
 

 

ABSTRACT 

HODGINS, MICAH WILLIAM. Experimental Analysis of Negative-rate Bias Spring Coupled 
to a Circular Dielectric Electro-active Polymer. (Under the direction of Dr. Stefan Seelecke). 
 

This thesis presents the design and analysis of a Dielectric Electro-Active Polymer 

(DEAP) actuator system using two different biasing mechanisms.  A biasing mechanism is 

needed to operate a DEAP actuator in out-of-plane mode, and its design has a major impact on 

the overall system performance. The first biasing element that is studied in this thesis is a 

conventional linear (positive-rate) bias spring (PBS), while the second one is a so-called negative-

rate bias spring (NBS). An NBS is a bi-stable mechanism with a negative slope region between 

its two stable configurations. A main objective of this work is to understand the behavior and 

demonstrate the increased stroke output of a DEAP actuator when biased by such a bi-stable 

mechanism. Possible devices that could take advantage of this actuation technology are 

lightweight, miniature pumps and valves.  First, DEAP material is studied and characterized 

experimentally. Second, a design is presented for a typical NBS, which has then been fabricated 

and mechanically tested, demonstrating its bi-stable behavior along with the negative slope 

region between the stable configurations.  Subsequently, the biasing elements are paired with a 

circular DEAP actuator and experimentally tested under a variety of loading conditions with a 

focus on the displacement stroke capabilities. The stroke output of the NBS device was about 2 

times that of the PBS. A first order model was presented for the NBS-DEAP coupling and 

compared with the experiments. The model showed reasonable agreement with the experimental 

data. It successfully provided insight into the trends of the system behavior and related 

parameter optimization. This work lays a foundation for the design of future high performance 

actuators.
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Chapter 1  INTRODUCTION 

1.1. MOTIVATION AND BACKGROUND 

This thesis is on the development of dielectric electro-active polymer (DEAP) actuators for use 

as micro-linear actuators.  DEAP actuators are a growing interest among academic researchers 

and industry because of their many advantages and adaptability in various applications. A few 

possible devices using DEAP’s are pumps [1,2], valves, [3] speakers, [4] robots, [5,6] and lens 

element actuators [7]. Some advantages of DEAP devices, or so called ―artificial muscles,‖ are its 

high energy and power density, high efficiency (only requires power during actuation), fast 

response speed, and silent operation [8]. Yet with all of these advantages DEAP devices are not 

used frequently in industry primarily because of the lack of understanding needed for designing 

such a device. Challenges arise from the DEAP material behavior and from the design of the 

structural configuration of the mechanism. This work makes significant progress in 

understanding the mechanics of a new linear actuator device and reveals improvements in 

performance over previous designs and published data.  

A primary business market for lightweight micro-actuators is in medical devices. 

Increasing hospital costs have led to more and more medical treatments and therapies being 

done at home or on the go [9,10,11]. This portability requires miniaturization of parts and power 

supplies. Manufacturers are pressed to develop smaller and smaller liquid and gas pumps and 

valves. The lightweight characteristics and high efficiencies of DEAP micro-actuators make it a 

prime target for use in portable medical devices. In addition, DEAP material (silicon film) is 

already commercially available and cheap. DEAP actuators could have the same performance 

(bandwidth, force capabilities) as a conventional solenoid pump while being cheaper, lighter, and 
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more efficient. More research and development needs to be put forth to make this a reality. The 

focus of this research is to develop a DEAP actuator device to potentially work as a pump or 

valve.  The fundamentals of operation of this DEAP actuator technology are explained and the 

performance parameters of the mechanism are discussed in detail. 

1.2. OPERATING PRINCIPLE 

Dielectric electro-active polymers are actuated by electrostatic forces.  DEAP are much like 

capacitors with a compliant polymer for a dielectric.  When a high electric field is applied across 

a dielectric electro-active polymer change in strain is induced in the film decreasing the thickness 

and increasing the area, Figure 1. This change in strain can be used to generate linear actuation if 

the DEAP is subject to a suitable bias force. DEAP’s require high voltages (1-10kV typical) to 

activate but very low current and therefore have low power consumption.   

 

FIGURE 1. DEAP BEFORE AND AFTER APPLICATION OF HIGH VOLTAGE 

A result of the change in area of the film is that the stiffness in the out-of-plane direction 

changes. In order to take advantage of this strain to yield a displacement stroke, in general, a pre-

load or bias force must be applied to the film. Depending on the DEAP configuration different 

pre-load elements can be used. In this report the DEAP used is in a circular or diaphragm 

configuration; see Figure 2(a). The compliant electrode is black colored and the rigid frame is 

purple. The center frame can easily be deflected out-of-plane because it is surrounded by the 

compliant DEAP material. Figure 2(b) shows a DEAP being deflected out-of-plane by a bias 

force. 
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FIGURE 2(A-B). SKETCH OF CIRCULAR DEAP (A) WITHOUT BIAS FORCE APPLIED, (B) WITH BIAS FORCE 

APPLIED 

A variety of mechanisms have been used for biasing the DEAP to produce stroke.  For example, 

Arora et. al. [12] used internal pressure as the pre-load mechanism for tube actuators and Pei et. 

al. [5] used coil spring for the ―spring roll‖ type actuator. Often for planar configurations, the 

dielectric elastomer film is attached to a compliant frame that has inherent stiffness or has an 

additional mechanism attached to provide the film a pre-load [13,14,15]. Small weights can also 

be used to provide a constant bias force [2].  Figure 3 shows a simple coil spring biasing the 

DEAP actuators used in this work.  Actuation stroke is achieved by moving through balanced 

equilibrium positions of the DEAP coupled with coil spring.  When a high voltage is applied to 

the active DEAP membrane expands its radial length which causes the coil spring to extend 

further in order to find the new equilibrium position (Figure 3 right).  This could also be thought 

of as a change in stiffness of the DEAP actuator in the out-of-plane direction during excitation. 

 

FIGURE 3. SIDE VIEW OF A CIRCULAR DEAP ACTUATOR SHOWING A BIASING MECHANISM PRODUCING 

STROKE 

Besides the material itself, the biasing element obviously has a pronounced effect on the 

performance of the actuator. Therefore, designing a mechanism to bias the DEAP and provide 

it with peak performance is a clear goal and the subject of this thesis. The material and biasing 

fundamentals will be explained in detail in Chapter 2. 
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1.3. LITERATURE 

To design an actuator it is important to understand how the material behaves, how the biasing 

element works and how the two interact when coupled together. In the literature there are many 

papers on the characterization of DEAP material however the material remains challenging to 

model and completely predict because of its viscoelastic and hysteretic behavior. Other literature 

can be found on the results of using the DEAP as an actuator with different biasing 

configurations. This section covers literature on the material characterization and then results of 

various DEAP actuator tests. 

1.3.1. MATERIAL CHARACTERIZATION 

Pelrine et. al. [16] conducted early studies on the response of dielectric elastomers. They found 

that pre-straining the films improved their performance showing an increase in actuation strain 

from 30% to over 100% for silicone elastomers.  Sommer-Larson et. al. [17] also studied the 

mechanical and electrical response of dielectric elastomer actuators while they were subjected to 

a sinusoidal varying driving voltage.  They measured the current drawn by the actuator and 

determined a correlation between the current and expansion of the actuator.  Carpi et. al. [18] 

investigated the performance of planar DEAP actuators made from an acrylic elastomer for 

isotonic (constant load) and isometric (constant length) conditions.  They found improved 

actuator strain when the pre-stress was increased.  Similar work was conducted by Spinks and 

Truong [19] who suggested that the work output is greater when electrostatic elastomers are 

matched with softer springs. Bao et. al. [20] studied the properties of bending EAP beam 

actuators using a CCD camera to digitize the bending curve and a computer algorithm to solve 

the inverse cantilever EAP beam problem with a tip position limiter.  Using this method they 

were able to measure the beam’s tip force while it was excited by various applied voltages.  Bauer 

and Paajanen [21] developed an electromechanical characterization protocol for dielectric 

elastomer actuators which they use to test a VHB 4910 polyacrylic elastomer.  They measured 

the current-voltage response of the actuator as well as its area expansion using a video-

extensometer.  Fox and Goulbourne [22] characterized the dynamic electromechanical response 
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of edge-clamped DE membranes.  The shape of the membrane was measured while the 

membrane was subjected to varying voltage inputs and mechanically pre-loaded from an 

attached pressure chamber for various initial states.  Wissler and Mazza [23] characterized the 

mechanical behavior of VHB 4910 using large strain experiments (uniaxial and equibiaxial 

deformation).  Matysek et. al. [24] studied EAP stack actuators made from two different silicones 

and how the electrical properties of the materials change with applied mechanical stress or 

applied voltage.  They discovered that poor performance could be related to high curing 

temperatures and layer thicknesses above 50um.   

1.3.2. ACTUATOR EXPERIMENTS 

The use of a negative stiffness mechanism with DEAP’s was first introduced by Pelrine et. al. 

[25] as a way to increase the strain of a DEAP film during actuation. DEAP film coupled to an 

over-center (bi-stable) mechanism produced approximately five times the strain as when it was 

neutrally loaded.  Heim et. al. [2] suggested that a negative biased spring can increase the output 

of electro-active polymer transducers. Wingert et. al. [26] implemented a bi-stable device with a 

pre-stretched DEAP diamond shaped actuator. The stroke increased from 4mm without the bi-

stable element to 8mm with the element. As a result they were able to produce binary actuation 

for robotic manipulators. Berselli et. al. [13] designed an actuator made from a rectangular DEAP 

that produced a constant force output along the displacement stroke. This was achieved by 

coupling the DEAP in parallel with a negative stiffness biasing mechanism. The mechanism was 

a monolithic frame that behaved like a symmetric double slider crank mechanism with a spring 

on the center pivot. The biasing mechanism was designed to appropriately modify force 

generated by the elastomer film to yield a constant force. Wang et. al. [27] tested the performance 

improvement between an elastic biasing element and a diamond four-bar linkage mechanism 

with elastic joints.  The four-bar linkage was used to achieve the negative stiffness. It showed a 

displacement improvement of 7mm to 17mm when using the negative stiffness element.
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1.4. RESEARCH OVERVIEW 

This thesis presents research on circular dielectric electro-active polymer (DEAP) actuators with 

a goal towards using them as micro-actuators. The research systematically studies various biasing 

elements including a negative-rate bias spring (NBS). The fundamentals of the actuator and 

basing methods are explained in Chapter 2. Chapter 3 introduces the NBS concept and a clover 

leaf design. Chapter 4 mechanical characterization experiments of the DEAP, positive-rate bias 

spring (PBS), NBS are detailed along with the biased DEAP stroke tests. Chapter 5 presents a 

mathematical model of the stroke tests, validates model with experiments and simulates tests for 

various parameter values provide insight into the behavior of the mechanism. 
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Chapter 2  FUNDAMENTAL PROPERTIES OF 

DEAP ACTUATORS 

Chapter 2 serves as an introduction to the DEAP actuators used in this research. Presented here 

are the results from to simple electromechanical characterization tests to better understand the 

behavior of the DEAP. 

2.1. DEAP AND FRAME CONFIGURATION 

As introduced in Chapter 1 the actuators used here are called circular or diaphragm actuators. It 

is approximately 1‖ in diameter shown in Figure 4.  The rigid plastic frame on the outside and 

the plastic circle on the inside create an annular ring of deformable DEAP material.  The DEAP 

material is a commercially available silicon material. The compliant carbon electrodes cover the 

active area.  

 

FIGURE 4(A-B). (A) CIRCULAR DEAP, (B) SOLIDWORKS SKETCH OF CIRCULAR DEAP 

 

During operation the outer frame is fixed and the center of the DEAP is deflected out-of-plane 

by a bias force. This will be explained on page 14. Different number of layers of silicon material 
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with electrodes can be sandwiched together to increase the overall thickness and ultimately the 

out-of-plane stiffness.  The number of layers used depends on the desired application. Multiple 

layered DEAPs will require a higher bias force for actuation and will provide higher actuating 

force. However, increasing the number of layers does decrease the reliability because there is 

more material that can fail. Previous testing performed showed this to be true. For this work a 2-

layer DEAP is used due to the availability and reliability seen in earlier testing performed. 

