
ABSTRACT

GAUVIN, JENNIFER LYNN SHANNON. Stepwise Hypothesis Testing with Appli-

cations in Pharmaceutical Responses. (Advisor: Dr. Roger L. Berger)

In some studies researchers seek to identify conditions under which a mean response

exceeds a specified threshold. This work examines the case in which such conditions are

defined in terms of two quantitative independent variables. For example, a pharmaceu-

tical researcher might want to identify what values of dose and post-dose time yield an

average blood concentration above a certain threshold.

New methods of specifying a rectangular set of (time, dose) values for which the

researcher can assert that the mean response exceeds the threshold are described. By

using intersection-union tests applied in a stepwise fashion, the methods maintain a

specified high probability that the rectangular set contains no (time, dose) values for

which the mean response is lower than the threshold.

The observations at each (time, dose) value must be independent, but neither method

requires independent observations at different (time, dose) values. For example, concen-

trations measured on a subject at different time points may be correlated.

Exact calculations and simulation studies are used to assess the error rates and per-

formance properties of the new methods.
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Chapter 1

Overview

1.1 Introduction

In many studies, researchers may seek to identify a set of conditions for which the popula-

tion quantity exceeds a desired threshold, δ. The population quantity, µ for example, may

depend on quantitative factors or conditions, such as time or drug dosage. Correlation

may exist between the observations at the same dose and different time points.

While it is interesting to explore the values of µ, this research places additional focus

on compiling a useful set of conditions for which the confidence statement, µ exceeds the

threshold, can be asserted. These conditions are the set of values for the independent

variables, time and drug dosage. Ultimately, a collection of (time, dose) pairs will describe

the region where the confidence statement is valid. The region will consist of pairs,

(time, dose), and the confidence statement will be about the parameter µ at each of these
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pairs of values.

The region must be easy to understand and interpretable. Suppose the region is

{(1, 1), (5, 5), (3, 2)}. The corresponding confidence statement, using this region, is µ

exceeds the threshold at 1 hour for 1 mg, at 5 hours for 5 mg and at 3 hours for 2 mg.

There is no pattern in the pairs. Suppose the region is {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5)}.

The confidence statement is µ exceeds the threshold at 1 hour for doses 1, 2, 3, 4, and 5

mg. The pattern in these pairs is clear.

If drawn on a grid, the second collection of points produces a line or rectangle of

adjacent pairs. The pairs in the first example do not take any simple shape. Keeping

in mind the grid framework, the rectangle has appeal because of the simple statements

which can be made. Clear, concise statements describe the rectangle. For example, {

a ≤ time ≤ b and c ≤ dose ≤ d } describes a rectangle.

Confidence statements are constructed for parameters. This research explores the val-

ues of the independent variables for which confidence statements about µ are asserted.

Values of independent variables depend on the variable and its application (pharma-

ceutical, industrial, otherwise). As described, a collection of desirable pairs is found.

Further, the region of points (time, dose) will adhere to a rectangular pattern. With

these requirements, the final result is more meaningful to the application.

The region will contain the set of (time, dose) pairs for the confidence statement that

the population quantity µ exceeds the threshold δ. The proposed methodology does not

require uncorrelated data; the observations at 1 hour for dose = c need not be unrelated
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to those at 2 hours for dose = c.

Simultaneous inferences are required to test and assert a condition such as µ > δ for

dose d1 at time points t1, t2, and t3. This statement can be rewritten as an intersection

of three distinct statements {µ > δ at (time = t1, dose = d1) and µ > δ at (time =

t2, dose = d1) and µ > δ at (time = t3, dose = d1)}. Often, simultaneous inferences re-

quire multiplicity adjustments. Unfortunately, such adjustments can lead to conservative

estimates of error.

Using the intersection-union method and stepwise hypothesis testing, the overall sig-

nificance level of the test is controlled without multiplicity adjustments. In stepwise

hypothesis testing, test hypotheses are ordered a priori such that testing continues in a

sequence if and only if significance is found at the previous step. As an example, consider

the hypotheses

H01 : µ ≤ δ for at least one (t, d) such that d ∈ {d1} and t ∈ {t1, t2, t3}

Ha1 : µ > δ for all (t, d) such that d ∈ {d1} and t ∈ {t1, t2, t3}

and

H02 : µ ≤ δ for at least one (t, d) such that d ∈ {d1, d2} and t ∈ {t1, t2, t3}

Ha2 : µ > δ for all (t, d) such that d ∈ {d1, d2} and t ∈ {t1, t2, t3}.

The null hypothesis H01 tests the parameter µ. Its alternative, Ha1, will be asserted at

points {(t1, d1) and (t2, d1) and (t3, d1)} if the null hypothesis is rejected.
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If the test fails to reject H01, clearly H02 will also fail to be rejected. If the test for

H01 is significant, there is a chance that the test for H02 may also be significant. Test

H02 if and only if H01 is rejected. If H01 is not rejected, there is no reason to test H02.

With each step of testing, more points are included in the region. In the previous

example, µ is tested at three (time, dose) points in the first step with null hypothesis

H01. In the second step, H02, µ is tested at the same three points and three additional

points.

The methods proposed in this work do not retest points at sequential hypotheses as

is done in the previous example. Points farther from the initial point are tested in steps,

increasing the number of points tested at each step, expanding the testing away from the

initial point. Stepwise testing protects the confidence region from being unnecessarily

conservative.

1.2 Historical Background

Prior to this research, Berger and Boos addressed the same question. However, their

research only allowed for one independent variable (Berger and Boos 1999). Using time

as an example, they concluded µ > δ for all time t such that t ∈ [t1, t2]. In brief summary,

they chose a point, tap, such that 0 ≤ tap ≤ tn, where tn is the longest time available.

Using stepwise methods, they assert µ > δ for all t ∈ [t1, tap) and µ > δ for all t ∈ (tap, t2].

Using Bonferroni’s inequality, the information in these separate pieces can be combined

to declare µ > δ for all t ∈ [t1, t2].
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Berger and Boos laid a careful foundation for further studies. This research seeks to

construct a 100(1−α)% confidence statement for µ, µ > δ for all (i, j) ∈ {a ≤ i ≤ b, c ≤

j ≤ d}. Here, two independent variables, A and B, are under simultaneous consideration

with levels of A represented by i = 1, . . . , I and levels of B represented by j = 1, . . . , J .

Using the previous example, A would correspond to time and B would correspond to

dose. If one of the two independent variables is set to a fixed value, the situation is a

case of Berger and Boos’ work. For example, µ > δ for all (i, j) ∈ {a ≤ i ≤ b, j = c}.

In order to discuss confidence statements, the type I error must be clearly defined. A

type I error occurs if the set {a ≤ i ≤ b, c ≤ j ≤ d} contains any (i, j) at which µij ≤ δ.

The probability of committing a type I error is at most α; the probability that the set

{a ≤ i ≤ b, c ≤ j ≤ d} contains any (i, j) with µij ≤ δ is at most α.

A first step in this research is to determine how, if at all, to apply Bonferroni’s

inequality. Having information about the values of the independent variables is essential.

For example, if each variable takes only two values, the largest possible region of paired

independent variable values contains four points, for example, {(1, 1), (1, 2), (2, 1), (2, 2)}.

Testing µ at each (i, j) point with level α
4

seems reasonable and simple. However, if each

independent variable can take one of ten values, it seems naive to test µ at each (i, j)

point with level α
100

. Using such a small significance level will lead to very conservative

results and, quite possibly, a strangely shaped region which is meaningless in applications.

Consider the a priori element of Berger and Boos’ method. They begin their study

by selecting an initial value of the independent variable. This guess may be based on
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information about the application or past data. The choice of an initial point is somewhat

arbitrary, but should be made carefully and thoughtfully with intent that the initial point,

(iap, jap), will be in the set.

With one independent variable, there are two directions around the initial point,

right or left. Berger and Boos apply Bonferroni’s inequality and construct two intervals,

each having error probability α
2
. With two independent variables, there are four direc-

tions around the initial point, right, up, left or down. Applying Bonferroni’s inequality

to a method which constructs four regions around the initial point, each having error

probability α
4
, will produce a rectangular set having error probability α.

Consider a sequential manner for testing µ at points within each of the four regions.

For Region 1, test points to the right of the initial point. For Region 2, test points above

the initial point. For Region 3, test points to the left of the initial point. For Region

4, test points below the initial point. Overlap can be avoided by assigning upper right

points to Region 1, upper left points to Region 2, lower left points to Region 3 and lower

right points to Region 4. The null and alternative hypotheses are, in general,

H0 : µ ≤ δ for at least one (i, j) in the described set

Ha : µ > δ for all (i, j) in the described set.

The described set of (i, j) in the hypotheses depends on the region and the sequential

step, which are illustrated in Figure 1.1. These tests, which are intersection-union tests,

have properties beneficial to this work. Details are provided in later sections. The null

hypothesis represents a union of statements. The alternative hypothesis represents an
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Figure 1.1: Regions and steps in the Original algorithm
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intersection of statements. These hypotheses could be rewritten as follows to explicitly

demonstrate this characteristic. Suppose the described set is {i = 1 and j = 1 or 2}.

Then, the hypotheses are

H0 : {µ ≤ δ for (1, 1)} or {µ ≤ δ for (1, 2)}

and

Ha : {µ > δ for (1, 1)} and {µ > δ for (1, 2)}.

Stepwise testing is utilized to limit multiplicity adjustments. If the test is significant

at the first step, testing can continue to the second step. If testing is not significant

at step 1, further testing will not occur. Since an initial point is selected, each point

immediately adjacent to the initial point will be tested in the first steps. Testing will

occur in the four regions which are described in Figure 1.1. In the first step, each point

immediately adjacent to the initial point will be tested in one of four regions. Suppose

the initial point is (iap, jap), where 1 ≤ iap ≤ I and 1 ≤ jap ≤ J . For the independent

variable A, iap + 1 represents one level greater than iap and iap − 1 represents one level

smaller than iap. For example, if i = 1, 2, 3, 4, 5 and iap = 3 then iap + 1 = 4 and

iap − 1 = 2. Steps 1 and 2 are described in Table 1.1 for each of the four regions.

The proposed method maintains an overall significance level of α, but hypothesis test-

ing at each grid point, except the initial point, is performed at level α
4
. Stepwise testing

requires no adjustment. The test for Region 1, step 1 has the same error probability

as the test for Region 1, step 2 and so on. This method of testing is not unnecessar-

ily conservative. As the steps increase, the number of (i, j) points in the described set
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Table 1.1: Points tested in each of the four regions at steps 1 and 2.

Region step levels of A levels of B

1 1 i ∈ {iap + 1} j ∈ {jap, jap + 1}

1 2 i ∈ {iap + 2} j ∈ {jap − 1, jap, jap + 1, jap + 2}

2 1 i ∈ {iap − 1, iap} j ∈ {jap + 1}

2 2 i ∈ {iap − 2, iap − 1, iap, iap + 1} j ∈ {jap + 2}

3 1 i ∈ {iap − 1} j ∈ {jap − 1, jap}

3 2 i ∈ {iap − 2} j ∈ {jap − 2, jap − 1, jap, jap + 1}

4 1 i ∈ {iap, iap + 1} j ∈ {jap − 1}

4 2 i ∈ {iap − 1, iap, iap + 1, iap + 2} j ∈ {jap − 2}

increases as well. While this does not make it more difficult to detect significance at

individual points, it does become more difficult to find large sets of points where the

test is significant at each (i, j) point. As the described sets become larger, the number

of points simultaneously tested in a null hypothesis increases. Recall, the test at each

of the points must be significant in order to reject the null hypothesis for the step. If

the test at any of the points fails to reject the null hypothesis the stepping stops; the

rectangular set will not expand.

The ideas in this section are a small subset of what has been explored. Issues of

concern that ultimately affected the final solution are the ability to find the largest possi-

ble region under feasible data trends with respect to independent variables, conservative

significance levels for testing, patterns for testing such as the rectangle and theoretical

results.
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Chapter 2

A New Problem

2.1 Introduction

The focus of this work is to construct a 100(1− α)% confidence statement for the mean

parameter at all points in the rectangular set of pairs of independent variable values. In

general, for two independent variables, A and B, let µij represent the population mean

at the ith level of A and the jth level of B. A has I levels, with i = 1, . . . , I, and B

has J levels j = 1, . . . , J . The levels of each factor must be ordered. In the example in

Section 1.1, A denoted time and B denoted dose. The levels of A must be in increasing

or decreasing order such as {5, 10, 20, 50} or {50, 20, 10, 5} minutes. Similarly, the levels

of B must be in increasing or decreasing order such as {3, 10, 13, 20} or {20, 13, 10, 3}

mg. The levels need not be equally spaced.

The statistical model of this study is yijk = µij + ǫijk. There are nij observations at
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the ith level of A and the jth level of B. Here, ǫijk represents the error of the kth response

with k = 1, . . . , nij. The errors are identically distributed normal random variables at

each (i, j) level; ǫijk ∼ N(0, σ2
ij). Errors are independent at each (i, j) level, but need

not be independent between (i, j) levels. This model differs from a two-way anova model

because the independent variables are order restricted and observations may have unequal

variances. Ordering necessary for stepwise testing will be discussed later.

As mentioned previously, the set of (i, j) pairs for which the mean exceeds the thresh-

old δ must be efficacious and practical. A rectangular set meets these requirements and

will be utilized in this research. The set of (i, j) pairs can be fully described and explained

by a rectangular set such as all (i, j) where {a ≤ i ≤ b and c ≤ j ≤ d}.

For this research, constructing the rectangular set will begin with an initial (i, j) pair

chosen a priori, before the data are observed. The initial point, (iap, jap), should be chosen

based on the application, previous data, previous studies or desirable characteristics.

Naturally, research will be most productive if the initial point is expected to be in the

final rectangular set.

A t-test of H0 : µiapjap
≤ δ, performed at the initial point, should reject H0 if

yiapjap
− δ

√

s2
iapjap

niapjap

> t(1−α),(niapjap−1).

A t-test of H0 : µij ≤ δ, performed at any other grid point, should reject H0 if

yij − δ
√

s2
ij

nij

> t(1−α
4
),(nij−1).
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Notice, the significance level, α, at the initial point. The algorithm has greater chance of

rejecting the null hypothesis and beginning the stepwise process at the initial point than

at each subsequent step where the level is more conservative, α
4
.

In keeping with traditional definitions, the sample variance of observations at (i, j) is

defined as

s2
ij =

1

nij − 1

nij
∑

k=1

(yijk − yij.)
2

and the sample mean is

yij =
1

nij

nij
∑

k=1

yijk .

