
Abstract

CHEN, YUN. False Selection Rate Methods in the Cox Proportional Hazards Model.

(Under the direction of Dr. Dennis D. Boos and Dr. Leonard A. Stefanski.)

Variable selection methods are useful for distinguishing informative variables from

uninformative variables. Many variable selection methods have been studied in linear

regression models. Some methods have been extended to the Cox proportional hazards

model based on the partial likelihood function. The False Selection Rate (FSR) variable

selection method introduced by Wu, Boos and Stefanski (2006) is a new method applied

to forward selection that controls the false selection rate of uninformative variables in

the model by adding a number of phony variables to the original variables and calcu-

lating the proportions of the phony variables selected. In this work, we adapt the False

Selection Rate procedure with the forward selection method (Forward-FSR) to the Cox

proportional hazards model. In addition, we propose a new approach to estimate the

tuning parameters in the penalty functions of the LASSO and the SCAD methods based

on the False Selection Rate variable selection criterion. Under the Cox proportional haz-

ards model, the three FSR methods, Forward-FSR, LASSO-FSR, and SCAD-FSR, are

compared to forward selection with information criteria, to the LASSO and to the SCAD

methods in simulation studies.
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Chapter 1

Introduction

In a usual regression problem with continuous response Y , we often consider a model of

the form

Y = g(β1X1 + β2X2 + · · ·+ βKT
XKT

) + ε,

where X1, X2, . . . , XKT
are the explanatory covariates, β = (β1, β2, . . . , βKT

)′ are the

regression coefficients associated with the covariates, and ε is a random error with E(ε) =

0 and V ar(ε) = σ2. Often, when many covariates are collected, not all the covariates

contribute to the prediction of the response variable, i.e., some of the βj = 0. We define

the covariates with nonzero regression coefficients (βj 6= 0) as informative variables, and

the covariates with zero regression coefficients (βj = 0) as uninformative variables.

Variable selection methods are useful for distinguishing informative variables from

uninformative variables. Generally speaking, there are two competing objectives for

selecting variables. One is to include all the variables that contribute to prediction of

the response, which tends to select an undesired number of uninformative variables and

often results in overfitting. The other is to find a minimum subset of the covariates that

are useful to predict the response variable, excluding all of the uninformative variables.

The second objective tends to exclude weak informative variables, i.e., those variables

with small but nonzero regression coefficients, and often results in underfitting. To
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avoid overfitting and underfitting, a good variable selection method will obtain a balance

between the above two conflicting objectives: identify as many informative variables as

possible, and select a relatively low proportion of uninformative variables. The latter is

required to ensure that the method will include some weak informative variables.

Many variable selection methods have been studied in linear regression models. Sub-

set selection methods are traditional methods to select variables, which include forward

selection, backward selection, stepwise selection and all subsets selection. There are some

common criteria used to choose the best model for each of the above subset selection pro-

cedures, such as Akaike Information Criterion (Akaike, 1973, 1977), Bayesian Information

Criterion (Schwarz, 1978). The LASSO method (Least Absolute Shrinkage and Selection

Operator) proposed by Tibshirani (1996) and the SCAD method (Smoothly Clipped Ab-

solute Deviation) proposed by Fan and Li (2001) are two methods based on penalized

likelihood functions that shrink the estimates of the regression coefficients toward zero.

Efron et al. (2004) introduced a new variable selection algorithm, the LARS method

(Least Angle Regression), which can be used to obtain LASSO estimates efficiently. Luo,

Stefanski and Boos (2005) proposed a variable selection method that adds noise to the

response variable to tune the pre-specified entry significance level in forward selection.

The False Selection Rate variable selection method introduced by Wu, Boos and Ste-

fanski (2006) is a new method applied to forward selection that controls the proportion

of uninformative variables in the model by adding a number of phony variables to the

original variables and calculating the proportions of the phony variables selected.

Some variable selection methods have been extended from the context of linear models

to survival models, such as the Cox proportional hazards model (Cox, 1972, 1974). For

example, traditional subset selection methods can be used to select variables in the Cox

proportional hazards model. The LASSO method (Tibshirani, 1996, 1997) and the SCAD

method (Fan and Li, 2001, 2002) have been applied to the Cox proportional hazards
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model based on penalized partial likelihoods. In this work, we apply the False Selection

Rate with forward selection method (Forward-FSR) in the Cox proportional hazards

model. In addition, we present a new approach to estimate the tuning parameters in the

penalty functions of the LASSO and the SCAD methods based on controlling the False

Selection Rate.

An introduction to variable selection methods in the context of linear models is given

in the remainder of Chapter 1. Existing variable selection methods for the Cox pro-

portional hazards model are discussed in Chapter 2. The False Selection Rate methods

are discussed in detail in Chapter 3. Simulation studies are carried out to study the

performance of the new methods for the Cox proportional hazards model in Chapter 4.

Conclusion and comments are given in Chapter 5.

1.1 Classical Variable Selection Methods in Linear

Regression

Much research has been conducted in the area of variable selection for linear models.

Suppose we have a data set containing n observations {(Yi,Xi), i = 1, . . . , n}, where Yi

is the response and Xi = (X1,i, X2,i, . . . , XKT ,i)
′ are the covariates for the ith individual.

The data can be summarized in matrix notation as (Y , X)

Y = (Y1, Y2, . . . , Yn)′, X =




X1
′

X2
′

...
Xn

′


 ,

where Y is an n × 1 vector, and X is an n × KT design matrix. The familiar linear

regression model has the form

Yi = β0 + Xi
′β + εi, (1.1)
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where β = (β1, β2, . . . , βKT
)′ is a KT × 1 vector of regression coefficients associated with

the covariates, and the random errors εi are independent and identically distributed

N(0, σ2) random variables. Let KI and KU denote the number of informative and un-

informative variables, where KI =
∑

j I(|βj| > 0), KU =
∑

j I(βj = 0), and then

KI + KU = KT .

Subset selection methods are traditional variable selection methods used to find sub-

sets of the covariates that are useful for prediction, and include forward selection, back-

ward selection, stepwise selection and all subsets selection. Criteria used to choose the

best model for subset selection procedures include the Akaike Information Criterion (AIC)

and the Bayesian Information Criterion (BIC). We first briefly review the main methods.

Information criteria are discussed in Chapter 2.

Starting with just the intercept, forward selection adds one variable at a time to the

model. At each step, all variables not in the model will be tested, and the one with

the most significant contribution to the prediction of the response is added to the model

provided its p-value is less than a pre-specified entry significance level. The procedure

continues until all the p-values of the remaining variables are greater than the pre-specified

entry significance level.

In contrast, backward selection starts with all variables in the model at first, then

eliminates the variable that makes the smallest contribution to the model at each step

provided its p-value is greater than a pre-specified entry significance level. This contin-

ues until all the remaining variables have p-values below the specified significance level.

Forward and backward selection have drawbacks. Once a variable is added to the model,

it will never be removed in later steps by forward selection. Similarly, backward selection

will never add a variable back in the model once it is deleted.

Stepwise selection is a modification of forward selection that allows variables to be

removed. It adds the most significant variable in the model, and then tests to see if any
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of the variables in the model can be removed. Because the above three subset selection

methods use hypothesis testing multiple times, the pre-specified significance level is not

the Type I error rate of a variable (Draper, Guttman, and Kanemasu, 1971). In fact, it

is not easy to directly control the Type I error rate.

Best subset selection searches all the subsets of the covariates and picks the “best” sub-

set for a given criterion such as the Akaike Information Criterion (AIC) or the Bayesian

Information Criterion (BIC). Best subset selection is very time consuming when the total

number of covariates, KT , is large.

In addition to traditional subset variable selection methods, the LASSO method (Tib-

shirani, 1996) and the SCAD method (Fan and Li, 2001) use penalized likelihood func-

tions to shrink the estimates of the regression coefficients β toward zero. Let `(β) be the

log-likelihood for the linear model in (1.1). For the LASSO and the SCAD methods, a

general form of penalized log-likelihood is

Jλ(β) = `(β)− n

KT∑
j=1

pλ(|βj|), λ ≥ 0, (1.2)

where β = (β1, β2, · · · , βKT
)′ is a KT × 1 coefficient vector, the penalty function pλ(·) is

either a L1 penalty term

pλ(|β|) = λ|β| (1.3)

for the LASSO method or the SCAD penalty function

pλ(|β|) =





λ|β|, if |β| ≤ λ;
−{|β|2 − 2aλ|β|+ λ2}/2(a− 1), if λ < |β| ≤ aλ, a > 2;
(a + 1)λ2/2, if |β| > aλ.

(1.4)

for the SCAD method, where λ is a tuning parameter. By maximizing the penalized

log-likelihood in (1.2), we get estimates of the regression coefficients β̂λ. Fan and Li

(2001) estimated λ by minimizing the approximate generalized cross validation (GCV)

statistic. These two methods have been extended to the Cox proportional hazards model
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based on penalized partial likelihood functions, which are discussed in detail in Chapter

2.

1.2 Forward-FSR in Linear Regression

In addition to the variable selection methods mentioned in the last section, there are some

new methods using various types of noise. Luo, Stefanski and Boos (2005) proposed a

method to tune the pre-specified entry significance level in forward selection by adding

noise to the response variable. By adding different type of noise, the False Selection Rate

with forward selection method (Forward-FSR) introduced by Wu, Boos and Stefanski

(2006) can control the proportion of uninformative variables selected in the model. The

Forward-FSR method in linear regression is discussed in this section and will be extended

to the Cox proportional hazards model in Chapter 3.

When running the forward selection method, we need to specify an entry significance

level α between 0 and 1 to control the entry of the variables into the model. The

forward selection method is easy to implement. Moreover, forward selection can control

overfitting or underfitting to some extent. When α = 0, none of the variables is selected.

When α = 1, all variables are in the model. Usually, α is set to be 0.05, 0.10, 0.15,

and so on. A larger α level leads to a larger model. However, α is not the Type I error

rate, because hypothesis testing is used multiple times. The traditional forward selection

method cannot control the proportion of uninformative variables selected because the

entry significance level is pre-specified, not depending on the data. The same entry

significance level may result in overfitting for some data with few informative variables,

but result in underfitting for other data with many informative variables.

Wu, Boos and Stefanski (2006) add a number of phony variables to the original data

set and estimate the proportion of the phony variables selected in the model for each α.
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The Forward-FSR method estimates the entry significance level α, to be used with the

forward selection method on the original data set, to get the desired false selection rate.

For a given data set (Y n×1,Xn×KT
), let KI be the number of informative variables

with nonzero coefficients, KU be the number of uninformative variables with zero coeffi-

cients in linear regression model (1.1), and KT = KI + KU .

Given (Y ,X) and a variable selection method, let SI and SU be the number of

informative and uninformative variables selected in the model, respectively. The fraction

of falsely selected variables is defined as

γ =
SU

SI + SU + 1
, (1.5)

and is also characterized by the equation

SU − {SI + SU + 1}γ = 0. (1.6)

The 1 is added in the denominator in (1.5) to avoid division by zero and also because most

models include an intercept. We hope to control γ to a suitable value γ0, say γ0 = 0.05.

For a given entry significance level α (0 6 α 6 1) in the forward selection method,

let SI(α) and SU(α) be the number of informative and uninformative variables selected

in the model, respectively. Note that SI(α) and SU(α) increase as α increases with

0 6 SI(α) 6 KI and 0 6 SU(α) 6 KU . Taking expectations in (1.5) conditional on

X leads to a false selection rate function γER(α), which is an expectation of a ratio as

follows,

γER(α) = E

{
SU(α)

SI(α) + SU(α) + 1
|X

}
. (1.7)

Similarly, taking expectations in (1.6) conditional on X leads to another false selection

rate function γRE(α), which is a ratio of expectations as follows,

γRE(α) =
E{SU(α)|X}

E{SI(α) + SU(α) + 1|X} . (1.8)
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For a given false selection rate γ0, let α0 be such that γ•(α0) = γ0, where γ• is either

γER or γRE. The goal is to calculate an estimate α̂ of α0 such that γ•(α̂) ≈ γ0. In order

to include as many informative variables as possible, Wu, Boos and Stefanski (2006)

suggested identifying the largest possible model satisfying γ•(α0) = γ0, and defined

α0 = sup
α
{α : γ•(α) ≤ γ0}.

But α0 can not be estimated directly because γ•(·) is unknown. Wu, Boos and Stefanski

(2006) used Monte Carlo method to obtain an estimate γ̂•(·) of the unknown false se-

lection rate function γ•(·) by adding B replicates of phony variables to the original data

set. An estimated entry significance level α̂ is then obtained as

α̂ = sup
α
{α : γ̂•(α) ≤ γ0}.

Wu, Boos and Stefanski (2006) proposed estimation procedures to estimate α0 based

on estimates of the false selection rate functions γER(α) in (1.7) and γRE(α) in (1.8),

respectively.

1.2.1 Method Based on False Selection Rate Function γRE

Suppose Z1, Z2, . . . , ZKP
are phony variables generated randomly independent of Y , such

that in a regression problem we have

Y = g(β1X1 + β2X2 + · · ·+ βKT
XKT

+ βKT +1Z1 + βKT +2Z2 + · · ·+ βKT +KP
ZKP

) + ε

= g(β1X1 + β2X2 + · · ·+ βKT
XKT

) + ε.

Let Zb be an n×KP phony variables matrix with rows Z ′
i,b, where Zi,b = (Z

(i)
1,b, . . . , Z

(i)
KP ,b)

′

are the phony variables for the ith individual, i = 1, 2, . . . , n. By combining a number

of phony variables Zb with the original data set (Y ,X), we get a pseudo data set

(Y , X,Zb). Similar to (1.8), Wu, Boos and Stefanski (2006) defined

γRE,P (α) =
E{S∗Pb(α)|X}

E{S∗Pb(α) + S∗Ub(α) + S∗Ib(α) + 1|X} ,
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where S∗Pb(α), S∗Ub(α), and S∗Ib(α) are the number of phony variables, original uninforma-

tive variables and original informative variables selected in the model for a given entry

significance level α in the forward selection method on the pseudo data set (Y ,X,Zb).

Note that for the same entry level α, γRE,P (α) 6= γRE(α), because γRE,P (α) controls the

phony variables selection rate in the model on the pseudo data set (Y ,X,Zb), while

γRE(α) controls the false selection rate of uninformative variables selected in the model

on the original data set (Y ,X).

The relationship of the false selection rate γRE(α) and the phony variables selection

rate γRE,P (α) is revealed under the following two assumptions:

(A1) E{SU(α|X)}/KU = E{S∗Ub(α|X)}/KU = E{S∗Pb(α|X)}/KP ;

(A2) E{SI(α|X)} = E{S∗Ib(α|X)}.
Here, S∗Ub, S∗Ib, and S∗Pb denote that the variable selection method is applied to the pseudo

data set (Y ,X, Zb); SU and SI denote that the variable selection method is applied to

the original data set (Y ,X). Assumption (A1) assumes that the average proportion

of uninformative variables selected on the original data set is the same as the average

proportion of uninformative variables and phony variables selected on the pseudo data

set. Assumption (A2) assumes that the probability of selecting an informative variable

stays the same whether on the original data set or on the pseudo data set. Wu, Boos

and Stefanski (2006) pointed out that these assumptions are not verifiable, and they

are regarded as guiding principles for the phony variables generation. The method of

generating phony variable is given in Section 1.2.3.

Suppose the phony variables Zb, which are generated independently of the response

variable Y , are similar to the original uninformative variables and have little impact on
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selecting informative variables. Based on the assumptions (A1) and (A2), we have

γRE,P (α) =
E{S∗Pb(α)|X}

E{S∗Pb(α) + S∗Ub(α) + S∗Ib(α) + 1|X}

=
KP E{SU(α|X)}/KU

KP E{SU(α|X)}/KU + E{SU(α|X)}+ E{SI(α|X)}+ 1

=
KP E{SU(α|X)}/KU

KP E{SU(α|X)}/KU + E{SU(α|X)}/γRE(α)

=
KP γRE(α)

KU + KP γRE(α)
.

Hence, solving for γRE(α), we have

γRE(α) =
γRE,P (α)KU/KP

1− γRE,P (α)
. (1.9)

Using Monte Carlo methods, we can estimate γRE,P (α) as follows. First generate B

replicates of phony variables Zb, where Zb are n × KP matrices, b = 1, 2, · · · , B. Run

the forward selection method on each of the B replicates of pseudo data sets (Y ,X,Zb),

and estimate γRE,P (α) with

γ̂RE,P (α) =
S
∗
P (α)

S
∗
(α) + 1

,

where S
∗
P (α) = B−1

∑B
b=1 S∗Pb(α), and S

∗
(α) = B−1

∑B
b=1{S∗Pb(α)+S∗Ub(α)+S∗Ib(α)}. On

average, γ̂RE,P (α) is monotone increasing for small α but not for all α. Replacing γRE,P (α)

with its estimate γ̂RE,P (α) in the relationship (1.9) leads to the following equation

γRE(α) =
S
∗
P (α)KU/KP

1 + S
∗
(α)− S

∗
P (α)

. (1.10)

Since the number of original uninformative variables, KU , is unknown, Wu, Boos and

Stefanski (2006) defined K̂U(α) = KT−S(α), where S(α) is the total number of covariates

selected given α on the original data set (Y ,X) by the forward selection method. We
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expect that K̂U(α) ≈ KU at the desired α level. Substituting K̂U(α) in (1.10), we obtain

the estimation equation as

γ̂RE(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S
∗
(α)− S

∗
P (α)

. (1.11)

Wu, Boos and Stefanski (2006) estimated an entry significance level α0 in forward selec-

tion as

α̂RE = sup
α
{α : γ̂RE(α) ≤ γ0}.

