ABSTRACT

WANG, QIANG. Classification of Kp-orbits of Unipotent Elements in Symmetric F-varieties
of SL(n,F). (Under the direction of Dr. Amassa Fauntleroy and Dr. Aloysius G. Helminck)

Richardson proved in 1982 that, given an algebraic group G and an involution o, we could
have only a finite number of K-orbits of unipotent elements in the symmetric variety P = G/K
over an algebraically closed field, where K = G is the fixed point group of some involution o.
A question arises naturally: what if the field is not algebraically closed? In this thesis we try
to answer this question and go a little further by listing all Kp-orbits of unipotent elements in
P explicitly. We work on the symmetric F-variety P = Gr/Kp for the special linear group over
an arbitrary field [F of characteristic not 2. We classify all Kp-orbits of unipotent elements in P
for all inner involutions for the special linear group. For Cartan (outer) involution, we classify
K-orbits for small n only and illustrate how to get the canonical form for general n. Further

proofs are still needed. We also classify Gr-orbits of unipotent elements in Gp.
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Chapter 1

Introduction

Symmetric spaces have been studied for over 100 years. Initially they were only studied over
the real numbers, but in the last 25 to 30 years symmilar spaces over other fields have become
of importance in other areas of mathematics as well. Symmetric F-varieties generalize both
real reductive symmetric spaces and symmetric varieties. In the following we will give a brief
introduction and a summary of our results.

Again in this chapter, we are assuming: field F is arbitrary field of characteristic of not 2;
linear algebraic group GG defined over [ is is also called F-group; an involution o is automorphism
on some algebraic group G such that o2 = Id, the identity operator; K = G is the fixed point
group of G with respect to o; G (resp. Kp) is the set of F-rational points of G (resp. K).

1.1 Background and motivation

1.1.1 Real symmetric spaces
We define and discuss briefly real symmetric spaces in this subsection.

Definition 1.1.1. Given an involution ¢ of a real reductive group G, the real reductive sym-
metric spaces Pg is defined to be the homogeneous space Gr/Kg, where R is the field of the
real numbers.

The homogeneous space Pr can be identified with the following subvariety of Gg:

Pr ~ {g(c(g))""|g € Gr}.

We note that over the real numbers we can take Gg to be a reductive Lie group of Harish-
Chandra class.

Remark 1.1.2. The real reductive symmetric space Pg is also called an affine symmetric space.

If moreover K is compact, then P is also called a Riemannian symmetric space.



We can also define symmetric spaces in other ways. In differential geometry, representa-
tion theory and harmonic analysis, a symmetric space is a smooth manifold whose group of
symmetries contains an ”inversion symmetry” about every point. There are two ways to make
this precise, via Riemannian geometry or via Lie theory; the Lie theoretic definition is more
general and more algebraic. In Riemannian geometry, the inversions are geodesic symmetries,
and these are required to be isometries, leading to the notion of a Riemannian symmetric space.

Here’s a brief explanation, assuming the manifold is 2 dimensional. A symmetric space
means it is a smooth surface such that every point on the surface can serve as a point for
reflection through a point, such that any shortest distance from two points on the surface,
is still the same, before and after the reflection. Think of a 2-dimensional Fuclidean plane.
There we have the concept of reflection through a point. After the reflection, all distances are
preserved. So it is a symmetric space. The case gets a bit more complex when the surface is
not a flat plane, for example, if it’s a sphere instead. A sphere is also a symmetric space. Every
point on the sphere can serve as the point for reflection through a point. After the operation,
every geodesics is preserved. That is, any 2 points, P, and G, the shortest distance between
them on the surface, is the same, before and after, the operation.

Some other basic examples of Riemannian symmetric spaces are Euclidean space, spheres,
projective spaces, and hyperbolic spaces, each with their standard Riemannian metrics. More
examples are provided by compact, semi-simple Lie groups equipped with a bi-invariant Rie-
mannian metric.

For geometric properties of real symmetric spaces, please see for example [15].

The representations associated with reductive real symmetric spaces (i.e., a decomposition
of L?(Gr/KR) into irreducible components) had been studied intensively by many prominent
mathematicians, starting with a study of compact groups and their representations by by Cartan
in [9], to a study of Riemannian symmetric spaces and real Lie groups by Harish-Chandra in
[38], to a more recent study of the non-Riemannian symmetric spaces starting in the 1970’s
by work of Faraut in [13], Flensted-Jensen in [14] and Oshima and Sekiguchi in [30]. These
are soon studied by many mathematicians, including Brylinski, Carmona, Delorme, Matsuki,
Oshima, Schlichtkrull, van den Ban and many others (see for example [35], [36], [37], [7], [8],[12],
[29]). In the mid 1980’s a Plancherel formula for the general real reductive symmetric spaces
was announced by Oshima, although a full proof was not published until 1996 by Delorme in
[12]. See also van den Ban and Schlichtkrull for a different approach in [36] and [37].

In the late 1980’s it seemed natural to generalise the concept of these real reductive sym-
metric spaces to similar spaces over the p-adic numbers and study representations associated
with these spaces. At the same time generalizations of these real symmetric spaces to other
base fields started to play a role in other areas, including mathematical physics, Lie theory,

representation theory and differential geometry, though their best known role lies in represen-



tation theory and harmonic analysis. For example, for geometry see [10] and [11], for singularity
theory see [26] and [24]. This prompted Helminck and Wang to commence a study of rational

properties of these homogeneous spaces over other fields, see [16] for some results.

1.1.2 Symmetric varieties

Symmetric varieties were introduced in the setting of geometry and invariant theory as a class

of spherical varieties.

Definition 1.1.3. For a reductive algebraic group G defined over an algebraically closed field of

characteristic not 2 and an involution ¢ of G a symmetric variety P is defined as the subvariety

P =1(G)={g(o(9))"'lg € G}.

It was shown by Vust [39] that P is isomorphic to G/K.

We note that with this definition every linear algebraic group itself is a symmetric variety.

Ezample 1.1.4 (Group case). Consider G; = G x G and 0(x,y) = (y,x), then K = {(z,z)|x €
G} ~ G is embedded diagonally and P = {z,27!|x € G} ~ G embedded anti-diagonally.

Also as we can see from the definition, involutions play an essential role in the theory of

symmetric spaces and symmetric varieties.

1.1.3 Symmetric F-variety

Symmetric F-varieties generalize both real symmetric spaces and symmetric varieties. In the
following we assume that o is an involution of G defined over F, i.e., keep the rational group

Gr invariant. We note that these involutions are also called F-involutions.

Definition 1.1.5. Given a field IF, an algebraic group G, an involution ¢ defined over F and
a fixed point group K = G of involution o, we define the symmetric F-variety P as 7(Gp) =
{g(c(9))|g € Gr}. Here GF is the set of rational points of G.

Remark 1.1.6. Similarly we can define real symmetric spaces and symmetric varieties in this
way and show that P ~ Gp/KF.

Given g,z € G, the twisted action associated to ¢ is given by (g,2) — g * x = gx(o(g))~".
This is also called o-twisted conjugation. We can see that actually real symmetric spaces,
symmetric varieties, symmetric F-varieties are actually defined using twisted action. Let P/ =
{g € Glo(g9) = g~ '}. We can see that P C P'. Both P and P’ are invariant under the twisted
action associated to o. There are only a finite number of twisted G-orbits in P’ and each such
orbit is closed, see [32]. In particular P’ is a connected closed F-subvariety of G. For more

details about F-variety see [17].



1.1.4 Fixed point group and symmetric F-varieties

For F = R, the Plancherel formula was first determined in the case of the Riemannian symmetric
spaces. The main reason for this is that in this case the structure of the corresponding reductive
symmetric spaces is relatively simple. For example all elements of P are semisimple and the
left regular representation decomposition is multiplicative-free.

For F = Q,, one gets a generalization of the real Riemannian symmetric space. The fixed
point group Kq, = G@p determines much of the structure of the corresponding symmetric
F-variety.

Moreover if K is compact, then from [16] it follows that P consists of semisimple elements.

Proposition 1.1.7 ([16], Proposition 10.8). Let G be a connected reductive algebraic F-group
with char(F) = 0 and P = {g(c(g)"tg € G}. Suppose that K N [G,G] is anisotropic over F.

Then P consists of semismiple elements.

We note that for F = R or Q, all F-anisotropic subgroups are compact.

1.1.5 Orbit decompositions of symmetric F-varieties

The introduction here is from [19]. Orbit decompositions for symmetric F-varieties play a
fundamental role in the study of symmetric F-varieties (IF is the field of characteristic not 2)
and their applications to representation theory and many other areas of mathematics, such as
geometry, the study of automorphic forms and character sheaves. In [19] Helminck studied
orbit decomposition of symmetric F-varieties in mainly following categories: orbits of parabolic
F-subgroups, the orbits of symmetric subgroups and Euclidean building.

The orbits of a parabolic F-subgroup @ acting on the symmetric F-variety Gr/Kp play a
fundamental role in the study of representations associated with these symmetric spaces. These
orbits were studied for many fields and can be characterized in several equivalent way. They
can be characterized as the Qp-orbits acting on the symmetric F-variety Gp/Kpby o-twisted
conjugation, or as the Kp-orbits acting on the flag variety Gy/Kp by conjugation, or also as the
set Qr\Gr/KF of (Qp, Kr)-double cosets in Gp. The last one is same as the set of Qp x Kp-orbits
on Gp. For F algebraically closed, and ) = B a Borel subgroup, these orbits were characterized
by Springer [33] and a characterization of these orbits of general parabolic subgroups was given
by Brion and Helminck in [5] and [18].

If the field F is algebraically closed, the symmetric F-varieties become symmetric varieties
and we can consider the orbits of symmetric subgroups. The orbits of symmetric subgroups
acting on symmetric varieties are of importance in representation theory. For K acting on the
symmetric variety G/ K those orbits were studied by Vust [39] and Richardson in [32], and for

an arbitrary symmetric subgroup H acting on a symmetric variety these orbits were studied by



Helminck and Schwarz in [20]. In [19] Helminck also studied the case for two involutions of o
and 6.

The analog of the Riemannian symmetric spaces for p-adic groups are the Euclidean build-
ings. Bruhat and Tits showed in [6] that most properties of the Riemannian symmetric spaces
carry over to these Euclidean buildings. For example they showed that a compact group of
isometries of a Euclidean building has a fixed point. They used this to show that in a simply
connected p-adic group the maximal compact subgroups are parabolic subgroups. There are
many other similarities between the Riemannian symmetric spaces and the Euclidean buildings.
For example for both a geodesic joining two points is unique. There is also a p-adic curvature
on the building. The Euclidean building also replaces the role of the Riemannian symmetric

spaces in the cohomology of discrete subgroups.

1.1.6 Problems we are to solve

The problem we are mainly working on is part of Kg-orbit decomposition of symmetric F-
varieties. We try to classify Kp-orbits of unipotent elements in symmetric F-variety P = Gr/Kp
where K = G is the fixed-point subgroup of G, Gy (resp. Kp) is the set of rational points of
G (resp. K), and o an involution acting on G.

Using results from Lusztig [27] and Richardson [31] Richardson gave a finiteness result of

K-orbits of unipotent elements in the symmetric space in [32] in 1982:

Proposition 1.1.8 ([32], Proposition 7.4). Let the field F be algebraically closed, i.e., F = F
and Characteristic of F not be 2. Let U(P) denote the set of unipotent elements in P = G/ K.

Then there are only a finite number of K-orbits of unipotent elements in U(P).

A question arises naturally: what if the field F is not algebraically closed? What’s more,
given an algebraic group and an involution, can we list those K-orbits (or Kp-orbits if F # IF)
explicitly, i.e., do we have some canonical form for representatives of Kp-orbits (resp. Kp-
orbits)?

These are open questions and we have one more conjecture: using results shown in this
thesis, we can see that, for certain involutions and algebraic groups, if we work over fields R
and Q,, we still have a finite number of Kr-orbits of unipotent elements in P, now, we want to
ask: is this still true for all involutions and all algebraic groups?

For example, for rational field Q we can definitely have infinitely Kg-orbits of unipotent
elements in P (see Theorem 4.2.1): if we work on SL(2,Q) and the involution is defined by

1
o(g) = p~lgp, where p = Ll then we will have 2-|Q*/(Q*)?| + 1 K-orbits of unipotent

elements in P and we can particularly choose following elements
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as representative elements in Kg-orbits, where « is a representative of Q*/ (Q*)2.

We answer the above questions for the special linear group SL(n,F) for certain involutions.
For inner involutions the finiteness of K-orbits of unipotent elements in P (or U (P)) depends
on the cardinality of F*/(F*)", % /(F1)" or F*(,/p)/(F*(y/p)){" (see following chapters for
definition of symbols here), where integer h is determined by sizes of Jordan blocks of a certain
submatrix in g, and the ”curly bracket” power function is defined in a way similar to the usual

power function with conjugation involved. For outer involutions we have not done yet.

1.2 Summary of results in this dissertation

We first study what kind of elements could generate unipotent elements in P = Gp/KFp, i.e.,
what kind of elements we need to study. Then we classify all Kg-orbits of unipotent elements
in P for Gp = SL(n,F) for all inner involutions. According to classifications of involution in
[22] and [23], we only need to study two types inner involutions, and we here list our results
for inner involution accordingly. For outer involution, we study Cartan involution. We give out
the K-orbits of small n (=2,3,4) and illustrate how to get the canonical form for a general one.
We have the correspondence between classification of Kp-orbits and classification of (Kp, KF)-

double cosets. We classify Gg-orbits too.

1.2.1 Classification of Kp-orbits for SL(2,[F)

1
To study the inner involution given by [ . ] , we can study equivalently the inner involution

1
defined by [ ] instead. From Theorem 4.2.1, we can see that we have 2 - |F*/(F*)?| + 1

Kp-orbits of unipotent elements in the symmetric space P = Gyr/Kp. We can especially choose

1 « 1 0 10
, and
[O 1] [a 1] 01]

as representative elements in Kp-orbits, where o are representatives of F*/(IF*)2.

1
For the inner involution given by [ , we have the identity orbit only (Theorem 4.3.1).
p



1.2.2 Classification of Gp-orbits of unipotent elements in SL(n,F)

Gr-orbit of some element A € Gy = SL(n,F) is the set {g~1Ag|lg € Gr} = {gAg~!|g € GF}.

For classification of Gp-orbits in SL(n,F) we have from Theorem 5.2.1:

Let F be an arbitrary field of characteristic of not 2. Suppose we have two unipotent elements
A=XJyX 1and B=YJgY !in Gp (we can always have the decomposition since A and B
are both unipotent) with same Jordan canonical form determined by partition (5.2.1): J4 = Jp.
Then A and B is in the same Gp-orbit, i.e., there exists P € Gy such that B = PAP™!, if
and only if det(X) and det(Y) are n;5(3;)-equivalent, or equivalently det(X)/det(Y) € (F*)",
where h is the greatest common factor of the sequence n;6(5;),i =0,1,...,7.

Furthermore, all Gg-orbits can choose elements in the following form as representatives

XJX 4

where J is the Jordan canonical form and

where p € F*/(F*)".

1.2.3 Classification of Kp-orbits for SL(n,F) for inner involutions

Key inner involution

1
We first study the key inner involution given by IaE We show that, to classify Ky-orbits

of unipotent elements in P = Gy/Kp for SL(n,F), we only need to study following problem:
Let

Ky ={k =

] € SL(n, F)| det(k) = 1}
Y
= PBla-|_ B

C C

what kind of conditions should J and J satisfy to have a k € Ky such that J = kJk~'? Or



equivalently, if we use k to make J simple, what kind of simple/canonical form we could have
for J?

If C is nonsingular, ie rank(C) = 5, we then have from Theorem 6.1.8:

Let _
0 B
c 0

0 B
c 0

J= J=

9 il

be nilpotent matrices.

If rank(C') = rank(C) = 5, i.e., det(C) - det(C') # 0, then

() If F =T, then J % Jifand only if BC is similar to BC in the usual sense, or equilvalently
2 Kr 72,
J2 o~ J%
(I) If F # F, then J %7 if and only if following two conditions are satisfied
1. det(C)/det(C) € (F*)?;
2. using condition 1 and approach I we can make det(C) = det(C). Then BC and BC are

nilpotent and satisfy conditions in Theorem 5.2.4.
It’s much different if C' is singular. Suppose rank(C) = m < 5. Using x and y we are able

to make C' =

0
0 ] . In this case we have

B Bi1 Bio _ Bi1 Bio
L Bgl Bgz ’ B21 B22
[ o 0

x:
| 21 T22

y = o Y12
| 0 w22 ’

and B,z and y are partitioned accordingly. Using x and y we are able to make By, Bo; and
B2, Bo1 into some special form. With Bia, Ba; and Bis, Bop in certain special form we have
from Theorem 6.1.21:

If F =T, and if B and B are in pre-described forms have solutions, we can find k € K such



that J = kJk™! if and only if following conditions hold for 1 < i < r:

rank(Bjs) = rank(B12)
rank(Bz1) = k(§21)
rank(b%) = k(#)o)

rank(b') = k(gl)

rank(c;) = k(éz),] =0,1,2,
rank(c?) = rank(c”)

and the above six conditions are numbered as (6.1.14)-(6.1.19).

blbcc

Here 600,5 1 €55 G5

j=0,1,2,c% and ¢ come from the pre-described forms.

If the field is not algebraically closed, we have to add other conditions. In this case we have
Theorem 6.1.25:
(I) If F # T, all conditions (6.1.22), (6.1.23) and (6.1.25) are satisfied, if Bjy and Bg; are

not square matrices, then all Kgr-orbits can choose following as representatives

0

or ¢y =

0 0
p
1
0
1
0 0

,¢1 = 0 or does not exist

where p € F*/(F*)" for i = 1 and p = 1 for i > 2, h is the greatest common factor of sequence

S1.

(I) If F # F, all conditions (6.1.22), (6.1.23) and (6.1.26) are satisfied, if Bj2 and Ba; are

square matrices, then all Kp-orbits can choose following as representatives

e

0 0
p
1
= 0
1
I 0 0

where p € F*/(F*)" for i = 1 and p = 1 for i > 2, h is the greatest common factor of sequence



S2.

(IIT) If F # T, all conditions (6.1.22), (6.1.23), (6.1.25) and (6.1.26) are satisfied (there are
some blocks in b; satisfying (6.1.25) and some satisfying (6.1.26)), then all Kp-orbits can choose
as representatives from formula (6.1.27) and (6.1.28), where p € F*/(F*)" for i = 1 and p = 1
for ¢ > 2, h is the greatest common factor of sequence S3.

(IV) In all cases except the above three, all conditions in Theorem 6.1.21 have been good
enough to serve as necessary and sufficient conditions.

Here sequences 51,52, 53 are defined in Subsection 6.1.2.

The first type of inner involution with different sizes of identities

] with different sizes of I; and I can embed
2

The case for the inner involution given by [

into the above case with a larger even integer.

The second type of inner involutions

For classification of Kp-orbits for the inner involution given by , we

p

show that we can study following problem equivalently:

D
Given J = D , using matrices from Kyp = {k = [

ple/canonical form of J we can have? Theorem 6.3.8 answers this question:

x

B ]}, what kind of sim-
T

We can choose elements g = I + J as representatives of K-orbits, where

_ J1
D :
J = [ ] with D = ,
D
J,
and J;, i = 1,...,r, satisfy following conditions
1. The sizes of J; are decreasing, especially if J;, =0, then J;;41 =--- = J, = 0;

2. If J; # 0, then

10



- L -
0 0 1 0 O
Ji: )
0o 0 O 0
0 0 -~ 0 g
I 0 0 -+ 0 0|

where ¢ = 1if 1 <4 <r—1. If i = r (D has no zero Jordan block in this case), then ¢ is

representative element of F*(,/p)/(S" * (F*(,/p))¥) with {} being the ”curly bracket” power

function defined in Definition 6.3.1, and [ is the greatest common factor of n;, n; are from the
n

partition of positive integer m = 3:

m = Bing + -+ Bsns.

which corresponds to the Jordan blocks .J; of D.

Given an integer h and a number = € F*(,/p), the {} power function in the above theorem
h

—_——
is defined as zt" =rzzT- - -

1.2.4 Classification of Kp-orbits for SL(n,F) for Cartan/outer involution

We have not finished this part yet. We give out the canonical forms of K-orbits of unipotent
elements in P = G/K over algebraically closed field F, which consists of symmetric matrices,
for small n only. We illustrate what kind of canonical form is expected for arbitrary n.

Representatives in K-orbits can be given as g = I + J with

e n =2: J =0 (the identity orbit)
N Ee
VT o)
e n =3: J =0 (the identity orbit)

C L T o

J=1|+v/=1 =1 0 | (from the case n = 2)

J =

0 0
N

J=1+v-1 0
0o 1

S = O O

11



1 0 0
-1 2vy/-1 0
2v/—1 1 1
0 0 1 -1

and all orbits included in the case n = 3.

[ R R

The canonical form for any n will be all K-orbits included in the case n — 1 and one two

K-orbits of rank n — 1 in the following form:

o Y
Yy —a Y2
J = Y2 @ Y3

Yys —« Ya

a = 0if n is odd and a # 0 if n is even. More specifically, a should be able to take 1 if n
is even.

If n = 2m + 1 is odd, we should always have only one K-orbit of unipotent elements with
rank n—1, but we will have two K-orbits of unipotent elements since we have n—1 off-diagonals
and are only able to introduce even numbers of —1’s. All K-orbits will be the ones of rank
n — 1 and the ones included in n — 1 case. If n is odd, then only one K-orbit of rank n — 2 from
the K-orbits of n — 1 case is included.

A good intuition is that all K-orbits here correspond to the Jordan canonical forms exactly.

12



Chapter 2

Preliminaries

Our basic references for reductive groups, Borel subgroups, and maximal tori will be the books
of Borel [4], Humphreys [25], and Springer [34]. We will follow their notations and terminology.

Throughout this thesis, F is a field of characteristic not 2, and G is a reductive algebraic
group defined over F. Let ¢ be an involution of G and K = G be the fixed point group of G,
Gr (resp. Ky) the set of rational points of G (K).

Let V =TF" be a finite dimensional vector space defined over F, M,,(F) = M (n,F) the set of
n x n matrices with entries in F, and Id € Aut(G) the identity automorphism. For the identity
matrix we often simply write I instead of Id.

Let

GL(n,F) = {A € M, (F)|det(A) # 0}
and
SL(n,F) = {A € GL(n,F)|det(A) = 1}

Let F* denote the product group of all the nonzero elements. Given any positive integer
h € Z*, let

(F")" = {a"(0 # a € F)

The following is some notation we will use throughout the rest of this paper.

Notation 2.0.1. By m € F*/(F*)" we mean that m is the representative of the h-quotient group

of F*, where h is any positive integer.

Notation 2.0.2. Given a matrix A, AT is the transpose of A.

13



2.1 Symmetric Spaces and symmetric F-varieties

Let Aut(G) denote the set of all automorphisms of G. We have following definitions.

