
ABSTRACT 
 
 

MOORE, JOSHUA DANIEL. Single-File and Anomalous Diffusion in Porous Carbons. 
(Under the direction of Keith E. Gubbins.) 
 
 
The aim of this project is to obtain a fundamental understanding of single-file and anomalous 

diffusion in porous carbons.  For this purpose we report studies for four different systems: (1) 

the diffusion of argon in isolated carbon nanotubes; (2) the diffusion of argon/neon, 

argon/krypton, and argon/xenon mixtures in isolated carbon nanotubes; (3) the diffusion of 

argon in hexagonally arranged carbon nanotube bundles; and (4) the diffusion of argon in a 

disordered model of activated carbon and a carbon replica of zeolite.  In (1) we find that 

argon exhibits a mean-squared displacement with a square root of time dependence when the 

nanotube is small enough in diameter that molecules cannot pass each other.  In (2) we find 

that argon/neon and argon/xenon mixtures exhibit bimodal diffusion in some diameters of 

carbon nanotubes, where the larger component diffuses in single-file with a square root of 

time dependence of the mean-squared displacement and the smaller component by a much 

faster Fickian mechanism with a linear time dependence of the mean-squared displacement.  

In (1) and (2) the square root of time dependence is observed due to the influence of a 

stochastic thermostat, which mimics diffusive reflection between the adsorbate atoms and the 

pore wall.  In (3) we observe a square root of time dependence for argon diffusing between 

carbon nanotubes in the interstitial sites using only microcanonical simulations.  Natural 

corrugation results from the outside walls of the carbon nanotubes.  We also show that one-

dimensional diffusion within atomically detailed carbon nanotubes can result in artifacts in 



the simulation including size correlations and center of mass drift which can only be fully 

corrected for in the limit of infinite size.  When this correction is made, influences including 

the pore flexibility become negligible for the diffusion of argon.  Finally in (4), we observe 

anomalous, slower modes of diffusion within activated carbon due to argon atoms being 

trapped within small, highly attractive pores.  This is most observable at low relative 

pressures and short times.  In a carbon replica of zeolite, we find that anomalous regions 

appear at high relative pressures due to argon atoms competing to diffuse through windows 

and constrictions within the material. 
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 1

  CHAPTER 1 
 
 

Introduction 
 
 

For bulk fluids or fluids which are adsorbed in large pores, diffusion occurs in three 

dimensionsi. All particles are able to pass each other, their collisions lead to a random walk, 

and their diffusional mechanism behaves according to Fick’s law.  When the degree of 

confinement is enhanced such that the diffusion in three dimensions is restricted, slower 

modes of diffusion emerge.  We refer to these slower modes as anomalous, because they do 

not strictly follow the same behavior as is predicted for diffusion in three dimensions.  One 

way to characterize these slower modes of diffusion is to analyze the time dependence of the 

mean-squared displacement (MSD).  For bulk fluids or fluids which are in pores large 

enough such that the molecules can pass each other easily in three dimensions, the MSD 

increases linearly with time.  For one dimensional diffusion in a direction z, e.g. along the 

axis of a carbon nanotube, the MSD can be expressed in terms of the self-diffusion 

coefficient as: 

 

 ( ) ( ) 2

1

lim 0 2
N

i i zt i

z t z D t
→∞

=

− =⎡ ⎤⎣ ⎦∑  (1.1) 

 
                                                 
i Some of the material in this chapter has been published in:  K.E. Gubbins, Y.C. Liu, J.D. Moore, and J.C. 
Palmer, “The Role of Molecular Modeling in Confined Systems: Impact and Prospects”, To Appear in Physical 
Chemistry, Chemical Physics, 2010.  Reprinted with permission from The Royal Society of Chemistry, 
Copyright (2010). 
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In Eq. (1.1) iz  is the position of particle i  in a single dimension at time t , zD is the self-

diffusion coefficient of the particles in that dimension, N is the total number of fluid 

molecules, and the term on the left-hand side in brackets ( ( ) ( ) 2

1

0
N

i i
i

z t z
=

−⎡ ⎤⎣ ⎦∑ ) is the MSD.  

When the fluid becomes confined such that the pore is of a small enough diameter that the 

motion of the fluid is constrained to a single-dimension and the particles cannot pass each 

other, a one-dimensional random walk gives rise to a MSD which is predicted1-8  to be 

proportional to the square root of time. 

 

 ( ) ( ) 2

1

lim 0 2
N

i i zt i

z t z F t
→∞

=

− =⎡ ⎤⎣ ⎦∑  (1.2) 

 

In Eq. (1.2), zF is referred to as the single-file mobility.  Experimentally, single-file diffusion 

has been observed for small molecules in zeolites9-11, for colloidal particles in confined 

channels12-14and recently for water in single-walled carbon nanotubes15.   

 

Theoretically, several groups have been active in the investigation of single-file diffusion.  

Sholl and Fichthorn16 have investigated diffusion mechanisms of various fluids in zeolites 

and found evidence not only of single-file diffusion but also bi-modal diffusion, where one 

component diffused in single-file and the other by a normal Fickian mechanism.  Bi-modal 

diffusion has also been investigated by Percus and coworkers17 for hard disks confined 
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within hard walls.  They also extensively investigated single-file diffusion of pure component 

fluids with hard potentials (hard spheres and hard disks) confined within hard walls18-26.   

 

Hahn and Kärger27, 28 investigated single-file diffusion of fluids with continuous 

potentials in cylindrical pores.  They found that there was a significant size correlation effect 

that occurs for particles diffusing in cylindrical pores.  This size effect in shown in Fig. 1.1a.  

For systems with short file lengths and small numbers of diffusing particles, a finite limiting 

value of the mean-squared displacement was observed.  As the number of diffusing particles 

was increased with increased length of the pore, this finite value was moved to longer times.  

Thus, if one is to study single-file diffusion, a large enough system size is needed such that 

the time at which the finite value of the mean-squared displacement occurs is at a time which 

is much greater than the needed observation time.  From Fig. 1.1a, it is apparent that the 

number of diffusing particles needed is approximately 10,000 or greater, although the needed 

system size depends on density29.      

  

Another important observation of Fig. 1.1a, is that the time dependence of the mean-

squared displacement is linear for the 10,000 particle system, even though the particles were 

in single-file confinement.  This is due to a violation of a random walk.  This is further 

illustrated in Fig. 1.1b.  In Fig. 1.1b, the MSDs for a single-file fluid using a MD simulation 

in the microcanonical (N,V,E) ensemble with and without random forces added to the 

adsorbate velocities are shown.  The MSD for the microcanonical simulation without random  
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(a) (b) 

Figure 1.1:   (a) Mean-squared displacements for single-file LJ fluids ( 0.383 nmffσ = , 
/ 164 Kkε = , approximately that of Kr) in perfect cylindrical pores of effective 

diameter 0.623 nm at different system sizes (number of adsorbate particles) for 20 % 
relative occupancy and 300 K.  For small numbers of particles, a finite limiting value of 
the mean-squared displacement is observed as a result of strong size correlation effects.  
For larger system sizes, the correlation moves to longer times.  These results were from 
microcanonical MD simulations.  The slope of the MSD for the largest system size at 
long times is 1, which is not the expected result for a single-file fluid (see text).  
[Adapted from ref. 27]. (b) Time dependence of the mean-squared displacement for 
single-file LJ fluids ( 0.383 nmffσ = , / 164 Kkε = , approximately that of Kr) in a 
perfect cylinder of effective diameter 0.623 nm at 20 % relative occupancy and 300 K 
from a microcanonical (N,V,E) MD simulation (line) using 10,000 fluid atoms and a 
microcanonical MD simulation where random forces have been periodically added to 
alter the fluid velocities using 4,000 fluid atoms (dashed).  The slope of the MSD at the 
longest times is 1 without random forces but 1/2 when random forces are added.  
Reference lines (dotted) illustrating t1 and t1/2 dependence of the MSD are also shown.  
[Adapted from ref. 27].    
 
 

forces exhibits a slope on a log-log scale equal to 1, which would normally be indicative of 

Fickian diffusion (see Eq. 1.1).  However, the fluid is in single-file confinement, and the 

particles do not pass each other.  When a random walk is imposed upon the system by adding  
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random forces to the particles during the MD simulation, the slope of the MSD on the log-log 

scale becomes 1/2, indicative of single-file diffusion (see Eq. 1.2).   It can be shown 

theoretically that the square root of time dependence of the mean-squared displacement 

results from a random walk2, just as it does for Fickian diffusion.  Perfectly cylindrical pores, 

as used in the work of Hahn and Kärger27, are completely smooth.  Thus, the standard 

microcanonical simulations without random forces exhibit purely specular reflection of the 

particles colliding with the wall, and any diffusive reflection of particles is absent.  Because 

the fluid is constrained in a single dimension, fluid-fluid collisions do not create a random 

walk.   Thus, the absence of a random walk from collisions for fluid-fluid and fluid-wall 

interactions results in the absence of the square root of time dependence of the MSD.  

Adding random forces to the particle velocities mimics diffusive collisions, but it is not a real 

effect for perfectly cylindrical pores. 

 

Another type of system which has been of interest for single-file diffusion are carbon 

nanotubes29-33.  Mao and Sinnott32 found square-root of time dependence of the MSD for 

fluids diffusing in narrow single-walled carbon nanotubes but used stochastic Langevin 

thermostats.  This thermostat adds random forces to the particles’ velocities similarly to the 

work of Hahn and Karger27, and thus a corrugated pore with diffuse reflections of the 

particles off the nanotube wall were mimicked.  Other researchers who used deterministic 

thermostats31, 33 were not able to observe a square-root of time dependence of the mean-

squared displacement for single-file fluids diffusing in carbon nanotubes.  These observations  
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may be related to the fact that carbon nanotubes, similarly to the perfect cylinders previously 

described, do not result in particles having large amounts of diffusive collisions with the 

wall.  While carbon nanotubes have small amounts of corrugation due to the atomic detail of 

the wall, this corrugation is not enough to produce diffusive collisions with the walls.  Bhatia 

et al.34 have quantified the diffusive reflection of methane and hydrogen diffusing in 

atomically detailed carbon nanotubes using a Maxwell coefficient34 which relates specular 

and diffusive reflections.  They found that the fluid-wall collisions were nearly completely 

specular.  The smallest molecule studied, hydrogen, resulted in the greatest amount of 

diffusive collisions, but these contributed less than 1 % of the total collisions, even at the 

largest densities studied.  Thus, the diffusion of fluids in carbon nanotubes is predicted to be 

dominated by specular collisions of atoms with the carbon nanotube wall. 

 

Equation (1.2) represents the limiting case of anomalous diffusion which is single-file 

diffusion.  Mao and Sinnott32 have reported dependencies of the mean-squared displacement 

which are intermediate between the single-file (square root) and Fickian (linear) modes for 

ethane and ethylene in carbon nanotubes.  They found that the smaller, more spherical 

methane molecule exhibited a completely normal Fickian mode of diffusion, but ethane and 

ethylene seemed to exhibit a behavior intermediate between single-file and Fickian diffusion.  

Thus, ethane and ethylene, in some diameters of CNTs, exhibited time dependences of the 

mean-squared displacement which were between 1/2 and 1.     
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Experimentally, such a transition has not been observed.  However, using both simulation 

and transition state theory, Hahn and Kärger28 presented results that suggested that all 

diffusion will eventually tend toward the Fickian limit if given enough time.  For realistic 

continuous potentials, the single-file particles will eventually exhibit hopping, as particles 

begin to hop over their neighbors.  The degree of hopping as well as what time scale this 

occurs on depends entirely on the degree of confinement.  Long time (100 ns) MSDs shown 

in their work are illustrated in Fig. 1.2.  Particles in the smallest diameter pores (0.70 and 

0.74 nm) exhibited square root of time dependence of their MSDs, indicating single-file 

diffusion.  However, as the pore diameter was increased slightly to 0.78 nm, a transition, 

similar to that described by Mao and Sinnott32 was observed, where the time dependence of 

the MSD was between 1/2 and 1.  Larger diameter pores exhibited a linear time dependence.  

Using transition state theory, they estimated particle hopping times in all of the pores.  Those 

in the smallest pores exhibiting single-file diffusion presented hopping on microsecond time 

scales (beyond the time scale shown in Fig. 1.2 and beyond the current limit of atomistic MD 

simulations).  The particles diffusing in the largest diameter pores exhibited hopping on 

picosecond time scales which resulted in MSDs with a linear time dependence and nearly 

complete Fickian diffusion.  From transition state theory and hopping times, Hahn and 

Kärger28 were able to calculate crossover times (the time at which single-file diffusion was 

predicted to crossover into Fickian diffusion) as well as the predicted diffusion coefficients 

that would result after this crossover time.  These results are shown in Table 1.1.  

Comparisons are shown between calculated values of the diffusion coefficients from the  
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Figure 1.2:  Mean-squared displacements of LJ particles ( 0.383 nmffσ = , 
/ 164 KBkε = , approximately that of Kr) in different diameters, d, of perfect cylinders. 

[Adapted from ref. 28]. 
 

 

Table 1.1:  Hopping times between particle passes (τ ), diffusivities obtained from 
transition state theory ( tstD ) and from MD simulation ( simD ) and crossover times 
predicted from transition state theory ( ct ) for the systems shown in Fig. 10.  Adapted 
from ref. 28. 

 / nmTd   / sτ  2 -1/ m ststD  2 -1/ m ssimD  / sct  
0.70 67.0 10−×  132.6 10−×   3.0  
0.74 89.8 10−×  111.9 10−×   45.6 10−×  
0.78 95.8 10−×  103.2 10−×   61.6 10−×  
0.82 101.5 10−×  81.2 10−×  81.2 10−×  91.3 10−×  
0.86 117.1 10−×  82.6 10−×  82.5 10−×  103.0 10−×  
0.90 114.5 10−×  84.1 10−×  84.0 10−×  101.2 10−×  
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MSDs for the largest pores and the calculated values from transition state theory.  Excellent 

agreement was obtained. 

