
ABSTRACT 

WEIQING, JIN. Fuzzy Classification Based On Fuzzy Association Rule Mining (Under the 

direction of Dr. Robert E. Young). 

 

In fuzzy classification of high-dimensional datasets, the number of fuzzy rules increases 

exponentially with the increase of attributes. Fuzzy association rule mining with appropriate 

threshold values can help to design a fuzzy classifier by significantly decreasing the number 

of interesting rules. In this dissertation, we investigate the way to integrate fuzzy association 

rule mining and fuzzy classification. First, the framework of fuzzy association rule mining is 

presented which incorporates fuzzy set modeling in an association rule mining technique. It 

avoids the sharp boundary problem caused by arbitrary determination of intervals on the 

domain of quantitative attributes, meanwhile presenting natural and clear knowledge in the 

form of linguistic rules. We study the impact of different fuzzy aggregation operators on the 

rule mining result. The selection of the operator should depend on the application context. 

Based on the framework of fuzzy association rule mining, we propose a heuristic method to 

construct the fuzzy classifier based on the set of fuzzy class association rules. We call this 

method the FCBA approach, where FCBA stands for fuzzy classification based on 

association. The objective is to build a classifier with strong classification ability. 

 

In the FCBA approach, we use the composite criteria of fuzzy support and fuzzy confidence 

as the rule weight to indicate the significance of the rule. Through our study, we find it is 

important to find a good combination of these two rule interestingness threshold values. The 

classification of each record is achieved by applying the classic fuzzy reasoning method, in 

which each record is classified as the consequent of the rule with the maximum product of 

the compatibility grade and the rule weight. We use the well-known classification problems 

such as the Iris dataset, and high-dimensional classification problem, the Wine dataset to 

compare the proposed FCBA approach with other non-fuzzy and fuzzy classification 

approaches. The empirical study shows that the FCBA approach performs well on these 

datasets on both accuracy and interpretability.   
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Chapter 1 

 

Introduction  

 

1.1 Fuzzy Classification 
 

Many real world decision-making problems can be treated as classification [Weiss 1990].   

For instance, when a financial bank plans to promote a new type of credit card they will 

send out some marketing mail to their current customers. The purpose of the mail is to 

promote the new credit card. However, in order to minimize the marketing campaign cost 

the bank wants to target the portion of customers that will respond to the promotion mail 

and apply for the credit card. This problem can be treated as a classification problem that 

classifies customers into two groups. One group will respond to the promotion mail and 

the other will not. It would be helpful to management if we can construct a classifier 

based on linguistic interpretable rules. One of the approaches to solve this classification 

problem is to formulate a solution using a fuzzy rule-based classifier. A fuzzy classifier 

can extract rules in a linguistic format that is more interpretable compared to other 

nonlinear approaches such as neural networks. In fact, fuzzy rule-based classification 

systems have been widely applied in the pattern classification area [Kuncheva 2000]. 

Another characteristic of a fuzzy classifier is its smooth classification boundary because 

of the overlap between the fuzzy spaces. This helps to solve some classification 

applications where the crisp partitioning boundary cannot be easily drawn. Such 

examples include face and voice recognition, and handwriting verification.  

 

This dissertation studies the following fuzzy classification problem: given a set of 

training records represented in fuzzy membership values and associated “class labels”, 

we need to generate a fuzzy classifier containing a set of fuzzy linguistic rules to predict 

the class labels of unseen (future) records.   

1 



Different approaches for fuzzy rule-based classification systems have been proposed in 

the past. Fuzzy If-Then rules derived from numerical data were obtained by heuristic-

procedures [Ishibuchi 1992], [Abe 1995], [Nozaki 1996], neuro-fuzzy techniques 

[Pedrycz 1992], [Mirta 1997], [Nauck 1997], genetics-algorithm [Ishibuchi 1995], 

[Cordon 1998], [Gonzalez 1999]. Generally speaking, extracting fuzzy classification 

rules from numerical data contains two phases: first, partitioning the attribute’s domain 

based on linguistic term definition, and second, selecting significant classification rules. 

This type of approach was often referred to as the “simple fuzzy grid method”   

[Ishibuchi 1992]. However, the fast growth of information technology has resulted in 

large datasets with many attributes. For high dimensional datasets, the “simple fuzzy grid 

method” suffers from the “curse of dimensionality” problem. This is because the total 

number of fuzzy rules will increase exponentially with the increase of the number of 

attributes. This usually results in a huge set of fuzzy rules to be examined. Thus, it 

becomes very difficult to construct a fuzzy classifier from datasets that contain a lot of 

attributes. Compared to non-fuzzy data classification, the exponential combination effect 

is more severe for datasets with many attributes since multiple fuzzy linguistic values are 

defined on each attribute’s domain.  

 

1.2 Integrate Association Rule Mining and Classification 
 

Association rule mining aims to find certain association relationships among a set of 

attributes in a dataset. It finds all the rules in the dataset that satisfy pre-specified 

minimum support and minimum confidence values.  By incorporating fuzzy set modeling 

in association rule mining we can extract fuzzy association rules from datasets         

[Kuok 1998]. Fuzzy association rules containing linguistic terms can express more 

natural and interpretable knowledge. By extending the concept from association rule 

mining, fuzzy support and fuzzy confidence can be used to measure the rule 

interestingness in fuzzy association rule mining.  

 

Association rule mining and classification are two important topics in the data mining 

area [Chen 1996]. They can be viewed within a unifying framework of rule discovery 
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[Agrawal 1993b]. The rapidly growing and available computing power has facilitated the 

use of these two techniques on large datasets. There have been some studies on applying 

the concept of association rule mining in classification, though most of them were 

targeted to non-fuzzy data [Lent 1997], [Liu 1998], [Li 2001]. The main difference 

between a fuzzy classification rule and a fuzzy association rule is that a fuzzy 

classification rule only contains the class label as the rule consequent. Therefore, fuzzy 

classification rules can be treated as a subset of fuzzy association rules. By applying the 

fuzzy association rule mining technique we can construct a fuzzy classifier from large 

datasets by choosing high quality rules from among all possible rules.  

 In order to select high quality rules, a rule weight is needed to attach to each rule to 

indicate the significance of each rule. Different kinds of rule weights can be derived by 

individual or composite use of rule interestingness measurements such as fuzzy support 

and fuzzy confidence.  Fuzzy support indicates the compatibility grade between all the 

data and the rule, while fuzzy confidence indicates the accuracy of the fuzzy rule. The 

goal of fuzzy classification is to construct a fuzzy classifier with strong classification 

ability. Classification accuracy and interpretability are two major criteria to evaluate 

fuzzy classifiers. Accuracy is the ability to correctly classify unseen data, while 

interpretability is the level of understanding and insight that is provided by the model.   

 

1.3 Research Scope and Objective 
 

This dissertation studies integrating fuzzy association rule mining and fuzzy classification. 

In fuzzy association rule mining, the use of a fuzzy aggregation operator plays an 

important role in the rule mining process. The selection of an appropriate operator 

depends on the application context. We will study the impact of different operators on 

fuzzy association rule mining.  

 

Fuzzy association rule mining allows us to extract rules from datasets with many 

attributes. Based on the results of fuzzy association rule mining, we propose a heuristic 

method to construct a fuzzy classifier from fuzzy association rule mining. In the literature, 

the classification ability of a fuzzy classifier is mainly measured by the classification 
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accuracy and the interpretability. The accuracy of a fuzzy classifier on a dataset is 

defined as the percentage of the correct classified data among the total given data. The 

interpretability of a fuzzy classifier is measured by the total number of rules in the fuzzy 

classifier. Our objective is to design a fuzzy classifier with strong classification ability. 

This includes higher classification accuracy and fewer number of rules. 

 

Rule weight indicates the significance of the fuzzy rules in fuzzy classifier design. Rule 

interestingness measurements such as fuzzy support and fuzzy confidence have been 

incorporated in the design of fuzzy classifiers to help pre-screen candidate fuzzy rules 

[Ishibuchi 2004].  The rule weight should have a good trade-off between generality and 

specificity. A rule is general if it covers many records; a rule is specific if it covers few 

records with high accuracy. We propose the composite criteria of using both fuzzy 

support and fuzzy confidence as the rule weight in fuzzy classifier design.  

In the process of fuzzy classifier design, redundant rules need to be removed from the set 

of fuzzy association rules. In addition, the tie situation when multiple rules can classify 

one record needs to be solved also. We will study these issues and propose effective 

methods to deal with them. 

 

In order to evaluate the proposed fuzzy classifier, we will compare our approach with 

various non-fuzzy and fuzzy classification methods on some well-known classification 

problems. Different evaluation techniques such as 10-fold cross validation and      

leaving-one-out will be used to estimate our fuzzy classifier’s performance.  

 

1.4 Dissertation Organization 
This dissertation contains nine chapters. Chapter 1 introduces the problems of fuzzy 

classification from association rule mining. It also gives the research objective and the 

dissertation organization. Chapter 2 introduces the problems of classification, the 

traditional classification methods and the performance evaluation techniques. Chapter 3 

introduces the association rule mining problem and the Apriori algorithm. The limitation 

of mining association rules from quantitative data is also presented. Chapter 4 introduces 

fuzzy aggregation operators and fuzzy rules that will be used in the framework of fuzzy 
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association rule mining and fuzzy classification. Then in chapter 5, the fuzzy association 

rule mining framework is presented, including the semantics, syntax, interestingness 

measurement and mining algorithm. The results and discussions of an empirical study are 

also provided. Chapter 6 introduces a general fuzzy classification model and discusses 

the importance of the rule weight and fuzzy reasoning method in designing a fuzzy 

classifier. Chapter 7 proposes the framework of designing a fuzzy classifier from fuzzy 

class association rules – a subset of fuzzy association rules. The problem of designing a 

fuzzy classifier from fuzzy class association rule mining is formulated. The fuzzy class 

association rule mining algorithm is presented. The heuristic approach – fuzzy 

classification based on association (FCBA) is also proposed. Chapter 8 presents the 

empirical study to compare FCBA approach with other fuzzy or non-fuzzy classification 

approaches from the literature. Chapter 9 draws conclusions and proposes future research 

directions.  
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Chapter 2 

 
Classification 
 

This chapter provides a brief introduction to classification. The definition of the 

classification problem is given in Section 2.1. The data preparation procedure is 

explained in Section 2.2. Traditional classification methods are introduced in Section 2.3, 

which include statistical classification methods (Section 2.3.1) and the decision tree 

method (Section 2.3.2).  Estimation techniques of classification accuracy are introduced 

in Section 2.4.  

 

2.1  Definition of Classification 
 

Many real world decision-making problems fall into the general category of classification 

[Weiss 1990], [Michalski 1998]. The classification approach based on rules provides a 

modularized, clearly explained format for a decision, which is compatible with a human 

being’s reasoning procedure. 

 

In the machine learning literature, classification usually means establishing rules by 

which we can classify new data into the existing classes that are known in advance 

[Michie 1994]. Each data is assumed to belong to a predetermined class, and this class is 

called a class label.  Classification is also known as supervised learning, in the sense that 

the classification rules are established from given data whose class labels have been 

known. This contrasts with unsupervised learning, such as clustering, in which the class 

label of each given data, and the number of classes to be learned may not be known in 

advance. 

 

We present the definition of a non-fuzzy data classifier as follows. Notice the data used in 

the non-fuzzy classifier are all crisp values.  
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Definition 2.1   Non-fuzzy Classifier 

Let us assume we have n  records (patterns) and attributes (features). Assume 

, ( ) as the set of class labels.  

m

}{ iCC � qi ,,1��

Let  ( i ) denote the set of records. A non-fuzzy data classifier is any 

mapping  

}{ iTT � n,,1��

CT �           

That is, each record Ti  is mapped to one class label in C . 

 

Depending on the value of the class label, classification can be divided into different 

categories. In the first type of classification, the class label’s value is discrete or nominal, 

such as “Yes/No”, “High/Medium/Low”, etc. In the second type of classification, the 

class label’s value is continuous or ordered. Different classification methods can be 

applied to these two types of problems. For instance, a decision tree is the common 

technique to be used in the first type of classification problem, while regression is used 

for the second type. In this dissertation, we only deal with the first type of classification 

problem, in which the class label only has discrete or nominal values.  

 

The classification process usually involves two stages and it is illustrated in Figure 2.1. In 

the first stage, a classification model is built to describe a given set of data with known 

class labels [Han 2001]. Notice in the context of classification, data is also referred to as a 

pattern, instance, record, etc. The data is often divided into training data and testing data. 

The data used to build the classification model are called training data. They are 

randomly selected from the sample population. The knowledge output of the model is 

usually represented in the form of classification rules, or mathematical formula. In the 

second stage of the classification process, the classification ability of the model is 

evaluated. One of the most common criteria to evaluate the performance is to estimate the 

classification accuracy on the testing data. The accuracy is the percentage of the testing 

data that are correctly classified by the model. If the model has satisfactory classification 

ability, it will then be applied to classify future (unseen) data. 

7 



Training Data

Testing Data

Given

Data

Satisfactory
Classification

Ability? Future Data

Y

Knowledge Output

Classification Model

 
Figure 2.1. Classification process. 

 

2.2 Data Preparation for Classification 
 

In order to improve the classification ability and the efficiency of the classification 

process, some data preprocessing procedures are required. This includes data cleaning, 

feature selection and data transformation. We will briefly introduce them here. 

 

Data Cleaning 

Data cleaning generally refers to removing noise and identifying anomalies of the data. 

How to deal with missing values of the data is also involved in data cleaning. The 

purpose of the data cleaning is to improve the data quality and help reduce confusion in 

the classification model. 

 

Feature Selection 

Some of the attributes of the dataset might be irrelevant to the classification task. 

Including such attributes may increase the unnecessary computational burden and 
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mislead the classification effort. It thus helps to identify and remove those redundant 

attributes in the classification process. One common approach in feature selection is to 

use some form of statistical test or distance metric to stepwise decide whether an attribute 

is significant or not. In addition, some stopping condition is needed to determine when to 

stop the feature selection [Weiss 1991].  

 

Data Transformation 

Normalization is one of the most common techniques for data transformation. It scales all 

attribute values for a given attribute so that they fall within a small specified range, such 

as from –1.0 to 1.0. In distance metric based classification methods, normalization would 

prevent attributes with a large range from outweighing other attributes with a smaller 

range.  Besides, concept hierarchies may be incorporated into the classification process to 

compress the original data. Such compression requires the generalization of the data 

based on a predetermined concept hierarchy.  

 

 

2.3 Traditional Classification Techniques 
 

We will briefly review two major categories of traditional classification techniques here. 

The first category is statistical classification methods that including Bayesian classifiers, 

linear discriminant and the k-nearest neighbor method. The second category is the 

decision tree method.  

 

2.3.1 Statistical Classification Methods 
 

The classification problem has been widely studied in pattern recognition and statistics.   

Many methods were developed in these two areas. 
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Bayesian Classifiers 

 

Bayesian classifiers are the application of Bayesian analysis to classification problems 

[Russell 1995], [Berthold 1999], [Madigan 2003]. Assume a record is denoted as t, and 

all records are assigned to q known class labels. Thus, we have a class label set 

( ). }{ iCC � qi ,,1��

The basic principle of a Bayesian classifier is that it will classify the record as the class 

 with the greatest posterior probability for this record. The posterior probability of a 

record 

iC

t  toward class label  is given as  iC

)|()|( tCPtCP kj �   for all ( , k , ) (2.1) qj ,,1 �� q,,1�� kj �

From Bayes rules, we know that the posterior probability of a record t  toward C  is 

given as  

j

)(
)()|(

)|(
tP

CPCtP
tCP jj

j �  (2.2)   

where  is the conditional probability of a given record for a specific class C .  )|( jCtP j

 

Simple mathematical manipulation of the Bayes rule shows that an alternative 

formulation of classifying a record t  is to choose the class C  to satisfy following j

)()|()()|( kkjj CPCtPCPCtP �   for all  (2.3) kj �

 

While we can use the proportion of each class in the given data to represent the prior 

probability of class C , it is fairly difficult to estimate the true population values of the 

conditional probability of a given record 

j

t  for a specific class C . A lot of statistical 

classification methods can be viewed as approximations to the Bayes rule with varying 

assumptions made to estimate the conditional probabilities. The assumption may be a 

characteristic distribution of the population, or specific format for the decision solution 

itself [Weiss 1991]. 

j
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Linear Discriminant 
 

Linear discriminant is one of the most common form of classifier, and it has a quite 

simple structure [Hastie 2001]. Assume the dataset has m attributes, then the linear 

discriminant is to use a linear combination of the attributes to separate or discriminate 

among the classes and assign the class label for a new record. For a dataset with m 

attributes, this means geometrically that the separating surface between the records will 

be a m  hyperplane. Figure 2.2 represents an idealized plane that separates two classes 

 and C  in 3-dimensional space.  

1�

21C

 

1AT

2AT

3AT

1C

2C

 
  Figure 2.2:  Two-class separation by linear discrimination 

 

The major advantage of linear discrimant is its simple classification structure. The 

general form of any linear discriminant is given as follows: 

02211 wATwATwATw mm ���� �  (2.4) 

where (  are the m attributes of the dataset, w  are the 

constant parameters to be estimated.  

jAT ),,1 mj �� ),,0( mii ��

 

Linear discriminant tends to perform well in practice, though it is true that different 

classes cannot always be separated by a simple linear combination of attributes. 
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Moreover, more than one plane or line can be used to separate two classes. The major 

issues of applying linear discrimants is to decide the constant parameters for the linear 

discriminant. The most common approach is to decide those parameters under certain 

assumption about the data distribution, such as a normal or Gaussian distribution. 

 

k-nearest Neighbor Method 

 

k-nearest neighbor method is to first find out the k-nearest neighbor of a new record, and 

then assign the data to the class label that appears most frequently among the k neighbors 

[Mitchell 1997]. k is generally an odd number so that tie situation won’t happen. This 

method needs to calculate the distance between a new record and every existing record. 

Distance metrics such as absolute distance, Euclidean distance, and various normalized 

distances are used in calculating the distance between a new record and an old record. 

Generally, the distance is compared attribute by attribute and then added together. For 

absolute distance, the difference between the values of each attribute is added together. 

For Euclidean distance, the difference between the values of each attribute is squared and 

added together for all attributes. The square root of the sum becomes the Euclidean 

distance. In some cases different attributes may be scaled differently, such as in different 

units or in different conventions; therefore, it is more appropriate to normalize the 

distance metric. For example, we can measure the distance in terms of standard 

deviations from the mean of each attribute. 

  

The major computational effort of the k-nearest neighbor method lies in the classification 

stage. The new record must be compared with every existing record in the dataset.  This 

increases the computational effort, especially for huge datasets. On the other hand,         

k-nearest neighbor method does not need an underlining assumption on the data 

distribution; therefore, it is a non-parametric method. The above two characteristics 

differentiate this method from parametric methods such as the linear discriminant 

method.  
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2.3.2 Decision Tree Method 
 

The decision tree method is one of the most widely used classification methods [Mitchell 

1997]. Decision tree classifies data based on its top-down tree structure. Starting from the 

root node, each internal node in the tree specifies a test on a certain attribute of the 

dataset. Each branch from that node corresponds to one of the possible values of this 

attribute. A record is classified by starting being tested by the root node attribute, and 

moving down the tree branch corresponding to the value of the attribute in the given 

record. A well-know decision tree example for the concept “Play Tennis” is given in 

Figure 2.3. Based on the conditions such as weather outlook, humidity and wind, this 

example uses a decision tree to classify Saturday mornings according to whether or not 

they are suitable for playing tennis. 

 

Outlook

Sunny Overcast Rain

Humidity Yes Wind

High Normal

No Yes

Strong Weak

No Yes  
Figure 2.3. Decision tree example for the concept of “playing tennis” 

 

Since we will compare our fuzzy classification approach with the decision tree method in 

the empirical study section, we briefly explain the decision tree algorithm here. The 

decision tree method uses a statistical property, information gain, to measure how well a 

given attribute separates the training dataset according to the class label. Most decision 

tree algorithms use this information gain to select among the candidate attributes at each 

step while growing the tree. The information gain is based on the entropy concept that is 

commonly used in information theory.  
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Assume we have a given data set T , and the class label set C ,( i ). The 

entropy of 

}{ iC� q,,1��

T  is defined as: 

Entropy(T)  ��
�

�

q

i
ii pp

1
2log

where  is the proportion of ip T  belonging to class . The information gain of each 

candidate attribute is actually the expected reduction in entropy resulting from 

partitioning the records according to this attribute. Starting from the root node with all the 

records, the decision tree algorithm selects the attribute with the largest information gain. 

The process of selecting a new attribute and partitioning the records is repeated for each 

node down the tree. The algorithm stops at a certain leaf node only when all the attributes 

have been included in the path down to the certain leaf node, or the records associated 

with that leaf node all belong to the same class.  

iC

 

Some decision tree methods such as ID3 and C4.5 [Quinlan 1993] performs a simple to 

complex search through its search space. It starts from an empty tree, then considering 

trees with more attributes guided by information gain heuristic. This process is illustrated 

in Figure 2.4. 

V2

iC jC kC

iC jC

V1

iC jC kC

V2

iC jC kC
V3

V2

iC jC kC
V4

 
Figure 2.4. Simple to complex grow of decision tree 
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The search space of the decision tree method is the set of all possible decision trees. At 

each node, only the single best attribute is chosen to partition the records though other 

attributes may also be consistent with the records. Once it selects an attribute to test at a 

particular level of the tree, it does not backtrack to reconsider the alternative attributes at 

a higher level. Therefore, it loses the capability to examine all possible decision trees that 

are consistent with the records in the search space.  