Then forward selection with entry significance level α̂RE is applied to the original data

set (Y ,X) resulting in the final selected model.

1.2.2 Method Based on False Selection Rate Function γER

Wu, Boos and Stefanski (2006) also proposed a variable selection procedure based on

the false selection rate function γER(α) in (1.7), that depends on only assumption (A1).

Given (Y ,X) and a variable selection method, the total number of variables selected

given α, S(α) = SI(α) + SU(α), is known. The unknown quantity in the definition

of γER(α) in (1.7) is the number of uninformative variables selected SU(α). Based on

assumption (A1), E{SU(α|X)} = E{S∗Pb(α|X)}KU/KP , Wu, Boos and Stefanski (2006)

suggested estimating SU(α) with ŜU(α) = S
∗
P (α){KT − SU(α)}/KP . The false selection

rate function γER(α) can then be estimated as

γ̂ER(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S(α)
, (1.12)

and an estimate of α0 is α̂ER = supα{α : γ̂ER(α) ≤ γ0}. Wu, Boos and Stefanski (2006)

pointed out that the two estimates α̂RE and α̂ER are often very close, and although

α̂RE and α̂ER differ, they often lead to the same model selected by the forward selection

method. The procedures to calculate the two estimates α̂RE and α̂ER are summarized in

Algorithm 1.
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Algorithm 1: Forward-FSR procedures based on γRE(α) and γER(α)

1. For data set (Y n×1, Xn×KT
), generate B replicates of phony variables Zb, where

Zb are n×KP matrices. Combine the original variables with the phony variables,
and get B replicates of pseudo data sets (Y ,X,Zb), b = 1, 2, · · · , B.

2. For α ∈ {0.002, 0.004, · · · , 0.2}, run forward selection on the pseudo data sets
(Y ,X, Zb), and count the average number of phony variables selected S

∗
P (α),

and the average number of total variables selected S
∗
(α). Run forward selection

on the original data set (Y ,X), and count the number of total variables selected
S(α).

3. Obtain α̂RE as follows. Calculate the estimated selection rate

γ̂RE(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S
∗
(α)− S

∗
P (α)

,

and determine α̂RE = maxα{α : γ̂RE(α) ≤ γ0}.

4. Obtain α̂ER as follows. Calculate the estimated selection rate

γ̂ER(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S(α)
,

and determine α̂ER = maxα{α : γ̂ER(α) ≤ γ0}.

5. Run forward selection on the original data set (Y ,X) with α̂RE or α̂ER to obtain
the final selected model.

1.2.3 Phoney Variables Generation

Wu, Boos and Stefanski (2006) suggested several ways to generate phony variables that

are independent of the response variable. Their preferred method is to randomly permute

the rows of the design matrix Xn×KT
, obtaining a matrix of phony variables Zn×KT

. In

this way, the generated phony variables are independent of the response variable, have

the same correlation structure as X, and the number of phony variables is the same

as the original explanatory variables, i.e., KP = KT . When the sample size is small,

the generated phony variables may by chance be somewhat correlated with the original

12



explanatory variables. In order to eliminate correlation entirely, each of the generated

phony variables is regressed on the original variables, and the residuals are taken to be

the new phony variables. Hence, the resulting phony variables are independent of the

response variable, and have zero sample means and no correlations with the original

explanatory variables.

1.2.4 Connection with False Discovery Rate

The false selection rate function γER(α) in (1.7) is very similar to the definition of the false

discovery rate (FDR) introduced by Benjamini and Hochberg (1995) and the positive false

discovery rate (pFDR) proposed by Storey (2002, 2003) in multiple comparisons. The

common approaches in multiple comparisons control the probability of yielding at least

one Type I error in all the hypotheses, i.e., the familywise error rate (FWER). Instead

of controlling the familywise error rate at some significance level, the false discovery rate

controls the expectation of a ratio between the number of falsely rejected hypotheses

and the total number of rejected hypotheses. When m hypotheses are tested, Table 1.1

summarizes the possible outcomes. In the table, V denotes the number of falsely rejected

hypotheses, and R is the total number of rejected hypotheses.

Table 1.1: Outcomes in testing m hypotheses
Hypothesis Not Rejected Rejected Total
Null True m0 − V V m0

Alternative True m1 − S S m1

Total m−R R m

Benjamini and Hochberg (1995) defined the false discovery rate as

FDR = E

(
V

R
|R > 0

)
Pr(R > 0). (1.13)

To control FDR at a specified level, Benjamini and Hochberg (1995) proposed a sequential

p-value method for independent tests. Benjamini and Yekutieli (2001) extended this
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procedure to “positive regression dependence” tests. Storey (2002, 2003) proposed the

positive false discovery rate (pFDR), which is a modified version of the FDR. The pFDR

is defined as follows

pFDR = E

(
V

R
|R > 0

)
. (1.14)

Storey (2002, 2003) presented a Bayesian approach to directly estimate the pFDR. The

false discovery rate and positive discovery rate are very useful in testing many hypotheses,

such as in gene selection.

Table 1.2: Variables in the selected subset
Covariates Not Selected Selected Total
Uninformative KU − SU(α) SU(α) KU

Informative KI − SI(α) SI(α) KI

Total KT − S(α) S(α) KT

The false selection rate function γER(α) = E [SU(α)/{SI(α) + SU(α) + 1}|X] has a

form very close to the FDR in (1.13) and the pFDR in (1.14). Table 1.2 summarizes

variables in the selected subset by a variable selection method for a significance level α.

The number of uninformative variable selected, SU(α), corresponds to V , the number

of falsely rejected hypotheses; the total number of variables selected, SI(α) + SU(α),

corresponds to R, the total number of rejected hypotheses. Rather than define the

expected value conditional on SI(α) + SU(α) > 0, Wu, Boos and Stefanski (2006) add 1

to the denominator in (1.7) and (1.8).
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Chapter 2

Existing Variable Selection Methods
in the Cox Proportional Hazards
Model

The Cox proportional hazards model (Cox, 1972, 1975) is the most popular method to

analyze time-to-event data when covariates are present. For the Cox proportional hazards

model, there exist several popular variable selection methods extended from the context

of linear models. Under the Cox proportional hazards model, the Akaike Information

Criterion (Alaike, 1973, 1977) and the Bayesian Information Criterion (Schwarz, 1978)

are two information criteria based on partial likelihood, that can be used as stopping

rules in any model selection procedure, such as subset selection methods mentioned in

Section 1.1. The LASSO (Tibshirani, 1996, 1997) method and the SCAD (Fan and Li,

2001, 2002) method add penalty functions to the log-partial likelihood to shrink some

regression coefficients estimates toward zero, and possibly equal to zero. Following an

introduction to the Cox proportional hazards model, these variable selection methods

are discussed.
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2.1 The Cox Proportional Hazards Model

Right censored data are very common in time-to-event analysis. The times to failure are

only observed in some units in the sample at the time of analysis. The censored units

have survived until the time of analysis and would fail at some time later. Let Y and

C be the latent failure time and latent censoring time, respectively. The observed data

are (T, ∆,X), where T = min(Y, C) is the observed failure time, ∆ = I(Y ≤ C) is the

failure/censoring indicator and X = (X1, X2, . . . , XKT
)′ are the covariates. The hazard

rate λ(y) is defined as

λ(y|X) = lim
h→0

P (y ≤ Y < y + h|Y ≥ y, X)

h
.

The survival function is S(y|X) = P (Y ≥ y|X) = exp{∫ y

0
λ(u|X)du}.

For right censored data, the Cox proportional hazards model proposed by Cox (1972,

1975) is one of the most popular models to describe the relationship between the hazard

rate and the covariates. The estimation procedure for the regression coefficients is widely

accepted, and the asymptotic properties of the estimators are well established. The Cox

proportional hazards model assumes that

λ(y|X) = λ0(y) exp(X ′β), (2.1)

where λ(y|X) is the hazard function at time y given covariates X = (X1, X2, . . . , XKT
)′,

λ0(y) is an unknown underlying hazard function and β is a KT × 1 vector of regression

parameters.

Cox (1972, 1975) provided a method to estimate the unknown regression coefficients

when λ0(y) is unspecified. Suppose Yi is the latent failure time and Ci is the latent censor-

ing time for the ith individual. The observed data are {(Ti, ∆i,Xi), i = 1, . . . , n}, where

Ti = min(Yi, Ci) is the observed time and ∆i = I(Yi ≤ Ci) is the failure/censoring indica-

tor, and Xi = (X1,i, X2,i, . . . , XKT ,i)
′ are the covariates. Alternatively, we write the data
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in matrix notation as (T n×1,∆n×1,Xn×KT
). Assuming that Yi and Ci are independent

given the covariates Xi, the Cox partial likelihood (Cox, 1972, 1975) is

L(β) =
n∏

i=1

{
exp(Xi

′β)∑n
j=1 exp(Xj

′β)I(Tj ≥ Ti)

}∆i

. (2.2)

Let `(β) denote the log-partial likelihood of the Cox proportional hazards model, where

`(β) =
n∑

i=1

∆i

[
Xi

′β − log
n∑

j=1

exp(Xj
′β)I(Tj ≥ Ti)

]
. (2.3)

By maximizing the partial likelihood (2.2) or the log-partial likelihood (2.3), we get

the estimate β̂. The maximum partial likelihood estimator has been proved to be

asymptotically normal and consistent by Tsiatis (1981) and Andersen and Gill (1982).

Breslow (1974) gave an estimate of the underlying cumulative hazard function Λ0(y) =
∫ y

0
λ0(u)du, which is

Λ̂0(y) =
n∑

i=1

∆iI(Ti ≤ y)∑n
j=1 I(Ti ≤ Tj) exp(Xj

′β̂)
.

Some variable selection methods for linear models have been extended to the Cox

proportional hazards model based on partial likelihoods, such as subset selection meth-

ods with Akaike Information Criterion and Bayesian Information Criterion, the LASSO

method and the SCAD method.

2.2 Information Criteria

The Akaike Information Criterion (AIC) proposed by Akaike (1973, 1977) and the Bayesian

Information Criterion (BIC) proposed by Schwarz (1978) are two of the more popular

criteria based on likelihoods for choosing a best model from a set of candidate models

for a given data set. Traditionally AIC and BIC are used in parametric models such as

linear models, that have full likelihoods. Because of censoring, we can extend AIC and
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BIC to handle the Cox proportional hazards model by using the log-partial likelihood

`(β) in (2.3).

AIC and BIC have similar forms, differing only in the penalty coefficient. Choosing

from M competing models, AIC and BIC pick the one with minimum AIC and BIC

scores, respectively. In the Cox proportional hazards model, AIC and BIC scores are

calculated as

AICj = −2`j + 2pj, (2.4)

BICj = −2`j + log(n)pj, (2.5)

where `j is the maximum log-partial likelihood of the jth model, pj is the number of

variables in the jth model, and n is the number of observations in a given data set

(T n×1,∆n×1,Xn×KT
).

Since there are censored observations in survival data, Volinsky and Raftery (2000)

modified the penalty coefficient log(n) in BIC defined in (2.5) for censored survival mod-

els. They used the number of uncensored observations nd in the penalty term instead of

the sample size n. For the jth model, BIC is defined as

BICj = −2`j + log(nd)pj, (2.6)

where nd =
∑

∆i, and ∆i = I(Yi ≤ Ci) is the failure/censoring indicator.

AIC and BIC can be used to determine model size for the subset selection methods in

Section 1.1. For example, running forward selection on a given data set (T ,∆,X) with

KT covariates leads to a sequence of models {M1,M2, . . . , MKT
}, where the jth model

Mj selects j covariates, j = 1, 2, . . . , KT . For each model Mj, equations (2.4) and (2.6)

are used to calculate AICj and BICj, j = 1, 2, . . . , KT . Then one chooses the model

with minimum AIC or BIC scores, respectively. We refer to these two procedures as

Forward-AIC and Forward-BIC, respectively.
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In the literature, the performances of AIC and BIC have been studied often in the

context of parametric models with full likelihood, e.g., by Stone (1979), Shibata (1981),

and Haughton (1988). However, little research has been done to study the asymptotic

properties of AIC and BIC under the Cox proportional hazards model. Volinsky and

Raftery (2000) studied some aspects of the original BIC in (2.5) and proposed the revised

BIC with the modified penalty term in (2.6). More study is needed to fully understand

the theoretical properties of AIC and BIC in the context of the Cox proportional hazards

model.

2.3 LASSO

Tibshirani (1997) extended the LASSO method (Least Absolute Shrinkage and Selection

Operator) for linear regression models to the Cox proportional hazards model. The

LASSO method estimates the coefficients by maximizing the log-partial likelihood with

the constraint that the sum of the absolute values of coefficients is bounded above by

some positive number. Typically this forces some of the regression coefficient estimates

to zero. The standard LASSO method requires standardization of the covariates so that

“the penalization scheme is fair to all regressors” (Tibshirani, 1997).

Let `(β) be the log-partial likelihood for the Cox proportional hazards model given

in (2.3). The LASSO method estimates the coefficients via

β̂ = argmax `(β), subject to

KT∑
j=1

|βj| ≤ s,

where β = (β1, β2, . . . , βKT
) are the regression coefficients, and the constraint s > 0.

The LASSO method leads to the usual maximum partial likelihood estimates β̂
F

=

(β̂F
1 , β̂F

2 , . . . , β̂F
KT

) if s is large enough, i.e., s ≥ ∑ |β̂F
j |. Only when s <

∑ |β̂F
j | will the

LASSO shrink the estimates and possibly result in some estimated coefficients equal to

zero.
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Tibshirani (1997) also pointed out that the constraint (
∑ |βj| ≤ s) on the coefficients

is equivalent to including the L1 penalty term pλ(|β|) = λ|β| given in (1.3) to the log-

partial likelihood function, where λ ≥ 0. Thus the LASSO method can also be rewritten

as the maximizer of

`(β)− nλ

KT∑
j=1

|βj|, λ ≥ 0, (2.7)

where λ is a tuning parameter. When λ = 0, the penalty function is gone, which leads to

usual maximum partial likelihood estimates β̂
F
. On the other hand, when λ →∞, all the

estimators are driven to 0. By maximizing the LASSO penalized log-partial likelihood in

(2.7) for a given λ, we get estimates β̂λ of the regression coefficients. Fan and Li (2002)

estimated λ by minimizing the approximate generalized cross validation (GCV) statistic

(Craven and Wahba, 1979),

GCV (λ) =
−`(β̂λ)

n[1− e(λ)/n]2
, (2.8)

where β̂λ is the maximum penalized partial likelihood estimate given λ, `(·) is the log-

partial likelihood in (2.3),

e(λ) = tr[{O2`(β̂λ) + Σλ(β̂λ)}−1O2`(β̂λ)],

O2`(β̂λ) =
∂2`(β̂λ)

∂β∂βT
, and

Σλ(β) = diag

{
λI(β1 6= 0)

|β1| , . . . ,
λI(βKT

6= 0)

|βKT
|

}
.

In Figure 2.1, the dashed line depicts the L1 penalty function in (1.3) with λ = 1. The

L1 penalty is nondifferentiable at the origin, satisfying a necessary condition for penalty

functions to produce a sparse solution that shrinks small coefficients to zero (Antoniadis

and Fan, 2001). The condition is p′λ(0+) > 0, where p′λ(·) is the derivative of penalty

function pλ(·). For the L1 penalty, large true regression coefficients get large penalties,

possibly underestimating large coefficients when λ is large and producing estimation bias

(Fan and Li, 2002).
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Figure 2.1: The L1 penalty function with λ = 1, and the SCAD penalty function with
λ = 1 and a = 3.7.

2.4 SCAD

Fan and Li (2002) extended the nonconcave penalized likelihood method for linear mod-

els (Fan and Li, 2001) to the Cox proportional hazards model. They add the smoothly

clipped absolute deviation (SCAD) penalty to the log-partial likelihood of the Cox pro-

portional hazards model in (2.3), where the SCAD penalty function given in (1.4) is

pλ(|β|) =





λ|β|, if |β| ≤ λ;
−{|β|2 − 2aλ|β|+ λ2}/2(a− 1), if λ < |β| ≤ aλ;
(a + 1)λ2/2, if |β| > aλ.

where a > 2 and λ ≥ 0.

In Figure 2.1, the solid line is the SCAD penalty function in (1.4) with λ = 1 and

a = 3.7. From Figure 2.1, the SCAD penalty is nondifferentiable at the origin, which leads

to a sparse solution. Unlike the L1 penalty function in (1.3) that gives large coefficients

with large penalties, the SCAD penalty function gives constant penalty to large regression

coefficients, avoiding over-penalizing and yielding nearly unbiased estimators for large
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coefficients. Moreover, the SCAD penalty function provides continuous estimators to

“avoid unnecessary variation in model prediction” (Fan and Li, 2001, 2002).