 

Regardless, of whether initial single-file and other anomalous diffusion eventually always 

result in hopping and Fickian diffusion, the initial slow movement of particles diffusing in 

pores can influence the overall diffusion coefficients.  Anomalous regions in the MSD can 

result in a maximum in the self-diffusion coefficients for fluids in porous materials, such as 

activated carbon35.  An example is shown in Fig. 1.3 for argon diffusing in a model of a  

saccharose-derived activated carbon36.  In materials with regularly shaped pores, such as 

carbon nanotubes, the self-diffusion coefficient is expected to decrease with increasing 

density as an increased density of fluid generally slows diffusion.  In disordered porous 

materials, such as activated carbon, the diffusion of the fluid can be slowed at low densities 

due to the fluid being adsorbed in strongly attractive pores.  As the smallest pores become 

full at intermediate densities, the larger pores begin to fill and the diffusion rate increases.  At 

higher densities, as the larger pores become filled due to the increased density of the fluid in 

the pores, the diffusion rate is slowed. This results in a maximum in the self-diffusion 

coefficient and has been observed in several simulation studies35-38 as well as in 

experiment39. 
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Figure 1.3:  Self-diffusivity as a function of relative pressure for argon confined at 77K 
in CS1000A (model of a saccharose based porous carbon) from MD simulation.  A 
maximum in the self-diffusion coefficient exists in the region roughly corresponding to 
the pore filling region of the isotherm.  [Reprinted with permission from ref. 36.  
Copyright 2006, Taylor & Francis] 
 

 
In this thesis, anomalous diffusion is presented in the form of single-file diffusion in 

carbon nanotubes (Chapters 2 and 3), carbon nanotube bundles (Chapter 4), and in ordered 

and disordered carbons (Chapter 5) which exhibit anomalous diffusion due to atoms being 

trapped within small, strongly adsorbing pores or the competition of atoms moving between 

various constrictions within the material.  Finally, in Chapter 6, we present some conclusions 

regarding the implications of this work and suggest future directions for research in this area.
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CHAPTER 2 
 
 

Single-file and Fickian Diffusion of Argon in Isolated Single-Walled 
Carbon Nanotubes 

 
 
2.1  Introductioni 
 
 

In this chapter we demonstrate that single-file diffusion is possible within narrow single-

walled carbon nanotubes.  There is a dramatic difference (several orders of magnitude) 

between the self-diffusion rates of a fluid in Fickian and single-file diffusion.  It would be 

useful to be able to predict when these diffusion mechanisms will occur and the influence 

that variables such as pore diameter, host flexibility, adsorbate properties, and temperature 

have on the mechanism.  Even though single-file diffusion has been predicted theoretically 

for decades1, 26, it is still far from well understood. In particular, most investigations involve 

hard sphere fluids in a model cylindrical pore with hard walls17-25.  It is therefore necessary to 

understand conditions leading to different diffusion mechanisms in realistic models of 

microporous materials with atomically detailed walls and continuous potentials.    

 

Here we investigate argon diffusing in confined isolated single-walled carbon nanotubes 

(CNTs) using a combined Grand Canonical Monte Carlo and molecular dynamics study.  For 

                                                 
i Material from this chapter has been published in Y.-C. Liu*, J. D. Moore*, Q. Chen, T. Roussel, Q. Wang and 
K. E. Gubbins, in Diffusion Fundamentals III, eds. C. Chmelik, N. Kannelopoulos, J. Kärger and D. Theodorou, 
Leipziger Universitätsverlag, Athens, 2009, pp. 164-180. 
*Equal Contribution 
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Ar confined in CNTs, a crossover from single-file to Fickian diffusion is found when the 

density of Ar is a minimum as a function of the CNT diameter.  We show that argon diffuses 

by a single-file mechanism in CNTs smaller than an accessible diameter of 1.76σAr, 

corresponding to (7,7), (12,0) and (8,6) CNTs but by a Fickian mechanism for CNTs larger 

in diameter.  In all cases of single-file diffusion the mean-squared displacement (MSD) of the 

fluid molecules has a square root of time dependence, while molecules diffusing by a Fickian 

mechanism have a MSD with a linear time dependence. 

 
2.2  Model and Simulation Details 
 
 
     Interactions between the adsorbate molecules as well as between the CNT and the 

adsorbate molecules were described through a standard (12,6) Lennard-Jones potential.  The 

CNTs are rigid with the carbon atoms held fixed and are given zero velocity in the MD 

simulations.  Parameters for argon  were taken from Skoulidas and Sholl40 (σAr = 0.342 nm, 

εAr / kb = 124.07 K) and for carbon from Steele41 (σC = 0.34 nm, εC / kb = 28.0 K). All cross 

interactions were obtained through the usual Lorentz-Berthelot combination rules. 

 

     Grand Canonical Monte Carlo simulations (GCMC) were performed to compute argon 

adsorption isotherms in CNTs at 298 K.  The fluid was restricted to adsorbing in the inner 

channels of the CNTs only.  Several chiralities (armchair, zigzag and chiral) of CNTs, based 

on the two indices (n,m) of the Hamada classification42, were studied.   The armchair (m,m)  

CNTs had indices of n = 6, 7, 8, 9, 10, corresponding to diameters of 0.81, 0.95, 1.08, 1.22,
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and 1.35 nm, respectively. The zigzag (n, 0) CNTs had indices of n = 10, 11, 12, 13, 14, 15, 

corresponding to diameters of 0.78, 0.86, 0.94, 1.02, 1.09, 1.17 nm, respectively. The chiral 

(m, n) CNTs had chiral indices of m =7, 8, 9, 10, 11 and n = 5, 6, 7, 8, 9, corresponding to 

diameters of 0.82, 0.95, 1.09, 1.22, and 1.36 nm, respectively.  In the GCMC simulations, the 

nanotube lengths were 9.83 nm, 11.08 nm, and 8.90 to 14.76 nm in length for the armchair 

(m,m), zigzag (n,0), and chiral (n,m) geometries, respectively.   The isotherm was measured 

in the range 8x10-5 to 30 MPa, the latter being a pressure at which all of the tubes were 

completely filled with adsorbate. 

 

     The molecular dynamics (MD) simulations for this set of simulations were performed 

using the NAMD (NAnoscale Molecular Dynamics) simulation package43 using a stochastic 

Langevin thermostat with a damping coefficient of 1 ps-1.  The implications of using a 

stochastic thermostat have been discussed29, 44, and one is used for two reasons. The first is 

that it mimics fluid-wall momentum exchange through the inclusion of random damping of 

the fluid velocities. The second reason is that it provides an effective corrugated surface so 

that diffuse reflections of the atoms are mimicked, so that the slower square-root of time 

dependence of the mean-squared displacement (MSD) is observed for single-file diffusion. 

Without this effective corrugation, the collisions of Lennard-Jones atoms off the wall of 

pristine carbon nanotubes would all be nearly specular34, and the random walk required to 

observe the square-root of time dependence of the MSD in single-file diffusion would be 

violated27.  
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     Another benefit to using the Langevin thermostat is that significantly smaller system sizes 

than are required in microcanonical simulations could be used29. This was especially true for 

the single-file systems which have long range spatial correlations27 (see Chapter 4). When no 

thermostat was used, microcanonical (N,V,E) simulations were found to need 10,000 fluid 

atoms or more29, especially for single-file fluids which have dramatic long range correlations 

of the velocities.  

 

     The configurations from the GCMC simulations were used as a starting configuration for 

the MD simulations, but were replicated five times in the axial (z) direction of the nanotube.  

This corresponded to a range of 114 to 840 fluid atoms in the simulations.  The MD 

simulations were performed using an equilibration period of at least 2 ns followed by a 

production run of at least 10 ns using a 1 fs timestep.  The mean-squared displacement was 

measured in the axial direction of the nanotube from the trajectory of the production run. 

Periodic boundary conditions were used in the axial direction of the nanotube. 

 
2.3  Results 
 
 
     The adsorption isotherms of argon confined in three types of chiralities of CNTs at 298 K 

were calculated from GCMC simulations and are shown in Fig. 2.1.  The loading is 

normalized using the accessible volume from:   

 
2

4 2
acc C i

i tV L d σ σπ ⎡ + ⎤⎛ ⎞= − ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (2.1) 
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(a) 

 
(b) 

 
(c) 

 
Figure 2.1: Adsorption isotherms of argon confined in three types of chiralities in CNTs 
at 298K. (a) armchair (b) zigzag (c) chiral.  In each case the loading is reduced by the 
accessible volume (Eq. 2.1). 
 
 
     We observe a general trend that the loading decreases with increasing tube diameter, as it 

is less confined.  However, in the (7,7), (12,0) and (8,6) tubes, the loading is at a minimum 

compared to the other tubes.   In these tubes, the diameter has increased compared to the 

(6,6), (10,0) and (7,5) CNTs, but there is not enough space for a second molecular layer of 

fluid to adsorb.  Therefore, the ratio of the amount of fluid adsorbed with respect to the  
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accessible volume has decreased.  In the zigzag chirality, there are two minimum diameters, 

(11,0) and (12,0) as this chirality of CNT has a smaller increase in diameter compared to the 

other chiralites studied (armchair or chiral).   

 

     Several example configurations are shown as simulation snapshots in Fig. 2.2 at 30 MPa 

and 298 K.  In the (6,6), (10,0) and (7,5) CNTs (diameters of approximately 0.8 nm), only a 

single molecular layer of fluid is adsorbed and this layer is almost linear along the CNT axis.  

As the diameter increases slightly in the (7,7), (12,0) and (8,6) CNTs (diameters of 

approximately 0.94 nm, accessible diameter approximately 1.76σAr), the fluid no longer 

aligns linearly with respect to the axial direction of the tube.  However, the accessible 

volume is not large enough for a second molecular layer of fluid to form.  As the diameter is 

increased further in the (9,9), (15,0) and (10,8) CNTs with geometric diameters of 

approximately 1.2 nm, two molecular layers of fluid have formed.   

 

     Because the (7,7), (12,0) and (8,6) CNTs have the largest diameters that exhibit the single 

molecular layer of fluid, we refer to these as the “transition” or “crossover” CNTs.  All CNTs 

studied with diameters larger than these transition nanotubes exhibited at least two molecular 

layers of fluid.  We also find that the adsorption energy profiles of argon in (6,6), (10,0) and 

(7,5) exhibit one energy minima while the energy profiles in the (7,7), (12,0) and (8,6) CNTs 

exhibit two energy minimum.  The adsorption energy profiles of argon in CNTs larger than 

the transition CNT diameter exhibit at least two energy minima. 
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Figure 2.2: Snapshots of GCMC simulations of argon confined in armchair, zigzag and 
chiral CNTs at 298 K and 30 MPa.   
 
 

     A second analysis of the isotherm can be obtained by plotting the accessible loading as a 

function of the CNT diameter.   This is shown in Fig 2.3 (a).  A minimum in the loading 

occurs at a diameter of approximately 0.94 nm.  This is the diameter corresponding to the 

(7,7), (12,0) and (8,6) CNTs (the transition CNTs).  In Fig 2.3(b) we show the same plot, but 

only at 30 MPa for clarity.  We find that below approximately 2 MPa, this minima in the 

loading disappears.  Therefore, we have limited our MD study to pressures above 2 MPa.    

Mon and Percus found a minimum in the density for hard sphere fluids in perfect cylinders 

with hard walls.  They obtained a minimum in the density at a diameter of approximately 

2.16σHS.   Our result is similar despite the fact that we are using a Lennard-Jones potential 

for the fluid-wall interaction.  We found that the minima is at 2.76σAr based on the geometric 

diameter of the CNT or 1.76σAr when the accessible diameter is taken into account from Eq. 

(2.1).  We can conclude that the ratio of the diameter of the fluid molecule compared to the  
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(a) (b) 
 

Figure 2.3: (a) Loading of argon in three chiralities of CNTs as a function of the 
diameter of the CNTs at 298 K at pressures in the range of 0.5MPa to 30 MPa 
(armchair, open; zigzag, cross; chiral, closed) (b) Loading of argon in three types of 
CNTs at 298 K as a function of the diameter at 30MPa  (armchair, open; zigzag, cross; 
chiral, closed) 

 

 

CNT diameter is an important factor in determining whether the fluid adsorbs in a single 

molecular layer. 

 

Diffusive motions in pores can occur by several fundamentally different mechanisms, 

including ballistic motion (Eq. 2.2), Fickian diffusion (Eq. 2.3), and single-file diffusion (Eq. 

2.4).  

 ( ) ( ) 2 2

0
lim 0 2 zt

z t z E t
→

⎡ ⎤− =⎣ ⎦   (2.2) 

 ( ) ( ) 2
lim 0 2 zt

z t z D t
→∞

⎡ ⎤− =⎣ ⎦  (2.3) 
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 ( ) ( ) 2
lim 0 2 zt

z t z F t
→∞

⎡ ⎤− =⎣ ⎦  (2.4) 

In Eqns. 2.2-2.4, z is the distance along the axial direction of the pore, the left hand side of 

these equations is the mean squared displacement of a molecule in time t, Ez is the ballistic 

mobility constant, Fz is the single-file mobility, and Dz is the familiar Fickian self-diffusion 

coefficient.  

 

Clearly ballistic motion is much faster than Fickian diffusion, which is in turn much 

faster than single-file diffusion; the latter occurs when the pore is too narrow to allow 

molecules to pass each other.  All three mechanisms are seen in our MD simulations.  It is 

important to know which diffusion mechanism is occurring in the material.  Many materials 

of current interest have a bi- or tri-modal pore distribution, so that more than one mechanism 

may be occurring in different regions of the material at the same time 

 

 Figure 2.4 shows the MSD of argon as a function of time in three chiralities of CNTs 

at 30MPa. For all tubes, if the time is shorter then 1 ps, the MSD exhibits approximately 

ballistic motion.  As time increases, in the larger tubes, which have diameters larger than 1.1 

nm, the motion is Fickian, with the MSD proportional to time.  For the small tubes with 

diameters of 0.814, 0.783 and 0.816 nm corresponding to the (6,6), (10,0) and (7,5) CNTs, 

respectively, the MSDs are proportional to the square root of time, typical of single-file 

diffusion (SFD).  The intermediate tubes with diameters of 0.949, 0.939 and 0.951 nm  
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(a) 
 

(b) 

 
(c) 

 
Figure 2.4:  Axial direction mean squared displacement (MSD) of argon confined in (a) 
armchair (b) zigzag (c) chiral CNTs at 298 K and 30MPa. 
 
  

corresponding to the transition CNTs of (7,7), (12,0) and (8,6), respectively, also have MSDs 

proportional to the square root of time.   However, even though the MSD still is proportional 

to the square root of time in the transition CNTs, which indicates SFD,  the MSD is much 

larger compared to the (6,6), (10,0) or (7,5) CNTs.   The location of the MSDs of the 

transition CNTs is intermediate between the Fickian and the smallest SFD CNTs, and a 

crossover from single-file to Fickian diffusion occurs.   
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     Note that in Fig. 2.4, we have only shown the MSDs to 100 ps.  As we have used a 

Langevin thermostat, which makes use of modifying the velocities randomly to correct the 

temperature, we have overcome some of the aspects associated with the finite size effects 

previously shown by Hahn and Karger27 in single-file diffusion.  Because of this, we were 

able to observe the t1/2 dependence for the single-file fluids in the range of 10 to 100 ps for 

systems of the order of 100 atoms.  However, the system size effects still exist and present 

themselves for times on the order of 1 ns for this system size.   