 

 

2.4. Classification Accuracy 
 

The purpose of classification is to build a classifier from given data and predict correctly 

on future data. The most commonly used performance measurement is the classification 

accuracy. For a given finite number of records, the empirical accuracy is defined as the 

ratio of the correct classification to the number of given records. 

 

Empirical accuracy=
recordsgivenofnumber

tionclassificacorrectofnumber  

 

If the number of given records approaches infinity, then the empirical accuracy becomes 

statistically the true accuracy of the classifier under the actual population distribution. 

However, there is only limited given data in a real situation. Consequently, a technique to 

estimate the true accuracy from empirical accuracy becomes very important. They are at 

least as important as studies on the classification method itself.  Figure 2.5 illustrates the 

relationship between empirical accuracy and true accuracy. 

 

Given Data New DataClassification
Model

Empirical
Accuracy

True
Accuracy  

Figure 2.5. Empirical vs. true accuracy. 
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In order to honestly estimate the true classification accuracy, the given data should be a 

random sample. This means that the given data should not be pre-selected or sifted by 

any specific human-involved criteria. Without a random sample, the empirical accuracy 

based on give data will not be a good estimate of the true accuracy. 

 

Assuming the given data is random, we can thus obtain empirical accuracy. Since the 

given data is always limited compared to the whole population, the natural question 

arises, how many data do we need in order to be confident that the empirical accuracy is a 

good estimate of true accuracy? There has been theoretical study on this specific problem 

and it is called probably approximate correct (PAC) analysis [Valiant 1985],          

[Kearns 1994]. This study gives theoretical bounds on applying empirical accuracy on 

future data; however, it indicates huge number of data is needed for a guarantee of 

performance. Most time, a large population of the data is often inaccessible and the PAC 

approach can be modified to some practical methods to effectively estimate the true 

accuracy. In this section, we will briefly review some common accuracy evaluation 

techniques such as the holdout, the k-fold cross-validation and the leaving-one-out 

method. In the empirical study section of this dissertation, we will mainly use the k-fold 

cross-validation and the leaving-one-out techniques to estimate the true accuracy of the 

fuzzy classifier. 

 

The Holdout Method 

In the holdout method, the given data are divided into a training data set and a testing 

data set. Thus, this method is also known as train-and-test method. For instance, two 

thirds of the data are used for training and to derive the classification model while the rest 

of the data are used for testing the classifier’s accuracy. If the holdout method is repeated 

k times using different partition schemes, it is also referred to as random subsampling, 

and the accuracy estimate is taken as the average of the accuracies from each iteration. If 

the size of the given data is small, it is crucial to randomly divide the data into a training 

and a testing set, and this is often implemented by computer.  The accuracy estimate by 

the holdout method is a bit pessimistic, because not all the data are used in designing the 

classifier. Besides, a single train-and-test partition may cause bias to the estimate.  
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k-fold Cross Validation 

 

k-fold cross validation belongs to the family of resampling methods. For k-fold cross 

validation, the cases are randomly divided into k mutually exclusive test partitions of 

approximately equal size. When we pick one test partition, the rest of the partitions are 

used for training of the classifier. The average accuracy rate over all k partitions is the 

cross validation accuracy rate. This method was extensively tested with varying numbers 

of partitions and 10-fold cross validation seemed to be most appropriate [Weiss 1990].   

k-fold cross-validation can be extended to stratified cross-validation, in which each 

partition is stratified so that the class distribution of the data in each partition is 

approximately the same as that in the original data.  

 

Leaving-one-out Method 

 

Leaving-one-out method can be regarded as a special case of k-fold cross validation, 

where k is set to be the size of the dataset. In each iteration, this method uses one record 

as the testing data, and the rest will all be used for training of the classifier. The average 

accuracy rate over all records is used as the estimate of the accuracy. The major 

advantage of the leaving-one-out technique is that it introduces less bias compared to 

other estimation techniques. However, the computational cost for applying leaving-one-

out is high, especially for a large dataset.  
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Chapter 3 
 
Association Rule Mining  
 

Association rule mining is an active area in data mining. This chapter provides a brief 

introduction to the association rule mining problem. We provide the definition of 

association rule mining and its classification scheme in Section 3.1. One of the most 

important association rule mining algorithms, the Apriori, is explained in Section 3.2. 

Section 3.3 presents the quantitative association rule mining problem and its limitations.  

 

3.1  Definition of Association Rule Mining 

Association rule mining is a major research area of data mining. Its objective is to find 

certain association relationships among a set of data items in a database. The association 

relationships are described in association rules. 

 

Association rule mining was originally motivated by “market basket analysis” which 

studies the buying habits of customers [Agrawal, 1993a]. It provides the answer to the 

following question: “Which group of items are usually associated so that customers are 

likely to purchase them together when they shop at the supermarket?” The analysis can 

be performed on the retail data or customer transactions at the store.  The result can be 

used for store layout, cross-marketing advertisement and direct mailing applications.  

 

Assume customers who buy a computer also tend to buy financial management software. 

For one layout strategy, those two items can be placed in close proximity in order to 

further promote the sale of such items together. In an alternative strategy, placing 

hardware and software at opposite ends of the store may entice customers who purchase 

such items to pick up other items along the way [Han, 2001]. Now, association rule 

mining has been extended to other areas like geographical databases, network security, 

medical diagnosis, etc.   
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The formal definition of an association rule is given in [Agrawal,1994]: 

Let  be a set of literals, called items. Let },,,{ 21 miiiI �� D  be the set of all transactions, 

where each transaction t  is a set of items such that   .It �

Each transaction is associated with a unique identifier, called TID . Let A  be a set of 

items in I . A transaction t  is said to contain  if and only if . An association rule 

is of the form A , where , and A . Within the rule A ,   

 is called the antecedent while 

A t�A

B� IBIA �� , ��B� B�

A B  is called the consequent of the rule. 

 

Support and confidence are the two key measures of rule interestingness in association 

rule mining. A set of items in X I  is referred to as an itemset. X is called the k-itemset if 

it contains k items; t is the set of transactions that contain the itemset ; |  is the 

total number of transactions; 

X X |D

��Support Sup is the percentage of transactions in D  that contains both A and B.  

Sup
||

||)(
D

ttBA BA �
��  (3.1)  

|  is the number of transactions that contain both A and B.  | BA tt �

��Confidence Conf is the percentage of transactions in D containing A that also 

contain B.  

Conf 
||

||
)(

)(

A

BA

t
tt

ASup
BASup �

�
�

�  (3.2) 

From these definitions, we can infer that the values of support and confidence range from 

0 to 1. 

 

Given an example in Table 3.1, let’s examine the support and confidence of a potential 

association rule: “Bread�Butter”.  

Sup = %40
5
2

||
)(

��

D
ttSup ButterBread �  

%50
4
2

)(
)(

���

Bread

ButterBread

tSup
ttSupConf �  

Therefore, the rule “Bread Butter” has support of 40% and confidence of 50%. �
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Table 3.1. An example of a transaction database. 

TID Items 

1 Bread, Salsa 

2 Beer, Bread, Eggs, Jam 

3 Bread, Butter 

4 Bread, Butter, Lettuce, Salsa 

5 Beer, Butter 

 

Given user specified minimum support and minimum confidence thresholds, the 

association rule mining is to find the rules with support and confidence larger than the 

respective thresholds. 

 

Generally, association rule mining can be described as a two-step process: 

��First, find all itemsets whose support is above the predetermined minimum 

support. These itemsets are called the frequent itemsets or the large itemsets. 

��Second, generate interesting association rules from the frequent itemsets. 

 

Market basket analysis is just one form of association rule mining. There are different 

kinds of association rules besides this. Based on the types of values handled in the rule, it 

can be classified as either a Boolean association rule or a quantitative association rule. 

Boolean association rules only concern the associations between the presence or absence 

of items. Market basket analysis belongs to Boolean association rule mining. If either the 

antecedent or consequence of the rule contains quantitative attributes, then it is a 

quantitative association rule. For instance, age(X, 30…39) AND income(X, 40K…50K) 

Number of Cars(X, 1…3) is a quantitative association rule. �

 

If the items or attributes in an association rule involve only one dimension, it is a single 

dimension rule, while a multi-dimensional association rule involves two or more 

dimensions. The above quantitative association rule is a multi-dimensional association 

rule. Based on the levels of abstraction involved in the rule set, it can be classified as a 

single-level rule or a multi-level association rule. If the rule can find associations at 
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different levels of abstraction, then it is a multi-level association rule. For instance, we 

may have “Apple” and “Banana” as items in the transactions, and “Fruit” as a category 

name for those items at a higher abstraction level. Hence, the rule “Fruit Juice” is a 

multi-level association rule. 

�

 

3.2 Apriori Algorithm 

As mentioned previously, the process of association rule mining is divided into two 

phases. In the first phase, candidate itemsets are generated and counted by scanning the 

transaction data. If the number of itemsets appearing in the transactions is larger than the 

minimum support, the itemset is considered a frequent itemset. Itemsets containing only 

one single item are processed first. Large itemsets containing only single items are then 

combined to form candidate itemsets containing two items. This process is repeated until 

all large itemsets have been found. In the second phase, all possible association 

combinations for each large itemset are formed, and those with a calculated confidence 

value larger than the minimum confidence are output as association rules.  

 

In this section, we will introduce the Apriori algorithm, the important algorithm used in 

binary association rule mining to find the frequent itemsets.  

 

3.2.1 Downward Closure Property 

 
The Apriori algorithm is based on a very important property: the downward closure 

property [Brin 1997].  The downward closure property states that if an itemset is frequent 

(whose support value is above the minimum support) then all subsets of the itemset must 

be frequent also. 

 

Assume an itemset X and an operation on an itemset is OP . If X are m 

subsets of the itemset , the downward closure property holds as follows:  

                                                   (3.3) 

)(X mX,,1 �

X

))(,),(min()( 1 mXOPXXOP �� OP

Notice the property holds for any conjunctive operation like minimum or multiplication. 
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3.2.2 Iterative Procedure 
Apriori is an iterative, level-wise algorithm. It can be divided into two major steps: join 

and prune. In the join step, it first generates frequent itemsets with only one item (called 

frequent 1-itemsets), then frequent 2-itemsets, and so on.  In the prune step, the 

downward closure property can be applied to prune the candidate itemsets whose support 

value is below the minimum support.  

 

The following notation will be used hereafter: 

k-itemset —   An itemset having k items 

kL     —   Set of frequent k-itemset (with minimum support) 

kCAND   —   Set of candidate k-itemset (  is a superset of ) kCAND kL

 

Join Step 

In this step, k-itemset are used to form (k+1)-itemset. For example, after one full scan of 

the dataset, the algorithm first finds the set of frequent 1-itemset L1 . By joining L1 with 

itself, L2 can be found and so forth.  

Denote  as the  itemset in ; l  as the  item in l . The two itemset l  and 

is joinable only if their first (k-2) items are in common, that is:  

il
thi 1�kL ][ ji

thj i i

jl

( l ) ( l ( l )  ( l ) ]1[]1[ ji l� � ��� �])2[]2[ ji l ]2[]2[ ��� klk ji � ]1[]1[ ��� klk ji

where  represents a logical AND. This ensures that no duplicate itemset L is 

generated. The resulting candidate itemset will be . 

� k

]1[]1[]2[]1[ �� klklll jiii �

 

Prune Step 

By joining L  to itself, we can get candidate set CAND . To find the frequency of 

itemsets in CAND  will involve heavy computation because CAND  can become huge. 

By using the closure property, if any (  subset of an itemset CAND  is not in , 

then that candidate itemset cannot be frequent either and therefore can be removed from 

. This subset pruning can be implemented by maintaining a hash tree of all 

frequent itemsets. The Apriori algorithm terminates when there are no frequent 

1�k k

k k

)1�k k 1�kL

kCAND
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itemsetsk �  [Han, 2001]. Figure 3.1 shows the pseudo-code for the Apriori algorithm 

and its related procedures. 

1L

CAND

{�Lk

L

 

={frequent 1-itemsets}; 

for (k=2; k++) do begin ;1 ��
�kL

sup);min_,(_ 1�� kk Lgenapriori   //generate candidate itemsets kCAND

       for all transaction t  do begin  //scan D for counts D�

),( tCANDsubsetCAND kt � ;           //get the subsets of t that are candidates

        for all candidates   tCANDCAND�

     CAND ; ��count.

      end 

      sup}min_.| �� countCANDCANDCAND k

end 

return  kk L��

 
procedure apriori_gen(  sup)min_,1�kL
    for each itemset  do begin 1�� ki Ll
        for each itemset  do begin 1�� kj Ll
      if  then ])1[]1[(])2[]2[(])1[]1[( ���������� klklklklll jijiji �

          =CAND il jl  //join step, generate candidates 
          if infrequent_subsets( , )  then CAND 1�kL
          delete ;      //use closure property to prune CAND
          else add  to ; CAND kCAND
          end 
      end 
return  kCAND

 
Figure 3.1. Apriori algorithm [Han 2001]. 
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3.2.3 Hash Tree Implementation 

The Apriori algorithm is implemented in the form of a hash tree in [Agrawal,1994]. The 

hash tree contains two types of nodes: leaf nodes and interior nodes. The itemsets are 

stored in the leaf node. In an interior node, each bucket of the hash table points to another 

node. The root of the hash tree is defined to be at depth 1, an interior node at depth d 

points to nodes at depth d+1. When a new itemset is inserted into the hash tree, the 

algorithm traverses from the root level to the leaf level. At depth d, a hash function is 

applied to the dth item of the itemset.  After the number of itemsets stored in the leaf 

node reaches to the specified limit, the leaf node is converted to an interior node. 

 

If it is at a leaf node, the frequency of the itemsets in all the transactions is counted and 

recorded. If it is at an interior node, and item i is hashed, then every item that comes after 

i will be hashed. This procedure will be recursively applied to the node in the 

corresponding bucket. 

 

Suppose there is a simple transaction database as shown in Figure 3.2. From the figure it 

has four transactions and each transaction contains a series of items among A,B,C,D,E. 

By scanning the database, we form the 1-item candidate set ({A},{B},{C},{D},{E}) and 

store them into a 1-item hash tree based on the given hash function. Assume the 

maximum itemsets that one leaf node can hold is two, then obviously one leaf node 

cannot hold all the 1-item candidate sets. Further, assume each internal node has three 

hash buckets. According to the hash function, if the dth element of the transaction is A or 

B, the itemset goes to the left branch; if the dth element of the transaction is C or D, then 

the itemset goes to the middle branch; similarly, E goes to the right branch. The value in 

the parenthesis is the frequency count of each item. Each itemset stored in the hash tree is 

compared with the transaction to be scanned. If the transaction contains the itemset, then 

the count value is increased by 1. This repeats for each transaction (record) in the dataset.  

 

In Figure 3.2, we assume minimum support value is two. By applying the closure 

property, we can remove item {E} from the 1-item candidate set because its frequency 

count is one. Thus, we get the 1-item frequent set ({A},{B},{C},{D}). By               
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joining the 1-item frequent set, we can get the 2-item candidate set: 

({A,B},{A,C},{A,D},{B,C},{B,D},{C,D}).  By examining the 2-itemset hash tree and 

frequency count value of each itemset, we know only {A,B},{B,C},{B,D} remains in the 

2-item frequent set. 

 

 If dth element=A, B  then left branch

 If dth element=C, D  then middle branch

 If dth element=E     then right branch

Hash function

BC(2)

BD(2)

CD(1)AB(3) AC(1)

AD(1)

2-itemset hash tree

A(3) C(2)

D(2)B(4)

E(1)

1-itemset hash tree

Transaction
TID

1

2

3

4

Transaction

A,B

A,B,C

A,B,D,E

B,C,D

Assume minimum support is 2

Each leaf node can maximum
hold 2 itemset
Each internal node has 3 hash
buckets

1-item frequent set:{A},{B},{C},{D}

2-items candidate set:{A,B},{A,C},{A,D}
{B,C},{B,D},{C,D}

 
Figure 3.2.  Hash tree illustration diagram. 
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3.3  Quantitative Association Rule Mining 

There has been much research in Boolean association rule mining. For instance, besides 

Apriori, AprioriTID and AprioriHybrid algorithms were also proposed for mining 

Boolean association rules [Agrawal 1994]. However, real-world transaction data usually 

consists of quantitative data. How to extract useful rules from quantitative data presents a 

challenge in this research field.  

 

The problem of mining quantitative association rules was introduced by Srikant and 

Agrawal [Srikant 1996]. They proposed mining quantitative association rules by 

partitioning the attribute domain and combining the adjacent partitions to transform the 

problem into a binary association rule mining problem. Several other approaches based 

on the idea of mining association rules from interval clusters were also proposed     

[Miller 1997], [Zhang 1997]. This category method is often referred to as the “discrete 

interval method” in the literature. The discrete interval method divides the attribute 

domain into discrete intervals and measures their importance based on the frequency of 

the interval items. For illustration, a database table with two quantitative attributes and 

one categorical attribute is shown in Table 3.2. It shows the relationship between 

people’s age, marriage status and number of cars they buy. 

 

Table 3.2.  People table and example of quantitative association rules. 

RecordID Age Married NumCars 

100 23 No 1 

200 25 Yes 1 

300 29 No 0 

400 34 Yes 2 

500 38 Yes 2 

       

Rules(Sample) Support Confidence 

<Age : 30...39> and <Married: Yes> <NumCars: 2> �

<NumCars:0…1> <Married: No> �

40% 

40% 

100% 

66.6% 
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Based on the results in Table 3.2, one of the quantitative association rules will be:  

<Age : 30...39> AND <Married: Yes>  <NumCars: 2>. �

 

The discrete interval method was proposed to construct a relational table that contains a 

Boolean field for each attribute name and quantitative value pair in the form of 

<attribute1, value1> [Srikant 1996]. The value of this <attribute1, value1> would be “1” 

if the “attribute1” has “value1” in the original record, and “0” otherwise. Table 3.3 shows 

this mapping for the People table given in Table 3.2. Attribute “Age” is partitioned into 

two intervals: 20…29 and 30…39. The categorical attribute “Married” has two Boolean 

values, “Yes” and  “No”. After the mapping, the quantitative rule mining is transformed 

into traditional Boolean association rule mining. 

 

Table 3.3.  Mapping from quantitative attributes to Boolean attributes. 

RecordID Age 

20..29 

Age 

30..39 

Married:

Yes 

Married:

No 

NumCars

0 

NumCars 

1 

NumCars

2 

100 1 0 0 1 0 1 0 

200 1 0 1 0 0 1 0 

300 1 0 0 1 1 0 0 

400 0 1 1 0 0 0 1 

500 0 1 1 0 0 0 1 

 

 

In order to avoid arbitrarily determining the interval, several approaches have been 

proposed to find association rules by partitioning the attributes domain. Mining the 

optimized association rules based on optimized intervals was proposed [Fukuda 1999]. 

Two kinds of optimized rule can be discovered by his approach. The optimized support 

rule maximizes the support while meeting the minimum confidence threshold. The 

optimized confidence rule maximizes the confidence while meeting the minimum support 

threshold. Agrawal proposed the CLIQUE algorithm to find association rules by equal 

length partitioning [Agrawal 1998].  
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The major problem of using the “discrete interval method” to get quantitative association 

rules is that it will cause a sharp boundary problem. In other words, it is possible to miss 

some intervals because of excluding some potential elements near the sharp boundary. As  

shown in the Figure 3.3, the intervals 11 to 20, 21 to 30 and 31 to 40 only have 35%, 35% 

and 25% support, respectively. Assume the minimum support value is 40%, then none of  

 

Discrete Interval Method

0%

5%

10%

15%

20%

25%

10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40
Age

Su
pp

or
t

Figure 3.3.   Discrete interval method. 

the intervals will satisfy the minimum support criteria. But in fact, if we consider the 

values close to 20 and 30, then 19 and 31 has support values 15% and 20%, respectively. 

Therefore, interval 19 to 31 has total support value of 70% that is much higher than the 

minimum support. But because of the crisp partitioning boundary, the potential rules that 

contain multiple intervals will be missed.  

 

Another attribute method proposed by [Srikant 1996] is to divide the attribute domain 

into overlapped regions as shown in Table 3.4. The values within the overlapped region 

will contribute to both sides of the intervals. In Table 3.4, the attribute Age has 

overlapped intervals [10…22], [20…32] and [30…42]. For the first record, assume Age 

has quantitative value 21, then both columns Age(10…22) and Age(20…32) will have a 

count value of one as shown in the table. However, it is not reasonable for an element in 
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the overlapping region to contribute the same degree as those located within an interval 

because this will over emphasize the value within the overlapping region.  

Table 3.4. Discrete interval method with overlapped region. 

RecordID Age 

10..22 

Age 

20..32

Age 

30..42 

NumCars 

0 

NumCars 

1 

NumCars

2 

100 1 1 0 0 1 0 

200 1 0 0 0 1 0 

300 1 0 0 1 0 0 

400 0 1 1 0 0 1 

500 0 1 1 0 0 1 

 

In the discrete interval method, dividing the quantitative attributes into too many intervals 

will cause a large number of meaningless rules and significantly increase the 

computational burden. On the other hand, too few intervals may miss the necessary 

details of the knowledge. Besides it is difficult to understand the semantic meaning of the 

intervals [Wijsen 1998].  

