
   

 

ABSTRACT 
 

PESCOSOLIDO, RYAN CHRISTOPHER. Developing Effective Assessment for Learning 
Trajectories: The Case of Equipartitioning. (Under the direction of Dr. Jere Confrey). 
 
 The purpose of this study is to examine the results of a field test designed to validate the 

learning trajectory for equipartitioning developed by the DELTA research team. The study aims 

to identify the extent to which elementary and middle school students in participating districts in 

North Carolina have an understanding of equipartitioning, as related to the learning trajectory. 

The study also identifies common strategy use, naming practices and misconceptions evidenced 

in these students’ responses. Additionally the study aims to analyze students’ responses to tasks 

along the learning trajectory for equipartitioning to verify empirically that the trajectory is an 

appropriate model for elementary and middle school students’ cognitive advancement. 

 The participants in this study included over 6000 students from four distinct counties in 

North Carolina. The data for this study included rubric scores identifying students’ performance 

on equipartitioning items from various levels of the learning trajectory. These scores were 

analyzed using descriptive statistics to describe the general results and quantitatively to identify 

particular trends in student performance. Coding was also used to indicate strategies, naming and 

misconceptions used by these students; qualitative analysis on this data was used to identify 

frequency of these codes and trends across items and across grade levels. 

 The findings from this study indicate that items from the higher (more cognitively 

complex) levels of the trajectory were more difficult for students than items lower in the 

trajectory. Students in higher grades performed better on a given task than did students in lower 

grades. Students’ strategy use and naming practices were often related, with the most frequent 

strategy use and naming practice varying by item. Misconceptions were rather frequent (1.6% of 

students’ responses). Evidence of one misconception was lower for older students, whereas 



   

 

evidence of the other misconception was fairly evenly distributed.  With increased attention to 

equipartitioning in mathematics standards and curricula, overall performance is expected to 

increase and frequency of misconceptions is expected to decrease. This field test proved to be 

valid and reliable, providing evidence that supports the learning trajectory for equipartitioning. 
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CHAPTER 1 
 

INTRODUCTION 
 

 Rational number reasoning is an area of mathematics with which students of all 

grades struggle.  Smith (1995) remarks that “[rational numbers] are a central topic in 

precollege mathematics, yet many students have difficulties learning even their most basic 

properties.” Many researchers have found a variety of effective strategies for teaching 

students the basics of rational number reasoning; among these, partitioning (breaking a whole 

object into parts) is a construct that embodies the part-whole relationships inherent in rational 

number.  The literature on partitioning is rich, offering insight into a variety of perspectives 

and approaches, primarily in an elementary or middle grades setting (Pothier & Sawada, 

1983; Confrey, 1994; Lamon, 1996; Charles & Nason, 2000; Squire & Bryant, 2002).  

Further, “children need to utilize partitioning strategies which generate shares which are 

equal and able to be quantified,” otherwise the children may be unable to relate the 

partitioning task to the underlying fraction construct (Charles & Nason, 2000).  Confrey 

expresses a similar sentiment when detailing her splitting conjecture, indicating that “by 

developing the construct of splitting in the curriculum, one can establish a more adequate and 

robust approach to such traditionally thorny topics as ratio and proportion, multiplicative rate 

of change, exponential functions, and so on” (1994). 

 Despite the apparent benefit of partitioning for students’ early conception of rational 

number, its representation in curriculum and standards leaves much to be desired.  The oft-

cited Principles and Standards for School Mathematics includes one Number and Operations 
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standard in grades PK-2 that relates to partitioning, namely that students should be able to 

“understand situations that entail multiplication and  division, such as equal groupings of 

objects and sharing equally” (NCTM, 2000).  Students that are given this opportunity will 

begin to develop a notion of division and multiplication, even though they likely have not 

been formally introduced to these operations.  Another Number and Operations standard 

involving the part-whole fraction relationship occurs in the 3-5 grade band: “[instructional 

programs should enable all students to] develop understanding of fractions as parts of unit 

wholes, as parts of a collection, as locations on number lines, and as divisions of whole 

numbers” (NCTM, 2000).  Partitioning is not even mentioned here by name, but instead an 

area model is suggested to compare proper fractions to each other and to a unit whole (p. 

150). Discussion of partitioning in the middle and high school standards is nonexistent as the 

concept is subsumed into the broader notion of rational number reasoning.  State standards 

often follow suit; for example, North Carolina anticipates students sharing fairly between two 

people in Kindergarten, expects students to “create, model and solve problems” involving 

fractions in Grades 1-2, and converts to an area model again in grades 3-4 (NC DPI, 2003).   

None of the state standards discussed above make direct mention of the partitioning 

construct.  However, equipartitioning concepts are indeed thoroughly represented in North 

Carolina’s Essential Standards (NC DPI, 2009).  The standards were adopted in September 

2009 but will not be implemented in schools until necessary modifications are made based on 

the developing Common Core standards document (CCSSI, draft), which address some 
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equipartitioning concepts as well.  There is hope for a more widespread implementation of 

the equipartitioning construct in the foreseeable future. 

The Problem 

Prominent researchers in the field have indicated that students are capable of doing 

partitioning tasks even at a very young age (Davis & Pitkethly, 1990; Hunting & Davis, 

1991; Pepper & Hunting, 1998; Empson, 2001).  Even with this being the case, these 

students may not exhibit them spontaneously in a contextual situation.  Hunting and Davis 

(1991) pose the question: “Does dealing to establish fair shares occur, for example, when 

young children perceive a need in their play activities to distribute discrete items evenly?” 

Having examined partitioning strategies in young children, Pothier and Sawada (1989) 

observed that none of the children in their study resorted to a dealing strategy spontaneously.  

According to the authors, the utilization of partitioning activities is recommended; 

specifically that “the inclusion of a variety of partitioning activities in early fraction work 

prior to a focus on algorithmic procedures for constructing fractions may help to alleviate 

such short-circuiting [of children’s understanding]” (Pothier & Sawada, 1989, p. 37).  On the 

other hand, children have opportunities to develop dealing (as well as other partitioning 

concepts) through social interaction with peers, independent of an educational setting. 

Another issue is the lexical ambiguity that exists in the literature concerning the terms 

“partitioning” and “equipartitioning.” Some research assumes that the result of partitioning is 

a set of equal-sized parts, while other research includes breaking (creating parts that may or 

may not be equal) as a subset of partitioning.  Conflicting definitions of partitioning only 
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obfuscate the reader.  As a departure from this ambiguity, the term “equipartitioning” is used 

here to denote the splitting of an object or collection of objects such that the resulting parts 

are equal in size. 

As a part of the Diagnostic E-Learning Trajectories Approach to Rational Number 

Reasoning (DELTA) project at North Carolina State University, the author has helped to 

develop a learning trajectory for equipartitioning.  The scope of the DELTA project is to 

formulate multiple learning trajectories concerning various topics in the development of 

rational number reasoning based on a synthesis of the prominent research in the field.  The 

resulting trajectories will be applicable in a variety of areas, including applications in next-

generation diagnostic assessment of elementary and middle school students and elementary 

and middle school curriculum development (Confrey & Maloney, in press). 

Development of the learning trajectory for equipartitioning began with a synthesis of 

relevant research.  Next the DELTA team wrote research-based clinical interview tasks and 

conducted interviews to begin to understand students’ conceptions of equipartitioning.  A 

culmination of these two bodies of knowledge led to the development of a learning trajectory 

for equipartitioning.  The results of a recent field test implemented to validate the learning 

trajectory offer insight into students’ abilities to complete a variety of equipartitioning tasks.  

While students lack direct instruction on some such tasks, a combination of experiential 

knowledge, cultural practice and familiarity with related mathematical topics provides each 

student with a unique initial position on the learning trajectory.  In addition to evaluation of 

students’ performance, analyzing the quality of items in the equipartitioning assessment 
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serves not only to improve the validity and quality of the items involved but to prepare the 

ground for more effective assessment in the future. 

Plan for Thesis 

 Following this introductory chapter will be Chapter 2, a review of relevant literature 

concerning equipartitioning, learning trajectories and assessment.  Next, Chapter 3 contains a 

detailed discussion of the methods used to design and implement the field test, along with the 

strategies incorporated to analyze the resulting data set.  Chapter 4 contains quantitative 

results that can be used to describe trends in the test results and explain plausible connections 

among relevant factors.  A qualitative approach is also taken in this chapter to discuss in 

detail common strategies used and misconceptions as evidenced in student responses.  

Finally, Chapter 5 addresses implications of the qualitative and quantitative results.  A 

discussion of student performance, consequences of misconceptions and particular strategy 

use in equipartitioning situations relates these findings to the central questions posed above. 
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CHAPTER 2 

LITERATURE REVIEW 

This review of literature begins with a discussion of the equipartitioning construct, 

separated into cases and analyzed with regard to students’ strategy use and justification.  

Common student misconceptions and their implications are also addressed.  Next is an 

identification of the defining properties of a learning trajectory, including a functioning 

definition, necessary elements, and current interpretations of learning trajectories in the field 

of mathematics education.  Finally, a review of literature pertaining to validity of diagnostic 

assessment as a whole, and assessment items in particular, establishes a basis for analysis of 

the results of a recent field test of equipartitioning items. 

Equipartitioning Literature 

 A learning trajectory (to be described in detail later) has been developed by the 

DELTA research team for the emerging construct of equipartitioning, within the domain of 

rational number reasoning.  It is of note that equipartitioning stems from the concept of 

splitting, which is defined as “an action of creating equal parts or copies of an original” and 

“a primitive operation that requires only recognition of the type of split and the requirement 

that the parts are equal” (Confrey, 1994).  Confrey et al. define equipartitioning as follows: 

Equipartitioning: cognitive behaviors that have the goal of producing equal-sized 

groups (from collections) or equal-sized parts (from continuous wholes), or equal-

sized combinations of wholes and parts, such as is typically encountered by children 
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initially in constructing “fair shares” for each of a set of individuals.  (Confrey et al., 

2009) 

The authors reiterate the departure of equipartitioning from similar behaviors such as 

“breaking,” “fracturing” and “segmenting” in that such behaviors do not necessarily produce 

equal-sized groups as a result (Confrey et al., 2009).   

The set of all equipartitioning problems (sharing n objects for p people) can then be 

divided into three distinct categories, as follows. 

Case A: Sharing a collection of objects among a number of people such that they can be 

shared fairly without having to split an individual object (any n > 1 and any p such that n is 

divisible by p). 

Case B: Sharing a single continuous whole among any number of people (n = 1, any p). 

Case C: Sharing multiple continuous wholes, where there are fewer objects than people (any 

n > 1 and any p such that n < p) or where there are more objects than people, but at least one 

whole must be split to create fair shares (any n > 1 and any p, such that either n < p or n > p 

where n is not divisible by p). 

Each case requires students to employ different strategies to correctly equipartition 

the objects.  Naming the resulting fair share helps to indicate why the four cases are 

delineated as they are.  Case A tasks result in a whole number of objects for each person, and 

Case B tasks introduce the concept of a unit fraction.  Case C tasks develop the notion of a 

proper fraction (in situations where n < p), improper fractions and mixed numbers (in 

situations where n > p). 
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Case A 

 Arguably the simplest case of equipartitioning, sharing collections fairly is a process 

that has been consistently observed in not only elementary school, but also preschool 

children (Pepper & Hunting, 1998; Squire & Bryant, 2002).  Pepper and Hunting (1998) 

conducted interviews in which preschool children completed three sharing tasks; the 

prevalent strategy observed was systematic dealing of the collection, with counting taking 

place either during the dealing (counting rounds dealt) or afterward (counting the size of one 

share).  Some children dealt the objects one at a time to each person, upholding (if only 

subconsciously) a one-to-one correspondence of objects to people.  Other children dealt 

multiple objects to each person at one time; this occurred particularly often when there was a 

large amount of objects to be distributed relative to the number of people (Pepper & Hunting, 

1998).   

 While completing Case A equipartitioning tasks, there can often be a discrepancy 

between a student’s response and that student’s justification as to why his/her response is 

correct.  Davis and Pitkethly (1990) indicate that “a high proportion of children of 

approximately 8 years of age have a firm conviction that counting after a discrete sharing 

task is not simply a check for accuracy but is really an essential part of the process – without 

it one would not know if there was a fair share” (p. 152).  The fact that the one-to-one or 

many-to-one correspondence in a dealing strategy leads to fair shares inherently (without the 

need for counting as verification) is difficult for children to grasp.  Indeed, dealing can be 

established a procedure for fairly sharing, while counting can only be used as a check to 
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verify the accuracy of a dealing strategy.  Alternatively, older students solving similar 

problems may simply state a multiplication fact as a justification of fair shares (Squire & 

Bryant, 2002).  While this response may or may not be accompanied by a latent 

understanding of the underlying mathematical concepts, we can only attempt to exact this 

information from the student by asking for the student to justify his/her solution and 

interpreting the response. 

Case B 

 Early elementary school students have also shown the ability to fairly share a single 

continuous whole (Piaget et al., 1960, Pothier & Sawada, 1983).  In order to fairly share an 

object for a certain number of people, three of the seven characteristics of understanding 

fractions outlined by Piaget and colleagues (1960) in particular must be met; namely, a 

student must exhaust the whole (i.e. use the entire object), create the correct number of 

pieces, and create pieces that are equal in size.  These requirements exclude breaking, 

fracturing and segmenting as correct strategies for equipartitioning, although such strategies 

are often present in children that are unable to share the object fairly. 

 A distinct ordering of Case B tasks has emerged with respect to the number of people 

sharing the continuous whole.  Children begin using halving techniques in order to split 

wholes for two people; repeated halving produces 2𝑛 shares, where n is the number of splits 

made to the original whole (Pothier & Sawada, 1983).  Next children learn to split wholes for 

other even numbers by adapting their previous splits for 2𝑛 people, as in Figure 1. 
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Figure 1.  Splitting for six to demonstrate evenness.  (Pothier & Sawada, 1983). 
 
 

This leaves odd splits to be developed last since this strategy is not valid for such splits.  

Children may learn to produce odd splits earlier, though, since many cultural symbols (such 

as the peace sign and Mercedes-Benz emblem) approximate odd splits. 

 When working with rectangular wholes, a common equipartitioning strategy is for the 

student to make n-1 parallel cuts (all horizontal or all vertical) on the object to create n equal-

sized pieces (Pothier & Sawada, 1983).  A frequent misconception at this stage is for a 

student to make n cuts, resulting in a split with one too many pieces.  A particular strategy of 

interest arises when students must split the whole for some number of people n that has 

multiple proper factors.  When splitting for such values of n (4, 6, 8, 9, 10, 12 etc.), students 

could potentially make perpendicular cuts to reach the desired result (i.e. make two vertical 

cuts and two horizontal cuts to share an object for 9).  This process, described by Pothier and 

Sawada (1983) as a “composition of factors”, could be perceived as more efficient as it 

requires fewer cuts, but was frequently overlooked by students in favor of other strategies.  

Henceforth such a strategy will be referred to as a “composition of splits” since children 

developing this concept are unlikely to have experience working with factors. 
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The scenario of sharing circular wholes (as opposed to rectangular ones) introduces a 

different strategy set for students.  Here perpendicular cuts become much more common, 

especially when sharing for 4 and 8 people.  Another misconception occurs when students 

use parallel cuts to split a circle, resulting in different-sized pieces (Pothier & Sawada, 1983).  

This could be a result of the students mistakenly using a strategy that works for a rectangle 

on a circle.  Note that the reverse also applies; strategies that work on a circle (i.e.  sharing 

for 6 using three diametric cuts spaced 60˚ apart) may not be appropriate on a rectangle.  

Here such behaviors will be denoted as “shape misconceptions.” Also worth noting is that 

sharing circles for an odd number of people is often more difficult for students than sharing 

for an even number of people.  Conceptually this makes sense given that an even share only 

requires diametrical cuts whereas an odd share requires radial cutting as well.  For such 

problems students often make an initial radial cut and count around the circle, making extra 

pieces one-by-one (Pothier & Sawada, 1983). 