The variance estimate has not been pooled because there is no assumption of ho-

moscedasticity. That is, the estimated variance at each (i, j) depends only on the nij

observations at (i, j). A pooled estimate of variance would be calculated for data which

assumes homoscedasticity. The pooled estimate of variance is presented in the following

formula.

s2 =
1

∑I

i=1

∑J

j=1(nij − 1)

I
∑

i=1

J
∑

j=1

(nij − 1)(s2
ij)

=
1

(
∑I

i=1

∑J

j=1 nij) − IJ

I
∑

i=1

J
∑

j=1

nij
∑

k=1

(yijk − yij.)
2.

Recall the grid of points, Figure 1.1, as described in Section 1.2. At any one (i, j) grid

point, there are nij observations. Building on the example from Section 1.1, suppose A

takes values {5, 10, 15, 30, 45, 60, 75} minutes, then i = 1 corresponds to A at 5 minutes.

Similarly, i = 5 corresponds to A at 45 minutes. Further, suppose B takes values

{1, 3, 5, 10, 30, 50, 100} mg, then j = 1 corresponds to B at 1 mg. Similarly, j = 5
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corresponds to B at 30 mg. In this example, the (i, j) pair at (1, 5) corresponds to data

observed at 5 minutes for 30 mg.

This section outlines the research problem and proposes ideas about finding a solu-

tion or result. The remainder of Chapter 2 explains, in detail, methods which answer

the research problem. In Section 2.2, the method for constructing the rectangular set

is defined. Error probability is discussed in Section 2.3. Potential problems with the

Original method from Section 2.2 are discussed in Section 2.4. The Adaptive method is

described in Section 2.5; in addition, the distinction between the Adaptive and Original

algorithms is made clear by contrasting the benefits of each process.

2.2 The Original Method of Constructing a Rectan-

gular Set

The experimental goal is to answer the question at which doses for which time points

does the population mean exceed a desired threshold. This section explains how a set

of pairs of doses and times will be constructed in answer to the experimental question.

Details in this section will be given in terms of (i, j) pairs that represent the levels of

time and dose levels. The method of constructing the rectangular set of (i, j) points,

{a ≤ i ≤ b and c ≤ j ≤ d}, will be described in this section. Proof of how the algorithm

maintains a specified error probability of α and an explanation of how the algorithm

succeeds in finding the rectangular set are provided in later sections in this chapter.
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A 7 × 7 grid will be used to illustrate how the set is constructed. After describing

the method for the specific example of a 7 × 7 grid, detailed steps will be outlined for

the general case, an I × J grid. The regions and steps are illustrated on a 7 × 7 grid in

Figure 1.1.

An initial point must be chosen to begin constructing a set of (i, j) pairs where the

100(1−α)% confidence statement is valid for the population mean. Recall that the choice

is made a priori. If no information suggests otherwise, choose (4, 4), the center point of

a 7× 7 grid for the initial point. The choice of initial point can greatly affect the success

or failure of constructing the rectangular set. The algorithm must recover from a poor

initial choice and benefit from a wise initial choice.

To begin, a t-test of H0 : µ4,4 ≤ δ against Ha : µ4,4 > δ is performed using all n4,4

observations at the initial point (4, 4). The t-test should reject H0 if

y4,4 − δ
√

s2
4,4

n4,4

> t(1−α),(n4,4−1).

If the test fails to reject the null hypothesis, no further tests will be performed; no set can

be found based on the initial start value (4, 4). If the test rejects the null hypothesis, the

procedure of hypothesis testing will continue. Assuming the test rejects, the algorithm

can assert that the mean exceeds the desired threshold at (4, 4) with error probability α.

Next, consider expanding the set, now {(4, 4)}, to include more points. The choice

for direction of expansion is arbitrary. Recall the method of expansion introduced in

Section 1.2. Consider grouping the points around the initial point into four regions. The

first group is constructed using points where i > iap. The second group is constructed
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using points where j > jap. The third group is constructed using points where i < iap.

The fourth group is constructed using points where j < jap.

Hypothesis testing will be done in steps within each region. The hypothesis tested at

step 1 in the first group is

H1
01 : µij ≤ δ for at least one (i, j) ∈ {(5, 4), (5, 5)}

against

H1
a1 : µij > δ for all (i, j) ∈ {(5, 4), (5, 5)}.

These points, {(5, 4), (5, 5)}, are represented in Figure 1.1 of Section 1.2 in Region 1.

The null hypothesis can be rejected if and only if the t-test is significant at both

(5, 4) and (5, 5). For (5, 4), if

y5,4 − δ
√

s2
5,4

n5,4

> t(1−α
4
),(n5,4−1) (2.1)

and for (5, 5), if

y5,5 − δ
√

s2
5,5

n5,5

> t(1−α
4
),(n5,5−1) (2.2)

then reject H1
01, the null hypothesis for the first step in the first region. If either test is

not significant, H1
01 fails to be rejected and the expansion halts in the direction of the first

group. This also signifies a boundary or border for the final rectangular set; by design,

no point in the final set will have i > 4.

The null hypothesis, H1
01, can be written as a union of two statements which can

be tested by two hypotheses. H1
011 : µij ≤ δ for (i, j) ∈ {(5, 4)} or H1

012 : µij ≤

δ for (i, j) ∈ {(5, 5)}. At this step, there are two test points, {(5, 4), (5, 5)}. Let H1
011
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represent the null hypothesis for the first point at the first step in the first region,

{(5, 4)}. Similarly, let H1
012 represent the null hypothesis for the second point at the

first step in the first region, {(5, 5)}. Using the same notation, the alternative can be

written as H1
a1 : {µij ≤ δ for at least one (i, j) ∈ {(5, 4), (5, 5)}}c which is equivalent to

H1
a11 : µij > δ for (i, j) ∈ {(5, 4)} and H1

a12 : µij > δ for (i, j) ∈ {(5, 5)}. In order to

assert the alternative hypothesis and reject H1
01, both H1

011 and H1
012 must be rejected.

The rejection region for H1
01 is R1

1 = R1
11

⋂

R1
12, where R1

11 is the rejection region defined

by Equation 2.1 and R1
12 is the rejection region defined by Equation 2.2.

R1
11 and R1

12 are each level-α
4

rejection regions of H1
011 and H1

012, respectively. By the

intersection-union test method, it follows that R1
1 = R1

11

⋂

R1
12 is the level-α

4
rejection

region of H1
01 (Casella and Berger 2002). The intersection-union test method requires no

multiple test adjustment.

Assuming H1
01 was rejected, the algorithm can assert that the mean exceeds the

desired threshold at points {(4, 4), (5, 4), (5, 5)}. The rejection region at the initial point

is a level-α region and the rejection region for step 1 in Region 1, {(5, 4), (5, 5)}, is a

level-α
4

rejection region. A full explanation of error probability is given in Section 2.3.

Stepwise expansion in the direction of the first group, continues in step 2 by examining

data at points {(6, 3), (6, 4), (6, 5), (6, 6)}. In Figure 1.1 from Section 1.2, these points

are represented by triangles in Region 1. The hypothesis tested at step 2 for the first

region is

H1
02 : µij ≤ δ for at least one (i, j) ∈ {(6, 3), (6, 4), (6, 5), (6, 6)}
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against

H1
a2 : µij > δ for all (i, j) ∈ {(6, 3), (6, 4), (6, 5), (6, 6)}.

The null hypothesis can be rejected if and only if the t-test is significant at each

(i, j) ∈ {(6, 3), (6, 4), (6, 5), (6, 6)}. For each (i, j) in this group, if

yij − δ
√

s2
ij

nij

> t(1−α
4
),(nij−1)

then reject H1
02, the null hypothesis for the second step in the first group. If the t-test at

any of the four points is not significant, H1
02 fails to be rejected and the expansion halts

in the first group.

The null hypothesis, H1
02, can be written as a union of four statements. There is

one hypothesis for each test point. H1
021 : µij ≤ δ for (i, j) ∈ {(6, 3)} or H1

022 : µij ≤

δ for (i, j) ∈ {(6, 4)} or H1
023 : µij ≤ δ for (i, j) ∈ {(6, 5)} or H1

024 : µij ≤ δ for (i, j) ∈

{(6, 6)}. H1
021 represents the null hypothesis for the first point at the second step in the

first region. H1
022 represents the null hypothesis for the second point at the second step

in the first region. H1
023 represents the null hypothesis for the third point at the second

step in the first region. Similarly, H1
024 represents the null hypothesis for the fourth point

at the second step in the first region.

Using the same notation, the alternative can be written as H1
a2 : {µij ≤ δ for at least

one (i, j) ∈ {(6, 3), (6, 4), (6, 5), (6, 6)}}c which is equivalent to H1
a21 : µij > δ for (i, j) ∈

{(6, 3)} and H1
a22 : µij > δ for (i, j) ∈ {(6, 4)} and H1

a23 : µij > δ for (i, j) ∈ {(6, 5)} and

H1
a24 : µij > δ for (i, j) ∈ {(6, 6)}. The alternative hypothesis, H1

a2, can be asserted if
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and only if the hypotheses H1
021 and H1

022 and H1
023 and H1

024 are all rejected.

The rejection region for H1
02 is R1

2 = R1
21

⋂

R1
22

⋂

R1
23

⋂

R1
24, where R1

21, R1
22, R1

23 and

R1
24 are the level-α

4
rejection regions of H1

021, H
1
022, H

1
023, and H1

024. The intersection-union

test method requires no multiple test adjustment so R1
2 is a level-α

4
rejection region of

H1
02. Error probabilities are discussed in Section 2.3.

Assuming H1
02 was rejected, the algorithm can now assert that the mean exceeds the

desired threshold at points

{(4, 4), (5, 4), (5, 5), (6, 3), (6, 4), (6, 5), (6, 6)}.

At step 3 in Region 1, the null hypothesis is

H1
03 : µij ≤ δ for at least one (i, j) ∈ {(7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7)}

against

H1
a3 : µij > δ for all (i, j) ∈ {(7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7)}.

The null hypothesis can be rejected if and only if the t-test is significant at each (i, j) ∈

{(7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7)}. For each (i, j) in this group, if

yij − δ
√

s2
ij

nij

> t(1−α
4
),(nij−1)

then reject H1
03, the null hypothesis for the third step in the first region. If the t-test at

any of the six points is not significant, H1
03 fails to be rejected and the expansion halts

in the third step of Region 1.
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The null hypothesis, H1
03, can be written as a union of six statements. There is one

hypothesis for each of the six test points at this step. These points,

{(7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7)},

are represented in Figure 1.1 of Section 1.2 with + (plus) signs. The alternative is

literally,

H1
a3 : {µij ≤ δ for at least one (i, j) ∈ {(7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7)}}c,

which is equivalent to

H1
a3 : µij > δ for every(i, j) ∈ {(7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7)}.

The alternative hypothesis, H1
a3, can be asserted if and only if the null hypotheses at

each (i, j) is rejected.

The rejection region for H1
03 is R1

3, a level-α
4

rejection region. Assuming H1
03 was

rejected, the algorithm can assert that the mean exceeds the desired threshold at points

from each step in Region 1:

initial point { (4, 4),

step 1 (5, 4), (5, 5),

step 2 (6, 3), (6, 4), (6, 5), (6, 6),

step 3 (7, 2), (7, 3), (7, 4), (7, 5), (7, 6), (7, 7) }.

To find the full set of points where the mean exceeds the desired threshold the algo-

rithm must step through the three other regions. In each region, the first step consists

of two points. There are four points in the second step and six points in the third step.
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In the second region, j > jap. This region is depicted in Figure 1.1 in Section 1.2.

The hypothesis test at step 1 in Region 2 is

H2
01 : µij ≤ δ for at least one (i, j) ∈ {(3, 5), (4, 5)}

against

H2
a1 : µij > δ for all (i, j) ∈ {(3, 5), (4, 5)}.

These points, {(3, 5), (4, 5)}, are represented in Figure 1.1. The algorithm advances to

the next step if and only if the intersection-union test rejects H2
01. The data points to

examine in step 2 are

{(2, 6), (3, 6), (4, 6), (5, 6)}.

Similarly, if the algorithm reaches the third step, H2
03 is a union of six statements. There

is one hypothesis for each of the six test points described by {(i, j) : 1 ≤ i ≤ 6 and j = 7}.

For Region 2, the group of (i, j) tested in step 1 can be described by j = 5 and 3 ≤

i ≤ 4. The set of (i, j) in step 2 can be described as (i, j) where j = 6 and 2 ≤ i ≤

5. Similarly, the set of points for the third step can be described as (i, j) where j =

7 and 1 ≤ i ≤ 6.

Recall, the third region is characterized by i < iap. In the third region, the hypothesis

test at step 1 is

H3
01 : µij ≤ δ for at least one (i, j) ∈ {(3, 3), (3, 4)}

against

H3
a1 : µij > δ for all (i, j) ∈ {(3, 3), (3, 4)}.
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For the third region, the set of (i, j) in step 1 is all (i, j) where i = 3 and 3 ≤ j ≤ 4. The

set of (i, j) in step 2 can be described as (i, j) where i = 2 and 2 ≤ j ≤ 5. Similarly, the

set of points for the third step can be described as (i, j) where i = 1 and 1 ≤ j ≤ 6.

The fourth region is characterized by j < jap. In the fourth and final region, the

hypothesis tested at step 1 is

H4
01 : µij ≤ δ for at least one (i, j) ∈ {(4, 3), (5, 3)}

against

H4
a1 : µij > δ for all (i, j) ∈ {(4, 3), (5, 3)}.

The set of (i, j) in step 1 is all (i, j) where j = 3 and 4 ≤ i ≤ 5. The set of (i, j) in step

2 can be described as (i, j) where j = 2 and 3 ≤ i ≤ 6. Similarly, the set of points for

the third step is all (i, j) where j = 1 and 2 ≤ i ≤ 7.

Using this 7 × 7 example, a summary of the algorithm for each step in each region

is listed in Table 2.1. This example demonstrates how the procedure would test all the

data in a 7 × 7 grid, beginning with the initial point at the center, (4, 4). In review, the

overall grid is divided into four regions. Within each region, data is tested in a series

of steps. The hypothesis test at each step is an intersection-union test for two or more

points. Each sequential step tests data farther from the initial point than its previous

step; each step is one i or j unit farther from the initial point than the previous step.

For example, including all regions, step 2 forms a box around step 1. In Figure 1.1 of

Section 1.2, step 1 is represented by × characters and step 2 is represented by triangles.

Also, it is important to point out that by assigning one corner to each region, corner

21



Table 2.1: The points tested at each step in each region of a 7 × 7 grid.

