
 

 

ABSTRACT 

ARAI, MAMIKO. Investigation of Different Input Noise Types in Linear and Nonlinear 

Stochastic Neural Models. (Under the direction of Charles E. Smith). 

 

Single neuron voltage recordings are known to show fluctuations for several reasons; some 

intrinsic to the neuron and some due to the synaptic input process.  The membrane voltage 

and timing of the neuron‟s output, action potentials, thus need to be considered as stochastic 

processes at least for some range of parameters and types of neurons. In this thesis, one- and 

two-compartment linear models, and the nonlinear Fitzhugh-Nagumo model are investigated 

by adding different types of noise input. 

One- and two-compartment stochastic integrate-and-fire neural models are investigated by 

simulation and by analytic approximation methods. The models used are motivated primarily 

by the papers of Lansky and Rodriguez (1999 a, b). One main difference is that the output of 

our model is a renewal process rather than a correlated point process. Biophysically this 

corresponds to antidromic invasion of the action potential into the dendrite to reset the 

membrane voltage following an action potential. Also we used Poisson noise as well as 

White Gaussian noise used previously. 

We concentrate on two neurons, both with the same compartment (membrane electrical 

properties) at the site of action potential initiation, however the two compartment model 

includes the dendritic partition of the neuron by a second compartment. The two 

compartment model is to contrast spatial effects in neurons with longer thinner dendrites to 

those with short thicker dendrites that can be modeled as a one compartment equivalent 



 

 

circuit. Biophysically this means that the voltage is roughly the same in the spike initiation 

site and the proximal dendritic processes. 

The Euler forward method is used to simulate the Ito version of the stochastic differential 

equations corresponding to these equivalent circuits. A Wiener process is used as the noise 

term to represent many smaller synaptic inputs and paralleling the approach of Lansky and 

Rodriguez.  The approximation methods for first passage times outlined in Smith (1991) 

were computed and compared to moments of simulated output of the neurons. 

The shapes of the simulated histograms were fit by a normal, gamma and third and fourth 

order Laguerre series approximations using the method of moments. The corresponding fits 

and moment plots (skew vs. CV; excess vs. skewness (Pearson plot)) were examined. The 

single gamma seemed adequate in most cases. 

The simulation and approximations were done in a 3 factor experimental design and blocked 

on type of model (one- vs. two-compartment). The factors were: (1) value of voltage 

threshold for firing “ S “; (2) synaptic input strength “u “; and (3) intensity of the noise input 

“k”. 

For equal firing rates or mean intervals, the two-compartment model shows a pronounced 

reduction of variability in firing times. Said differently, it can more effectively code input 

intensity levels using a mean rate neural coding scheme since it has less variability about the 

mean firing time. For the two-compartment model, the strength of connectivity parameter can 

also reduce the variability at a given mean interval. Another neural structure found in some 

lateral line organs was modeled as a minimum operator on the interspike intervals in each 

dendritic branch. This operator also can reduce the variability but not as efficiently as adding 



 

 

a second spatial compartment. These results held for both the Wiener and the Poisson input 

cases. 

A nonlinear system of differential equations known as the Fitzhugh-Nagumo (FN) model has 

used to describe the physiological state of a nerve membrane. Two different kinds of noise 

are added to the FN model to investigate the effect of noise on the membrane. They are 

Gaussian white noise and Poisson noise. Gaussian white noise represents many small 

synaptic inputs and Poisson noise represents a few large synaptic inputs. The non-oscillatory 

region before and after the bifurcation region is used to distinguish between Wiener vs. 

