one.
As is the case with the lower-level CI methods, the simpler perturbation approaches are
being displaced by DFT for some applications.
As for the CI methods, perturbation results can be systematically improved in two different
ways: by using larger basis sets or by including higher-order corrections. In principle, in
the limit of an infinitely large basis set and an infinite expansion, the result should be
correct. This, however, is true only if the perturbation expansion converges: if the
reference state is too far removed from the actual state, the perturbation may diverge.
Unlike CI, in perturbation theory the number of terms in the expansion and the number of
basis functions are truly independent.
Some recent applications where perturbation methods are applied, showing typical systems
that can be studied with them, are:
-

A study of the reaction mechanism of the gas-phase hydrolysis of silicon
tetrachloride223 using MP2, MP4 and DFT methods. In this study, good agreement with
experimental reaction rates was obtained at high temperatures, but not for low
temperatures.

-

A study of the PES for the tautomeric and conformational rearrangements of 2nitrosophenol and 9,10-phenanthrenequinonemonooxime, using both the MP2 and
MP4 methods224. The results obtained for both compounds were found to be in good
agreement with experimental measurements, including NMR spectroscopy results
obtained in the same work.

-

A study of the reaction mechanism of the diazetization reactions of several azoalkanes,
including one-, two- and three-bond mechanisms225. In this work, the CASPT2 method
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was used to calculate the energetics for this reaction, in conjunction with geometry
optimizations using DFT and CASSCF. Figure 2.4.5 shows one of the mechanisms
obtained

Figure 2.4.5. Geometries and energies of the reactant, products and transition state
for the 1-step diazetization of C7H10N2. The energies shown were obtained using the
CASPT2 method, values in parentheses are from density functional theory
calculations. From ref. 225.
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2.4.7. Coupled-Cluster Methods.

It is possible to show7 that the correlation energy in a many-electron system can be
obtained from the result of a full CI calculation as:
rs
rs
Ec = ∑∑ cab
∫ drΨ 0 Hˆ Ψ ab

(2.4.49)

b>a s >r

where we have used the notation of (2.4.33). The integral runs over all the electronic
coordinates, and the summations are over pairs of electrons. Equation (2.4.49) can be
interpreted in the following way: if we regard the inner summation as a contribution from
the pair of electrons a and b, then the total correlation energy is just the sum of the
contributions from all pairs. Hence a possibility to approximate the correlation energy is to
obtain the contribution of each pair independently of the other electrons, and then add the
contributions. This is known as the independent electron pair approximation (IEPA),
originally introduced by Sinanoğlu226 and Nesbet227. In an IEPA calculation, the
contribution from each pair of electrons a and b is obtained separately by applying the
variational principle to the pair function228:
rs
Ψ ab = Ψ 0 + ∑ cab
Ψ rsab

(2.4.50)

s>r

which includes the contributions from all the excited determinants in which electrons a and
b have been promoted to excited orbitals. By doing this variational minimization with each
pair of electrons, one finds a set of pair energies, and the sum of these pair energies is an
approximation to the correlation energy of the system. One important thing to note is that,
although the variational principle is used in each of the pair calculations, the method is not
truly variational because different contributions to the Hamiltonian are neglected in each of
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the calculations. The method, however, does not have the size extensivity problem of many
variational methods like CISD.
There is a problem with the IEPA, besides the fact that it is not variational. Methods such
as HF, CI and perturbation theory yield the same correlation energy when a unitary
transformation229 is applied to the occupied spin orbitals. The IEPA method, however, does
not satisfy this condition. There is a way to extend the IEPA in such a way that it is
invariant under unitary transformations, however, and that also increases its accuracy
significantly. This can be done by including the coupling between different electron pairs
in the calculation. A way to do this, of course, would be to perform a CI calculation
including the coupling between pairs, quadruples, sextuples230, etc., but the computational
cost would be prohibitive. But applying the idea from the IEPA, one may assume that the
rstu
for the quadruple excitations are not really independent from the
coefficients cabcd
rs
(because treating the pairs as independent is not a bad approximation).
coefficients cab

This is the idea behind the Coupled-Cluster (CC) approximation, introduced by Čižek and
Paldus231-233. In a CC approximation including the double excitations (CCD), the quadruple
excitation coefficients would be expressed as combinations of products of the double
excitation coefficients:

rstu
cabcd
=

∑ ( −1)

nperm

cijmn cklop

(2.4.51)

perm

The summation (2.4.51) contains all possible permutations of the indices a, b, c, and d
(represented by the letters i, j, k and l in the summation) and r, s, t, u (represented by m, n,
o and p). If the total number of permutations is even, the coefficient is 1, and if it is odd, it
tu
ru st
would be -1 and the coefficient of cad
cbc would
is -1. For example, the coefficient of cacrs cbd

be 1. There are 18 permutations in total. This relation can be used to obtain a better
approximation to the many-electron wavefunction than the one obtained using the IEPA.
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The resulting CC method has the advantages of being both size extensive and invariant
under unitary transformations. It is however, not variational, as is the IEPA. The original
formulation of the CC method by Čižek and Paldus was CCD233. The CC method was
extended to include single and double excitations (CCSD) by Purvis and Bartlett234 and
later expanded to include higher excitations and spin-adapted wavefunctions. More
detailed description of CC approaches and reviews can be found in refs 5, 235-238. As with
perturbation methods, it is possible to construct multi-reference CC methods using results
from MCSCF methods as a starting point239-242.
General CC theories can be formulated by introducing a cluster operator T 243:

T = T1 + T2 + " + TN

(2.4.52)

where the operator Ti has the effect of generating all the i-th excited determinants when
acting on the reference many-electron wavefunction, e.g.

T1Ψ 0 = ∑ car Ψ ra

(2.4.53)

a ,r

rs
In the CC literature, the coefficients car , cab
, " are referred to as amplitudes, and usually

written using the letter t instead of c. The coupled-cluster many-electron wavefunction is
then written in terms of the cluster operator as:
1
⎛
⎞
Φe ,cc = eT Ψ 0 = ⎜ I + T + T2 + " ⎟ Ψ 0
2
⎝
⎠
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(2.4.54)

This expansion can be substituted into the electronic Schrödinger equation (2.4.4) to obtain
rs
expressions for the coefficients car , cab
," . Combining (2.4.52) and (2.4.54) it is possible to

see an analogy between CC and CI:
1 ⎞
1 ⎞
⎛
⎛
Φe ,cc = eTΦ0 = Φ0 + T1Φ0 + ⎜ T2 + T12 ⎟ Φ0 + ⎜ T3 + T2 T1 + T13 ⎟ Φ0 + "
2 ⎠
6 ⎠
⎝
⎝

(2.4.55)

In truncated CC, only some terms of the cluster operator T are kept, for example in CCSD
the expansion would be T = T1 + T2 . The first two terms in the expansion (2.4.55) are
analogous to the first two terms in the CI expansion (2.4.33), i.e. the HF reference and the
singly excited determinants. In the second term there is already a difference. There are two
terms in the double excited part: one equal to the equivalent CI term, and another counting
the “disconnected” double excitations. These additional terms make the CC method size
extensive even when the cluster operator is truncated, unlike what happens in CI. Just as
perturbation theory includes the contributions from all the excited-determinant corrections
(single, double, etc.) up to a given order, CC includes corrections up to a given point but to
infinite order235.
It is possible to combine perturbation and CC methods to obtain accurate results with a
lower computational cost244. An example of this is the CCSD(T) method, where the triples
contribution to the energy is estimated using perturbation theory and added to the CCSD
energy.
CC methods can estimate the correlation energy very accurately, and are very frequently
used to study chemical reactions. The lower-level methods CCD and CCSD have a cost
proportional to N 6 , and the more accurate CCSDT a cost of N 8 , which precludes the use
of the latter for any but very simple systems. CC theories are similar to CI and perturbation
methods in the sense that the results can be improved both by adding more basis functions
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and by including more terms in the cluster expansion. In the limit of an infinite basis set
with a complete (infinite) cluster expansion, the results should be exact.
Some recent representative applications involving the CC methodology are:
-

A calculation of the structure, vibrational frequencies, atomization energies and
standard heats of formation of hydroxylamine, ammonia, hydrogen peroxide and
hyponitrous acid245 using CCSD(T) and higher level methods. Both the structural,
vibrational and energy results were found to be in good agreement with available
experimental results.

-

A study of the energetics, geometry and vibrational frequencies of the nitric oxide
dimer using singe- and multireference CC methods246. The NO dimer is a notoriously
difficult molecule to study due to its very weak bonding.

-

A study of the PES for the isomerization of the silicon hydrides Si 2 H 3 and Si 2 H 4
using the CCSD(T) method247. A total of 10 different isomers were found in this work.
For these isomers, they obtained harmonic vibrational frequencies, dipole moments and
infrared intensities. In the same work, spectroscopic measurements were made and they
compared very well with the ab initio results.

2.4.8. Semi-empirical methods.

An alternative approach to the electronic problem is provided by the semi-empirical
methods. In these, the many-electron problem is simplified in some way, and then some
parameters obtained from experiment or higher quality ab initio calculations are included
in order to get good results. Semi-empirical methods are particularly useful for dealing
with large systems (e.g. large biomolecules) where more computationally demanding
methods are impossible to apply. Semi-empirical methods are not truly ab initio methods,
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because they make use of experimental information to obtain their results. Nevertheless,
they play an important role in the simulation of chemical reactions, especially in complex
systems.
Most semi-empirical methods can be obtained by introducing approximations into the
Roothaan equations (2.4.28). There are several different levels of approximation that can
be used to develop a semi-empirical method. As we mentioned in our discussion of the HF
method, the largest computational cost comes from the evaluation of the two electron
integrals appearing in (2.4.31):

( μν λσ ) = ∫ ∫ dr dr φ ( r ) φ ( r ) r1 φ ( r ) φ ( r )
1

∗
2 μ

1

∗
ν

λ

1

2

σ

2

(2.4.56)

12

These integrals are necessary to construct the Fock operator matrix F. For a basis set with
K functions, there are ~ K 4 8 distinct two-electron integrals. For a system with many
electrons (e.g. a biomolecule) the cost of calculating them can be prohibitive. A way
around this problem is the zero differential overlap (ZDO) approximation. Within this
approximation, it is assumed that the overlap between different orbitals is always zero, i.e.

∫ drφ φ

∗
μ ν

= 0 for μ ≠ ν

(2.4.57)

where the integral is over any region of space. This is a stronger assumption than just
saying that Sμν = 0 for μ ≠ ν , and a direct consequence of it is that the two electron

integrals defined by (2.4.56) are zero unless μ = ν and λ = σ . This reduces the number of
distinct integrals to calculate to ~ K 2 2 , much less than in the HF method. There is,
however, one major problem with the ZDO approximation. If all orbitals are assumed to
have zero overlap over all space, two things happen: (1) The results may be dependent on
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the coordinate system used, because the overlap is in general not invariant to coordinate
transformations, and (2) If the overlap between all pairs of orbitals in neighboring atoms is
neglected, there can be no bonding.
There are several ways around the problems of the ZDO approximation. One option is used
in the complete neglect of differential overlap (CNDO) method248,249. In CNDO, the twoelectron integrals ( μμ λλ ) are assumed to be independent of the shape of the orbitals φμ
and φλ . This removes the coordinate invariance problem. If the orbitals are centered on the
same atom, the corresponding integrals are assigned a value representing the average
electron-electron repulsion on that atom. If they are centered on different atoms, the
integrals are assigned a value representative of the average electron-electron repulsion
between an electron in one atom and an electron in the other atom. Note that the latter
value is also dependent on the distance between the atoms.
Two further assumptions are made in CNDO regarding the part of the Fock matrix that
depends on the nuclei-electron interactions, which is given by:
⎡ 1
Z
H μν ≡ ∫ drφ∗μ ⎢ − ∇ 2 − ∑ I
I riI
⎣ 2

⎤
⎥ φν
⎦

(2.4.58)

When φμ and φν are on the same atom, these terms are assumed to be zero for μ ≠ ν . For
μ = ν , they are approximated using experimental ionization energies and electron affinities

for the atom. Finally, when they are on different atoms, H μν is assumed to be proportional
to the overlap integral Sμν , and the proportionality constants are parameterized in terms of
empirical single-atom constants.
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One defect of the CNDO method is that, since two-electron integrals are assigned the same
value regardless of spin, it does not consider the “exclusion principle” energy contribution.
In the intermediate neglect of differential overlap (INDO) method250, these contributions
are included in the form of additional contributions to the two-electron integrals that
depend on the spin of the orbitals involved. This necessarily means that the differential
overlap between orbitals on the same atom is not neglected anymore. In INDO, some of
the two-electron integrals on the same atom are parameterized using spectroscopic data for
the atom.
Aside from the CNDO and INDO methods, there are other, more sophisticated semiempirical methods. In the neglect of diatomic differential overlap (NDDO) method251, only
the differential overlap between orbitals on different atoms is neglected. This means that
now all the two-electron integrals ( μν λσ ) when φμ , φλ are on the same atom and φλ , φσ
are also on the same atom have to be calculated. This causes a major increase in the
computational cost for NDDO as compared to CNDO or INDO.
Other semi-empirical methods which make more use of experimental information and are
more accurate than the first-generation methods discussed above are the MINDO
(modified INDO) method252-255, the MNDO (modified neglect of diatomic overlap)
method256,257, the AM1 (Austin Model 1, a second-generation MNDO) method258, the PM3
(Parameterized Model 3, a third-generation MNDO) method259,260, and the SAM1 (Semi
Ab initio Model 1) method261, among others.

It is not easy in general to assess the relative accuracy of all the available semi-empirical
methods, mainly because their accuracy depends on what system they are applied to. Some
comparisons of the strengths and weaknesses of various empirical methods as applied to
various systems can be found in refs. 5, 262-265.
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As it is the case with force-field methods, there is no way to systematically improve on the
results obtained with a semi-empirical method. Also similarly, their performance is limited
to compounds for which experimental data is available; unlike ab initio methods, it is not
generally good to use a semi-empirical method to predict the properties of a new or
unknown compound. Most applications of semi-empirical methods involve the study of
very large molecules, or molecules in complex environments. Some recent representative
applications of semi-empirical methods include:
-

A calculation of the permanent dipole of the enzyme α-chymotrypsin using the AM1,
PM3 and PM5 methods266. The results from the PM5 method were the closest to the
experimental values for this particular system.

-

A study of the reaction path for the reduction of nitric oxide in the enzyme nitric oxide
reductase from the fungus Fusarium oxysporum using the SAM1 method267. The
reaction path obtained for this process consisted of a cycle of seven reaction steps, and
was similar to a mechanism proposed based on previous experimental results.

-

A study of the fluorination268 and the hydrogenation and oxidation269 of carbon
nanotubes using the MNDO method. In these works the potential energy curve for the
adsorption of fluorine, hydrogen and oxygen was obtained for different kinds of
nanotubes.

2.4.9. Density Functional Theory. 3-5,9,270-274

As shown in the previous sections, an accurate estimation of the electronic energies for a
given atom or molecule is in general a very computationally expensive task. The relatively
simple approach of the HF method suffers from the correlation energy error, and
improving on HF results is often very computationally demanding. Density functional
theory (DFT) is an alternative approach that permits one to obtain reasonably accurate
results for complex systems.
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The main difference between DFT and the methods mentioned in the previous sections is
that the fundamental variable is not the wave function but the electronic density ρ ( r )
defined by:
ρ ( ri ) = N ∫ " ∫ Φ e dr1dr2 " dri −1d σi dri +1 " drN
2

(2.4.59)

In (2.4.59), N is the number of electrons and σi is the spin coordinate of electron i. The
results that make DFT possible are two theorems proved by Hohenberg and Kohn in
1964275,276, and later generalized by several authors. The first theorem states that, if one
knows the electronic density ρ ( r ) for a given system, then all the properties of the ground
state can be obtained. The second theorem is a variational principle for the electronic
density. It states that, for any electronic density ρ , which may or may not be the true
density for the ground state, the relation E [ρ] ≥ E0 is satisfied, where E0 is the energy of
the ground state. This is analogous to the variational principle for the wavefunction
mentioned in section 2.4.2, and it also leads to a method for estimating E0 .
The energy functional E [ρ] in DFT can be expressed as:
E [ρ] = T [ρ] + Ven [ρ] + Vee [ρ]

(2.4.60)

where T [ρ] accounts for the kinetic energy, Ven [ρ] for the potential energy of the
electron-nucleus interaction, and Vee [ρ] for the potential energy of the electron-electron
interaction. The later is further decomposed into:
Vee [ρ] = Vcoul [ρ] + Vxc [ρ]
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(2.4.61)

where Vcoul [ρ] is the potential energy of the Coulomb interaction and Vxc [ρ] is the called
the exchange-correlation potential energy. Comparing equations (2.4.60) and (2.4.61) with
equations (2.4.24)-(2.4.27) shows an analogy between HF and DFT, and also the main
difference: the correlation energy is included in the term Vxc [ρ] together with the exchange
potential, whereas in HF only the exchange part is accounted for. Also, the exchange
energy in HF is calculated exactly, whereas in DFT it is normally approximated in some
way.
If the form of the energy functional E [ρ] is known, the problem of finding the groundstate electronic density and its energy is reduced to a minimization problem through use of
the variational principle E [ρ] ≥ E0 . It is possible to simplify the problem further. Since the
electronic density determines the ground state, any system with the same electronic density
as the real system will have the same ground-state properties. One may then think of a set
of noninteracting electrons that give the same electronic density as the real system. In this
case, the exchange-correlation energy in terms of the wavefunctions of these
noninteracting electrons has to contain all the missing terms. In particular, it will also
contain a correction to the kinetic energy. This approach, known as the Kohn-Sham277,278
method, is sketched in figure 2.4.6.