 

To summarize, the “discrete interval method” used to get quantitative association rules 

will cause a sharp boundary between the intervals. It may miss the potential rules 

contained in multiple intervals. Besides, it is difficult to determine the appropriate 

number of intervals. In order to solve this limitation, fuzzy association rule mining will 

be presented in this dissertation (Chapter 5). It can deal with not only binary and category 

attributes, but also continuous quantitative attributes. It extends the crisp set association 

rule mining to deal with quantitative values by incorporating fuzzy linguistic modeling. It 

avoids the sharp boundary problem caused by arbitrary determination of the intervals on 

the quantitative domain, while making the rule representation more understandable and 

user friendly. 
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Chapter 4 
 

Fuzzy Aggregation Operators and Fuzzy Rules  
 

The purpose of data mining is to identify interesting knowledge and present them in a 

concise and meaningful manner. Fuzzy sets and fuzzy arithmetic allow us to use 

linguistic and qualitative attributes to form rules that are more clear and understandable. 

Besides, during the data mining process, human interaction and the domain expert’s 

knowledge can be incorporated into the rule induction process.  

 

This chapter provides a background in fuzzy aggregation operators and fuzzy rules that 

will be used in the framework of fuzzy association rule mining and fuzzy classification 

later in this dissertation. Section 4.1 presents the basic definition and principles of fuzzy 

sets. Section 4.2 introduces the definition and important properties of t-norms, t-conorms 

and compensatory operators. Different kinds of fuzzy relations and fuzzy rules are 

introduced in Section 4.3. 

 

4.1 Fuzzy Sets 

Fuzzy set theory was introduced by L.A. Zadeh [Zadeh, 1965] to provide a way of 

modeling the uncertainty of natural language. The crisp set theory defines a sharp, 

unambiguous boundary between the members and nonmembers of the class. Fuzzy sets 

eliminates this sharp boundary by assigning a membership value with a real number from 

0 to 1. This membership value corresponds the degree to which the member is similar or 

compatible with the concept represented by the fuzzy set. By applying fuzzy sets, it is 

possible to represent ambiguity in problems where imprecision exists using linguistic 

descriptions and not well-defined relationships. 
 

This section presents some basic definitions and theorems used in the chapters that 

follow. 
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Definition 4.1.1  Fuzzy set  

Assume  is a collection of elements denoted by X x , then a fuzzy set A~  in is a set of 

ordered pairs 

X

}|))(,{(~
~ XxxxA A �� �   (4.1) 

where  is called the membership value of )(~ xA� x  in A~  that maps to the membership 

space [0,1]. �  indicates 

X

1)(~ �xA x  is fully included in the set; �  indicates 0~ �A )(x x  is 

fully excluded from the set. 

  

Denote   as a general definition of a fuzzy set membership function. The 

fuzzy membership function can have different shapes as long as it maps to [0,1]. 

Triangular, trapezoidal, bell-shaped, symmetric and non-symmetrical shapes are 

commonly used fuzzy membership functions. Figure 4.1 gives an example of triangular 

and trapezoidal fuzzy set membership functions. 

)()( ~ xxf A��

0

1

x0 1 2 3 4
Triangular membership function

0

1

0 1 2 3
Trapezoidal membership function

u( x)

 
Figure 4.1.    Fuzzy set membership functions. 

 

 

Definition 4.1.2 cut��  or level�� set [Zimmermann 1996] 

The set of elements that belong to the fuzzy set A~  at least to the degree �  is called the 

cut��  set ( level��  set): 

})(|{~
~ ��

�
��� xXxA A  (4.2) 
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Therefore, the cut��  of a fuzzy set A~  is the set that contains all the elements of the 

universal set whose membership value is greater than or equal to the specified value of 

. 

X

�

 

The set of all elements of the universal set that have a nonzero membership grade is 

called the support of 

X

A~ , supp }0)({) |~( ~ ��� xuxA AX . 

The cut�� set of A~  when 1��  is called the core of A~ , }1)(|{)~( ~ ��� xuXxAcore A . 

The largest value of � for which the cut��  set is not empty is called the height of a 

fuzzy set, denoted by )~(Ah . When )~(Ah =1, the fuzzy set A~  is called normal; otherwise 

it is called subnormal.  

 

The concepts of ,cut�� support, core, height are illustrated in Figure 4.2 by a 

trapezoidal-shaped fuzzy set. 

0

core

cut��

support

�

)~(Ah

 
Figure 4.2. cut�� , support, core and height. 

 

 

Definition 4.1.3 Linguistic variables  

Linguistic variables are one of the powerful features of fuzzy set theory. We use 

linguistic variables to represent descriptions employed by humans. Examples of these 

descriptions include “tall”, “low”, “very low”, “high”, etc. 
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A linguistic variable X  has a term set L  whose elements are labels of the linguistic 

values of X [Pedrycz 1998]. For example, consider a linguistic variable named 

temperature, ={very low, low, medium, high, very high}. Figure 4.3 

illustrates the concept of the linguistic variable temperatu

)(X

)( eL temperatur

er . 

 

 

t

Temperature

Medium HighLow

Linguistic Variable

Term SetLinguistic Terms

1

0

Fuzzy Set

 
Figure 4.3. Linguistic variable temperature. 

 

 

Definition 4.1.4 Extension principle 

The extension principle plays a fundamental role in extending the classic, crisp set 

concepts and arithmetic operations into the fuzzy set area. Basically, it transforms fuzzy 

sets via functions. 

Let X and Y  be two sets and a mapping from f X  to Y ,  YXf �:

If A~  is a fuzzy set in X , the extension principle states that the image of A~  under this 

mapping is a fuzzy set )~(~ Af�B  in Y  such that, for each , Yy�

)(~sup)(~ xAyB
x

� , subject to , and  (4.3) Xx� )(Xfy �

33 



For instance, if �X {1, 2, 3, 4} and Y ={1, 2, 3, 4, 5, 6}, y  and ,2�� x �A~ {0.1/1, 

0.2/2, 0.7/3, 1/4 }, then �� )~(~ AfB { 0.1/3, 0.2/4, 0.7/5, 1/6 }. 

 

 

Definition 4.1.5 Cartesian product of fuzzy sets 

If nAAA ~,,~,~
21 �

A

 are fuzzy sets in X  with the corresponding fuzzy 

membership functions � . Then the Cartesian product of the 

fuzzy sets A

nXX ,,, 21 �

)(,), ~ nA X
n

��(),( 2~1~
21 AA XX �

nA~,...,~,~
21

nXX ,...,, 2

, denoted by A , is defined as a fuzzy set in 

 whose membership function is expressed as: 

nAA ��� �21

X1

))(,),(min(),,( ~1~2,1~...~~
121 nAAnAAA xxxxx

nn
��� �� �

���

 (4.4) 

By defining Cartesian product space of fuzzy sets, the extension principle defined above 

can be applied in Cartesian space also. 

 

 

Definition 4.1.6 Scalar cardinality of a fuzzy set 

The scalar cardinality of a discrete fuzzy set A~  defined on a finite universal set X is the 

summation of the membership value of all the elements of X in A. It is denoted as |~| : A

�
�

�

Xx
A xA )(|~| ~�  (4.5) 

For a continuous set X, the cardinality is defined by 

��
x

A dxxA )(|~| ~�  (4.6) 
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4.2  Fuzzy Aggregation Operators 

Fuzzy aggregation operators are the means to perform combinination, comparison, or 

aggregation operations on fuzzy sets. This includes t-norm operators, t-conorm operators, 

compensatory operators and ordered weighted averaging operators, etc. We will address 

t-norms, t-conorms and compensatory operators here. 

 

In classic set theory, the aggregation problem is to aggregate n elements all belonging to 

a given set, into a single object of the same set:  

),,,( 21 nxxxAggregy ��  (4.7) 

By summarizing the researches in aggregation operators, [Mesiar, et. al., 1997] proposed 

a set of fundamental properties for aggregation operators to satisfy: 

��Identity when unary:  xxAggreg �)(

��Boundary conditions:  and  0)0,,0( ��Aggreg 1)1,,1( ��Aggreg

��Non-decreasing conditions:     if  ),(),( 2121 yyAggregxxAggreg � 2211 , yxyx ��

 

4.2.1 t-norm and t-conorm Operators 

There is one family of operators specialized on aggregation under uncertainty—the 

triangular norms. This includes the t-norms and the t-conorms. They can be regarded as a 

generalization of the Boolean conjunctive ‘AND’ and disjunctive ‘OR’ operators.  

 

The notion of t-norm and t-conorm was proposed by Schweizer and Sklar         

[Schweizer 1960]. They are used to define the intersection and union operations of fuzzy 

sets; therefore, they possess the properties of commutativity, associativity and 

monotonicity. 

 

Definition 4.2.1.1   t-norm  

A t-norm is a function T: [0,1]� [0,1] [0,1], satisfying the following properties: �

��Commutativity       ),(),( xyTyxT �

��Monotonicity   if ),,(),( vuTyxT � ux �  and vy �  
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��Associativity    )),,(()),(,( zyxTTzyTxT �

��Boundary conditions:    T , T  0)0,( �x xx �)1,(

A well known example of a t-norm is : T  ),min(),( yxyx �

 

Definition 4.2.1.2   t-conorm 

A t-conorm is a function : [0,1]� [0,1] [0,1], satisfying the following properties: S �

��Commutativity       ),(),( xySyxS �

��Monotonicity   if ),,(),( vuSyxS � ux �  and vy �  

��Associativity    )),,(()),(,( zyxSSzySxS �

��Boundary conditions:   ,  xxS �)0,( 1)1,( �xS

A well known example of a t-conorm is :  ),max(),( yxyxS �

 

Obviously, the min operator ( ) is a t-norm, whereas the max operator ( ) is a t-conorm. 

They can be regarded as a natural extension to fuzzy sets of the set intersection and set 

union  operations  (as shown in Figure 4.4).  Also,  in multi-valued  logic, the intersection  

� �

A~ B~ A~ B~

BA ~~
�BA ~~

�

 
Figure 4.4. Min and Max operators of fuzzy sets. 

 

and union operations can be viewed as general conjunctive (AND) and disjunctive(OR) 

connectives [Pedrycz 1998]. 

 
A t-norm and a t-conorm are dual if they satisfy the DeMorgan law: ),(),( yxSyx �T  

where the line over the expression means the negation of the expression. The negation is 

defined as xx ��1 . 
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The definitions of t-norms and t-conorms are always given for only two elements since 

these operators can be extended to n elements based on associativity. The most common 

t-norms and t-conorms including min and max are giving in Table 4.1. 

 

Table 4.1. Common t-norms and their dual t-conorms [Lowen 1996]. 

 t-norm t-conorm 

Min-Max min(x,y) max(x,y) 

Product yx �  yxyx ���  

Lukasiewicz max  )0,1( �� yx min(x+y, 1) 

Drastic 

 x  if y =1 

  if x =1 y

 0 anywhere else 

 x  if  y =0 

 if  x =0 y

 1 anywhere else 

 

Compared to crisp-set aggregation operators, the t-norms and t-conorms in Table 4.1 

have some particularities: 

��The conjunctive min operator is the biggest t-norm, while disjunctive max 

operator is the smallest t-conorm.  

��The min operator is the only t-norm which satisfies idempotency property, that is 

min . xxxx �),...,,(

��The product operator has a nice mathematical property in that it can be translated 

though a continuous derivative. 

��The Lukasiewicz t-norm satisfies the classical logical law of 

contradiction, 0),( �xxT . And its dual, the Lukasiewicz t-conorm, satisfies the 

classical logical law of the excluded middle, 1),( �xxS . Notice not all the           

t-norms and t-conorms satisfy these two laws.  

��The smallest t-norm is the drastic t-norm, while the biggest t-conorm is the drastic     

t-conorm. 
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4.2.2 Compensatory Operators 

Some researchers revealed that t-norms and t-conorms lack compensation behavior, and 

this particular property seems crucial in the aggregation process. In some decision-

making processes, humans do not follow exactly the behavior of t-norm or t-conorm 

when aggregating. In order to more closely describe the human aggregation process, 

Zimmermann and Zysno proposed a family of compensatory operators in which the 

operation of aggregation arises as a combination of the conjunctive AND and disjunctive 

OR operator [Zimmermann 1980]: 
�� )),...,,(()),...,,((),...,,( 21

1
2121

,
nnn

ST
r xxxSxxxTxxxE �

�  

where T  and  is t-norm and t-conorm, respectively. S

It is a delicate issue to set the value for the parameter � , Zimmerman and Zysno 

calculated the best �  to match human behavior. There is also a method based on fuzzy 

modeling techniques to compute the parameter � . 

 

4.3  Fuzzy Relations and Fuzzy Rules 

In this section, we will first introduce different kinds of fuzzy relations and fuzzy rules.  

 

Definition 4.3.1  Cartesian product of classical sets 

Given two sets X and Y, cartesian product, denoted by X�Y, is the set of all possible 

ordered pairs <x,y> constructed  by combining elements of X with elements of Y such that 

 and .  Xx� Yy�

 

Definition 4.3.2  Classical relations 

A classical relation represents the presence or absence of association, interaction, or 

connection between elements of two or more sets taken in a certain order. For instance, 

“equal”, “greater than” and “less than” are the common relations.   
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A classical relation between the set X and the set Y is defined on the Cartesian product of 

X and Y. By taking a subset of a given Cartesian product X�Y, a classical relation R 

between elements x and y can be defined as [Klir 1997]: 

YXyxR ��),( ,   where  or 1  (4.8)   0),( �yxR

If , two elements x and y are related; if R , they are not related. In 

general, a relation defined on Cartesian product of n sets is called an n-dimensional 

relation: 

1),( �yxR 0),( �yx

nXXXR ���� �21  ( ) (4.9) 2�n

 

Definition 4.3.3  Fuzzy relations 

A fuzzy relation generalizes the concept of a classical relation by introducing a partial 

membership between elements x and y.  For instance, “approximately equal”, “much 

larger” and “similar” are examples of fuzzy relations. 

A fuzzy relation between the set X and set Y is defined on the Cartesian product of X and 

Y. By taking a subset of a given Cartesian product X Y, a fuzzy relation between 

elements x and y can be defined as a fuzzy set 

�

R~ : 

YXyxR ��),(~  , where 1),(~0  (4.10) �� yxR

 

Definition 4.3.4  Fuzzy conjunction relations 

A fuzzy conjunction relation is a function : [0,1]� [0,1]� [0,1] defined by tf

ABAft
~)~,~( �   t  B~  (4.11) 

Where t represents a t-norm fuzzy aggregation operator, such as the min or product 

operator. 

 

Definition 4.3.5  Fuzzy implication relations 

A fuzzy implication relation is a function : [0,1]� [0,1]� [0,1] defined by if

�)~,~( BAfi A~   i  B~  (4.12) 

where i represents a fuzzy implication operator.  
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A fuzzy implication function fi  generally has the following properties [Pedrycz 1998]: 

1. Monotonicity in the second argument:  implies )()( 2~1~ yy BB �� �

))(),(())(),(( 2~~1~~ yxfyxf BAiBAi ���� �  

2. Dominancy of falsity:  1))(,0( ~ �yf Bi �

3. Neutrality of truth:  )())(,1( ~~ yyf BBi �� �

4. Monotonicity in the first argument:  implies 

 

)()( 2~1~ xx AA �� �

))(), ~ yB�(())(),(( 2~~1~ xfyxf AiBAi ��� �

5. Exchange:  )))(),((),(()))(),((),(( ~1~2~~2~1~ yxfxfyxfxf BAiAiBAiAi ������ �

 

Table 4.2 lists some common fuzzy implication functions. 

 

Table 4.2. Common fuzzy implication functions [Pedrycz 1998]. 
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Definition 4.3.6  Fuzzy conjunctive rules 

A fuzzy conjunctive rule is represented as “(X is A~ ) AND (Y is B~ )”, where A~  and B~  

are two fuzzy sets defined on the universal set X and Y; “AND” represents a logical 

conjunction and is generally implemented by a fuzzy t-norm operator. Thus, a fuzzy 

conjunctive rule can be denoted as: 

(X is A~ ) AND (Y is B~ ) )~,~( BAft�  or as  A~  t B~  (4.13) 

where  is a fuzzy conjunctive relation. See definition 4.3.4 for the definition of fuzzy 

conjunctive relations. Notice if we use a minimum operator, then a fuzzy conjunctive rule 

will be modeled by the fuzzy Cartesian product 

tf

BA ~~
� . See definition 4.1.5 for the 

definition of fuzzy Cartesian product. 

 

Definition 4.3.7 Material implication 

Material implication is in the form of “ ”, where “ ” represents a logical 

implication. In propositional logic, “ ” and “

BA�

B

�

A� BA�� ” are logically equivalent as 

shown in the Table 4.3, where “ ” is logical negation and “� ” is logical disjunction. �

Table 4.3.  Logical equivalence of  and BA� BA��  

A B A�  BA�  BA��  

T T F T T 

T F F F F 

F T T T T 

F F T T T 

 

Therefore, a material implication can be denoted as: 

“ BA� � BA�� ”  (4.14) 
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Definition 4.3.8  Fuzzy implicative rules 

A fuzzy implicative rule is represented as “X is A~ �  Y is B~ ”, where A~  and B~  are two 

fuzzy sets defined on the universal sets X and Y; “ ” represents a logical implication 

and is generally implemented by a fuzzy implication function 

�

)~,~(Afi B . Thus, a fuzzy 

implication rule can be denoted as: 

X is A~ �  Y is B~  )~,~( BAfi�  or as A~  i B~  (4.15) 

where  is a fuzzy implication relation. See definition 4.3.5 for the definition of fuzzy 

implication relations. 

if

 

Definition 4.3.9  Fuzzy production rules 

A fuzzy production rule can be considered as a production or a decision rule that applies 

to particular situations [Dubois 1991]. A fuzzy production rule can be denoted as: 

A~ �  B~ �  If  X is A~ , then execute B~  (4.16) 

Notice here “execute B~ ” may refer to adding (or deleting) a piece of information to (or 

from) a factual base, or triggering some procedure, or making a decision in solving a 

problem, etc. [Dubois 1991]. 

 

Definition 4.3.10 Fuzzy hybrid production rules 

A fuzzy hybrid production rule is denoted as: 

A~ � B~ � If  X is A~ , then )~,~( BAfi  (4.17) 

where  is a fuzzy implication relation. See definition 4.3.5 for the definition of fuzzy 

implication relations.  

if

 

Notice the difference between a fuzzy hybrid production rule and a fuzzy implicative 

rule. A fuzzy hybrid production rule requires the antecedent of the rule to be true. See 

definition 4.4.3 for the definition of fuzzy implicative rules.  
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Chapter 5 

Fuzzy Association Rule Mining 

 
This chapter introduces fuzzy set concepts into association rule mining. Section 5.1 

provides the literature review of applying fuzzy set modeling in association rule mining. 

Section 5.2 presents the framework of fuzzy association rule mining, including their 

syntax, interestingness measurement and mining algorithm. The empirical studies on two 

datasets from UCI machine learning repository are presented in Section 5.3. 

 
 
5.1 Introduction 

As mentioned in Chapter 3, Mining association rules from real world databases that 

contain quantitative data presents a challenge to the researchers.  

 

The fuzzy set concept has been introduced into various data mining areas [Hirota 1999], 

[Ishibuchi 2001b], [Mirta 2002]. In fuzzy set theory, an element can belong to a set with 

a set membership value between 0 and 1. Therefore, the set membership value is no 

longer defined by an absolute true/false binary statement, but a degree of membership 

specified by the membership function. By using fuzzy set modeling, quantitative data can 

be defined and specified without sharp partition boundaries caused by the discrete 

interval method used in crisp set association rule mining. Because fuzzy set concepts 

provide a smooth transition between membership and non-membership of a set, fewer 

boundary elements will be excluded. Fuzzy sets also can overlap, supporting differing 

degrees of membership in more than one set. Moreover, the fuzzy association rule is 

more understandable because of linguistic terms associated with fuzzy sets. 

 

As mentioned in Chapter 3, the crisp set “discrete interval method” will miss some 

elements close to the boundary of the interval. As shown in Figure 5.1, if the minimum 

support is set as 35%, then interval Age[21…30] will not be considered interesting (its 
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support is 30%), even when the value close to the boundary has large support. Thus, the 

quantitative interval Age[21…30] will not appear in the association rules. On the 

contrary, by defining a fuzzy set on the interval, we can see that the values located 

outside the interval have been considered, because of the smooth transition of a fuzzy set. 

Moreover, the contribution of a value has been restricted by the membership functions as 

illustrated in Figure 5.1. 

Sharp Boundary Sol ved by Fuzzy Set
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25%
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t

Fuzzy Set defined
on the interval

 
Figure 5.1. Fuzzy set defined on the interval. 