Poisson inputs by a hypothesis test about the mean number of level crossings. The null 

hypothesis is the expected level crossings of the equilibrium state by a time sampled 

linearized FN set of differential equations with Wiener input. The test performs well in 

rejecting non Wiener inputs in simulation studies, both in the linearized and nonlinear FN 

model. Level crossing theory can also be used in the two-compartment model used earlier to 

predict firing rates for small mean inputs. 
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Chapter 1 

INTRODUCTION 

 

The nervous system plays a vital role in the living animal‟s body. Nerve activity is related to 

everything we experience. Our feeling, movement, memory, and function of the internal 

organ are all dominated by the activity of the neuron. Most neural activity is electrical. A 

neuron receives an input signal, and then this input signal causes the movement of the ions at 

the membrane of the neuron. The potential change at the membrane due to the movement of 

the ions triggers the output signal which conveys information. This signal is called the action 

potential, a brief electrical pulse about 1 millisecond (msec) in duration. The frequency and 

the pattern of the action potentials differ depending on the property of the signal; the types, 

magnitude and so on. By this difference of the frequency and the pattern of the action 

potential, the neuron transfers the information from one neuron to another.  

The mechanisms of the nervous system have been gradually revealed, however, it is hard to 

gain a total understanding of biological neural networks due to the complexity of the nervous 

system. The methods of recording the electrical activity of the neuron are limited. In addition 

to those challenges, it has been known that the neuronal recordings usually include the noise 

due to several factors; synaptic inputs from many different location, conductance fluctuations, 

recording methods, etc. These make the analysis of the information content of neural signals 
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more complicated. The source of noise is rarely ascertained since the data we could possibly 

obtain is not the input but only the output spike trains or the time course of the potential 

difference at the membrane. Even if the input signal is controlled, noise usually cannot be 

avoided. The modeling and analysis of the nervous system is an approach to unveil the 

information contents of the neural signals.     

The neural model is constructed based on the classical theory of the membrane potential, 

which is the area of electrochemistry. The permeability of the ions and the concentration 

difference between the inside and the outside of the membrane cause the ion movement. In 

the classical theory of the membrane potential, the potential difference is represented by the 

differential equation in terms of the ionic current.   

Hodgkin and Huxley (HH) measured the nerve cell membrane potential of the squid giant 

axon (1952). Their model is the system of four ordinary differential equations based on the 

membrane potential, potassium activation variable, sodium activation variable, and the 

sodium inactivation variable.    

Fitzhugh-Nagumo (FN) model is the simplified model of the HH model. HH model has 4 

variables which is very difficult to solve mathematically. FN model is a differential equation 

with 2 variables where the membrane potential and the sodium activation in FN model are 

combined into one variable, and the potassium activation and the sodium inactivation 

variables are combined into another variable.  

The FN model is simpler than the HH model, however, much simpler models has been used 

in lieu of the HH and FN models. The model is represented using the property of the RC 
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circuit. The property of the RC circuit corresponds well to that of the membrane of the cell; 

Resistance as a permeability of the membrane, capacitance as an electric charge due to the 

ion, potential difference, the difference of the voltage between the plates of the capacitance 

as a membrane potential, and the input current as an input signal. The integrate-and-fire 

model (Lapicque, 1907) is a very simple model for a single neuron, which is represented 

using the property of the RC circuit, yet still quite difficult to completely analyze from the 

mathematical point of view the exact timing of when the action potential occurs when there 

are noisy inputs. This model is also referred to as one-compartment model where the position 

of input and output signals is combined into one compartment of the RC circuit. This model 

is suitable to understand simply the relationship between the input and output signals. The 

weakness is that the model does not address the effects of the geometrical property of the 

neuron, and the nature of randomness of the neural signal.   

The randomness of the neural activity was taken into consideration by Stein (Tuckwell, 

1998). Stein‟s model is the stochastic version of the fire-and-integrate model. It includes the 

randomness of the synaptic input. His model is a discontinuous function of time with the 

excitatory post synaptic potential and the inhibitory post synaptic potential arose in discrete 

time. Poisson process was used in his model. The Ornstein-Uhlenbeck process is used for the 

smoothed version of the Stein‟s model, some limitations of this diffusion approximation were 

examined by Tuckwell and Cope (1980).  

The two-compartment model is developed by Lansky to enable the analysis of the position of 

the input and output signals. In contrast to the integrate-and-fire model which only uses one 
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compartment of the RC circuit, the two-compartment model uses literally two compartments 

in the RC circuit. The two-compartment model includes the effect of the spatial character of 

the neuron. It has the signal reception part and the action potential initiation part.      