Case C 

 Strategies for equipartitioning multiple wholes have been discussed by a variety of 

experts in the field (Streefland, 1993; Lamon, 1996; Charles & Nason, 2000). With regard to 

dealing and splitting, Lamon (1996) describes the “preserved-pieces,” “mark-all” and 

“distribution” strategies, among others.   The preserved-pieces strategy involves students 

only splitting wholes when necessary; a student using this strategy for n objects among p 

people may deal the whole items first and cut each of the remaining objects into p parts.   By 

contrast, the mark-all strategy is observed when a student marks all n objects into p pieces 
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but only cuts the necessary ones, with each person still receiving wholes (although visually 

split) and pieces.   The distribution strategy involves students marking and cutting all n 

objects into p parts and giving each person one piece of each object. 

In each strategy mentioned above, the participant splits every object in a task the 

same way; other strategies exist for when this is not the case.  Charles and Nason (2000) 

introduced a strategy called “half to each person then a quarter to each person” in which 

students would halve the objects and share the halves until they are unable, then refer back to 

the “partitive quotient foundational strategy” and split the remaining object(s) into n pieces.  

This process of repeated halving is evident in other work as well (Pothier & Sawada, 1983), 

where it is often cast as a simplistic splitting strategy, allowing children to share (on either a 

rectangle or a circle) for 2, 4, 8 and even 16 people with relative ease.  Another strategy 

worth noting is one denoted here as “coordinated splitting,” which involves breaking a share 

down into factors that represent equivalent shares.  For example, when sharing 12 objects for 

18 people, a student might separate this into three instances of sharing 4 objects for 6 people, 

and perhaps separate each of these into two instances of sharing 2 objects for 3 people.  

Streefland (1993) discusses this topic, introducing a visual representation of the process as 

shown in the figure below. 
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Figure 2.  Coordinated splitting, as represented by Streefland (1993). 
 
 

Cross-case Similarities 

  Despite the fact that distinct strategies are used for each case as highlighted above, 

there exist inherent relationships among all three cases that can affect strategy use for a 

particular situation.  In each case, students must develop a way to name the share resulting 

from equipartitioning a collection, single whole or multiple wholes.  Harel and Confrey 

(1994) emphasize the importance of establishing a unit for equipartitioning, contending that 

“to create an understanding of a set of sets, one must first be able to treat a set, a collection, 

as a unit” (p.  xvii).  Such a unit is then used in conjunction with division and multiplication 

(representing the splitting that occurs during the equipartitioning process) in order to arrive at 

a name for the resulting share.  Confrey and Smith (1994) elucidate this concept of unitizing: 

“initially it is the ‘unitizing’ operations that create numbers.  That is, it is the goal of finding 

out how many or how much and the operation of creating units that must proceed before 
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numbers are available as an answer.  That answer, represented as a number, is made from the 

units” (Confrey & Smith, 1994, emphasis original).  Thus, not only is the name of a resulting 

share of an equipartitioning task tied directly to a particular unit, but that unit can also 

depend on the splitting operation used in the task.  For example, a student equipartitioning 

two objects into three parts would be likely to use a unit of one third (and name the share 

‘two thirds’) since the “multiplicative unit” (p. 42) involved is three.  Henceforth this unit 

will be referred to as a “referent unit.” 

Lamon expounds upon the importance of unitizing as “the cognitive assignment of a 

unit of measurement to a given quantity; it refers to the size chunk one constructs in terms of 

which to think about a given commodity” (Lamon, 1996).  Once a unit is identified, the 

student can name the share in relation to that unit.  The example provided is a relevant one: 

considering a unit of one canned drink, a case can be described as 24 cans.  Alternatively, a 

student could identify the case as 4 (with a unit being a pack of 6 cans) or as 2 packs of 12 

cans (p.  170).  The author reiterates the need for unitizing within a partitioning setting, 

stating that “the bodies of research concerning unitizing and partitioning suggest that the two 

processes build different and essential perspectives toward the understanding of rational 

numbers" and also that “students need extensive presymbolic experiences involving these 

conceptual and graphical mechanisms in order to develop a flexible concept of unit and a 

firm foundation for quantification” (Lamon, 1996). 

 Another cognitive concept involved in all four cases of equipartitioning is that of 

reassembly; that is, reversibility of the splitting operation.  Given one fair share of size a 
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from a whole that has been split into b groups (henceforth noted as a b-split), the original 

whole can be reassembled by examining the product ab (Confrey et al., 2009).  This property 

of the splitting operation has its roots in Piaget’s work on conservation, which he described 

as “We call ‘conservation’ the invariance of a characteristic despite transformations of the 

object or of a collection of objects possessing this characteristic.  Concerning number, a 

collection of objects ‘conserves’ its number when the shape or disposition of the collection is 

modified, or when it is partitioned into subsets” (Piaget, 1968). 

 Naturally following from the discussion of reassembly is the multiplicative nature of 

splitting and its influence in describing the collection or whole.  Using this multiplicative 

reasoning, a student can describe the whole as b times as many as one share.  Confrey et al.  

(2009) indicate that evidence of this reasoning is sparse in young students, supplanted with 

the more frequent notion of multiplication as repeated addition; using this construct the 

whole could be described by taking the single share and adding the same amount to it b-1 

times (p. 4).  Viewing multiplication as repeated addition this way could lead to the 

aforementioned misconception of making one too many cuts when equipartitioning a whole 

and, more generally, undermine the multiplicative structure of the equipartitioning construct. 

 An understanding of how this multiplicative relationship between one share and the 

whole (or collection) is affected by changing one part of the situation is significant for 

students as well.  Compensation pertains to the inverse relationship between the size of a 

share and the number of shares in order to preserve the size of the whole, whereas 

covariation describes the direct relationship between number of shares and total amount 
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when preserving the size of a share.  It stands to reason that “children do have an 

understanding of the effect of changes to parts on an uncounted whole at a younger age than 

they understand similar changes in a quantified context or a numerical context” (Irwin, 

1996).  That is to say, students can anticipate such changes qualitatively – or 

protoquantitatively, observing trends without including numerical calculation (Resnick, 

1992) – before they can describe the same change quantitatively using the numerical values 

from the situation.  Irwin’s study indicates that “it should be assumed that [children] do 

understand compensation and covariation in at least nonquantified part-whole relationships 

before they start school” (Irwin, 1996, p. 39).  A well-developed conception of these two 

ideas contributes to a deeper understanding of equipartitioning and, more generally, rational 

number reasoning. 

Learning Trajectories Literature 

 As learning trajectories emerge as a powerful construct in educational research, the 

foundational question must be addressed: Exactly what is a learning trajectory? This section 

of the literature review aims to address this question by examining various definitions of 

learning trajectories, the qualities of (or requirements for) these definitions, and examples of 

prominent learning trajectories, including the equipartitioning learning trajectory developed 

by Confrey and the DELTA team. 

 An early definition of a “hypothetical learning trajectory” comes from Simon’s work: 

“the teacher’s prediction as to the path by which learning might proceed” (Simon, 1995, p. 

135).  A learning trajectory as presented here describes the connection between a teacher’s 
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knowledge and the assessment of his/her students’ knowledge.  Three elements comprise this 

connection: a learning goal, activities intended to address that learning goal, and a 

hypothetical process by which a student will use the activities in an attempt to reach the 

learning goal (Simon, 1995, p.  136).  According to this definition, a hypothetical learning 

trajectory is specific to the teacher since the trajectory will be modified based on the 

students’ interactions with the activities that the teacher uses to address the learning goal of 

interest.  Consequently, cognitive demand on the teacher is high using this model, requiring 

“access to relevant research on children’s mathematical thinking, innovative curriculum 

materials, and ongoing professional support” (Simon, 1995, pp. 142-143). 

 Battista (2004) refers to learning trajectories differently, in the context of cognition-

based assessment (CBA).  He contends that, to better understand progression of students’ 

learning, it is beneficial to examine the various levels of sophistication at which students are 

thinking.  For a given mathematical concept, the set of levels “(a) starts with the informal, 

preinstructional reasoning typically possessed by student, (b) ends with the formal 

mathematical concepts targeted by instruction, and (c) indicates cognitive plateaus reached 

by students in moving from (a) to (b)” (Battista, 2004, p. 186). In this context, a learning 

trajectory is proposed as a student-specific object that highlights the path taken by a 

particular student.  Two students’ learning trajectories here would differ in that they begin at 

different cognitive places, make leaps from one level of sophistication to the next (perhaps 

not to the same level or at the same time), and eventually arrive at a functional understanding 

of the mathematical concept. 
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 Battista outlines three facets that are critical to CBA: delineation of the core ideas and 

processes to teach, description of the underlying concepts that students must learn for each of 

these core ideas, and collection of assessments that identify students’ location on their 

personal learning trajectories (Battista, 2004, pp. 188-189).  Each level of the presented CBA 

scenario for area and volume includes sample tasks and anticipated student responses; much 

more information is provided on the front end when compared to the relatively open-ended 

structure proposed by Simon.  A preconstructed CBA structure such as this one “provides the 

knowledge needed for cognition-based instruction to successfully guide students in their 

construction of mathematical meaning” (Battista, 2004, p. 202). 

 Bridging the gap between the theoretical nature of a hypothetical learning trajectory 

and the pedagogical basis of cognition-based assessment, Clements and Sarama (2004) 

contend that the learning trajectory construct gains power by combining aspects of each of 

the aforementioned two.  Learning trajectories are then defined as “descriptions of children’s 

thinking and learning in a specific mathematical domain and a related, conjectured route 

through a set of instructional tasks designed to engender those mental processes or actions 

hypothesized to move children through a developmental progression of levels of thinking” 

(Clements & Sarama, 2004, p. 83).  Three components for such a trajectory include a 

learning goal, a sequence of cognitive levels through which students are expected to 

progress, and a set of tasks that address each of the proposed levels (p. 84).  As with the 

critical components to CBA, a learning trajectory by this definition includes a predefined, 
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anticipated student progression and a compilation of activities intended to evince the location 

of each student within the learning progression. 

 The trajectory provided to exemplify this structure addresses the topic of geometric 

shape composition (Clements, Wilson & Sarama, 2004).  Based on research in the content 

area, seven levels of sophistication comprise the developmental progression proposed for this 

learning goal.  The authors also present an instrument designed to assess students’ 

performance on the composition of geometric shapes with regard to the developmental 

progression.  Empirical results of the assessment serve to validate, in this case the first four 

levels of the trajectory but lack data to address the other three (Clements, Wilson & Sarama, 

2004).  Implications of this research include the notion of longitudinal development of 

learning trajectories; that is, “using teaching experiments to ascertain if children do indeed 

develop through each level (e.g., with efficacious instruction, will some children skip one or 

more levels)” (p. 182).  Additionally, investigation of the extent to which interaction between 

related mathematical concepts affects the resulting learning trajectories is recommended. 

 A more recent approach concerning learning trajectories, based on a synthesis of 

research, is that of Confrey and colleagues, who define a learning trajectory to be: 

A researcher-conjectured, empirically-supported description of the ordered network 

of experiences a student encounters through instruction (i.e.  activities, tasks, tools, 

forms of interaction and methods of evaluation), in order to move from informal 

ideas, through successive refinements of representation, articulation, and reflection, 

towards increasingly complex concepts over time.  (Confrey et al., 2009, p. 2) 
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As has been made apparent in the literature, significant variation exists from researcher to 

researcher concerning the precise definition, requirements and qualities of a learning 

trajectory.  Despite this variation, however, some conditions are common to these various 

interpretations.  Confrey and Maloney (2010) eloquently elaborate upon these five 

commonalities as presented below: 

1. Learning trajectories are based on synthesis of existing research, further research 

to complete the sequences, and a validation method based on empirical study. 

2. Learning trajectories identify a particular domain and a goal level of 

understanding. 

3. Learning trajectories recognize that children enter instruction with relevant yet 

diverse experiences, which serve as effective starting points; 

4. Learning trajectories assume a progression of cognitive states from simple to 

complex.  While such a progression is not linear, neither is it random, and it can 

be sequenced and ordered as “expected tendencies” or “likely probabilities”. 

5. Progress through a learning trajectory assumes well-ordered set of tasks 

(curriculum), instructional activities, interactions, tools, and reflection.  (Confrey 

& Maloney, in press) 

These five qualities should be evident (at least to some extent) in existing learning 

trajectories and future ones as well.  The particular learning trajectory of interest in this thesis 

is the trajectory focused on equipartitioning, developed by Confrey and the DELTA project 

participants (Confrey & Maloney, in press).  This learning trajectory consists of sixteen 
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levels that, evidenced by prior research as well as clinical interviews (Opper, 1972), delineate 

the process by which students conceptualize equipartitioning.  This trajectory adds another 

dimension to those previously mentioned in that the tasks suggested are broken down into 

different categories, i.e.  “task classes” (Maloney & Confrey, 2010).  Thus the trajectory is 

presented as a two-dimensional entity as shown in Table 1. 
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Table 1.  Learning trajectory matrix for equipartitioning (Maloney & Confrey, 2010). 
 

Equipartitioning Learning Trajectory Matrix 
(Grades K-8) 

 
Task Classes 
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16 Generalize:  a among b = a/b              
15 Distributive property, multiple wholes              
14 Direct-, Inverse- and Co-variation              
13 Compositions of splits, multiple wholes              
12 Equipartition multiple wholes              
11 Assert Continuity principle              
10 Transitivity arguments              
9 Redistribution of shares (quantitative)              
8 Factor-based changes (quantitative)              
7 Compositions of splits; factor-pairs              
6 Qualitative compensation              
5 Re-assemble: n times as much              
4 Name a share with respect to referent unit              
3 Justify the results of equipartitioning              
2 Equipartition single wholes              
1 Equipartition Collections              

 
 
Tasks pertaining to a particular proficiency level and task class can be considered to inhabit 

the corresponding cell in this learning trajectory matrix, although not every task class can be 

represented in every proficiency level in the learning trajectory.  Within a proficiency level, 
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the task classes applicable for that level represent different collections of parameters used to 

identify key characteristics of tasks at that level; for example, Cell F2 in the matrix could be 

represented by a problem asking students to equipartition a single rectangular cake fairly for 

an odd number of people.  Many of these tasks are included as assessment items and are 

presented in Chapters 4 and 5. 

 Upon inspection, this learning trajectory satisfies the common criteria discussed 

above.  A specific end goal within the equipartitioning domain is specified and supported by 

a solid base of research.  The progression of concepts presented includes levels that students 

will likely reach as they develop a more sophisticated understanding of equipartitioning (and 

more generally, rational number) which is supported by specific tasks (Maloney & Confrey, 

2010).  Students may bring a variety of experiential knowledge to the table when beginning 

to learn about equipartitioning; this knowledge may enhance their learning of the concept as 

well. 

Diagnostic Assessment Literature 

 The assessment of concern in this study aims to serve, in its final condition, as a 

diagnostic assessment.  It is reasonable to incorporate such a model for the learning trajectory 

for equipartitioning since diagnostic tests “are designed to assess the state of mastery of very 

specific cognitive skills or operations” (Corter, 1995, p. 306) and “diagnostic tests may also 

prove useful to help validate specific models of human cognition” (p. 305).  Development of 

a high-quality diagnostic assessment requires consideration of a variety of issues.  Overall, 

the assessment must have a sufficient level of validity and reliability.  Messick reiterates this 
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point: “such basic assessment issues as validity, reliability, comparability, and fairness need 

to be uniformly addressed for all assessments because they are not just measurement 

principles, they are social values that have meaning and force outside of measurement…” 

(Messick, 1994, p. 13).  Rubric development should take into account concerns of validity 

and reliability as well.  At an item development level, the assessment must consist of items 

that are designed so as to reduce bias toward a particular group whenever possible.  Many 

item qualities such as context may inadvertently affect results; careful consideration of such 

qualities is essential. 

