
Abstract

GUO, XIANG. Statistical Analysis in Two Stage Randomization Designs in Clinical

Trials. (Under the direction of Dr. Anastasios A. Tsiatis)

Two-stage randomization designs are becoming more common in many clinical

trials related to diseases such as cancer and HIV, where an induction therapy is given

followed by a maintenance therapy depending on patients’ response and consent. The

main interest is to compare combinations of induction and maintenance therapies and

to find the combination leading to the longest average survival time. However, in

practice, the data analysis is typically conducted separately in two stages.

In this Thesis, we tackle the problem based on “treatment policies”. We use the

concepts of counting process and risk set as described by Fleming and Harrington

(1991) to find weighted estimating equations whose solution gives an estimator for

the cumulative hazard function which, in turn, is used to derive an estimator for the

overall survival distribution under a treatment policy with right-censored data. We

call this estimator as the Weighted Risk Set Estimator (WRSE). We show that the

WRSE is consistent and asymptotically normally distributed. In addition to survival

distribution estimation, we also consider the hypothesis testing problem. Since the

log rank test is the common method for hypothesis testing in survival analysis, we

propose a test statistic using an inverse weighted version of the log rank test. We use

simulation studies to demonstrate the properties of our method and use data from a

clinical trial, Protocol 88923, conducted by the Cancer and Leukemia Group



(CALGB) to illustrate how to implement the method.
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Chapter 1

Introduction

Some diseases, such as cancers and HIV, have been major threats to human life for

a long time. A lot of effort has been devoted in order to improve the survival time

of patients with such diseases. For many of these diseases, it is hard to find a single

effective treatment. More and more research is focused on combinations of different

treatments. For example: many breast cancer patients are treated with chemotherapy

or hormonal therapy after surgery; patients infected by AIDS now can be treated by

“cocktail” therapy, which uses the combination of several drugs. These “combo”

therapies give very significant improvement for patients’ survival time. The AIDs

death rate dropped by 47% by 1997 since the implementation of the famous Highly

Active Antiretroviral Therapy (HAART), which is a triple cocktail treatment using a

combination of three different drugs. And In 1997, for the first time since 1990, AIDS

was not among the top 10 causes of death in the United States, dropping from 8th
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to 14th place, according to the national Centers for Disease Control and Prevention.

As a result, many clinical trials are studying combinations of several drugs. Two-

stage randomization designs is widely used when the combination of two treatments

are of interest. In this design, an induction therapy is randomly assigned to a patient

as the patient enters the study. Then, if and only if the patient achieves remission and

consent, a maintenance therapy is randomly assigned. One such two-stage random-

ized clinical trial, Protocol 8923, was conducted by the Cancer and Leukemia Group

(CALGB) and reported by Stone et al. (1995). It was a double-blind, placebo con-

trolled two-stage trial examining the effects of infusions of granulocyte-macrophage

colony-stimulating factor (GM-CSF) after initial chemotherapy in 388 elderly pa-

tients with acute myelogenous lukemia (AML). Patients were randomized initially to

GM-CSF or placebo following standard chemotherapy. Later, patients who met the

criteria for complete remission and consent were offered a second randomization to

one of two intensification treatments.

Because of the randomization, any induction therapy can be assigned to a patient

when he/she enters the study. Furthermore, before he/she achieves remission and

consent, we do not know which maintenance therapy will be given or in some cases,

there will be no maintenance therapy. Another randomized design is also possible

for such two stage study, where the maintenance therapy is pre-specified up front

instead of waiting until the maintenance therapy is to be administered. For such a

design, when a patient enters the study, we randomly assign him/her a combination

2



of induction and maintenance therapies. The advantage of the pre-specified design

is that it makes statistical inference easier. As an example, if we have two induction

therapies and two maintenance therapies, we will have a total of four combinations.

We can randomly assign patients to these four arms. Then using standard survival

analysis techniques, we can easily find the estimator for the survival distribution and

use standard statistical tests for hypothesis testing. But the two-stage randomized

design can make more efficient use of the study participants, which makes this design

more efficient than the pre-specified up-front design. But the problem is whether

easy-to-implement methods for data analysis under this design can be provided.

In most two-stage randomization design studies, the main interests is to compare

combinations of induction and maintenance therapy and to find the combination lead-

ing to the longest average survival time. However, in practice, the data analysis is typ-

ically conducted separately in two stages: (i) estimating survival distributions under

different induction therapies using all data while ignoring the maintenance therapies,

(ii) estimating survival distributions using data for patients receiving maintenance

therapies. These analysis do not directly address the question of finding the best

combination of induction and maintenance therapies.

Th two-stage studies also can be regarded as a special case of the multi-state

survival analysis. For each patient entering the study, there can be two states: death

and response. Patients may directly go into the death status after entering the study

but they also may first go into the response status and then die. Thus we can define
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three transition hazards as:

1. λ(u), hazard function from the beginning of the study to death ;

2. µ(t), hazard function from the beginning of the study to response;

3. δ(t, u), hazard function from response to death,

where u is time to death, t is time to response and δ()̇ is a function of both t and

u. With the available data, we can find the estimators for three hazard functions.

This method can help us to understand the survival distributions in different stages.

But it does not give us an overall view for the distribution under the combinations.

And again, the second randomization will add difficulty to the data analysis when we

adapt this methodology.

One feasible way to tackle this problem is to use the concept of “treatment pol-

icy”. As we mentioned, if we use the pre-specified design, as a patient enters the

study, a combination will be assigned. Later if he/she achieves remission/consent,

a maintenance therapy will be given as pre-specified. For this reason, if we are in-

terested in the survival probability of patients under a specific arm, we can collect

the death or censoring time under that arm and use the Kaplan-Meier estimator to

estimate the survival distribution. Here, the survival time is the overall survival time

under a specific arm : treat with an induction therapy followed with a maintenance

therapy if and only if the patients achieve remission and consent. It is the time under

a combination of induction therapy and maintenance therapy if a patient achieves
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remission/consent. It also considers the situation when some patients may not or can

not take the second therapy. In a two-stage randomization design study, a patient

assigned to an induction therapy may end up with any one of the maintenance thera-

pies or possibly no maintenance therapy. But in the data analysis, we can adapt the

method used for the pre-specified up-front design. We define a treatment policy AjBk

as “treat with a primary therapy Aj followed by a maintenance therapy Bk if and only

if patients achieve remission and consent to second randomization”. The treatment

policy can be defined in other ways. For example, we also could define a treatment

policy AjBk as “treat with a primary therapy Aj followed by a maintenance therapy

Bk if and only if patients achieve remission”. Different definitions of the treatment

policy lead to different data analysis methods. In two stage randomization designs,

in order to analyze the data using the second definition of the treatment policy we

need to treat the patients who achieve remission but do not consent as missing and

incorporate one more inverse weighting. For simplicity, we will use the first definition.

In two-stage randomization designs, the difficulty of statistical inference for a

specific treatment policy is that some subjects do not have the treatments consistent

with that treatment policy. For example, consider the estimation or hypothesis testing

involving treatment policy A1B1, which is “treating patients with A1 followed with

B1 if and only if patient achieve remission and consent to maintenance therapy”. We

can divide all subjects assigned to induction therapy A1 into three groups:

1. patients who do not achieve remission or achieve remission but do not consent

5



to maintenance therapies, which can be called non-responders;

2. patients who achieve remission and consent to maintenance therapies and are

randomly assigned to maintenance therapy B1;

3. patients who achieve remission and consent to maintenance therapies and are

randomly assigned to maintenance therapy B2.

Group 1 and 2 are consistent with the treatment policy A1B1, thus their observed

death or censoring time can be used as the observed time under the treatment policy.

The problem arises in group 3. This group of patients are not consistent with treat-

ment policy A1B1. When we conduct statistical inference on treatment policy A1B1,

we would not know the survival time for such a policy on patients in group 3.

A naive method is to ignore these subjects and conduct the inference using data

from patients who are consistent with A1B1, i.e., subjects in group 1 and 2. As we

show in Appendix C, this method is theoretically biased and in most cases underes-

timated the survival probability. By considering patients whose treatments are not

consistent with a given treatment policy as missing , this problem can be resolved

using inverse weighting method. Recently, estimation of the survival distributions

of treatment policies in two-stage randomization designs has been studied by Lunce-

ford et al. (2002) (subsequently referred to as LDT) and Wahed and Tsiatis (2004)

(subsequently referred to as WT). The LDT estimators were defined on an ad hoc

basis incorporating two forms of inverse weighting (Robins et al., 1994). These esti-

mators are consistent but not necessarily efficient. Using the semi-parametric theory
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of Robins et al. (1994), Wahed and Tsiatis characterized the most efficient estima-

tor for the survival distributions in the case when there is no censoring. Both the

LDT and the WT estimators have relatively complicated forms and are difficult to

implement in practice. We will propose a new methodology using the concepts of

counting process and risk set as described by Fleming and Harrington (1991) to find

weighted estimating equations whose solution gives an estimate for the cumulative

hazard function which, in turn, is used to derive an estimator for the overall survival

distribution under a treatment policy with right- censored data. From now on, we

call this estimator as the Weighted Risk Set Estimator (WRSE). Since the WRSE

is a natural extension of the Aalen-Nelson estimator, it is more intuitive than the

existing estimators. Other advantages of the WRSE include: it is easier to compute

and, as we will demonstrate, is more efficient than previously proposed estimators.

On the basis of their estimator for the survival distribution, Lunceford et al (2002)

and Wahed and Tsiatis (2004) used the Wald test to compare treatment policies. Since

log rank test is the common method for hypothesis testing in survival analysis, in this

thesis, we will also propose a test statistic using a inverse weighted version of the log

rank test for comparing two treatment policies. Through simulation study, we will

demonstrate that our test is unbiased and gives satisfactory power under alternative

hypotheses.
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Chapter 2

Model Framework and Notation

For concreteness, We will consider the two-stage randomization clinical trials where

patients are initially randomized to one of the induction therapies, say A1 or A2.

Then, if eligible and consent is given for maintenance therapies, patients are randomly

assigned to one of the maintenance therapies B1 or B2. Our objective is to estimate

and compare the survival distributions under the treatment policies AjBk, j, k = 1, 2

where AjBk represents the policy “treat with Aj followed by Bk if patient is eligible

and consents to maintenance therapy”. As usual, survival time is defined as the time

from initial randomization until death.

As in Lunceford et al. (2002), we conceptualize this problem through potential

outcomes or counterfactuals (Holland, 1991). Assume that each subject i has an

associated set of potential outcomes {R1i, R2i, Tj0i, T
R
1i , T

R
2i , T

∗
11i, T

∗
12i, T

∗
21i, T

∗
22i}, where

R1i is the remission/consent status that subject i would achieve if assigned to one of
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the treatment policies A1Bk, k = 1, 2, and similarly for R2i. Tj0i is the survival time

for patient i if he/she is assigned to induction therapy Aj and is not eligible or refuses

maintenance therapy. TR
1i is the potential response time that we would observe if

subject i were assigned to one of the treatment policies A1Bk, k = 1, 2, and similarly

for TR
2i . Implicitly, we have made the assumption that potential remission/consent

status is a function only of the induction treatment Aj and is independent of the B

treatment. T ∗
jki represent survival time from second randomization to death if patient

i with induction therapy Aj is eligible, willing to receive maintenance therapy and is

assigned to treatment Bk.