Let `(β) be the log-partial likelihood for the Cox proportional hazards model given

in (2.3). Using the penalty function in (1.4), we get the SCAD penalized log-partial

likelihood function for the Cox proportional hazards model as

`(β)− n

KT∑
j=1

pλ(|βj|), (2.9)

where β = (β1, β2, . . . , βKT
)′ are the regression coefficients. Estimates of the coefficients

are obtained by maximizing the log-penalized partial likelihood in (2.9) with respect to

β for a given value of a and λ in the SCAD penalty function. Fan and Li (2002) used

a = 3.7 and selected λ by minimizing the approximate generalized cross validation (GCV)

statistic (Craven and Wahba, 1979),

GCV (λ) =
−`(β̂λ)

n[1− e(λ)/n]2
, (2.10)

where β̂λ is the maximum penalized partial likelihood estimate given λ, `(·) is the log-

partial likelihood in (2.3),

e(λ) = tr[{O2`(β̂λ) + Σλ(β̂λ)}−1O2`(β̂λ)],

O2`(β̂λ) =
∂2`(β̂λ)

∂β∂βT
,

Σλ(β) = diag

{
p′λ(|β1|)I(β1 6= 0)

|β1| , . . . ,
p′λ(|βKT

|)I(βKT
6= 0)

|βKT
|

}
, and

p′λ(|β|) = λ

{
I(|β| ≤ λ) +

(aλ− |β|)
(a− 1)λ

I(λ < |β| ≤ aλ)

}

is the derivative of the SCAD penalty function in (1.4).

Fan and Li (2002) suggested that the SCAD method has better theoretical properties

than the LASSO method. Several examples are given in their paper to demonstrate this

method and to show that the procedure is better than the best subset method in terms
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of stability of precision and effectiveness of computation. Fan and Li (2002) indicated

that the convergent rate of the SCAD method depends on the tuning parameter in the

penalized likelihood.
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Chapter 3

False Selection Rate Variable
Selection Methods in the Cox
Proportional Hazards Model

A good variable selection method should select as many informative variables as possible,

while allowing a reasonable low proportion of uninformative variables. In Chapter 2, we

discussed some existing popular variable selection methods for the Cox proportional

hazards model. However, these methods do not control the proportion of uninformative

variables selected.

Wu, Boos and Stefanski (2006) introduced the False Selection Rate variable selection

method and applied it with forward selection in the context of linear models. This new

approach controls the false selection rate by adding a number of phony variables to the

original data set, calculating the proportions of phony variables selected and estimating

the entry significance level in forward selection.

In this chapter, we first investigate the False Selection Rate with forward selection

method (Forward-FSR) in the context of the Cox proportional hazards model. Based on

the False Selection Rate variable selection method, we then present two new approaches,

LASSO-FSR and SCAD-FSR, to estimate the tuning parameters in the penalty functions

of the LASSO and the SCAD methods, respectively.
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3.1 Forward-FSR

In Section 1.2, we reviewed the Forward-FSR method introduced by Wu, Boos and

Stefanski (2006) in the context of linear models. This method controls the false selection

rate of uninformative variables. Here we modify their procedures and apply them to

the Cox proportional hazards model. The goal is to control the false selection rate of

uninformative variables by estimating a significance entry significance level α in forward

selection.

3.1.1 Method Based on False Selection Rate Function γRE

Suppose the observed data are (T n×1,∆n×1,Xn×KT
), where T = min(Y , C) are the

observed failure times, ∆ = I(Y ≤ C) are the failure/censoring indicators, and X is

the design matrix. Let KI and KU be the number of informative and uninformative

variables in the data set, with KT = KI + KU . Let SI(α) and SU(α) be the number of

informative and uninformative variables selected in the Cox proportional hazards model

in (2.1) for a given entry significance level α in forward selection, where 0 ≤ SI(α) ≤ KI

and 0 ≤ SU(α) ≤ KU . Let (Zb)n×KP
be a set of KP phony variables that are independent

of response. Pseudo data sets (T ,∆,X, Zb), b = 1, 2, · · · , B, are obtained by appending

the phony variables to the original data set (T ,∆, X). We also work under assumptions

(A1) and (A2) in Section 1.2.1 as proposed by Wu, Boos and Stefanski (2006).

Based on the false selection rate function γRE(α) in (1.8), Wu, Boos and Stefanski

(2006) proposed an estimate γ̂RE(α) as follows

γ̂RE,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S
∗
(α)− S

∗
P (α)

, (3.1)
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where

S
∗
P (α) = B−1

B∑

b=1

S∗Pb(α);

S
∗
(α) = B−1

B∑

b=1

{S∗Pb(α) + S∗Ub(α) + S∗Ib(α)};

S∗Pb(α), S∗Ub(α), and S∗Ib(α) are the numbers of phony variables, original uninformative

variables and informative variables selected using the pseudo data set (T ,∆,X,Zb),

while S(α) is the total number of variables selected by forward selection on the original

data set (T ,∆,X) for entry significance level α. Wu, Boos and Stefanski (2006) used

K̂U(α) = KT − S(α) to estimate KU , the number of uninformative variables in data set

(T ,∆,X), and expect that at the desired α level, KT − S(α) ≈ KU .
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Figure 3.1: Estimate γ̂RE,1(α) of false selection rate function γRE(α) for a single simulated
data set with n = 150, KT = 12, KI = 2, ρ = 0, high R2

P and 70% censoring.

The estimation equation (3.1) is used to determine an entry significance level α in

the forward selection such that γ̂RE,1(α) = γ0. Figure 3.1 shows the estimated false
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selection rate γ̂RE,1(α) for one data set generated in the simulation studies in Chapter

4, over 250 equally spaced grid of α from 0 to 0.5. The data set contains KT = 12

variables and KI = 2 equally informative variables. Five-hundred replicates of pseudo

data sets, generated using the method described in Section 1.2.3, were used to construct

the estimate γ̂RE,1(α). From Figure 3.1 we see that the curve is neither monotone nor

smooth. When α is small, γ̂RE,1(α) increases as α increases from 0; when α is large and

increases to 1, γ̂RE,1(α) goes down. The curve γ̂RE,1(α) has large jumps at the α levels

for which forward selection includes one more variable in the model.

In the estimation equation (3.1), we see that γ̂RE,1(α) = 0 when α = 0 or 1, because

S
∗
P (0) = 0 and KT−S(1) = 0. Hence, if maxα γ̂RE,1(α) > γ0, γ̂RE,1(α) will cross γ0 at least

twice, at a small αS = min{α : γ̂RE,1(α) = γ0} and a large αL = max{α : γ̂RE,1(α) = γ0}.
Using αL, forward selection tends to include nearly all the variables, selecting many

uninformative variables. Hence, we only consider α ∈ {α : α ≤ α∗}, where α∗ satisfies

γ̂RE(α∗) = maxα γ̂RE(α). In general, we want to select as many informative variables as

possible with a false selection rate close to our target, say γ0 = 0.05. In order to avoid

uniqueness issues and identify a large model satisfying our targeted false selection rate,

we define an estimate of α based on (3.1) as follows

α̂RE,1 = sup{α : γ̂RE,1(α) ≤ γ0, α ≤ α∗},

where α∗ satisfies γ̂RE(α∗) = maxα γ̂RE(α). Then we run forward selection with entry

significance level α̂RE,1 to get the final selected model.

Notice that in estimation equation (3.1), KU is estimated by K̂U(α) = KT − S(α),

which is a function of α. This leads to γ̂RE,1(α) in (3.1) going to 0 as α goes to 1.

However, γRE(α) in (1.5) and γER(α) in (1.4) lead to γ•(1) = KU/(1 + KT ), where γ• is

either γRE or γER. Therefore, γ•(1) > 0 for any KU > 0. Hence, γ̂RE,1(α) is not a good

estimate of false selection rate function γRE(α) when α is large. Fortunately, large α are
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seldom relevant.

Although the number of uninformative variables KU is unknown, we expect K̂U(α) =

KT−S(α) ≈ KU at the desired α level. We can use an iteration procedure to estimate KU

and α. At step 0, we use the estimation equation (3.1), and get an estimate α̂(0) = α̂RE,1.

At step i = 1, we update the estimation equation in (3.1) as

γ̂
(1)
RE,2(α) =

S
∗
P (α){KT − S(α̂(0))}/KP

1 + S
∗
(α)− S

∗
P (α)

.

We update α by α̂(1) = sup{α : γ̂
(1)
RE,2(α) ≤ γ0, α ≤ α∗}, where α∗ satisfies γ̂

(1)
RE,2(α∗) =

maxα γ̂
(1)
RE,2(α). At later steps i = 2, 3, . . . , we use the estimated α̂(i−1) in the previous

step to get the updated γ̂
(i)
RE,2(α) and α̂(i). The procedure is repeated until there is no

change in γ̂
(i)
RE,2(α). Let k be the final step in the repeated procedure, we get the second

estimation equation

γ̂RE,2(α) = γ̂
(k)
RE,2(α) =

S
∗
P (α){KT − S(α̂(k−1))}/KP

1 + S
∗
(α)− S

∗
P (α)

, (3.2)

and let α̂RE,2 be the final α̂
(k)
RE,2.

We can also plug in the estimated α̂(0) = α̂RE,1 into the denominator of the estimation

equation in (3.1), and get

γ̂
(1)
RE,3(α) =

S
∗
P (α){KT − S(α̂(0))}/KP

1 + S
∗
(α̂(0))− S

∗
P (α̂(0))

.

Similarly, update α by α̂(1) = sup{α : γ̂
(1)
RE,3(α) ≤ γ0, α ≤ α∗}, where α∗ satisfies

γ̂
(1)
RE,3(α∗) = maxα γ̂

(1)
RE,3(α). At the ith step, i = 2, 3, . . . , use α̂(i−1) to get the up-

dated γ̂
(i)
RE,3, which leads to α̂(i). We repeat the steps until there is no change in γ̂

(i)
RE,3(α).

Let k be the final step in the repeated procedure, we get the third estimation equation

γ̂RE,3(α) = γ̂
(k)
RE,3(α) =

S
∗
P (α){KT − S(α̂(k−1))}/KP

1 + S
∗
(α̂(k−1))− S

∗
P (α̂(k−1))

, (3.3)

and let α̂RE,3 be the final α̂
(k)
RE,3. Then we run forward selection with α̂RE,1, α̂RE,2 or

α̂RE,3 to get the final selected model.
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Figure 3.2: Three estimated false selection rate functions based on γRE(α) for a single
simulated data set with n = 150, KT = 12, KI = 2, ρ = 0, high R2

P and 70% censoring.

Figure 3.2 shows the curves of the three estimation equations (3.1), (3.2) and (3.3)

for the same data set as the one used in Figure 3.1. The curves of γ̂RE,2(α) and γ̂RE,3(α)

are smooth and increase as α increases. Note that in Figure 3.2, the curve γ̂RE,3(α) can

exceed 1 when α is large.

The false selection rate function γRE(α) ≤ 1, with γRE(0) = 0 and γRE(1) = KU/(1+

KT ). For large α, γ̂RE,3(α) is not a good estimate of γRE(α) because γ̂RE,3(α) can exceed

1. When α = 0, γ̂RE,2(0) = 0, because S
∗
P (0) = 0; when α = 1, γ̂RE,2(1) = K̂U/(1 + KT ),

where K̂U = KT − S(α̂RE,2), which is close to γRE(1) = KU/(1 + KT ). Also γ̂RE,2(α) is

between 0 and 1. Hence, γ̂RE,2(α) is a better estimate of γRE(α) for large α compared

with γ̂RE,1(α) and γ̂RE,3(α). For small α, these three estimates of γRE(α) are close to

each other. Therefore the second estimation equation γ̂RE,2(α) in (3.2) is preferred for

estimating the entry significance level α.

The procedures to get the three estimators are summarized in Algorithm 2.
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Algorithm 2: Forward-FSR procedures based on γRE

1. For a given data set (T ,∆,X), generate B replicate phoney variables Zb, where
Zb are n×KP matrices. Combine the original variables with the phoney variables,
and get B replicates of pseudo data sets (T ,∆,X, Zb), b = 1, 2, · · · , B.

2. For α ∈ {0.002, 0.004, · · · , 0.5}, run forward selection on the pseudo data sets,
and count the average number of phony variables selected S

∗
P (α), and the average

number of total variables selected S
∗
(α). Run forward selection on the original

data set, and count the number of total variables selected S(α).

3. Obtain α̂RE,1 as follows. Calculate the estimated false selection rate

γ̂RE,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S
∗
(α)− S

∗
P (α)

.

Then α̂RE,1 = max{α : γ̂RE,1(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂RE(α) =
γ̂max}, and γ̂max = maxα γ̂RE,1(α).

4. Obtain α̂RE,2 as follows. At step 0, let α̂(0) = α̂RE,1. At step i = 1, 2, . . ., calculate
the estimated false selection rate

γ̂
(i)
RE,2(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S
∗
(α)− S

∗
P (α)

.

Update α̂(i) = max{α : γ̂
(i)
RE,2(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂RE,2(α) =

γ̂max}, and γ̂max = maxα γ̂
(i)
RE,2(α). We repeat the steps until there is no change

in γ̂
(i)
RE,2(α), and the final α̂(i) is denoted by α̂RE,2.

5. Obtain α̂RE,3 as follows. At step 0, let α̂(0) = α̂RE,1. At step i = 1, 2, . . ., calculate
the estimated false selection rate

γ̂
(i)
RE,3(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S
∗
(α̂(i−1))− S

∗
P (α̂(i−1))

.

Update α̂(i) = max{α : γ̂
(i)
RE,3(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂RE,3(α) =

γ̂max}, and γ̂max = maxα γ̂
(i)
RE,3(α). We repeat the steps until there is no change

in γ̂RE,3(α), and the final α̂(i) is denoted by α̂RE,3.

6. Run forward selection on the original data set (T ,∆,X) with α̂RE,1, α̂RE,2 or
α̂RE,3, and get the final selected model.
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3.1.2 Method Based on False Selection Rate Function γER

Wu, Boos and Stefanski (2006) also proposed a variable selection procedure based on

γER(α) in (1.7), that depends on only assumption (A1); see Section 1.2.2. Recall that

γER(α) = E[SU(α)/{1 + S(α)}|X], where S(α) = SI(α) + SU(α), the number of total

variables selected given α, is known. Wu, Boos and Stefanski (2006) suggested estimating

the false selection rate function via γER(α) as

γ̂ER,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S(α)
. (3.4)

The dashed line in Figure 3.3 shows the curve of estimated false selection rate function

γ̂ER,1(α) for the same data set described in the previous section to produce the plot in

left panel. Again, the curve increases for small α and decreases for large α. The curve

is very similar to γ̂ER,1(α) discussed in the previous section. In (3.4), γ̂ER,1(α) = 0 when

α = 0 or 1, and has large jumps at the α levels for which forward selection includes

one more variable in the model. Similarly, to obtain the estimate α̂RE,1, we define an

estimate of α based on γ̂ER,1(α) as follows

α̂ER,1 = sup{α : γ̂RE,1(α) ≤ γ0, α ≤ α∗},

where α∗ = max{α : γ̂ER(α) = γ̂max}, and γ̂max = maxα γ̂ER,1(α). Then we run forward

selection with α̂ER,1 on the original data set and get a final model.

Since we expect that K̂U(α) = KT − S(α) ≈ KU at the desired α level, we can

substitute the estimated α̂(0) = α̂ER,1 in K̂U(α) at step i = 1, and get

γ̂
(1)
ER,2(α) =

S
∗
P (α){KT − S(α̂(0))}/KP

1 + S(α)
.

We update α by α̂(1) = sup{α : γ̂
(1)
ER,2(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂

(1)
ER,2(α) =

γ̂max}, and γ̂max = maxα γ̂ER,2(α). For step i = 2, 3, . . . , we use α̂(i−1) to get the updated

γ̂
(i)
ER,2 and α̂(i). We repeat the steps until there is no change in γ̂

(i)
ER,2(α). The final

γ̂
(i)
ER,2(α) is denoted by γ̂ER,2(α), and the final α̂

(i)
ER,2 is denoted by α̂ER,2.
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Figure 3.3: Three estimated false selection rate functions based on γER(α) for a single
simulated data set with n = 150, KT = 12, KI = 2, ρ = 0, high R2

P and 70% censoring.

We can also plug in the estimated α̂(0) = α̂ER,1 into the denominator of the estimation

equation in (3.4) at step i = 1, and get the updated estimation equation as

γ̂
(1)
ER,3(α) =

S
∗
P (α){KT − S(α̂(0))}/KP

1 + S(α̂(0))
.

We determine α̂(1) = sup{α : γ̂
(1)
ER,3(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂

(1)
ER,3(α) =

γ̂max}, and γ̂max = maxα γ̂ER,3(α). For step i = 2, 3, . . . , we use α̂(i−1) to get the updated

γ̂
(i)
ER,3 and α̂(i). The procedure is repeated until there is no change in γ̂

(i)
ER,3(α). The final

γ̂
(i)
ER,3(α) is denoted by γ̂ER,3(α), and the final α̂

(i)
ER,3 is denoted by α̂ER,3.

We summarize the procedures to get the three estimators α̂ER,1, α̂ER,2 and α̂ER,3 in

Algorithm 3.
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Algorithm 3: Forward-FSR procedures based on γER(α)

1. For a given data set (T ,∆,X), generate B replicate phoney variables Zb, where
Zb are n×KP matrices. Combine the original variables with the phoney variables,
and get B replicates of pseudo data sets (T ,∆,X, Zb), b = 1, 2, · · · , B.