Validity and Reliability 

 Moskal and Leydens (2000) define validation to be “the process of accumulating 

evidence that supports the appropriateness of the inferences that are made of student 

responses for specified assessment uses.” Although altogether quite broad, validation of an 

assessment can be delineated into several parts.  One such part, content validity, addresses 

how well the assessment measures knowledge of the particular domains within a content area 

(Moskal & Leydens, 2000).  A mathematics item lacking content validity might, due to the 

way it is written, pose a different question than originally anticipated.  By contrast, construct 

validity deals with students’ strategy use for a particular item.  The ability for a student to 

apply an incorrect strategy and still score well on the item would indicate a lack of construct 

validity.  This can be remedied by using a holistic scoring process, where process and 

product alike are considered when designing a rubric for item scoring (Moskal & Leydens, 

2000). 
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Another important type of validity stems from the fact that the implementation of an 

assessment could inherently promote learning of the topics measured by the assessment.  

“This extension of the notion of construct validity of a test to take into account the effects of 

instructional changes brought about by the introduction of the test into an educational system 

we shall refer to as the systemic validity of a test” (Frederiksen & Collins, 1989, p. 27).  

These authors tout directness of assessment and subjectivity in scoring as two qualities of a 

systemically valid test (p. 28).  Certainly directness is pivotal in designing an effective 

assessment; testing an easily-observable skill that is related to the skill in question can lead to 

content validity issues.  Rather than using a simple count of correct answers to closed-form 

problems as a scale to indicate performance, a subjective test requires the scorer to delineate 

and interpret students’ responses more broadly.  Incorporating open-ended problems with 

detailed rubrics help promote subjectivity (Frederiksen & Collins, 1989, p.  27).  The 

conditions of scoring efficiency and subjectivity are not mutually exclusive, however; 

striking a reasonable balance between the two is key. 

In addition to ensuring test validity, reliability is necessary for a high-quality 

assessment.  Of particular concern in diagnostic assessment is rater reliability, which 

involves consistency of scoring of one item across multiple scorers – interrater reliability – 

and consistency of scoring of one scorer across multiple items – intrarater reliability 

(Moskal & Leydens, 2000).  Since a learning trajectory should include a set of predefined 

tasks by the above definition, assessment of students’ performance on such tasks must be 

reliable in order to ensure accuracy of the information received.  The interrater reliability 
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depends on the objectivity of the tasks themselves, and objective scoring can be a great deal 

more efficient and reliable than subjective scoring (Messick, 1994).  Interrater reliability can 

be achieved using descriptive rubrics for subjective tasks; this establishes consistency across 

scorers by reducing the amount of interpretation necessary.  Intrarater reliability can also be 

addressed at the rubric level “by establishing a description of the scoring criteria in advance” 

(Moskal & Leydens, 2000). 

 Pellegrino et al.  (2001) outline three fundamental elements of assessment and explain 

that “these three elements – cognition, observation, and interpretation – must be explicitly 

connected and designed as a coordinated whole” (p. 2, emphasis original).  Without 

cognition, an assessment stands to lose its content validity and construct validity.  Without 

observation or interpretation, reliability of the assessment is challenged. 

Item Development 

 When constructing an assessment, the issue of content quality is of concern, 

particularly since assessments designed for elementary and middle school students are 

especially constrained by time.  The assessment items included should optimize the amount 

of information gained relative to the time investment by the students and also the scorers.  

Content coverage is also a common concern. This section addresses factors that constitute a 

high-quality diagnostic assessment and how such factors may affect validity and reliability.   

Adopting a construct-centered approach to assessment, as is the case for diagnostic 

assessment of students’ progression within a learning trajectory, involves decisions about 

what knowledge is to be assessed, what behaviors reveal that knowledge, and what tasks 
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elicit those behaviors (Messick, 1994).  Additionally, research suggests that assessments 

should move toward examination of students’ cognitive abilities and that they should provide 

feedback to assist students’ learning processes (Pellegrino et al., 2001).  Without completely 

removing the task-centered aspect of assessment, “one possibility is to aim for scoring 

rubrics that are neither specific to the task nor generic to the construct but are in some middle 

ground reflective of the classes of tasks that the construct empirically generalizes or transfers 

to” (Messick, 1994, p. 17).  This middle ground parallels the compromises of directness and 

subjectivity recommended to maintain systemic validity. 

 Two of the standards for testing indicated by Frederiksen and Collins (1989) include 

scope and transparency.  A test with proper scope “should cover, as far as possible, all the 

knowledge, skills, and strategies required to do well in the activity” (Frederiksen & Collins, 

1989, p. 30).  Neglecting to include certain aspects of a construct (here, a learning trajectory) 

in an assessment can lead students to neglect this information as well; assumptions about 

such missing strategies lose directness and thus validity.  Linn and colleagues (1991) address 

this concern about scope (here “content coverage”) by noting that “if there are gaps in 

coverage, teachers and students are likely to underemphasize those parts of the content 

domain that are excluded from the assessment” (p. 20).  The authors later concede that, 

although traditional assessment design may be advantaged in this regard, content coverage 

must be considered in all test development (Linn et al., 1991).  The transparency standard 

refers to the extent to which students are clear about what the test is asking of them.  

Expectations of students to incorporate a particular strategy to solve a problem may not be 
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realized if students are able to use a different strategy without indication to do otherwise; 

however, it may not always be feasible to do so without trivializing the problem and thus 

creating false positives.  In this sense, transparency is also intimately related to directness of 

assessment. 

 Another aspect of performance-based assessment that must be considered is problem 

context.  Tasks well-seated in a particular context may have variable difficulty to students 

depending on the level of familiarity each student has with the particular task’s context.  

“Indeed, contextual features that engage and motivate one student and facilitate his or her 

effective task performance may alienate and confuse another student and bias or distort task 

performance” (Messick, 1994, p. 19).  Another argument for contextualization is that of 

meaningfulness – students completing tasks and assessments that are based in context 

experience a significant educational experience (Linn et al., 1991).  Implementation of cross-

contextual assessment aims to solve the bias issue by introducing a range of item contexts 

with the expectation that underrepresented performance in some situations will be 

counterbalanced with overrepresented performance in others.  Also noteworthy is the concern 

of precisely what constitutes an authentic context.  A task might be authentic to some real-

world application of mathematics (a common interpretation), but it could also be authentic to 

the academic setting.  Some such problems may even be devoid of context for a pedagogical 

purpose, such as assessing or strengthening students’ capacity for abstraction (Messick, 

1994). 
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The tasks and assessments related to a learning trajectory such as the one for 

equipartitioning can and should take into consideration the task qualities highlighted above.  

Streamlining tasks and assessment items according to these criteria should help to produce 

valid and reliable learning trajectories suitable for broad implementation. 

Research Questions 

 This thesis aims to address the current lack of explicit implementation of 

equipartitioning concepts in the elementary and middle grades mathematics curricula, as 

discussed in Chapter 1.  The focus of this research was an analysis of students’ performance 

on the aforementioned test designed to assess knowledge of various concepts within 

equipartitioning.  Larger goals for the thesis included identification of students’ overall 

ability level when dealing with equipartitioning tasks, identification of common 

misconceptions that students demonstrate when completing such tasks,  improvement of the 

assessment materials in order to elicit more reliable student responses and validation of the 

diagnostic assessment with regard to the learning trajectory for equipartitioning. 

 To address these goals, this research builds on the literature in equipartitioning and 

assessment in order to address the following questions: 

1. How well are elementary and middle school students in particular North Carolina 

districts performing with regard to the learning trajectory for equipartitioning? 

Conjecture: Since equipartitioning is not explicitly taught in schools, low overall 

scores are anticipated.  Older students will likely score better than younger students 

(since they will be exposed to other rational number concepts) and earlier levels of 



   

 
 
 

30 

the learning trajectory should experience better performance than later levels (due to 

the increase in sophistication when ascending the learning trajectory). 

2. What strategies for equipartitioning and misconceptions about equipartitioning are 

prevalent among these students? 

Conjecture: Strategies and misconceptions such as those highlighted in this chapter 

should appear in students’ responses.  For example, students will likely split all 

wholes into nths when solving problems but might mistakenly make n cuts, resulting 

in n+1 pieces.  As grade increases, prevalent strategy use might change and 

misconceptions might diminish (although not as markedly as if addressed directly in 

curricula). 

3. Do the results of diagnostic assessment provide validation of a learning trajectory for 

equipartitioning for these students? 

Conjecture: Diagnostic assessments should be designed to include items that span the 

levels and task classes (if applicable) of a learning trajectory as an attempt to obtain 

scope.  A variety of problem contexts that are authentic to either a real-world setting 

or an academic setting should be included.  Directness and transparency should be 

achieved using straightforward questions and rubrics that reflect what is asked of 

students.  Subjectivity of scoring provides more information but must be balanced to 

maintain directness. An assessment with these features can be used to determine 

whether a learning trajectory accurately describes students’ cognitive progression. 
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CHAPTER 3 

METHODOLOGY 

 This study is an analysis of the results of a field test designed to identify students’ 

understanding of equipartitioning concepts in order to determine the accuracy of the learning 

trajectory for equipartitioning as presented in Chapter 2.  The goal of this chapter is to 

describe the development of the learning trajectory, assessment items and rubrics, and test 

packets.  This chapter will also highlight the distribution and scoring processes and methods 

used for data analysis of the students’ responses. 

 The basics of the method for construction of the learning trajectory for 

equipartitioning and the related tasks and assessment are found in a subset of the Figure 3 

(below), designed by Confrey and Maloney (in press) and adapted from evidence-centered 

assessment (Mislevy, 2003, Wilson, 2005). Blue arrows indicate interactions between 

elements in the model that occurred in development of the equipartitioning learning 

trajectory, while red dotted arrows indicate theoretical interactions that may take place. Thus 

the initial development of the learning trajectory was informed by a synthesis of research, 

clinical interviews were designed with this initial trajectory in mind, and modifications to the 

learning trajectory were made using evidence from the interviews. Validation of the learning 

trajectory falls near the end of the method as outlined in the figure, but information gained 

can inform development of the learning trajectory, its matrix representation and related 

outcome spaces, and model conceptualization. 
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Figure 3.  Method for constructing a learning trajectory and diagnostic assessment (Confrey 
& Maloney, in press). 

 
 

Learning Trajectory Development 

 The levels and task classes for the learning trajectory matrix for equipartitioning were 

derived from a synthesis of research on partitioning and related rational number reasoning 

concepts as well as a collection of clinical interviews spanning the elementary and middle 

grades.  The interviews consisted of activities involving pirate treasure, birthday cakes, 
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pizzas and cookies with the intent of evoking students’ comprehension of equipartitioning 

cases A-D, respectively.  Construction of a matrix of video clips that aligns prototypical 

behaviors exhibited by students to particular levels of the learning trajectory helped guide 

analysis of the clinical interviews.  As the research team gained a deeper understanding of the 

research and clinical interviews, refinement of the levels of the learning trajectory was 

necessary, finally resulting in the current structure with sixteen levels and thirteen task 

classes represented. 

Item Development 

 The original interview protocols and resulting student responses in conjunction with 

the research synthesis directed the preliminary construction of equipartitioning assessment 

tasks.  For each level of the learning trajectory, the research team constructed an outcome 

space to represent that level.  An outcome space, adapted from the definition given by 

Wilson (2005), here represents the collection of significant cognitive steps that can be used to 

identify a student’s progress within a given level of the learning trajectory.  On a broad scale, 

items were developed with the entire learning trajectory matrix in mind, although it is 

impossible to fill every cell of the learning trajectory matrix with items since some 

combinations of trajectory level and task class cannot be achieved.  One such example would 

be an item on level two of the learning trajectory with task classes J, K, L and M, since 

equipartitioning a single whole (level two) does not make sense in a context with multiple 

wholes (task classes J-M).  Excluding such situations, nearly all relevant combinations of 

trajectory level and task class were represented with at least one item. 
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A total of 125 assessment items were created to span the trajectory.  The items 

developed included a variety of problem contexts and problem types, as indicated in Tables 2 

and 3. 

 
Table 2.  A list of problem contexts with examples. 

 
Problem Context Examples 

Coins Gold coins, silver dollars 

Food Pizza, cake, pie, cookies, candy pieces 

Materials Crayons, pencils, cardboard, quilt, baseballs 

Paper Construction paper, folded paper 

Space Bedroom, garden, farmland 
 

Table 3.  A list of problem types with descriptions. 
 

Problem Type Description 

Recognize Student must answer a multiple choice or single 
phrase response question about the situation 

Construct Student must complete a split on a whole (or set 
of wholes) based on the situation 

Justify Student must create an open-ended explanation 
indicating knowledge about the situation 

 
 
Some recognize problems contained a multiple choice question with a single correct answer 

while others included more than one; a distinction was made for students to “circle one” or 

“circle all” depending on the situation.  Items in which students might display a particular 

strategy or misconception as highlighted in Chapter 2 included distractors in an attempt to 

detect these situations.  Construct items included a blank shape (or shapes) or representation 
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of the situation (i.e.  illustration of the gold coins or candy pieces) for the student to write on 

as he/she completed the item.  Justify items included enough white space on the page for 

students to adequately answer the question in the provided area, including a pictorial 

representation if desired.  Within a pizza context, for example, a recognize item might ask a 

student to identify whether a sharing situation provided to them is fair, whereas a construct 

item might ask students to share pizzas fairly, and a justify item might ask why they are fairly 

shared. 

Form Development and Distribution 

 The intended audience (grades K-8) was divided into four grade bands for the 

purposes of this assessment (Table 4).  Thirty-three unique test forms were created, including 

anywhere from six to eight items per form.   To increase response counts, 35 items were 

included in two test forms within the same grade band.  Other items, referred to as linking 

items, were included in test forms across multiple grade bands.  Of these 26 linking items, 3 

of them spanned all four grade bands, 7 spanned three bands (two I+III+IV, five II+III+IV), 

and 16 spanned two bands (five I+II, ten III+IV, one I+IV). 

 
Table 4.  Test forms by grade band. 

 
Band Grades Forms Created Items per Form 

I K-1 10 6 

II 2-3 10 6-7 

III 4-5 8 8 

IV 6-8 5 8 
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Test forms were distributed to participating teachers from elementary and middle schools in 

four counties of North Carolina, representing a culturally and socioeconomically diverse 

population (see Table 5). 

 
Table 5.  Demographic information for the four participating counties (Kids Count Data 

Center; NC DPI). 
 

County White Black Hispanic Asian Am.  
Indian 

Free / 
Reduced 
Lunch 

1 51.1% 30.7% 11.8% 6.1% 0.3% 37.5% 

2 52.2% 35.4% 11.5% 0.6% 0.3% 56.4% 

3 78.2% 10.8% 9.1% 1.6% 0.4% 44.0% 

4 51.2% 36.2% 6.7% 0.1% 5.8% 75.3% 
 

 
The tests were taken at the end of the school year, after end-of-grade testing.  Every student 

in each class completed the same test form, and each teacher in a given school administered a 

different test form (except for duplication due to large teacher counts).  Teachers for K-2 

classes were provided transparencies of each item and instructed to read each item aloud to 

the class.  Students answered the items directly on their test booklets, and were allowed 50 

minutes to complete the assessment.  Once returned to the University, all student responses 

were scanned by a third party into PDF format and stored locally. 

Rubric Creation and Scoring 

 The research team began rubric development by once again consulting research, 

clinical interview observations, and the outcome space for each level of the learning 
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trajectory.  The research team anticipated students’ responses and potential strategy use and 

misconceptions and created individual rubrics for each item accordingly, including an ordinal 

score ranging from a minimum of 0 to a maximum anywhere from 2 to 5, depending on the 

complexity of the item and the associated outcome space.  A score of 9 was also assigned to 

indicate “no response” to a particular item; these responses were excluded from analysis.  In 

addition to a numeric score, many items included alphabetic codes that indicated particular 

item-specific responses, strategies, naming practices, or misconceptions.  The codes that 

indicate misconceptions (O-P), strategies (Q-U) and naming (V-Z) are consistent for every 

item, and a description of each is included below. 
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Table 6.  A list of scoring codes used with descriptions. 
 