Definition 2.1.1. An involution of G is an automorphism o € Aut(G) such that o? = Id and
o # 1d.

Definition 2.1.2. Given an involution ¢ of G, K = G° the fixed point group of the involution
o, the symmetric F-variety Py is defined as 7(Gr) = {go(g)~t|g € Gr}, where G is the set of
F-rational points of G. One can see that P ~ Gy/Kp, where Ky is the set of F-rational points
of K. For F = F algebraically closed, P is also called a symmetric variety, and is the connected

component containing the identity of @ = {z € G|o(z) = 27} if the connectedness is defined
on G.

Definition 2.1.3. Given an involution ¢ of G and subgroup H of G, the H-orbit of some
element g € G is defined as the set {h~ghlh € H} = {hgh™!|h € H}. Especially if H = K is
the fixed point group of G, the K-orbit of g € G is to be {k~'gk|k € K} = {kgk™1|k € K}.
Similarly for arbitrary field F, and Hr = H N Gy we define Hp-orbit of some element g € G
as the set {h~1ghlh € Hp} = {hgh™!|h € Hy}. Especially if Hp = Ky, the Kg-orbit of g € GF
is to be {k~1gk|k € Ky} = {kgk~ |k € KF}.

Definition 2.1.4. A matrix J is nilpotent if J™ = 0 for some positive integer m. It’s clear
that J is nilpotent if and only if all eigenvalues of J are 0. A matrix g = I + J is unipotent if

J is nilpotent, where I is the identity matrix.

2.2 Isomorphy classes of involutions

To classify Kg-orbits of unipotent elements in P = Gy/Kp for all involutions on G, we need
first to classify involutions up to isomorphy. Before we define what we mean by isomorphy of
involutions we need more notations.

For A € GL(n,TF), let Int(A) = Z4 denote the automorphism defined by Z4(X) = A71 XA, X €
GL(n,F). An automorphism ® of G is called of inner type if ® = T4 for some A € GL(n,TF).
Otherwise ® is called of outer type. Let Intp(G) = {Int(x)|z € G and Int(G)(Gr) C Gr} denote
the set of inner automorphisms of G which keep G invariant. Note that for Gp = SL(n,F)
one can consider conjugation by elements of GL(n,F) instead of conjugation by elements of
SL(n,F).

Definition 2.2.1. 0, ¢ € Aut(G) are said to be F-conjugate or F-isomorphic if and only if there
is a y € Intp(G) such that x 'ox = ¢. When the field F is clear from the context, we simply

say that they are conjugate or isomorphic.

14



We need following results on classification of involutions on Gy = SL(n,F):

Theorem 2.2.2 (n = 2, [22]). All the F-isomorphy classes of involutions over Gg = SL(2,F)
0 1

b

can be represented by Int(X), where X = [ € GL(n,F), p € F*/(F*)2.

Theorem 2.2.3 (n > 3, inner, [23]). Suppose the involution o € Aut(G) is of inner type. Then

up to F-isomorphism, we can write o = Int(Y'), where Y is one of the following matrices:

1
(1) ! It Iy and Iy are identity matrices, and the size of Iy can be 1,2,...,|%].
—19
5] is the largest integer that is less than or equal to 57
~ | -
p
(2) -  p e F(F)2.
1
L p

Theorem 2.2.4 (n > 3, outer, [23]). Let ¢ be the Cartan involution, i.e., ¢(g) = (g7)~1. Then
up to F-isomorphism, any outer involution o can be written as o = Int(M)o ¢, where M is one
the following matrices:

my

(1) M = , my € F/(F)%;

mTL

(2) M = L , I is the identity matriz of size 5. It’s clear that this is possible only
if n is an even integer.

2.3 Jordan decomposition

Jordan decomposition gives us nice canonical forms for arbitrary matrices, which is very useful

in linear algebras theory. Here we sue following form of Jordan decomposition (see, for example,

[1]).
If F is an algebraically closed field, i.e., F = T, it’s clear that, given a matrix A € M, (F),
we can find X € GL(n,F) such that

J1
X1AX = ,

15



where

Ji = =NI+

i 0

Since F = F, we can actually take X € SL(n,F) in above multiplications. This is not true
any more if F # F. We give corresponding result in Theorem 5.2.1. In Chapter 6, We actually
reduce a matrix pair (or matrix pencil) (B, C) simultaneously, i.e., B — 2~ 'By,C — y~'Cu,

and we also consider the case of D — (Z)™!Dx.

Remark 2.3.1. Even if F # F, if A is unipotent or nilpotent, we still have the above Jordan

decomposition, though one can only assume X € GL(n,F).
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Chapter 3

Double Coset and Reduction

There is a correspondence between K-orbits (Kp-orbits) and double cosets, and one way to
classify K-orbits (Kp-orbits) is to classify corresponding double cosets. In this chapter we also
verify the corresponding classification results for two isomorphic involutions, which allows us

to use results from [22] and [23] to work on some specific involutions only.

3.1 Correspondence between K-orbits (Kp-orbits) and double

cosets

We first need to define formally what we mean by double coset:

Definition 3.1.1. Given two sets K1, Ko € G (resp. Gr) and g € G (resp. Gp), we define the
(K7, K3)-coset of g (double coset) as

KngQ = {klgk:2|k:1 S Kl,kg € KQ}.
Especially (Kp, Kr)-coset is
KFgK]F = {klgkg‘kl, kz S K[F}.

The following result from [4] gives us an intuition of types of involutions we should study:

Lemma 3.1.2. 1. If the field F is algebraically closed, then || Aut(G)/Int(G)|| = 2 for n > 3.
2. Any outer automorphism can be written as Int(M) o ¢, where ¢ is a fized outer automor-

phism.

Remark 3.1.3. Cartan involution ¢ defined by ¢(g) = (¢g7)~! is an outer involution and actually

it’s the most important outer one.
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Following calculations are trivial:

7(g) =7(9)
go(9)~! =go(g)™"!
I=g""go(g) 'o(9)
I=(g'g)o(g 9"
< g7'g €K

< g =gk for some k € K.

This actually gives us a quick look of why P ~ Gr/Kp. See [16] for a strict proof. For
all possible k1, ky € Kg, ki1gks are always in the same Kpg-orbit. It’s true vice versa. This is

actually following theorem:

Theorem 3.1.4. Given g,g € Gg, 7(g) and 7(g) are in the same Kg-orbit if and only
KrgKy = KrgKy.

Remark 3.1.5. For any ¢g,g € G we have either KpgKy = KpgKy or KpgKy () KrgKr = ¢,
the empty set.

Remark 3.1.6. Properties and decompositions/classifications of double cosets have been studied
over years. Bala and Carter have studied double cosets of unipotent elements in algebraic groups
in [2], [3], which gave us Bala-Carter theorem. Matsuki studied double coset decompositions
of deductive Lie groups arising from two involutions in [28]. Richardson studied (K7, K2)
double cosets on G in [32], where K; and K3 are some subgroups of G' containing the identity
component of K. Helminck and Schwarz considered real double cosets of semisimple elements
in [21].

3.2 Reduction

Let 6,0 be two involutions with 6 = 6, Yoo 06, 6, is an inner involution defined by 6,(g) =
p~tgp, where p € GL(n,F), g € G, and G is some linear algebraic group. What we will show is
that, to study properties of pair (G,#), we can equivalently study (6,(G),0).

It’s clear that 6,(G) is still a linear algebraic group and ¢ is an involution on 6,(G). Let
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T9(9) =g - 9(9‘1). We have

and
Op(16(9)) = Op(g(8(g™"))
=0p(g) - Opo 9(9_1)
=0p(9) - 0(9p(g_1))
0p(9) - o((0(9)) ")
= Ta(ep(g))
and

=9 = 19(9) = p(9) — 75(0p(9))
:>9p(P9) = PU,

where Py = G/G% and P, = 0,(G)/(0,(G))°, G? and (0,(G))° are corresponding fixed-point
subgroup of G and 6,(G).

Also
g9 ="0(9) < bp(g) = 0,(0(g)) = o(6p(9))
=g € G’ & 0,(9) € (6,(G))°
=(0p(G))7 = 0,(G”).
Similarly

For K-orbits. Let = € Py, k € G, x, = 0,(x) € P, and k, = 0,(k) € (6,(G))?, then
Op(k - - k™1) = O,(k) - Op(2) - (k)" = Ky

This means that we can study the K-orbits of pair (6,(G), o) instead of (G, 0) if 6 and o are

conjugate/isomorphic/equivalent and if it’s easier to study. Once we get result for (6,(G),0),
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we get corresponding results for (G, ) immediately.

Following are true too:

g is semisimple in G < g, = 6,(g) is semisimple in 6,(G).

g is unipotent in G < g, = 0,(g) is unipotent in 6,(G).

T is a maximal torus in G < T, = 6,(T) is a maximal torus in 6,(G).

A is a maximal #-split torus in G < A, = 0,(A) is a maximal o-split torus in 6,(G).

We also have similar correspondence in Lie Algebras, Borel subgroups, and root system of
G and 0,(G).

Remark 3.2.1. We have same equivalence results for rational group pairs (Gr, 0) and (0,(Gr), o).

Remark 3.2.2. In conclusion, we only need to study involutions specified in Theorem 2.2.2,
Theorem 2.2.3 and Theorem 2.2.4 to get the classification of Kp-orbits of unipotent elements

for all F-involutions on SL(n,TF).
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Chapter 4

Classification Results for SL(2, )

In this chapter we classify Kp-orbits of unipotent elements for SL(2,F). We have inner invo-
lutions only in this case, which makes things easier. We translate the classification problem to
the "key” involution case first, then study classification problem for the key involution, and go
back to the original problem to get results in those cases. the idea of reduction and the results

we get here give big hints on how to work on the general case.

4.1 Reducing to the key involution case

Let’s go to the problem we work on: classification of K-orbits of unipotent elements. Let
Gr = SL(2,F),Ky = K,r = Gf, Kpr = G%, and define P,, Py and P§ in a similar way.
01
Theorem 2.2.2 tells us that we only need to study the inner involution 6, with ¢ = [ 0 ]
q
(we abuse our notations here), where ¢ € F*/(IF*)2,

Let
1 1 -1 1 a b
= Pl = , and g = € Ggp = SL(2,F
g \/5[1 1]1}1 [ ﬂ] e [Cd ’ 20
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and

From

and

we can see that

9:91)_100001,,

026;110900131.

4.2 Classification of Ky-orbits for the involution with ¢ € (F*)?

In this case we have g € (F*)2. We can take ¢ = 1 here.

Here is the main result for the case n = 2:

Theorem 4.2.1. Let Gy = SL(2,F) and we use the above notations. If char(IF) # 2, for pair
(Gr,0), we can study (Gg,o) equivalently. For (Gg,o) we have 2 - [F*/(F*)?| + 1 Kg-orbits of

unipotent elements in the symmetric F-variety P = Gy/Kp. We can especially choose

1 « 10 10
, and
[0 1] [al [0 1]
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as representative elements in Kg-orbits, where a is a representative of F* /(F*)2.

Proof. Since § = 0;1 oo o8, we study (0,(Gr), o) instead of (G, ). Also, from

a b 1 |1 -1
cd'ﬁll

—1
1 a b 1 -1
11 c d 11
111 a b 1 -1
_2_—11 c d 1 1
1| atc b+d 1 -1
B —a+c —b+d 11

1 a+b+c+d —a+b—c+d
2_—a—b+c—|—d a—b—c+d

(a+d)+(b+¢) (—a+d)+(b—c)
(—a+d)—(b—c) (a+d)—(b+c)

(
slla+d)+(0+0)] gl(-a+d)+(b-c)
[

H—a+d)—(b-0)] La+d) —(b+0)
_|a b define _
“leal Y

we can see that 0,(Gr) = Gy and

KF:KU7F:GI‘§:{IC: [7 1]eSL(2,F)weF*}.
¥
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d -b
Now let’s focus on (G, o). Let’s look at elements in P,: (g7 ! = [ ] )

o(9) =g-0(g”")

la =] a
| e —d —c —a
ad + be 2ab

2cd ad + bc
0 ab

C

= (ad + be)I 4 2 =A+B

If abed # 0, then B has two different eigenvalues in F, which implies that 7,(g) = A + B is

semisimple in P, and not unipotent.

If a =0, then
det(75(9)) =1 =ad — bc — bec = —1
0 0
=T, =—-I+2 ,
7(9) ed 0 ]
which is not a unipotent either since the only eigenvalue is A = —1. This also gives us the clue

of proving corresponding part in the case n > 3.

We have same conclusion for the case d = 0.

1 2ab
Ifc=0but b#£0, 7,(g9) = [ 0 ;l ] is definitely unipotent, and (k = [ 7 . ])
v

kx15(9) =k 15(g9) - k1
l 1 2ab y !
B ~~1 0 1 1
1 2aby?
o 1|

It’s clear that we have [F*/(F*)?| K, -orbits of unipotent elements and their representatives
1
could be 0 (f with a € F*/(F*)2.

We have similar conclusion for the case b = 0 but ¢ # 0.
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If b=c=0, then 7,(g) = I and k * 7,(g) = I: we have only one K, p-orbit with only one

element I. 0

4.3 Classification of Kp-orbits for the involution with ¢ # 0 ¢
(F*)?

Using the above result and calculations in the proof of the above theorem, we have

-1
~ 0 1 0 1
Theorem 4.3.1. Let Gy = SL(2,F). If [F*/(F*)?| > 1, ¢ (g) = [ 0 ] g [ 0 ], where
p p
p# 0 & (F*)2, then we have only one K; F-orbit of unipotent element in the symmetric F-variety
P = Gy/Kp, the identity element I. ’

~

Proof. Similar to Theorem 4.2.1, we will study the pair (6,,(Gr),0) instead of (GF, #) since

0= 9;11 06 o00,.

Letg:[a

b
J ] and we look at what 6, (Gr) looks like:
c

-1
1 0 a b 1 0
0?1 (g) =
0 Vaq c d 0 Va
AERIE RS
< \fg d
Using calculations in Theorem 4.2.1, we can see that
To get unipotent elements in the symmetric F-variety , for pair (Gy,6) we have either
b=13[(—a+d)+(b—c)]=0o0rc=3[(—a+d)— (b—c)] = 0. Also, to get 0, (Gr) from Gr we
only need to replace b and ¢ by v/b and \/ﬁg Therefore to get unipotent elements in By, , we

will have
0=b = 3l—atd)+ (Vb = Va5 = 5l(—a+d) + Vil — )
:»{[ e y| (D
=2 = gl(—a+d) = (Vab = Vi) = 3l(-a+d) = Vi - )] =0
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From ¢ = 0 we have same conclusion. Therefore we can have only one unipotent in Py or

Pg, the identity element I. O

Remark 4.3.2. For case n = 2, we first reduce to the classification for our key involution and
therefore finish classification for all involutions. We have two parts in our proof of classification
for ¢ € (F)2: 1, we first find out only certain types of unipotent elements can generate unipotent
elements in symmetric F-variety P, then 2, classify those particular types of unipotent elements
only. For the case q # 0 ¢ (IF)?, we translate it into the one for our key involution, and then use
relation between two problems and special properties of translated problem to get the result.
The results in this section are simple but important, since what we will do for the case n > 3

is exactly what we have done for the case n = 2.
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Chapter 5

Classification of Gp-orbits of
Unipotent Elements for SL(n,IF)

We here study Gp-orbits of unipotent elements in Gp = SL(n,F) and then apply this result to
our classification problem for inner involutions. We first introduce one definition we need and

then prove the result in the following section.

5.1 A definition and its properties

We first introduce some notations, one definition and its properties that we need in this chapter
and in Chapter 6.

We define notation § for some integer 4 in following way:

0, ifi=0
siy=4 LT
1, ifi£0.

Given a sequence of integers ng, n1, ..., n,, we are able to define following equation:

H T =p (5.1.1)
0<i<r

where p € F* is given and z;,7 = 0,...,r are unknowns.

Remark 5.1.1. It doesn’t matter whether n;, = 0 for some iy, and we actually only need to

consider all nonzero integers in the sequence if it is the case.

Using above equation we are able to define an equivalent class in the field F:
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Definition 5.1.2. Given fi, fo € F* and a sequence of integers n;,7 = 0,1,...,r, we say that
f1 and fo are n;-equivalent, denoted by fi1 ~ fo, if and only if the equation (5.1.1) has at least

one set of solution in F* with p = f1/ fo.

It’s easy to check that the above definition indeed defines an equivalence relation in [F*.

We have following lemma for the equivalent classes in F*:

Lemma 5.1.3. Suppose the greatest common factor of nonzero integers n;, i =0,1,...,r, is h.
We have then

AR e fi)fa € (F)

Proof. 1t’s obvious that we only need to prove the case that all n; are all positive integers.
Necessity. Suppose f1 ~ fo and n; = hl; where h is the great common factor. We then have

for z;’s in equation (5.1.1) for p = f1/f2

Ji/fe = H x;"

0<i<r

_ hl;
= H Z

0<i<r

=([] =" e @)

0<e<r

Sufficiency. Suppose f1/fo = p € (F*)". Since h is the greatest common factor of n;, we

are able to find integers u; such that

Let z; = p“i, then



ng

So we have f; ~ fo.
O

5.2 Classification of Gy-orbits of unipotent elements for SL(n,[F)

Let Gr = SL(n,F), and we define Gy-orbit of A € Gy as the set

{9Ag (g € Gx} = {9 ' Aglg € Gr}.

Let n € N be partitioned in the following way:

n = Bong + Biny + -+ + Brny, (5.2.1)

where 1 =ng<n; <ngo <---<np_1 <n, <n,and G;,:=0,...,r, are nonnegative integers.
In this section, we discuss the classification of Gg-orbits of unipotent elements in Gy. The
above partition of n corresponds to sizes of Jordan blocks in the Jordan canonical form of a
unipotent element in G, i.e., we have §; Jordan blocks of size n;,i =0,1,...,7.
We also note that, whether F = F or not, given a nilpotent matrix A, we can always find
matrix X € GL(n,F) such that A = X~1JX, where J is the usual Jordan canonical form.

Here is the main result in this chapter though not used in our thesis directly:

Theorem 5.2.1. Let F be an arbitrary field. Suppose we have two unipotent elements A =
XJu X7V and B = YJgY ™! in G with same Jordan canonical form determined by partition
(5.2.1): Jyx = Jp. Then A and B is in the same Gg-orbit, i.e., there exists P € G such
that B = PAP™', if and only if det(X) and det(Y) are n;0(3;)-equivalent, or equivalently
det(X)/det(Y) € (F*)", where h is the greatest common factor of the sequence n;6(f3;),i =
0,1,...,7.

Furthermore, all G-orbits can choose elements in the following form as representatives

XJXx 1 (5.2.2)

where J is the Jordan canonical form and
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where p € F* /(F*)".

Proof. If F =T, we can see that two elements in Gy are Gg-similar if and only if their Jordan
canonical forms are same. When F # F, we need more conditions.
If A € Gr = SL(n,F) is unipotent, then its only eigenvalue is A = 1. Let V' = F" and define

an operator p on any v € V

pU 2 (A— A)v.

We can then define subspaces (it’s clear that p"V = {0})

Vi=V
Vi={veVlplw#0but pPv=0}j=1,...,n,.

It’s clear that pjfiVj CViforall0<i<j<mn,.

~ . . .
Now we define V ,j = n,,...,1 as in following expression
n ~Tp
Vir=yv
~np—1

~t

We assume m; = dim(V?) and m;= dim(V ). It’s clear that
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My, = Mnp,.;
mi:mi“—mi,z:nr—l,...

Y

m; 2> m; if 1 <.

We can always reduce A to its Jordan canonical form in field F: A = XJ4X ! because A is
unipotent. We here want to reduce A into a special canonical form, still denoted by Jga, to get
the bi-condition. Here is what I mean It’s not hard to see that, to get the Jordan canonical

~Tp

form, we can choose a basis from V ,pV2, V ,pV3,. ..,V ,pV”l, oo pV™ Vo and we still
~Ny
denote the basis by V ,pV2, V ,pV3 . V ,pV”l, ...,pV™ VvV and therefore we have

~1 ~Ny ~1 ~Ny

Alv pV2 .. v 1=V .,pV:. ..V 4

or

AX = XJy

where J4 is determined by arranging (generalized) eigenvectors in the above way, and then

also determined by m; (and therefore 77N”LZ) i =1,...,n, only and is unique. Now let’s see what
~1
kind of X we can take. We start from V " down to V . We assume m;= dlm( ) # 0,0 =

1,...,n, first. This means that ng =1 n1 =2 n0=3,...,n =1+ 1.
~1
First we fix a basis Xy = [Vo,pVO ,Vo, N 1 Vo ] which gives us the canonical from
Ja. It’s clear that all possible V has the form Vo , where D,, € GL(?%nT,}F) could any

~TNy N —

nonsingular matrix. pV"™ =pV =p VO D,,,.. Similarly all p0351ble 1% has the form

~Mpr—1 ~Np—1 ~Mp

Vo Dnr—l +pV0”T -k =V Dnr—l +pVy -*
Dnrfl
. .

where D,, _1 € GL(T?LnT_l,F) and * is any m,, by ﬁznr_l matrix. So all possible V"~ =

~Mpr—1 ~MNp
- [ Vo pVy }

N —

[V ,pV™], has the form
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_ ~Npe—1 ~Np D -1 0 _ Dn —1 0
Vn,n 1 — [ n :| Ny — V?’LT 1 r
Vo P Vo * Dy, 0 * Dy,
~Nr—2
Again, all possible V/ has the form
~T e —2 _ ~T—2 ~~np—1 ~Ny D =1 0
Vo Dy, —2 +pV"r Lok =V Dy, —2+p [ Vo PV } i
* Dy,
DnT72
~Tp—2 ~nr—1 ~Tyr
[ Vo PV P° Vo } *
*
This gives us
_ ~Npr—2
\Vaks 2 = [ v pV'Onr—l }
Dner
~Ne—2 ~pe—1 9 ~T
- [ Vo P Vo P° Vo } ¥ Dno
* * Dy,
DanQ
— VvOnT—Q % Dnr—l
* * D,
Repeating it we can get a general formula for V*:
- D, -
*  Dipq
, ~i ~it1 o~y
Vi=\|v, pVy ... "IV, } * *
Dnr—l
| * * D, |

32

].*



- D, -
*  Dipa
Dnr—l
L * * * Dnr 4
= Vi Di.
where D; € GL(ﬁlj,F),i <j <.
We then can get the formula for the general X:
X = [ vi oy2z ... ynr
~1 ~2 ~MNp
= |: v pv2 v pv3 pvnr 174 ]
. ~1 ~Ny
where V" = [ voopvitt } 1<i<n,—1and V' =V
Now it’s
Di
D>
X=X
_ Da, |
= XoD.