2. For α ∈ {0.002, 0.004, · · · , 0.5}, run forward selection on the pseudo data sets,
and count the average number of phony variables selected S

∗
P (α), and the average

number of total variables selected S
∗
(α). Run forward selection on the original

data set, and count the number of total variables selected S(α).

3. Obtain α̂ER,1 as follows. Calculate the estimated false selection rate

γ̂ER,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S(α)
.

Then α̂ER,1 = max{α : γ̂ER,1(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂ER(α) =
γ̂max}, and γ̂max = maxα γ̂ER,1(α).

4. Obtain α̂ER,2 as follows. At step 0, let α̂(0) = α̂ER,1. At step i = 1, 2, . . ., calculate
the estimated false selection rate

γ̂
(i)
ER,2(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S∗(α)
.

Update α̂(i) = max{α : γ̂
(i)
ER,2(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂ER,2(α) =

γ̂max}, and γ̂max = maxα γ̂
(i)
ER,2(α). We repeat the steps until there is no change

in γ̂ER,2(α), and the final α̂(i) is denoted by α̂ER,2.

5. Obtain α̂ER,3 as follows. At step 0, let α̂(0) = α̂ER,1. At step i = 1, 2, . . .,
calculate the estimated false selection rate

γ̂
(i)
ER,3(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S∗(α̂(i−1))
.

Update α̂(i) = max{α : γ̂
(i)
ER,3(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂ER,3(α) =

γ̂max}, and γ̂max = maxα γ̂
(i)
ER,3(α). We repeat the steps until there is no change

in γ̂ER,3(α), and the final α̂(i) is denoted by α̂ER,3.

6. Run forward selection on the original data set (T ,∆,X) with α̂ER,1, α̂ER,2 or
α̂ER,3, and get the final selected model.
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Figure 3.3 shows the curves of the three estimates γ̂ER,1(α), γ̂ER,2(α), and γ̂ER,3(α) of

γER(α) for a simulated data set. We see that the curve γ̂ER,3(α) is smooth and monotone

increasing, and it can exceed 1 when α is large. The curve γ̂ER,2(α) has jumps at the

same α levels as γ̂ER,1(α) does, because S(α), the number of variables selected, is a step

function of α. When α = 1, γ̂ER,1(1) = 0, while γ̂ER,2(1) = {KT − S(α̂ER,2)}/(1 + KT ),

which is close to γER(1) = KU/(1 + KT ). The estimation equation γ̂ER,2(α) has a nice

graphical interpretation, and overcomes the drawback of γ̂ER,1(α) in underestimating

γER(α) and γ̂ER,3(α) in overestimating γER(α) for large α. Hence, γ̂ER,2(α) is preferred

to use to estimate γER(α). We get an estimate of α using γ̂ER,2(α) with which run forward

selection to get the final selected model.
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Figure 3.4: Estimated false selection rate functions based on γRE(α) and γER(α) for a
single simulated data set with n = 150, KT = 12, KI = 2, ρ = 0, high R2

P and 70%
censoring.

In Figure 3.4, we compare the two curves γ̂RE,2(α) and γ̂ER,2(α). These two curves

are close to each other when α is small, and differ a little for large α. The curve γ̂RE,2(α)
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is smoother than the curve γ̂ER,2(α). This is true because γ̂RE,2(α) and γ̂ER,2(α) differ

only in the denominator, and the average number of original variables selected from B

replicate pseudo data sets, S
∗
(α) − S

∗
P (α), in the denominator of γ̂RE,2(α) is smoother

than the total number of variables selected from the original data set, S(α), in the the

denominator of γ̂ER,2(α).

Usually these two curves have very close α level estimates for a small targeted false

selection rate γ0. Although γ̂RE,2(α) and γ̂ER,2(α) typically result in slightly different

estimated α levels, often the same variables are selected, because S(α) is a step function.

3.2 LASSO-FSR and SCAD-FSR

In Section 3.1, we applied the Forward-FSR method to the Cox proportional hazards

model, and estimated the entry significance level α in forward selection to achieve a

targeted false selection rate. Similarly, we can use the same idea as in the Forward-FSR

method to tune the penalty parameter λ in the LASSO and SCAD penalized log-partial

likelihoods in (2.7) and (2.9). The penalty parameter, λ, usually chosen by Generalized

Cross Validation in the original LASSO and SCAD methods, is now chosen using the

False Selection Rate criterion. With this new λ, the LASSO and SCAD methods can be

tuned to achieve a pre-specified false selection rate approximately.

Let `(β) be the log-partial likelihood for the Cox proportional hazards model given

in (2.3). For the LASSO and the SCAD methods, a general form of penalized log-partial

likelihood is given as

Jλ(β) = `(β)− n

KT∑
j=1

pλ(|βj|), λ ≥ 0, (3.5)

where β = (β1, β2, · · · , βKT
)′ is a KT × 1 coefficient vector, the penalty function pλ(·) is

either a L1 penalty in (1.3) for the LASSO method or the SCAD penalty in (1.4), and λ

is a tuning parameter.
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When the penalty parameter λ = 0, the penalty term in (3.5) vanishes and maximizing

Jλ(β) with respect to β results in the usual maximum partial likelihood estimator β̂
F
,

i.e. all of the covariates are included in the model. Hence, λ = 0 in (3.5) corresponds to

α = 1 in forward selection, which also results in a full model. On the other hand, when

λ → ∞, all of the regression coefficients are estimated as 0, i.e., no variables is selected

in the model. This case corresponds to forward selection with α = 0. As λ increases,

more regression coefficients are shrunk towards zero, and possibly equal to zero, resulting

in a model with fewer variables selected. This is similar to the forward selection when α

decreases from 1 to 0. In order to be consistent with the notation in the Forward-FSR

method, we use the 1− 1 transformation

α =
c

c + λ
, 0 ≤ α ≤ 1, or λ =

c(1− α)

α
, λ ≥ 0, (3.6)

where c > 0 is a constant and λ is the penalty parameter. Then α → 0 as λ → ∞, and

α → 1 when λ → 0. We can rewrite the penalty functions used in the LASSO and the

SCAD methods in terms of α by using the 1−1 transformation in (3.6). For example, the

L1 penalty pλ(|β|) = λ|β| can be rewritten as pα(|β|) = {c(1− α)/α}|β|. The penalized

log-partial likelihood in (3.5) written in terms of α is

Jα(β) = `(β)− n

KT∑
j=1

pα(|βj|), 0 ≤ α ≤ 1, (3.7)

where pα(·) is the L1 penalty in (1.3) or the SCAD penalty in (1.4) by replacing λ with

c(1 − α)/α. The choice of c is not an issue, any c > 0 works equally well. In our work

we take c = 0.005 simply because this choice puts the Forward Selection FSR plots and

the LASSO and SCAD FSR plots on visually similar scales.

We modify the procedures developed in the Forward-FSR method in Section 3.1 to

the LASSO and the SCAD method to tune the penalty parameter α in (3.7), and hence

tune the penalty parameter λ in (3.5).

36



The false selection rate functions for the LASSO method (or the SCAD method) are

defined similarly to the Forward-FSR method as

γRE(α) =
E{SU(α)|X}

E{SI(α) + SU(α) + 1|X} ,

and

γER(α) = E

{
SU(α)

SI(α) + SU(α) + 1
|X

}
,

where SU(α) and SI(α) are the number of uninformative and informative variables se-

lected by the LASSO method (or the SCAD method) for a given α in (3.7), respectively.

3.2.1 Method Based on False Selection Rate Function γRE and
γER

Using the same estimation equations (3.1) and (3.4) in the Forward-FSR method pro-

posed by Wu, Boos and Stefanski (2006) under the Cox proportional hazards model, we

get an estimate of γRE(α) and γER(α) for the LASSO method (or the SCAD method) as

γ̂RE,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S
∗
(α)− S

∗
P (α)

, (3.8)

γ̂ER,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S(α)
, (3.9)

where

S
∗
P (α) = B−1

B∑

b=1

S∗Pb(α);

S
∗
(α) = B−1

B∑

b=1

{S∗Pb(α) + S∗Ub(α) + S∗Ib(α)};

and S∗Pb(α), S∗Ub(α), and S∗Ib(α) are the number of phony variables, original uninfor-

mative variables and original informative variables selected from the pseudo data set

(T ,∆,X, Zb), while S(α) is the total number of variables selected from the original

data set (T ,∆, X) for a given α in (3.7) by the LASSO method (or the SCAD method).
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Figure 3.5: Plots of estimated FSR curve of γRE for the LASSO and SCAD methods on
the original λ levels and the transformed α levels, for a single simulated data set with
n = 150, KT = 12, KI = 2, ρ = 0, high R2

P and 70% censoring.
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Using the 1 − 1 transformation of α and λ in (3.6), we plot the estimated function

in (3.8) on the original λ levels and the transformed α = 0.005/(0.005 + λ) levels for the

LASSO and the SCAD methods in Figure 3.5. These estimated FSR curves in Figure 3.5

are neither monotone nor smooth. The upper and lower left panels in Figure 3.5 show

that γ̂RE,1(λ) = γ̂RE,1(0.005(1−α)/α) decreases after some large λ levels for the LASSO

and the SCAD methods. This corresponds to the plots on the α levels in the upper and

lower right panels in which the curves increase before some small α levels. Comparing

the plots in the right panels in Figure 3.5 with the plot in Figure 3.1 for the Forward-FSR

method in Section 3.1, we see that for small α levels, these estimation curves increase as

α increases.

Based on γ̂RE,1(α) for the LASSO method (or the SCAD method) in (3.8), an estimate

of α can be obtained as

α̂RE,1 = sup{α : γ̂RE,1(α) ≤ γ0, α ≤ α∗},

where α∗ satisfies γ̂RE,1(α∗) = maxα γ̂RE,1(α). In the Forward-FSR method given in

Section 3.1, we discussed the drawback of the estimated FSR curve γ̂RE,1(α) in under-

estimating γRE(α) for large α, and suggested estimating γRE(α) iteratively. We do the

same here. At the initial step, let α̂(0) = α̂RE,1. At later steps i = 1, 2, ..., we substitute

KT − S(α) in the numerator in (3.8) with KT − S(α̂(i−1)), where α̂(i−1) is the estimate

in the previous step, and update the estimation equation as

γ̂
(i)
RE,2(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S
∗
(α)− S

∗
P (α)

. (3.10)

We update α by α̂(i) = sup{α : γ̂
(i)
RE,2(α) ≤ γ0, α ≤ α∗}, where α∗ satisfies γ̂

(i)
RE,2(α∗) =

maxα γ̂
(i)
RE,2(α). We repeat the above procedure until there is no change in γ̂

(i)
RE,2(α),

obtaining the estimate γ̂RE,2(α) as the final γ̂
(i)
RE,2(α), and the estimate α̂RE,2 as the final

α̂(i) in the repeated procedure.
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Similarly, based on γ̂ER,1(α) for the LASSO method (or the SCAD method) in (3.9),

we determine

α̂ER,1 = sup{α : γ̂ER,1(α) ≤ γ0, α ≤ α∗},

where α∗ satisfies γ̂ER,1(α∗) = maxα γ̂ER,1(α). Because of poor estimation of γ̂ER,1(α)

when α is large, we also estimate γER(α) and α iteratively. At the initial step, let

α̂(0) = α̂ER,1. For steps i = 1, 2, ..., we use the following estimation equation

γ̂
(i)
ER,2(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S(α)
, (3.11)

where α̂(i−1) is the estimate in the previous step. We update α by α̂(i) = sup{α :

γ̂
(i)
ER,2(α) ≤ γ0, α ≤ α∗}, where α∗ satisfies γ̂

(i)
ER,2(α∗) = maxα γ̂

(i)
ER,2(α). We repeat the

above procedure until there is no change in γ̂
(i)
ER,2(α). The final γ̂

(i)
ER,2(α) is denoted by

γ̂ER,2(α), and the final α̂(i) is denoted by α̂ER,2.

We maximize the penalized log-partial likelihood in (3.7) for the LASSO method

(or the SCAD method) with the estimated α levels and get the final selected model.

Equivalently, we can use the transformation λ = 0.005(1− α)/α to get the estimates of

λ levels in (3.5). We refer to these estimation procedures based on γRE(α) and γER(α)

as the LASSO-FSR and SCAD-FSR methods.

The left panel of Figure 3.6 illustrates the estimated FSR curves γ̂RE,1(α) and γ̂RE,2(α)

based on γRE(α) of the LASSO method for the same data set as the one used in the

Forward-FSR method in Section 3.1. The two curves are close to each other when α is

small, but differ a lot when α is large. The curve γ̂RE,2(α) is smooth and increases as α

increases. The right panel of Figure 3.6 shows the estimated FSR curves γ̂ER,1(α) and

γ̂ER,2(α) based on γER(α) of the LASSO-FSR method. Similar to the estimated FSR

curves in Forward-FSR plotted in Figure 3.4, the curve γ̂ER,2(α) is not as smooth as

γ̂RE,2(α), because the denominator in γ̂RE,2(α) is smoother than the one in γ̂ER,2(α).

Figure 3.7 illustrates the estimates of γRE(α) and γER(α) of the SCAD method. We
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see a similar patten in these two plots as the plots for the LASSO method in Figure

3.6. γ̂RE,2(α) is smoother than γ̂ER,2(α), and both γ̂RE,2(α) and γ̂ER,2(α) increase as α

increase.

The procedures of the LASSO-FSR and the SCAD-FSR based on γRE(α) and γER(α)

are summarized in Algorithm 4.

Algorithm 4: LASSO-FSR and SCAD-FSR procedures

1. For a given data set (T ,∆,X), generate B replicate phoney variables Zb, where
Zb are n×KP matrices. Combine the original variables with the phoney variables,
and get B replicates of pseudo data sets (T ,∆,X, Zb), b = 1, 2, · · · , B.

2. Let A consist of 20 logarithmically equally-spaced grid points between 0.02 to
0.50. For α ∈ A, run the LASSO method (or the SCAD method) in (3.7) on
the pseudo data sets, and count the average number of phony variables selected
S
∗
P (α), and the average number of total variables selected S

∗
(α). Run the LASSO

method (or the SCAD method) in (3.7) on the original data set, and count the
number of total variables selected S(α).

3. Obtain α̂RE as follows. Calculate the estimated false selection rate

γ̂RE,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S
∗
(α)− S

∗
P (α)

.

The estimate is α̂RE,1 = max{α : γ̂RE,1(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α :
γ̂RE(α) = γ̂max}, and γ̂max = maxα γ̂RE,1(α). Let α̂(0) = α̂RE,1. At step i =
1, 2, . . ., calculate the estimated false selection rate

γ̂
(i)
RE,2(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S
∗
(α)− S

∗
P (α)

.

Update α̂(i) = max{α : γ̂
(i)
RE,2(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂RE,2(α) =

γ̂max}, and γ̂max = maxα γ̂
(i)
RE,2(α). We repeat the steps until there is no change

in γ̂
(i)
RE,2(α), and the final α̂(i) is denoted by α̂RE.
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Algorithm 4: LASSO-FSR and SCAD-FSR procedures (Continued)

4. Obtain α̂ER as follows. Calculate the estimated false selection rate

γ̂ER,1(α) =
S
∗
P (α){KT − S(α)}/KP

1 + S(α)
.

The estimate is α̂ER,1 = max{α : γ̂ER,1(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α :
γ̂ER(α) = γ̂max}, and γ̂max = maxα γ̂ER,1(α). Let α̂(0) = α̂ER,1. At step i =
1, 2, . . ., calculate the estimated false selection rate

γ̂
(i)
ER,2(α) =

S
∗
P (α){KT − S(α̂(i−1))}/KP

1 + S(α)
.

Update α̂(i) = max{α : γ̂
(i)
ER,2(α) ≤ γ0, α ≤ α∗}, where α∗ = max{α : γ̂ER,2(α) =

γ̂max}, and γ̂max = maxα γ̂
(i)
ER,2(α). We repeat the steps until there is no change

in γ̂ER,2(α), and the final α̂(i) is denoted by α̂ER.

5. Run the LASSO method (or the SCAD method) on the original data set
(T ,∆,X) with α̂RE or α̂ER, and get the final selected model.

3.2.2 Characteristics of the LASSO-FSR and SCAD-FSR meth-
ods

The LASSO-FSR and SCAD-FSR methods estimate the penalty parameter α in (3.7) or

λ in (3.5) by adding a number of phony variables to the original data set and calculating

the phony variable selection rate by the LASSO and the SCAD methods in the pseudo

data sets, respectively. A problem arises in counting the number of variables selected

by the LASSO method (or the SCAD method), i.e., the criteria we use to consider a

regression coefficient estimate equal to zero.

By maximizing the LASSO (or SCAD) penalized log-partial likelihood in (3.7) for

a given α or in (3.5) for a given λ, we get the LASSO (or SCAD) estimate β̂
∗

=

(β̂∗1 , β̂
∗
2 , · · · , β̂∗KT

). Some of the LASSO (or SCAD) estimates β̂∗j will be shrunk to nearly

zero. It is simple to round the estimates to d decimal places, and the selected variables

are those with nonzero regression coefficients estimates after rounding. Fan and Li (2002)
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kept four decimal places in the simulation results in their MATLAB programs, i.e., they

set β̂∗j = 0, if |β̂∗j | < 0.00005. This simple approach may not be fair to consider an

estimate β̂∗j as nonzero, if |β̂∗j | is much smaller than |β̂F
j |, where β̂F

j is the full-model

estimate.