Code Description 

O Creates n+1 parts instead of n parts 

P Creates parallel cuts to try to fairly split a circle 

Q Creates non-congruent equal-sized parts 

R Splits all wholes into p pieces to equipartition multiple wholes for p people 

S Creates benchmarks (halves, fourths, etc.) to equipartition multiple wholes 

T Deals all wholes then splits the remainder to equipartition multiple wholes 

U Uses coordinated splitting to equipartition multiple wholes 

V Names the share as a mixed number 

W Names the share as m/nth of one whole (an improper fraction) 

X Names the share as 1/nth of all the wholes 

Y Names the share as 1/nth of each whole 

Z Names the share as a count of x parts 
 

After developing each individual rubric, the research team examined each level of the 

learning trajectory, comparing the item rubrics that correspond to that level and making 

modifications where necessary to improve within-level rubric consistency. 

Every response to a particular item (regardless of grade) was scored using the 

provided rubric for that item.  The responses were graded by a third party, with whom the 

research team maintained correspondence to clarify questions about content and rubrics 

whenever necessary.  Of the 30412 total responses, 3483 (11%) were scored by two graders.  

In sum, 3177 of these 3483 responses (91%) were scored equally by both graders, 



   

 
 
 

39 

establishing satisfactory inter-rater reliability for this assessment.  Demographic information 

about a response (grade, school, etc.) for a response was not disclosed to graders during the 

grading process. 

Data Analysis 

The data analysis conducted was blend of qualitative and quantitative data analysis 

used to identify trends in the data and potential rationale behind those trends.  The 

quantitative results reported here were computed using Microsoft Excel and the R statistical 

software package. 

First, summary statistics including mean, standard deviation and sample size were 

tabulated for the entire set of responses to gauge students’ overall performance on 

equipartitioning items.  A few “exemplar” tables were also provided that include responses 

from one particular test form per table.  Since the responses within a table were from the 

same set of students, the resulting cells of each table are directly comparable with each other.  

This helps to determine relative item difficulty.   

Next, Spearman rank-order correlation coefficients were used to quantify the strength 

of associations among the learning trajectory level, grade level and mean scaled score 

(calculation detailed below).  The resulting coefficients do not indicate the strength of a 

linear relationship, as is the case with Pearson’s correlation coefficient (which requires 

continuous numeric data); rather, they indicate the extent to which a monotonic relationship 

exists between the two variables.  Scatter plots were included to visually depict trends 

identified with the Spearman rank-order correlation coefficients.  A significant relationship 
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between learning trajectory level and mean scaled score would suggest that students perform 

differently based on the learning trajectory level associated with an item (theoretically, better 

for items lower in the trajectory). Similarly, a significant relationship between grade level 

and mean scaled score would indicate that students in higher grades perform differently 

(theoretically, better) than students in lower grades. 

 Next, regression techniques were used to determine the degree of influence of a 

variety of factors on students’ performance on equipartitioning items.  Such factors include 

the learning trajectory level associated with an item, the task class associated with that item, 

the item’s context, and the item’s response type. Since these predictor variables contained 

ordinal (LT level, task class) or nominal (context, response type) values, each level of the 

variable was treated as a binary dummy variable for modeling purposes.  The response 

variable for each item was a parameter estimate of difficulty calculated from the students’ 

responses to the item using techniques from item response theory1

 Finally, qualitative analysis of the frequencies of each alphabetic code detailed above 

provided insight to particular strategy use, naming practices and misconceptions 

implemented by students.  The nonparametric Cochran-Mantel-Haenszel test was used to 

investigate conditional independence of strategy use and grade level after controlling for 

.  These betas are on a logit 

(log odds) scale and are included in Appendix B.  The more negative the parameter for an 

item, the easier that item appears to be.  A series of linear regression techniques and 

corresponding ANOVA on the data were used to model students’ performance. 

                                                           
1 Dr. Andre Rupp conducted these analyses as a consultant for the DELTA research group, using the Conquest 
software package.  
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individual item characteristics.  Spearman rank-order correlation coefficients were again used 

when appropriate to determine strength of associations. 
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CHAPTER 4 

RESULTS 

 Chapter 4 includes the results of the data analysis.  Recall the three previously 

mentioned research questions to be addressed: 

1. How well are elementary and middle school students in particular North Carolina 

districts performing with regard to the learning trajectory for equipartitioning? 

2. What strategies for equipartitioning and misconceptions about equipartitioning are 

prevalent among these students? 

3. Do the results of diagnostic assessment provide validation of a learning trajectory for 

equipartitioning for these students? 

First, presentation of descriptive statistics related to the numeric rubric scores provides 

evidence detailing students’ abilities to complete the equipartitioning tasks included in the 

assessment.  Statistical modeling procedures also serve to identify potential predictors of 

student success.  Next, examination of the alphabetic codes indicating students’ strategies, 

naming and misconceptions about equipartitioning provides insight into how students 

approach these tasks.  Throughout the data analysis, investigation of contraindicative 

evidence that surfaces indicates areas where the assessment could be improved to provide 

more informative data about students’ conceptions of equipartitioning. 

Rubric Score Descriptive Analysis 

 Analysis of the overall score results from this assessment begins with an overview of 

students’ performance.  Since rubrics varied in maximum possible score, the scores analyzed 
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here are scaled down to the range of 0 to 1.  For example, a student scoring a 3 on an item 

whose maximum rubric score is a 4 is reported here to have a score of 3/4, or 0.75.  While 

this is not meaningful in the context of the rubric itself, this “scaled score” can be used to 

compare performance across items.  First consider the learning trajectory matrix as presented 

in Chapter 2; an analysis of mean scaled scores for each cell with at least one assessment 

item provides information about general trends (Table 7). 
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Table 7.  Mean scaled scores by learning trajectory position. 

Mean Scaled Score, Standard Deviation, Count 

LT 
Lvl 

Task Class 
A B C D E F G H I J K L M Avg 

16            

0.13 
.28 
459 

0.09 
.25 
585 

0.11 
.26 

1044 

15          

0.22 
.33 
993 

0.08 
.19 
132 

0.07 
.19 
240  

0.18 
.31 

1365 

14 
0.19 
.32 
369         

0.06 
.20 
257  

0.26 
.42 
512  

0.19 
.36 

1138 

 13            

0.21 
.36 

1199  

0.21 
.36 

1199 

12          

0.38 
.42 

2135 

0.31 
.41 
558 

0.36 
.41 

2409 

0.20 
.33 
387 

0.35 
.41 

5489 

11         

0.19 
.33 
646     

0.19 
.33 
646 

10  

0.49 
.50 
556 

0.29 
.42 
246 

0.27 
.40 
128 

0.08 
.26 
222 

0.16 
.36 
740        

0.27 
.43 

1892 

9 
0.41 
.42 
848             

0.41 
.42 
848 

8 
0.29 
.45 
749  

0.44 
.43 
610           

0.36 
.45 

1359 

7 
0.21 
.37 
451 

0.51 
.45 
336 

0.16 
.34 
578 

0.25 
.34 
240 

0.48 
.46 
795 

0.22 
.41 
353 

0.24 
.40 
807 

0.57 
.45 
98 

0.12 
.33 
90     

0.30 
.43 

3748 

6 
0.39 
.49 
260  

0.23 
.42 
255 

0.19 
.39 
259          

0.27 
.44 
774 

5 
0.22 
.42 
114 

0.42 
.42 
108 

0.18 
.27 
198 

0.42 
.33 
366 

0.30 
.33 
110 

0.32 
.47 
131 

0.19 
.29 
116 

0.26 
.34 
94      

0.31 
.37 

1237 

4 
0.29 
.33 
247 

0.27 
.43 
235  

0.08 
.19 
112 

0.04 
.15 
91 

0.10 
.30 
226 

0.41 
.46 
99       

0.21 
.36 

1010 

3 
0.20 
.30 
118 

0.84 
.36 
386 

0.85 
.34 
256 

0.11 
.30 
239 

0.05 
.21 
121 

0.06 
.21 
126 

0.03 
.16 
216 

0.03 
.14 
255      

0.36 
.47 

1717 

2  

0.84 
.33 
332 

0.62 
.49 
579 

0.36 
.44 
136 

0.22 
.35 
395 

0.28 
.35 
130 

0.57 
.42 
832 

0.60 
.40 
740      

0.55 
.44 

3144 

1 
0.82 
.35 

1205             

0.82 
.35 

1205 

Avg 
0.44 
.46 

4361 

0.59 
.47 

1953 

0.40 
.46 

2722 

0.26 
.37 

1480 

0.31 
.42 

1734 

0.18 
.37 

1706 

0.36 
.43 

2070 

0.45 
.43 

1187 

0.18 
.33 
736 

0.31 
.40 

3385 

0.26 
.39 
690 

0.27 
.39 

4819 

0.13 
.29 
972 

0.34 
.43 

27815 
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Each cell is colored on a continuous 3-color gradient according to the mean scaled 

score in the cell (deep red for 0, bright yellow for 0.5 and deep green for 1).  Cells that do not 

contain a corresponding assessment item are shaded in gray.  Observing trends in changes of 

mean scaled score, there is a variation in scores across a particular row, as the task class 

varies.  Examining the last row (column totals) suggests a decrease in performance looking 

across task classes from left to right.  A Spearman rank correlation coefficient of -0.6 

(𝑝 = 0.03) indicates a significant negative association between task class and mean scaled 

score.  Since columns were arranged in the learning trajectory matrix in a way that supposes 

increasing difficulty from left to right as described in Chapter 2, these results support the 

expected shift in difficulty.  Certainly variables other than task class affect these mean scaled 

scores as well. 

Examining the total column on the far right suggests a decreasing trend in student 

success as learning trajectory level increases.  Also note that, since the table above included 

all responses and different assessment items were taken by different students, there is 

potential for a confounding interaction between classes and performance levels.  To address 

this, examining tables of individual grade levels for each form ensures that scores are 

reported from the same student population.  For this thesis, a few forms that represent a wide 

variety of learning trajectory levels and task classes were chosen (as opposed to analyzing 

each form), and “exemplar tables” were developed for those forms.  These tables were 

expected to present more evidence of a relationship between learning trajectory level and 

mean scaled score.  Table 8 below presents the mean scaled scores of all students who 
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completed Form B06, separated by grade level (2 and 3).  Note that this is a much-condensed 

version of the table in that only learning trajectory levels and task classes relevant to this 

form are included. 

 
Table 8.  Form B06 mean scaled scores and sample sizes. 

 
Grade 2 Task Class 
LT Level A C F G Average 

10   
0.12 
114  

0.12 
114 

7 0.05 
50  

0.35 
57 

0.03 
57 

0.15 
164 

2  
0.70 
57   

0.70 
57 

Average 0.05 
50 

0.70 
57 

0.20 
171 

0.03 
57 

0.23 
335 

Grade 3 Task Class 
LT Level A C F G Average 

10   
0.08 
116  

0.08 
116 

7 0.13 
58  

0.45 
58 

0.12 
60 

0.23 
176 

2  
0.68 
60   

0.68 
60 

Average 0.13 
58 

0.68 
60 

0.20 
174 

0.12 
60 

0.26 
352 

 
 
 As seen from the “Average” column in each section of the table, students had higher 

mean scaled scores on learning trajectory level 2 than level 7, and also higher on level 7 than 

level 10.  The “Average” rows indicate that, with the exception of task class A, there is a 

decreasing trend in mean scaled score as task class progresses from left to right.  The 

unexpected difference shown in task class A may have been due to another item 
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characteristic such as context or problem type; effects of these variables are discussed later.  

Also worth noting is that there is an increase in overall mean scaled score from grade 2 to 

grade 3 for this form.  Another exemplar table is presented below, for grades 4 and 5 (form 

C01). 

 
Table 9.  Form C01 mean scaled scores and sample sizes. 

 
Grade 4 Task Class 
LT Level A J L Average 

16   
0.25 
77 

0.25 
77 

14 0.42 
73  

0.20 
69 

0.31 
142 

12  
0.33 
79  

0.33 
79 

8 0.32 
146   

0.32 
146 

1 0.97 
78   

0.97 
78 

Average 0.51 
297 

0.33 
79 

0.22 
146 

0.40 
522 

Grade 5 Task Class 
LT Level A J L Average 

16   
0.21 
52 

0.21 
52 

14 0.56 
56  

0.25 
53 

0.41 
109 

12  
0.35 
56  

0.35 
56 

8 0.39 
110   

0.39 
110 

1 0.95 
57   

0.95 
57 

Average 0.58 
223 

0.35 
56 

0.23 
105 

0.45 
384 
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 Again referring to the rightmost column to identify average scores across learning 

trajectory levels, fourth and fifth grade students performed relatively well on a level 1 item, 

relatively poorly on a level 16 item, and somewhat similarly on levels 8, 12 and 14 items.  A 

larger sample size likely would have helped draw distinctions among these middle levels, but 

the trend identified above is nevertheless evident here.  A clear trend related to task class is 

found in these data, suggesting again that task classes further to the right of the learning 

trajectory often prove to be more difficult for students.  Finally, a third exemplar table 

presents mean scores for form D04, broken into three parts since students from grades 6, 7 

and 8 completed this test form. 

 
Table 10.  Form D04 mean scaled scores and sample sizes. 

 
Grade 6 Task Class 
LT Level E G I J L M Average 

16      
0.01 
42 

0.01 
42 

13     
0.04 
48  0.04 

48 

12    
0.27 
116 

0.32 
54  0.29 

170 

11   
0.11 
58    0.11 

58 

7 0.78 
58 

1.00 
1     0.78 

59 

2  
0.69 
59     0.69 

59 

Average 0.78 
58 

0.70 
60 

0.11 
58 

0.27 
116 

0.19 
102 

0.01 
42 

0.33 
436 
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Table 10 Continued 
 

Grade 7 Task Class 
LT Level E G I J L M Average 

16      
0.10 
89 

0.10 
89 

13     
0.19 
90  0.19 

90 

12    
0.46 
189 

0.46 
99  0.46 

288 

11   
0.25 
99    0.25 

99 

7 0.73 
99      0.73 

99 

2  
0.81 
99     0.81 

99 

Average 0.73 
99 

0.81 
99 

0.25 
99 

0.46 
189 

0.33 
189 

0.10 
89 

0.44 
764 

Grade 8 Task Class 
LT Level E G I J L M Average 

16      
0.00 
20 

0.00 
20 

13     
0.07 
23  0.07 

23 

12    
0.24 
51 

0.23 
26  0.23 

77 

11   
0.06 
25    0.06 

25 

7 0.54 
27      0.54 

27 

2  
0.63 
27     0.63 

27 

Average 0.54 
27 

0.63 
27 

0.06 
25 

0.24 
51 

0.15 
49 

0.00 
20 

0.26 
199 

 

 These results again showed that students from each grade level had higher mean 

scaled scores for items from lower learning trajectory levels as opposed to items from higher 
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learning trajectory levels.  There was still some variation within the middle levels of the 

learning trajectory but the overall trend continued in this data.  A similar occurrence was 

evident when examining students’ mean scaled scores across task classes; a general trend of 

increasing difficulty from left to right was observed here as in the previous two tables.  It is 

worth noting that, in this table, the scaled scores appeared to be significantly higher for items 

from learning trajectory level 12, when compared to the surrounding levels.  Since level 12 

(equipartitioning multiple wholes) represents a strategy as opposed to a property, it is 

understandable that performance in this level could be higher for these students. 

In addition to these exemplar tables, another table can be constructed that 

disaggregates the data instead by student grade level.  Mean scale scores dissected by 

learning trajectory level and grade level are presented in the table below.   
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Table 11.  Mean scaled scores by level and grade. 
 