Cable theory deals the model with many more compartments, or partial differential equation 

models and takes into account more complicated anatomical structures of the neuron. It is the 

generalization of the two compartment model. Using more compartments enables the model 

to have different property in each compartment and different connectivity of the neuron. The 

branching structure of the typical dendrite can be modeled by this theory.   

Modeling the neuron using cable theory illustrates the neuron more realistically than the two-

compartment model, however, the mathematical analysis is much more complicated. The 

analysis of the integrate-and-fire model gives the idea of the property of each compartment, 

but doesn‟t give the idea of the property of the spatial effect of the ion flow. The two-

compartment model fills in the gap between the integrate-and-fire model and the model by 

the cable theory. Besides describing the relationship between the input and output signals, the 

two-compartment model provides the intuitive picture of the local relationship between the 

compartments before going too complicated in dealing with cable theory model. However, 

some results for neuronal cable models with White Gaussian noise synaptic inputs have been 

obtained (e.g. Tuckwell, Wan, Wang, 1984). 

There are a number of review articles and books on neuronal modeling. The most relevant for 

our present study was the two volume text on mathematical neurobiology by Tuckwell 

(1998), the monograph by Holden(1976) on stochastic neural models, and the review article 
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on stochastic neural models by Smith (1992). The monograph by Ricciardi (1977) was useful 

in understanding the mathematics of first passage times for diffusion processes and their 

biological applications. The review articles on the statistical analysis of sequences of action 

potentials as point processes by Yang and Chen (1978) and by Paninski et al. (2009) provided 

insights into the issues involved in analyzing experimental and simulated neural spike trains. 

The monograph by Hoppensteadt (1986) provided an alternative way of viewing the HH 

equations in terms of his VCON circuit model. The text by Gerstner and Kistler (2002) 

provided additional examples of two-compartment and multi-compartment models analyzed 

by the method of Green's functions and a review of stochastic resonance. The insightful 

review by Longtin (2009) on neural coherence and stochastic resonance clarified some of the 

issues I had had trouble with in the work by Nozaki et al. (1998, 1999). The section on 

"taking the organism's point of view" in the monograph by Rieke et al. (1997) emphasized 

the role of a single time series over a long time versus having many neurons performing an 

ensemble average for coding. The chapters by Rinzel and Ermentrout (1989) and Ermentrout 

(2005) were helpful in understanding the use of phase plane and bifurcation analysis for 

excitable media models and their oscillatory behavior. I look forward to reading the 

forthcoming book by Ermentrout and Terman (2010) on the mathematical foundations of 

neuroscience. The XPP code for many neural and excitable media models are given and 

examined in the preview page on Prof. Ermentrout's webpage: 

http://www.math.pitt.edu/~bard/bardware/neurobook/allodes.html 
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The purpose of this thesis is to present the effect of the noise on neurons using neural models. 

Two different types of the noise are mainly studied, which are White Gaussian and Poisson 

noise. White Gaussian noise biophysically represents many small inputs, and few large inputs 

for the Poisson noise. Statistics of the timing of the action potential, which is the inverse of 

the frequency of the action potential, are investigated. Coefficient of variation versus the 

timing of the action potential is compared for different models to study the property of the 

neuron receiving the noisy signal. The density of the timing of the action potential is also 

investigated for the further possibility for the neurons with different geometrical properties. 

Level crossings theory was used to execute the hypothesis testing for the source of the input 

noise to distinguish the noise types different from the White Gaussian.  

Our study proceeds chronologically backwards. We start with the simplest integrate-and-fire 

model, and move on to the Fitzhugh-Nagumo model. In Chapter 2, statistics of the one- and 

two-compartment models are compared for different setting from the Lansky‟s original 

setting. Lansky‟s original setting was to leave the voltage at the first compartment to remain 

increasing after the action potential. In our study, the first compartment is reset to the resting 

potential as the second compartment is. In Chapter 3, the effect of the parameter representing 

the connectivity of the first and second compartment is examined. The lateral-line organ 

which is a different structure of the neuron found in aquatic vertebrates is also considered. 