We propose a new approach for defining an estimate equal to zero that is less depen-

dent on the value of the coefficient estimates. Let β̂
F

be the estimates of the regression

coefficients in the full model. We set β̂∗j = 0, if β̂F
j 6= 0 and |β̂∗j |/|β̂F

j | < 0.01. Hence, we

use full-model regression coefficients estimates as a basis for determining whether the new

LASSO (or SCAD) estimates are equal to zero or nonzero. This approach is invariant to

scale.

These two approaches can yield different model sizes, i.e., the number of nonzero

regression coefficients, and result in different false selection rates. But they have little

impact on regression coefficients estimates and model error.

Another issue also arises in estimating regression coefficients using the LASSO-FSR

and SCAD-FSR methods. In order to control the false selection rate γ0 of uninformative

variables, the LASSO-FSR and SCAD-FSR methods sometimes result in a large estimate

of the penalty parameter λ in the LASSO and SCAD penalized log-partial likelihood

functions (2.7) and (2.9), respectively. With this large estimate of λ, the LASSO and

the SCAD methods shrink many small coefficients to zero, and result in a small model.

However, when λ is chosen too large, the LASSO method tends to estimate large true

coefficients too small because large coefficients get large penalties in L1 penalty. Although

the SCAD penalty in (1.4) gives constant penalty to large coefficients and does not overly

penalize large coefficients, the SCAD method also still underestimate large coefficients

when λ is large.

In this paper, we consider two types of LASSO and SCAD FSR estimates.
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1. By maximizing the LASSO (or SCAD) penalized log-partial likelihoods with the

new λ estimated by the LASSO-FSR (or SCAD-FSR) methods, we get coefficients

estimates of all the covariates in a given data set. The resulting estimator is β̂1.

2. After using the estimates in Method 1 to identify the variables with nonzero esti-

mated coefficients, we refit the Cox proportional hazards model using those vari-

ables, get the maximum partial likelihood estimates for those variables, and set the

rest of the regression coefficients to 0. The resulting estimator is β̂2.

For small λ, we get similar regression estimates with Methods 1 and 2. For large λ,

if the regression coefficient has large absolute true values |β0
j | > 0, we expect that the

estimate β̂j,2 in Method 2 will be closer to the true values β0
j , and the estimate β̂j,1 will

be closer to zero, |β̂j,1| < |β0
j |.
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Chapter 4

Simulation Studies

In this chapter we study the performance of the False Selection Rate variable selection

methods, Forward-FSR, LASSO-FSR, and SCAD-FSR, for the Cox proportional haz-

ards model by Monte Carlo simulation. We compare these FSR procedures with other

commonly used variable selection methods: Forward-AIC, Forward-BIC, and standard

LASSO and SCAD methods. Average mean squared errors of estimates of the coeffi-

cients, average model sizes and false selection rates are used to evaluate and compare

the methods. We first review all the methods in the simulation studies, followed by a

description of the simulation design.

4.1 Methods and Estimators in Simulation Studies

In these simulation studies, we study a variety of variable selection methods under the

Cox proportional hazards model in (2.1). We summarize the methods and the estimators

as follows.

E1. Full Model.

For a given data set (T, ∆, X) with n observations and KT covariates, the full

model is fitted using all the KT covariates under the Cox proportional hazards
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model. By maximizing the partial likelihood in (2.2)

L(β) =
n∏

i=1

{
exp(Xi

′β)∑n
j=1 exp(Xj

′β)I(Tj ≥ Ti)

}∆i

,

we get the maximized partial likelihood estimator β̂
F
.

E2. Forward-AIC.

Run forward selection on (T, ∆, X), and get a sequence of models {M1,M2, . . . , MKT
},

where the jth model Mj selects j covariates, and is the best model of its size ac-

cording to the forward selection criterion, j = 1, 2, . . . , KT . For each model Mj,

calculate AICj = −2`j + 2pj in (2.4), where `j is the maximum log-partial likeli-

hood of the jth model, pj is the number of variables in the jth model. Choose the

model with the minimum AIC score, min(AICj, j = 1, 2, . . . , KT ).

E3. Forward-BIC.

For the sequence of models {M1,M2, . . . , MKT
} chosen by forward selection, calcu-

late BICj = −2`j + log(nd)pj in (2.5) for each model. Choose the model with the

minimum BIC score, min(BICj, j = 1, 2, . . . , KT ).

E4. Forward-FSRRE.

Use the Forward-FSR procedure based on false selection rate function γRE(α) sum-

marized in Algorithm 2 in Section 3.1.1. The final model is selected by running

forward selection with estimated entry level α̂RE,2 on (T, ∆, X).

E5. Forward-FSRER.

Use the Forward-FSR procedure based on false selection rate function γER(α) sum-

marized in Algorithm 3 in Section 3.1.2. The final model is selected by running

forward selection with estimated entry level α̂ER,2 on (T, ∆, X).
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E6. LASSO.

Apply the LASSO method by maximizing the penalized log-partial likelihood in

(2.7), `(β) − nλ
∑KT

j=1 |βj|, with the estimated λ level chosen by minimizing the

GCV score in (2.8).

E7. LASSO-FSRER (No Refit).

Use the LASSO-FSR procedure based on false selection rate function γER(α) sum-

marized in Algorithm 4 in Section 3.2.1. The final model is selected by maximizing

the penalized log-partial likelihood (3.7) with L1 penalty and the penalty parameter

estimate α̂ER on (T, ∆, X).

E8. LASSO-FSRER (Refit).

Using only the variables associated with nonzero estimated coefficients in E7, refit

the Cox proportional hazards model.

E9. SCAD.

Apply the SCAD method by maximizing the penalized log-partial likelihood in

(2.9) with the estimated λ level chosen by minimizing the GCV score in (2.10).

The penalized log-partial likelihood is `(β) − n
∑KT

j=1 pλ(|βj|), where pλ(·) is the

SCAD penalty function in (1.4).

E10. SCAD-FSRER (No Refit).

Use the SCAD-FSR procedure based on false selection rate function γER(α) sum-

marized in Algorithm 4 in Section 3.2.1. The final model is selected by maximizing

the penalized log-partial likelihood (3.7) with the SCAD penalty and the penalty

parameter estimate α̂ER on (T, ∆, X).

E11. SCAD-FSRER (Refit).

Using only the variables associated with nonzero estimated coefficients in E7, refit
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the Cox proportional hazards model.

To implement the Forward-FSR method, we generate B = 500 replicate phony vari-

able Zb matrices for a given data set (T, ∆, X) using the method described in Section

1.2.3 for the Forward-FSR method. Because it takes a much longer time to implement

LASSO-FSR and SCAD-FSR than Forward-FSR, and the estimated FSR curves based

on 100 replicate phony variables are very close to the estimated FSR curves based on

500 replicate phony variables, we generate B = 100 replicate phony variable Zb ma-

trices for the LASSO-FSR and SCAD-FSR methods. For the LASSO, LASSO-FSR,

SCAD, and SCAD-FSR methods, we consider a regression coefficient estimate β̂∗j as zero

if |β̂∗j |/|β̂F
j | < 0.01, where β̂F

j is the estimate of the regression coefficient of Xj in the full

model.

We wrote SAS programs (Software SAS version 9.1) to implement the first five meth-

ods. The other seven methods are computed in MATLAB (Software MATLAB version

7.0), using programs received from Runze Li on September 9, 2005. The programs we

received were written by Fan and Li (Aug. 10, 2001) to implement the LASSO and SCAD

methods for the Cox proportional hazards model for their paper Fan and Li (2002). In

Fan and Li’s MATLAB programs, they calculated GCV(λ) in (2.8) and (2.10) for the

LASSO and the SCAD methods over a grid of 20 λ values, respectively. They chose λ̂ to

be the λ value with the minimum GCV score over the 20 values of λ. In their programs,

the grid points are chosen as follows. Let β̂
F

be the maximum partial likelihood estimates

of the regression coefficients in the full model, and let θ̂
F

= (θ̂F
1 , θ̂F

2 , . . . , θ̂F
KT

) be the vec-

tor of standard errors of β̂
F
. A set of 20 grid points {λ1, λ2, . . . , λ20} divides the interval

from 0.001σ to 2σ into 19 equally spaced subintervals on the log10 scale with λ1 = 0.001σ

and λ20 = 2σ, where σ = exp{K−1
T

∑
j log(θ̂F

j )}. In other words, the grid points are

log10(λk) = log10(0.001σ) + (k − 1){log10(2σ)− log10(0.001σ)}/19, k = 1, . . . , 20. Hence,

49



the set of λ grid points is not fixed and depends on the data. We used their programs to

implement the LASSO method in E6. and the SCAD method in E9.

For the LASSO-FSR method in E7. and E8., and for the SCAD-FSR method in E10.

and E11., we use fixed grid points of α to estimate the FSR curve γ̂ER(α). We choose

20 fixed grid points {α1, α2, . . . , α20} that divide the interval from 0.02 to 0.5 into 19

equally spaced subintervals on the log10 scale with α1 = 0.02 and α20 = 0.5. By using the

transformation in (3.6), λ = 0.005(1−α)/α, we have the corresponding 20 grid values of

λ. For the LASSO-FSR and SCAD-FSR, we wrote our own code to estimate the penalty

parameter, and use Fan and Li’s programs to get the regression coefficients estimates in

LASSO and SCAD methods with the penalty parameter chosen by FSR methods.

4.2 Simulation Design

We generated 100 replicates of design matrix Xk, k = 1, 2, . . . , 100, for independent co-

variates and correlated covariates, respectively. Each design matrix Xk is an n× 12 ma-

trix, i.e. with n observations and 12 covariates X1, X2, . . . , X12, where the covariates have

multivariate normal distribution MV N(012×1,Ω12×12). The covariates X1, X2, . . . , X12

were generated from multivariate normal distributions with marginal standard normal

distributions, and the correlation between covariates Xi and Xj is ρ|i−j|, with ρ = 0 and

ρ = 0.5.

For the independent covariates case, the generated 100 replicates of the design matrix

Xk, k = 1, 2, . . . , 100, are fixed to generate the latent failure time Y with different sets of

regression coefficients vectors that are described below. Because the correlated covariates

have an autocorrelation covariance structure, and the regression coefficient vectors in our

simulation studies also have a pattern that the first several coefficients have larger values,

the result is that informative variables are highly correlated. Thus, in order to reduce
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the impact of the covariance structure on selecting variables for the correlated covariates

case, we randomly permute the columns of Xk and get a new design matrix Xk
∗ and its

corresponding population covariance matrix Ω∗
k. The 100 sets of new design matrix Xk

∗,

k = 1, 2, . . . , 100, are fixed to generate Y with different sets of regression coefficients

vectors.

In addition, we generate another 100 replicates design matrix (XE
k )n×12, k = 1, . . . , 100,

with covariates generated from independent standard normal distributions. When study-

ing the performance of the variable selection methods listed in Section 4.1 on data sets

with 24 covariates, we combine the design matrix Xk generated for the independent

case or X∗
k for the correlated case with the extra one XE

k and get a new design matrix

(Xk,XE
k ) or (X∗

k ,XE
k ) with 24 covariates.

The latent censoring time C follows an exponential distribution with mean µc, where

µc is varied to obtain different censoring proportions. For a given design matrix X, the

latent failure time Y is generated from the exponential hazard model

λ(y|X) = exp(X ′β),

where X is an n×KT design matrix, β is a KT × 1 coefficient vector, and KT = 12 or

24. The observed data are (T, ∆, X), where T n×1 = min(Y n×1,Cn×1) are the observed

failure times, and ∆n×1 = I(Y n×1 ≤ Cn×1) are the failure/censoring indicators.

Six different sets of coefficients βKT×1 are studied with varying fractions of informative

variables, KI/KT (KT = 12 or 24), and different patterns of magnitudes. The initial

values of coefficients are given as follows.

β∗ KI Description
β∗L2 = (1, 1, 0, 0, 0, 0, 0, . . . , 0) 2 Level
β∗L4 = (1, 1, 1, 1, 0, 0, 0, . . . , 0) 4 Level
β∗L6 = (1, 1, 1, 1, 1, 1, 0, . . . , 0) 6 Level
β∗R4 = (1, 3/4, . . . , 1/4, 0, . . . , 0) 4 Ramped
β∗R8 = (1, 7/8, . . . , 1/8, 0, . . . , 0) 8 Ramped
β∗R12 = (1, 11/12, . . . , 1/12, 0, . . . , 0) 12 Ramped
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Here, we use subscripts L = Level to denote that the informative variables are of equal

size; R = Ramped to denote that the informative variables are of decreasing size; the

numbers in the subscripts denote the number of nonzero coefficients.

In Appendix B, we show that under the Cox proportional hazard models and the data

generated here, one definition of the population coefficient of determination R2
P is

R2
P = 1− 1

2− exp(−β′Ωβ)
,

where Ω is the covariance of the covariates. The coefficients β are then obtained by

multiplying β∗ with a constant c, β = cβ∗ , to make β′Ωβ = 4 and 1 corresponding to

two levels of theoretical R2
P (0.49 and 0.39), respectively. For independent covariates, Ω is

a KT ×KT identity matrix. For the correlated covariates case, we let Ω = 100−1
∑

k Ωk

be the average population covariance matrix, where Ωk is the population covariance

matrix after permutation for the correlated covariates in the kth data set. The regression

coefficients are summarized in Table 4.1.

Table 4.1: Six sets of coefficients used in the simulations.
β KI Description
βL2 = cL2β

∗
L2 = cL2 × (1, 1, 0, 0, 0, 0, 0, . . . , 0) 2 Level

βL4 = cL4β
∗
L4 = cL4 × (1, 1, 1, 1, 0, 0, 0, . . . , 0) 4 Level

βL6 = cL6β
∗
L6 = cL6 × (1, 1, 1, 1, 1, 1, 0, . . . , 0) 6 Level

βR4 = cR4β
∗
R4 = cR4 × (1, 3/4, . . . , 1/4, 0, . . . , 0) 4 Ramped

βR8 = cR8β
∗
R8 = cR8 × (1, 7/8, . . . , 1/8, 0, . . . , 0) 8 Ramped

βR12 = cR12β
∗
R12 = cR12 × (1, 11/12, . . . , 1/12, 0, . . . , 0) 12 Ramped

For the case of R2
P = 0.49, KT = 12, and X1, X2, . . . , X12 ∼ MV N(0, I), where I

is the identity matrix, the values of six different sets of coefficient vector in Table 4.1

are shown in Figure 4.1 The coefficient vectors have similar patterns for independent

covariates and correlated covariates with different values of R2
P .

For the six different sets of β in Table 4.1, data sets were generated with two levels

of censoring proportions (30% and 70%), and two levels of c0 (4 and 1) corresponding to

52



0.
0

0.
5

1.
0

1.
5

L2

1 2 3 4 5 6 7 8 9 10 12

0.
0

0.
5

1.
0

1.
5

L4

1 2 3 4 5 6 7 8 9 10 12

0.
0

0.
5

1.
0

1.
5

L6

1 2 3 4 5 6 7 8 9 10 12

0.
0

0.
5

1.
0

1.
5

R4

1 2 3 4 5 6 7 8 9 10 12

0.
0

0.
5

1.
0

1.
5

R8

1 2 3 4 5 6 7 8 9 10 12

0.
0

0.
5

1.
0

1.
5

R12

1 2 3 4 5 6 7 8 9 10 12

Figure 4.1: Coefficients values for βL2, βL4, βL6, βR4, βR8, βR12 for the case of inde-
pendent covariates with R2

P = 0.49.

two levels of theoretical R2
P (0.49 and 0.39). Thus we have 24 settings. For each setting,

100 data sets were generated and each with n = 150 observations.

4.3 Comparisons of the False Selection Rate Variable

Selection Methods and Existing Variable Selec-

tion Methods

The methods included in simulation studies are listed in Section 4.1. The three FSR

variable selection methods, Forward-FSR, LASSO-FSR and SCAD-FSR, are compared

with the LASSO method proposed by Tibshirani (1997) and the SCAD method proposed

by Fan and Li (2002). We also studied forward selection with AIC and BIC, which selects

the model with minimum AIC or BIC scores from the forward selection candidate models,

respectively. In addition, the full model was fitted, i.e., no variable selection procedure
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is applied to the data.

In order to compare the performances of these variable selection methods, we calcu-

lated the average Mean Squared Errors, the average Model Sizes, and the average False

Selection Rates over 100 simulated data sets. Following Tibshirani (1997), the Mean

Squared Error is defined as MSE = (β̂− β0)
′Ω(β̂− β0), where β̂ is the estimate of the

coefficient vector, β0 is the true value of the coefficient vector, and Ω is the population

covariance of the covariates X. Here Ω is a KT × KT identity matrix for independent

covariates, and Ω is the covariance matrix after permutation for the correlated covariates.

Therefore, the average Mean Squared Error (Avg.MSE) over 100 simulated data sets is

Avg.MSE =
1

100

100∑

k=1

(β̂k − β0)
′Ωk(β̂k − β0),

where β̂k is the regression coefficients estimate from the kth data set, Ωk is an identity

matrix for independent covariates or the covariance matrix after permutation for the

correlated covariates on the kth data set, β0 is the true value of the coefficient vector.