~

Now we consider the general case, i.e., there could be some i such that dim(yV ) =0. In

this case we have

V’io — pvi0+1
= pV5" ™! Digta
= ‘/()io Di0+17
This implies 1N)i‘0: IN)Z'O_H. Therefore, generally lN)Z (and therefore D;) appear in D if and

~1

only if my= dim(V ) > 0. Using correspondence between sizes of Jordan blocks and partition

of n in (5.2.1), we can see that if ﬁlﬁé 0, we then actually have ; :ﬁlm, 0<i<r.
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Let w; = det(Dy,) € F*,0 < i <r. We then have

det(D) = H det(Bi)

1<i<n,

= ] (o,

0<i<lr

We only need to consider n; instead of 7 here since, if for some index g, 3, :ﬁznioz 0, then
ig0(Bi
Dy, would not show up and therefore wZ)O (Bio) _ w?o =

If 6(8;) = 1, then D,,, will appear n; times in D, and therefore w; appears n; times in the

1 in the above expression.

above.
This tells us that all possible X in A = XJ4X ! has determinant:

det(X) = det(Xo) - [T (wi)™*@,

0<i<r

i.e., an n;0(8;)-equivalent class in F*.

Now we assume

A=XJuX L B=YJgYy! (5.2.3)

are Gp-similar, i.e., there exists P € G such that B = PAP~!. Here J4 and Jp are in the

special canonical form described above. We then have J4 = Jp immediately. From
B=YJgY ! =YY ! = PAP™! = PXJaX'P7!
We know that there exists a nonsingular diagonal block matrix D as described above such

that

PX=YD&<P=X'YD.
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P € Gr =SL(n,F) & 1 =det(X 'Y D) = det(X) " det(Y) det(D)
PN H (wz‘)nié(ﬂl det( )

\Zier det( )

All possible det(X) and det(Y') are det(Xy)det(Dx) and det(Yy) det(Dy ), where X and
Yy are fixed. We now have

det(X)  det(Xp)det(Dx)
det(Y)  det(Yp) det(Dy)

H (wi)mé(ﬁi) —

SO

det(X()) det(Dy)
det(Yy)  det(Dx)

H (w.)ni5(ﬁz‘)

1<i<r
AL Gy
_ =T \ni6(8:)
- T (B H (wi)
131:[9(%’)()71 (B:) 1<i<r
= 1] (YY" Yiynis(5)
1<i<r Wi X

So we can see that det(Xy) and det(Yy) must be in the same n;0(3;)-equivalent class, or no
matter what X and Y we choose in (5.2.3), det(X) and det(Y) must be in the same n;0(5;)-
equivalent class, and therefore using Lemma 5.1.3 we can see that det(X)/det(Y) € (F*)",
where h is the greatest common factor of i6(;).

On the other hand, in (5.2.3), assume det(X) and det(Y") are in the same n;0(5;)-equivalent
class. If det(X) = det(Y) we can take P = YX~! € Gy = SL(n,F) directly. If det(X) #
det(Y), according to the above analysis, we can take another matrix }7 such that for some

block diagonal matrix D

—1 ~
B=YJgY ' =y Js Y with Y=YD

and det(X) = det(Y ) because det(X), det(Y') and det(f) are in the same n;0(3;)-equivalent

class. Now we can take P :Y X1 eGy.

We can also see that, even if J4 and Jp are in the traditional canonical form, we still have
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same conclusion/bi-condition here.
For each Gp-orbit of unipotent elements in Gg, we can always take elements in the form
(5.2.2) as our representatives in the Gp-orbits of unipotent elements.
O

Remark 5.2.2. If in the partition (5.2.1) By > 0, i.e., we always have zero Jordan block, we
can see that the greatest common factor h is always 1 and if this is the case, the usual Jordan

canonical form is good enough to distinguish different Gg-orbits.

We actually need a little more for Theorem 6.1.8. First we introduce

Notation 5.2.3. By p € F%/(F%)", we mean that given pi,ps € F*/(F*)", p; and ps represent
same equivalence class in F/ (Fi)h if and only if ps = £py. It is true that this indeed defines

an equivalence relation in F* (or F*/(IF*)").

Now we have

Theorem 5.2.4. Given A, B and P as in Theorem 5.2.1, if we allow the determinant of P to
be +1 instead of 1, then

1. if —1¢€ (F*)h, we will require same condition and have same representatives of "+Gp-
orbits” as in Theorem 5.2.1;

2. if =1 & (F*)", we then require instead :I:iztt(ég € (F*)" as condition of being in the same

"+Gp-orbit”; for representatives, we choose instead p € T4 /(FL).

Proof. We only use the determinant condition in the last part of the proof of Theorem 5.2.1,
and the rest is from the definition of the equivalence class F% /(F%)". O
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Chapter 6

Classification Results for SL(n,[F) for

Inner Involutions

Now we go to the case n > 3. Let Gp = SL(n,FF). We have two types of involutions to study,
inner involutions and outer involutions. We study inner involutions case in this chapter. From
Theorem 2.2.3 we know that we only need to study two types of inner involutions. We will study
a key inner involution first, and then apply conclusions obtained for the key inner involution to

the other cases.

6.1 Key inner involution

The key involution o we will study is defined as

_ 1 _
o(g)=ptgp, p= [ _I] =p

Here n € 2Zt.

In this case,
P n
Ke=Kyp=Go={k= o | €SLPIP.QE GL(Z F). det(P) det(Q) = 1 o
Again we will do same thing as we did in the case n = 2:
1. Show that g (or 7(g)) needs to have a special form to yield a unipotent element in

P = Gr/Kr;
2. Classify all Kp-orbits of unipotent elements in P.
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6.1.1 To make 7(g) to be unipotent, g needs to have a special form

Our main results in this subsection are Theorem 6.1.1 and Theorem 6.1.3.

Theorem 6.1.1. Let g = € Gy. If det(A)det(D) # 0, then all unipotent elements

C
. , I B , B
in P can be generated by a special type of g: g = o =1+J withJ =
nilpotent.
To prove it, we need following lemma first.
B . ‘ . . .
Lemma 6.1.2. Let J = o , then X\ is an eigenvalue of J if and only if —X\ is an
eigenvalue of J. So we have det(I + J) # 0 < det(I — J) # 0.
Proof. Let X # 0, then from
I 0 M B | | M B
~tcr|lc x| |0 ax-1icB

we have

da@f—J):daQndauf—§CB)
1
= det(A - (A — 1 CB))

= det(\*I — C'B)

So the characteristic polynomial of J is a polynomial of A2, which gives us the conclusion. [

I B
Proof of Theorem 6.1.1. First we prove that g = [ oI = I+ J with J nilpotent generates

unipotent elements in P. We then prove that all unipotent elements in P can be generated
by this type of ¢g. Also, the order of I should be clear from its context and it should not be

confusing if it stands for identities with different sizes.

BC
It’s clear that J? = is diagonal, and

CB

g=1+J
= +J)I-J)I—J)"" (Lemma 6.1.2)
= =7 =)
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sog = (I—J)I - JQ)_1 and (p and I — J? commute)

7(9) = go(g™")

=gp g7 'p

=T+ J)p(I—-I)I-J*!

= (I 4 J)p(I — J)p(I —J*)™!

= (I + )[p(I = )pl(I = J*)~!

= (I +J)(I —pJp)(I —J*)~"

=T+ NI+ NI -T>) (pJp=-J)

=(I+2J+ )T -J)!
(I —J?) 4 (2] +2J%)](I — J*)7!
T+2J(I+J)(I—J*)7 !
I+2J(I—J)™!

VV\_/\_/

then 7(g) is unipotent if and only if 2J(I — J)~! or J(I — J)~! is nilpotent. The eigenvalues of

J(I —J)~! have the form \ = 1:\§\J, where )\ is an eigenvalue of J. This is because J(I —J)~!

is a rational function of J and the eigenvalues A of J(I — J)~! are just same rational function

of eigenvalues Ay of J. So A=0< A; =0, i.e., J is nilpotent.

Let’s see a general case. Let

A B
7=l b

A—l
o[,
o] 1 Bp'] [1 B
I=9% =l oar 1 |~ |T 1

then

Qg 'p (Qp=1pQ)

=g-p
=g-p (9Q)"
=g-p g 'p
=17(9)
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This means that, if det(A)det(D) # 0, we can always assume A = D = I. To show that
g € SL(n,TF), i.e., det(g) = 1 we only need to notice that, if we assume g = I +.J

7(g) = 7(g) unipotent = J nilpotent = det(g) = 1.
O

A B
Theorem 6.1.3. Let g = c D € Gy. If det(A)det(D) =0, then 7(g) has one eigenvalue

A = —1 which implies that T(g) is not unipotent.

We assume the field F = T here. If we prove the theorem for the case F = F, the theorem
will also be true for the case F # F: 7(g) has eigenvalue A = —1 in F and it’d have eigenvalue
A= —1in F too.

We put the proof of Theorem 6.1.3 into two cases:

Case 1. One of A and D is nonsingular;

Case 2. Both A and D are singular.

Proof of Case 1. Without loss of generality, we assume A is nonsingular and D is singular.
1
Same as in Theorem 6.1.1, we can assume A = [ and D = [ 00 ] , where the identity matrices

in A and D should be taken properly. Now we have

I

9= C

I
with D = 0 .
00

1

Thanks to the nonsingularity of A = I, we can write out g~ explicitly. Here is a quick

look: (g nonsingular = D — C'B nonsingular)

I —-B
0 I

which implies

I 0
0 (D-CB)!

I 0
-C I

I B
¢ D

=1
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L [ -B]]I 0 I 0
g 0 I 0 (D-CcB)' || -C I
|1 -BD-cB)™! I 0
|0 (D-CB) -C 1

[ [+ B(D-CB)"'C | -B(D~-CB)™!
~(D-CB)'c | (D-CB)!

1 1

From g-g~! = I we have (g-g~!)21 = 0 if we partition g-¢g~! into two by two block matrix,

and therefore

0=(g9-9 u

I+B(D-CB)!
—(D-CB)"C
=C-[I+B(D-CB)'C]-DD-CB)"'C

(
o p]

and we then get

C(I+B(D-CB)™'c)=D[D-CB)"'C. (6.1.1)

Then
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T(9)=gp g7 'p

1 BT I+ B(D- CB 1C | B(D CB)~ I

| D -1 ~(D-cB)'c | (D-CB)! -1
[1 -B[I1+BWD-CB)'C|BMD-CB)"

¢ -D —(D-CB)"'C \—D CB)~!

[ I+B(D-CB)'C+B(D-CB)"'C  B(D-CB)™'+B([D-CB)™
| CU+B(D-CB)'C)+D(D-CB)"'C CB(D—-CB)™'+D(D—-CB)!

I+2B(D-CB) 'C 2B(D - CB)~!
2D(D-CB)"'C (D+CB)(D-CB)™!

6.1.1

I+2B(D—-CB)"'C 2B(D — CB)~! (6.1.2)
| 2D(D-CB)'C —I+2D(D-CB)* o
Now we look at the second block row of 7(g)
| 2D(D-CB)'C ~1+2D(D-CB) |.
. I 0 : .
Since D = 0ol suppose the last t rows of D are zero, then this means that, in the

last t rows of 7(g), the only nonzero elements are -1 which are from —I. They are all on the
diagonal positions of 7(g), which tells us that 7(g) has an eigenvalue A = —1 whose multiplicity
is at least ¢.

Proof of Case 2: A and D are both singular. Without loss of generality, we assume that

rank(A) < rank(D). Similarly we can take A and D in following special form:

:Il()’D:IQO'
0 0 0 0

So A has more zero rows than D does.

In this case we will again find the eigenvalue A = —1 of 7(g) explicitly. Actually we will find
a submatrix of 7(g) in £ SL(m, F) for some integer m, which gives us the eigenvalue A = —1 of
7(9).

We first partition B and C according to ranks of A and D
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Bi1 Bio
By1 Bas

Ci1 Ci2
Co1 Co

B =

9

Now we make full use of freedom of choosing elements in KrgKF, i.e., make g to be a really
special one. Notice that all elements in the same Kp-orbit of any element in P = Gy/Ky have
same eigenvalues.

We will discuss three subcases:

1. Baa # 0 and Cayy # 0.

2. By =0 but Cae # 0.

3. Cy=0.

First subcase. If Bgs # 0 and Ca # 0, then there exists nonsingular matrices f and h of

proper size such that fCoh = (if Cy2 is nonsingular, we simply remove certain zero
3

0 0
blocks in the above form). Similarly, if Bag # 0, we can find s and ¢ such that s Boot = [ 01 ] .
4

The identity matrices in fCo5h and sBaot need not be same. Let

7k2:

I 0

0 f
where a, 3 € F make det(k;) = det(ks) = 1.
Then
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[ al 0 0 * 0 BH Blg ﬁ] 0 0
0 S 0 0 BQl BQQ 0 h
ki1gks =
0 I 0 C11 Cho I 0 0 I 0
I 0 f Cy Cx 00 0t
[ OéBH CkBmt
N 8321 SBQgt
N BC1  Ci2h I 0
BfC2a1  fCah 00
[ CYBH OéBlgt
*
0
0 SBQl
14
BC11 OC'12h I 0
BfC2 0 0
i I3 i

Now let the last column of Ci2h be u, and the last row of sBy; be v. Let

Now
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[ a311 OéBlgt
— k
0
I, 0 0 0 By I
0 I 1 0
o B 8Cu | Cush .
0
- BfC2 0
i I3 i
i 0 * aBist ]
0
0
0 1
* * 0
0 I 0
BfCa 0 0
i I3 |
* (aBlgt)l (aBlzt)Q
* 0
%
00 0 1 |
* * 0
sfC 0 0
(BFCah I 00
(BfCa1)2 EN
[ (k3(k1gko)ka)11r  (ks(ki1gka)ka)i2
| (k3(k1gk2)ka)or  (k3(k1gka)ka)2o
k3(k1gko)k
By adding the last column of (ka (k1ghe )k to all other columns we are able to make
(k3(k1gko)ka)21

(BfC21)2 = 0. This is equivalent to multiply ks3(kigke)ks by some element kg in Ky from the
right. In the same way we are able to make (aBjat)e = 0 by multiplying (ks(kigk2)ks)ke by
some ks € Ky from the left, i.e., we get following form
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i * (OdBlgt)l 0 i
0
*
0 Ig
0 1
ks(k3(ki1gka)ks)ke =
* * 0
0 0
C
(BfCah L 0 0
L 0 1 i

VA

Now on the (n/2 — 1)-th and n-th rows and columns of g there only two nonzero elements,

1, and we actually form following submatrix of g

73]

We claim that the (n/2 — 1)-th and n-th rows and columns of (g)~! is same as g. Let P be

1
Q 9

a permutation matrix such that

PgPT =

then

(PgPT)™! = [ -0 ]

0 @
| x 0 1
1o g (@ =Q)
=P(g)~'P"

This implies that (g)~! = PT(P(g)"!PT)P has same "shape” as g and elements on the
(n/2 — 1)-th and n-th rows and columns of (§)~! are same as those of g.

Now let’s look at 7(g) = gp~'(g)'p. The operation on (n/2 — 1)-th and n-th rows and
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columns of 7(g) is actually same as

Qpr'Q 'p = QpQp
= (Qp)?

([0 5]

Il
| —
o |
o
I o
—
]

All nonzero elements on (n/2 — 1)-th and n-th rows and columns of 7(g) lie in Qp~'Q1p,
and it’s obvious that 7(g) has an eigenvalue A = —1.
The second subcase. If Boo = 0 but Cas # 0, following similar procedure we can assume g

to have following special form:

[ * * * i
0 0 By | 0
* * 0
g =
0 I, 0
*
I5 0 O
L 0 1 -

Bs1 must be full row-rank, and therefore there exist nonsingular f and h such that fBo1h =

o 1]

Let

then
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_ e ls
_ CE)[ ; . 0 Bo1 | 0 ﬁOI 3 0
* * 0
kg = Rt 0 0 I, 0 h 0
0 * 2 0
I 0 I I5 0 0 0 I
— 0 1 -
_ . .
0 0 fB2a1h |0
_ * * 0
0 I, 0
*
I 0 O
- 0 1 -
i * * x ]
0 0 I |0
. * * 0
0 I, 0
*
I 0 O
L 0 1 |

Suppose rank(D) = n; and let P be the permutation matrix that permutes the (n/24mn1)-th
and n-th row of kigks. Let

]433 = al 0 5

then
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[ 0 0 T
00

0 01
0

kg (k1ghs) = - rololo
o] o |1

- 0 0[0]0

|~ o |0 ofo]o

0 0[1]0

L ]

Considering the n/2-th and (n/2 4 ni)-th rows and columns of § we can get submatrix

01
Q= [ 0 ] again and similar to the first subcase, we can find permutation matrix P such

1
that
_PgPT: ES *k
| 0] @
- . )
P(gp)PT = N
|10
- . B
P(pg)P" = 01
L -1 0
and
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Then we have

* * *‘ *
= 0 -1 0 -1
0 0
i 1 0 1 0
[« *
= -1 0
0
i 0 -1

which tells us that P7(g)P” or 7(g) has an eigenvalue A = —1.

Third subcase. We assume Cy; = 0 and we have immediately that C1o has full column-rank,

I
so there exist nonsingular f and h such that fCioh = [ 03 ] . Let

then
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I I 0 *x ok I
ol 0 0 * %k h
klgkgz —
f x Cho I, 0 f
| 1 x 0 0 0 GBI
[ Il 0 *
0 0 *
B * fclgh 12
| % 0 0
[ L 0 * ] [ I 0 *
0 0 * 0 O *
—1
e Is = Cu|ls
C I . I
—— | 0 — 1 0
Let
I 0
—1
ko — _021 13
3— )
I
Is
then

o1



Let

then
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I 0 * %
00 | * gl 0
— — I
(kigka)ks = | Ty | I3 2 s
—2 P I
—1 0o o Ts
* 0
Lo x %
0 0 * %
0 |I3
—=2 IQ 0
* 0
I ] [
Is | Iy 00 Is || —I; 0]0
I3 0 =L 13 0
I4 0 I4 0
0 0L | i 0 0|
[ Il | Il 0 X %k ]
I3 I3 0|0 0 0 * ok
9= I3 0 0 | I3
— Ir 0
I o Col o 02 .
i 0 0|1 *
[, o « %]
0 I3 * ok
0 17 B I B o
—2 ’ 12 0 cC D -9
— 0O 0
. * O




where D = [12 0]. So
0 0
g=L"g,
~—1
9 =@7'L
-
) I | b olo
pp=| " ] I 0
I
- Il o
i 0 0|
- _
L | - olo
= I 0
1] 0
0 0|l
o '
and
@ =dp 7 p
=L"'gp " (9) 'Lp
=L @ '@ 'p)(p le)
=LY gp ' (@) 'p) L™
- _
I | —I; 0|0
[+2B(D—CB)~\C
- s |0 2D(D — CB)-\C
I 0
| e
L |
L || - oo
I 0
I ] o
0 0]l |
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The expression for gp~'(g)~!p is from (6.1.2). It’s clear that the last rank(l) rows and
columns of 7‘(?]) are same as the last rank(lg) rows and columns of gp~1(g)~!p = 7(g). From
the analysis in the case that A = I, D is singular, we can see that 7'(5) has one eigenvalue
A = —1. This finishes the proof of Theorem 6.1.3.

Following lemma is needed in Section 6.1.2.

Lemma 6.1.4. Let g € GL(n,F) be a nonsingular matriz. Given s < n and indices {i1, ..., is}
and {j1,...,Js}, if all nonzero entries of g lie only in rows {i1, ..., is} lie in columns {ji1,...,7s},

the submatriz T of g formed by elements lying in the above rows and columns is nonsingular.

Proof. By choosing special permutation matrices P and () we are able to make T be at the

right bottom corner of PgQ:

J11 912 J11 912
[ J12 922 ] [ 0o T

g1 = 0 because the only nonzero elements of PgQ lie in T. T is a square submatrix and

it’s obvious that 7' is nonsingular. O

6.1.2 Classification with ¢ in the special form

We assume here n is an even positive integer, i.e., n € 2Z7 and n > 4.

z 0

Let Gg = SL(n,F), Ky = Gf = { [ 0 }, where F is a field of characteristic not 2, not
Yy

I 0
necessarily algebraically closed, the involution o is defined as o(g) = p~tgp,p = 0 1 ],

and Ky = G§ is the fix-point subgroup of o. 7(g) = g(o(g))~ .

We’ve seen that all unipotent elements in P can be generated by g = I + J, where J =
0 B
C 0
7(9) & KrgKp = KpgKy, or g € KpgKy, or 3k, k € Ky s.t. g = kgk. With the special form of
g and § we have immediately k = k~! € K.

, and using correspondence with double cosets in Chapter 3, we know that 7(g) ~

Now
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I B| |z 0||I Bf|lz' 0
c I |o Y Cc I 0 gyt
(1) N B =uxBy !

C=yCx!

Remark 6.1.5. It’s obvious that rank(B) = rank(B) and rank(C)) = rank(C). We hereafter

assume this condition to be true in the rest of this chapter.

Remark 6.1.6. There are two ways of achieving our goals:

1. Get bi-conditions which two Kp-similar elements should satisfy directly.

2. Reduce ¢(g) to the canonical form directly and show that the canonical form can be
chosen as a representative element in the Kg-orbits.

We will combine both here. It’s true that 3k € Ky s.t. g = kgk™ < 3k, ko, k3 € KF s.t.
klgk:l‘l = kg(krggk:;l)k:gl. This means that we are able to take some k1 and kg to make klgkl‘l
and kogks ! to be special first to make our discussion easier. This observation is more related to
the second approach, and we will reduce g and g to their ” Kp-canonical form” directly and then
show that those canonical forms can be chosen as representative elements in their Kg-orbits,
i.e., we "mainly” follow the second approach while we use the first approach to help us see
where we should go and what kind of conditions they should satisfy.

If we use z,y acts on B, C like in (I), this means that, more likely, we are ”simplifying” ¢
or J.

If we use equations in (II), this means that, while it’s still possible for us to simplify g or
J, we are more likely either to reduce the PROBLEM, or to consider conditions that g/J(or
equivalently, B, C) should satisfy.

Remark 6.1.7. If F =T, then any k = € GL(n,F) can be taken in our proof, i.e., we

Y
are able to forget the determinant condition.

We will put our classification into two subcases: 1, det C' # 0, and 2, det C' = 0. The first

case is relatively easy and the second one requires much more work.
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Case det C # 0

If rank(C') = 3, i.e., det C' # 0, and field F = F we are able to assume C' = C = I, and in this
case § = kgk~' < B = xBz "', i.e., B and B are similar = the Jordan canonical forms give us

all possible Kg-orbits. This observation is included in the following Theorem:

Theorem 6.1.8. Let o
0 B
C 0

0 B
c 0

) )

be nilpotent matrices.