The concept of a fuzzy set has been introduced into association rule mining [Kuok 1998], 

[Hong 2001], [Chen 2002]. Kuok proposed the syntax of a fuzzy association rule in 

[Kuok 1998]. If we let T  represent each record  t  ( ) in a 

dataset and I  represent each attribute i ( ) then we can use 

 to represent a set of fuzzy sets associated with attribute i , where  l 

is the number of fuzzy sets defined on the domain of i . Kuok proposed fuzzy 

association rules in the form: “ ”, where  

and are subsets of attribute itemsets 

},,,{ 21 nttt ��

}mi

isXIF

i

m

ni ,,1��

k

,,{ 21 xx�

,,,{ 21 ii ��

},,2 l
ikik f�

},,, 2 qyy �

k

is

k ,,1 ��

k

B

,{ 1
ikik ffF �

{ 1yY �

YthenA }, pxX �

I ,  and 

 contain the fuzzy sets associated with the corresponding attributes 

in and Y . The interestingness of the rule is measured by a proposed significance factor 

and certainty factor. The significance factor reflects not only the number of records 

}
1x ,,,

2 pxx ff �{ fA �

},,
2 qyf�,{

1 yy ffB �

X
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supporting the itemset, but also their degree of support. The certainty factor is defined 

similar to a crisp set association rule’s confidence value. Zhang used an extension of the 

equal-depth partition algorithm [Srikant 1996] to obtain fuzzy association rules that 

combine the interval partitions with the predefined linguistic terms [Zhang 1999].         

Au used an adjusted difference measure to avoid using the user supplied threshold values 

in the fuzzy association rule mining process [Au 1998]. In [Hong 1999], a fuzzy data 

mining algorithm is proposed that integrates fuzzy set concepts to find fuzzy association 

rules from quantitative data. In Chen’s work [Chen 2002], fuzzy taxonomy was 

incorporated in the association rule mining algorithm to find associations at different 

concept levels. Hu proposed the “Fuzzy Grid Based Rules Mining Algorithm” by using 

fuzzy set to describe non-empty intersections between neighborhoods sets in partitions 

[Hu 2003].  

 

Generally speaking, fuzzy association rule mining assumed that the linguistic terms are 

provided by the user or the domain expert. However, there are some cases in which even 

domain experts are not able to define the fuzzy set. Besides, a different application 

context may require different assessment of the definitions. Some approaches were 

proposed to dealing with this issue. The fuzzy clustering technique was used to find fuzzy 

sets to represent linguistic terms on the attribute domain [Fu 1998]. Studies to learn the 

fuzzy linguistic terms from the data can be also found in [Nauck 1998]. However, the 

main problem of these approaches is that it is hard to automatically generate fuzzy sets 

consistent with the user’s intuition. Therefore, the rules are difficult to interpret because 

of the gap between the obtained membership functions and the user’s understanding of 

each linguistic term. 

 
Association rule mining can generate a large number of rules. The number of rules 

explodes dramatically as the number of attributes of the database increases. It is often 

difficult for the user to understand and handle such a large number of rules. Some of 

these rules are redundant among themselves, while some of them refer to uninteresting 

attributes, prior knowledge or expectation. Research efforts on rule pruning have been 

made in two directions. One is to propose new appropriate measures for rule 
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interestingness. The other is to prune and group the rules, use templates and dynamically 

set both the minimum support and the minimum confidence value to get rules. For 

instance, the user can define an inclusive template to match the rules, or define a 

restrictive template to prune the rules [Klemettinen 1994]. Distance measures, such as the 

amount of records that separate two rules, can be used to group the association rules 

[Toivonen 1995].  

 

5.2  Fuzzy Association Rule Mining  

When the association rule mining problem was originally introduced, it was targeted to 

“market basket analysis”. This is the analysis of items purchased together from a 

consumer’s shopping cart at a store. Thus, the term “market basket analysis” and the 

notation and semantic meaning. The corresponding association rules are classified as 

Boolean association rules. A Boolean association rule is denoted as “A B” even though 

this is not an implication. The semantic meaning of a Boolean association rule “A�B” is 

that, “the records containing A also contain B”. The support of the rule is defined as the 

percentage of the records that contain both A and B. Consequently, the relationship 

between the antecedent and consequence is logical “AND” and not an implication. 

�

 

After crisp set quantitative association rule mining rules were introduced, we have rules 

like “ X is A�Y is B”, where A and B are quantitative intervals on the attributes’ domain. 

By applying the discrete interval method, the quantitative domains are divided into 

intervals and mapped to Boolean attributes. Therefore, the Boolean association rule’s 

interestingness measurements and mining algorithm can be applied to quantitative 

association rules. We can interpret the semantic meaning of quantitative association rules 

as, “The records with attribute X’s value in interval A also have attribute Y’s value in 

interval B”. Thus, for crisp set quantitative association rules, the relationship between the 

antecedent and the consequence is also logical “AND” and not an implication. 

 

Currently, in most literature, the symbol “ ” or “ ” is used to construct the syntax of 

Boolean association rules and quantitative association rules. We know in propositional 

� �
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logic, “ ” and “�” generally denote logical implication (See definition 4.3.7 for the 

definition of material implication). However, in both Boolean and quantitative 

association rules, the relationship between the rule antecedent and the rule consequence is 

logical “AND”. Therefore, we feel it is necessary to emphasize that, the symbol “ ” or 

“�” used in crisp set association rule syntax is actually a logical conjunction and not a 

logical implication. 

�

�

 

Since the discrete interval method used in quantitative association rule mining causes 

sharp boundary problem, fuzzy set modeling was introduced to define the linguistic terms 

for  the attributes [Kuok 1998]. For example, for a quantitative association rule:     

“Age(X, 30…39)  �  Number of Cars(X, 2…5)” . We can define the linguistic term 

“Middle” on the interval [30,…,39] of attribute “Age”, and define the linguistic term 

“Medium” on the interval [2,…,5] of attribute “Number of Cars”. Thus, we can get a 

fuzzy association rule with the following semantic meaning: The person that is in 

“Middle” age, also has a “Medium” number of cars.  

 

Assume we use the symbol “ ” to define the truth value of a fuzzy association rule, 

Table  5.1  lists  the  truth  values  of  the  above  fuzzy  association  rule.  If  we compare 

�

Table 5.1 Truth table of fuzzy association rule. 

Age is Middle Number of car is Medium �  

T T T 

T F F 

F T F 

F F F 

          Table 5.2. Truth table of conjunction.        Table 5.3. Truth table of implication. 

                 
A B BA�  

T T T 

T F F 

F T F 

F F F 

A B BA �  

T T T 

T F F 

F T T 

F F T 
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Table 5.1 to the truth values of a logical conjunction and a logical implication listed in 

Table 5.2 and Table 5.3, then it is clear that the relationship between the antecedent and 

the consequent of the above fuzzy association rule is logical conjunction.  

 

In Section 4.4 we defined different kinds of fuzzy rules, including fuzzy conjunctive 

rules, fuzzy implicative rules, fuzzy production rules and fuzzy hybrid production rules. 

Fuzzy conjunctive rules and fuzzy implicative rules have significant different meanings. 

How to accurately model them is a key issue in the fuzzy association rule mining that 

follows. 

 

5.2.1 Syntax and Interestingness Measurement 

Assume a dataset has n records (rows) and m attributes (columns). Let T  denote the  

record and  denote the  attribute in the dataset. Thus, T , i  becomes 

the record set and ,  becomes the attribute set.  

i

,1

thi

jAT thj

}jAT

}{ iT� n,��

{AT � mj ,,1 ��

 

Define a linguistic term set a j
~ ={ 1~

ja , ,,~2
�ja l

ja~ } to contain the linguistic terms (fuzzy 

sets) associated with the attribute , where l  is the number of linguistic terms on the 

domain of . 

jAT

jAT k
ja~ represents the k  linguistic term associated with attribute . This 

includes the attribute name and data type. For example, attribute ={ a

th
jAT

jAT j
~ , data type of 

the jth attribute} where the linguistic term set a j
~  typically corresponds to the attribute 

name. The  term  set   a j
~ ={ 1~

ja , ,,~2
ja �

l
ja~ }  provides  coverage  for  the  domain  of  

attribute  

jAT : ja~ ={ 1~
ja , ,,~2

�ja l
ja~ }  , where is the domain of . � jD jD jAT

An example of the linguistic term definition of database attributes is shown in Figure 5.2, 

where “Mileage per gallon”, “Acceleration” and “Displacement” are three attributes. 
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Mileage per gallon Acceleration Displacement 

Low Medium High Low Medium High Small Medium Large 

18 12 307 

15 11.5 350 

18 11 318 

 Mileage per gallon; :1AT

 ={ ; 1D ]}6.46,9[: �xx

 ~a ={ 1~a , 2~a , 3~a  }={Low, Medium, High}   � D
1 1 1 1 1

Figure 5.2.  An example of linguistic term and its termset definition. 

e use the following syntax for fuzzy association rules: 

X is A~ �Y is B~          (5.1)  

here “� ” denotes logical conjunction; X{�X 1, X2,� ,Xp } and Y = {Y1, Y2,� ,Ys} are 

ubsets of attribute set AT and are disjoint in the sense they do not have common 

ttributes. {�A PAAA ~,,~,~
21 � } and �B { sBBB ~,,~,~

2 �1 } are linguistic term sets. Each 

lement of the set is a linguistic term associated with the corresponding attribute in 

and Y . Here “X is X A~ ” is called the antecedent of the rule, and “Y is B~ ” is called the 

onsequent of the rule. 

 fully extended fuzzy association rule is presented in following syntax:   

       is 1X 1
~A  AND�AND  is pX pA~   Y  is � 1 1

~B  AND �AND Y  is s sB~     (5.2) 

sually a t-norm operator is used to represent the conjunctive “and” logical relationship. 

 fuzzy association rule corresponds to a fuzzy relation )~,~(~ BAft�R  where  is a 

uzzy conjunctive relation (see Section 4.3.6 for the definition of fuzzy conjunctive 

ules). In some literature, if t is used to represent the fuzzy conjunctive operator, the 

bove is written as 

tf

AR ~~
�  t B~ .  
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Recall that the semantics of the crisp set Boolean association rule “ ” is “the 

database record contains item A AND item B.” The relationship between the rule 

antecedent and consequent is the logical AND.  The support measurement of a crisp set 

association rule is the count value of the records that contain both items A and B, which is 

actually the cardinality of the corresponding record set. Extending this into fuzzy 

association rules, the support of each individual linguistic term is the scalar cardinality of 

that linguistic term. The support of a linguistic term set is calculated by applying a 

conjunction-based fuzzy t-norm operator on the support values of each linguistic term 

within the set. 

BA�

 

Assume is the value of attribute AT  in the  record. We define support and 

confidence for fuzzy association rule in the following. 

ijx j
thi

 

Definition 5.2.1.1  Support of a fuzzy association rule 

The fuzzy support of rule “X is A~ �Y is B~ ”is defined as 

FS(X is A~ �Y is B~ ) 
n

yyxxf
n

i
isBiBipAiAt sp

�
�

�
1

~1~~1~ ))(,),(),(,),((
11

���� ��

   (5.3) 

where )(~ ijA x
j

� , )(~ ijB y
j

� is the membership value of inijx jA~ , and  in ijy jB~ ,  represents 

a t-norm operator, and n is the total number of records of the dataset. Notice the fuzzy 

support is actually the scalar cardinality of the corresponding linguistic terms.  

tf

Also notice that if we use min as , then the support is actually the Cartesian product: tf

FS(X is A~ �Y is B~ )
n

yyxx
n

i
isBiBipAiA sp

�
�

�
1

~1~~1~ ))(,),(),(,),(min(
11

���� ��

(5.4) 

 

Definition 5.2.1.2  Confidence of a fuzzy association rule 

The fuzzy confidence of the rule “X is A~ �Y is B~ ”is defined as 

FC(X is A~ �Y is B~ )  =
)~(

]~~[
AisXFS

BisYAisXFS �  (5.5) 
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5.2.2 Mining Algorithm  

The Apriori algorithm is a well-known algorithm used in association rule mining. It was 

initially proposed to find association rules from transaction data with binary attributes 

[Agrawal 1994]. It was then extended to find association rules from the data with 

quantitative and categorical attributes [Srikant 1996]. The Apriori algorithm is based on 

the downward closure property for crisp sets [Brin 1997]. This property states that if a set 

of attributes is frequent (whose support value is above the minimum support), then all 

subsets of this attribute set must also be frequent. In other words, the support of a set of 

attributes is downward closed. By applying the downward closure property, the candidate 

set of attributes whose support value is below the minimum support can be pruned. The 

Apriori algorithm has also been extended in fuzzy association rule mining by integrating 

fuzzy set concepts [Kuok 1998], [Hong 2001], [Chen 2002]. The output of fuzzy 

association rule mining is a set of fuzzy rules with linguistic terms. The Apriori algorithm 

applied to fuzzy association rule mining is based on the assumption that the downward 

closure property also holds for the fuzzy support of linguistic termsets by using t-norm 

operators. However, there does not appear to be a proof of the downward closure 

property for fuzzy support derived from t-norm operators in the literature. Consequently, 

so we provide the proof in this section.  

Downward Closure Property on Scalar Cardinality.  Assume X~  is a fuzzy linguistic 

term set. Assume O nO~,,~
1 � are n and only n subsets of X~  where XOi

~~
� and �

i
iOX ~~

� , 

.  is a fuzzy t-norm operator. Assume ni ,,1�� tf x  and  are sets of fuzzy 

membership values of one dataset record for linguistic term set 

no,�

X

o ,1

~ and nOO ~,,~
1 � . Thus, 

x  and o  contain real numbers and the following condition should hold: n� o,,1

))(,),(),(min()( 21 ntttt ofofofxf ��   

Proof: 

From �
i

iOX ~~
� , i , we can get , i  n,,1�� �

i
iox � n,,1��

Let’s say is the set of fuzzy membership values of one dataset record for linguistic 

term set O

ko

k
~ , where  nk ,,1��
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Define ,   ,i
i

l oo �� ni ,,1�� ki �

Thus,  lk oox ��

Based on t-norm’s associativity (Definition 4.2.1.1) 
)),(()( lkttt ooffxf �    (5.6) 

We know among all the t-norms, the minimum operator is the largest t-norm (Definition 

4.2.1.1), thus 

  (5.7) )()),(min()),(( ktlktlktt ofoofooff ��

Summarize expression (5.6),(5.7), we get 

)()( ktt ofxf �   ( k )      (5.8) n,,1��

Thus, for all o ( ),  and the proof is 

complete. 

k nk ,,1�� ))(,),(),(min()( 21 ntttt ofofofxf ��

 

In the empirical study of this dissertation, we use minimum, product and Lukasiewicz 

operators in the fuzzy association rule mining algorithm.  The proposed algorithm first 

converts the quantitative value of the records into fuzzy membership values based on the 

linguistic terms defined on the domain of each attribute. Support value is calculated for 

each record by using a t-norm operator. Then the algorithm computes the scalar 

cardinality of all the records. The algorithm will locate the linguistic terms if they exceed 

the predefined minimum support threshold value. The following notation is used in the 

algorithm. 

�� ( i ) is the set of records, where T  denotes the  record. ){ iTT � n,,1�� i
thi

��       is the value of attribute  in the i  record; ijx jAT th

�� min_sup: the predefined minimum support value. 

�� min_conf: the predefined minimum confidence value.  

�� : the frequent k-termsets with fuzzy support value exceed min_sup; kL

�� : the candidate linguistic term set with k terms kCAND

The details of the algorithm are presented below. 
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Figure 5.3.  Fuzzy association rule mining algorithm. 

             // get membership value of record T ’s attribute ’s value  on   )(~ ij
i
a xk

j
� i jAT ijx

                        linguistic term k
ja~  ( )                                                                 lk ,,1 ��

   (Card k
ja~ )=   //calculate scalar cardinality of linguistic term �

�

n

i

i
ak

j
1
�

k
ja~   

  ={frequent 1-linguistic term sets}; 1L

   for (k=2; k++) do begin ;1 ��
�kL

    //generate candidate linguistic term set  sup);min_,(_ 1�� kk LgenaprioriCAND

    //arrange linguistic terms  in lexicorgraphic order kCAND

                                    //no two linguistic terms in   belong to the same attribute  kCAND

         for all record T  do begin  Ti �

 
n

xxf
n

i
ipAiAt p

�
�

�
1

~1~ ))(,),((
sup

1
�� �

   

  for all candidates CAND   kCAND�

   +sup; //calculate the support countCANDcountCAND kk .. �

           end 

  min_sup} ��� countCANDCANDCANDL kk .|{

   end 

   return  kk LL ��

 
 procedure apriori_gen( , min_sup) 1�kL
     for each itemset  do begin 1�� ki Ll

        for each itemset  do begin 1�� kj Ll

             if ))1(~)1(~( ji AA � ��� ))2(~)2(~( ��� kAkA ji � ))1(~)1(~( ��� kAkA ji  then 

         =CAND iA~ jA~  //join step, generate candidates linguistic term set 
              if infrequent_subsets( , )  then   CAND 1�kL
           delete ;   //apply downward closure to prune candidate set CAND
   else add  to ;  CAND kCAND
        end 
     end 
return  kCAND
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The fuzzy conjunctive association rule mining algorithm is modified from Agrawal and 

Srikant’s Apriori algorithm [Agrawal 1994]. The details of the proposed algorithm are 

described in Steps 1 to 9 below. Steps 1 to 8 generate the frequent linguistic termsets, and 

they are reflected in Figure 5.3.  Step 9 constructs the fuzzy conjunctive association rules 

based on the generated frequent linguistic termsets and is not reflected in Figure 5.3. 

 

Step 1:  

Map the crisp value into membership value for record T  on  linguistic term i
thk k

ja~ for 

attribute :    (       (5.9) jAT )(~ ij
i
a xk

j
� ),,1 lk ��

where l  is the number of linguistic terms on attribute   jAT

 

Step 2: 

Calculate the scalar cardinality of the  linguistic term thk k
ja~ for each attribute . jAT

Card ( a k
j

~ )=     ( ;  (5.10) �
�

n

i 1

)(~ ij
i
a xk

j
� mj ,,1 �� ),,1 lk ��

 

Step 3: 

Choose the linguistic terms of attribute  whose scalar cardinality exceeds the 

predefined minimum support value min_sup and put them in the frequent 1-itemset . 

jAT

1L

�1L { k
ja~ | (Card k

ja~ )�min_sup}  ( ;  (5.11) mj ,,1 �� k ),,1 l��

 

Step 4:  

Set k=1, where k represents the number of linguistic terms in the frequent k-termset . kL

 
Step 5:  

Denote )}(~,),1(~{~ kAAA iii ��  as the  linguistic term set in with thi kL )(~ jAi  as the  

linguistic term in 

thj

iA~ . Generate the candidate set CAND  by self joining thek  i th  linguistic 
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term set iA~  and the  linguistic term set thj jA~  in . The two linguistic term sets 1�kL iA~  and 

jA~  are joinable only if their first (k-2) items are in common, that is: 

(~~( iA jA )2(i )2( �ki �k

(~),11(~
�kj

k

�Ai

CAND

1�

1
~A k

FS �

k

A~1
�

L �k

))1)1( � � ))2(~~( jAA � ��� ))2(~~( �� kAA j �  ))1(~)1(~(  �� AkA ji

The resulting candidate itemset CANDk   will be: 

        CANDk  = )}1(~),2(~,),{  (5.12) � AkAkA ii�

By checking the name of the linguistic terms, this step should also insure that no two 

linguistic terms in  belong to the same attribute.  k

 

Step 6: 

If any subset of  does not belong to frequent ( )-itemset , then apply 

the downward closure property to prune the candidate itemset CAND . 

k kCAND 1�k 1�kL

k

 

Step 7:  

Calculate the support for each candidate set CAND . Assume CANDk  is represented as 

( , ,� ,2
~A kA~ ),  then we can use expression (5.3) to calculate the support of CAND : 

 

n

xxf
n

i
ipAit p

�
�1

~1 ))(,),(( ��

 (5.13) 

If the support is larger than, or equal to, the predefined minimum support value min_sup, 

put CAND  in frequent k-termset . kL

 

Step 8:  

If  is null, then do the next step; otherwise, set  and repeat steps 5, 6 and 7. K 1�k

 

Step 9: 

Construct the fuzzy class association rules for all frequent k-termset  using the 

following substeps:  

kL
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(9a).   

For each linguistic term set Ai
~ in , kL )}(~,),1(~{~ kAAA iii ��  ( )(~ kAi is the kth linguistic 

term in iA~ ), form all possible fuzzy association rules. Below is one example of the rule:  

“  is 1X )1(~
iA AND … AND X  is 1�r )1(~

�rAi AND  is 1�rX )1(~
�rAi AND … AND      

 is kX )(~ kAi � rX  is )(~ rAi ”     ( ) k,�r � ,1

 

(9b).  

Calculate the confidence value for each rule. Output the rules whose confidence          

value is larger than, or equal to, the predefined confidence threshold value min_conf.  The 

confidence of rule  

“  is 1X )1(~
iA AND … AND X  is 1�r )1(~

�rAi AND  is 1�rX )1(~
�rAi AND … AND      

 is kX )(~ kAi � rX  is )(~ rAi ”     ( ) k,�r � ,1

can be calculated by using expression (5.5) as: 

(k))A~ is X and … and 1)(rA~ is  X and 1)-(rA~ is X and … and (1)A~  is FS(X
  )C is  (k)A~ is X and … and 1)(rA~ is  X and 1)-(rA~ is X and … and (1)A~  is FS(X

iki1ri1-ri1

iiki1ri1-ri1

�

�

�

�

�
Cand

FC

 

 

5.3 Empirical Study 

This section provides the empirical study of the proposed fuzzy association rule mining 

approach on two datasets. They are the Auto-Mpg dataset and the Page Blocks dataset 

from the University of California, Irvine (UCI) machine learning repository [Blake 

1998]. 