Region Step Points

initial point (4,4)

1 1 (5,4), (5,5)

1 2 (6,3), (6,4), (6,5), (6,6)

1 3 (7,2), (7,3), (7,4), (7,5), (7,6), (7,7)

2 1 (3,5), (4,5)

2 2 (2,6), (3,6), (4,6), (5,6)

2 3 (1,7), (2,7), (3,7), (4,7), (5,7), (6,7)

3 1 (3,3), (3,4)

3 2 (2,2), (2,3), (2,4), (2,5)

3 3 (1,1), (1,2), (1,3), (1,4), (1,5), (1,6)

4 1 (4,3), (5,3)

4 2 (3,2), (4,2), (5,2), (6,2)

4 3 (2,1), (3,1), (4,1), (5,1), (6,1), (7,1)
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Figure 2.1: The asymmetric shape is trimmed into a rectangular set.

points are tested only once. For example, the upper right corner is assigned to Region 1,

but it is not assigned to Region 2. Similarly, the upper left corner is assigned to Region

2. The lower left corner is assigned to Region 3 and the lower right corner is assigned to

Region 4.

In reality, this procedure may not encounter complete success. The algorithm may

not proceed through all three steps in all four regions for every data example. Suppose

a test fails to reject the null hypothesis in a region at a step. In this case, the final set

may look more asymmetric than rectangular. Figure 2.1 depicts an example in which the

algorithm finds only the points that are marked.

In words, the points depicted in Figure 2.1 are the initial point and points from Region

1 at steps 1 and 2, Region 2 at step 1, Region 3 at steps 1, 2 and 3 and Region 4 at step

1. The largest possible rectangle within this shape can be described by the set of (i, j)

where {1 ≤ i ≤ 6 and 3 ≤ j ≤ 5}. Five points are trimmed or excluded to produce an
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easily interpretable shape, a rectangular set.

Trimming the points is handled within each region by retaining maximum or minimum

values. For the first region, step testing occurs by increasing the value of i and varying the

values of j with each step. Upon the last successful step in the first region, a maximum

value will be stored for i, imax. For the second region, step testing occurs by increasing

the value of j and varying the values of i with each step. Upon the last successful step

in the second region, a maximum value will be stored for j, jmax. For the third region,

step testing occurs by decreasing the value of i and varying the values of j with each

step. Upon the last successful step in the third region, a minimum value will be stored

for i, imin. For the fourth region, step testing occurs by decreasing the value of j and

varying the values of i with each step. Upon the last successful step in the fourth region,

a minimum value will be stored for j, jmin. Having stored minimum and maximum values

for i and j, the procedure can report that the mean exceeds the desired threshold δ at

each of the points in the rectangular set of {(i, j) : imin ≤ i ≤ imax and jmin ≤ j ≤ jmax}.

Thus far, the method for answering the research question, at which doses for which

time points does the population mean exceed a desired threshold, has been described by

example. The detailed steps must be documented for a general I × J grid.

An initial point must be chosen a priori. Let (iap, jap) be the initial point. There

are no restrictions on the initial point, so, (iap, jap) may be equal to (I, J) or (1, 1), for

example. A t-test of H0 : µiap,jap
≤ δ against Ha : µiap,jap

> δ is performed using all
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niap,jap
observations at the initial point (iap, jap). The t-test should reject H0 if

yiap,jap
− δ

√

s2
iap,jap

niap,jap

> t(1−α),(niap,jap−1).

If the test fails to reject the null hypothesis, no further tests will be performed; no

rectangular set can be constructed based on the initial start value (iap, jap). If the test

rejects the null hypothesis, the algorithm can assert that the population mean exceeds

the desired threshold at {(iap, jap)} with probability of an error no more than α. The

procedure of hypothesis testing will continue.

Begin expanding the set, now {(iap, jap)}, by testing points in Region 1 where i > iap.

If iap < I there are I − iap potential steps in Region 1. Clearly, if iap = I there is no

expansion in Region 1. The first step of expansion in Region 1 involves points (iap+1, jap)

and (iap + 1, jap + 1), for iap < I. However, the algorithm must protect against these

points being outside the I × J grid, so, the set can be rewritten more generally as

{(i, j) : i = iap + 1 and j ∈ {max(1, jap), min(jap + 1, J)}}.

The hypothesis tested at step 1 is

H1
01 : µij ≤ δ for at least one (i, j) such that

i = iap + 1 and

j ∈ {max(1, jap), min(jap + 1, J)}

against

H1
a1 : µij > δ for all (i, j) such that
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i = iap + 1 and

j ∈ {max(1, jap), min(jap + 1, J)}.

The null hypothesis is rejected if and only if the t-test is significant at both test points.

For (iap + 1, jap), if

yiap+1,jap
− δ

√

s2
iap+1,jap

niap+1,jap

> t(1−α
4
),(niap+1,jap−1)

and for (iap + 1, jap + 1), if

yiap+1,jap+1 − δ
√

s2
iap+1,jap+1

niap+1,jap+1

> t(1−α
4
),(niap+1,jap+1−1)

then reject H1
01 and assert that the mean exceeds the desired threshold at {(iap +

1, jap), (iap + 1, jap + 1)} and at the initial point. If either test fails to reject, a max-

imum is set for i, imax = iap, and expansion in Region 1 halts.

Let l denote the steps of expansion. If iap < I there are I − iap potential steps in

Region 1. For l = 1, . . . , I − iap, the hypothesis at the lth step is

H1
0l : µij ≤ δ for at least one (i, j) such that (2.3)

i = iap + l and

j ∈ {max(1, jap − (l − 1)), . . . , min(jap + l, J)}

against

H1
al : µij > δ for all (i, j) such that (2.4)

i = iap + l and

j ∈ {max(1, jap − (l − 1)), . . . , min(jap + l, J)}.
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If the procedure fails to reject the null hypothesis at the lth step, imax = iap + (l − 1). If

the procedure successfully steps through all I − iap steps, imax = I.

Having finished testing in Region 1, the algorithm continues expanding the set by

testing points from Region 2, where j > jap. If jap < J there are J−jap potential steps in

Region 2. Clearly, if jap = J there is no expansion. The first step of expansion in Region

2 involves points (iap, jap +1) and (iap −1, jap +1). Recall, upon completing expansion in

Region 1, imax was assigned and will bound the final rectangular set, but not subsequent

expansions in Regions 2, 3, and 4. Values for i are bounded by iap − 1 < iap ≤ I. In this

step, to protect against these points being outside the I × J grid, the set is rewritten

more generally as

{(i, j) : i ∈ {max(1, iap − 1), iap} and j = jap + 1}.

The hypothesis tested at step 1 is

H2
01 : µij ≤ δ for at least one (i, j) such that

i ∈ {max(1, iap − 1), iap} and

j = jap + 1

against

H2
a1 : µij > δ for all (i, j) such that

i ∈ {max(1, iap − 1), iap} and

j = jap + 1.
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The null hypothesis is rejected if and only if the t-test is significant at both test points.

For (iap, jap + 1), if

yiap,jap+1 − δ
√

s2
iap,jap+1

niap,jap+1

> t(1−α
4
),(niap,jap+1−1)

and for (iap − 1, jap + 1), assuming max(1, iap − 1) = iap − 1, if

yiap−1,jap+1 − δ
√

s2
iap−1,jap+1

niap−1,jap+1

> t(1−α
4
),(niap−1,jap+1−1)

then reject H2
01 and assert that the mean exceeds the desired threshold at the initial

point, at points from Region 1 and at {(iap, jap + 1), (iap − 1, jap + 1)}. If either test fails

to reject, the maximum set for j is jmax = jap, and expansion in Region 2 halts.

Let l denote the steps of expansion. If jap < J there are J − jap potential steps in

Region 2. For l = 1, . . . , J − jap, the hypothesis at the lth step is

H2
0l : µij ≤ δ for at least one (i, j) such that (2.5)

i ∈ {max(1, iap − l), . . . , min(I, iap + (l − 1))} and

j = jap + l

against

H2
al : µij > δ for all (i, j) such that (2.6)

i ∈ {max(1, iap − l), . . . , min(I, iap + (l − 1))} and

j = jap + l.

If the procedure fails to reject the null hypothesis at the lth step, jmax = jap + (l − 1).

Otherwise, upon stepping through all J − jap steps, jmax is assigned the value J .
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Having completed expansion for both Region 1 and Region 2, expansion can continue

in Region 3 by testing points where i < iap. If iap > 1 there are iap − 1 potential steps

in Region 3. The first step of expansion in Region 3 involves points (iap − 1, jap) and

(iap − 1, jap − 1). Clearly, if iap = 1 there is no expansion.

The set tested at step 1 is written as

{(i, j) : i = iap − 1 and j ∈ {max(1, jap − 1), jap}}.

The hypothesis tested at step 1 is

H3
01 : µij ≤ δ for at least one (i, j) such that

i = iap − 1 and

j ∈ {max(1, jap − 1), jap}

against

H3
a1 : µij > δ for all (i, j) such that

i = iap − 1 and

j ∈ {max(1, jap − 1), jap}.

The null hypothesis is rejected if and only if the t-test is significant at both test points.

Assuming max(1, jap − 1) = jap − 1, then for (iap − 1, jap − 1), if

yiap−1,jap−1 − δ
√

s2
iap−1,jap−1

niap−1,jap−1

> t(1−α
4
),(niap−1,jap−1−1)
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and for (iap − 1, jap), if

yiap−1,jap
− δ

√

s2
iap−1,jap

niap−1,jap

> t(1−α
4
),(niap−1,jap−1)

then reject H3
01 and assert that the mean exceeds the desired threshold at the initial point,

at points from Region 1, at points from Region 2 and at {(iap − 1, jap − 1), (iap − 1, jap)}.

If either test fails to reject, the minimum set for i is imin = iap, and expansion in Region

3 halts.

Let l denote the steps of expansion. If iap > 1 there are iap − 1 potential steps in

Region 3. For l = 1, . . . , iap − 1, the hypothesis at the lth step is

H3
0l : µij ≤ δ for at least one (i, j) such that (2.7)

i = iap − l and

j ∈ {max(1, jap − l), . . . , min(J, jap + (l − 1))}

against

H3
al : µij > δ for all (i, j) such that (2.8)

i = iap − l and

j ∈ {max(1, jap − l), . . . , min(J, jap + (l − 1))}.

If the procedure fails to reject the null hypothesis at the lth step then imin = iap − (l−1).

Otherwise, upon stepping through all iap − 1 steps, imin is assigned the value 1.

Last, expansion continues in the final region by testing points where j < jap. If jap > 1

there are jap − 1 potential steps in Region 4. The first step of expansion in Region 4
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involves points (iap, jap − 1) and (iap + 1, jap − 1).

The test points must be within the I×J grid. Clearly, if jap = 1 there is no expansion.

The test points are rewritten more generally as

{(i, j) : i ∈ {iap, min(I, iap + 1)} and j = jap − 1}.

The hypothesis tested at step 1 is

H4
01 : µij ≤ δ for at least one (i, j) such that

i ∈ {iap, min(I, iap + 1)} and

j = jap − 1

against

H4
a1 : µij > δ for all (i, j) such that

i ∈ {iap, min(I, iap + 1)} and

j = jap − 1.

The null hypothesis is rejected if and only if the t-test is significant at both test points.

For (iap, jap − 1), if

yiap,jap−1 − δ
√

s2
iap,jap−1

niap,jap−1

> t(1−α
4
),(niap,jap−1−1)

and for (iap + 1, jap − 1), assuming min(I, iap + 1) = iap + 1, if

yiap+1,jap−1 − δ
√

s2
iap+1,jap−1

niap+1,jap−1

> t(1−α
4
),(niap+1,jap−1−1)
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then reject H4
01 and assert that the mean exceeds the desired threshold at the initial

point, at points from Region 1, at points from Region 2, at points from Region 3 and

at {(iap, jap − 1), (iap + 1, jap − 1)}. If either test fails to reject, the minimum is set for

j at jmin = jap and expansion in Region 4 halts.

Let l denote the steps of expansion. As stated above, if jap > 1 there are jap − 1

potential steps in Region 4. For l = 1, . . . , jap − 1, the hypothesis at the lth step is

H4
0l : µij ≤ δ for at least one (i, j) such that (2.9)

i ∈ {max(iap − (l − 1), 1), . . . , min(iap + l, I)} and

j = jap − l

against

H4
al : µij > δ for all (i, j) such that (2.10)

i ∈ {max(iap − (l − 1), 1), . . . , min(iap + l, I)} and

j = jap − l.

If the procedure fails to reject the null hypothesis at the lth step then jmin = jap− (l−1).

Otherwise, upon stepping through all jap − 1 steps, jmin is assigned the value 1.

When testing within the fourth region is complete, a set has been constructed contain-

ing the initial point and points from each of the four regions. In addition, the boundaries

imin, imax, jmin and jmax have been assigned. The set will be evaluated against these

boundaries in order to produce a rectangular set such as Figure 2.1. The graph depicts

a grouping of points which needs trimming to form a rectangular set. Any point, (i, j),
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with i < imin, i > imax, j < jmin or j > jmax will be trimmed from the set. The resulting

set is

{(i, j) : i ∈ {imin, . . . , imax} and j ∈ {jmin, . . . , jmax}}.

The next section shows how a rectangular set constructed in this way has probability no

greater than α of committing an error.

2.3 Controlling the Error Probability

This section shows how the probability of committing an error is controlled when con-

structing the rectangular set of (i, j) pairs where µij > δ. An error is committed when an

(i, j) pair with mean lower than the specified threshold δ is included in the rectangular

set. There are two stages where an error may occur, at the initial point or in any of the

four regions.

The test of the null hypothesis at the initial point (iap, jap) compares the test statistic

yiap,jap
− δ

√

s2
iap,jap

niap,jap

against t(1−α),(niap,jap−1). In doing so, the probability of an error is at most α. The chance

of including an initial point, (iap, jap), with mean less than δ into the rectangular set is

at most α.

If the initial point is included in the rectangular set, expansion continues by examining

data at points in each of four regions. This is the second stage where an error may occur.

The probability of committing an error in any or all of the four regions is at most α.
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Within each region, there is a multilevel structure for testing. The first level of

testing requires assigning an order to stepwise hypotheses. Second, an intersection-union

test is performed at the first stepwise hypothesis. The third level of this structure is

to evaluate the criterion for advancing to the second stepwise hypothesis. If the first

stepwise hypothesis was rejected then the second stepwise hypothesis may be tested.