Interacting electrons
Many-body problem
3N variables

Hohenberg-Kohn

Kohn-Sham

theorems

formulation
Electronic density
3 variables

Figure 2.4.6. The Kohn-Sham approach.
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Noninteracting electrons
N 2-body problems in
3 variables

Within this framework, one may write the electronic density as a sum over occupied
orbitals:

N orb

ρ ( r ) = ∑ ψi ( r )

2

(2.4.62)

i=1

and the expressions for T [ρ] , Ven [ρ] and Vcoul [ρ] can be written as:

⎛ 1
⎞
T ( ρ ) = 2 ∑ ∫ drψ ∗i ⎜ − ∇ 2 ψ i ⎟
⎝ 2
⎠
i =1
N orb

Norb
⎛
Z
Ven [ρ] = ∑ ∫ drψ∗i ⎜ −∑ I
i =1
⎝ I riI

⎞
ZI
⎟ ψ i = −∑ ∫ drρ ( r )
r − rI
I
⎠

N orb N orb

Vcoul [ρ] = ∑ ∑ ∫ ∫ dr1dr2 ψ ∗i ( r1 ) ψ ∗j ( r2 )
i =1 j >i

1
ψ i ( r1 ) ψ j ( r2 ) =
r12

ρ ( r1 ) ρ ( r2 )
1
= ∫ ∫ dr1dr2
2
r12

(2.4.63)
(2.4.64)

(2.4.65)

For the exchange-correlation potential Vxc [ρ] , however, an additional theory is necessary.
The simplest assumption is the local density approximation (LDA), which states that the
exchange-correlation energy is locally that of a uniform electron gas; i.e. the exchange
correlation energy density at a position r is the same as that of a uniform electron gas of
density ρ , where ρ equals the local electron density at r in the actual system. If the
exchange correlation energy Exc ( ρ ) for a uniform electron gas is known as a function of
the density ρ , then Vxc [ρ] can be obtained from:
Vxc [ρ] = ∫ drρ ( r ) Exc ⎡⎣ρ ( r ) ⎤⎦
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(2.4.66)

In formulations of DFT for open-shell systems, or systems with spin polarization, the
electronic density is treated differently for spin-up and spin-down electrons. In this case
one speaks of the local spin density (LSD) approximation, instead of the LDA.
There are more elaborate expressions for the exchange-correlation energy that give better
results than the LDA. One of the most common approaches is to also include a dependence
of the exchange-correlation energy on the gradient of the electronic density. This leads to
the generalized gradient approximation279-284 (GGA). Among the most commonly used
functionals of this kind are the Becke280-Perdew285 (BP) functional, the Perdew-Wang
1991283,286-288 (PW91) functional, the Becke280-Lee-Yang-Parr289 (BLYP) functional, and
the Perdew-Burke-Ernzerhof281 (PBE) functional. Some new GGA functionals that seem to
perform very well290-292 are the OLYP functional, a combination of the OPTX exchange
functional of Handy and Cohen293-295 and the Lee-Yang and Parr correlation functional,
and the Hamprecht-Cohen-Tozer-Handy (HCTH) functionals296-298. Other exchangecorrelation functionals in common use include a contribution from exact exchange, i.e.
exchange energy calculated as in HF theory. A functional of this kind, which is very
commonly used, is the three-parameter Becke-Lee-Yang-Parr (B3LYP) functional299. The
main drawback of these functionals is that the calculation of the exact exchange energy is
very computationally demanding, thus restricting somewhat the system sizes that can be
handled.
Once the exchange-correlation functional is defined, a DFT calculation proceeds by
solving the one-electron Kohn-Sham equations277,278:
Eˆ KS ψ i = εi ψ i
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(2.4.67)

where Eˆ KS is the one-electron Kohn-Sham operator:
ρ ( r ') δVxc
∇2
Zm
Eˆ KS = −
−∑
+ ∫ dr '
+
r −r'
δρ
2
m r − rm

(2.4.68)

In (2.4.68), δ denotes functional differentiation. Once this system of equations is set up
the rest of the procedure is very similar to a HF calculation, and actually less
computationally demanding. Expanding now the ψ i in terms of some basis functions as in
(2.4.13) one can write a system of equations for the coefficients Cμi and obtain the
electronic density and the orbital energies.
The fact that DFT allows the calculation of energies with a much lower computational cost
than other ab initio approaches makes this method one of the most popular. DFT allows
studies of much larger and more complex systems than most other methods, and with the
newer functionals its accuracy can be comparable to that of much more expensive
methods.
One drawback of DFT is the fact that it is a method designed to obtain only ground-state
properties. There are, however, extensions of DFT that allow the treatment of excited
states, such as the restricted open shell Kohn-Sham (ROKS) method300,301, which uses a
mixture of symmetry-adapted Kohn-Sham all-electron wavefunctions, the density
functional theory/single configuration interaction (DFT/SCI) method302,303, which mixes

the ideas of the CI method and DFT, and the time-dependent density functional theory
(TDDFT) method304-306, which so far seems the most promising extension of DFT to
excited states. Another problem of DFT is, of course, that its accuracy is only as good as
the exchange-correlation functional used. The Hohenberg-Kohn theorem guarantees that
the DFT treatment is exact, unlike semiempirical approaches, because there exists an
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exchange-correlation functional that makes its results exact. But this functional is not
known and we are forced to approximate it in some way. Other than employing a larger
basis set, as with HF, there is no evident way to systematically improve on the results: one
may try two different exchange-correlation functionals for the same system and there is in
principle no way to tell which result is better unless results from a higher-level ab initio
calculation are available, and this is usually not the case. Nevertheless, DFT has an
excellent accuracy/computational cost ratio, and this makes it an extremely useful tool in
quantum chemistry. A detailed treatment of DFT can be found in refs. 3-5,270-273.
There are numerous applications of DFT in the literature, and their number is likely to
increase as better exchange-correlation functionals are developed. DFT is used often to
study large molecules, surface chemistry and properties of solids. Another common
application is to do geometry optimizations that are later followed by energy calculations
using more accurate methods. Some recent representative applications include:
-

A study of the reaction mechanism of the cycloaddition of 1,5-cyclooctadiene with
alkynes over a ruthenium catalyst, using the B3LYP functional307. In this work, several
possible mechanisms for this complex reaction were considered, something made
possible by the relatively low computational cost of DFT.

-

An analysis of the stability of carbon dioxide hydrates with 20, 24 and 28 water
molecules using DFT with the B3LYP functional308. In this study it was found that the
tetrakaidecahedral cluster with 24 molecules was the most stable of the ones
considered, and good agreement with experimental results was obtained.

-

A study of the vanadyl pyrophosphate (100) surface and its ability to oxidize n-butane
to maleic anhydride using the PW91 functional309. In this work the chemisorption of
water onto the surface and its role on the selective oxidation of n-butane was analyzed.

73

2.4.10. Ab Initio Molecular Dynamics4,11,181,310-313

In order to simulate chemically reactive systems, one often needs to do first an ab initio
calculation in order to find the potential energy surface. The results of this ab initio
calculation can then be fitted to an empirical equation for the potential energy and this in
turn can be used in a simulation within one of the techniques discussed in the following
sections. It is also possible, in principle, to omit the fitting stage and do the ab initio
calculations “on-the-fly” to obtain the potential energies within the simulation. There are
several ways that this can be done. One may, for example, run a Molecular Dynamics
(MD) simulation in which the energies at each time step are found by minimizing the
electronic energy. This approach is sometimes called Born-Oppenheimer Molecular
Dynamics181,314 (BOMD). The major difficulty with BOMD is that it is necessary to

perform an extremely accurate ab initio calculation at each time-step, because otherwise
the error accumulates and causes an unphysical drift of the total energy of the system.
Car and Parrinello315 proposed in 1985 an alternative way to obtain ab initio energies “onthe-fly”, by embedding the dynamics of the electrons in the MD Lagrangian. This is called
the Car-Parrinello Molecular Dynamics (CPMD) method. Although in principle one may
formulate CPMD with any ab initio method, DFT is the most commonly used because of
its very good accuracy/computational cost ratio.
The idea behind CPMD is to simulate simultaneously the motion of the nuclei and of the
electrons. Nevertheless, since the electrons cannot be treated classically, what is really
done is to generate a fictitious dynamics of the one-electron orbitals ψ i .
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The first step to generate the dynamic equations for both the nuclei and the electrons in
CPMD is to define a Lagrangian comprising both the electronic and nuclear dynamics
as181,310,315:

L=

(

N N
2
1 N
1


μ
d
r
ψ
r
+
M
R
−
E
ψ
R
+
Λ ij ψ i ψ j − δij
,
(
)
[
]
∑ i
∑ I I
∑∑
i
i
I
2 i =1 ∫
2 I
i =1 j =1

)

(2.4.69)

In (2.4.69), the μi are fictitious masses assigned to the electron orbitals (typically between
400 and 2400 a.u.), M I and R I are the mass and the position of nucleus I, E is the
expectation value of the Kohn-Sham Hamiltonian, δij is the Kronecker delta and the Λ ij
are Lagrange multipliers associated with the orthonormality constraints316:
ψ i ψ j = ∫ drψ∗i ψ j = δij

(2.4.70)

The equations of motion for the nuclei and the electronic orbitals can be obtained by
writing the Euler-Lagrange equations associated with the Lagrangian (2.4.69):

 i = −
μi ψ

δE [ ψ i , R I ]
δψ∗i

N

+ ∑ Λ ij ψ j

(2.4.71)

j =1

 = − ∂E [ ψ i , R I ]
MIR
I
∂R I

(2.4.72)

These equations can be integrated using a Verlet317 or velocity Verlet318,319 algorithm11,12 or
a similar numerical technique320-322. It is important, however, to keep the electron
dynamics separated from the nuclear dynamics, i.e. to keep the fictitious electronic kinetic
energy low, in order to keep the system on the Born-Oppenheimer surface. In some cases,
such as the simulation of non-conducting molecules, this can be accomplished simply by
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using a large enough value for the orbital masses μi . For conducting molecules, however,
since the valence electrons are less tightly bound to the nuclei, there is a tendency for the
nuclei and the electrons to achieve thermal equilibrium, hence removing the system from
the Born-Oppenheimer surface. This may be avoided by using Nose-Hoover323-325
thermostats11,12 for the nuclei and the electrons181,326,327.
The difficult part in the solution of the system (2.4.71)-(2.4.72) is usually the integration of
(2.4.71), the equation of motion for the orbitals subject to the orthonormality constraints
(2.4.70). In the standard Verlet scheme, which is the most commonly used, an
unconstrained set of orbitals ψˆ i at t + δt is found from:

ψˆ i ( t + δt ) = 2ψ i ( t ) − ψ i ( t − δt ) −

δt 2 δE [ ψ i , R I ]
μ
δψ∗i
t

(2.4.73)

And then these predicted orbitals are corrected by adding in the effect of the constraints:
δt 2
Λ ij ψ j ( t )
j =1 μ i
N

ψ i ( t + δt ) = ψˆ i ( t + δt ) + ∑

(2.4.74)

In order to find the Lagrange multipliers Λ ij , equation (2.4.74) is substituted into the
constraints (2.4.70) to get a system of equations that can be solved iteratively. Once the
Λ ij are known, the correct orbitals are obtained from (2.4.74). For a more detailed

description of this kind of approach see refs. 181, 320. Combining the Verlet algorithm with
the constraints in this fashion is the method known as the SHAKE algorithm328. A similar
method that uses the velocity Verlet method is known as the RATTLE algorithm329.
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One advantage of the CPMD approach as compared to BOMD is that it is more
numerically stable. As mentioned above, BOMD requires a very accurate minimization of
the electronic energy at each step to avoid energy drifts. CPMD does not have this
problem, the total energy usually oscillates and its average remains constant310,311. On the
other hand, doing a full minimization of the electronic energy at each timestep allows
BOMD to use larger timesteps than CPMD (usually ~10 times larger) because they only
need to be of the order of the characteristic time of the nuclear motion. The extra
computational effort associated with the accurate ab initio calculations, however,
counterbalances this advantage, and at the end the choice depends more on how much of
an energy drift can be accepted as payment for a faster calculation. A discussion of the
relative computational efficiencies of CPMD and BOMD can be found in ref. 181. Recent
reviews on the CPMD method can be found in refs. 312, 313.
Another advantage of CPMD is that treating the dynamics of the nuclei and the electrons
simultaneously yields a very good picture of the real behavior of the system. It is not
necessary to introduce empirical equations for the intermolecular potential, at least in
principle, because it is obtained during the simulation. This is of course true as long as the
relevant interactions are accurately pictured by the ab initio method within. With DFT, for
example, dispersion interactions are not well represented unless the nuclei are close to each
other, limiting the application of the method in cases where dispersion is the most
important interaction330. In a case like this, better results may be obtained by treating the
interactions at longer distances with an empirical potential and using ab initio methods at
shorter distances, as in QM/MM.
The other major issue with CPMD is its computational cost when compared to “classical”
molecular simulation techniques that use empirical potentials. The time-step in a CPMD
simulation has to be kept small enough to get good statistics for the motion of the
electrons, typically of the order of 0.1 fs. Sometimes it is possible to increase the orbital
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mass μ and use slightly larger time-steps and still get good statistics. However, the total
real time that can be simulated is often limited to about 10 − 50 ps , which allows only the
study of very fast processes. In addition, the size of the system that can be studied is
limited, usually of the order of 100 heavy atoms. The time scale problem can be overcome
by combining CPMD with a multiple time-scale technique such as the ones described in
the next section; some applications of this idea will be discussed in section 2.5.
CPMD has also been adapted to efficiently explore potential energy surfaces to look for
different transition states and products in complex reactions by including historydependent terms into the Lagrangian, as in the Laio-Parrinello Metadynamics
method331,332. This technique seems very close to being a “black-box” method for studying
reaction mechanisms. It is very useful, as there are many reactions for which both the
reaction mechanism and the possible products are not evident a priori.
Although molecular dynamics is most commonly combined with DFT due to its high
accuracy/computational cost ratio, it has also been combined with other ab initio methods.
In the literature there are examples combining molecular dynamics with the HF method333335

, the CI method336, the CASSCF method337,338 and others339,340.

Applications of ab initio molecular dynamics have increased recently due to the
availability of more efficient algorithms and faster computers. Some recent representative
applications include:
-

A CPMD calculation of the infrared spectrum and other properties of uracil in an
aqueous solution341, showing a remarkably good agreement with experiment. The
CPMD method is often used to study water and aqueous solutions, as well as other
hydrogen-bonded liquids342. Since the main interactions in water and aqueous solutions
are hydrogen bonding and Coulomb interactions, which are strong, they can be
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pictured fairly well by using DFT. A recent study assessing the ability of CPMD to
simulate water can be found in ref.
344 348

-

-

343

, and some other recent applications are in refs.

.

A study of the solvent effects on the ground state and first excited singlet state of
acetone in aqueous solution, using a new hybrid Car-Parrinello QM/MM technique349.
In this work the radial distribution function of the water atoms around the carbonyl
oxygen is obtained for both the ground state and the excited state, and the absorption
and fluorescence spectra of acetone in both the gas phase and the aqueous phase are
calculated. The results obtained are in reasonably good agreement with experimental
data for this system.

-

A study of the torsions of two model arylamides, acetanilide and omethylthioacetanilide, using CPMD350. The dynamics of these molecules are
interesting because they are capable of forming intramolecular hydrogen bonds.

2.4.11. Quantum mechanics/molecular mechanics4,5,351-367.

As was discussed in section 2.3.1, a purely FF approach is adequate mostly for studying
reactions that involve conformational changes, because force fields are classical models.
Reactions that involve bond breaking or formation are much more difficult to represent,
since this is inherently a quantum mechanical process. Although there are recently
developed force fields targeted at the description of these reactions, such as RFF110,
AIREBO108 and ReaxFF61,69, it is in general preferable to use an electronic structure
method to study them. The problem is that for many systems of interest an electronic
structure method can have a prohibitive computational cost. It is possible to find a
compromise between the two approaches by using a quantum chemistry method to handle
the site(s) in the system where bond breaking or formation occurs, and a FF method to
describe

the

other

interactions.

This

approach

mechanics/molecular mechanics (QM/MM) method368,369.
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is

known

as

the

quantum

The main idea in QM/MM methods is to partition space into several regions. In the
simplest case, the system would be separated into a quantum mechanical (QM) region,
where an electronic structure method would be used to obtain the energies370, a molecular
mechanical (MM) region, represented by a FF, and possibly a boundary region. The major
difficulty in the QM/MM approach is to “match” the QM and MM potentials in a smooth
way. It is also not trivial in general to decide which parts of the system would be in which
region. For a system with the three regions described, the Hamiltonian of the system could
be written as371:
H = H QM + H MM + H QM

MM

(2.4.75)

As depicted in figure 2.4.7, the term H QM includes the interactions between particles in the
QM region, and H MM includes the interactions between particles in the MM region. Both
of this terms can be directly taken from the particular electronic structure method and FF
used for each region. The H QM

MM

term includes the interactions between particles in the

QM and MM regions of the system. This is the part that is difficult to model, and its
particular form will depend on the electronic structure method chosen for the QM part and
the FF used for the MM part. A detailed discussion on how to build the QM/MM
Hamiltonian for different methods is outside the scope of this work, more detailed
descriptions and references can be found in refs. 351-358.
It is possible to include more than one QM or MM region in a QM/MM calculation. For
example, a very high-level ab initio method can be used in a small region, and a lower
level method in the region surrounding it. Or a more complex FF can be used in an
intermediate region and a simpler one in the outer region. This can be done, for example,
in the ONIOM (Our own N-layered Integrated mO and mM) method372,373. A generalpurpose implementation of QM/MM has been recently developed by the QUASI
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(QUAntum Simulation in Industry) project, a description of this can be found in ref. 374.
Another hybrid QM/MM approach is the empirical valence bond (EVB) method351,359,375,
which is based on the valence bond representation rather than the molecular orbital
representation of the wavefunction.

Figure 2.4.7. Sketch of a QM/MM system, showing the kinds of interactions that
contribute to each part of the Hamiltonian in equation (2.4.75)

Applications of QM/MM methods are common in the study of solvation effects, reactions
involving macromolecules (particularly enzymes), and surface chemistry. The QM/MM
methodology seems to be an extremely efficient way of handling complex problem in
chemistry. There are many examples of applications of QM/MM in the literature, and the
number is likely to grow as the available computational power increases and the techniques
are refined due to the high accuracy/computational cost ratio of the method. Some recent
examples showing applications of the QM/MM methodology include:
-

A study of the catalytic mechanism of the wild type and several mutants of the human
enzyme cyclophilin A for the proline isomerization reaction376. In this work the
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contributions of various effects to the catalytic effect of the enzyme are quantified, and
transition states are found for both the wild type and the mutants.
-

An analysis of the energetics of eight enol isomers of malonaldehyde in carbon
tetrachloride solution377, showing the changes in the relative energies and
conformations, as well as the excitation energies of the isomers due to the interactions
with the solvent.

-

The original paper of the QUASI374 program shows several applications to catalysis
and enzyme chemistry, including a study of the mechanism of the synthesis of
methanol over a Cu/ZnO catalyst, a study of the decomposition of nitrous oxide on a
Cu-exchanged zeolite, and reactions in triosephosphate isomerase, p-hydroxybenzoate
hydroxylase and cytochrome P450 enzymes.

2.5. Classical Simulation Methods for Equilibrium and Rate Constants.

As we mentioned in section 2.2, the goal of a simulation method for chemical reactions is
usually to estimate an equilibrium constant or a reaction rate. Equilibrium constants are
easier because they only require the knowledge of the thermodynamic properties of the
reactants and the products. For kinetic rates the problem is more complicated. In the
following sections we will discuss some of the techniques that can be used to obtain
equilibrium and rate constants once the PES is known (or a method for obtaining it has
been chosen). In section 2.5.1 we will discuss an approach for the estimation of
equilibrium constants, the reactive Monte Carlo method. In the remaining sections we will
discuss some of the methods that can be used for estimating reaction rates.
It is important to note that, although the methods in these sections are usually termed
“classical”, this does not mean that no quantum mechanical calculations are involved. Ab
initio methods are still necessary to obtain the PES that will later be used to estimate
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reaction rates (unless a purely FF description is used). The term “classical” is used to
distinguish the methods that are mostly based in classical statistical mechanics from those
where the description of the reactive process itself is quantum mechanical (see the
discussion at the end of section 2.2).
Another important thing to keep in mind is that the accuracy of the results is determined by
the method used to generate the PES (sections 2.3 and 2.4). If the ab initio (or FF) method
chosen does not give a good representation of the system, the results will be bad regardless
of how good is the method chosen to determine the rate or equilibrium constant.