 

5.3.1 The Auto-Mpg Dataset 

The Auto-Mpg dataset is about city-cycle fuel consumption in miles per gallon. It 

contains totally 398 records. Each record contains the information of one specific type of 

car. The attributes are listed below. 
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Mpg:   mileage per gallon 

C:    number of cylinder 

D:    displacement  

H:    horsepower 

W:   weight 

A:    acceleration 

Y:    model year 

Car name:  the specific type and model of the car 

An example record from the dataset is shown in Table 5.4. 

Table 5.4.   A record of mpg database. 

car name C A D H mpg W Y 

"Chevrolet chevelle malibu" 8 12.0  307.0  130.0  18.0    3504   1970

 

In this dataset only “car name” is a character attribute. The other attributes are either 

categorical or quantitative attributes. Each record is uniquely identified by the “car name” 

attribute. All the attributes except “car name’ will be used in fuzzy association rule 

mining. This gives a total of seven attributes. It includes two multi-valued discrete 

attributes and five continuous quantitative attributes. The attributes used in the rule 

mining are defined in Table 5.5. 

Table 5.5. Attributes of the mpg databset. 

Attribute Name Denoted As Type of Attribute Range 

Cylinder C Discrete 3,4,5,6,8 

Acceleration A Continuous quantitative 8  to 24.8 

Displacement D Continuous quantitative 68 to 455 

Horsepower H Continuous quantitative 46 to 230 

Mpg M Continuous quantitative 9 to 46.6 

Weight W Continuous quantitative 1613 to 5140 

Model Year Y Discrete Discrete value from 1970 

to 1982 

In this empirical study, the records containing missing values are removed. The total 

input is then 392 records. 
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5.3.1.1 Data Preprocessing 

Fuzzy sets are defined for every continuous quantitative attribute. In this example, each 

attribute has 3 fuzzy partitions, either Low, Medium, High or Small, Medium, Large. The 

fuzzy sets defined for each attribute are shown in Figures 5.4 through 5.8.  
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Figure 5.4.  Fuzzy sets of attribute “mpg”.        Figure 5.5. Fuzzy sets of attribute “acceleration” 
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Figure 5.6. Fuzzy sets of attribute “displacement”.     Figure 5.7.  Fuzzy sets of attribute “weight”. 
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Figure 5.8.  Fuzzy sets of attribute “horsepower”. 
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Triangular membership functions are used for fuzzy partitioning. The standard equal 

width partitioning is adopted. That is splitting the region into six equally large intervals. 

We set the left and right fuzzy membership functions to occupy two intervals and set the 

middle one to occupy four intervals. Each fuzzy attribute is identified with a term label 

that combines the original attribute name and the fuzzy set name, such as Mpg-Low 

(denoted M-L), Horsepower-High (deonoted H-H), etc.  

 

Certainly we could use other fuzzification options. Examples would be to define the 

fuzzy sets in a way that contains roughly the same number of records or to use different 

non-triangular membership functions. Any change will affect the rules mined from the 

dataset. The types of membership function and how they are overlaid on the attribute 

domains is determined by the user based upon their objectives and problem perspective. 

 

For the discrete attribute “Cylinder”, there are five possible values for this attribute. The 

original attribute is mapped to five new attributes each containing only the Boolean value 

0 or 1. The names of the new discrete attributes are “Cylinder-4”, “Cylinder-6”, etc. The 

same mapping method is also applied to discrete attributes “ Model Year” and “Origin”. 

Table 5.6 shows the first ten records of the dataset before fuzzification. Table 5.7 shows a 

portion of the fuzzy set value converted from the records in Table 5.6. 

 
Table 5.6.  First ten records of mpg dataset. 

Acceleration Cylinders Displacement Horsepower mpg Weight Model Year 
12 8 307 130 18 3504 70 

11.5 8 350 165 15 3693 70 
11 8 318 150 18 3436 70 
12 8 304 150 16 3433 70 

10.5 8 302 140 17 3449 70 
10 8 429 198 15 4341 70 
9 8 454 220 14 4354 70 

8.5 8 440 215 14 4312 70 
10 8 455 225 14 4425 70 
8.5 8 390 190 15 3850 70 
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Table 5.7.  The fuzzy set value transformed from data in Table 5.6. 

Acceleration Cylinder Displacement 

A-L A-M A-H C-3 C-4 C-5 C-6 C-8 D-L D-M D-H 

0.333 0.167 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.647 0.000 

0.417 0.083 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.314 0.186 

0.500 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.562 0.000 

0.333 0.167 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.671 0.000 

0.583 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.686 0.000 

0.667 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 0.798 

0.833 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 0.992 

0.917 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 0.884 

0.667 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 1.000 

0.917 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.004 0.496 
  

We use a normalization process to make the fuzzy set membership values of each 

attribute add up to one. From Table 5.7’s first record, we know that the fuzzy set 

membership values of the terms A–L, A–M and A–H are 0.333, 0.167 and 0.000, 

respectively. After normalization, the fuzzy set membership values for A-L, A-M and   

A-H are 0.333/(0.333+0.166+0.000) = 0.667,  0.166/(0.333+0.166+0.000) = 0.333 and 

0.000/(0.333+0.166+0.000) = 0.000, respectively. 

In the empirical study,  we compared a case using non-normalized fuzzy set membership 

values with a case using normalized fuzzy set membership values. The normalized fuzzy 

set membership values of Table 5.7 are shown in Table 5.8. 

Table 5.8  The normalized fuzzy set membership values. 
Acceleration Cylinder Displacement 

A-L A-M A-H C-3 C-4 C-5 C-6 C-8 D-L D-M D-H 
0.667 0.333 0.000 0.000 0.000 0.000 0.000 1.000 0.000 1.000 0.000 
0.833 0.167 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.628 0.372 
1.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 1.000 0.000 
0.667 0.333 0.000 0.000 0.000 0.000 0.000 1.000 0.000 1.000 0.000 
1.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 1.000 0.000 
1.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 1.000 
1.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 1.000 
1.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 1.000 
1.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.000 1.000 
1.000 0.000 0.000 0.000 0.000 0.000 0.000 1.000 0.000 0.008 0.992 
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Since the focus for this empirical study is on analyzing the results, the data preprocessing 

is done manually in Excel. Typical datasets are too large for Excel so beyond this 

example explicit preprocessing would be done in a language such as C++ or Matlab 

programs. 

 

5.3.1.2 Result Analysis And Discussion 

In Table 5.9 are the top ten rules ranked by their confidence values. Those rules are the 

mining result from normalized fuzzy set membership values when minimum support is 

set as 40%, and minimum confidence is set as 70%.  The fuzzy “Product” operator is 

used.  

Table 5.9  First ten fuzzy conjunctive association rules. 

 

No Rule  Conf Sup 
1 4 Cylinders AND Small Displacement 0.966 0.490 
2 4 Cylinders AND Medium Acceleration 0.934 0.474 
3 Low Horsepower AND Medium Acceleration 0.931 0.442 
4 Small Displacement AND 4 Cylinders 0.929 0.490 
5 Medium mpg AND Medium Acceleration 0.926 0.579 
6 Small Displacement AND Medium Acceleration 0.926 0.489 
7 4 Cylinders, Medium Acceleration AND Medium mpg 0.916 0.434 
8 4 Cylinders AND Medium mpg 0.904 0.459 
9 4 Cylinders AND Medium Acceleration, Small Displacement 0.902 0.458 
10 Medium Acceleration, Small Displacement AND Medium mpg 0.901 0.441 

We ranked the rules by confidence value because confidence measures the accuracy of 

the rule. In other words, it indicates how likely the rule will be correct.  

 

Let us explain the first three rules. 

��A car with 4 cylinders will also have small displacement. 

��A car with 4 cylinders will also have medium acceleration. 

��A car with low horsepower will also have medium acceleration. 
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These rules are based on the linguistic terms defined on the corresponding attribute 

domain. The accuracy of the rules depends to a large extent on the correct fuzzy 

partitioning and linguistic term definition. Generally, the user or the data analyst will 

have a sense of such terms based on their context and background knowledge.  

 

Relationships Between the Number of Association Rules and the Minimum Support 

Value when Using Different Fuzzy Aggregation Operators 

 

We examined the relationships between the number of association rules and the minimum 

support value when using different fuzzy aggregation operators (t-norm). Three types of 

fuzzy aggregation operators, minimum, product and Lukasiewicz operator are used. 

Among them, minimum and product operators have been commonly used in fuzzy 

association rule mining. 

  

Figure 5.9 shows the relationship between the number of rules and minimum support 

values when different fuzzy conjunctive operators are used on un-normalized data. Three 

fuzzy conjunctive operators (t-norms) are compared – the fuzzy minimum operator, the 

fuzzy product operator and the fuzzy Lukasiewicz operator. The value of minimum 

support varies from 15% to 25% with a minimum confidence set at 70%. In all cases, it 

can be seen that the number of association rules decreases with an increase in the 

minimum support value. This is consistent with intuition.  The fuzzy minimum operator 

generates more rules than the fuzzy product and fuzzy Lukasiewicz operator within the 

specified minimum support range. This is because for the same candidate k-itemsets, the 

fuzzy minimum operator will have a larger fuzzy set value that affects the number of 

frequent k-itemsets selected to generate the rules. In this example, the product and 

Lukasiewicz operators generate almost the same amount of rules when the minimum 

support value is greater than 0.17. 
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Figure 5.9. Number of rules vs. minimum support on  

un-normalized fuzzy set membership values. 
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Figure 5.10.  Number of rules vs. minimum support on  

normalized fuzzy set membership values.  

 

Figure 5.10 shows the relationship between the number of rules and the minimum support 

value when different fuzzy operators (t-norms) are used on normalized data. The fuzzy 

minimum operator, the fuzzy product operator and the fuzzy Lukasiewicz operator are 

used for comparison. The value of the minimum support varies from 15% to 25% with 

the minimum confidence set as 70%. The number of rules still decreases as the minimum 

support increases. The fuzzy minimum operator generates more rules than the other 
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operators and is consistent with the results using un-normalized data. Compared to the 

fuzzy Lukasiewicz operator, the fuzzy product operator generates more rules. 

 

Notice that for normalized data, all three fuzzy operators produce more rules than for   

un-normalized data. As an example, let us examine the attribute “Acceleration” and its 

fuzzy set membership values before and after normalization. Consider the first record in 

the dataset, the attribute Acceleration’s value is 12. Figure 5.11 shows the fuzzy set 

membership functions defined on the domain of “Acceleration”. The horizontal axis 

represents the original data value and the vertical axis represents the fuzzy set 

membership value. We can see for input such as 12 that the fuzzy set membership values 

for “Low”, “Medium” and “High” are 0.333, 0.166 and 0.000, respectively. After 

normalization, the fuzzy set membership value for “Low” is    

0.333/(0.333+0.166+0.000) = 0.667,for “Medium” is 0.166/(0.333+0.166+0.000) = 0.333 

and for “High” is  0.000/(0.333+0.166+0.000) = 0.000. 

0

1

0.333
0.166

8 261711 14 20 23

Acceleration

Low Medium High

12
 

                Figure 5.11.  Fuzzy set membership values of attribute “acceleration”. 

 

It can be seen that after normalization, the fuzzy set membership values increase. This 

increase also increases the possibility that a record will produce a result above the 

minimum support level. 
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It is also possible that the fuzzy set membership values will decrease after normalization. 

Let us use a different fuzzification scheme as shown in Figure 5.12 for the attribute               

8 261711 15 23

Acceleration

Low Medium High

0.272
0.090

0.833

16 19
 

Figure 5.12.  Another fuzzification scheme for attribute “acceleration”. 

 

“Acceleration”. We can see that for input such as 16, the fuzzy set membership values for 

“Low”, “Medium” and “High” are 0.272, 0.833, 0.090, respectively. After normalization, 

the fuzzy set membership value for “Low” is 0.272/(0.272+0.833+0.090) = 0.228, for 

“Medium” is 0.833/(0.272+0.833+0.090) = 0.697 and for “High” is 

0.090/(0.272+0.833+0.090) = 0.075. We see that after normalization the fuzzy set values 

of the input record decrease. This decrease also decreases the possibility a record will 

produce a result below the minimum support level. 

 

 
Relationships Between the Number of Association Rules and the Minimum Support 

Values when Using Different Minimum Confidence Values.  

 

We use the “AND” operator to examine the relationship between the number of 

association rules and the minimum support values under different minimum confidence 

values. The results are shown in Figure 5.13. We can see that for the same minimum 

support value the number of association rules decreases as the minimum confidence value 

increases. This is consistent with our expectation since a higher confidence value reduces 

the number of records qualifying for evaluation. Examining Figure 5.13, we note that as 

the minimum support value increases the number of rules produced decreases and 
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converges. In the figure the number of rules is essentially the same, regardless of the 

minimum confidence level, for a minimum support value greater than 45%. This means 

that the minimum confidence value has a larger effect on the number of association rules 

when a smaller minimum support value is used. 
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Figure 5.13. Number of rules vs. minimum support on different confidence values. 

 

 

Two Approaches to Linguistic Term Selection. 

 

After the original data are converted into fuzzy membership values, the scalar cardinality 

of the linguistic terms is calculated in preparation for linguistic term selection. We also 

experimented on two different approaches for linguistic term selection. The first approach 

is to consider all the linguistic terms whose support is above the minimum support 

threshold to form the frequent itemsets. We call this the Multiple Linguistic Terms 

approach.  The second approach is to only consider the linguistic terms with maximum 

scalar cardinality for each attribute. We call this the Single Most Important Linguistic 

Term approach. Thus, the linguistic term can be regarded as the most important one for 

the corresponding attribute.  
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Let us consider the attribute “mpg”. It has 3 different linguistic terms, “Low”, “Medium” 

and “High”. Assume the minimum support threshold value is 15%, and the support 

values of the above three linguistic terms are 19%, 25%, 12%, respectively. In the first 

approach, both “Low” and “Medium” are considered frequent attributes because they are 

above the 15% threshold value. Because of this, it is possible to obtain rules that contain 

propositions such as “mpg is Low” or “mpg is Medium”. In the second approach, only 

the most important linguistic term will be considered as a frequent attribute. In this 

example, the most important attribute is “Medium” because the largest support value 

25% is consistent with the linguistic term “Medium”. 

 

Figure 5.14 and 5.15 show the relationship between the number of rules and the 

minimum support for the two different approaches. In both cases, minimum confidence is 

set at 70%. Take the fuzzy product operator as an example, we vary the minimum support 

value from 15% to 25%. From Figure 5.14 we see that the Multiple Linguistic Terms 

approach generates 405 to 458 different conjunctive rules. From Figure 5.15, we see that 

the Single Most Important Linguistic Term approach only generates 44 to 53 different 

rules.  
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Figure 5.14.  Number of rules vs. minimum support  

(multiple linguistic terms). 
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Figure 5.15.  Number of rules vs. minimum support  

(single most important linguistic term). 

 

Since the Single Most Important Linguistic Term approach excludes some potential 

terms, it can miss potential rules in the mining result. But if we are dealing with large 

volumes of data such as millions of records and hundreds of attributes, it is time 

consuming to generate all rules and all patterns using the Multiple Linguistic Terms 

approach. Consequently, the approach that focuses on the most important linguistic terms 

reduces the computation time and produces a subset of the complete rule set. Therefore, it 

depends on the application requirements to determine which approach is most suitable. 

 

 

5.3.1 The Page Blocks Dataset 
 

We also used a larger dataset, the Page Blocks dataset from the University of California, 

Irvine (UCI) machine learning repository [Blake 1998]. This dataset resulted from a 

document analysis study that aimed to separate text from graphic areas on the document 

pages. It contains the data of the different blocks from the distinct documents.  There are 

five different types of blocks: text, horizontal line, picture, vertical line, and graphic. This 

dataset contains 5473 records each with 10 attributes.  
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We used the same fuzzy partitioning scheme on the domain of attributes as in Section 5.1. 

Three linguistic terms are defined on the domain of each attribute. We used                  

un-normalized data in the empirical study on the Page Blocks dataset.  
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Figure 5.16. Effect of  minimum support on the number of frequent termsets  

 

First, we did the empirical study to show the relationship between the number of the 

frequent termsets and the minimum support value. We used the Product operator because 

it is one of the most commonly used fuzzy conjunctive operators in the literature. We set 

the minimum confidence threshold as 0.9. In Figure 5.16, the minimum support varies 

from 0.15 to 0.35. The frequent termsets generated from this dataset contain 1 to 10 

terms. In Figure 5.16, L1 to L10 represent the frequent termsets that have 1 to 10 

linguistic terms. From Figure 5.16, we can see that the number of the frequent termsets 

decreases with an increase in the minimum support value. This is consistent with 

intuition. The curve that has fewer terms is smoother than the curve with more terms. For 

instance, in Figure 5.16, we can see that the curve with the frequent 4-termsets (L4) is 

smoother than the curve with the frequent 5-termsets (L5). This means the minimum 

support value has a larger impact on the frequent termsets with more terms.  
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Figure 5.17. The relationship between the minimum support and the number of rules  

 

Using the Page Blocks dataset we also examined the relationship between the number of 

rules and the minimum support values on the fuzzy minimum operator, the fuzzy product 

operator and the fuzzy Lukasiewicz operator. We set the minimum confidence as 0.9. 

Figure 5.17 shows the relationship between the number of rules and the minimum support 

values on the three fuzzy conjunctive operators when the minimum support value varies 

from 0.15 to 0.35. In all cases, it can be seen that the number of association rules 

decreases with an increase in the minimum support value. This is consistent with intuition 

and the result on the Auto-Mpg dataset.  The fuzzy minimum operator generates more 

rules than the fuzzy product and fuzzy Lukasiewicz operator with the same minimum 

confidence value of 0.9. This is because for the same candidate k-termsets, the fuzzy 

minimum operator will have a larger fuzzy set value that affects the number of frequent 

k-termsets selected to generate the rules. 
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5.3.3 Summary of Results 

The preliminary results based on the Auto-Mpg dataset and the Page Blocks dataset can 

be summarized as follows. 

1. Our fuzzy association rule mining proved to be effective in dealing with quantitative 

data mining. The knowledge output includes linguistic term representation and can be 

easily translated into natural language.   

 

2. The fuzzy partitioning and the definition of the linguistic terms plays an important role 

on the validity of the final knowledge.  Generally, the data miner or the user should have 

the necessary background knowledge in order to get accurate rules.  

 

3. Among the investigated minimum, product and Lukasiewicz operators, the minimum 

operator produces more rules than the other two operators. Which one to use should be 

based on the application context. 

 

4. The number of association rules decreases as the minimum confidence value increases.  

And the minimum confidence value has a larger effect on the number of association rules 

when a smaller minimum support value is used. 

 

5. Use of the “Single Most Important Linguistic Term” of each attribute will give a quick 

overview of the knowledge within the data, while use of the “Multiple Linguistic Terms” 

approach will produce a more complete set of rules. The tradeoff depends on the 

application context. 
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Chapter 6 

 

Fuzzy Classification  

 

This chapter introduces fuzzy classification. The advantages of using fuzzy classification 

are explained in Section 6.1. A general fuzzy classification model is provided in Section 

6.2. Rule weight and the fuzzy reasoning method are two key issues in designing a fuzzy 

classifier. They are addressed in Section 6.3. 

 

 

6.1 Advantages of Applying Fuzzy Classification 
Generally speaking, a fuzzy classifier is formed by a set of fuzzy If-Then rules. Those 

rules are generated corresponding to the fuzzy partitioning on the domain of each 

attribute. A two-attribute classification problem is shown in Figure 6.1. Rule 1, rule 2 and 

rule  3  each corresponds to a fuzzy subspace defined by  the  antecedents  of   the  fuzzy   

Rule 3

Rule 2

Rule 1

X

Y

A1 A2 A3

B1

B2

B3

 
Figure 6.1. Fuzzy rule representation. 
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rule. For instance, the antecedents of rule 1 is “ If X is A1 AND Y is B1”. We can see 

that each fuzzy rule partially overlaps with one another. This is a direct result of the 

overlapping fuzzy sets defined on the domain of attributes. Consequently, as shown in 

Figure 6.2, a fuzzy classifier can obtain a smooth classification boundary as compared to 

the crisp boundary by a non-fuzzy classification method such as the look-up table method.  

look-up table boundary

fuzzy rules boundaryX

X

X

X

Y Y

Y Y

 
Figure 6.2. Classification boundary by fuzzy rules and the look-up table method. 

 

In a real situation, there are often cases that classification process can be easily handled 

by a human being, but difficult for a machine. Such examples includes face and voice 

recognition, handwriting verification, etc. One of the approaches to solve these problems 

is to formulate the human’s knowledge in a fuzzy rule based classifier [Kuncheva 2000].   

A fuzzy classifier based on fuzzy if-then rules is more interpretable, because the expert or 

user is able to verify the classification paradigm. Such verification may be done by 

judging the plausibility, consistency or completeness of the fuzzy rule sets in the 

classifiers.  
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6.2 General Fuzzy Classifier Model 
 

In Chapter 2, we presented the definition for a non-fuzzy classifier (Definition 2.1). Let 

us assume we have n  records (patterns) and m attributes (features). Assume C , 

( i ) as the set of class labels.  

}{ iC�

q,,1��

Let  ( ) denote the set of records. A non-fuzzy classifier is any 

mapping  

}{ iTT � ni ,,1��

CT �           

That is, each record T  is mapped to one class label in C. i

 

The major difference between a non-fuzzy classifier and a fuzzy classifier is that, instead 

of assigning a class label from C  to each record of T, a soft class label with degree of 

membership in each class is attached to each record (pattern). The membership value of 

the class label varies from 0 to 1. 