 

     In Fig. 2.5, three types of transport coefficients are shown as a function of pressure for 

different CNTs.  All coefficients decrease as presure increases and increase as tube size 

increases in the same chirality of CNT.  We compared the coefficients for the crossover and 

the single-file mobility for SFD which have the same units and magnitude.  The diffusivities 

for the crossover point are larger than the SFD mobilities.  The Fickian diffusivity is greater 

by four orders of magnitude than the single-file mobility, E, and crossover diffusivity. At 

these conditions, the effect of the chirality of the CNTs is negligible.  This is because the 

fluid-wall energy differences are small compared to kT for argon in these different chiralities 

at 298 K.  For other fluids, such as water, the difference between diffusion coefficients in 

different chiralities of CNTs at 298 K have been shown to be quite pronounced45. 
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(a) (b) 
Figure 2.5: Transport coefficients of argon as a function of pressure in the various 
chiralities and diameters of CNTs. (a) single-file mobility, F, and crossover diffusivity, 
Dcrossover, (b) Fickian diffusivity.                    

 

2.4 Conclusion 
 
 
     Carbon nanotube structures provide a model to investigate the diffusion mechanism of 

self-diffusion known to occur in small pores.  Ballistic motion always occurs for short times 

(sub-picosecond), and Fickian or single-file diffusion occurs at longer times depending on 

the pore size.  We found that argon diffuses in single-file for CNT diameters less than 

approximately 0.94 nm or approximately 1.76σAr in accessible diameter, corresponding to 

(7,7), (12,0) and (8,6) CNTs in our study.  For CNTs with diameters larger than these, we 

observe Fickian diffusion.  Previous studies have reported slopes of the MSD on the log-log 

scale between 1/2 and 1 for chain molecules diffusing in CNTs32, but despite analyzing 

incrementally increasing pore diameters, we found that the slope does not deviate from 1/2 

for single-file diffusion and 1 for Fickian diffusion for argon.   



 23

CHAPTER 3 
 
 

Bimodal Diffusion of Lennard Jones Mixtures in Isolated Single-Walled 
Carbon Nanotubes 

 
 
3.1 Introductioni 
 
 

In Chapter 2, we demonstrated that single-file diffusion was possible within narrow 

single-walled carbon nanotubes (CNTs) using a stochastic Langevin thermostat.  This study 

is continued in this chapter with the investigation of binary mixtures of Lennard-Jones fluids 

(Ar/Ne, Ar/Kr, and Ar/Xe) diffusing in armchair carbon nanotubes. Our main focus is to 

determine the carbon nanotube diameter at which various fluids cross-over from single-file to 

Fickian diffusion and what diameter of the nanotube is predicted to give rise to bimodal 

diffusion, where one component diffuses by a single-file mechanism and the other by a 

Fickian mechanism. A range of effects are examined including the mixture concentration, the 

size ratio of the two components, and the nanotube diameter.  

 

Recently, Ball et al. have demonstrated bimodal diffusion for hard disks diffusing in 

structureless cylindrical pores17 in which one type of disk diffused by a single-file mechanism  

                                                 
i Material from this chapter has been published in Q. Chen*, J.D. Moore*, Y.C. Liu, T.J. Roussel, Q. Wang, W. 
Tao, and K.E. Gubbins, “Transition from Single-File to Fickian Diffusion for Binary Mixtures in Single-Walled 
Carbon Nanotubes”, In Press, Journal of Chemical Physics, 2010.  Reprinted with permission from the 
American Institute of Physics, Copyright (2010). 
*Equal Contribution 
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and the other by a Fickian mechanism. Other simulation studies of binary mixtures of small 

molecules diffusing through AlPO4-5 zeolites gave rise to bimodal diffusion for some 

mixtures16. However, to our knowledge a systematic study of bimodal diffusion in atomically 

detailed carbon nanotubes with realistic continuous potentials has not been performed. 

Nevertheless, the implication of the diffusion mechanisms where bimodal diffusion occurs is 

still scarcely understood and could be useful in a variety of applications.  

 
3.2 Models and Methods  
 
 

A series of rigid armchair (n, n) single-walled carbon nanotubes were chosen with 

indices of n = 6, 7, 8, 9, 10, equivalent to geometric tube diameters, dT (defined as the 

distance between the centers of surface carbon atoms on opposing walls), of 0.812, 0.948, 

1.08, 1.22 and 1.35 nm, respectively. The nanotubes were solvated with binary mixtures of 

Lennard-Jones (LJ) fluids (Ar/Ne, Ar/Kr and Ar/Xe). The mole fraction of each mixture was 

varied in each tube from xAr = 0 to 1. The mass density of the mixture (Ar/B where B is the 

second component in the mixture) was defined as: 

 1 Ar Ar B B
mix acc acc

Av Ar Ar B B

N MW N MW
N x V x V

ρ
⎛ ⎞+

= ⎜ ⎟+⎝ ⎠
 (3.1) 

where acc
iV  is the pore volume accessible to molecules of component i, given by: 

 
2

4 2
acc C i

i TV L d σ σπ ⎡ + ⎤⎛ ⎞= − ⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (3.2) 
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In Eqns. (3.1) and (3.2) Ni and MWi are the number of molecules and molecular mass of 

component i, respectively, L is the length of the nanotube, and dT its diameter.  

 

The accessible volume is an estimate based upon the diameter of the nanotube, the length 

of the nanotube, and an estimate of the excluded volume at the wall. The estimate in Eqn. 

(3.2) is based on the Lorentz combining rule for the cross interaction, σij.  

 
2

i j
ij

σ σ
σ

+
=  (3.3) 

 

The densities of the mixtures used are shown in Table 3.1 for mixtures of Ar/Kr, Ar/Ne and 

Ar/Xe. Lennard-Jones parameters were used for carbon (σC = 0.340 nm, εC/kb = 28.0 K)41, 

for Ar (σAr = 0.342 nm,  εAr/kb= 124.1 K)46, for Ne (σNe = 0.279 nm,  εNe/kb= 35.7 K)40, for 

Kr (σKr= 0.361 nm, εKr/kb = 161.0 K)46, and for Xe (σXe = 0.410 nm, εXe/kb = 221.0 K)40.  All 

cross interactions were obtained with the Lorentz-Berthelot combining rules. 

 

Table 3.1: Densities of Lennard-Jones mixtures (ρmix , g/cm3) studied as a function of Ar 
mole fraction, xAr, in (6, 6), (7, 7), (8, 8), (9, 9), and (10, 10) single-walled armchair 

carbon nanotubes at 298 K. 
 xAr 
 0 0.1 0.3 0.5 0.7 0.9 1 

Ar/Ne 0.21 0.24 0.30 0.35 0.41 0.46 0.49 
Ar/Kr 1.26 1.18 1.03 0.87 0.72 0.56 0.49 
Ar/Xe 2.27 2.09 1.73 1.38 1.02 0.67 0.49 
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Three mixtures were employed in this investigation. Relative to Ar, one mixture 

contained a second component which was smaller in size (Ne), another only slightly larger 

(Kr), and another which was substantially larger in size (Xe). Simple Lennard-Jones fluid 

mixtures were chosen so that trends of the carbon nanotube transition diameters might be 

more easily interpreted.  

 

Molecular dynamics (MD) simulations were performed using the NAMD (NAnoscale 

Molecular Dynamics) package43. A time step of 2 fs was used with atom coordinates saved 

every 1 ps during the simulation. A cutoff of 12 Å was used for the potentials with a 

smoothing function utilized from 10 Å to 12 Å, allowing for both the energy and the force of 

the LJ potential to smoothly go to zero without any discontinuities.  The temperature was 

maintained at 298 K using a stochastic Langevin thermostat with a damping coefficient of 1 

ps-1.  

 

As in chapter 2, a stochastic Langevin thermostat is used for the reason that it provides 

an effective corrugated surface by mimicking fluid-wall momentum exchange through the 

inclusion of random damping.  This allows for the square-root of time dependence of the 

MSD to emerge through mimicked diffuse reflections with the carbon nanotube wall.  It also 

allows significantly smaller system sizes to be used than are required in microcanonical 

simulations29. This was especially true for the single-file systems which have long range 

spatial correlations27.   
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Each nanotube was modeled as infinitely long with periodic boundary conditions in the 

axial direction. In order to increase the number of particles and reduce system size effects27, 

29, the nanotubes were 2.46 nm in length. This produced configurations ranging from 315 to 

1,925 fluid atoms in the simulations. The MD simulations were performed using an 

equilibration period of at least 2 ns, followed by a production run of at least 10 ns. The MSD 

was measured in the axial direction of the nanotube with multiple time origins from the 

trajectory of the production run.  

 
3.3 Results and Discussion 
 
 
3.3.1 Influence of Pore Diameter and Mixture Composition on Diffusion 
Mechanism 
 
 

Simulation snapshots are shown in Fig. 3.1 for 50 mole % argon mixtures in various 

diameters of carbon nanotubes. In the smallest carbon nanotubes, for each mixture, a single, 

almost linear molecular layer of fluid was formed in each carbon nanotube. As the diameter 

of the nanotube increased, a second layer of fluid eventually formed. 

 

For each component in the mixtures (i.e., Ar/Ne, Ar/Kr, or Ar/Xe) we have calculated 

the mean-squared displacement (MSD). These are shown in Fig. 3.2 for equimolar mixtures 

in each tube. We note that the MSDs are only shown up to a time scale of 100 ps. Since a 

stochastic Langevin thermostat was employed, which controlled the temperature through 
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(a) Argon (purple) / Neon (blue) 

 
(b) Argon (purple) / Krypton (green) 

 
(c) Argon (purple) / Xenon (cyan) 

 

Figure 3.1: Simulation snapshots in carbon nanotubes consisting of equimolar mixtures 
of (a) Ar/Ne, (b) Ar/Kr, and (c) Ar/Xe. 
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random modification of the velocities, some of the aspects associated with finite size 

effects27, 29 in single-file diffusion were improved. Thus, we were able to observe the square-

root of time dependence of the MSD for single-file fluids in the range of ~10 to 100 ps for 

system sizes on the order of 100 atoms. However, system size effects still existed and 

presented themselves for times greater than ~100 ps. 

 

For all of the MSDs shown in Fig. 3.2, the MSD was proportional to the square of time 

at sub-picosecond times, indicating ballistic motion (free-flight). As the time increased, the 

MSD either approached a linear time dependence (indicating Fickian diffusion) or a square 

root of time dependence (indicating single-file diffusion (SFD)). In the Ar/Ne mixture (Figs. 

3.2(a) and 3.2(b)), Ar was observed to have a MSD proportional to the square root of time in 

the (6, 6) and (7, 7) CNTs, indicative of SFD, and a MSD proportional to time in the (8, 8), 

(9, 9), and (10, 10) CNTs, indicative of Fickian diffusion. Neon also was observed to obey a 

square root of time dependence of the MSD in the (6, 6) CNT, indicative of SFD, and a MSD 

proportional to time in the (7,7), (8,8), (9,9) and (10,10) CNTs, indicative of Fickian 

diffusion.  Therefore, in the case of the (7,7) CNT, the Ar/Ne mixture provided an example 

of bimodal diffusion, where the larger fluid component (Ar, σAr = 0.342 nm) exhibited 

single-file diffusion while the smaller component (Ne, σNe = 0.279 nm) exhibited Fickian 

diffusion. 
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(a) Ar in 50% Ar/Ne mixture 

 
(b) Ne in 50% Ar/Ne mixture 

 
(c) Ar in 50% Ar/Kr mixture 

 
(d) Kr in 50% Ar/Kr mixture 

 
(e) Ar in 50% Ar/Xe mixture 

 
(f) Xe in 50% Ar/Xe mixture 

 
Figure 3.2: Axial direction mean squared displacements (MSD) in the indicated CNTs 
at 298 K in equimolar mixtures for (a) Ar in Ar/Ne mixtures (b) Ne in Ar/Ne mixtures 
(c) Ar in Ar/Kr mixtures (d) Kr in Ar/Ne mixtures (e) Ar in Ar/Xe mixtures (f) Xe in 
Ar/Xe mixtures. 
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In the Ar/Kr mixture (Figs. 3.2(c) and 3.2(d)), both Ar and Kr were similar in size (σAr = 

0.342 nm, σKr = 0.361). In the (6,6) and (7,7) CNTs, both components exhibited single-file 

diffusion as shown in Fig. 3.2(c) for Ar and Fig. 3.2(d) for Kr. In larger diameter CNTs 

((8,8), (9,9), and (10,10)), the diffusion mechanism of both Ar and Kr can be characterized as 

being Fickian, as both molecules can freely pass each other in 3-dimensions. 

 

In the Ar/Xe mixture (Figs. 3.2(e) and 3.2(f)), Xe was larger than Ar ((σAr = 0.342 nm, 

σXe = 0.410 nm). Argon diffused by the same mechanism as in the other mixtures.  However,  

Xe diffused by a single-file mechanism in the (6,6), (7,7) and (8,8) CNTs and by a Fickian 

mechanism in the (9, 9) and (10, 10) CNTs. Therefore, we observed a bimodal diffusion 

mechanism in the (8, 8) CNT since Ar diffused by a Fickian mechanism while Xe diffused by 

a single-file mechanism.  

 

The MSD for Ar in the (6, 6) CNT was greater than that in the (7, 7) CNT and was 

smaller than that in (8, 8) CNT (Fig. 3.2a). A similar observation was made for Xe diffusing 

in the (8, 8) CNT, which had a MSD greater than the (7,7) CNT but less than the MSD in the 

(6,6) CNT. It might be expected that the diffusional rate (and thus the MSD) should increase 

with increasing CNT diameter. This was the observed result for atoms diffusing by a Fickian 

mechanism in the larger diameter tubes, but this was not always observed for atoms diffusing 

by a single-file mechanism in the smallest diameter tubes. This effect arises because the 

mixture density was maintained constant for a given composition for all diameters of CNTs.   
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For Ar/Ne mixtures (σAr = 0.342 nm, σNe = 0.279 nm) of given composition, for example, the 

number of molecules in the (7,7) CNT must be greater than that in the (6,6) nanotube, to 

maintain the same mixture density. However, although the accessible volume for the (7,7) 

nanotube is larger than for the (6,6), the Ar molecules can still only move in single-file and 

so are more tightly packed in the axial direction, leading to slower diffusion in the (7,7) tube 

(see Figs. 3.2(a), (c), and (e)). The same effect occurs for Ar/Xe mixtures (σAr = 0.342 nm, 

σXe = 0.410 nm), with Xe diffusing faster in the (6,6) nanotube than in the (7,7) and (8,8) 

nanotubes. 