2.2. DEAP ELECTROMECHANICAL CHARACTERIZATION 

The first experimental setup is designed to characterize the elector-mechanical behavior of the 

actuator.  Electrical loading is applied to the actuators using piecewise linear loads at various 

rates. Mechanical loads are applied using a linear actuator which can perform sinusoidal 

oscillations at rates of up to 20Hz.  While the actuators are electrically and mechanically loaded, 

force measurements are taken perpendicular to the face of the actuator. Also the current being 

drawn from the amplifier is recorded.  Figure 5 shows a picture of the experimental setup with 

the DEAP diaphragm actuator and the load cell attached to the linear actuator.  Figure 6 shows 

the illustrative diagram of the setup. 

 

FIGURE 5. DEAP MECHANICAL CHARACTERIZATION TEST SETUP 
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FIGURE 6. SCHEMATIC OF DEAP TEST SETUP 

The actuators used in the experiments are 25-mm diaphragm shaped DEAPs made of a 

silicone based elastomer with a carbon based electrode. The actuator’s frame is held secure while 

the center of the diaphragm is pushed to a desired position.  This is accomplished using a linear 

electromagnetic actuator (Aerotech, Model ANT-25LA) with an Aerotech Ensemble CP 

controller.  The controller accepts an analog input to define oscillation speed and stroke range 

and provides an analog output signal that is proportional to its actual position. Two electrodes 

are attached to the top and bottom conducting layer of the actuator which provide the electrical 

loading via a voltage amplifier (TREK Model 610E).  This amplifier has a 1kV gain and is 

capable of producing up to 10kV.  The amplifier also provides analog output monitoring signals 

for the voltage and current.  Force measurements are taken using a load cell (Futek model LSB-

200) and processed through a full bridge signal conditioning module.  Every one of these signals 

is processed through a National Instruments 7852R FPGA board that is programmed from a 

Windows desktop computer running LabVIEW 8.6.  

 Two types of characterization experiments are conducted.  The first type holds the 

actuator at a specified constant displacement, and voltages are applied using linear cyclic loading 

from 0 to 2.5kV. This process is performed for constant displacements ranging from 0 to 4mm.  

During the second type of experiment a constant voltage is applied and the actuator’s position is 
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oscillated through a stroke of 5mm.   This process is performed for constant voltages ranging 

from 0 to 2.5kV and oscillation frequencies ranging from 0.1 to 10Hz.  Creep behavior of the 

actuator is also investigated. With no voltage applied, the actuator is quickly moved to various 

displacements and held there while the force is measured for 25 seconds. Throughout these 

experiments, the force, position, voltage, and current are continuously monitored and recorded.  

A positive deflection is when the Aerotech linear actuator, shown in Figure 6, pushes to the 

right.  This motion results in a compressive force from the DEAP actuator and therefore all 

measured forces from the load cell are negative. However whenever plotted the sign of the force 

will be flipped to positive. 

2.2.1. CONSTANT DISPLACEMENT 

During this experiment, the actuator is held at a specified constant displacement and voltages are 

applied using linear cyclic loading from 0 to 2.5kV.  Figure 7 shows the force vs. voltage 

response while the actuator is held at displacements of 1 mm to 4 mm.  The maximum force 

stroke for those curves is shown in Figure 7.  As shown in the figures, an increase in 

displacement results in an increase in force stroke.  Carpi et. al. [17] found that for a planer 

actuator, an increase in pre-stress resulted in an increase in maximum transverse stress during 

electrical loading for isometric experiments at low pre-stresses below a breakdown threshold.  

This same effect is observed here.  Though we are not measuring stress and strain directly, an 

increase in held displacement of the actuator is geometrically related to an increase in pre-stress 

and pre-strain of the DEAP membrane. 
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FIGURE 7. FORCE VS. VOLTAGE FOR DIFFERENT DEAP PRE-DEFLECTIONS (1HZ) [28,29] 

 

FIGURE 8. FORCE STROKE FOR DIFFERENT DEAP PRE-DEFLECTIONS [28,29] 

2.2.2. CONSTANT VOLTAGE 

During this experiment, a constant voltage of 0 or 2.5 kV is applied and the actuator’s position is 

oscillated through a stroke of 5mm. This experiment is repeated for different oscillation 

frequencies of 0.001 through 10 Hz.  The displacement is cycled 10 times though only the final 



 
 

 
 

12 

iterations are shown in the presented figures. Figure 9 shows the force vs. displacement response 

for a three oscillation rates under zero voltage load.   

 

FIGURE 9. FORCE VS. DISPLACEMENT OF DEAP ACTUATOR MECHANICALLY LOADED AT DIFFERENT RATES 

(0V) [28,29] 

When the oscillation frequency is increased, the hysteresis and maximum force increased.  

The maximum force of the 1.0 Hz oscillation is ~0.40 N higher than that for the 0.001 Hz 

oscillation. This observation is attributed to viscoelastic effects in the material.  The polymer is 

time dependent and will undergo viscous relaxation. At fast rates the material seems stiffer at the 

maximum displacement because the material has not had enough time to relax.  This also causes 

the hysteresis which is observed even at 0.001 Hz oscillations indicating that the material has a 

very long relaxation time. 

 This relaxation can be observed directly using creep tests.  Figure 10 shows the force 

response of the actuator as it is held at various deflection set points. When the actuator position 

is quickly brought to a set point, the blocking force will continue to change, or ―creep‖, while 

the position is held constant.  This shows the relaxation of the DEAP membrane.  The force vs. 

displacement hysteresis curve for the creep tests is shown in Figure 11.  The force response of 

the actuator follows the bottom curve as it is pushed towards the various displacement set 
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points.  Once at the set point, the displacement is held and the force is observed to decrease.  

Further held deflection set points result in larger amounts of creep due to an increase viscous 

relaxation.  This indicates that if the material is given enough time, it would produce a 

significantly smaller hysteresis during mechanical loading as was seen for the 0.001 Hz oscillation 

curves in Figure 9. 

 

FIGURE 10. CREEP TESTS CURVES OF FORCE VS. TIME FOR HELD DISPLACEMENTS. [28,29] 

 

FIGURE 11. CREEP TESTS HYSTERESIS CURVE OF FORCE VS. DISPLACEMENT. [28,29] 
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When a high voltage is applied to the actuator, the elastomer membrane compresses and 

effectively makes the actuator stiffness softer.  Figure 12 shows the force vs. displacement curve 

during mechanical loading while no voltage is applied and while 2.5kV is applied.  As expected, 

the maximum force measurement is decreased during mechanical loading when 2.5kV is applied 

compared to when no voltage is applied. When the actuator is electrically loaded from 0 to 

2.5kV its displacement and force path will move between these two hysteresis curves.  The exact 

path will depend on its initial start point, its loading frequency, and the stiffness of the biased 

spring. The next section will explain the theory of actuation. 

 

FIGURE 12. FORCE VS. DISPLACEMENT OF DEAP ACTUATOR AT LOW AND HIGH VOLTAGE (1HZ) [28,29] 

2.3. PRINCIPLES OF DEAP ACTUATION AND BIAS FORCE DESIGN 

In designing DEAP actuators the displacement output is one of the most important 

performance parameters. The behavior of the bias force and how it matches with the elastomer 

material has a pronounced effect on the displacement output. With the high strain ability of 

DEAP there is great potential to be utilized to produce more displacement output. Thus, there is 

value in studying biasing and pre-load mechanisms in order achieve this goal of higher 

performing DEAP actuators. For this DEAP film configuration the bias force must be applied 
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to the DEAP in the out-of-plane direction. The stiffness of the DEAP actuator in the out-of-

plane direction can be approximated by a linear spring with variable stiffness as shown in Figure 

13 where the DEAP is approximated with a least-squares line fit for 0V and 2.5kV. The stiffness 

has a maximum at 0V (LV) and a minimum at 2.5kV (HV). This approximation is made to 

simplify the stroke analysis. It is well understood that this material is hysteretic and rate 

dependent, but this simplification is made to understand the basic actuation process. (Future 

work will include using non-linear DEAP approximations but ultimately the idea is to produce a 

physics based model of the DEAP material.) 

 

FIGURE 13. DEAP FORCE VS. DISPLACEMENT PROFILE DATA WITH LINEAR APPROXIMATIONS 

When a DEAP is biased or pre-loaded quasi-statically, the biasing element and DEAP must 

be in force equilibrium. To plot the bias spring with the DEAP on the same plot the sign of the 

bias spring must be reversed. Therefore, the following equation must hold. 

                (1)  

Two pre-load elements are shown below, a positive-rate bias spring (PBS) and a negative-rate 

bias spring (NBS).  
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FIGURE 14(A-B).  (A) POSITIVE-RATE BIASING ELEMENT AND (B) NEGATIVE-RATE BIASING ELEMENT 

YIELDING DISPLACEMENT STROKE WHEN COUPLED WITH DEAP 

In Figure 14(a) the force equilibrium position of a PBS is shown for LV and HV, yielding a 

displacement stroke. In Figure 14(b) the same is shown for a NBS. The NBS has stiffness more 

similar to the DEAP stiffness so the displacement stroke is much larger.  Therefore, it can be 

seen that provided the stiffness is properly matched, the NBS system has the potential to 

substantially increase the actuator stroke. 

 



 
 

 
 

17 

Chapter 3 NEGATIVE-RATE BIAS SPRING 

Chapter 3 explains the mechanics of a DEAP biasing element called a Negative-Rate Bias spring. 

Its behavior is explained through a linear spring model and then a post-buckled mechanism 

design is analyzed and designed for use with the DEAP. 

3.1. ANALYTICAL MODEL 

Negative-rate bias spring mechanisms are geometrical non-linear problems which demonstrate a 

so-called snap-through behavior; showing bi-stable equilibriums. A real life example of this 

behavior is a dent in the body of a car or an oil pan from an engine block. A force can be 

applied to a dent in the car to make it ―snap‖ out. Likewise, removing the weight (draining the 

oil) can cause the bottom of the oil pan to ―snap‖.  

A typical NBS mechanism can be modeled as two linear springs attached to an outer 

frame on one end and both connected to a center mass on the other. The non-linearity in the 

force comes from geometry of the problem. Even though linear springs are used, the force 

developed and the force of interest is in a different direction than along the axis of the spring. 

Figure 15 shows a side view of the mechanism and the FBD.  
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FIGURE 15. NBS MODELED AS TWO OUT-OF-PLANE LINEAR SPRINGS 

Where  

L0 = spring free length 

Li = initial vertical spring length in mechanism 

L = current spring length 

Θ = angle formed by the intersection of the spring length with the vertical axis 

kNBS = spring constant 

x = horizontal deflection of mechanism 

FA = applied force 

Under displacement control, FA is the reaction force necessary to achieve this displacement. 

From geometry and force equilibrium the following expression for FA is found.  

 

      

 

   
  

    
     

 

  (2)  
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The stiffness and pre-compression of the linear springs reveals trends in the behavior of the 

mechanism. Figure 16(a-b) shows these trends for the mechanism by varying Li and kNBS. 

 

FIGURE 16(A-B). (A) FA VS. NBS POSITION (X), CHANGING SPRING STIFFNESS (WHILE LI=CONST); (B). FA VS. 
NBS POSITION (X), CHANGING PRE-COMPRESSION (WHILE K=CONST) 

Figure 16(a-b) shows that increasing spring stiffness increases the force maximum. However, 

increasing the spring pre-compression increases the force maximum and the separation of the 

stable equilibrium positions on the left and right. This analysis reveals trends that help 

understand how an NBS can be designed and used as a biasing element in DEAPs. 

