
ABSTRACT 

ZECHMAN, EMILY MICHELLE.  Improving Predictability of Simulation Models using 
Evolutionary Computation-Based Methods for Model Error Correction. (Under the 
direction of S. Ranji Ranjithan.) 

Simulation models are important tools for managing water resources systems.  An 

optimization method coupled with a simulation model can be used to identify effective 

decisions to efficiently manage a system.  The value of a model in decision-making is 

degraded when that model is not able to accurately predict system response for new 

management decisions. Typically, calibration is used to improve the predictability of 

models to match more closely the system observations.  Calibration is limited as it can 

only correct parameter error in a model.  Models may also contain structural errors that 

arise from mis-specification of model equations.  This research develops and presents a 

new model error correction procedure (MECP) to improve the predictive capabilities of a 

simulation model.  MECP is able to simultaneously correct parameter error and structural 

error through the identification of suitable parameter values and a function to correct 

misspecifications in model equations.  An evolutionary computation (EC)-based 

implementation of MECP builds upon and extends existing evolutionary algorithms to 

simultaneously conduct numeric and symbolic searches for the parameter values and the 

function, respectively.  Non-uniqueness is an inherent issue in such system identification 

problems.  One approach for addressing non-uniqueness is through the generation of a set 

of alternative solutions.  EC-based techniques to generate alternative solutions for 

numeric and symbolic search problems are not readily available.  New EC-based methods 

to generate alternatives for numeric and symbolic search problems are developed and 

investigated in this research.  The alternatives generation procedures are then coupled 



with the model error correction procedure to improve the predictive capability of 

simulation models and to address the non-uniqueness issue. The methods developed in 

this research are tested and demonstrated for an array of illustrative applications.   
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CHAPTER 1: Introduction 

Simulation models are used for a wide variety of scientific and engineering 

applications to simulate and predict the behavior of systems.  Specifically, in the 

management of water resources and environmental systems, simulation models play an 

important role in predicting how a system will perform under a set of new management 

decisions in meeting design objectives, such as water quality standards or cost-

effectiveness.  Coupling a simulation model with a mathematical optimization method 

enables systematic search for the most effective set of design decisions, i.e., a 

management strategy, that efficiently utilizes limited capital and other resources to 

achieve specified goals.  The value of a coupled simulation-optimization tool for the 

identification of effective management strategies is highly dependent on the predictive 

capabilities of the simulation model.  Model-based predictions of the response of a 

system to varying input conditions must be relatively accurate for the use of 

mathematical and computation tools to be worthwhile in decision-making.  A model’s 

mis-estimation may yield a strategy that, upon implementation, fails to meet the design 

goals or is overly conservative and potentially inefficient.  Only a model that is able to 

correctly predict the system response will warrant the implementation of a management 

strategy that has been identified as efficient in meeting system objectives. 

A model is a simplification of a physical system through mathematical 

representation.  Consequently, errors in the modeled description of the system are 

inherent and may cause discrepancies between real observations and model predictions of 

a system’s behavior.  Model inaccuracies may be found in the parameter values used to 

describe the system characteristics (referred to as parameter error) or in the equations 
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describing the physical processes of the system (referred to as structural error).  

Parameter error occurs when parameter values are mis-set, and structural error occurs 

when model equations are misspecified through over-simplification, unrepresented 

processes, or incorrect hypotheses (Troutman, 1985). 

A key step in any model-based analysis or decision-making is to improve the 

predictability of the model by correcting the parameter and structural errors.  Calibration 

is an approach commonly used to improve model prediction through a systematic or trial-

and-error search that adjusts parameter values to minimize error between a set of system 

observations and model output.  Several difficulties are associated with calibration.  For 

example, calibration techniques often over-fit a model to a set of system observations.  

Calibration adjusts model parameters so that model outputs closely match a set of system 

observations, but when the model is tested for new observations outside the range of the 

training conditions, the model may not properly predict the system response.  

Additionally, when tightly fitting model predictions to match system observations, 

calibration may result in parameter values that are outside of conceptually reasonable 

ranges and are not reflective of the conditions of the physical system, contributing to the 

model’s inability to predict for new input conditions. 

The objective of this research is to develop a new method to improve the 

predictive capabilities of simulation models.  The new approach, the model error 

correction procedure (MECP), overcomes the difficulties associated with calibration by 

explicitly addressing both sources of error (i.e., parameter error and model structure 

error) in a model.  The presence of structural error in a model results in a systematic trend 

in the prediction error, which can be represented as a mathematical function.  The 
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identification of this function, along with simultaneous identification of proper parameter 

values, is expected to result in an improved model that could more closely capture the 

governing processes and the system characteristics, enhancing the ability of the model to 

predict accurately for new input conditions.   

MECP is developed and implemented using search algorithms to identify 

simultaneously the parameter values and a correction function for a misspecified model.  

These algorithms must enable an efficient global search, support flexible incorporation of 

any simulation model, and facilitate symbolic search.  Evolutionary computation (EC) is 

a class of heuristic methods that offers these capabilities through numeric and symbolic 

search procedures.  This research extends and integrates EC-based methods to implement 

the model error correction procedure. 

As non-uniqueness is an inherent issue in system identification problems, a 

related research objective is to extend the capabilities of MECP to address this issue.  

Many combinations of different functions and parameter settings could yield comparable 

prediction errors between corrected model output and observed data.  One approach to 

address non-uniqueness is to identify not just one solution, but a set of solutions that 

perform well with respect to reducing the prediction error and are maximally different in 

the functions and parameter settings specified by the solutions.  A set of such maximally 

different solutions is expected to provide more insight about the range of feasible 

solutions to the problem.  To generate a set of solutions using the EC-based 

implementation of the model error correction procedure, methodological development is 

needed to extend evolutionary search algorithms for alternative generation.  This research 

presents the development of new EC-based methods to automatically generate 
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alternatives for numeric and symbolic problems for addressing non-uniqueness in the 

model error correction procedure.  These methods are useful for alternatives generation 

for a wide range of design and management problems. 

The research described above is presented herein as a series of journal articles that 

report the methodological developments and results of their applications.  The basis for 

the model error correction procedure is described and its development and 

implementation are presented in Chapter 2.  This chapter also describes an illustrative 

application for a case study involving water quality prediction.  Chapter 3 presents the 

development of a new method (evolutionary algorithm to generate alternatives, EAGA) 

that extends any evolutionary algorithm to generate alternatives for numeric search 

problems.  EAGA (Zechman and Ranjithan, 2004) is evaluated using test functions and is 

demonstrated for an airline route design problem.  Chapter 4 presents a paper (Zechman 

and Ranjithan, under review) that descries an application of EAGA to a regional 

wastewater treatment network design problem.  This paper also reports the results of 

additional analyses of EAGA and compares their performances.  Chapter 5 presents the 

development of an EC-based alternatives generation procedure (Multipopulation 

Cooperative Coevolutionary Programming, MCCP) for symbolic search problems.  

MCCP (Zechman and Ranjithan, 2005) is applied and tested for a symbolic rule 

generation problem.  Finally, the integration of MECP with the new methods (i.e., EAGA 

and MCCP) to generate alternatives for symbolic and numeric problems is presented in 

Chapter 6.  This coupled model error correction methodology is demonstrated for 

correcting a numerical groundwater contaminant transport model and for investigating 

associated non-uniqueness issues. 
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CHAPTER 2: A Method to Correct Model Structural Error and 
Improve Predictability 

Abstract.  Typical model calibration involves fitting model predictions to observations 

by tweaking some set of model parameters. Tweaking model parameters does not 

account, however, for any potential model structure error, limiting the predictive abilities 

of the model. This paper presents a new approach that addresses error in parameter values 

and error in model structure to improve predictive capabilities of a model.  The new 

approach searches simultaneously for model parameters and a function to correct 

misspecifications in model equations.  It is based on an evolutionary computation 

approach that integrates genetic algorithm and genetic programming operators. While this 

new approach is structured as a general procedure for any model, it is demonstrated for 

an illustrative case study involving water quality modeling and prediction. 

2.1 Introduction 
Mathematical models are used as a basis for analyzing and solving for a broad 

range of water resources and environmental applications.  Combinations of parameter 

values and model structures are typically used to simulate a system, where model 

parameters are numeric values that quantitatively describe the system characteristics and 

model structure is the assemblage of equations that describes the governing processes in 

the system.  However descript a model might be, it is an approximate representation of a 

real system.  Consequently, the prediction of the system response by a model to different 

input conditions is impaired by errors associated with model parameters and model 

structure.  Without proper information or understanding of a system, parameter values 

may not accurately reflect the attributes of the real system, resulting in parameter error in 

 5



the model.  Structural error is present when a model is misspecified (White, 1981), and 

the functional form of the system is incorrect or inaccurate due to unmodeled processes, 

incorrect hypotheses, and simplifications (Troutman, 1985).   

Though both parameter error and structural misspecifications may contribute to 

the error observed in model prediction, procedures to improve the accuracy of a model 

typically address only parameter error.  For example, calibration is a trial-and-error or 

systematic search that adjusts model parameter values to minimize the prediction error 

based on the model output and a set of observed data (Fig. 2.1).  This procedure is 

limited, however, in addressing the error and inadvertently may identify conceptually 

unreasonable values for the model parameters.  Extreme adjustments in parameter values 

may be necessary to fit the model to a set of observed data, potentially resulting in poor 

characterization of the actual physical processes that govern the system.  Consequently, 

the resulting model may perform well for one set of data, but may fail to predict reliably 

the state of the system for new input conditions.  Additionally, calibration may often lead 

to non-uniqueness, as multiple sets of parameter values yield similar predictions.  The 

parameter settings identified by a search method vary considerably with the initial guess, 

method of search, set of training data, and objective function used for error minimization 

(Gupta et al., 1999).   
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Prediction 
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Figure 2.1 Calibration of a misspecified model by adjusting model parameter values 

The difficulties that arise in model calibration may be associated with the presenct 

of model structural error (Sorooshian and Gupta, 1983; Gaume et al., 1998).  A method 

that simultaneously addresses both parameter and structural model error is needed for the 

identification of reasonable parameter values while improving the predictive capabilities 

for extrapolated conditions.  This paper presents a new model error correction procedure 

(MECP) to address model error by simultaneously correcting parameter and structural 

error, and demonstrates the new method for a water quality modeling problem. 

2.2 Model Error Correction Procedure 
The model error correction procedure (Fig. 2.2) is designed to improve the 

predictive capabilities of mechanistic models through the correction of structural and 

parameter error in a model.  This procedure corrects parameter error by searching for 

appropriate parameter values, similar to a typical calibration method, while structural 

error is corrected through the identification of an error correction component, which is an 

unknown function.  When error is present in the model prediction because of structural 

misspecification in the model, the difference between the model output and system 

observations is not a random value, but is the result of processes misrepresented 

mathematically in the model, yielding a predictable systematic trend.  The error 
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correction component is a function that represents the systematic error so that the model 

outputs are appropriately adjusted to match the observed outputs.  The systematic error 

due to missing or misspecified processes would be dependent on the input conditions and 

the errors in the simulated outputs.  Accordingly, the error correction component should 

be constructed as a function of the model inputs as well as the outputs so that the trends 

in the error can be appropriately predicted for new input conditions.  Using a sequential 

approach (i.e., calibrating and then correcting structural error, or vice versa) may 

improperly attribute the model correction to one source of error.  For example, 

identifying first parameter values and subsequently an error correction component may 

result in parameter settings that inadvertently compensate for structural error.  A 

simultaneous search for model parameter values and the error correction component 

forms the basis for MECP to enable the appropriate correction of each source of error.  

This requires a numeric search method for the parameter estimation step, and a symbolic 

search method for the error correction component identification step.  The following 

section describes an implementation of MECP using evolutionary algorithms. 
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Figure 2.2 Correction of a misspecified model using the model error correction 

procedure 

2.3 MECP Implementation Using Evolutionary Algorithms 
A genetic algorithm (GA)-based procedure for the numeric search is considered in 

this paper.  GAs are global search methods that are flexible to enable incorporation of any 

simulation model into a simulation-optimization framework, available through the class 

of heuristic search algorithms, Evolutionary Computation (EC).  EC-based search 

procedures are characterized by a population of solutions that evolve to better solutions 

through mechanisms analogous to the process of natural selection (Goldberg, 1989).  

Different EC-based procedures use similar operators to search, though the specific 

structures of algorithmic operators may vary among implementations.  In the 

implementation of a GA, potential solutions are represented as an array of real numbers, 

integers, or binary numbers.  The crossover operator combines two or more solutions to 

produce a set of offspring solutions that contain a mix of the numeric values representing 

decision variables from the original solutions.  The mutation operator changes numeric 

values in a solution to new random values, while the selection operator is used to choose 

solutions that perform relatively well to survive to the next iteration of the algorithm. 
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The symbolic search for constructing the function to describe the error correction 

component requires a procedure that is able to identify not only the coefficients of the 

function, but also the structure of the function.  A typical trial-and-error symbolic search 

assumes a function structure, such as a polynomial or exponential function, and fits 

equation coefficients.  If the error is not reduced sufficiently, a different function 

structure may be assumed and fit to the data.  This paper considers a genetic 

programming (GP)-based procedure that enables a flexible search for the structures as 

well as the coefficient values of a function to describe a set of input and output data 

(Koza 1992).  Using operators similar to those of a GA, GP searches a set of 

mathematical operators to construct a function that minimizes the prediction error 

between the function output and a set of data.  While a function may be represented in 

multiple ways, a tree representation is used in this implementation.  For example, the tree 

in Fig. 2.3 represents the equation 0.5cos(x) + 0.6y - x.  Each non-terminal node holds a 

function, such as +, -, × , , and cos, and a terminal node holds a coefficient value or an 

equation variable, such as x and y.  For recombination, where the characteristics of two 

trees are combined to create two new trees, a node is selected from each tree to create a 

new sub-tree and these sub-trees are swapped (e.g., Koza, 1992).  To mutate a tree, a new 

tree is generated and replaces a randomly selected node (e.g., Koza, 1992). 

÷
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0.5 cos x

+

* -

x 0.6 y

*

Figure 2.3 Example tree representation of the equation 0.5cos(x) + 0.6y - x. 

MECP integrates the GA and GP operators to search for model parameter values 

and an error correction component.  Each solution contains a set of numeric values to 

represent the parameters and a tree to represent the error correction component.   

Standard GA and GP operators are used for crossover and mutation (Goldberg, 1989 and 

Koza, 1992) and an elitist graduated overselection strategy is used for selection 

(Fernandez and Evett, 1997). 

2.4 Illustrative Application using a Water Quality Modeling Problem 
While the proposed method is sufficiently general and is applicable to an array of 

model problems, a synthetic case study is used to demonstrate the application of MECP 

to improve predictability of a structurally misspecified model.  Using an existing model, 

a set of data is generated, which is considered as the observations of a system.  A process 

is removed from the model to introduce structural error, and this misspecified model is 

corrected using a parameter calibration procedure and MECP.  A set of additional system 

observations are then predicted by the calibrated model, the model corrected using 

MECP, and an empirical model identified using a function fitting procedure.  

For this illustration, the Streeter-Phelps model (Streeter, 1925) that represents 

multiple non-linear processes for the fate and transport of biochemical oxygen (BOD) in 
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natural water systems is used.  The Streeter-Phelps model simulates the dissolved oxygen 

deficit (D) in a single river reach by modeling the reaeration of the present deficit and the 

decay of biochemical oxygen demand BOD in the stream: 

( )tktk

da

dtk ada ee
kk

Lk
eDD −−− −

−
+= 0

0  (2.1)

where D is the in-stream dissolved oxygen deficit, D0 is the initial in-stream oxygen 

deficit, L0 is the in-stream concentration of BOD, t is the lapsed time, kd is the decay 

coefficient, and ka is the reaeration coefficient.   

Dissolved oxygen (DO) concentrations can be determined from the dissolved 

oxygen deficit, D, using the following relationship: 

DcDO s −=  (2.2)

where cs is the dissolved oxygen saturation concentration.   

The following misspecified model was created by removing the reaeration term 

from the original Streeter-Phelps model (Eqn. 2.1): 

( )tkdeLDD −−+= 1' 00  (2.3)

where D’ is an erroneous estimate of the in-stream dissolved oxygen deficit. 

2.4.1 Data 
To generate a set of observed water quality data, the Streeter-Phelps model is 

executed using a set of varying input conditions (initial oxygen deficit, D0, and BOD 

concentration, L0) for a hypothetical river reach.  Three sets of data were generated: 

training data, validation data, and interpolation data.  Training data is used to correct the 

misspecified model by minimizing the error between model predictions and the observed 

data points.  The training data consists of 275 data points and was generated using 25 

settings for the input BOD (L0) and oxygen deficit (D0) conditions at eleven time steps 
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(Table 2.1).  A total of 25 dissolved oxygen profiles were constructed using Eqns. 2.2 and 

2.3.   

Validation data is used to evaluate the prediction performance of a corrected 

model by measuring the error between model output and system observations for a new 

set of input data.  Input conditions corresponding to values of D0 and L0 that lie outside of 

the range of training data are used to test the model for extrapolated conditions.  Four 

dissolved oxygen profiles (with eleven time steps for each profile) were generated using 

the input conditions in Table 2.1 and Eqns. 2.2 and 2.3 for validation purposes.   

A third set of data, interpolation data, is used to evaluate the prediction 

performance of the models for conditions that fall within those represented by the 

training data.  Four dissolved oxygen profiles were constructed using input conditions set 

at random values within the range used for training the models.  The value for D0 was set 

between 0.0 and 4.0 mg/L, and L0 was set between 10.0 and 20.0 mg/L. 

Error can be calculated using any error definition, such as the root mean square 

error or mean absolute percentage error.  Preliminary investigation indicated that a more 

rigorous error definition, based on the maximum absolute error, led to models that 

reproduced the observed data more accurately.  The error at each data point is calculated 

as the absolute difference between the observed (DOobs) and predicted (DOpred) dissolved 

oxygen concentrations: 

predobs DODOError −=  (2.4)
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Table 2.1 Parameter Settings for Training and Validation Data 

System 
Parameter

Setting for Training 
Data (275 datapoints)

Setting for Validation 
Data (44 datapoints)

kd (day-1) 0.4 0.4

ka (day-1) 2.0 2.0
t (day) 0, 0.5, …, 5.0 0, 0.5, …, 5.0 
D0 (mg/L) 0.0, 1.0, …, 4.0 0.0, 5.0

L0 (mg/L) 10, 12.5, 15.0, …, 20 5.0, 35.0  

2.4.2 Calibration Procedure 
First, the misspecified model (Eqn. 2.3) was corrected using a calibration 

procedure.  The results from the calibrated model were then used as a basis for evaluating 

the performance of MECP.  Calibration involves a search for an appropriate value for the 

decay parameter kd that minimizes the error between model predictions and the training 

data (Fig. 2.4).  The calibration process is automated using a GA-based search that is 

implemented using the settings in Table 2.2.  