With these assumptions, the survival time for patient i, if assigned to treatment

policy AjBk, would be Tjki = (1 − Ri)Tj0i + Ri(T
R
ji + T ∗

jki), j, k = 1, 2. Notice that

if Rji = 0, i.e., patient i is not eligible or refuses the maintenance therapy, then

Tj1i = Tj2i = Tj0i.

The set of variables {R1, R2, T
R
1 , TR

2 , T11, T12, T21, T22} is referred as the potential

outcomes because they can never be observed at the same time for each patient.

These variables represent what potentially would happen under policies.

Let Tjk represent the survival time for the population if all patients were assigned

to the treatment policy AjBk. Hence inference on features of these distributions

addresses directly the intent-to-treat question of interest.

For n patients that enter our study, let Xi denotes the induction treatment indica-

tor, which equals 1 if the ith patient is assigned to induction therapy A1 and 0 for A2.
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The observed response indicator for the ith patient is represented by Ri, which equals

1 if the patient achieves remission and consent to further randomization to the main-

tenance therapy and 0 otherwise. Ri can be related to the potential remission/consent

status by Ri = XiR1i +(1−Xi)R2i. For patients with Ri = 1, their response time are

observed and denoted as TR
i . It can also be related to the potential response times

by TR
i = XiT

R
1i + (1 − Xi)T

R
2i . The indicator for B treatment assignment is denoted

by Zi, which equals 1 when patient i is assigned with maintenance therapy B1 and 0

with B2. Both TR
i and Zi are only defined for patients achieve remission and consent

to second stage randomization, i.e, Ri=1. If there is no censoring , we would observe

the survival time for i as Ti. Consider patients assigned with induction therapy A1,

i.e., Xi = 1, which implies Ri = R1i. Then the observed data can be related to the

potential outcomes as following:

Ti = (1 − Ri)T10i + Ri{TR
1i + ZiT

∗
11i + (1 − Zi)T

∗
12i}.

The relationship for A2 patients is analogous. Thus the observed data can be repre-

sented as a set of i.i.d. random vectors (Xi, Ri, RiT
R
i , RiZi, Ti), i = 1, · · · , n.

To account for right censoring, let Ci be the time to censoring. We allow the

censoring distribution to differ by A treatment, i.e. the censoring distributions are

Kj(t) = P (Ci < t|Xi = 2 − j), j = 1, 2. Under these conditions, the observed

data with right censoring can be represented as i.i.d vectors (Ri, RiT
R
i , RiZi, Ui, ∆i),

where ∆i = I(Ti < Ci) and Ui = min(Ti, Ci). For patients who are censored prior to

achieving remission, we take Ri = 0.
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To derive the estimator for survival distribution and test statistic, we impose two

more assumptions. We assume that Ci is conditionally independent of all other vari-

ables given the induction therapy, i.e., Ci is independent of (Ri, RiZi, RiT
R
i , Tj1i, Tj2i)

given Xi = j − 1, j = 1, 2. We also assume that:

πj = P (Zi = 1|Ri = 1, Xi = 2 − j, TR
ji , Tj1i, Tj2i, Ci) = P (Zi = 1|Ri = 1, Xi = 2 − j),

(2.1)

i.e., the second stage randomization is made independently of other potential out-

comes given Ri = 1 and Xj = j − 1, j = 1, 2. Here πj’s are the probabilities for

patients with induction therapy Aj to be randomized to maintenance therapy B1,

which are defined only when Ri = 1 and are mostly known by design. We allow

the B randomization probability to differ by A treatment, although such differential

randomization would be rare in practice.
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Chapter 3

Estimation For the Survival

Distributions of Treatment policies

Since the data from patients who receive different induction treatments are indepen-

dent, we will only focus on the data from the patients who receive induction treatment

A1. The analysis of the data from patients who receive induction treatment A2 is sim-

ilar. Thus, from now on, we will index individuals in our study by i = 1, 2, · · · , n,

and we will find the estimator for the survival distribution under the two treatment

policies that are associated with the induction treatment A1, namely A1B1 and A1B2.

So in this chapter we will suppress the subscript j on quantities defined in Chapter

2. For example, the probability for patients with remission/consent to be assigned to

B1, π1, will be expressed as π instead.

Let Tk represent the survival time for the population if all patients were assigned
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to the treatment policy A1Bk. Hence inference on features of these distributions

addresses directly the intent-to-treat question of interest. We will estimate the distri-

bution for Tk using the observed data from a two-stage randomization design. With

the assumptions in Chapter 2, the survival time for patient i, if assigned to treatment

policy A1Bk, would be Tki = (1 − R∗
i )T0i + R∗

i (T
R
i + T ∗

ki), k = 1, 2. Tki, k = 1, 2.

Tki are also potential outcomes, as only one of them can be observed when patient i

is assigned with a maintenance therapy. Notice that if R∗
i = 0, i.e., patient i is not

eligible or refuses the maintenance therapy, then T1i = T2i = T0i.

Treatment policies A1B1 and A1B2 are examples of dynamic treatment regimes as

defined by Murphy et al. (2001). In a dynamic treatment regime, rules for treatment

assignment are based on time-varying measurements of the study subjects. So, for

example, treatment policy A1B1, dictates that patients receive treatment A1 imme-

diately and receive B1 if and only if they respond and consent to further treatment.

Here the time-varying measurement is the indicator of response and consent.

Before we derive the WRSE, we will have a brief review about the existing esti-

mators for the survival distributions of the treatment policies.
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3.1 Available Estimators

3.1.1 Naive Estimator

We consider estimation of S1k(t) = 1 − P (T1k ≤ t)), the survival function for policy

A1Bk. If we have a hypothetical experiment where we could assign A1Bk for all

patients and get the observations for treatment policy A1Bk, then we could use the

standard survival analysis technique to estimate the overall survival distribution. But

in a two-stage randomization design, there are some patients who are not consistent

with A1Bk and as a result have no observations for A1Bk. A naive method is to use

the data from those patients who are consistent with that treatment policy. This

method is easy to implement, but it is biased. In appendix C, we give a detailed

proof for the biasness of the NAIVE estimator. The NAIVE estimator overestimates

the contribution of the non-remitting/consenting to the survival distribution and is

theoretically biased. Since in most cases the responders have better survival chance

over the non-remitting/consent. the NAIVE estimator underestimates the overall

survival distribution.

3.1.2 Estimators Based on Inverse Weighting

In two-stage randomization design, the difficulty for statistical inference comes from

the subjects who are not consistent with the treatment policies of interest. If we

treat it as a missing data problem, inverse weighting method is very natural to be
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considered for this problem.

To estimate S1k(t) = 1 − P (T1k ≤ t) = 1 − F1k(t), ideally, if all subjects were

assigned to A1Bk and there was no censoring, then Ui = Ti = T1ki. Consider A1B1,

a natural estimator for F11(t) is n−1
∑n

i=1 I(Ui ≤ t). With censoring and randomiza-

tion to maintenance therapy B contingent on remission/consent status, only a subset

of the n patients have observed survival time and have actual treatment consistent

with A1B1. Lunceford et al. (2002) proposed a class of estimators using two forms

of inverse weighting (Robins et al., 1994) to weight the observations from this subset

in such a way that, probabilistically, the distribution of the weighted observations

mimics that in the ideal case. Let K(t) = P (Ci > t). Every un-censored value

of Ti represents K−1(Ti) individuals, so that, roughly speaking, the response for an

un-censored individual counts for him/herself and K−1(Ti)− 1 similar, censored indi-

viduals. Another inverse weight is used for the second randomization to B treatment.

Lunceford et al (2004) define a weight function:

Q1i = 1 − Ri + π−1RiZi.

Note that Q1i = 0 if i received B treatment inconsistent with A1B1, i.e., Ri = 1 and

Zi = 0. Q1i = 1 if Ri = 0 and Q1i = π−1 if Ri = 1 and Zi = 1. Thus, when i’s

treatment is consistent with A1B1, Q1i acts as a weight. Non-responders consistent

with A1B1 represents themselves and hence receive a weight of one. For those achieve

remission and consent, each of them represents π−1 remitting/consenting subjects

who could have been potentially assigned to B1, thus receives a weight of π−1. With
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the weight function Q1i, Lunceford et al. (2004) proposed a class of estimator for the

survival distribution under treatment policy A1B1:

Ŝ1LDT (t) = 1−
{

n−1

n
∑

i=1

∆i(1 − Ri + RiZi/π)I(Ui ≤ t)

K̂(Ui)
− αn−1

n
∑

i=1

∆i(RiZi/π − Ri)

K̂(Ui)

}

,

where K̂(u) is the Kaplan-Meier estimator for the censoring distribution and α is a

constant. With Q2i = 1−Ri +(1−π)−1Ri(1−Zi), the estimator for survival distrib-

ution under A1B2 is similarly derived. Different α’s can lead to different estimators.

Lunceford et al. (2002) derived the value of α which corresponds to the minimum

variance estimator among all LDT estimators. (From now on, the LDT estimator

will refer to the minimum variance estimator).

With no censoring and α = 0, the LDT estimator can be expressed as:

F̂1LDT (t) = n−1

n
∑

i=1

(1 − Ri + RiZi/π)I(Ti ≤ t).

The influence function for this estimator can be shown to be equal to :

{

1 − Ri +
RiZi

π

}

I(Ti ≤ t) − F11(t).

Using the semiparametric theory of Robins et al. (1994), Wahed and Tsiatis (2004)

showed that all RAL estimators for F11(t) have an influence function belonging to the

class:
{

1 − Ri +
RiZi

π

}

{I(Ti ≤ t) − F11(t)} + Ri (Zi − π/π) f(TR
i , Vi), (3.1)

where Vi is a vector of auxiliary covariates collected on individual i prior to second

randomization and is defined only if Ri = 1. f(TR
i , Vi) is an arbitrary function of
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TR
i and Vi. Wahed and Tsiatis (2004) found the optimal estimators under several

different model assumptions. However, since we are considering censored data here,

the results of Wahed and Tsiatis are not relevant.

3.2 Weighted Risk Set Estimator

In developing the Weighted Risk Set Estimator for the survival distribution of a

treatment policy, we will rely heavily on the counting process notation as described

by Fleming and Harrington (1991). For the standard one-stage problem, which would

be relevant if we were estimating a treatment-specific survival distribution in a one-

stage randomized study with censored survival data, the cumulative hazard rate can

be estimated by the Aalen-Nelson estimator given by

Λ̂(t) =

∫ t

0

dN(u)

Y (u)
=

∑

i∈D(t)

{

1

Y (Ui)

}

,

where D(t) = {i : Ui ≤ t, ∆i = 1} denotes all the individuals who are observed to fail

before or at time t, and N(u) is the counting process defined as

N(u) =
n

∑

i=1

I(Ui ≤ u, ∆i = 1),

and Y(u) is the at risk process:

Y (u) =
n

∑

i=1

I(Ui ≥ u).