Mean Scaled Score, Standard Deviation, Count 

LT Grade Level, separated by Grade Band 

Level K 1 
 

2 3 
 

4 5 
 

6 
 

7 8 Avg 

16   

 

  

 0.163 
.33 
150 

0.153 
.30 
108 

 0.063 
.20 
327 

0.113 
.27 
360 

0.091 
.26 
99 

0.106 
.26 

1044 

15   

 

  

 0.134 
.26 
429 

0.167 
.30 
322 

 0.222 
.34 
246 

0.220 
.32 
289 

0.250 
.36 
76 

0.182 
.31 

1362 

14   

 0.028 
.13 
289 

0.067 
.21 
345 

 0.357 
.42 
272 

0.385 
.45 
231 

 0.500 
n/a 
1 

 

 

0.191 
.36 

1138 

13 
0.326 
.41 
149 

0.745 
.37 
110 

 

  

 0.100 
.26 
145 

0.107 
.26 
225 

 0.074 
.21 
223 

0.205 
.34 
275 

0.074 
.23 
68 

0.207 
.36 

1195 

12 
0.107 
.21 
56 

0.256 
.25 
78 

 0.022 
.13 
93 

0.159 
.29 
176 

 0.246 
.36 
850 

0.312 
.40 
865 

 0.361 
.41 

1407 

0.461 
.43 

1540 

0.404 
.42 
418 

0.350 
.41 

5483 

11   

 0.163 
.24 
40 

0.181 
.35 
94 

 0.163 
.31 
52 

0.290 
.40 
88 

 0.107 
.27 
126 

0.244 
.34 
197 

0.071 
.18 
42 

0.191 
.33 
639 

10 
0.345 
.48 
55 

0.367 
.49 
79 

 0.154 
.35 
595 

0.246 
.41 
571 

 0.196 
.40 
74 

0.158 
.34 
79 

 0.402 
.49 
193 

0.556 
.49 
196 

0.430 
.49 
50 

0.272 
.43 

1892 

9   

 

  

 0.377 
.45 
378 

0.467 
.45 
284 

 0.336 
.28 
64 

0.397 
.29 
97 

0.294 
.25 
17 

0.405 
.42 
840 

8   

 0.234 
.43 
145 

0.222 
.42 
117 

 0.335 
.44 
523 

0.388 
.46 
322 

 0.448 
.45 
124 

0.573 
.42 
96 

0.469 
.42 
32 

0.357 
.45 

1359 

7 
0.243 
.39 
789 

0.432 
.46 
758 

 0.194 
.36 

1082 

0.240 
.40 
799 

 0.545 
.47 
77 

0.733 
.41 
58 

 0.780 
.39 
59 

0.732 
.42 
99 

0.537 
.50 
27 

0.304 
.43 

3748 

6 
0.219 
.41 
434 

0.338 
.47 
340 

 

  

 

  

 

 

 

 

0.271 
.44 
774 

5 
0.172 
.35 
151 

0.214 
.32 
161 

 0.260 
.37 
340 

0.347 
.40 
297 

 0.480 
.29 
49 

0.404 
.27 
73 

 0.468 
.35 
79 

0.500 
.33 
71 

0.313 
.31 
16 

0.309 
.37 

1237 

4 
0.080 
.22 
402 

0.269 
.39 
509 

 0.371 
.46 
58 

0.463 
.47 
41 

 

  

 

 

 

 

0.208 
.36 

1010 

3 
0.305 
.45 
850 

0.371 
.47 
641 

 0.509 
.50 
110 

0.556 
.49 
116 

 

  

 

 

 

 

0.360 
.47 

1717 

2 
0.311 
.43 
701 

0.415 
.45 
667 

 0.678 
.42 
385 

0.685 
.39 
329 

 0.667 
.39 
228 

0.740 
.36 
152 

 0.698 
.38 
296 

0.741 
.38 
282 

0.673 
.37 
104 

0.551 
.44 

3144 

1 
0.374 
.41 
230 

0.729 
.38 
166 

 0.954 
.14 
87 

0.944 
.13 
18 

 0.949 
.20 
156 

0.928 
.19 
97 

 0.961 
.17 
198 

0.978 
.11 
193 

0.978 
.14 
60 

0.815 
.35 

1205 

Avg 
0.257 
.41 

3817 

0.394 
.45 

3509 

 0.267 
.41 

3224 

0.295 
.42 

2903 

 0.328 
.42 

3383 

0.352 
.43 

2904 

 0.373 
.43 

3343 

0.440 
.44 

3695 

0.391 
.43 

1009 

0.341 
.43 

27787 
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 The first number in each cell of Table 11 represents the mean scaled score (bold), 

followed by the standard deviation (italicized) and response count.  Cell colors are 

determined similarly to the previous table.  A glance at the grand total (from either table) 

indicates that the mean scaled score across all items and all grades was approximately 0.341 

out of 1, with a somewhat large standard deviation (.43).  This score indicates that overall 

performance was rather low, which is to be expected considering that the equipartitioning 

construct is not currently well-developed in curriculum. 

It is important to note that, within each learning trajectory level, students in lower 

grade levels completed different (often, easier) assessment items than older students.  As a 

result, analysis of correlation between learning trajectory level and score is more accurate 

when disaggregated by grade level.  Additionally, it does not make sense to compare 

performance across grade levels for all items together, since students completing different 

forms (even within the same grade level) completed different items.  The white columns 

included in the table above indicate the separation of grade bands; mean scores can only be 

compared within a particular grade band.  For this reason, analysis of the linking items is 

used instead to identify grade level trends. 

Learning Trajectory Level and Scaled Score 

 Examining sets of student responses by learning trajectory level and by grade level 

allows for a more detailed analysis of students’ achievement.  Visual inspection suggests a 

decrease in mean score as learning trajectory level increases.  Since the learning trajectory 

level is considered an ordinal scale variable, the Spearman rank-order correlation coefficient 
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can be used to test for an association between learning trajectory level and mean scaled score.  

Using this method on every response (not the means) results in a correlation coefficient of 

𝑟𝑠 = −0.23 (𝑝 < .0001).  Thus, as learning trajectory level increases, mean scaled score 

appears to decrease as well.  As mentioned above, different grade levels include different 

items pertaining to the same level of the learning trajectory, so a more accurate analysis 

involves breaking the data down by grade level and conducting a similar test on each grade 

subset.  The rank correlation coefficients listed incorporate the mean scores for each item as 

presented in Appendix A.   For example, the grade 8 correlation coefficient assesses the 

strength of the monotonic relationship between learning trajectory level and mean scaled 

score for all such responses in this grade; there is an individual data point for each item, 

which can be represented as an ordered pair: (LT_Level_of_Item, 

Mean_Scaled_Score_of_Item).  Grade 8 responses exist for two items in level 1 and three 

items in level 2, so the first five data points included for correlation for grade 8 are (1, .977), 

(1, .979), (2, .667), (2, .630) and (2, .705) (from Appendix A).  Table 12 provides the results 

of these tests. 
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Table 12.  Rank correlation of scaled score by LT level, delineated by grade. 
*Experimentwise error rate controlled using Bonferroni correction: 𝛼 = 0.05

9
= 0.006. 

 
Grade 𝑟𝑠 p-value Significant? 

K -0.086 <.0001 Yes 

1 -0.026 0.1242 No 

2 -0.437 <.0001 Yes 

3 -0.374 <.0001 Yes 

4 -0.343 <.0001 Yes 

5 -0.329 <.0001 Yes 

6 -0.447 <.0001 Yes 

7 -0.421 <.0001 Yes 

8 -0.416 <.0001 Yes 
 

Grade levels 2-8 show a significant, strong negative association between LT level and 

scaled score, but Kindergarten has a very weak association and Grade 1 lacks evidence to 

support a relationship between these variables.  First note that the correlation between 

learning trajectory level and scaled score is slightly stronger at higher grade levels.  A variety 

of possibilities serve to explain this observation.  Students in higher grades (4-8) were given 

more problems in the upper levels of the learning trajectory, while representation in levels 

13-16 is considerably smaller in the lower grades (K-3).  Further, the level 16 items (and to a 

lesser extent, the level 15 items) seemed to be quite difficult, even for children in the higher 

grades.  Similarly, level 1 and 2 items appeared to be almost trivial for these older students, 
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whereas younger students had slightly more difficulty with these items.  A combination of 

these factors justifies the stronger negative associations observed at the higher grade levels. 

Scatter plots provide an alternate way to compare these rank correlation coefficients. 

Figure 4 (for all grades) and Figure 5 (excluding grades K and 1) display learning trajectory 

level along the x-axis and mean scaled score along the y-axis, the two variables whose 

association the correlations represent. 

 

 
 

Figure 4.  Mean scaled score as a function of LT level, all items, all grades. 
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Figure 5.  Mean scaled score as a function of LT level, all items, grades 2-8. 
 
 

Notice that, as indicated by the correlation coefficients, the results for K-1 do not present a 

strong monotonic relationship as is evident in grades 2-8.  These results are promising in that 

the relationships observed are precisely as anticipated; evidence of higher performance on 

lower levels of the learning trajectory in conjunction with lower performance on higher 

levels serves to support the ordering of levels within the learning trajectory for 

equipartitioning. 

Why might there be a weaker association for grades K-1? It is important to keep in 

mind that the evidence provided by students in grades K-1 may not be completely accurate 

for logistical reasons.  Some of these students had difficulties completing the pencil-and-
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paper assessment provided to them, even with the teacher reading problems for them.  

Twelve participating K-1 teachers indicated that some of the assessment items were too 

wordy, and seven teachers suggested that students would benefit from the use of 

manipulatives during the assessment. Six problems may be too many for K-1 students; by the 

end of the assessment interest had likely waned for many students in these grades. 

With the above caveat, causes of a weaker association between mean scaled score and 

learning trajectory level include 1) high performance on an item high in the learning 

trajectory and 2) low performance on an item low in the trajectory.  Referring back to Table 

11, the most prominent of such situations is that K-1 students performed very well on level 

13 items (composition of splits for multiple wholes) relative to other nearby levels, and also 

relative to much older students on that level.  Of the four items in the assessment that 

evaluate performance on this level, item 39 was given only to K-1 students and the other 

three (120-122) were given only to Grade 4-8 students (see Appendix A); performance on 

item 39 was indeed markedly higher.  The problems all shared similar characteristics: 

Construct type, Food context (except 122 with a Space context, see Appendix B).  One 

distinguishing characteristic of item 39 is that the item only required students to know how to 

make a 2-split.  The other items involved splits that are known from Chapter 2 to be more 

difficult than a 2-split (namely 3-, 4- and 6-splits). 
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Figure 6.  Diagram for item 120, sharing for 6 from a 3-split. 

 
Further, the situations presented in items 120-122 suggest that students treat multiple wholes 

as one continuous whole (as shown in Figure 6) whereas item 39 does not.  These 

characteristics may all contribute to the variation in performance across level 13.  Even with 

very similar problems such as these, it is difficult to attribute a majority of the variation to 

these particular item characteristics.  As mentioned above, it is possible that logistic testing 

issues have caused some of the data for Grades K-1 to be less reliable than that of older 

students. 

Grade Level and Scaled Score 

Another correlation analysis identifies the association between grade level and scaled 

score.  Results of a test for correlation (𝑟𝑠 = .11, 𝑝 < .0001) suggest a weak positive 

association between these two variables; mean scale score increases slightly as grade level 

increases.  Although this Spearman rank-order correlation coefficient suggests a relatively 

weak association between grade level and mean scaled score, investigation of the linking 

items included in the assessment may provide more detailed information.  Since students in 
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different grades were given different sets of items, examination of performance by each 

grade across would not make sense.  Instead consider the ten linking items that span three or 

four grade bands (at least seven out of nine grades represented); Table 13 lists each of these 

items along with the associated learning trajectory level and a correlation coefficient 

identifying the strength of association between grade level and scaled score.   P-values and 

significance test results for each coefficient are also included.  

 
Table 13.  Spearman rank correlation coefficients for scale score by item. 

*Experimentwise error rate controlled using Bonferroni correction: 𝛼 = 0.05
10

= 0.005. 
 

LT Level Item 𝑟𝑠 p-value Significant?* 

1 1 0.395 <.0001 Yes 

1 2 0.476 <.0001 Yes 

2 6 0.232 <.0001 Yes 

2 12 0.463 <.0001 Yes 

2 34 0.229 <.0001 Yes 

5 38 0.140 0.0075 No 

10 78 0.080 0.068 No 

10 80 0.411 <.0001 Yes 

12 106 0.233 <.0001 Yes 

12 107 0.282 <.0001 Yes 
 

Note that each of the significant results has a higher Spearman rank correlation 

coefficient than the previous measure of 0.11 obtained before removing grades K-1.  For 

these items, there is evidence of a slightly stronger association connecting increase in grade 
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level to increase in scaled score.  That is, students in higher grades tend to have higher scores 

on these linking items than students in lower grades.  Although students are not explicitly 

taught equipartitioning concepts in the classroom, a knowledge of rational number reasoning 

and other mathematical topics and experiential knowledge alike serve to assist these students 

in completing these tasks correctly.  These linking items effectively provide evidence to 

support this claim. 

The two items that did not provide evidence of an association between grade level 

and scaled score were items 38 and 78.  Item 38 pertains to naming a whole as 8 times larger 

than the share, which is described in the problem as 1/8th.  This item appeared to have 

relatively high scores across all represented grades (see Appendix A), perhaps since it only 

required students to write a single number that had already been presented in the problem.  

Students might have been marked for a correct answer without demonstrating the content 

knowledge that the item intended to assess. 

 Item 78, by contrast, requires students to justify that an object cut into 3 pieces as 

shown in Figure 7 had been shared fairly for 3 people. 

 
 

Figure 7.  Students must justify that this represents a 3-split in item 78. 
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Performance on this item was relatively low; perhaps this is because students were expected 

to offer more than simply a qualitative compensation argument such as “the bottom piece is 

shorter but wider so it must be the same as the others”.  A more transparent assessment 

question might have more accurately evoked the desired response from students. 

Rubric Score Inferential Analysis 

 Taking analysis of the numerical results a step further, regression was used to identify 

some of the factors contributing to students’ performance on particular items in the 

assessment.  Multiple linear regressions and corresponding ANOVA were implemented (as 

described in Chapter 3) with the response variable being the estimated item difficulty 

parameter from Dr. Andre Rupp’s IRT analysis.  Predictor variables used in these models 

include the learning trajectory level of the item (1, …, 16), task class for the item (A, B, …, 

M), problem context (Coins, Food, Materials, Paper, Space) and problem type (Recognize, 

Construct, Justify).  Effects of each were determined using separate regressions, with each 

level of each variable being coded as a binary dummy variable.  For example, for the model 

relating item difficulty to supposed learning trajectory level, the model would be: 

𝐷𝑖𝑓𝑓𝑖𝑐𝑢𝑙𝑡𝑦 = 𝛽1 + 𝛽2𝑋2 + ⋯+ 𝛽16𝑋16, where each 𝑋𝑖 would take the value of 1 for an item 

from learning trajectory level i and 0 otherwise.  The intercept in the model corresponds to 

the difficulty of a learning trajectory level 1 item; the other item difficulty parameters are 

calculated in relation to level 1.  The result is a model that can estimate item difficulty based 

on the value of the ordinal or nominal predictor variable. 
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Item Difficulty by Learning Trajectory Level 

 The first model determined whether an item’s difficulty is related to its learning 

trajectory level. The results of the linear regression are provided below. ANOVA indicates 

that item difficulty is associated with learning trajectory level (𝐹 = 5.133,𝑝 < 0.001), with 

this model explaining about 47% of item difficulty parameter variance (𝑅2 = 0.4667). 

 
Table 14.  LT Level regression coefficients and significance. 

 

 Estimate S. E. t stat p-value 𝑝 < 0.05? 