Misspecified
ModelL0, D0, t DobsD’

kdkd

GA-based 
Search

Prediction 
Error

Figure 2.4 Correction of a misspecified model for dissolved oxygen deficit using 

calibration to identify kd. 

2.4.4 Empirical Model Identification 
While empirical models may readily fit a set of data, they typically do not predict 

well the system response outside of the given range of training data.  As empirical model 
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fitting is used in some modeling studies, for comparison purposes, an empirical model 

was identified to describe the synthetic set of observed data as a function of input data.  

This function may be identified using, for example, regression, where a function structure 

is assumed and function parameters are adjusted, artificial neural networks, or a GP-

based search.  As a GP-based search does not require a priori the specific structure of the 

solution, such as a function or a network, it provides a more flexible search procedure 

than regression or a neural network procedure.  Typically, GP and neural networks 

provide similar goodness-of-fit in simulating a data set (i.e. Brameier and Banzhaf, 2001; 

Hong and Bhamidimarri, 2003).  In this study, a GP-based approach (using parameter 

settings given in Table 2.2) is chosen to develop an empirical model to describe the 

dissolved oxygen deficit based on the synthetic data generated using Eqns. 2.1 and 2.3 as 

described in Section 2.4.1 (Fig. 2.5).  The empirical model is constructed to predict Demp 

as a function of the input data (t, D0, and L0) by minimizing the error between function 

output and the training data. 

L0, D0, t DobsDempf(L0, D0, t)

Prediction 
Error

GP-based 
Search

Figure 2.5 Identification of an empirical model as a function of inputs (t, D0, and L0). 

2.4.3 Model Error Correction Procedure 
MECP is used to correct the misspecified model (Eqn. 2.4) by searching for a 

solution that specifies an appropriate value of kd and a function for the error correction 
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component (Fig. 2.6).  Variables that can be used to construct the error correction 

component are real numbers in the range of 0.0-1.0 (R in Table 2.2), D’, t, L0, and D0.  

The other algorithmic parameter settings are shown in Table 2.2.   

Misspecified
ModelL0, D0, t D’

kdkd

Dobs

f(L0, D0, t, D’)

Dcorr

MECP

Prediction 
Error

Figure 2.6 Correction of a misspecified model for dissolved oxygen deficit using MECP 

to identify kd and a function of model input (t, D0, and L0) and model output (D’). 

Table 2.2 Algorithmic Parameter Settings for the Calibration and the Error Correction 

Procedures 

Algorithmic Parameter Calibration MECP
GP-based          

Empirical Model
Representation Real Real and Tree Tree
Population Size 100 3000 3000
Max Number of Generation100 200 200
Crossover 70% 90% 90%
Mutation 1% 10% 10%

Selection Strategy
Binary 
Tournament

Elitist Graduated 
Overselection 
Strategy

Elitist Graduated 
Overselection 
Strategy

Function Set - +, -, *, %, ^, ln, exp +, -, *, %, ^, ln, exp
Terminal Set - R, D0, L0, t, D' R, D0, L0, t  

2.5 Results 
The performances of the three methods, the calibration procedure, empirical 

model fitting, and the model error correction procedure, are first compared based on the 
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prediction of the training data.  For a realistic problem, suitable solutions should also 

possess characteristics that have not been explicitly considered, such as conceptually 

reasonable parameter values and satisfactory predictive capabilities.  In a mechanistic 

model, parameter values represent actual system characteristics and should fall within an 

acceptable range to match existing conditions in the real system.  For the synthetic 

illustrative problem, the true value of kd is known, and an acceptable corrected model 

should include a value for kd that is relatively close to the true value (0.4 day-1).  The 

predictive capability of the corrected model is evaluated using the validation and 

interpolation data sets of system observations. 

As the search procedures (ie., GA and GP) used in this study are probabilistic 

search methods, the results must be evaluated based on random trials.  Calibration, the 

GP-based search for an empirical model, and the model error correction procedures were 

each tested thirty times, using different random seeds, for the Streeter-Phelps problem.  

Each of the thirty calibration trials minimized the training error to the same value.  Fig. 

2.7 compares the histograms of the training error of the solutions found in the thirty 

MECP trials and of the training error for the thirty empirical models found using the GP-

based search.  The performances of MECP and the empirical model are comparable for 

the training data, though the overall training error for MECP was lower.  When 

comparing the performance of the two methods for the validation data, the histograms of 

the thirty trials of MECP and empirical model for the validation data (Fig. 2.8) reveal that 

models corrected using MECP consistently predicted validation data more closely than 

the empirical models. 
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Details of the best model (MECP-1) found in the thirty trials of MECP, the best 

model (EMP-1) found among the thirty empirical models, and the calibrated model, are 

shown in Table 2.3.  The value of kd for the calibrated model is 0.0 day-1, while that 

corresponding to MECP-1 is much closer to the true value of 0.4 day-1 for MECP-1. 

The terms in the equation representing EMP-1 (Table 2.3) correspond loosely to 

the Streeter-Phelps model (Eqn. 2.1).  The sum of the first, third, and fourth terms (0.60,  

( )
t

tL

88.2
74.0ln 0

− , and ttt 74.0

30.0
− ) is approximately equal to the BOD term of the Streeter-Phelps 

equation, while the second term ( ( )
( )t

D

tD ++ 30.060.0
60.0ln

0

0

) approximates the reaeration term.  

EMP-1 seems to have over-fitted the training data, though, as seen by the relatively poor 

predictions for the validation data (Table 2.3). 
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Figure 2.7 Training error for 30 random trials of MECP and GP-based search for 

empirical model. 
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The DO deficit prediction performance of the three models in Table 2.3 for a 

portion of the training data, interpolation data, and validation data, are shown in Figs. 2.9, 

2.10, and 2.11, respectively.  The three figures reveal that calibration of the misspecified 

model does not simulate or predict the system observations well.  For the training and 

interpolation data, MECP-1 and EMP-1 are both able to closely match the system 

observations.  Fig. 2.11 shows that outside of the training data, however, MECP-1 is able 

to predict the system response more closely than EMP-1.   

Figure 2.8 Validation error for 30 random trials of MECP and GP-based search for 

empirical model. 

  

MECP Empirical Model  
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Table 2.3 Model details identified by three procedures.  EMP-1 is best of thirty trials of GP-based search for empirical model.  

MECP-1 is best of thirty trials of MECP. 

 

Procedure Function
Predicted 

value for k d 

(day -1 )*

Training 
Error 

(mg/L)

Validation 
Error 

(mg/L)
Calibrated 
Model - 0.00 3.66 5.83

EMP-1 - 0.31 0.73

MECP-1 0.47 0.11 0.28

( )75.0

75.0088.045.0
0

75.180.0

exp
02.075.004.0'

t
tD
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* True value of kd is 0.4 day-1
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Figure 2.9 Simulation capabilities of MECP-1, empirical model EMP-1, and calibrated 

model for a portion of the training data (a) L  = 20 mg/L, D  = 0 mg/L, (b) L  = 17.5 

mg/L, D  = 3 mg/L, (c) L  = 10 mg/L, D  = 4 mg/L, (d) L  = 15 mg/L, D  = 2 mg/L.     
0 0 0

0 0 0 0 0
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Figure 2.10 Predictive capabilities of MECP-1, empirical model EMP-1, and calibrated 

model for interpolated conditions (a) L0 = 13.9 mg/L, D0 = 0.6 mg/L, (b) L0 = 18.7 mg/L, 

D0 = 1.2 mg/L, (c) L0 = 11.2 mg/L, D0 = 2.4 mg/L, (d) L0 = 14.7 mg/L, D0 = 3.7 mg/L.   
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Figure 2.11 Predictive capabilities of MECP-1, empirical model EMP-1, and calibrated 

model for extrapolated conditions (a) L0 = 5 mg/L, D0 = 0 mg/L, (b) L0 = 5 mg/L, D0 = 5 

mg/L, (c) L0 = 35 mg/L, D0 = 0 mg/L, (d) L0 = 35 mg/L, D0 = 5 mg/L.   

2.6 Final Remarks 
The model error correction procedure is designed to search for parameter values and an 

error correction component to correct the output of a mechanistic model.  Using a 

synthetically generated set of data and misspecified model, the error correction procedure 

is demonstrated to improve the simulation and predictive capabilities of a model better 

than using calibration alone or using an empirical model based on function fitting.  The 

best empirical model identified shows promise by simulating training data fairly closely, 
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and the structure of the empirical model mimics the true Streeter-Phelps model used to 

generate the training data.  The empirical model does not, however, predict the validation 

data as well as MECP.  Typically, empirical models do not predict well outside of 

training data conditions.  MECP takes advantage of the properly specified processes in 

the mechanistic model to predict for new conditions, and identifies a function to represent 

a correction for the misspecified processes.  The model corrected using MECP is not only 

able to simulate training data more accurately, but also captures a trend that is present in 

the training data and predict the system response for extrapolated conditions.  The 

method is sufficiently general to be applied to any mechanistic model. 
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CHAPTER 3: An Evolutionary Algorithm to Generate Alternatives 
(EAGA) for Engineering Optimization Problems 

Abstract. Typically for a real optimization problem, the optimal solution to a 

mathematical model of that real problem may not always be the “best” solution when 

considering unmodeled or unquantified objectives during decision-making.  Formal 

approaches to explore efficiently for good but maximally different alternative solutions 

have been established in the operations research literature, and have been shown to be 

valuable in identifying solutions that perform expectedly well with respect to modeled 

and unmodeled objectives.  While the use of evolutionary algorithms (EAs) to solve real 

engineering optimization problems is becoming increasingly common, systematic 

alternatives generation capabilities are not fully extended for EAs.   This paper presents a 

new EA-based approach to generate alternatives (EAGA), and illustrates its applicability 

via two test problems.  A realistic airline route network design problem was also solved 

and analyzed successfully using EAGA.  EAGA promises to be a flexible procedure for 

exploring alternative solutions that could assist when making decisions for real 

engineering optimization problems riddled with unmodeled or unquantified issues. 

3.1 Introduction 
Evolutionary algorithms (EAs) continue to offer an effective, powerful, and 

sometimes exclusive way to search for solutions to real optimization problems.  Most 

research has been focused on finding efficiently the noninferior set of solutions to a 

multiobjective optimization (MO) problem, and the optimal solution in the case of a 

single-objective (SO) optimization problem.  The development and testing of algorithms 

in these areas have come a long way towards maturity.  While these algorithms can help 

solve a complex optimization problem, whether the results represent the “best” choices 
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for making decisions about a solution to a real problem is questionable. In decision-

making problems that are ill posed, all objectives may not be defined clearly (Liebman, 

1976).  This is a common issue in most public sector problems where the final decisions 

are shaped not just by the quantified objectives, but also by stakeholder preferences and 

social/political objectives that are subjective in nature.  Such subjective considerations 

may not be expressed clearly, and therefore not quantitatively captured in the 

optimization model. 

A few algorithms have been designed to include subjective preferences in 

optimization through human interaction (e.g., Babbar et al., 2004; Bogardi and 

Duckstein, 1992; Parmee and Bonham, 1999) to assist in steering the search.  During the 

iterations of the algorithm, users view the solutions as they are generated and, 

considering quantified and unquantified criteria, guide the search towards promising 

solutions.  The application of such an interactive search approach to public sector 

problems is faced with many challenges.  For example, the interactive approach works 

well when the turn-around time, i.e., time to generate a new solution, is sufficiently short 

such that the thought-process of the human is uninterrupted.  In complex problems, 

typical of many engineering applications, long simulation model run times can render the 

solution turn-around time and interactive steering period excessive.  In addition, as the 

size of the decision vector is characteristically large in most realistic engineering 

problems, the time a human evaluator takes to view and interpret a solution can 

potentially slow the interactive steering process.  This issue will be exacerbated when the 

steering is provided by a group of decision-makers.  Another challenge related to the use 

of an interactive algorithm is that the utility (or preference) function is continually 
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reshaped by the sequence of solutions that a human examines.  Since the solution 

sequence is highly dependent upon initial conditions of the search algorithm, interactive 

steering will represent mostly local preference information.    

When unmodeled objectives exist and cannot be incorporated through human 

interaction, different approaches are needed not only to search the decision space for the 

noninferior set of solutions to the optimization model being solved, but also to explore 

the decision space for alternative solutions. The following interesting and powerful 

observation was reported in (Brill, 1979) about the implications of unmodeled objectives 

on the decision space.  Let the “optimal” solution to an SO model (with a quantified 

single-objective function Z1 that is being maximized) be X* corresponding to the optimal 

objective function value Z1
* (Fig. 3.1).  Suppose Z2 (that is also being maximized) is an 

unmodeled objective, such as social and political acceptability, that is not explicitly 

included in this SO model.  If both Z1 and Z2 objectives were considered simultaneously 

by the decision-maker when selecting the final solution, then, for example, the solution 

XC, belonging to the 2-objective noninferior set, would represent a potential best 

compromise solution.  Although XC may be considered by the decision maker as the best 

compromise solution to the real problem, in Z1 objective space it clearly appears inferior 

to X* (since Z1
C < Z1

*).  This argument can be extended similarly for an MOP model with 

multiple objectives (Brill, 1990).  This observation implies that when unmodeled 

objectives are considered when making decisions, mathematically inferior solutions for 

the modeled optimization problem can potentially be “optimal” for the actual problem.  
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Figure 3.1 Illustration of a two-objective space. 

Given these observations, the search for “good” solutions to a real optimization 

problem with unmodeled objectives should not be focused only on the noninferior set (or 

the optimal solution), but should also explore the inferior region to identify good 

solutions.  As described in (Brill, 1979), the Modeling to Generate Alternatives (MGA) 

approach implements a systematic exploration to generate a small number of alternative 

solutions that are good within the modeled objective space while being maximally 

different in the decision space.  Resulting alternative solutions are likely to provide truly 

different choices, all performing similarly with respect to the modeled objectives but 

differently with respect to unmodeled objectives, enabling exploration of the decision 

space for good solutions while considering unmodeled objectives when making 

decisions.  Several studies (e.g., Chang et al., 1982; Nakamura and Brill, 1977; Brill et 

al., 1982; Baugh et al., 1997; Sprouse and Mendoza, 1990; Brill et al., 1990) report the 

development of an array of MGA procedures and their applications to real problems. 
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The existing MGA approaches and applications are primarily based on 

mathematical programming-based search procedures.  Research on EA-based MGA 

procedures is limited.  As EAs are becoming a common solution approach to real 

problems, which typically consist of unmodeled objectives, more methodological 

development and application and testing of EA-based MGA procedures are needed.    

The focus of this paper is to present a new EA-based approach for generating 

good alternative solutions.  After describing the new algorithm, results are presented for 

two test problems.  The new algorithm is then applied to a realistic airline routing 

optimization problem that has several unmodeled decision criteria.  Alternative solutions 

are compared and discussed in the context of selected unmodeled objectives. 

3.2 Methodologies for Generating Alternatives  

3.2.1 Foundation for Modeling to Generate Alternatives 
The following is a formal definition of modeling to generate alternatives as 

provided in (Brill, 1979).  Let the modeled optimization problem be represented as: 

Minimize      Z = f(X)  (3.1)

Subject to     gi(X) < bi   ∀ i = 1, …, M  (3.2)

where f(X) is the modeled objective function, Eqn. 3.2 represents the constraints, X (={xj, 

j=1, …,N}) is the decision vector, N is the number of decision variables, and M is the 

number of constraints.  Suppose that the optimal solution to the above model is X* with 

an objective function value of Z*.   To generate an alternative solution that is maximally 

different from X*, the following model is solved: 

Maximize      D = Σj | xj – xj
* | (3.3)

Subject to     gi(X) < bi   ∀ i = 1, …, M  (3.4)
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  f(X) < T(Z*)  (3.5)

where D is a difference function, and T is a target that is specified in relation to the 

optimal function value Z*.  T represents how much of the inferior region is to be explored 

for alternative solutions.  For example, if the original objective is to minimize cost and 

the least cost is $1 M, then the target could be set at $1.1 M, allowing for solutions that 

are no more than 10% over the optimal solution.  To generate additional alternatives, the 

difference function D is modified such that the new solution being sought is maximally 

different from all previous solutions, while Eqns. 3.4 and 3.5 remain unchanged.  The 

search for alternatives stops when either no new alternative solution is found or a 

sufficient number of alternatives are generated. 

A number of different approaches, all based on mathematical programming-based 

search methods (including linear programming, nonlinear programming, integer/binary 

programming, and dynamic programming), for generating a sequence of alternative 

solutions is described in (Chang et al., 1982), (Nakamura and Brill, 1977), and (Brill et 

al., 1982). 

3.2.2 EA-based Search Approaches for Alternatives Generation  
A direct approach to generate alternatives using EAs is to solve iteratively the 

model defined by Eqns. 3.3-3.5 by incrementally updating the difference function D 

when a new alternative is found.  While this is a simple approach, it requires repeated 

execution of the EA, which could be computationally intensive.  An engineering 

application using this approach with a genetic algorithm (GA) is described in (Harrell, 

2001).   
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More elegant procedures that exploit the EA’s ability to represent multiple 

different solutions simultaneously will likely be more efficient.  One potential approach 

utilizes the niching operator (Mahfoud, 1995) through fitness sharing in decision space to 

generate a number of alternatives (Loughlin et al., 2001).  By adjusting the sharing 

distance parameter or the niche count, the niche size and therefore the number of niches 

(or alternative solutions) can be changed.  Although this requires setting of additional 

parameter values, multiple solutions can be represented in the population and a set of 

good solutions can be identified simultaneously.  The drawback, however, is that during 

the search the alternative solutions are not ensured to be as far apart from each other as 

possible in the decision space, a primary goal of generating a small set of relatively good 

but maximally different solutions.  To overcome this shortcoming, (Loughlin et al., 2001) 

suggests a post-screening step to select from among the different niches a few 

alternatives that are maximally different with respect to some difference measure.    

A GA-based procedure (GAMGA – Genetic Algorithms for Modeling to Generate 

Alternatives) presented in (Loughlin et al., 2001) sorts the population after each 

generation according to a difference measure, and a small set of the most different 

solutions are placed strategically in the solution vector.  Using fitness sharing, niches are 

formed around these selected solutions, and restrictive mating is imposed to minimize 

migration of a solution from one niche to another.  While this approach shows promising 

results, several additional parameters (including a niching parameter) and algorithmic 

steps require careful setting.  For example, to place the different solutions strategically in 

the decision vector for a larger number of alternatives, appropriate changes and some 

tuning would be needed. 
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A new EA-based approach for generating alternatives, as described below, 

attempts to overcome the existing shortcomings and provide a generic and flexible 

procedure with several added advantages. 