3.1.1. WIRE/BEAM NBS DESIGN 

With the circular DEAP film available for use being less than 1‖ in diameter the overall size of 

the potential NBS mechanism must be around the 1‖ diameter size. From the material 

characterization work presented in Chapter 2 (page 11) it can be said the pre-load to be exerted 

on the film should be within the ±3N range. The linear spring model discussed in the previous 

section shows the trends of a NBS mechanism but practically the mechanism itself has several 

drawbacks. First, there are many small moving parts of the mechanism, which increases material 

cost and assembly complexity. Second, commercially available miniature springs with the specific 

size and stiffness are a specialty part, making them very costly. An alternative mechanism 

demonstrating this negative-rate bias behavior is a post-buckled beam. Large deflection buckling 

is a geometric non-linear problem that also exhibits a bi-stable equilibrium [30,31,32]. A post-

buckled beam can be thought of like a coil spring in two ways. The bending stiffness of the 
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beam (area moment of inertia) is analogous to the stiffness of a coil spring. Also, the extent of 

buckling of a beam is similar to the amount of pre-compression of a coil spring. The clear 

advantage of using buckled wires is that it reduces the number of small parts and still provides a 

tunable design. 

Research work has been performed in the area of buckling of slender beams. In the aim 

to design a MEMS device switch, Zhao et. al. [30] formulated the nonlinear equations of post-

buckled beams in terms of elliptical integrals and solved them numerically. Further experiments 

validated their numerical results. Cazottes et. al. [31] proposed a model of a buckled beam and 

experimentally validated it and compared central and offset loading of buckled beams. Offset 

loading required less force for snap through and could be used for highly efficient actuators. 

Vangbo [32] found that depending on beam dimensions the elastic energy can be arbitrarily 

distributed between bending and compression. However, none of the research has addressed the 

bi-stable beams with regards to tuning a mechanism for DEAP actuator applications. So, in the 

following, a bi-stable mechanism prototype for DEAP actuators is proposed and numerical 

simulations of the buckling behavior will be presented and discussed. 
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A first prototype for a NBS mechanism was designed using small buckled wires to show 

the trends of varying the buckling of the beam and the stiffness of the beam (cross-sectional 

area). Figure 17 shows a beam before and after buckling. 

 

FIGURE 17. PRE-BUCKLED AND POST-BUCKLED BEAM GEOMETRY 

Four stainless steel spring temper wires were buckled and constrained between a fixed outer 

frame and a movable center washer on the inside.  The size of the outer frame was 1‖ X 1‖. 

Each of the wires were the same length (~10mm but depends on the pre-compression amount) 

and were fixed into the frame and center washer. The length of the wires was oversized to cause 

the mechanical buckling when placed between the washer and frame. 

 

FIGURE 18(A-B). WIRE/BEAM NBS PROTOTYPE (A) PROTOTYPE, (B) SOLIDWORKS SKETCH 
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The diameters of the wires chosen to be used with this first prototype were 0.003‖, 0.004‖, and 

0.005‖. These sizes were chosen because of their availability and because of the stiffness they 

provide. With the stiffness of a DEAP film being 0.5-1.0N/mm a beam bending approximation 

was used to determine a reasonable wire size. Using beam deflection equation, four wires 

together of diameter 0.003-0.005‖, with an active length of 4mm (the horizontal length of 

exposed wire), provide a stiffness of 0.12-0.9N/mm which seemed reasonable. It proved to be 

very challenging to assemble this mechanism. Cutting the wires to the exact length, 

simultaneously buckling them and placing them in the right position was very difficult. When 

testing was attempted problems arose with the wires pulling out of the holes. Also, the wires 

were not buckling together and easily became dislodged. Figure 19 shows the force vs. 

displacement when the prototype was tested for one displacement cycle. 

 

FIGURE 19. FORCE VS. DISPLACEMENT OF WIRE NBS PROTOTYPE 

The plot reveals a very large hysteresis and slight negative stiffness region. The large hysteresis in 

the force vs. displacement plot can be attributed to several things. The first is the 4 wires were 

slipping out of the holes at the slightest amount of tension of the wires. Also, even though 

Super-Glue was used to fix the wires they would still rotate slightly and cause buckling in 

different planes. In addition, the alignment of the center mass was critical during testing. If the 
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center axis of the mass was not aligned with the axis of motion of the linear actuator then the 

buckling and snap of the wires might happen at different times during the displacement. Because 

this test didn’t yield very repeatable results and because of these problems, a FE post-buckled 

beam simulation was done to study the effects of thickness of the bucked beams, and the pre-

compression. The next section discusses this.  

3.1.1.1. COMSOL SIMULATIONS 

COMSOL Multiphysics is utilized to find the numeric solutions of the forces and displacements 

of a post-buckled beam and to show the trends of varying buckling and beam parameters. The 

COMSOL’s Structural Mechanics mode was used throughout the analysis with the properties 

were set to large deformation. By controlling the displacement of the end of the beam the 

reaction force in the transverse direction is found. This force is expected to be analogous to FA 

from the linear spring model. Force control of the right end of the post buckled beam will also 

be examined. This will show the bi-stable snap-through behavior of the buckled beam. These 

similarities between the behaviors of the simple linear spring NBS mechanism and the post-

buckled beam will be discussed. The setup of is the same as shown in Figure 17 on page 21. The 

material was chosen to resemble the experiments explained previously. Thus, the beam was 

made out of 302 Stainless Steel with Spring Temper and a Young’s Modulus of 187.5GPa. The 

following dimensions were used in this analysis to show trends.  

TABLE 1. DIMENSIONS OF BEAM AND BUCKLING EXTENT MODELED 

L0 h=b Li 

10mm 125um 0.99 L0 

10mm 125um 0.95 L0 

10mm 125um 0.90 L0 

10mm 187.5um 0.99 L0 

10mm 187.5um 0.95 L0 

10mm 187.5um 0.90 L0 

10mm 250um 0.99 L0 

10mm 250um 0.95 L0 

10mm 250um 0.90 L0 

 

Reaction force was the important metric of this analysis, for this reason a mesh 

convergence study was done to the buckled beam while undergoing a prescribed displacement. 
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Three different meshes were each examined by comparing the reaction force in the y-direction 

with the displacement of the end of the beam. The Figure 20 below shows the load-

displacement curve for the 3 cases. There is little to no variance between the 3 meshes. Because 

of this, throughout the analysis a minimum mesh of 2x was used with some local refinement at 

the tip to ensure accurate boundary integration for the analysis. 

 

FIGURE 20. MESH CONVERGENCE STUDY ON RFY 

Figure 21 below shows the final mesh for b=187.5um which is made up of 1988 triangle 

elements.  The local refinement at the right end of the beam was made to ensure accurate 

integration of forces and displacements. 

 

FIGURE 21. SAMPLE MESH OF AFTER 3X REFINEMENT AND LOCAL REFINEMENT ON RIGHT END OF BEAM 

(B=187.5UM) 

The free end of the beam was controlled in this first case. A parametric solver was used in 

COMSOL to solve the problem incrementally in order to improve the convergence behavior. 

The beam was pre-compressed into the buckled position by displacing the right end of the beam 

in the negative x direction (aided by a small force at the midpoint to initiate buckling in the first 

mode shape). The figure below shows these steps to buckle the beam and change the boundary 

conditions to allow movement. 
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FIGURE 22. PRESCRIBED DISPLACEMENT, 2D BEAM BUCKLING PROCESS, FRAME 1-4 

The figure below shows the time dependent boundary conditions of the beam’s right end.  

 

FIGURE 23(A-B). (A) TIME DEPENDENT BC OF END OF BEAM; (B) RESULTING REACTION FORCES AT END OF 

BEAM 

After the beam was buckled (t = 0 - 1) it was displaced to y = -3mm and then displaced upward 

to approximately 3mm and back downward to y = -3mm. The reaction forces of Figure 23 show 

the beam in tension at the extremes of the displacement (t=2, 4, 6). This was done to ensure a 

complete picture of the NBS behavior. Figure 24 plots show the complete load/deflection 

characteristics of the buckled beam 
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FIGURE 24(A-B). TIP REACTION FORCE VS. Y-DISPLACEMENT FOR: (A) VARYING BEAM CROSS-SECTION, (B) 

VARYING PRE-COMPRESSION, B=H=187.5UM; 

In Figure 24(a) the effect of beam stiffness is evidenced in the difference in slopes of the middle 

regions. Increasing the stiffness doesn’t change the distance of the snap-through (Δy-stroke) but 

it affects the critical load force required to snap through. Starting from the 125um case, doubling 

b of the wire, causes a drastic change the stiffness. In Figure 24(b) the pre-compression of the 

beam is seen. The higher the beam pre-compression is the higher the stroke and force is at the 

critical load (discontinuous point).  

For force control, a force was applied to the right end of the post-buckled beam in the y-

direction and the beam was only constrained by a roller on the right end of the beam. This 

allows for snap-through behavior to be seen. In the same way as before the beam began in the 

deflected downward position and a force was applied upward to a point at the tip of the beam. 

The force began at 0 N and then increased to a set value. See the Figure 25 below.  
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FIGURE 25. FORCE CONTROL BOUNDARY CONDITION SETTINGS AND LOADS 

Figure 26(a) shows the time dependent boundary conditions of the beam’s right end and Figure 

26(b) shows the force applied and the resulting force. 

  

FIGURE 26(A-B). (A) TIME DEPENDENT BC OF END OF BEAM; (B) FORCE INPUT AND RESULTING REACTION 

FORCES AT END OF BEAM 

The increasing Fy caused the beam to deflect until a point and then consequently increasing the 

force any more caused a snap-through to the other branch of the load-displacement curve. This 

snap-through is seen in Figure 26 around t=5 and t=10.5. The large stroke is also shown in 

Figure 27. 
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FIGURE 27. FORCE CONTROL AND DISPLACEMENT CONTROL REVEALING SNAP THROUGH RESPONSE 

The dashed curve shows the displacement controlled response. The solid curve shows the snap-

through behavior. This line was found by starting at 0 N, on the left side, deflect the beam down 

(to reveal the complete negative force branch), then change directions to deflect it up the right 

most branch and then back to the start by returning through instability point on the right. From 

the plot, at approximately 0.25N the positively increasing force must jump across to the other 

branch. This plot is slightly misleading because of numerical convergence problems. In order to 

get past the unstable ―snap point‖ a larger step size had to be chosen for the force control 

problem to converge resulting in an inclined line rather than a horizontal line for the snap 

through.  This plot shows how the snap through must occur when the spring is forced 

controlled. In force control the area in-between the two branches (dashed line) is not obtainable. 

It is inherently unstable. This snap-through behavior can potentially be utilized with DEAP to 

produce large stroke. 

 Figure 28 below shows direct comparison between the analytical linear spring 

mechanism and the FE post-buckled beam presented. They both show similar trends from the 

changing pre-compression and stiffness. The buckled beam shows an abrupt change in stiffness, 

especially for the higher stiffness beams. This can be attributed to the fact that the springs 

themselves do not have a critical load under which they buckle as the beams have. Instead the 

springs are continuous curve because of their ability to compress, extend and pivot through all 

angles. One can see that the equilibrium positions for the mechanisms are relatively the same but 
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the stiffness is not. While the L0 and Li for the two mechanisms were the same the stiffness 

approximations were not very good as evidenced by the large difference in force.  However the 

qualitative results and trends can still be seen. 
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                         >>>Increase in Pre-compression>>>                 >>>Increase in Pre-compression>>> 

 

FIGURE 28. COMPARISON IN BETWEEN SIMPLE SPRING MODEL (LEFT) AND BUCKED BEAM (RIGHT) 
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3.2. CLOVER LEAF DESIGN 

A second generation prototype of a NBS was designed and is presented here. It is a post-

buckled beam mechanism as before but the wires are more beam-like. It is a called a clover leaf 

mechanism because its shape resembles a four leafed clover. Figure 29(a) shows a SolidWorks 

sketch of the design and actual photos Figure 29(b-c). This mechanism is made from a sheet of 

stainless steel shim stock (ranging from 0.003 to 0.005in thick). The design has a square frame 

with four cantilevered beams pointing to the middle. The beams are mechanically buckled out of 

the plane by placing an oversized washer in the middle, Figure 29(c). 

 

FIGURE 29(A-C). (A) SOLIDWORKS DRAWING, (B) CLOVER AND WASHER PARTS, (C) ACTUAL PHOTO WITH 

WASHER INSERTED 

In this buckled configuration the center washer has 3 equilibrium positions, 2 stable and 1 

unstable. Figure 30 shows the characteristic force vs. displacement curve of a NBS mechanism 

with the 3 equilibrium points identified and illustrated.  
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FIGURE 30. NBS MECHANISM FORCE VS. DISPLACEMENT CHARACTERISTIC WITH EQUILIBRIUM POSITIONS 

The beams are most buckled at the middle position resulting in an unstable equilibrium. The 

stable equilibrium positions are to the left and right of the middle.  