The Model Size is the number of nonzero coefficients in the selected model. The False

Selection Rate is reported as the ratio of the number of uninformative variables selected

to the total number of variables selected plus one. For the full model, the number of

coefficients with p-values ≤ 0.05 is reported as the model size; and the ratio of the number

of uninformative variables with p-values ≤ 0.05 to the model size plus one is reported as

the false selection rate.

In our FSR variable selection methods, we set the target false selection rate γ = 0.05,

and generated the phoney variables as described in Section 1.2.3. We use B = 500 for

the Forward-FSR method and B = 100 for the LASSO-FSR and SCAD-FSR methods.

Using the design described in the last section, data were generated for six different sets

of coefficients with independent and correlated covariates, two censoring levels (30% and

70%), and two levels of R2
P (0.49 and 0.39), respectively. For each setting, all the variable
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selection methods are applied on the same 100 data sets to study their performances. The

detailed results are contained in tables in Appendix A. In the next sections we discuss

these results.

4.3.1 Comparisons of Forward-FSR to Other Selection Methods

We first focus on data sets with 150 observations and 12 covariates. The Forward-FSR

method estimates an entry significance level α. This is distinct from the Forward-AIC

and Forward-BIC methods, which choose the model with minimum AIC and BIC scores

from the candidate models selected by forward selection, respectively. We expect that

the α level estimated by the Forward-FSR method should depend on the given data.

In other words, if the true model is large, we expect a large estimated α to allow more

variables enter the model. We report the Forward-FSR method based on two different

false selection functions γER(α) and γRE(α) in the tables in Appendix A, and refer to

them as the Forward-FSRER and Forward-FSRRE methods. From the results reported

in the tables, we see that Forward-FSRER and Forward-FSRRE perform similarly, and

yield nearly the same average model sizes, false selection rates, and mean squared errors.

Hence in the figures shown in this chapter, we only use Forward-FSRER to examine the

performance of the Forward-FSR method.

Figure 4.2 illustrates the estimated entry level α̂ using Forward-FSRER under the

six different sets of regression coefficients L2, L4, . . . , R12, over 100 data sets with 12

covariates, high R2
P and 70% censoring. We see that the estimated α̂ increases as the

true model size increases for both independent data and correlated data. For example,

for the independent data, the estimated α̂ levels in the R12 case, which means all the 12

covariates are informative with ramped importance, are much larger than those estimated

in the L2 case in which only two covariates are informative with equal importance.

Figures 4.3 - Figure 4.6 give comparisons of Forward-FSRER, Forward-BIC, LASSO
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Figure 4.2: Box plots of estimated entry level α̂ using Forward-FSRER for high R2
P and

70% censoring (n = 150 and KT = 12).

and SCAD using the data in Tables A1 - A8. From those tables we see that Forward-BIC

unifromly outperforms Forward-AIC and is thus not included in the figures.

The top two panels in Figures 4.3 - 4.6 show the graphs of average mean squared

errors of the four methods (Forward-FSR, Forward-BIC, LASSO, and SCAD) versus the

six different sets of β in Table 4.1 for independent and correlated data with different R2
P

and censoring proportions. We see that the average mean squared errors of the Forward-

FSR method are close to the Forward-BIC method, and generally outperform the SCAD

method. The LASSO method yields smaller average mean squared errors than Forward-

FSR for correlated data with 70% censoring in both high and low R2
P in Figure 4.4 (b)

and Figure 4.6 (b), but has higher average mean squared errors than Forward-FSR in

other situations.

The middle two plots in Figures 4.3 - 4.6 illustrate the average model sizes for the

four variable selection methods under the six different patterns of regression coefficients.

We see that the performance of the Forward-FSR and the Forward-BIC methods are

very close in terms of average model sizes. From plots (c) and (d) in Figures 4.3 - 4.5,
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Forward-FSR has very similar average model sizes as Forward-BIC for data with equally

informative variables, i.e., in L2, L4, and L6 cases, but has larger average model sizes

in R8 and R12, where the informative variables are important with ramped effects. In

Figure 4.6, for data with low R2
P and high censoring, the average model sizes of Forward-

FSR are smaller than those of Forward-BIC. The LASSO method tends to include more

variables than the other three methods does, specially when the proportions of informa-

tive variables are small. The SCAD method tends to exclude more weak informative

variables than the other methods in the R12 case in which all the 12 covariates are in-

formative with ramped effects. Compared with the independent case, there are fewer

variables selected in the model by all the four methods than in the correlated data.

The bottom two panels in Figures 4.3 - 4.6 plot the average false selection rates of

the four methods. The Forward-FSR method achieves the targeted false selection rate

0.05 in independent data, but results in a larger false selection rates in some situations

in correlated data. The average of the false selection rates of LASSO is close to three

times larger than those of the Forward-FSR method. Forward-BIC has larger average

false selection rates than Forward-FSR in most cases when the true model size is small,

i.e., in L2, L4, and R4, where only two or four out of 12 covariates are informative.

The SCAD method also yields relatively large average false selection rates when the true

model size is small. For data with high R2
P and 30% censoring in Figure 4.3, SCAD has

smaller average false selection rates than the other three methods. In the other settings

in Figures 4.4 - 4.6, SCAD has similar performance to Forward-BIC.

We also study the performance of the variable selection methods on independent and

correlated data sets with sample size 150 and 24 covariates under the setting low R2
P

and low censoring level (30% censoring). We simulated the L4 case, i.e. four out of 24

covariates are informative with equal importance, and the R8 case, i.e. eight out of 24

covariates are informative with ramped importance. Figure 4.7 shows that the Forward-
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(d) Model Size: Correlated case 
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(e) FSR: Independent case 
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Figure 4.3: Average MSE, average model sizes and average false selection rates from
Table A1 and Table A5 for high R2

P and 30% censoring (n=150, KT = 12).
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(a) MSE: Independent case 
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(b) MSE: Correlated case 
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(c) Model Size: Independent case 
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(d) Model Size: Correlated case 
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(e) FSR: Independent case 
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Figure 4.4: Average MSE, average model sizes and average false selection rates from
Table A2 and Table A6 for high R2

P and 70% censoring (n=150, KT = 12).
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(a) MSE: Independent case 
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(b) MSE: Correlated case 
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(c) Model Size: Independent case 
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(d) Model Size: Correlated case 
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(e) FSR: Independent case 
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Figure 4.5: Average MSE, average model sizes and average false selection rates for from
Table A3 and Table A7 for low R2

P and 30% censoring (n=150, KT = 12).
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(a) MSE: Independent case 
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(b) MSE: Correlated case 
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(d) Model Size: Correlated case 
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(e) FSR: Independent case 
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Figure 4.6: Average MSE, average model sizes and average false selection rates from
Table A4 and Table A8 for low R2

P and 70% censoring (n=150, KT = 12).
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(d) Model Size: Correlated case 
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Figure 4.7: Average MSE, average model sizes and average false selection rates for from
Table A9 and Table A10 for low R2

P and 30% censoring (n=150, KT = 24).
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FSR method has false selection rates close to the target 0.05, and yields smaller average

mean squared errors than the Forward-BIC, SCAD and LASSO methods. The detailed

results are summarized in Table A9 and Table A10 in Appendix A.

Generally speaking, from the simulation results in Tables A1 - A10, we see that

the performances of the Forward-FSR method based on the two different false selection

functions, γER(α) in (1.7) and γRE(α) in (1.8), yield very close results. The Forward-

FSR methods achieve the targeted false selection rate 0.05 in most cases for independent

data, and have a slightly larger false selection rate in some cases for correlated data.

The other methods have much higher average false selection rates when the true model

is small. The average mean squared errors of LASSO, SCAD and Forward-AIC are large

compared with those of Forward-FSR and Forward-BIC. The LASSO and Forward-AIC

tend to have larger model size. All of the methods selected fewer variables in the case of

low R2
P and high censoring proportion.

4.3.2 Comparison of LASSO-FSR to LASSO

In Section 4.3.1, we found that the LASSO method tends to include many variables in the

model, and results in a large false selection rate. We propose a new approach, denoted

LASSO-FSR, to estimate the penalty parameter λ in (2.7) to control the false selection

rate.

Figure 4.8 and Figure 4.9 illustrate λ̂ levels chosen by LASSO-FSR and GCV in the

original LASSO method on independent and correlated data sets with high R2
P and 70%

censoring. We see that the average λ̂ chosen by GCV in the original LASSO method

is around 0.02 for all the six sets of coefficients in both independent and correlated

data. This small estimated λ̂ leads the LASSO method to include many variables and

to have a high false selection rate. In contrast to the LASSO method, the estimates λ̂

by the LASSO-FSR method are much larger than the ones chosen by GCV. The λ levels
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Figure 4.8: Box plots of estimated λ̂ for the LASSO-FSR and the LASSO methods for
independent data with high R2

P and 70% censoring (n = 150, KT = 12).
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Figure 4.9: Box plots of estimated λ̂ for the LASSO-FSR and the LASSO methods for
correlated data with high R2

P and 70% censoring (n = 150, KT = 12).
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Table 4.2: Average λ̂ for the LASSO method and the LASSO-FSR method with γ0 = 0.05
for independent and correlated data (n = 150, KT = 12).

High R2
P , 30% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 LASSO 0.07 0.05 0.04 0.06 0.06 0.06

LASSO-FSR 0.14 0.12 0.10 0.12 0.09 0.02

0.5 LASSO 0.06 0.06 0.06 0.06 0.07 0.08
LASSO-FSR 0.13 0.12 0.09 0.11 0.09 0.04

High R2
P , 70% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 LASSO 0.02 0.02 0.01 0.02 0.02 0.02

LASSO-FSR 0.09 0.08 0.06 0.08 0.07 0.03

0.5 LASSO 0.02 0.02 0.02 0.02 0.03 0.03
LASSO-FSR 0.09 0.07 0.06 0.08 0.06 0.05

Low R2
P , 30% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 LASSO 0.09 0.09 0.11 0.10 0.11 0.12

LASSO-FSR 0.15 0.13 0.12 0.14 0.12 0.09

0.5 LASSO 0.09 0.11 0.12 0.11 0.11 0.12
LASSO-FSR 0.14 0.13 0.11 0.13 0.12 0.10

Low R2
P , 70% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 LASSO 0.04 0.04 0.04 0.04 0.04 0.04

LASSO-FSR 0.10 0.09 0.09 0.10 0.10 0.08

0.5 LASSO 0.04 0.04 0.04 0.04 0.04 0.04
LASSO-FSR 0.10 0.09 0.09 0.09 0.09 0.08

Standard errors of average λ̂ for the LASSO method range from 0.001 to 0.003.
Standard errors of average λ̂ for the LASSO-FSR method range from 0.001 to 0.004.
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estimated by the LASSO-FSR method vary for different true model sizes. For example,

for a large model R12, LASSO-FSR chose λ̂ around 0.02 to allow more variable to enter

the model. But for the small model L2, LASSO-FSR yields a large estimated λ̂ around

0.09 to shrink more variables toward zero.

Table 4.2 summarizes the average λ̂ estimated by GCV in the original LASSO method

and by the LASSO-FSR method on data sets with sample size 150 and 12 covariates. We

see that λ̂ chosen by GCV is relatively smaller than the one estimated by LASSO-FSR,

and the estimates are nearly constant for different true model sizes. With a large estimate

of λ, the LASSO method will over-penalize large true coefficients, resulting in a small

estimate of a large coefficient. Hence we study two types of LASSO-FSR estimators of

the regression coefficients, LASSO-FSRER (No Refit) and LASSO-FSRER (Refit). The

second estimator is the maximum partial likelihood estimator in the Cox proportional

hazards model by using the variables with nonzero estimated coefficients in the first

estimator. The two different types of estimators only differ in the values of estimated

regression coefficients, but identify the same variables with nonzero coefficients.

In Figure 4.10, we plot the average mean squared errors, average model sizes, and

average false selection rates of the LASSO-FSR method and the LASSO method versus

the six different sets of β for independent and correlated data with high R2
P and 70%

censoring from Table A2 and Table A6 in Appendix A.

The top two panels in Figure 4.10 are the graphs of average mean squared errors for

the LASSO, LASSO-FSRER (No Refit) and LASSO-FSRER (Refit) methods. We see that

with the large λ̂ estimated by the LASSO-FSR method, we get very large average mean

square errors, greater than 0.8 for all the settings. After refitting the Cox proportional

hazards model using the variables identified by the LASSO-FSR method, we have much

smaller mean squared errors in LASSO-FSRER (Refit).

The average model sizes of LASSO and LASSO-FSR methods are plotted in the
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Figure 4.10: Average MSE, average model sizes and average false selection rates from
Table A2 and Table A6 for high R2

P and 70% censoring (n = 150, KT = 12).
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middle two panels in Figure 4.10. We see that the LASSO-FSR method chooses models

whose sizes are close to the true models, while the LASSO method includes too many

variables. We see similar results for other three situations (high R2
P and 30% censoring,

low R2
P and 30% and 70% censoring), in Tables A1 - A8 in Appendix A

The bottom two plots in Figure 4.10 show that the LASSO-FSR method greatly

improves the false selection rate for the LASSO method. From the results summarized

in tables in Appendix A, we see that LASSO-FSR achieves our targeted false selection

rate 0.05 in independent data, while it has a false selection rate around 0.11 in correlated

data. Compared with the original LASSO method, LASSO-FSR has a much smaller

average false selection rate.

4.3.3 Comparison of SCAD-FSR to SCAD

The SCAD method proposed by Fan and Li (2001, 2002) also uses the GCV to estimate

the penalty parameter λ in (2.10). We apply the SCAD-FSR method to choose λ based

on the two false selection functions. Figure 4.11 and Figure 4.12 are the box plots of

the λ̂ levels chosen by SCAD-FSR and GCV on independent and correlated data sets

with 12 covariates, high R2
P and 70% censoring. We see that the average λ̂ chosen by

GCV in the original SCAD method is around 0.09 in independent data and around

0.10 in correlated data. The average λ̂ chosen by SCAD-FSR is slightly larger than the

one selected by SCAD. From Figure 4.11, the penalty parameter estimates are slightly

different for models with different sizes. For example, for the largest true model R12, the

estimated λ̂ is around 0.08, while λ̂ is around 0.13 for a small model L2. For correlated

data shown in Figure 4.12, both methods have nearly constant estimated λ̂ for different

models.

Table 4.3 summarizes the average λ̂ estimated by GCV in the original SCAD method

and by the SCAD-FSR method on data sets with sample size 150 and 12 covariates. We
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(b) SCAD: Independent case 

Figure 4.11: Box plots of estimated λ̂ for the SCAD-FSR and the SCAD methods for
independent data with high R2

P and 70% censoring (n = 150, KT = 12).
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Figure 4.12: Box plots of estimated λ̂ for the SCAD-FSR and the SCAD methods for
correlated data with high R2

P and 70% censoring (n = 150, KT = 12).
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see that λ̂ chosen by GCV is very close to the one chosen by SCAD-FSR. For independent

data, the estimates λ̂ vary for different model sizes but are nearly constant estimates for

correlated data with different true model sizes.

Similar to LASSO-FSR, we also study two types of SCAD-FSR estimators of the

regression coefficients, SCAD-FSRER (No Refit) and SCAD-FSRER (Refit). Since the

SCAD penalty gives constant penalty to large true coefficients and avoids over-penalizing,

the SCAD method will not underestimate large coefficients with a suitable estimated λ.

We expect that the average mean squared errors of the SCAD-FSRER (Refit) will be

slightly smaller than the one of SCAD-FSRER (No Refit).

Figure 4.13 shows the average mean squared errors, average model sizes, and average

false selection rates of the SCAD-FSR method and the SCAD method on data sets with

sample size 150, KT = 12 covariates, high R2
P and 70% censoring. From the top two

plots in Figure 4.13, we see that SCAD-FSRER (No Refit) and SCAD-FSRER (Refit)

have very close average mean squared errors. The SCAD-FSR estimators have slightly

smaller average mean squared errors compared to the original SCAD method.

The average model sizes of SCAD and SCAD-FSR methods are plotted in the middle

two panels in Figure 4.13. We see that the average model sizes of the SCAD-FSR and

SCAD methods are similar. However, the average false selection rates of the SCAD and

SCAD-FSR methods differ a lot as shown in the bottom two plots in Figure 4.13. The

average false selection rates of the SCAD-FSR method are around 0.05, while the SCAD

method has much higher average false selection rate when the true model size is small.

Similar performances can be seen for the other three settings with different censoring

proportion and R2
P in Tables A1 - A10 in Appendix A.
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Table 4.3: Average λ̂ for the SCAD method and the SCAD-FSR method with γ0 = 0.05
for independent and correlated data (n = 150, KT = 12).