3.3 An Evolutionary Algorithm to Generate Alternatives (EAGA) 
EAGA, which is designed to generate a small number of good but maximally 

different alternatives, is built upon the basic concepts of co-evolution.  In this new 

algorithm, subpopulations collectively search for different alternative solutions.  Each 

solution is represented by one subpopulation that undergoes an evolutionary search 

procedure.  This search can be structured based on any standard evolutionary search 

procedure with the appropriate encoding and operators that best suit the problem being 

solved.  The survival of solutions in each subpopulation depends upon how well the 

solutions perform with respect to the modeled objective(s) as well as upon how far they 

are from the other solutions in decision space.  Thus, the evolution of solutions in a 

subpopulation is influenced by those in the other subpopulations, forcing migration of 

each subpopulation towards good but distant regions of the decision space.  This enables 

the design of an explicit algorithm to search for a set of good solutions that are maximally 

different from each other. 

While EAGA is applicable to higher dimensional (multiobjective) optimization 

problems, this algorithm is described here for generating maximally different alternative 

solutions specifically to single-objective optimization problems. The man steps of the 

algorithm are described below. 

Step 1. Initialization – create an initial population with P subpopulations (each with a 

population size of K), where P is the number of alternative solutions being sought.  A 
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value for P is typically assigned by the user or the decision-maker.  Let SPp (p=1, …,P) 

represent the index for subpopulation p.  The first subpopulation (SP1) is dedicated to the 

search for the optimal solution to the modeled problem, and this solution will serve as the 

benchmark for setting the relaxation constraint Eqn. 3.5, which is also specified by the 

user.   

Step 2. In SP1, evaluate and identify the best solution with respect to the modeled 

objective.   

Step 3. In SPp, p=2, …, P, evaluate all solutions with respect to the modeled objective.  

Solutions that meet the target constraint Eqn. 3.5 are assigned a “feasible” flag, and the 

others an “infeasible” flag.  

Step 4.  Apply an elitism operator to all subpopulations SPp to preserve the best 

individual in each subpopulation.  In SP1, the best individual is defined as the solution 

that performs best with respect to the modeled objective.  In SPp, p=2, …, P, the best 

individual will be a feasible solution that is located most distantly in decision space from 

the other subpopulations.  The distance measure that is used to identify the most distant 

individual in a subpopulation is defined in Step 7.  If all solutions in a subpopulation are 

infeasible, then the best individual is the solution that performs best with respect to the 

modeled objective.

Step 5.  Check for termination criteria.  Stop the algorithm if termination criteria (e.g., a 

maximum number of iterations) are met.  Otherwise, go to Step 6. 

Step 6. For each SPp, identify the centroid in decision space.  The centroid may be 

defined as the simple average, { ci
p = (1/K) Σk xi

k,p ; i=1, …,N }, where ci
p is the centroid 

location of decision variable i in subpopulation p, xi
k,p is the decision variable i of 
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solution k in subpopulation p, and N is the number of decision variables.  Alternatively, 

the centroid may be defined as a fitness-weighted average { ci
p = (1/K) Σk Fk,p

 xi
k,p ; i=1, 

…,N }, where Fk,p is the fitness of solution k in subpopulation p. 

Step 7. For each solution k in subpopulation SPq (q≠1), calculate a distance measure Dk,q 

in the decision space between that solution and other subpopulations.  A simple distance 

measure is Dk,q =  Min { Σi |xi
k,q – ci

p| ; p=1,...,P, p≠q}.  This distance represents the 

minimum distance between solution k in subpopulation q and the centroids of all other 

subpopulations.  

Step 8. In each subpopulation SPp, apply binary tournament selection.  In SP1, the 

selection is based on how good the solution is with respect to the modeled objective(s).  

In SPp, p≠1, the selection is based on the fitness of the solution with respect to the 

modeled objective(s) (i.e., meeting constraint Eqn. 3.5) as well as its distance from other 

subpopulations (Dk,p).  In the binary tournament, when both solutions are feasible with 

respect to the relaxation target constraint Eqn. 3.5, the one with the better objective 

function value is selected.  In all other cases, the selection criterion is applied adaptively 

depending on feasibility characteristics of each subpopulation.  If the majority of the 

solutions in that subpopulation are infeasible with respect to the relaxation target, then the 

selection is based on the objective function value.  Otherwise, the selection is based on 

the distance measure Dk,p.   

Step 9. In each subpopulation, apply recombination operators to the solutions selected in 

Step 8, and repeat Step 2.  
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3.4 One-Dimensional Test Problem 
The first test problem maximizes a one-dimensional, sinusoidal function with five 

peaks (Eqn. 3.6, Fig 3.2).  This function was adapted from a function that has been 

acknowledged as a preliminary benchmark for niching GA’s (Mahfoud, 1995).   

y(x) = (0.5(x – 0.55)2 + 0.9)sin6(5πx)  (3.6)

The optimal solution to this simple problem is A (at x=0.1) with a function value of 1.  

The maximally different (i.e., farthest in decision space) alternative solution that is within 

a 20% relaxation target (i.e., y(x) > 0.8 is point B (Fig 3.2)).  B and C (at x=0.51) 

collectively represent the most different set of two alternatives.  
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Figure 3.2 Objective and decision space for the one-dimensional test problem.  A, B, and 

C represent the set of three maximally different alternative solutions for a 20% relaxation 

target.  Points represent solutions obtained using EAGA for thirty random trials. 

EAGA was first run with two subpopulations, which successfully converged to A 

and C.   When it was run with three subpopulations, the subpopulations converged 
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successfully to the best set of alternatives, A, B, and C.  The parameter settings for 

EAGA are listed in Table 3.1.  To examine the sensitivity of the convergence of the 

algorithm, thirty random trials of the three-subpopulation case were conducted.  All 

solutions are plotted in Fig. 3.2.  While convergence to A and C is consistent, a slight 

variation in convergence to B is observed.      

Table 3.1 EAGA parameter settings for the test problems and the airline problem. 

Parameter Test Problems Airline Problem
Population Size 100 100
Number of Generations 100 100
Crossover 60% 40%
Mutation 5% 5%
Decision Variable Representation Real Integer  

3.5 Two-Dimensional Test Problem 
A two-dimensional multi-modal test problem (Loughlin et al., 2001) maximizes 

the following function: 

F(x,y) = sin(19πx) + x/1.7 + sin(19πy) +  y/1.7 +2  (3.7) 

The objective and decision spaces are shown in Fig. 3.3. The objective landscape has 100 

peaks, increasing in height from one corner (0,0) to the opposite corner (1,1).  The 

highest peak is indicated by A (f(x,y) = 5.146. x = 0.974, y = 0.974).  Considering a 

relaxation of 12%, the target relaxation constraint Eqn. 3.5 is F(x,y) > 4.528 (i.e., 12% 

less than the optimal value 5.146).  Fig 3.3 also shows projections (on the x-y plane) of 

the feasible search space meeting this relaxation constraint.  Fig 3.4 shows the decision 

space and the best set of four alternative solutions.  A (0.974, 0.974) is the global 

optimum.  This point as well as B (0.021, 0.974), C (0.974, 0.021), and D (0.443, 0.549) 

(or E (0.549, 0.443)) collectively represent the set of four solutions that are maximally 

different (i.e., farthest from each other) in the x-y decision space.  The definition of 
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difference for a set of four solutions has been defined as the average distance between 

each pair of solutions in the set based on the Euclidean distance in decision space.  

EAGA was set up with four subpopulations (with parameter settings as shown in Table 

3.1).  The best solution from each subpopulation produced the set of points A, B, C, and 

D, the best set of four solutions to this problem. The progression of the subpopulations in 

the decision space is plotted in Fig. 3.5.  The first subpopulation converges fairly early to 

the highest peak, A.  As this subpopulation finds its place in the decision space, the others 

move away from it as well as away from each other.  While the third and the fourth 

subpopulations migrate towards B and C, the second subpopulation converges slowly, 

and relatively weakly, which may be due to the presence of two equally good and 

different solutions (D and E).    

Solutions to this multidimensional problem were reported in (Loughlin et al., 

2001).  This included results obtained using GAMGA (Loughlin et al., 2001) and a 

niching with post-screening approach.  The results based on multiple random trials are 

summarized in Fig. 3.6, which compares the difference for a set of four alternative 

solutions obtained by each approach.  A higher value for difference measure indicates 

better performance.  The vertical bar for each point in this graph represents the range 

obtained from 100 random trials.  In comparison with the other two approaches, the 

results obtained using EAGA appear to perform better with respect to finding more 

different alternative solutions.  Also, the results highlight the relatively more robust 

behavior of EAGA. 
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A

f(x,y)

Figure 3.3  Objective landscape of the two-dimensional test function, with feasible 

regions at F(x,y) > 4.528 projected onto the x-y plane. 
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Figure 3.4 Decision space at 12% relaxation for the two-dimensional test problem.   The 

circles surround the disjointed feasible regions.  A is the global optimum and B, C, and 

either D or E represent the maximally different set of four solutions (i.e., farthest from 

each other). 
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3.6 Application to an Airline Route Network Design Problem 
A realistic airline route network design problem, which was reported in (Brill et 

al., 1990), is used to test and demonstrate the application of EAGA.  The design goal is to 

find a cost-effective set of airline routes connecting eight cities as shown in Fig. 3.6: 

Atlanta (ATL), Baltimore (BAL), Boston (BOS), Chicago (CHI), Cincinnati (CIN), 

Cleveland (CLE), Dallas Fort Worth (DFW), and Houston (HOU).  The demands for 

travel between pairs of cities are shown in Table 3.2.  The cost of a link, or a flight path, 

between two cities includes an initial cost of set up ($6M per link) and a unit cost per 

passenger trip as shown in Table 3.3.  The solution space represents combinations of 

links between pairs of cities.  Each combination results in a unique set of flight paths 
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connecting every pair of cities.  Some pairs of cities may be connected directly, while 

some others may be connected with multiple legs via other cities. 

 

Figure 3.7 Airline network of eight cities. 

This combinatorial search problem was modeled as a binary linear programming 

(BLP) model, as shown below, and solved using a branch-and-bound algorithm (Brill et 

al., 1990).   

Minimize      ΣiΣj>i [ cij (Σk ≠ j Xijk + Σk ≠ i Xjik ) + fijdij ]  (3.8) 

Subject to     Σj ≠ i Xjik − Σj ≠ i,k Xijk = Dij     ∀ i, k ≠ i (3.9) 

  Xijk ≥ 0       ∀ i, j ≠ i, k ≠ i (3.10) 

  dij ∈{ 0,1 }     ∀ i, j ≠ i, k ≠ i (3.11) 

where 

Xijk = the number of passenger trips in the link connecting cities i and j which originated 

in city k. 
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dij  = a Boolean variable, equals 1 if the link connecting cities i and j is open and 0 

otherwise 

cij = incremental cost per single passenger between cities i and j 

fij = fixed cost of opening the link between cities i and j 

Dij = estimated passenger-trips per year between cities i and j 

The objective function (Eqn. 3.8) represents the total cost of the network and the 

constraint set in Eqn. 3.9 represents the flow balance in the network.   

Table 3.2 Demand in passenger-trips per year 

 ATL BAL BOS CHI CIN CLE DFW HOU 
ATL - 6480 7640 20060 4690 6200 11700 7260 
BAL 6480 - 13010 13710 3330 5580 3880 4200 
BOS 7640 13010 - 35170 5960 14130 5960 4250 
CHI 20060 13710 35170 - 19110 35150 21440 15840 
CIN 4690 3330 5960 19110 - 7290 3110 1920 
CLE 6200 5580 14130 35150 7290 - 5030 3550 
DFW 11700 3880 5960 21440 3110 5030 - 34290 
HOU 7260 4200 4250 15840 1920 3550 34290 - 

Table 3.3 Incremental cost in $/passenger-trip per year 

 ATL BAL BOS CHI CIN CLE DFW HOU 
ATL - 57.7 94.65 59.76 37.38 55.98 70.9 69.52 
BAL 57.7 - 36.95 61.3 42.91 31.29 119.65 124.2 
BOS 94.65 36.95 - 85.83 74.96 55.61 154.13 160.32 
CHI 59.76 61.3 85.83 - 25.5 31.13 79.01 93.22 
CIN 37.38 42.91 74.96 25.5 - 22.59 79.42 87.96 
CLE 55.98 31.29 55.61 31.13 22.59 - 100.97 110.46 
DFW 70.9 119.65 154.13 79.01 79.42 100.97 - 22.14 
HOU 69.52 124.2 160.32 93.22 87.96 110.46 22.14 - 

 

While cost was the primary modeled objective, several unmodeled objectives 

(e.g., inconvenience due to multiple legs, potential delays due to over congestion at a city 

that serves as a hub, robustness of the network under weather-related closures, etc.) were 

identified for consideration in (Brill et al., 1990).  The study examined what maximally 
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different alternative solutions can be found in a slightly inferior region if the airline were 

to spend a small percentage (10%) over the least cost, and how these different solutions 

perform with respect to the many unmodeled but important decision criteria.  

This problem was solved using EAGA to identify the least-cost solution and a set 

of three alternatives that are maximally different from the least-cost and each other.  

These solutions are then compared with respect to the following unmodeled objectives: 

convenience related to direct vs. multi-leg flights, and potential for delays. 

3.6.1 Surrogates for Unmodeled Objectives 
To enable a quantitative comparison of the alternative solutions with respect to 

these unmodeled objectives, the following surrogates, identified by (Brill et al., 1990), 

are used in this study.  The total number of stop-overs is used to represent the level of 

inconvenience caused by flights that are not direct.  The total number of passenger-trips 

handled at each city is used to denote the level of congestion and therefore potential 

delays that may arise due to unexpected airport closures.  While these quantitative 

surrogates could have been modeled explicitly within the optimization model as a 

multiobjective problem, they are considered here as unmodeled issues for illustrative 

purposes.  As there exist several other truly unquantifiable design criteria, the general 

approach for examining alternative solutions in consideration of unmodeled objectives 

would follow the illustration presented here.   

3.6.2 Results and Discussion 
EAGA was constructed with four subpopulations to find the least-cost network 

and three maximally different alternative networks that do not exceed 10% over the least 

cost.  The EAGA algorithmic parameter settings used for this problem are listed in Table 
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3.1.  The resulting set of networks is given in Fig. 3.8, which also shows the cost and 

number of stop-overs for each alternative network. The thickness of the links in each 

network is drawn proportional to the total number of passenger trips in that link.  

Several interesting observations can be made about these alternative networks.  While the 

costs are relatively similar, the presence of a loop in Alternative Network 3 provides 

more redundancy compared to the other networks.  Also, it has relatively higher number 

of flights with no more than one stop-over.  Alternative Network 1 has relatively more 

even-allocation of trips on all links, potentially avoiding catastrophic failure if one link 

were to be closed.  The primary links in the Least-Cost Network and Alternative 

Networks 1 and 2 are different (e.g. CHI in the Least-Cost Network and CIN in 

Alternative Network 2).   
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Figure 3.8 Four alternative networks generated by EAGA. 

Depending on unmodeled decision criteria, such as tax benefits or weather 

problems, regarding city choices for hubs, the different alternatives may appear relatively 

more attractive when making a decision.  The amount of traffic through each airport for 

each alternative is shown in Fig. 3.9, which enables additional examination of the 

differences and similarities among alternatives.  For example, the traffic through Chicago 

is similar between the Least-Cost Network and Alternative Network 2, but the difference 

between these two networks can be seen in the number of passenger-trips through 
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Cincinnati and Cleveland.  Examining these alternatives during decision-making co

potentially be useful in understanding how much flexibility there is in finding solutions 

this problem.  Given the cost relaxation of 10%, the location of the hub varies between 

three cities, Chicago, Cincinnati, and Cleveland.  A tighter cost constraint of 5% allows 

smaller variation in the alternatives (Fig. 3.10) where the same three cities interchange as 

hubs, and the amount of traffic through these cities varies to a smaller degree compared 

to that for the least-cost solution.  Such analyses help explore solution flexibility, thus the

ability to accommodate unmodeled issues, as the degree of cost relaxation is increased. 
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relaxation. 

3.7 Final Remarks 
A extends the powerful alternatives generation procedures that are 

algorithm

s 

l 

The new method EAG

established in the mathematical programming literature to an evolutionary search 

framework.  By enabling EAs to search systematically in regions of the objective space 

close to the optimal solution for alternative solutions that are maximally different in the 

decision space, their value in offering good solutions to real problems is enhanced. 

Testing of EAGA using two test problems illustrated the workings of the 

.  The results indicate that EAGA is able to identify alternatives as the 

algorithm intended. The performance of EAGA was consistent over a range of setting

for target relaxation and the number of alternative solutions.  This was tested for severa

random seeds to establish robustness of the algorithm. EAGA has also been successfully 

applied to an airline network optimization problem.  A set of good and different 
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alternatives was produced that compare well with published results.  It effectively 

provides options for consideration of unmodeled issues and problem-specific insights. 

Results indicate that EAGA performs well and shows promise for application to a 

wide range of real world optimization problems.  The ability to assist in decision-making 

for problems involving unmodeled objectives makes EAGA applicable to public sector 

problems, which often include many unmodeled and unquantified objectives.  Further, 

EAGA can be coupled with interactive search procedures (e.g., Boagardi and Duckstein, 

1992; Parmee and Bonham, 1999) for effective use in solving public sector problems.  

Through the use of EAGA, a small number of maximally different solutions can be 

presented to the decision-makers for interactive steering.  As decision-makers develop 

insights about the bounds of the decision space and the flexibility in solution 

characteristics, the objectives, objective weights and decision variable bounds could be 

redefined, as suggested in (Parmee and Bonham, 1999).  This coupled approach could 

improve the exploration of decision space and foster creativity during the decision-

making process.  

EAGA is currently being applied to several water resources and environmental 

management problems related to wastewater treatment network design and watershed 

management.  Based on preliminary results, analysis of the alternatives found by EAGA 

provides useful insight to the problem characteristics and decision flexibility.  
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CHAPTER 4: Generating Alternatives using Evolutionary 
Algorithms for Water Resources and Environmental 
Management Problems 

Abstract.  Contemporary heuristic search procedures (e.g., evolutionary algorithms 

(EAs)) continue to offer increased capabilities for systematic search for a range of water 

resources and environmental management problems.  These problems are often riddled, 

however, with numerous unquantifiable issues that are important when making decisions, 

but escape being incorporated in the system model.  The mathematically optimal solution 

to such an incompletely defined model may be found ineffective for the real problem.  