 

In all three mixtures, Ar diffused by a single-file mechanism in the (6, 6) and (7, 7) 

CNTs, with geometric diameters of 0.812 and 0.948 nm, respectively (Fig. 3.2(a), 3.2(c) and 

3.2(e)). In larger diameter CNTs (with at least a 1.08 nm geometric diameter corresponding 

to the (8,8) CNT), Ar diffused by a Fickian mechanism. We refer to the maximum diameter 

CNT for single-file diffusion and the minimum diameter for Fickian diffusion as the 

“transition” diameters (e.g. (7,7) and (8,8) CNTs were the transition diameters for Ar). 

Hence, in Fig. 3.2(b), the transition diameters for Ne were the (6,6) and (7,7) CNTs. The 

transition diameters for Kr in Fig. 3.2(d) were the (7, 7) and (8, 8) CNTs, and for Xe in Fig. 

2(f), they were the (8, 8) and (9, 9) CNTs.  
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(a) Ne in Ar/Ne in (6,6) CNT 

 
(b) Ne in Ar/Ne in (7,7) CNT 

 
(c) Kr in Ar/Kr in (7,7) CNT 

 
(d) Kr in Ar/Kr in (8,8) CNT 

 
(e) Xe in Ar/Xe in (8,8) CNT 

 
(f) Xe in Ar/Xe in (9,9) CNT 

 

Figure 3.3: Axial direction mean squared displacements (MSDs) for Ne, Kr, and Xe in 
the transition diameter CNTs at 298 K.  
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MSDs for Ne, Kr, and Xe are shown for the nanotubes at the transition diameters in Fig. 

3.3 for compositions varying from 10 % to 100 % of each component in the mixture. From 

Fig. 3.3 we note that the diffusion mechanism for each component does not vary as a 

function of composition. In Fig. 3.3(a), Ne in the (6,6) CNT diffused by a single-file 

mechanism with the MSD proportional to the square root of time at all compositions, and it 

diffused by a Fickian mechanism in the (7,7) CNT (Fig. 3.3b) with the MSD proportional to 

time at all compositions.  Likewise, Kr, at all compositions, diffused by a single-file 

mechanism in the (7,7) CNT (Fig. 3.3c) but by a Fickian mechanism in the (8,8) CNT (Fig. 

3.3d). Xe, at all compositions, diffused by a single-file mechanism in the (8,8) CNT (Fig. 

3.3e) and by a Fickian mechanism in the (9,9) CNT (Fig. 3.3d). All of the slopes on the log-

log plots of the MSD in Fig. 3.3 are observed to be 1/2 for the single-file diffusing tubes 

(Figs. 3.3(a), 3.3(c), and 3.3(e)) and 1 for the Fickian diffusing tubes (Figs. 3.3(b), 3.3(d), 

3.3(f)). Any variations are likely due to finite size effects previously discussed27, 29.  

 

Ne in the Ar/Ne mixture (Figs. 3.3a and 3.3b) diffused faster with increased 

composition of Ne, but Kr (Figs. 3c and 3d) and Xe (Figs. 3.3e and 3.3f) diffused faster with 

decreased composition.  This was the result of the lighter component in each mixture 

diffusing faster.  Thus, Ne (MWNe = 20.18 g/mol) is lighter than Ar (MWAr = 39.95 g/mol), 

and Ne diffused faster with decreased composition of Ar. Kr (MWKr = 83.80 g/mol) and Xe 

(MWXe = 131.29 g/mol) are both heavier than Ar, and their diffusional rate decreased with 

decreased composition of the heavier component.  
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3.3.2 Diffusion Coefficients 
 
 
     Self-diffusion coefficients for each component in each mixture as a function of Ar mole 

fraction are shown in Fig. 3.4. In Fig. 3.4(a), 3.4(c) and 3.4(e), the single-file mobilities are 

reported, while in Fig. 3.4(b) 3.4(d) and 3.4(f), Fickian diffusion coefficients are reported. 

Single-file mobilities due to the dependence of the MSD on the square root of time are shown 

with units of cm2/s1/2, while the Fickian diffusion coefficients are reported with units of cm2/s 

due to the linear time dependence of the MSD. The single-file mobilities (Fig. 3.4a) and 

Fickian diffusion coefficients (Fig. 3.4b) decreased with increased composition of Ar in the 

Ar/Ne mixture. This was a direct result of Ne being lighter than Ar, as previously discussed 

in terms of the MSDs. Similarly in the Ar/Kr and Ar/Xe mixtures, the single-file mobilities 

and Fickian diffusion coefficients increased with increased composition of Ar, due to Kr or 

Xe being heavier.  

 

The coefficients in Fig. 3.4 were fitted according to Eqn. 3.1 for Fickian diffusion and 

Eqn. 3.2 for single-file diffusion. We have fitted the time dependence of the MSD to be 1  

(according to Eqn. 2.3) for the Fickian diffusion coefficients and 1/2 for the single-file 

mobilities (according to Eqn. 2.4). The best fitted values of this regression are shown in Fig. 

3.4.   Error bars are not shown for clarity, but those which extend 1.96 times the standard 

error of the fitted coefficients (a 95 % confidence interval) were ~5×10-11 cm2/s1/2 for the 

single-file mobilities and ~5×10-5 cm2/s for the Fickian diffusion coefficients. Thus, while in  

 



 36

 
(a) Single-file mobilities in Ar/Ne mixtures 

 
(b) Diffusivities in Ar/Ne mixtures 

 
(c) Single-file mobilities in Ar/Kr mixtures 

  
(d) Diffusivities in Ar/Kr mixtures 

  
(e) Single-file mobilities in Ar/Xe mixtures 

  
(f) Diffusivities in Ar/Xe mixtures 

 
Figure 3.4: Axial direction single-file mobilities (a,c,e) and Fickian self-diffusion 
coefficients (b,d,f) for Ne, Ar, Kr, and Xe in Ar/Ne, Ar/Kr and Ar/Xe mixtures at 298 K 
in the indicated CNTs. 
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the same diameter CNT, Ne appears to diffuse faster than Ar at all compositions, statistically 

the error bars overlap. A similar observation can be made for the error bars associated with 

the Ar/Kr and Ar/Xe mixtures.  

 

As observed for the MSDs in section 3.3.1, the single-file mobilities for components 

that diffused in the (6,6) CNTs were faster than in the (7,7) CNTs due to our comparison of 

the same density at each composition. Otherwise, the diffusion coefficients increased with 

increased diameter of the CNT.  

 

Recently, experimental evidence has been presented which shows a transition from 

single-file to Fickian diffusion.  Das et al.15 have reported experimental results for water 

diffusing in single-file in 1.4 nm single-walled carbon nanotubes using PFG-NMR.  They 

observed a clear transition from single-file to Fickian diffusion as the temperature was 

increased from 271 K to 298 K.  Between 228 K and 271 K, water molecules near the wall of 

the CNT were frozen and immobile, but a single-file chain of water near the center of the 

CNT were mobile and diffused in single-file.  As the temperature was increased from 271 K  

to 298 K, the effective pore diameter, where diffusion of mobile water molecules occurred, 

increased, and the diffusion was observed to transition from a single-file mode at 271 K to a 

Fickian mode at 298 K.  Secondly, at the lower temperatures where single-file diffusion was 

reported, the immobile water molecules near the CNT wall could have contributed to an 

effective corrugated surface, allowing the chain of single-file water to exhibit the needed  
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random walk and thus the exhibited square-root of time dependence of the mean-squared 

displacement.  However, we also point out that there are many other effects that could 

contribute to the corrugation of the pore including atomic defects in the carbon nanotube wall 

as well as bends, junctions and other orientational defects47. Thus the models of CNTs we 

have presented with effective corrugated walls using a stochastic thermostat is an attempt to 

mimic the combined effect of these defects. 

 
3.4 Conclusion  
 
 

Carbon nanotube structures provide a means to systematically investigate the diffusion 

mechanism of simple Lennard-Jones fluid mixtures under confinement. We have used a 

stochastic thermostat within these carbon nanotube structures to provide models of tubes with 

effective corrugated walls, to model the random walk of particles diffusing in three-

dimensions (Fickian diffusion) and one-dimension (single-file diffusion) within cylindrical 

pores. The random walk within cylindrical pores has been shown to be needed to give rise to 

the square root of time dependence of the mean-squared displacement (MSD) for single-file 

diffusion2.   

 

Within this framework we showed that for Lennard-Jones mixtures, transition diameters 

of carbon nanotubes (CNTs) existed for each component, the crossover from single-file to 

Fickain self-diffusion occurring at ~ 2.6 2.8D σ σ− , measured geometrically with respect to 

the largest component in the mixture. For Ar and Kr the transition diameter CNTs were the  
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(7,7) CNT which gave rise to single-file diffusion, where the mean-squared displacement was 

proportional to the square root of time and the (8,8) CNT which gave rise to Fickian 

diffusion, where the mean-squared displacement was proportional to time. For Ne, the (6,6) 

CNT gave rise to single-file diffusion while the (7,7) and larger diameter CNTs gave rise to 

Fickian diffusion. For Xe, the (6,6), (7,7), and (8,8) CNTs gave rise to single file diffusion 

while CNTs larger in diameter gave rise to Fickian diffusion. The diffusion mechanism 

(single-file or Fickian) did not depend on the composition of the mixture.  

 

     Of particular interest was that for both Ar/Ne (σAr/σNe = 1.23) and Ar/Xe (σXe/σAr = 1.20) 

mixtures, it was possible to choose nanotube diameters ((7,7), dT = 0.948 nm for Ar/Ne, 

(8,8), dT = 1.08 nm for Ar/Xe) so that the large molecules (Ar in the first case, Xe in the 

second) diffused in single-file mode, while the smaller ones were able to diffuse in the very 

much faster Fickian mode. For Ar/Kr mixtures, by contrast (σKr/σAr = 1.06) it was not 

possible to find a nanotube whose diameter permitted such bimodal diffusion.   
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CHAPTER 4 
 
 

Dual-Mode Diffusion of Argon Confined within Single-Walled Carbon 
Nanotube Bundles 

 
 
4.1  Introductioni 
 
 

In Chapters 2 and 3, the diffusion of Lennard-Jones fluids were investigated in isolated 

single-walled carbon nanotubes.  A square root of time dependence of the mean-squared 

displacement was observed, but as we described, this was a result of a mimicked surface 

corrugation, which is needed to observe anomalous diffusion in single-file2, 27.  For argon 

adsorbed in single-file in isolated carbon nanotubes, this effect is shown in more detail in an 

appendix 4A to this chapter.  There we show that microcanonical molecular dynamics 

simulations give rise to a size correlation effect, as was observed by Hahn and Kärger27, 28 

and illustrated in Chapter 1.  We also show additional effects due to drifts in the center of 

mass. These drifts lead to collective motion of the fluid in single-file, which has previously 

been seen for water31 in carbon nanotubes and described to be a result of strong hydrogen 

bonding effects.  With argon, there is of course no hydrogen bonding, and this collective 

motion is purely an artifact of the simulation due to numerical imprecision caused by the  

                                                 
i Material from this chapter has been published in Y.C. Liu*, J.D. Moore*, T.J. Roussel, and K.E. Gubbins, 
“Dual Diffusion Mechanism of Argon Confined in Single-Walled Carbon Nanotube Bundles”, Physical 
Chemistry Chemical Physics, 12, 6632-6640 (2010).  Reprinted with permission from The Royal Society of 
Chemistry, Copyright (2010). 
*Equal Contribution 
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inherent one-dimensional aspect of single-file diffusion.  For simulations with small system 

sizes, it is difficult to adequately sample enough of the Maxwell-Boltzmann distribution of 

velocities, especially in a quasi-one dimension (such as Fickian diffusion in a carbon 

nanotube) and especially in one-dimension (such as single-file diffusion in a carbon 

nanotube).  By performing molecular dynamics simulations with adequate system sizes, these 

effects are greatly diminished and more accurate estimates of the diffusion properties are 

obtained.  In this chapter, we illustrate this effect for the case of argon diffusing in a (25,0) 

carbon nanotube bundle.    

 

For an atomically detailed model of a cylindrical pore (such as a single-walled carbon 

nanotube) the momentum exchange between fluid atoms and wall atoms during collisions is 

expected to be important, especially at low pressure48.  To account for this momentum 

exchange, we can think of three possible routes.  The first is to include corrugations to the 

pore in some ad hoc manner such as a sinusoidal fluid-wall potential.  However for light 

gases diffusing in single-walled carbon nanotubes, the reflections are nearly specular34 

indicating very little corrugation seen by all but the smallest atoms.  The second is to model a 

fully flexible wall, which is computationally demanding.  The third route is the inclusion of 

random forces (for example randomly altering the velocities at some interval).  This can be 

accomplished in an ad hoc manner which would not necessarily guarantee sampling a true 

thermodynamic ensemble or yield the rigorously correct dynamics (similarly to simple 

velocity rescaling).  A more rigorous way would be through the inclusion of a thermostat  
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which includes some random term (e.g., a friction term), but these thermostats do not 

guarantee the sampling of the correct dynamics because the stochastic collisions of the atoms 

lead to a decorrelation of their velocities49.   Possible thermostats to attempt to approximate 

the fluid-wall momentum exchange are the Langevin50, 51 (as was used in Chapters 1 and 2), 

Berendsen52, and Andersen53 thermostats.   

 

Recently a thermostat based upon the Andersen scheme was proposed by Keil and co-

workers54 to account for this fluid-wall momentum exchange.  The Lowe-Andersen 

thermostat mimics fluid-wall momentum exchange by modifying velocities based upon 

frequencies which are fitted to fully flexible simulations.  Keil and co-workers48, 54 found for 

fluids in carbon nanotubes with diameters that exhibited Fickian diffusion, modification of 

their velocities based upon these fitted frequencies for rigid carbon nanotubes reproduced the 

diffusion coefficients from fully flexible simulations.  A rigid tube without this thermostat 

produced too high a diffusion coefficient at low pressure (at high pressure the influence of 

flexibility seemed to be negligible). 

 

 Here, we examine a (25,0) carbon nanotube bundle, which should be a more realistic 

model of a carbon nanotube system compared to isolated carbon nanotubes.  The inner 

channels of the carbon nanotube are large enough to result in Fickian diffusion of argon, 

while the interstices between the carbon nanotubes provide pores large enough to adsorb 

argon but small enough to restrict the diffusion in single-file.  As the interstitial sites are  
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composed of the outside walls of the nanotubes, they are naturally corrugated.  Thus fluid 

atoms diffusing in these interstitial sites are expected to exhibit a random walk and the 

anomalous t1/2 dependence of the mean-squared displacement.  The adsorption55 of fluids in 

carbon nanotube bundles has been studied, but to our knowledge previous diffusional 

studies56 have not examined multi-modal diffusion mechanisms with atoms diffusing in 

single-file in the interstices. This is likely due to artifacts of the simulation due to system size 

effects, which we examine in detail.  Dynamic properties are measured from microcanonical 

simulations to prevent influences of stochastic collisions and decorrelated velocities.  We 

also investigate the influence of the carbon nanotube flexibility and loading on the diffusion 

of argon.    