N(u) denotes the number of deaths up to and including time u and Y (u) denotes the

number at risk at the time u.
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In our problem, the goal is to estimate the survival distributions of T1 and T2. We

will focus on the estimation of T1, since estimating T2 follows similarly. To motivate

the WRSE, consider the hypothetical experiment where all patients were assigned to

the treatment policy A1B1, in which case, we could define the potential outcome T1

for all patients and the observed death or censoring time U1i = min(T1i, Ci). Defining

N1i(u) = I(U1i ≤ u, ∆i = 1) and Y1i(u) = I(U1i ≥ u), we could then get an estimator

for the cumulative hazard function as

Λ̂11(t) =

∫ t

0

d
∑n

i=1 N1i(u)
∑n

i=1 Y1i(u)
.

However, in actuality, in a two-stage randomization design, some of the patients who

could have received treatment B1 are instead randomized to receive B2. At a time

point t, if a patient have not achieved remission/consent or have achieved remis-

sion/consent and is assigned with B1, then the patient is consistent with treatment

policy A1B1 and the observed survival time is the survival time under A1B1. But for

patients with remission/consent assigned to B2, they are not consistent with A1B1.

Thus, from the observed data we cannot observe N1i(u) or Y1i(u) directly for this

part of subjects. Our method is to treat this part as missing and use the inverse

weighting method. Since the second randomization, we can use inverse weight on the

observations from subjects assigned to B1 and recover the information missed from

subjects assigned to B2. To incorporate with the Alan-Nelson estimator, we define a

weight function depending on time u,

Wi(u) = 1 − Ri(u) + Ri(u)Zi/π,
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where Ri(u) = RiI(TR
i ≤ u) and Ri, Zi, π, TR

i are defined as in Chapter 2. Note that

if at time u, for patient i, a response has not been observed, i.e., Ri(u) = 0. This

patient is still consistent with treatment policy A1B1, thus we assign him/her with

weight 1, i.e., Wi(u) = 1; if patient i have responded and is assigned with maintenance

treatment B2, i.e., Ri(u) = 1 and Zi = 0, this patient is no longer consistent with A1B1

and get a weight of 0, i.e., Wi(u) = 0; if patient i have achieved remission/consent and

receives treatment B1 at time u, he/she represents 1
π

remitting/consenting subjects

who could have potentially been assigned to B1, and thus, at time u, receives a weight

of Wi(u) = 1
π
. With W ∗

i (u) = 1−Ri(u)+Ri(u)(1−Zi)/(1−π), an analogous argument

may be made for policy A1B2.

The LDT estimators use a weight function Q1i = 1−Ri +RiZi/π, which does not

depend on time u. Consequently, if a patient has a remission, consents to the second

randomization, and is randomized to B2, then such a patient receives a weight of 0

at any time u, including time prior to the second randomization. In contrast, Wi(u)

use Ri(u) = RiI(TR
i ≤ u) instead of Ri. For subjects assigned with maintenance

therapy B2, if TR
i ≤ u, i.e., the time point is after the remission, weight of zero will

be assigned. But if TR
i > u, or the assessing time is earlier the response time, a

weight of 1 will be assigned. At that time point, the patient is still consistent with

A1B1, thus it is reasonable to count them into the number at risk. Using this weight

function, we can use part of the information from observations which is treated as

missing before. This makes our estimator more efficient than the LTD estimators,
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especially when the response time is long.

With this weight function, we propose an estimator for the cumulative hazard for

the survival time under policy A1B1, T1 , as:

Λ̂11(t) =

∫ t

0

∑n
i=1 Wi(u)dNi(u)

∑n
i=1 Wi(u)Yi(u)

, (3.2)

where Ni(u) = I(Ui ≤ u, ∆i = 1) and Yi(u) = I(Ui ≥ u) are defined on the observed

death or censoring time Ui.

This leads to an estimator for the survival function of T1 as:

Ŝ1(t) = exp

{

−
∫ t

0

∑n
i=1 Wi(u)dNi(u)

∑n
i=1 Wi(u)Yi(u)

}

. (3.3)

Note: When there is no censoring, i.e., Ui = Ti, we can show that the estimator

we derived is a member of the family of RAL estimators proposed by Wahed and

Tsiatis (2004). We give a detailed proof in Appendix A.

3.3 Large-sample Properties

In this section, we give a heuristic sketch of steps involved in showing that the WRSE

is consistent and asymptotically normal.

We start with two propositions:

Proposition 1 E{Wi(u)Yi(u)} = E{Y1i(u)}.

To prove this proposition, we first show that Wi(u)Yi(u) = Wi(u)Y1i(u), i.e.

{1 − Ri(u) + Ri(u)Zi(u)/π}I(Ti ≥ u)I(Ci ≥ u)

= {1 − Ri(u) + Ri(u)Zi(u)/π}I(T1i ≥ u)I(Ci ≥ u). (3.4)
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1. If Ri(u) = 1 and Zi = 0, i.e., patient i is assigned to B2, Wi(u) = 0. Thus

equation (3.4) holds and is equal to zero.

2. If Ri(u) = 1 and Zi = 1, i.e., patient i is assigned to B1, then Ti = T1i and

equation (3.4) holds again.

3. If Ri(u) = 0, subject i has not achieved remission/consent and thus is consistent

with treatment policy A1B1. Therefore Ti = T1i and equation holds.

We complete the proof of proposition 1 as follows:

E {Wi(u)Yi(u)} = E {Wi(u)Y1i(u)}

= E{Wi(u)I(U1i ≥ u)}

= E
[

E{Wi(u)I(U1i ≥ u)|Ri, RiT
R
i , T1i, T2i, Ci}

]

= E
[

E{Wi(u)I(T1i ≥ u)I(Ci ≥ u)|Ri, RiT
R
i , T1i, T2i, Ci}

]

= E (I(T1i ≥ u)I(Ci ≥ u)[1 − Ri(u)

+E{Ri(u)Zi/π|Ri, RiT
R
i , T1i, T2i, Ci}]

)

(3.5)

= E{I(U1i ≥ u)}

= E{Y1i(u)}.

The key to the proof above is that in equation (3.5),

E{Ri(u)Zi/π|Ri, RiT
R
i , T1i, T2i, Ci} = Ri(u),

which follows from assumption (2.1).
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Proposition 2 For a deterministic function K(u),

E

[∫ t

0

K(u)Wi(u) {dNi(u) − Yi(u)dΛ11(u)}
]

= 0.

We give a detailed proof of proposition in appendix B.

With proposition 1 and proposition 2, we will show that the estimator for cu-

mulative hazard function is consistent and asymptotically normally distributed. De-

fine S
(c)
1 (u) = P (U1i ≥ u). From proposition 1 we know that E{Wi(u)Yi(u)} =

E{Y1i(u)} = S
(c)
1 (u). Then we have a unbiased estimator for S

(c)
1 (u) as Ŝ

(c)
1 (u) =

n−1
∑n

i=1 Wi(u)Yi(u). Using the large sample theory, we deduce that
{

Ŝ
(c)
1 (u) − S

(c)
1 (u)

}

converges in probability to 0 uniformly in u. By adding and subtracting common

terms, {Λ̂11(t) − Λ11(t)} can be expressed as:

Λ̂11(t) − Λ11(t) = n−1

n
∑

i=1

∫ t

0

Wi(u){dNi(u) − Yi(u)dΛ11(u)}
S

(c)
1 (u)

(3.6)

+n−1

n
∑

i=1

∫ t

0

{

1/Ŝ
(c)
1 (u) − 1/S

(c)
1 (u)

}

Wi(u){dNi(u) − Yi(u)dΛ11(u)}. (3.7)

To show consistency, we first notice that

E

[

∫ t

0

Wi(u){dNi(u) − Yi(u)dΛ11(u)}
S

(c)
1 (u)

]

= 0.

This follows from proposition 2 by taking K(u) = 1/S
(c)
1 (u). Since expression (3.6)

is the sample average of mean zero i.i.d random variables, it converges in probability

to zero by the weak law of large numbers. Consequently, to show that Λ̂11(t) is a

consistent estimator of Λ11(t), it suffices to show that expression (3.7) converges in
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probability to zero. It follows from the inequality:

∣

∣

∣

∣

∣

∫ t

0

{

1/Ŝ
(c)
1 (u) − 1/S

(c)
1 (u)

}

n−1

n
∑

i=1

Wi(u){dNi(u) − Yi(u)dΛ11(u)}
∣

∣

∣

∣

∣

≤ sup
u≤t

∣

∣

∣1/Ŝ
(c)
1 (u) − 1/S

(c)
1 (u)

∣

∣

∣ (3.8)

×
{

n−1

n
∑

i=1

∫ t

0

Wi(u)dNi(u) + n−1

n
∑

i=1

∫ t

0

Wi(u)Yi(u)dΛ11(u)

}

. (3.9)

Expression (3.8) will converges to zero as long as S
(c)
1 (t) > 0. The first term of

expression (3.9) is bounded by 1/π and the second term converges in probability

to E[
∫ t

0
Wi(u)Yi(u)dΛ11(u)]. Collecting these developments demonstrates that (3.7)

converges in probability to zero.

Now we argue that n1/2{Λ̂11(t) − Λ11(t)}, which equals n1/2{(3.6) + (3.7)}, con-

verges in distribution to a normal with mean zero. Since (3.6) is made up of a sum of

i.i.d mean zero random variables, a simple consequence of the central limit theorem

leads to the asymptotic normality of n1/2{(3.6)}. To complete the proof, we need to

show that n1/2{(3.7)} converges in probability to zero. Expression (3.7) times n1/2

can be written as:

∫ t

0

n1/2
{

1/Ŝ
(c)
1 (u) − 1/S

(c)
1 (u)

}

n−1

n
∑

i=1

Wi(u){dNi(u) − Yi(u)dΛ11(u)}. (3.10)

Define

Ĥn(t) = n−1

∫ t

0

n
∑

i=1

Wi(u){dNi(u) − Yi(u)dΛ11(u)},

E[
∫ t

0
Wi(u){dNi(u)−Yi(u)dΛ11(u)}] = 0 from proposition 2 by taking K(u) = 1. Thus

under suitable regularity conditions, Ĥn(t) converges in probability to zero uniformly
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in t. Expression (3.10) may be rewritten as:

∫ t

0

n1/2
{

1/Ŝ
(c)
1 (u) − 1/S

(c)
1 (u)

}

dĤn(t). (3.11)

Under suitable regularity conditions, n1/2
{

1/S
(c)
1 (u) − 1/S

(c)
1 (u)

}

will converge to a

Gaussian process with continuous paths and by using method similar to Breslow and

Crowley (1974) or Tsiatis (1981), (3.11) will converge in probability to zero. Hence

we have,

n1/2{Λ̂11(t) − Λ11(t)} = n−1/2

n
∑

i=1

∫ t

0

Wi(u){dNi(u) − Yi(u)dΛ11(u)}
S

(c)
1 (u)

+ op(1),

where op(1) is a term that converges in probability to zero.