If rank(C') = rank(C') = 5, i.e., det(C) - det(C) # 0, then

(I) If F = F, then J 57 if and only if BC is similar to BC in the usual sense, or
equilvalently J? e ;

(II) If F #F, then J 7 if and only if following two conditions are satisfied

1. det(C)/ det(C) € (F*)%;

2. using condition 1 and approach I we can make det(C) = det(C). Then BC and BC are

nilpotent and satisfy conditions in Theorem 5.2.4.

Proof. From

we have

det(C)/ det(C) € (k*)?

det(z) = %/det(C)/ det(C) (6.1.3)
From the the first one we have
y=CaxC ltory = Cz~ 10 (6.1.4)
plug it into

B=axBy ' = BCz 1T

=BC =2BCz ! (6.1.5)

Since y is determined by x completely in (6.1.4), we only need to choose proper x to make
all conditions satisfied. We have two conditions for x: (6.1.3) and (6.1.5). If F = F we are done.
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If F # F, first, using approach I we are able to take proper 1 and y; to make det(C) = det(C),
and this gives us det(z) = 1. The rest is from Theorem 5.2.4. O

Remark 6.1.9. In the above Theorem 6.1.8, we are able to choose as representatives C' and B

to have following special form:

b
1
C =
i 1
- J
Ji 0
J1
B, = or By =
J,
L r J,
where
o . -
0 1
Ji = 1<e<r,

0

If B= B then q1 = q/p,q; = 1,i > 2, p € F*/(F*)? and q € F*/(F%)", where h is the
greatest common factor of the sequence size(J1), ..., size(J,). If B = Bsg, then ¢; = 1,i =
1,...,7. Note that we have Jy = 0 in Bs, and in this case, from Remark 5.2.2 we can see
that C and the Jordan canonical form of BC (BC) have been good enough to distinguish the
Kp-orbits of unipotent elements in P = Gy/Kp.

Case detC =0

Now we assume m = rank(C) = rank(C) < 2, and we then are able to choose z,y to make
I 0 _

C= 0 . This is true whether the field F = F or not. It’s like "transferring” determinant

I 0

conditions to B in the following procedure. Do same thing to C, i.e., make C = =C.

Here we are concerned with the case 7(g) unipotent < J nilpotent < BC nilpotent <
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Bi1 Bio

(B11)N =0, where B = is partitioned according to the partition of C, ie By1 €

Ba1 Ba
F™*™ Throughout this paper we assume B (and therefore B) to be partitioned in this way.
— I 0
To keep C =C = 0 , T,y need to satisfy

Oy o x| |y gz | |10

00 T2l T22 Y21 Y22 00
def

11 =Y = o

=< z19=0 = (deta)Q‘detxgz'detyQQ:detx-dety: 1#£0.
y21 =0

It’s clear that y~! has same shape as y (upper-triangular):

From B = 2By ~! we have

xB = By
a 0 | | Bu DB By1 B | o Y2
To1 T2 By Bao By Bao 0 w22
we get four equations equivalently:

aBi1 = B (6.1.6)
aB12 = Buiyiz2 + Biaya» (6.1.7)
91 B11 + 222Bo1 = Boa (6.1.8)
w21 B12 + 292 Bas = Ba1y12 + Bagyss. (6.1.9)

We have immediately By; ~ Bi1, i.e., By is similar to By, and therefore, if we use approach

(I) to make Bj; and B into their Jordan canonical form, we are able to assume, and therefore
assume from now on

Jo
J1
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where J;,7 = 0,1,2,...,r are the usual nilpotent Jordan blocks, Jy is the only zero Jordan
block, sizes of J;,7 = 1,2,...,r are nondecreasing. We are able to do this because we can take
special xa2 or yso to make the determinant to be one.

We list all “manipulations” we will use to reduce B and B in the following lemma:

Lemma 6.1.10. Without changing B11 and C, we can apply following "manipulations” on

Bij,i,j =1,2 (using approach (I)):
(a) add columns of B11 to columns of Bia (B21 and Bag might change too);

(b) add rows of B11 to rows of Ba1 (B2 and Bag might change too);

B
(c) multiply 12 from right by some nonsingular matriz;

22

(d) multiply [Bo1, Baa] from left by some nonsingular matriz;

(e) add the last row of any sub-block of [Bi1, Bi2] to the first row of any sub-block of [B11, B12]

or to any row "belonging to” Jy (Bi2 changes correspondingly);

B
(f) add the first column of any sub-block of [ BH to the last column of any sub-block of
21
By ; : ; ,
B or to any column "belonging to” Jy (Be21 changes correspondingly);
21

(g) multiply the first size(Jy) rows of Bia from left by any nonsingular matrix;
(h) multiply the first size(Jy) columns of Boy from right by any nonsingular matriz;

(i) add rows in Byy corresponding to the last rows of each sub-block of By to Bag (this does

not change Bay );

(J) add columns in Bay corresponding to the first columns of each sub-block of Bi1 to Bas (this

does not change Bi2).

Proof. We only need to take proper x and y in (I). O

Remark 6.1.11. Using Lemma 6.1.10 we are able to assume and will assume in the rest of this
chapter:

(1) If (B11)ij # 0, then the i-th rows of Bys and the j-th column of By are zeros..

To see this, we simply add proper multiple of the j-th column of Bi; to corresponding
columns of By to ”clear up” the i-th rows of Bis. This will NOT affect any other rows of By
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since (B11)i; is the only nonzero element in the j-th column of By;. We are able to ”clear up”
j-th column of By too.
Bl

(2) Bi2 = [Bil,,0] and By = 021 ], where Bi, (Bj;) consists of linearly independent
columns (rows, respectively) only.

To see this, we only need to choose proper y22 in (I) to multiply Bia from right by v, L We
have similar observation for Bo;.

(3) Part (1) and Part (2) are true for all fields.

(4) In the case that the field F # F, the determinants of k generated in (a), (b), (e), (f), (i)
and (j) are always 1, so we need to be careful when we apply (c), (d), (g) and (h).

Following Lemma 6.1.12 plays a key role in the problem reduction.

By B Bi1 B
n B o5 11 B

Boy  Bao By Ba
FXt. By = Ba1, Bog = 0, and Bay is arbitrary, then J 7 (&g Ky g 1(9) ~7(9))

Lemma 6.1.12. Let B = If Bis = Bis = 3112 €

Proof. We only need to show that equations (6.1.6)-(6.1.9) have a solution in Kp.

Let a = I,x99 = I,y22 = I,y12 = 0, and x9; satisfy z91B1; = 0. Then det(x) - det(y) = 1
and such x9; always exists. Actually we are able to choose 91 in the following way:

If (B11)igjo = 1 # 0, we make the ig-th column of z2; to be zero. At same time the ip-th row
of Bis is zero too (see Remark 6.1.11), and this implies that, if some row of Bjs is not zero, the
corresponding column in x9; need not be zero either. Since B = Bb has full column rank, we

are able to choose s = rank(B%Q) rows inBio to form a nonsingular matrix in Bis. We assume

the i1, ..., rows are linearly independent. Then we let all columns of x3; be zeros except the
i1,...,ts columns, which are to be determined. Let
~ (B12)iy,: | ~
Bia= T o= [(w21): 015 - -5 (@21):4,)
(B12)is,: '

then in equation (6.1.9) a1 - Bi2 can be replaced by Ty - 512 since xa1 - Bia =T91 - §12.
det(B12) # 0 and X921 can be anything = equation (6.1.9) always has solution = equations
(6.1.6)-(6.1.9) are all satisfied. O

Remark 6.1.13. (1) This means that, if B2 has full column rank, we are always able to assume
Bss = 0 directly.

(2) If Ba; has full row rank we are able to do same thing.

60



Corollary 6.1.14. We are able to almost always assume

By | B, |0
B=| By 0 |0],
0 o

where either Biy has full column rank or B, has full row rank, and I is the identity matriz of
proper size.

The only exception is the case that, F # F, Bya = 0, Bo; = 0,rank(Bas) = n/2 — rank(C),
and det(Ba) # 0 ¢ (F*)2.

Proof. We assume rank(Bi,) > rank(B3;) and rank(Bi,) > 1 here. The proof for the case
rank(B{,) < rank(Bs,) and rank(B3;) > 1 is similar.

By ”manipulations” in Lemma 6.1.10, we are able to make B have the form
Bu || Bl | 0
B= |5} B3 |55
0 | B3 | B3

Here B3 need not be square since rank(B1,) need not equal rank(B3;).

By Lemma 6.1.12 we are able to assume Bii = 0. Using part (i) in Lemma 6.1.10, we are
able to make B3} = 0 for following two reasons:

1. all rows in By; corresponding to nonzero rows in Bi, are zeros; and

2. Bi, has full column rank.

Similarly we are able to make B32 = 0 (and redo the proof of Lemma 6.1.12 in a same way

if we like). Using part (c) and (d) in Lemma 6.1.10, we able to multiply B35 by two nonsingular
00
matrices from left and right to make B33 = [ﬁT] , without affecting B2, and Bi, (just need

to make sure that these two matrices have proper sizes). For the determinant condition here,
we actually ”transfer” it to columns of Bi, since Bjy # 0 here.

If rank(Bj,) = rank(BJ;) = 0 and det Bgy = 0, we can transfer the determinant condition
to the zero diagonal part of Bos, so we are fine in this case.

If rank(B1,) = rank(B4,) = 0 and det Bag # 0 and F # [, we cannot ”transfer” determinant

condition to Bis or By, or "some zero” in Bss. We have

det(c)? - det(zaz) - det(yaz) = 1
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and use x99 and yoo to reduce Bos to a canonical form
$22322y2_21 = EQQ = det(a)2 . det(.fCQQ)z = det(EQQ)/ det(BQQ).

In this case we are able to choose following g € Gy as representative

0 B
g=I+J J= ,
cC 0
B B
O B- 1m0 ’
100 0 B
A p
J1 1
By = . , Bag = . ;
I J, 1
where p € F* /(F*)2. O

Remark 6.1.15. We assume from now on in this chapter max{rank(Bi,),rank(B3,)} > 1 and
B and B always have the form in Corollary 6.1.14.

Now we are able to introduce following theorem, which reduces the original problem to a

special case only.

Theorem 6.1.16. From J Kr J we have
(a) rank([B11, Bia]) = rank([B11, B12]) = rank(Bllz) = rank(Eiz);

21 By
(b) Part (a) implies rank(B33) = rank(Egg) (or equivalently Bas = Bas);

(¢) we have nonsingular solution for equations (6.1.6)-(6.1.9) for new J and j with B=

Bll Bll2 Bll E}z

Bl 0 and B= By, o | if rank(Bi,) > rank(Bi;). We have same conclu-
0 0

sion if rank(Bj,) < rank(Bi;).

B B _
rank([ BH ]) = rank( _H ]) = rank(B4;) = rank(B;I);

Conversely, if part (a)-(c) are true for J and J, we have J 3

Remark 6.1.17. Theorem 6.1.16 allows us to study a special included in part (c) only, for which

corresponding equations (6.1.6)-(6.1.9) are much simpler. In this case, we able to find the
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” Kp-canonical form of B (or J) directly, for which equations (6.1.6)-(6.1.9) are automatically
satisfied.

Proof. (a) J N'J =B =By=a [Bi1, Bia] = [Bi1, Bia] - y detadety70
rank(Bi1, Bi2).

From Remark 6.1.11 we have

rank([Bn, Blg]) =

rank([B11, Bi2]) = rank(Bi1) + rank(B12)
rank([Bi1, B12]) = rank(By1) + rank(B12)

which implies
rank(Blz) = I‘&nk(?lg).

The proof for the second part of part (a) is similar.

(b) Since B and B are in the form of Corollary 6.1.14, we can see that

rank(B) = rank(By;) + rank(B1,) + rank(B3,) 4 rank(B33)
rank(B) = rank(B11) + rank(Eb) + rank(Eél) - rank(Egg)

rank(B) = rank(B)

which implies
rank(B37) = rank(B33) or rank(Bgy) = rank(Bay).

(c) We will show that we actually are able to pick up corresponding rows and columns
in z and y to form the new 7 and ¥ to satisfy all four equations for the new é and E with
det () det(g) = 1.

We here only prove the case that rank(Bj,) > rank(B3;). Let s = rank(Bi,). we take same
«, the first s columns of yi9, the first s rows of xo; and s x s priciple submatrix of x990 and
Y22 to form the new = and v. Equations (6.1.6)-(6.1.8) are satisfied immediately. For equation
(6.1.9), since we are considering s X s principle submatrix, x99 - Bog and Bos - 190 disappear in
equation (6.1.9), which actually corresponds to the condition §22:_§22.

The corresponding part of xo1 - Bia and Bag - y12 in original equation (6.1.9) are just new
equation (6.1.9) in the new problem, and this implies that for new problem equation (6.1.6)-
(6.1.9) have solution(s). We still need to show that we are able to take nonsingular Zgo and Yoo
from x92 and y22, and det(%) . det(?) = 1 which is requirement of the original problem.

Let By; € Ft*t. The only possibly nonzero rows of Bis and Bis are those corresponding to
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zero rows in Bij, so in the addition "+ of equation (6.1.7)

aBis = Bi1yi2 + Biayae

Bi1 - y12 and Bis - Yoo have no ”intersection”. The last ¢ — s columns of Bio are zeros = the

last t — s columns of aBys = 0 = the last t — s columns of Biayss = 0. Let

vy — [ Y2 ] _ [ Y3 | Yz
Y3o Y3 | Y35

11 | ,.12
1297 | Tag | Ta2
9 22 = ['I227 3322] - 21 22 9

Lo | L2

where yds =Yo0€ F*¢ and 2l =x9o€ F¥*5. Therefore

5l 1 51 11 Rl 12 5l 11
9 = Biy Yoo = [B1a " Y22, B1a - ¥23] = [B12 - Y22, 0]

1
Bia - yo2 = [B1,,0] - [ >
Y22

=By -yis = 0= yi3 = 0.

and in equation (6.1.7) we have no condition on y23 since it multiplies the zero block.

If rank(B{y) = rank(B4;), from equation (6.1.8) we have similar conclusion: 223 = 0 and no

condition on x33.

For equation (6.1.9)
w21 B12 + 222Ba2 = Ba1y12 + Bagyae

we let

My Mio
M = x91B19 4 x99 Bos = [ ]

Moy Moo

Ni1 Nio ]

N = Bo1y12 + Bagyas =
N1 Noo

where My, N1 € F5%5,

Thanks to the special structure of By = Baa, :c%% and ygg appear in Mos and Nag only. The
corresponding part of the equation (6.1.9) is

Mo = Noo

0 0 0 0
22 _ .22
T2 [ 0 I ] [ 0 I ] Y22

and this is the ONLY condition on 233 and y33 from equations (6.1.6)-(6.1.9). We can definitely

or
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take

22 922
x5 =y =1

to satisfy all four equations, and we get at same time that

1 = det(z) det(y) = det(Z) det(222) - det(¥) det(y22)
= det(7) det(g) =1

Now we assume rank(Bi,) > rank(Bi,) = I. We still assume x93 and 22 have above form
but x3} € F*L.
We similarly have 223 - BY, = 0 = 23} = 0 (B}, has full row rank). This implies x3} is
nonsingular, but its size is less than "required”: m < s.
Let (Q = 233)
ai | P s

T2=1| 0 | QM |Q? |,
0 Q21 Q22
where
~ CL’%% P c SX S
22— 0 Qll .

Similar to the case rank(B{,) = rank(BJ;), the condition on Q*' and Q*? from equation
(6.1.6)-(6.1.9) is still Mas = Nag and actually there is no condition on Q?'. We again are able
to take Q* = y32 = I, and let Q?' = 0. We then still have det() det(g) = 1, which proves
part (c).

(IT) Actually part (c) and condition rank(B) = rank(B) (which guarantees rank(B33) =
rank(Egg)) have been enough to make J %' 7. Similar to the ”converse process” in the proof

of part (c), we simply take x%% =1, y%% = I, and fill all other spots with zeros. ]

From now on we focus on the case in Lemma 6.1.12 only:

s = rank(Big) = rank(Bj,) = rank(Bis) = rank(?iz), i.e., B12 and Byy have same full
column rank. The ”canonical” form for the general B can be obtained by ”patching” some
identity matrix of proper size at the right bottom corner. We assume here that rank(Biy) >
rank(B3,). For the case that rank(Bs;) = rank(Bs,) = rank(Ba;) = rank(ﬁél) we can simply
do the same thing.

Let’s look at what « looks like first. We partition « according to Jordan blocks of Biy:
ki

i)

a - By = Bria & o5 - Jj = J; - o which implies:

o = (Oéij) with Q5 = (1‘

If i = j =0, agp can be anything;
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o okl kL4l
If 77 # 0, we have: ol =y

are all same, and all elements under the upper main diagonal are zeros, and especially,

, which means that all elements on the same diagonal

If i = 0,7 # 0, all possibly nonzero elements lie in the last column of aygj;
If i £ 0,7 = 0, all possibly nonzero elements lie in the first row of ;.

To be specific, a looks like, for example,

[ 0000|0000 =%/|00000 % |

0 0 0 = 0 0 0 0 = 0 0 0 0 0 =

* 0 0 0 = 0 0 0 0 = 0 0 00 0 =

0 0 0 = 0 0 0 0 = 0 0 0 0 0 =

0 0 0 = 0 0 0 0 = 00 00 0 =

* ok ok % % * ok ok %k 0 *x *x * = 0 0 * * % =%
0 0000 0 x * = 0 0 % *x = 0 0 0 * =* =
00 00O 0 0 * | 0 0 0 * | 00 0O *
0 0000 0 0 0 = 0 0 0 0 = 0 0 0 0 0 =
¥ % ok kK ¥ % ko k ¥ % ok kK 0 % =% % *x =

o= (6.1.10)
00 0 0O 0 *x = = 0 * * * 0 0 % *x =x =
00000 0 0 *x = 0 0 * *x = 0 0 0 *x x =
00 0 0O 0 0 0 0 0 0 % = 0 0 0 0 % =
00000 0 00O 0 0 0 0 = 0 00 00 =
* %k ok ok x % % % * %k ok ok x % %k ok ok
00 0 0O 0 *x = = 0 * * * 0 *x % *x x =
000 0O 0 0 = = 0 0 x % = 0 0 x *x *x x
00 0 0O 0 00 0 0 0 * | 0 0 0 S
00000 0 00O 0 00 0 0 0 *
. 00 0 0 O 00 0O 0 00 0] 00O 0 = |

Qoo o1 Qo2 03
Q1o @11 Q12 013
Qg0 Q21 (22 (23

30 Q31 32 Q33

where, for each i,j > 1, all elements on the same diagonal are same.

We partition Bja (or Biy) and Baj correspondingly. Since we only need to consider rows
in Bjs corresponding to the zero rows in Bij, sometimes we only write down these possibly
nonzero rows in Big, i.e., we "squeeze” all must zero rows out of Bje, and still use Bis to

represent the squeezed Bio. Here is what I mean by ”squeezing”. Corresponding to the above

66



« the original Bjs the "squeezed” Bis (defined afteré) are

R (69)1
ok k% (692
X ok k% (69)3
ok k% (b9)4
X ok k% (695
0 00O 0 C (1) ]
0 00O 0 (1)
0000 0 (19)s
% % % (b1 Al 0 10

Biz2=10 00 0]= 0 = ()5 = [bl]

0 00O 0 o)
0 00O 0 0D
0 00O 0 0
ok k% (b)2 - -
0 00O 0
0 00O 0
0 00O 0
0 00O 0

| ko kx| 0

| () |
Similarly Be1 and the squeezed Bs; are
* xlx O« 0 Ol 0 0 O
* x*x 0|« 0 O[«x O 0 O
By =
* xflx O« 0 Ol 0 0 O
* x| O 0 O« 0 0 O

=1 @1 (@] @ 0] 0 0] 0 0 0]

L@ @] @] @) ] (s | (saueezed)
= e ],

The meaning/definition /notations of Bz and Ba; should be clear from its context. We then
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are able to assume

By =

bO poo | pot 00 || .01
] = [W],Bm:[cocl]zlzw CH].

bt c
Same for Bio and Bo;. While we still use By, Ba1, Bia and Ba; to represent the squeezed

form, in many cases we also use lower-case letters b and ¢ to represent the squeezed form of By
and Bs; in order to make our notations not too complicated.

Using part (c) in Lemma 6.1.10 we are able to assume b! = [b10 bM] = [0, b!1], i.e., the last
rank(b') columns of b' are the only nonzero columns and they are linearly independent, and we
can further make b'! to be in an upper-triangular form. Now using part (e) in Lemma 6.1.10

we can make b1 = 0 (b!! has full column rank) and therefore
b | 0
Big = [ 0 i ] :

0
Using part (g) in Lemma 6.1.10 we are able to make %0 = s and make ¢ to be

diagonal-like submatrix. This is because Bis has full column rank. The determinant condition
now is ”transferred” to Boj. If F = F, we can make those ”diagonals” in Bo; to be one since

we don’t need to consider the determinant condition in this case (Remark 6.1.7).

Theorem 6.1.18. Let By = [(B21)!, (B21)?], Ba1 = [(Ba1)!, (Ba1)?], where (Ba1)t, (Bap)! €
Fs*s. If a = aqo, i.e., B11 = 0, we have

(I) (a) If s = rank(B12) = rank(Bo1) = rank((B21)?), (Ba21)! ewists but (Bay)! =0, F # T,
then equations (6.1.6)-(6.1.9) have solution(s) if and only if det((Ba1)?)/ det((B21)?) € (F*)%;

(I) (b) If s = rank(Bj2) = rank(Bg;) = rank((B21)?), Bo1 = (B21)?, i.e., B2 and Bo
are square matrices, and (Ba21)? does not exist (this means that Bio = b = I), F # F, then
equations (6.1.6)-(6.1.9) have solution(s) if and only if det((Ba1)?)/ det((Ba1)?) € (F*)*;

(II) If s = rank(By2) = rank(Ba;) = rank((B21)!), (B21)? = 0, F # T, then equations
(6.1.6)-(6.1.9) have solution(s) if and only if (Ba1)' € F*** and det((Ba1)')/det((Ba1)!) €
(F*)S;

(II1) In all other cases, i.e., except the above two cases, equations (6.1.6)-(6.1.9) have

solution(s) if and only if{ ZEEE(B;:i)l_) rirf;(nizt)le)l) ;

Proof. We proof (III) first.

0
Let Biz = By = [ ; ] in this case (Bj2 has full column rank).
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Q)] o
Necessity. Let a = [ 1ot

Qg1 02
From equation (6.1.7):

] with ago € k575,

aBi2 = Bi1yi2 + Biaya2 = Bi2yae = Biayso,

we have aq9 = 0, which implies that a1 and a9 are both nonsingular.

From equation (6.1.8):
291B11 + 192 Bo1 = Bara or 299 By = Baia,
we have
T99(Ba1)? = (Ba1)?ane = rank((Ba;)?) = rank((Bs1)?)  (det(zg2) - det(ags) # 0).