 
 
4.2 Computational Methods  
 
 

We have employed Grand Canonical Monte Carlo (GCMC) simulations to compute 

isotherms of argon at 120 K in infinitely long (25,0) carbon nanotube bundles, allowing 

adsorption in both the SWCNTs and in interstices between the SWCNTs.  We use molecular 

dynamics simulations (MD) to measure the self-diffusivity of argon in the SWCNT bundles.  

The geometric structure of these defect free SWCNT bundles has been previously defined57.  

Our unit cells consist of four nanotubes with periodic boundary conditions.  The interlayer 

distance between graphene layers in graphite is 0.335 nm58.  When these grapheme sheets are 

rolled up to form carbon nanotube bundles, the distance between the nanotubes increases  
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with decreasing carbon nanotube diameter, and has been experimentally measured59.  To 

account for this increase, the nanotubes in this study are separated by 0.35 nm (larger than in 

graphite) which is hexagonly distributed.  This provided interstitial sites with a geometric 

diameter of 0.819 nm, which was small enough to give rise to single-file diffusion for argon 

and which we have shown previously for narrow isolated carbon nanotubes51.  The inner 

channels of the SWCNTs had a geometric diameter of 1.954 nm and gave rise to Fickian 

diffusion for argon.   

 
4.2.1  Grand Canonical Monte Carlo Simulations 
 
 

Grand Canonical Monte Carlo (GCMC) simulations were used to compute the 

adsorption isotherm of argon at 120 K in a rigid (25,0) SWCNT bundle.  The GCMC method 

simulates the chemical equilibrium reached between a fictitious gas reservoir containing bulk 

argon and the adsorbed argon phase in the carbon structures by constraining the chemical 

potential of the two phases to be equal.   The bulk argon phase was treated as an ideal gas 

under the state conditions examined in this study, which allowed for the chemical potential 

and pressure of the bulk phase to be related using the ideal gas equation of state. The 

difference between the absolute amount adsorbed as calculated using GCMC and the excess 

amount adsorbed as would be measured experimentally was negligible under the examined 

state conditions. Thus, no additional corrections were applied to the simulated isotherms.  For 

each state point, the system was equilibrated using a minimum of 2.5 x 108 Monte Carlo 

trials, followed by an additional 2.5 x 108 trials over which statistics were collected. Each  
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Monte Carlo trial consisted of an attempted translation, insertion or deletion of an argon 

molecule.  The final argon configurations were used as the initial configurations for the 

simulations at subsequent state points in the isotherms. Both argon and carbon were modeled 

as a simple Lennard-Jones fluid with / 124.07 KAr Bkε =  and 0.342 nmArσ =  and 

0.340 nmCσ =  and / 28.00KC Bkε =  for argon40 and carbon41, respectively.  The 

parameters for the argon-carbon interaction parameters were estimated using the Lorentz-

Berthelot mixing rules, ( ) / 2ij i jσ σ σ= +  and ij i jε ε ε= , to yield  0.341 nmAr Cσ − = and 

/ 58.94KAr C Bkε − = . A cutoff of 12 Å was used for the potentials.  The unit cell periodic 

lengths were 4.5789 nm, 3.9655 nm, and 5.5302 nm in the x,y, and z directions, respectively, 

with the axial tube lengths in the z direction.  Periodic boundary conditions were applied to 

the unit cells in all three directions and the pair-wise interactions were evaluated using the 

minimum image convention. Prior to the start of the simulations, the argon-carbon 

interactions were calculated at 8 x 106 evenly spaced grid points that divided the unit cell 

containing the carbon structure.  These values were then stored and used during simulations 

to calculate the argon-carbon interactions throughout the unit cell of the carbon structure 

using a linear interpolation scheme to estimate the energy between grid points.   

 
4.2.2  Molecular Dynamics Simulations 
 
 

Molecular dynamics (MD) simulations were used to measure the self-diffusivity of argon 

inside the SWCNT bundles.  The same potentials and parameters that were used in the  
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GCMC simulations were used in the MD simulations.  A cutoff of 12 Å was also used for the 

potentials except that in the MD simulations a smoothing function was utilized from 10 Å to 

12 Å, allowing for both the energy and the force of the LJ potential to smoothly go to zero 

without any discontinuities.  This smoothing function is commonly used in many MD 

packages including GROMACS60 (GROningen Machine for Chemical Simulations) and 

NAMD43 (Nanoscale Molecular Dynamics) to prevent discontinuities.  All of our MD 

simulations have been performed with the LAMMPS (Large-scale Atomic/Molecular 

Massively Parallel Simulator) simulation package61. The final configurations from the 

GCMC simulations were used as the starting configurations in the MD simulations. Each 

system was replicated at least 5 times along the axial z direction to obtain better statistics for 

the mean squared displacement and to investigate system size effects. In all of the 

simulations, the equations of motion were integrated using the velocity-Verlet alrogithm, 

with an integration timestep of 1 femtosecond (fs).  At the start of the simulations velocities 

were randomly chosen for each fluid atom from a Maxwell-Boltzmann distribution centered 

at 120 K, the total linear and angular momenta of the fluid were zeroed, and the velocities 

were rescaled to yield a temperature of 120 K.  

 

Each MD simulation was equilibrated at 120 K using a Nosé-Hoover thermostat with a 

damping coefficient of 0.001 ps for 1 ns followed by a microcanonical (NVE) production run 

of at least 10 ns.  Saved trajectories (spaced at 0.5 ps) from the microcanonical productions 

were used to calculate the mean squared displacement using multiple time origins every 25  



 47

ps.  Temperature fluctuations in the microcanonical simulations were generally less than 2 K 

and the total energy varied less than 0.1 %.  As in the GCMC simulations, periodic boundary 

conditions were applied to the unit cells and pair-wise interactions were evaluated using the 

minimum image convention. 

 

In the MD simulations, we have used both rigid and flexible SWCNT bundles.  In the 

case of the flexible bundle, the C-C intramolecular interactions were defined with the 

potential of Walther et al.62, which uses a Morse potential for the bond, a harmonic cosine, 

and a 2-fold torsion potential: 
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In Eq. (4.1), the first term represents the carbon-carbon bonds and has the parameters 

-1478.9 kJ molCrK = , 
o

1.418 ACr = , and 
1o

2.1867 Aγ
−

= .  The second term represents 

carbon’s bond angles and has the parameters -1562.2 kJ molCK θ =  and o120.00Cθ = .  The 

last term represents carbon’s torsional angles and has the parameter -125.12 kJ molCK φ = .  

This model has previously been used by Keil and coworkers to compare the diffusion of 

fluids in isolated rigid carbon nanotubes with flexible ones from very low to high pressures  
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and was used as the basis for their previously described Lowe-Andersen thermostat48, 54.  We 

are modeling infinitely long SWCNTs in both the rigid and flexible cases.  Thus, our flexible 

models allow for all of the carbon atoms to move, and bonds, bond angles, and torsional 

angles are modeled across the periodic boundaries, where the minimum image convention 

was used to evaluate the distances.  In both the rigid and flexible simulations, carbon-carbon 

Lennard-Jones interactions were not taken into account within the same SWCNT, which we 

found (and has previously been described48) not to have an effect on the diffusion of fluids 

inside carbon nanotubes.  However, for the flexible SWCNT bundle simulations we did 

account for Lennard-Jones carbon-carbon interactions between carbons in different 

SWCNTs.  This prevented the SWCNTs from unrealistically drifting apart.  In the flexible 

bundles, as with the rigid bundles, the simulations were prepared by first selecting random 

velocities from a Maxwell-Boltzmann distribution and then zeroing the total linear and 

angular momenta of the fluid.  The momenta of the carbon was zeroed separately, and thus 

the entire system’s momenta were zero.  The equilibration and production runs were 

performed in the same manner as previously described. 

 
4.3   Results and Discussion 
 
 
4.3.1  Adsorption Isotherm  
 
 

In the (25,0) SWCNT bundle, the pore size distribution is bi-modal and includes 

small interstitial sites which we show later in the article give rise to single-file diffusion of  
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argon.  Larger channels within the (25,0) SWCNTs give rise to Fickian diffusion for argon.  

In Fig.1(a) we show the adsorption isotherm for argon in the rigid (25,0) SWCNT bundle.  In 

Fig. 1(a), the pressure, P, was normalized by the vapor pressure, Po, of argon at 120 K which 

was measured from the Lennard-Jones equation of state63 as 8.2 bar using the parameters in 

this study.  As the SWCNT bundle’s structure is exactly known geometrically, we were able 

to isolate the adsorption of argon atoms in the interstitial sites from those in the nanotubes.  

Thus in Fig. 4.1(a) we show the total isotherm due to the collective fluid (Bundle) for argon 

as well as the isotherms of the nanotube and interstitial argon atoms.  Argon is first adsorbed 

in the interstitial sites until P/Po ~ 6.1 x 10-5 above which argon starts to adsorb in the 

nanotubes.  Above this pressure, the interstitial sites are almost completely filled and further 

adsorption occurs appreciably only in the nanotubes.  Atoms first adsorb in the nanotubes 

along the surface in a monolayer until ~P/Po ~10-2 when the nanotubes start to fill with 

adsorbent.   In Fig. 4.1(b) we show GCMC snapshots at various pressures which illustrate 

this filling. 

 

4.3.2  Diffusion Mechanisms 
 
 

 In Fig. 4.2 we show the mean squared displacements (MSDs) at various relative 

pressures for argon diffusion in the (25,0) SWCNT bundle at 120 K.  The results shown are 

for system sizes which utilized ~10,000 interstitial atoms at each pressure.  This was to 

overcome size correlation effects for single-file diffusion previously described by Hahn and  
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(a) (b) 

Figure 4.1: Loading of argon in a (25,0) SWCNT bundle as a function of relative 
pressure (P/Po) at 120 K.  (a) Adsorption isotherms for all of the atoms in the total 
bundle (triangles), for only the atoms within the nanotubes (squares) and interstitial 
adsorbed atoms (circles); (b) snapshots from GCMC simulations at 120 K 
corresponding to the relative pressures indicated. 
 

 

Karger27 and which we have observed in our simulations.  All three diffusion mechanisms 

(ballistic, Fickian and single-file) are seen in our simulations.  At sub-picosecond time scales 

the MSDs exhibit ballistic motion with the slope of the MSD versus time on the log-log scale 

equal to 2.  At the lowest pressure in Fig. 4.2(a) where P/Po = 1.2 x 10-5, there were no argon 

atoms adsorbed in the inner channels of the SWCNTs, and thus the total MSD is that for the 

interstitial atoms and is observed to obey a square root of time dependence at times greater 

than ~ 100 ps.  As the pressure was increased, argon atoms began to adsorb in the nanotubes,  

 



 51

where the mean-squared displacement was observed to obey a linear time dependence for 

times greater than ~ 100 ps.  The argon atoms in the interstitial sites again were observed to 

obey a square root of time dependence for times greater than ~ 100 ps.  The total MSD 

(which accounted for all of the fluid atoms in the system) obeyed a linear time dependence, 

since the diffusion of argon atoms in the nanotubes is orders of magnitude faster than those in 

the interstitial sites.  Thus the total MSD of the collective fluid in the bundle approached that 

of the nanotube argon atoms as the pressure was increased. 

 

 Fig. 4.2 also shows a comparison between rigid and flexible SWCNT bundles.  For 

the system sizes indicated in Fig. 4.2, only a small effect of the SWCNT flexibility was 

observed at P/Po = 1.2 x 10-5 where only interstitial argon atoms were present and at P/Po = 

6.1 x 10-5 where nanotube channel argon atoms first began to adsorb.  At higher pressures 

very little effect of the SWCNT flexibility was observed for argon atoms diffusing in the 

nanotubes or in the total bundle.  At P/Po = 1.2 x 10-4, there was no noticeable effect of the 

flexibility for the interstitial atoms.  At the highest pressure, P/Po = 1.2 x 10-2, while there 

appears to be good agreement between the rigid and flexible nanotube and total bundle 

MSDs, the interstitial MSD shows significant disagreement.  We attribute this to an 

inadequate system size, which may also still be suffering from the size correlation effects 

observed by Hahn and Karger27 and that we have seemingly overcome at lower pressure.  At 

P/Po = 1.2 x 10-2 we have utilized a system size of 9,360 interstitial argon atoms and 42,320 

inner channel argon atoms.  While modeling a larger number of argon atoms is achievable in  
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(a) P/Po = 1.2 x 10-5 

 

(b) P/Po = 6.1 x 10-5 

 

(c) P/Po = 1.2 x 10-4 

 

(d) P/Po = 1.2 x 10-2 

Figure 4.2: Mean squared displacement of argon along the axial direction of (25,0) rigid 
(black) and flexible (red) SWCNT bundles in the nanotubes (dashed), interstitial sites 
(dashed-dot), and total bundle (line) at 120 K and various relative pressures (P/Po).  
System sizes varied by pressure but ~10,000 interstitial argon atoms were used in each 
case.  In (a) P/Po = 1.2 x 10-5: there are 10,064 interstitial argon atoms in the simulation 
and no argon atoms in the nanotubes; in (b) P/Po = 6.1 x 10-5: there are 10,080 
interstitial and 728 nanotube argon atoms; in (c) P/Po = 1.2 x 10-4: there are 11,820 
interstitial and 1,860 nanotube argon atoms; in (d) P/Po = 1.2 x 10-2: there are 9,360 
interstitial and 42,320 nanotube argon atoms. 
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the rigid model, the modeling of the flexible SWCNT bundles themselves is the 

computational barrier, as this system requires modeling the flexibility of 416,000 carbon 

atoms.  Our goal in Fig. 4.2 is to compare rigid and flexible structures at the same system 

size, and therefore we have not shown a larger system size for P/Po = 1.2 x 10-2 due to the 

computational burden of modeling a larger flexible SWCNT bundle. 

  

In Fig. 4.3 we show the diffusion coefficients for argon calculated from the linear regions 

of the MSDs in Fig. 4.2.  The diffusion coefficients are fit according to Eq. (1.1)  for the 

nanotube atoms and total bundle and to Eq. (1.2) for the interstitial sites.  In calculating the 

diffusion coefficients we have fitted the time dependence of the MSDs for the nanotube and 

total bundle atoms to have a slope (on the log-log scale of the MSD as a function of time) of 

1 (according to Eq. (1.1)) and 1/2 (according to Eq. (1.2)) for the interstitial single-file 

mobility (F).   The best-fit values of the diffusion coefficients from this regression are shown 

as symbols in Fig. (4.3), while the error bars shown are extended 1.96 times the standard 

error of the fitted diffusion coefficients.  Thus, the error bars represent the 95 % confidence 

interval of the fitted diffusion coefficients.    