Thus, Λ̂11(t) is a consistent estimator of Λ11(t) and n1/2{Λ̂11(t) − Λ11(t)} ∼

N(0, σ2), where

σ2 = E





[

∫ t

0

Wi(u){dNi(u) − Yi(u)dΛ11(u)}
S

(c)
1 (u)

]2




. Replacing dΛ11(u) and S
(c)
1 (u) by consistent estimators ̂dΛ11(u) =

P
n

i=1
Wi(u)dNi(u)P

n

i=1
Wi(u)Yi(u)

and Ŝ
(c)
1 (u) = n−1

∑n
i=1 Wi(u)Yi(u), we can get a consistent estimator for σ2 as:

σ̂2 = n−1

n
∑

i=1





∫ t

0

Wi(u)
[

dNi(u) − Yi(u)
{P

n

i=1
Wi(u)dNi(u)P

n

i=1
Wi(u)Yi(u)

}]

n−1
∑n

i=1 Wi(u)Yi(u)





2

,

and a consistent estimator for V AR(Λ̂11(y)) as n−1σ̂2. By the delta method, Ŝ1(t) is

also consistent and we obtain a consistent variance estimator for Ŝ1(t) as :

V̂ AR(Ŝ1(t)) = n−1{Ŝ1(t)}2σ̂2. (3.12)
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3.4 Simulation Study

In this section, we conduct several simulation studies to investigate the large sample

properties of the WRSE and compare the WRSE with the existing NAIVE estimator

and LDT estimator for right-censored data. For simplicity, we only simulate data for

“A1” patients.

We take Ri, the response and consent indicator, to be a Bernoulli with P (Ri =

1) = θ. Two different values 0.5 and 0.8 for θ are used in the simulations. If Ri equals

zero, we then generate a survival time T0i, which follows an exponential distribution

with mean 182.5 days. T0i is the survival time of the patients who do not respond or

do not consent for maintenance therapies, and it is generated only if Ri = 0. When

Ri = 1, a time to response TR
i is generated following a exponential distribution with

mean 365 days. If Ri = 1, we also generate a treatment B assignment indicator Zi

from Bernoulli(0.5) distribution. If Zi = 1, a survival time T ∗
1i will be generated from

an exponential distribution with mean 365 days and if Zi = 0, another survival time

T ∗
2i will be generated from an exponential distribution with mean 547.5 days. T ∗

1i is

the survival time from remission/consent to death if B1 is assigned as the maintenance

treatment and T ∗
2i is the survival time from remission/consent to death when B2 is

assigned. The observed survival time for the ith individual thus can be defined as

Ti = (1 − Ri)T0i + Ri{TR
i + ZiT

∗
1i + (1 − Zi)T

∗
2i}.

We set the censoring time Ci to be uniformly distributed between zero and 3.5 years,

which is independent with other variables. And then define the observed death or

25



censoring time to be Ui = min(Ti, Ci). For simplicity, we only calculate the estimate

for S1(t) = P (T1 > t), which is the survival distribution for treatment policy A1B1.

For each of 2000 Monte Carlo data sets, S1(t) is estimated using (3.3) respectively

at t = 150, 500 and 700 days. The variance of Ŝ1(t) is also estimated using (3.12).

For each estimand, the 95% Wald confidence interval is constructed as the estimator

plus or minus the appropriate standard error from (3.12) times 1.96. Both NAIVE

estimates and LDT estimates are also considered. To compare the WRSE and the

LTD estimators, which are both unbiased, we use the relative efficiency defined as

following:

R.E. =
sample variance of WRSE estimator

sample variance of the LDT estimator
,

i.e., the ratio between the sample variance of WRSE and the sample variance of LTD.

Table 3.1 presents the estimates of the survival distribution under treatment policy

A1B1 using the WRSE, LTD and NAIVE method along with the relative efficiency

between WRSE and LTD. Table 3.2 presents some large sample properties of our

estimator. We give sample average of the estimated variance (SEV) and sample

variance of the estimator (SVE) for the survival function.

From Table 3.1, we find that the WRSE and the LDT estimator both are unbiased

and there is significant bias for the NAIVE estimator. In term of the relative efficiency,

the WRSE is more efficient than the LDT estimator, with the biggest gains in the

right hand tail of the survival curve where censoring is more pronounced. Table 3.2

shows our variance estimator behaves well. As for the Monte Carlo confidence interval
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Table 3.1: Estimates for Survival Distribution

t θ S1(t) ŜWRSE(t) Ŝ1LDT (t)(R.E.) Ŝ1NAIV E(t)

n = 300

150 0.5 0.6875 0.6880 0.6851 (0.98) 0.5966

0.8 0.8363 0.8366 0.8334 (0.96) 0.7676

500 0.5 0.3334 0.3342 0.3308 (0.78) 0.2397

0.8 0.4947 0.4974 0.4937 (0.79) 0.4218

700 0.5 0.2251 0.2285 0.2240 (0.69) 0.1549

0.8 0.3473 0.3509 0.3458 (0.72) 0.2915

n = 500

150 0.5 0.6875 0.6879 0.6860 (0.96) 0.6013

0.8 0.8363 0.8369 0.8349 (0.95) 0.7640

500 0.5 0.3334 0.3348 0.3323 (0.82) 0.2424

0.8 0.4947 0.4964 0.4937 (0.78) 0.4196

700 0.5 0.2251 0.2273 0.2239 (0.72) 0.1560

0.8 0.3473 0.3504 0.3469 (0.73) 0.2910

coverage, when n = 300, the coverage is slightly lower than the nominal value of 0.95,

but attains it when n=500.

27



Table 3.2: Large Sample Properties of WRSE

t θ SEV SVE MC coverage

n=300

150 0.5 0.8414E-03 0.9053E-03 93.55%

0.8 0.6290E-03 0.6135E-03 94.85%

500 0.5 1.3172E-03 1.3710E-03 93.85%

0.8 1.7516E-03 1.7853E-03 93.75%

700 0.5 1.3224E-03 1.3678E-03 93.80%

0.8 1.9713E-03 2.0554E-03 94.20%

n=500

150 0.5 0.5079E-03 0.5007E-03 94.95%

0.8 0.3792E-03 0.3944E-03 94.90%

500 0.5 0.8013E-03 0.8037E-03 94.15%

0.8 1.0599E-03 1.0040E-03 95.55%

700 0.5 0.8141E-03 0.8008E-03 95.40%

0.8 1.1981E-03 1.2046E-03 94.50%

3.5 Application to CALGB Data

We demonstrate how to apply the proposed methodology to a two-stage randomiza-

tion design using the data from CALGB 8923. Because of thorough follow-up after

the initial findings were reported and short survival time (> 75% mortality within
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two years), the data did not contain appreciable censoring. In order to illustrate the

performance of various estimators with censored survival data, we artificially censored

the data by restricting the follow-up period to 2.5 years after the first enrollment. By

doing so, the censoring rate is approximately 27%. Of this data set, 79 out of 193

patients in the GM-CSF group and 90 out of 195 in the placebo group achieved remis-

sion and consented to further randomization to intensification therapies; and of these,

37 GM-CSF and 45 placebo patients were randomized to intensification therapy I and

the rest to intensification therapy II.

Our method was used to estimate the survival distributions for all four com-

binations. The estimates for the four treatment policies do not show appreciable

differences, consistent with the reported interpretation of CALGB 8923 in Stone et

al. (1995).

In Table 3.3, we present the estimates of the survival probabilities for each of the

four treatment policies using NAIVE estimator, LDT estimator and WRSE, respec-

tively, at times 250, 365 and 730 days. The LDT and our estimator give similar esti-

mates while the NAIVE estimator gives significantly smaller estimate. The NAIVE

estimator is theoretically biased and the result is underestimated. From Table 3.3,

we also notice that at 250 days and 365 days the variance estimates of the LDT and

our method are very similar. At 730 days, when the estimation is at the end of the

survival curve, the WRSE gives slightly smaller estimated standard errors consistent

with the simulation results presented in section 3.4.
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Table 3.3: Application to CALGB data

ŜWRSE(t) Stand Error Ŝ1LDT (t) Stand Error Ŝ1NAIV E(t)

t = 250

GM-CSF/Int. I 0.507 0.042 0.515 0.040 0.399

GM-CSF/Int. II 0.509 0.042 0.497 0.041 0.407

Placebo/Int. I 0.566 0.041 0.560 0.041 0.464

Placebo/Int. II 0.520 0.043 0.523 0.043 0.435

t = 365

GM-CSF/Int. I 0.399 0.046 0.407 0.045 0.308

GM-CSF/Int. II 0.410 0.045 0.396 0.046 0.322

Placebo/Int. I 0.456 0.046 0.444 0.045 0.360

Placebo/Int. II 0.420 0.046 0.426 0.047 0.338

t = 730

GM-CSF/Int. I 0.194 0.046 0.198 0.046 0.129

GM-CSF/Int. II 0.206 0.045 0.193 0.048 0.140

Placebo/Int. I 0.282 0.048 0.266 0.048 0.213

Placebo/Int. II 0.248 0.046 0.250 0.051 0.193

From this application, we do not find much improvement by using the WRSE. As

we have pointed out, the WRSE is more efficient than the LDT estimator because it

uses information from patients who are not consistent with the treatment policy. But

this efficiency depends on the length of the response time. When response time is
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zero in the extreme case, the LDT estimator is equivalent to the WRSE. Since, in this

study, the response to the induction treatment, if it occurs, occurs early in the study

as compared to the survival times (the mean survival time is more than 200 days

while the mean response time is about 35 days), we would not expect appreciable

gains using our risk-set method as compared to those of LDT. Although not reported

here, we also bootstrapped the data and found that the bootstrap sample standard

errors are very similar to our estimated standard errors.
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Chapter 4

Hypothesis Testing for Treatment

policies

In Chapter 3, we focused on the estimation of the overall survival distribution of

treatment policies in two-stage randomization designs. We treated this as a missing

data problem and used the inverse weighting method together with the Aalan-Nelson

estimator to derive the WRSE estimator for the cumulative hazard function and

the survival function. A natural follow-up is: how we can compare the survival

distributions of two different treatment policies? In the paper of Lunceford et al.

(2002) and Wahed and Tsiatis (2004), they both used the Wald test based on the

difference of the estimated survival distribution between treatments at specific points

in time or the difference in the area under the estimated survival distribution between

treatments. Since the most commonly used method for hypothesis testing in survival
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analysis is the log rank test, in this chapter we will derive a hypothesis testing method

based on the standard log rank test.

We will only focus on the hypothesis testing problem comparing the survival

distributions of treatment policies A1B1 and A2B1 . The method for comparing

other pairs of treatment policies are analogous. Since we will compare two different

treatment policies, we will again use the index j which is suppressed in Chapter

3 when we derived the estimator for the survival distribution under one treatment

policy. Denote the survival distribution as S(x, j) = Pr(Uj1 > x|Xi = j−1), j = 1, 2.

The null hypothesis we want to test is that there is no difference between treatment

policies A1B1 and A2B1 in term of overall survival distribution, i.e., S(x, 1) = S(x, 2).