 

Here we present the general fuzzy classifier model. A general fuzzy classifier model is 

formed by a set of fuzzy rules with the following format: 

 

1X  is  AND … AND  is 1
~A pX pA~   AND … AND  (6.1) � )( 11

ChC �� )( qC Ch
q
��

 

Here X1, X2,� ,Xp  are the attributes of the dataset and  are linguistic terms 

associated with the corresponding attribute; ,� , are the membership values for 

class C ( i ), and they are denoted as  ( );  “� ” denotes logical 

conjunction. 

PAAA ~,,~,~
21 �

qC

q,,1��

1C�

(h

�

ii q,�� ,1 )iC

 

From (6.1) we can derive two types of fuzzy classifier. 

For the first type of fuzzy classifier, the membership values for the classes only take 

binary value 1 or 0.  That is =1 or 0  ( i ).  )( iCh q,,1��
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For the second type of fuzzy classifier, the value of  ( ) ranges from 0 to 

1.  A lot of cases, the value of  is normalized so that . 

)( iCh qi ,,1��

�
�

�

q

i
iCh

1
1)()( iCh

 

In this dissertation, we only deal with the first type of fuzzy classifier. Every record 

(pattern) can only be assigned to one class. In other words, the membership values for the 

classes only take binary value 1 or 0. Consequently, the rules in a general fuzzy classifier 

model as in (6.1) can be simplified to following format: 

 

1X  is 1
~A  AND �  AND  is pX pA~  Class C  (6.2) � i

 

where X1, X2,…,Xp  are the attributes of the dataset and PAAA ~,,~,~
21 �  are linguistic terms 

associated with the corresponding attribute. The rule consequent means the rule will 

classifier the record to belong to class C .  i

 
 
6.3 Rule Weight and Fuzzy Reasoning Method 
Constructing a fuzzy classifier usually starts by generating the candidate rules according 

to fuzzy partitioning on the attributes’ domain. Various methods have been studied to 

extract the candidate rules, such as genetics-algorithm based method [Ishibuchi 

1995],[Gonzalez 1999], neuro-fuzzy method [Nauck 1998], etc. A fuzzy classifier is then 

formed by choosing the set of rules that have satisfactory performance based on 

classification accuracy and interpretability. In order to choose high quality rules from a 

large pool of rules, a rule evaluation measurement is needed to attach to each rule to 

indicate the significance of each rule. In fuzzy classification literature, this rule 

evaluation measurement is often referred to as the “rule weight” [Ishibuchi 2001], 

[Gonzalea 1999]. In this dissertation we will follow this convention. Besides rule weight, 

certain fuzzy reasoning methods need to be adopted to classify a new record. We will 

address rule weight and the fuzzy reasoning method in this section 
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The following notations are used in Section 6.3 and Section 6.4. Assume the dataset has n 

records and m attributes. Let us denote T  ( ) as the set of records and 

( ) as the set of attributes. Assume the records are classified into q 

known classes and denote C  as the set of classes, C  ( ). Let us denote 

R as the rule set that contains all the fuzzy rules generated to form the fuzzy classifier. 

Thus, rule R

}{ iT� ni ,,1 ��

}{ kC�

}{ jATAT � mj ,,1 ��

qk ,,1��

t with p antecedents is represented as: 

 

Rt:  is 1tX 1
~

tA  AND…AND  is tpX tpA~   Class C  , , C  (6.3) � i RRt � Ci �

Here is a subset of the attribute set AT; and },,{
1 pttt XXX �� }~,,~{~

1 pttt AA ��A is a 

linguistic term set where each element of the set is a linguistic term associated with the 

corresponding attribute in .   tX

Assume the data has already been fuzzified into membership values according to the 

linguistic terms defined for each attribute. For each record, the value of the attributes 

relating to the linguistic term set A  is represented as T  ( ). 

Notice here t ( ) denotes the membership value of linguistic term A

t ),,{ )()( 1 ptitii tt �� ni ,,1 ��

t)( jti pj ,,1 ��
j

~  

( ) for the  record. pj ,,1 ��
thi

 

We define the compatibility grade of each record T  with the antecedent part of the fuzzy 

rule R

i

t as  

)()()()( )(ˆ)(~)(~~
2211 ptpttt tiAtiAtiAiA tttT ���� ���     ( ) (6.4) ni ,,1��

Notice the product operator is used in this definition. 

 

In order to form a fuzzy classifier with high classification ability, we need to define a 

proper rule weight to indicate the strength of the rules. This rule weight should be able to 

identify high quality rules and help to form a satisfactory classifier. In genetics-based 

fuzzy classifier design, different kinds of rule weights are proposed to pre-select 

candidate rules to be used in the genetic algorithm. It has been observed that the selection 

of a proper rule weight has an important impact on the performance of the fuzzy classifier 
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[Ishibuchi 2004]. This is because rule weight is directly incorporated in the fuzzy 

reasoning mechanism to classify a new record. 

 

In the general fuzzy reasoning model proposed in [Cordon 1999], rule weight can be 

applied on the compatibility degree between the record and the rule, and various 

aggregation functions can then be used to combine the compatibility degree within the 

rule set. In this dissertation, we use the classical reasoning method that specifies the 

consequent class of each fuzzy rule Rt as follows: 

� �
� �

����

ji ki

tt
CClassT CClassT

tiAtiA qkRWTRWT },,1,)(max{)(~ ���  (6.5) 

where  is the compatibility grade of each record T  with the antecedent part of the 

fuzzy rule R

)(~ iA T
t

� i

t, and  RWt is the rule weight of the fuzzy rule Rt.  From expression (6.5), we 

can see that each fuzzy rule has its own decision area in which new records are classified 

by that rule.  

 

After we construct the fuzzy classifier, a certain fuzzy reasoning method is needed to 

classify a new record. A general fuzzy reasoning model was proposed in [Cordon 1999]. 

Within that model, various rule weights can be applied on the compatibility degree 

between the record and the rule, and various aggregation functions can be used to 

combine the compatibility degree within the rule set.  In this research, we use the 

classical fuzzy reasoning method. The classical fuzzy reasoning method classifies the 

new record with the consequent of the rule that has the maximum product of the 

compatibility grade and the rule weight. Since this method only uses the winning rule in 

the classification process, it is also referred to as the single winner-based method 

[Ishibuchi 1999].  

})({max)( ~~ titARwiwA RWTRWX
t

��� ��        (6.6) RRt �

where RWt is the rule weight of the fuzzy rule Rt. 
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Take a dataset with 2 attributes as an example. The fuzzy partitioning on each attribute’s 

domain is shown in Figure 6.3. Assume this is a two-class classification problem. The 

two classes are the class of black dots and the class of white dots. There are two linguistic 

terms 1
~A  and 2

~A  defined on the domain of the attribute X1, and one linguistic term 1
~B  

defined on the domain of the attribute X2. Thus, there are two fuzzy rules generated by 

the fuzzy partitioning and they are rule R1 and R2. Each cell in Figure 6.3(a) corresponds 

to the decision area of each rule. Based on expression (6.5), assume the consequent class 

of rule R1 and rule R2 is the class of black dots and the class of white dots, respectively. 

Therefore, rule R1 and rule R2 are as follows: 

R1: X1 is 1
~A  AND X2 is 1

~B �  black dot 

R2: X1 is 2
~A  AND X2 is 1

~B �  white dot 

Assume equal rule weights are set for each rule in Figure 6.3(a). While in Figure 6.3(b), 

the rule weight of rule R2 is only one fourth of the rule weight for rule R1. 

 

X1

X
2

2
~A1

~A

1
~B

X1

X
2

1
~A

1
~B

2
~A

R1 R2 R1 R2 

 
                       (a)Equal rule weight                                                  (b)Unequal rule weight 

          Figure 6.3. Effect of rule weight. 
 

We use the product operator as a t-norm. Thus, the dashed line in Figure 6.3(b) shows the 

combined effect of applying rule weight on the compatibility degree between the data and 

the rule. Because of the change of the rule weight, the decision area of R2 is reduced 
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while the decision area of R1 is increased. Assume now we need to classify new (unseen) 

data represented by the small square in the bottom right in Figure 6.3. Assume the new 

data point’s membership values of 1
~A , 2

~A , and 1
~B  are 0.25, 0.75 and 0.5, respectively, in 

Figure 6.3. The compatibility grade of the new data point and each rule can be 

determined based on the definition of the compatibility grade (expression 6.4). Thus, in 

Figure 6.3(a), we know the compatibility grade of the new data point and the rule R1 is 

0.25 0.5 = 0.125. The compatibility grade of the new data point and the rule R�

�

2 is 

0.75 0.5 = 0.375.  

 

Since rule R1 and rule R2 have equal rule weight in Figure 6.3(a), so the new data point 

will be assigned to the consequent class of the rule R2, that is the class of white dots 

based on the classical fuzzy reasoning method (expression 6.6). But in Figure 6.3(b), the 

rule weight of rule R1 is only one fourth of the rule weight for rule R2. Therefore, the 

product of the compatibility grade and the rule weight between the new data point and 

rule R1 is 0.25� 0.5 1 = 0.125. The product of the compatibility grade and the rule 

weight between the new data point and rule R2 is 0.75�0.5�0.25 = 0.09375. Based on 

the fuzzy classical reasoning method (expression 6.6), the classification result of the new 

data point in Figure 6.3(b) changes to the consequent class of the rule R

�

1, that is the class 

of black dots. Thus, the classification result of the new data point in Figure 6.3 changes 

from the class of white dots to the class of black dots because of the change of the rule 

weight of rule R2. We can see that the rule weight of each rule has a large impact on the 

classification result of fuzzy rules. 

We can extend the two-attribute classification problem to multiple attributes. We can 

think of the decision area of a fuzzy rule with multiple antecedents as a multi-

dimensional hyperspace (hypercube).  The larger the rule weight, the larger the 

hyperspace volume the rule occupies. Similarly, the smaller the rule weight, the smaller 

hyperspace volume the rule occupies. Comparatively, a rule that occupies larger 

hyperspace volume becomes more general; while a rule that occupies smaller hyperspace 

volume becomes more specific. As the number of attributes increases, the total number of 

fuzzy rules becomes huge. In order to obtain a compact fuzzy classifier with small 

number of rules, we need to have general fuzzy rules. This is because general fuzzy rules 
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can cover larger hyperspace volume. Meanwhile, we still need some specific rules to 

cover some small hyperspace volume with high accuracy. It has been observed that it is 

necessary for a fuzzy classifier to have both general and specific fuzzy rules       

[Ishibuchi 2001]. 

 

In fuzzy association rule mining, fuzzy support and fuzzy confidence are two major rule 

interestingness measurements. They have been incorporated in the pre-screening tool to 

extract candidate fuzzy rule sets in genetic algorithm-based methods [Ishibuchi 2004].  

Some empirical studies have shown that the composite criteria of using fuzzy support and 

fuzzy confidence show better accuracy results than their individual usage. Another 

approach is using completeness and consistency conditions to confine the search space of 

fuzzy classification rules [Gonzalez 1998]. The goal is to find the rules covering the 

maximum number of records with the minimum number of errors. Since the 

compatibility between records and fuzzy rules is not crisp, each record is covered by a 

rule to a certain degree. A rule covering parameter needs to be specified to define the 

subset of the records covered by a certain rule. However, it is not easy to find a proper 

rule covering parameter. 

 

In the data mining area, after extracting all rules that satisfy the support and confidence 

thresholds, rule confidence is the major rule weight used to rank the rules [Liu 1998],           

[Li 2001]. This is because the rule with high confidence is more accurate since it only 

covers a small number of records from the same class. Therefore we can regard the rule 

with high confidence as the specific rule. Since each high confidence rule only occupies a 

small hyperspace, only using confidence as the rule weight tends to build a classifier with 

too many rules. This will decrease the interpretability of the fuzzy classifier. On the other 

hand, the rule with high support value is more general because it covers a larger 

hyperspace. Though rules with a high support value are not as accurate as rules with a  

high confidence value, it helps to form a more compact fuzzy classifier. Consequently, 

we need to find a good combination of general and specific rules in designing a fuzzy 

classifier. In this research we use the product of fuzzy confidence and fuzzy support as 

the rule weight of fuzzy rules in our framework. 
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Chapter 7 
 

Designing Fuzzy Classifier from Fuzzy Association Rule 

Mining 
 

This chapter presents the framework of designing fuzzy classifier from fuzzy class 

association rule mining. Fuzzy class association rules (FCARs) are a special subset of 

fuzzy association rules that only contains the class label as the rule consequent. Different 

approaches of classification on non-fuzzy and fuzzy data are reviewed in Section 7.1. The 

problem of designing a fuzzy classifier from fuzzy class association rule mining is 

formulated in Section 7.2. The fuzzy class association rule mining algorithm is presented 

in Section 7.3. In Section 7.4, the fuzzy classification based on association (FCBA) 

approach is proposed.  

 

7.1 Literature Review  
Different approaches have been proposed to integrate association rule mining and 

classification. We will review some of the major approaches on non-fuzzy data 

classification and fuzzy classification, respectively.  

 
7.1.1 Classification on Non-Fuzzy Data 

In data mining area, there have been some studies on applying the association rule mining 

concept in classification, though most of them are targeted to non-fuzzy data [Lent 1997], 

[Liu 1998], [Dong 1999], [Li 2001], [Yin 2003]. We briefly review some of the 

approaches here. 

 

The association rule clustering system (ARCS) was proposed to cluster the rules for 

classification [Lent 1997]. It extracts two dimensional association rules of the form 

“  AND ”, where ,  are tests on quantitative attribute 1quanAT 2quanAT � catAT 1quanAT 2quanAT
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ranges, and is the class label for a categorical attribute. The ranges of quantitative 

attributes are initially discretized into equal size bins, and association rules are plotted on 

a two-dimensional grid. This method scans the grid, searching for rectangular clusters of 

rules. During the process, adjacent ranges of the quantitative attributes within the same 

rule clustering may be combined. The clustered association rules can then be applied to 

classification. It was found that ARCS method is empirically more accurate than other 

approaches such as decision tree C4.5 when there are outliers in the data. By iteratively 

combining overlapping sets of two-attribute clustered association rules, we may get high 

dimensional association rules.  

catAT

 

Associative classification is another approach that constructs classifier heuristically based 

on association rules [Liu 1998]. It extracts class association rules of the form 

“condset y”, where condset is a set of items and y is a class label. This method contains 

two main steps. The first step finds all the class association rules that are both frequent 

and accurate. A rule is frequent means that the percentage of the given data that contains 

condset and belongs to class y exceeds the minimum support threshold. A rule is accurate 

means that within the set of data that contains condset, the percentage that belongs to 

class y exceeds the minimum confidence threshold. The complete set of class association 

rules with user-specified minimum support and minimum confidence is generated. The 

second step uses a heuristic procedure to construct the classifier based on extracted class 

association rules. All rules are ranked in decreasing precedence based on their confidence 

and support. When classifying new data, the first rule satisfying the data is used to 

classify it. The classifier also contains a default class for any data that is not satisfied by 

any rule. The associative classification method was found to be empirically effective, and 

it is more accurate than decision tree method c4.5 on some data sets.  

�

 

The classification by aggregating merging patterns (CAEP) method is another approach 

in integrating association and classification [Dong 1999]. This approach uses the notion 

of emerging pattern to construct the classifier. An emerging pattern is an itemset whose 

support increases significantly from one class to another. The power of any emerging 

pattern to differentiate data from one class to another is measured by growth rate. It is 
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computed as the ratio of the support between different classes.  When classifying new 

data, the method aggregates all the emerging patterns with the same class label to get a 

score for that class. The class with the largest normalized score determines the class label 

for the data.  

 

7.1.2 Classification on Fuzzy Data 

Fuzzy rule based classification systems have been applied to pattern classification 

systems [Kuncheva 2000]. The main characteristics of fuzzy rule-based systems are their 

nonlinearity and comprehensibility.  

 

In order to execute classification on fuzzy data, fuzzy partitioning on the domain of each 

attribute is needed based on linguistic term definition. There are several major 

approaches to fuzzy classification. The first type approach is the simple fuzzy grid 

method [Ishibuchi 1992]. Generation of a fuzzy classification system requires 

partitioning domains into fuzzy subspaces by simple fuzzy grids and then defining a 

fuzzy rule for each fuzzy space. The classification performance is closely related to the 

fuzzy partitioning scheme. In order to mitigate the dependency of the classification 

performance on the choice of fuzzy partitioning, several fuzzy partitions of different sizes 

can be applied simultaneously to construct the fuzzy classifier.  

 

The second type of approach is the adaptive rule weight method [Nozaki 1996].  It 

applies a heuristic learning procedure to modify the rule weight based on classification 

performance on training data. If a fuzzy rule correctly classifies a training record then its 

weight will be increased. If it misclassifies a training record, then the weight of a fuzzy 

rule will be decreased. This heuristic procedure will be iterated until reaching a           

pre-specified desirable accuracy or a pre-specified maximum number of iterations.  

 

The genetics-based algorithm is another important research direction in the fuzzy 

classification area [Ishibuchi 1999], [Gonzalez 1999]. In a genetics-based approach, an 

initial candidate rule set is often required to confine the search space of final rule set. 

This initial rule set serves as a starting point for genetic algorithms to select fuzzy 
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classification rules within the search space. The initial rule set is often generated by 

certain prescreening procedures such as the restriction of the rule length. The final rule 

sets will be selected from such candidate rules. Genetics-based algorithms often need to 

run multiple times to get a set of solutions. Each solution contains a set of fuzzy 

classification rules. The set of fuzzy classification rules with the best performance is 

selected to be the final classification rule set. 

 

With the growth of information technology, the human being’s ability to collect data has 

been increasing at a dramatic rate. This results in large datasets with multiple attributes. 

For high dimensional datasets, the number of fuzzy rules will increase exponentially with 

the increase of the number of attributes. Compared to non-fuzzy classification, the 

combinatorial effect is more severe for fuzzy classification since multiple fuzzy linguistic 

values are defined on each attribute’s domain. This usually results in a huge set of fuzzy 

classification rules to be examined. For example, assume we have 20 attributes and each 

attribute has 5 linguistic values, then the total number of possible combinations of rule 

antecedents is huge (520 in this case). It becomes very difficult to examine all possible 

combination of   rule antecedents in order to build a fuzzy classifier. 

 

Researches has been proposed to deal with the high-dimensional classification problem. 

Some use the concept of feature selection to selectively choose attributes to form a 

classifier [Holte 1993], [Ishibuchi 1997]; however, the effectiveness is problem 

dependent. Other use multi-dimensional antecedent fuzzy sets to represent the 

antecedents of fuzzy rules [Abe 1997], but it is very difficult for users to linguistically 

interpret multi-dimensional antecedent fuzzy sets. Another approach is to use hierarchical 

fuzzy   rule-based systems where a number of low-dimensional fuzzy rule tables are 

connected [Holve 1997].  In this approach, some intermediate variables that  are not input 

or output variable are required but they cause difficulties in comprehending the fuzzy 

rules.   

  

Recently, data mining techniques have been adopted to design the fuzzy rule based 

classification system. Rule interestingness measures are used as rule selection criteria to 
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generate the candidate rules to be used in genetics algorithm based methods [Ishibuchi 

2004]. However, no threshold values are set for the rule selection criteria; therefore, the 

candidate rules contain a lot of uninteresting fuzzy rules. This significantly increases the 

search space of appropriate fuzzy rules to form the classifier.  In order to reduce the 

search space, some rule prescreening criterion such as restricting the length of the rule is 

often adopted in genetics algorithm based methods to form the initial candidate rule set 

[Ishibuchi 2001a]. This initial rule set serves as a starting point for genetic algorithms to 

select the fuzzy classification rules within the search space.  Take a dataset with m 

attributes as an example and assume K is the number of fuzzy partitions on the domain of 

each attribute. Without setting the minimum support and minimum confidence threshold, 

the total number of possible fuzzy rules is ( . This is because for each attribute, we 

can either select one fuzzy set or simply select nothing.  If we restrict the length of the 

rule as L, then �  is the number of all possible rules with L antecedents. In our 

empirical study in Section 8.3, we use the Wine dataset as a benchmark dataset that 

contains 13 continuous attributes. Assume we use 5 uniform fuzzy partitions on the 

domain of each attribute (m=13, K=5). The total number of possible fuzzy rules is 

6

mK )1�

2
1 135 � C

�

�

L

i

i
i KmC

1

13(more than ten billion). After we restrict the rule as having three or fewer antecedents, 

the number of rules reduces to 13 (37765 in this case). 

However, if we set minimum support as 5%, and minimum confidence as 90% then the 

total number of fuzzy classification rules without setting a rule length limit is just 400. 

This demonstrates the advantage of applying the downward closure property in fuzzy 

association rule mining. By utilizing the downward closure property, we can extract only 

interesting fuzzy rules from the set of all possible rules. This in turn will decrease the 

search space significantly.   

3
3

2
1 5135 ���� CC

 

This dissertation mainly investigates the way to incorporate the fuzzy association rule 

mining technique in designing fuzzy classification system. The objective is to build a 

classifier with satisfactory classification performance. It should have high accuracy and 

an acceptable number of fuzzy rules with easy interpretability.  
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7.2 Problem Formulation 
 

In Chapter 5, we introduced fuzzy association rule mining, including the rule syntax and 

mining algorithm. In this section, we propose to design a fuzzy classifier based on a 

special subset of fuzzy association rules — fuzzy class association rules (FCARs). We 

formulate the problem below. 