 

As observed in Fig. 4.2 for the MSDs at P/Po = 1.2 x 10-5, where only interstitial atoms 

are present in the bundle, there is only a small difference in the single-file mobilities for the 

rigid and flexible cases.  As the pressure is increased further, the fitted single-file mobilities 

for the rigid and flexible simulations have overlapping error bars.  The error bars for the  
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Figure 4.3: Self-diffusion coefficients for argon diffusing in a rigid and flexible (25,0) 
SWCNT bundle as a function of relative pressure.  The argon atoms in the nanotubes 
(squares) as well as the total bundle (triangles) exhibit Fickian diffusion and their y-axis 
is shown on the left.  The argon atoms in the interstitial sites (circles) exhibit single-file 
diffusion and their y-axis is shown on the right. Solid symbols indicate a rigid SWCNT 
bundle while open symbols indicate a flexible SWCNT bundle. Lines are shown as a 
guide for the eye. 

 

lowest pressures in Fig. 4.3 are smaller than the symbols.  However, with increasing pressure 

the fits are poorer for the single-file mobilities and the error bars increase.  The fitted 

diffusion coefficients, D, for argon in the nanotubes and total bundle also show small 

differences between the rigid and flexible simulations at P/Po = 6.1 x 10-5, where atoms are 

first adsorbed in the nanotubes.  As the pressure is increased the error bars also increase, but 

to a much smaller degree than was observed for the single-file mobilities in the interstitial 

sites. The fitted diffusion coefficients for the rigid and flexible SWCNTs have overlapping  
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error bars in all cases. For both the single-file mobilities for the single-file diffusing atoms in 

the interstitial sites and the Fickian self-diffusion coefficients for the atoms in the nanotubes 

and total bundle, the error for the highest pressure studied, P/Po = 1.2 x 10-2, is the largest.  

 

4.3.3 System Size Effects in Flexible and Rigid Bundles 
 
 

In Figs. 4.2 and 4.3 we have shown a very small effect of the flexibility of the SWCNT 

bundle on argon diffusion, even at the lowest pressures studied.  The influence of flexibility 

on the diffusion of fluids inside carbon nanotubes has drawn considerable attention34, 48, 54, 55, 

64-70, and there are still controversies on this topic. Marmier et al. calculated the self-

diffusivities of argon atoms diffusing through SWCNTs69. They found that the flexibility of 

the SWCNTs had no noticeable influence on the diffusivity of argon for the densities they 

studied.  Keil and co-workers48, 54 and Chen et al.70 reported that molecular dynamics 

simulations of fluids diffusing in flexible SWCNTs at low pressure produced diffusion 

coefficients that could be an order of magnitude smaller than for their corresponding rigid 

nanotube simulations.  Many of these simulations used only tens or hundreds of fluid atoms.  

We find that for the diffusion of argon in (25,0) SWCNT bundles the system size (number of 

fluid atoms in the simulation) greatly influences the MSD and thus the diffusion coefficients.  

This is especially true for single-file diffusion within the interstitial channels. 
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     In Fig. 4.4, we compare rigid and flexible nanotube simulations at various system sizes for 

the total bundle MSD and for the interstitial MSD at P/Po = 6.1 x 10-5, the smallest pressure 

at which there was adsorption and diffusion of argon in both the interstitial and inner 

nanotubes. For the total bundle MSD for the rigid (Fig. 4.4(a)) and flexible (Fig. 4.4(b)) 

SWCNT bundles, system sizes less than ~8,106 total fluid atoms (7,560 interstitial atoms and  

546 inner channel atoms) yield diffusion coefficients that are too large.  Further increase in 

the system size to 12,159 total fluid atoms (11,340 interstitial and 819 nanotube channel 

atoms) shows nearly identical results to the 8,106 total fluid atom system size, thus indicating 

that we have achieved a system size large enough for diffusion inside the nanotubes.  A 

greater dependence on system size is shown for the interstitial MSDs for the rigid (Fig. 

4.4(c)) and flexible (Fig. 4.4(d)) SWCNT bundles.  The single-file atoms diffusing in the 

interstitial channels have strong size correlations, as previously discussed by Hahn and 

Karger27, .  For the interstitial diffusing atoms, system sizes of at least 8,106 total fluid atoms 

appear to be needed at P/Po = 6.1 x 10-5.  Further increases in the system size show nearly 

identical results, indicating that we have achieved a system size that is large enough. 

 

     In Fig. 4.5, we compare simulation results for rigid and flexible nanotube bundle 

simulations at various system sizes for argon atoms in the total bundle MSD and the 

interstitial MSD at P/Po = 1.2 x 10-2.  For the total bundle MSD for the rigid (Fig. 4.5(a)) and 

flexible (Fig. 4.5(b)) SWCNT bundles, system sizes of at least 7,752 total fluid atoms (1,404 

interstitial and 6,348 nanotube atoms) appear to be large enough, as further increases in the  



 57

 

(a) 

 

(b) 

 

(c) 

 

(d) 

Figure 4.4: The effect of system size on the mean squared displacement as a function of 
the total number of argon atoms at P/Po = 6.1 x 10-5.  In (a) and (b) the MSD for argon 
atoms in the total bundle is compared for the rigid and flexible cases, respectively.  In 
(c) and (d) the MSD for argon atoms in the interstitial sites are compared for the rigid 
and flexible cases, respectively.  The numbers listed on the graphs indicate the total 
number of argon atoms in the simulation and those in the interstitial sites are in 
parenthesis.  The dashed line illustrates the nominal slope expected for Fickian 
diffusion in (a) and (b) and single-file diffusion in (c) and (d) with slopes of 1 and ½, 
respectively. 
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(a) (b) 

 

(c) 

 

(d) 

Figure 4.5: The effect of system size on the mean squared displacement as a function of 
the total number of argon atoms at P/Po = 1.2 x 10-2.  In (a) and (b) the MSD for argon 
atoms in the total bundle is compared for the rigid and flexible cases, respectively.  In 
(c) and (d) the MSD for argon atoms in the interstitial sites are compared for the rigid 
and flexible cases, respectively.  The numbers listed on the graphs indicate the total 
number of argon atoms in the simulation and those in the interstitial sites are in 
parenthesis.  The dashed line illustrates the nominal slope expected for Fickian 
diffusion in (a) and (b) and for single-file diffusion in (c) and (d) with slopes of 1 and ½, 
respectively. 
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system size do not produce large changes in the results.  However, for the atoms diffusing in 

the interstitial sites, a total system size of 51,680 argon atoms (9,360 interstitial atoms and 

42,320 inner channel atoms) may not be large enough.  As shown in Fig. 4.2(d), the MSDs 

for the rigid and flexible cases deviate.  The single-file size correlations increase with 

increasing density, and we believe we still have not reached a large enough system size at 

P/Po = 1.2 x 10-2 for the interstitial sites.  However, as we are attempting to compare rigid 

and flexible SWCNT bundles at the same system size, we have not gone to larger system 

sizes.  A system of 51,680 argon atoms at P/Po = 1.2 x 10-2 requires a SWCNT bundle with 

416,000 carbon atoms.  The required system sizes for higher relative pressures is also the 

reason we have not extended the study to pressures larger than P/Po = 1.2 x 10-2. 

 

To further illustrate the errors that can occur with using inadequate system sizes, we 

compare two of the smaller system sizes for P/Po = 6.1 x 10-5 and P/Po = 1.2 x 10-2 for the 

rigid and flexible SWCNT bundle simulations in Fig. 4.6.  In Fig. 4.6(a) at P/Po = 6.1 x 10-5 

for a system size of 1,158 total argon atoms (1,080 argon atoms in the interstitial sites and 78 

in the nanotube channels) we observe deviations in the MSDs for the total bundle, nanotube 

channel and interstitial diffusing argon atoms.  The MSD for the rigid SWCNT bundles is 

larger than for the flexible SWCNT bundle in all cases.  In Fig. 4.6(b) at P/Po = 1.2 x 10-2 

there is very little deviation of the MSD for the argon atoms in the nanotube channels and 

total bundle, but the interstitial MSDs show significant deviations at longer times and the 

incorrect diffusion mechanism due to the size correlation effects.   
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(a) (b) 

Figure 4.6: Mean squared displacement of argon along the axial direction of a (25,0) 
rigid (black) and flexible (red) CNT bundles in the nanotube channels (dashed), 
interstitial sites (dashed-dot), and total bundle (line) at 120 K and (a) P/Po = 6.1 x 10-5 
for a system size of 1,158 total argon atoms (1,080 interstitial and 78 nanotube channel 
atoms) and (b) P/Po = 1.2 x 10-2 for a system size of 7,752 total argon atoms (1,404 
interstitial and 6,348 nanotube channel atoms).     

 

Inadequate system sizes also result in a center of mass drift of the fluid in the axial direction, 

which apart from the size correlation effect27 for the single-file diffusing atoms are the major 

reason for deviations in the mean-squared displacements in Fig. 4.5 and Fig.  4.6.  Although 

it has been suggested that these drifts can be subtracted off71 during the calculation of the 

mean-squared displacement, we found that it is not always accurate in reproducing the mean-

squared displacement of the largest system size.  Thus, the finite size effects cannot always 

be corrected for by simply subtracting the center of mass during the calculation of the mean-

squared displacement, especially for atoms diffusing in single-file.  All of the mean-squared 

displacements shown here do not have the center of mass drift subtracted.        
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4.4  Conclusion 
 
 

Single-wall carbon nanotube bundles provide an example of a pore structure with a 

bimodal pore size distribution.  They are composed of two different sized pores with 

channels inside the carbon nanotubes and smaller pores forming in interstices between the 

carbon nanotubes.  At low pressure argon first adsorbs in the smaller interstitial sites, 

followed by an initial monolayer coverage of the inner nanotube walls and finally pore filling 

at higher pressure. For argon the inner nanotube channels give rise to Fickian diffusion with a 

diffusion mechanism characterized by a linear dependence of the mean squared displacement 

with time.  The interstitial sites give rise to single-file diffusion of argon characterized by a 

square root time dependence of the mean squared displacement.  Significant size effects exist 

for these quasi-one dimensional systems, and only systems that are large enough (tens of 

thousands and in some cases hundreds of thousands of argon atoms) yield the true diffusion 

mechanisms in microcanonical molecular dynamics simulations.  Large size effects are 

observed for diffusion in the SWCNT bundle interstices where single-file diffusion occurs.  

Furthermore, when the size effect is taken into account, the flexibility of the SWCNT walls 

appears to have a small if not negligible effect on the diffusion mechanism and rates for 

argon, even at the lowest pressures studied.  These results provide new insights into diffusion 

mechanisms which can occur in multi-modal porous carbon materials and speak to the 

difficulty of modeling diffusion in these materials.   
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APPENDIX 4A 
 
 

Correlation Effects and Center of Mass Drifts for Argon Diffusing in 
Isolated Single-Walled Carbon Nanotubes 

 
 

In Fig. 4A.1 the size correlation effect, as previously observed by Hahn and Kärger27 is 

shown for different system sizes of argon adsorbed in a (6,6) isolated  single-walled carbon 

nanotube.  The differences between the results in Fig. 4A.1 and the results in Chapter 1 are 

that these simulations have been performed without the aid of a stochastic thermostat.  These 

simulations are molecular dynamics simulations in the microcanonical ensemble (N,V,E) 

which should yield the exact dynamics of the simulation.  They are prepared by a 1 ns 

equilibration in the canonical ensemble (N,V,T) at 120 K using a Nosé-Hoover thermostat 

with a 0.001 ps damping coefficient, followed by a 10 ns production run using a 1 fs 

timestep.  Prior to the start of the equilibration period using the thermostat, the linear and 

angular momentum of the argon atoms are zeroed.  After the equilibration, the linear and 

angular momentum were again zeroed, and the microcanonical production began.  In the 

microcanonical ensemble, the smallest system sizes (50 argon atoms) produced temperature 

fluctuations that were ± 20 K, while the largest system sizes produced temperature 

fluctuations that were ± 3 K, which were actually better than the thermostated fluctuations.     

 

As a check to make sure that a 1 fs timestep was small enough, the total energy was 

compared for the smallest and largest system sizes with 50 and 50,000 argon atoms,  
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Figure 4A.1:  Size correlation and center of mass drift effects for argon diffusing in 
infinitely long, rigid, (6,6) single-walled carbon nanotubes at 120 K and 3.66 x 10-7 bar.    
The number in the legend indicates the number of argon atoms diffusing inside the 
carbon nanotube.  Red lines indicate a normal MSD calculation, while black lines 
indicate a MSD calculation which has had the center of mass subtracted during 
calculation.  Dotted blue lines indicate the nominal slopes expected for single-file (1/2) 
and Fickian diffusion (1). 
 

respectively.  The total energy fluctuated less than 0.003 % for the 50 argon atom system.  

For the largest system examined utilizing 50,000 argon atoms, the energy fluctuated less than 

0.0002 %.  To obtain larger system sizes, the configuration with 50 argon atoms was 

replicated a number of times in the axial direction, using the periodic boundary. 

 

In Fig. 4A1 several lines are shown.  Those in red represent a normal calculation of the 

mean-squared displacement (MSD).  Those in black represent the same calculation, but with 

the center of mass (COM) subtracted during each measurement.  This can be performed  
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using Eq. (4A.1): 
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Fig. 4A1 also shows dotted lines which represent the nominal slope for single-file 

diffusion expected (1/2) and for Fickian diffusion (1) on the log-log scale.  For 50 argon 

atoms without the center of mass substracted (red solid line in Fig. 4.A1) in the (6,6) carbon 

nanotube, the diffusion shows a ballistic region at small times (sub-picosecond), followed by 

a transition to a MSD with a slope which also exhibits ballistic behavior at long times (a 

slope of 2 on the log-log scale).  A similar observation is made for the system with 200 

particles.  After the center of mass is subtracted using Eq. (4A.1), the 50 particle system 

(solid black line in Fig. 4.A1) exhibits the normal ballistic behavior at short times, followed 

by a finite value of the MSD at long times with small oscillations.  The same is observed for 

the 200 particle system.  Much larger system sizes are needed to remove both 1) the size 

correlation effect and 2) the center of mass drift.  For system sizes of 10,000 and 50,000  

argon atoms, both of these effects nearly vanish, and both the red line (MSD without the 

center of mass subtracted) and the black line (MSD with the center of mass subtracted) fall 

on top of each other.  A size correlation effect is apparent for the data at very long times for  
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the 10,000 atom systems as both the MSD with and without the center of mass subtracted 

approach a finite value near 10 ns (104 ps).  However, below 1 ns (103 ps) both the 10,000 

and 50,000 systems appear to be of adequate size, as both the center of mass drift and the size 

correlation effect are negated. 