Our objective is to compare the survival time under treatment policies A1B1 and

A2B1, i.e compare the distributions of T11 and T21. Tj1 represents survival time for

the population if all patients with induction therapy Aj were assigned to treatment

policy AjB1. In a two-stage randomization design study, patients with induction

therapy A1 may be assigned to either A1B1 or A1B2 because of the second random-

ization. Consequently, T11 is not observable for all patients with A1. It is the same

for treatment policy A2B1. Thus we will try to find a method which compares the

distributions of unobservable T11 and T21 from the observed data and addresses the

intent-to-treat question of interest.
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4.1 Test Statistic for Two-stage Randomization De-

signs

4.1.1 Log Rank Test

We motivate our test statistic as the natural analog of the standard two-sample log

rank test which compares the distributions of the survival time from two independent

samples. Considering a hypothetical experiment, we could observe both U11 and U21

which denote the observed death or censoring time for treatment policies A1B1 and

A2B1 and could be defined as:

Uj1i = min(Tj1i, Ci), j = 1, 2,

where Ci is the censoring time. Assuming that all deaths among n patients happen

at d time points. The log rank test therefore has the following form:

d
∑

i=1

(d11i − ê11i),

where the summation is made at each death time point i = 1, . . . , d, dj1i is the total

number of deaths from treatment policies AjB1 at the ith death time point and êj1i

is the expected number of deaths from treatment policies AjB1 at the ith death time

point and can be expressed as

diY11i

Y11i + Y21i

.

Yj1i represents the total number at risk from group AjB1 at the ith death time point

and di = d11i + d21i, which is the total number of deaths at the ith death time point.
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Using counting process representation, we can express the test as:

∫

dN11(u)Y21(u) − dN21(u)Y11(u)

Y11(u) + Y21(u)

=

∫

Y11(u)Y21(u)

Y11(u) + Y21(u)

{

dN11(u)

Y11(u)
− dN21(u)

Y21(u)

}

, (4.1)

where N11i(u) = I(U11i ≤ u, ∆i = 1), N21i(u) = I(U21i ≤ u, ∆i = 1), Y11i(u) =

I(U11i ≥ u) and Y21i(u) = I(U21i ≥ u). Under the null hypothesis, the asymptotic

distribution of n−1/2(4.1) is normally distributed with mean zero.

In a two-stage randomization design study, U11, U21 are not observable for some

patients. A NAIVE method is to use the log rank test on the data from subjects

consistent with the treatment policies that we are interested in, while ignoring the

subjects who do not have the observed time for U11 or U21. As we have mentioned

in Chapter 3, this method does not properly reflect the ratio between subjects with

remission/consent and subjects without remission/consent and therefore causes bias.

In the rest of this chapter, we will derive a test statistic which uses the inverse

weighting method with the observed data that mimics the log rank test given by

(4.1) in the hypothetical experiment. It is unbiased and easy to implement.

4.1.2 Weighted Log Rank Test Statistic

Due to the second randomization, we can not observe the survival time under treat-

ment policy AjB1 for some patients. Simply ignoring this data can lead to biased

estimate for the survival distribution and inflated type I error, which we will demon-

strate in the simulation studies. Treating it as a missing data problem, we will use
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inverse weighting methods to derive a weighted log-rank test statistic for comparing

the overall survival distributions of treatment policies.

The processes N11i, N21i, Y11i and Y21i in expression (4.1) are defined on the po-

tential outcomes U11i and U21i. To make inference based on the observed data, we

define N1i(u) = I(Ui ≤ u, ∆i = 1, Xi = 1), N2i(u) = I(Ui ≤ u, ∆i = 1, Xi = 0),

Y1i(u) = I(Ui ≥ u,Xi = 1) and Y2i(u) = I(Ui ≥ u,Xi = 0). We also define two

weight functions respectively for two groups with treatment policies AjB1, j = 1, 2,

as follows:

Wji(u) = 1 − Ri(u) + Ri(u)Zi/πj, j = 1, 2, (4.2)

where Ri(u) = RiI(TR
i ≤ u) and πj is the probability for a remission/consent patient

to be assigned to maintenance therapy Bj.

Wji(u) are functions depending on time u. They assign different weights to each

subject according to their status at each time point u. For example, if subject i is

assigned to A1, at any time u, the weight function W1i(u) will give weight according to

his/her response status and B treatment assignment. If, at a time point u, Ri(u) = 0,

i.e., i does not achieve remission or does not consent to maintenance therapy, i is

consistent with treatment policy A1B1 and thus W1i(u) = 1; if Ri(u) = 1 and Zi = 0,

which means that i achieve remission and is assigned to maintenance group B2, subject

i is no longer consistent with treatment policy A1B1 at this time point and the weight

function results in zero , W1i(u) = 0; if Ri(u) = 1 and Zi = 1, patient i, who achieves

remission/consent and is assigned to maintenance group B1, is consistent with the
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treatment policy A1B1 and gets a weight of 1/π1.

The overall survival function under a treatment policy is actually a mixture dis-

tribution of the survival distribution of the remission/consent subjects (who also can

be referred to as responders) and that of the non-responders. Another factor which

determines the mixture distribution is the ratio of responders and non-responders.

The naive methods for estimation and hypothesis testing in a two-stage randomiza-

tion study lead to biased results because they use the wrong ratio and overestimate

the distribution of the non-responders by simply ignoring the patients assigned with

treatments not consistent with the policies of interest.

The test statistic for the log rank test is determined by the number at risk and

the number of deaths at each time point when a death occurs. As we have mentioned

above, in a two-stage randomization design study, we can not observe the processes

needed to calculate the log rank test (4.1) for all the patients. We treat this problem

as a missing data problem and consider the inverse weighting method using the weight

functions defined above. Thus substituting the weight function, defined in (4.2), into

the log rank test, we derive an inverse weighted version of the log rank test for

comparing treatment policies in two-stage randomization designs as follows:

Zn =

∫
∑n

i=1 W1i(u)Y1i(u)
∑n

i=1 W2i(u)Y2i(u)
∑n

i=1 W1i(u)Y1i(u) +
∑n

i=1 W2i(u)Y2i(u)

×
{∑n

i=1 W1i(u)dN1i(u)
∑n

i=1 W1i(u)Y1i(u)
−

∑n
i=1 W2i(u)dN2i(u)

∑n
i=1 W2i(u)Y2i(u)

}

. (4.3)

With the weight functions, we give subjects who do not achieve remission/consent

a weight of one since they are consistent with the policies. We also assign a weight
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of zero to subjects who are not consistent with the treatment policies at time u, i.e.,

subjects achieve remission/consent but assigned to another maintenance therapy by

randomization. With a weight of zero, such patients are excluded from the risk set.

This agrees with our intuition to ignore those patients who are not consistent with

the policies. However, by doing so, we have changed the ratio between the respon-

ders and non-responders. With the second randomization, every subject assigned

with maintenance therapy B1 can represents 1/πj subjects who could potentially be

assigned to treatment policy AjB1. So we assign a weight of 1/πj to subjects who

achieve remission/consent and are assigned to maintenance therapy B1. With the

weight function , we can assure that we use the right ratio and mimic the two sample

log-rank test in the hypothetical experiment.

Next we will show the asymptotic normality of n−1/2Zn under the null hypothesis

λ11(u) = λ21(u) = λ(u).

From Chapter 3, we have two propositions:

E{Wji(u)Yji(u)} = E{Yj1i(u)},

and for a deterministic function D(u),

E

[∫ t

0

D(u)Wji(u) {dN1i(u) − Y1i(u)dΛ11(u)}
]

= 0.

Let S
(c)
j (u) = P (Uj1 ≥ u) be the distribution of the overall survival time for

treatment policy AjB1. Since E{∑n
i=1 Wji(u)Yji(u)} = E{∑n

i=1 Yj1i} = E{Yj1(u)},

by large number theory, 1
n
Ŷji(u) = 1

n

∑n
i=1 Wji(u)Yji(u) converges in probability to
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S
(c)
j (u). Defining

K(u) =
S

(c)
2 (u)

S
(c)
1 (u) + S

(c)
2 (u)

and

K̂(u) =

∑n
i=1 W2i(u)Y2i(u)

∑n
i=1 W2i(u)Y2i(u) +

∑n
i=1 W2i(u)Y2i(u)

,

we obtain that K̂(u) converges in probability to K(u) as long as K(u) > 0. This

assumption is valid in most cases since in most clinical trials the follow-up time is

limited and we can define an upper bound “τ” for the survival time such that S(τ) ≥ ǫ

for ǫ > 0. Accordingly, the upper bound for the integral in (4.3) should also be τ .

For abbreviation, we will suppress it in the rest of the thesis.

Now notice that Zn can be expressed as:

∫

Ŷ11(u)Ŷ21(u)

Ŷ11(u) + Ŷ21(u)

{

∑n
i=1 W1i(u)dN1i(u)

Ŷ11(u)
−

∑n
i=1 W2i(u)dN2i(u)

Ŷ21(u)

}

=

∫

Ŷ11(u)Ŷ21(u)

Ŷ11(u) + Ŷ21(u)

{

∑n
i=1 W1i(u)dN1i(u)

Ŷ11(u)
− λ(u)du

}

−
∫

Ŷ11(u)Ŷ21(u)

Ŷ11(u) + Ŷ21(u)

{

∑n
i=1 W2i(u)dN2i(u)

Ŷ21(u)
− λ(u)du

}

=

∫

Ŷ11(u)Ŷ21(u)

Ŷ11(u) + Ŷ21(u)

∑n
i=1 W1i(u){dN1i(u) − λ(u)Y1i(u)du}

Ŷ11(u)

−
∫

Ŷ11(u)Ŷ21(u)

Ŷ11(u) + Ŷ21(u)

∑n
i=1 W2i(u){dN2i(u) − λ(u)Y2i(u)du}

Ŷ21(u)

=

∫

Ŷ21(u)

Ŷ11(u) + Ŷ21(u)

n
∑

i=1

W1i(u){dN1i(u) − λ(u)Y1i(u)du}

−
∫

Ŷ11(u)

Ŷ11(u) + Ŷ21(u)

n
∑

i=1

W2i(u){dN2i(u) − λ(u)Y2i(u)du}

=

∫

K̂(u)
n

∑

i=1

W1i(u){dN1i(u) − λ(u)Y1i(u)du}
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−
∫

{1 − K̂(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ(u)Y2i(u)du}.