Intercept -1.341 0.554 -2.421 0.01754 Yes 

Level 2 0.3358 0.6194 0.542 0.58903 No 

Level 3 -0.3884 0.7007 -0.554 0.58079 No 

Level 4 0.9491 0.6621 1.434 0.15526 No 

Level 5 1.3208 0.6496 2.033 0.04504 Yes 

Level 6 0.7552 0.7328 1.031 0.30555 No 

Level 7 1.0155 0.5961 1.704 0.092 No 

Level 8 1.6425 0.7328 2.241 0.02752 Yes 

Level 9 1.5487 0.7834 1.977 0.0512 No 

Level 10 2.2267 0.6397 3.481 0.00078 Yes 

Level 11 2.419 1.1079 2.183 0.03167 Yes 

Level 12 1.9049 0.6194 3.076 0.0028 Yes 

Level 13 2.3617 0.7328 3.223 0.00178 Yes 

Level 14 2.1982 0.6785 3.24 0.00169 Yes 

Level 15 2.4395 0.7328 3.329 0.00128 Yes 

Level 16 2.976 0.7834 3.799 0.00027 Yes 
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In general, examination of the parameters provided in this model can identify trends 

in the students’ performance.  A larger deviation of the parameter from zero indicates a larger 

effect of a particular factor.  A positive parameter indicates a factor related to an increase in 

item difficulty (resulting in a lower success rate), and vice versa for a negative parameter.  

Items from learning trajectory levels 5, 8 and 10-16 proved to be significantly more difficult 

than items from level 1.  There is also a significant increase in parameter estimates across 

those levels (𝑟𝑠 = 0.76, 𝑝 = 0.016).  These results suggest that, as learning trajectory level of 

an item increases, the item’s difficulty level tends to increase as well. 

Two of the learning trajectory level estimates (those for level 7 and 9) were not 

significant at 𝛼 = 0.05 but would be significant at 𝛼 = 0.1; these two parameters follow the 

aforementioned trend of increasing item difficulty associated with increasing learning 

trajectory level.  Items from some of the levels of the learning trajectory (2, 3, 4 and 6) were 

not found to be significantly more difficult than level 1 items. This result also suggests that 

items from learning trajectory level 5 appear to be more difficult relative to items from 

nearby levels2

                                                           
2 The DELTA team expected this increased difficulty to be due to the fact that naming is a cultural convention 
and that children are likely to learn it if it is taught.  Likewise, the reversibility of the split to create “times as 
many” is overlooked in typical practice.  We believe that such practices are relatively easy to establish and not 
conceptually beyond the children, but are simply neglected in the current curriculum. 

.  It is possible that a ceiling effect related to grade level affected these 

estimates since items from each learning trajectory level were given to students in grades K-

8.  With many students in higher grades performing very well on the lower levels of the 

learning trajectory, these results are likely the cause of the lack of variation in difficulty 

across these lower levels.   
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Item Difficulty by Task Class 

The next linear regression model compared item difficulty parameters to task classes.  

It was anticipated that an “increase” in task class, i.e. moving across columns from left to 

right on the learning trajectory matrix.  Table 15, below, displays the results of this 

regression (𝑅2 = 0.36). 

 
Table 15.  Task class regression coefficients and significance. 

 

 Estimate S. E. t stat p-value 𝑝 < 0.05 

Intercept -0.2911 0.23711 -1.228 0.22272 No 

Class B -1.036 0.3811 -2.718 0.00786 Yes 

Class C -0.1048 0.40378 -0.26 0.79581 No 

Class D 0.27911 0.484 0.577 0.56559 No 

Class E 0.43722 0.41822 1.045 0.2986 No 

Class F 0.87696 0.45697 1.919 0.05811 No 

Class G -0.0904 0.4356 -0.208 0.83607 No 

Class H -0.3741 0.56857 -0.658 0.51217 No 

Class I 1.53661 0.76832 2 0.04849 Yes 

Class J 1.04353 0.45697 2.284 0.02472 Yes 

Class K 1.34211 0.76832 1.747 0.08405 No 

Class L 1.04751 0.35698 2.934 0.00423 Yes 

Class M 1.81877 0.6421 2.833 0.00569 Yes 
 
 
As expected, many of the higher task classes (B, I, J, L, M) had a significantly higher 

item difficulty level than task class A.  A Spearman rank correlation coefficient of 0.77 
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(𝑝 = 0.1) suggests a strong association between task class and item difficulty for these 

particular task classes.  That is to say, items in the later task classes (e.g. L and M) tend to 

have higher item difficulty than those in earlier task classes (e.g. A, B).  Since some task 

classes are not applicable for some learning trajectory levels, the items do not represent every 

combination of LT level and task class and, as a result, there may be an interaction effect.  

Strategy use and misconceptions (as detailed later) could also affect students’ varying 

abilities across task classes. 

Item Difficulty by Problem Context 

 A linear regression model aiming to predict item difficulty based on problem context 

did not provide evidence of significant differences across contexts (𝐹 = 1.65,𝑝 = 0.16).  

That is, estimated item difficulty was approximately equal for each of the problem contexts 

(Coins, Food, Materials, Paper and Space) included in the field test.  As few differences 

across contexts were hypothesized in literature or otherwise, this is not a surprising result.  In 

fact, including a variety of contexts as valid assessment is recommended in literature.  Using 

various contexts interchangeably to promote problem diversity indeed helps to satisfy the 

concerns regarding problem contexts highlighted in Chapter 2. 

Item Difficulty by Problem Type 

 Comparing predicted item difficulty to problem type (Recognize, Construct or 

Justify) yielded similar results to the above analysis; the three problem types are relatively 

the same in difficulty (𝐹 = 2.41,𝑝 = 0.09).  One might anticipate that, since the problem 

types incorporated here (Recognize, Construct, Justify) can be related to traditional problem 
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types (Multiple Choice, Short Answer, Open Response), that Recognize problems might be 

easier than Construct problems and those easier than Justify problems.  These distinctions are 

not clear-cut, however, and a thorough analysis of the topic is beyond the scope of this thesis; 

this result is offered anecdotally. 

Item Code Descriptive Analysis 

 The alphabetic codes recorded (when applicable) describing students’ responses 

allow for an analysis of students’ strategy uses, naming practices and misconceptions 

displayed when completing equipartitioning tasks. 

Strategy Use 

 The codes R-U were used in the context of tasks requiring students to equipartition 

multiple wholes.  Such tasks surfaced in learning trajectory levels 12 (equipartitioning 

multiple wholes) and 15 (applying the distributive property to multiple wholes).  Strategies 

denoted include splitting all wholes (code R), benchmarking (code S), dealing then splitting 

(code T), and coordinated splitting (code U).  Table 16 reports the frequency of these codes 

in each applicable assessment item.  The highlighted cell in each row represents the most 

frequent strategy used for that task. 
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Table 16.  Frequency of strategy use by item. 
 

Item R S T U Totals 
104 155 175 0 0 330 
105 260 3 230 0 493 
106 115 5 0 0 120 
107 160 3 0 0 163 
109 328 6 0 0 334 
110 258 5 96 0 359 
111 248 17 81 0 346 
112 414 14 0 0 428 
113 56 7 15 0 78 
117 29 15 0 0 44 
118 21 1 0 0 22 

Totals 2044 251 422 0 2717 
 
 
 First, note that no students were reported to have used coordinated splitting to solve 

any of these items.  While students may have the capability to use more than one strategy to 

complete a task, this count reflects only the strategy actually used.  Students may very well 

know how to use coordinated splitting for these tasks but instead choose to use a different 

strategy when in an assessment situation. 

 Next, the most popular strategy for nearly all the problems seems to be the “split all 

wholes” strategy (R), where every whole is split into p parts (where p is the number of people 

sharing) and one piece from each whole is given to each person.  Counts for item 104, 

however, indicate that a benchmarking strategy (splitting wholes into an “easier” number 

other than p) was most commonly used.  Some characteristic of item 104 may have led 
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students to use a benchmarking strategy more frequently than in other items.  A side-by-side 

comparison of item 104 to another item (e.g., item 110) helps to illustrate relevant 

differences. 

 
 

Item 104 Item 110 
 

Figure 8.  Sample responses for items 104 and 110. 
 
 

Notice that item 104 requires students to share 2 pizzas for 4 people, a relatively easy task.  

The student in Figure 8 used a benchmarking strategy (splitting each pizza in half); the split 

all wholes strategy requires both pizzas to be split into fourths instead; thus it is more 

efficient to use the benchmarking strategy here, if the student is capable of doing so.  

Compare this to item 110, where 7 pizzas are shared for 3 people.  Since 3 and 7 are 

relatively prime, a benchmarking strategy for this problem would require students to use a 

multiple of three as the benchmark split.  Here it seems more efficient to simply split all 7 of 

the pizzas into thirds (as shown in the response above). 
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A “deal then split” strategy (deal out wholes first, then split the remainder) was 

frequently observed for some of the items as well.  Item 111, for example, requires students 

to share 7 pizzas for 6 people.  About 23% (81/346) of the recorded student responses 

indicated that the student dealt one whole pizza to each student and split the final pizza into 

six pieces.  Note that this strategy is invalid for Case C equipartitioning problems where there 

are fewer pizzas than people (n < p), since a fair share is smaller than one whole; thus only 

the Case C assessment items with n > p have evidence of this strategy in the above table. 

For those items in which “split all wholes” and “deal then split” are prevalent 

strategies, older students may potentially use different strategies than younger students.  

Delineating the frequency of each of these two strategies by grade for the linking items (105, 

110 and 111) could provide evidence of such a trend.   

 
Table 17.  Strategy code frequency and percentage delineated by grade and item number. 

Item Code 4 5 6 7 8 Total 

105 R 41 
(61%) 

53 
(52%) 

68 
(49%) 

74 
(51%) 

24 
(65%) 

260 
(53%) 

105 T 26 
(38%) 

48 
(48%) 

72 
(51%) 

71 
(49%) 

13 
(35%) 

230 
(47%) 

 Total 67 101 140 145 37 490 

110 R 24 
(50%) 

26 
(60%) 

93 
(92%) 

85 
(67%) 

30 
(86%) 

258 
(73%) 

110 T 24 
(50%) 

17 
(40%) 

8 
(8%) 

42 
(33%) 

5 
(14%) 

96 
(27%) 

 Total 48 43 101 127 35 354 

111 R 21 
(66%) 

29 
(62%) 

58 
(83%) 

108 
(74%) 

25 
(89%) 

241 
(75%) 

111 T 11 
(34%) 

18 
(38%) 

12 
(17%) 

37 
(26%) 

3 
(11%) 

81 
(25%) 

 Total 32 47 70 145 28 322 
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The results of a Cochran-Mantel-Haenszel test on these data indicate that, after conditioning 

for item number, strategy use and grade level are not independent (𝑝 = 0.0005); there is 

some dependence, although the precise relationship is unclear.  Combining the grades into 

two groups (4-5 and 6-8) and conducting the same test yields similar results (𝑝 = 0.005); 

frequency of strategy use varies between upper elementary grades and middle grades.  

Strategy counts for item 105 seemed to even out, whereas strategy use for items 110 and 111 

became more pronounced in favor of “split all wholes.” This variation in results could be 

attributed to the fact that item 105 only required students to split for 2, whereas 110 and 111 

required students to split for 3 and 7, more difficult splits as noted in the literature. 

 Another observed strategy independent of those discussed above is that in which a 

student fairly shares a whole or wholes but uses incongruent cuts to do so (code Q).  Figure 9 

shows one student’s such strategy for equipartitioning a rectangle.   

 

 
Figure 9.  A student’s construction of non-congruent parts for item 64. 
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Frequency of this code in the results was very low, with only 44 occurrences of this strategy 

across all student responses.  More than half of the observations of this strategy (26/44) were 

responses to items at level 7 the learning trajectory, which involves multiple methods for 

equipartitioning and composition of splits.  When seeking multiple methods for 

equipartitioning wholes, students may exhaust common strategies for equipartitioning and 

resort to a strategy that creates non-congruent pieces.  A similar situation could arise when 

composing splits, as indicated in the figure above. 

Naming Practices 

 A variety of methods can be used to name the result of a share.  Codes were used to 

denote naming as a mixed number (code V), as m/nth of one whole (code W), as 1/nth of all 

wholes (code X), as 1/nth of each whole (code Y) and as a count of parts (code Z).  The table 

below indicates the frequency of each naming practice in each applicable assessment item, 

with the most common response highlighted in orange. 
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Table 18.  Frequency of naming practice by item. 
 

Item V W X Y Z Totals 
103 50 27 14 14 2 107 
104 0 2 19 41 10 72 
105 241 23 18 31 10 323 
106 0 0 2 8 5 15 
107 0 0 5 18 8 31 
109 0 33 28 19 64 144 
110 118 11 10 38 43 220 
111 116 5 10 24 41 196 
112 0 87 19 35 99 240 
113 13 0 1 0 12 26 
117 2 0 0 0 1 3 
120 25 14 45 51 87 222 
121 49 2 25 30 55 161 
122 11 3 54 39 16 123 

Totals 625 207 250 348 453 1883 
 
 
Of the 14 assessment items that included naming codes, six favored naming as a 

mixed number, four favored naming as a count of parts, three favored naming as 1/nth of 

each whole, only one favored 1/nth of all wholes.  None of the items favored naming as 

m/nth of one whole, the naming practice sought for students at level 16 of the learning 

trajectory.  Further, overall frequency of this type of naming was the lowest of the five. 

As was the case for strategies, the way a student names a share in a response could be 

affected by individual item characteristics.  Consider the choice to name the result of a share 

as a mixed number.  Four of the six items whose most prominent naming strategy involved 

mixed numbers (all but 103 and 117) were also items in which many students used a “deal 
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then split” strategy to equipartition the wholes.  Since this strategy preserves some of the 

wholes, the resulting share includes at least one whole object, and thus students may be more 

inclined to name the resulting share as, for example, 1 and 1/3 pizza instead of 4/3 or simply 

4 pieces of pizza. 

The four items with resulting shares most frequently named as a count of parts consisted of 

two Case C equipartitioning situations (level 12) and two composition of split situations 

(level 13).  Very similar level 12 assessment items had vastly different results, so this 

provides no conclusive evidence.  The two level 13 items here involved treating multiple 

wholes as one continuous space (recall Figure 6, above).  Students may have been drawn to 

naming shares as a count of parts in this situation as a result of the syntax of the question 

posed; in item 121 students are asked: “How many pizzas and/or parts of pizzas did each of 

his friends eat at breakfast” (emphasis added).  The only other item in level 13 of the learning 

trajectory (item 122, shown in Figure 10, below) was significantly different and thus may 

have led students to use a different naming practice.  In this problem, the students must split 

four wholes for 6 then for 4, resulting in a share that is 1/24th of all the wholes.  This item 

was, in fact, the only item whose most frequent naming practice was “1/nth of all wholes”. 
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Figure 10.  Sample response for item 122. 
 
 

Three items (104, 106, and 107) from the assessment contained responses that most 

commonly named the resulting share as “1/nth of each whole”.  All three of these items 

pertained to LT level 12 items, particularly Case C equipartitioning tasks in which there are 

fewer pizzas than people (n < p).  Earlier results indicated that students frequently split all the 

wholes (either splitting for p people or benchmarking with an easier number) to fairly share 

the pizzas; each of these strategies results in all of the wholes being split into some amount of 

pieces.  A student realizing that all the pizzas were split the same way only needs to refer to 

one pizza when naming the share; for example, since each pizza can be split into five pieces 

(item 106), each person gets 1/5th of each pizza.  Even so, this naming practice was not found 

to be the most popular for any of the Case C equipartitioning tasks where n > p.  For each 

level 12 item that allowed students to name the resulting share as a mixed number, more 

students named the share with a mixed number than “1/nth of each whole.” 