High R2
P , 30% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 SCAD 0.20 0.20 0.15 0.18 0.14 0.14

SCAD-FSR 0.17 0.15 0.13 0.15 0.11 0.03

0.5 SCAD 0.21 0.15 0.13 0.16 0.15 0.15
SCAD-FSR 0.17 0.15 0.12 0.15 0.11 0.08

High R2
P , 70% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 SCAD 0.09 0.09 0.09 0.09 0.09 0.09

SCAD-FSR 0.13 0.12 0.11 0.13 0.11 0.08

0.5 SCAD 0.10 0.09 0.09 0.10 0.11 0.10
SCAD-FSR 0.14 0.14 0.13 0.14 0.14 0.13

Low R2
P , 30% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 SCAD 0.16 0.14 0.15 0.16 0.15 0.15

SCAD-FSR 0.17 0.14 0.13 0.15 0.13 0.10

0.5 SCAD 0.16 0.14 0.14 0.15 0.14 0.13
SCAD-FSR 0.16 0.14 0.13 0.15 0.14 0.13

Low R2
P , 70% censoring

ρ Method L2 L4 L6 R4 R8 R12
0 SCAD 0.09 0.09 0.10 0.10 0.10 0.10

SCAD-FSR 0.13 0.13 0.12 0.13 0.13 0.12

0.5 SCAD 0.10 0.09 0.09 0.09 0.09 0.09
SCAD-FSR 0.14 0.14 0.14 0.14 0.14 0.14

Standard errors of average λ̂ for the SCAD method range from 0.001 to 0.009.
Standard errors of average λ̂ for the SCAD-FSR method range from 0.001 to 0.004.
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Figure 4.13: Average MSE, average model sizes and average false selection rates from
Table A2 and Table A6 for high R2

P and 70% censoring (n = 150, KT = 12).
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4.3.4 Comparisons of Forward-FSR, LASSO-FSR and SCAD-
FSR

In this dissertation, we apply the False Selection Rate variable selection method to for-

ward selection, LASSO and SCAD methods under the Cox proportional hazards model.

In comparing the average mean squared errors, we use LASSO-FSRER (Refit) and SCAD-

FSRER (Refit) in Figure 4.14. Figure 4.14 shows the results of Forward-FSR, LASSO-

FSR, and SCAD-FSR applied to data sets with 12 covariates, 150 observations, high R2
P

and 70% censoring. We see that the Forward-FSR method has relatively smaller average

mean squared errors in independent cases, whereas LASSO-FSR is best for L2, R8, and

R12 of the correlated cases.

The middle two plots in Figure 4.14 show that the three FSR methods have very close

average model sizes for independent data. However, for correlated data, the SCAD-FSR

has smaller average model sizes than the other two methods and select a smaller model.

The average model sizes of the Forward-FSR method is between those of the LASSO-FSR

and SCAD-FSR methods.

The LASSO-FSR method has higher false selection rates than the targeted false selec-

tion rate 0.05 in the correlated case, while the SCAD-FSR method has relatively smaller

average false selection rates. The Forward-FSR method has slightly evaluated false se-

lection rates in the correlated case. Similar patterns can be seen for the other settings

with different censoring levels and R2
P in Tables A1 - A10 in Appendix A.
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Figure 4.14: Average MSE, average model sizes and average false selection rates for from
Table A2 and Table A6 for high R2

P and 70% censoring (n = 150, KT = 12).
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Chapter 5

Summary

In this work, we applied the False Selection Rate methods to forward selection (Forward-

FSR) for the Cox proportional hazards model. In addition, we proposed a new approach

to estimating the tuning parameters in the penalty functions of the SCAD and the LASSO

methods based on the False Selection Rate criterion. We studied the performance of these

three FSR methods and compared them to the forward selection method with information

criteria, to the LASSO and to the SCAD methods.

The FSR methods control the false selection rate of uninformative variables, identify

as many informative variables as possible, and select a relatively low proportion of un-

informative variables. We showed in simulation studies that forward selection with AIC

tends to include too many uninformative variables when the true model size is small.

The Forward-FSR method can tune the entry level α in forward selection and achieve a

pre-specified false selection rate. The LASSO and SCAD methods also have high false

selection rates when there are few true covariates in the model. The LASSO-FSR and

SCAD-FSR methods provide an alternative approach to estimate the penalty parame-

ter λ in the LASSO and SCAD penalized log-partial likelihoods. The estimate of λ by

the LASSO-FSR method is larger than the one chosen by GCV statistics in the origi-

nal LASSO method, resulting in fewer selected variables, and achieving a much smaller

false selection rates compared with the original LASSO method. The SCAD-FSR also
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achieves the targeted false selection rates under the different scenarios of the simulation

study. Generally speaking, our work demonstrates that the False Selection Rate method

can be used to estimate the tuning parameter λ in the LASSO and SCAD methods.
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Appendix A

Tables of Results

1. The simulation results for independent covariates with n = 150 and KT = 12:

Table A.1 - Table A.4.

2. The simulation results for correlated covariates with n = 150 and KT = 12:

Table A.5 - Table A.8.

3. The simulation results for independent covariates with n = 150 and KT = 24:

Table A.9.

4. The simulation results for correlated covariates with n = 150 and KT = 24:

Table A.10.
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Table A.1: Independent covariates with high R2
P and 30% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 1.41× (1, 1, 0, . . . , 0) βR4= 1.46× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.22 2.65 0.15 0.20 4.39 0.07
Forward-AIC 0.14 3.71 0.32 0.13 5.27 0.19
Forward-BIC 0.08 2.42 0.10 0.08 4.14 0.03
Forward-FSRER 0.07 2.27 0.06 0.09 4.22 0.04
Forward-FSRRE 0.07 2.27 0.06 0.08 4.16 0.04
LASSO 0.19 3.96 0.36 0.28 5.60 0.23
LASSO-FSR(NoRefit) 0.64 2.31 0.07 0.81 4.21 0.05
LASSO-FSR(Refit) 0.06 2.31 0.07 0.10 4.21 0.05
SCAD 0.04 2.30 0.07 0.20 3.91 0.02
SCAD-FSR(NoRefit) 0.04 2.23 0.05 0.12 4.18 0.04
SCAD-FSR(Refit) 0.06 2.23 0.05 0.09 4.18 0.04

βL4= 1× (1, 1, 1, 1, 0, . . . , 0) βR8= 1.12× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.22 4.51 0.08 0.22 7.36 0.04
Forward-AIC 0.15 5.46 0.21 0.18 8.17 0.08
Forward-BIC 0.09 4.25 0.04 0.14 7.10 0.02
Forward-FSRER 0.10 4.32 0.05 0.17 7.88 0.06
Forward-FSRRE 0.10 4.31 0.05 0.16 7.78 0.06
LASSO 0.24 5.70 0.24 0.50 8.05 0.07
LASSO-FSR(NoRefit) 0.88 4.46 0.07 0.87 7.68 0.06
LASSO-FSR(Refit) 0.10 4.46 0.07 0.21 7.68 0.06
SCAD 0.11 4.11 0.02 0.36 6.77 0.02
SCAD-FSR(NoRefit) 0.07 4.35 0.05 0.24 7.97 0.07
SCAD-FSR(Refit) 0.10 4.35 0.05 0.20 7.97 0.07

βL6= 0.82× (1, . . . , 1, 0, . . . , 0) βR12= 0.94× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.22 6.34 0.04 0.22 9.99
Forward-AIC 0.17 7.06 0.12 0.19 10.57
Forward-BIC 0.12 6.15 0.02 0.18 9.57
Forward-FSRER 0.15 6.57 0.06 0.20 10.91
Forward-FSRRE 0.14 6.46 0.05 0.20 10.95
LASSO 0.28 7.36 0.15 0.59 10.30
LASSO-FSR(NoRefit) 0.95 6.63 0.07 0.30 10.76
LASSO-FSR(Refit) 0.14 6.63 0.07 0.23 10.76
SCAD 0.11 6.11 0.01 0.72 8.71
SCAD-FSR(NoRefit) 0.11 6.54 0.06 0.24 10.78
SCAD-FSR(Refit) 0.14 6.54 0.06 0.23 10.78

The range of the standard errors for average MSE is 0.02 to 0.06, for average Size is 0.03 to
0.13, and for average FSR is 0.01 to 0.02.

82



Table A.2: Independent covariates with high R2
P and 70% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 1.41× (1, 1, 0, . . . , 0) βR4= 1.46× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.73 2.92 0.19 0.66 4.25 0.10
Forward-AIC 0.48 3.93 0.35 0.47 5.41 0.22
Forward-BIC 0.30 2.71 0.16 0.35 4.31 0.10
Forward-FSRER 0.19 2.25 0.06 0.28 3.90 0.06
Forward-FSRRE 0.19 2.25 0.06 0.27 3.85 0.05
LASSO 0.30 4.31 0.40 0.34 5.86 0.26
LASSO-FSR(NoRefit) 0.90 2.30 0.07 1.15 3.93 0.07
LASSO-FSR(Refit) 0.17 2.30 0.07 0.34 3.93 0.07
SCAD 0.29 2.77 0.17 0.44 4.17 0.09
SCAD-FSR(NoRefit) 0.15 2.14 0.03 0.29 3.50 0.02
SCAD-FSR(Refit) 0.15 2.14 0.03 0.29 3.50 0.02

βL4= 1× (1, 1, 1, 1, 0, . . . , 0) βR8= 1.12× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.58 4.41 0.07 0.58 6.43 0.03
Forward-AIC 0.40 5.39 0.19 0.42 7.47 0.08
Forward-BIC 0.28 4.41 0.06 0.33 6.50 0.03
Forward-FSRER 0.24 4.27 0.04 0.36 6.55 0.04
Forward-FSRRE 0.24 4.25 0.04 0.35 6.46 0.04
LASSO 0.34 5.91 0.25 0.40 7.87 0.10
LASSO-FSR(NoRefit) 1.45 4.40 0.06 1.45 6.59 0.06
LASSO-FSR(Refit) 0.25 4.40 0.06 0.53 6.59 0.06
SCAD 0.30 4.45 0.07 0.57 6.03 0.03
SCAD-FSR(NoRefit) 0.22 4.23 0.04 0.56 5.94 0.02
SCAD-FSR(Refit) 0.23 4.23 0.04 0.55 5.94 0.02

βL6= 0.82× (1, . . . , 1, 0, . . . , 0) βR12= 0.94× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.72 6.50 0.06 0.67 8.36
Forward-AIC 0.56 7.25 0.14 0.56 9.47
Forward-BIC 0.44 6.48 0.06 0.50 8.44
Forward-FSRER 0.48 6.71 0.08 0.54 9.19
Forward-FSRRE 0.46 6.63 0.08 0.54 9.19
LASSO 0.45 7.72 0.19 0.61 9.76
LASSO-FSR(NoRefit) 1.39 6.74 0.09 1.08 9.22
LASSO-FSR(Refit) 0.49 6.74 0.09 0.78 9.22
SCAD 0.52 6.40 0.06 0.93 7.96
SCAD-FSR(NoRefit) 0.42 6.27 0.04 0.83 8.53
SCAD-FSR(Refit) 0.42 6.27 0.04 0.82 8.53

The range of the standard errors for average MSE is 0.02 to 0.09, for average Size is 0.05 to
0.19, and for average FSR is 0.01 to 0.02.
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Table A.3: Independent covariates with low R2
P and 30% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 0.71× (1, 1, 0, . . . , 0) βR4= 0.73× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.19 2.75 0.16 0.18 3.89 0.09
Forward-AIC 0.13 3.97 0.34 0.12 5.02 0.21
Forward-BIC 0.06 2.44 0.10 0.07 3.57 0.06
Forward-FSRER 0.06 2.33 0.07 0.07 3.50 0.06
Forward-FSRRE 0.06 2.32 0.07 0.07 3.50 0.06
LASSO 0.12 3.30 0.27 0.19 4.34 0.15
LASSO-FSR(NoRefit) 0.24 2.36 0.07 0.30 3.64 0.07
LASSO-FSR(Refit) 0.05 2.36 0.07 0.12 3.64 0.07
SCAD 0.06 2.31 0.07 0.17 3.37 0.05
SCAD-FSR(NoRefit) 0.07 2.38 0.08 0.17 3.48 0.06
SCAD-FSR(Refit) 0.05 2.38 0.08 0.12 3.48 0.06

βL4= 0.50× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.56× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.17 4.56 0.09 0.18 5.75 0.02
Forward-AIC 0.12 5.45 0.20 0.12 6.88 0.06
Forward-BIC 0.07 4.30 0.05 0.09 5.38 0.01
Forward-FSRER 0.08 4.46 0.06 0.10 5.68 0.03
Forward-FSRRE 0.08 4.41 0.06 0.10 5.73 0.03
LASSO 0.23 4.99 0.16 0.39 5.64 0.03
LASSO-FSR(NoRefit) 0.38 4.47 0.08 0.44 5.51 0.03
LASSO-FSR(Refit) 0.09 4.47 0.08 0.20 5.51 0.03
SCAD 0.30 4.06 0.03 0.47 4.58 0.01
SCAD-FSR(NoRefit) 0.29 4.25 0.05 0.37 5.37 0.03
SCAD-FSR(Refit) 0.10 4.25 0.05 0.20 5.37 0.03

βL6= 0.41× (1, . . . , 1, 0, . . . , 0) βR12= 0.47× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.17 6.04 0.04 0.18 7.36
Forward-AIC 0.12 6.99 0.12 0.14 8.61
Forward-BIC 0.08 5.94 0.02 0.11 6.69
Forward-FSRER 0.10 6.38 0.06 0.13 8.10
Forward-FSRRE 0.10 6.38 0.06 0.13 7.91
LASSO 0.42 5.97 0.08 0.55 6.20
LASSO-FSR(NoRefit) 0.46 6.09 0.07 0.40 7.78
LASSO-FSR(Refit) 0.17 6.09 0.07 0.25 7.78
SCAD 0.60 5.04 0.02 0.64 5.09
SCAD-FSR(NoRefit) 0.43 5.98 0.06 0.38 7.61
SCAD-FSR(Refit) 0.17 5.98 0.06 0.27 7.61

The range of the standard errors for average MSE is 0.02 to 0.05, for average Size is 0.05 to
0.15, and for average FSR is 0.01 to 0.02.
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Table A.4: Independent covariates with low R2
P and 70% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 0.71× (1, 1, 0, . . . , 0) βR4= 0.73× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.47 2.56 0.13 0.45 3.39 0.11
Forward-AIC 0.29 3.74 0.32 0.28 4.82 0.25
Forward-BIC 0.18 2.56 0.13 0.17 3.40 0.10
Forward-FSRER 0.10 2.06 0.04 0.11 2.65 0.04
Forward-FSRRE 0.10 2.05 0.03 0.11 2.65 0.04
LASSO 0.19 4.22 0.38 0.22 5.41 0.31
LASSO-FSR(NoRefit) 0.42 2.19 0.07 0.54 2.67 0.05
LASSO-FSR(Refit) 0.18 2.19 0.07 0.27 2.67 0.05
SCAD 0.19 2.53 0.12 0.26 3.12 0.08
SCAD-FSR(NoRefit) 0.17 1.94 0.02 0.34 2.36 0.03
SCAD-FSR(Refit) 0.16 1.94 0.02 0.32 2.36 0.03

βL4= 0.50× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.56× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.51 4.26 0.11 0.45 4.37 0.04
Forward-AIC 0.34 5.48 0.23 0.29 6.07 0.10
Forward-BIC 0.23 4.16 0.10 0.20 4.38 0.05
Forward-FSRER 0.18 3.53 0.06 0.16 3.32 0.03
Forward-FSRRE 0.18 3.43 0.05 0.15 3.19 0.02
LASSO 0.27 5.84 0.27 0.36 6.31 0.12
LASSO-FSR(NoRefit) 0.61 3.52 0.07 0.69 3.54 0.04
LASSO-FSR(Refit) 0.37 3.52 0.07 0.53 3.54 0.04
SCAD 0.38 3.96 0.08 0.52 3.84 0.05
SCAD-FSR(NoRefit) 0.53 2.84 0.03 0.65 2.45 0.01
SCAD-FSR(Refit) 0.49 2.84 0.03 0.62 2.45 0.01

βL6= 0.41× (1, . . . , 1, 0, . . . , 0) βR12= 0.47× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.46 4.55 0.06 0.52 5.30
Forward-AIC 0.30 6.33 0.15 0.36 7.17
Forward-BIC 0.22 4.45 0.07 0.28 5.16
Forward-FSRER 0.17 3.32 0.03 0.27 4.62
Forward-FSRRE 0.17 3.30 0.03 0.26 4.35
LASSO 0.40 6.57 0.17 0.40 7.33
LASSO-FSR(NoRefit) 0.71 3.61 0.05 0.66 4.82
LASSO-FSR(Refit) 0.59 3.61 0.05 0.63 4.82
SCAD 0.64 3.78 0.04 0.70 4.39
SCAD-FSR(NoRefit) 0.74 2.84 0.03 0.79 3.39
SCAD-FSR(Refit) 0.70 2.84 0.03 0.75 3.39

The range of the standard errors for average MSE is 0.02 to 0.07, for average Size is 0.05 to
0.16, and for average FSR is 0.01 to 0.02.
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Table A.5: Correlated covariates with high R2
P and 30% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 1.34× (1, 1, 0, . . . , 0) βR4= 1.26× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.24 2.78 0.16 0.23 4.15 0.10
Forward-AIC 0.16 3.89 0.33 0.17 5.39 0.21
Forward-BIC 0.09 2.41 0.09 0.11 4.04 0.06
Forward-FSRER 0.07 2.22 0.05 0.12 4.12 0.08
Forward-FSRRE 0.07 2.22 0.05 0.12 4.07 0.07
LASSO 0.18 3.52 0.30 0.24 5.23 0.20
LASSO-FSR(NoRefit) 0.55 2.69 0.14 0.57 4.64 0.13
LASSO-FSR(Refit) 0.09 2.69 0.14 0.12 4.64 0.13
SCAD 0.06 2.23 0.05 0.20 3.68 0.05
SCAD-FSR(NoRefit) 0.05 2.14 0.03 0.14 3.89 0.06
SCAD-FSR(Refit) 0.07 2.14 0.03 0.13 3.89 0.06