Thus,

n−1/2Zn = n−1/2

∫

K̂(u)
n

∑

i=1

W1i(u){dN1i(u) − λ(u)Y1i(u)du}

−n−1/2

∫

{1 − K̂(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ(u)Y2i(u)du}

= n−1/2

∫

K(u)
n

∑

i=1

W1i(u){dN1i(u) − λ(u)Y1i(u)du} (4.4)

−n−1/2

∫

{1 − K(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ(u)Y2i(u)du} (4.5)

+n−1/2

∫

{K̂(u) − K(u)}
n

∑

i=1

W1i(u){dN1i(u) − λ(u)Y1i(u)du}(4.6)

+n−1/2

∫

{K̂(u) − K(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ(u)Y2i(u)du}(4.7)

Using method similar to Chapter 3, We can show that (4.6) and (4.7) converge to

zero. From Proposition 2, we know that

E[

∫

K(u)
n

∑

i=1

W1i(u){dN1i(u) − λ(u)Y1i(u)du}] = 0

and

E[

∫

{1 − K(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ(u)Y2i(u)du}] = 0

by taking D(u) = K(u) and D(u) = 1 − K(u). Then by central limit theorem,

(4.4) and (4.5) are asymptotically normally distributed with mean zero and their

asymptotic variance are respectively :

E







[

∫

K(u)
n

∑

i=1

W1i(u){dN1i(u) − λ(u)Y1i(u)du}
]2







(4.8)
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and

E







[

∫

{1 − K(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ(u)Y2i(u)du}
]2







(4.9)

Because of the independence of (4.4) and (4.5), n−1/2Zn converges in distribution

to a normal distribution with mean zero and variance σ2 = {(4.8) + (4.9)}. The

asymptotic variance can be estimated as:

σ̂2 = 1/n
n

∑

i=1

[

∫

{K̂(u)}
n

∑

i=1

W1i(u){dN1i(u) − λ̂(u)Y1i(u)du}
]2

+1/n
n

∑

i=1

[

∫

{1 − K̂(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ̂(u)Y2i(u)du}
]2

,

where λ̂(u) = dN1i(u)+dN2i(u)
Y1i(u)+Y2i(u)

is the pooled estimator for λ(u), whose true value is not

available to us, assuming null hypothesis is true. Therefore we propose a test statistic

for hypothesis λ11(u) = λ21(u) = λ(u) as:

n−1/2Zn

{σ̂2}1/2
(4.10)

4.2 Power of the WLR Test

In this section we will consider the power that the WLR test has to detect alternatives

away from null hypothesis. Since in the asymptotic study of hypothesis testing the

test has power converging to one to detect fixed alternatives as the sample sizes

increase, we will consider the limiting power of asymptotic level α tests to detect

local alternatives, that is, a sequence of alternatives, indexed by sample size, which

converges to the null hypothesis.
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Consider the null hypothesis and alternative hypotheses as a sequence in n:

H0n : λ21n(u) = λ11(u)

H1n : λ21n(u) = λ11(u) exp{BnΘ(u)},

where Θ(u) is a known function of u and Bn converges to zero at the rate of n−1/2,

that is
√

nBn → Γ 6= 0.

Under the alternative hypotheses,

n−1/2Zn = n−1/2

∫

K̂(u)
n

∑

i=1

W1i(u)dN1i(u) − n−1/2

∫

{1 − K̂(u)}
n

∑

i=1

W2i(u)dN2i(u)

= n−1/2

∫

K̂(u)
n

∑

i=1

W1i(u){dN1i(u) − λ11(u)Y1i(u)du} (4.11)

− n−1/2

∫

{1 − K̂(u)}
n

∑

i=1

W2i(u){dN2i(u) − λ11(u) exp{BnΘ(u)}Y2i(u)du}(4.12)

+ n−1/2

∫

Ŷ11(u)Ŷ21(u)

Ŷ11(u) + Ŷ21(u)
λ11(u) [1 − exp{BnΘ(u)}] du. (4.13)

Using a taylor series expansion

exp{BnΘ(u)} = 1 + BnΘ(u) + O(n−1).

Thus (4.13) can be expressed as

n−1/2

∫

Ŷ11(u)Ŷ21(u)

Ŷ11(u) + Ŷ21(u)
λ11(u) [1 − exp{BnΘ(u)}] du

= n−1/2

∫

Ŷ11(u)K̂(u)λ11(u){−BnΘ(u) + O(n−1)}du

= n−1/2

∫

K̂(u)
n

∑

i=1

W1i(u)Y1i(u)λ11(u){−BnΘ(u)}du

+n−1/2

∫

Ŷ11(u)K̂(u)λ11(u)O(n−1)du
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= −
∫

K̂(u)n−1

n
∑

i=1

W1i(u)Y1i(u)n1/2BnΘ(u)λ11(u)du (4.14)

+

∫

K̂(u)n−1

n
∑

i=1

W1i(u)Y1i(u)O(n−1/2)λ11(u)du (4.15)

In expression (4.15), we have K̂(u) → K(u), n−1
∑n

i=1 W1i(u)Y1i(u) → S
(c)
1 (u) and

O(n−1/2) → 0. As a result, (4.15) converges to zero. (4.14) converges to

β = −Γ

∫

K(u)S
(c)
1 (u)Θ(u)λ11(u)du,

which is a direct result of n1/2Bn converging to Γ.

Using method similar to Chapter 3, we can show that (4.11) converges to a normal

distribution with mean zero and variance as expression (4.8). We can also show that

(4.12) converges to a normal distribution with mean zero and variance as expression

(4.9). Since (4.11) and (4.12) are independent, we conclude that, under alternative

hypotheses, the numerator of the test statistic converges to a normal distribution

with mean β and variance σ2 = (4.8) + (4.9). For the sequence of alternatives, H1n,

as n gets larger, H1n gets closer to H0. Using the theory of contiguity developed by

LeCam, we can show that σ̂2 converges to σ2 under the alternative hypothesis. Thus

under the alternative, the test statistic converges in distribution to a normal with

mean β/σ and variance 1.

To find an explicit expression for the asymptotic power, we need an explicit form

of the expectations defined as (4.8) and (4.9). Since these two expectations involve the

time to response and the overall survival time, it is impossible to get the expectations

unless we posit assumptions about the relationship of these two times.
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To illustrate the power calculation, during the above derivation, we assume propor-

tional hazards between two treatment policies. This assumption makes the derivation

easier but may not hold in practice due to the complicated structure of the survival

time in terms of response and length of response. Thus, it is difficult to find a general

scenario for the asymptotic power. One realistic way to investigate the power is to use

simulations once we make assumptions about the distribution of the overall survival

time. In the next section we will investigate the power under two model settings.

4.3 Simulation Study

The overall survival distribution is determined by several factors, such as the dis-

tributions of responders and non-responders, the ratio between responders and the

non-responders, the distribution of the response time TR and the distribution of the

time for second stage for the responders. There are different ways to construct the

overall distribution. The behavior of our weighted log rank (WLR) test statistic

and the naive log rank (NLR) test statistic may both be affected by the model set-

tings. In the rest of this chapter we will investigate the performance of the WLR and

NLR test under both null hypothesis and alternative hypothesis using different model

structures.
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4.3.1 Under Null Hypothesis

Assuming the null hypothesis is correct, the overall survival distribution for A1B1 and

A2B1 are the same. In the first study, we will assume that subjects in two treatment

policy groups have exactly the same distribution.

For each subject, define Xi as the induction therapy indicator, which follows

a Bernoulli(0.5) distribution. Also define Ri as the response indicator, which also

follows a Bernoulli(0.5) distribution. If Ri = 0, we assign a survival time Ti from

an exponential distribution with mean 1.5 years. For subjects with Ri = 1, TR
i is

generated from an exponential distribution with mean 0.5 year and Zi is generated

from Bernoulli(0.5) independently. TR
i is the response time and Zi is the maintenance

therapy assignment indicator defined as before. For subjects with Zi = 1, the time

from response to death TSi is generated from an exponential distribution with mean

2.5 years and with mean 1.5 years if Zi = 0. From now on we refer this model

structure as model A. We use the WLR test and NLR test on 2000 Monte Carlo data

sets, the rejection rates and sample means are summarized respectively for WLR and

NLR in table 4.1.

From the result we can find that the WLR test gives rejection rates close to

the nominal value. In Appendix C, we show that the NAIVE method gives biased

estimates of the treatment-specific survival distribution if P (Ti < t|Ri = 1) 6= P (Ti <

t|Ri = 0). Thus under this model structure the estimated hazard rates are incorrect

for each treatment policies. However, the difference between the estimated hazard
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Table 4.1: The rejection rates, sample means of two tests under the null hypothesis

and model structure A

Group size Rejection rate Sample Mean

WLR 200 0.065 1.277E-02

500 0.056 0.777E-02

NLG 200 0.055 0.818E-02

500 0.052 0.911E-02

rates is still zero. This explains why the NLR test gives type I errors very close to

the nominal value.

Does the NLR work well under every model structure? The answer is no. In real

life, a drug can affect the response rate but not the overall survival. In the second

study, we will consider the situation where the subjects in two treatment policy groups

have same overall survival distribution, while their response rates are correlated with

the overall survival time and different between two groups. We will see that under

this model structure the NLR test is biased and gives inflated type I errors.

Assume the overall survival time for two treatment policy groups A1B1 and A2B1

have the same distribution. A overall survival time Ti is generated for each subject i

from a exponential distribution with mean 2 years. For each subject i, the induction

therapy assignment indicator Xi is generated from a Bernoulli distribution with prob-

ability 0.5. Another indicator for the response Ri is also generated from a Bernoulli
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distribution, but the probability is a function of Ti as following:

p =
exp(αj + βjTi)

1 + exp(αj + βjTi)
, (4.16)

where j=1 if subject i is assigned to induction therapy A1 and 2 for A2. By doing so,

we make the response rate different between two treatment policy groups through a

function of the overall survival time. Since P (Ri = 1|Ti) = gj(Ti), we can conclude

that P (Ti < t|Ri = 1) 6= P (Ti < t|Ri = 0), which induces bias when we use the

naive method (see appendix C for the proof that if the equality holds, the naive

method is also unbiased). If Ri = 1, since subject i is a responder, an indicator for

maintenance therapy assignment Zi is generated from Bernoulli(0.5). At the same

time we generate a response time TR
i for subject i, which is uniformly distributed

in (0, Ti). Define TSi = Ti − TR
I , which is the time from second randomization

until death (we assume that there is no time delay between the response and second

randomization for simplicity). For patients with Zi = 0 or the patients assigned to

B2, they are not consistent with the treatment policies of interest. To make their

overall distribution different with patients assigned to B1, we generate TSi from an

exponential distribution with mean two years and redefine Ti = TR
i + TSi if Zi = 1.

Thus, for patients consistent with treatment policies AjB1, j = 1, 2, they have the

same overall distribution from exp(2). But their response indicators are related to

the overall survival time through a function gj(Ti), j = 1, 2 and are different for two

treatment policy groups. In the simulation study, we use four different combinations

of the αj and βj, which are summarized as following:
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Table 4.2: Scenarios with different combinations of αj and βj

Scenario 1 Scenario 2 Scenario 3 Scenario 4

α1 -3.0 -3.0 -3.0 -0.405

β1 1.2 1.2 1.2 0.358

P1(R = 1|t = 0) 0.05 0.05 0.05 0.4

P1(R = 1|t = 5) 0.95 0.95 0.95 0.8

α2 3.0 -2.2 -0.847 1.1

β2 -1.2 0.717 0.591 -0.389

P2(R = 1|t = 0) 0.95 0.10 0.30 0.75

P2(R = 1|t = 5) 0.05 0.80 0.65 0.3

Table 4.2 summarizes different scenarios with different combinations of αjs and

βjs. α1 and β1 define the probability of response for subjects assigned with A1, which

is presented in table 4.2 using P1(R = 1|t). Here we only present the probabilities

at time 0 and 5 years, which respectively represent the beginning and the end of the

study. When j = 2, i.e., for patient assigned with B2, the probabilities are presented

by P2(R = 1|t). In Scenarios 1 and 4, the probability of response increases as survival

time increases for patients with A1 while the probability decreases as survival time

increases for patients with A2. For Scenarios 2 and 3 the probability increases as

survival time increases in both groups. For simplicity, we assume that the censoring

time distributions are the same for two treatment policy groups and are independent

of all other variables. For each subject i, we generate a censoring time Ci, which is
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uniformly distributed between (0, 4.5). Then the observed death or censoring time

Ui = min(Ti, Ci). From now on we refer this model structure as model B.