2.5.1. Estimation of Equilibrium Constants3

The equilibrium constant for a given chemical reaction is a thermodynamic equilibrium
property, and hence it depends only on the thermodynamic properties of the reactants and
the products involved, and not on the reaction mechanism. This can be restated in the terms
of section 2.3 by saying that the equilibrium constant depends only on what happens at the
minima of the PES or, at a finite temperature, the minima of the free energy surface (FES).
From classical thermodynamics, we know that the equilibrium constant can be expressed
as:
K eq = exp ( − ΔG 0 kT ) = ∏ aiνi

(2.5.1)

i

where ΔG 0 is the change in the Gibbs free energy per molecule for the reaction with all
the components in their standard states, the ν i are the stoichometric coefficients and the ai
are the activities of the components involved in the reaction. These quantities can be
related to the microscopic properties of the system through statistical mechanics. For
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example, for reacting mixture of ideal gases it is possible to write the equilibrium constant
in terms of the molecular partition functions as3,378:
K eqid = ∏ ( qi V )

νi

(2.5.2)

i

where the product runs over all components and the qi are the molecular partition
functions. Within the semiclassical approximation379 it is possible to rewrite these partition
functions as products of contributions from the different degrees of freedom380:
qi = qi ,t qi ,r qi ,v qi ,e qi ,i

(2.5.3)

In (2.5.3), qi ,t = V Λ 3 is the translational partition function ( Λ being the thermal De
Broglie wavelength), and the other terms are respectively the rotational, vibrational,
electronic and internal partition function. The latter corresponds to internal degrees of
freedom not considered in the remaining terms (e.g. internal rotations about a bond).
Depending on the temperature, the rotational degrees of freedom may be treated classically
or quantum mechanically. The vibrational and electronic partition functions must be
obtained from quantum mechanics unless the system is at very high temperatures (in which
case the semiclassical approximation will probably not work anyway). The electronic
partition function is in many cases assumed to be constant, as we mentioned in the
introduction, because for a typical system at a near-ambient temperature practically all the
molecules will be in the electronic ground state. If this is not the case, it is necessary to
obtain the energies for the excited electronic states. In order to obtain the vibrational
partition function it is necessary to know the characteristic frequencies of oscillation for
the given molecule; these can be obtained by doing a vibrational analysis using linear
response theory with an ab initio method (see, for example, ref. 272).

84

When the mixture is not ideal, it is necessary to include the effect of the intermolecular
potential energy in the calculation of the equilibrium constant. Several attempts have been
made to estimate equilibrium constants for chemical reactions in non-ideal systems by
molecular simulation. In 1981, Coker and Watts381,382 proposed a modification of the
Grand Canonical Monte Carlo383-385 (GCMC) method11,12 to obtain equilibrium constants.
In the method an extra Monte Carlo move was added that swapped the identity of a
reactant molecule with that of a product molecule, and the transition probability was
obtained by using the difference between the chemical potential of the two species. They
applied their method to the reaction Br2 + Cl2 → 2BrCl and obtained very good agreement
with experimental results. The main drawback of the method, aside from requiring the
chemical potentials as an input, is the fact that it can only be used to simulate
equimolecular reactions. This method was later modified and extended by Kofke and
Glandt386, who called the new method the semigrand canonical Monte Carlo (SGCMC)
method. The SGCMC method, although more versatile than the original modified GCMC
(allowing, for example, for studying phase and chemical equilibria simultaneously), still
had the limitation of being only applicable to equimolecular reactions. After this work,
several other methods were proposed for the simulation of chemical equilibrium, such as
the Natoms-P-T ensemble method of Shaw387, the association biased Monte Carlo
method388,389, the bond-biased Monte Carlo method390, and the subspace sampling Monte
Carlo method391-393. All of these methods were successful for the systems studied, yet were

difficult to generalize to any kind of reaction or ensemble, or required not readily available
parameters394.
Another method for the simulation of chemical equilibrium, the reactive Monte Carlo
(RxMC) method, was developed independently by Smith and Triska395 and Johnson et
al.396. The RxMC method is similar to the Natoms-P-T ensemble method of Shaw, but is

readily adapted to reactions where the number of moles is not preserved.
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A simulation using RxMC includes “reactive” moves that may correspond to forward or
backward reaction steps. In order to preserved detailed balance, both types of moves have
to be attempted with equal probability395,397. In a forward reaction step, reactant molecules
are removed and replaced with product molecules according to the stoichiometry of the
reaction. The acceptance probability of this move is obtained from:
⎡
Ni ! ⎤
⎛ δU ⎞
νi
Pacc = min ⎢1, exp ⎜ −
⎥
⎟ ∏ qi
( Ni + νi )!⎥⎦
⎝ kT ⎠ i
⎢⎣

(2.5.4)

where δU is the change in the potential energy between the initial and final configurations.
For a reverse reaction step, the product molecules are removed and replaced with reactant
molecules. It is important to do so in a way that preserves the microscopic reversibility.
For example, when simulating a reaction of the form A + B → C + D , a forward reaction
step may be replacing a molecule of A with a molecule of C and a molecule of B with a
molecule of D. If this is so, then in the reverse reaction step C has to be replaced with A
and D with B to preserve the microscopic reversibility. The acceptance probability for a
reverse reaction step is given by:
⎡
Ni ! ⎤
⎛ δU ⎞
−νi
Pacc = min ⎢1, exp ⎜ −
q
⎥
∏
i
⎟
( Ni − νi )!⎦⎥
⎝ kT ⎠ i
⎣⎢

(2.5.5)

The acceptance criteria (2.5.4) and (2.5.5) can be equivalently formulated in terms of the
Gibbs free energy of reaction instead of the molecular partition functions, as in ref. 395.
The most attractive features of the RxMC method are its versatility and the fact that the
information it requires (i.e. the molecular partition functions) is readily available for most
reactions. Since its inception, RxMC has been applied to a variety of reactive systems,
including organic and inorganic reactions in gases, solutions, plasmas, and in nanoporous
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materials396,398-410. So far RxMC seems to be the best choice for the estimation of chemical
equilibrium constants in non-ideal systems.

2.5.2 Transition State Theory and the Reactive Flux Method2,3,13-15,411-413

One of the early attempts to calculate reaction rates, and arguably the most successful, is
the transition state theory (TST) of Eyring414,415, sometimes also called activated complex
theory or absolute rate theory14. Since its inception, the method has been extended and

reformulated in several different ways15,412. The original formulation of TST is in
thermodynamic terms. TST states that, for a reactive mixture in thermal equilibrium, the
reaction rate may be obtained from the equilibrium constant for the conversion of reactant
molecules to a transition state molecule3,13-15:

kT ‡ kT
kT
k =
K eq =
exp ( − ΔG ‡ kT ) =
h
h
h
0
r

a‡
∏ ai−νi

(2.5.6)

reac

where the product runs over the reactants, ΔG ‡ is the free energy of activation, i.e. the
change in the free energy of the system when reactant molecules are replaced by a
transition state molecule, and kr0 is the standard-state reaction rate constant. TST thus
reduces the dynamical problem of finding a reaction rate to an equilibrium problem that, as
discussed in the previous sections, is much easier to solve. If, for example, the
intermolecular potential effects are neglected, one may use (2.5.2) and (2.5.6) to write the
transition state equilibrium constant in term of molecular partition functions. In this case
there is, however, an important difference. Since a transition state species corresponds to a
first-order saddle point in the potential energy surface, it has one less vibrational mode
than a stable molecule. The transition state does not occur at a minimum, but at a
maximum free energy in the direction of the reaction coordinate. Hence, when calculating
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the vibrational partition function, there will be one vibrational mode missing. The term
kT h appearing in (2.5.6) can be interpreted as the contribution to the partition function

corresponding to the non-vibrational motion along the reaction coordinate, i.e. as the term
replacing the missing vibrational term13.
It is also possible to formulate TST in dynamical terms416,417. This formulation requires
introducing the concept of a dividing surface, which separates the “reactants” and
“products” regions of configurational space. In TST, the dividing surface can be defined as
the plane normal to the reaction path and containing the transition state. Then the reaction
rate can be defined as the net rate at which the system crosses the dividing surface in the
direction of the products. For simplicity, let us consider an isomerization reaction A → B .
It can be shown that its reaction rate is given by the stationary-state value of the timecorrelation function kr ( t ) defined by417:

kr ( t ) =

ξ ( 0 ) θ ⎡⎣ ξ ( t ) − ξ‡ ⎤⎦ δ ⎡⎣ξ‡ − ξ ( 0 ) ⎤⎦

CA

(2.5.7)

In (2.5.7), C A is the concentration of the reactant species A, C A = θ ⎣⎡ξ ( 0 ) − ξ‡ ⎦⎤ , ξ ( t )
is the reaction coordinate as a function of time, ξ‡ is the value of the reaction coordinate at
the dividing surface, θ is the Heaviside step function, δ the Dirac delta function, and the
brackets indicate an ensemble average over equilibrium initial conditions418. Note that the
term δ ⎡⎣ξ‡ − ξ ( 0 ) ⎤⎦ constrains the system to be initially at the dividing surface. The reaction
rate is then:

kr = lim kr ( t ) = lim
t →∞

ξ ( 0 ) θ ⎡⎣ ξ ( t ) − ξ‡ ⎤⎦ δ ⎡⎣ξ‡ − ξ ( 0 ) ⎤⎦

t →∞

CA
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(2.5.8)

Equation (2.5.8) is often called the Bennett419-Chandler420-422 expression for the rate
constant. In taking the limit, the time is supposed to be large compared to the characteristic
time for the molecular motion, but small compared to the characteristic time for the
reaction. Thus in the derivation of (2.5.8) it is implicitly assumed that the reaction is a rare
event compared to molecular relaxation. This will be true as long as the free energy barrier
for the reaction is large compared to kT .
It is possible to recover the transition state theory constant by taking the limit as t → 0+ of
kr ( t ) :

kr ,TST = lim+
t →0

ξ ( 0 ) θ ⎡⎣ξ ( t ) − ξ‡ ⎤⎦ δ ⎡⎣ ξ‡ − ξ ( 0 ) ⎤⎦
CA

=

ξ ( 0 ) θ ⎣⎡ ξ ( 0 ) ⎦⎤ δ ⎡⎣ ξ‡ − ξ ( 0 ) ⎤⎦
CA

(2.5.9)

Here we have used the fact that ξ ( t ) will be larger than ξ‡ as t → 0+ only if the derivative
ξ ( 0 ) is positive, because only configurations starting at ξ‡ contribute to the average. It

may not be directly evident that (2.5.9) is equivalent to (2.5.6); for a derivation of this see,
e.g. refs. 423,424. Comparing equation (2.5.9) with (2.5.8) gives a clearer interpretation of
the TST approximation: the two expressions will be equal only if, after initially crossing
the dividing surface, the system does not return to the “reactants side”, i.e. no recrossings
of the dividing surface occur. This gives us another, more precise way of stating the
quasiequilibrium assumption, which is to say that all trajectories crossing the dividing
surface in the direction of the products and which do not recross it are in equilibrium with
the reactants412.
We already mentioned that, for (2.5.8) to be valid, it is necessary that the reaction barrier is
high compared to kT . From the above reasoning, we see that TST will be valid when, after
crossing the dividing surface, the reactive complex is able to dissipate its energy fast
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enough so that it cannot go back again. If this is not true, some recrossings of the dividing
surface can occur and the real reaction rate will be lower than the TST rate. In order to
account for this, one may define a transmission coefficient κ ≤ 1 that corrects the TST rate
constant due to the recrossings:
kr = κkr ,TST , κ ≤ 1

(2.5.10)

Unlike the TST constant, the transmission coefficient is a dynamical quantity and cannot
be obtained from an equilibrium simulation such as RxMC. The fact that κ ≤ 1 implies that
the TST constant is an upper bound for the true reaction rate.
There is one important remark to make about equation (2.5.10). This expression is correct
even when the dividing surface is not exactly at the transition state. What is used in its
derivation417 is the separation of timescales between the reaction process and the molecular
motion, and not the fact that the dividing surface contains the transition state. Now, since
the kr ,TST in (2.5.10) is always an upper bound for the reaction rate regardless of how the
dividing surface is chosen, this suggests a way to improve the TST estimate: do a TST
calculation for different dividing surfaces and choose the lowest one. This is the approach
used in variational transition state theory (VTST)425.
One may ask why is it necessary to search for a dividing surface that does not contain the
transition state. After all, it sounds reasonable to assume that the surface least likely to be
recrossed is the one containing the transition state, and hence the TST reaction rate should
be the lowest for that case. Nevertheless, it is important to take into account the fact that
the PES does not include finite-temperature effects. Also the reactive system may be in a
medium that imposes a force field on the atoms that was not taken into account during the

ab initio calculations (e.g. an attractive surface, a solvent). Hence the true saddle point in
the real free energy surface (FES) may be quite different than the one in the PES. By using
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a VTST approach this can be accounted for. As an example, for a reactive mixture of ideal
gases the TST rate constant can be written, using (2.5.6) and (2.5.2), as:

kr ,TST =

kT ‡ kT
K eq =
h
h

q‡ V

∏ ( qi V )

−νi

(2.5.11)

reac

In order to minimize this rate, it is necessary to choose the dividing surface such that the
molecular partition function of the transition state, q‡ , will be minimal. Since this function
contains the contributions from vibrational, rotational, etc. modes, it accounts for the
finite-temperature effects not considered in the PES.
What we have given so far is a description of TST in purely classical terms. Due to the
success of TST as both a theoretical and computational tool for understanding rate
processes, there has been considerable effort to cast TST in quantum mechanical terms.
This is a difficult problem, though, because of TST’s natural formulation in terms of
classical dynamical trajectories. In quantum TST (QTST), the objective is to obtain a
quantum mechanical expression for the time-correlation function. Among the quantumbased versions of QTST are the short-time QTST method of Miller et al.426-428 and its
variational version429, the path integral QTST methods430-432, including the reversible
action-space work QTST (RAW-QTST) method433,434, and several others435-441. A
discussion of QTST and related methods is beyond the scope of this work; reviews can be
found in refs. 411,412,442,443. One important contribution that is missing in classical
TST, besides the transmission coefficient, is the quantum-tunneling correction. For some
systems (e.g. reactions involving light molecules, low temperatures), it is possible for the
reactants to tunnel through the activation barrier, and hence the reaction rate will be higher
than that obtained by TST. A quantum mechanical treatment is necessary to obtain this
correction.
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Equations (2.5.7)-(2.5.10) suggest a natural way to correct a TST rate constant: obtain the
transmission coefficient. In the reactive flux method, or Bennet-Chandler method, the
reaction rate is obtained by using (2.5.7) directly, which is equivalent to finding the TST
rate and the transmission coefficient. For this it is convenient to rewrite (2.5.7) as11:

k f (t ) =

ξ ( 0 ) θ ⎡⎣ξ ( t ) − ξ‡ ⎤⎦ δ ⎡⎣ ξ‡ − ξ ( 0 ) ⎤⎦
δ ⎡⎣ ξ‡ − ξ ( 0 ) ⎤⎦

δ ⎡⎣ξ‡ − ξ ⎤⎦
θ ⎡⎣ξ‡ − ξ ⎤⎦

(2.5.12)

The first term in this equation is the conditional average of the product ξ ( 0 ) θ ⎡⎣ξ ( t ) − ξ‡ ⎤⎦ ,
given that the system is initially at the dividing surface, i.e. ξ ( 0 ) = ξ‡ . This term is a
dynamical quantity, like the transmission coefficient. The second term is a ratio of the
probability density of finding the system at the dividing surface to the probability of
finding the system in the reactant side of the barrier. This term, like the TST constant, is an
equilibrium quantity and can be obtained from a thermodynamic integration. In the next
section we will discuss a combined approach for finding the reaction rate from (2.5.12)
using constrained dynamics.
One important comment about the methods discussed in this and the following sections is
that studying chemical reactions is not their only application. The kinetic rate for any
process that involves crossing an energy barrier can be obtained within the formalism. This
includes, for example, nucleation444 and diffusion in solid surfaces445,446. Finally, an
improved reactive flux method allowing the estimation of rate constants with a lower
computational effort has been recently proposed by Drozdov and Tucker447.
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2.5.3. Constrained Reaction Dynamics: “Blue Moon” Method.

As discussed in the previous section, it is possible to find good estimates of kinetic rate
constants by separately evaluating the two factors in (2.5.12). The first term is a
conditional average over trajectories starting at the dividing surface, and it can be
evaluated from molecular dynamics (MD) simulations with the system initially at the top
of the barrier. In this case, it is necessary to correct the statistics using bias factors to get
the right averages. The second factor in (2.5.12) can be obtained also from constrained
dynamics, and hence it is possible to use a unified two-step MD approach to calculate the
reaction rate. This is the so-called “Blue Moon”448 approach for finding reaction rates11,449453

.