The effect of the different types of noise on the one- and two-compartment model is 

examined. In Chapter 4, we move on to the Fitzhugh-Nagumo model. We investigate if the 

types of the input noise are distinguishable using the information of the output voltages. In 
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Chapter 5, level crossings theory is applied to the two-compartment model to predict 

analytically the firing frequency as a function of input signal. The last chapter is dedicated 

for conclusion and suggestion for future work.   

Time is in units of millisecond (msec) throughout unless indicated otherwise. 

 

1.1 Biological background 

We paraphrase the presentation by Fox (2006) for the biological background. Neurons are the 

basic structural and functional units of the nervous system. They are specialized to respond to 

physical and chemical stimuli, conduct electrochemical impulses and release chemical 

regulators. Their activity enables the perception of sensory stimuli, learning memory and 

control of muscles and glands. 

The neuron basically consists of the cell body, dendrite, and axon (Figure 1). The cell body 

contains the nucleus. Dendrites extend from the cytoplasm of the cell body, and the axon 

stretches to the next neuron. All the cells in the body maintain a potential difference across 

the membrane (membrane potential), and it is typically -70mV in neurons, and called the 

resting potential. The stimuli are received at the dendrites and cause the flow of the ions 

between outside and inside of the cell (Figure 2(a)), so that the membrane potential changes 

from the resting potential. If the voltage change reaches a threshold, the rapid flow of the ion 

originate and the impulse voltage change occurs (Figure 2(b)) at the origin of the axon, called 

axon hillock. The axon conducts impulse away from the cell body.  The impulses originated 

here are called action potential. Either one large synchronized signal or a number of smaller 
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serial stimuli can lead the action potential. The frequency and the pattern of the action 

potentials differ depending on the property of the signal. By this difference of the frequency 

and the pattern of the action potential, the neuron transfers the information from one neuron 

to another. 

 

 

Figure 1   Simple structure of a neuron 

: (DiscoveryHealth, 2010a) The basic structure of a neuron; the dendrites receive the signal, and the 

axon propagates the signal to the terminal. The cell body is the nutrition center of the neuron. The 

action potential is initiated at the origin of the axon, called axon hillock. 
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Figure 2   Action potential 

: (Fox, 2006) LEFT; Once the neurotransmitter is received by the neuronal receptor, the movement of 

the ions between the cell membrane occurs. This figure illustrates the case of the positively charged ion 

movement into the membrane. The membrane potential changes from the resting potential. In this 

figure the membrane potential is negatively charged at first and increases in the magnitude due to the 

influx of the positively charged ion. RIGHT: The plot illustrates the time course of the membrane 

potential. The membrane potential at first is the same as the resting potential around -70mV. The influx 

of the positively charged ion let the membrane potential increase. If the membrane potential reaches the 

threshold, in this picture -50mv, then the action potential initiates. The refractory period follows after 

the action potential.   

 

 

Figure 3   Example of different types of neurons 

: (DiscoveryHealth, 2010b) LEFT: Multipolar neuron, the most common type of the neuron. Motor 

neuron has this structure. RIGHT: Bipolar neuron. Retina of the eye has this structure. (Fox, 2006) 
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The geometric properties of the neuron affect the timing of the action potential. The most 

common type of the neuron is called a Multipolar neuron (left in Figure 1.3). Several 

dendrites and one axon extend from the cell body. Another type of the neuron is called a 

Bipolar neuron (right in Figure 1.3). One dendrite and one axon are sticking out from the cell 

body and have branches at both ends. From the modeling point of view it is natural to use 

different models for these two types of neuron.     

The lateral-line organ (Figure 1.4) found in the aquatic vertebrates has unique structure of 

signal propagation. The receptors, which are composed of a group of hair cells, are arranged 

in rows. The hair cells are stimulated by the movement of water, and the ionic flow leads to 

excite the receptor potential and cause spikes. Once the spikes arise at one of the branches, 

then the rest of the branches may be antidromically invaded to reset their initiation of the 

spikes. It is said that the hair cells in the lateral line are similar to that of the inner ear of the 

vertebrates.  