If the criterion is satisfied, an intersection-union test will be performed for the second

stepwise hypothesis. A loop of testing stepwise hypotheses and then evaluating the

criterion to take additional steps continues until the criterion fails. The criterion to

advance to the lth stepwise hypothesis is satisfied if the (lth − 1) stepwise hypothesis was

rejected. Testing within the region is complete when the lth stepwise hypothesis is not

rejected.

Koch and Gansky discuss ordering multiple hypotheses a priori, each at α signifi-

cance level, in order to assert a final conclusion, with overall α significance level (Koch

and Gansky 1996). That is, an α significance level can be used for each separate step-

wise hypothesis test while maintaining an α significance level for all assessments taken

together. Their theories are summarized in Theorem 2.1.

Theorem 2.1 A set of hypotheses are tested in an a priori given order. Each individual

hypothesis is tested at α significance level. Testing advances to the next step only if the

previous test was significant. This stepwise method of testing hypotheses maintains the

overall significance level α.

This method of stepwise testing is used to test points farther and farther from the
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initial point. If the mean varies in a smooth way related to the dose and time, and the

mean at the initial point is above the threshold, it follows that points surrounding the

initial point may also be in the set. If the rectangular set of points were known, the best

selection for an initial point is one that is in the center of these points. Regions and

steps are constructed around the choice of initial point. The hierarchy of steps is based

on this logic. If points immediately surrounding the initial point are not in the set, there

is no reason to perform testing at points farther from the initial point. If the test at step

1 fails to reject, testing stops within the region, however, if the test at step 1 rejects,

testing continues a step farther from the initial point, to step 2, within the region.

For Region 1, the ordered hypotheses are H1
01, H

1
02, H

1
03, . . . , H

1
0(I−iap) such that for the

lth step, the null hypothesis is

H1
0l : µij ≤ δ for at least one (i, j) such that

i = iap + l and

j ∈ {max(1, jap − (l − 1)), . . . , min(jap + l, J)}.

The hypotheses are ordered in this fashion to utilize the test information from the initial

point and previous steps. In Region 1, stepwise hypothesis tests are performed for data

at increasing values of i while expanding the values of j. The first step, l = 1, tests data

at points closest to the initial point, where i = iap + 1. The grid size requires 1 ≤ i ≤ I

and 1 ≤ j ≤ J . So, in increasing order of i, the step, l = I − iap, farthest from the initial

point is at i = I.

At each step, an intersection-union test is performed. The intersection-union test is
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introduced by Berger (Berger 1982) and summarized by Casella and Berger (Casella and

Berger 2002). An α−level test of H1
01 rejects if and only if every H1

01k is also rejected at

α level significance, here, k = 1, 2. Instead of an α−level test at each step within each

region, the results in this research will use an α
4
−level test.

If the intersection-union test rejects H1
01 at α

4
significance, H1

02 is tested. If the

intersection-union test rejects H1
02 at α

4
significance, H1

03 is tested and so on. When

H1
0l fails to be rejected at the lth step, testing in Region 1 is complete. All those points

tested in H1
01, H

1
02, . . . , H

1
0(l−1) may be included in the rectangular set. Proceeding in

this manner, the chance of rejecting a true null hypothesis in Region 1 is at most α
4

by

Theorem 2.1. There is no need for multiplicity adjustment.

The probability of committing an error while testing in Region 1 is α
4
. Similarly,

within Regions 2, 3 and 4, the probability of committing an error is α
4

for each region.

Using Bonferroni’s probability inequality, it is clear that the probability of committing

an error at any time while testing within the four regions is less than or equal to the

sum of the probabilities of testing within each region, (α
4

+ α
4

+ α
4

+ α
4
) = α. Thus, the

probability of committing an error while testing in any region is at most α.

This section began by stating two stages where an error may occur, at the initial point

or in any of the four regions. The probability that an error is committed is maintained

by combining the information at each stage. Theorem 2.1 is applied to control the

probability. The first stage is a stepwise hypothesis test of the mean at the initial point.

This is an α−level test. In order to test points in any region, the null hypothesis at the
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initial point must first be rejected. The second stage, or step, is the combination of the

multilevel structure of testing for each region. The significance level of this step is α. By

testing and rejecting the hypothesis at the initial point before testing within regions, the

overall significance level of constructing the rectangular set is at most α.

In conclusion, the probability of committing an error by including an (i, j) pair with

mean lower than or equal to the specified threshold in the rectangular set is no greater

than α.

The next section describes the disadvantages of this method. An alternative method

is proposed to produce more favorable results.

2.4 Possible Problems and Shortcomings

The success of finding the set of (i, j) pairs at which µij > δ within the grid of i =

1, . . . , I and j = 1, . . . , J , depends on many characteristics of the algorithm. A poor

choice of initial point may initialize the algorithm in a section of the I × J grid where

µij ≤ δ. In addition, the default assignment of points to Regions 1, 2, 3 and 4 may result

in tests which force the algorithm to halt too soon.

A change in the assignment of points to regions may affect the outcome. For example,

upper right points are included in the right region, Region 1, and Region 1 is tested first.

The upper right points could be included in the upper region, Region 2, or Region 1

could be tested second. There are numerous alternatives. These modifications can be

accommodated by clever use of region ordered testing. The algorithm, as described
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in Section 2.2, produces extremely successful results under certain conditions, however,

under a broad range of examples, the algorithm fails to find the largest rectangular set

where µij > δ.

For the purposes of this section, an assumption is made that no errors are committed.

That is, if

HR
0l : µij ≤ δ for at least one (i, j) at step l, in Region R

is true, it is not rejected.

Consider a simple example of four points in a row in which µij > δ for i = 2, 3, 4, 5

and j = 2. Let (iap, jap) = (4, 2). Using the algorithm in Section 2.2, this rectangular set

would not be found. The only point included in the rectangular set would be the initial

point. After including (4, 2) in the set, the next step of testing would be in Region 1 at

(5, 3) and (5, 2). The test would fail because (5, 3) does not belong in the set of pairs.

Similarly, the tests in Regions 2, 3 and 4 also fail.

If testing were ordered differently, such as Region 2, Region 4, Region 1, Region 3,

and knowledge of stopping points was used, it seems entirely likely that the full region

i = 2, 3, 4, 5 and j = 2 could be found.

The next four examples feature complicated arrangements of points to illustrate how

the algorithm struggles to find all points where µij > δ. Plotted points in the four

patterns in Figure 2.2 indicate (i, j) pairs where µij > δ.

Pattern A is similar to the simple example. The choice of initial point and order of

region testing determine which points will be assigned to the rectangular set. Suppose
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Pattern A

 i 

 j 

2 3 4 5

2

3

4

5

Pattern B

 i 

 j 
1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

6

7

Pattern C

 i 

 j 

2 3 4 5 6 7 8 9

1

2

3

4

Pattern D

 i 

 j 

1 2 3 4 5 6

1

3

5

7

9

Figure 2.2: Patterns which are difficult to detect. The Original algorithm finds the

rectangular set in the dotted lines.
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the initial point is (3, 3). The algorithm would not add any additional points to the

rectangular set. In Region 1, H1
01 tests the points (4, 3) and (4, 4). The null hypothesis

is not rejected because µ4,4 ≤ δ. From Region 2, neither (3, 4) nor (2, 4) are included

in the rectangular set. Points (2, 3) and (2, 2) are not added from Region 3. Lastly, in

Region 4, µ4,2 ≤ δ, so H4
01 is not rejected. Thus, (4, 2) and (3, 2) are not included in the

rectangular set.

For Pattern A, one of two rectangles could be found by changing the order of testing

and limiting testing to i and j values which are within the minimum and maximum

boundaries. Suppose the algorithm tests first in Regions 1 and 3, and then in Regions 2

and 4.

Testing first in Region 1 would fail to include any points i > 3 in the rectangular

set, but future tests can be restricted to points in which i ≤ 3. Similarly, no points

are included in the rectangular set from Region 3, however, further testing on Regions 2

and 4 can be restricted to points in which 3 ≤ i. From Regions 1 and 3, the restriction

on i is simply i = 3. Now, in Region 2, at the first step, only (3, 4) is studied because

i 6= 3 is ignored. This point can be included in the rectangular set, as can (3, 5) in step

2. Finally, in Region 4, (3, 2) is included in the rectangular set. Imposing boundaries

while following testing in the order of Regions 1, 3, 2, 4 results in the rectangular set

{(3, 3), (3, 4), (3, 5), (3, 2)}, in the order in which points enter the set. Another order of

testing, Regions 2, 4, 3, 1, yields a different rectangular set, {(3, 3), (2, 3), (4, 3), (5, 3)}.

Under either scenario, reordering region testing and simultaneously enforcing boundary
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restrictions on testing, allows a much larger rectangular set to be found.

The largest rectangle where µ > δ within Pattern B holds the eight points where

i = 5, 6, 7, 8 and j = 4, 5. Suppose the initial point is in this set, (7, 5). The intersection-

union test at first step in Region 1 tests the hypothesis on points (8, 5) and (8, 6). Both

points may be included in the rectangular set, but additional testing in Region 1 will

fail. The first step in Region 2 tests hypotheses at points (7, 6) and (6, 6). The test will

fail to reject H2
01. Testing will not continue in Region 2. The first step in Region 3 will

test hypotheses at points (6, 5) and (6, 4). H3
01 will be rejected; (6, 5) and (6, 4) will be

included in the rectangular set. Just like in Region 1, testing beyond step 1 will also

fail in Region 3. The first step in Region 4 tests hypotheses at points (7, 4) and (8, 4).

H4
01 will be rejected; (7, 4) and (8, 4) will be included in the rectangular set. Step 2 in

Region 4 will fail to reject H4
02 so expansion in Region 4 is halted. The points in the

set are {(7, 5), (8, 5), (8, 6), (6, 4), (6, 5), (7, 4), (8, 4)}. With testing complete in all four

regions, restrictions must be considered. Boundaries, from testing within each region,

are imposed on the rectangular set: from Region 1: i ≤ 8, from Region 2: j ≤ 5, from

Region 3: 6 ≤ i and from Region 4: 4 ≤ j, such that 6 ≤ i ≤ 8 and 4 ≤ j ≤ 5. So,

the actual reported rectangular set is {(7, 5), (8, 5), (6, 4), (6, 5), (7, 4), (8, 4)}, listed in the

order in which points entered the set.

Suppose instead, testing occurred in the following order, with boundary restrictions

imposed during testing: Region 2, Region 1, Region 4, Region 3. Intuitively, testing in

Region 2 may seem like an ill-advised choice; no points will be added to the rectangular set
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from Region 2. However, testing first in Region 2 serves to set restrictions for subsequent

testing in Regions 1, 4 and 3. These restrictions are, in fact, benefits which improve the

testing algorithm.

Restrictions to set boundary values on i and j ensure that testing will not extend

to points outside the boundaries. In this way, restrictions, or boundaries, may limit

the number of points tested at each step within Regions (1, 4 and 3). When testing is

complete within all four regions, fewer points will have been tested, the rectangular set

will be complete and no trimming is required.

Testing in Region 2 first sets a boundary above, limiting tests to points with j ≤ 5

and ignoring points where j > 5.

Testing in Region 1 would look at points (8, 5) and (8, 6), however, with limits im-

posed, only data for (8, 5) is tested in H1
01. Further testing fails in Region 1. The

boundary to the right is i ≤ 10 which may seem redundant because there are no points

where i > 10. At this point, the rectangular set consists of {(7, 5), (8, 5)}. The boundary

to the right is revised to i ≤ 8.

Testing in Region 4 would examine (7, 4) and (8, 4). The boundaries do not restrict

any points in H4
01. These points will be included in the rectangular set. At step 2 in

Region 4, the points involved are {(6, 3), (7, 3), (8, 3), (9, 3)}. Again, the limits on j do

not affect this test. The restrictions on i eliminate (9, 3) from being tested. H4
02 fails

to be rejected, so a limit below is set. Test points must now satisfy 4 ≤ j. Points with

j < 4 will be ignored. Now, the rectangular set is {(7, 5), (8, 5), (7, 4), (8, 4)} and the
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limitations on testing points are 4 ≤ j ≤ 5 and i ≤ 8.

Testing at the first step in Region 3 would include (6, 5) and (6, 4). H3
01 is rejected.

At step 2, test points would include {(5, 6), (5, 5), (5, 4), (5, 3)}, however, with boundaries

imposed, only two points, (5, 5) and (5, 4), satisfy the restrictions. So, H4
02 is rejected.

The hypothesis at step 3 will test {(4, 7), (4, 6), (4, 5), (4, 4), (4, 3), (4, 2)}. Four points

are eliminated by boundaries; only (4, 5) and (4, 4) are tested. H4
03 is not rejected. After

step 3 in Region 4, the final boundary, from the left, is added to the restrictions, 5 ≤ i.

Testing in Region 3 adds {(6, 5), (6, 4), (5, 5), (5, 4)} to the rectangular set.

At the conclusion of testing, the rectangular set is

{(7, 5), (8, 5), (7, 4), (8, 4), (6, 5), (6, 4), (5, 5), (5, 4)}

and the restrictions or boundaries 5 ≤ i ≤ 8 and 4 ≤ j ≤ 5 have already been imposed.

In Pattern C, suppose the initial point is (3, 2). Using the algorithm from Section 2.2,

the rectangular set would include {(3, 2), (4, 2), (4, 3), (3, 3)}. This set is found by first

testing (4, 2) and (4, 3) in Region 1 at step 1. Then, at step 2, {(5, 1), (5, 2), (5, 3), (5, 4)}

are tested but not included in the rectangular set. In Region 2, (3, 3) and (2, 3) are

tested in step 1. Both points may be included in the rectangular set. In step 2,

{(2, 4), (3, 4), (4, 4)} are tested but fail to be included. The first step in Region 3 tests

(2, 2) and (2, 1). These points are not included in the rectangular set. Last, in Region 4,

step 1 tests (3, 1) and (4, 1), but neither are included in the rectangular set. Because of

boundaries, only {(3, 2), (4, 2), (4, 3), (3, 3)} are included in the rectangular set; (2, 3) is

not included.
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Instead, suppose testing were ordered as follows, Region 3, Region 4, Region 1, Region

2. Testing in Region 3 would not add any points to the rectangular set, but would restrict

future testing to 3 ≤ i. No points from Region 4 would be added, but testing would be

further restricted by 2 ≤ j. In Region 1, only (4, 2) and (4, 3) would be added. Further

testing would be adjusted by restricting i ≤ 4. Finally, in Region 2, only (3, 3) would be

included in the rectangular set because 3 ≤ i. The j boundary is set at j ≤ 3. In this

example, the same rectangular set was found, {(3, 2), (4, 2), (4, 3), (3, 3)}. Changing the

order of testing yielded no worse results than the Original algorithm produced.