Sufficiency. Let z91 = 0,412 = 0 = equation (6.1.9) is satisfied.
Equation (6.1.6) is always true.
a1 0

Let o =
Q91 (22

] , Y22 = 11 = equation (6.1.7) is satisfied, det(a;) - det(ang) # 0,

-1

-1 _ | @11 0

a = ~ R
Q21 Qoo

The determinant condition becomes in this case

and

1 = det(a)? det(xaz) det(yoz) = det(ay1)? det(ags)® det(z2).

This implies

1
det(a11)2 det(a22)4

1 2
<det(a11)det(a22)2) e (F)?

det(l'Qg)/det(OéQQ) =

and

1
det(zg2)/ det(an) = det(a11)? det(agz)?

1 5o
(det(an)det(agg)) < (F )3'

Also, if B is not included in the first two cases, we always have four subcases:
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(a) rank(By;) = rank(Bis), 0 < rank((B21)!) < s, and 0 < rank((B21)?) = m — s < s, i.e.,
even in the "squeezed” form of (Ba1)! and (Bs1)?, and we can still have zero columns in (Ba1)®.

(b) rank(By;) = rank(Bi2), 0 < rank((Bg21)!) < s, and 0 < rank((B21)?) < m — s (recall
that By; € F™™ and m = rank(C)), i.e., even in the "squeezed” form of (By;)' and (Ba1)?,
and we can always have zero columns in (Ba1)! and (Ba;)?.

(c) rank(Bsg1) < s;

(d) F =T, in which we needn’t consider the determinant condition.

In case (a), first, using approach (I) we are able to make (Bg;)! and (Bs;)? into diagonal-like
form and we let a5 = 0 in following steps. If any permutation is involved, we can transfer the

sign 1 or -1 to the ”diagonals” of Bs;. Here is what I mean. For example, to commute the first

-1 0 1 0
From now on in this proof we only need x99, 122, @11 and a2 be diagonal matrices. In each step

0 1 0 1 0 -1
and the second rows/columns, instead of using [ Lo ] Wwe can use [ ] or [ ] .

of following manipulations we only need to choose special 222 or aq1(and therefore ya2) or asg,
and we assume other parts of « to be identities, Therefore we only need to make the specified
sub-matrix in « have the determinant one to satisfy determinant condition. Then the first s
columns and the last m — s columns of x99 By~ ! are :cgg(Bgl)lal_ll and x22(321)2a2_21. We

claim that we are able to assume

Boy = (Ba1)' (Ba1)? }
[ 1 0

(Ba)" = 0 0]

1

By)2 = | ° ] .

Here is how to reduce to the above form. Let the diagonals of x99 be the reciprocals of
the corresponding ”diagonals” in Bo; except the first diagonal, which is the reciprocal of the

product of other diagonals in x99 and makes det(z22) = 1. Now we have following form (Ba;
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has full row-rank, but always has zero columns)

Boy = (B21)' (Ban)?

det(Bgl)

(Ba)' =

(Ba1)? = ’ ] )

(We have similar form/conclusion in the following Theorem 6.1.25 and in that theorem by
det(Ba1) we mean the determinant of the diagonal matrix formed from Bsi, the ”squeezed and
cut” Bg1). Now we let the first diagonal of a1 be det(Ba;), the last of a1 be m, and we
then have the desired form. Here we use the proper that m goes to the last row of (Bap)?,
which is zero, and we still have zero.

We can do same thing to (Bsj)! and (Bg;)?. Since those forms are determined by corre-
sponding ranks only and those ranks for B and B are same, we have By = By, B1a = Bja, in
other words, B = B. We therefore of course conclude that those four equations have solution
since g % g.

In case (b), similarly we are able to have following form

Boy = (B21)! (Ba21)? }
o[l
sk g].

Here is how. It’s almost same as in the case (a). We first make Bs; into diagonal-like
form. Then by choosing special 11 and agg, we can make (Bo1)! and (Bg;)? have the above
special form. The only difference is that diagonals of a1 and «go are determined by nonzero
"diagonals” of Bgj directly. Again, the form of (Bg;)! and (Bap)? are determined by the
corresponding ranks only.

In case (c), if rank(B2;1) < s, we then always have some zero row in Bg;. After making Ba;

to be diagonal-like, we can use a to make all nonzero diagonals of Bs; to be 1, and use 92 to
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make (det(a))? det(z22) det(yo2) = 1: the diagonal of x99 corresponding to the zero row of Bag
can be any nonzero number in the field F.

In case (d), we can always make nonzero diagonals of Bg; to be one, since we don’t need to
care about the determinant in this case. We have proved (IV) in our theorem.

Now we prove (I). If By is not square, i.e., Bjs has more rows than columns, then agy exists
in a. By taking proper a (22 can be used to make the determinant condition to be satisfied)

we are able to make

i det((le)l)

det((Bgl)l)

and (Ba1)! = (Ba1)! = 0 in this case. We let aqo —aq9= 0 and use agy to make determinant
condition satisfied.
From equation (6.1.8)
291B11 + 222 B21 = Boi«x

or (B11 =0)

222891 = Baja

we have ((Bgl)l = (Egl)l = O)

T99 - (B21)? = (B21)? - ano
0 = (Ba1)ai2

and therefore

o192 = 0
det(l‘gg) det((321)2) = det((§21)2) det(a22)
det((§21)2)/det((B21)2) = det(l‘Qz)/det(agg)

1 2
- (det(a11)det(a22)2) € (F")*
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On the other hand, if det((B21)')/ det((B21)') € (F*)?, we can simply let

oo =1
192 = 0
91 — 0
det((ﬁgl)z)/det((321)2)
1
€22 =
1
1
det(a = —
( 11) det(:l,‘gg)

to satisfy the equation (6.1.8). Notice that we have no condition on asy except the deter-
minant condition.

If (Ba1)! does not exist, which is part (b) in Case (I), we can see that Bja = I and ay; does
not exist in « either. Repeating proof in Part (I) we can prove the necessity. For sufficiency,
let det((Ba1)?)/ det((Ba1)?) = p* and

-1 3

99 = . and To9 =

Then equation (6.1.6)-(6.1.9) and the determinant conditions are all satisfied.
The proof for (II) is similar to the proof of (I). Notice that we always have aj; here since

there is no way for Bys or Bs; to be square. Also (B12)2 always exists in this case.
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First we able to make

[ det((Bgl)l)

[ det((§21)1)

and we instead have equation
222+ (Ban)' = (Ba)' - a1
and we get

det(.%'Qg) det((Bgl)l) = det((Egl)l) det(an)
det((§21)1)/det((321)1) = det(:rgg)/det(an)
1 ’ *\3
<det(a11)det(agg)) € ()"

On the other hand, if det((Bg1)!)/det((Bg1)!) € (F*)3, we simply let

a11:I
a12:0
a21:0

det((B21)")/ det((Ba)")

T22 =

1

det(a22) = Y det<$22>

O]

Now we assume Bi; has nonzero Jordan blocks, i.e., agg is at most a proper submatrix of
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We try to reduce Bis, Bo (and Bia, Boj in a same way) to a special/canonical form, i.e.,
we are using approach (I): act on Big, B21 by « - 312y2_21, Z99 - Bojar™L.

Let’s first consider rows in By corresponding to the last rows of J;,7 > 1, and columns in
By corresponding to the first columns of J;,7 > 1.

To see what’s going on explicitly, we write down, for example, following two equations

«- Bia = B2 - Y2

222 - Bo1 = Boy - «.
We can write
a - Bia = Bia - Y22

as
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* Y22

0

0

0

0

0

0

BOD

0
0
0

0
0
0
0

0
0
0
0
0

bOO

000 0 0 =

0 00 00 =

000 0 0 =

0 00 00 =

0 00 0 0 =

*

0 0 0 =

*

0000

0 00 00 =

*

*

0 0 0 =

*

0000

0 00 00 =

E3

0 00

*

00 0 0 =
00 00O

%

000 0 =
0 00 0 =
0 00 0 =
0 00 0 =
000 0 =

*

*

000

000 0 =

* k%

000

*

*

000 0 =

*

*

000

000 0 =

00 00O

*

0 00
0 00
0 00
0 00
0 00

*

*

*

*

0
0

*k

0

*

0 00

0
0

*

0

*

0 00

0 00O

0
0

*

0

*

0 00

00 00
0000

0 00 O0O
00 00O
0 00 O0O

00 00O
00 00O
00 00O
00 00O

00 00O
00 00O
00 00O
00 00O
00 00O
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and

292 - Bo1 = Bo1 -«

as

1
clo o o
clo o o
ol o o
ol o o
ol o o
(@) * * *
clo o o
clo o o
ol o o
ol o o
(@) * * *
ol o o
ol o o
clo o o
(an) * * *
c o o
c o o
MCOOO
c o o
c o o
e —

*

S

8

00 0O0O0GO

0 00 0O
0 00 0O
00000
0 00O0O
0 00O0O
0 00O0O
0 00O0O
000O0O

*

*

*

*

*

*

*

*

*

0 0 0 =

*

0000

*

0 00O0O

*

0 0 0 =%

*

0000

*

0 00O0O

*

0 00

*

*

0000

*

00 0O0O

00000
*x 00 0 0

0 00O
0000
0 00O
0 00 0 =
0 000
0 00 0 =
0 00O

*

*

*

*

*

*

*

0 00

*

*

0 00 0 =

*

*

0 00

0 00 0 =

*

*

0 00

0 00 0 =

0 00 0O

00 00

* 00 0

0 00
000
0 00

*

*

*

0 0 0 =
0 00

*

0 0 0 =
0 00

*

0
0

*

*

0

0 0 0 =

0
0

*

0
0 00

*

0 00O

0
0

*

0

*

0 00

0000

0 00O

EOO

00 0O0O
00 0O00O
00 00O

000 O00O0
00 0O0O
000 O00O

00 0O00O
00 00O
00 0O00O
00000

00 0O00O
00 00O
00 0O00O
00 00O
00 0O0O

Since we are simplifying problem, we just take a, 229, y22 in a way we want:

We first let all entries in «j, i - j # 0, be zeros except those being on the main diagonals of
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each block, i.e., a;j = wi;l, i-j # 0, w;j € IF;

ajj =0ifi=0o0r j=0buti+j#0.
Also, keeping in mind that we only consider the possibly nonzero rows in By and possibly

nonzero columns in Bsj, and observing the above multiplication, it’s clear that only need to

study two cases here:
(1) J;,1 < i < r have same size;

(2) Ji, 1 < i <r have different sizes.
In the first case, we have (a? is the squeezed («vj); ;>1 without (i.e., deleting) the first rows
11
i7 )y = C =

and first columns (the rows and the columns where aqg lies in). b = b = (b)), c

(cij),gll = b= (b;;),c'! =¢ = (¢;) are squeezed here t0o)

> ol by = bik * (Y22)kj - -
e Y ’ o o b="0b-ya - bysy =0 (*)
Z ($22)ik * Ck:j - Z 6”(; * Oékj Tog - C = 60&0 Tog - C- (a())_ —c
1<k<r

1<k<r
Remark 6.1.19. Using Lemma 6.1.4 we can see that o is always invertible.

Therefore, again, we are able to make b = [ 0 ] which gives us

0 0
Qrp Qjo

0
0 ay

o = ] (to make b = b keep same form/shape).

0 - [
Remark 6.1.20. The determinant condition goes to Bo; again if F # F.

The classification of unipotent elements is same as in the case o = ago: Theorem 6.1.18.
In the second case that J;,1 < i < r, have different sizes/orders. We assume F = T first.
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We cannot take all elements in a” to act on Bia, By (or b, c here):

0 * ok k%
onb: o =
b S S S
%k
ko ok
ko ok
%k
0 koook ok ok
onc: o =

From (*) we are still able to make b and ¢ to be identity-like shape, but we need more
delicate conditions here.

Abusing notations again, we assume that Bj; (and a correspondingly) has m, nonzero
Jordan blocks of largest sizes, m,_1 nonzero Jordan blocks of the second largest size plus

largest size, ..., my nonzero Jordan blocks, i.e., we have for By
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B =

J1

J1

Jo

Jo
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and the way of o acting on b and ¢ should have same pattern as the above Bi;.

Now we partition Bjg, Bo; (and therefore b, ¢) correspondingly, i.e., the sizes of blocks in

b, c are, in order, mi — mg, Mg — M3, ..., Mp_1 — My, M.
Let’s look at actions on b first: a® - b - yy .
bl
We assume b= | : |. We are still able to make

b’r‘

0 00 .
bi = 1<i<r
[010]

(6.1.11)

(first make b upper-triangular-like using y2_21, then make b identity-like using o). For

example, b could be like

or

_****OO_ _**
* x x *x 0 0 *
o0 — x x 0 0 or o —
*x x 0 0
* %
* %

ko ok
ko ok
ko ok
k0 ok
*
*

o O o o O

where the first type of above has no effect on a” (on ¢) since, we actually don’t use the new
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zero part in o acting on c:

ko ok
k0 ok
ko ok ok ok
a® = : (6.1.12)

* ok %k ok ok Xk

k k
* ok
O . (6.1.13)

* % x x x 0

* ok ok ok ok %k

It makes part of a;; be zero, but it never affect entries under the main diagonal line.
Now we consider action on ¢ : 292 - ¢- (a®)~! and (a”)~! has same shape as a°.
We partition ¢; according to the form (6.1.12) or (6.1.13) of a:
¢ = ¢ in the case of (6.1.12);
¢ = [c4, 4] in the case of (6.1.13), and sizes of ¢}, ch are determined by m;+1 — m; and
rank(b').

Now using 22, (a?)~1

we are able to make c;.,j = 0,1, 2 look like

(%)

o O O
oS ~ O

This is because we are able to make ¢ to be lower-triangular-like first, then we are able to
use (a®)~! to "clear up” extra nonzero elements in each row (we can do this because we are
using elements in « under the main diagonal line only), then within each block, we are able to
re-arrange ¢, ¢}, b into the above form.

What’s more: the canonical form in (**) is determined by m;, rank(b%), rank(c?) or rank(c}),rank(c),
1<i<r.

To determine b and ¢ we should always ” put nonzero elements into their positions start from
right bottom corner”.

Now let’s state our first part of classification of Kg-orbits for the key involution:
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Theorem 6.1.21. If F = F, equations (6.1.6)-(6.1.9) with B and B being special as pre-

described have solutions if and only if following conditions hold for 1 <i <r:

) (
rank(Bs;) = rank(Baj)
rank(b%) = rank(goo)
rank(b’) = rank(gi)
rank(cz) = rank(Eé-),j =0,1,2,
rank(c”?) = rank(c”)

Proof. In this case, F = F, we don’t need to consider the determinant condition here.

<: We have reduced everything into canonical forms, which are determined by corresponding

ranks only. Here we simply take a = I, = I,y = I to make equations (6.1.6)-(6.1.9) satisfied.

=: rank(Bj2) = rank(B12) and rank(Ba;) = rank(Bg;) are obvious.
Next we will show that rank(b?) = rank(b').

Starting from r, we take the last m; (1 <i <) rows of a®-b = b - yoo:
—

bt b
(bmi = 7677% = )
b b
N -
*
AN
0 N ’
AN
b=F =
N\ *
N
0 N i
AN
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m;

0, N b=0" "y

ap, and yz2 are both nonsingular =

rank(by,,) = rank(by,,)

7

rank(by,;) — rank(bpy,,,) = rank(bp,) — rank(bpm,, )
rank(b') = rank(gi)

0

The proof for rank(cé- = rank(éé-)) is similar, noticing that we have to partition o,

to form (6.1.12) or (6.1.13) again, if j > 1.
(6.1.14) and (6.1.17) = (6.1.16).
(6.1.15) and (6.1.18) = (6.1.19). O

~according
T

Remark 6.1.22. If F = F, from the above theorem we can see that the most important case is
that By; has no zero blocks, and sizes of Jordan blocks can be different. In the worst case that
sizes of Jordan blocks are all different from each other, we actually require Bis and Bo; have

exactly same shape.

Remark 6.1.23. If F = FF, we can see that actually we can find corresponding part of Theorem
6.1.21 in partitions of natural numbers. The sizes of Jordan blocks correspond to summands of
integer m: (6.1.20)

m = fono + Sima + Banz + - -+ + Brng, (6.1.20)

It’s obvious that n;,i = 0,1,...,s, correspond to the sizes of Jordan blocks of Bi;. We also

have
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mr:ﬁr

my—1 = 57‘—1 + /37’

mi= > B

i<k<r

mi= Y B

1<k<r

i.e., B;,i = 1,...,r, correspond to partitions of b and c(or of b'! and c'!, parts in Bjs and
Bs; corresponding to the nonzero Jordan blocks in Byi). We therefore have rank(bi) < G;. It
rank(b’) = 0 or 3;, then ¢! = ¢, i.e., no further partition is needed. If 0 < rank(b’) < f;,
we need to partition ¢ into [c!, cb] with ¢} has rank(b?) columns, and consider all subcases
0 < rank(c}) < 3; — rank(b?) combining with subcases 0 < rank(ch) < rank(b’). Now if we want
to give all representatives of canonical forms, we need to determine m = rank(C') first, then
partition m as in (6.1.20), give all possible rank(b’) and correspondingly rank(cé.), j=0or1or
2. For b, which is corresponding to the zero Jordan blocks and [ in partition (6.1.20), we
have rank(b’) < By and we add this part if we consider all cases with B in the form in part

(c) in Theorem 6.1.16. Following is obvious

s = Z rank(b') < Z Ok

0<i<r 0<k<r
since Bis has full column rank.
To be explicit, we can express in the following form:

(rank(C), (n;, B;), rank(b"), rank(cé-), rank(b%), rank(c®), rank(B37)), (6.1.21)

where (n;, ;) comes from partition (6.1.20) of m = rank(C), 3;,i > 1, give upper bounds
of rank(b’), and we need further partition rank(cé») if rank(b?) # 0 or B;; rank(b"), rank(c")
(upper bounded by f3y),rank(B5?) only give up about the ”corners” of B.

If F # F, we are still able to make By or b to have the above special form, since we can

move the determinant condition to Bo; or ¢. Conclusion and proof will be similar to cases I

and IT in Theorem 6.1.18. In case I or II of Theorem 6.1.18, we can see that we can actually
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take

p
1 2
By = _ 0 | with p e (F¥)
1
or
p
1 4
By = ) with pE (F*)
1
or
p
1 3
By = 0 ) with p € (F*)
1

as representatives in Kp-orbits. They correspond to the case of rank((Ba1)') = rank(B12) or
rank((Bz1)?) = rank(Bi2) respectively. In either of the case, we have rank(Bs;) = rank(Bs),
and from the proof of Theorem 6.1.18 we can see that, if rank(Bs;) # rank(Bj2), we can get rid
of the determinant condition by making all diagonals of By (Plz) to be 1 or 0 and within the
same block (in the case of Theorem 6.1.18, we have only one block: o = ay), i.e., "det(Ba;)” or
"det(Ba1)” being always 1 or 0. The version of Theorem 6.1.21 for the general field, especially
for the case F # F comes simply from combining Theorem 6.1.18 and Theorem 6.1.21. One
thing we need to be careful with is that, in Theorem 6.1.18 we always try to align nonzero
diagonal elements of b% starting from the left top corner, but for b'' we try to stack onto
the right bottom corner. Therefore we need to be careful when we pick up submatrices from
diagonal blocks of «.

If we want the determinant condition to make a difference, i.e., the determinant condition
cannot be dismissed by being transferred to some zero row/column, we must have F # F and
Bia, Bo1, Bay must satisfy (recall that m = rank(C') is the size of Byy: By € F™*™)
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rank(Biy) + rank(B33) = % —-m (6.1.22)
rank(Bl,) + rank(B2) = g —m (6.1.23)
rank(b%%) = rank(c”®) = rank(agy) = no (6.1.24)
bl
b | 0
and one of the following two: (b = b'! = : in the squeezed Bai: I ) for
bT
i=1,...,s, either
rank(b’) = rank(c;'-),j =0or?2, and ¢, =0, (6.1.25)
or
rank(b') = rank(c), and ¢ = 0. (6.1.26)

(6.1.24)-(6.1.25) or (6.1.24)-(6.1.26) must be satisfied (otherwise all ”diagonals” of Bg; and
B can be made into 1 or 0). In this case, what matters is only the "shape” of By and Bsp and
therefore only corresponding ranks can make difference, which has been included in Theorem
6.1.21.

Also, we can see that, the condition (6.1.25) corresponds to the case I in Theorem 6.1.18
and the condition (6.1.26) corresponds to the case II in Theorem 6.1.18. They are not exactly
same since we start aligning nonzero ”diagonals” from the right bottom corner here.

From Lemma 6.1.4, we see that det(a) # 0, but we need a more precise result here, which

is stated in following lemma:

Lemma 6.1.24. det(a) = det(a), where a= [a;]i>0 >0 is formed from a:
1. The size of &ij is same as the size of oy for 1,5 =0,1,...,r,
2. ago= oo,
3. aij: 0ifi-7=00buti+j#0, oray is not square,
4. aij: wiil if ouj is square, where w;; is the diagonal element of cy; (remember that all

elements on the same (off-)diagonal are same).
Proof. We can assume « in a standard form like in (6.1.10): o = [aj]i>0,j>0. Also, we know

that oV is the ”squeezed” [ajj]i>1,;>1 and formed from the diagonals of each submatices a;; (in

each submatrices, elements in the same diagonal/off-diagonal are same). We first proved the
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lemma for the case that all nonzero Jordan blocks have same size, i.e., in Remark 6.1.23, we

have

m = Bong + Bini,

which tells us o® e FA>5

We are able to choose proper P = [p;jl]i>0 ;>0 with poo = 1, and p;; = 0 if i - j = 0 but
i+j # 0, such that the ol = P%-a? is a diagonal matrix, where P = [p;;]i>0 j>0. From Lemma
6.1.4, we can see that all diagonals of o' are nonzero. By adding the columns of a, in which
the first diagonals at left top corner of each submatrix with i-j > 1 lie, to columns of «, which
belong to submatrices of o with j = 0 but ¢ > 1, we can make those corresponding columns in
Pa to be zero and these two steps do not change either the determinant of a or the elements
of agg. This is because

1. det(P%) =1 = det(P) = 1 = det(Pa) = det(a);

2. those first diagonals are the only nonzero elements in those columns.

In the same way are able to make submatrices of Pa with ¢ = 0 and j > 1 to be zero,
without changing determinant of o and elements of aqy.

Now we’ll use basic definition of determinant to reach our conclusion. In each diagonal
submatrix of « with ¢ - j > 1, the first (last) diagonal at left top (right bottom) corner of
the submatrix with 7 -7 > 1, must be taken to get the determinant of « since it’s the only
nonzero element in that column(row) of a. After we cross out columns and rows of those first
and last diagonals of submatrices with 7 - j > 1, the remaining part of those submatrices have
same shape and we have to again take the first and last diagonal of remaining part of those
submatrices for the same reason. By repeating the above process we can see that actually
elements appear in the expression of determinant of o come from either agg or from diagonals
of diagonal submatrices of Pa with ¢ -j > 1 (or equivalently from diagonals of submatrices of

a with i+ j > 1), which is what we want to prove. It’s easy to check that in this case we have

det(a) = det(ago) - (det(a®))™.