 

 

Figure 4   Lateral-line organ 

: LEFT: (Wikipedia, 2010) the location of the lateral line organ in the shark. RIGHT: Simplified 

anatomy of lateral-line organ (Murray and Capranica, 1973). The hair cells are arranged in row, and 

the movement of the water causes the ion flow at the membrane. Once one of the locations causes a 

spike, the other parts are reset.   

 

http://en.wikipedia.org/wiki/File:Sharks_Lateral_Line.svg
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In addition to different structures of neurons, noise effects on the timing of the action 

potential sometimes cannot be ignored. The voltage recordings of neuron are usually noisy 

and rarely deterministic. The source of the noise added to the voltage recordings could be the 

measurement error; however, there are several possibilities from the biological nature. There 

are many active neurons even though the living animals seem to be at rest. The effects from 

the activity of other neurons are called synaptic noise. The activity of the neuron is associated 

with the ion movement through the membrane. Membrane noise is related to the randomness 

coming from the ion movement. These effects of noise make the investigation of the neural 

activity more difficult.  

 

1.2 Model 

(1) RC circuit model of the membrane 

To illustrate the change in membrane potential of the cell, we use the RC circuit model 

(Tuckwell, 1998, Borisyuk et al, 2005). The change in the membrane potential corresponds 

to the change in the voltage in RC circuit (Figure 1.5).  

The capacitor across which current flows represents the lipid bilayer as the dielectric material 

between the inner and outer surface of the membrane. The resistance represents the 

permeability of the membrane. The capacitor stores the charge at the separate plates, and the 

magnitude of the voltage between the plates corresponds to the membrane potential. No 

current flows while no stimuli are received and the voltage between the two plates are 
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maintained at the resting potential. Once the stimuli are received, the ion moves between 

inner and outer surface of the membrane, that is, the current flows through the circuit.    

The capacitance (C) of the capacitor defined by how much charge (Q) it can store when the 

voltage (V) is applied. 

Q
C

V


 

The rate of discharge at any given time,
dQ

dt
, is equal in the magnitude to the current.   

c

dQ
I

dt


 

V initially is equal to the resting membrane potential and decreases as the capacitor is 

discharged. The ion flows make the capacitor discharged. By the Ohm‟s law, the maximum 

current at the resistor is  

r

V
I

R


 

The system is formulated in terms of current by the Kirchhoff‟s law, which is,  

c r total inputI I I I  
 

Assuming 0totalI   in our model and using the relational expression above, we obtain 

0 input

dQ V
I

dt R
  

 

                                                          input

dCV V
I

dt R
   

 inputIdV V

dt RC C
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Paralleling this RC circuit model, the next nerve system diffusion model is followed. 

 

 

Figure 5   RC circuit model of the membrane 

: The current corresponds to the flow of the ion. Capacitor represents the property of the membrane 

which is made by the lipid bilayer. Ion cannot be coming and going through the membrane without the 

channel. The resistance represents the property of the permeability of the membrane. The ion can flow 

through the resistance but limited.    

 

(2) The probabilistic diffusion model of the nerve system 

 

Figure 6   One-and two-compartment model 

: One-compartmental model is good for the neuron that does not have much distance between dendrites 

and the origin of the axon. Two-compartmental model is more appropriate for the neuron which has 

significant difference in the location of the reception part and the trigger zone. ONE-COMPARTMENT 

MODEL: Signal reception part and action potential initiation part are combined into one point where 

the action potential originates. TWO-COMPARTMENT MODEL: Dendrite and axon hillock are 

modeled separately. 
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1) One-compartment model 

The most common neural system diffusion model is the Ornstein-Uhlenbeck process (Lansky 

et al., 1989). The behavior of the membrane potential X of one-compartmental model is 

described by the stochastic differential equation,  

( ) ( ) ( )dX t X t dW t
u k

dt dt
  

 

, where u is input signal, 
dW

k
dt

is the input noise, k is noise intensity, and  = RC. 

This equation is derived in terms of the RC circuit model. Assuming the input signal is 

integrated to the edge of the axon, where the action potential originate, our threshold type 

model is determined by the RC circuit of one-compartmental model as seen in Figure 6.  