 

FIGURE 31(A-B). NBS IN TESTING RIG SHOWING: (A) LEFT STABLE EQUILIBRIUM POSITION, (B) RIGHT 

STABLE EQUILIBRIUM POSITION 

 Experimental testing of the NBS was performed by mechanically controlling the 

displacement of the center washer while measuring the force and position of the center washer. 

The center washer was displaced in a sinusoidal manner to reveal all the stable positions of the 

NBS. 
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FIGURE 32. NBS TEST SETUP 

 

FIGURE 33. SCHEMATIC OF NBS TEST SETUP 

The NBS frame is held secure on the test frame while the center washer of the NBS is pushed to 

a desired position, Figure 33. The experimental setup and equipment is the same as explained in 

the DEAP Electromechanical Characterization section on page 9. The experiment was done for 

mechanism thicknesses of 0.003, 0.004, and 0.005in and for washer sizes to buckle the beams to 

a horizontal length of 0.99L0, 0.98L0, and 0.97L0. 
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FIGURE 34(A-B). (A) FORCE VS. CLOVER LEAF WASHER POSITION, VARIOUS MECHANISM THICKNESS 

(LI=0.97L0); (B) FORCE VS. CLOVER LEAF WASHER POSITION, VARIOUS WASHER SIZES (THICKNESS = 

0.003IN)  

The trends seen here follow those explained previously for the coil spring model, Figure 16(a-b). 

Increasing the thickness of the clover leaf increases the critical force as shown in Figure 34(a).  

Likewise, a larger washer size (higher beam pre-compression) increases the slope of the bi-stable 

branch and expands the distance between stable positions, Figure 34(b). 
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Chapter 4  ACTUATION EXPERIMENTS 

In Chapter 4 the actuation experiments are described and the results are shown. The first 

actuation experiment is the DEAP biased by a positive-rate bias spring (PBS). The second 

experiment shows the results from the DEAP biased by a negative-rate bias spring (NBS). The 

results of the tests are compared for different DEAP pre-deflections.  

4.1. PBS-DEAP 

This experimental setup is designed to observe the performance of the actuator under typical 

spring biased operating conditions.  The actuator is electrically loaded using piecewise linear 

voltage loads at rates of 0.1 Hz to 10 Hz.  This loading process was repeated for various initial 

deflections of the DEAP actuator ranging from 0.5mm to 2.5mm. These tests were performed 

using three springs of different stiffness.  The focus of the tests is to compare the actuator 

stroke and force ranges for different springs, different pre-deflections, and different electric 

loading rates.  These tests will help to optimize the performance of a spring biased DEAP 

actuator. 

4.1.1. EXPERIMENTAL SETUP 

For this setup the circular DEAP actuator was mounted to a non-conductive frame and attached 

to the test rig shown in the middle of Figure 35. A linear actuator (Aerotech, Model ANT-25LA) 

was horizontally mounted on an adjacent rig, shown on the left side of Figure 35, and aligned 

with the center axis of the DEAP actuator. A load cell (Futek model LSB-200) was affixed to the 

end of the linear actuator to measure the blocking force. A Keyence LK-G37 laser displacement 
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sensor was mounted behind the DEAP frame to record the displacement of the actuator/spring 

system.  

 

FIGURE 35. TEST SETUP OF FOR PBS STROKE TESTS 

 

 

FIGURE 36(A-C). SIDE VIEW OF PBS COUPLED TO DEAP, (A) NO PRE-DEFLECTION, (B) PRE-DEFLECTED, 
(C) PRE-DEFLECTED AND HIGH VOLTAGE APPLIED 

The high voltage to the DEAP was supplied via a voltage amplifier (TREK Model 610E). As in 

the previous setup, every one of these signals (linear actuator, displacement sensor, and 

amplifier) is processed through a National Instruments 7852R FPGA board that is programmed 

from a Windows desktop computer running LabVIEW 8.6. Commercially available springs with 

rates of 0.02 N/mm, 0.13 N/mm and 0.30 N/mm were used. Figure 37 is a photo of a linear 

spring connected to the DEAP actuator. 
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FIGURE 37. PICTURE OF PBS COUPLED TO DEAP 

The spring is manually placed between the linear actuator and the DEAP actuator at the free 

length. The linear actuator is extended or retracted to account for the different free lengths of 3 

springs used. Next, the linear actuator is slowly extended to compress the spring against the 

center of the DEAP actuator. The linear actuator stopped when the displacement sensor read 

the desired DEAP pre-deflection distance (x1). Then the voltage is linearly cycled between 0V 

and 2500V and back to 0V for the specified number of cycles.  The displacement sensor records 

the stroke throughout the test.  The load cell recorded the force along the axis of the system and 

can be considered the blocking force under slow loading conditions where inertial effects are 

negligible (i.e. < 1 Hz). 

4.1.2. STROKE TESTS 

Figure 38 shows the response of the spring biased actuator using a spring rate of 0.02 

N/mm and an initial pre-deflection of 2.5mm for 3 different electrical loading rates.   For the 

0.10Hz the figure shows an initial transient response of the actuator before the actuator reaches 

a steady state response after around 5 cycles.  Initially the actuator was displaced 2.5 mm but the 

steady state oscillation cycles between 2.65 mm and 3.10 mm.  This behavior is attributed to the 

viscous relaxation in the material.  For the faster loading rates (1.00Hz and 10.0Hz) the stroke is 

decreased and the viscous relaxation is not as pronounced.  
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FIGURE 38(A-C). SPRING BIAS TEST RESULTS AT PRE-DEFLECTION OF 2.5MM FOR (A) 0.1HZ (B) 1.00HZ, 
AND (C) 10.0HZ 

At this faster loading rate, the displacement stroke is significantly reduced.  This behavior is due 

to the viscous effects as well as the time dependant movement of charges on the electrodes 

inherent in any capacitive system.  These charges create the electrostatic forces that produce 

actuation in the DEAP.  When there is a delay in charge build up or discharge, the electrostatic 

forces are also delayed and the actuation is diminished. 

Figure 39 shows the stroke and force for a pre-deflection of 1.00mm. Highlighted in the 

zoom-in is the difference in stroke between the 3 springs.  The steady state stroke differs with 

each spring with the softest spring producing the largest displacement stroke.  The largest force 

stroke is produced by the stiffest spring.  
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The response of the actuator under different loading rates and pre-deflections is shown 

in Figure 40.  It shows the displacement stroke response of the actuator for electric loading rates 

of 0.1, 1.0, 10.0Hz, and for increasing pre-deflections from 0.5 mm to 2.5 mm.  It is clear that 

for this range, an increase in pre-deflection results in an increase in stroke and an increase in 

loading frequency results in a decrease in stroke.  Higher pre-deflections were tested but resulted 

FIGURE 39. SPRING BIASED ACTUATOR RESPONSE FOR ELECTRICAL LOADING OF 1.0 HZ.  INITIAL DEFLECTION = 

1.0MM, APPLIED VOLTAGE VS. TIME (TOP), DISPLACEMENT VS. TIME (MIDDLE), AND FORCE VS. TIME (BOTTOM). 
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in a high frequency of fatal breakdowns in the actuators and are not shown. Also at higher pre-

deflections (for the 3 springs used 3.5mm and higher) the smaller diameter stiff springs would 

begin to buckle out-of-plane (and sometimes completely snapping out of the setup) or cause 

inaccuracies in the laser displacement reading because the center of the DEAP would rotate 

slightly. The softer springs would reach the minimum length at pre-deflections greater than 3mm 

or more. 

 

FIGURE 40(A-C). SPRING BIAS TEST RESULTS FOR VARIOUS PRE-DEFLECTIONS, K=0.13N/MM (A) 0.10HZ (B) 

1.00HZ, AND (C) 10.0HZ 

The performance of the actuator for all spring tests at 0.10Hz, 1.00Hz, and 10.0Hz 

electrical loading is shown in Figure 41 and Figure 42.  The displacement stroke and force stroke 

during steady state oscillations (~cycles 5 and higher) for various pre-deflections are plotted for 

the three springs used.  The rate dependent trends that could be seen in Figure 40 are clearly 

seen in Figure 41. An increase in pre-deflection produces an increase in displacement stroke for 

all springs.  Since these are linear springs, there is a natural increase in force stroke with the 

increase in displacement stroke.  The stiffer spring produces the largest force stroke, while the 

softest spring produces the largest displacement stroke.    
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FIGURE 41(A-C).  DISPLACEMENT STROKE VS. PRE-DEFLECTION FOR 3 SPRINGS AT (A) 0.10HZ, (B) 1.00HZ, 
(C) 10.00HZ 

 

FIGURE 42(A-C). FORCE STROKE VS. PRE-DEFLECTION FOR 3 SPRINGS AT (A) 0.10HZ, (B) 1.00HZ, (C) 

10.00HZ 

The spring tests reveal that softer bias springs (lower spring rate) provide more displacement 

stroke during steady state actuation. It was also found that cycling the electrical loading at higher 

rates results in a decrease in overall performance in the actuator for both blocking force stroke 

and displacement stroke. The pre-deflection of DEAP with these springs was limited by the 

spring buckling or the length of the spring (bottoming out). Otherwise higher pre-deflections 

would have been attempted. It is interesting to note that from the Figure 41 it appears that the 

stroke is leveling out as the pre-deflection increases. This could suggest that there may be an 

inflection point in the stroke plot or just a leveling out where the stroke is constant even for 

higher pre-deflections.  
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4.2. NBS-DEAP 

Experimental testing of a DEAP biased by a NBS mechanism was performed. The NBS pre-

loaded the DEAP and the DEAP voltage was cycled and force and displacement measurements 

were made. This coupled NBS-DEAP system has several more parameters than the PBS-DEAP 

system.  The parameters can be divided up into 3 sets. The first set is directly a DEAP material 

based parameter; the material stiffness in the out-of-plane direction. This parameter is fixed for 

these series of tests as only a 2-layer DEAP is used. The second set is the NBS parameters; beam 

thickness and beam pre-compression. It was shown in Chapter 3 how the effects these two 

parameters have on the Force vs. Displacement profile of the spring, but here it is desired to see 

the effect these parameters have on the NBS-DEAP system. However, the pre-compression of 

the NBS will be fixed at 0.97LO for these experiments because of the results in Clover Leaf 

Design section (page 31). The characterization test performed on the NBS design revealed that 

the higher the pre-compression the larger the separation between stable equilibrium positions. 

This will hopefully provide a higher stroke when coupled with the DEAP.  The final set of 

parameters to be examined is the system parameters which include the NBS position (later called 

x2) and the stop position. A series of test were performed to observe the sensitivity of these 

parameters and to give insight as to an optimum setting for these parameters in terms of 

displacement stroke. 

4.2.1. EXPERIMENTAL SETUP 

As in the linear spring test the actuator is electrically loaded using piecewise linear voltage loads.  

This loading process was repeated for various initial deflections of the DEAP actuator ranging 

from 0.5mm to higher than 4mm. Tests were performed using three NBS springs of different 

stiffness (0.003in, 0.004, and 0.005in shim stock thickness). A linear actuator (Aerotech, Model 

ANT-25LA) was horizontally mounted on an adjacent rig, shown on the left side of Figure 44, 

and aligned with the center axis of the DEAP actuator. A load cell (Futek model LSB-200) was 

affixed to the end of the linear actuator to measure the blocking force. A Keyence LK-G37 laser 
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displacement sensor was mounted behind the DEAP frame to record the displacement of the 

actuator/spring system.  