If the sizes of nonzero Jordan blocks of Bj; are different, i.e., in Remark 6.1.23 we have
(6.1.20):

m = Bong + Bing + Bana + -+ - + Brny,

we know that the actually working part of « is either upper triangular (acting on Bi, or b)
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or lower triangular (acting on Bi; or ¢). The only modification we need to make here is that
the "elimination” of c;; with ¢-j = 0 but i+ j # 0 should be done in order. For example, in the
case of acting on b which implies « is upper triangular, when clearing the 0-th column except
o, we need to start from right bottom corner of diagonal submatrices, but when clearing the
0-th row except agg, we should start from the left top corner of diagonal submatrices. In the
case of acting on ¢ which implies « is lower triangular, we need to reverse the above order.
Again, assuming o = [(a?j)]i,jzl being an upper/lower triangular block matrix, following

is true:

det(a) = det (o) H (det(ad))™.

1<i<r
O

Suppose Bj; has Jordan blocks as in partition (6.1.20), i.e., we have ; Jordan blocks of
size n;. Notice that ng = 1, and if By; does not have zero Jordan blocks, we don’t have ng in
the partition (6.1.20). We then can get three sequences of integers for i =0,...,7:

S1. (24 2n;)é(rank(b;)), 2n;0 (rank(5; — rank(b;))).

S2. (14 2n;)d(rank(b;)), (1 + 2n;)d(rank(8; — rank(b;))).

S3. (242n;)0(rank(b;)), 2n;0 (rank(5; —rank(b;))) or (1+2n;)d(rank(b;)), (1+2n;)0 (rank(5;—
rank(b;))).

The meaning of the third sequence means that both terms in 1 and 2 could appear in the
third sequence.

Now we can have our second part of classification of Kg-orbits for the key involution:

Theorem 6.1.25. (I) If F # F, all conditions (6.1.22)-(6.1.24) and (6.1.25) are satisfied, if

Bis and Bsy are not square matrices, then all Kg-orbits can choose following as representatives

0 0 0
) ) 1 )
cp = orcy= 1|0 ,¢q =0 or does not exist (6.1.27)
L 0 ] L 0 0 ]

where p € F* /(F*)* fori =1 and p =1 for i > 2, h is the greatest common factor of sequence

S1.
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(II) If F # F, all conditions (6.1.22)-(6.1.24) and (6.1.26) are satisfied, if Bia and Boy are

square matrices, then all Kg-orbits can choose following as representatives

] . .
p
. 1 4
b = . 0|,dh=0 (6.1.28)
1
L 0 0

where p € F* /(F*)* fori =1 and p =1 for i > 2, h is the greatest common factor of sequence
S2.

(IIT) If F # F, all conditions (6.1.22)-(6.1.24), (6.1.25) and (6.1.26) are satisfied (there
are some blocks in b; satisfying (6.1.25) and some satisfying (6.1.26)), then all Kg-orbits can
choose as representatives from formula (6.1.27) and (6.1.28), where p € F*/(F*)" fori =1 and
p=1 fori>2, h is the greatest common factor of sequence S3.

(IV) In all cases except the above three, all conditions in Theorem 6.1.21 have been good

enough to serve as necessary and sufficient conditions.

Proof. It’s clear that, to consider cases not included in Theorem 6.1.21, conditions (6.1.22)-
(6.1.24), and one of (6.1.25) and (6.1.26) must be true. The possible exceptional cases here
i

are almost same as discussion in Theorem 6.1.18 too. For each i = 1,...,s, b* and ¢’ are just

like B2 and Bs; in Theorem 6.1.18, so we only need to discuss cases similar to cases I and

II in Theorem 6.1.18 only. We need to add discussions for o and 5%, c%°

correspondingly.
Also, instead of having one block in Theorem 6.1.18, we have several blocks here and need to
discuss all possible combinations. Case I in this theorem is the case that all blocks b’ and ¢,

i=1,...,s have case I in Theorem 6.1.18. Instead of having a7 and 99 in the determinant
11

condition, we have «j; and ozi?iz in the determinant condition: first we can make Biy and By
into diagonal-like form, make ”diagonals” of ", b'! (or b in notations in Theorem 6.1.21) and
" to be one; then we are able to make all ”diagonals” of ¢ (or ¢! in Ba;) to be one except the

first diagonal. To keep b in the same form as in (6.1.11), from
a - Bia = Biaya

we have (y22 = ((¥22)7)i>0,20,@ = sl j>0, and @ = (a;)i>1,5>1 is squeezed [ajlij>1:

formed from diagonals of [c;]i j>1)
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(y22)7 =01if i >j >0,

( ags, if rank(b%) =0,
aly 0
Qo = (1)2 by |+ If0< rank(b%0) < B,
@00 Qoo
Oé%%, if rank(b%) = By,
a2 = (1y92)% if rank(b*0) # 0;
(@), if rank(b’) =0
(ag)" 0 : i ;
ad = [ (@) (a2)2 |’ if 0 < rank(V’) < B; = mij—1 —m;,i > 1,
\ (a%)QQ, if rank(b’) = B; = mi_1 —my,i > 1,

(@2)% = (yp)" i > 1, if rank(d’) # 0.

If rank (b%°) = 0, we have y22 = ((y22)¥)i>1,j>1, i-e., we don’t have the 0-th row and column
in ygo. If rank(b;) = 0, we don’t have the i-column in yss.

Now we assume 0 < rank(boo) < By, so agy and ygg both exists. We also assume first
0 < rank(b;) < 84,4 =1,....r, We then have

1 = det(xg2) det(ya2)(det(cx ))2

= det(z H det((y22)™)(det(ago))*( H (det((a)') - det((a)??)™)?
0<i<r 1<i<r
= det(wz2) det(agy) [ det((af)?)(det(agp))®(det(agp))®( [T det((ef)™)>™ det(-(af;)?*)*™)
1<i<r 1<i<r

= det(29) det(agh)? det(a22)2( H det((ad)?2)1+2niy. H det((a,)'1)2m).

1<i<r 1<i<s
— det .’E22 H det 22 1+2n X H det 11 2711)
0<i<r 0<i<r

where, by abusing notations, we assume det(af}) = det((ady)!), det(ad) = det((ady)??).

The most general form for the above condition is

1= det(xgg)( H det((a ) )(1+2n1)6(rank b) H det 11 2n1 (ﬁifrank(bi))_ (6.1.29)

0<ilr O<z<7‘

and we assume bgg = bg here. The function §-function is to eliminate terms that might not
appear in the above determinant condition. Notice that (1 + 2n;)d(rank(b;)) + d(rank(b;)) and
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2n;0(B; — rank(b;)) actually form our S1 sequence.

They all have same pattern as that in case I in Theorem 6.1.18. Same as before, we can
first make Boy (3211) into a diagonal-like form, we can use x990 to make all ”diagonals” to be one
except the first diagonal in the first diagonal block, which is ”determinant of the squeezed and
neatly cut Bs;”. We then can deploy same analysis in Theorem 6.1.18 to get the conclusion.

7

We take ”determinants ” of both sides of following equation (notice that only (sub)blocks of «

corresponding to zg2 can appear in the determinant formula)

T92 B2 = Bara (6.1.30)

to show that det(Ba;)/ det(Ba1) € (F*)", which proves the necessity.
To prove the sufficiency, same as in the proof of Theorem 6.1.18, we can equivalently consider

determinant condition and following equations, which correspond to the condition (6.1.30):

det(1§21)

wo det(B21) = det(Ba21)v (& wo = det(Bg1)

Yo = p"0)
wi =7%,t=1,...,7,

where det(z92) = [] w; and vo = det(ad?) (if it exists), v; = det((al)??).
0<:<r

Notice that By; and Ba; have been in special form, and all ”diagonal” are all 1 except the
first ”diagonal”. Also w; (or ;) are to be determined.

If we plug ; (and p" = det(Bay)/det(Ba1)) into the determinant condition, we can see that
the determinant condition is satisfied if and only if det(Bs;) and det(Bs;) are Sl-equivalent
and using Lemma 5.1.3 if and only if det(B2;)/ det(Ba;) € (F*)".

The proof for the general case of Case I is almost same. The proof of Case II and Case 111

is same as the proof above too.
O

Remark 6.1.26. 1. The equation (6.1.29) is a key formula for our derivation.

2. When we take the determinant of both sides of (6.1.30), only diagonal (sub)blocks of «
corresponding to x92 can be taken, other diagonal (sub)blocks simply disappear.

3. In proof of sufficiency, By; and Ba; have been in their special forms, i.e., diagonal-like

forms, which makes our proof relatively straightforward.

Remark 6.1.27. 1. The case of B1; = 0 is included in this formula, i.e., if we take ng = 1 and
Bo = m, we would get Theorem 6.1.18.
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2. If all sizes of Jordan blocks in B have same size, then classification of Kg-orbits of

unipotent elements would be same as Theorem 6.1.18.

Remark 6.1.28. For the key involution, we actually reduce the classification problem to a Jordan-
canonical-form-like problem: we are trying to reduce a matrix pair/pencil simultaneously to
some special /canonical form: B — 27 1By, C — y~!Cx. Tt can almost be reduced to the usual
JCM if C (especially when we can make C' = I) is nonsingular, but it’s completely different if

C is singular.

6.1.3 Examples

Here are some examples for the representative elements/canonical forms we can take from
Kp-orbits of unipotent elements in P = Gy/Ky for Gp = SL(n,F). To make it typical, we
have to make n to be large enough, and at same time this would make us hard to write out
all representatives for that specific n. Therefore in examples here we will fix both n and
rank(C') = m and assume rank(Bj2) > rank(Bs;) (as we have done in our analysis and proofs)

and other condition(s) to keep our examples short.

Ezample 6.1.29 (Case B1; =0). Let n = 18, m = rank(C) = 6, so

0 0O
0 00
0 00
Bi1 =0,B13 = = , By € F3%6,
11 12 10 0 [ 21
010
i 0 0 1 |
Then all By; we can take here are
[ rank(Bgl) =0: Bgl =0.
e rank(By;) = 1:
[0 0 0/0 0 0]
— rank((B21)?) =0,Ba1 =0 0 0[0 0 0
|0 0 1]0 0 0 |
[0 0 0[O0 0 0]
— rank((B21)?) =1, Ba1=]0 0 0/0 0 0
L0 0 0[]0 0 1 |

e rank(By) = 2:
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0 0 0|0 0O
— rank((B21)?) =0,By1 =0 1 0/0 0 0
|00 1]0 0 0 |
[0 0 0[O0 0 0]
— rank((B91)?) =1, By =0 0 1|0 0 0
L0 0 0[]0 0 1 |
[0 0 0[O0 0 O]
— rank((Bg1)?) =2,B1 =0 0 0/0 1 0
100 0]0 0 1|
o rank(Ba;) =3
[0 1 0[0 0 0]
— rank((B21)?) =1,B1=|0 0 1|0 0 0
10 0 0]0 0 1|
[0 0 1]0 0 0]
—rank((321)2)22, Byy=|0 0 0[0 1 0
|0 0 0]0 0 1|
[p 0 0[O0 0 0]
— rank((B21)?) =0,Ba1= | 0 1 0|0 0 0 |,p€F/(F")3
L0 0 1]0 0 0 ]
The nonzero part of Bs; does not lie in the same corner as Bys, which corresponds
to case (II).
0 0 0O|p 0O
— rank((B21)%) =3,Ba1=|0 0 0|0 1 0 |,peF/(F*)?
0 0 0|0 0 1
The nonzero part of Bgj lies in the same corner as B2, which corresponds to case

(D).

In the following example, we work on a relatively general case though it actually does not
have zero Jordan blocks in By1, which makes it a little simpler. Under conditions we mentioned
at the beginning of this subsection, we list all possible (representative elements of) Kp-orbits
for a given JCM of By only.

Ezample 6.1.30 (JCM of Bj; is given and has no zero Jordan blocks). Let n = 20,m =
rank(C) =8 and 8 =22+ 1-4 = Bing + B2 - ng, ie., n1 = 2,061 = 2,n2 = 4,02 = 1, so
Bi1 B

Bs1 Bas

Bj1 has two Jordan blocks of size 2 and one Jordan block of size 4:(B = with
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Bi1 € 88 and Bay € F2%2 only consider the case rank(Bja) > rank(Ba1))

bo
10
o rank(Bgy) = 2: By =
( 22) 22 0 1 ]
- rank(Blg) = rank(Bgl) =0: 312 = O, Bgl = 0.
0 0
e rank(Byy) = 1: By =
( 22) 22 0 1 ]
- rank(Blg) = O,rank(Bgl) =0: Blg = 0, Bgl =0.
— rank(Bj2) = 1 = rank(b).
rank(b;) = 0, rank(by) = 1:
- 00 -
0 0
0 0
0 0 0 b
0 0 - ba
0 0
0 0
0 1

« rank(Baj)
* rank(Ba;) = 1 = rank(c):
o rank(cy) = 0,rank(ca) = 1: ¢ = { 00 ‘ P }, p € F*/(F*)2:
The nonzero diagonals in b and ¢ are both at the right bottom corner, so it

corresponds to sequence S1: 2 x 2,2+ 2 x4, which implies h = 2 is the greatest

0 = rank(c): Bg; =0
1

common factor of sequence: 4, 10.)

0[O0|f0O]0O]lO0O O Ofp
B21—[

0 :[Cl CQ:|:C.

00000 O O
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o rank(cy) = 1,rank(ca) = 0: ¢ = { 0 1 ‘ 0 }
Here we have 1 instead of p because g1 =2 > 1.

ololo 0000
B: = = C.
21 [000 0000] [Cl Cz}

0

e rank(Byy) = 0: Bgs = 0.

— rank(Bj2) = 0 same as before.
— rank(Bj2) = 1 same as before but p = 1 since we have Bay = 0.
— rank(Bj2) = 2 = rank(b)

* rank(b) = 2,rank(bg) =0

1
1 b1
L[]
00

1

o] =l 0]=[a el

It is Part I in classification theorem (b and c are both at the left top corner
this time) and h = 2 is the greatest common facotor of the first sequence S1:

242%2,2%x4, or 6,8, which implies its greatest common factor is 2.

0 1]0
orank(cy) = 1,rank(co) = 1: ¢ = .
(c1) (c2) [0 0 1]
00
« rank(b;) = 1,rank(bg) =1: b= | 1 0
0 1
1
o rank(c1) = 2, rank(cz) = 0: c-[ ]:[[ 0]
o rank(cy) = 1,rank(cy) = 1: ¢ = .
(c1) (c2) [0 0 ]

6.2 The first type of inner involution with different sizes of [,
and /

The inner involution we have to study here is
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where I; and I5 have different sizes. Without loss of generality, we assume the size n; of I is

greater than size no of Iy , and we can therefore assume that, there exists identity matrix I3 of

I
=" .
I3

To study (Gr = SL(n,F), ), we can study a restriction of (EJ]F: SL(2n4,F), o), where

size n1 — n9 such that

and G can be regarded as a restriction of Gp:

gi1 912
g = —y=
[ g21  g22 ]

where g11 € gl(n1,F).

From analysis for the key inner involution, we know that we only need to study the case with
g11 = 11, g2o = I5. For classification, we only need to include Kg-orbits in key inner involution

with the last n; — ng rows of C' zero, and the last nqy — no columns of B zero.

6.3 Second type of inner involution

We first define a special type of power function, then translate the second type of inner involution

to a special form of key inner involution, and classify Kpr-orbits of equivalent problem.

6.3.1 {} power function

Given a field F, suppose ”conjugation operator” ¢ : F — F is defined: (a,b € F)
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cla+b) =c(a) £ c(b)

c(axb) = c(a) * c(b)
c(l) = b ifa#0

a c(a)’

*(a) = a.

We denote c¢(a) = a for a € F. With conjugation operator we can define a ”curly bracket”

power function over F* in the following way:

Definition 6.3.1. Let ¢ be a conjugation operator defined over field F. We define ”curly

bracket” power function, denoted by ”{}”, over F* as following: for a € F*

n=0:a%=1,

n n B '

n e Z+ : a{n} = I | CZ(Q) —aaad - = (a’a) ) 1 n m;
j— (aa)m xa, ifn=2m+1,
=1

1
-
ner :a ey

m,n € Z : atm it = (gimhyin},

Remark 6.3.2. We do not define following for m,n € Z and a € F*

glmin} — gm}  gln}

afm)

{m}—{n} _
a =

since it makes no sense/use in our work.

It’s easy to check that {} power function has following properties: (a,b € F*,n,m € 7Z)

almbn} — (gtmbyint — lmn} _ g {n}eim} (6.3.1)
(ab)imt = aind s plnd (6.3.2)
{n}
Ay} _ @
P =20 (6.3.3)

We have following lemma for {} power function:
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Lemma 6.3.3. Givenn; € Z,i =1,...,r,a € F*, then following equation has solution x;,i =
1,...,s over the field FF,

if and only a € (F*)1, where 1 is the greatest common factor of ng,i =1,...,s, and (F*){} =
{al}]a € F*}.

Proof. =: Let n; = lm,;, then

a= ﬁ xl{n"}
i=1
- - :U;-{lmi}
Il

S

6.3.1 H(xl{mi}){l}

=1

22 [l e P

i=1
<: First, Without loss of generality, we can assume n; are all positive here(we can replace
x; by xi if n;, < 0 for some ).
Since [ is the greatest common factor of n;, using long division/Euclidean algorithm, we can

find nonnegative integers m; such that

|l = imml = i:mmZ — Zs: ming, (6.3.4)
i=1 i=1

i=S1+1

where 1 < s1 <s—1.

We always have the negative part since [ < min n;. Without loss of generality, we assume

1<i<s
m; >0,i=1,...,s.
Since a € (F*){, we can assume a = di¥ for some d € F*. Let z; = di™} z, =
i mjn;
(lenl(d)){mQ},xi+1 _ (o5 j J(d)){mi+1}’1 < i< s — 1. First, xinl} — (d{ml}){m} 6.3.1

dimm}  We know that in {} power function d and d appear alternatively, so min}l ends with

c™™=1(qd). Noticing :EgnQ} = (¢™m1(d))im2m2} begins with ¢™11(d), we can see that
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xinl} * wénﬂ = glmimtmana}

In the same way, z{'! * 52 ends with ¢™™+m2m2=1(d). Since w§n3} = (¢mmtmana (gy){mans}

begins with ¢™™+m2"2(q) we can see that

xinl} % x;”ﬂ * x§n3} — d{m1n1+m2n2+m3n3}'

Repeating the above process we get

‘5211 mqin;
s 21 . RPN
ﬂ 2 = d{i; o} —dddddddd - - - - -- it
=1

$1 (s} ) 521: {m;n;}—1
where [[ ;""" ends with ¢t = ¢/=! (d)
i=1

Let zg,41 = plmai}, We generate x;,t = s1 +2,...,s in a way same as above to get

ZS: {mini}

S
11 oM = p=tin

1=s1+1

S
> min;
i=s1

=ttt e

S
> ming
i=s1

— e tttttttt,

where in the last equality we simply reverse the order of multiplications.
Let

i, 1<0< s
Yi=19 . .
= s1+1<1<s.

We therefore have
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s s1 s
[To =1Tw™ = T w™
i=1 i=1

i=s1+1

S1
S| ap—
i=1 [ =

i=s1+1

51
> mng
i=1

dddddddd - - - - - - tit
............ tHtttttt

S
E m;n;
1=81
51 s
> ming— ., mung
i=1 i=sy
A S1 S

=dddddddd ------------ O - mini =Y min; =1>0)

—dddddddd ------------
=di =q.

O]

For the extension field F(,/p) of F with 0 # p € F\F?, we define the conjugation of a+b,/p €
F(/p) as

c(a+by/p) = a+by/p=a—byp,

and the curly bracket power function {} is defined over the extension field F(,/p) accordingly.

6.3.2 Translation to key inner involution

Let’s first review what do for the case n = 2, i.e., how we translate the original problem to the
one with "key involution”. For ¢ €Gr= SL(2,F), p € F*\(F*)?, i.e., p is a non-square element,
we have (abusing the letter p)
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epl (g) = pl_lgpl
0

oaoOP

-1
917
9 =0,"0000,.

Instead of studying (515‘, ), we study (Gp, o) equivalently, where

|A, D € F(/p), det g = 1}.

To be specific, the correspondence of elements in g}ﬂ: and G is given by

a b 5
= — =
g c d

The fixed point subgroup KF for (o, Gr) is also changed to

(a+d)+ b+ ) (—a+d) +/pb-E)
(~a+d) = pb—5) (atd)— B+ )

z

Kp={k = [ © ] |2 € F(y/p),det k = 1}.

Now we can generalize this translation to the n x n case. Let
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p D1 b2
P = 7P1 - )PQ - )
L p b1 P2
Do ; D
PE: = 7P0' = _I ’P: ,
i Do P
T - I
U(g): —I] g [ _ :Pg_lgpay
- N _ -
1 1
-1 -1
5(9) = 9 :Pglgpg’
1 1
- _1 - - _1 -
— - -1 _ -
1 1
1 1
0(g) = g =Py g- Py,
1 1
. 1 = L. 1 -
~ — - -
1 1
P D B
0 (g9) = g = g- P,
1 1
D 1 i D ]

Op(9) = P 'gP,
0o(9) = Q 9@,
o = Ql ogo 0@7

where p,p1,p2,ps,D are defined for the 2 x 2 case, ) is the permutation matrix such that
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P.=Q 'P,Q.

g
Similarly, instead of studying (Gr= SL(n,F), 9), we study (Gr, o) equivalently, where (for
subscripts we write F instead of F(,/p) for simplicity of notations)

A D
GF:{g:[D a

n
|A7D € gl(g,F(\/ﬁ)),detg = 1}7

z

Kp={k= [ € Grlz € GL(%,F(\/ﬁ)),detk =1}

Using conclusions from the case with ”key involution”, we can assume here A = I in the

above g, so g = I + J with J nilpotent. To be precise, we are able to study following problem

D
?‘—] is nilpotent and k = [%»] € Ky (det k = 1). The problem we
Z

need to solve is that, given J, j nilpotent, find out if there exists k € Ky such that j =k~ LJk,

equivalently:

We know J =

i.e., using k € Ky, what kind of canonical form of J can we reduce to?

6.3.3 Classification for the second type of inner involution

We have J nilp < DD nilp and

J=k"1Jk

L P
R D\ z\
__ 21Dz
7_2_1Dz

| |5

_5 -

Since det D = (det D) and DD is nilpotent, we know that 0 is an eigenvalue of D. Therefore
there exists 0 # vy € (F(\/ﬁ))% s.t. Dvp = 0. Choose § — 1 vectors vy, ..., vz in (F(\/f)))% s.t.

z = (v1,v2,...vz) € SL(5,F(/p)) = k = [4»] € K, so we have
Z
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0] ¢
T

and
3 nilp <:>5 ZN) nilp < Dy D nilp

therefore the above process can be repeated.