Note that since the input noise is the Wiener process the mean of the noise is zero. Solving 

the above equation, the mean and the variance of the change in membrane potential X is 

0( ( )) exp 1 exp
t t

E X t X u
 

    
        

      

2 2
( ( )) 1 exp

2

t
Var X t k





  
    

  
 

, where 0 (0) 0X X   in our model. 

2) Two-compartment model  

The two-compartment model is obtained by removing the simplifying assumption that the 

membrane potential change at the dendrite compartment is not influenced by the voltage at 

the action potential site. The RC circuit of the two-compartmental model is shown in Figure 
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6. The behavior of the membrane potential in the first compartment 1X  and the second 

compartment 2X  is described by the stochastic differential equation, 

1 1 2 1

r

dX X X X dW
u k

dt dt 


    

 

2 2 1 2

r

dX X X X

dt  


    

, where r rR C   in Figure 6. Solving the above equation, the mean and the variance of the 

voltage change in 1X  and 2X  are determined below.  

 

Mean 

( )

1 1 2 1 2 1

1 1
( ( )) ( ( )) ( ( (0)) ( (0))) ( ( (0)) ( (0)))

2 2 2
r tt

r

u u
E X t E X e E X E X e E X E X

 

  

          


( 2 )

2 2 2 1 2 1

1 1
( ( )) ( ( )) ( ( (0)) ( (0))) ( ( (0)) ( (0)))

2 2 2
r tt

r

u u
E X t E X e E X E X e E X E X

 

  

          


 

, where
1
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1

r

r




 ,  
 

 
1

2

r

r

u
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2
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r
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, where 

2 2 2

2

(2 4 )
[ ( )]

4 ( )( 2 )

r r

r r

Var X
   

    

 
 

 
 and 

2

2[ ( )]
4 ( 2 )

r

r

Var X
 

  
 


 

(3) Nonlinear model of the nerve system 

1) Hodgkin-Huxley model (HH model) 

Based on the concept of the RC circuit, the Hodgkin-Huxley model is established by the 

voltage recording of the giant squid.  

By Kirchhoff‟s Laws 

     3 4

Na Na K K L L

dV
I C g m h V E g n V E g V E

dt
      

 

, where C is membrane capacitance, V is membrane potential, E is resting potential of each 

ion , I is an input current, 
1

Na

Na

g
R

 , 
1

K

K

g
R

 , 
1

L

L

g
R

 are the conductivity of sodium, 

potassium and leakage ion. R is the resistance of the membrane to each ion.  

    1m m

dm
V m V m

dt
   

 

    1h h

dh
V h V h

dt
   

 

    1n n

dn
V n V n

dt
   

 

, where ,   and m h n are the probability of opening or closing each ion channel. and  are 

the activation or deactivation rate of channels, which are determined empirically.  
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HH model is nonlinear and has 4 state variables. This makes the mathematical analysis very 

complicated. Fitzhugh-Nagumo (FN) model below is the reduced model of the HH model. In 

HH model, the variable V and m represent the excitability of the system, and the variables h 

and n represent the inhibitory behavior of the system. The variables V and m are combined to 

x, and h and n are combined to y to obtain the nonlinear two-dimensional system, FN model. 

We will restrict our attention to the FN model. A recent bifurcation analysis of the HH model 

can be found in Sato et al. (2005) and may be a fruitful area for future research using the 

methods for the stochastic FN model. The inhibition and modulation of rhythmic neuronal 

spiking in the HH model by additive current noise and by conductance noise was recently 

examined by Tuckwell et al. (2009) and may also be amenable to the methods we use for 

stochastic FN.  

2) Fitzhugh-Nagumo model (FN model) 

The FN model is given by  

3( / 3 )
dx

c y x x z
dt

   
 

( ) /
dy

x a by c
dt

   
 

,where the constants ,   and a b c satisfy 13/21  ab , 10  b , 2cb  . x is the membrane 

potential, and y is a general refractory variable. z is input current, and a, b, c are constant 

parameters.  