In Pattern D, the change in testing order can have a dramatic effect. Suppose (3, 6) is

the initial point. The first step of testing in Region 1 would include points (4, 6) and (4, 7)

in the rectangular set. In the second step, H1
02 tests {(5, 5), (5, 6), (5, 7), (5, 8)} and fails to

be rejected. In Region 2, the first step of testing would examine data at (3, 7) and (2, 7).

H2
01 is not rejected so no points are added to the rectangular set. Data at points (2, 6) and

(2, 5) are tested at the first step in Region 3. H3
01 is rejected and these points are included

in the rectangular set. The second step in Region 3 tests {(1, 7), (1, 6), (1, 5), (1, 4)}. H3
02

is not rejected. At the first step in Region 4, (3, 5) and (4, 5) are studied. H4
01 is rejected.

H4
02 tests {(2, 4), (3, 4), (4, 4), (5, 4)} and may include all these points in the rectangular

set. H4
03 tests {(1, 3), (2, 3), (3, 3), (4, 3), (5, 3), (6, 3)} and may include all these points

in the rectangular set. H4
04 tests {(1, 2), (2, 2), (3, 2), (4, 2), (5, 2), (6, 2)} and fails to be

rejected. Testing in Region 4 includes the following points in the rectangular set

{(3, 5), (4, 5), (2, 4), (3, 4), (4, 4), (5, 4), (1, 3), (2, 3), (3, 3), (4, 3), (5, 3), (6, 3)}.
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Points in the rectangular set are restricted to i ≤ 4 (Region 1), j ≤ 6 (Region 2), 2 ≤ i

(Region 3) and 3 ≤ j (Region 4). The final rectangular set includes 12 points, in the

order they enter the set,

(3, 6), (4, 6), (2, 6), (2, 5), (3, 5), (4, 5),

(2, 4), (3, 4), (4, 4), (2, 3), (3, 3), (4, 3).

Changing the test order to test in Region 2, 3, 1, and 4, and using boundary infor-

mation while testing, the rectangular set {(i, j) such that i = 1, . . . , 6 and j = 3, 4, 5, 6}

containing 24 points would be found. The details will be explained in the next section.

The patterns depicted in this section are purposefully asymmetric to demonstrate the

shortcomings of the algorithm. The next section suggests an alternative method with

higher success rate in finding the rectangular set of points where µij > δ.

2.5 The Adaptive Method

The Adaptive method benefits from information in the data. Unlike the Original algo-

rithm, which always tests regions in a fixed order, the Adaptive method examines the

data before choosing an order for testing. As suggested in Section 2.4, a larger rectangu-

lar set may be found if testing by region is simply reordered. In addition, the Adaptive

method utilizes testing information from each region to impose boundaries or limits on

the testing procedure within the other regions. These limits not only add efficiency to

the computation, but aid in finding a larger region. Consider Pattern D from Figure 2.2.

The initial point is (3, 6). The null hypothesis at the initial point is rejected, so testing
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within the regions begins. The Adaptive algorithm takes a snapshot of the data at each

step before deciding in which region to test first.

Each point surrounding the initial point is inspected in step 1. For each side, each

of three points are tested individually at α
4
-significance. The null hypothesis for any one

point (i, j) is H0 : µij ≤ δ. Table 2.2 summarizes this information for Pattern D.

The idea in taking a snapshot of the data is to find and impose any restriction

which might prohibit growth of the rectangular set before testing exceeds the restriction.

Ultimately, this limits the number of points which are tested and saves from trimming

the rectangular set at the end of testing. Only two points will be tested in the first

step in each region. The data snapshot examines one additional point that is not in

the region. Since the assignment of points to regions was arbitrary, the data snapshot

chooses the order of regions purposefully, but does not modify which corners are tested

in each region.

The first region tested at any step corresponds to the side with the most points which

fail to reject the null hypothesis. One of the points which fails to reject for the side may

not even be tested in the region, however, the point does provide evidence about testing

in the direction of the region. The data snapshot and subsequent ordering of testing

regions for each step reduce the potentially negative impact of assignment of points to

regions.

In Pattern D, knowing that one of three points above and one of three left points fails

to reject H0 : µij ≤ δ suggests that restrictions in either direction may limit expansion.
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Table 2.2: Step 1: Snapshot of data points surrounding the initial point in Pattern D.

Side Points Number of Points which

fail to reject H0

Right (4,7), (4,6), (4,5) 0

Above (2,7), (3,7), (4,7) 1

Left (2,7), (2,6), (2,5) 1

Below (2,5), (3,5), (4,5) 0

Since there is a tie between Regions 2 and 3, the alternative algorithm will follow the

order Region 1, 2, 3, 4, by default. Thus, the first step of the alternative algorithm will

advance to Region 2, which most closely corresponds to the side above, before testing in

Regions 1, 3 and 4.

In Region 2, the null hypothesis of (3, 7) and (2, 7),

H2
01 : µij ≤ δ for at least one (i, j) in {(3, 7), (2, 7)},

is not rejected. No points from Region 2 will be included in the rectangular set. The

first limitation is assigned to j ≤ 6, restricting further tests to points which satisfy this

criteria.

Another snapshot is taken with the restriction of j ≤ 6. The remaining three regions

are tied with no points which fail to reject H0. So, Region 1 is tested next. Only (4, 6)

is tested. The point (4, 7) is ignored because j ≤ 6 < 7. The null hypothesis at step 1

is rejected; (4, 6) is added to the rectangular set. Next, Region 3 is tested. The points

(2, 6) and (2, 5), not affected by the restriction j ≤ 6, are examined. The null hypothesis
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Table 2.3: Step 2: Adaptive algorithm snapshot of data points for Pattern D.

Side Points Number of Points which

fail to reject H0

Right (5,6), (5,5), (5,4) 0

Above none 0

Left (1,6), (1,5), (1,4) 0

Below (1,4), (2,4), (3,4), (4,4), (5,4) 0

is rejected and these two points are added to the rectangular set. Last, the alternative

algorithm steps into Region 4. Points (3, 5) and (4, 5) are included in the rectangular set.

In step 2, Region 2 is ignored. Expansion will not occur in Region 2 and furthermore,

j ≤ 6 is imposed for the remainder of testing. A data snapshot is taken at step 2 and

summarized in Table 2.3.

In step 2, the algorithm will proceed to Region 1 (right), Region 3 (left) and then

to Region 4 (below). In Region 1, points (5, 6) and (5, 5) are tested. These points

are added to the rectangular set. Neither (5, 7) nor (5, 8) were tested because both

exceed the limit j ≤ 6. In Region 3, {(1, 6), (1, 5), (1, 4)} are tested. The point (1, 7)

is excluded because of the limitation on j, j ≤ 6 < 7. Points from step 2 are added to

the rectangular set. The grid boundary for i, 1 ≤ i, is not affected by Region 3 testing.

Points {(2, 4), (3, 4), (4, 4), (5, 4)} are tested in Region 4. None of the restrictions affect

this step. All points are added to the rectangular set.

In the third step, more points are studied to determine the order of testing regions.

The results are listed in Table 2.4. Testing within Region 3 is complete because there are

48



Table 2.4: Step 3: Adaptive algorithm snapshot of data points for Pattern D.

Side Points Number of Points which

fail to reject H0

Right (6,6), (6,5), (6,4), (6,3) 0

Above none 0

Left none 0

Below (1,3), (2,3), (3,3), (4,3), (5,3), (6,3) 0

no more grid points to the left. Step 3 will proceed to Region 1 and then to Region 4.

In Region 1, step 3 only tests {(6, 6), (6, 5), (6, 4)}; (6, 7), (6, 8), and (6, 9) are not

tested because of restrictions on j. The null hypothesis is rejected. The grid bound-

ary for i is i ≤ 6, so step 4 will not include Region 1. Step 3, in Region 4, tests

{(1, 3), (2, 3), (3, 3), (4, 3), (5, 3), (6, 3)}. The null hypothesis is rejected and testing moves

to step 4, where Region 4 is the only region which has not yet exceeded restrictions. In

step 4, the restrictions on i will affect the points tested which include {(i, j) such that j =

2, 1 ≤ i ≤ 6}. At this step, the null hypothesis is not rejected. The final restriction is

imposed, 3 ≤ j.

The resulting rectangular set contains the following 24 points, in the order in which

they entered the set. The restrictions are 3 ≤ j ≤ 6 and 1 ≤ i ≤ 6, indicating the same
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24 points

(3, 6), (4, 6), (2, 6), (2, 5), (3, 5), (4, 5),

(5, 6), (5, 5), (1, 6), (1, 5), (1, 4), (2, 4),

(3, 4), (4, 4), (5, 4), (6, 6), (6, 5), (6, 4),

(1, 3), (2, 3), (3, 3), (4, 3), (5, 3), (6, 3).

Test statistics and hypotheses of intersection-union tests will be the same in the

Adaptive method. The Adaptive method begins at the initial point, chosen a priori, just

as the Original algorithm does. If the test at the initial point is not rejected, all testing

stops. There will be no rectangular set based on the chosen initial point.

If the null hypothesis at the initial point is rejected, testing continues. Instead of

proceeding to test within Region 1, as the Original algorithm does, a snapshot of the

data is taken to determine the best direction and order of testing. Instead of testing all

steps in Region 1, then all steps in Region 2 and so on, the Adaptive algorithm tests all

steps 1 in all regions, then all steps 2 in all regions, etc., using sorted snapshot orders as

determined by the data at the surrounding points.

It is most beneficial to test first in the direction which most likely fails to include

points in the rectangular set. Within a region, when the test at a step fails to reject,

a limit is placed against testing values more extreme in any region at all subsequent

steps. For example, in Pattern D at step 1 in Region 2, j = 7 and fails to be included in

the rectangular set. The Adaptive algorithm will restrict testing to j < 7. The Original

algorithm would not impose a limitation on testing, however, the final reported set would

only contain pairs with j < 7, by trimming after testing.
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With the Adaptive method, the opportunity to find a larger rectangular set is greatly

increased over the Original method. The advantage of limiting tests to j < 7 is two fold.

Computing time is reduced because testing is limited to (i, j) pairs which may be in the

rectangular set, excluding (i, j) pairs which should be trimmed from the set.

A point where µij ≤ δ may be tested with points where µij > δ. Tested together,

in one intersection-union hypothesis, the null hypothesis would fail to be rejected. For

all regions, each stepwise hypothesis test will test the same or fewer points than in the

Original method. Testing fewer points at each step improves the chance of correctly

rejecting the null hypothesis by only including points where µij > δ. For all regions each

stepwise hypothesis test will test the same number or fewer points than the Original

method.

In step 1, the Adaptive method examines four pieces of data, one for each side,

consisting of all points which border the initial point. Notice this assigns corner points

to two sides. There are at most eight points which surround the initial point. There

are three points assigned to each side. The hypotheses for each of the eight points are

tested for significance, individually at level-α
4
. Each side is given a score between zero

and three, the number of points for which the null hypothesis H0 : µij ≤ δ fails to be

rejected.

The regions do not overlap but the data snapshots do. Overlap is not a part of testing,

but does gives a broader view of data which is about to be tested. Regions are tested

according to the order of sides. That is, the side with the highest score is tested first.
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In the event of a tie, testing order defaults to Region 1, Region 2, Region 3, Region 4.

Suppose the scores for Regions 1,2,3 and 4 are 1, 0, 2 and 2, respectively, testing will

occur first in Region 3.

Initially, the bounds are restricted to the grid size, 1 ≤ i ≤ I and 1 ≤ j ≤ J .

After each testing step, within each region, the boundary limits are evaluated. Recall in

testing Region 2 of Pattern D, a boundary is imposed limiting tests to j ≤ 6. Setting

the boundary allows the algorithm to ignore points it would trim at the conclusion of

testing. Ultimately a larger rectangular set is found because boundaries prohibit testing

in areas where the algorithm stops, sometimes prematurely.

The first data snapshot establishes which region to test first in step 1. After testing the

first region, another snapshot is taken to decide which of the remaining three regions to

test next. Ordering proceeds as such for the remaining two regions. Where appropriate,

each region is tested, restrictions are set and the rectangular set is increased. Testing

within some regions may not surpass step 1. When that is the case, the data snapshot

for step 2 can ignore these regions, reducing required computations.

A snapshot of potential test data in step 2 is analyzed for the order of regions. The

order of region testing at step 2 may be the same as or may vary from that of step 1.

Testing limitations will be followed, further restrictions may be set and the rectangular

set will be increased accordingly.

The pattern of data snapshot, stepwise testing within regions and rectangular set

update continues when test data is within boundary limitations. At the conclusion of
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testing, no trimming is necessary. The rectangular set is the set of (i, j) such that

{imin ≤ i ≤ imax, jmin ≤ j ≤ jmax}.

Section 2.4 provides examples in which an alternative method would be preferable to

the Original method. While the Adaptive method uncovers larger rectangular sets, its

error probability is not proven. Through simulations the Adaptive method appears to

control the error probability, but there is no theoretical proof.

The next chapter discusses simulation results, compares the Original method to the

Adaptive method and introduces an additional method.
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Chapter 3

Comparison of Methods

3.1 Introduction

In this chapter, three methods will be compared. Benefits and shortcomings of each will

be illustrated through simulation examples. The focus of this chapter is to examine the

control of the error rate and the ability of a method to maximize the final rectangular

set. Measures of comparisons include the number of points in the rectangular set in ratio

to the number of points where µ > δ by simulation design. Using t-tests, ratios of any

two methods can be compared. In addition, confidence intervals of the ratio for each

method may be studied for overlap. The probability of committing an error is estimated

for each simulation.
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3.1.1 The Bonferroni Method

A simple solution to the problem of determining at which doses for which time points

does the population mean exceed a desired threshold has not yet been discussed. Thus far

the Original and Adaptive methods have been presented as novel approaches, however,

a simple Bonferroni adjustment for multiple comparisons also answers the question.

In an I×J grid, there are IJ number of points. At each point (i, j), the null hypothesis

H0 : µij ≤ δ is tested against the alternative Ha : µij > δ using all nij observations. The

Bonferroni adjustment requires the significance level of each test to be α
IJ

, not α or α
4
.

Significance or lack thereof at one point does not affect testing of other points. There is

one step; test each point at level- α
IJ

.

The Bonferroni method has several advantages over the novel methods. First, the

Bonferroni method is simple to implement, very little programming is required. Second,

since testing occurs at each point in the grid there is no need for an initial point, hence

there is no chance in starting with an unlucky point. Lastly, the overall error probability

is maintained at α.