 

Given a set of records, we need to find a set of comprehensible fuzzy rules with 

satisfactory classification accuracy rate.  

 

Assume a dataset has n records (rows) and m attributes (columns). These records are 

classified into q known classes. Notice an attribute can be a categorical or a continuous 

attribute. Let us denote ,( ) as the set of classes, where  is one of the 

class labels. Denote  ( ) as the set of records. Define AT={ }, 

( ) as the set of attributes, where  is the  attribute in the dataset. In our 

general framework, we regard C  ( i ) as the set of class attributes of the 

dataset. Thus, we denote �  as the set of attributes including the class 

attributes. A set of linguistic terms is defined on the domain of each attribute. In this 

dissertation, we deal with the case that one record only belongs to one class; therefore, 

the class attribute  ( ) only contains binary value 1 or 0. 

}{ iCC �

}{ iT� i

�

q,,1 ��

qi ,,1 ��

n,,1��

}{ iC� �

},CAT

iC

T

i

jAT

mj ,,1 �� jAT

,1 �

thj

q,

{

iC

 

The syntax of fuzzy association rule mining has been presented in Section 5.2.  However, 

in Chapter 5, the attribute set AT does not contain the class attributes. Here we present the 

syntax of fuzzy association rules based on an expanded attribute set � . A fuzzy 

association rule is in the form of :  “X is A~ � Y is B~ ”, where “ ” denotes logical 

conjunction; X={X

�

1, X2,� ,Xp} and Y={Y1, Y2,� ,Ys} are subsets of attribute set �  and 

are disjoint in the sense that they do not have common attributes. A �

~ { PAAA ~,,~,~
21 � } 

and �B~ { sBBB ~,,~,~
21 � } are linguistic term sets. Each element of the set is a linguistic 

term associated with the corresponding attribute in and Y .  X
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A fully extended fuzzy association rule thus becomes:   

        is 1X 1
~A  AND…AND  is pX pA~   Y  is � 1 1

~B  AND…AND Y  is s sB~  (7.1)  

Usually a t-norm operator is used to represent the conjunctive “and” logical relationship. 

 

As stated in Chapter 5, Fuzzy support and fuzzy confidence are two major rule 

interestingness measurements used in fuzzy association rule mining [Kuok 1998]. They 

can be regarded as an extension of the support and confidence concept in crisp set 

association rule mining. We define the support of a linguistic term set as applying a        

t-norm operator to the support values of each linguistic term within the set.  

 

The definition of fuzzy support and fuzzy confidence has been given in Section 5.2 (See 

Definition 5.2.1.1 and Definition 5.2.1.2). The task of fuzzy association rule mining is to 

extract the fuzzy rules that satisfy the minimum support and minimum confidence 

specified.  

 

Now consider a special kind of fuzzy association rule “X is A~  Class ”, where       

“X is 

� iC

A~ ” is the rule antecedent; “Class C ” is the rule consequent that indicates the class 

label is C ( , ) since we deal with the situation that each record only 

belongs to one class. Therefore, the consequent of the rule is a non-fuzzy class label. This 

kind of rule is special in the sense that the rule consequent only contains class attributes.  

It is actually a subset of the general fuzzy association rules. In the data mining area, this 

kind of rule was initially called a class association rule (CAR) [Liu 1998]. By extending 

this idea into fuzzy data mining, we can call this kind of rule a fuzzy class association 

rule (FCAR). Hereafter, we will use FCAR to represent a fuzzy class association rule. A 

fully extended FCAR has the following syntax:   

i

i CCi � qi ,,1 ��

“  is 1X 1
~A  AND…AND  is pX pA~  �  Class ” (7.2) iC

Notice the main difference between a FCAR in expression (7.2) and a general fuzzy 

association rule in expression (7.1) is that: the rule consequent of a FCAR only contains a 

single attribute, and that attribute has to be one of the class attributes C ; whereas, the i
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rule consequent of a general fuzzy association rule can have multiple attributes, and it 

does not necessarily contain the class attributes. This dissertation investigates the way to 

utilize appropriate FCARs to form the fuzzy classifier.   

 

7.3 Fuzzy Class Association Rule Mining Algorithm 

In Section 5.2, we have presented the framework of fuzzy association rule mining. Since 

FCARs is a subset of fuzzy association rules, we can modify the framework and use its 

downward closure property to extract FCARs. The fuzzy class association rule mining 

algorithm is presented in this section. 

 

The major difference between fuzzy association rule mining and FCAR mining is that 

FCAR mining only generates the linguistic termsets that contain the class attribute C .  

FCAR mining uses these linguistic termsets to generate FCARs that have class attributes 

as the rule consequent. Take the two-class classification problem from Figure 6.3 as an 

example. In Figure 6.3(a), the antecedent part of fuzzy rule R

i

1 is                              

“X1 is 1
~A  AND X2 is 1

~B ”. Assume linguistic termset { 1
~A , 1

~B } has fuzzy support of 70%. 

If we set the minimum support threshold value as 10% then fuzzy association rules      

“X1 is 1
~A  X� 2 is 1

~B ” and “X2 is 1
~B X� 1 is 1

~A ” will be generated. Since linguistic 

termset { 1
~A , 1

~B } does not contain the class attribute it cannot be used to generate an 

FCAR for fuzzy classification purposes. On the other hand, in Figure 6.3(a), assume 

linguistic termsets { 1
~A , 1

~B , white dot} and { 1
~A , 1

~B , black dot} has fuzzy support 40% 

and 20%, respectively. We can generate fuzzy class association rules                             

“X1 is 1
~A  AND X2 is 1

~B class black dot” and “X� 1 is 1
~A  AND X2 is 1

~B class white 

dot”. In the FCAR mining algorithm, we only utilize linguistic termsets such as {

�

1
~A , 1

~B , 

white dot} and { 1
~A , 1

~B , black dot} that contain one of the class attributes to generate 

FCARs.  
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Assume a dataset has n records and m attributes. As denoted in Section 7.2, T  

( ) is the set of records; C ( ) is the set of classes; and  

AT={ }, ( ) is the set of dataset attributes. Also we have �  as 

the set of attributes including the class attributes.  

}{ iT�

},CAT

ni ,,1��

jAT

}{ iC� qi ,,1 ��

mj ,,1 �� {�

 

Further define a linguistic termset a j
~ ={ 1~

ja , ,,~2
�ja l

ja~ } to contain the linguistic terms 

(fuzzy sets) associated with the attribute , where l  is the number of linguistic terms 

on the domain of  and a

jAT

jAT k
j

~ represents the k  linguistic term associated with attribute 

. This includes the attribute name and data type. For example, attribute ={

th

jAT jAT ja~ , 

data type of the jth attribute}, where the linguistic term set ja~  typically corresponds to the 

attribute name. Thus, the attribute name becomes the label for the linguistic term used to 

identify the linguistic term set a j
~ . The  termset   a j

~ ={ 1~
ja , ,,~2

ja �

l
ja~ }  provides  coverage  

for  the  domain  of  attribute  

jAT : ja~ ={ 1~
ja , ,,~2

�ja l
ja~ }  , where is the domain of . � jD jD jAT

 

The fuzzy class association rule mining (FCAR) algorithm is presented in Figure 7.1. We 

will first present an overview of the FCAR mining algorithm. The details of the algorithm 

are described afterwards. The following notations are used in the algorithm. 

��min_sup: the predefined minimum support value. 

��min_conf: the predefined minimum confidence value. 

��L : the set of frequent k-termsets with fuzzy support value exceed min_sup. k

��FCAR : the set of candidate termsets with k linguistic terms. kCAND_

��x :  the attribute ’s value of record T  ( i ; ). ij jAT i n,,1�� mj ,,1 ��

��Ai
~ : the  linguistic termset in , thi kL )}(~,),1(~{~ kAAA iii ��  where )(~ kAi is the 

kth linguistic term in iA~ . 
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Input: A set of records T , ( i ); a set of attributes � ; a set of 

linguistic terms a

}{ iT� n,,1�� },{ CAT�

j
~ ={ 1~

j ,a , ,~2
�ja l

ja~ } associated with the attribute AT ; the predefined 

minimum support value min_sup, and the predefined minimum confidence value 

min_conf.  

j

Output: The rule set FCAR that contains all the fuzzy class association rules.  

 

1        L1 = find_fequent_1-item_linguistic_terms(T) ; 

2        for (k=2;  k++) do begin ;1 ��
�kL

3             min_sup ; ,(___ 1�� kk LGENCANDFCARCANDFCAR )

4             for each candidate fcar_cand�  do begin kCANDFCAR _

5             if  C  then candfcari _�  

6                    for each record T  do begin  Ti �

7                            compatibil = ( fcar_cand, T)(iity tf i ) ; 

8                
n

iitycompatibil
FScandfcar

n

i
�
�

�
1

)(
._ ; 

9          end 

10                    endif             

11             end 

12       min_sup}; ��� CountcandfcarCANDFCARcandfcarL kk ._|__{

13       end 

14       ; kk LL ��

15 FCAR = genFCAR(L); 

Figure 7.1. FCAR algorithm. 
 

The FCAR algorithm first converts the crisp values of the records into fuzzy membership 

values based on the fuzzy sets defined on the domain of each attribute. It calculates the 

scalar cardinality of each linguistic term on all the records, and forms the set of frequent 

1-termset by selecting the terms whose fuzzy support exceed min_sup. The algorithm 

then recursively uses the frequent (k-1)-termsets to form the candidate k-termsets 
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kCANDFCAR _ by using the FCAR_CAND_GEN function (line 2). This function also 

insures that no two linguistic terms in any candidate termset belong to the same attribute. 

Compared to general fuzzy association rule mining, the FCAR algorithm only extracts 

termsets that contain the class attributes (line 5), because only those linguistic termsets 

can generate FCARs that contain the class attributes as the rule consequent. It then 

applies a t-norm operator to calculate the fuzzy support of each candidate linguistic 

termset on all the records (line 7 and 8). The set of frequent k-termsets is thus formed by 

all the candidate termsets whose support exceed min_sup (line 12). Finally, from the set 

of all the frequent linguistic termsets L, the algorithm generates the set of fuzzy class 

association rules by using function genFCAR (line 15).  

The details of the algorithm are described as follows. 

Line 1:  

The FCAR algorithm first forms the set of frequent 1-termsets L1. Denote x  as the 

attribute ’s value of record T  ( ; ). The algorithm maps the 

crisp value into a fuzzy membership value for each linguistic term a

ij

jAT i ni ,,1�� mj ,,1 ��

k
j

~  defined on the 

domain of attribute :  jAT

)(~ ij
i
a xk

j
�    ( k  (7.3) ),,1 l��

where l  is the number of linguistic terms defined for attribute .  jAT

It calculates the scalar cardinality (Card) of the each linguistic term k
ja~ for attribute . jAT

Card ( a k
j

~ )=     ( ;  (7.4) �
�

n

i 1

)(~ ij
i
a xk

j
� mj ,,1 �� ),,1 lk ��

It then chooses the linguistic terms of attribute  whose scalar cardinality exceeds the 

predefined minimum support value min_sup and puts them in the frequent 1-termset . 

jAT

1L

�1L { k
ja~ | (Card k

ja~ )�min_sup}  ( ;  (7.5) mj ,,1 �� k ),,1 l��

 

Line 3: 

The FCAR algorithm uses the FCAR_CAND_GEN function to generate the set of 

candidate   k-termsets .  Denote kCANDFCAR _ )}(~,),1(~{~ kAAA iii ��  as the  termset thi
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in with kL )(~ jAi  as the  term in thj iA~ . Each candidate termset fcar_cand is generated by 

self joining the 
thi  termset iA~  and the  termset thj jA~  in . The two termsets A1�kL i

~  and 

jA~  are joinable only if their first (k-2) terms are the same. That is: 

))1(1(~( j �iA 2(~)( j� � ))2~~(Ai �� Aj 1�

)}

kCANDFCAR

kFCAR _ (),1(~,(~
�kj��kAiAi

1

L

kA

1�k

i

1
~A ~

xi1(f t (
n

i
�
�

�
1

),�

~) A� ))2(~
i AA �� ()2( � kk � ))(~)1(~( �� kAkA ji  

The resulting set of candidate termsets  will be: _

        CAND  = 1~(~),2),1{  (7.6) AkAi�

If any subset of a candidate termset fcar_cand does not belong to the set of frequent 

(k-1)-termsets , the downward closure property is applied to prune the candidate 

termset fcar_cand. The FCAR_CAND_GEN function is similar to the function      

Apriori-gen in the algorithm Apriori [Agrawal 1994], because it also utilizes the 

downward closure property to prune unnecessary termsets. Besides, by checking the 

name of the linguistic terms, the FCAR_CAND_GEN function also insures that no two 

linguistic terms in any candidate termset  fcar_cand belong to the same attribute. 

�k

 

Line 5: 

The algorithm examines each candidate termset  fcar_cand to see whether it contains any 

of the class attributes. A candidate termset will be discarded if it does not contain any of 

the class attributes because it cannot be used to generate an FCAR. 

 

Line 7 and line 8: 

The algorithm calculates the compatibility between each candidate k-termset fcar_cand 

and each record T . The fuzzy support of fcar_cand is obtained by summing up the 

compatibility of all the records. Assume a k-termset fcar_cand is represented as      

( ,  ,� , 2
~A ) then we can use expression (5.3) to calculate the fuzzy support of 

fcar_cand: 

fuzzy_support 
n

xikAA k
~~ )(),

1
��

 (7.7) 

where  represents a t-norm operator. tf
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Line 12: 

If the fuzzy support is larger than or equal to the predefined minimum support value 

min_sup,  fcar_cand will be put into the set of frequent k-termsets . kL

                                                          

Line 14 and line 15: 

After obtaining the set of all the frequent termsets L, the algorithm uses the function 

genFCAR to generate the set of all FCARs. Notice FCARs in Figure 7.1 denotes the set of 

fuzzy class association rules output by the algorithm. 

For each linguistic term set Ai
~  in , assume the rkL th term in iA~  is the class attribute Ci 

( r ), thus the generated FCAR is: k,,1��

“  is 1X )1(~
iA AND … AND X  is 1�r )1(~

�rAi  AND  is 1�rX )1(~
�rAi  AND … AND X  

is 

k

)(~ kAi �  C  is C ”       ( ) (7.8) i kr ,,1��

The algorithm only outputs the rules whose fuzzy confidence are larger than or equal to 

the predefined confidence threshold value min_conf.  The fuzzy confidence of the rule in 

expression (7.8) can be calculated by using expression (5.5) as:  

(k))A~ is X and … and 1)(rA~ is  X and 1)-(rA~ is X and … and (1)A~  is FS(X
  )C is  (k)A~ is X and … and 1)(rA~ is  X and 1)-(rA~ is X and … and (1)A~  is FS(X

iki1ri1-ri1

iiki1ri1-ri1

�

�

�

�

�
Cand

FC

 

 

7.4 Fuzzy Classification Based On Association (FCBA)  

 

7.4.1 Review of Adaptive Rule Weight Method 

 
In this section, we propose a heuristic method to design fuzzy classifier based on FCARs. 

We call it fuzzy classification based on association (FCBA) approach. In Section 7.1, we 

reviewed several major fuzzy classification approaches. Among them, the adaptive rule 

weight method is also a heuristic method to construct the fuzzy classifier [Nozaki 1996]. 

Here we review some details of the adaptive rule weight method in order to compare it 

with our FCBA approach.  
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The underlining idea in the adaptive rule weight method is to modify the rule weight 

based on classification performance on training data. It first generates all the 

combinatorial rules based on the fuzzy partitioning. If a fuzzy rule correctly classifies a 

training record, its weight will be increased. On the contrary, the weight of a fuzzy rule 

will be decreased if it misclassifies a training record. This heuristic procedure is repreated 

until reaching a pre-specified desirable accuracy or a maximum number of iterations. In 

each iteration, the weight of each rule will be decreased by a certain percentage. The rule 

will be removed whenever its weight falls below some pre-specified threshold value. All 

rules left at the end are used to construct the fuzzy classifier.  

 

There are two main problems with the adaptive rule weight method. First, since 

modification of the rule weight is executed record by record, the order of the records has 

an effect on the classification performance. Different ordering of the training data will 

result in a different final rule weight for each rule. And this in turn introduces bias into 

the classification performance. Though it has been suggested to use small learning 

constants to avoid this problem [Nozaki 1996], it is difficult to find appropriate learning 

constants, especially for large datasets. Second, this method generates all combinations of 

the linguistic terms as the antecedents of the fuzzy rules. Thus, the search space will be 

huge for large datasets with many attributes. However, for fuzzy class association rule 

mining, some of the uninteresting FCARs will not be generated. Therefore, it effectively 

decreases the search space of fuzzy rules to form the classifier. 

 

7.4.2 FCBA Algorithm 

In this section, we propose the FCBA algorithm to design the fuzzy classifier based on 

FCARs, where FCBA stands for fuzzy classification based on association.  In this 

algorithm, the classic fuzzy reasoning method as mentioned in Section 6.4 is applied to 

classify a new pattern. In the classic fuzzy reasoning method, the rule with the maximum 

product of the compatibility grade and rule weight will be used.   

Before we present the details of the FCBA algorithm. We will first address two issues 

related to designing a fuzzy classifier from FCARs. They are pruning of redundant 

FCARs, and the tie situation in designing a fuzzy classifier on training data.   
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Pruning of Redundant FCARs 

First, we address the issue of pruning redundant FCARs. After generating FCARs, it is 

possible that rules with the same antecedents have different consequent values. We use 

the following two-class classification example to demonstrate this issue. Assume a 

dataset has two attributes X and Y, }~,,~{~
1 saaa ��  and }~,,~{~

1 tbbb ��

},{ 21 CC�

 are the linguistic 

termsets defined on the domain of each attribute. C  is the set of classes. 

Further assume we obtain the following two FCARs with fuzzy support and confidence 

larger than the threshold values: 

If X is ia~  and  Y is jb~ �  C is   with RW1C 1 , i ,  s,,1 �� tj ,,1 ��

If X is ia~  and  Y is jb~ �  C is   with RW2C 2 , i ,  s,,1 �� tj ,,1 ��

where RW1  and RW2  are the rule weights of each rule.  Since the two rules have exactly 

the same antecedents, each record will get the same compatibility grade with the 

antecedent part of both rules. The rule with larger rule weight value will always be 

favored over the other rule in the classification stage. Therefore, we need to keep the rule 

with the larger rule weight value. If  RW1  and RW2  are equal, then we can remove both of 

them because they do not have the classification ability to differentiate records between 

classes. This pruning procedure is reflected in line 2 of the FCBA algorithm presented in 

Figure 7.2.   

 

Tiebreak Criteria 

The second issue is the tie situation in designing fuzzy classifier on training data. In the 

FCBA algorithm, we apply the classic fuzzy reasoning method to classify each training 

record. In the classic fuzzy reasoning method, the rule with the maximum product of the 

compatibility grade and rule weight will be used to determine the class of the record. We 

put the rule into the fuzzy classifier, if it correctly classifies at least one training record. 

However, it is possible that multiple rules will have the same product value on the same 

training record. In this situation, we use two tiebreak criteria to solve the problem. The 

first criterion is the number of rule antecedents. The rule with fewer antecedents will be 

chosen. This is because we want to favor simpler and more general rules. If multiple rules 
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still have the same number of antecedents then it does not make a difference to use any of 

them based on the generality of the rule. For convenience, we then arbitrarily select the 

rule that is generated earlier in FCAR mining algorithm (Section 7.3). The tiebreak 

criteria is reflected in line 9 of the FCBA algorithm in Figure 7.2. 

 

FCBA Algorithm is presented and explained in details as following: 

1  = sort( )  FCAR FCAR

2   pFCAR=prune(FCAR) 

3   for each record T  do Ti �

4       temp=  �

5       for each rule  in ranking sequence do RRt �

6             calculate  ttitA FCFSX ��)(~�

7       end 

8       select rule  such that  wR })({max)( ~~ ttitAFCARwwiwA FCFSXFCFSX
t

����� ��

9       apply tiebreak criteria if necessary 

10     if  correctly classifies  then wR iT

11          put  into fuzzy classifier wR

12          remove record T  from i T  

13  end 

14  form the fuzzy classifier 

Figure 7.2. FCBA algorithm 

 

Line 1:  We first rank all FCARs based on the product of fuzzy support FS and fuzzy 

confidence FC. 

 

Line 2: Among all the FCARs generated by the FCAR mining algorithm, it is possible 

that rules with the same antecedent have different consequent values. For such rules, we 

keep the one with the maximum rule weight. The other rules with the same antecedent 

can be removed because they will always have a lower product of compatibility grade 
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and rule weight. If such rules also have the same rule weight, then we can remove all of 

them. Because they all have the same product of compatibility grade and rule weight, 

they do not contribute to the classification ability of the classifier. We use pFCAR to 

denote the set of FCARs after pruning. 

 

Lines 3-9: For each training record, we go through pFCAR to calculate the product of the 

compatibility grade and the rule weight (lines 5-7). We select the rule with the maximum 

product (line 8). If multiple rules have the same product, we use tiebreak criteria 

mentioned above (line 9). 