In the Blue Moon method, a constrained MD run with the reaction coordinate held fixed at
the constant value ξ = ξ‡ is used to generate configurations at the top of the barrier and
also to estimate the second term in (2.5.12) using the constraint force. Then these
configurations can be used in a second set of MD runs where the constraint is relaxed and
the atoms are assigned initial velocities from a Maxwell-Boltzmann distribution for the
given temperature. These runs are used to accumulate statistics on the number of pathways
with ξ ( 0 ) > 0 that reach the “products” region of space, thus allowing the estimation of
the first term in (2.5.12).
In order to derive expressions for the proper averages when the Blue Moon technique is
used, let us start from the canonical ensemble probability distribution for states with a prespecified value of the reaction coordinate, ξ = ξ‡ 449:

PI ( r N , p N ) δ ( ξ − ξ‡ ) dr N dp N =

1
⎛ H ⎞
‡
N
N
exp ⎜ −
⎟ δ ( ξ − ξ ) dr d p
QI
kT
⎝
⎠
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(2.5.13)

We will call this ensemble I. In this equation, H is the system Hamiltonian, Q I is the
partition function and δ is the Dirac delta function. Note that in ensemble I the reaction
coordinate is restricted to the value ξ = ξ‡ , but is not constrained, i.e. its time derivative ξ
is not restricted to be zero. The phase-space points generated in this ensemble could be
used as starting points for an MD simulation, and would generate reacting trajectories
frequently. The probability distribution (2.5.13) can be factored as:

(

) (

)

( )

(

)(

)

PI r N , p N δ ξ − ξ‡ dr N dp N = Pc ,I r N Pm ,I p N r N δ ξ − ξ‡ dr N dp N

( )

Where Pc ,I r N

(

is the configurational probability density and Pm,I p N r N

(2.5.14)

)

is the

conditional probability density of the momenta given the configuration. Only the latter will
be of interest to us. It can be expressed as:

(

)

⎛ K ⎞ N
Pm ,I p N r N dp N = exp ⎜ −
⎟ dp
⎝ kT ⎠

(2.5.15)

where K is the kinetic energy:

N

p j ⋅p j

j =1

2m j

K =∑

(2.5.16)

The probability density (2.5.15) is a product of Maxwell distributions for individual atoms,
and it is fairly straightforward to sample from it. Now we will introduce an ensemble II
where the reaction coordinate is not only restricted to the value ξ = ξ‡ , but also constrained
to it (i.e. where ξ = 0 ).
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The configurational part of the probability distribution for ensemble II will be:

( )

Pc ,II r N dr N =

( )

where U = U r N

1
12
⎛ U ⎞
N
‡
Z exp ⎜ −
⎟ δ ξ − ξ dr
QII
⎝ kT ⎠

(

)

(2.5.17)

is the potential energy and QII is the partition function for this

ensemble. The term Z

12

is a bias factor arising from the constraint imposed on the

reaction coordinate. For the case being discussed (where only the reaction coordinate is
constrained), it can be obtained from:

1
Z =∑
j =1 m j
N

⎛ ∂ξ
⎜⎜
⎝ ∂r j

⎞
⎟⎟
⎠

2

(2.5.18)

The derivation for the more general case when other constraints are imposed on the system
is discussed in refs. 449,451.
At this stage, we recognize that both ensembles I and II are difficult to sample in a MD
run. In ensemble I, since there is no restriction on the derivative of the reaction coordinate,
it is fairly easy to sample from the momentum distribution, but it is difficult to generate the
configurations. We would need to keep ξ = ξ‡ as time goes on, but without having
ξ = 0 (!).
In ensemble II, on the other hand, we can easily generate configurations because ξ = 0 .
The problem, however, is that we cannot use the states from ensemble II to get statistics on
how the system crosses the energy barrier because of the constraint. This reasoning
suggests defining a new ensemble, the blue moon ensemble449, with the configurational
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probability density of ensemble II and the conditional momenta probability density of
ensemble I, i.e.
PBM ( r N , p N ) dr N dp N

(

)

= Pc ,II ( r N ) Pm ,I p N r N dr N dp N
=

1
12
⎛ H
Z exp ⎜ −
QII
⎝ kT

⎞
‡
N
N
⎟ δ ( ξ − ξ ) dr dp
⎠

(2.5.19)

We now have an ensemble that is easier to sample. We need to generate configurations
with a constrained value of the reaction coordinate, and velocities from a Maxwell
distribution. This procedure will generate a set of configurations that, if used as starting
points for a MD, will produce barrier crossings frequently. The true dynamic trajectories,
however, are the ones of ensemble I, where ξ is not restricted, and therefore we need to
include a bias factor when averaging over the blue moon ensemble.

(

)

If we want to obtain the average of the observable A r N , p N over ensemble I, we need to
calculate:

A =

(

) (

A r N , p N δ ξ − ξ‡

(

δ ξ−ξ

‡

)

)

I

(2.5.20)

I

Comparing the probability distribution of ensemble I, equation (2.5.13), with the
probability distribution of the blue moon ensemble, equation (2.5.19), we see that this is
equivalent to:

A =

Z

−1 2

(

A rN ,pN
Z

−1 2
BM

96

)

BM

(2.5.21)

Thus the factor Z

−1 2

is what we need to correct the bias caused by the constraint ξ = 0 in

the configurational distribution. The averages in (2.5.21) are now taken in the blue moon
ensemble.
The derivation above pertains to the case where only the reaction coordinate is being
constrained. Sometimes it is convenient to include additional constraints in the simulation,
for example fixed bond lengths in a molecule. For the general case when L additional

( )

holonomic454 constraints of the form σi r N = 0 , i = 1, ", L are included, equation
(2.5.21) has to be modified. The corresponding equations can be found in refs. 449, 451.
We may now turn to the problem of calculating reaction constants in the blue moon
ensemble. For this we need to rewrite the averages in (2.5.12) as averages in the blue moon
ensemble. For the first factor in (2.5.12), we can directly use the result (2.5.21):

ξ ( 0 ) θ ⎡⎣ξ ( t ) − ξ* ⎤⎦ δ ⎡⎣ ξ* − ξ ( 0 ) ⎤⎦
δ ⎡⎣ξ − ξ ( t ) ⎤⎦
*

=

Z

−1 2

ξ ( 0 ) θ ⎡⎣ξ ( t ) − ξ* ⎤⎦
Z

−1 2

BM

(2.5.22)

BM

The second factor in (2.5.12), as we mentioned earlier, is the probability density of finding
the system at the top of the barrier, divided by the probability that the system is on the
“reactants” side of the dividing surface. This can also be obtained from the constrained
MD in the blue moon simulation. We will define the probability of finding the system at
any value of the reaction coordinate ξ = ξ '

(not necessarily at the top of the energy

barrier) as:

N

exp ( − U kT ) δ ( ξ '− ξ )

N

exp ( − U kT ) θ ξ‡ − ξ

∫ dr
P ( ξ ') =
∫ dr

(
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)

(2.5.23)

Differentiating the logarithm of P ( ξ ' ) with respect to ξ ' , we obtain:

∫ dr exp ( − U kT ) ∂δ ( ξ '− ξ ) ∂ξ '
=
∫ dr exp ( − U kT ) δ ( ξ − ξ )

∂ ln P ( ξ ')

N

∂ξ '

(2.5.24)

‡

N

The negative of this quantity (times kT) is the mean force associated with the reaction
coordinate constraint. In order to remove the derivative of the Dirac delta in (2.5.24), we
need to integrate by parts. However, the dependence of ξ on the configuration in (2.5.24)

(

)

is implicit. It is convenient to define a new set of generalized coordinates q N −1 , ξ where

ξ appears explicitly. In terms of these coordinates, (2.5.24) is:

∂ ln P ( ξ ' )
∂ξ '

∫ dq
=

N −1

d ξ J exp ( − U kT ) ∂δ ( ξ '− ξ ) ∂ξ '

∫ dr

N

(

)

(

)

exp ( − U kT ) δ ξ‡ − ξ

(2.5.25)

Where J is the Jacobian of the transformation r N → q N −1 , ξ . The exact form of this
transformation will depend on the functional form of the reaction coordinate.
Integrating the numerator of (2.5.25) by parts, we find:
∂ ln P ( ξ ')
∂ξ '

∫ dq
=

d ξδ ( ξ '− ξ ) ∂ ⎡⎣ J exp ( − U kT ) ⎤⎦ ∂ξ
=
N
‡
∫ dr exp ( − U kT ) δ ξ − ξ

N −1

(

)

{

}

dq N −1d ξδ ( ξ '− ξ ) exp ( − U kT ) ∂ ln ⎡⎣ J − U kT ⎤⎦ ∂ξ
∫
=
N
‡
∫ dr exp ( − U kT ) δ ξ − ξ

(
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(2.5.26)

The latter expression can be expressed in terms of averages in the blue moon ensemble by
using (2.5.21):

∂ ln P ( ξ ')
∂ξ '

Z

=

−1 2

∂ ⎡⎣ J exp ( − U kT ) ⎤⎦ ∂ξ
Z

(2.5.27)

BM

−1 2

BM

If we now want the second factor in (2.5.12), we need to integrate this expression from
ξ ' = 0 (the reactant side) to ξ ' = ξ‡ . The expression will therefore be:

δ ⎣⎡ξ‡ − ξ ( t ) ⎦⎤

θ ⎡⎣ ξ − ξ ( t ) ⎤⎦
‡

ξ‡

= ∫ dξ

Z

−1 2

∂ ⎣⎡ J exp ( − U kT ) ⎦⎤ ∂ξ
Z

0

BM

−1 2

(2.5.28)

BM

This expression has to be calculated numerically from runs in the blue moon ensemble. It
is possible449,452 to relate the integral on the right-hand side to the Lagrangian multiplier
associated with the constraint ξ = ξ‡ , which is obtained during the constrained MD run
using an algorithm such as SHAKE328. Therefore the second term in (2.5.12) can be
obtained from quantities that are already calculated during the constrained MD run.
Summing up all the information we have, we may write the procedure for obtaining rate
constants from blue moon MD:
1. Specify a value for the reaction coordinate, ξ‡ , at the dividing surface.
2. Generate phase space trajectories where the reaction coordinate is constrained to
ξ = ξ‡ . These can be obtained from a constrained MD algorithm such as SHAKE.
3. Choose a set of configurations generated in step 2. For each of these:
3.1 Assign velocities to the particles from a Maxwell-Boltzmann distribution.
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3.2 Using the configuration from 2 and the velocities from 3.1, run an MD
simulation for a time long enough for the system to reach the reactants or
products basin.
3.3 Record the final state of the system. Accumulate the number of configurations
with ξ > 0 that reach the products basin.
4. Using the results from step (3), compute the first term in (2.5.12) using (2.5.22).
5. Obtain the second term in (2.5.12) by numerically integrating the mean constraint
force, i.e. using equation (2.5.28).
6. Finally, use (2.5.12) to obtain the reaction rate.
A schematic of this is shown in figure 2.5.1. An advantage of the Blue Moon MD approach
is that it can in principle handle systems as large as a standard MD simulation455. The time
interval spanned in each MD run in step 3 may also be chosen to be the same as in a
standard MD simulation455, but the “real-time” interval spanned in the blue moon ensemble
is much longer. The reason for this is that Blue Moon MD “jumps” from one reaction
event to another, not simulating in detail over the long time intervals between two
events449.
One disadvantage of blue moon MD is that the reaction must be simple enough to have a
clearly defined energy barrier and reaction coordinate. Recently, however, the method has
been extended to handle more complex systems451. Another problem is that it is necessary
to impose a definition of the reaction coordinate beforehand. If this reaction coordinate is
too far from the intrinsic reaction coordinate, the results will not be good. It is important to
verify that the reaction coordinate chosen is a good one. A way to do this that is amenable
to the Blue Moon MD method is to repeat the calculation of mean forces with a reversed
reaction path. If a large hysteresis loop appears, the reaction coordinate is not
adequate456,457 and it is necessary to choose another one.
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Figure 2.5.1. Sampling in the Blue Moon method. The thick line represents the phase
space trajectory with the reaction coordinate constrained, which is used to obtain the
second factor in (2.5.12). The thin lines are unconstrained trajectories starting at
configurations from the constrained simulation; these are used to obtain the first
factor in (2.5.12). From ref. 450.
The most recent applications of the blue moon MD methodology are in combination with
ab initio molecular dynamics, due to the ability of the latter to generate dynamic
trajectories while taking the electronic degrees of freedom into account explicitly. Some of
these applications include:
-

A study of the intramolecular solvation effects on the reaction of a chloride anion with
several cyano-chloroalkanes458. In this work the blue moon methodology in
conjunction with CPMD was used to find the thermal effects on the PES for the
reactions considered.

-

An ab initio MD study of the reaction of the fluoride ion with chloromethane459 and
chloroethane460. In this work, as in the previous one, the blue moon MD methodology
is used to incorporate the thermal effects on the PES in combination with the CPMD
method.
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-

A calculation of the pK a for the axial and equatorial hydroxyl groups in aqueous
P ( OH )5 using constrained ab initio molecular dynamics461. The calculated values in

this work show good agreement with experimental results for a related system
(aqueous tetracyclohexyloxyhydroxyphosphorane).

2.5.4. Transition Path Sampling.

As mentioned in the previous sections, when a system has a PES that depends on a small
number of degrees of freedom, it is not too difficult to find the relevant transition state(s)
and reaction coordinate(s). For more complex systems with high-dimensional PES,
however, there are usually many local minima and saddle points and it becomes much
harder to determine the relevant reaction paths. This is illustrated in figure 2.5.2. The
Transition Path Sampling (TPS) method462-468 offers a way to determine reaction rates for
such systems.
There is no single way to deal with the problem of the separation of timescales between
reactions and molecular relaxation. In the Blue Moon MD method, for example, this
problem is overcome by creating an ensemble of initial states close to the top of the energy
barrier, running simulations starting from these states, and then obtaining reaction rates
from ensemble averages over the results of these runs. Nevertheless, if the energy
landscape is complicated, one does not know where the top of the barrier is to begin with,
and it is even possible that several different paths contribute to the reaction rate. In TPS, as
in Blue Moon MD, we generate an ensemble of dynamic trajectories and find the reaction
rate from averages on this ensemble. The trajectories, however, are not restricted to start
from the top of any barrier.
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Figure 2.5.2 For simple reactions that do not involve many degrees of freedom it is
usually easy to determine the reaction mechanism by locating the energy minima and
saddle points (left). In complex reactions where many degrees of freedom are
involved there may be many saddle-points and local minima, and hence many
possible reaction pathways (right). From ref. 468.
The basic idea behind TPS is to construct reactive trajectories that go from the reactants
basin (A) to the products basin (B) in the potential energy surface, and then sample over
these trajectories462. The transition path ensemble is defined as the collection of all
trajectories starting at A and ending at B after a given time t F . The trajectories are defined
as a set of points in phase space {Γ ( 0 ) , Γ ( δt ) , Γ ( 2δt ) ," , Γ ( M δt )} , where δt is the timestep and M δt = t F . These trajectories can be chosen to be Verlet11,12,317,318 trajectories,
although other definitions are possible468. It is clear from this definition that, in order to run
a TPS simulation, we need to identify beforehand the reactant and products basins, and
choose a time t F . It is also necessary to find a reactive trajectory to start the simulation.
These points are discussed below.
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In order to find a reactive trajectory, one possibility is to run a MD simulation at conditions
for which the reaction is no longer a rare event, such as a higher temperature, and then
anneal the system to obtain a reactive trajectory at a lower temperature. This procedure,
however, is very laborious. An alternative is to use an action-based method, i.e. find a
dynamic path connecting a reactant and a product state that corresponds to a stationary
point of the classical action. A procedure for doing this in the context of CPMD has been
proposed in ref. 469. Other alternatives for finding an initial trajectory are discussed in ref.
468.
Since the molecular equations of motion are non-linear, the trajectories generated from
them are chaotic and hence sensitively dependent on the initial conditions. Therefore, a
small change in a position or momentum in one time slice of a given trajectory will cause it
to diverge from the original one after some time. Once this happens, the trajectory becomes
uncorrelated with the original one and depends solely on the potential energy surface. The
total path time t F has, thus, to be larger than the time required for the trajectory to diverge
after a small change to get a correct sampling of the true dynamics. The simplest way to do
this is to take the initial reactive path, change the momentum of one time-slice in the
smallest possible value representable on the computer, and integrate the dynamic equations
forward and backwards in time. The time after which the trajectories have diverged from
the original one, multiplied by some factor (usually around 10), is taken as t F .
Defining the basins of reactants and products is one of the crucial points in TPS. If the
reactants and/or products basin is defined as a too narrow region of phase space, it is likely
that many reactive trajectories are not sampled, yielding a wrong value of the reaction
constant. On the other hand, if they are too large, there is a chance that non-reactive
trajectories are counted as reactive. In most cases, defining the basins of attraction is a
trial-and-error procedure, as described in ref. 468.
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Once the parameters of the simulation are set and an initial reacting trajectory is known,
the simulation proceeds by generating new trajectories and checking if they are still
reactive, i.e. if they still connect regions A and B. The new trajectories may be generated in
several different ways, the two most common being shooting and shifting moves. Shooting
moves are the simplest possible. In this case a time slice from the original trajectory is
selected at random and the momenta of the particles are randomly changed by a small
amount δp . Then the equations of motion are integrated either forward in time to t F , or
backwards in time to t = 0 . If the new trajectory still connects regions A and B, it is
accepted. In a shifting move, an additional number of time slices l is added to either the
beginning of the trajectory (by integrating backwards in time from t = 0 to t = −l δt ) or its
end (by integrating forward in time from t = t F to t = t F + l δt ). When the shift is done at
the beginning of the trajectory, the last l slices are discarded and when it is done at the end,
the first l slices are discarded. This is done to keep the total number of time-steps fixed. If
the new trajectory still connects regions A and B, it is accepted.
Once the set of trajectories is generated, the reaction rate can be obtained through
expressions similar to the ones used in the reactive flux method.
First, the θ ( x ) functions are defined as:

⎧1 for x ∈ A, B
θ A, B ( x ) = ⎨
⎩0 for x ∉ A, B

(2.5.29)

These are the equivalent of the θ function in Blue Moon MD. The θ A function is one for
configurations in the reactants basin, and zero outside, and the θ B function is one for
configurations in the products basin, and zero outside.
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In terms of these functions, the forward reaction rate will be the stationary value of:

k f (t ) =

θ A ( x ( 0 ) ) θ B ( x ( t ) )

(2.5.30)

θA ( x ( 0))

This is analogous to equation (2.5.7) for the reactive flux method. It expresses that the
reaction rate is proportional to the time derivative of the probability that the system is in
region B at time t, provided that it started from region A at time 0. Equation (2.5.30) is
often rewritten as:

k F ( τδt ) =

θ A ( x0 ) θ B ( x τ )
θ A ( x0 ) θ B ( x M )

θ A ( x0 ) θB ( x M )
θ A ( x0 )

= θ B ( x τ )

θ A ( x0 ) θ B ( x M )
AB

θ A ( x0 )

(2.5.31)

Where τ ≡ t δt is a dimensionless time. This equation is also analogous to (2.5.12). The
first factor can be obtained directly from the TPS simulation, but the second factor requires
additional work. The first term is the time derivative of the probability that, in a trajectory
connecting A and B, region B is reached after τ time steps. For k F to attain a stationary
value it is necessary that this first factor also attain a stationary value within the time frame
studied. This can be used as a test to check if the transition path is long enough: if the
stationary value is not frequently attained, it is necessary to use a larger number of time
slices, M.
The second factor in (2.5.31) is the probability that a system starting in region A reaches
region B in M time steps. This cannot be obtained directly from TPS, because all
trajectories in the TPS ensemble are assumed to start at A and end in B. It cannot be
obtained either from a standard simulation because the reaction is a rare event (otherwise
we would have used a standard simulation to begin with). One way around this problem is
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very similar to the thermodynamic integration used to find the second factor of (2.5.12) in
the Blue Moon MD method. We define a quantity W (M ) as:

W ( M ) = − ln

θ A ( x0 ) θB ( x M )
θ A ( x0 )

(2.5.32)

This can be regarded as the reversible work needed to make the trajectory end in region B
at t = M δt . We can find it through thermodynamic integration. First we define a
succession of regions Bλ , where λ is a parameter, with Bλ at λ = 0 spanning the whole of
phase space, and with Bλ = B for λ = 1 . The quantity W ( M ) will then be:

1

W ( M ) = −∫
0

d
ln θ A ( x 0 ) θ BΛ ( x M ) d λ
dλ

(2.5.33)

This quantity can be obtained by running MD simulations for several different values of

λ , and then numerically evaluating (2.5.33). It is also possible to obtain it by using
constrained dynamics, as in the Blue Moon method.
Putting everything together, we can write the procedure for finding a reaction rate using
TPS as:
1.

Obtain an initial reacting trajectory, for example, by running a standard MD
simulation at a much higher temperature or using an action-based method. Define the
length of the path t F and the number of slices M, and the reactant and product regions
A and B.