The Fitzhugh-Nagumo nerve model (FN model) consists of the magnitude of the membrane 

potential and the refractory variable. Since FH model includes only two variables, we can use 
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the phase plane to analyze the model. This allows us to visualize the relationship between the 

membrane voltage and the effect of the refractory factor. This approach is good for gaining 

the big picture of the neuronal behavior. 

The phase plane of a model with input current z = 0 is summarized below. The N-shaped 

dotted curve is nullcline of x, that is 0x  and the straight dotted line is the nullcline of y, 

that is 0y  . So the magnitude change in time is turned from increasing to decreasing and 

vice versa across the lines. The black lines with arrows are the trajectory of the phase point 

starting from different points. The intersection of the N-shaped curve and the straight line 

represents the resting state of the neuron. 

 

 

Figure 7   Phase plane and physiological state diagram of the model when z=0  

: (FitzHugh 1961) 

 

The nullcline of x depends on the input current z. When the input current z is a single impulse, 

we can assume z = 0 all the time. This is the case in the above phase plane. The phase point 
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moves for a distance proportional to the amplitude of the shock. In this case, the nullclines 

don‟t move all the time. The phase plane (Figure 8 on the left) and the corresponding 

membrane potential change (Figure 8 on the right) are shown below. If the amplitude of the 

shock is not large enough to reach the left side of the x-nullcline, the action potential does not 

arise.  

 

 

Figure 8   Phase plane and voltage trajectory of FN model when z=0 

: LEFT: Phase plan when a single impulse input applied. RIGHT: Output membrane potential change 

(Fitzhugh, 1961) 

 

In the case of the amplitude of the constant negative input current is increased, the 

intersection of the nullclines is moving upward so that the point becomes unstable. The 

intersection is surrounded by a stable limit cycle (Figure 9 on the left). This results in the 

infinite train of impulses (Figure 9 on the right).  
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Figure 9   Phase plane and voltage trajectory of FN model when z=-0.4 

: LEFT: Phase plane when increasing negative input current applied. RIGHT: Output membrane 

potential change 

 

Considering adding a noise term to this simple model allows us to obtain how the noise 

contributes to the signal propagation. In the stochastic resonance, the noise is considered to 

be an important factor for the enhancement of the signal transfer when there is a periodic 

input signal. 

Graphical illustration of phase plane  

As we have seen above, the fixed point changes as the input current changes. When the other 

parameters are fixed to be constant, the dynamics of the system depends on the input current. 

Here we illustrate the dynamics change of the FN model for the different input current we 

will investigate in Chapter 4. The qualitative changes in the dynamics are called bifurcations. 

The parameter values at which they occur are called bifurcation points (Strogatz, 1994). The 

parameters in FN model other than input current are fixed to be constant, 0.7a  , 0.8b  , 

and 3c  . Figure 10 shows the fixed points as a function of input current z. The bifurcation 

points are when z=-1.403 and z= -0.3465. The system undergoes the Hopf bifurcation at the 
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bifurcation points. Hopf bifurcation occurs when the fixed point loses the stability and results 

in oscillation. In FN model, the system settle down to the equilibrium point when the input 

current z is less than -1.403 or greater than -0.3465. The system oscillates when the input 

current z is between the range -1.403 and -0.3465. To illustrate the behavior of this model 

and the different region of the bifurcation diagram, we will show a series of paired graphs for 

z=-3, -1.403, -1, -0.3465, 1, and 3. For each case we show a time series of x and y vs. t, a 

phase plane plot, namely for each value of t, y is plotted versus x. The figures from Figure 11 

to Figure 16 show the phase plane, which illustrate the relationship between the voltage 

variable x and the refractory variable y, on the direction field for the different initial 

conditions, and also the corresponding voltage trajectories. Figure 17 shows the phase plane 

and the voltage trajectory with the noise for z=1 case.   
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Figure 10   Bifurcation diagram for FN model (voltage vs. input) 

: The parameters are a=0.7, b=0.8 and c=3, which are given by Fitzhugh (1961). The figure is showing 

the fixed points when z is changed from -3 to 3.5. There are two bifurcation points at z=-1.403 and z=-

0.3465. This bifurcation is a Hopf bifurcation. In this range of the orbits, there are two steady states 

since the voltage is oscillating. There is only one fixed point if z is outside of the orbits. This figure was 

created by courtesy of Dr. Selgrade 
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Figure 11   The phase plane on the direction field and the voltage trajectories when z=-3 

: The input current is z=-3, and the initial conditions [x(0),y(0)]=(0,0),(-1,6),(-3,2),(3,-1) are examined. 