 

Lines 10-12: If one rule correctly classifies at least one record, we put it into the fuzzy 

classifier (line 11). Records that have been correctly classified are removed. If two rules 

 and  have the same product of compatibility grade and rule weight then 

we use following tiebreak criteria to solve this problem. First, the rule with fewer 

antecedents wins. This is because we want to favor simpler and more general rules. If two 

rules still have the same number of antecedents, we select the rule that is generated earlier 

in FCAR mining algorithm (Section 7.3). 

iFCAR jFCAR

 

Line 14: Rules chosen by step 4 form the fuzzy classifier. If the fuzzy rule is not used for 

the classification of any record, then it can be removed without losing any classification 

accuracy.  
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Chapter 8 
 

Empirical Study of Fuzzy Classification Based On 

Association 
 

In order to evaluate the classification performance of the FCBA approach proposed in 

Chapter 7, we used several well-known datasets from the UC-Irvine machine learning 

repository [Blake 1998]. The dataset we used are the Iris dataset and the Wine dataset. 

We mainly use 10-fold cross validation and the leaving-one-out techniques to evaluate 

the classification performance. Based on these two evaluation techniques, we compared 

our approach with other fuzzy or non-fuzzy classification approaches from the literature. 

Section 8.1 introduces the fuzzy partitioning scheme used in our empirical study. Section 

8.2 and Section 8.3 presents the empirical study on Iris dataset and Wine dataset 

respectively. Section 8.4 summarizes the result of empirical study. 

 

 

8.1 Fuzzy Partitioning  

In our empirical study, we assume the fuzzy membership functions of each attribute has 

already been given by the users based on their domain knowledge and intuition. We do 

not modify the given membership function because such modification may cause a gap 

between the modified membership functions and the user’s understanding of each 

linguistic value. If the membership functions are not given, learning the membership 

function becomes necessary. Studies to learn the fuzzy membership functions from the 

data can be found in [Nauck 1998]. But the main drawback of this approach is that it may 

degrade the interpretability of the fuzzy rule based classifier.  

 

We use triangular membership functions to represent the set of linguistic values. Uniform 

fuzzy partition is applied on the domain of each attribute. Figure 8.1 illustrates an 
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attribute with five uniform fuzzy partitions (S: small, MS: medium small, M: medium, 

ML: medium large, L: large). 

0

1

X

S MS M ML L

Attribute

Membership

 
Figure 8.1. Attribute with five uniform fuzzy partitions. 

 

8.2 The Iris Dataset 

We first applied the FCBA approach on the Iris dataset to verify the effectiveness of our 

method. The classification problem of the Iris dataset is to classify three species of iris. 

They are iris setosa, iris versicolor, and iris verginica. The dataset has 150 records and 

four continuous attributes, they are sepal length, sepal width, petal length and pedal 

width. There are 50 records of each class in this classification problem. 

 

8.2.1 Comparison with Non-fuzzy Classification Methods 

First, we compare the FCBA algorithm with three state-of-art, non-fuzzy classification 

methods on the Iris dataset. They are C4.5, CBA and CAEP. These three methods were 

applied on the Iris dataset and the accuracy result was reported in [Dong 1999]. These 

results were obtained by using 10-fold cross validation (10-CV) technique. The 

summarized result is listed in Table 8.1. 

 

Table 8.1. Accuracy on Iris dataset by non-fuzzy classification methods. 

Algorithm C4.5 CBA CAEP 

Accuracy(%) 95.3 92.9 94.67 
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In order to compare the result, we also used 10-fold cross validation to evaluate the 

FCBA approach. Five uniform fuzzy partitions are assigned on the domain of each 

attribute. FCBA obtained accuracy of 95.3%, with minimum support and minimum 

confidence set as 1% and 82%, respectively. Compared to the accuracy results in       

Table 8.1, we can see that FCBA has the same high accuracy as the C4.5 method and 

outperforms the other two methods on accuracy.  

 

8.2.2 Comparison with Fuzzy Classification Methods 

Next we compare the FCBA approach with various fuzzy classification methods on the 

Iris dataset. First, we compare the FCBA algorithm with the adaptive rule weight method 

[Nozaki 1996], because it also constructs the fuzzy classifier in a heuristic manner.  The 

accuracy using the leaving-one-out evaluation technique (LV1) with five and six uniform 

fuzzy partitions is shown in Table 8.2 [Nozaki 1996], where K represents the number of 

fuzzy partitions.  

For leaving-one-out technique (LV1), 149 out of the total 150 records are used as training 

data, the remaining one record is used as testing data. The fuzzy rules in the classifier are 

generated and trained by using the training data, and the classification is tested on the 

testing data. This procedure is repeated 150 times until each of the records is selected as a 

testing record. The output is the average accuracy of all 150 repetitions.    

 

Table 8.2. Accuracy on Iris dataset by Adaptive method based on LV1[Nozaki 1996]. 

No. Fuzzy Partitions K=5 K=6 

Accuracy(%) 94.67 96.67 

 

Table 8.3. Result of the Iris dataset by FCBA method based on LV1. 

No. Fuzzy Partitions K=5 K=6 

Accuracy (%) 94.67 96.67

No. Rules 6.0 8.1 

Minimum Support(%) 1 0.5 

Minimum Confidence(%) 80 80 
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Table 8.3 shows the accuracy for FCBA algorithm with five and six uniform fuzzy 

partitions evaluated by the leaving-one-out technique. It also shows the number of rules 

in the fuzzy classifier, the minimum support and minimum confidence threshold values 

for the FCAR mining. We can see FCBA obtains the same classification accuracy as the 

adaptive rule weight method under these two partitioning schemes.  However, the result 

of the adaptive rule weight method in Table 8.2 does not reflect the effect of pruning the 

rules. After incorporating the rule pruning procedure, and using all the rules generated 

under fuzzy partitioning from 2�K  to 6 to form the classifier, the adaptive rule weight 

method obtained accuracy of 93.33% with 42.62 rules based on leaving-one-out 

technique [Nozaki 1996]. While our FCBA approach obtained accuracy of 96.67%, with 

an average of 6.4 rules by only using five uniform fuzzy partitions. Consequently, the 

FCBA has much better performance on constructing a more compact fuzzy classifier than 

the adaptive rule weight method. This is because by applying the downward closure 

property of fuzzy class association rule mining, the number of fuzzy rules can be 

significantly decreased.  

 

We also compared FCBA algorithm with the genetics algorithm (GA) based fuzzy 

classification method. In [Ishibuchi 1995], The fuzzy classification problem is formulated 

as a two-objective combinatorial optimization problem that aims to maximize accuracy 

and minimize the number of fuzzy rules. Significant fuzzy rules are chosen based on 

genetic operations. Table 8.4 shows a comparison between the GA based method and the 

proposed FCBA approach. The results of the GA method are cited from              

[Ishibuchi 2001a], and they are based on the leaving-one-out evaluation technique. 

 

Table 8.4. Performance comparison between GA and FCBA methods. 

Algorithm Accuracy(%) No. Rules 

GA  94.67 12.9 

FCBA 96.67 8.1 

 

From Table 8.4, the GA based method obtained 94.67% classification accuracy with an 

average of 12.9 rules, while the FCBA method obtained 96.67% classification accuracy 
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with an average of 8.1 rules with the minimum support and minimum confidence set as 

0.5% and 80% respectively. Notice, the result of the GA method utilized all the fuzzy 

rules under various fuzzy partitioning ( 2�K  to 6), while the proposed FCBA approach 

only used one fuzzy partition ( ). We can see that FCBA method outperforms the 

two-objective GA method on the classification accuracy, and produces a more compact 

rule set than the GA method.  

6�K

 

Finally, we compared the FCBA with other fuzzy classification methods. The accuracy of 

nine fuzzy classification methods was reported in [Grabisch 1992]. These methods are 

fuzzy integral with perceptron (PERC), quadratic criterion (QUAD), fuzzy pattern 

matching with minimum operator(MIN), fast heuristic search(F SUG), fuzzy k-nearest 

neighbor(FkNN), fuzzy c-means(FcM), fuzzy  c-means for histograms(HFcM), simulated 

annealing (SA SUG) and hierarchical fuzzy  c-means(HIER) .We summarize the result of 

above nine methods in Table 8.5. All the results of these methods were obtained by using 

the leaving-one-out (LV1) evaluation technique.  

 

Table 8.5. Accuracy on Iris dataset by fuzzy classification methods [Grabisch 1992]. 

Fuzzy Classification Method Accuracy (%) 

PERC 95.33 

QUAD 96.67 

MIN 96.00 

F SUG 92.00 

FkNN 96.67 

FcM 93.33 

HFcM 93.33 

SA SUG 91.33 

HIER 95.33 

 

From Table 8.5, we know the average accuracy of the nine fuzzy classification methods 

is 94.44%. We obtained classification accuracy of 96.67% with its FCBA algorithm when 

and, minimum support and minimum confidence is set as 0.5% and 80% 6�K
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respectively. The results are also based on the leaving-one-out technique. We can see that 

the FCBA obtained the same accuracy as the most accurate method (QUAD method) in 

Table 8.5, and it clearly outperforms the average classification accuracy of the above nine 

fuzzy classification methods.   

 

8.3 The Wine Dataset  

In order to examine the performance of the FCBA approach on a high-dimensional 

classification problem, we applied the FCBA approach to the Wine dataset. The Wine 

dataset is a three-class pattern classification problem with 13 continuous attributes and 

178 records. It contains the results of a chemical analysis of wines from the same region 

in Italy but with different grapes. The attributes are the quantities of 13 constituents 

found in each of the three types of wines. 

 

The exponential explosion problem resulting from high-dimensional classification is 

much more severe in the Wine dataset than in the Iris dataset. If five fuzzy sets are 

defined on the domain of each attribute, then the total number of possible fuzzy rules will 

be 613, which is more than 10 billion (recall that for each attribute, we can either select 

one fuzzy set or simply select nothing, hence we have 613 total number of fuzzy rules). 

This huge number of possible rules makes it impractical to examine each rule and form 

the fuzzy classifier by using a heuristic method such as the adaptive rule weight method. 

However, by applying FCBA approach, we can effectively decrease the number of rules 

to be considered to construct the fuzzy classifier.  

 

We use the 10-fold cross validation technique to estimate the classification accuracy for 

this dataset. In 10-fold cross-validation, all records are randomly divided into 10 mutually 

exclusive test partitions of approximately equal size. The records not found in each test 

partition are independently used for training, and the resulting classifier is tested on the 

corresponding test partition. The average error rate over all 10 partitions is the          

cross-validated error rate.  
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For evaluating the classification performance of FCBA algorithm, we set minimum 

confidence as 90%, and vary the minimum support value to generate different sets of 

rules to form the fuzzy classifier. Five uniform fuzzy partitions are assigned for each 

attribute. Figure 8.2 shows the relationship between classification accuracy and minimum 

support when we use a fixed minimum confidence value of 90%.  The results in       

Figure 8.2 is based on the 10-fold cross validation.  

 

We can see that the classification accuracy increases as we decrease the minimum 

support value.  For instance, the accuracy is 75.2% when minimum support value is set at 

12% and the accuracy increases to 95.5% when the minimum support value is lowered to 

4%. However, it is interesting to notice that the accuracy does not always monotonically 

increase as we decrease the minimum support threshold value. For instance, the accuracy 

decreases from 94.9% to 94.4% when minimum support is lowered from 8% to 6%. As 

the minimum support value decreases, it is possible that low support, high confidence 

rules will be included in the set of FCARs to form the fuzzy classifier. These rules tend to 

overfit to the training data. Therefore, the accuracy on the testing data will suffer. 
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Figure 8.2. Effect of minimum support on accuracy on the Wine dataset for FCBA 
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8.3.1 Comparison with Non-fuzzy Classification Methods 

We compared the result of the FCBA algorithm with several well-known non-fuzzy 

classification algorithms. They are C4.5, CBA and CAEP. These three methods were 

applied on the Wine dataset and the accuracy result was reported in [Dong 1999]. The 

results based on 10-fold cross validation is listed in Table 8.6.  

 

Table 8.6. Accuracy of non-fuzzy classification methods on the Wine dataset. 

Algorithm C4.5 CBA CAEP 

Accuracy(%) 92.7 91.6 97.11 

 

We defined five uniform fuzzy partitions on the domain of each attribute. Accuracy of 

95.5% is obtained by using FCBA, when minimum support, minimum confidence are set 

as 4% and 90%, respectively. From Table 8.6, we can see that the FCBA method clearly 

outperforms the C4.5 method and the CBA method. 

 

Comparison between the FCBA and the CAEP method on the Wine dataset  

From Table 8.6, the CAEP method obtained accuracy of 97.11% on the Wine dataset. 

The FCBA method obtained accuracy of 95.5%, which is within 2% of the CAEP 

method’s result. Though the accuracy obtained by the CAEP method is slightly higher 

than the FCBA method, it should be noted that the interval partitioning is specified in a 

complicated manner in the CAEP method. For each attribute, the CAEP method first 

counts the occurrence of each value and then maps each value to a specific interval by 

using the two adjacent values. It then iteratively combines consecutive intervals to give 

the smallest new combined interval in terms of number of occurrences in instances [Dong 

1999]. Therefore, the partitioning scheme of the CAEP method depends on the 

distribution of the data. In contrast, in the FCBA method, we simply apply uniform fuzzy 

partitioning that is independent of the distribution of data. Therefore, the partitioning of 

the FCBA approach is easier to implement than the CAEP method.  

Besides, the interval partitioning obtained by the CAEP method may not be consistent 

with the user’s intuition. It may result in discrepancy between the rule output and the 

user’s understanding of the concepts. The FCBA method can output rules that are based 
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on the user’s linguistic input. Therefore, the rule output is more natural and 

understandable.  

Therefore, based on the empirical result on the Wine dataset, though the CAEP method 

has slightly higher accuracy rate, the FCBA method has advantages since it uses a 

simpler partitioning scheme and has a more intuitive rule representation. 

 

8.3.2 Comparison with Fuzzy Classification Methods 

We also compared the FCBA with the genetics-based machine learning (GBML) method 

[Ishibuchi 2001a] using 10-fold cross validation (10-CV) to evaluate the classification 

performance. The accuracy under different number of fuzzy partitions (  and 6) is 

summarized in Table 8.7.  

5�K

 

Table 8.7. 10-CV accuracy on Wine dataset by GBML based method [Ishibuchi 2001a]. 

No. Fuzzy Partitions K=5 K=6 

Accuracy(%) 94.2 93.1 

 

Table 8.8. 10-CV accuracy on Wine dataset by FCBA method. 

No. Fuzzy Partitions K=5 K=6 

Accuracy (%) 95.5 93.8 

Minimum Support(%) 4 4 

Minimum Confidence(%) 90% 90% 

 

Table 8.8 shows the accuracy of the FCBA algorithm when five and six number of 

uniform fuzzy partitions is used. When K , FCBA obtained 95.5% accuracy when 

minimum support and minimum confidence are set as 4% and 90%, respectively. Under 

the same minimum support and minimum confidence threshold value, it obtained 93.8% 

accuracy when . In both cases, the FCBA slightly outperforms the GBML method. 

This means the proposed FCBA method is comparable to genetics-algorithm based fuzzy 

classification method. 

5�

6�K
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8.4 Summary of Results 

Based on our empirical study, we demonstrated that our FCBA approach works well on 

benchmark classification problems such as the Iris dataset, and high-dimensional datasets 

such as the Wine dataset.  

 

Generally speaking, the quality of the set of FCARs generated depends on the minimum 

support and minimum confidence threshold values. When the minimum support value is 

low, the fuzzy class association rule mining algorithm tends to choose rules that cover 

many records from multiple classes. On the other hand, when the minimum confidence is 

high, the fuzzy class association rule mining algorithm tends to choose rules that cover 

only a small number of records from the same class. Consequently, only setting a low 

minimum support value without an appropriate minimum confidence value will generate 

rules that may misclassify some unseen records. Only setting high a minimum confidence 

value without an appropriate minimum support value will generate rules that are 

overfitted to the training data. It is important to find a good combination of these two 

threshold values. In our empirical study on Iris and Wine datasets, when the minimum 

support is lowered to around 1%, and the minimum confidence value is in the range of 

80% to 90%, the fuzzy classifier constructed exhibits satisfactory classification accuracy. 

 

The FCBA method was compared with some well-known non-fuzzy classification 

methods such as C4.5, CBA and CAEP. On the Iris dataset, the FCBA algorithm has the 

same high accuracy as the C4.5 method and outperforms the other two methods. On the 

Wine dataset, the FCBA method clearly outperforms the C4.5 method and the CBA 

method; though the CAEP method has slightly higher accuracy rate, the simpler 

partitioning scheme and more intuitive rule representation makes the FCBA method 

favored over the CAEP method. 

 

As compared with another heuristic fuzzy classification approach, the adaptive rule 

weight method on the Iris dataset, the FCBA method has higher classification accuracy 
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and fewer number of rules. The FCBA approach is also comparable to genetics algorithm 

(GA) based fuzzy classification methods on the Iris dataset and the Wine dataset. 
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Chapter 9 

 
Conclusions and Future Research 

In this chapter, the work in this dissertation is summarized in Section 9.1, and some 

directions for future research is presented in Section 9.2 

 

9.1 Conclusions 

In order to construct fuzzy classifier directly from quantitative data, fuzzy partitioning on 

the domain of each attribute is required based on a linguistic term definition. As the 

number of attributes increases, the number of combination of fuzzy subspaces will grow 

exponentially. Therefore, it is difficult to apply fuzzy classification on large datasets with 

many attributes. In order to solve the rule explosion problem, this dissertation 

investigated the way to incorporate fuzzy association rule mining in designing a fuzzy 

classifier. We proposed the fuzzy classification based on association (FCBA) approach to 

construct a fuzzy classifier directly from quantitative data. The objective is to design a 

fuzzy classifier with satisfactory classification performance. The FCBA approach 

constructs a fuzzy classifier by first extracting a special subset of fuzzy association rules, 

fuzzy class association rules (FCARs), then heuristically choosing significant FCARs to 

form the classifier. In the process of designing a fuzzy classifier our approach also takes 

rule pruning and tiebreaking criteria into consideration. 

 

The FCBA approach replies heavily on fuzzy class association rule (FCARs) mining to 

form a fuzzy classifier. This dissertation first presented the framework of fuzzy 

association rule mining then modified it to extract FCARs. The framework can deal with 

not only binary and category attributes but also continuous quantitative attributes. It 

extends the concept of association rule mining by incorporating fuzzy set modeling. It 

avoids the sharp boundary problem caused by arbitrary determination of the intervals on 

the quantitative domain. Based on the empirical study on the Auto-Mpg dataset and the 

Page Blocks dataset, our fuzzy association rule mining proved to be effective in dealing 
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with quantitative attributes. The knowledge output including linguistic terms makes the 

rule representation more clear and interpretable.  

 

In this dissertation, we studied the impact of different fuzzy aggregation operators on 

fuzzy association rule mining. Among the investigated minimum, product and 

Lukasiewicz operators, the minimum operator produces more rules than the other two 

operators. The selection of the appropriate operator depends on the application context. 

The fuzzy partitioning and the definition of the linguistic terms play an important role on 

the validity of the final knowledge.  Generally, the data miner or the user should have the 

necessary background knowledge in order to get accurate rules. 

 

The selection of the minimum threshold value of fuzzy support and fuzzy confidence 

plays an important role in the FCBA approach. Through empirical study we observed that 

only setting the minimum support value low without an appropriate minimum confidence 

value will generate rules that may misclassify some unseen record. While only setting a 

high minimum confidence value without an appropriate minimum support value will 

generate rules that overfit the training data. Consequently, it is important to find a good 

combination of these two threshold values. In our empirical study on the Iris and the 

Wine datasets, when minimum support is lowered to around 1% and the minimum 

confidence value is in the range of 80% to 90%, the fuzzy classifier constructed exhibits 

satisfactory classification accuracy.  

 

We demonstrated that the proposed FCBA approach works well on well-known 

classification problems such as the Iris dataset, and high-dimensional datasets such as the 

Wine dataset. We compared the FCBA approach with some well-known non-fuzzy 

classification algorithms such as C4.5, CBA and CAEP. The results of the empirical 

study showed that the FCBA outperforms these methods.  

 

When compared with another heuristic fuzzy classification approach, the adaptive rule 

weight method, the FCBA not only achieved better classification accuracy but also has 

better interpretability. Besides, the FCBA approach is also comparable to GA-based 
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fuzzy classification methods. For other various fuzzy classification methods, the FCBA 

clearly outperforms the average performance of those methods.   

 

9.2 Future Research 

With the work to date, we have accomplished the objective of the research by providing 

the fuzzy classification on association (FCBA) approach to solve the fuzzy rule explosion 

problem of high-dimensional datasets. However, in the course of this research, some 

unanswered issues emerge and should be studied in future research.  

 

1. By applying a classical fuzzy reasoning method new record will be classified as the 

consequent of the rule with the maximum product of the compatibility grade and the rule 

weight. However, the information provided by other rules will be lost although the other 

rules represent the record in a less degree of matching. It would be interesting to modify 

the FCBA approach by including multiple rules for each training record to construct the 

fuzzy classifier.    

 

2. In this dissertation, we used all the attributes in the dataset to construct the fuzzy 

classifier. However, attribute selection (feature selection) is also an active area in the 

field of machine learning and data mining. Another potential research direction is to 

study the impact of attribute selection on the classification performance of the FCBA 

approach. 
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