   

 
 
 

75 

Misconceptions 

 As indicated by previous research and clinical interviewing, many students have 

misconceptions about equipartitioning that may or may not surface in the context of 

traditional instruction.  Many items in this assessment include frequent student responses that 

indicate the common misconceptions discussed in Chapter 3.  When equipartitioning a whole 

for n people, students often mistakenly make n cuts (instead of n-1 cuts), resulting in n+1 

parts (code O).  Students may harbor shape misconceptions as well (code P); that is, they 

may try to use parallel cuts inappropriately on a circular whole or radial cuts inappropriately 

on a rectangular whole. 

Overall, there were 199 observations of code O and 197 observations of code P; in both cases 

this indicates that approximately 1.6% of students’ responses to applicable items displayed 

evidence of the misconception.  The distribution of misconceptions varied greatly across the 

relevant assessment items.  Table 19, below, shows the four items with the highest 

occurrence of each misconception (as a percentage of responses): 

 
Table 19.  Items with the highest relative frequency of misconceptions. 

 
n+1 pieces misconception Shape misconception 

LT Level Item Frequency LT Level Item Frequency 

7 66 13.7% (16/117) 3 19 14.9% (37/249) 

2 11 12.9% (18/140) 3 22 12.6% (28/222) 

2 8 11.2% (15/134) 3 34 5.7% (30/524) 

2 10 10.6% (14/132) 2 24 5.1% (7/138) 
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 The n+1 pieces misconception was most frequent in item 66, which was a learning 

trajectory level 7 item (multiple methods and composition of splits) and only slightly less 

frequent in many level 2 items (equipartitioning a single whole) including 8, 10 and 11.  Item 

66 requires students to share a rectangular plot of land for six using two distinct methods.  

This item was given to students in Kindergarten and first grade, whose probability of success 

on the item is estimated to be around 30% based on the logistic model (LT level 7, Space 

context, Construct item type).  Students’ performance was considerably lower than predicted 

(<1% for Kindergarten and 14% for Grade 1), although the cause is unclear.  In fact, each of 

items 8, 10, 11 and 66 was only given to students in Kindergarten and first grade, whereas 

most of the other items in which this misconception was observed were completed by 

students in higher grades as well.  With regard to the shape misconception, items 19 and 24 

were only given to K-1 students but items 22 and 34 were also given to students in higher 

grades.  Thus grade is likely to be a confounding variable in this situation.  Delineation of 

misconception frequency (again measured as a percentage of responses) by grade level for 

each misconception is used to address this issue. 

 
Table 20.  Percent of responses with misconceptions for each grade level. 

 
Code K 1 2 3 4 5 6 7 8 

O 1.6% 1.1% 0.4% 0.6% 0.6% 0.3% 0.4% 0.3% 0.5% 

P 0.8% 1.1% 0.6% 0.7% 0.9% 0.0% 0.4% 0.8% 0.4% 
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 By inspection there appears to be a decreasing trend for the percentage of students 

with misconceptions for both code O and code P.  Concerning the n+1 pieces misconception 

(code O) there is a significant negative association (𝑟𝑠 = −0.68, 𝑝 = 0.04) between 

misconception frequency and grade level.  An increase in grade level is associated with a 

decrease in frequency of misconception, suggesting that older students appear to be less 

likely to believe that an n-split requires n cuts.  A similar test for the shape misconception 

(code P) does not indicate a significant result (𝑟𝑠 = −0.51,𝑝 = 0.16) when searching for an 

association between these two variables.  There is not enough evidence to suggest that grade 

level is associated with the frequency with which students mistakenly use properties of one 

shape to equipartition another shape. 
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CHAPTER 5 

DISCUSSION 

 The purpose of this study is to analyze students’ responses to various field test items 

developed to assess students content knowledge, strategy and naming use, and 

misconceptions with regard to equipartitioning as compared to observations noted in 

previous literature (Pothier & Sawada, 1983; Streefland, 1993; Lamon, 1996; Charles & 

Nason, 2000; Confrey et al.  2009).  Research has suggested that effective methods of 

assessing students’ understanding contribute to the success of a learning trajectory (Battista, 

2004; Confrey & Maloney, in press).  Validation of a learning trajectory can be done using 

diagnostic assessment (Wilson, 2005; Maloney & Confrey, 2010).  As the equipartitioning 

construct becomes more prevalent in elementary and middle school mathematics standards 

and curricula alongside other concepts in rational number reasoning, a learning trajectory 

model for equipartitioning coupled with diagnostic assessment serves to inform educators, 

parents and other various stakeholders about students’ content knowledge. 

 Chapter 5 begins with a summary of the research and an examination of the 

conjectures related to the three research questions central to this study.  Next, the limitations 

of the study are presented and implications of the study with regard to validation of the 

learning trajectory, quality of assessment and utility of results for teachers are discussed.  

Finally, recommendations based on these findings are included to guide future research. 
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Summary of Study 

 Prior to this study, the DELTA research team developed a field test of 125 items used 

to measure student proficiency on various levels of the learning trajectory for 

equipartitioning.  Elementary and middle grades students (grades K-8) from four districts 

completed 6-8 items each, with responses being graded against rubrics individualized for 

each item but consistent across items pertaining to a particular level of the learning 

trajectory.  In this study, descriptive statistics were used to analyze the data first, followed by 

multiple logistic regression techniques to develop a model for probability of success given 

certain item and student parameters.  Codes indicating particular student behaviors including 

strategies, naming and misconceptions were analyzed qualitatively and using descriptive 

statistics to identify trends in frequency of such behaviors.  The resulting data were used to 

address the research questions highlighted in Chapter 2: 

1. How well are elementary and middle school students in particular North Carolina 

districts performing with regard to the learning trajectory for equipartitioning? 

2. What strategies for equipartitioning and misconceptions about equipartitioning are 

prevalent among these students? 

3. Do the results of diagnostic assessment provide validation of a learning trajectory for 

equipartitioning for these students? 

Research Question 1 

 Overall performance by elementary and middle school students was moderate, with a 

mean score of 0.34 on a scale from 0 to 1.  This result was anticipated since many 
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equipartitioning concepts are not currently taught explicitly in the classroom.  Thus, 

performance on this field test relied on students’ experiential knowledge from the real world 

and related knowledge from rational number reasoning and other areas of mathematics.  

Performance varied greatly by level of the learning trajectory, with students scoring very well 

on the first several levels (mean scaled scores of 0.82 and 0.55, respectively).  As expected, 

trends in the data indicated that students’ level of success on assessment items diminished 

with the level of the learning trajectory of that item. 

Disaggregating the results by grade level revealed two important distinctions.  

Learning trajectory level was more strongly associated to performance for students in grades 

2-8 than to performance of the participants as a whole.  For students in these grades, the 

learning trajectory level associated with an item is a good predictor of a student’s 

performance on that item with items higher in the learning trajectory being more difficult, as 

expected.  The results of a multiple logistic regression model provided more evidence to 

support this claim; an increase in learning trajectory level is related to a decrease in 

probability of success on a given assessment item.  While this result was significant when 

analyzing all the data taken together, this relationship became even more prominent when 

examining only responses for students from grades 3-8. 

For first grade students, there was no correlation between learning trajectory level and 

performance on related items; for Kindergarten students there was only a modest correlation.  

A likely explanation for these results is that students in early grades are not fully capable of 

conveying their thoughts in writing on a pencil-and-paper assessment.  Indeed, evidence from 
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participating teachers indicated that these students had logistical difficulty in completing the 

assessments, likely related to the larger observed variation in scores. 

Examination of items that spanned several grade levels indicated significant 

association between performance and grade level.  In nearly all cases, students in higher 

grades performed significantly better than students in younger grades on the same assessment 

item, likely due to the higher amount of experiential and related knowledge possessed by the 

older students.  The aforementioned logistic models also suggested that an increase in grade 

level of the student relates to an increase in probability of success on a given assessment 

item.  These results provide more evidence to support the expected result that, in general, 

students in higher grades perform better on equipartitioning items than students in lower 

grades. 

The conjecture set forth regarding this research question appears to be confirmed; 

scores overall were fair with older students outperforming younger students.  Results on the 

lower levels of the learning trajectory were markedly higher than those on the upper levels of 

the trajectory.  With direct instruction in equipartitioning, students’ overall performance is 

anticipated to increase.  Students would be expected to perform very well on items from 

learning trajectory levels below their current level and to struggle with items above their 

current level, with less variation within each student.  Variation across students will likely 

decrease as well, assuming a uniform implementation of similar curricula. 
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Research Question 2 

 Most of the equipartitioning strategies and naming practices highlighted in the 

literature did surface in students’ responses.  The most common strategy observed for 

equipartitioning multiple wholes was to p-split each whole (where p is the number of 

people).  This strategy may have been more frequently used because it is viable for all Case 

C tasks, unlike some other strategies.  Students who used this “split all wholes” strategy often 

named the resulting share as 1/nth of each whole, or simply by counting the number of parts 

for one share.  The use of these naming practices is potentially due to the fact that the “split 

all wholes” strategy creates many congruent parts whereas other strategies do not. 

 Another popular strategy that was observed for Case C tasks where n > p was the 

“deal then split” strategy in which students shared whole pizzas first, only splitting the 

remainder.  This strategy effectively reduces such a task to a Case A task (dealing the wholes 

first) combined with either a Case B task (if there is only one pizza left to split) or a n < p 

Case C task (if there is more than one pizza remaining).  The most popular naming practice 

for this type of assessment item was to name the resulting share as a mixed number.  This 

likely arises from the nature of the strategy again in that students could easily count the 

whole(s) dealt to one person and then add the pieces that person would receive.  For example, 

when sharing 13 pizzas among 5 people, each person would receive 2 pizzas (as a result of 

dealing the wholes) and 3/5 of a pizza (after splitting the remainder) resulting in a share of 

2 3
5
 pizza. 
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 A benchmarking strategy was only prevalent in one problem, where the student must 

share 2 pizzas for 4 people; many students simply split each object in half and gave one half 

of a pizza to each person.  The coordinated splitting strategy was not observed in any of the 

assessment items. This does not necessarily suggest that students are unable to use 

coordinated splitting, but that students simply did not choose to apply a coordinated splitting 

strategy when completing equipartitioning tasks.  Additionally, this code may have been 

difficult for scorers to understand and identify in students’ responses. 

 Examining the linking items with strategy codes indicated that, for one task where 

students must share 3 pizzas for 2 people, relative strategy use (“split all wholes” versus 

“deal then split”) began disproportionate in favor of “split all wholes” for younger students 

but evened out for older students.  The other two linking items in which students used these 

strategies were more difficult, requiring students to share for 3 and 7 people.  Strategy use 

here was comparable for younger students but a pronounced difference favoring “split all 

wholes” emerged for older students.  Considering that the upper levels of the learning 

trajectory culminate in a ratio-based understanding of equipartitioning, namely the realization 

that the result of a share of n objects among p people is simply n/p objects/person, this result 

is both reasonable and promising with regard to these students’ conceptual understanding of 

rational number reasoning. 

 Both of the misconceptions coded to identify in students’ responses, the “n+1 pieces” 

misconception and the shape misconception, were evident in 1.6% of all responses to 

pertinent items.  Examining trends across grades, results indicated that frequency of the n+1 
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pieces misconception decreased at higher grade levels, but the shape misconception did not 

diminish at higher grade levels.  That is, older students are less likely to mistakenly make n 

cuts to share for n people, but students of all grades are have a similar propensity to apply 

strategies that work for circles to rectangles, or vice versa.  While the former of these 

misconceptions is often noticed and rectified through personal experiences, this is not 

necessarily true for the latter.  With explicit instruction in equipartitioning concepts, evidence 

of these and other misconceptions would diminish more quickly and at a much younger age. 

Research Question 3 

 As indicated in the discussion of research question 1, items pertaining to different 

levels of the learning trajectory lead to noticeably different results.  In order to both validate 

the ordering of levels in a learning trajectory and identify a student’s progress along a 

learning trajectory, items from each level of the learning trajectory must be included in the 

overall assessment (not necessarily presented to each student).  Multiple items per level help 

to distinguish item-level variability from row-level variability.  The results of this field test 

support this claim, with different assessment items in the same learning trajectory level 

providing much different results due to individual item variability.  A broader distribution of 

items allows for a more detailed analysis of student responses and increases validity and 

reliability as a result.  Including linking items as was done in this assessment is an accurate 

way to compare performance of students in different grades while controlling for item 

variability. 
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Designing and using rubrics to measure levels of sophistication numerically with 

alphabetic codes to denote other observations was beneficial in that this method provided 

considerable information for each response.  Information about strategies, naming and 

misconceptions in addition to general performance is useful for practitioners who might use 

this data to inform pedagogical techniques.  As recommended in the assessment literature, 

subjectivity of scoring was attempted through rubric consistency to maintain the reliability of 

the assessment.  Another benefit of creating rubrics that were consistent within a level of the 

learning trajectory was the ability to compare performance across various items representing 

a particular learning trajectory level.  Inter-rater reliability was also established, with a subset 

of responses being scored by two distinct graders using the provided rubric. In this study, 

responses were scored identically by both graders 91% of the time (3177 of 3483 cases). 

The assessment items that were the most informative were direct and transparent; the 

students were aware of what the item was asking of them to do.  Moreover, the rubric 

associated with the item reflected these expectations.  One factor that contributed to (lack of) 

transparency is that of problem context.  The assessment items were written using a variety 

of contexts (Coins, Food, Space, Materials and Paper); problems having the Coins context 

had significantly lower student performance than the other contexts.  The items concerning p 

people sharing n pizzas, however, were transparent to the students in that they knew exactly 

what was expected of them, and the context was authentic in that the students would have 

reason in their own lives to share pizzas fairly.  This authenticity of context also helps to 

establish systemic validity of the assessment.  A less authentic assessment item context can 
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contribute to a lack of transparency, which results in an item that is not necessarily valid; that 

is, the item may not measure that which is intended for the item to measure.  The land tax 

item (item 122, see Figure 10 in Chapter 4), in comparison to the pizza problems, was not 

necessarily transparent or authentic in that many students appeared to be confused about the 

context and unclear about what to do.  Overall, a majority of the assessment items were direct 

and transparent with a relevant context and thus provided beneficial information about 

students’ performance. 

Limitations 

 One limitation of this study is that the students involved in the assessment were all 

from particular districts in North Carolina.  Although the participants represent diverse 

socioeconomic and cultural backgrounds, differences across states (e.g. curricular 

differences, state standards) can result in different levels of performance across states.  The 

results are certainly informative about the population of children in North Carolina, and 

implications that come about as a result of these findings are likely to remain valid on a 

larger scope since national standards such as those set forth by NCTM are promoted 

nationwide (NCTM, 2000). 

On a related note, equipartitioning is not currently explicitly mentioned in the North 

Carolina standard course of study; as such, the evaluation of the equipartitioning learning 

trajectory differs slightly from the evaluation of other such trajectories.  For a trajectory with 

an established base in curriculum, results are likely to be more consistent, with students 

scoring well in items relatively low in the trajectory and having difficulty with items that are 
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relatively high.  On an individual level, the data only included 6 to 8 item responses per 

student from various levels in the learning trajectory; this is not necessarily enough 

information to accurately determine a student’s location within the trajectory.  A more 

systematic method of test form creation, perhaps implementing adaptive assessment, would 

be useful for assessments whose purpose is to identify students’ cognitive abilities at the 

individual level.  Further, data for a particular student collected across multiple assessments 

help to track that student’s progress over time, information that cannot be determined through 

the results of one field test alone. 

Implications 

 Based on the findings of this study, the learning trajectory for equipartitioning as 

described in previous literature (Confrey et al., 2009, Maloney & Confrey, 2010) contains a 

valid progression of cognitive concepts that students can be expected to encounter as they 

learn the construct of equipartitioning within the context of rational number reasoning.  

Elementary and middle grades students are anticipated to begin at different locations on the 

learning trajectory and, with proper instruction, to progress through the trajectory over time.  