2.

Generate new paths by slightly modifying the previous path. This may be done using
the shooting and shifting moves described earlier.
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3.

For each of these paths, obtain the quantity θ B ( x τ )

AB

. If this function does not

attain a stationary value, restart the simulation using a longer path length.
4.

Run a set of MD simulations for different end regions Bλ , and numerically obtain the
integrand in (2.5.33). Then integrate (2.5.33) numerically to obtain the reversible
work W ( M ) .

5.

Using the results from steps 3 and 4, obtain the reaction rate from equation (2.5.31).

A detailed and very clear description of how to find reaction rates using TPS can be found
in ref. 468. A description of a new modified method to evaluate reaction rates, transition

interface sampling, can be found in ref 470. The major advantages of the TPS
methodology are the fact that it can generate real dynamic trajectories, which can be used
to compute time correlation functions, and the fact that it does not require defining a
reaction coordinate, or identifying an energy barrier for the reaction. The TPS trajectories
are not biased by imposing an artificial restriction on the initial conditions, and thus better
represent the real behavior of the system. This, however, has to be balanced against the
increased computational cost of TPS471.
The trajectories generated with TPS can be used to find the transition state regions of
configurational space, and to determine proper reaction coordinates for the system. In order
to determine the transition state region, one may take TPS trajectories and, starting from a
given time slice, generate several dynamic trajectories by assigning initial velocities from a
Maxwell-Boltzmann probability distribution. If the time slice selected corresponds to the
transition state region, the probability of ending in either basin of attraction should be close
to 1 2 . Further descriptions of how to define transition states and reaction coordinates
using TPS results can be found in refs. 468,472-474.
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The TPS methodology is relatively new, and hence there are not as many applications in
the literature. Some recent representative applications of TPS are:
-

A study of the reaction mechanism for the autoionization of liquid water using TPS in
combination with CPMD475. This simple reaction, which is key to the understanding of
acid-base chemistry, has actually a complicated mechanism involving the hydrogenbonded network of liquid water.

-

A study of the reaction between the ferrous ion and hydrogen peroxide in aqueous
solution using TPS in combination with CPMD476. In this work TPS is used to
elucidate the reaction mechanism, which involves complex solvent effects.

-

An analysis of the folding pathways of β-hairpin folding of aqueous G-B1 protein,
using TPS together with the CHARMM force field477. In this work the proper order
parameters to define the stable states are found for this system, and the rates for the
transitions involved in the folding are estimated.

-

A study of the kinetic pathways for single base-pair binding/unbinding in DNA, using
the CHARMM force field478. In this work the free energy surface for a model DNA
sequence in aqueous solution at 300 K, and proper reaction coordinates and the
transition state region are found for the base pairing/unpairing.

2.6. Concluding Remarks.
In recent years, many methods have been developed for the study of the dynamics of
different chemical reactions. To this date, there are several approaches available for the
computation of rate constants, depending on the complexity of the reaction studied, how
well its mechanism is understood, and how long is the characteristic time associated with
it. From the basic principles of quantum chemistry, we have the ab initio methods, which
make it possible for us to understand how a reaction proceeds without much previous
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knowledge. The CPMD method even provides a way of looking at the dynamics of a
reaction from first principles. The computational cost of such methods, however, makes
them prohibitive for the study of complex systems where a large number of atoms has to
be considered. We have also reviewed methods that allow us to handle the separation of
time scales typical of reaction processes, for both the cases when the mechanism is well
understood (TST, reactive flux method, blue moon MD) and the cases where it is not
(TPS). Although these methods are relatively new, they promise to be very useful. They
allow us to bridge the gap between the extremely detailed, short-time description of CPMD
and the much longer-time description required for studying activated processes. In several
recent applications, the CPMD method has been successfully combined with the Blue
Moon MD and TPS techniques to obtain accurate pictures of reactive processes.
There are still major limitations to the types of systems that can be handled using current
state-of-the-art techniques. Many chemical reactions of interest to both scientists and
engineers (e.g. polymerizations, biological reactions) are not simple enough to be treated
with a method like CPMD, and can be expected to be still too complex for many years.
Force field methods offer a way around this, but they cannot be used as predictive tools as

ab initio methods can. The intermediate approach of QM/MM is the most likely to be
successful as a predictive tool for such complex systems.
There is a definite need to develop methods that simplify the problem of finding potential
energies. The CPMD method is a big step in this direction, but still has serious limitations.
It is also necessary to refine the methods for handling differing time scales, so they can be
applied to larger systems without prohibitive computational costs. Nevertheless, we have
seen a big increase in the complexity of the systems that can be studied in the recent past,
an increase due more to the development of better simulation techniques than to the
development of better computers. If this trend continues, we can expect to have much
better tools in the near future.
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Chapter 3
Isomerization of Small Hydrocarbons in Narrow Slit Pores and
the Double Exponential Effect

3.1 Introduction
As was mentioned in the introductory chapter, the main goal of this project is to obtain a
fundamental understanding of each of the different types of effects that confinement can
have on different chemical reactions. One of the most interesting and little-understood
effects of confinement is what we term the “shape-catalytic” effect, i.e. the influence that
the geometry of the confining material can have on both the equilibrium and the dynamics
of a chemical reaction.
As part of an effort to understand this shape-catalytic effect at a fundamental level, we
have carried out density functional theory calculations on the rotational isomerization of
three 4-membered hydrocarbons: n-butane, 1-butene and 1,3-butadiene. Our results show
that the interactions with the carbon walls cause a dramatic change on the potential energy
surface for pore sizes comparable to the molecular dimensions. The porous material
enhances or hinders reactions depending on how similar the shape of the transition state is
to the shape of the confining material. The structure of the stable states and their
equilibrium distributions are also drastically modified by confinement. Our results are
consistent with a doubly exponential behavior of the reaction rates as a function of pore
size, illustrating how the shape of a catalytic support can dramatically change the
efficiency of a catalyst.
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The rest of this chapter is organized as follows: in section 3.2 we describe the methods
used to obtain the torsional energy profiles of the three hydrocarbons studied, and the
methods used to estimate the rates of isomerization in the gas phase and in confinement. In
section 3.3 we summarize our findings on the effect of confinement on the energetics and
the dynamics of all three systems, and provide a simple theoretical explanation for the
observed double-exponential effect on the reaction rates. Finally, in section 3.4 we make
some concluding remarks and discuss the possibility of integrating this kind of shapecatalytic effect in the design of highly effective catalytic materials. The material from this
chapter has been published in refs. 1-6.

3.2 Methods
The results presented in this chapter were obtained using plane-wave pseudopotential
density functional theory7,8 (DFT), with the Becke-Lee-Yang-Parr (BLYP) exchangecorrelation functional9,10. We used ultrasoft pseudopotentials11 with a plane-wave cutoff of
35 Ry and a density cutoff of 280 Ry. The calculations were done using the CPMD
package12.
We found the torsional energy profile for n-butane, 1-butene and 1,3-butadiene in two
different environments: (1) In the gas phase and (2) between two graphene sheets separated
by distances between 11 a.u. (5.82 Å) and 15 a.u. (7.94 Å). The first set of calculations
serves as a comparison point to gauge the accuracy of our results. The second set of
calculations represents the rotational isomerizations happening in carbon pores of sizes
comparable to the molecular size. We also carried out calculations for the torsional profile
of n-butane physisorbed on a single graphene sheet using an empirical van der Waals
correction to the DFT energies13-15, but did not find any appreciable effect on the torsional
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profile. This shows that the effect of confinement is mostly due to the steric hindrance
imposed by the pore walls.
The torsional energy profile for all three hydrocarbons was obtained using the following
procedure: First, we performed a series of calculations with the dihedral angle between the
four carbon atoms constrained to values ranging from zero to 180 degrees in steps of 15
degrees (5 degrees for the ideal gas n-butane calculations). Then we relaxed the stable
states, and optimized the transition state structures using the partitioned rational function
optimization (P-RFO) method16,17. In some cases, especially for the smaller pore sizes, we
repeated the calculations with different starting positions within the pore, and carried out
more constrained geometry optimizations around the transition state regions. This was
necessary because, for the smaller pore sizes, the detailed structure of the pore walls
becomes important and it is possible for the confined molecule to be trapped at metastable
sites within the pore.
The graphene walls were modeled as 32-atom sheets on a hexagonal unit cell with periodic
boundary conditions. The cell dimensions were allowed to relax fully before the
calculation, yielding an equilibrium carbon-carbon bond length of 1.43 Å. In order to
maintain a constant pore size in the nanopore calculations, we constrained the atoms on the
graphene sheets to remain separated by the desired pore width.
In order to illustrate the effect of confinement on the isomerization kinetics, we calculated
the variational transition state theory (VTST) rate constant18 in the ideal gas limit (Henry’s
law limit on the pores) for the all the asymmetric transitions (anti-gauche (syn) for nbutane, syn-skew (anti) for 1-butene, s-trans-gauche (s-cis) for 1,3-butadiene) for all the
pore sizes considered. In order to obtain these values, we ran phonon calculations for the
anti, gauche, and eclipsed (transition state) conformations, and calculated the
corresponding ideal-gas partition functions using the ParFuMS code19-21. For the adsorbed
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states, the translational and rotational modes were treated as those of a 2-dimensional ideal
gas. In all cases, we treated rotations, translations and vibrations as independent of each
other. For the ‘activated’ (i.e. nonequilibrium) conformations, we projected out the reactive
mode as obtained from the equation defining the torsional constraint22-24. The partition
function was then used to obtain the free energy as a function of temperature at all
conformations and pore widths in the ideal gas limit (in the bulk) or Henry’s law limit (in
the pores). We then splined the data at each temperature as a function of the torsion angle,
located the maximum of the activation free energy barrier, and used it to calculate the
VTST rate constant.

3.3 Results and Discussion
In order to clarify the discussion in the following sections, we present in table 3.1 a
summary of the stable conformers of n-butane, 1-butene and 1,3-butadiene both in the bulk
and within carbon slit pores. Figure 3.1 also shows snapshots of the various molecular
conformations to aid in visualization. A more detailed description of the torsional profiles
is given in the next subsections.
For n-butane, the global minimum both in the bulk and within the pores is an anti
conformer, with the methyl end groups pointing away from each other at 180º. The
geometry of the high-energy conformer, however, changes with decreasing pore width
because the steric hindrance imposed by the pore walls favors the planar conformations.
Thus, the gauche conformation at 65.0º is first changed to a more planar gauche
conformation at 58.2º within the pore of width 15 a.u., then to an even more planar
conformation at 38.9º within the 14 a.u.-pore, and below this pore width the syn
conformer, at 0º, becomes stable.
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For 1-butene, the global energy minimum in the bulk is a skew conformer, with a C-C-C-C
dihedral angle of 121.2º. As is the case with the gauche conformer of n-butane, this nonplanar conformation interacts strongly with the pore walls and the torsion angle within the
pore drifts toward the planar anti conformation at 180º as pore size decreases. The highenergy conformer in the bulk, with a syn geometry (0º), actually becomes the energy
minimum within the pores, as it has a lower steric hindrance between the methyl and
methylene end groups than the distorted skew and anti conformers.
Table 3.1. Stable conformers of n-Butane, 1-Butene, and 1,3-Butadiene in the bulk
and within carbon slit pores. The C-C-C-C dihedral angle for each conformer is given
in parenthesis below its name.
Molecule →

n-Butane
1-Butene
1,3-Butadiene
HighHighHighGlobal
Global
Global
Pore Width ↓
energy
energy
energy
minimum
minimum
minimum
conformer
conformer
conformer
anti
gauche
skew
syn
s-trans
gauche
Bulk (∞)
(180º)
(65.0º)
(121.2º)
(0º)
(180º)
(30.3º)
15 a.u.
anti
gauche
syn
skew
s-trans
gauche
(7.9 Å)
(180º)
(58.2º)
(0º)
(135.0º)
(180º)
(26.7º)
14 a.u.
anti
gauche
syn
skew
s-trans
gauche
(7.4 Å)
(180º)
(38.9º)
(0º)
(148.1º)
(180º)
(19.7º)
13 a.u.
anti
syn
syn
skew
s-trans
s-cis
(6.9 Å)
(180º)
(0º)
(0º)
(167.4º)
(180º)
(0º)
12 a.u.
anti
syn
syn
anti
s-trans
s-cis
(6.4 Å)
(180º)
(0º)
(0º)
(180º)
(180º)
(0º)
11 a.u.
anti
syn
syn
anti
s-trans
s-cis
(5.8 Å)
(180º)
(0º)
(0º)
(180º)
(180º)
(0º)
The trends seen in 1,3-butadiene are similar to the ones shown for n-butane: both in the
bulk and within the pores the global energy minimum corresponds to an s-trans
conformation, with both methylene groups pointing away from each other at 180º. A
gauche conformer, with a C-C-C-C dihedral angle of 30.3º, is the stable conformer in the
bulk. The lower torsion angle (as compared to n-butane) is due to the additional energy
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penalty of breaking the conjugated bond in 1,3-butadiene. As in the previous cases, the
non-planar gauche conformation interacts more strongly with the pore walls: its torsion
angle is first decreased to 26.7º in the pore of width 15 a.u., then to 19.7º in the 14 a.u.
pore, and then the s-cis planar conformation, at 0º, becomes stable.

n-Butane
anti

gauche

syn

syn

skew

anti

s-trans

gauche

s-cis

1-Butene

1,3Butadiene

Figure 3.1. Snapshots of the stable conformers of n-butane, 1-butene, and 1,3butadiene as obtained from our DFT calculations. The non-planar conformations
shown correspond to the bulk molecules.

3.3.1 n-Butane

Figure 3.2 shows the torsional profile for an isolated n-butane molecule as obtained from
our DFT calculations. We find the torsion angles of the four stationary states to be 180º
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(anti), 118.6º (eclipsed), 65.0º (gauche) and 0º (syn). We obtain an energy barrier for the
anti-gauche transition of 3.1 kcal/mol, and an anti-gauche energy difference of 0.9
kcal/mol. The anti-syn energy difference is 5.5 kcal/mol. These results are within 1º and
0.5 kcal/mol of other theoretical calculations25,26,27,28. Experimental values for the energy
barrier for the anti-gauche transition and for the anti-gauche energy difference are
3.62±0.06 kcal/mol and 0.67±0.10 kcal/mol29, which are in excellent agreement with our
results. The estimated experimental value for the anti-syn energy difference is 3.95±0.03
kcal/mol, which is about 1.5 kcal/mol lower than our calculated difference and other
theoretical results. This discrepancy, however, is likely due to the procedure used to
interpolate the experimental data, as discussed in ref. 27. We therefore conclude that our
calculation method gives a good representation of the torsional profile of n-butane.
The torsional profiles for n-butane confined in carbon slit pores with pore widths ranging
between 11 a.u. (5.82 Å) and 15 a.u. (7.94 Å) are shown in figure 3.3. Table 3.2 shows the
effect of confinement on the location of the stationary points and their energies.
It is clear from figure 3.3 and table 3.2 that the torsional potential is greatly distorted by
confinement, with the main changes being:
•

The torsion angle for the gauche conformation decreases with decreasing pore size, and
for the pore sizes of 13 a.u. and below the gauche conformer disappears and the syn
rotamer becomes stable. This is again a consequence of the steric hindrance imposed
by the pore walls, which makes the planar syn conformation more favorable
energetically as the pore size decreases.

•

A large increase in the barrier for the anti-gauche transition (which becomes anti-syn
for pore sizes below 14 a.u.) from 3.1 kcal/mol in the ideal gas phase to 38.5 kcal/mol
in the smallest pores. The reason for this change is mainly the steric hindrance imposed
by the pore walls, which increases the energy of any conformation that is not planar.
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The torsion angle for the eclipsed conformer, however, does not change much with
pore size. This suggests that the intramolecular steric hindrance, which determines the
location of this maximum, is still dominant in comparison with the constraint imposed
by the pore walls (which favors a transition state with a torsion angle closer to 90º).

6.0
syn (0º)
5.5 kcal/mol

5.5
5.0

Energy (kcal/mol)

4.5
eclipsed (118.6º)
3.1 kcal/mol

4.0
3.5
3.0
2.5
2.0
1.5

anti (180º)
0 kcal/mol

1.0
gauche (65.0º)
0.9 kcal/mol

0.5
0.0
0

15

30

45

60

75

90

105

120

135

150

165

180

Torsion angle (degrees)

Figure 3.2. Torsional potential of an isolated n-butane molecule as obtained from our
DFT-BLYP calculations. The open triangles denote the four stationary points (syn,
gauche, eclipsed, and anti), and labels indicate the corresponding values of energy
and torsion angle. The black circles denote results of constrained geometry
optimizations at various torsion angles. The line is a spline fit to the data.
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•

For the smallest pore sizes, the equilibrium distribution of the stable conformers (antisyn) is more favorable toward the anti conformation than it is in the bulk. This is likely
due to the intramolecular steric hindrance in the syn conformer, which is higher than

Energy (kcal/mol)

that for the gauche conformer as the extreme methyl groups are closer to each other.

40
38
36
34
32
30
28
26
24
22
20
18
16
14
12
10
8
6
4
2
0

11 a.u. (5.8 Å)

12 a.u. (6.4 Å)

13 a.u. (6.9 Å)

14 a.u.(7.4 Å)
15 a.u. (7.9 Å)
Bulk

0

15

30

45

60

75

90

105

120

135

150

165

180

Torsion angle (degrees)
Figure 3.3. Torsional potential of a n-butane molecule confined within carbon slit
pores as obtained from our DFT-BLYP calculations. The open triangles denote the
stationary points. The lines are spline fits to the data, and labels adjacent to the lines
indicate the corresponding pore widths.

160

Table 3.2. C-C-C-C dihedral angles (ω) and energies of the stationary points for the
rotational isomerization of n-butane in the gas phase and in carbon slit pores.
Energies are in kcal/mol, and angles in degrees.