Disadvantages of the Bonferroni method include the small significance level, making

it more difficult to detect significant points. That is, for I × J grid sizes with more than

four points, the significance level of testing at each point is smaller than that of the novel

methods. Also, Bonferroni can be used to find points, but there is no guarantee that the

final set will be of the form {a ≤ i ≤ b, c ≤ j ≤ d}.
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3.2 Sample Simulation Shapes

Three shapes are utilized to demonstrate the quality of methodology through the sim-

ulations presented in this chapter. The shapes are a rectangle, ridge and dome. The

rectangle is constructed by assigning µij > 0 for some i1 ≤ i ≤ i2 and j1 ≤ j ≤ j2. For

all other (i, j) pairs, µij is given the value zero. For the ridge, µ > 0 is assigned to the

main and off diagonals. All other points are assigned µ = 0. At the center point of the

grid, the dome assigns µ = 1. Points farther from the center are given smaller values

such that for an I × J grid, with I and J odd, the dome also assigns µij = 1
4

to (i, j)

points (1, J+1
2

), ( I+1
2

, 1), (I, J+1
2

), and ( I+1
2

, J).

A simulation for each shape is presented to demonstrate the characteristics of both

the shape and algorithms. For each shape, 1000 simulations are run on a 7×7 grid using

the initial point (4, 4). The data are independent with σij = 1 for all (i, j) and n = 30

observations at each grid point. The tests are performed at significance level α = 0.05.

For the rectangle, µ = 1; for grid points outside the rectangle, µ = 0. By design, for

the rectangle, the test statistic has a noncentrality parameter so extreme, λ = µ
σ

√

n

> 5,

that the hypothesis is almost always rejected; the power of the test at each single (i, j)

point is greater than 99%. For the ridge, the theoretical mean is µ = 1 on the diagonal,

µ = 3
4

on the off diagonal and µ = 0 otherwise. For the off diagonal, the noncentrality

parameter is 4.108. While this value is not so extreme as with µ = 1, the hypothesis at

each point is rejected with power of 98%. Last, for the dome, the values of µ vary over

the grid. For (i, j) with µ = 1
4
, the noncentrality parameter is equal to 1.369 for power of
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only 26%. It would not be surprising if (i, j) points with µ = 1
4

were not often included

in the rectangular set.

For each shape, a summary table is presented. The average area found by each

method is listed along with the average ratio and its standard error. For each shape,

the number of points where µ > 0 are counted. This number is the denominator of the

ratio; the numerator is the average area found by a method. The last entry in the table

is the percent of mistakes committed. A mistake is committed when a point with µ ≤ 0

is included in the rectangular set. The probability of committing a mistake is at most

α for both the Bonferroni and Original methods. No theorem or proof is offered for the

Adaptive method but evidence from simulations indicate that the error is controlled.

3.2.1 The Rectangle Shape

As depicted in Figure 3.1, in this example, µij = 1 for 2 ≤ i ≤ 6 and 2 ≤ j ≤ 6;

otherwise, µij = 0. Of the 49 points on the grid, µ is greater than zero at 25 points. The

initial point, (4, 4), is in the center of all the points where µ > 0.

The simulated data for each method are generated from a different random number

generating seed than the data for other methods. Table 3.1 shows that the Original and

Adaptive methods perform similarly, on average. Using the Bonferroni method, fewer

points are found. Recall, in testing where µ = 1, the noncentrality parameter is 5.477,

making it reasonable to expect all 25 points to be in the rectangular set. Of the 1000

simulations, none produced an empty rectangular set for any method. This means for
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Table 3.1: 1000 simulations of the rectangle shape. Standard errors are listed in paren-

theses.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

Original 24.805 (0.001) 0.992 (0.000) 0 (0)

Adaptive 24.815 (0.001) 0.993 (0.000) 0 (0)

Bonferroni 24.374 (0.001) 0.975 (0.000) 0.025 (0.005)

Original and Adaptive methods, the initial point is always included in the rectangular

set. For the Bonferroni method, at least one point is found in each simulation.

In the event that noise or random error causes a point (i, j) to be excluded from

the rectangular set, the Adaptive method may exceed the performance of the Original

method. The initial point was chosen in the center, so it is believable that the Original

and Adaptive methods report similar averages.

The Bonferroni method, instead of using the significance level α
4
, uses the significance

level α
49

for each point. Despite the smaller level, this method yields good results. Again,

because the noncentrality parameter is so large, the Bonferroni results are reasonable.

However, in later simulation examples, the Bonferroni method will perform poorly under

smaller noncentrality parameters.

Two sample t-tests, with unequal variances, are used to compare the Original and

Adaptive algorithms for the average area and average ratio. The algorithms were signifi-

cantly different for both measures. Likewise, using the same test, the Bonferroni method
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results were significantly smaller than both novel algorithms for both average area and

average ratio.

Here, though the difference between Bonferroni and novel methods is slight, clearly

the novel methods should be favored for finding a rectangular set of paired values. The

pattern of points found by the Bonferroni method is not necessarily recognizable. Only

the Bonferroni method commits any errors. Over two percent of the simulations mis-

takenly include a point where µ ≤ 0 in the rectangular set. The simulation results are

consistent with the theoretical proof; 2.4% of the simulations will commit this error.

The probability of committing an error with the Bonferroni method is the probability

of including at least one (i, j) where µij ≤ 0 in the rectangular set. In this example, there

are 49−25 = 24 points where a mistake may occur. The probability of including at least

one point is equal to 1 − P(no mistakes). At each of these 24 points, the noncentrality

parameter is zero since µ = 0.

P(no mistakes in the 24 points) =
24
∏

p=1

P(no mistake at point p)

=
24
∏

p=1

(1 −
α

49
)

= (1 −
α

49
)24

= 0.976

Probability of committing an error = 1 − P(no mistakes)

= 1 − 0.976

= 0.024
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Figure 3.1: The rectangle and ridge shapes. µ > 0 for points marked by ×. µ = 0 for

points marked by squares.

3.2.2 The Ridge Shape

Figure 3.1 shows the grid points in this example. Where i = j, µij = 1 and for grid

points (i, j) where i− 1 = j or i + 1 = j, µij = 3
4
. So, for 19 of 49 points, µ > 0. For the

remaining 30 points, µ = 0.

Table 3.2 shows the superiority of the Bonferroni method in finding grid points of the

ridge shape. On average, 83.4% of 19 points are found using the Bonferroni method. This

result is a considerably better than the Original and Adaptive methods which find 16

and 17 percent, respectively. However, the Bonferroni method is not reporting points in

the shape of a rectangular set. Without this restriction, the Bonferroni clearly performs

better. More discussion of the Bonferroni method is detailed in later sections.

The novel methods are designed to find rectangles so the ratio measure is not a fair

comparison between Bonferroni and novel algorithms. Neither novel method will find the
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Table 3.2: 1000 simulations of the ridge shape. Standard errors are listed in parentheses.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

Original 2.987 (0.001) 0.157 (0.000) 0.025 (0.005)

Adaptive 3.166 (0.001) 0.167 (0.000) 0.042 (0.006)

Bonferroni 15.838 (0.002) 0.834 (0.000) 0.027 (0.005)

entire ridge, but the Bonferroni method may find the entire ridge. For this shape, the

Bonferroni method reports the largest area because it does not limit the resulting set to

be a rectangle or adhere to any other pattern.

Because both novel methods seek to construct a rectangular set, the ridge shape

is difficult to find. Even with a lucky or cleverly chosen initial point, the best result

from a novel method is a rectangular set with four points, or a set with more points

where a mistake is committed. Because the Adaptive method adjusts for stopping points

while expanding at each step, it is more likely to include points at which an error may

be committed. While the Original algorithm may be testing two points and failing to

include them in the rectangular set, the Adaptive method may only be testing one point,

which it includes in the rectangular set. The ridge shape amplifies the shortcomings of

the Original and Adaptive methods.

Two sample t-tests were performed to compare the algorithms for each of the three

measures in Table 3.2. Variance was tested for homogeneity. Where appropriate, t-tests

61



were performed with the assumption of equal variances. The only comparison which was

not significant was between the Original and Bonferroni methods for rate of errors.

For the Bonferroni method, 2.7% of the simulations mistakenly include a point where

µ = 0 in the rectangular set. The simulation results are consistent with the theoretical

proof; 3.0% of the simulation will result in errors.

P(no mistakes in the 30 points) =
30
∏

p=1

P(no mistake at point p)

=

30
∏

p=1

(1 −
α

49
)

= (1 −
α

49
)30

= 0.970

Probability of committing an error = 1 − P(no mistakes)

= 1 − 0.970

= 0.030

Both Original and Adaptive methods commit errors in this example. The starting

point is (4, 4). The Original method will first test right at points (5, 4), (5, 5). This test

will likely reject and the method will stop in the next step, failing to include points where

i = 6. Next, testing above examines points (4, 5), (3, 5). Since µ = 0 at (3, 5), the test at

this step will either fail to reject or commit a mistake. It is easier for the algorithm to

err here, where one of two points is expected to reject and the other is not, than to err

and mistakenly include two points where µ = 0. If the test at this step rejects the null

62



hypothesis, it is extremely unlikely that the test at the next step will also reject, so, it

is reasonable to expect (i, j) points within the rectangular set to have j < 5. Similar to

the right, testing to the left should reject at (3, 4), (3, 3) and fail to reject where i < 3.

Last, below, µ53 = 0, so including (5, 3) in the rectangular set would be a mistake, but

including (4, 3) would not be a mistake. If no mistakes are committed, j > 3 for all (i, j)

points in the rectangular set. As briefly outlined, results from the Original method would

yield a rectangular set containing {(4, 4), (5, 4), (3, 4)} and excluding {(5, 5), (3, 3)}. An

average area near three is expected.

Unless a mistake is made, the Adaptive method will test right at points (5, 4), (5, 5)

first, then above at points (3, 5), (4, 5), limiting stepwise testing to j < 5. Next, testing

below at (4, 3), (5, 3) will set j > 3 if no mistake is made. Last, testing left at (3, 4)

will include this point, but no others in the rectangular set. Assuming no mistakes, the

rectangular set would be the same as that of the Original method, {(4, 4), (5, 4), (3, 4)}.

The Adaptive method returns a significantly larger average ratio than the Original

method. For either Original or Adaptive method, if a mistake is made in Region 4, the

resulting rectangular set would contain six points, {(3, 4), (4, 4), (5, 4), (3, 3), (4, 3), (5, 3)}.

Such a mistake seems more likely from the Adaptive algorithm. Committing fewer than

5% errors, the Adaptive method succeeds in controlling errors, yet produces significantly

more errors than the Original method. Just as with the rectangle shape, of the 1000

simulations, none produced an empty rectangular set for any method.
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Figure 3.2: The dome shape. The vertical axis represents values of µij.

3.2.3 The Dome Shape

The dome is shown in Figure 3.2. In the dome, for each grid point (i, j), µij = 1 −

[(i−4)2+(j−4)2]
12

. In this example, 37 of 49 points are assigned µ > 0, four points assign

µ = −1
2

and eight points assign µ = − 1
12

. Like the ridge, the dome shape also exhibits

qualities which prove challenging for the Original and Adaptive methods. The Bonferroni

method finds more grid points as seen in Table 3.3, but none of the algorithms find

even half of the points. The Adaptive method does nearly as well as Bonferroni at
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Table 3.3: 1000 simulations of the dome shape. Standard errors are listed in parentheses.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

Original 10.846 (0.003) 0.293 (0.000) 0 (0)

Adaptive 13.940 (0.003) 0.377 (0.000) 0 (0)

Bonferroni 14.600 (0.002) 0.395 (0.000) 0 (0)

finding points, but the Original method finds only 29.3% of the points. Despite the small

numbers, from each method, none of the simulations result in empty rectangular sets.

Two sample t-tests are used to compare the average area and average ratio between

pairs of algorithms. Using an F test, the equality of variances was tested. The results of

this test showed that t-tests should be constructed with the assumption that measures

from algorithms had unequal variances. All comparisons were significant. For the Bon-

ferroni method, the average ratio is significantly larger than that of the Adaptive and

Original methods. Also, the average ratio is significantly larger for the Adaptive method

than for the Original method.

No errors are committed by any method. For the novel methods, this is not surprising

because the 12 grid points at which µ ≤ 0 lie farthest from the initial point. Given the

poor algorithm performances, it is hard to imagine either novel algorithm reaching one

of the edges and mistakenly admitting a point to the rectangular set.

By design, the initial point is at the dome center where µ = 1. The dome values
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decrease from the center to the edges. The t−statistic at µ = 1, 3
4
, 1

2
and 1

4
has noncen-

trality parameters λ = 5.477, 4.108, 2.739 and 1.369. As the novel algorithms step away

from the initial point it becomes increasingly difficult to include points in the rectangular

set.

For all methods, 0% of the simulations mistakenly include a point where µ ≤ 0 in

the rectangular set. The Bonferroni simulation results are consistent with the proof; less

than 1.2% of the simulations will result in errors.

P(no mistakes in the 12 points) =

12
∏

p=1

P(no mistake at point p)

>

12
∏

p=1

(1 −
α

49
)

= (1 −
α

49
)12

= 0.988

Probability of committing an error = 1 − P(no mistakes)

< 1 − 0.988

= 0.012

Thus, the probability of mistakenly including a point where µ ≤ 0 in the rectangular set

is less than 0.012.

The exact probability can be computed using the noncentral t distribution because

µ < 0 at these 12 points. For points {(1, 1), (1, 7), (7, 1), (7, 7)}, µ = −1
2

and for points
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{(1, 2), (1, 6), (2, 1), (2, 7), (6, 1), (6, 7), (7, 2), (7, 6)}, µ = − 1
12

.

Probability of committing an error

= P(mistakenly including any of the points|µ = −
1

2
or µ = −

1

12
)

=

12
∏

p=1

P(mistakenly including point p|µ = −
1

2
or µ = −

1

12
)

=
4

∏

p=1

P(mistakenly including point p|µ = −
1

2
) ×

8
∏

p=1

P(mistakenly including point p|µ = −
1

12
)

= 0.2864 × 0.0048

= 0.000

The Bonferroni method produces no errors which is consistent with the proof.

3.2.4 The Largest Rectangular Set Using the Bonferroni Method

For the rectangle shape, the Bonferroni methods finds fewer points than the Original and

Adaptive methods. In simulations of the ridge and dome shapes, the Bonferroni method

finds more points than the Original and Adaptive methods. However, the Bonferroni

method is not reporting rectangular sets.