Optimization procedures will still be made useful if they can be utilized effectively to 

generate, in addition to the optimal solution, a small number of different alternatives that 

are near optimal.  Alternatives with maximal differences in the decision variable values 

are expected to perform differently with respect to the unmodeled issues, providing 

valuable choices when making decisions.  Although successful alternatives generation 

procedures have been reported for mathematical programming-based search procedures, 

they are yet to be explored fully for EAs.  This paper describes a new EA-based 

alternatives generation procedure (Evolutionary Algorithm to Generate Alternatives, 

EAGA), and demonstrates its application to a previously published regional wastewater 

treatment optimization problem.  Comparisons of results indicate that EAGA works 

effectively in generating good alternative solutions that perform differently with respect 

to several unmodeled issues.  EAGA is sufficiently flexible to be applied to a wide range 

of water resources and environmental management problems.  Further, EAGA can be 

applied to any problem that is set up to be solved using an evolutionary algorithm. 
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4.1 Introduction 
A key step in identifying management strategies for water resources and 

environmental systems involves determining an efficient set of design decisions to meet 

system objectives, such as environmental quality, cost, and equity, and associated 

constraints.  As resources become increasingly limited, management strategies must 

define the best solutions to achieve the design goals by optimally utilizing available 

resources.  An effective approach used to identify the best solution is to couple a 

systematic search procedure with an appropriate system simulation model.  Although 

mathematical programming techniques such as mixed integer linear programming, 

nonlinear programming, and dynamic programming, have been applied to numerous real-

world environmental and water resources design optimization problems (Revelle, 2000), 

their use may be limited when complexities, such as non-linearity, discreteness, and 

discontinuity are present in the system.  Enumerative methods are not always practical for 

problems involving a large number of design options and decision variables.  Heuristic 

methods, such as evolutionary algorithms (EAs), are able to incorporate complex 

simulation models and conduct a global search relatively efficiently.  EAs continue to be 

an attractive choice for identifying efficient management strategies for a broad range of 

water resources and environmental engineering problems. 

Real-world problems challenge the use of systematic search techniques when all 

design objectives cannot be captured mathematically in the system model.  Some 

objectives are subjective in nature or inexpressible, such as the preferences of 

stakeholders and decision-makers, thus limiting a quantitative representation.  While 

deliberating alternative solutions, decision-makers often consider, however, such 

objectives that are not quantitatively embodied in the system model.  Thus, the best 
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management strategy found by solving an incomplete system model will likely not be 

optimum for the real problem.  Public sector problems are often ill-posed, and therefore 

pose such a challenge when using formal optimization approaches for identifying good 

solutions (Liebman, 1976).   

Several algorithms have been designed to solve ill-posed public sector and 

engineering design problems by incorporating subjective preferences through interactive 

procedures (Babbar et al., 2004; Bogardi and Duckstein, 1992; Parmee and Bonham, 

1999).  In general, such algorithms periodically identify intermediate solutions for a 

decision-maker to view and assess their quality, potentially enabling the consideration of 

subjective criteria in guiding the search.  This approach poses several challenges when 

applied to public sector decision-making problems. Typically these decisions are shaped 

through lengthy feedback processes involving multiple meetings of stakeholder groups 

that represent preferences of a large and diverse mix of people. Further, solutions to such 

complex problems involve a large number of decision variables, rendering a meaningful 

examination and evaluation of a solution by human decision-makers highly time-

consuming. Thus interactive human feedback may not be efficient to guide the search for 

optimal solutions to complex public sector problems.  Instead, generating a priori and 

presenting a small set of different alternatives during stakeholder deliberations would 

potentially be beneficial in arriving at a compromise solution through group evaluations. 

Brill (1979) described an alternative modeling approach to support the solution of 

optimization problems with unmodeled subjective decision criteria.  In this approach, the 

search for a good strategy is not limited to optimal design choices with respect to the 

modeled problem, but explores near-optimal alternative solutions.  Alternative solutions 
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should be good with respect to the modeled issues and also employ maximally different 

design choices, allowing decision-makers to choose from a diverse set of options and 

gain insight to the characteristics of feasible decisions when attempting to meet 

unmodeled objectives.  The Modeling to Generate Alternatives (MGA) paradigm (Brill 

1979; Brill et al., 1990) offers a quantitative approach to search systematically for a small 

set of alternatives that are maximally different from each other in the decision space, and 

perform relatively well with respect to the modeled objectives.  MGA methods based on 

mathematical programming procedures have been demonstrated for several engineering 

applications (e.g., Brill et al., 1982; Sprouse and Mendoza, 1990; Brill et al., 1990; 

Nakamura and Brill 1977). 

Constructing EA-based search procedures with alternative generation capabilities 

is important for solving ill-posed real-world problems that defy solution using traditional 

optimization techniques.  Clustering (Harik, 1995; Roy and Parmee, 1996) and niching 

methods (Mahfoud, 1995) can be applied in conjunction with EAs to identify a set of sub-

optima in a multi-modal fitness landscape.  These algorithms identify nearly optimal 

areas in decision space, but are not intended to search for maximally different solutions.  

Loughlin et al. (2001) demonstrated that while a niching approach was able to identify 

alternative solutions, the differences in the decision space among the solutions were not 

as maximally different as those of solutions obtained using an MGA-based search using a 

genetic algorithm.  To identify maximally different solutions for ill-posed problems, the 

MGA paradigm should be embedded into an EA-based search.  Harrell (2001) presented 

an iterative EA-based approach that generated one alternative at a time.  As each iteration 

requires a complete execution of the EA, this approach is, in general, computationally 
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expensive.  GAMGA (Genetic Algorithm for Modeling to Generate Alternatives) 

searches for alternatives through the use of restricted mating.  GAMGA requires tuning, 

however, of several additional algorithmic parameters.  These shortcomings were 

addressed in the Evolutionary Algorithm to Generate Alternatives (EAGA) that was 

presented by Zechman and Ranjithan (2004).   

This paper describes and illustrates the primary steps of EAGA.  Application of 

EAGA is demonstrated for a regional wastewater treatment network planning problem, 

and the results are compared with those reported in the literature (Nakamura and Brill, 

1977; Chang et al., 1982).  Exploration of variations and extensions of EAGA are also 

described and demonstrated for the regional planning problem. 

4.2 Mathematical Basis for Alternative Generation 
The MGA approach as described by Brill (1979) is formulated mathematically as 

follows.  Let an original optimization problem be defined, without loss of generality, as: 

Minimize      Z = f(X)  (4.1) 

Subject to     gi(X) < bi    i = 1, …, M  (4.2) 

where f(X) is the modeled objective function and Eqn. 4.2 represents the set of 

constraints.  X = {xj} is the vector of decision variables and M is the number of 

constraints.  Let the optimal solution to the above model be X0 with the optimal objective 

function value of Z0.  An alternative near-optimal solution, X1, that is maximally different 

from X0 can be generated by solving the following model: 

Maximize      ∑ −=
j

jj xxD 01  (4.3) 

Subject to     gi(X) < bi    i = 1, …, M  (4.4) 
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f(X1) < T(Z0)  (4.5) 

where D is a difference function that represents a distance measure (in this case shown in 

 norm) between X1L 0 and X1in decision space, and T is a target that is specified in relation 

to the optimal function value Z0.  For example, if the original objective is to minimize 

cost and the least cost is $2 M, then a decision-maker could set the target at $2.2 M to 

search for alternative solutions that are within 10% of the optimal solution. 

To generate a second alternative solution, X2, the difference function D is updated 

to include the distance between the new alternative and the previously generated 

solutions X0 and X1.  The function D can be updated either by aggregating the distances 

(e.g., ∑∑ −+−=
j

jj
j

jj xxxxD 0212 , using the  norm) or by assigning the distance to 

the closest alternative (e.g., 

1L

⎭
⎬
⎫

⎩
⎨
⎧

−−= ∑∑
j

jj
j

jj xxxxD 0212 ,min , using the norm). ∞− L

In general, to generate the kth alternative solution, the distance between alternative 

solution Xk and all previous alternative solutions can be defined in  norm as 1L

∑∑
−

=

−=
1

0

k

b j

b
j

k
j xxD  (4.6) 

or in  norm as ∞− L

⎭
⎬
⎫

⎩
⎨
⎧

−= ∑−≤≤ j

b
j

k
jkb

xxD
10

min   (4.7) 

By solving the model represented by Eqns. 4.3-4.5 with the appropriate difference 

function D, the kth alternative solution can be found.  This is repeated until the desired 

number of alternative solutions is generated or there is no discernible improvement in the 
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difference value.  In all cases presented in this paper, the difference is defined using the 

 norm.   ∞− L

While this model can be solved repeatedly by an EA-based search procedure, EAs 

can be specifically structured to search concurrently for the set of alternative solutions in 

a single execution of the algorithm.  A concurrent search also enables another definition 

of the difference function D.  The definitions of D in Eqns. 4.6 and 4.7 imply sequential 

generation of alternatives, i.e., the first alternative is as different as possible from the 

optimal solution, the second alternative solution is as different as possible from the first 

alternative and the optimal solution, etc.  Alternatively, a simultaneous difference 

function can be defined to ensure each solution is maximally distant in the decision space 

from all other alternative solutions.  For example, such simultaneous generation can be 

achieved by defining the difference function D for the kth alternative solution based on 

the  norm as  1L

∑ ∑
−

≠=

−=
1

,0

n

kbb j

b
j

k
j xxD  (4.8) 

 

or based on the  norm as ∞− L

⎭
⎬
⎫

⎩
⎨
⎧

−= ∑≠−≤≤ j

b
j

k
jkbnb

xxD
,10

min   (4.9) 

where Xb = {xj
b}is the solution b, Xk = {xj

k}is the solution k, X0 ={xj
0} is the optimal 

solution, and n is the total number of alternative solutions (including the optimal solution) 

being sought.
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The following section describes an EA-based search procedure to concurrently 

generate alternatives.  This procedure can identify alternatives that are either sequentially 

different or simultaneously different. 

4.3 An Evolutionary Algorithm to Generate Alternatives (EAGA) 

4.3.1 Algorithm Development 
Evolutionary algorithms are heuristic search methods that operate on a population 

of solutions to find the best solution to an optimization problem by imitating the 

mechanisms of natural selection.  Specialized mechanisms (namely, selection, and 

crossover) are employed to combine the characteristics of relatively better solutions to 

generate newer and expectedly improved solutions.  Better solutions are identified based 

on a fitness metric that represents how well a solution meets the modeled objectives and 

constraints.   A mutation operation is applied to randomly alter a small percentage of the 

population to explore new solutions.  These operators are applied iteratively until the 

population converges to a good solution for the modeled problem (Eqns. 4.1-4.2).   

The evolutionary algorithm to generate alternatives (EAGA) is designed to extend 

an EA to generate concurrently a set of alternative solutions to the modeled optimization 

problem.  Using several subpopulations, EAGA searches for a set of “good” alternative 

solutions.  One subpopulation (referred to as the primary subpopulation) searches for the 

optimal solution to the original problem (Eqns. 4.1-4.2), while the other subpopulations 

(referred to as the secondary subpopulations) are structured to identify alternative 

solutions that meet the constraints (Eqns. 4.4-4.5) and maximize the difference in 

decision space among all solutions.  A relative difference measure for a solution in any 

one of the secondary subpopulations is characterized by the distance in decision space 

between that solution and the centroids of the other subpopulations.  The main steps of 
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the EAGA in the context of a genetic algorithm (GA) are presented below.  Additional 

procedural details and results for test problems are described by Zechman and Ranjithan 

(2004). 

Step 1. Initialization – create an initial random population that is distributed uniformly 

into a selected number of subpopulations.  This number is equal to the number of 

alternatives sought and is typically assigned by the user or the decision-maker.  The first 

subpopulation (i.e., the primary subpopulation) is dedicated to the search for the optimal 

solution to the modeled problem, and this solution will serve as the benchmark for setting 

the relaxation constraint Eqn. 4.5, which is also specified by the user. 

Step 2. In the primary subpopulation, evaluate and identify the current best solution with 

respect to the modeled problem (Eqns. 4.1-4.2). 

Step 3. In the secondary subpopulations, evaluate all solutions with respect to the 

modeled objective and tag them as feasible (or infeasible) if they meet (or do not meet) 

the target constraint Eqn. 4.5, defined based on the best solution from Step 2. 

Step 4.  Identify the best solutions in each of the secondary subpopulations and ensure 

that each one is carried to the next generation unchanged (elitism operator).  The best 

solution in each secondary subpopulation is defined as the feasible solution with the 

largest distance measure. 

Step 5.  Check for termination criteria (e.g., a maximum number of iterations).  Stop the 

algorithm if termination criteria are met.  Otherwise, go to Step 6. 

Step 6.  For each subpopulation, identify the centroid in decision space.  The centroid of 

a subpopulation may be defined as the simple average or fitness-weighted average of all 

decision vectors in that subpopulation. 
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Step 7. For each solution in the secondary subpopulations, calculate the distance in the 

decision space between that solution and the centroid of other subpopulations.  The 

difference function D can be defined to identify either sequentially different alternatives 

using Eqn. 4.6 or 4.7, or simultaneously different alternatives using Eqn. 4.8 or 4.9, as 

described in Section 2.  This implementation used the distance (defined using the  

norm) between one solution in a subpopulation and the centroids of all other 

subpopulations.   

∞− L

Step 8. In each subpopulation, apply binary tournament selection.  In the primary 

subpopulation, the selection is based on how good a solution is with respect to the 

modeled objectives.  In the secondary subpopulations, the selection is based on the 

goodness of the solution with respect to the modeled objectives as well as its distance 

from other subpopulations. 

Step 9. In each subpopulation, combine and mix decision characteristics of individual 

solutions (through a crossover operator), and randomly change the decision 

characteristics at a low probability (through a mutation operator), and go to Step 2. 

4.4 Illustrative Application  
The following one-dimensional unconstrained function maximization problem is 

used to demonstrate EAGA.   

y(x) = (0.5(x – 0.55)2 + 0.9)sin6(5πx) (4.10) 

The test function is a multi-modal succession of decreasing and increasing peaks (Fig. 

4.1), where the x-axis corresponds to the decision space, and the y-axis, the objective 

space.  The optimal solution is located at point A where x = 0.1 and y(0.1) = 1.0.  The two 

most different alternatives that are within a target objective value of 0.8 (i.e., y(x) > 0.8,  
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a 20% relaxation target corresponding to constraint Eqn. 4.5) are points B and C, which 

are located most distantly from each other and point A. 

0

1

0 1
x

y

A

BC
Target Objective = 0.80

0.82
2

0.410.41

 

Figure 4.1 The optimal solution (A) and the two most different alternative solutions (B 

and C) for the one-dimensional test problem (Eqn. 4.10) 

EAGA was initialized with three subpopulations of fifty random solutions in each 

subpopulation.  One subpopulation is designed to identify the optimal solution at point A, 

and the other two to search for points B and C.  EAGA was implemented to identify 

simultaneously different alternatives using the ∞− L  norm (Eqn. 4.9).  The key 

algorithmic parameters used in this illustration are summarized in Table 3.1.  The 

evolution of each subpopulation as EAGA is applied to this test problem is illustrated in 

Fig. 4.2, which shows the locations in the decision space of all solutions within each 

subpopulation at generations 1, 5, 10, 20, 30, and 50. 
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Table 4.1 EAGA parameter settings for the 1-D test problem 

Parameter Setting
Number of Subpopluations 3
SubPopulation Size 50
Number of Generations 50
Crossover 60%
Mutation 1%
Target Relaxation 20%
Decision Variable Representation Real  
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Figure 4.2 Evolution of subpopulations over generations for the one-dimensional test 

problem  
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4.5 Regional Wastewater Treatment Network Design Problem 

4.5.1 Problem Description 
A regional wastewater treatment network problem that was previously reported by 

Nakamura and Brill (1977) and Chang et al. (1982) is used to demonstrate the application 

of EAGA and compare its performance to mathematical programming-based procedures 

for alternative generation.  As the production of domestic and industrial wastewater 

increases, it becomes progressively difficult and costly for each source to meet effluent 

water quality standards.  The need for efficient wastewater treatment planning is 

accentuated by an elevated value of urban land, complex treatment processes, and a lack 

of capital for investment.  By piping waste to a smaller number of larger treatment 

facilities, the resulting economies of scale can contribute to potential reduction in the 

total cost of treatment.  Regional wastewater treatment strategies can offer, therefore, 

cost-effective options to meet pollution limits in fast growing urban areas.   

Regional facility planning requires consideration, however, of several complex 

issues when making management decisions, as well as consideration of a larger set of 

decisions that constitute choices for possible facility sites, facility capacity, and 

interceptor placement.  Large amounts of supporting data are required, including 

topological, geological, and administrative data, cost functions, and transportation routes 

(Voutchkov and Boulos, 1993).  Further, choices are influenced by multiple conflicting 

objectives, such as the historical and cultural preferences of a society, short- and long-

term cost savings, water supply quality, land uses in the region, political and social 

agendas, and equity in required treatment at sources (Brill and Nakamura, 1978).  In 

addition to identification of the optimal solution, generation of alternatives appears 

necessary to help consider these unquantified and unmodeled objectives. 
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Nakamura and Brill (1977) studied the cost savings through regional facilities 

planning for a wastewater network located in DuPage County, Illinois (Fig. 4.3).  

Preliminary results of the application of three methods of MGA for this network problem 

were reported in Chang et al. (1982).  This case study involves fifteen sources, eleven of 

which are potential plant sites, and fifteen possible interceptors.  The goal is to identify 

the optimal set of treatment plant locations and sizes, as well as the corresponding 

interceptor choices to minimize the total cost of treating all waste generated in this 

network.  The cost includes fixed and unit costs for both treatment and interceptors.  The 

primary structural constraints are conservation of mass and the capacity limits at 

treatment facilities and interceptors, as described in the following subsection. 
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Waste Source
Waste Source Serving As Candidate Plant Site
Candidate Interceptor Route

Waste Source
Waste Source Serving As Candidate Plant Site
Candidate Interceptor Route

Figure 4.3 Schematic of wastewater treatment network options in DuPage County, 

Illinois (source: Chang et al., 1982) 

4.5.2 Mathematical Model 
A mathematical formulation of the DuPage county regional treatment design optimization 

problem is as follows: 

Minimize        ∑ ∑∑ ∑∑∑ +++
j i j i j

ijij
j

jjijijjj IQICPQPCZGCYFC  (4.11) 

Subject to         ∑ ∑ =+−
k l

jljjkj PQIQIQL j∀  (4.12) 

jjj YMPQ ≤       j∀ (4.13) 

ijijij ZNIQ ≤        ji,∀ (4.14) 
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}1,0{, ∈ijj ZY       ji,∀  (4.15) 

where FCj is the fixed cost for treatment plant j, GCij is the fixed cost for interceptor from 

source i to source j, PCj is the unit cost of treatment at plant j, ICij is the unit cost of the 

interceptor from i to j, Yj is a binary variable to indicate whether treatment plant j is 

active (Yj = 1) or inactive (Yj = 0), Zij is a binary variable to indicate whether the 

interceptor from i to j is active (Zij = 1) or inactive (Zij = 0), PQj is the amount of 

wastewater treated at plant j, IQij is the amount of wastewater flow from i to j, Lj is the 

amount of wastewater flow originating from j, Mj is an upper bound for PQj, and Nij is an 

upper bound for IQij.   