As the learning trajectory construct is a probabilistic model and not necessarily a linear 

progression, determining a student’s location on a learning trajectory is likely to include a 

range of levels in which a student is likely to succeed, as opposed to pigeonholing the student 

to one specific level.  At any point in time, a student should have little difficulty correctly 

completing items from levels much below his/her current location on the learning trajectory.  
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The student would be highly unlikely, however, to complete a task far above his/her current 

location without outside assistance. 

The properties of effective diagnostic assessment identified in previous literature 

(Frederiksen & Collins, 1989; Linn, 1991; Messick, 1994; Moskal & Leydens, 2000) are 

supported by the results in this study.  Defensible assessment of learning trajectories includes 

an item bank that spans the learning trajectory and contains multiple items from each level of 

the trajectory (achieving scope).  Systemic validity is established when items and their 

associated rubrics are direct and transparent to the students.  Items should contain a variety of 

contexts that are meaningful to the students.  Reliability must be established when scoring 

students’ responses as well; inter-rater reliability is particularly important when multiple 

scorers are involved.  Many of the items included in this field test fulfill these characteristics 

of effective assessment and thus will be helpful in later assessments used to determine 

students’ location within and track students’ progress through the learning trajectory. 

 Data from this study can inform teachers about trends in North Carolina students’ 

performance with respect to such factors as learning trajectory level, grade level, item 

context, problem type, strategy use, naming practices and misconception frequency.  A 

teacher generalizing these findings to his/her classroom can use the information gained to 

determine pacing of lessons in equipartitioning and rational number reasoning, and also to 

modify pedagogical techniques in an attempt to improve students’ conceptions of the 

concepts presented in this assessment.  Curriculum developers and policymakers can use 

these data in conjunction with prior research to inform decisions about the development of 
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mathematics curricula and the implementation of diagnostic assessments in elementary and 

middle grades. 

 Further design of diagnostic assessments for equipartitioning can be informed by the 

results of the study as well.  Eventual development of a diagnostic assessment that 

determines performance and progress at the individual level has widespread implications.  A 

teacher that incorporates diagnostic assessments in the classroom will develop learning 

profiles detailing each student’s progress within a learning trajectory, along with additional 

information about that student (e.g.  predominant strategy use and presence/absence of 

misconceptions).  He/she can then use these progress reports to individualize instruction, 

taking into account the particular needs of each student.  When working in small groups, 

students with similar struggles can be grouped together and overcome these issues as a team; 

alternatively students can be grouped such that higher-performing students are able to assist 

lower-performing students, giving all parties involved a deeper knowledge of the content.  

Providing parents with information regarding their children’s cognitive progress gives them 

greater opportunities to become more involved in their children’s education. 

Recommendations 

The performance observed in this study suggests a need for equipartitioning concepts 

within the mathematics curriculum.  A natural extension of this research is to develop 

diagnostic assessments for equipartitioning that effectively analyze students’ progress along 

the learning trajectory and develop reports that succinctly represent this information.  

Additionally, development of diagnostic assessment for other trajectories can be informed by 
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these results.  Beyond the scope of this study, answers to the following questions would also 

be of interest: 

• What would be the results of a similar assessment in a situation where 

equipartitioning is thoroughly incorporated into the rational number reasoning 

curriculum for elementary and middle school mathematics? 

• To what extent does progress through the equipartitioning learning trajectory 

over time vary at the individual student level? 

• What interactions exist between progress on the equipartitioning learning 

trajectory and progress on other learning trajectories within the domain of 

rational number reasoning and, more broadly, mathematics? 
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Appendix A 
Mean Scaled Score, Item by Grade 

 
Mean Grade                 

Row|Item 0 1 2 3 4 5 6 7 8 
16         0.163 0.153 0.063 0.113 0.091 

123         0.075 0.098 0.054 0.120 0.100 
124             0.066 0.110 0.089 
125         0.247 0.212 0.000     

15         0.134 0.167 0.222 0.220 0.250 
103         0.272 0.268 0.302 0.288 0.292 
116         0.128 0.075 0.065 0.100 0.094 
117         0.075 0.089       
118         0.090 0.101       
119         0.013 0.105       

14     0.028 0.067 0.357 0.385 0.500     
87     0.014 0.051           
88     0.043 0.098     0.500     
89     0.035 0.068           
90         0.425 0.560       
91         0.494 0.590       
95         0.230 0.254       

13 0.326 0.745     0.100 0.107 0.074 0.205 0.074 
39 0.326 0.745               
120         0.184 0.136 0.065 0.245 0.033 
121         0.080 0.127 0.042 0.194 0.065 
122         0.033 0.058 0.091 0.177 0.100 

12 0.107 0.256 0.022 0.159 0.246 0.312 0.361 0.461 0.404 
104 0.107 0.256         0.487 0.580 0.583 
105         0.412 0.574 0.547 0.683 0.582 
106     0.000 0.160 0.104 0.138 0.186 0.346 0.115 
107     0.050 0.158 0.329 0.348 0.206 0.445 0.324 
108         0.205 0.278 0.274 0.236 0.333 
109         0.173 0.224 0.284 0.396 0.309 
110         0.215 0.362 0.329 0.423 0.241 
111         0.313 0.353 0.283 0.505 0.366 
112         0.253 0.378 0.384 0.457 0.558 
113         0.160 0.149       
114         0.164 0.221       
115         0.208 0.202       
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11     0.163 0.181 0.163 0.290 0.107 0.244 0.071 
102     0.163 0.181 0.163 0.290 0.107 0.244 0.071 

10 0.345 0.367 0.154 0.246 0.196 0.158 0.402 0.556 0.430 
74     0.017 0.306           
77     0.079 0.050           
78     0.228 0.059 0.196 0.158 0.193 0.250 0.227 
80 0.345 0.367 0.377 0.531     0.803 0.850 0.824 
81     0.464 0.333           
82     0.186 0.197           
83     0.021 0.134           
84     0.107 0.222           
85     0.012 0.105           
86     0.102 0.376           

9         0.377 0.467 0.336 0.397 0.294 
98         0.678 0.732       
99         0.129 0.207       
100         0.267 0.397 0.336 0.397 0.294 

8     0.234 0.222 0.335 0.388 0.448 0.573 0.469 
92     0.234 0.222 0.288 0.409       
94         0.309 0.313       
96         0.287 0.339 0.448 0.573 0.469 
97         0.430 0.494       

7 0.243 0.432 0.194 0.240 0.545 0.733 0.780 0.732 0.537 
48 0.044 0.573               
49 0.107 0.386               
50     0.047 0.186           
51 0.264 0.224               
52 0.217 0.620               
53         0.545 0.733 0.776 0.732 0.537 
55 0.568 0.750         1.000     
56 0.163 0.360               
57     0.621 0.488           
58     0.180 0.378           
60     0.177 0.123           
61     0.059 0.103           
62     0.156 0.038           
63 0.735 0.894               
64 0.027 0.230               
65     0.321 0.407           
66 0.000 0.143               
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67     0.014 0.081           
68     0.028 0.083           
69     0.282 0.351           
72     0.243 0.316           
73     0.419 0.833           

6 0.219 0.338               
44 0.230 0.518               
45 0.347 0.545               
46 0.208 0.267               
47 0.153 0.227               

5 0.172 0.214 0.260 0.347 0.480 0.404 0.468 0.500 0.313 
35 0.298 0.140               
36     0.303 0.486           
37 0.096 0.255               
38     0.262 0.529 0.480 0.404 0.468 0.500 0.313 
40     0.277 0.333           
41     0.365 0.263           
42     0.056 0.256           
43     0.202 0.338           

4 0.080 0.269 0.371 0.463           
25 0.382 0.361               
26 0.115 0.215               
27 0.009 0.393               
28 0.029 0.458               
29 0.056 0.000               
30 0.026 0.127               
31 0.000 0.106               
32 0.000 0.271               
33     0.371 0.463           

3 0.305 0.371 0.509 0.556           
15 0.189 0.208               
16 0.777 0.830               
17 0.580 0.875 1.000 0.975           
18 0.829 0.889               
19 0.055 0.155               
20 0.021 0.167               
21 0.027 0.098               
22 0.014 0.007 0.000 0.107           
23 0.021 0.000               
24 0.026 0.053               
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2 0.311 0.415 0.678 0.685 0.667 0.740 0.698 0.741 0.673 
4 0.822 0.946 0.926 0.763           
5 0.754 0.879               
6 0.155 0.250 0.702 0.683 0.737 0.667 0.701 0.691 0.667 
7 0.151 0.500               
8 0.247 0.518               
9 0.080 0.103               
10 0.136 0.273               
11 0.245 0.301               
12 0.135 0.373 0.597 0.675 0.711 0.839 0.695 0.813 0.630 
13 0.143 0.183 0.853 0.810           
14 0.582 0.440 0.563 0.611           
34     0.375 0.603 0.553 0.693 0.695 0.715 0.705 

1 0.374 0.729 0.954 0.944 0.949 0.928 0.961 0.978 0.978 
1 0.636 0.794 0.954 0.944 0.970 0.947 0.962 0.985 0.977 
2 0.536 0.787     0.927 0.900 0.960 0.972 0.979 
3 0.072 0.348               
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Appendix B 
Summary of Item Characteristics 

 
Item IRT 

Beta Row Col Split Context Type Form 1 Form 2 Form 3 Form 4 

1 -2.345 1 A 2 Food Construct A02 B02 C01 D01 
2 -2.044 1 A 6 Food Construct A04 C02 D02  3 0.366 1 A 3 Coins Recognize A01    4 -2.461 2 B 2 Space Construct A07 B04   5 -2.768 2 B 2 Space Construct A06    6 -0.97 2 C 4 Food Recognize A06 B06 C03 D03 
7 -0.899 2 D 8 Food Construct A04    8 -0.827 2 E 6 Food Construct A07    9 0.802 2 E 6 Food Recognize A02    10 -0.312 2 E 6 Materials Construct A03    11 -0.39 2 F 9 Materials Construct A04    12 -1.044 2 G 6 Food Construct A08 B08 C04 D04 

13 -1.053 2 G 6 Food Recognize A02 B01   14 -1.28 2 H 3 Food Recognize A03 B02   15 -0.69 3 A 3 Coins Construct A03    16 -3.078 3 B 2 Paper Construct A08    17 -2.966 3 B 2 Paper Construct A04 B03   18 -2.843 3 C 8 Paper Construct A01 A02   19 0.93 3 D 8 Paper Construct A03 A09   20 -- 3 E 6 Materials Construct A01    21 -- 3 F 5 Materials Construct A08    22 -- 3 G 10 Materials Construct A05 B04   23 -- 3 H 3 Materials Construct A01    24 -- 3 H 3 Materials Construct A02    25 -1.221 4 A 5 Materials Recognize A04    26 -0.502 4 A  Materials Recognize A05    27 -0.569 4 B 2 Food Construct A03    28 -0.572 4 B 2 Materials Construct A05    29 -- 4 F 9 Materials Construct A07    30 0.426 4 D 8 Food Construct A09    31 -- 4 E 6 Materials Construct A06    32 0.157 4 F 3 Paper Construct A05    33 -0.462 4 G 12 Space Construct B05    34 -0.86 2 H 5 Space Construct B10 C05 D01  35 -0.137 5 A  Materials Recognize A09    36 -0.341 5 B 2 Materials Construct B10    37 -0.728 5 C 4 Paper Recognize A05 A06   38 0.185 5 D  Food Construct B02 C06 D02  39 -1.558 13 L  Food Construct A07 A08   40 0.249 5 E 6 Materials Construct B07    41 0.122 5 F 15 Materials Recognize B07    42 0.091 5 G  Materials Construct B09    
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43 0.397 5 H  Food Construct B01    44 -0.795 6 A  Materials Recognize A07    45 -1.326 6 A  Materials Recognize A08    46 -0.24 6 C  Food Recognize A01 A10   47 0.018 6 D  Paper Recognize A02 A03   48 -0.888 7 A 4 Materials Justify A09    49 -0.67 7 A 4 Food Justify A10    50 0.915 7 A  Food Justify B05 B06   51 -0.732 7 D  Food Recognize A09    52 -1.271 7 E  Space Construct A04 A05   53 -0.607 7 E  Materials Recognize C05 D04   54 -- 7 E  Materials Recognize B03    55 -1.933 7 G  Food Construct A10    56 -0.266 7 G  Paper Recognize A06 A07   57 -0.918 7 H  Food Justify B05    58 0.17 7 C  Paper Justify B02 B03   59 -- 7 E 28 Paper Construct B10    60 0.568 7 G  Paper Construct B04 B05   61 1.047 7 G  Materials Construct B06 B07   62 1.413 7 I  Paper Construct B01    63 -2.98 7 B 2 Paper Recognize A01    64 0.596 7 C 8 Food Construct A06 A10   65 -0.021 7 E 12 Food Construct B03    66 -- 7 E 6 Space Construct A09    67 -- 7 C 16 Paper Construct B08    68 -- 7 F 15 Paper Construct B08    69 0.176 7 F 7 Food Construct B04 B06   70 -- 7 F 15 Paper Construct B01 B02   71 -- 4 A  Materials Construct B03 B04   72 -0.023 7 B 2 Materials Justify B01    73 -0.761 7 B  Materials Justify B02    74 1.581 10 B 2 Food Justify B02    75 -- 10 B 2 Materials Justify B03    76 -- 10 B 2 Materials Justify B04    77 1.581 10 E 6 Food Justify B05    78 0.754 10 F 3 Food Justify B06 C07 D03  79 -- 10 D  Space Justify B07    80 -0.987 10 B 2 Food Recognize A10 B09 D05  81 -0.161 10 C 4 Food Recognize B03    82 0.2 10 C 2 Paper Justify B08    83 1.721 10 E 12 Space Justify B09    84 0.994 10 F 3 Space Justify B05    85 2.288 10 F 9 Materials Justify B06    86 -- 10 D  Food Justify B09    87 2.028 14 A  Food Construct B01 B09   88 1.737 14 L  Food Construct B07 B08   89 1.186 14 J  Food Justify B09 B10   
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90 -0.034 14 A  Materials Justify C01    91 -0.366 14 L  Food Construct C02    92 0.566 8 A  Materials Recognize B08    93 -- 8 A  Materials Recognize B07 C01 C02  94 0.623 8 A  Food Recognize C01 C02   95 0.592 14 L  Paper Construct C01 C08   96 0.115 8 C  Space Construct C04 D03   97 -0.098 8 C  Food Construct C02 C03   98 -1.184 9 A  Materials Construct C04 C05   99 0.84 9 A  Materials Recognize C03 C04   100 0.967 9 A 4 Coins Construct C07 D05   101 -- 9 A  Food Construct C07    102 1.078 11 I  Food Justify B10 C08 D04 D05 
103 0.798 15 J 4 Materials Recognize C05 C06 D01 D05 
104 -0.063 12 L 4 Food Construct A10 D01 D02  105 -0.332 12 J 2 Food Construct C06 C07 D02 D03 
106 1.033 12 J 5 Food Construct B09 C08 D04  107 0.621 12 J 3 Food Construct B10 C01 D05  108 0.017 12 L 8 Food Justify C03 D01 D02  109 0.773 12 K 5 Food Construct C03 D02 D03  110 0.619 12 L 3 Food Construct C05 D03 D04  111 0.602 12 J 7 Food Construct C06 D04 D05  112 0.379 12 L 8 Food Construct C07 D01 D05  113 1.121 12 L 5 Food Construct C08    114 1.023 12 M  Food Construct C02    115 0.974 12 M  Food Construct C07 C08   116 1.359 15 J 5 Food Construct C02 D02   117 1.329 15 K 5 Materials Construct C04    118 0.908 15 L 7 Food Construct C03    119 -- 15 L 5 Food Recognize C05    120 1.738 13 L 3 Food Construct C06 D05   121 1.528 13 L 4 Food Construct C08 D04   122 2.375 13 L 6 Space Construct C06 D03   123 1.394 16 L 36 Food Recognize C04 D02   124 2.586 16 M 6 Food Construct D01 D03 D04  125 0.925 16 L 12 Food Recognize C01 D01   
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