Under each Scenario, we calculate the test statistic and the variance estimate and

the normalized test statistic is calculated using equation (4.10) for each of the 2000

Monte Carlo data sets. If the absolute value of the normalized test statistic is greater

that 1.96, we reject the null hypothesis. In table 4.3, we present the rejection rates

and the sample means of normalized test statistic under different Scenarios and for

different group sizes (n = 200, 500). The rejection rates are close to the nominal value

0.05 and the sample means are close to 0. Both illustrate good approximations to the

large sample theory. Under each scenario the rejection rates are slightly larger than

0.05 when the sample size is 200. But when we increase the sample size to 500, they

are closer to the nominal value.

We also use the Naive Log Rank (NLR) test on the same data sets we described

above, which ignores all the patients who are not consistent with treatment policies

AjB1 and uses the log rank test on the available data. In table 4.3 we present the

results. From table 4.3 we can find that under scenarios 1 and 4 the rejections rates

are very large. Especially when we increase the sample size to 500 under scenario 1,

the type I error increases to 0.9745! Under both scenarios 1 and 4, the distributions

of the response indicator given the overall survival time for two induction groups,

Pj(R = 1|T = t), j = 1, 2, are totally different. It implies that the distributions

of the overall survival time given the response indicator for two treatment policy
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Table 4.3: The rejection rates, sample means of test statistic under the null hypothesis

and model structure B

Test Scenario Group size Rejection rate Sample Mean

WLR 1 200 0.057 1.53E-02

500 0.048 1.03E-02

2 200 0.065 1.17E-02

500 0.0525 5.42E-04

3 200 0.0655 1.18E-02

500 0.0595 -6.99E-04

4 200 0.055 9.58E-03

500 0.0475 1.08E-04

NLR 1 200 0.6970 0.8834

500 0.9745 1.3936

2 200 0.0735 0.1224

500 0.0825 0.1832

3 200 0.0800 0.1444

500 0.0905 0.2124

4 200 0.2360 0.4349

500 0.4665 0.6801

groups, Pj(Ti < t|R), j = 1, 2, also are different. When we use the naive method,

the mixture distributions of the overall survival time for policy AjB1 are determined
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by the distributions of the survival time for both the responders assigned to B1 and

the non-responders, the ratio between responders and non-responders and the ratio

between the numbers of subjects assigned to B1 and B2. Thus the difference between

Pj(Ti < t|R) will make the naive estimates different for the survival distributions of

treatment policies AjB1, j = 1, 2, which shall be the same under the null hypothesis.

This explains why the naive method can lead to terrible type I error under scenarios

1 and 4. Under scenarios 2 and 3, the conditional distributions of the response

indicator for two treatment policy groups are slightly different. The rejection rates

are also greater than 0.05 but are not as severe as those under scenarios 1 and 4.

Under all scenarios, the rejection rates increase and the sample means increase away

from zero as the sample size increases.

Thus, under specific model settings, the NLR test can cause bias. For this reason,

if we want to compare two treatment policies in a two-stage randomization design

study, we should use the Weighted Log Rank test instead of Naive Log Rank test.

4.3.2 Under Alternative Hypothesis

In this section we will investigate the behavior of the WLR test under alternative

hypothesis. First, we construct the data sets using model structure B. Since now

we will consider the alternative hypothesis, we change the distribution of the overall

survival time for A2B1. While using exp(2) for A1B1, we use both exp(1.5) and

exp(1.0) for A2B1. In this study we will only consider two most extreme scenarios, 1
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and 2. All other variables are generated in the same way as described in section 4.3.1.

We again calculate the rejection rates and sample means. The results are presented

in table 4.4

Table 4.4: The rejection rates, sample means of WLR test statistic under the alter-

native hypothesis and model structure B

Scenario n F11(T ) F21(T ) Rejection rate Sample Mean

1 200 exp(2.0) exp(1.5) 0.3265 0.6571

200 exp(2.0) exp(1.0) 0.9495 1.6307

500 exp(2.0) exp(1.5) 0.6315 1.0339

500 exp(2.0) exp(1.0) 1.0000 2.5732

2 200 exp(2.0) exp(1.5) 0.3510 0.6473

200 exp(2.0) exp(1.0) 0.9730 1.6146

500 exp(2.0) exp(1.5) 0.6665 1.0123

500 exp(2.0) exp(1.0) 1.0000 4.7817

From table 4.4 we can find that WLR test statistic has power to detect difference

between two treatment policies. The rejection rates increase with increasing sample

sizes and effect sizes. There is no big difference between scenarios 1 and 2 in term of

testing power.

Next we will use model structure A to investigate the performance of the WLR

test under the alternative hypothesis. We will construct the data sets as we did

in section 4.3.1. But to make the distributions of the overall survival time different
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between two treatment policy groups, we assign subjects who have Xi = 0 and Zi = 0

with TSi from an exponential distribution with a mean other than 2.5 years. In this

simulation study, we use 0.5 year and 1.5 years. Since under this model structure, the

NLR method also gives type I error close to 0.05 under the null hypothesis, we will

compare the power of WLR test and NLR test. We use the WLR test and NLR test

on 2000 Monte Carlo data sets, the rejection rates and sample means are summarized

respectively for WLR and NLR in table 4.5.

Table 4.5: The rejection rates, sample means of test statistic under the alternative

hypothesis and model structure A

Test n F2(TS) F1(TS) Rejection rate Sample Mean

WLR 200 exp(1.5) exp(2.5) 0.1945 -0.4574

200 exp(0.5) exp(2.5) 0.8430 -1.3526

500 exp(1.5) exp(2.5) 0.3650 -0.7375

500 exp(0.5) exp(2.5) 0.9975 -2.1658

NLR 200 exp(1.5) exp(2.5) 0.0935 -0.2244

200 exp(0.5) exp(2.5) 0.4870 -0.7155

500 exp(1.5) exp(2.5) 0.1570 -0.3567

500 exp(0.5) exp(2.5) 0.8535 -1.1291

The powers of WLR test and NLR test both increase with increasing sample sizes

and effect sizes. Under model A, the only difference between two treatment policy

groups is caused by different distributions of TSi given the induction therapies. Since
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all other aspects are the same, this difference is neutralized at the overall survival time

level. If we make some other factors, such as the response rate or the distribution

of the response time, to be different between two groups, the power will be greater

than what we have observed. From the result, we also can notice that the WLR test

is more powerful than the NLR test, although under this model framework they give

similar type I errors if null hypothesis is true.

In the two-stage randomization design studies, the model for the overall survival

time can be constructed in different ways. Under different models, the performance

of a test may vary a lot. To have a more complete understanding of the performance

of WLR and NLR, further investigation is needed. But in all the studies we have

conducted, the WLR test always gives type I errors close to nominal value under the

null hypothesis. Even when the NLR test gave reasonable type I errors under some

specific model settings when the null hypothesis held, we found that the WLR test is

more powerful than the NLR test when we assume the alternative hypothesis is true.

4.4 Application to CALGB Data

We demonstrate how to apply the proposed methodology to a two-stage randomiza-

tion design using the data from CALGB 8923. Since in this study, the effects of

GM-CSF and placebo is of more interest, we test two hypotheses, H1: F11(t) = F21(t)

and H2: F12(t) = F22(t), where F11(t) is the distribution for the overall survival time

for patients assigned treatment policy :“treat with GM-CSF and followed by inten-
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sification therapy I if and only if patients achieve remission and consent”. Both the

WLR test and the NLR test are used and the results are presented in table 4.6.

Table 4.6: Value for WLR and NLR test statistic with CALGB data

Hypothesis Method Value of statistic

F11(t) = F21(t) WLR 0.6971

NLR 1.1921

F12(t) = F22(t) WLR 1.8436

NLR 2.0032

The testing results indicate that there is no significant difference between treat-

ment policy GM-CSF/Intensification I and treatment policy Placebo/Intensification

I. But both WLR test and NLR test can detect the difference between treatment

policy GM-CSF/Intensification II and treatment policy Placebo/Intensification II.

To further illustrate these results we give the survival curves that compare GM-CSF

to placebo both for intensification I and intensification II in Figures 4.1 and 4.2 re-

spectively. These survival curves for the treatment policies are computed using the

method described in Chapter 3.
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Figure 4.1: WRSE Estimates For GM-CSF/INT I and Placebo/INT I.
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Figure 4.2: WRSE Estimates For GM-CSF/INT II and Placebo/INT II.
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Chapter 5

Discussion

We have presented an approach for improving the efficiency of estimators for the

survival distributions of treatment policies for two-stage randomization designs with

censored survival data. The approach we use is motivated by the concepts of risk set

and counting process, which makes it possible to use information from non-remitting

patients and patients assigned to other treatment policies. We treat the two-stage

randomization design problem as a missing date problem and use the inverse weight-

ing method. Defining a time dependent weight function and incorporating with the

Aalen-Nelson estimator, we propose the Weighted Risk Set estimator. The improved

estimator not only gains efficiency over other available estimators, such as the esti-

mators proposed by Lunceford et al. (2002), but also is easier to implement.

Using same weight function incorporating with the log rank test,we propose a test

statistic for comparing the distributions of the overall survival times of treatment
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policies. It is shown that the test statistic is asymptotically normally distributed

with a variance that can be consistently estimated. Through the simulation studies,

we find that the naive log rank test is biased under most model settings.

Since the complicated structure of the overall survival time, it is hard to get a

close form equation for the power calculation. This causes difficulty when we try to

find the optimal sample size for a pre-specified power. Simulation can be used to

solve this problem. But searching for the best sample size might be time consuming.

We are investigating how to find a “good” algorithm.
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Appendix A

Proof: without censoring , WRSE

is a member of the class of RAL

estimators proposed by Wahed and

Tsiatis (2004)

Wahed and Tsiatis (2003) propose a class of RAL estimators for the survival distrib-

ution of two-stage randomization design without censoring, which have an influence

function as:

{

(1 − Ri) +
RiZi

π

}

{I(Ti ≥ t) − S1(t)} + Ri

(

Zi − π

π

)

f(TR
i ), (A.1.1)

where f(TR
i ) is an arbitrary function of TR

i .

In this section we will show that without censoring, i.e., when U = min(T,C) = T ,
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our estimator for S(t) is a member of the RAL class specified by Wahed and Tsiatis.

Thus we will show:

n1/2(Ŝ(t) − S(t))

= n−1/2
n

∑

i=1

[

(1 − Ri +
RiZi

π
){I(Ti ≥ t) − S(t)} + Ri

(

Zi − π

π

)

f(TR
i )

]

+ op(1).

By Taylor expansion we have

n1/2(Ŝ(t) − S(t)) = n−1/2
{

exp{−Λ̂(t)} − exp{−Λ(t)}
}

= n−1/2S(t)(Λ(t) − Λ̂(t)) + op(1)

i.e., it is sufficient if we can show:

n1/2(Λ̂(t) − Λ(t))

= n−1/2
n

∑

i=1

{{

(1 − Ri) +
RiZi

π

}

{1 − I(Ti ≥ t)/S(t)} + Ri

(

Zi − π

π

)

f∗(TR
i , S(t))

}

+ op(1),

where f ∗(TR
i , S(t)) is a function of TR

i and S(t).