 

FIGURE 43. NBS-DEAP TEST SETUP 

 

FIGURE 44. SCHEMATIC OF NBS-DEAP TEST SETUP 
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FIGURE 45(A-B). LOAD CELL (A) BEFORE NBS SUB-ASSEMBLY MOUNTED, (B) AFTER SUB-ASSEMBLY 

MOUNTED 

The NBS mechanism sub-assembly was mounted on the load cell which was connected to the 

end of the linear actuator as seen in Figure 45(a). The sub-assembly consists of a frame to hold 

the NBS and the mechanical stop. While the center of the NBS contacts the DEAP, it is offset 

via a spacer to provide the NBS with separation between the DEAP electrodes when deflecting 

the DEAP. As the linear actuator extends it presses the NBS mechanism against the DEAP—

biasing (or pre-deflecting) the DEAP. Figure 46(a) below shows a schematic of the side view 

with the coordinate systems labeled. The coordinate x1 is the measurement from the laser 

displacement sensor of the DEAP current position. The coordinate x2 is from the encoder on 

the Aerotech linear actuator. This coordinate is at zero when the DEAP has no pre-deflection 

(x1=0mm) and the NBS is at its right hand side equilibrium position and is just touching the 

DEAP. If x2 is slowly increased in the positive direction from zero, at around x2=5.5mm the 

DEAP force will become greater than the NBS force maximum (see Figure 34, page 34). This 

results in the NBS snapping away from the DEAP and through the unstable equilibrium to the 

other stable equilibrium. This is undesirable because the NBS and DEAP are not attached 

together and a complete snap-through of the NBS would result in the two becoming detached. 

Therefore to maintain contact they must always be pressing against each other (DEAP deflected 

in the positive x1 direction). To counter this complete snap-through and prevent the mechanism 

from operating in regions to the left of the unstable equilibrium an adjustable mechanical stop 

was implemented to introduce another stable equilibrium position.  
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FIGURE 46(A-C). SIDE VIEW OF PBS COUPLED TO DEAP, (A) NO PRE-DEFLECTION, (B) PRE-DEFLECTED 

AND NBS SNAPPED AGAINST STOP, (C) PRE-DEFLECTED AND SHOWING HIGH VOLTAGE APPLIED RESULTING 

IN STROKE 

Figure 46(b) shows the DEAP pre-deflected such that the NBS has buckled and snapped against 

the mechanical stop. Figure 46(c) shows the mechanism snapped away from the mechanical stop 

when high voltage is applied (How this happens is discussed in the next section). The 

mechanical stop is a 4-40 socket screw mounted with the NBS sub-assembly (see Figure 48) so 

its position is relative to the NBS position (x2). The stop position is measured from the unstable 

equilibrium position of the NBS. Figure 47 shows the mechanical stops relative coordinate 

system attached to the NBS sub-assembly. 

 

FIGURE 47. SIDE VIEW OF NBS COUPLED TO DEAP SHOWING THE STOP POSITION RELATIVE COORDINATE 
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FIGURE 48(A-B). NBS SUB-ASSEMBLY WITH LARGE WHITE SPACER ATTACHED TO CLOVER LEAF (A) FRONT 

VIEW OF NBS AND ADJUSTABLE MECHANICAL STOP (B) BACK VIEW SUB-ASSEMBLY WITH ADJUSTABLE 

MECHANICAL STOP  

4.2.2. STROKE TESTS 

The first test performed was to study the effect of pre-deflection on the NBS for the 3 different 

NBS spring stiffness. Figure 50 shows the results from 20 cycles of electrical loading of the 

coupled system. The mechanical stop position was fixed at 0.925mm for this first test.  

This test revealed that the 0.004 and 0.005in NBS springs are too stiff to be used as 

effective biasing elements with the 2-layer DEAP. (Pre-deflection was limited to the range of 

x1<5mm. Any further and there is a higher chance of failure of the DEAP.) The force required 

to initiate the snap-through is too high for the DEAP. However, for the 0.003in thickness NBS 

an interesting phenomenon is observed.  
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FIGURE 49(A-C). X1 VS. TIME AT VARIOUS PRE-DEFLECTIONS (STOP POSITION=0.925MM) AND NBS 

THICKNESS OF (A) 0.003IN, (B) 0.004IN, (C) 0.005IN 

For the 0.003in (Figure 49(a)) thickness a large stroke occurs for NBS positions of near 

x2=5mm. Figure 50 examines the more closely the large change in x1 for the first couple cycles 

of Figure 49(a). 

 

FIGURE 50. X1 VS. TIME FOR INITIAL 5 CYCLES OF NBS (0.003IN THICKNESS) WITH VARIOUS X2 POSITIONS 
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For x2=3.84, 4.47 and 4.91mm the NBS has not snapped against the stop yet, and the stroke is 

slowly increasing and reaches a maximum of 0.15mm at x2=4.91 (fine red line). The first x2 value 

where the NBS snaps is x2=5.29mm (fine cyan line). For x2=5.29mm the stroke is actually 

smaller (near 0.03mm). In other words the NBS is essentially snapped against the stop and 

cannot snap away even with the application of voltage. Interestingly enough by decreasing the 

x2, after the initial snap, the stroke will begin to increase. As seen in Figure 50, decreasing x2 

from x2=5.29mm to x2=5.19mm the stroke increases from 0.03mm to near 0.30mm (after a 3 

cycles). This trend of increasing stroke by decreasing x2 continues until the NBS snaps away 

from the stop (with no voltage applied). Although for the first 2 cycles x2=4.98mm yields a 

stroke of near 0.76mm, when the voltage is decreasing on the third cycle the NBS does not snap 

back to the mechanical stop. Subsequent cycles result in no snap at all and the stroke settles out 

to about 0.33mm. This inability for the NBS to snap back and change in stroke can be attributed 

to the viscoelastic relaxation of the DEAP material. (See the discussion of creep seen in the 

Material Characterization section on page 11.) This relaxation or creep of the DEAP material 

results in a decrease in the blocking force for a given DEAP pre-deflection and voltage. In this 

case, the DEAP relaxation decreases the DEAP force (force applied to the NBS) such that the 

NBS force is now greater than the DEAP force. This is why the snap back of the NBS against 

the stop eventually vanishes for this x2 position. So the defined window of snap opportunity is 

merely 0.16mm and the stroke during the snap can change significantly within that range 

(stroke=0.3mm for x2=5.19mm and stroke=0.71mm for x2=5.03mm) 

 Another parameter that can be adjusted is the stop position. As before, the DEAP is 

electrically loaded for 20 cycles at various x2 positions. However this was done for 7 different 

mechanical stop positions to understand its effect on the stroke.  In Figure 51-Figure 53 there is 

no NBS snap occurring in the steady state when voltage is applied. The snap during the 

application of voltage first occurs at stop position of 0.925mm. Within the window of x2 values 

that the snap occurs, Figure 54 shows that not only the magnitude of displacement ovaries but 

also the voltage at which the snap occurs changes. Increasing the stop position within this 

window decreases the stroke but requires a smaller change in voltage between the initial snap 

away and the return snap. In an application this could be important. It could mean a faster 



 
 

 
 

49 

opening/closing valve or pump. The smaller voltage change for actuation would mean less 

power to the DEAP is needed to for actuation. By increasing the stop position to 1.11mm 

(Figure 55) the max stroke decreases slightly but the snap still occurs. If the stop position is 

increased to 1.48mm or 1.65mm as in Figure 56 and Figure 57 the stroke decreases and the same 

snap is no longer occurring; the stroke happens more gradually. The reason for this can be 

found in the NBS characteristic force vs. displacement profile, Figure 34(b), page 34. The force 

maximum of the NBS (0.003in thickness and 0.97L0) curve occurs at approximately 1.3mm. 

Thus, beyond 1.3mm the force of the NBS is decreasing to zero, essentially like a linear spring. 

So, for the cases were the stop is beyond 1.3mm, the snap would not be expected to occur 

because DEAP is in force equilibrium with the NBS on the positive-rate branch.  

 

 

 
FIGURE 51. STROKE RESULTS FOR STOP POSITION OF 0.185MM 
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 FIGURE 53.STROKE RESULTS FOR STOP POSITION OF 0.8325MM 

FIGURE 52. STROKE RESULTS FOR STOP POSITION OF 0.74MM 
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FIGURE 55. STROKE RESULTS FOR STOP POSITION OF 1.11MM 

FIGURE 54. STROKE RESULTS FOR STOP POSITION OF 0.925MM 
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FIGURE 57. STROKE RESULTS FOR STOP POSITION OF 1.65MM 

FIGURE 56. STROKE RESULTS FOR STOP POSITION OF 1.48MM 
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The Figure 58 shows the stroke during steady state operation from the plots at various x2 

positions. This makes it clear as to how the stop position actually affects the performance of the 

actuator. First of all for the x2 deflections less than 4.4mm there is no difference in the stroke 

achieved. This is because until x2=4.4mm the NBS has not snapped back against the stop, so the 

stop isn’t involved. But once the NBS snaps the affects of the stop position are clearly seen. In 

order to maximize displacement stroke the stop must be somewhere in the middle of the range 

shown below. At SP=0.925mm the stroke is a maximum at 0.76mm. From this data collected 

this would be the ―sweet spot‖ in which to operate a device.  

 

FIGURE 58. DISPLACEMENT STROKE VS. X2 POSITION  FOR VARIOUS  STOP POSITIONS 

Figure 59 shows the results from a stroke test at 10Hz. The max stroke is around 0.60mm. So 

the stroke of the NBS doesn’t decrease very much with the increasing loading rates. This is a 

very important advantage to using NBS-DEAP actuators if the application requires a high 

bandwidth.  
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4.3. CONCLUSIONS 

The PBS experiments focused on the effects of spring stiffness, pre-deflection of the actuator, 

and voltage loading rate on the performance of the spring biased actuator.  The spring tests 

reveal that softer bias springs (lower spring rate) provide more displacement stroke during steady 

state actuation. It was also found that cycling the electrical loading at higher rates results in a 

decrease in over performance in the actuator for both blocking force stroke and displacement 

stroke. It was also seen that at the stroke began to level out at around x1=2.00mm or 2.5mm. 

This could suggest an optimum pre-deflection for the PBS. 

 The NBS experiments focused on observing the effects of the spring stiffness, pre-

deflection of the actuator, and stop position. The test revealed that the 0.003in thickness NBS 

spring was best suited for obtaining a large stroke of the 3 thicknesses initially designed. Also it 

was found that with the NBS pre-deflections of the DEAP must exceed x1=4.4mm in order to 

obtain a significant increase in stroke. This is primarily due to how the NBS stiffness matched 

FIGURE 59. STROKE VS. TIME AT LOADING RATE OF 10HZ (SP=0.925MM) 
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with the DEAP stiffness. (Future DEAP actuators could be designed to be stiffer or a thinner 

shim stock could be used for the NBS.)  

 Clearly the NBS has as a greater potential to produce large stroke when compared with 

the PBS especially for high rates. For the PBS the stroke decreases rapidly as the rate increases 

however, with the NBS the stroke at higher rates doesn’t diminish as quickly. The stroke at 1Hz 

was around 0.76mm and the stroke at 10Hz only decreased to 0.62mm, an 18% decrease. 

Whereas the PBS had a stroke of 0.38 at 1Hz and 0.27 at 10Hz, a 28% decrease. From these 

tests the NBS-DEAP is a higher performing and very promising actuator. 
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Chapter 5  MODELING OF DEAP ACTUATORS 

This chapter presents a model of the coupled actuators. This model is based on a minimizing the 

potential energy of the system. This provides an elegant way to determine force equilibrium 

positions especially in cases where a mechanism has several stable positions as in the NBS-

DEAP case. As Figure 60 shows the DEAP is approximated as linear spring using a least squares 

fit to the DEAP force vs. displacement data for LV and HV. As mentioned earlier this is a first-

order approximation of the force vs. displacement behavior of the DEAP at high and low 

voltage. The idea is that as voltage is applied the stiffness of the DEAP stiffness gradually 

decreases to the stiffness of the high voltage line. 

 

FIGURE 60. DEAP FORCE VS. DISPLACEMENT PROFILE DATA WITH LINEAR APPROXIMATIONS FOR HIGH 

VOLTAGE AND LOW VOLTAGE 
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5.1. COUPLED MODEL 

5.1.1. PBS-DEAP 

Below is a sketch of the PBS coupled with the DEAP. The DEAP is modeled as two springs in 

parallel, each with half the overall DEAP stiffness (function of voltage). This linear DEAP 

spring is biased by the PBS with a stiffness of kPBS. The forces on the DEAP are shown in 

Figure 61. 