 

To illustrate the influence of the center of mass drift on the mean-squared displacement, 

the center of mass drift is shown in Fig. 4A.2 for 50, 200, 10,000, and 50,000 argon atoms.  

For system sizes of 50 and 200 argon atoms, there is a dramatic drift of the center of mass, 

despite the fact that both the linear (directly related to the velocity center of mass) and 

angular momentum were zeroed prior to the start of the microcanonical molecular dynamics 

simulations in all cases.  The drift is smaller as the system size increases.  For 10,000 and 

50,000 argon atoms the drift is much smaller, with appreciable drift only occurring at long 

times where the MSD is orders of magnitude larger. 

 

Once the center of mass drift effects as well as the size correlations effects are 

diminished using adequate system sizes, the effect of pore flexibility becomes negligible.  

Keil and coworkers48, 54, 55 using system sizes less than 100, showed that at low pressures, 

nanotube flexibility had an influence on the diffusion of fluids within pores.  However, as we  

show in Fig. 4A.3, when adequate system sizes are used, this does not seem to be the case for 

argon. This is due to the smoothness of the carbon nanotubes34.  Bhatia and coworkers34 as 

described in Chapter 1, showed that the diffusive collisions of hydrogen were negligible.   
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Figure 4A.2:  The center of mass (COM) drift of argon atoms during microcanonical 
molecular dynamics simulations for argon in a (6,6) isolated, single-walled carbon 
nanotube at 120 K and  3.66 x 10-7 bar.  System sizes using only 50 or 200 argon atoms 
show significant center of mass drift, while those with 10,000 and 50,000 argon atoms 
show smaller drift at longer times.  
 

 

Argon which is larger in molecular diameter than hydrogen should exhibit less 

diffusive collisions than hydrogen.  The alkane molecules that Keil and coworkers examined 

should exhibit even less.  Evidence of this can be found in the work of Cruz and Müller33  

who studied the diffusion of alkanes in single-file in carbon nanotubes.  They found MSDs 

which did not exhibit the expected anomalous sub-diffusive behavior for single-file diffusion.   

They used a deterministic Nosé-Hoover thermostat.  Striolo31, who also used a deterministic 
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Nosé-Hoover thermostat, found that water diffusing in single-file in carbon nanotubes 

exhibits long time linear or ballistic behavior.   

 

This is further exhibited by the fact that argon, as shown in Fig. 4A.3(a) for  both the 

flexible and rigid cases for single-file diffusion, exhibits a linear dependence of the MSD 

with time, rather than the expected square root of time dependence.  When the system is 

thermostated with a stochastic thermostat, as shown in Fig 4A.3(a), argon exhibits the 

expected square root of time dependence for single-file diffusion2.  Thus, the stochastic 

thermostat is mimicking the surface corrugation needed to produce diffusive collisions of 

argon atoms with the nanotube wall.  However, this effect is unrealistic, as the carbon 

nanotube in fact has very little corrugation, as indicated by the microcanonical results. 

 

In Fig. 4A.3(b)  the case of argon diffusing by a Fickian mechanism in a (10,10) 

carbon nanotube is shown.  The influence of flexibility is negligible as it was for the (6,6) 

case.  While the Langevin thermostated case for the (10,10) carbon nanotube produces the 

same diffusion mechanism as the microcanonical simulations, the diffusional rate is much 

slower.  The Langevin thermostat mimicks too much diffusive reflection of argon atoms with 

the carbon nanotube wall and produces a diffusion coefficient that is too small. 
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(a) (b) 

Figure 4A.3: (a) Argon diffusing in single-file in a (6,6) CNT at 298 K. At 0.01 bar there 
are 1,536 argon atoms in the microcanonical simulations.  At 10 bar, there are 27,904 
argon atoms in the microcanonical simulations.   (b)Argon diffusing in three-
dimensions in a (10,10) CNT at 298 K.  At 0.001 bar there are 500 argon atoms in the 
microcanonical simulations.  At 20 bar there are 5,760 argon atoms in the 
microcanonical simulations.  In both figures red lines indicate microcanonical 
simulations with a flexible CNT wall, black lines indicate microcanonical simulations 
with a rigid CNT wall.  The blue line indicates a canonical simulation using a stochastic 
Langevin thermostat.  In (a) there were 109 argon atoms in the Langevin simulation at 
10 bar and in (b) there were 288 argon atoms in the Langevin simulation. 
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CHAPTER 5 
 
 

Anomalous Diffusion in Ordered and Disordered Microporous Carbons 
 
 

5.1 Introductioni 
 
 

In Chapters 2-4 single-file diffusion of argon was investigated in carbon nanotubes and 

carbon nanotube bundles.  In this chapter, diffusion is studied in models of a disordered 

activated carbon and an ordered model of a carbon replica of a zeolite.  Both materials 

exhibit a maximum in their diffusion coefficients as well as anomalous (sub-diffusive) 

behavior in their mean-squared displacements at short times at some relative pressures.  In 

the activated carbon, the anomalous diffusion occurs at low relative pressures, due to the 

trapping of argon atoms in small pores.  In the carbon replica of zeolite, the anomalous 

diffusion occurs at high relative pressures, due to competitive diffusion of atoms traveling 

through windows and constrictions which interconnect the pores.  All diffusion eventually 

tends toward the Fickian limit at longer times. 

 

Microporous carbons have found recent interest in many areas including chemistry, 

chemical engineering and materials science, due to their potential for use in separation and  

                                                 
i Material from this chapter has been published in J.D. Moore, J.C. Palmer, Y.C. Liu, T.J. Roussel, J.K. 
Brennan, and K.E. Gubbins, “Adsorption and Diffusion of Argon Confined in Ordered and Disordered 
Microporous Carbons”, Applied Surface Science, 256, 5131-5136 (2010).  Reprinted with permission from 
Elsevier, Copyright (2010). 
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storage of gases.  They exist in both ordered (e.g., carbon nanotubes, slit pores consisting of 

graphene layers, and carbon replicas of zeolites) and disordered (e.g., charcoal, carbon soot, 

and activated carbon) forms.    

 

Activated carbons are amorphous materials that have found widespread use in industry 

due to their low production cost, high adsorption capacity and predominately microporous 

(pores < 2 nm) features 72-74.  Calgon Co.’s bituminous coal-based carbon (BPL) is among 

the most widely studied activated carbons and has been used extensively in environmental 

applications as an adsorbent for the removal of toxic and odorous industrial chemicals 75.  

Palmer et al. 76 have recently developed a morphologically realistic model of BPL, using the 

Hybrid Reverse Monte Carlo method 77, 78, that successfully predicts the adsorptive properties 

of the real material.  

 

A second class of materials which has generated recent interest are carbon templates of 

mesoporous silica materials such as MCM-41, SBA-15 or various microporous zeolites 79-81.  

This type of material is inherently highly ordered.  A carbon replica of the zeolite Faujasite 

(C-FAU) has shown potential application in the areas of hydrogen storage and in the 

development of hydrogen fuel cells 82, 83.  Using a mimetic Grand Canonical Monte Carlo 

templating process, Roussel et al. 83 have modeled C-FAU and when compared with 

experiment found reasonable agreement for its structural and adsorptive properties.  
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Simulation studies of the diffusion of fluids in microporous carbons are not very 

numerous, with the exception of studies of diffusion in cylindrical pores using Lennard-Jones 

(LJ) potentials with smooth model walls 84, hard spheres with smooth model walls 19, 22-24, 

and LJ particles and alkanes in atomically detailed carbon nanotubes 48, 54, 70, 85.  Gubbins and 

co-workers studied the diffusion of LJ fluids in several saccharose derived carbons 36, 37, 86, 87 

generated by the Hybrid Reverse Monte Carlo method and found a maximum in the diffusion 

coefficient as a function of loading. Experimentally, maxima in the diffusion coefficient are 

well known for molecular fluids diffusing in zeolites 88 and have been observed for water 

diffusing in activated carbon 39. 

 

Diffusion in porous materials can occur by three types of mechanism.  Ballistic motion 

occurs for very short times, before molecules have had a chance to collide, and the mean 

squared displacement (MSD) of molecules is proportional to the time2.  For longer times, the 

motion is either completely diffusive (Fickian) or sub-diffusive.  For sufficiently large pores, 

the molecules will diffuse in three-dimensions as they would in a bulk fluid, and the MSD is 

proportional to time.  However, in smaller pores where confinement effects dominate, the 

diffusion is sub-diffusive.  The most well known form is that of anomalous, or single-file, 

self-diffusion 9, which can be shown to have a MSD proportional to time1/2 if there is no 

passing of particles in the pore 2.  This has been studied extensively in model cylindrical 

pores by Hahn and Kärger 84, 89 and Mon and Percus 18-20, 22, 24, 25.  Depending on the degree  
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of confinement and the frequency of particles passing in the material, the MSD dependence 

with time can be between 1/2 and 1 89.   

 

In this work, using microcanonical molecular dynamics simulations, we compare the self-

diffusion of argon confined in the Palmer et al. 76 activated carbon model of BPL and in the 

Roussel et al. 83 model of C-FAU and demonstrate that the microporous features of the 

materials lead to sub-diffusive diffusional behavior at short times.  Anomalous regions 

appear in the MSDs depending on the pore filling of the materials, but eventually molecules 

in these regions espcape into larger pores and tend to completely-diffusive Fickian behavior 

at longer times.  The anomalous regions contribute to the maximum in the diffusion 

coefficient previously observed by others. 

 
 
5.2  Computational Methods 
 
 
5.2.1   Monte Carlo Simulations 
 
 

Grand Canonical Monte Carlo (GCMC) simulations were used to calculate adsorption 

isotherms for argon at 77 K and 120 K for the two rigid carbon structures, BPL and C-FAU.  

In the context of this work, the GCMC method simulates the chemical equilibrium reached 

between a fictitious gas reservoir containing bulk argon and the adsorbed argon phase in the 

carbon structures. Chemical equilibrium is reached when the chemical potential of the two  
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phases are equal.   The bulk argon phase was treated as an ideal gas under the state 

conditions examined in this study, which allowed for the chemical potential and pressure of 

the bulk phase to be related by using the ideal gas equation of state.  The difference between 

the absolute amount adsorbed as calculated using GCMC and the excess amount adsorbed 

was negligible under the examined state conditions. Thus, no additional corrections were 

applied to the simulated isotherms.   

 

Both argon and carbon were modeled as Lennard-Jones atoms with 

/ 124.07 KAr Ar Bkε − =  and 0.342 nmAr Arσ − = , and 0.340 nmC Cσ − =  and / 28.00KC C Bkε − =  

for argon and carbon, respectively.  The parameters for the argon-carbon interaction 

parameters were estimated using the Lorentz-Berthelot combining rules, ( ) / 2ij ii jjσ σ σ= +  

and ij ii jjε ε ε= , to yield  0.341 nmAr Cσ − =  and / 58.94KAr C Bkε − = . Periodic boundary 

conditions were applied to the unit cells in all three directions and the pair-wise interactions 

were evaluated using the minimum image convention.  The cubic unit cell lengths were 30.0 

Å  for BPL and 49.7 Å  for C-FAU.  Prior to the start of the simulations, the argon-carbon 

interactions were calculated at 615.625 10×  evenly-spaced grid points that spatially 

discretized the unit cell containing the carbon structure.  These values were then stored and 

used during the simulations to calculate the argon-carbon interactions using a linear 

interpolation scheme. 

 



 75

For each state point, the system was equilibrated using a minimum of 82.5 10× Monte 

Carlo trials, followed by an additional 82.5 10×  trials over which statistics were collected.  

Each Monte Carlo trial consisted of an attempted translation, insertion, or deletion of an 

argon molecule. The final argon configurations were used as the initial configurations for the 

simulations at subsequent state points in the isotherms. 

   

5.2.2  Molecular Dynamics Simulations 
 
 

The dynamical properties of the adsorbed argon were examined using molecular 

dynamics (MD) simulations with the LAMMPS (Large-scale Atomic/Molecular Massively 

Parallel Simulator) simulation package 61.  At each state point along the isotherms, the 

equilibrated configurations obtained from the GCMC simulations were replicated using the 

periodic boundary conditions of the unit cells to form supercells containing a minimum of 

1,000 argon atoms.  This was done to ensure that adequate statistics could be gathered even 

under low-loading conditions, where a single unit cell may only contain a small number of 

argon atoms.  The supercell configurations were then equilibrated for 1 ns in the canonical 

ensemble (NVT) using the Nosé-Hoover thermostat to control the temperature and a 1 fs 

timestep to integrate the equations of motion.  Following equilibration, runs were performed 

on each system in the microcanonical ensemble (NVE) with a 1 fs timestep.  Because of the 

large system size (> 1,000 fluid atoms), the temperature fluctuated within +/- 3 K in all of the 

simulations, even in the microcanonical simulations.  The resulting microcanonical MD  
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trajectories were used to measure the mean squared displacement (MSD) of the argon atoms.  

In all of the MD simulations, the potential energy and force calculations were performed 

using the same Lennard-Jones models for argon and carbon as in the GCMC simulations.  

 
5.3  Results and Discussion 
 
 
5.3.1  Adsorption 
 
 

The adsorption isotherms for argon were measured in BPL and C-FAU at 77 K and 120 

K using GCMC simulations, and are shown in Fig. 5.1.  To compare the structures at 

different temperatures, we have normalized the amount adsorbed, Γ , by the amount adsorbed 

at Po(T) (the bulk vapor pressure of argon), oΓ .  Thus for BPL, these amounts were 

calculated using  15.2 mmol/goΓ =  at 77 K and 13.6 mmol/goΓ =  at 120 K, while those for 

C-FAU were calculated using 28.7 mmol/goΓ =  at 77 K and 26.5 mmol/goΓ =  at 120 K.  

The pressure on the x-axis in Fig. 5.1 is normalized by the bulk vapor pressure of argon, 

which was calculated using the LJ equation of state 63 with the LJ parameters of argon used 

in this study.   These were measured as 0.19 atm at 77 K and 8.1 atm at 120 K.  For both 

structures, argon exhibits a Type I isotherm according to the IUPAC classification, with no 

observable hysteresis upon desorption.  For the sake of clarity, we have omitted the 

desorption results and have shown the isotherms with the pressure on a log-scale in order to 

illuminate the pore filling-regions of the isotherms. 
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Figure 5.1:  Adsorption isotherms for argon at 77 K (closed) and 120 K (open) in C-
FAU (circles) and BPL (squares).  
 