The least-cost solution with a cost of $1.92M was identified by solving a mixed 

integer programming formulation (Chang et al., 1982).  The previous study examined 

using several MGA methods what maximally different alternative solutions can be found 

if the cost is allowed to exceed the least cost by 10% at most.  More details and 

discussions of this study are reported in Nakamura and Brill (1977) and Chang et al. 

(1982).  These results are used as a basis for comparing and evaluating the performance 

of EAGA in solving this regional treatment optimization problem.  

4.5.3 Solution Using EAGA 
EAGA was implemented to solve the model described by Eqns. 4.11-4.15 and to 

identify the least-cost solution and two maximally and simultaneously different 

alternative solutions (using the  norm as described by Eqn. 4.9) that cost no more 

than $2.11M, corresponding to a 10% cost relaxation of the least cost of $1.92 M.  A 

potential solution was represented in the genetic algorithm as an array of binary and real 

∞− L
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variables to capture the decisions (i.e., PQj, IQij, Yj, and Zij) at all facilities and 

interceptors.  The key operators in the GA included tournament selection, uniform 

crossover, mutation, and generational elitism that preserved the best solution to survive in 

each generation.  After a set of initial trials, the crossover rate in the GA was set at 60%, 

and the mutation rate at 1%.  Three subpopulations, each with a population size of 100, 

were evolved for 100 iterations of the algorithm.  In Step 7 of the algorithm, the 

difference between two solutions was based only on the decision variables that represent 

the amount of flow through each interceptor (IQij) and treatment plant (PQj).  

Alternatively, it could be defined based on the binary choices associated with the use of 

each interceptor (Zij) and plant (Yj).  

4.5.4 EAGA Extensions 
Simultaneous and Sequential Approaches. The properties of the sets of alternatives will 

depend on the method, simultaneous or sequential, used to generate the solutions, thus 

affecting the decision choices available to a decision-maker.  While the simultaneous 

approach will identify solutions that are located as distantly as possible from each other, 

the sequential approach will identify the most different solution from the optimal 

solution.  The number of alternatives being sought and the intent of exploration for 

alternatives will determine which approach is more appropriate for alternative generation.  

For example, the sequentially different alternatives will be useful to a decision-maker 

who is interested in one or two highly different solutions.  Alternatively, if the goal is to 

assess how flexible the decision space is in offering different solutions or to assess 

whether there are numerous good solutions that are different from each other, then the 

simultaneously different alternatives are more appropriate. 
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Several mathematical programming-based MGA methods for the regional 

treatment design problem were presented by Chang et al. (1982), including the Hop, 

Skip, and Jump (HSJ) procedure, the Random method, and the Generating and Screening 

(G&S) procedure, to identify sets of the most different solutions.  These methods 

generated sets of sequentially different alternatives.  EAGA was applied to this problem, 

and both the sequentially and simultaneously different alternatives using Eqn. 4.7 and 

Eqn. 4.9, respectively, were investigated.  

Alternative Distance Calculations. As described in Step 7 of the algorithm, the distance 

from a solution to another subpopulation is calculated using the centroid of the 

subpopulation (referred to as the centroid-based distance).  Alternatively, this distance 

can be defined on the basis of the distance to the best solution in another subpopulation 

(referred to as the elite-based distance), in which case the difference function D for a 

solution will be calculated as the minimum distance between a solution and the best 

solutions in all the other subpopulations. EAGA with this modification in Step 7 was 

applied to the regional wastewater treatment design problem, and the results were 

compared to those obtained using the centroid-based distances. 

4.6 Results and Discussion 
To assess the sensitivity of the solutions to the starting population of the GA, 

twenty random trials of EAGA were executed to generate simultaneously different 

alternatives.  Each trial of the EAGA procedure took approximately five seconds to 

execute on a workstation with a Pentium 1.4 GHz processor and 768 MB RAM.  The 

least-cost solution reported by Chang et al. (1982) was identified fifteen out of the twenty 

trials, and the alternatives were always within the specified 10% cost target.  A 
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representative set of alternative solutions represented by the EAGA (simultaneous) 

approach and the corresponding costs are shown in Fig. 4.4.  For purposes of comparison, 

this figure also includes the alternative solutions generated by the HSJ procedure (Chang 

et al., 1982). 

$1.92 Million $2.08 Million $2.11 Million

$1.92 Million $2.08 Million $2.05 Million

$1.92 Million $2.07 Million $2.11 Million
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Figure 4.4 Network topologies of three solutions generated by the HSJ procedure 

(source: Chang et al., 1982), the EAGA sequential method, and the EAGA simultaneous 

method.  Dark circles represent active facilities and empty circles represent inactive sites.  

Arrows represent active interceptors.  

4.6.1 Unmodeled Issues 
A comparison of the alternative networks generated simultaneously by EAGA 

yields the following interesting observations.  While the costs are relatively similar, the 
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topologies of the alternative networks are not.  For example, by activating more plants 

and fewer interceptors, Alternative Networks 1 and 2 represent relatively more 

decentralized treatment plans compared to the Least-Cost Network.  Depending on the 

decision-makers’ preferences for centralization, which are not explicitly modeled, the 

alternatives offer different choices that are relatively similar in cost.  Further, the 

differences in the topologies of the alternatives with similar costs suggest that the 

solution space offers an array of choices for this problem and a decision-maker is not 

limited to the least-cost solution, which may be found undesirable when considering 

some unmodeled objectives.   

In addition to the topological differences in the alternative networks, the 

differences in the alternatives are compared based on the amount of flow each plant 

receives in each alternative (Fig. 4.5).  For example, the Least-Cost Network shows that a 

few plants will treat large amounts of waste while Alternative Networks 1 and 2 include 

numerous plants that treat relatively smaller amounts of waste.  Such factors can be of 

potential interest when considering technological preferences as well as system 

robustness under potential emergency conditions resulting from plant failures.  Another 

unmodeled consideration is the presence of split flows, which allow a plant to treat only 

part of the waste at that facility, and send the rest to another plant, or to divide the waste 

at a source between two treatment plants.  While the Least-Cost Network does not 

include any instance of split flow, the alternatives include instances of split flows, e.g., 

plant 9 in Alternative Network 1, and plants 1, 3, and 9 in Alternative Network 2.  

Further, waste from sources 7 and 12 in Alternative Network 1, and source 4 in 

Alternative Network 2 is allocated to two different plants, while each source is allocated 
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to only one plant in the Least Cost Network.  When considering the unmodeled issue of 

redundancy, these instances of flow splitting could be found potentially attractive. 
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Figure 4.5 Comparison of flows at each plant for the three alternatives generated 

simultaneously using EAGA 

4.6.2 Comparison of Centroid-based and Elite-based Distances 
EAGA was implemented using the centroid-based and the elite-based distance 

calculations in Step 7. For the sequential and simultaneous approaches, both distance 

calculations perform approximately the same in identifying the set of alternative 

solutions.  The results indicate that using the centroid-based distance leads to smoother 

convergence compared to using the elite-based distance.  The location of the elite 

solution in decision space varies significantly at the early stages of the search, and 

consequently the alternative solutions in the subpopulations also move around 

significantly.  When using the centroid-based distance, which represents a slowly 

migrating aggregate location of the population in decision space, the alternative solutions 
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move around only gradually, thus resulting in smoother convergence. The results 

presented in this paper are described in terms of solutions obtained using the centroid-

based distance. 

4.6.3 Comparison of Simultaneously and Sequentially Different Alternatives 
In addition, EAGA was implemented and solved to generate sequentially different 

alternatives for this problem and the alternatives are compared in Fig. 4.4.  While this 

figure enables a visual comparison of the topologies of the alternatives generated by the 

different methods, a quantitative difference metric is computed to represent the degree of 

difference among the alternatives in each set of solutions.  The metric for a pair of 

alternatives g and h is computed as the sum of difference in flows through interceptors 

and plants, i.e. ∑∑∑ −+−
i j

h
ij

g
ij

j

h
j

g
j IQIQPQPQ .  These results are shown in Fig. 4.6. 

0

20

40

60

80

100

120

140

160

180

Least-Cost Network
and Alt. Network 1

Least-Cost Network
and Alt. Network 2

Alt. Network 1 and Alt.
Network 2

D
iff

er
en

ce
 (c

fs
)

HSJ Sequential EAGA Simultaneous EAGA

 

Figure 4.6 Difference between pairs of networks for three sets of alternatives (Fig. 4.4).   

Sequential EAGA and the HSJ procedure identify the same least-cost solution and 

the most different alternative (Alternative Network 1).  The topology of the second 
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alternative network identified by sequential EAGA is slightly dissimilar to that of the 

second alternative network found by HSJ (Fig. 4.4), resulting in small deviations in the 

difference metric (Fig. 4.6). 

The simultaneously different alternatives generated by EAGA represent, as 

expected, a set of alternatives that are topologically different from the sequentially 

different alternatives (Fig. 4.4).  Accordingly, the pair-wise difference metrics shown in 

Fig. 4.6 indicate the dissimilarity when compared with the sequentially different 

alternatives.  As simultaneously different alternatives are generated to be maximally 

different from each other, the difference metric for each pair of alternatives is nearly the 

same.  Consequently, the difference between the Least-Cost Network and Alternative 

Network 1 generated by simultaneous EAGA is not as much as that of the networks 

generated by sequential EAGA or HSJ; however, Alternative Network 2 generated by the 

simultaneous EAGA is more different than those networks generated by sequential 
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EAGA and HSJ. 
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Figure 4.7 Variation of difference with number of alternative solutions generated.                    

* source: Chang et al. (1982) 

4.6.4 Effect of Number of Alternatives Generated  
To assess how the difference between alternative solutions varies with the number 

of alternatives generated, simultaneous EAGA and sequential EAGA were applied to 

generate nine alternative solutions and the least-cost network.  For the set of solutions 

generated by each approach, the pair-wise difference (in terms of cfs as described in 

Section 5.2) is computed for all pairs.  Based on the difference values, the solutions are 

ordered starting with the one (referred to as Alternative 1) that is most different from the 

Least-Cost Network, then the next one (Alternative 2) that is most different from the 

Least-Cost and Alternative Network 1, and so on.  Similar analysis and results were 
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reported by Chang et al. (1982) for the sets of solutions generated by three MGA 

approaches.  Fig. 4.7 summarizes the variation of the difference values for all these 

methods. 

Of the sets of solutions reported by Chang et al. (1982), the HSJ solutions, which 

were sequentially generated, yielded the most different first alternative as well as a 

sequence of solutions that maintained a high degree of difference.  The set of solutions 

generated by sequential EAGA not only matched the most different solution (i.e., the first 

alternative), but also yielded a sequence of solutions that result in a higher degree of 

difference compared to those reported by Chang et al. (1982).  While the most different 

(i.e., the first alternative) solution generated by simultaneous EAGA is predictably not as 

different as that generated by sequential EAGA, the sequence of solutions generated by 

simultaneous EAGA maintains a higher degree of difference for all nine alternatives.  As 

suggested before, sequential EAGA is more suitable when the primary intent is to find 

the most different alternative solution, whereas simultaneous EAGA is more effective in 

exploring the solution space to identify many solutions that are as different as possible 

from each other. 

Effect of the Relaxation Target on Cost 

The generation of alternative solutions can be used effectively in exploring the 

decision space to estimate how much flexibility one has in making a decision.  For 

different levels of cost relaxation, the procedure can be applied to identify maximally 

different alternatives.  Depending on how different the solutions are for a given cost 

target, one can assess how much flexibility the decision-maker has when making a choice 

of solution for the problem.  For example, if the alternatives are very similar and are not 
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very different from the least-cost solution for a cost target, then the implication is that 

there is little flexibility within the specified cost target for considering a solution that is 

significantly different from the least-cost solution.  On the other hand, if the alternatives 

are significantly different, then the problem can be considered to have many different 

alternatives, enabling exploration for solution other than the least-cost solution.  In 

addition, by conducting this analysis with increasing values of the cost target, one can 

estimate when the flexibility in the solution choices starts to diminish, thus indicating a 

reasonable limit on the cost increment.   

Simultaneous EAGA was applied to the wastewater treatment network problem 

for cost increases of 1%, 5%, 10%, and 15% to assess the degree of difference among the 

three alternative solutions.  Fig. 4.8 shows the average and standard deviation of the 

difference metric, based on the twenty random trials, for the set of solutions found at each 

target.  

The trend in the graph in Fig. 4.8 implies that an increase in cost target beyond 10% 

results in an indiscernible increment in the difference metric.  Further, an increase in cost 

from 1% to 5% yields a large increase in the degree of difference among the solutions.   
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Figure 4.8 Variation of difference metric with cost target for all solutions generated by 

simultaneous EAGA.  The error bars represent the standard deviation based on twenty 

random trials. 

4.7 Final Remarks 
An evolutionary algorithm to generate alternatives (EAGA) was described and 

successfully applied to an illustrative wastewater treatment network planning problem 

that was previously reported by Chang et al. (1982).   The least-cost solution and two 

maximally different alternative solutions were generated by EAGA and the results were 

compared with those reported in the previous study.  The solutions generated by EAGA 

are comparable to the previously published results for this problem.  These alternatives 

were compared considering some unmodeled issues, such as degree of centralization and 

the presence of split flows in the network, which may be of importance during decision 

making.  This problem was further analyzed to explore the degree of difference in 
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solutions generated with increased relaxation of the cost-target. The results indicate that 

after about 10% cost relaxation, discernible differences in the new alternatives are found.  

The decision space was also explored using two methods, namely, sequential and 

simultaneous approaches, for generating alternatives.  While the sequential method is 

good at identifying the single most different solution, the simultaneous method is good at 

identifying a set of solutions that are located far apart from each other in the decision 

space.  Alternative distance calculations were examined, which resulted in similar 

solutions but with different convergence behaviors.  These observations are supported by 

the results for the illustrative case study presented in this paper.  When generating a large 

number of alternatives, EAGA is able to identify a set of more different solutions than the 

mathematical programming-based methods.  EAGA offers the flexibility to search for 

alternatives that are simultaneously or sequentially different from each other. Searching 

for simultaneously different solutions using mathematical programming algorithms is 

extremely difficult, if not impossible.    

An optimization problem that is modeled and solved using an evolutionary 

algorithm can readily be analyzed for alternative solutions using the proposed EAGA 

procedure, as EAGA offers a generic approach for coupling with any evolutionary 

algorithm-based search method.  It identifies different solutions more consistently than 

other EA-based methods of generating alternatives for the test problems, without the need 

for tuning additional algorithmic parameters.  EAGA can be extended for multi-objective 

optimization algorithms to identify maximally different solutions that perform well for 

multiple objectives.  One subpopulation will search for the Pareto front, while each 

secondary subpopulation will search for near-Pareto optimal solutions that are maximally 
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different in decision space from the first subpopulation and other secondary 

subpopulations. An appropriate aggregate distance metric must be defined to represent 

the distance in decision space between two sets of non-dominated solutions.  Alternative 

definitions are possible, and more investigation is required to assess and compare them.  

As applications of evolutionary algorithms to analyze and solve complex water resources 

and environmental systems problems continue to grow, the role of EAGA will 

increasingly become more relevant in systematically exploring the decision space and in 

assisting in making decisions. 
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CHAPTER 5: Multipopulation Cooperative Coevolutionary 
Programming (MCCP) to Enhance Design Innovation 

Abstract. This paper describes the development of an evolutionary algorithm called 

Multipopulation Cooperative Coevolutionary Programming (MCCP) that extends Genetic 

Programming (GP) to search for a set of maximally different solutions for program 

induction problems. The GP search is structured to generate a set of alternatives that are 

similar in design performance, but are dissimilar from each other in the solution (or 

design parameter) space.  This is expected to yield potentially more creative designs, thus 

enhancing design innovation.  Application of MCCP is demonstrated through an 

illustrative example involving GP-based classification of genetic data to diagnose 

malignancy in cancer. Four different classifiers, based on highly dissimilar combinations 

of genes, but with similar prediction performances were generated. As these classifiers 

use a diverse set of genes, they are collectively more effective in screening cancer 

samples that may not all properly express every gene. 

5.1 Introduction 

When faced with a new design problem, humans are likely to follow incremental 

steps, anchored on prior or existing solutions, typically leading to only marginally 

creative designs.  Being a global search heuristic, Genetic Programming (GP) is able to 

conduct a broad search outside of obvious designs to identify a potentially more 

innovative design to a new problem.  In early applications, GP performed well for toy 

problems that tested its ability to re-discover functions from sets of data (Koza, 1986). 

Recently, it has been applied to more complex design problems that require creativity and 

innovation. For example, (Koza, 2004) demonstrates the use of GP to discover patentable 
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circuit designs; GP is now used frequently in generating human-competitive designs for 

an array of applications. GP is capable of exploring more creative designs than humans 

can since it is not biased towards traditional or standard designs.  

The innovative aspects of a GP-based design procedure can be further enhanced 

by structuring the procedure to explicitly maximize creativity. It is difficult to optimize 

for creativity, as it is a subjective quality and is not easily expressed quantitatively in a 

mathematical statement. An indirect approach for generating more creative designs is to 

explore the solution space for not only the best (or optimal) design, but also a set of near-

optimal alternative designs. An alternative design could be generated by slightly 

tweaking the design variable values of the best solution; however, such a marginally 

different design would not necessarily offer a creative or innovative alternative with any 

possibly patentable ideas. On the other hand, an alternative design with maximally 

different design variable values, i.e., a design constituted of greatly dissimilar operators 

or constructors, is likely to represent a relatively more creative design manifested by 

unbiased and unusual combinations of design variables.  Therefore, systematically 

exploring for a set of solutions with similar design performance, but with maximally 

different design variable values, will likely lead to more creative designs.  The search for 

a set of maximally different alternative solutions has been investigated in the context of 

numeric optimization problems.  As described in (Brill, 1979), the modeling to generate 

alternatives approach implements a systematic exploration to generate a small number of 

alternative solutions that perform similarly well and are located far apart in the decision 

space. Several studies (e.g., Brill et al., 1982; Brill et al., 1990; Chang et al, 1982; 

Harrell, 2001; Loughlin, 2001; Zechman and Ranjithan, 2004; Zechman and Ranjithan, 
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under review) report the development of an array of alternatives generation procedures 

and their application to a number of realistic problems. 