 

FIGURE 61. PBS-DEAP COUPLED MODEL, INCLUDING FBD 

Where  

L0 = PBS free length 

L = current spring length 

kPBS = spring constant 

x = horizontal deflection of mechanism 

FPBS = PBS force exerted on DEAP 

l0 = original length of DEAP spring 

l  = current length of DEAP spring 

a = spacer length 

x1= DEAP horizontal position coordinate 
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x2 = linear actuator horizontal position coordinate 

From geometry and knowledge of linear springs the forces are found to be: 

                  (3)  

                 (4)  

This model accounts for the elastic potential energy of the entire system. To find the potential 

energy integrate the spring force. The potential energy of the springs is as follows: 

                      
  

 
 =      

 

 
  

          (5)  

                     
  

 
 =       

 

 
  

     (6)  

Where C = 0 because the springs are initially at the free length. The overall potential energy of 

the system is the summation of the potential energies. Therefore, 

 
               

 

 
  

         
 

 
  

        
(7)  

Plotting the total potential energy reveals a parabola. In the experiment the x2 value was 

increased until x1 reached the desired value. After reaching that value the voltage is cycled. 

Cycling the voltage in this model will change the stiffness of the DEAP, kDEAP.. Changing the 

voltage will change the shape (width) of the parabola. In the same way, changing the position of 

the linear actuator (x2) and therefore the DEAP position (x1) shifts the parabolas. Below is a 

figure with several frames revealing the trends for a kDEAP being biased by a linear spring 

(kPBS=0.13N/mm). Figure 62 shows the total potential energy at low voltage and high voltage.
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FIGURE 62. TOTAL POTENTIAL ENERGY (AT LV AND HV) OF PBS-DEAP MODEL FOR VARIOUS INITIAL (AND 

AT LOW VOLTAGE) X1 VALUES 
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Figure 62 shows that the minimum of the HV and LV parabolas are different. Therefore, a 

change in voltage results in a change in equilibrium position. The minimum of the well can be 

tracked as the voltage changes, resulting in a displacement stroke profile in time. It is important 

to note that this is a quasi-static model so rate effects are not accounted for. Figure 63 shows the 

experimental results vs. the model results for the 3 springs tested at a pre-deflection of 1.1mm. 

The model reveals a larger overall stroke than the experimental data. Also the stroke profile vs. 

time is more linear in the model than in the experimental data.  

 

 

FIGURE 63(A-B). MODEL DATA COMPARISON OF DIFFERENT SPRINGS STIFFNESS FOR X1=1.11MM  
(A) EXPERIMENTAL DATA, (B) MODEL 
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FIGURE 64(A-B). DISPLACEMENT STROKE VS. TIME, (A) EXPERIMENTAL DATA, (B) MODEL 

Figure 64 shows the large difference between the model and the data in terms of displacement 

stroke.  The large difference at the higher x1 values is most likely due to the DEAP 

approximation. One would expect the model to predict the stroke to linearly increase because 

the DEAP spring is linear and the PBS is linear. 

5.1.2. NBS-DEAP 

This section proposes and demonstrates an analytical model of the mechanism actuation 

process. This model is developed in the same way that the PBS-DEAP model was developed. It 

will help in the understanding the unstable switching process and how it can be optimized.  

The NBS is modeled as before (see Figure 15) and the DEAP is modeled as a variable 

stiffness linear spring mechanism. The mechanical stop is a rigid post connected to the NBS 

assembly. The coordinates systems x1 and x2 are the same as the laser displacement sensor and 

linear actuator position from the actual experiment.  Below is a schematic of the model. 
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FIGURE 65. NBS-DEAP COUPLED MODEL WITH MECHANICAL STOP AND FBD 

Where  

L0 = spring free length 

Li = initial spring length in mechanism 

L = current spring length 

Θ = angle formed by the intersection of the spring length with the vertical axis 

kNBS = spring constant 

x = horizontal deflection of mechanism 

FS = NBS force exerted on DEAP 

FSTOP = Force of stop exerted on DEAP (only positive) 

b = initial horizontal length of spring 

l0 = original length of DEAP spring 

l = current length of DEAP spring 

a = spacer length 
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x1 = DEAP horizontal position coordinate 

x2 = linear actuator horizontal position coordinate 

 

In the experiment the load cell measured the force which acted on the NBS assembly. The FBD 

below shows the difference in the force that the load cell sees depending on if the NBS has 

snapped against the stop or not. 

 

FIGURE 66(A-B). FBD OF MODEL ASSEMBLY, (A) NBS AGAINST STOP, (B) NBS NOT AGAINST STOP 

From the FBD and geometry the force equations are derived as follows: 

 
     

    
  

(8)  

 
             

    
  

(9)  

Horizontal NBS forces                     (10)  

From geometry equals 
              

         

 
 

(11)  

As before the model requires knowing the elastic potential energy of the system. First find the 

PE of the NBS. The total NBS force (in the x-direction) from both springs is 2FSX. The 

potential energy of the NBS is as follows: 
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 (12)  

                  
 

 
  

            
              

          
   + C (13)  

The integration constant can be found because when x1 is zero, as Figure 65 shows, which is 

when the springs are at their free length. Substituting PENBS=0 and x1=0 into the equation 

above, solving for C, the overall PENBS equation turns out to be the following: 

 
                 

 

 
  

            
              

          
  

           
         

  

(14)  

The total potential energy of the system is the summation of the DEAP and NBS potential 

energies. Figure 67 is a plot of the PE for the individual components (NBS and DEAP) and the 

total PE at low voltage and high voltage for x2=0.  

 

FIGURE 67. POTENTIAL ENERGY OF NBS-DEAP SYSTEM (KNBS=28N/MM, LI=0.976L0, X2=0MM) 

Assuming the voltage is initially 0V, the equilibrium position in Figure 67 is at the origin (the 

minimum PE). From Figure 67 it is clear to see that the PE landscape for this set-up is more 

complex than the PBS-DEAP PE landscape explained previously. The reason is because the 

NBS is bi-stable, meaning there are two favorable positions (notice the ―W‖ shape in Figure 67). 
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When the NBS is coupled with the DEAP the total PE must be examined. When the DEAP is 

biased by the NBS the PE landscape will shift. Figure 68 in several frames shows the PE 

landscape for a several x2 values and the global minimum when at low voltage.  

 

  

  

  

FIGURE 68. TOTAL POTENTIAL ENERGY (AT LV AND HV) OF NBS-DEAP MODEL FOR VARIOUS X2VALUES 
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As x2 is increased, the PE landscape changes. In addition at a given x2 value, changing the 

voltage from LV to HV can even create new local minimums. In the experimental testing that 

was performed in Chapter 4 the NBS initially at x2=0 but was then advanced to various x2 

positions wherein the voltage was cycled. Some cases yielded a larger stroke than others. 

Following the same progression of slowly increasing x2 in Figure 68, frame 1, the equilibrium at 

x2=0 is at the origin. Advancing the NBS position to x2=4mm (frame 5) moves the minimum 

(denoted by the blue ball) into a small well above the global minimum. Advancing x2 further the 

low voltage energy well disappears and the ball find a new minimum down at the global 

minimum (see frame 6). The mechanical stop, used in the experiment held the NBS from 

snapping all the way back to its global minimum. Figure 69  shows frame 6 from Figure 68 

except a vertical line representing the mechanical stop is included.  

Now, instead of the blue ball snapping to the global minimum, the mechanical stop adds 

stability to the system and keeps the NBS from snapping completely. As the figure shows, when 

a high voltage is applied a new minimum is formed and the ball snaps (green arrow) to the 

bottom of the new well (denoted by red ball). This snap is a much larger change in x1 from high 

to low voltage than would happen in frames 1-5 without the stop. There is no snap occurring in 

those cases and the minimum of the well changes very little. 
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FIGURE 69. POTENTIAL ENERGY LANDSCAPE FOR X2=5MM, SHOWING THE EFFECT OF A MECHANICAL STOP 

(DASHED VERTICAL LINE) ON THE STABILITY OF THE SYSTEM AT HIGH AND LOW VOLTAGES. 

Just as in the PBS-DEAP model, the voltage can gradually be applied and the minimum 

potential energy x1 position can be traced in time to see the entire x1 profile. Now that the 

concept of the model is explained, how the model is implemented and the parameters used, in 

the equations, are explained next. This mathematical model was written as an algorithm in 

MATLAB. The basic idea of the algorithm was to of change x2 to a desired starting position, 

then vary the voltage (stiffness of DEAP ―spring‖) and track the minimum PE. Logical ―if-else‖ 

statements were required to restrain the minimum at the stop position if the minimum of the PE 

landscape switched to an energy minimum left of the current stop position. The full algorithm is 

completely listed in Appendix A. 



 
 

 
 

68 

 

FIGURE 70. PE ALGORITHM FOR TRACKING EQUILIBRIUM POSITION AS VOLTAGE IS CYCLED 

The model of the experiment was created by approximating the NBS force vs. 

displacement data (page 34) and the DEAP force vs. displacement data (Figure 13, page 15) with 

the analytical expressions for the NBS and DEAP noted previously. The NBS linear spring 

model discussed earlier was fitted to the 0.003in thick clover leaf with the 0.97Li sized washer 3 

different ways. The analytical model cannot completely match the non-linear experimental data, 

for this reason the model was adjusted to fit the middle branch of the NBS, the outer branch of 

the NBS, and a compromise fit. These approximations of the NBS profile will each be used in 

the model and compared with the experimental data. The most similar looking model results 

when compared to the experimental data will determine which NBS approximation is the best. 

 

FIGURE 71(A-C). FIT TO CLOVER LEAF DATA, (A) FAVORING MIDDLE REGION STIFFNESS, (B) FAVORING 

OUTER BRANCH STIFFNESS, (C) COMPROMISE BETWEEN STABLE EQUILIBRIUM POSITIONS AND FORCE 

MAXIMUM 
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The mechanical stop was simulated as a spring of infinite stiffness that moved with the NBS 

profile when the DEAP was pre-loaded; following the experimental setup (Figure 46, page 45 ).  

 The DEAP was pre-loaded to the same x2 position as the experiment. Voltage was 

applied linearly from 0V to 2.5V to 0V. The DEAP the equilibrium position was recorded 

throughout the process. Figure 72 shows the model results when using the kNBS=11N/mm 

approximation. The model predicts the stroke to be relatively small for the x2 values less than 

3mm. These cases are before the NBS snaps and the mechanism is operating like a PBS-DEAP 

actuator. The model does predict a snap occurring around x2 = 5.29 and but the magnitude of 

the stroke is very high, almost double the results from the experiments. Also a drawback for this 

model is that the snap occurs at a much lower voltage than the actual experiment.  Figure 73 

presents the results of the model from the NBS approximation of kNBS=50N/mm. It clearly is 

not a good approximation for this model. The figure shows no snap during voltage application. 

The device is operating completely on the outside branch of the NBS (like experimental data in 

Figure 49(b-c)). This is because the NBS is so stiff; the DEAP can never overcome the NBS 

force maximum to induce a snap. The model does yield good results for x2 values up to 

x2=3.29mm because the NBS approximation matches the outside branch stiffness very well. 

Figure 74 arguably models the experiments the best. Firstly, the snap occurs, and the magnitude 

is most similar to the data of the three approximations. The data shows around a 0.75mm first 

snap and the model predicts a snap of about 0.80mm. The model does agree with the data which 

shows the stroke decreasing the x2 increases. However, for the range of x2 values the snap 

doesn’t vanish like the data shows. This is most likely due to the DEAP approximation that was 

made. It has a very large region between the LV and HV curves. The DEAP has a smaller gap 

between LV and HV which is probably why the ―sweet spot‖ range in the experimental data is 

so small. Another reason to choose this approximation is that the snap occurs at a time more 

similar to the experimental data than the other approximation. 
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FIGURE 73(A-B). DATA (A), MODEL (B) COMPARISON FOR KNBS=50N/MM, LI=0. 976L0  
NBS MODEL FIT USED (INSET) 

FIGURE 72(A-B). DATA (A),  MODEL (B) COMPARISON FOR KNBS=11N/MM, LI=0.953L0  
NBS MODEL FIT USED (INSET) 
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The model can predict the effect of the stop position too. The model was executed many 

times using values of x2 within the range of 0 to 8mm and stop offset range of 0 to 2mm. The 

displacement stroke for those runs were calculated and presented in a surface plot shown in 

Figure 75. According to the model the plot reveals that the optimal stroke of 1.3mm is at 

x2=4.3mm and stop offset=0.45mm. 