We define L; j s as following

Lijs = I s ;

1

where the entry s is in the (4, j)-position of L;;s. It’s obvious that fm;s = L;js and k =

Lijs € K.
Lijs

If n =2, then DD € gl(%,F(,/p)) = gl(1,F(/p)) nilp & D = 0. This is why we have the
identity orbit only when n = 2.
If n = 4, then we can see that J nilp < DDy € gl(¥ — 1,F(/p)) = gl(1,F(,/p)) nilp

< Dy = 0 and we can therefore assume

Dzlo
0

We assume it’s true for n = 2m,2 < m € Z*, that D in J can be reduced to following form

with ¢ € F(,/p).
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D= (6.3.6)
Iy
which satisfies following conditions
1. The sizes of J;,1 < r < r are decreasing, especially if J;, = 0, then J;;41 =--- = J, = 0;
2. If J; # 0, then
_ Lo -
0 1
G| | (637)
o o o --- 1 0
0 0 -+ 0 g
i o 0 - 0 0 ]

where g € F(/p) and ¢ =1if 1 <i <r — 1.

Assume the size of J; for 1 <i <ris n;.

We now prove that the above conditions are true for n = 2m + 2 too. We assume D to be
in the form of (6.3.5) with Dy € gl(m,F(,/p)), so we can assume D; has a form in (6.3.6) with

the above two conditions satisfied (D7D is nilpotent). The proof is put into following three
cases.

Case I. D; = 0. Then

0 | & tm

010 0
D =

010 0

Ift;=0,:=1,...,m, then D = 0. Done.

If there is t;, # 0,1 < ip < m, using permutation matrix we can make 7o = 1. By some
diagonal matrix in Kr we can make ¢t; = 1. Then by choosing s in L2 3 and applying La 3 s
to D: IQ’?,,SDLQ,&S we can make t2 = 0 and make ¢; = 0 in the same way. Now D satisfies
required conditions.
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Case II. D; has one Jordan block only. In this case we have

i ti ta tz3 -+ tm—i tm |
0 - 0
0 0
D =
0 0
00 0 0 0 ¢
L 0 0 |

with 0 # F(,/p)* (or D has two Jordan blocks).
By applying L1 js,,j = 3,4,...,m+1to D with s; = ¢;_1,j = 3,...,m and 8,11 =

E"

q 9

we can make t;,7 = 2,...,m in the new D, i.e., 5, to be zero. We still write 1N) as D.
m
Ifty #0, let s1 = 1,80 = tl_l,szurl =550 =2,....,m—1,5m11 = ([[s)7}, and 2z =
i=1

diag(s1, ..., Sm+1). Then

_ 0 -
0 1
0 0
z 1Dz = ,
0
q
. o0 o o -~ 0 0 |

which is till one Jordan block and has the expected form.
If t] = 0, then

0 0
1 0
ol0 0 1 0 0
D =
0 0
0 q
L O 0_

Using permutation matrix we can make D into
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_ 0o -
1 0
0 0 0 1 010
D= :
0 q
0
L O .

Same as before we can make ¢ = 1.

Case III. D has two or more Jordan blocks. In this case we have

0t - tm
0.4

1o
0 J,

If we have at most one zero Jordan block in D, i.e., J; # 0,1 <i < r — 1. Like in Case II,
we can make t; = 0 unless ¢; corresponds to the first column of some Jordan block. Suppose
the first columns of each Jordan blocks are the iy = 2,49,...,4--th columns of D.

Ift;; =0,5=1,...,7 ie, t; = 0, we simply need to permute 0 on the left top corner to
the right bottom corner, and make the possible ¢ in the last Jordan block, if this is the case,
to be 1 to finish this case.

Ift;; #0,5 =1,...,r, same as in Case II, we can make #; =1 (notice that the possible ¢
in the last Jordan block might change correspondingly too, if we have no zero Jordan block).

Let t;, = —u # 0, by applying Ljttiotjeiw:Jd=0,1,...,n2 —1to D in order, we get

—1
D — Ll,iz,uDLLit,u

——1 —1
- L2,i2+1,c(u)(Ll,iz,uDLl,it,U)LQ,iz-l—l,c(u)
—_ e e

——1 ——1
- Lng,i2+n271,cn271(u) T (Ll,iQ,U‘DLlaityu) T Lng,ig—i-nz—l,c"?_l(u)‘

Visually, it’d be like this
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272 (u)
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01 0 0 0 0 0 ]
0
0l 0 o
0ol o 0o o0 0
0] 0 O 0 e ()
N 0
0 0 1 0 0
0 0 1 0
0 0 0
0 0 0 0
[0 0 0 0 0 0 |
0o 1
0olo o 1 0 0
010 0
010 0
N 0
0 0 1 0 0
0 0 0
0 0
0 0 0 0 0

Remark 6.3.4. 1. Since the size of Jy is greater than or equal to the size of Jy, we can continue
the above process without break.

2. In the last step, when multiplying L
-1
na,iz+na—1,c"271 (u)

would not introduce anything nonzero.

nayistna—1,cn2—1(y) om right, we make 2 (u) — 0.

When multiplying L from left, since the (i2 + ng — 1)-th row of D is zero, we

We therefore make ¢35 = 0 without changing anything else. In this same way, we can make
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all t; = 0 for 3 < ¢ <7, and D is then in the expected form. The difference between D and
D is that the size of the largest Jordan block in D is one more than that of the largest Jordan
block in Dj, and possibly ¢’s might be different in D and D;.

If only some of ¢; are nonzero, we then only need to consider those Jordan blocks with
nonzero corresponding elements in the first row of D. Same as before we first by permutation
matrices re-sort Jordan blocks in a way that

1. ¢;,0 = 1,...,7, begin with nonzero elements and all nonzero elements cluster together,
ie., if t;, =0, then ¢; = 0 for all ¢ > 7¢;

2. sizes of Jordan blocks with nonzero ¢; are decreasing.

Remark 6.3.5. Permutation does not change the correspondence between Jordan blocks and

elements in the first row corresponding to these columns of Jordan blocks.

We then make ¢; = 1, and make nonzero ¢; into 0. Notice that here we only work with
Jordan blocks with nonzero t;, and J; after re-sort has the largest size among them, so the
above elimination process can be adopted. We are done if the sizes of J; are in decreasing order
and finish this subcase by permutation matrices if they are not in decreasing order.

Now let’s consider the subcase that D could have more than one zero Jordan blocks.

If elements in the first row corresponding the zero Jordan blocks are all zero, then it’s
reduced the previous subcase.

If elements in the first row corresponding the zero Jordan blocks are not all zero, by permu-
tation matrix we can assume the element in the first row corresponding to the first zero Jordan
block is nonzero, we can then make all elements in the first row ”after” this element to be zero
by choosing a proper L; ;. Now we reduce the first subcase of Case III again.

So the conditions we assume to be true for n = 2m are still true for n = 2m + 2, and by
induction, those conditions are true for all positive even number n.

Let’s discuss classification. First let’s see what z = = + \/py we can take between D’s

satisfying the above conditions. We have following lemma.

Lemma 6.3.6. If D and IN) satisfy the above two conditions and if there is k such that 3:
k=1 Jk, where

I
o
wl
<2
I
-
okl
v?v
Il
N
|

then corresponding Jordan blocks in D and B must be of same sizes.
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Proof. Since

DD=%'Dz-(z'Dz)=7"'Dz 2" 'Dz=7"'DDz

we can see that 1N) IN) and DD have same Jordan blocks, and then it’s obvious that corresponding
Jordan blocks of lN) 1N) and DD have same sizes. This implies that all Jordan blocks of size
greater than or equal to three of ZN) and D are same, except possible different ¢’s in the last
Jordan blocks of D and D. Since rank( IN)) = rank(D), we know that D and D have same
number of Jordan blocks of size two too. The number of zero Jordan blocks of IN) and D are

now same too. O

If D has zero Jordan blocks, then there is no ¢ in D, and then D itself represents one
Kpg-orbit.

If there is no zero Jordan block in D, then there might some ¢ instead of 1 in the last Jordan
block of D. We now want to see what kind of z we can take in B: z 1Dz if D and B have
same types of Jordan blocks.

Notice that

Jl Jl
D= D=
Jy Tr
with
[0 1 0 0 ] 0 1 0 0 ]
Ji=| 0 o0 10 |,J= 10 |,
0 0 0 ¢ 0 q
0 o0 0 0 | I 0 0 0 |
where ¢ =1if 1 < i <r — 1, and sizes of Ji(jr),i =1,...,r, are decreasing.

N X1

Let z = (zij)rx, be partitioned according to J;, so z;; € F(,/p)
From IN): z 'Dzor Dz=% ZN), we have

(1) Jizij = Zi5J5,1 < i, <r—1;

(2) Jozrj =Zpidjuj =1,...,r — 1;

(3) Jizir = Zir }T,i: 1,...,r—1;
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(4) Jrzpr = Zpr Jr.
For (1), we have
k41,0 _ k-1,
(a') ZijJr = Zij ’
(b) zfj’l =0= z?j"’l,k >2,1<n;—1.

For (2), besides (a) for 1 <k < n, —2 and (b), we have for the last row of z;;:

(c) 2yt =1z Ml i =2, .
For (3), besides (a) for 2 <1 <n, — 1 and (b) we have for the last column of z;;:
(d) 2 =gt g =1, - 1

For (4), besides (a) for 1 <k <n, —2,2<01<n,—1, (b), (c) forl =2,...,n, — 1 and (d)
for k=1,...,n, — 2 we have

OF e e
Let o = (ovj)rxr with ag; € F(/p)™*™ and satisfy conditions (a) and (b) for all valid k

and [. Then it’s not hard to see that z = Dq_lozDE where D, = diag(1,...,1,q) and DE =
diag(1,...,1, 5) So

det z = det(D;laDa) = det(D, ") det adet(Dy) = g tdeta 9= a+ by/p. (6.3.8)

The determinant condition 1 = det zdetz < a+0,/p € S L where

St={a+bypla®—b’p=1abeF},

which is a multiplicative subgroup of F(,/p)*, namely, the unit circle.

It’s obvious that the set of a satisfying conditions (a) and (b) form a subgroup of GL(%,F(,/p)),s0
the set of det a form a subgroup of F(,/p)*. We have a result similar to that in the key inner
involution, Lemma 6.1.24, without the 0-th row and column there, but conjugation involved

here. Also, the order of Jordan blocks here are decreasing.

Lemma 6.3.7. deta = det(a), where a= (ay;) is formed from a:
1. The size of aij is same as the size of oy fori,j=1,...,7;

Kk crpo— 7.
9 ~kl {aij, if k=1,

Q=

0, otherwise.

i—1
Proof. we use the basic definition of determinant. For r x r minors on the columns of > (1 +

j=0
nj),i = 1,...,r,n9 = 0, only elements in diagonal positions can be taken to obtain nonzero

minors. In finding the corresponding co-minor, after crossing out the above rows and columns,
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we are in the same situation again have to taken certain elements in diagonal positions only.
By repeating this process, we can see that only elements in diagonal positions can possibly
contribute to the determinant of «, and other elements could not affect det o at all. We would

get same determinant if we set those elements to be zero, i.e., deta = det(a). O

o is partitioned into a lower triangular block matrix according to sizes of Jordan blocks
J;: assume the diagonal block of a are (N)q, ey a,. Now we use number theory to describe our

result. Let n = 2m € 2Z7" and the partition of m determined by sizes of J; is given by

m:ﬂ1n1+"'+ﬁsns-

where n; > n; if i > j.
So ai is the submatrix of & formed by B; x ; blocks of size n; x n; in a. Let v; be the

determinant of the matrix formed from all the (1,1)-entry in each block of o, ie.,

Ui = ((@i)it),
v; = det U;.

It’s obvious that det(a;) = fy;{n’}, so det a = det a= [] %{nz}. From (6.3.8), we have
i=1

deta = g(a +byp) !
q

T )
11

From Lemma 6.3.3 we can see that there exist a solution of 7; of the above equation if and

only £(a+byp)~" € (F* ()" or £ € (a+byp) * (F*(/p) ! C 9« (F*(\/p)) !, where I is
q q

the greatest common factor of n;,i = 1,...,s. So for the same types of Jordan blocks, we can

take elements g € F*(,/p)/(S! « (F*(\/ﬁ)){l}) in J as representatives of Kp-orbits.
Summing up the above analysis, we get following result:

Theorem 6.3.8. If we study (Gy, o ) instead of (51}7, 5), then we can choose elements g = 1+ .J
as representatives of Kg-orbits, where
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J1

D
:[ ] with D = ,
D

Jr

and Ji,i=1,...,r, satisfy following conditions
1. The sizes of J; are decreasing, especially if J;, =0, then Jijy41 =--- = J, =0;
2. If J; # 0, then

1 0
0 1
Ji = ;
0 0 0 0
0 0 -~ 0 g
i 0 o --- 0 0 |

where g = 1 if 1 < i <r—1. Ifi =r (D has no zero Jordan block in this case), then q is
representative element of F*(\/ﬁ)/(F*(\/ﬁ)){l} with {} being the ”curly bracket” power function
defined in Definition 6.5.1, and l is the greatest common factor of n;, n; are from the partition

L _n.
of positive integer m = 3 :

m = fin1 + -+ Bsns.
which corresponds to the Jordan blocks J; of D.

Remark 6.3.9. Again, we are studying a JCM-like problem. Instead of studying D — z~!' Dz
directly, a conjugation operator is involved: D — (Z)~'Dz. We get something similar canonical

form too, and the classification is similar to its corresponding part in Theorem 5.2.1.

Remark 6.3.10. The classification problem is more or less same as the canonical-form problem.
For inner involutions, the classifications are similar to Jordan decomposition, and tools we use
to reduce matrices or matrix pairs/pencils are elementary matrices, i.e., adding/subtracting
certain rows and/or columns to other rows and/or columns. We have the Jordan canonical form
to to use in reduction. For outer involutions, it’s completely different. From the viewpoint of
matrix theory, we use orthogonal matrices instead of elementary matrices to reduce symmetric

matrices to simple/special/canonical forms.
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Chapter 7
Cartan/Outer Involution

The key involution for outer involutions is Cartan involution and the model for the classification
problem in this case would be the one for Cartan involution over algebraically closed fields,
though the problem could be simple, for example, we have the identity orbit for the real field
R, or for any other field that satisfies

n
Zx%zOémi:O,izl,...,n, for x; € .
i=1
We treat the cases of small n = 2,3 and 4. We hope to complete the general case in future
research
The canonical form here corresponds to the JCM exactly and the main difference is that we
use here orthogonal matrices instead of elementary matrices.

To be explicit, Cartan involution and corresponding concepts are defined as following

olg)=g",
1 T

7(9) = 9(o(9))" =99,
K={kecGlok)=k"T =k o kk! =1},

where g7 is the transpose of g.
We work on algebraically closed field only, i.e., F = F. G = SL(n,F). It’s obvious that
g=I1+J¢cP=G/K ={gg" € G} is unipotent = J = J7 is nilpotent.
Same as before we will study J instead. We first redo the case n = 2 and develop some basic
properties we need for the general case. We then illustrate how to get the canonical form (here

it’s tri-diagonal matrices) for the general case, and give results for n = 3 and 4 as examples.
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7.1 Redo the case n =2

First let’s redo_the case of n = 2.

b
J=Jr = Z J ] is nilpotent if and only if J? = 0, so

2_ | b a b
b od b d
a2+ b bla+d)
bla+d) b*+d?

=0.

It’'sclear that b=0< a=d = 0.
If b #£ 0, then we have a +d = 0, or d = —a, and we therefore have a = by/—1 and

J_b\/flb_bﬁ1
I Y S v i N S e vas R

When n = 2,

€ G| +s*=1}.

Therefore

b [ c —S v—1 1 c s

B | s ¢ 1 —v—1 —s c

_b_c —1—5 c+sy-1 c S

B sv/—1+c¢c s—cv—1 -5 ¢

. [ 2V/—=1 — 2sc — s2/—1 —82 4+ 2sc/—1 + 2
N i 2+ 2csy/—1 — 52 s2/—1 + 2s¢ — 2/—1
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(c+sV=DV=T  (ctsv/=1)? ]
(c+sv=1)? (et sV=D*~V-T)

= blet V1)’ [ J? —f—ﬁ

If b # 0, by choosing ¢ and s proper we can make b = ++1/—1 because following equations

always have a solution:

+v-1
b

= (c+sv—1)?
1=+s2=c2— (=5 = (c+sv/—1)(c— sv/—1).

Notice that v/—1 and —v/—1 are two different elements, so we will have actually two different

1 v—1 1 —v/—1
and . What’s more, given v/—1 or —v/—1, we

can always find a lower triangular matrix L for the above J such that LLT = I + J. For

2ﬁ]

K-orbits

we have

example, for g=1+J = [
V-1

2 0
L:[f
V2 V2

= ] and LLT = g.

So beside the identity K-orbit, we have another two K-orbits of unipotent elements in

_ _ 1 V-1 1 —/—1
N

11
from inner involution case: they correspond to the Jordan canonical form (JCF) ! ] and

i 0

Before we go the higher case of n, we show ”the other side of the above calculation” is true:

] , which coincides with the result we get

b
Lemma 7.1.1. g = [ Z y ] with b # 0 cannot be diagonalized by rotation matrices if and

only if d — a = £2+/—1b.

Proof. Let k =

—S C

8] € K, then
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k:_lgk' _ [ ¢ —s a b c s
| s ¢ b d -5 ¢
c s
-5 ¢
B [ ac® — 2sbe + s2d acs + b(c? — s?) — cds
| asc+ b(c? — s%) — cds as? + 2sbc + c*d

ac— sb be — sd

as +bc bs+ cd

Let’s set

{ (a —d)es +b(c? —s?) =0 (71.1)

A +s2=(c+V—1s)(c—/—1s) =1

Let u=c++v—1s,v =c— +/—1s, then we have

u—+v
C =
2
U—v
S =
2
u? — v?
S = ——
44/—1
2 2
c2—s2:u +v
2

Plugging the above expressions into the first equation of (7.1.1) we get

u? — v? u? + v?
(a —d) Wl +b 5 =0
(a—d) u?—v?  u?+0v?
b a1 2 =0
(a;d)~(u2—v2)+2\/—71(u2+1)2):0
(2ﬁ+(a;d>)u2+(2ﬁ—(a;d))ﬁ:o

The last equation does not have solution if and only (2/—1+ L;d)) =0or (2y/—1— (a*d)) =0,

which gives us the desired relation of a, b, d.
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7.2 Reduction

Let’s look at the case of n > 3. First we have following lemma.

Lemma 7.2.1. Any orthogonal matrix k € K can be written as a product of permutation

matrices, rotation matrices and diagonal matrices with +1 as diagonals.

Proof. Let k = (kij). If we have ¢ > 2 nonzero elements in the first column of k, using

permutation matrices we can make the first ¢ elements in the first column of k& to be nonzero.
By choosing ¢ and s carefully in

SR

we can make at least t= 0 (or possibly both of them are zeros). This means that we eliminate

cr + st

ct — sr

at least one nonzero elements by one rotation matrix. By repeating this process we can make
the first column of k to have only one nonzero element. It’s obvious that this nonzero elements

must be 1. Now we can re-write

+1
k= vl
0 wu
where u is nonsingular.
I =kk'
£l v +1 0
B 0 wu o T
_ 14+ vl vul
B wvT uu”l

suw!l =0 & wl =1

=sv=0

The proof is finished by induction. O

Now we claim that we only need to study tri-diagonal matrices. Here is a quick why. We

are considering matrices in P = G/ K consisting of symmetric matrices, so we assume naturally
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g = g¥ = (gij). If the first column/row is zero, we then reduce to the case of n — 1. If there
are more than two nonzero elements in the first column/row, using permutation matrices we
can make the all nonzero elements in the first column ”packed up” to the left top corner, and

same for the first row since permutation matrices act on J from both sides. By working on

g1 g1 . . . .- .
we can use rotation matrices to make g;; = g1; = 0,7 > 2 unless condition in
9i1  Gii
Lemma 7.1.1 is satisfied. If there are some nonzero elements cannot be made into zeroes, i.e.,

g21

to be " in Lemma 7.2.1 and
g31 t

condition in Lemma 7.1.1 is satisfied, we simply use [

g21

ga1
can then make g4; = 0. Repeat this until g1; and g21/g12 are the only nonzero elements in the

we can therefore use rotation matrix to make g3; = 0. Treat

]tobenew [:] and we

first column/row. Use permutation matrices to make g3 to be nonzero if there is at least one
nonzero element in g;9,7 > 3. In the same way we can clear up all nonzero elements following
g32 in the second column/row. As consequence we get a tri-diagonal matrix. See following

transformations on a 5 x 5 matrix as illustration of the above process.

%k %k % * % 0 % % * x 0 0 = * x 0 0 0

* % ok ok K * ok ok ok * % ok ok K * % ok ok ok

¥ % % %x x | =10 *x *x *x x| =10 x x x x [ =00 %x x x *x | —
* % ok k% * ok ok ok % 0 * * * % 0 * *x * =x
B [k %k ok k| B L O x % % x|
(% % 0 0 0] % %+ 0 0 0] [ % % 0 0 0]

* ok x 0 % * + % 0 0 * x x 0 0

0 * ok ok — |0 * %k % — 0 * % 0

0 0 * * =% 0 * k% 0 * %

_O ¥ k% kK _0 0 * = * | _O 0 = * |

Also, we here assume y; # 0,7 = 1,...,n — 1 since if one of them is zero, the problem has

been reduced to the one of smaller size.

Let g =1+ J = (9i5). 9 = g7 is tri-diagonal and unipotent < J = J7T is tri-diagonal
and unipotent. We classify J’s instead of g’s. J is nilpotent if and only if det(\ — J) = A"
or equivalently det(Al + J) = A". The reason that we use "plus” operation instead in the
characteristic polynomial is that we like ”plus” signs more in our calculations. We assume from

now on
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1 Y1

Yyir T2 Y2

Tn—1 Yn—1

Yn—1 Tn

7.3 Ideas

If there exists nilpotent matrix J with g = I + J € P, we then reduce the problem (or find the
canonical form of J or g) in following steps:

1. We illustrate that we may assume diagonals of J appear in a pattern of o, —a, a, —cv, - - -
Therefore we only need to classify J or g with alternating-pattern diagonals. Especially if n is
odd, @ = 0 here. a # 0 if n is even, and we can make a into any nonzero number in this case.
We'd like to make o = 1. Also if n is even, only even terms, i.e., terms of even degree, appear
in det(A 4 J). If n is odd, only odd terms (again, terms of odd degree) appear in det(AI + J),
and we don’t have constant term automatically.

2. Assuming step 1, we can find solutions for equation det(AI + J) = A™. There are more

than one solution for a,y;,¢ = 1,...,n — 1. Given any two different specific solutions, say
alyyl,i=1,...,n—1and o? y?i=1,...,n — 1, by apply rotation matrices on .J in special
patterns, we can then make a! = o? and yi1 = yiz,z' =1,...,Yp-1.