Rectangular sets could be constructed from the Bonferroni results by looking at the

grid of points, and noting which points the Bonferroni method is reporting, those which

reject the null hypothesis. Using only those particular points, the largest rectangular

set can be constructed containing only points in which the null hypothesis was rejected.
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Table 3.4: The largest rectangular set under the Bonferroni method in 100 simulations

of each shape using the parameters in Sections 3.2.1, 3.2.2 and 3.2.3. Standard errors are

listed in parentheses.

Shape Average Area

(se)

Rectangle shape 21.500 (0.470)

Ridge shape 3.980 (0.014)

Dome shape 8.420 (0.234)

Hence, the resulting rectangular set will contain only points in which the null hypothesis

was rejected. Points outside the rectangular set are excluded from the rectangular set

because they may not be added while maintaining the rectangular requirement. Using

this strategy, largest rectangular set, the Bonferroni algorithm will report a smaller aver-

age area than it reported when no particular resulting shape was required. In addition,

comparing novel methods to the Bonferroni method, here, is a comparison of methods

that all produce rectangular sets.

Using the shapes from Sections 3.2.1, 3.2.2 and 3.2.3, in 100 simulations, the largest

rectangular set under the Bonferroni method was constructed manually. For each of the

100 simulations, the 7 × 7 grid was printed with one symbol for points in which the null

hypothesis was rejected and another symbol for points whose null hypothesis failed to

be rejected. Using the printed grids of symbols, the largest rectangular set of points was

determined for each simulation. The results are displayed in Table 3.4.

The Rectangle shape is discussed in Section 3.2.1. In Table 3.1, in 1000 simulations,
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Bonferroni finds 24.374 points on average, with a standard error of 0.001. Here, the

average area is slightly smaller, 21.500 and the standard error is much larger, 0.470.

However, the larger standard error is directly affect by 100, not 1000, simulations being

run.

The Ridge shape is discussed in Section 3.2.2. In Table 3.2, in 1000 simulations,

Bonferroni finds 15.838 points on average, with a standard error of 0.002. Here, the

average area is much smaller, 3.980 and the standard error is larger, 0.014. Again, the

larger standard error is directly affected by 100, not 1000, simulations being run. In

Table 3.2, Bonferroni out performed both novel methods. While 3.980 is still larger than

the results from the Original and Adaptive algorithms, it is more consistent with the

results from Table 3.6, of Section 3.3.2, where another initial point is studied. Referring

to Figure 3.1, the average area near four is not surprising.

The Dome shape is discussed in Section 3.2.3. In Table 3.3, in 1000 simulations,

Bonferroni finds 14.600 points on average, with a standard error of 0.002. Here, the

average area is 8.420 and the standard error is 0.234. The standard error is larger

because 100, not 1000, simulations are reported. In Table 3.3, Bonferroni finds more

points than the Original and Adaptive methods on average, yet in terms of rectangular

sets, this example illustrates that Bonferroni finds smaller rectangular sets than both

novel methods. The discussion of noncentrality parameters, with respect to the Dome,

in Section 3.2.3, enforces the credibility of these results.
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3.3 A Poor Choice of Initial Point

Having introduced some shapes and demonstrated some of the advantages and disad-

vantages of methods to find rectangular sets, consider the choice of initial point. In the

previous examples, by design, the initial point was in the middle of all points where

µ > 0. If the initial point is off center or lying near points where µ ≤ 0, in what ways

will the algorithms be successful?

3.3.1 The Rectangle Shape

The following example uses the same rectangle shape as previously described. The grid

is 7 × 7 with µij = 1 for 2 ≤ i ≤ 6 and 2 ≤ j ≤ 6 and µij = 0 otherwise. There are 30

observations at each grid point, the data are independent, σ = 1 and 1000 simulations

were run. Unlike the example in Section 3.2.1, the initial point for these simulations is

(5, 5). By using the same random number generating seed, the same data is analyzed.

The results are presented in Table 3.5 and can be compared to Table 3.1.

The initial point is the only change between this simulation and the previous example

for the rectangle shape. Since the Bonferroni method does not utilize an initial point,

a change of initial point has no effect on the performance of Bonferroni simulations.

Because the same random number generating seed is used, a test may be run for Original

and Adaptive methods separately comparing results under initial point (4, 4) to results

under initial point (5, 5). To do a formal test, a paired t-test can be constructed by taking

the difference between the results based on the two initial points at each simulation. The
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Original method experiences a severe drop in the ratio. Using (4, 4) as the initial point,

the Original method found 99.2% of 25 points over the 1000 simulations. Using (5, 5) as

the initial point, only 48.1% of 25 points were found on average. The Adaptive algorithm

out performs the Original method in finding a greater average ratio, 99.1% to 48.1%. The

Adaptive method experiences almost no drop from 24.815, the results with initial point

(4, 4), to 24.773. Neither Original nor Adaptive method commit any errors or produce

any empty rectangular sets.

Assuming unequal variances in the two sample t-tests, the algorithms are compared.

The average area and average ratio reported by the Adaptive method are significantly

higher than results from Bonferroni and Original methods. Similarly, the Bonferroni

algorithm yields significantly higher average area and average ratio than the Original

algorithm.

The Adaptive method is finding a rectangular set, while the Bonferroni is not. This

is more evidence to support the use of the Adaptive method over the Bonferroni method.

Figure 3.3 illustrates the difference between the Original and Adaptive methods. For

the Original algorithm, step 1 in each region includes points in the rectangular set. Step

2, below, will likely fail to be included because µ73 = 0. In step 2, left, points will likely

be included but because of the stopping point below, only points with j > 3 will be in

the rectangular set. Step 3, left, will likely not add points to the set because µ27 = 0.

Thus, the Original algorithm, without committing any errors, will find the rectangular

set {3 ≤ i ≤ 6, 4 ≤ j ≤ 6}.
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Table 3.5: 1000 simulations of the rectangle shape with the initial point (5, 5). Standard

errors are listed in parentheses. Results from the initial point (4, 4) are given in Table 3.1.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

Original 12.036 (0.001) 0.481 (0.000) 0 (0)

Adaptive 24.773 (0.001) 0.991 (0.000) 0 (0)

Bonferroni 24.374 (0.001) 0.975 (0.000) 0.025 (0.005)
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Figure 3.3: The rectangle shape with initial point (5, 5). µ = 1 for points marked by

×. µ = 0 for points marked by squares. The initial point is marked with a diamond.

Regions are separated by solid lines. Rectangular sets are outlined with dotted lines.
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The Adaptive algorithm adds all points from all regions in step 1 to the rectangular

set. In step 2, stopping points are set to the right, i < 7, and above, j < 7, before

testing in Regions 3 and 4. Steps 2 and 3 benefit from the stopping point restrictions.

In step 2, below, only (4, 3), (5, 3) and (6, 3) will be tested and all points will be included

in the rectangular set. In step 2, left, (i, j) points with i = 3 and 3 ≤ j ≤ 6 will be

tested and included in the rectangular set. In step 3, all points left and below will be

included in the rectangular set because restrictions limit testing points to j < 7 and

i < 7. Without committing any errors, the Adaptive algorithm will find the rectangular

set {2 ≤ i ≤ 6, 2 ≤ j ≤ 6}. This is the same set that was found when (4, 4) was used as

the initial point.

This example very clearly demonstrates the role of the initial point in both novel

algorithms. Using the initial point (5, 5), the Original method halves its results from

initial point (4, 4). The change in initial point has almost no effect on the Adaptive

algorithm. In this example, the choice of initial point had a very large effect on the

Original method, but less effect on the Adaptive method.

3.3.2 The Ridge Shape

In the previous example, an initial point in the middle of the grid proved to be a better

starting point than an initial point off center for the Original algorithm. However, for

some shapes, a starting point in the middle of the grid may not yield the most successful

results. Choosing a different initial point, in this example, using the ridge shape, improves
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Table 3.6: 1000 simulations of the ridge shape with the initial point (4, 3). Standard errors

are listed in parentheses. Results from the initial point (4, 4) are given in Table 3.2.

Rate of Rate of Empty

Average Area Average Ratio Errors Committed rectangular sets

Algorithm (se) (se) (se) (se)

Original 3.849 (0.001) 0.203 (0.000) 0.024 (0.005) 0.008 (0.003)

Adaptive 3.987 (0.001) 0.210 (0.000) 0.043 (0.007) 0.014 (0.004)

Bonferroni 15.838 (0.002) 0.834 (0.000) 0.027 (0.005) 0 (0)

the results of the novel methods.

The grid is 7 × 7 with µij = 1 when i = j, µij = 3
4

when i + 1 = j and i − 1 = j and

µ = 0 elsewhere. There are 30 observations at each grid point, the data are independent,

σ = 1 and 1000 simulations were run. Unlike the example in Section 3.2.2, the initial

point for these simulations is (4, 3). By using the same random number generating seed,

the same data is analyzed. The results are presented in Table 3.6 and can be compared

to Table 3.2.

The Bonferroni method is not affected by changing of the initial point. For the

Adaptive algorithm, 14 of the 1000 simulations fail to include the initial point in the

rectangular set and hence produce no rectangular set. For the Original algorithm, the

numbers are smaller, eight of 1000 simulations fail to construct a rectangular set. In this

example, the value of µ at the initial point is 3
4
. As discussed earlier, the noncentrality

parameter at µ = 3
4

is 4.108 so there is greater chance of falsely not including this initial

point in the rectangular set than where µ = 1 and the noncentrality parameter is 5.477.
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Figure 3.4: The ridge shape with initial point (4, 3). µ > 0 for points marked by ×. µ = 0

for points marked by squares. The initial point is marked with a diamond. Regions are

separated by dotted lines. The rectangular set is outlined with dotted lines.

Both Adaptive and Original methods experience improvements over the results in

Table 3.2. The Bonferroni method returns more points than either novel method. Using

(4, 4) as the initial point, the Original method found 15.7% of 19 points over the 1000

simulations. Using (4, 3) as the initial point, 20.3% of the points were found on average.

With (4, 3) as the initial point, the Adaptive algorithm out performs the Original method

in finding a greater average ratio, finding 21.0% of 19 points.

Assuming unequal variances in the two sample t-tests, the algorithms are compared.

All comparisons are significant except between Bonferroni and Original methods for the

rate of errors committed.

Figure 3.4 shows the ridge separated by region using the initial point (4, 3). The

Adaptive algorithm will test right first and stop, restricting additional tests to i < 5.

Points below will be tested next. This point, (4, 2) will not be added to the rectangular
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set and a stopping restriction, j > 2, will be added. Points above (3, 4) and (4, 4) and

then points left, (3, 3), will be tested and added to the rectangular set. In conclusion,

the Adaptive algorithm finds the four points {(3, 3), (3, 4), (4, 3), (4, 4)}.

The Original algorithm finds the same four points. In this example the simulations

show that the Adaptive algorithm reports significantly higher average ratio than the Orig-

inal method, but stepping through Figure 3.4 demonstrates no difference. In fact, coin-

cidentally, the Adaptive algorithm does not benefit from imposing stopping points while

building the rectangular set. The Original algorithm will test right, above, left and below.

Points above and left will be included in the rectangular set, but because of stopping point

restrictions imposed at the end, the actual rectangular set is {(3, 3), (3, 4), (4, 3), (4, 4)}.

In this example, the choice of initial point on the edge of a ridge improves the results

of both the Original and Adaptive methods.

3.4 Grid Size and µ in the Bonferroni Method

In this section, the Bonferroni method is scrutinized. With larger grid sizes, the Bon-

ferroni test is performed at smaller significance levels, making it more difficult to reject

points.

The significance level for the Bonferroni method in testing on the 20× 20 grid is α
400

.

For the 10×10 grid, the level is α
100

while the testing level for the 7×7 grid is α
49

or 0.001.

In each of the six examples in Table 3.7, the rectangle shape is simulated. For the I × J

grid, the middle I − 2 × J − 2 rectangle of points assign µ values greater than zero. For
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Table 3.7: 1000 simulations are run to study the effect of µ and grid size on the Bonferroni

method. Standard errors are listed in parentheses.

Rate of

Grid Size µ Average Ratio Errors Committed

(se) (se)

7 × 7 µ = 1 0.974 (0.000) 0.020 (0.004)

10 × 10 µ = 1 0.951 (0.000) 0.023 (0.005)

20 × 20 µ = 1 0.881 (0.000) 0.011 (0.003)

7 × 7 µ = 0.75 0.753 (0.000) 0.021 (0.005)

10 × 10 µ = 0.75 0.666 (0.000) 0.022 (0.005)

20 × 20 µ = 0.75 0.492 (0.000) 0.013 (0.004)

all other points, µ is assigned the value of zero. Because the rectangle size where µ = 1

varies, only the average ratio is reported.

It is important to make the distinction that the ratio is a number of points in the set

divided by the number of points where µ > 0. The ratio does not make any adjustments

if mistakes are made. If a point where µ = 0 is mistakenly included in the set, that point

is still counted in the number in the numerator, even though it is not counted in the

denominator.

In simulations where µ = 1, as the grid size increases, the average ratio decreases.

This is entirely expected as the testing level lowers. However, the results for the 20× 20

grid are still quite good, finding 88.1% of 324 points on average. For the smaller value of

µ, 3
4
, the Bonferroni is less successful. The average ratio for the 20× 20 grid is less than

half. On the 7 × 7 grid, on average 75.3% of the points are found.
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Errors are committed under each grid size. This is entirely in step with the theoretical

proofs. The proof for the 7 × 7 grid is displayed.

P(no mistakes in the 24 points) =

24
∏

p=1

P(no mistake at point p)

=

24
∏

p=1

(1 −
α

49
)

= (1 −
α

49
)24

= 0.976

So,

Probability of committing an error = 1 − P(no mistakes)

= 1 − 0.976

= 0.024.

The proof for the 10 × 10 grid is displayed.

P(no mistakes in the 36 points) =
36
∏

p=1

P(no mistake at point p)

=
36
∏

p=1

(1 −
α

100
)

= (1 −
α

100
)36

= 0.982

And then,

Probability of committing an error = 1 − P(no mistakes)
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= 1 − 0.982

= 0.018.

The proof for the 20 × 20 grid is displayed.

P(no mistakes in the 76 points) =
76
∏

p=1

P(no mistake at point p)

=
76
∏

p=1

(1 −
α

400
)

= (1 −
α

400
)76

= 0.991

Thus,

Probability of committing an error = 1 − P(no mistakes)

= 1 − 0.991

= 0.009.

For the Bonferroni method, the size of µ and the grid size affect the average ratio measure.