 

FIGURE 75(A-B). STROKE VS. STOP POSITION AND X2, (A) SURFACE PLOT, (B) CONTOUR PLOT 

FIGURE 74(A-B). DATA (A),  MODEL (B) COMPARISON FOR KNBS=28N/MM, LI=0.976L0  
NBS MODEL FIT USED (INSET) 
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This model shows that the stroke much greater than all the rest within a very particular range of 

x2 values and stop offset value. There are 3 distinct regions in this surface plot which represent 

what can be realized physically from the experiments. The figure below color codes the regions.  

 

FIGURE 76(A-B). THREE DISTINCT OPERATING REGIONS OF THE MODELS STROKE LANDSCAPE, (A) VIEW 1, 
(B) VIEW 2. 

The green region is where the NBS has not snapped back against the stop and is operating on 

positive stiffness (outer branch) of the NBS. This gives it the small stroke. The red region is the 

region where the NBS has snapped back against the stop but it won’t snap away due to the high 

DEAP force acting on it. The blue region is the area or the ―sweet spot‖ where the NBS snaps 

back and forth, against and away from the stop. This is why the stroke in this region is so high. 

Within this region the stroke also varies.  The smaller the stop position the larger the stroke will 

be. Also there is a pre-deflection, x2 that gives the optimum stroke. 

Recall Figure 58 revealed that the stroke jumped up greatly in the x2 range of 4.9mm-

5.3mm. Also the same plot shows that the stroke was much higher for 2 stop offset settings than 

the rest. Those values were SP=0.925mm and 1.11mm.  Taking Figure 58 and expanding the 

curves into 3D the points can be plotted and compared with the surface from the model results. 

Using MATLAB the points from Figure 58 can be plotted in 3D and then a grid can be laid over 
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them to interpolate between the data points. Figure 77 displays the data-interpolated surface 

compared with the model results. While only 7 different stop positions were collected in 

expierments there are still enough points to create a similar surface plot to the model. From the 

narrowness of the peak of the experimental data, it is clear that the window of opportunity for  

stroke is much smaller than the model currently predicts.  

 A interesting phnomenon that both the data and model show is that the stop posiiton 

that yields the best stroke is not found when the stop position is zero but at some non-zero 

value. They both show that the stroke slowly increases until the snap. Then after passing the 

―sweet spot‖, pushing x2 further results in no gain in stroke. 

  

  

FIGURE 77(A-D). STROKE  VS. STOP OFFSET AND X2 FOR: (A) EXPERIMENTAL DATA VIEW 1, (B) 

EXPERIMENTAL DATA VIEW 2, (C) NBS-DEAP MODEL VIEW 1, (D) NBS-DEAP MODEL VIEW 2 
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5.2.  CONCLUSIONS 

The potential energy model predicted the behavior and trends of the biasing elements relatively 

well. For the PBS, the results showed a more linear displacement profile than the data but this 

can be attributed to the non-linearity in the actual DEAP material which the model 

approximates in a linear line. The potential energy method for the NBS-DEAP mechanism 

proved to be a very elegant method for determining the equilibrium position of the bi-stable 

mechanism. While the magnitudes of the stroke profiles are larger than the experimental data 

they did show the snap through behavior for a given range of x2 as the data revealed. By plotting 

the surface plot with the stroke vs. the stop position and x2, an optimum stroke appears to be 

possible. It depends on the x2 and the stop position. Comparing the experimental stroke data for 

several stop positions showed a very similar topography to the NBS-DEAP model. This model 

can be improved up by approximating the DEAP by a parabola or another non-linear fit and 

designing a better NBS fit to the clover leaf data.  
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CONCLUSIONS 

This thesis presented a theoretical and experimental analysis of two different biasing 

mechanisms for dielectric electro active polymer actuators (DEAP). A negative-rate bias spring 

(NBS) with non-linear, bi-stable characteristic was designed for small circular DEAP actuators 

operating in out-of-plane direction. The experiments showed the performance of the NBS as a 

biasing mechanism improved system performance considerably over a typical positive-rate bias 

spring (PBS), especially at high electrical loading rates. This suggests that NBS can be used 

successfully to increase the performance of DEAP actuators. A first-order potential energy 

model predicted the NBS mechanism reasonably well considering the approximations made 

along the way. The model and the experimental data confirmed the existence of optimal stop 

position and the NBS pre-deflection parameters to maximize the actuator stroke. Future work 

will improve the model with more accurate approximations of the DEAP and NBS behavior.  

This will help with the optimization and design of future high performing DEAP actuators.  
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APPENDIX A –MODEL ALGORITHM 

% By Micah Hodgins 
% Fall 2010 
% This function does 2 cycles of the voltage and tracks the minimum 
%  

  
%  Inputs 
% x1, domain 
% k_DEAP_LV, stiffness of DEAP at LV 
% k_DEAP_HV, stiffness of DEAP at HV 
% F_DEAP_yinterc, y-intercept of DEAP curves 
% k_incr, step size of DEAP stiffness 
% k_NBS, stiffness of NBS spring 
% L_0, original length of spring 
% buckper, percentage of original length to pre-compress spring to 
% stopoffset 
% pc, (aka x2, move NBS this far before cycling voltage) 
% pincr, step size for intial x2 displacement 

  
function [PE_model, F, PEstar, volt, para, stroke, SP] = 

funct_PE_NBS_6(x1,k_DEAP_LV,k_DEAP_HV,F_DEAP_yinter,k_incr,k_NBS,L_0,buckp

er,stopoffset,pc,pcincr) 
%****************************** DEAP FORCES 
F_DEAP_LV = k_DEAP_LV.*(x1 + F_DEAP_yinter/k_DEAP_LV); % DEAP - LV  
F_DEAP_HV = k_DEAP_HV.*(x1 + F_DEAP_yinter/k_DEAP_HV); % DEAP - HV  

  
incr_k_DEAP = k_DEAP_HV:k_incr:k_DEAP_LV; 
decr_k_DEAP = sort(incr_k_DEAP,'descend'); % vary DEAP k from LV to HV 
tempk_DEAP = cat(2,decr_k_DEAP,incr_k_DEAP); % vary DEAP from LV to HV to 

LV 
k_DEAP = cat(2,tempk_DEAP,tempk_DEAP); % 2 cycles 
volt_dir = 

cat(2,ones(1,length(decr_k_DEAP)),zeros(1,length(incr_k_DEAP)),ones(1,leng

th(decr_k_DEAP)),zeros(1,length(incr_k_DEAP))); % which way voltage 

increasing or decreasing 

  
% Converts k_DEAP to volts 
volt = k_DEAP*(-2500/(k_DEAP_LV-k_DEAP_HV)) + k_DEAP_LV*(2500/(k_DEAP_LV-

k_DEAP_HV));  
para = 0:1:(length(k_DEAP(:))-1); % counter for the stiffness 

  
PE_model = zeros(length(k_DEAP), 2*length(pc)); % column vector to put 

solutions [x1star(:), PEstar(:)] 
F = zeros(length(k_DEAP), length(pc)); % column vector to put solutions 

[x1star 
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L_i = buckper*L_0; % [mm], Buckled length of spring 
b = (L_0^2 - L_i^2)^(1/2); % [mm] springs equilibrium position from center 

of NBS 

  
a = 10; % [mm], this is the length of the spacer between the NBS and the 

DEAP 
x2 = pc; 

  
D0_NBS = (b + a); % [mm], position of the NBS frame (pc=0) from DEAP 

(x1=0) 
%****************************** FORCES 
L = ((b + (x1 - x2)).^2 + L_i.^2).^(1/2); % Length of spring 
F_NBS = 2*k_NBS.*(L - L_0).*((b + (x1 - x2))./L); % the (b + (x1 - x2)) is 

the sin(theta) 
%****************************** WORK (from MAPLE calcuations) 
tempW = 2*k_NBS*(sqrt(L_0^2 - buckper^2*L_0^2)*x1 + (x1.^2)/2 - x1*pc - 

L_0*sqrt(L_0^2 + 2*sqrt(L_0^2 - buckper^2*L_0^2)*x1 - 2*sqrt(L_0^2 - 

buckper^2*L_0^2)*pc + x1.^2 - 2*x1*pc + pc^2)); % [N*mm] Work without the 

C 
c = 2 * k_NBS*L_0*sqrt(L_0^2 + pc^2 - 2*sqrt(L_0^2 - buckper^2*L_0^2)*pc); 

% Constant of Integration (from maple) 
W = tempW + c; % Total work for 2 spring NBS system 

  
% Finding the stop position 
axis_horiz_x = [-15 15]; 
axis_horiz_y = [0 0]; 
[temp_x, temp_y] = intersections(axis_horiz_x, axis_horiz_y, x1, F_NBS,1); 

% external function to find NBS "zeros" 
half_NBS = 0.5*(temp_x(end) - temp_x(1)); % Half the distance between NBS 

eq. positions 

  
% ****************************** Stop position   
initSP = -half_NBS + stopoffset; % Initial position (wrt x1) of Stop 

before PC 
temp1SP = initSP + pc; % stop position after PC 
% Here I'm getting the user defined SP "inline" with the x1 domain, which 

is fixed. 
x1rangeoverSP = ((max(x1)-min(x1))/(temp1SP-min(x1))); % ..... 

(NBSrange/(dist from min(x1) to SP in wrt))  
x1fraction = round(length(x1)/x1rangeoverSP); % .... fraction of x1 range 

(rounded to nearest element) 
SP = x1(x1fraction); % getting the SP to a value that matches the domain 

(x1) 

  
% This process is pc the NBS into the DEAP 
% Want to find the inital position of the NBS-DEAP 
pc_init = 0.05:pcincr:pc; 
% pcinitF_DEAP = k_DEAP_LV.*(x1 + F_DEAP_yinter/k_DEAP_LV); % DEAP force 
pcinitDEAP_PE = k_DEAP_LV*(0.5*x1.^2+F_DEAP_yinter*x1./k_DEAP_LV); % no 

change in voltage 
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pcinittempW = zeros(length(pc_init),length(x1)); % Preforming matrix 
pcinitc = zeros(length(pc_init),length(x1)); % Preforming matrix 
pcinittotal_PE = zeros(length(pc_init),length(x1)); % Preforming matrix 

  
for j=1:length(pc_init) 
    % Current Stop position 
    temp1SP(j) = initSP + pc_init(j); % stop position after PC 
    % Here I'm getting the user defined SP "inline" with the x1 domain, 

which is fixed. 
    x1rangeoverSP(j) = ((max(x1)-min(x1))/(temp1SP(j)-min(x1))); % ..... 

(NBSrange/(dist from min(x1) to SP in wrt))  
    x1fraction(j) = round(length(x1)/x1rangeoverSP(j)); % .... fraction of 

x1 range (rounded to nearest element) 
    SP(j) = x1(x1fraction(j)); % getting the SP to a value that matches 

the domain (x1) 

  
    % Current Work Expression 
    pc = pc_init(j); 
    pcinittempW = 2*k_NBS*(sqrt(L_0^2 - buckper^2*L_0^2)*x1 + (x1.^2)/2 - 

x1*pc - L_0*sqrt(L_0^2 + 2*sqrt(L_0^2 - buckper^2*L_0^2)*x1 - 2*sqrt(L_0^2 

- buckper^2*L_0^2)*pc + x1.^2 - 2*x1*pc + pc^2)); % [N*mm] Work without 

the C 
    pcinitc = 2 * k_NBS*L_0*sqrt(L_0^2 + pc^2 - 2*sqrt(L_0^2 - 

buckper^2*L_0^2)*pc); % Constant of Integration (from maple) 
    pcintitW = pcinittempW + pcinitc; % Total work for 2 spring NBS system 
    pcinittotal_PE = (pcintitW+pcinitDEAP_PE)/1000; % total PE 

  
    % Intersection of work curve and stop pos. 
    [X0,Y0] = intersections([SP(j) SP(j)],[-4 4],x1,pcinittotal_PE,1); % 

Intersection of the Stop and the PE curve 
    [row stoploc] = find(x1==SP(j)); % find row and column of the Mech. 