This paper describes the development of an evolutionary algorithm called 

Multipopulation Cooperative Coevolutionary Programming (MCCP) that extends Genetic 

Programming to search for a set of maximally different solutions for program induction 

problems. Application of MCCP is demonstrated through an illustrative example 

involving GP-based classification of genetic data to diagnose malignancy in cancer. 

5.2 Methodologies for Generating Maximally Different Alternatives 

5.2.1 Mathematical Background for Generating Alternatives 
The mathematical definition of modeling to generate alternatives for a search 

problem has been provided in (Brill, 1979).  Let a GP-based search problem be 

represented as:  

Minimize      Z = f(X)  (5.1) 

where f(X) is the function representing the prediction error (a surrogate for performance), 

which is minimized, and X, a solution to this problem, is the set of instructions or rules 

represented as a tree.  While f(X) is described in terms of error in this paper, the MCCP 

method presented herein is applicable with any appropriate measure of performance used 

in a GP-based search. 

Let X* be the best tree identified by GP, and Z* is the corresponding minimum 

error value.  An alternative tree that is maximally different from X* can be generated by 

solving the following model: 

 

Maximize       *),( XXdD = (5.2) 
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Subject to     f(X) < T(Z*)  (5.3) 

where D is a difference function based on d(X, X*), which represents a “distance” 

measure between two trees X and X*, and T is a target that is specified in relation to the 

error value Z*.  T represents an allowable relaxation, if any, in the prediction error value.  

For example, if the lowest error identified is 2%, then the target could be set as two times 

the lowest error to allow the search for solutions that have at most a 4% error value. 

Once the first alternative has been identified, additional alternatives can be 

generated by modifying the difference function D so that the new tree being sought is 

maximally different from all previous trees, while Eqn 5.3 remains unchanged.  The 

search for alternatives stops when either no significantly different new alternative is 

found or a sufficient number of alternatives is generated.   

Several algorithms have been designed for generating a sequence of maximally different 

alternative solutions to numeric optimization problems, based on mathematical 

programming search methods, including linear programming, nonlinear programming, 

integer/binary programming, and dynamic programming (e.g.,  Brill et al., 1982 and 

Chang et al., 1982). 

5.2.1 EA-based Approaches for Generating Alternatives 
Several procedures have been developed to use Evolutionary Algorithms (EA) for 

generating alternatives.  The most direct EA-based approach, as suggested by (Harrell, 

2001), is to solve iteratively the model defined in Eqns. 5.2-5.3 by incrementally 

updating the difference function D when each new alternative is found.   The application 

of this approach using a genetic algorithm (GA) is described in (Harrell, 2001).  This 
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simple approach may become computationally intensive, since repeated execution of the 

EA is required. 

A niching operator can be used within EAs for generating a set of alternative 

solutions (Mahfoud, 1995).  The niching operator can be used to generate a number of 

alternatives, where the number of niches (or alternative solutions) is changed by adjusting 

the sharing distance parameter or the niche count (Loughlin et al, 2001).  Niching will 

identify different solutions, but cannot ensure that the alternative solutions will be 

maximally different in the solution space.  A post-screening step can be used to select 

from among the niches a few alternatives that are maximally different with respect to an 

appropriate difference function (Loughlin et al, 2001).  Niching has been investigated in 

the context of GP primarily for the purposes of maintaining diversity in the population to 

avoid premature convergence to a sub-optimal solution (Ekart and Nemeth, 2002; Hu et 

al., 2002; McKay, 2000).  A set of alternative trees may be identified using niching, but 

the operator is not designed to maximize the difference between the trees and thus will 

not necessarily yield creative or novel solutions. 

A GA-based procedure (GAMGA - Genetic Algorithms for Modeling to Generate 

Alternatives) presented in (Loughlin et al, 2001) extends the use of niching to identify 

maximally different solutions for numeric optimization problems.  Niches are formed 

around the most different solutions in a population, and restrictive mating is used to 

encourage solutions to maintain differences in solution space as well as to avoid 

migrating from one niche to another.  The algorithm introduces several additional 

parameters and algorithmic steps that require careful tuning. 

 84



Another EA-based procedure designed for numeric optimization problems, the 

Evolutionary Algorithm for Generating Alternatives (EAGA) (Zechman and Ranjithan, 

2004), is designed with a minimal number of additional tuning parameters to explicitly 

force solutions to be as different from each other as possible.  EAGA uses a set of 

subpopulations to generate a predetermined number of alternative solutions.  The first 

subpopulation searches for the solution with the best fitness and the secondary 

subpopulations search for solutions that are distant in solution space from each other as 

well as the first subpopulation while staying within the specified fitness target (Eqn. 5.3).  

As the search progresses, this target changes corresponding to the error value (Z*) of the 

current best solution in the first subpopulation.  Crossover, reproduction, selection, and 

mutation occur in each subpopulation separately, with no migration.  As the structure of 

EAGA is independent of the search procedure employed in the subpopulations, it can be 

used with genetic algorithms or evolutionary strategies for numeric optimization 

problems.  The Multipopulation Cooperative Coevolutionary Programming (MCCP) 

approach described in this paper extends the concepts of EAGA to symbolic optimization 

problems that are solved using GP. 

5.3 Multipopulation Cooperative Coevolutionary Programming 
MCCP uses the basic concept of cooperative co-evolution to evolve a set of 

instructions or rules, represented as trees, to minimize prediction error. Subpopulations 

collectively search for different alternative solutions, where each subpopulation is guided 

toward a region in the solution space that is distant from other subpopulations.  

Information about the location of a subpopulation in the solution space (and therefore the 

set of common solution-characteristics of a subpopulation) is shared such that the 
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subpopulations cooperate in co-evolving toward different regions of the solution space. 

The selection of the surviving solutions in each subpopulation depends upon how well 

the solutions minimize the prediction error, as well as upon how far they are from the 

other subpopulations. MCCP is designed to search explicitly for a set of solutions that are 

as different as possible in the sets of instructions represented by the trees and are within a 

prediction error target (Eqn. 5.3).  The main steps of the algorithm are described below. 

5.3.1 Algorithmic Steps 
Step 1. Create an initial population with P subpopulations (each with a population size of 

K), where P is the number of alternative solutions being sought.  Let SPp (p = 1, …, P) 

represent the index for subpopulation p.  The first subpopulation (SP1) is dedicated to the 

search for the tree with the lowest prediction error.  

Step 2. In SP1, evaluate the fitness, or error (Eqn. 5.1), of each solution, and identify the 

best solution in the subpopulation with the lowest error.  This solution will serve as the 

benchmark for setting the relaxation constraint Eqn. 5.3. 

Step 3.  In SPp (p = 2, …, P), evaluate the error of each individual solution.   Solutions 

that meet the target constraint Eqn. 5.3 are assigned a “feasible” flag, and solutions that 

fail to meet the target are labeled “infeasible”. 

Step 4.  For each solution k in subpopulation SPp (p ≠ 1), calculate the difference Dk,p 

(defined in Section 5.3.2) in the solution space between that solution and other 

subpopulations.   

Step 5.   Apply an elitism operator to all subpopulations SPp to preserve the best solution 

in each subpopulation.  In SP1, the best solution is the solution with the lowest error.  In 

SPp (p 1), the best solution is the feasible solution that is located most distantly in ≠
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solution space from the other subpopulations.  If all solutions in a subpopulation are 

infeasible, then the best solution is the solution that has the lowest error value. 

Step 6.   Check for termination criteria.  Stop the algorithm if termination criteria (e.g., a 

maximum number of iterations) are met.  Otherwise, go to Step 7. 

Step 7.  In each subpopulation SPp, apply a selection operator.  In SP1, the selection is 

based on how well a solution minimizes error.  In SPp (p ≠ 1), the selection is based on 

how well the solution meets the constraint Eqn. 5.3, as well as on the value of the 

difference function (as described in Section 5.5.1). 

Step 8.  In each subpopulation, apply recombination and mutation operators to the 

solutions selected in Step 7, and go to Step 2.  

5.3.2 Definition of Difference 
The difference function for a solution is based on the distance of that solution to a 

set of subpopulations.  The difference function, Dk,p, for solution k in subpopulation SPp 

is the minimum of the distances between solution k and the other subpopulations SPq, 

(q ≠ p).  The distance from a solution in one subpopulation to another subpopulation is 

defined as the average of the distances between that solution and each solution in the 

other subpopulation.  Thus Dk,p is expressed as: 
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where d(Xk,p, Xj,q) is the distance between the two solutions Xk,p and  Xj,q, K is the number 

of solutions in a subpopulation, and P is the number of subpopulations. 
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For a numeric search problem, the distance d between two vectors of numbers 

may be easily represented, for example, as the Euclidean distance.  The distance between 

two individual solutions in a tree-based GP is difficult to define, however.  A few metrics 

have been suggested for calculating the distance between two trees.  For example, the edit 

distance is based on a dynamic programming algorithm to calculate the minimum number 

of transformations that will change one tree into the other (O’Reilly 1997).  Edit distance 

calculation is computationally intensive and, as a result, typically not used for GP 

applications.  Alternative measures include a metric based on the difference between the 

symbol or value at each node (Ekart and Nemeth, 2002), a node-to-node comparison 

between trees starting at the root node (de Jong et al., 2001), and a metric that tallies the 

number of similar subtrees between individuals (Keijzer, 1996). Simpler methods, such 

as a binary distance metric that indicates whether individuals are identical or not (Hu et 

al., 2002), and a phenotypic distance based on the difference in the behavior of solutions 

without consideration of tree structures (McKay, 2000) can also be used. 

5.4 GP-based Search for Classifiers for a Lymphoma Data Set 
Accurate prediction and diagnosis of cancer is important in making appropriate 

treatment decisions.  Because it is difficult to diagnose and predict cancer types, efficient 

ways to use available information are needed to assist in cancer classification.  Large 

amounts of diagnostic data are generated using the DNA microarray technology.  This 

technique places thousands of genes on a single square inch slide so that the expression 

of each gene, whether it is turned off or on in a cancer cell, can be visualized.  A function 

is used to convert the visual data into a numeric value to represent the gene expression.  

The data provided by DNA microarrays can be used to discover rules to classify cancer 
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based on gene expression information.  Several approaches, including neural networks, k-

nearest neighbor method, support vector machine, and GP (Cho and Won, 2003), have 

been used to construct rules based on this data. 

To diagnose cancer cells, a classifier is constructed as a function of a set of gene 

expressions, as demonstrated in (Hong and Cho, 2004).  The type of cancer may be 

identified based on the value given by the function, where a positive function value will 

place the cancer in one class, and a negative value will place the cancer in another class.  

An example of a sample cell is given in Table 5.1 with its associated array of genes, 

represented as G1, G2, …, G16, and respective gene expressions.   

Table 5.1 Sample data for genes and gene expressions 

Gene Expression Gene Expression
G1 -0.47 G9 0.04
G2 -0.04 G10 -0.35
G3 0.98 G11 -
G4 -0.14 G12 -0.18
G5 -0.07 G13 0.07
G6 0.35 G14 0.6
G7 0.67 G15 0.23
G8 - G16 0.02  

Suppose two classifiers for this type of cancer have been identified, Classifier #1 

and #2, which are represented by the trees and the decoded functions shown in Fig. 5.1. 
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Figure 5.1 Two sample classifiers 

If only Classifier #1 were available, it would be impossible to classify the sample given 

in Table 5.1 because the expression of gene G11 is not recorded.  If Classifier #2 is also 

available, then this sample could be diagnosed.  The availability of alternative rules that 

use different genes is useful when the expressions of all genes are not recorded for all 

samples.   

The data set used to demonstrate MCCP involves the classification of diffuse 

large B-cell lymphoma (DLBCL) using a microarray dataset for lymphoma cancer 

(Alizadeh, et al., 2000) (available at http://llmpp.nih.gov/lymphoma/).   DLBCL can 

typically be classified as ``activated B-like'' or ``germinal centre B-like'' (GC), where 

patients with GC B-like DLBCL show a significantly better overall survival than patients 

with activated B-like DLBCL.  The goal is to use the gene expression information to 

classify the lymphoma, leading to potentially more appropriate treatment decisions.  The 

microarray dataset consists of 24 samples of GC B-like and 23 samples of activated B-

like.  Each sample consists of 4026 expressed genes.  
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GP was used by (Hong and Cho, 2004) to identify lymphoma classifiers based on 

a selected set of the genes available in the DLBCL microarray dataset for lymphoma 

cancer.  Signal-to-ratio feature selection was used to choose 30 genes, labeled F1, F2, …, 

F30, out of the 4026 genes for classification.  A selected set of the available 47 samples 

was used as the training dataset to calculate the training error when developing the 

classifiers.  Each classifier was represented as a tree, which decodes to a simple 

arithmetic function, similar to the example demonstrated above.  The function was 

evaluated for each sample, and a sample was classified as active B-like if the function 

value was negative, and as GC B-like if positive.  A correctly classified sample was 

labeled as a hit.  The number of misclassifications represents the error, and was 

calculated using the number of hits out of the training dataset: 

Error = samples – hits (5.5) 

where samples is the size of the dataset.  The samples not used for training were used as a 

validation dataset to assess a classifier's predictive capabilities.  The validation error 

associated with a classifier was calculated using Eq. 5.5, where samples was set as the 

size of the validation dataset. 

The GP approach used by (Hong and Cho, 2004) produced first a classifier using 

the 30 selected genes.  An alternative classifier was produced by using an alternative set 

of functions for building the trees.  A third alternative classifier was produced by altering 

the tree representation to include a weighting at each terminal node (Hong and Cho, 

2004).  These classifiers were constructed using a leave-one-out cross-validation process 

based on 46 out of the 47 samples for training and the remaining one for validation.  
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Instead of changing the GP implementation to generate the alternatives, MCCP is applied 

as described below to generate simultaneously a set of different classifiers. 

5.5 Identifying a Set of Alternative Classifiers using MCCP 

5.5.1 Implementation 
MCCP was applied to the lymphoma dataset to identify a set of four maximally 

different classifiers.  The 30 genes selected for use in (Hong and Cho, 2004) were used as 

the set of terminal nodes. Forty-one out of the 47 samples were used as the training 

dataset, and the training error was defined using Eq. 5.5 with samples set to 41.  The 

validation error corresponds to the prediction error corresponding to the remaining six 

samples.  The target constraint (Eqn. 5.3) was set as two times the error of the best 

classifier in Subpopulation 1.  The following sections describe the key MCCP operators 

that were implemented for this problem.  The parameter values used in the 

implementation are given in Table 5.2. 

Table 5.2 Settings for the MCCP Implementation  

Parameter Setting
No. of Generations 100

No. of Subpopulations 4

Subpopulation Size 200

Function Set +, -, *, /, ln, exp

Terminal Set R, Genes {F1, F2, …, F30}

Max. Initial Depth 8
n max 11
β 5

Selection
Elitist Graduated

Overselection Strategy
Mutation 5%
Crossover 90%  
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Initialization 

The trees in the subpopulations are initialized by varying the probability of 

selecting functional or terminal nodes with increasing depth.  The probability that a 

terminal node will be selected at the root node is set to 0.01, and increases linearly to 1.0 

at a specified depth (noted as “Max. Initial Depth” in Table 5.2).  The terminal set 

consists of the variables representing genes and a real number (R) between zero and one, 

as shown in Table 5.2.  The initial probability that a unary function will be chosen is 0.1, 

and the initial probability that a binary function will be chosen is 0.89.  The probability of 

selecting a unary function and the probability of selecting a binary function both decrease 

linearly to 0.0 at the Max. Initial Depth. 

Penalty Function 

Tree sizes tend to grow excessively large in a GP, resulting in long, complex 

equations for symbolic regression problems.  An additive penalty function was used to 

limit the number of nodes in a tree and directed the search toward fit solutions with more 

compact representations.  The penalty function was applied as follows to trees consisting 

of a larger number nodes than a prespecified treshhold, nmax:  

( )( )max1 nnErrorFitness −+−= β  (5.5) 

where n is the number of nodes in the tree, nmax is the maximum number of nodes allowed 

in a tree and β is a user-defined constant that represents a relative weight of the penalty 

associated with the fitness value. 

Distance between two trees 

Because the purpose of this application is to identify alternative classifiers that 

use maximally different sets of genes, the distance (d) between two trees was based on 
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the characteristics of terminal nodes only.  It was defined as the sum of the number of 

different genes, or genes not duplicated between two trees.  For example, the distance 

between the two trees represented in Fig. 5.1 is five.    

Selection 

The results presented in this paper are based on an implementation of MCCP that 

uses generational elitism and an elitist graduated overselection strategy (Fernandez and 

Evett, 1997).  The elitist graduated overselection strategy is used to select solutions for 

reproduction and crossover.  The solutions in a subpopulation are ranked.  In 

subpopulation SP1, the solutions are ranked based on their error values.  For selection in 

subpopulations SPp (p ≠ 1) a subpopulation is partitioned into a group of feasible 

solutions and a group of infeasible solutions, where the feasibility of a solution is 

determined using Eqn. 5.3 (as described in Step 3 in Section 5.3.1).  Feasible solutions 

are ranked based on the difference function, and infeasible solutions are subsequently 

ranked, based on error values.  A pool of candidate solutions consisting of the five best 

solutions in the subpopulation is created.  A solution is selected from the pool with equal 

probability for all candidate solutions.  Each time a solution is selected, it is replaced, and 

the next best solution from the ranked vector of solutions is added to the pool.  Thus, the 

pool size grows by one solution each time a solution is selected.   

Mutation 

A solution selected for mutation undergoes either mutation of real number values 

at the terminal nodes or tree mutation.  The type of mutation a solution undergoes is 

chosen at random.  Real number mutation changes the real numbers in the terminal nodes 

to a new random number between zero and one with a uniform distribution.  Tree 
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mutation generates a new sub-tree to replace the sub-tree at a randomly selected node in 

the existing tree. 