Since λ̂(t) =
∫ t

0
(
∑n

i=1 Wi(u)dNi(u))/(
∑n

i=1 Wi(u)Yi(u)), we have

n1/2(Λ̂(t) − Λ(t)) = n−1/2

{

∫ t

0

(
n

∑

i=1

Wi(u)dNi(u))/(
n

∑

i=1

Wi(u)Yi(u)) −
∫ t

0

λ(u)du

}

= n−1/2

∫ t

0

∑n
i=1 Wi(u)I(Ti = u) − ∑n

i=1 λ(u)I(Ti ≥ u)du
∑n

i=1 Wi(u)Yi(u)

= n−1/2

∫ t

0

∑n
i=1 Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}

∑n
i=1 Wi(u)Yi(u)
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=

∫ t

0

n−1/2
∑n

i=1 Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
n−1

∑n
i=1 Wi(u)Yi(u)

(A.1.2)

Since

E{Wi(u)I(Ti ≥ u)} = E{E[Wi(u)I(Ti ≥ u)|Ri, RiT
R
i , Ti]}

= E{I(Ti ≥ u)E[1 − RiI(TR
i ≤ u) + RiI(TR

i ≤ u)Zi/π|Ri, RiT
R
i , Ti]}

= S(u),

by large number theory, we have n−1
∑n

i=1 Wi(u)Yi(u) → S(u) in probability. When

u is not at the tail of the distribution, where S(u) does not equal to 0, we also have

1/n−1
∑n

i=1 Wi(u)Yi(u) → 1/S(u) in probability. Define Ŝ(u) = n−1
∑n

i=1 Wi(u)Yi(u),

equation (24) can be rewritten as:

n1/2(Λ̂(t) − Λ(t)) =

∫ t

0

n−1/2
∑n

i=1 Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
Ŝ(u)

=

∫ t

0

n−1/2
∑n

i=1 Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

+

∫ t

0

n−1/2

n
∑

i=1

Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}{1/Ŝ(u) − 1/S(u)}

Notice n−1/2
∑n

i=1 Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du converges in distribution to a

normal with mean 0 and 1/Ŝ(u)− 1/S(u) converges in probability to 0, we can show

the second term of the above equation is an op(1) term, thus we have

n1/2(Λ̂(t) − Λ(t)) =

∫ t

0

n−1/2
∑n

i=1 Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

+ op(1)

= n−1/2

n
∑

i=1

∫ t

0

Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

+ op(1).
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Now consider
∫ t

0
Wi(u){I(Ti=u)−λ(u)I(Ti≥u)du}

S(u)
,

∫ t

0

Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

=

∫ t

0

Wi(u)I(Ti = u)

S(u)
−

∫ t

0

Wi(u)λ(u)I(Ti ≥ u)du

S(u)

=
Wi(Ti)I(Ti ≤ t)

S(Ti)
−

∫ min(Ti,t)

0

Wi(u)λ(u)du

S(u)

=
Wi(Ti)I(Ti ≤ t)

S(Ti)
−

∫ min(Ti,t)

0

Wi(u)deΛ(u), (A.1.3)

where Wi(u) = 1 − RiI(TR
i ≤ u) + RiI(TR

i ≤ u)Zi/π.

When Ti ≤ t and TR
i ≤ Ti,

(A.1.3) =
Wi(Ti)

S(Ti)
−

∫ Ti

0

Wi(u)deΛ(u)

=
Wi(Ti)

S(Ti)
−

∫ Ti

0

{1 − RiI(TR
i ≤ u) + RiI(TR

i ≤ u)Zi/π}deΛ(u)

=
Wi(Ti)

S(Ti)
− 1/S(Ti) + 1 +

∫ Ti

0

{RiI(TR
i ≤ u) − RiI(TR

i ≤ u)Zi/π}deΛ(u)

=
Wi(Ti)

S(Ti)
− 1/S(Ti) + 1 +

∫ Ti

T R

i

{Ri − RiZi/π}deΛ(u)

=
Wi(Ti)

S(Ti)
− 1/S(Ti) + 1 +

Ri(π − Zi)

π
{1/S(Ti) − 1/S(TR

i )}

=
1 − Ri + RiZi/π

S(Ti)
− 1/S(Ti) + 1 +

Ri(π − Zi)

π
{1/S(Ti) − 1/S(TR

i )}

= 1 +
Ri(Zi − π)

πS(TR
i )

.

Using similar algebra, we can also get:

if Ti ≤ t and TR
i > Ti

∫ t

0

Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

= 1;
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if Ti > t and TR
i > Ti

∫ t

0

Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

= 1 − 1/S(t);

if Ti ≤ t and TR
i ≤ Ti

∫ t

0

Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

= 1 − 1/S(t) − Ri(Zi − π)

πS(t)
+

Ri(Zi − π)

πS(TR
i )

,

which can be written in another form as

∫ t

0

Wi(u){I(Ti = u) − λ(u)I(Ti ≥ u)du}
S(u)

= [1 + Ri(Zi − π)/π][1 − I(Ti > t)/S(t)]

+Ri
Zi − π

π

{

I(TR
i ≤ t)

S(TR
i )

− 1 +
I(TR

i > t)

S(t)

}

.

Define
{

I(T R

i
≤t)

S(T R

i
)
− 1 +

I(T R

i
>t)

S(t)

}

as f ∗(TR
i , S(t)), we have already shown that our esti-

mator is a member of the class defined by Waded and Tsiatis.
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Appendix B

Proof of proposition 2

The left hand side of the last equation may be written as the difference of

n
∑

i=1

E {∆iI(Ui ≤ t)K(Ui)Wi(Ui)} (A.2.1)

and

E

{∫ t

0

K(u)Wi(u)Yi(u)dΛ11(u)

}

. (A.2.2)

For expression (A.2.2), from proposition 1 and under suitable regularity conditions

that allow us to interchange integration and expectation,

E

{∫ t

0

K(u)Wi(u)Yi(u)dΛ11(u)

}

=

∫ t

0

K(u)E{Wi(u)Yi(u)}dΛ11(u)

=

∫ t

0

K(u)E{Y1i(u)}dΛ11(u)

= E

{∫ t

0

K(u)Y1i(u)dΛ11(u)

}

.
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When ∆i = 0, the summand of expression (A.2.1) is equal to zero. When ∆i = 1, we

have Ui = Ti and Ri(Ui) = R∗
i . Therefore, the summand of (A.2.1) can be written as

E {K(Ti)I(Ti ≤ t)I(Ci ≥ Ti)(1 − R∗
i + R∗

i Zi/π)} ,

or

E {(1 − R∗
i )K(Ti)I(Ti ≤ t)I(Ci ≥ Ti)} + E {R∗

i (Zi/π)K(Ti)I(Ti ≤ t)I(Ci ≥ Ti)} .

When R∗
i = 0, Ti = T1i, which reduces to

E {(1 − R∗
i )K(T1i)I(T1i ≤ t)I(Ci ≥ T1i)} ; (A.2.3)

When R∗
i = 1 and Zi = 1, Ti = T1i, which reduces to

E {R∗
i (Zi/π)K(T1i)I(T1i ≤ t)I(Ci ≥ T1i)} = E {R∗

i K(T1i)I(T1i ≤ t)I(Ci ≥ T1i)} .

(A.2.4)

Thus, (A.2.1) =
∑n

i=1{(A.2.3) + (A.2.4)}, i.e.

n
∑

i=1

E {∆iI(Ui ≤ t)K(Ui)Wi(Ui)} =
n

∑

i=1

E {K(T1i)I(T1i ≤ t)I(Ci ≥ T1i)}

= E

{∫ t

0

K(u)dN1i(u)

}

.

Define M1i(u) = N1i(u) −
∫ t

0
Y1i(u)dΛ11(u), we know from counting process theory

(Fleming and Harrington, 1991, chapter 2) that M1i(u) is a martingale process. Con-

sequently,

E

{∫ t

0

K(u)dM1i(u)

}

= 0,

which completes the proof of proposition 2.
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Appendix C

Biasness of the NAIVE estimator

In this appendix, we will show that the NAIVE method, which only uses observations

consistent to the treatment policies of interest, is biased.

Consider the estimation of the survival distribution under treatment policy A1B1.

Our objective is to estimate S11(t) = 1 − F11(t) = 1 − P (T11 < t). Since we use the

NAIVE estimator:

F̂11NAIV E(t) =

∑n
i=1{(1 − Ri)I(Ti ≤ t) + RiZiI(Ti ≤ t)}

∑n
i=1{(1 − Ri) + RiZi}

, (A.3.1)

where all observations are consistent with policy A1B1, we can use T11i for Ti in the

above equation. Thus we can express (A.3.1) as :

F̂11NAIV E(t) =
n−1

∑n
i=1{(1 − Ri)I(T11i ≤ t) + RiZiI(T11i ≤ t)}

n−1
∑n

i=1{(1 − Ri) + RiZi}
. (A.3.2)

Since

E(RiZi) = E{E(RiZi|Ri)} = π1E(Ri = 1) = π1P (Ri = 1),
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the denominator of (A.3.2) converges to P (Ri = 0) + π1P (Ri = 1) by large number

theory.

Now let’s consider the numerator. Since

E{(1 − Ri)I(T11i ≤ t) + RiZiI(T11i ≤ t)}

= E[E{(1 − Ri)I(T11i ≤ t) + RiZiI(T11i ≤ t)}|Ri, Zi]

= E[(1 − Ri)E{I(T11i ≤ t)|Ri = 0}] + E[RiZiE{I(T11i ≤ t)|Ri = 1}]

= P (Ri = 0)P (T11i ≤ t|Ri = 0) + π1P (Ri = 1)P (T11i ≤ t|Ri = 1),

we have the numerator converges in probability to P (Ri = 0)P (T11i ≤ t|Ri = 0) +

π1P (Ri = 1)P (T11i ≤ t|Ri = 1). Thus the NAIVE estimator for T11 converges to

P (Ri = 0)P (T11i ≤ t|Ri = 0) + π1P (Ri = 1)P (T11i ≤ t|Ri = 1)

P (Ri = 0) + π1P (Ri = 1)

=
P (Ri = 0)

P (Ri = 0) + π1P (Ri = 1)
P (T11i ≤ t|Ri = 0)

+
π1P (Ri = 1)

P (Ri = 0) + π1P (Ri = 1)
P (T11i ≤ t|Ri = 1).

Since

P (T11i≤t) = P (Ri = 0)P (T11i ≤ t|Ri = 0) + P (Ri = 1)P (T11i ≤ t|Ri = 1),

We show that the NAIVE estimator is biased except that

P (T11i ≤ t|Ri = 0) = P (T11i ≤ t|Ri = 1),

i.e., the survival time is not correlated with the response status.

Also from the above derivation, since

P (Ri = 0) + π1P (Ri = 1) = 1 − (1 − π1)P (Ri = 1) ≤ 1,
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we can conclude that the NAIVE estimator overestimate the subjects without remit-

ting/consent. In most situations, we have

P (T11i ≤ t|Ri = 0) > P (T11i ≤ t|Ri = 1),

i.e., the remitting/consent subjects have better survival chance over the non-remitting/consent,

the NAIVE estimator will underestimate the overall survival probability.
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