βL4= 0.83× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.83× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.20 4.50 0.08 0.23 6.29 0.03
Forward-AIC 0.14 5.27 0.18 0.21 7.54 0.08
Forward-BIC 0.10 4.37 0.06 0.20 6.19 0.03
Forward-FSRER 0.11 4.44 0.07 0.20 7.03 0.06
Forward-FSRRE 0.10 4.40 0.06 0.20 6.92 0.06
LASSO 0.24 5.15 0.17 0.40 7.61 0.07
LASSO-FSR(NoRefit) 0.65 4.74 0.11 0.52 7.57 0.06
LASSO-FSR(Refit) 0.10 4.74 0.11 0.19 7.57 0.06
SCAD 0.16 4.10 0.02 0.46 5.72 0.02
SCAD-FSR(NoRefit) 0.08 4.20 0.03 0.26 6.64 0.04
SCAD-FSR(Refit) 0.09 4.20 0.03 0.22 6.64 0.04

βL6= 0.62× (1, . . . , 1, 0, . . . , 0) βR12= 0.63× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.20 6.30 0.04 0.21 7.47
Forward-AIC 0.16 7.09 0.12 0.26 9.10
Forward-BIC 0.12 6.14 0.02 0.31 7.55
Forward-FSRER 0.14 6.56 0.07 0.26 9.14
Forward-FSRRE 0.13 6.46 0.05 0.26 9.10
LASSO 0.32 7.03 0.12 0.51 9.47
LASSO-FSR(NoRefit) 0.56 6.94 0.10 0.31 9.60
LASSO-FSR(Refit) 0.14 6.94 0.10 0.22 9.60
SCAD 0.37 5.78 0.02 0.74 6.46
SCAD-FSR(NoRefit) 0.20 6.19 0.03 0.32 8.58
SCAD-FSR(Refit) 0.14 6.19 0.03 0.26 8.58

The range of the standard errors for average MSE is 0.02 to 0.06, for average Size is 0.05 to
0.16, and for average FSR is 0.01 to 0.02.
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Table A.6: Correlated covariates with high R2
P and 70% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 1.34× (1, 1, 0, . . . , 0) βR4= 1.26× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.61 2.78 0.17 0.72 3.80 0.11
Forward-AIC 0.34 3.81 0.32 0.46 4.91 0.21
Forward-BIC 0.19 2.59 0.13 0.36 4.00 0.11
Forward-FSRER 0.13 2.23 0.05 0.31 3.60 0.07
Forward-FSRRE 0.13 2.19 0.05 0.30 3.56 0.07
LASSO 0.22 4.06 0.37 0.32 5.33 0.24
LASSO-FSR(NoRefit) 0.81 2.49 0.10 0.85 4.18 0.11
LASSO-FSR(Refit) 0.14 2.49 0.10 0.33 4.18 0.11
SCAD 0.21 2.62 0.12 0.42 3.78 0.09
SCAD-FSR(NoRefit) 0.11 2.11 0.02 0.38 3.20 0.04
SCAD-FSR(Refit) 0.11 2.11 0.02 0.37 3.20 0.04

βL4= 0.83× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.83× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.71 4.56 0.10 0.64 5.03 0.06
Forward-AIC 0.52 5.57 0.21 0.63 7.13 0.12
Forward-BIC 0.39 4.65 0.10 0.57 5.62 0.07
Forward-FSRER 0.35 4.44 0.07 0.57 5.67 0.07
Forward-FSRRE 0.34 4.39 0.07 0.56 5.57 0.06
LASSO 0.34 5.72 0.23 0.39 7.34 0.12
LASSO-FSR(NoRefit) 0.90 4.83 0.12 0.81 6.91 0.09
LASSO-FSR(Refit) 0.32 4.83 0.12 0.49 6.91 0.09
SCAD 0.41 4.45 0.08 0.67 5.37 0.06
SCAD-FSR(NoRefit) 0.38 4.00 0.03 0.73 4.35 0.04
SCAD-FSR(Refit) 0.37 4.00 0.03 0.70 4.35 0.04

βL6= 0.62× (1, . . . , 1, 0, . . . , 0) βR12= 0.63× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.72 5.31 0.06 0.65 5.18
Forward-AIC 0.60 7.04 0.16 0.77 7.73
Forward-BIC 0.53 5.94 0.08 0.88 6.24
Forward-FSRER 0.55 5.91 0.09 0.84 6.58
Forward-FSRRE 0.55 5.83 0.08 0.85 6.47
LASSO 0.42 7.15 0.16 0.54 8.24
LASSO-FSR(NoRefit) 0.92 6.58 0.11 0.80 8.09
LASSO-FSR(Refit) 0.48 6.58 0.11 0.62 8.09
SCAD 0.67 5.65 0.08 0.88 5.80
SCAD-FSR(NoRefit) 0.77 4.92 0.05 1.13 5.09
SCAD-FSR(Refit) 0.73 4.92 0.05 1.04 5.09

The range of the standard errors for average MSE is 0.02 to 0.06, for average Size is 0.05 to
0.15, and for average FSR is 0.01 to 0.02.
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Table A.7: Correlated covariates with low R2
P and 30% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 0.67× (1, 1, 0, . . . , 0) βR4= 0.63× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.18 2.66 0.15 0.17 3.25 0.10
Forward-AIC 0.12 3.97 0.35 0.11 4.84 0.24
Forward-BIC 0.06 2.44 0.10 0.06 3.17 0.05
Forward-FSRER 0.05 2.35 0.08 0.06 3.10 0.04
Forward-FSRRE 0.05 2.35 0.08 0.06 3.09 0.04
LASSO 0.10 3.25 0.27 0.19 4.20 0.16
LASSO-FSR(NoRefit) 0.21 2.63 0.14 0.25 3.94 0.12
LASSO-FSR(Refit) 0.06 2.63 0.14 0.08 3.94 0.12
SCAD 0.07 2.33 0.07 0.19 3.17 0.06
SCAD-FSR(NoRefit) 0.07 2.32 0.07 0.18 3.27 0.07
SCAD-FSR(Refit) 0.05 2.32 0.07 0.09 3.27 0.07

βL4= 0.41× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.42× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.18 4.08 0.09 0.18 3.91 0.05
Forward-AIC 0.12 5.27 0.21 0.17 5.98 0.10
Forward-BIC 0.09 4.02 0.07 0.16 4.21 0.04
Forward-FSRER 0.09 4.04 0.08 0.16 4.44 0.04
Forward-FSRRE 0.09 4.00 0.07 0.16 4.40 0.04
LASSO 0.23 4.69 0.13 0.29 5.65 0.06
LASSO-FSR(NoRefit) 0.28 4.68 0.12 0.28 5.76 0.06
LASSO-FSR(Refit) 0.10 4.68 0.12 0.16 5.76 0.06
SCAD 0.26 3.89 0.07 0.33 4.23 0.04
SCAD-FSR(NoRefit) 0.28 3.95 0.08 0.32 4.61 0.05
SCAD-FSR(Refit) 0.13 3.95 0.08 0.21 4.61 0.05

βL6= 0.31× (1, . . . , 1, 0, . . . , 0) βR12= 0.31× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.16 4.31 0.04 0.18 3.82
Forward-AIC 0.13 6.39 0.14 0.24 6.58
Forward-BIC 0.14 4.56 0.07 0.28 4.80
Forward-FSRER 0.15 4.90 0.09 0.27 5.28
Forward-FSRRE 0.15 4.83 0.08 0.27 5.17
LASSO 0.29 5.83 0.09 0.32 6.69
LASSO-FSR(NoRefit) 0.27 6.02 0.09 0.26 6.94
LASSO-FSR(Refit) 0.12 6.02 0.09 0.19 6.94
SCAD 0.34 4.49 0.06 0.37 5.25
SCAD-FSR(NoRefit) 0.33 4.70 0.07 0.34 5.53
SCAD-FSR(Refit) 0.19 4.70 0.07 0.24 5.53

The range of the standard errors for average MSE is 0.01 to 0.05, for average Size is 0.05 to
0.15, and for average FSR is 0.01 to 0.02.
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Table A.8: Correlated covariates with low R2
P and 70% censoring (n = 150, KT = 12).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL2= 0.67× (1, 1, 0, . . . , 0) βR4= 0.63× (1, . . . , 1/4, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.47 2.46 0.17 0.48 2.73 0.11
Forward-AIC 0.30 3.83 0.34 0.34 4.65 0.28
Forward-BIC 0.18 2.56 0.15 0.24 3.00 0.12
Forward-FSRER 0.10 1.95 0.05 0.20 2.34 0.07
Forward-FSRRE 0.10 1.95 0.05 0.20 2.34 0.07
LASSO 0.18 3.74 0.34 0.21 4.58 0.25
LASSO-FSR(NoRefit) 0.39 2.47 0.13 0.41 3.11 0.11
LASSO-FSR(Refit) 0.16 2.47 0.13 0.25 3.11 0.11
SCAD 0.22 2.36 0.12 0.33 2.87 0.12
SCAD-FSR(NoRefit) 0.26 1.74 0.04 0.43 1.78 0.03
SCAD-FSR(Refit) 0.24 1.74 0.04 0.37 1.78 0.03

βL4= 0.41× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.42× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.49 2.97 0.10 0.55 2.94 0.07
Forward-AIC 0.35 4.64 0.23 0.52 5.25 0.12
Forward-BIC 0.30 3.42 0.13 0.45 3.72 0.07
Forward-FSRER 0.27 2.73 0.09 0.43 3.21 0.05
Forward-FSRRE 0.27 2.72 0.09 0.40 3.00 0.04
LASSO 0.25 4.79 0.22 0.29 5.24 0.11
LASSO-FSR(NoRefit) 0.44 3.61 0.11 0.45 4.10 0.05
LASSO-FSR(Refit) 0.32 3.61 0.11 0.39 4.10 0.05
SCAD 0.41 3.16 0.11 0.52 3.56 0.08
SCAD-FSR(NoRefit) 0.56 2.13 0.06 0.66 2.18 0.02
SCAD-FSR(Refit) 0.49 2.13 0.06 0.62 2.18 0.02

βL6= 0.31× (1, . . . , 1, 0, . . . , 0) βR12= 0.31× (1, 11/12, . . . , 1/12)
Method MSE Size FSR MSE Size FSR
Full 0.48 2.81 0.11 0.47 2.18
Forward-AIC 0.44 5.03 0.21 0.54 5.17
Forward-BIC 0.39 3.61 0.13 0.51 3.68
Forward-FSRER 0.35 2.80 0.09 0.48 3.05
Forward-FSRRE 0.35 2.75 0.09 0.47 2.95
LASSO 0.30 5.28 0.19 0.32 5.51
LASSO-FSR(NoRefit) 0.48 4.16 0.13 0.48 4.71
LASSO-FSR(Refit) 0.40 4.16 0.13 0.42 4.71
SCAD 0.50 3.40 0.14 0.57 3.47
SCAD-FSR(NoRefit) 0.65 1.98 0.06 0.71 2.24
SCAD-FSR(Refit) 0.59 1.98 0.06 0.63 2.24

The range of the standard errors for average MSE is 0.01 to 0.05, for average Size is 0.06 to
0.13, and for average FSR is 0.01 to 0.02.
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Table A.9: Independent covariates with low R2
P and 30% censoring (n = 150, KT = 24).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL4= 0.50× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.56× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.48 5.75 0.24 0.50 7.08 0.16
Forward-AIC 0.28 8.14 0.43 0.30 9.58 0.29
Forward-BIC 0.11 4.76 0.11 0.14 5.85 0.08
Forward-FSRER 0.07 4.16 0.04 0.11 4.82 0.05
Forward-FSRRE 0.07 4.16 0.04 0.11 4.75 0.05
LASSO 0.29 5.72 0.24 0.46 5.86 0.12
LASSO-FSR(NoRefit) 0.43 4.47 0.09 0.51 5.40 0.09
LASSO-FSR(Refit) 0.12 4.47 0.09 0.28 5.40 0.09
SCAD 0.12 4.37 0.08 0.29 4.56 0.05
SCAD-FSR(NoRefit) 0.41 4.17 0.06 0.48 4.90 0.07
SCAD-FSR(Refit) 0.11 4.17 0.06 0.30 4.90 0.07

The range of the standard errors for average MSE is 0.01 to 0.02, for average Size is 0.06 to
0.20, and for average FSR is 0.01 to 0.02.

Table A.10: Correlated covariates with low R2
P and 30% censoring (n = 150, KT = 24).

MSE: average mean squared error, Size: average model size, FSR: average false selection rate.

βL4= 0.41× (1, 1, 1, 1, 0, . . . , 0) βR8= 0.42× (1, . . . , 1/8, 0, . . . , 0)
Method MSE Size FSR MSE Size FSR
Full 0.50 5.21 0.27 0.48 4.82 0.19
Forward-AIC 0.31 8.14 0.44 0.34 8.38 0.31
Forward-BIC 0.15 4.65 0.16 0.22 4.81 0.12
Forward-FSRER 0.10 3.67 0.08 0.19 3.80 0.06
Forward-FSRRE 0.10 3.66 0.08 0.19 3.79 0.06
LASSO 0.30 5.08 0.19 0.36 5.71 0.14
LASSO-FSR(NoRefit) 0.34 4.75 0.16 0.34 4.41 0.06
LASSO-FSR(Refit) 0.14 4.75 0.16 0.22 4.41 0.06
SCAD 0.33 4.12 0.12 0.38 4.46 0.10
SCAD-FSR(NoRefit) 0.33 4.01 0.12 0.34 5.34 0.07
SCAD-FSR(Refit) 0.18 4.01 0.12 0.18 5.34 0.07

The range of the standard errors for average MSE is 0.01 to 0.02, for average Size is 0.07 to
0.21, and for average FSR is 0.01 to 0.02.
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Appendix B

Derivation of R2
P under the Cox

Proportional Hazards Model in
Simulation Design

In linear model Y = X ′β + ε, the sample coefficient of determination, R2, describes the

proportion of variance explained by the fit. For a data set {(Yi, X i), i = 1, . . . , n}, the

linear model is

Yi = Xi
′β + εi,

where Xi= (X1,i, X2,i, . . . , Xp,i), and εi has identical independent distribution N(0, σ2).

R2 is defined as the ratio of the regression sum of squares (SSR) to the total sum of

squares (SST ), where SSR =
∑

(Ŷi−Y )2, SST =
∑

(Yi−Y )2, and SST = SSR+SSE,

SSE =
∑

(Yi − Ŷi). Hence for the data {(Yi,X i), i = 1, . . . , n},

R2 =
SSR

SST
= 1− SSE

SST
= 1− MSE(n− p)

S2
Y (n− 1)

,

where the mean square error MSE = SSE/(n−p), n is the sample size, p is the number

of nonzero coefficients in the model, and S2
Y =

∑
(Yi − Y )2/(n− 1).

As n → ∞, S2
Y =

∑
(Yi − Y )2/(n − 1)

P−→ Var(Y ). If linear model assumptions hold,

i.e., ε1, . . . , εn are i.i.d. standard normal random errors, MSE
P−→ σ2. Therefore,

R2 P−→ 1−σ2/Var(Y ). Since under linear model assumptions, E{Var(Y |X)} = E(σ2) =

σ2, R2 P−→ 1 − E{Var(Y |X)}/Var(Y ). Thus, we define the corresponding population
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coefficient of determination, R2
P , as

R2
P = 1− E{Var(Y |X)}

Var(Y )
.

The hazard of the Cox proportional hazards model is λ(y|X) = λ0(y) exp(X ′β). In

the simulation studies in Chapter 4, the underlying hazard ratio λ0(y) = 1, and X has

multivariate normal distribution MV N(0,Ω). The cumulative distribution function of

Y given X is

F (y|X) = 1− exp

{
−

∫ y

0

λ(u|X)du

}
= 1− exp{−y exp(X ′β)}.

Therefore Y given X has an exponential distribution with mean exp(−X ′β). Assuming

that X has multivariate normal distribution MV N(0,Ω),

E{Var(Y |X)} = E{exp(−2X ′β)} = exp

{
(−2β)′Ω(−2β)

2

}
= exp(2β′Ωβ),

Var{E(Y |X)} = Var{exp(−X ′β)} = E{exp(−2X ′β)} − [E{exp(−X ′β)}]2

= exp(2β′Ωβ)− exp(β′Ωβ).

Thus for the Cox proportional hazards model,

R2
P = 1− E{Var(Y |X)}

E{Var(Y |X)}+ Var{E(Y |X)}
= 1− exp(2β′Ωβ)

2 exp(2β′Ωβ)− exp(β′Ωβ)

= 1− 1

2− exp(−β′Ωβ)
.

Note that R2
P is a strictly monotone increasing function of the quadratic form β′Ωβ,

with R2
P = 0 when β′Ωβ = 0 and R2

P = 1/2 when β′Ωβ →∞.
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