Pore width

ωgauche (º)

ωeclipsed (º)

ΔEanti-gauche

ΔEanti-eclipsed

ΔEanti-syn

Bulk

65.0

118.6

0.9

3.1

5.5

15 a.u. (7.9 Å)

58.2

117.3

3.1

5.6

5.8

14 a.u. (7.4 Å)

38.9

116.4

5.0

8.5

5.9

13 a.u. (6.9 Å)

-

116.6

-

14.6

6.2

12 a.u. (6.4 Å)

-

108.2

-

25.1

7.2

11 a.u. (5.8 Å)

-

118.8

-

38.5

9.6

The first two changes illustrate one of the key aspects of the shape-catalytic effect. The
reaction for which the transition state is non-planar (i.e. the anti-gauche/anti-syn transition)
is severely hindered by confinement in a planar environment, whereas the reaction for
which the transition state is planar (i.e. the gauche-gauche automerization, for which the
transition state is the syn rotamer), is greatly favored. In fact, the latter is favored so much
that it effectively stops being a chemical reaction, because the reaction barrier disappears.
We will encounter similar trends in the torsional profiles for 1-butene and 1,3-butadiene.
In order to estimate the impact that these changes due to confinement have on the kinetics
for the rotational isomerization of n-butane, we computed the VTST rate constant kVTST for
the anti-gauche/anti-syn transition as a function of temperature both for the ideal gas and
pore sizes between 11 a.u. and 14 a.u. The results are shown in figure 3.4 as a set of
Arrhenius plots. In this figure, we see that the rate for this transition changes dramatically
over a very narrow range of pore sizes, as the rate constants span almost 45 orders of
magnitude for temperatures between 200 K and 800 K. This is also illustrated in table 3.3,
161

which shows the characteristic time (i.e. the inverse of the rate constant) for the transition
at 300 K in the bulk and in the various confined states. Not only is the rate in the smallest
pore (11 a.u.) 25 orders of magnitude slower than for the free molecule, also the
characteristic time changes over 23 orders of magnitude over a range of pore sizes of ~ 2 Å
only. A simple explanation for such an extreme variation can be given by the following
argument. The energy increase due to the overlap of the electron clouds (i.e. the steric
hindrance), can be approximated as an exponential30,31,
Ehind ≈ P exp ( − r ρ )

(3.3.1)

where r is the separation between the molecule and the pore walls, and P and ρ are
parameters measuring the strength of the interaction and its characteristic length scale. We
do not expect this to be very accurate in this case since it assumes, for example, that the
molecules in question are spherically symmetric31. We will, however, use (3.3.1) as a first
approximation. Additionally, we will assume that the steric hindrance imposed on the anti
state is negligible compared to the one imposed on the eclipsed state (since anti is planar).
Thus we can write:
ΔE ‡ ≈ ΔE∞‡ + P exp ( − r ρ )

(3.3.2)

where ΔE ‡ is the activation barrier for the reaction, and ΔE∞‡ is the activation barrier for
the isolated molecule.
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Figure 3.4. Arrhenius plots for the VTST rate constant of the anti-gauche/anti-syn
transition in n-butane in the ideal gas phase and within carbon slit pores. The labels
to the right of each line indicate the pore size.

If we now assume that transition state theory applies to this reaction32, and also that the
entropy and volume of activation ΔS ‡ and ΔV ‡ are approximately constant, we have:
⎡ ΔE ‡ + P exp ( − r ρ ) ⎤
k = A exp ⎢ − ∞
⎥ = A 'exp ⎡⎣ − P 'exp ( − r ρ ) ⎤⎦
kT
⎣
⎦

163

(3.3.3)

where A is a frequency factor, and A ' ≡ A exp ( − ΔE∞‡ kT ) and P ' ≡ P kT are temperature-

dependent parameters. Another way to get this result is to say that the Arrhenius activation
energy increases exponentially with decreasing pore size. Thus, as a first approximation,
we expect the rate constant to have a doubly exponential dependence on pore size.
Table 3.3. Characteristic time (inverse of the rate constant) for the anti-gauche/antisyn transition of butane at 300 K in the bulk and within graphene slit pores.

Pore width

τ

Bulk

64 ps

15 a.u. (7.9 Å)

8.0 ns

14 a.u. (7.4 Å)

0.5 μs

13 a.u. (6.9 Å)

11 ms

12 a.u. (6.4 Å)

12 days

11 a.u. (5.8 Å)

9x107 years

From (3.3.3), we can write:

ln k = ln A '− P 'exp ( − r ρ ) ⇒ ln
r
⎛ k ⎞
⇒ ln ⎜ ln ∞ ⎟ = ln P '−
ρ
⎝ k ⎠

k∞
= P 'exp ( − r ρ ) ⇒
k

(3.3.4)

where k∞ is the rate for r → ∞ , i.e. the rate for the isolated molecule. A plot of
ln ⎡⎣ln ( k∞ k ) ⎤⎦ versus pore size at 300 K is shown in figure 3.5. The data fits a straight line
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with a coefficient of determination R 2 = 0.99 , which is very good considering all the

approximations made in obtaining (3.3.4).

4.5

4.0

ln[ln(k∞ /k)]

3.5

3.0

2.5

2.0

1.5
10
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12

13

14

15

Pore Width (a.u.)

Figure 3.5. The double exponential effect: a plot of ln[ln(k∞/k)] vs. pore width at 300
K for n-butane using the data from figure 3.4. The black circles correspond to our
calculation results, and the line is a linear fit to the data.

From the previous discussion, it is clear that a very small change in the geometry of the
confining material can cause a huge change in the dynamics of the confined molecule, as
the rate changes roughly as a double exponential of the pore dimensions. This could be
used, in principle, to design catalytic materials with greatly improved conversions and
selectivities – the geometry should be designed to favor the formation of the transition

165

state for the desired reaction, while hindering it for others. It is important to note, however,
that there is a trade-off between the enhancement of the desired reaction and the work
required to get the molecule inside the pore in the first place. Since the pressure (or, more
precisely, the chemical potential) required for the molecule to enter the confined space also
increases with the steric hindrance, it would be necessary to adjust the dimensions of the
confining material to maximize the reaction enhancement while minimizing the energy
required to get the molecule in the pores. Given how sensitive the reaction rate is to the
pore dimensions, this would require synthesizing porous materials with very precisely
controlled pore sizes.

3.3.2. 1-Butene

Figure 3.6 shows the torsional profile for an isolated 1-butene molecule as obtained from
our DFT calculations. We find the torsion angles of the four stationary states to be 180º
(anti), 121.2º (skew), 54.4º (gauche) and 0º (syn). We obtain an energy barrier for the
skew-syn transition of 2.4 kcal/mol, and a syn-skew energy difference of 0.6 kcal/mol. The
skew-anti energy difference is 2.0 kcal/mol. These results are within 2º and 0.5 kcal/mol of
other theoretical calculations27,28. The skew-anti energy difference calculated from
experimental data is 1.75±0.10 kcal/mol27,33, and the corresponding syn-skew energy
difference is 0.15±0.15 kcal/mol. The agreement between the DFT results and experiment
is, in relative terms, slightly worse in this case than it is for n-butane, but the energy
differences are also quite small. A more accurate treatment, able to capture these energies
precisely, would require a much larger computational effort, which would make the study
of the molecule in the pores nearly impossible. Thus, we will accept the DFT results as a
reasonable representation of the torsional potential of 1-butene for our purposes.
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Figure 3.6. Torsional potential of an isolated 1-butene molecule as obtained from our
DFT calculations. The open triangles denote the four stationary points (syn, gauche,
skew and anti), and labels indicate the corresponding values of energy and torsion
angle. The black circles denote results of constrained geometry optimizations at
various torsion angles. The line is a spline fit to the data.

The torsional profiles for 1-butene confined in carbon slit pores with pore widths ranging
between 11 a.u. (5.82 Å) and 15 a.u. (7.94 Å) are shown in figure 3.7. Table 3.4 shows the
effect of confinement on the location of the stationary points and their energies.
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As was the case for n-butane, figure 3.7 and table 3.4 show a large effect on the torsional
profile as a result of confinement. The main changes are:
•

The torsion angle for the skew conformation increases with decreasing pore size, and
for the pore sizes of 12 a.u. and below the skew conformer disappears and the anti
rotamer becomes stable (for the 13 a.u. pores the torsional profile becomes quite flat
near the anti state, and it is hard to tell whether there is still a stable skew conformer).
This is again a consequence of the steric hindrance imposed by the pore walls, which
makes the planar anti conformation more favorable energetically as the pore size
decreases.

•

A large increase in the barrier for the skew-syn transition (which becomes the anti-syn
for pore sizes below 13 a.u.) from 2.4 kcal/mol in the ideal gas phase to 27.8 kcal/mol
in the smallest pores. This is analogous to what happens to the anti-syn transition in nbutane: since the gauche transition state is not planar, the steric hindrance imposed by
the pore walls increases its energy. The torsion angle for the gauche transition state,
unlike that for the eclipsed state in butane, does change quite a lot due to confinement:
from 54.4º in the bulk to 102.5º in the smallest pore. This indicates that in the case of
1-butene, having one methylene and one methyl end groups, the intramolecular steric
hindrance is not as important as it is in the case of n-butane, which has two (more
bulky) methyl groups. Thus the constraint imposed by the pore walls dominates and
causes the transition structure to be closer to 90º.

•

For the smaller pore sizes, the equilibrium distribution of the stable conformers (skewsyn) becomes more favorable toward the syn conformation than it is in the bulk. This is
probably because of the intramolecular steric hindrance in the anti conformer, which is
a stable state at the smaller pore sizes.
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Figure 3.7. Torsional potential of a 1-butene molecule confined within carbon slit
pores as obtained from our DFT-BLYP calculations. The open triangles denote the
stationary points. The lines are spline fits to the data, and labels adjacent to the lines
indicate the corresponding pore widths.

These changes show, as in the case of n-butane, that the geometrical restrictions imposed
on the confined molecule by the pore walls hinder the reaction for which the transition
state is not planar (skew to syn), and enhance the one for which the transition state is planar
(skew-skew automerization), eventually causing the latter to not be a reaction and the
former transition state (anti) to be stable. It is interesting to note that, despite the fact that
the torsional potential for the isolated 1-butene molecule is very different qualitatively
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from the one for n-butane, both molecules have quite similar torsional potentials in the
pores. This shows that, for small enough pore sizes it is really the structure of the confining
material that determines the potential energy surface rather than the structure of the
reacting molecule. A similar trend will be seen for 1,3-butadiene.
Table 3.4. C-C-C-C dihedral angles (ω) and energies of the stationary points for the
rotational isomerization of 1-butene in the gas phase and in carbon slit pores.
Energies are in kcal/mol, and angles in degrees.

Pore width

ωgauche (º)

ωskew (º)

ΔEskew-syn

ΔEskew-gauche

ΔEskew-anti

Bulk

54.4

121.2

0.6

2.4

2.0

66.9

135.0

0.2

2.6

1.0

81.8

148.1

-0.9

4.3

0.4

85.3

167.4

-1.4

8.5

<0.1

93.6

-

-1.8 (anti-syn)

16.1 (anti-gauche)

-

102.5

-

-2.7 (anti-syn)

27.8 (anti-gauche)

-

15 a.u.
(7.9 Å)
14 a.u.
(7.4 Å)
13 a.u.
(6.9 Å)
12 a.u.
(6.4 Å)
11 a.u.
(5.8 Å)

As we did for n-butane, we computed the VTST rate constant for the pore widths ranging
from 11 a.u. to 14 a.u. The results are shown in figure 3.8 as a set of Arrhenius plots. The
results are similar to those obtained for n-butane, although the more drastic changes
happen at smaller pore sizes, reflecting the fact that 1-butene is a smaller molecule.
Nevertheless, the variation of the rate with pore size is still quite extreme – for example,
the characteristic time for the asymmetric isomerization (syn→skew/syn→anti) changes
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from an estimated 2 ps in the bulk to 0.27 ns in the 14 a.u.-wide pore and to 430 years in
the 11 a.u.-wide pore. The variation is still over more than 20 orders of magnitude.
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Figure 3.8. Effect of confinement on the isomerization rate of 1-butene as obtained
from our VTST calculations. The line labeled “Bulk” corresponds to the isolated
molecule (ideal gas). The other lines correspond to isolated molecules confined in
carbon slit pores. The labels next to the lines indicate the corresponding pore widths.

In order to illustrate the double exponential effect, figure 3.9 shows a plot of

ln ⎡⎣ln ( k∞ k ) ⎤⎦ versus pore size for 1-butene at 300 K. As in the case of n-butane, the data
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fits a straight line with a coefficient of determination R 2 = 0.99 , which again suggests that
equation (3.3.4) gives a good representation of the confinement effect in this range of pore
sizes.

4.5

4.0

ln[ln(k∞ /k)]

3.5

3.0

2.5

2.0

1.5
10

11

12

13

14

15

Pore Width (a.u.)

Figure 3.9. The double exponential effect: a plot of ln[ln(k∞/k)] vs. pore width at 300
K for 1-butene using the data from figure 3.8. The black circles correspond to our
calculation results, and the line is a linear fit to the data.
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3.3.3. 1,3-Butadiene

The torsional profile for an isolated 1,3-butadiene molecule, as obtained from our DFT
calculations, is shown in figure 3.10. This profile is a refined version of the one in refs. 1,
2.
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Figure 3.10. Torsional potential of an isolated 1,3-butadiene molecule as obtained
from our DFT-BLYP calculations. The open triangles denote the four stationary
points (s-cis, gauche, TS and s-trans), and labels indicate the corresponding values of
energy and torsion angle. The black circles denote results of constrained geometry
optimizations at various torsion angles. The line is a spline fit to the data.
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We find the torsion angles of the four stationary points to be 180º (s-trans), 99.5º (TS, for
“transition state”), 30.3º (gauche) and 0º (s-cis). We obtain an energy barrier for the strans-gauche transition of 7.5 kcal/mol, and an energy difference of 3.7 kcal/mol between
the gauche and the s-trans conformers. The s-trans-s-cis energy difference is 4.0 kcal/mol,
and the gauche-s-cis energy difference is 0.3 kcal/mol. The energy difference between the
s-trans and the s-cis conformers, as well as the difference between the s-trans and gauche
conformers and the location of the TS state, are in good agreement with both
experimental34 and theoretical35,36 results.
The height of the s-trans-gauche barrier shown in figure 3.10 is, however, overestimated
by about 1.6 kcal/mol (as compared to experiment), and the torsion angle for the gauche
conformer is predicted to be about 3-5º lower than the best theoretical estimates (using
coupled-cluster theory36). The overestimation by 1-2 kcal/mol of the barrier height for
conjugated bond breaking is a known drawback of the Becke exchange36-38, but this error is
much smaller than the effect of confinement on the torsional profile. The difference in the
torsion angle for the gauche conformer among different theoretical estimates is related to
the fact that the torsional potential becomes nearly flat in that region, which makes it very
difficult to locate the minimum precisely. Since a more accurate treatment would make the
problem intractable when considering the rotation within the pores, we will accept our
DFT results as a reasonable representation of the torsional potential of 1,3-butadiene for
the purpose of studying the effect of confinement.
The torsional profiles for 1,3-butadiene confined in carbon slit pores with pore widths
ranging between 11 a.u. (5.82 Å) and 15 a.u. (7.94 Å) are shown in figure 3.11. Table 3.5
shows the effect of confinement on the location of the stationary points and their energies.
As was the case for n-butane and 1-butene, confinement greatly changes the torsional
profile. The changes are analogous to what we observed for the previous cases:
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•

The torsion angle for the gauche conformer decreases with pore size, and for pore sizes
of 13 a.u. and lower the gauche conformer disappears, and the s-cis conformer
becomes stable (previous simulations1,2) had predicted a very shallow gauche
minimum at 15.2º in the 13 a.u. pore, but this minimum disappeared upon refining the
calculations). This is analogous to what happened to the gauche state in n-butane and
the skew state in 1-butene: the steric hindrance imposed by the pore walls makes the
planar s-cis conformation more stable than the non-planar gauche conformation. In the
particular case of 1,3-butadiene, the transformation of the gauche structure in the gas
phase to a s-cis structure when confined in an Argon matrix has been studied in the
past due to a controversy regarding the correct structure of the high-energy stable
rotamer39,40. Our results indicate a similar trend in the graphene pores.

•

The barrier for the s-trans-gauche transition (which becomes the s-trans-s-cis for pore
sizes below 14 a.u.) increases from 7.5 kcal/mol in the ideal gas state to 29.5 kcal/mol
in the smallest pore. This is analogous to the changes in the anti-gauche transition in
butane and the skew-syn transition in 1-butene: since the TS state is not planar, its
energy is increased rapidly due to the steric hindrance imposed by the pore walls. The
torsion angle for the transition state does not change much due to confinement,
indicating that the predominant influence in its location is the intramolecular steric
hindrance.

•

The equilibrium distribution of the s-trans and gauche (s-trans and s-cis for pore sizes
smaller than 14 a.u.) remains approximately the same regardless of pore size, unlike the
case for n-butane and 1-butene. The reason for this difference is the much smaller
intramolecular steric hindrance in the s-cis conformation of 1,3-butadiene, as compared
to the syn conformer of n-butane and the anti conformer of 1-butene. Since this factor
is not as important in this case, confinement does not have a strong influence in the
energy difference between s-trans and s-cis, as they are both planar structures.
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Figure 3.11. Torsional potential of a 1,3-butadiene molecule confined within carbon
slit pores as obtained from our DFT-BLYP calculations. The open triangles denote
the stationary points. The lines are spline fits to the data, and labels adjacent to the
lines indicate the corresponding pore widths.

As we observed for n-butane and 1-butene, the effect of confinement is again to hinder the
transition for which the transition state is not planar (s-trans to gauche), and to enhance the
transition for which it is planar (gauche automerization). As in the previous cases, the
gauche automerization is not even a reaction, as the transition state (s-cis) becomes stable.
We also observe again that the potential energy surface in the smaller pores is determined
by the geometry of the pore space rather than the confined molecule: all of the torsional
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profiles studied become like a cis-trans profile in the smallest pores, despite the different
bonding structures and bulk torsional potentials of the molecules involved.
Table 3.5. C-C-C-C dihedral angles (ω) and energies of the stationary points for the
rotational isomerization of 1,3-butadiene in the gas phase and in carbon slit pores.
Energies are in kcal/mol, and angles in degrees.