 

     At both 77 K and 120 K, argon begins to appreciably fill C-FAU at a larger relative 

pressure than BPL but also fills the structure over a shorter pressure range.  This behavior 

can be explained by comparing the pore size distributions (PSDs) of BPL and C-FAU, shown 

in Fig. 5.2.  The PSDs were measured geometrically using the method of Gelb and Gubbins 

90 with a probe particle diameter the same as the LJ model of argon used in this study.  BPL  

has a broader PSD with an average pore size of 8.3 Å , while C-FAU has a narrower PSD 

with an average pore size of 10.9 Å .  The higher fraction of smaller pores in BPL enhances 

its ability to adsorb argon at lower pressures, due to the increased degree of confinement felt 

by the argon molecules in the smaller pores of the solid matrix, while the larger pores in C- 
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Figure 5.2:  Pore size distributions for argon in C-FAU and BPL.  

 
 
FAU shift the onset of pore filling to larger relative pressures at the same temperature.  This 

is further illustrated by considering the simulation snapshots shown in Fig. 5.3.  At 120 K for 

BPL, argon atoms are first adsorbed appreciably in smaller pores at low relative pressures 

(e.g., P/Po ~ 10-5).  At a relative pressure of P/Po ~ 10-3 the smaller pores have almost 

completely filled with adsorbate, while larger pores have already begun to fill.  In the 

isotherm in Fig. 5.1, this corresponds to the start of the pore filling region previously 

mentioned.  As the relative pressure is increased, the larger pores continue to fill until 

saturation is reached.  Conversely for the C-FAU model, because of its narrower PSD and 

larger accessible pores, an appreciable adsorption does occur at  P/Po ~ 10-3 but then the 

larger pores are quickly filled and are almost completely filled at P/Po ~ 0.10.  Similar results 

occur at 77 K, except that the pressure ranges are shifted to the left, as more adsorption of 

argon occurs at lower relative pressure for a lower temperature.  
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(a) BPL (b) C-FAU 

 

P/Po = 6.2 x 10-5 

 

P/Po = 6.2 x 10-3 

 

P/Po = 2.5 x 10-5 

 

P/Po = 2.5 x 10-3 

 

P/Po = 0.12 

 

P/Po = 1.0 

 

P/Po = 0.10 

 

P/Po = 1.0 

 

Figure 5.3:  Simulation snapshots of argon adsorbed in BPL and C-FAU at 120 K and 
various relative pressures.  Snapshots at 77 K are similar for comparable fractional 
fillings along the isotherm.  
 

 

5.3.2  Diffusion 

 
The mean squared displacements (MSDs) measured from the microcanonical (NVE) 

MD simulations for BPL and C-FAU are shown in Figs. 5.4 and 5.5, respectively.  In Fig. 

5.4(a) for BPL at 77 K, all of the MSDs exhibit a small slope for short times, changing to a  
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(a) 

 

(b) 

Figure 5.4:  Mean squared displacements for argon diffusing in BPL activated carbon 
at various relative pressures, P/Po(T), at (a) 77 K and (b) 120 K.  
 

 

(a) 

 

(b) 

Figure 5.5:  Mean squared displacements for argon diffusing in C-FAU, the carbon 
replica of Faujasite, at various relative pressures, P/Po(T), at (a) 77 K and (b) 120 K. 
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steeper slope as time increases.  The effect is most evident at the lowest pressure (P/Po = 1.0 

x 10-5), where the increase in the slope does not begin until approximately 1 ns (1,000 ps).  

On the log-log scale, the slope at shorter times is closer to 1/2, which is analogous to the 

slope seen for anomalous single-file diffusion in cylindrical pores 9 (e.g., carbon nanotubes 

and carbon nanotube bundles 51).  The slopes for higher pressures are greater than 1/2, but 

less than 1, which indicates a sub-diffusive behavior (i.e., not following the normal Fick’s 

Law of diffusion).  At the longest times, all of the slopes of the MSDs approach 1, indicating 

eventual diffusive (Fickian) behavior.  In Fig. 5.4(b) for BPL at 120 K, similar effects are 

seen, except that the anomalous initial mode of diffusion is not as evident except for reduced 

pressures less than 10-3.  Above relative pressures of 10-3, the MSDs at 120 K do not exhibit 

strong effects due to anomalous diffusion.  

 

C-FAU also exhibits anomalous regions in its MSDs at 77 K and 120 K.  These are 

shown in Fig. 5.5(a) for 77 K and Fig. 5.5(b) for 120 K.  At 77 K, anomalous regions are 

observed in the MSDs for pressures above P/Po ~ 10-3.  This is in contrast to the behavior 

seen in the BPL model, where the anomalous regions were present below P/Po ~ 10-3.  At 

120 K, anomalous regions are observed for short times only above P/Po ~ 0.1.  For the C-

FAU model, below P/Po ~ 10-3 at 77 K and below P/Po ~ 0.1 at 120 K, the diffusion follows 

the usual path, with an initial ballistic (free-flight) motion below 10 ps observed with a time2 

dependence of the MSD, followed by Fickian diffusion for times greater than ~10ps and a 

time1 dependence of the MSD. 
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We note that there is an absence of the ballistic region observed in BPL and C-FAU 

when an anomalous region is observed at short times.  In such cases, the short time behavior 

is completely dominated by the anomalous motion.  In the C-FAU model, at low pressures 

when there is an absence of the appearance of the anomalous region, the ballistic region is 

observed at short times.  This suggests several effects.  In the BPL model, the anomalous 

region is caused by atoms initially trapped in small, attractive pores with their movement 

slowed until atoms eventually escape the small pores and are able to diffuse into the larger 

pores, which is consistent with the eventual long-time mode of diffusion being Fickian.  Even 

at small times (typically < 10 ps 51), where ballistic (free-flight) motion is expected to occur, 

the atoms are already colliding with the wall and therefore do not exhibit a ballistic motion 

on this time scale.  Note that we did not sample the mean squared displacement below 0.5 ps, 

and a ballistic motion possibly would be observed at this very short time scale.  At higher 

pressure (~P/Po >10-3), the atoms are also initially trapped within the small pores, but the 

faster Fickian diffusion in the larger pores dominates the overall molecular motion and the 

anomalous regions are not as apparent.  However, because of the short time collisions with 

the wall, atoms trapped within small pores do not exhibit ballistic motion on the time scales 

shown in Fig. 5.4.  In fact at short times (< 1 ps) the MSDs observed for BPL at 77 K in Fig. 

5.4(a) are sub-diffusive. 

 

For C-FAU, anomalous diffusion is observed only at higher relative pressure while not 

at lower relative pressure.  This suggests that the anomalous regions in the MSDs for C-FAU  
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are not caused by the trapping of atoms in small pores but by the traffic caused by particles 

moving through the windows and constrictions interconnecting the pores.  As is evident from 

the PSD for C-FAU in Fig. 5.2, C-FAU does have pores of different diameters caused by 

these windows and constrictions, and these are much larger than the smallest accessible pores 

for argon in BPL.  Therefore, trapping within small pores does not occur in C-FAU.  The 

trapping of atoms in small pores of the BPL model as well as the traffic of atoms traveling 

between the windows and constrictions interconnecting the pores in the C-FAU model was 

confirmed from atomic configuration movies of the molecular dynamics simulations. 

 

Typically, the MSD should decrease with increasing pressure since the higher density 

slows the diffusion of all the other atoms in the material.  However, in both BPL and C-FAU, 

there is a ‘cross-over’ of the diffusion which appears to occur at pressures corresponding to 

the onset of pore-filling observed in the isotherms in Fig. 5.1.  For BPL at 77 K, this pressure 

is close to P/Po = 7.5 x 10-3.  For relative pressures less than this, diffusion increases with 

increased relative pressure, as more particles are being adsorbed into larger pores where they 

can diffuse faster by a Fickian mechanism.  For relative pressures greater than P/Po = 7.5 x 

10-3, diffusion is slowed for the usual reason that the increased density slows the overall 

diffusion of all the other atoms.  For BPL at 120 K, this ‘cross-over’ pressure is closer to 

P/Po ~ 10-2.  Despite the anomalous region occurring at higher pressure rather than lower 

pressure in C-FAU, a ‘cross-over’ occurs at P/Po ~ 7.5 x 10-4 at 77 K and P/Po ~ 2.5 x 10-3 at 

120 K.  In Fig. 5.6, these ‘cross-overs’ cause a maximum to occur in the self-diffusion  
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coefficient, which is located at relative pressures corresponding to the pore-filling region of 

the isotherm. 

 

 

Figure 5.6:  Self-diffusion coefficients for argon in BPL (squares) and C-FAU (circles) 
at 77 K (open) and 120 K (closed). 
 

 

5.4  Conclusions 
 
 

The diffusion of argon in the BPL and C-FAU models exhibits a maximum in the 

diffusion coefficient at a particular pressure at both 77 K and 120 K.  In the BPL model, this 

maximum is the result of atoms initially diffusing in small pores.  As the pore is filled, the 

diffusion increases initially as more molecules begin to diffuse in larger pores.  As the 

density of atoms within the larger pores is increased further, the diffusion begins to slow.   
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Because of the trapping of atoms within small pores, at low loading the mean-squared 

displacement exhibits sub-diffusive, anomalous behavior.  The anomalous regions are 

enhanced at lower temperature, with more sub-diffusive behavior occurring at higher relative 

pressures.  In C-FAU, the maximum in the diffusion coefficient arises for similar reasons.  At 

intermediate loading more atoms diffuse in larger pores, initially increasing the diffusion 

coefficient.  As the pressure is further increased the increase in density in the larger pores 

causes the diffusion coefficient to decrease.  Because of the narrow pore size distribution for 

C-FAU with multiple windows and constrictions interconnecting pores, anomalous regions 

appear because of competitive diffusion of atoms traveling between these windows and 

constrictions at the highest relative pressures.  This is the opposite effect to that seen in the 

disordered BPL, where anomalous regions appear at the lowest relative pressures.  In C-

FAU, the anomalous regions are also enhanced at lower temperature with more sub-diffusive 

behavior occurring at lower relative pressures.   The eventual diffusion mechanism in both 

materials is always Fickian, but because the anomalous behavior can occur up to times of 1 

ns or greater, one must be careful to measure the mean squared displacements at sufficiently 

long times.  We have used microcanonical molecular dynamics simulations, which should 

give rise to the correct dynamics within the framework of our models. 
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CHAPTER 6 
 
 

Conclusions and Outlook 
 
 

In this work, we have shown examples of single-file and anomalous diffusion in 

porous carbons.  Carbon nanotubes are inherently smooth34.  For Fickian diffusion this has 

the benefit that faster modes of diffusion are possible than in other more corrugated materials 

such as zeolites56, 64.  However, if one wishes to study single-file diffusion, this smoothness 

leads to a lack of diffusive reflection for collisions of molecules with the wall and a violation 

of the random walk needed to observe the slower square root of time dependence of the 

mean-squared displacement.   

 

We showed, however, that surface corrugation, mimicked using a stochastic Langevin 

thermostat does produce the slower square root of time dependence.  In experiment, carbon 

nanotubes possess a range of defects, including bends, junctions47, and vacancies.  Future 

investigation of single-file diffusion could investigate the influence that these defects have on 

the diffusive collisions with the wall, and what, if any, type of defects lead to slower modes 

of diffusion in carbon nanotubes.  Single-file diffusion with the square root of time 

dependence was observed for carbon nanotube bundles within interstitial sites, without the 

aid of a stochastic thermostat, and using microcanonical simulations.  This was the result of 

corrugation caused by argon atoms colliding with the outside walls of nanotubes in the 

bundle.   



 87

While a stochastic thermostat was useful to understand general physics concerning 

the molecular size of adsorbed molecules needed to observe the square root of time 

dependence of single-file diffusion, only microcanonical simulations gave accurate 

depictions of the true diffusion mechanism.  However, we showed that these microcanonical 

simulations for carbon nanotubes lead to numerical anomalies concerning size correlation 

lengths and center of mass drift that are of particular importance for single-file diffusion.  

These appear to only be corrected in the limit of very large system sizes.  For rigid nanotube 

simulations, 50,000 – 100,000 adsorbate atoms take no more than a few days to simulate on 

large supercomputers, but using this number of fluid atoms with flexible walls can take much 

longer.  However, when the system size approaches the needed limit, pore flexibility appears 

to have a negligible effect on the self-diffusion of argon.  As many other fluids, including 

water, have fluid-wall interaction energies (with carbon) that are similar magnitude or 

smaller, carbon nanotube flexibility is expected to be negligible for those fluids as well.  For 

similar reasons, at normal temperatures (above 25 K or so), most fluids diffusing in bare 

carbon nanotubes should not show a chirality dependency.    This was observed in Chapter 2 

for argon diffusing in various chiralities of carbon nanotubes.  It may be possible to observe a 

chirality effect by decorating the carbon nanotube walls with functional groups.  This would 

increase the fluid-wall interaction energies, especially for polar adsorbate molecules such as 

water.  Future investigations should examine single-file diffusion of water in carbon 

nanotubes, zeolites, and other one-dimensional pores to see whether collective motion is 

caused by these numerical anomalies or whether hydrogen bonding also plays a role.   
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 Models of activated carbon and a carbon replica of zeolite exhibited anomalous 

regions in the MSDs, with the slope of the MSD approaching 1/2 at low relative pressures for 

activated carbon and high relative pressures in the carbon replica of zeolite.  In the activated 

carbon this was caused by trapping of molecules within small, highly attractive pores at 

lower pressure.  At higher pressures this anomaly seemingly disappeared as the motion of the 

molecules in the larger pores contributed much more to the MSD than those in the smaller 

pores.  Diffusion of argon in the carbon replica of zeolite did not show anomalous diffusion 

at lower pressure because the material did not contain small pores.  However, at higher 

pressure, anomalous diffusion existed at small times, due to competitive diffusion of argon 

atoms between windows and constriction which slowed diffusion.  Future investigation 

concerning diffusion in porous materials should investigate diffusion modes within different 

pore sizes of the material, connecting the pore size distribution to the diffusion coefficient 

and diffusional mechanisms. 

 

 This study focused only on self-diffusion.  Future investigation into anomalous 

diffusion could provide an extension to transport diffusion (the diffusion directly related to 

Fick’s first law) in pure components and mixtures.  In Chapter 3, we examined various 

mixtures diffusing in carbon nanotubes, and calculated their individual self-diffusivites.  This 

provided an analysis via the mean-squared displacements and the self-diffusion coefficients 

and single-file mobilities.  However, this study should be extended to calculate mixture 

diffusivities. This may involve the mutual diffusivity91, 92 based on an Onsager93, 94  
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formulation and Fick’s law or others including the Maxwell-Stefan formulation95-97.    

  

 Transport diffusion for pure components and mixtures98 should also be investigated in 

carbon nanotube bundles, models of activated carbon, as well as carbon replicas of zeolites.  

Within these materials, a formulation which connects different diffusion modes occurring 

within different porous regions of the material would be useful. 
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