3. Assume n = 2m is an even integer. Given « from the first step we have n — 1 unknowns,
yi,@ = 1,...,n — 1. From det(AI + J) = A" we can get m equations and from step 2 will
have m — 1 unknowns, so we should have only finitely many different canonical forms. Two
different canonical forms are expected here since the canonical forms here correspond to JCFs
of largest rank n—1, and we have two JCFs in SL(n, F) of rank n—1 (we need an odd number of
permutations to get the upper triangular JCF from the lower JCF, which gives the determinant
-1). The correspondence is also true for the case that n = 2m + 1 is odd, and it’s expected to
have one canonical forms only (similarly we need even number permutations to change lower
JCF to upper JCF).

I use an 8 x 8 matrix as our example, and we will do the second step first, and then the
first one.

For the second step, here is the way we can work on J while keeping J with same diagonals.

First we can multiply a rotation matrix on the first and third rows and columns. This would
a 0

] = ol as our submatrix from the first and third
«

not change diagonals since we have [
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rows and columns. This will introduce a nonzero element in (4,1) position. To keep resulting
matrix tri-diagonal, we just need to clear it up use a series of rotations. We call this one as Case
(1,3) since, in order to get a scaler submatrix we choose the first and third rows and columns.
We introduce one free variable in this way, but we get no more free INDEPENDENT variable
by introducing different rotations. Luckily in the similar way we can choose the first and fifth
rows and columns (Case (1,5)), and the first and seventh rows and columns (Case (1,7)), and
clear up those nonzero elements introduced by rotations. It’s also true that in the way of using
different combinations to get scaler submatrix a/ we can introduce m — 1 independent free
variables, which allows us to make y;,i = 1,...,n — 1 into exactly the solution(s) we want. See

following manipulations as what we mean.

a Y1 0 0! 0 0 0 0
Y1 -« Y2 0 0? 0 0 0
0 Y2 o Y3 0 03 0 0
0 0 Y3 —a Ya 0 0? 0
0 02 0 Ya a Y5 0 0°
0 0 03 0 s — Y6 0
0 0 0 0? 0 s a Y7
0 0 0 0 0° 0 Y7 —a
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Case (1,3). By multiplying a rotation matrix on the first and third rows and columns,
we can change y; and y2. At same time we introduce nonzero elements in (4,1) and (1,4)
positions, marked as 0!’s in the above matrix. To keep the matrix in the tri-diagonal form we
need to make 0! into zero, so we multiply another rotation matrix on the second and fourth
rows and columns. We introduced nonzero elements in (5,2) and (2,5) positions, marked as 02
in the matrix. Repeating this process we will get 0%,0%,0° before we get a tri-diagonal form
again. During this process, diagonals, o, —a,a — «, ..., do not change, and we only change
vi, 1 =1,...,8. We actually introduce one free variable.

Precisely we can express the above process in following calculations: (we write only involved

elements)

yi =vyi,t=1,...,7

Ccy —S89 y% y% st | | Yrox
S 0 i —51 1 0 =
Y5 = s1y1 + 1y

Y3 = Clyé

c3 —S3 y% y§ Co S92 . Yo *
S3 c3 0 yi —82 Ca 0 =
Y3 = s2y5 + Cous

Y2 = coyi

C4 —54 3 v 3 s3 | | YUz
S4 4 0 ygl) —83 c3 0 =
yi = ssy3 + csyi

Y2 = cays

5 —S85 vi v C4  S4 | | Yg %
S5 Cj 0 yé —S4 €4 0 =
ys = s4yi + cayl

y6:C4y(13

3 2 o
Cg —Sg Ys  Yg Cs S5 . Ys *
s Cg 0 y% —85 Cj 0 =

c1 is free and ¢;,7 = 2,3,4,5,6 are determined in a way that makes the resulting matrices

125



are upper tri-anglular matrices. The resulting ?71 is a function of y1,y2 and y3, y2 a function of

Y1,Y2,y3 and yy, etc.
Generally, we can express calculations above to get the new ¥;,7 = 1,2, 3,4,5 in following

U —v a b c s | a x
voou 0 d —s c| |0 x
u(ac — sb) + vsd =a

v(ac — sb) —usd =0

u?+0? =1

equations:

A+s2=1

= /(ac — sb)2 + (sd)? =a

We can repeat the above process using different ¢ but it gives us nothing new but a com-
bination c¢ and we still have only one free variable. Noticing the first, third, fifth and seventh
diagonals are all «, we would try the combinations of (1,5), (1,7).

Case (1,5). If we try (1,5), following shows the process we might have
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a Y1 0 0! 0 0* 0 0
n —a Yo 0 0Y, 0 0** 0
0 Yo a Y3 0 0%k 0 (U
0 0 Y3 —a Ya 0 U 0
0 oY, 0 Ya a Ys 0 U
0* 0 0% 0 Ys —a Y6 0
0 0 0 U 0 Y6 a Y7
0 0 0%+ 0 Ossss 0 yr —a

Similarly to previous case, when we multiply a rotation matrix to the first and fifth rows and
columns, we introduce nonzero elements in (4,1), (5,2) and (6,1) positions, marked by 71,V *”.
We first try to clear the nonzero element in (6,1). This would introduce new elements in (6,3)
and (7,2), and it also affects (5,2) entry. We mark this step using ”**”
the "outside” nonzero element(s) first. Using rotation matrix to make (7,2) entry into zero, we
get nonzero entries in (7,4) and (8,3), and affect (6,3) entry, marked by ”***”. When we clear
(8,3) entry, we introduce nonzero entry in (8,5) and affect (7,4) entry, marked by ”****”. No
"outside” entry is introduced since we reach the bottom of the matrix. Now using the method

we introduce in the above case, we can clear all nonzero elements in the third off-diagonals (i.e.,

(4,1), (5,2), (6,3), (7,4) and (8,5) entries).
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The calculations in clearing the fifth off-diagonals are as following:

[ 17 .1
Coy —S82 Ui
59 Co 0

i 171 .2
c3 —S3 Ya
S3 C3 0
C4 —S4 y%’
sS4  cC4 0

51 is not the final y;. The final one, denoted by 51, is

function of Y1,Y2,Y3,Y4,Ys and Ys, etc.

1
€2
c3

—83

51
1
52
€2
53

C3

_51*
0 =
_ | v
0 =
_ | v o
0 =

~

a function of y1,y2,ys and ys, 52 a

Though it shows the idea, it is not representative, since if the order of the matrix is bigger,

and when we use entries s, y¢ and y7 again, they have been modified.

We introduce a new free variable in this case, and it’s clear that this variable cannot be

generated by working on Case (1,3).

Case (1,7). Similarly we can work on the first and seventh rows and columns.
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a Y1 0 0 0 0! 0 0*
n —a Yo 0 0 0 0Y, 0
0 Y2 @ Y3 0 0 0 0**
0 0 Y3 -« Y4 0 0 0
0 0 0 Ya a Ys 0 0
0! 0 0 0 Ys -« Y6 0
0 0Y. 0 0 0 Y6 a Y7
0* 0 0** 0 0 0 yr —a

We will first produce nonzero elements in the slots of (6,1), (7,2) and (8,1). We clear (8,1)
first and this will give us a nonzero element in (8,3) and affect (7,2) entry. Now we reduce the
situation similar to Case (1,5). The free variable introduced in this case is independent of the

previous cases since y7 would definitely be involved in the expressions of final y;,t =1,...,7.

Remark 7.3.1. 1. We choose/start to work on « parts here. We can start work on —a parts,
but when we clear up unneeded nonzero elements, we would go to one of the above three cases,
so it’s equivalent to start from « parts.

2. We choose to clear farthest off-diagonals first because during clearing up nonzero entries
in the line we only introduce/affect entries in nearer off-diagonals, and we can therefore do it

in an inductive way.
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3. In clearing each nonzero elements, there are always usually and at most three entries

2

involved and they always keep in a shape like ">”. Only odd-numbered off-diagonals are

involved in all calculations.

We introduce three independent free variables into the system. We have 4 equations from
nilpotency (det(Al+J) = A™). If «v is determined, say o = 1, we can almost uniquely determine
the values of y;,4 = 1,...,n — 1 = 7, which actually give us the canonical forms of J. They

correspond to JCF of rank 7.

Now we consider how to make our diagonals into alternating pattern. Suppose we have an

8 by 8 matrix.

T Y1 0! 0 0 0 0 0
Y1 T2 Y2 02 0 0 0 0
0! Y2 T3 Y3 03 0 0 0
0 02 Y3 x4 Ya 04 0 0
0 0 03 Ya x5 U5 0° 0
0 0 0 0* Ys 6 Ys 0°
0 0 0 0 0° Y6 T7 yr
0 0 0 0 0 0° Y7 T8
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We multiply a rotation matrix on the first and second rows and columns, and we will get
a nonzero entry in (3,1), marked by 0. We want to keep it in tri-diagonal shape, so we use
the new y; to clear it (the reason that we don’t use the new z; is that, if we did so, we would
introduce more nonzero entries in the first row and column). We get another nonzero entry 02
in (4,2), and if we keep going on, we would have 0 in (5,3) before we go back to the tri-diagonal
form.

The calculations are like Case (1,3):

Y =Yi,t=1,...

T =x,1=1,...

1 1T 1 ~ 2
c1 —S1 T Y 1 S1 Ty Y1
1 1 2 2
S1 C1 Y1 Ty 1L —S1 C1 ] L Y7 Ty
C1 S1
1 2
[ 0 5 * Y3 }
—851
1 1] 1 Y
Co —S89 Yi T9 Cc1 S1 Yy *
S2  C2 y% —S1 € 0 =
2 2] i [~ 2
Cy —S89 Ty Y5 (6] S92 - T2 Y3
2 1 - 2 2
S22 €2 Yo T3 | | 752 C2 | L Y2 T3
c2 82
1 _ 2
[ 0 w3 = | 23 u3 }
—S82 €3
2 2] M~
c3 —S3 Yo T3 | | Y2 x
5| =
S3 C3 z3 Y3 ] L 0 *
2 .2 1 [~ 3
c3 —S83 r3 Y3 €3 83| | T3 Y3
2 - 3 2
83 C3 Y3 x4 —S3 €3 | | Y3 1%
c3 83
1 _ 2
[ 0 wyy } [ =1 %24 Yz }
—S53 €3
3 .2 M
s | =
S4 C4 Z4 Yy | | 0 =
2 .2 1 [~
C4 S4 Ty Yy C4 S84 | | T4 yi’
2 1 - 3 2
S4 ¢4 Yy Ts =S4 €4 | L Ya T
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cy S84
[ 0 w3 ] [ =l 2 U3 }
—S4 C4
C5 —S55 Z/i’ 33% _ Yy x*
S5 ¢s z5 Y2 | | 0 =
Cs —S5 x% y% Cs S5 | 55 y§
S5 Cs y?) mé —S85 Cp ] i yg’ .%'g
C5 S5
[0 4] [ 2]
—S85 Cs
Cg —Sg yg x% . Ys *
S Cg 26 yg | i 0 =
Ce —S6 1‘% y% C6 S6 | %6 yg’
S6  C6 T =S ¢ | | vi 7
Cc6  S6
[ 0 yq ] [ =21 y5 }
—S6 Cg
cr —S7 yg? .73% _ Yg *
st ¢ 27 YR | | 0
c7  —S7 a2 yE ¢ St | 7 Y3 _ Tr Yz
s7 ¢t Y3 g —Ss7 ¢ | | y7 a3 yr s

So we introduce one free variable. Same as before we can also start from (1,3), i.e., the first

and third rows and columns:
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T 0 0 0! 0 0 0 0
Y1 ) Y2 02 02 0 0 0
0 Y2 T3 Y3 03 03 0 0
0! 02 Y3 T4 Y4 04 0? 0
0 0? 0? Ya s Ys 0° 0°
0 0 03 0 Ys 6 Ys 0°
0 0 0 04 05 Y6 T7 yr
0 0 0 0 0° 0% Y7 T8

We can again reduce to the case (1,2).

Now similar to corresponding part in changing y;,7 = 1,...,n — 1, we can introduce n — 1
independent free variables, which allows us to make diagonals into alternating pattern. Also
from following analysis of characteristic polynomial of J with alternating diagonals, we can see
that we only need to make z;,7 = 1,...,n — 2 into the alternating patter, o, —, @, —c, . . ., and

Tn—1 and x, will be automatically become « and —a.
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7.4 Characteristic polynomial det(A] + J)

Now assume we have diagonals in alternating pattern, we will show that, in the characteristic
polynomial det(Al + J) we would see even terms only, if n is an even integer, and odd terms
only with no constant term if n is an odd integer.

Assume n = 2m is an even number. Since we are looking for the determinant of \I 4 J, we
can use elementary transformation to act on AI + .J, and we are able to get rid of certain row

and column if the diagonal in that row and column is one and is the only nonzero element in

that row.
A ta Y1 ]
Y1 A—a iy
Y2 A+a Y3
Y3 A—a
Yn—2 A + /8 Yn—1
| Yn—1 A— ﬂ |
[\ + o 0 1
2
ynooA-—a— L w
Y2 Aoy
- Y3 A—a Yy
Yn—2 A + 5 Yn—1
| Yn—1 )\ - ﬂ ]
- . 0 -
Aty M —a?—yi (A +a)y
Y2 Ao Y3
— Y3 A—a oy
Yn—2 A + ﬂ Yn—1

| Yn—1 A — B |
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2 _ 2
M- -yl A+ o)y

Y2
A+« Y3
Y3 A—a oy
Yn—2 )\+ﬂ
. Yn—1
N —a? -2 0
Yo )\+OZ— ()\+a)y§
N2—a2—y? Y3
Y3 A—a oy
Yn—2
1
0

Yn—1

A=0 ]
)\+6 Yn—1
Yn—1 A_ﬁ

()\ (6] 2 « [0 3

Y3

(A2 —a? — 2 2
yi —¥3) (A + ?—o?

) (A «Q —y%)yg
A—a

Y3

)\2 22
M=o =y —y3)( A+ )
Y3

A—oa —

0

2_ .2
(A2—a?—y?)y?

2_ 2
(A2—aZ—y7—y2)(A+a)
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A—« Y4
Yn—2
Ya
Yn—2 A+0 Yn—1
Yn—1 A — ﬁ
Ya
Yn—2 A + ﬁ
Yn—1

A+B8 Yn
Yn—1 )\_/8_
Yn—1

A=p ]




92(N%) ha(A?)(A + @)y

Yn—3 A—a« Yn—2
A= Byn—2 X —p*—y2_,
with ga(A?) = (A — a® —yf — 45 — 43)(\* — &®) + yiv3
and hi(A?) = (A — ® —yf — 43)

g (Y) A (W) (A + @)y

(A= B)yn—2 N =02 =yl
=g 1(A) (A = 8% —yn 1) — b2 (A) (A + )(A = B)
=gmn-1(A) (A = 8% —yp_1) — -2 (V)N + (a — B)A — o]
_)\2m

=a = and we have even terms only in characteristic polynomial.

n—2

The reason that the last two diagonals are 5 and —f is that Y x; =0= z,_1 +x, = 0. We
i=1

get z, = —( if we assume z,,_1 = .

One more thing is that we actually have g,,—1(A2) = fn_2(\) and hp—2(A2)(A+a) = fa_s(N),
where f;(A) is the minor of the first ¢ rows and columns, which is also for the case that n is
odd. We can see that A + « is a factor of f;(\) if 7 is an odd integer. f;(\) has even terms only
if 7 is even, i.e., the degrees of A-terms in f;(\) are all even numbers.

The proof for the case that n is odd is similar. We have in this case a = 0, so f;j(\) has

even terms only if 7 is even, and f;(A) = A * h;(\?) if i is odd. n — 3 is even and n — 2 is odd.

fa—2(A) Sn—3(N)yn—2
A= Byn—2 X —=p—y2_,
=fa-2(X) % (N = 8% —yn_1) = fa-3(N) (A = B)yn_2
=fa—2(N) * (A2 = 5% —yn_1) = fa—s(N)Ayn_z + fu—3(N) By
—\"
= fu_3(N)By>_5 = 0 (the only even terms)
=B=0 (yo2#0, frusN)=A""4.-")

det(A + J) =det

)
)

The reason that we don’t have the constant term, i.e., det J = 0 is always true, is that,
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using the recursive formula for the determinant of tri-diagonal matrix

fn/\ = ()‘ - xn)fn—l()‘) - yr%flfn—Q()‘)a

we can see that only y? will appear in the determinant. If n = 2m + 1 is odd, o = 0, and
in the constant term, there is no y; involved (or we would have even factors generating the
constant term), i.e., the constant term for det(Al + J) is always zero, and we get no equation

from the constant term. We will have only m — 1 equations if n = 2m + 1 (the trace equation

n
> x; = 0 is always true).
i=1

Remark 7.4.1. We have not given proofs for the alternating diagonals and acting on off-diagonal
part yet, which we believe it would be something from symmetric varieties and orthogonal
groups. For small n we can compute all z; and y; explicitly (see following the case n=3 and 4),
but it’s hard for us to keep going by calculating directly and would not make much sense even

if we could.

In the following two sections we follow the ideas introduced above to work on the small n:
n =3 and 4.

7.5 Casen=3

Let’s look at the case of n = 3. Since we cannot eliminate y; using x1, from Lemma 7.1.1 we

can assume that z1,y; and xo satisfy following equality:

o — 1 = :|:2\/ —1y1

or it can be written as

o v—1ly Y1
Y1 —v =1y

When we multiply a rotation matrix to the first and second rows and columns, we would

get

e sy | VI m
" m(—i—ﬁ)[ Y1 ﬁyll

By taking certain ¢ we can make the new x; = 0, noticing that following operations would
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not affect x; at all. We have 29 = 3 = 0 immediately from our calculations in illustrating the

odd/even pattern of det(A + J). We will have following matrix to work on

0 U1 0
J=1wy 0 y
0 Y2 0

where 3? 4+ y2 = 0 from det(\ + J) = A" = A3, so we can actually write it as

0 +v-1
J=t| £v-1 0
0 1

S = O

+1
By multiplying a diagonal matrix

) ] we can make the +=v/—1 into v/—1 or —v/—1

only. We take v/—1 here. By one permutation matrix and one diagonal matrix with only -1 on

its diagonals we could have

0 v—1 0 0 0 V-1
J=1t| V-1 0 11—t 0 0 -1
0 1 0 v—1 -1 0

t # 0 can be any nonzero number in the field F through following calculations:

_l’_

s+ —st—-pV-1| | V-1 |tV _ V-1
Tt-1v-1 $(t+1) ~1 —t —1
Before we claim that the above J with ¢ = v/—1 to give us one K-orbit in P = G/K, we

need to check that there is indeed some matrix L € G = SL(n,F) such that LLT =g =1+ J.

This can be done by direct calculations

1 0 0 1 V=1 0
L=|+v=1 V2 0 | andLLT=g=| v=1 1 1
o L+ L 0 11

V2 V2

So for n = 3, we will have K-orbits of unipotent elements in the form of I + J with J being
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one of following matrices

J = 0 (the identity orbit);

J=| V-1

Lh

o = O O O O

(from the case n = 2);

1
0 0
0 -1
J=1+v-1 0
0 1

Note that we can make 1 into -1 or v/—1 into —v/—1 in the third canonical form, and we
can permute —1 and v/—1 too.

7.6 Casen=414

The case n = 4.

First given o # 0 we can make 1 = « and x9 = —« using calculations we have done above.
We can automatically have x3 = o and x4 = —«a. Once we have alternating diagonals, we can
introduce one free variable into y;,i = 1,2, 3. Especially we are able to make y; satisfy a? = y3,
then

_)\+oz Y1
Y1 A—a oy
Y2 Ata  ys
Y3 A—«

det(A + J) = det

A —a?— y% A+ a)y2
A=)y AN —a? -y}

= (V- =y )N —a® —y3) — (V= a®)y3
=M= (207 + 47 + 15 + )N + (@7 + 13) (@ + of) + &Pys

= det
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202 +yi + Y3+ 43 =0
(@2 +y3) (e +yd) + oy = + (v + 3+ v3) + yiyi =0

@{ 202 + 2 +y5+y3 =0

ot = yiy3

y? =a?  (known)
&1y = —4a?

y3 = a?

Here we take o = 1, so we can make y; = y3 = 1 and yo» = £2+/—1. Again there needs to
be a matrix L € SL(n,F) such that LLT = g = I 4 J. This can be done by calculations again.
For example in the case yo = 2v/—1, we have

V2 0 0 0 2 1 0 0
L v 0 0 1 0 2= 0
L=|V? V2 and LLT = g =
0 22 —-2v/=1 0 0 2v/—1 2 1
— 1
0 0 s 3 0 0 1 0

Since we are only able to introduce even number of -1 into J to keep the determinant to be
1, we would have two orbits with rank(J) = 3. The K-orbits of unipotent elements for n = 4
are the two orbits introduced by these two representative matrices of rank 3 and all orbits

included in the case n = 3.

7.7 Some remarks

1. If n = 2m + 1 is odd, we should always have only one K-orbit of unipotent elements with
rank n—1, but we will have two K-orbits of unipotent elements since we have n—1 off-diagonals
and are only able to introduce even numbers of —1’s. All K-orbits will be the ones of rank
n — 1 and the ones included in n — 1 case. If n is odd, then only one K-orbit of rank n — 2 from
the K-orbits of n — 1 case is included.

2. The key point here is whether we can make diagonals into alternating pattern, and
off-diagonals into the entries we want. We can introduce some free variables. It’s pretty clear
that, in the way we introduce free variables, say we introduce m unknowns, the first few
diagonals/off-diagonals will have degree m of freedom, but how can we show it’s also true that
all diagonals/off-diagonals have degree m of freedom, which would allow us to move from one
solution x;, y; to another one Z;,7;. This is the key part since, if we can do it, combining with

condition det(Al +.J) = A" we should be able to uniquely determine one or two solutions as our
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representatives, which would actually finish our classification over algebraically closed fields.
This is clearly seen in the case n = 3 and 4. We will have same observation if we work on the
case n =5 or 6, and so on.

3. Even if we get the desired tri-diagonal matrices satisfying certain conditions, we still
need to show that there exists some matrix L € SL(n,F) such that LLT = g = I + J. This
guarantees that we are studying unipotent elements in the symmetric variety P = G/K.

4. Most work done in this dissertation is from the viewpoint of matrix theory. The possible
solution for the problem we meet is theories from symmetric variety and orthogonal groups.
If we still want to follow the matrix approach, we can build up tools parallel to the A-matrix
theory which gives us the JCM, since we see the pattern of x; and y; in the characteristic
polynomial. The question is how we can translate the role of rotations in the characteristic
polynomial into a less complicated way: to keep the matrix in the tri-diagonal form, we always

need to use a series of rotations, which give us a complicated orthogonal matrix.
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