Pore width

ωgauche (º)

ωTS (º)

ΔEs-trans-gauche

Δ Es-trans-TS

Δ Es-trans-s-cis

Bulk

30.3

99.5

3.7

7.5

4.0

26.7

101.2

3.8

8.6

4.1

19.7

97.4

3.4

9.5

3.5

-

97.5

-

13.1

3.9

-

99.9

-

18.7

3.6

-

102.0

-

29.5

3.9

15 a.u.
(7.9 Å)
14 a.u.
(7.4 Å)
13 a.u.
(6.9 Å)
12 a.u.
(6.4 Å)
11 a.u.
(5.8 Å)

As we did for n-butane and 1-butene, we computed the VTST rate constant for the pore
widths ranging from 11 a.u. to 14 a.u. The results are shown in figure 3.12 as a set of
Arrhenius plots. The results follow the same trends described for n-butane and 1-butene.
Since this is the smallest molecule considered, the larger part of the variation in the rates
happens at smaller pore widths than for n-butane and 1-butene, again reflecting that the
important parameter is the molecular size compared to the characteristic size of the
confining material. We still see, however, extreme variations of the rate with pore width,
with the characteristic time for the s-trans→gauche/s-trans→s-cis transition at 300 K
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varying from 17 ns in the bulk to over 12 years in the smallest pore, a change of 16 orders
of magnitude.
In order to illustrate the double exponential effect for 1,3-butadiene, figure 3.13 shows a
plot of ln ⎡⎣ln ( k∞ k ) ⎤⎦ versus pore size at 300 K. In this case the data fits a straight line
with a coefficient of determination R 2 = 0.97 , slightly worse than what was obtained for
the other two hydrocarbons. The larger deviation from linear behavior comes from the pore
at the largest pore size (14 a.u.), where it is likely that the steric hindrance from the pore
walls is not the only important contribution, as it was assumed in the derivation of equation
(3.3.4). Nevertheless, considering the simplicity of the theory behind (3.3.4), the
agreement seen in figure 3.13 is still quite good. We expect that such a dependence of
kinetics on pore size will be found for any systems where the overlap interaction
dominates over other factors, and for which the Arrhenius equation is an adequate
representation of the variation of the rate with the activation barrier. This includes most
systems in which the characteristic dimensions of the confining material are comparable to
the molecular size.
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Figure 3.12. Effect of confinement on the isomerization rate of 1,3-butadiene as
obtained from our VTST calculations. The line labeled “Bulk” corresponds to the
isolated molecule (ideal gas). The other lines correspond to isolated molecules
confined in carbon slit pores. The labels next to the lines indicate the corresponding
pore widths.
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Figure 3.13. The double exponential effect: a plot of ln[ln(k∞/k)] vs. pore width at 300
K for 1,3-butadiene using the data from figure 3.12. The black circles correspond to
our calculation results, and the line is a linear fit to the data

3.4. Concluding Remarks
Our results show that the torsional potentials of n-butane, 1-butene and 1,3-butadiene are
greatly altered by confinement when the pore width of the confining material becomes
comparable to the molecular dimensions. Despite the different bonding structures and gasphase torsional potentials of the three molecules, all are affected in an analogous way by
confinement, thus showing that the potential energy surface is determined mainly by the
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geometry of the porous space. Therefore, we expect that other molecules would be affected
by confinement in a similar way.
Our calculations also indicate that the isomerization dynamics of n-butane, 1-butene and
1,3-butadiene are dramatically affected by confinement in the molecular sieving limit, i.e.
when the pore size of the confining material becomes comparable to the molecular size. In
spite of the differences in the bonding structure of the three molecules, they all show the
same behavior within the smallest pores – their torsional potentials shift to an anti-syn (or
cis-trans) form, and the isomerization rates vary by many orders of magnitude in a very
narrow range of pore sizes. Our results are consistent with a double exponential
dependence of the reaction rate with pore width, independently of the details of the
confined molecule. We expect this type of behavior to be seen in most systems where the
overlap interaction with the pore walls is the dominant interaction, i.e. for sufficiently
small pore sizes. If this is indeed the case, this shape-catalytic effect could be used to
design much improved catalytic supports using flexible materials such as graphitic carbon.
It is likely, however, that there is a trade-off between the work required to get the molecule
into the pore and the catalytic enhancement. Our current studies of the influence of the
thermodynamic state of the adsorbed phase on the dynamics of the confined molecule will
shed light on this aspect of the problem.
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For the smaller pores, the barrier increases so much that TST is expected to be a good approximation.
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Chapter 4
Unimolecular Decomposition of Formaldehyde in Porous
Carbons

4.1. Introduction
One of the factors that can influence chemical reactions in confinement is the effect of
physical interactions (e.g. dispersion or electrostatic interactions) on both the reaction
dynamics and the reaction equilibrium. Materials adsorbed on surfaces, or confined in
porous spaces, often have thermodynamic properties that differ markedly from those of the
bulk material, since the molecule-surface interactions in such systems are often as
important or more so than the molecule-molecule interactions. Since the chemical reaction
equilibrium is determined by the thermodynamic properties of the reactants and products
involved, such interactions can often displace significantly the equilibrium in the adsorbed
phase compared to that in the bulk. These effects are similar to those observed for reactions
in solution, and the term “pseudo-solvent effect” has been used to describe them for this
reason1. Some recent examples in the literature studying the effect of confinement on
equilibrium distributions due to physical interactions with the confining material can be
found in refs. 1-13.

Although the reaction equilibrium is the most obviously influenced by physical
interactions with the confining material, it is also possible for such interactions to influence
the reaction dynamics1-5,7. For example, if a reaction involves the transference of charge
from one atom to another or across a bonding network, the presence of a polarizable
environment can enhance this process and lower the reaction barrier.
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With the purpose of studying in detail an effect of the kind described above, in this chapter
we focus on the effect of physical interactions with the confining material on the
unimolecular decomposition of formaldehyde within carbon pores. This reaction involves
the breaking and formation of chemical bonds and a redistribution of electric charge on the
atoms involved. We show that interactions with the confining material result in a slight
lowering of the barrier for the dissociation. We also show that for large pores, modeled in
this work as a single graphene sheet, there is also a shift of equilibrium towards the
dissociated species. This trend is reversed in small pores.

The rest of this chapter is organized as follows. In section 4.2 we describe the methods we
used to model the unimolecular decomposition of formaldehyde in the gas phase, on a
graphene surface, and within carbon slit pores of various pore widths. In section 4.3 we
present our results and discuss the influence that the interactions between the molecular
species involved and the confining material have on the reaction mechanism and
equilibrium. Finally, some concluding remarks are given in section 4.4. The material in
this paper has been published in refs. 2-5 and 14.

4.2. Methods
The results presented in this chapter were obtained using plane-wave pseudopotential
density functional theory15,16 (DFT), with the Becke-Lee-Yang-Parr (BLYP) exchangecorrelation functional17,18. Some of the calculations were repeated using the Perdew-BeckeErnzerhof (PBE) exchange-correlation functional19 in order to verify that the trends found
were not an artifact of the particular choice of exchange-correlation functional. We used
ultrasoft pseudopotentials20 with a plane-wave cutoff of 35 Ry and a density cutoff of 280
Ry. The reaction pathways both in the gas phase and in confinement were obtained using
the Nudged Elastic Band (NEB) method21,22 with the climbing image modification23 to
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obtain the structure of the transition states and the activation barrier, as implemented in the
“Quantum-ESPRESSO” (PWSCF) package24. We studied the dissociation reaction
HCOH → CO + H 2 in three different environments: (1) In the gas phase, (2) on top of a
graphene sheet, and (3) between two graphene sheets separated by distances between 11 au
(5.82 Å) and 14 au (7.41 Å). The first calculation serves as a comparison point and to
gauge the accuracy of our results. The second calculation represents the reaction happening
in carbon pores that are large compared to the molecular size, and the third set of
calculations are a model for the reaction happening within a nanoporous material. The
graphene walls were modeled as 32-atom sheets on a hexagonal unit cell with periodic
boundary conditions. The cell dimensions were allowed to relax fully before the
calculation, yielding an equilibrium carbon-carbon bond length of 1.43 Å. In order to
maintain a constant pore size in the nanopore calculations, we constrained two of the atoms
on the graphene sheets to remain separated by the desired pore width.

In addition to the reaction mechanism and reaction barriers, we obtained the equilibrium
distribution of reactants and products in the ideal gas limit for the gas-phase reaction, and
the Henry’s law limit for the reactions on the surface and the pore, for three cases: the bulk
reaction, the reaction above a graphene sheet, and the reaction happening in a pore of
width 11 au (as a representative case). In order to do so, we ran phonon calculations for
both reactants and products, and calculated the ideal-gas partition function as described in
ref. 25. For the adsorbed states, the translational and rotational modes were taken as those
of a 2-dimensional ideal gas. In all cases we treated rotations, translations and vibrations as
independent of each other. Rotations were treated quantum mechanically at low
temperatures. For formaldehyde, since it is an asymmetric top, an exact quantum
mechanical expression for the rotational partition function is not available, so we used a

( )

perturbation correction of order O = 2 .26
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4.3. Results and Discussion
The energetics for the dissociation of formaldehyde in the gas phase, as obtained from a
NEB calculation with 5 images, is shown in table 4.1, as well as the relevant geometric
parameters of all images. The last image corresponds to CO and H2 infinitely far from each
other. The activation barrier as predicted by DFT-BLYP is 80.3 kcal/mol, in good
agreement with the experimental value of 79.2±0.8 kcal/mol27,28 and other theoretical
results29-40. The predicted geometries are also in good agreement with other theoretical
calculations. The products, CO and H 2 , are higher in energy than formaldehyde by 7.1
kcal/mol. The standard Gibbs free energy of reaction at 298 K, as obtained from these
energies and the phonons obtained from the DFT calculations, is -5.63 kcal/mol, which is
within 1 kcal/mol of the experimental value of -6.50 kcal/mol41.

Table 4.1. Optimized geometries and energies of the stationary points along the
reaction path for the dissociation of formaldehyde in vacuum. Energies are in
kcal/mol, distances in Å and angles in degrees.

Image

Energy

d C −O (Å)

d H1 − H2 (Å)

d C − H1 (Å)

α O-C-H1 (º)

α H1 -C-H2 (º)

HCOH

0.0 (ref.)

1.215

1.894

1.116

122.0

116.1

TS

80.3

1.173

1.241

1.133

152.6

43.8

CO+H2

7.1

1.140

0.755

-

-

-

Figure 4.1 shows the energetics for the dissociation of formaldehyde above a graphene
sheet, and within a nanopore of width 11 au (5.82 Å), as obtained from NEB calculations
with 11 images. The relevant geometric parameters and the energies are also shown in
table 4.2.
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Figure 4.1. Energetics for the dissociation of formaldehyde over a graphene sheet
(top) and within a 11 au (5.82 Å) wide pore (bottom).
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The activation barrier for the dissociation over a graphene sheet is lower than that in the
bulk by about 1.5 kcal/mol, and it is further lowered by another 0.6 kcal/mol when the
reaction happens within the 11 au-wide pore. The reduction of the activation barrier could
be explained by the large polarizability of the graphene walls, which thus acts in a way
similar to a solvent with a high dielectric constant. Since the dissociation requires charge to
travel along the C-O bond, the highly polarizable medium helps the reaction to happen.
Halls and Schlegel1 have reported a similar effect for a different reaction happening within
a carbon nanotube. The effect in this case is, however, small in relative terms due to the
large energy barrier for the dissociation.

The equilibrium is, unlike the activation barrier, shifted in different directions above the
graphene sheet and in the pore. When the reaction happens above a single graphene
surface, the products of the reaction (CO and H2) are 6.6 kcal/mol above the reactants,
which is 0.5 kcal/mol lower than the same value for the bulk reaction. For the reaction
happening within the 11 au pore, however, the products are 8.0 kcal/mol above the
reactants, which represents an increase of almost 1 kcal/mol with respect to the bulk value.
The lower energy of the products for the reaction happening on the sheet means that the
products are stabilized by physisorption on the surface slightly more than formaldehyde42.
For the narrow pore, however, the trend is different because the steric hindrance affects the
products in a way different from the way it affects the reactant - CO and H2 adsorb at an
angle above the sheet, whereas formaldehyde adsorbs parallel to the surface. Thus the
reduction of the pore size makes the energy of the products increase faster than the energy
of the reactant.

The effect of pore size on the activation barrier for the dissociation and the energy
difference between the reactants and the products is shown in table 4.3.
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Table 4.2. Optimized geometries and energies of the stationary points along the
reaction path for the dissociation of formaldehyde above a graphene sheet (a) and
within a slit pore of width 11 au (b), as obtained from NEB calculations. The
differences with the values for the bulk reaction are given in parentheses for
comparison. Energies are in kcal/mol, distances in Å and angles in degrees.

(a)
Image

Energy

d C −O (Å)

d H1 − H2 (Å)

d C − H1 (Å)

α O-C-H1 (º)

α H1 -C-H2
(º)

HCOH

TS

CO+H2

0.0

1.216

1.894

1.116

122.0

116.1

(ref.)

(+0.001)

(0)

(0)

(0)

(0)

78.8

1.177

1.317

1.101

163.5

51.5

(-1.5)

(+0.004)

(+0.076)

(-0.032)

(+10.9)

(+7.7)

6.6

1.141

0.755

(-0.5)

(+0.001)

(0)

-

-

-

(b)
Image
HCOH

TS

CO+H2

Energy

d C −O (Å)

d H1 − H2 (Å)

d C − H1 (Å)

α O-C-H1 (º)

α H1 -C-H2 (º)

0.0

1.219

1.886

1.113

122.1

115.8

(ref.)

(+0.004)

(-0.008)

(-0.003)

(+0.1)

(-0.3)

78.2

1.174

1.358

1.095

164.7

51.4

(-2.1)

(+0.001)

(+0.117)

(-0.038)

(+12.1)

(+7.6)

8.0

1.143

0.753

(+0.9)

(+0.003)

(-0.002)

-

-

-

The results in table 4.3 show that the slight reduction of the reaction barrier increases with
decreasing pore size, even for very narrow pores. This is related to the fact that both
formaldehyde and the transition state are planar, and thus the steric hindrance increases
their energy in a similar way. The electrostatic interaction that lowers the reaction barrier,
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however, is stronger the closer the molecule is to the pore walls, resulting in a reduction of
the barrier at all distances. The energy difference between reactants and products at the
smaller pore sizes does not, however, change appreciably for the pore widths studied. For
all these pore sizes the products, CO and H2, adsorb parallel to the carbon walls, as
opposed to what happens above a single graphene sheet. Thus the steric hindrance
increases the energies of both the reactant and the products in a similar way with changing
pore sizes, and the net effect on the energy of reaction is negligible. There is most likely a
transition between the planar conformation of the products above the surface and the
inclined one seen above a single graphene sheet, but this transition would occur at pore
sizes greater than those studied in this work.

Table 4.3. Activation barriers and energies of reaction for the dissociation of
formaldehyde within a carbon pore as a function of pore size, as obtained from NEB
calculations. The values for the dissociation above a graphene sheet correspond to an
infinite pore width. The differences with respect to the bulk reaction are given in
parentheses for comparison. All the energies are in kcal/mol.

∞

14 au

13 au

12 au

11 au

(sheet)

(7.41 Å)

(6.88 Å)

(6.35 Å)

(5.82 Å)

ETS − EHCOH

78.8 (-1.5)

78.6 (-1.7)

78.3 (-2.0)

78.2 (-2.1)

77.7 (-2.6)

ECO + H 2 − EHCOH

6.6 (-0.5)

8.1 (+1.0)

8.1 (+1.0)

8.1 (+1.0)

8.0 (+0.9)

Pore width

In order to quantify the effect of the interactions between the reacting mixture and the
carbon pores on the reaction equilibrium at finite temperatures, we computed the
equilibrium constant based on mole fractions, K x = xHCOH

(x

x

CO H 2

),

as a function of

temperature for the bulk, sheet, and 11 au pore. The values for the bulk were calculated
assuming an initial amount of 1 mole of formaldehyde at the standard pressure P 0 = 1 bar .
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The values for the sheet and the pore were obtained by imposing the conditions of
chemical and thermal equilibrium with the corresponding bulk mixture. The results are
presented in Figure 4.2, which shows a plot of ln ( K x ) vs. reciprocal temperature. At
lower temperatures, the equilibrium distributions show the trend one would expect from
the values at 0 Kelvin, i.e. the equilibrium is displaced towards the products the most
(highest K x ) over the graphene sheet, and the least (lowest K x ) for the 11 au pore, with
the bulk in between the two. However, since the reaction is most endothermic within the
11 au pore, it follows from van't Hoff's law that the equilibrium constant grows fastest with
temperature for this system. Similarly, for the reaction happening over the graphene sheet,
the equilibrium constant has the slowest increase with temperature, with the bulk reaction
in between the two. Thus the trend in the equilibrium distributions is reversed at high
temperatures.

In table 4.4, we compare the equilibrium distributions (in terms of K x ) for the reaction
happening in a bulk ideal gas, over a graphene sheet, and within the graphite pore of width
11 au. At low temperatures (below ~ 73.0 K), the equilibrium is most displaced toward the
formation of CO + H 2 for the reaction happening on top of a graphene sheet, with the pore
being the most displaced toward formaldehyde. Between approximately 73.0 K and 82.9
K, the bulk reaction is the one most displaced toward formaldehyde, with the pore being
intermediate between the sheet and the bulk. Then, between ~ 82.9 K and ~ 555.0 K, the
reaction is most displaced toward CO + H 2 within the narrow pore, and most displaced
toward CH 2 O in the bulk ideal gas. Finally, for high temperatures (above ~ 555.0 K), the
equilibrium is most displaced toward CO + H 2 within the narrow pore, and most displaced
toward formaldehyde above the graphene surface. As mentioned in the previous paragraph,
these trends are to be expected considering that the reaction is most endothermic within the
narrow pore and least endothermic on top of the graphene sheet.
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Figure 4.2. A van't Hoff plot comparing the equilibrium distribution of reactants and
products for the decomposition of formaldehyde happening in a bulk ideal gas, above
a graphene sheet, and within a graphite slit pore of width 11 au.

Table 4.4. Comparison between the equilibrium distributions of reactants and
products in the bulk ideal gas, above a graphene sheet, and within a 11 au graphite
slit pore for different temperature intervals.

Temperature range (K)

Lowest K x

Intermediate K x

Highest K x

0 - 73.0

Pore

Bulk

Sheet

73.0 - 82.9
82.9 - 555.0
> 555.0

Bulk
Bulk
Sheet

Pore
Sheet
Bulk

Sheet
Pore
Pore
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4.4. Concluding Remarks
We have shown, using first principles calculations, that both the kinetics and the chemical
equilibrium for the unimolecular decomposition of formaldehyde are affected by
confinement within carbon pores. The activation barrier for the reaction is slightly lowered
by the presence of a single graphene surface, and is further lowered within a narrow pore.
We believe this trend to be due to a pseudo-solvent effect similar to the one observed in
ref. 1.

The endothermicity of the reaction is modified in different directions depending on pore
size, being lower than that of the bulk ideal gas for large pores (or a single carbon surface),
and higher for narrow pores. This difference appears to be due to a transition between the
products being adsorbed perpendicular to the carbon surface and the products being
adsorbed parallel to it. This transition is due to the additional steric hindrance at lower pore
sizes.