3.5 Is the Error Rate of the Adaptive Method Too

Conservative?

Thus far, the simulation results have depicted conservative novel methods, with error

rates below α, often close to zero. In this section, a new shape is introduced to demon-

strate lack of conservativeness for the Original and Adaptive methods. The shape and
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parameter configurations described in this section demonstrate that these methods can

return an error rate not significantly different from α.

Recall the notation for the initial point, (iap, jap). Consider the rectangle shape de-

scribed in Section 3.2, µij > 0 for some i1 ≤ i ≤ i2 and j1 ≤ j ≤ j2. For all other (i, j)

pairs, µij = 0. Instead, suppose the shape were defined as follows: µij = 0 if i < i1

or i > i2 or j < j1 or j > j2 or (i, j) ∈ {(i1, jap), (i2, jap), (iap, j1), (iap, j2)}; µij > 0

elsewhere. The shape is shown in Figure 3.5 on a 7 × 7 grid using (4, 4) as the initial

point.

Four points, (i1, jap), (i2, jap), (iap, j1), (iap, j2), one in each direction around the initial

point, hinder the novel algorithms from finding a rectangular set of {(i, j) : i1 ≤ i ≤

i2 and j1 ≤ j ≤ j2}. Instead, the algorithms will likely find a rectangular set of {(i, j) :

i1 + 1 ≤ i ≤ i2 − 1 and j1 + 1 ≤ j ≤ j2 − 1}.

The simulations presented in this section assign i1 = 2, i2 = 6, j1 = 2 and j2 = 6 on

a 7 × 7 grid. In this example, n = 30 observations at each grid point with σ = 1 and

α = 0.05. Using an initial point of (4, 4), the results of 1000 simulations are displayed in

Table 3.8.

For this example, µ = 1 at 21 points. The Bonferroni method finds an average of

20.423 points with a standard error of 0.001. The Bonferroni method commits an error

in 1.8% of the simulations.

The Original and Adaptive algorithms find an average of nine points, likely {(i, j) :

3 ≤ i ≤ 5, 3 ≤ j ≤ 5}. This is not surprising given the symmetric shape design. For either
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Figure 3.5: This shape is constructed to demonstrate that the Adaptive method commits

an error at the rate of α. µ = 1 for points marked by ×. µ = 0 for points marked by

squares.
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Table 3.8: 1000 simulations show an error rate near 5% for Original and Adaptive meth-

ods. Standard errors are listed in parentheses.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

Original 9.154 (0.001) 0.436 (0.000) 0.056 (0.007)

Adaptive 9.086 (0.001) 0.433 (0.000) 0.047 (0.007)

Bonferroni 20.423 (0.001) 0.973 (0.000) 0.018 (0.004)

algorithm, if no mistake is made, from the initial point, step 1 in Region 1 would test

(5, 4) and (5, 5). Step 2 would test (6, 3), (6, 4), (6, 5) and (6, 6). The probability that the

test at (6, 4) will commit an error is α
4
. So, the edge, where i = 6, will be included in the

rectangular set at a rate of α
4
. From Regions 2, 3 and 4, the points (4, 6), (2, 4) and (4, 2)

are assigned µ = 0. For each of the regions, because all three other points on the edge

have means greater than zero, these tests at step 2 are likely to commit an error at a

rate of α
4
. Hence, the probability that any one of these edges is mistakenly included in

the rectangular set is at most α
4
.

A t-test is used to compare the error results in Table 3.8 to 5%. The Adaptive

algorithm rate of error is 0.047 with a standard error of 0.007. The p-value of comparing

this estimate to 5% is 0.2416, indicating that the error rate of the Adaptive algorithm is

not significantly different from α. The same test, for the Original algorithm shows that

the the Original algorithm commits errors at a rate which is not significantly different

from α. The estimate 0.056 with a standard error of 0.007 is not significantly different
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from 5%.

While it is not the point of this section to discuss empty rectangular sets, it is impor-

tant to report the interesting results of the simulations. Unlike any of the other examples,

an empty rectangular set was produced by one simulation from the Adaptive method.

The empty set, having zero area, is reported only when the initial point fails to reject the

null hypothesis. This is unusual because the noncentrality parameter has a high value

at the initial point. Noncentrality parameters were discussed in Section 3.2. The result

of an empty set demonstrates that there is a positive probability of obtaining an empty

rectangular set.

The results presented in this section show a set of conditions under which the Adaptive

algorithm performs at a rate that is not too conservative.

3.6 Correlated Data

In this last example the three methods are analyzed using simulated correlated data. The

idea of correlated data is first introduced in Section 2.1 when this model is compared

to a two way anova model. The ideas from that section are as follows. The model is

yijk = µij + ǫijk. The errors are identically distributed normal random variables at each

(i, j) level; ǫijk ∼ N(0, σ2
ij). Errors are independent at each (i, j) level, but need not be

independent between (i, j) levels.

In other examples, i has represented a time variable and j represented dose. Consider

n independent observations at any (i, j) grid point. While ǫijk ∼ N(0, σ2
ij), suppose
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the correlation between i values for a given k over different j values is not zero. The

data in this simulation example follow an AR(1) model. The correlation between nearer

observations is stronger and weakens as observations grow farther apart in time. This

correlation structure was chosen based on the idea that observations on an individual

may be related over time. And, nearer times may be more strongly related.

The correlation is represented by the parameter ρ which can take any value between

−1 and 1. A value of one is evidence of highly correlated data. For inversely correlated

data, ρ < 0. When no correlation exists, ρ = 0. The weaker the correlation the closer ρ

is to zero.

In the AR(1) model, the correlation between yijk and y(i+1)jk is ρ. With each addi-

tional time point, away from i, the correlation is multiplied by ρ. Thus, the correlation

between yijk and y(i+2)jk is ρ2. The AR(1) model is yijk = µij + ρ ∗ (y(i−1)jk − µ(i−1)j) +

√

1 − ρ2 ∗ ǫijk for i > 1. For i = 1, a random value is simulated from a N(0, σ2
ij)

distribution. Table 3.9 lists the the correlation between observations. The simulations

in Section 3.2 are repeated in this section using autocorrelated data with correlation

ρ = 0.5 and ρ = 0.9.

The results of the rectangle shape are presented in Table 3.10. The results in Ta-

ble 3.10 can be compared against Table 3.1 in Section 3.2.1. Using correlated data, each

algorithm reports nearly the same average area and ratio as with uncorrelated data. The

Bonferroni method reports similar rate of errors for AR(1) data as with independent data.

With ρ = 0.5, the Adaptive algorithm commits one error in 1000 simulations. There are
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Table 3.9: Correlation between pairs of observations in an AR(1) model.

Observation 1 Observation 2 Correlation

yijk y(i+1)jk ρ

yijk y(i+2)jk ρ2

yijk y(i+3)jk ρ3

yijk y(i+4)jk ρ4

yijk y(i+5)jk ρ5

yijk y(i+6)jk ρ6

yijk y(i+7)jk ρ7

y(i+1)jk y(i+2)jk ρ

y(i+1)jk y(i+3)jk ρ2

y(i+1)jk y(i+4)jk ρ3

y(i+1)jk y(i+5)jk ρ4

y(i+1)jk y(i+6)jk ρ5

y(i+1)jk y(i+7)jk ρ6
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Table 3.10: 1000 simulations of the rectangle shape with AR(1) correlated data. Standard

errors are listed in parentheses.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

ρ = 0.5

Original 24.805 (0.001) 0.992 (0.000) 0 (0)

Adaptive 24.799 (0.001) 0.992 (0.000) 0.001 (0.001)

Bonferroni 24.327 (0.001) 0.973 (0.000) 0.021 (0.005)

ρ = 0.9

Original 24.857 (0.001) 0.994 (0.000) 0.002 (0.001)

Adaptive 24.830 (0.001) 0.993 (0.000) 0.002 (0.001)

Bonferroni 24.326 (0.001) 0.973 (0.000) 0.017 (0.004)

no errors from the Original algorithm. Both Adaptive and Original methods commit two

errors in 1000 when ρ = 0.9. In addition, the Original method fails to include the initial

point in one of 1000 simulations when ρ = 0.9.

The results of the ridge shape are presented in Table 3.11. The average area and

ratio in Table 3.11 are very similar to the results in Table 3.2 in Section 3.2.2. Both

novel methods commit more errors when simulated data is correlated. The error rate

from the Adaptive method is tested against α, or 5%. With ρ = 0.5, the error rate of

5.2% is not significantly different from 5%. Also, the error rate of 5.7%, when ρ = 0.9,

is not significantly different from 5%. This provides additional evidence to the claim in

Section 3.5, the Adaptive method is not too conservative.

The results of the dome shape are presented in Table 3.12. Of the three shapes
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Table 3.11: 1000 simulations of the ridge shape with AR(1) correlated data. Standard

errors are listed in parentheses.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

ρ = 0.5

Original 2.981 (0.001) 0.157 (0.000) 0.030 (0.005)

Adaptive 3.170 (0.001) 0.167 (0.000) 0.052 (0.007)

Bonferroni 15.898 (0.002) 0.837 (0.000) 0.029 (0.005)

ρ = 0.9

Original 2.993 (0.001) 0.158 (0.000) 0.032 (0.006)

Adaptive 3.196 (0.001) 0.168 (0.000) 0.057 (0.008)

Bonferroni 15.948 (0.002) 0.839 (0.000) 0.020 (0.004)

Table 3.12: 1000 simulations of the dome shape with AR(1) correlated data. Standard

errors are listed in parentheses.

Rate of

Average Area Average Ratio Errors Committed

Algorithm (se) (se) (se)

ρ = 0.5

Original 11.343 (0.003) 0.307 (0.000) 0 (0)

Adaptive 14.070 (0.003) 0.380 (0.000) 0 (0)

Bonferroni 14.544 (0.002) 0.393 (0.000) 0.001 (0.001)

ρ = 0.9

Original 11.970 (0.004) 0.324 (0.000) 0 (0)

Adaptive 15.205 (0.003) 0.411 (0.000) 0.001 (0.001)

Bonferroni 14.632 (0.003) 0.395 (0.000) 0.003 (0.002)
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presented in this section, the AR(1) data seems to have the greatest effect on the dome

shape. Novel algorithms experience slight increases to average area over the results in

Table 3.3 in Section 3.2.3. When ρ = 0.5, one in 1000 simulations commits an error

using the Bonferroni method. Neither novel method commits an error. When ρ = 0.9,

the Bonferroni method commits three errors and the Adaptive method commits one error

in 1000 simulations.

For the each shape, rectangle, ridge, or dome, the algorithms report similar results for

correlated and independent data. Under the dome, the algorithms report average areas

and ratios which are mildly larger for AR(1) data than for independent data. The error

rate under each method for each shape was not significantly larger than α.
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Chapter 4

Summary

4.1 Conclusions

This work began with the goal of identifying values of two quantitative independent

variables under which a mean response exceeds a specified threshold. A novel method

is presented to construct a set which has confidence of 100 ∗ (1 − α)% that the mean

response exceeds the threshold, δ, for all elements of the set. This method, Original,

reports a rectangular set of (i, j) pairs, a ≤ i ≤ b and c ≤ j ≤ d, where i corresponds

to the first independent variable and j corresponds to the second independent variable.

An example is introduced where the independent variables are post dose time and dose.

A pharmaceutical researcher may be interested in the average blood concentration. A

question of interest may be: at which time points for which doses does the average blood

concentration exceed a certain threshold?
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In a study where subjects are observed at multiple time points for a given dose, the

data may be correlated. The construction of the Original algorithm is such that analysis

of correlated data maintains an error rate of α.

The Original method begins by constructing the rectangular set at an initial point,

(iap, jap). The initial point should be a point where the researcher expects the mean to

exceed the threshold. Hence, (iap, jap) will be in the rectangular set. No rectangular set

is reported if the mean at the initial point fails to exceed δ.

The Original method then continues to build a rectangular set around the initial

point. The data are grouped into four regions around the initial point. All points (i, j)

in Region 1 have i > iap and in Region 2, j > jap. The remaining points are in Region

3, i < iap and in Region 4, j < jap. Testing and set construction occur in steps within

each region. A poor choice of initial point could hinder the progress of taking steps

within a region. The effect of the choice of initial point is explored in Section 3.3 through

simulations. The initial point may have a large effect on the results of the algorithms.

The Original method maintains a probability 100 ∗ (1 − α) that the rectangular set

contains no (i, j) values for which the mean response is lower than or equal to the thresh-

old. Supporting evidence is given by simulations testing the method under a broad range

of conditions.

The Original method is successful in controlling the error rate and may find a large

set of points (i, j) where µij > δ. In some simulations, the algorithm yields inferior

results. Many conditions affect the algorithm performance and are explored in Chapter 3.
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For example, since the Original method finds only rectangular sets, it cannot possibly

return the full set of points where the mean response exceeds the desired threshold if

the underlying population mean response on the grid of points is not in the shape of a

rectangle. Other simulations show the algorithm finds fewer than 50% of all points where

µij > δ.

The Adaptive algorithm is proposed to overcome some of the weaknesses of the Orig-

inal method. Simulations demonstrate that the Adaptive method has error rate α. In

addition, in finding rectangular sets, the Adaptive method performs as well, if not better

than, the Original method.

The Adaptive method is described in Section 2.5. In the Original algorithm, the

testing steps within each region are based solely on information within the region. The

Adaptive algorithm modifies the testing procedure of the Original method. Information

is shared between regions in the Adaptive algorithm such that points may be eliminated

from testing. With the Adaptive method, there is a greater chance of recovery from

a poor initial choice. That is, a poor initial point has less effect on the algorithm’s

construction of the rectangular set.

However, like the Original algorithm, the Adaptive method cannot overcome under-

lying shapes which are not rectangular.

4.2 Future Work

There are several areas which can be expanded in future work.
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Simulation results indicate that the Adaptive methods maintains an error rate no

greater than α. A theoretical proof supporting these results is needed.

Both Original and Adaptive methods construct a rectangular set. In future work, the

idea of constructing a shape other than a rectangle can be explored. The resulting set

should describe the pairs of values where the mean exceeds the threshold and provide

value to the researcher.

In the simulation studies, at each grid point n = 30 and σ = 1. A discussion of the

noncentrality parameter for the test statistic at each point is provided in Section 3.2.

The algorithms performances can be examined under smaller sample sizes and greater

variability. In addition, heteroscedastic data was not explored in this research and can

be examined in future work.

Additional analysis and simulation studies can be performed with correlated data.

The examples in Section 3.6 begin the study of correlated data for these algorithms.
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