Recombination 

For recombination, constrained complexity crossover (Watson and Parmee, 1998) 

is used.  As described in (Watson and Parmee, 1998), the complexity of each node in a 

tree is calculated such that function nodes are weighted more heavily than terminal nodes, 

and the complexity of a node is based on the complexity of each node below it.  Two 

trees are randomly chosen for crossover, and a node is selected at random from both 

trees.  The node is defined as the root node of the new sub-tree that will undergo 

crossover.  If the nodes chosen for crossover are within two units of complexity, then the 

two new sub-trees are swapped.  This crossover ensures a level of similarity between sub-

trees that undergo crossover, minimizing the disruptive effects of crossover and 

suppressing excessive code bloat. 

5.5.2 Results 
MCCP was executed for 20 random trials, where each trial generated four 

alternative classifiers.  The performance of the algorithm for a single trial is demonstrated 

in Fig. 5.2 and Fig. 5.3.  Fig. 5.2 shows the convergence of each subpopulation toward 

solutions with low error values (Eqn. 5.5).  In all subpopulations, the lowest error 

converges in approximately the first 30 generations.  The average errors of 

Subpopulations 2, 3, and 4 stabilize around the target error (Eqn. 5.3), with respect to the 

best solution in Subpopulation 1.   
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Figure 5.2 Convergence of the four subpopulations.  Bold lines represent the error of the 

best individual in a subpopulation. Dotted lines represent the average error of the 

subpopulation. 

Fig. 5.3 demonstrates the behavior of Subpopulations 2, 3, and 4 in maximizing 

the differences in the trees.  Although the difference is relatively large at the beginning of 

the search, the solutions are not good with respect to the error values (Fig. 5.2).  After the 

error value is improved in the first 10-15 generations in each subpopulation, the selection 

pressure is on the improvement of the difference of the solutions in the subpopulation.  
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Around generation 30, the first subpopulation identifies a solution with an error value of 

0.0.  The secondary subpopulations minimize the error to meet the tightened constraint, 

and the average difference of the population drops.  Once the secondary subpopulations 

identify solutions that meet the target error, then the search applies pressure to identify 

more different solutions, and the average difference improves again. 

 

Figure 5.3 Convergence of Average Difference 

The overall performance of the classifiers generated in the 20 random trials is 

summarized in Fig. 5.4 and Fig. 5.5.  Fig. 5.4 shows the average and the range of the 

prediction performance for the training dataset (of 41 samples).  The prediction accuracy 

represents the percentage of correct hits for the given training dataset used in developing 

the classifiers.  All classifiers show relatively similar average prediction performance, 

and they vary only slightly in range.  Fig. 5.5 shows the average and the range of the 

prediction performance for the validation dataset (of six samples).  The overall 

performance of the classifiers is approximately similar when diagnosing the samples in 

the validation dataset. 
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Figure 5.4 Average and range of prediction accuracy (% of correct hits) based on 

training dataset for 20 random trials. 

 

Figure 5.5 Average and range of prediction accuracy (% of correct hits) based on 

validation dataset for 20 random trials. 

A typical set of four classifiers generated by MCCP is shown in Fig. 5.6 and the 

corresponding training and validation error values are listed in Table 5.3.  Each of the 
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four classifiers uses a different set of genes to diagnose a lymphoma sample.  This may 

be an advantage when the expression of a gene used in a classifier is unknown or 

unrecorded.  For example, for samples where the gene expression for F1 is not available, 

Classifier #3 or #4, instead of #1 or #2, could be used for diagnosis.   

 

Figure 5.6 Tree representation of a typical set of four classifiers found by MCCP 

The predicted classifications given by each of the four classifiers for the six 

validation samples are shown in Table 5.4.  Collectively using the set of alternative 
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classifiers may provide a more robust diagnosis of the data.  For example, Sample #3 is 

classified incorrectly as B-like by Classifier #1, but correctly as GC B-like by Classifiers 

#2, #3, and #4.  Use of the first classifier alone leads to the wrong classification, while 

using all four classifiers gives the user some confidence in the classification of the sample 

as GC B-like. 

Table 5.3 Performance characteristics of a typical set of four classifiers found by MCCP 

Training Error Validation Error
(Eqn. 5.5)  (Eqn. 5.5)

(Out of 41 Samples) (Out of 6 Samples)

1 0

2 0

3 0

4 0

Classifier # Function

1

0

0

0

3021228101 FFFFF ×−+−+

( ) ( ) 269exp19exp1 FFFF −+−

192522423 FFFFFF −−−++
1114218 FFFF ×+−  

Table 5.4 Performance based on the six validation samples for the four classifiers shown 

in Fig. 5.6. 

#1 #2 #3 #4
1 SUDHL6 GC B-like

2 DLCL-0010 GC B-like

3 DLCL-0020 GC B-like

4 OCI Ly3 B-like

5 DLCL-0014 B-like

6 DLCL-0036 B-like

Sample 
Number

True 
Classification

Accurate Prediction by Classifier

Sample Name

 

Among this typical set, classifiers are constructed with as low as four genes in 

Classifiers #2 and #4 and with as high as six genes in Classifier #3 (Table 5.5).  Only two 

genes are used in more than one classifier (e.g., F1 in Classifier #1 and Classifier #2, and 

F19 in Classifier #2 and Classifier #3).  This can be attributed to the explicit operations in 

MCCP that maximize the differences among the sets of genes used to construct the 

alternative classifiers.  Collectively the four classifiers use a total of 17 different genes 
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out of the 30 that were considered for building the functions (Table 5.5).  This indicates 

that no one gene is dominantly associated with the classification of this sample dataset.  

More different classifiers may be found if more subpopulations are used by appropriately 

setting a larger value for the MCCP parameter P. 

Table 5.5 Genes used in the construction of the set of typical classifiers 

#1 #2 #3 #4
F1 75 X X
F2 2439 X
F3 2417 X
F4 2244 X
F5 2438
F6 2412
F7 2205
F8 2243 X
F9 682 X
F10 2416 X
F11 2436 X
F12 2437 X
F13 2415
F14 2206 X
F15 2263
F16 1276
F17 1277
F18 1279
F19 1281 X X
F20 1278
F21 1317 X
F22 1291 X
F23 1275
F24 1280
F25 1321 X
F26 1316 X
F27 1315
F28 1320 X
F29 1284
F30 1312 X

Gene
Gene Ref. 
Number 1

Classifier

 
1 As reported in (Alizadeh et al., 2000) 
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5.6 Final Remarks 
MCCP is structured to explore for a set of good designs that constitute unusual 

and dissimilar combinations of design variable values.  Operators in MCCP are 

introduced to co-evolve subpopulations toward maximally different regions (or niches) in 

the solution space.  The subpopulations cooperatively identify a set of designs with the 

most dissimilar characteristics, representing potentially creative and innovative designs.  

These alternative designs, which perform similarly well, are not biased by prior or 

existing solutions, unlike incrementally different designs generated by humans. Thus, 

MCCP can help generate innovative and competent designs in a systematic manner.  

Results were presented from an illustrative application of MCCP to identify a set 

of classifiers for diagnosing the type of cancer based on gene expression information.  As 

all gene expression information may not be recorded for each sample, a classifier that is 

based only on a few genes may not be robust.  By exploring for alternative classifiers that 

are based on as many different genes as possible, a set of innovative classifiers with a 

more robust diagnostic performance was generated by MCCP. Each of these classifiers 

uses at most only one gene that is common to another, and collectively they use about 

57% of the available genes to cover a broad spectrum of the available gene expression 

information.  Consequently, the collective classification performance shows a more 

robust diagnosis of the validation data set. 

MCCP is structured in a generic manner to enable its application with any GP-

based design procedure.  Thus, it can be readily used to extend existing GP 

implementations for a variety of problems, e.g., in the discovery of alternative functions 

to model data representing natural physical processes, in developing rules or instructions 

for robot designs, and in generating creative designs for electrical circuits or computer 
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programs.  Further investigation is needed to explore the full potential of MCCP in 

generating innovative human-competitive designs.  
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CHAPTER 6: A Method to Address Non-Uniqueness while 
Correcting Structural and Parameter Error in Simulation Models 

Abstract.   Use of the model error correction procedure to identify a function and 

parameter settings to correct a model will most likely reveal non-uniqueness in problem 

solutions, where several functions and parameter settings will minimize prediction error 

to a similar value.  To address non-uniqueness in model correction, a set of alternative 

solutions are generated.  This chapter presents the integration of the model error 

correction procedure with the new methods to generate alternatives for numeric and 

symbolic search problems.  The complete methodology is demonstrated for a 

groundwater quality modeling problem to generate a set of alternative solutions to correct 

a numeric model with synthetic error, and compared to a calibration procedure. 

6.1 Introduction 
Simulation models are prone to both parameter and structural error.  The model 

error correction procedure (MECP) that was developed to correct parameter and 

structural error in a mechanistic model as described in Chapter 2.  Parameter error is 

corrected through a numeric search for parameter values.  Structural error is corrected 

through a symbolic search for an error correction component, represented by a function 

that transforms model output to match system observations.  When prediction error is a 

result of misspecifications in model structure, the error will have a systematic trend and 

can be modeled as a function.  The error correction component is a function of the input 

and output of a model and is intended to capture this systematic error.  MECP uses 

numeric optimization and symbolic optimization to search simultaneously for parameter 

values and an error correction component, respectively.   
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Many inverse problems, such as model calibration and the model error correction 

problems, are ill posed, potentially resulting in many non-unique solutions that perform 

similarly well.  For the model correction problem, a solution consists of a function to 

represent an error correction component and a vector of numeric values to represent 

parameter values.  Several viable combinations of different functions and parameter 

settings may yield approximately the same value for the prediction error between 

corrected model output and observed data.  Thus, examining a set of good solutions 

instead of just one helps develop insight to the decision space.  One approach to address 

such non-uniqueness in a search problem is to generate a set of alternative solutions to 

provide a better characterization of the decision space.  The number of solutions 

produced should be reasonably few to allow human comprehension and to keep a user 

from being overwhelmed with options.  Since only a small set of all possible solutions 

will be viewed, the set of solutions should be as different as possible in the decision space 

to represent the range of options available for examination by the user.  A set of solutions 

that improve a model’s predictability relatively well and are maximally different in the 

specified corrections (i.e., parameter values and error correction components) will enable 

a user to gain insight to the range of non-unique options, if any, available for model error 

correction.  For example, generation of multiple error correction components may 

provide an error correction component or a set of parameter values that is conceptually 

more acceptable.  In addition, the repeated appearance of variables or functions in the 

alternative error correction components may indicate the significance of certain 

relationships for model correction and potentially lead to an understanding of 

misspecified processes.   
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The methods for alternative generation for numeric and symbolic search problems 

as described in Chapters 3, 4, and 5, are integrated with the model error correction 

procedure to search for a set of maximally different solutions that perform well to 

minimize prediction error of a model.  This implementation is tested and demonstrated 

using an illustrative model error correction problem involving subsurface water quality 

predictions in a contaminated aquifer. 

6.3 Alternative Generation 
Let the search for the correction of a misspecified model be represented as: 

Minimize      Z = f(X) (6.1) 

where f(X) is the prediction error of the corrected model for a set of training data and X is 

representing a set of parameter values and a function representing the error correction 

component.  Let X* be the best solution, and Z* the corresponding minimum error value.   

To generate an alternative solution that is maximally different from X*, the following 

model can be solved: 

Maximize      D = d(X,X*) (6.2) 

Subject to    f(X) < T(Z*) (6.3) 

where D is a difference function based on d(X,X*), which represents a distance measure 

between solutions X and X*,  and T is a target that is specified in relation to the minimum 

prediction error value Z*.  T represents an allowable relaxation, if any, in the prediction 

error value. 

Multipopulation Cooperative Coevolutionary Programming (MCCP) (Zechman 

and Ranjithan, 2005), is an evolutionary computation (EC)-based procedure designed to 
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generate a set of alternative solutions for symbolic search problems and builds upon the 

EC-based alternative generation procedure for numeric search developed by Zechman 

and Ranjithan (2004).  This procedure is based upon the Modeling to Generate 

Alternatives approach (Brill, 1979), which is a formal method to generate a set of 

alternatives that perform well for a problem objective and appear maximally different in 

their solution characteristics.  MCCP searches for a set of functions that are characterized 

by different operators and input variables.  A set of subpopulations is used to generate a 

predetermined number of alternative solutions.  The search is structured to identify 

solutions that are as distant as possible in solution space from each other while the 

prediction error is within a specified target.  Crossover, reproduction, selection, and 

mutation are carried out in each subpopulation independently.  MCCP is coupled with 

MECP to generate a set of alternative solutions to correct model error. 

6.3 Illustrative Application for a Groundwater Model 
Groundwater models are important tools in the management of groundwater 

systems.  For contaminated groundwater systems, the linkage of optimization and a 

simulation model can serve to characterize the location and size of the pollutant source, 

identify an efficient groundwater pumping strategy, or develop an effective monitoring 

network.  These management problems are addressed by coupling a search procedure 

with a simulation model that predicts the groundwater flow and the mass transport of 

chemicals in the aquifer.  The use of groundwater models for system management and 

decision-making is based on the assumption that the model is able to accurately predict 

the response of the system - the pollutant concentration time-series - to varying 
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conditions, such as new pumping strategies, monitoring well locations, or source 

locations.   

Calibration of the model is typically an important step in acquiring an accurate 

simulation of a groundwater system.  Traditionally, the flow and transport models are 

calibrated successively.  The groundwater flow model is calibrated by adjusting the 

hydraulic conductivity field to match head observations at monitoring wells, and the 

chemical transport model is calibrated by adjusting decay coefficients or dispersivities to 

match pollutant concentrations at the monitoring wells for a given flow field.  There is 

interaction between the two models; for example, adjustments in the hydraulic 

conductivity field will impact the concentration predictions made by the transport model.  

As a result, coupled inverse approaches have recently gained some attention for 

calibrating groundwater models.  These techniques calibrate multi-state variables to 

simultaneously identify both unknown flow and transport parameters (Sun, 1994). 

The simulation groundwater model, PGREM3D (Parallel Groundwater Transport 

and Remediation Codes) (Mahinthakumar, 1999), which consists of a flow module and a 

pollutant transport module, is used in this study.  The flow model is based on the 

following governing equation describing steady state groundwater flow: 

( ) qhK =∇∇  (6.4)

where h is the computed head field from the groundwater flow equation, K is the 3x3 

hydraulic conductivity tensor, q is the specific discharge of source or sink, and θ is 

porosity.  Once the hydraulic head h is computed using Eqn. 6.4, the velocity field v is 

computed using Darcy’s Law: 
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hKv ∇−=θ  (6.5)

The calculated velocity field is used in the transport model that solves the 

following equation representing the reaction and transport of a dissolved component: 

( ) ( ) ( ) CCCQCvCD
t
C λ

θ
−−+⋅∇−∇⋅∇=

∂
∂

0  (6.6)

where C is the dissolved pollutant concentration, D is the dispersion tensor dependent on 

v, Q denotes water fluxes into and out of the domain, C0 is the pollutant source 

concentration, and λ is the rate of mass loss of the pollutant due to reactions. 

The elements of the dispersion tensor D are given by 

( ) m
ji

TLijTij D
v
vv

vD +−+= ααδα  (6.7)

where αL and αT are longitudinal and transverse dispersivities assumed to be constant, Dm 

is the coefficient of molecular diffusion assumed to be constant, and δij is the Kronecker 

delta.   

A misspecified model is created by removing from the original model the decay 

process, represented by λC in Eqn. 6.6, from the transport model.  The erroneous 

predictions by the misspecified model are corrected using a calibration procedure and the 

error correction procedure (MECP) based on concentration observations from a set of 

monitoring wells.  The predictive capabilities of the model are assessed by testing how 

well the model can predict the concentration profiles for an additional set of new 

monitoring well locations. 
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6.3.1 Data 
The original model is used to generate a set of data to represent synthetically the 

“real” observations of a system at a set of monitoring location wells.  To simulate the 

original groundwater system, a “true” hydraulic conductivity field is generated by the 

turning bands algorithm (Thompson 1989) using assumed geostatistical parameters, and 

the dispersivity set to 0.1 m.  A source is modeled as a decaying pollutant, and nine 

monitoring wells are placed in the field, as shown in Fig. 6.1.  The plan view of the site is 

shown in Fig. 6.2, along with labeled monitoring locations.  Concentration values are 

recorded at time intervals of one day for 25 days at each of the monitoring locations.  An 

example concentration profile is shown in Fig. 6.3 for Monitoring Well 1.  These 

concentration profiles are used as the “training” data to develop the model correction. 

51 nodes

21 nodes
5 

nodes

z

x

y

Figure 6.1 The configuration of the example groundwater field.  The box in the lower 

left-hand corner represents the pollutant source, spheres represent monitoring locations. 
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Figure 6.2 Plan view of groundwater field with numbered monitoring locations for 

training data.  Square is pollutant source, circles represent Monitoring Wells T1-T9. 
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Figure 6.3 Concentration profile at Monitoring Well T1. 

A separate set of validation and interpolation data is used to test the ability of a 

model to predict for new input conditions.  Interpolated input conditions are based on 

observations chosen within the range of the input conditions used to generate the training 

data, while validation input conditions are chosen outside of the range of training data.  

Typically, validation data is a more stringent test because the corrected or calibrated 
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model must predict for new input conditions for which it was not trained to predict.  The 

interpolation and validation data is obtained by generating concentration profiles at a total 

of six new observation well locations (Fig. 6.4). 

V3

V1

I1

I2V2

V4

x

y

Figure 6.4 Plan view of groundwater field with numbered monitoring locations for 

interpolation and validation data.  Triangles represent location of monitoring wells for 

interpolation data (Monitoring Wells I1 and I2) and validation data (Monitoring Wells 

V1, V2, V3, and V4). 

The training error, which represents the prediction error for the training data, is 

based on the concentration profiles at the nine monitoring locations, T1-T9.  The training 

error is calculated as the maximum absolute difference between the simulated 

concentration (Cpred) and the observed concentration (Cobs) across all time steps and all 

monitoring locations: 

{ }jiCCError pred
ji

obs
ji ∀∀−= ,;max ,,  (6.8)

where i is the monitoring well reference number (T1-T9), and j is the time step (1-25 

days). 

Similarly, the interpolation error is calculated as the maximum absolute difference 

between Cpred and Cobs using Eqn. 6.8, where i is the monitoring well reference number 
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(I1-I2), and j is the time step (1-25 days).  For calculation of the validation error, i is the 

monitoring well reference number (V1-V4) and j is the time step (1-25 days) in Eqn. 6.8.  