Because of the difference in endothermicities, the equilibrium distribution of reactants and
products is altered in different ways by the confining material depending on temperature.
Thus for temperatures close to 0 K, the trend towards the formation of CO + H 2 goes in the
order Pore < Bulk < Sheet . This trend then changes, in order of increasing temperature, to
Bulk < Pore < Sheet , then Bulk < Sheet < Pore , and finally Sheet < Bulk < Pore at high

temperatures. This means that the optimal pore size of the confining material to carry out
the reaction, in terms of equilibrium, would be a function of the operating temperature.
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Chapter 5
Dissociation of Water on Defective Carbon Surfaces

5.1. Introduction
The third class of factors that can influence chemical reactions in confinement, as
discussed in Chapter 1, is the interactions that involve a significant rearrangement of the
electron clouds of the confined molecule, including the formation of chemical bonds with
the surface. In the previous examples considered (Chapters 3 and 4), we studied molecules
interacting with perfect graphene surfaces, which is chemically inert. There are, however,
several ways to “turn on” the chemical activity of graphene, including the creation of
defects in the carbon structure1,2, doping3 and the addition of functional groups3. In this
chapter we consider a chemical reaction – the thermal splitting of water – happening over a
defective carbon surface, and show how the chemical interactions with the defect give rise
to a chemistry completely different from that seen in the bulk. In addition, we consider the
possibility of exploiting changes in the geometry of the surface (see Chapter 3), to further
displace the reaction in the desired direction.
The direct thermal splitting of water, H2O → H2+1/2 O2, which does not generate CO2 and
produces highly pure hydrogen, requires temperatures in excess of 2000 ºC, thus making
its practical implementation very challenging4. In addition, it has a relatively low hydrogen
yield of about 25%5. The fundamental limitation of the thermal splitting of bulk water is
the fact that the ground state of oxygen is paramagnetic (a spin triplet), whereas the ground
state of water is diamagnetic (a spin singlet). Breaking a water molecule thus requires an
excess of 45 kcal/mol of additional energy to excite the molecule to a higher spin state
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prior to the dissociation. This energy is later released as unrecovered heat when oxygen
relaxes to its ground state. Although solutions for exciting the water molecule to the
dissociative spin-triplet state have been proposed (photo-excitation, enzymatic and
biochemical reactions, etc.), they still fall short of an industrially competitive production
process. In this work, we propose an alternative paradigm in H2 production: a process in
which the system remains on the singlet spin surface throughout the reaction by exploiting
the reactivity of defects in carbon materials.
Graphitic carbon substrates such as activated carbon fibers, nanotubes and fullerenes have
been extensively studied for their potential as media for energy storage and H2
sequestration6,7,8. However, there is no report of using them as chemical reactors rather
than fuel tanks. Using ab initio Density Functional Theory9,10 (DFT) techniques, we have
found evidence that if structural defects are present or are artificially created in graphiticlike materials, a rich chemistry emerges, yielding many possible water dissociation
pathways to produce hydrogen, some of which have activation barriers lower than half the
value for the dissociation of bulk water. This means that the production of hydrogen can be
achieved at temperatures below 1000 ºC.

In the following section, we describe the methods we used to study the dissociation of
water over single vacancy defects in graphene and in a model (10,10) nanotube, and
discuss our results. The material in this chapter has been published in refs. 11-13.

5.2. Thermal Splitting of Water on Defective Carbon Surfaces

In Figure 5.1 we show the estimated equilibrium yield for the dissociation of water on a
single vacancy in a nanotube and a graphene sheet as compared with the direct thermolysis
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of the water molecule in free space. It is clear that the defective carbon substrate can
produce hydrogen from water at temperatures at least a factor of 2 lower for comparable
hydrogen yields14.

Equilibrium Yield

0.30
Water
Graphene
Nanotube

0.25
0.20
0.15
0.10
0.05
0.00
200

600

1000

1400

1800

2200

2600

3000

Temperature (K)

Figure 5.1 Ideal-gas equilibrium yields (fraction of the water that is converted to
hydrogen at equilibrium in % mole) for the dissociation of water in bulk (blue), over
a single vacancy in graphene (green) and over a single vacancy in a 10-10 carbon
nanotube (pink). The values correspond to a pressure of 1 bar and an initial
equimolecular mixture of water and vacancies.
Recent studies have found experimental evidence for the existence of a variety of
metastable defects in graphitic carbon materials15. These defects can be as-grown or can be
induced in both graphene layers and carbon nanotubes by employing electron or ion
irradiation16-17. Among these defects, mono-vacancies in particular are the most common
and they have been experimentally shown to be numerous and stable. Materials containing
such defects have potential applications as catalysts, due to the presence of carbon atoms
with unsaturated valence shells in their structures. In this work we demonstrate the
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possibility of taking advantage of these vacancy sites to carry out the thermal splitting of
water at temperatures substantially lower than 2000 ºC and much higher hydrogen yield.
The electronic structure calculations presented in this work were done using plane-wave
density functional theory (DFT)18,19 with ultrasoft pseudopotentials20 as implemented in
the CPMD21 and PWSCF22 codes. We considered both the Becke-Lee-Yang-Parr23,24
(BLYP) and Perdew-Becke-Ernzerhof25 (PBE) exchange-correlation functionals and found
negligible differences in our final results. For graphene we used a periodic super-cell with
32 carbon atoms (see Fig. 5.2), while we simulated the curved nanotube shell as a finite
section of 39 carbon atoms with edges saturated with Hydrogen (see Fig. 5.4, H atoms not
shown in the picture).
The study of the water splitting on the vacancy requires the knowledge of all possible
stable states, transition states and reaction pathways, and the Potential Energy Surface
(PES) for this system is quite complicated due to the presence of several “dangling bonds”.
For this reason, the exploration of the PES has been done using a combination of
techniques. First, we identified stable intermediates using the Laio-Parrinello
Metadynamics26,27 method. This method is a very efficient approach for the exploration of
the free energy surface of a reactive system with minimal a priori knowledge of the
possible reaction pathways. Given a long enough simulation time, this method allows
identifying all the stable states in the PES for the system of choice. The configurations of
all the energy minima obtained from Metadynamics were further relaxed with a strict
convergence criterion. The structure optimizations for all stable states were carried out for
both singlet (S=0) and triplet (S=1) conformations, in order to establish the spin symmetry
of the corresponding ground state.
Reaction pathways were obtained using the Nudged Elastic Band28,29 (NEB) method of
Jónsson et al. with the climbing image modification30 in order to determine the structures
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of the transition states. In some cases the structure of the transition state was confirmed by
further optimization using the Rational Function Optimization (RFO) method31,32. As a test
for the accuracy of our approach we have verified that our data for the splitting of a single
bulk water molecule agreed with experimental results and other theoretical calculations.33
Finally, the standard Gibbs free energy changes for all reactions were computed from the
molecular partition functions34 and used to obtain the equilibrium yields at different
temperatures in the ideal gas limit.

a)

b)

c)

d)

e)

f)

g)

h)

Figure 5.2. Top and side views of various intermediate states in the water splitting
reaction over a vacancy site in graphene. (a) initial physisorbed state; (b) IM1: spinsinglet state with the highest energy; (c) IM2: spin-singlet state; (d) IM3: the only
spin-triplet state (S=1); (e) IM4: spin-singlet state; (f) K (for “ketone”): spin-singlet
state; (g) E (for “ether”): a spin-singlet. This is the global minimum of the potential
energy surface; (h) F (for “final”): spin-singlet state; the oxygen occupies the vacancy
site on the surface and hydrogen is away from it.
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Vacancies in carbon nano-materials indeed have the potential to dissociate water: their
formation energy in graphene is approximately ~170 ± 10 kcal/mol35,36 whereas the
reaction enthalpy for the splitting of water is 116 kcal/mol37. The ground state shows a
paramagnetic structure where the D3h symmetric vacancy undergoes a Jahn-Teller
distortion, leading to out-of-plane motion of one of the “dangling bond” atoms, (which we
denote by C3, see Fig. 5.2a)38,39.
In the full exploration of the Potential Energy Surface (PES) for this system, shown in
Figure 5.3, we chose the relaxed physisorbed water molecule over the center of the
vacancy as the starting ("reactant") point of the reaction and used it as the energy reference
in all calculations. We labeled this state by I (for "initial", see Fig. 5.2a). In addition to this
initial physisorbed state, we found seven other stable structures that are relevant for the
decomposition reaction, including the final state F ("final", Fig. 5.2h) where the hydrogen
molecule is fully separated. All the stable structures, including the I and F states are shown
in Figure 5.2.
From this knowledge, we investigated all the possible reaction pathways leading to the
final state F. Figure 5.3 shows the full PES for the reaction while the corresponding energy
barriers EA are reported in Table 5.1. This complex energy surface exhibits several
favorable reaction channels for producing hydrogen. All these reaction pathways are
isogyric, i.e. the system stays on the spin singlet surface, which lowers the reaction barrier
for dissociation. Among those favorable channels are: I→IM1→F (with maximum energy
barrier EA,max =16 kcal/mol), I→K→F (EA,max =49 kcal/mol), I→IM2→F (EA,max =58
kcal/mol), and the “straight dissociation” I→F (EA,max =55 kcal/mol). In the straight
dissociation reaction we observe a “roaming atom” reaction mechanism – one hydrogen
atom explores a large region of the potential energy surface before binding with the second
H atom. Such a reaction mechanism has been just recently discovered in the HCHO
decomposition reaction40.

204

Energy (kcal/mol)
-85

0

71

3.5
X

X

F

K
X

E

3

X

φ2 (Å)

I
IM3
X
X IM2

2.5
X

IM4
IM1
2
-2

X

-1

0
φ1 (Å)

1

Figure 5.3. Contour plot of the PES for the water dissociation reaction on a vacancy
in graphene, as obtained by interpolation of the NEB trajectories. Different
configurations are labeled as in Fig. 5.2. The order parameters φ1 and φ2 are defined
as φ1=(〈CO〉-〈OH〉)/√2) and φ2=(〈CO〉+〈OH〉)/√2), where 〈CO〉 is the average distance
between the oxygen atom and the carbons immediately adjacent to the vacancy, and
〈OH〉 is the average distance between the oxygen atom and the hydrogen atoms.
In reactions involving intermediate states, the process exploits different mechanisms,
depending on the species that saturate the C3 “dangling bond” first. In the pathways
through K and IM4 states, the O atom saturates C3 with a very small barrier (3 kcal/mol),
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whereas going through IM1 and IM3 involves the saturation of C3 by H, still with very low
energy barriers (16 and 15 kcal/mol). In IM2, where both OH and H are bonded with C3,
the barrier is relatively larger (33 kcal/mol) but still small compared to the straight
dissociation. The number of possible reaction pathways that branch from these
intermediate states is large and is best summarized by the activation energy data reported
in Table 5.1. An analysis of the data in this table and in Fig. 5.3 reveals that, at moderate
temperatures, the most favorable pathway to the F state is I→IM1→F, and the most
important competing reactions are the ones toward the K and E states. This is consistent
with the equilibrium data shown in Fig. 5.1, where it is seen that at low temperatures, the
formation of E and K are most favorable, with the equilibrium shifting towards F at
moderate temperatures. None of the other intermediate states are appreciably present.43
With the goal of further increasing the efficiency of the dissociation process and the
selectivity towards the final dissociated state, we investigated whether the curvature of the
reactive substrate, as in a nanotube, could improve upon the reaction mechanism.
In general, the removal of any C atom in a hexagonal graphite network implies the creation
of three two-coordinated C atoms. When the atomic layer is strongly curved, however, it is
possible for two of the “dangling bond” atoms to recombine, thus creating a pentagon. This
structure is more stable, since the reconstructed bond is much shorter compared to the
distance between two “dangling bond” atoms in graphene (1.65 Å for a (10,10) tube versus
2.46 Å for graphene). In the nanotube, the second-nearest neighbor distance is slightly
shorter, the π bonding is weakened due to the lessened overlap of the pz orbitals and the
curvature gives the partially bound atom a natural bias out-of-plane41,42. This different
conformation makes the system less reactive, since now the water molecule can saturate
readily only one “dangling bond”.
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We have identified several stable intermediate states inspired by the analogy with the
planar graphene case and found important differences in the reaction mechanisms solely
induced by curvature effects. In the initial physisorbed state (N-I), shown in Figure 5.4a,
the molecule is much closer to the vacancy than in the planar case. From there, the water
molecule has to overcome higher barriers compared to the planar case to reach the
intermediate stable states, since the system is less reactive, and most importantly the
molecule can not spontaneously dissociate over three “dangling bonds” (as in the planar
geometry for IM4 and K states).
However, if the oxygen atom saturates the C3 “dangling bond” first, as in the straight
dissociation in graphene, the energetics for production of hydrogen are much more
favorable. The direct dissociation proceeds with a low energy barrier compared to the
planar case, of about 18 kcal/mol.
To illustrate the reaction mechanism for the direct decomposition reaction we show in Fig.
5.4 the transition state geometry (N-TST, Fig. 5.4c) and the final stable state with oxygen
bonded to the C3 atom (N-F, Fig. 5.4d) while leaving the five-fold ring untouched. This
configuration is not the only final state that the system can reach. An analogue of the F
state, namely with the O atom in the middle of the vacancy site, can be reached through
pathways that involve intermediate configurations. In these other reaction paths, first one
hydrogen atom saturates the C3 “dangling bond”, and then the OH group completes the sp3
carbon bonding leading to the exact analogue of the planar IM2 state, (N-IM2 in Fig. 4b).
The energy barrier for this reaction is about 20 kcal/mol. Contrary to the graphene case,
this first configuration is the precursor of all the other possible intermediate states. The
reconstructed bond in the five-fold ring has to be broken to reach, for instance, the N-K and
N-IM4 states. This subsequent activation barrier is of the order of ~25 kcal/mol. From
there, the dissociation reaction proceeds along similar lines as in the planar case. On the
other hand, production of hydrogen from the N-IM2 state is quite unfavorable (EA ~70
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kcal/mol). A final comment on the analogue of the E state, N-E: even though it is still the
global minimum of the PES, as in the planar case, now the reaction barrier for the water
splitting from this state is substantially lower, about 46 kcal/mole vs. 94 kcal/mole in
graphene. It is thus clear that curvature can improve the energetics for the water
dissociation reaction over a vacancy and drastically enhance the selectivity of the H2
production process.
Table 5.1. Activation energies for the forward (EA,f) and backward (EA,r) reactions
and total energy change (ΔE) for each of the reaction steps in planar graphene.
Reaction
Bulk
I→ IM1
I→ IM2
I→ IM3
I→ IM4
I→ K
IM1→ F
IM1→ IM2
IM1→ IM3
IM1→ E
IM1→ K
IM2→ F
IM2→ K
IM2→ E
IM3→ IM2
IM3→ K
IM3→ F
IM3→ E
IM4→ F
IM4→ K
K→ E
K→ F
E→ F
Straight

EA,f (kcal/mol)
131
16
33
15
3
3
16
28
4
28
3
58
21
38
55
14
112
60
80
13
72
49
94
55

EA,r (kcal/mol)
16
24
44
56
68
79
47
31
37
107
71
85
86
114
25
49
110
106
53
24
83
12
46
94
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ΔE (kcal/mol)
115
-8
-11
-41
-65
-76
-31
-3
-33
-79
-68
-27
-65
-76
30
-35
2
-46
27
-11
-11
37
48
-39

a)

b)

c)

d)

Figure 5.4. Top and side views of (a) the initial (N-I), (b) intermediate (N-IM2), (c)
transition state (N-TST), and (d) final (N-F) conformations for a favorable
dissociation pathway over a vacancy in a (10,10) nanotube.
For a quantitative assessment of the efficiency of the reaction, we estimated the
equilibrium yield for the different cases of direct thermolysis, dissociation on a vacancy in
graphene and in the nanotube, using the calculated PES and the vibrational frequencies of
the relevant configurations. From the data displayed in Fig. 5.1 it is clear that the defective
carbon substrate improves dramatically the equilibrium yield of H2 with respect to the
dissociation in free space. This means that defects in graphitic materials would catalyze the
dissociation of water with at least a factor of 2 gain in temperature with respect to the
direct thermolysis, that becomes competitive only well above 2000 K. A more detailed
analysis of these thermodynamical data will be published elsewhere.43
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Finally, we would like to point out that this reaction mechanism, as presented, is a batch
process: once the vacancies in the carbon structure get saturated with oxygen, the process
stops. It is then necessary to take the oxygen out to regenerate the active sites to make this
a true catalytic process. There are several possibilities to achieve this, such as
photoexcitation, or further reaction with other molecules. If such a process could be found,
the energy needed to create the defects in the first place would be a one-time expenditure,
and the system would thereafter work as a molecular energy conversion cycle: a true
nanoscale chemical reactor.
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Chapter 6
Conclusions and Future Research Directions
The examples shown in this work illustrate the three main mechanisms in which a reaction
can be affected by confinement: geometric restrictions due to steric hindrance, and
physical and chemical interactions with the confining material. In our study of rotational
isomerizations we have shown that, when the characteristic dimensions of the adsorbent
are comparable to the molecular size, the equilibrium and kinetics of the reactions can be
radically altered, with rates changing by many orders of magnitude within narrow ranges
of pore sizes. It is remarkable that this shape-catalytic effect can be even more important
than the effect of actual chemical interactions with the adsorbing material, depending on
the reaction considered1.

Our study of the formaldehyde dissociation in confinement illustrates the effect that
physical interactions with the support can have on both the equilibrium and kinetics of a
chemical reaction. Although the effect on the reaction barrier in this case is small in
relation to the barrier height, this type of effect can be important for reactions with smaller
barriers, especially if charge transfer is involved2. The effect on the equilibrium
distribution of reactants and products is, however, more important, and we find that, at
different temperatures, the most favorable adsorbing material for the dissociation is
different.

Finally, in our last example, we have seen how a chemically activated graphene surface
can be used to induce the dissociation of hydrogen from water at temperatures lower than
would be required for the bulk decomposition. This case also shows how geometry has a
dramatic effect on the equilibrium distribution: by making the graphene surface curved, we
change the temperature at which the hydrogen production peaks by about 1000 K. From
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these examples it is clear that, by tuning the geometry of a catalytic support, it would be
possible to design materials with much improved yields and selectivities.

For the reactions studied in this work, we have computed rates and equilibrium constants at
infinite dilution. For porous materials of widths comparable to the molecular dimensions it
is likely, however, that the density of the adsorbed phase also has an impact on the kinetics
and thermodynamics of the reactions involved. We are currently developing a simulation
protocol based on the Reaction Path Hamiltonian (RPH) approach3-8 to coarse-grain the
nonreactive degrees of freedom and include intermolecular interactions. This will be used
to study the impact of the thermodynamic state of the adsorbed phase on the chemical
reactions, which is an additional factor to consider in the design of improved catalytic
materials.

For the dissociation of water over defective carbons, we are currently studying the
interaction of additional water molecules and oxygen atoms with the oxygen-saturated
vacancy. This will allow us to ascertain whether this process can be used for hydrogen
production. As an extension of this project, we are currently studying the interaction of
water and other small molecules (such as CH4, CO and CO2) with other defective graphene
surfaces, such as edges9-11, doped12, and functionalized carbons13. These systems are more
accessible to experimental studies than single vacancies11,14-16, and can be used to
continually dissociate carbon-containing molecules. We expect that the exploration of such
systems, and the effect of geometric changes and physical interactions on them, will lead
us to a protocol for the rational design of highly efficient carbon-based catalytic materials
that take advantage of many catalytic effects simultaneously.

Finally, it is also important to consider the mechanism by which the reacting molecules
enter and leave the porous space, as the diffusion process is also likely to have an impact
on the overall dynamics of the system. We are currently adapting some of the newer
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simulation techniques available for such studies (in particular the Reaction Ensemble
Molecular Dynamics method17,18) to consider the combined diffusion and reaction
processes and gain insight on the influence of the porous network on the overall
effectiveness of the catalytic materials under study.

We have illustrated in this work how a systematic study of each individual effect of
confinement on reaction rates and reaction equilibrium can shed light on the fundamental
nature of such effects. Our current efforts are geared toward using the information from
these examples to construct a theoretical framework that can be used for the systematic
nano-scale level design of improved catalytic materials. We believe that, with the current
rate of improvements on the synthesis of carbon-based meso- and nano-structured
materials11,19-25, it will soon be possible to systematically build such “super-catalysts” that
take advantage of all the effects described above for much improved catalytic performance.
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