Stop. that matches with x1 
    xstop = x1(stoploc); % x stop location of the stop 

  
    % finding the local minimum and max 
    p = 1:length(pcinittotal_PE); % length of PE vector 
    B = diff([inf pcinittotal_PE])~=0; % differential of the data??? 
    temp_total_PE = pcinittotal_PE;  
    AA = temp_total_PE(B); pp = p(B); % ??????? 
    maxima = pp(find(AA>[AA(2:end) inf] & AA>[inf AA(1:end-1)])); 
    minima = pp(find(AA<[AA(2:end) -inf] & AA<[-inf AA(1:end-1)])); 
    extremum = [minima, maxima]; % 1st element is minimum of left well, 

2nd is mimum of right well, 3rd is maximum  
    [m n] = size(extremum); % n is the important number (size will either 

be 1x1 or 1x3 
    if (n == 1) && (x1(stoploc) < x1(extremum(1))) % only minimum is left 

of the stop, so must still be still in well 
        pcinitPEstar = pcinittotal_PE(extremum(1)); 
        pcinitx1star = x1(extremum(1)); 
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        pcinitF(j) = k_DEAP_LV*(pcinitx1star + F_DEAP_yinter/k_DEAP_LV); 

%the position solution times stiffness of DEAP 
    elseif (n == 1) && (x1(stoploc) >= x1(extremum(1))) 
        pcinitPEstar = pcinittotal_PE(stoploc); 
        pcinitx1star = x1(stoploc); 
        pcinitF(j) = k_DEAP_LV*(pcinitx1star + F_DEAP_yinter/k_DEAP_LV); 

%the position solution times stiffness of DEAP 
    elseif n==1 
            n == 3; % force it to be 3 because of glitch in min max 

alglorithm 
            pcinitPEstar = pcinitPEstar; 
            pcinitx1star = pcinitx1star; 
            pcinitF(j) = pcinitF(j-1); 
    end   
    if n == 3 % 2 cases, against stop or snapped to bottom of well 
            pcinitPEstar = pcinittotal_PE(extremum(2)); 
            pcinitx1star = x1(extremum(2)); 
            pcinitF(j) = k_DEAP_LV*(pcinitx1star + 

F_DEAP_yinter/k_DEAP_LV); %the position solution times stiffness of DEAP 
    end 
    pcinitPE_model(j,1) = pcinitx1star; 
    pcinitPE_model(j,2) = pcinitPEstar;  
end 

     
x2 = pc; 
% ****************************** 
F_DEAP = zeros(length(k_DEAP),length(x1)); 
DEAP_PE = zeros(length(k_DEAP),length(x1)); 
total_PE = zeros(length(k_DEAP),length(x1)); 
% Now that the NBS is pc the voltage is cycled and the minimum is tracked 
if n == 3 % save the initial shape 
    incrwellstart =  3; 
else incrwellstart = 1; 
end 
decrwellstart = 1; 
    for i=1:length(k_DEAP) 
        F_DEAP(i,:) = k_DEAP(i).*(x1 + F_DEAP_yinter/k_DEAP(i)); % DEAP 

force 
        DEAP_PE(i,:) = k_DEAP(i)*(0.5*x1.^2+F_DEAP_yinter*x1./k_DEAP(i)); 
        total_PE(i,:) = (W+DEAP_PE(i,:))/1000; % total PE 
%         [X0,Y0] = intersections([SP SP],[-4 4],x1,total_PE(i,:),1); % 

Intersection of the Stop and the PE curve 
        [row stoploc] = find(x1==SP(end)); % find row and column of the 

Mech. Stop. that matches with x1 
        xstop = x1(stoploc); % x stop location of the stop, POINT A 

      
        % finding the local minimum and max 
        p = 1:length(total_PE(i,:)); % length of PE vector 
        B = diff([inf total_PE(i,:)])~=0; % differential of the data??? 
        temp_total_PE = total_PE(i,:);  
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        AA = temp_total_PE(B); pp = p(B); % ??????? 
        maxima = pp(find(AA>[AA(2:end) inf] & AA>[inf AA(1:end-1)])); 
        minima = pp(find(AA<[AA(2:end) -inf] & AA<[-inf AA(1:end-1)])); 
        extremum = [minima, maxima]; % 1st element is minimum of left 

well, 2nd is mimum of right well, 3rd is maximum  
        [m n] = size(extremum); % n is the important number (size will 

either be 1x1 or 1x3 

  
startingx1star =  pcinitPE_model(end,1);         

  
%         for increaing voltage 
if i <=2*length(incr_k_DEAP) 
        if (i <= length(incr_k_DEAP)) 
            if n == 1 
                if (startingx1star == x1(stoploc)) % Was it pc till the 

snap? yes-Proceed. no-skip 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force against stop 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);                  
                elseif (startingx1star ~= x1(stoploc)); % Was it pc till 

the snap? n0 then never snapped 
                    x1star = x1(extremum(end)); 
                    PEstar = total_PE(i,extremum(end)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i));  
Calculating the force 
%                     F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);  
                end 
            end 
            if n == 3 
                tangent = 2*k_NBS*(sqrt(L_0^2 - buckper^2*L_0^2) + 

x1(stoploc) - pc - L_0*(L_0^2 + 2*sqrt(L_0^2 - 

buckper^2*L_0^2)*x1(stoploc) - 2*sqrt(L_0^2 - buckper^2*L_0^2)*pc + 

x1(stoploc)^2 - 2*x1(stoploc)*pc + pc^2)^(-1/2)*(2*sqrt(L_0^2 - 

buckper^2*L_0^2) + 2*x1(stoploc) - 2*pc)/2) + 1*k_DEAP(i)*x1(stoploc); 
                if (incrwellstart == 3) && (x1(extremum(2)) > 

x1(stoploc)); % is it starting in the well (where it was left off) 
                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
%             if (n == 3) && (pcinitPE_model(end,1) == x1(extremum(2)) 
                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent < 0) % 

still in well 
                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
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                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent > 0) % 

still against stop 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);     
                elseif (x1(extremum(2)) < x1(stoploc))  % snapped against 

stop. 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);   
                end 
            end 
        end        

  
%         for decreasing voltage 
        if i > length(incr_k_DEAP) 
            if n == 1 && (x1(stoploc) < x1(extremum(1))) % only minimum is 

left of the stop, so must still be against stop 
                PEstar = total_PE(i,extremum(1)); 
                x1star = x1(extremum(1)); 
                F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); %the 

position solution times stiffness of DEAP 
            elseif n == 1 && (x1(stoploc) > x1(extremum(1))) 
                PEstar = total_PE(i,stoploc); 
                x1star = x1(stoploc); 
                Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - x2))/Lstar);   
            end 
            if n == 3 
                tangent = 2*k_NBS*(sqrt(L_0^2 - buckper^2*L_0^2) + 

x1(stoploc) - pc - L_0*(L_0^2 + 2*sqrt(L_0^2 - 

buckper^2*L_0^2)*x1(stoploc) - 2*sqrt(L_0^2 - buckper^2*L_0^2)*pc + 

x1(stoploc)^2 - 2*x1(stoploc)*pc + pc^2)^(-1/2)*(2*sqrt(L_0^2 - 

buckper^2*L_0^2) + 2*x1(stoploc) - 2*pc)/2) + 1*k_DEAP(i)*x1(stoploc); 
                if (incrwellstart == 3) && (x1(extremum(2)) > 

x1(stoploc)); % is it remaining in the well 
                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent < 0) % 

still in well 
                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
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                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent > 0) % 

still against stop 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);     
                elseif (x1(extremum(2)) < x1(stoploc))  % snapped against 

stop. 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);   
                end 
            end 
        end 
else 
        if i <= 3*length(incr_k_DEAP) 
            if n == 1 
                if (startingx1star == x1(stoploc)) % Was it pc till the 

snap? yes-Proceed. no-skip 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force against stop 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);                  
                elseif (startingx1star ~= x1(stoploc)); % Was it pc till 

the snap? n0 then never snapped 
                    x1star = x1(extremum(end)); 
                    PEstar = total_PE(i,extremum(end)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i));   
                end 
            end 
            if n == 3 
                tangent = 2*k_NBS*(sqrt(L_0^2 - buckper^2*L_0^2) + 

x1(stoploc) - pc - L_0*(L_0^2 + 2*sqrt(L_0^2 - 

buckper^2*L_0^2)*x1(stoploc) - 2*sqrt(L_0^2 - buckper^2*L_0^2)*pc + 

x1(stoploc)^2 - 2*x1(stoploc)*pc + pc^2)^(-1/2)*(2*sqrt(L_0^2 - 

buckper^2*L_0^2) + 2*x1(stoploc) - 2*pc)/2) + 1*k_DEAP(i)*x1(stoploc); 
                if (incrwellstart == 3) && (x1(extremum(2)) > 

x1(stoploc)); % is it starting in the well (where it was left off) 
                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
%             if (n == 3) && (pcinitPE_model(end,1) == x1(extremum(2)) 
                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent < 0) % 

still in well 
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                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent > 0) % 

still against stop 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);     
                elseif (x1(extremum(2)) < x1(stoploc))  % snapped against 

stop. 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);    
                end 
            end 
        end        

                
%         for decreasing voltage 
        if i > length(incr_k_DEAP) 
            if n == 1 && (x1(stoploc) < x1(extremum(1))) % only minimum is 

left of the stop, so must still be against stop 
                PEstar = total_PE(i,extremum(1)); 
                x1star = x1(extremum(1)); 
                F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); %the 

position solution times stiffness of DEAP 
            elseif n == 1 && (x1(stoploc) > x1(extremum(1))) 
                PEstar = total_PE(i,stoploc); 
                x1star = x1(stoploc); 
                Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - x2))/Lstar);       
            end 
            if n == 3 
                tangent = 2*k_NBS*(sqrt(L_0^2 - buckper^2*L_0^2) + 

x1(stoploc) - pc - L_0*(L_0^2 + 2*sqrt(L_0^2 - 

buckper^2*L_0^2)*x1(stoploc) - 2*sqrt(L_0^2 - buckper^2*L_0^2)*pc + 

x1(stoploc)^2 - 2*x1(stoploc)*pc + pc^2)^(-1/2)*(2*sqrt(L_0^2 - 

buckper^2*L_0^2) + 2*x1(stoploc) - 2*pc)/2) + 1*k_DEAP(i)*x1(stoploc); 
                if (incrwellstart == 3) && (x1(extremum(2)) > 

x1(stoploc)); % is it remaining in the well 
                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent < 0) % 

still in well 
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                    x1star = x1(extremum(2)); 
                    PEstar = total_PE(i,extremum(2)); 
                    F(i) = k_DEAP(i)*(x1star + F_DEAP_yinter/k_DEAP(i)); 
                elseif (x1(extremum(2)) > x1(stoploc)) &&  (tangent > 0) % 

still against stop 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);     
                elseif (x1(extremum(2)) < x1(stoploc))  % snapped against 

stop. 
                    x1star = x1(stoploc); 
                    PEstar = total_PE(i,stoploc); 
                    Lstar = ((b + (x1star - x2))^2 + L_i^2)^(1/2); % 

Calculating the force 
                    F(i) = -2*k_NBS*(Lstar - L_0)*((b + (x1star - 

x2))/Lstar);      
                end 
            end 
        end 
end 
        PE_model(i,1) = x1star; 
        PE_model(i,2) = PEstar;   
    end 

  
% Concatenate the solution vectors 
disp_stroke = max(PE_model(:,1)) - min(PE_model(:,1)); % calcuate the disp 

stroke 
force_stroke = max(F) - min(F); % calcuate the force stroke 
stroke = [disp_stroke,force_stroke]; 
end 

 

 