6.3.2 Calibration Procedure 
The model is calibrated using a coupled approach, in which parameters in both the 

flow and transport modeling components are simultaneously estimated (Fig. 6.5).  In this 

illustrative study, the hydraulic conductivity field (in Eqn. 6.4) and the dispersivity (in 

Eqn. 6.7) are adjusted during calibration.  The dispersivities, including the longitudinal 

dispersivity, αL, horizontal transverse dispersivity, αTH, and vertical transverse 

dispersivity, αTV, are assumed to be equal and constant throughout the field.  The search 

for the dispersivity value is based on a numeric search that minimizes prediction error of 

the model.   

The heterogeneous hydraulic conductivity field is treated as uncertain with 

assumed statistical parameters.  This uncertainty in the hydraulic conductivity field is 

represented by realizations of spatially correlated random fields that are generated using 

the turning bands algorithm (Thompson 1989).  During calibration, the search is 

conducted to identify the hydraulic conductivity field realization that yields the lowest 

prediction error based on the concentration values at wells.  A set of 1000 realizations 

(that excludes the “true” hydraulic conductivity field) are used in this illustrative study. 

A genetic algorithm (GA), with settings as shown in Table 6.1, is used to 

simultaneously calibrate the flow and transport components of the groundwater model by 

identifying a suitable hydraulic conductivity field and a value for the dispersivity.  The 

dispersivity is represented as a real number between 0.0 and 1.0, and the conductivity 
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field is represented as an integer index between 1 and 1000, corresponding to the 1000 

realizations. 

The crossover operator in the GA for the real variable is implemented as a 

standard real crossover.  When a solution undergoes crossover with another solution, the 

hydraulic conductivity field is recombined in one of three ways: 1) retain the same 

hydraulic conductivity field; 2) assign the hydraulic conductivity field associated with the 

mating solution; or 3) assign a new field probabilistically selected from the set of 1000 

fields.  The probabilistic selection of the hydraulic conductivity field in the last option is 

based on a rank that represents the frequency of a hydraulic conductivity field being 

associated with solutions and yielding higher fitness (i.e., low error).  At the beginning of 

the search, each of the 1000 hydraulic conductivity fields is given a high score set to four 

times the population size.  When evaluating a solution in the GA population, the solution 

is paired with a hydraulic conductivity field.  The scores of those paired hydraulic 

conductivity fields are re-set to zero.  The score of a hydraulic conductivity field will then 

be incremented by the rank of the associated individual.  After all the solutions in a 

population are ranked, the scores of the hydraulic conductivity fields are updated.  The 

hydraulic conductivity fields are then ordered based on their scores, and a normal 

distribution is used to select the ordered hydraulic conductivity fields for the crossover 

operator. 
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Table 6.1 Algorithmic settings for calibration with a GA and MECP 

Parameter Calibration Setting MECP-MCCP
Representation Real, Integer Real, Integer, and Tree
Population Size 300 500
Number of populations 1 3
Target - 0%
Max Number of Generation60 50
Crossover 90% 90%
Mutation 5% 5%

Selection Strategy
Elitist Graduated 
Overselection Strategy

Elitist Graduated Overselection 
Strategy

Function Set - +, -, *, %, ^, ln, exp, erf, erfc, sin, cos
Terminal Set - R,  C', t, x, y  

Misspecified
Modelx, y, t CobsC’

Error
ααk-

field
k-

field

GA-based 
Search

Figure 6.5 Calibration of misspecified groundwater model to identify the dispersivity (α 

and the hydraulic conductivity field (k-field). 

6.3.3 Model Error Correction Procedure and Generating Alternatives 
Generating alternatives for the model error correction problem is accomplished by 

integrating MECP with MCCP.  A potential solution is represented as a combination of a 

real number for the dispersivity parameter, an integer number to index a hydraulic 

conductivity field, and a tree to represent a function describing the error correction 

component.  The error correction component will be a function of model inputs, namely,  

the time step, t, and the horizontal location of the monitoring location, x and y, and model 

output, C’ (Fig. 6.6).  The MECP-MCCP framework was implemented with settings 

shown in Table 6.1 to identify three maximally different model corrections.   
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Misspecified
Modelx, y, t C’

αα

Cobs

Error

f(C’, t, x, y)

Ccorr

k-
field
k-

field

MECP

Figure 6.6 Correction of a misspecified groundwater model using MECP to identify the 

dispersivity (α), the hydraulic conductivity field (k-field), and an error correction 

component as a function of model input (x, y, and t) and model output (C’). 

The distance between two solutions is defined to include not only the difference 

between the functions used as error correction components, but also the difference 

between the dispersivity values.  The difference between two dispersivity values is 

estimated as the absolute difference between the two values, and the difference between 

two functions is estimated based on the number of different operators and variables 

appearing in the mathematical expression of the two functions.  For example, for the two 

solutions shown in Fig. 6.7, the difference between error correction component #1 and #2 

is four, which is equal to the sum of the number of different operators (- and ^) and the 

number of different variables (t and y).  The total distance between Solutions #1 and #2 is 

the weighted sum of the difference between the two dispersivity parameter settings and 

the difference between the two error correction components. 
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α = 0.5

k-field index = 213
Figure 6.7 Two example solutions for the correction of the misspecified groundwater 

model. 

Recombination of the two solutions in the integrated MECP-MCCP 

implementation includes a crossover operator for each type of variable in a solution.  The 

real values representing dispersivity are recombined using a standard real crossover.  The 

trees representing the functions are recombined as described in the MCCP paper in 

Chapter 2. 

The crossover operator previously described for the GA-based calibration is for 

recombining the hydraulic conductivity fields indices.  The ranking is slightly modified 

for the solutions in secondary subpopulations that are designed to search for maximally 

different as well as high-quality solutions.  For these subpopulations, solutions are ranked 

based on a distance measure and fitness (i.e., prediction error).  Solutions that meet the 

target objective value are first ranked based on their distances, and solutions that do not 

meet the target objective are subsequently ranked based on their fitness values. 

6.4 Results 
The performances of the calibration procedure and the error correction procedure 

are first compared based on the training error of the corrected model.  Suitable solutions 
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should also possess characteristics that have not been included in the fitness function, 

such as conceptually reasonable parameter values and satisfactory predictive capabilities.  

In a mechanistic model, parameter values represent actual system characteristics and 

should fall within an acceptable range to match existing conditions in the real system.  

For the synthetic problem, the true value of α is known, and an acceptable corrected 

model should include a value for α that is relatively close to the true value (0.1 m).  The 

predictive capability of the corrected model is evaluated using the validation and 

interpolation data sets of system observations.  

MECP was executed to identify the α value and the error correction component to 

correct the misspecified groundwater model, and the GA-based procedure was used to 

calibrate the model.   Details of the model (MECP-1) identified by MECP and the 

calibrated model are shown in Table 6.2.  The value of α for the calibrated model is 0.79 

m, while MECP identifies a value of 0.13 m that is much closer to the true value of 0.1 

m. 

The overall performance of the calibrated model and MECP-1 in simulating the 

system can be compared by observing the numeric values for training error (Table 6.2) 

and the graphical concentration profiles (Fig. 6.7).  The training error associated with 

MECP-1 is less than half that of the calibrated model (Table 6.2).  Correspondingly, the 

concentration profiles at the nine observation wells T1-T9 (Fig. 6.7) show that MECP-1 

is able to closely simulate the system observations, while the model obtained using 

calibration performs poorly.  The validation and interpolation prediction errors (Table 

6.2) are considerably less for MECP-1 than for the calibrated models.  MECP-1 is able to 

predict the system observations for locations that are outside of the range of monitoring 
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wells used for training, and performs much better than the calibrated model (Fig. 6.8).  

MECP-1 predicts nearly accurately both the magnitude and time of the peak of each 

concentration profile.



Table 6.2 Details of the corrected models identified by calibration and MECP 

Procedure
Error Correction 

Component

Predicted 
value for  α 

(m) *

k-field 
index

Training 
Error (mg/L)

Validation 
Error (mg/L)

Interpolation 
Error (mg/L)

Calibrated model - 0.79 957 0.62 1.38 0.60

MECP-1 0.13 63 0.22 0.30 0.18( ) 49.0'2
'

++ Cterfx
C

 
* True value of α is 0.1 m 
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Figure 6.7 Simulation capabilities of MECP and the calibrated model for the training data from Monitoring Wells T1-T9. 

 121



Figure 6.8 Predictive capabilities of MECP and calibrated model for validation and interpolation data from Monitoring Wells V1-V4 
and I1-I2.
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The coupled MECP-MCCP procedure was used to generate a set of three 

maximally different solutions (labeled as MECP-A, MECP-B, and MECP-C) to correct 

the misspecified model.  Their performances are compared to that of the calibrated model 

(Table 6.3).  While the training error for the calibrated model is 0.62 mg/L, MECP-

MCCP provides corrected models with training errors in the range of 0.24-0.31 mg/L.  

The values for α range from 0.12-0.35 m, closer to the true value of 0.1 m than that 

identified by the calibration procedure. 

MECP-A performs the best of the three models to simulate most closely the 

system observations at the training wells, with a training error of 0.24 mg/L (Table 6.3).  

While MECP-B simulates the training data almost as well as MECP-A, MECP-C 

performs slightly worse than the MECP-A, but still yields better predictions than those by 

the calibrated model (Table 6.3).  Fig. 6.9 shows the simulation capabilities of MECP-A, 

MECP-B, MECP-C, and the calibrated model for the nine monitoring wells (T1-T9) from 

which the training data were obtained.  MECP-A and MECP-B are able to predict closely 

the shape of the concentration profiles.  Although MECP-C shows larger deviations, it 

simulates the general trend of the system observations better than the model obtained 

using calibration only (Fig. 6.9).   

Though the three corrected models have similar training errors, their predictive 

capabilities are significantly different; the validation errors associated with MECP-A and 

MECP-C are approximately twice that of MECP-B (Table 6.3).  These results are 

apparent in the graphical presentation of the concentration profiles for the interpolation 

and validation data sets (Fig 6.10).  MECP-B is able to predict fairly accurately the 

concentration profile for the validation and interpolation monitoring wells.  Overall, 
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MECP-A and MECP-C predict the interpolation data, but do not predict well the 

validation data. 

The differences in the performances of the corrected models for the validation 

data may be attributed to differences in the solution characteristics.  MECP-B has a value 

for α that is close to the true system parameter, possibly contributing to the better 

predictive capability of the model.  Differences in the error correction components of the 

three MECP models are seen in the functions and variables used for constructing the 

function.  MECP-B has the simplest function construction.  Only MECP-A uses the 

variable y, which represents the location of the monitoring well along the y-axis of the 

groundwater field, and two additional operators, erfc and +.  Unlike the other models, 

MECP-B forgoes the use of the variable x, the location of the monitoring well along the 

x-axis.  Only MECP-C includes the operator exp.  These differences may contribute 

collectively to the ability of each model when predicting the concentration profiles for 

new locations.   

The generation of a set of alternatives provides different options for choosing a 

corrected model to predict concentration profiles throughout the groundwater field.  By 

exploring relatively good solutions with maximally different solution structures, the 

methodology helps identify solution with characteristics that increase the predictive 

capabilities of the model.  In the absence of alternatives generation capabilities, a single-

solution approach would have identified only MECP-A and yielded limited value for 

predicting the concentrations at new monitoring locations. 

Additional insights of the solution space may also be gained through an analysis 

of the solution characteristics.  For example, both MECP-A and MECP-C contain the 
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variable x in their error correction components.  Both of the solutions predict poorly at 

Monitoring Well V1, where the value for x varies significantly.  This may indicate that 

variable x is not needed in correcting the model and could be eliminated from the search 

space if MECP-MCCP were executed again.  Additionally, MECP-A overfits the training 

data; the solution identified closely matches the training data, but does not perform well 

for the validation data.  The error correction component of MECP-A is the most complex 

function of the three identified, leading to the observation that the size of the functions 

explored should be constrained more tightly to enable an efficient search.



Table 6.3 Details of the corrected models identified by calibration and MECP-MCCP. 

Procedure Error Correction Component
Predicted 
value for 
α  (m) *

k-field 
index

Training 
Error 

(mg/L)

Validation 
Error 

(mg/L)

Interpolation 
Error (mg/L)

Calibration - 0.79 957 0.62 1.38 0.60

MECP-A 0.35 433 0.24 0.57 0.22

MECP-B 0.12 953 0.26 0.27 0.26

MECP-C 0.29 723 0.31 0.59 0.23( ) ( )( )( )xerferferft xt
C

exp
'

( )( )( )
t

CerferfC 'sin'38.0

( )[ ]
( )( )

( )
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* True value of α is 0.1 m 
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Figure 6.9 Simulation capabilities of the corrected models for the training data from Monitoring Wells T1-T9. 
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Figure 6.10 Predictive capabilities of the corrected models for validation and interpolation data from Monitoring Wells V1-V4 and I1-

I2, respectively. 
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6.5 Final Remarks 
The error correction procedure MECP is designed to search for a set of solutions 

to correct error in mechanistic models.  It integrates a method to correct parameter error 

and structural error in models with a search method to generate a set of alternative 

solutions.  Using a synthetically generated set of data, the error correction procedure is 

demonstrated to improve the simulation and predictive capabilities of a misspecified 

model better than using calibration alone.  The corrected model not only is able to 

simulate training data more accurately, but is also able to capture a trend that is present in 

the training data and predict the system response for extrapolated conditions.  Generating 

a set of alternative solutions provides conceptually reasonable options for the structure of 

the error correction component and parameter values, and helps gain insight to different 

choices for correcting the model.  Identifying only a single solution may yield a corrected 

model that overfits training data and fails to predict validation data accurately.  A set of 

very different solutions may be beneficial to identify an alternative solution that is able to 

predict well for both training data and validation data, and provide more insight to correct 

parameter settings. The method to generate alternatives for the model error correction 

procedure is sufficiently general to be applied to any mechanistic model. 

 129



CHAPTER 7: Summary and Conclusions 

The major contribution of this research is the development and presentation of a 

new method to improve the predictability of simulation models.  While calibration is the 

conventional method to improve model predictions, it is limited in its ability to fully 

correct a model as it addresses only parameter error, which is the model error associated 

with inaccurate parameter settings.  A second source of model error, i.e., structural error, 

is associated with the misspecification of equations used to represent the processes in the 

system.  The model error correction procedure (MECP) is designed to address both 

parameter and structural error through a simultaneous identification of appropriate model 

parameter settings and a function to correct the systematic error associated with a 

misspecified model structure.  The simultaneous correction of parameter and structural 

error allows a more appropriate correction of the model, in which parameter values 

accurately represent system characteristics and are not forced to compensate for error in 

model equations.  As a result, the corrected model is able to more appropriately describe 

the system and predict accurately for new sets of input conditions.  To implement MECP, 

an evolutionary computation (EC)-based method was developed to conduct simultaneous 

numeric and symbolic searches for parameter values and a function.  MECP was 

successfully applied to two illustrative case studies, one involving an analytical water 

quality model and the other, a numerical groundwater contaminant simulation model.  In 

both applications, the new model correction method was shown to reduce prediction error 

significantly below that attained using calibration alone.  Further, the predictive 

capabilities of the corrected models surpassed those of the calibrated models when the 
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models were tested for new input conditions outside the range of the data used for 

training purposes.   

To enhance the capabilities of MECP to address non-uniqueness issues associated 

with system identification problems, new EC-based methods were developed to generate 

alternative solutions for numeric and symbolic search problems.  When these methods 

were integrated with the model error correction method, the abilities of the coupled 

procedure to successfully identify different solutions to correct the model were 

demonstrated.  The set of solutions generated by the integrated methodology provides 

insight to the range of feasible solutions and options for the selection of a final solution.  

In addition, the generation of a set of alternative solutions was shown to be useful when a 

single-solution search identifies a solution that does not accurately describe the system.  

For example, MECP may identify a solution that overfits training data.  The solution may 

yield a relatively low prediction error for training data, but exhibit poor prediction 

performance for testing data and specify conceptually unreasonable parameters settings.  

These characteristics indicate that a solution does not properly describe the system.  The 

generation of a set of maximally different alternative solutions was shown to help 

identify a solution with a similarly low prediction error for training data, superior 

predictive capabilities for new input conditions, and more realistic parameter settings.  

The alternatives generation approach shows promise as an effective tool for handling 

non-uniqueness in model error correction and may be a helpful approach to address non-

uniqueness in other system identification problems.   

In general, exploring for a set of maximally different solutions is an important 

approach for solving realistic design problems involving numeric or symbolic search, and 
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is fit to address further decision-making challenges.  A set of alternatives that are 

maximally different in the design choices will help provide options and insight during 

decision-making and help explore new and creative design choices that are uncommon.  

While the use of evolutionary algorithms (EAs) to solve real engineering and 

management optimization problems is becoming increasingly frequent, systematic 

alternatives generation capabilities have not been fully extended for EAs.  The 

contributions from this work in further development of EC-based methods for alternative 

generation help increase the usability and efficiency of EC-based search when solving 

real design problems.  The new methods were successfully demonstrated for several 

design applications and test problems.  The formalized search for alternatives through the 

new alternatives generation methods is flexible and easily extendable to enhance many 

EC-based searches for design problems in multiple disciplines. 

Future applications of MECP may benefit from the interpretation of functions 

identified by this procedure.  In the current applications of MECP, the functions have not 

been interpreted or studied with respect to their association to any physical processes in 

the system.  The analysis of functions may be facilitated through problem domain 

knowledge and could lead to an understanding of the relevance and characteristics of un-

modeled or misspecified processes in the model.  The generation of a set of alternative 

solutions may assist in the process of characterizing model structural error.  Insight and 

understanding may be attained through observations of the degree of similarity between 

alternative functions.  For example, different conclusions may be drawn about model 

misspecifications through a set of alternative solutions that possess recurring terms as 

opposed to solutions that demonstrate no similarities among functions. 
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System uncertainty or error in system measurements is another source of error 

that may cause a model to mis-predict the state of a system.  Additional work is needed to 

investigate the correction of a model while simultaneously considering parameter error, 

structural error, and measurement error, and to develop new methodologies for 

identifying robust solutions that could simulate system responses accurately in the 

presence of uncertainty.  Because real problems will typically involve noise or 

uncertainty associated with system observations, the extension of MECP for uncertain 

conditions will enhance its applicability. 

Although MECP was demonstrated for two specific water quality models, it is 

designed generally to correct any mechanistic simulation model.  Its utility is applicable 

not only in the field of water resources systems management, but also for problems in 

other disciplines.  An intent of this research is that MECP would grow to be a useful tool 

to attain more accurate system prediction across a broad range of applications for 

improved decision-making.  Similarly, the alternatives generation methods are designed 

for general application to a broad array of design problems in multiple disciplines.  Their 

applicability is expected to reach beyond the illustrative cases presented in this thesis.
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