TOP: Phase plane for different initial conditions on the direction field. BOTTOM: Voltage trajectories 

for different initial conditions. 
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Figure 12   The phase plane on the direction field and the voltage trajectories at the bifurcation 

point z=-1.403 

:The input current is z=-1.403, and the initial conditions,[x(0),y(0)]=(0,0),(-1,6),(-3,2),(3,-1) are 

examined. TOP: Phase plane for different initial conditions on the direction field. BOTTOM: Voltage 

trajectories for different initial conditions. 
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Figure 13   The phase plane on the direction field and the voltage trajectories when z=-1 

: The input current is z=-1, and the initial conditions [x(0),y(0)]=(0,0),(-1,6),(-3,2),(3,-1) are examined. 

TOP: Phase plane for different initial conditions on the direction field. BOTTOM: Voltage trajectories 

for different initial conditions. 
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Figure 14   The phase plane on the direction field and the voltage trajectories at the bifurcation 

point Z=-0.3465 

: The input current is z=-0.3465, and the initial conditions [x(0),y(0)]=(0,0),(-1,6),(-3,2),(3,-1) are 

examined. TOP: Phase plane for different initial conditions on the direction field. BOTTOM: Voltage 

trajectories for different initial conditions. 
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Figure 15   The phase plane on the direction field and the voltage trajectories when z=1 

:The input current is z=1, and the initial conditions [x(0),y(0)]=(0,0),(1,1),(-1,-1),(3,-1) are examined. 

TOP: Phase plane for different initial conditions on the direction field. BOTTOM: Voltage trajectories 

for different initial conditions. 
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Figure 16   The phase plane on the direction field and the voltage trajectories when z=3 

:The input current is z=3, and the initial conditions [x(0),y(0)]=(0,0),(-1,-6),(1,1),(4,-1) are examined. 

TOP: Phase plane for different initial conditions on the direction field. BOTTOM: Voltage trajectories 

for different initial conditions. 
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Figure 17   Phase plane and voltage trajectory with noise when z=1 and x(0)=0 and y(0)=0 

: The blue line is the voltage trajectory with noise when the mean input z=1 and the standard deviation 

of the input noise is 0.9486.  
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1.3 Method 

In Chapters 2 and 3, one- and two-compartment leaky integrate-and-fire models are 

examined in a factorial simulation study of the effects of different parameters (threshold, 

input level, noise intensity, strength of connectivity) on the mean, variance and shape of the 

interspike interval histograms. Approximation methods for the mean and variance were also 

examined.  This work extends the results of Lanky and Rodriguez (1999) and also includes 

Poisson input noise and uses a different reset mechanism. Additionally, a minimum function, 

motivated by work on lateral line organs, was added to the neural model and compared with 

the effects of adding a second compartment, i.e. a longer spatial extent of the neuron. In 

Chapter 4, the input current z becomes a noisy or stochastic input, with either White 

Gaussian or Poisson noise. The mean value of z will be either -3, 1 or 3. Gaussian White 

noise has zero mean, but the mean of the Poisson input is ea  where ea is the jump size and

is the arrival rate. With one exception, the mean of the Poisson input is -3, 1 or 3 so that the 

means of the White Gaussian case and the Poisson case are matched and also the variances 

are matched. Note that in the times between arrivals of the Poisson input the system‟s 

differential equation behaves like the z=0 case. One additional scenario is examined. Here 

z=-1, but ea  =2, so that the mean input is again 1. However, now in the times between 

Poisson arrivals the differential equation is in the oscillatory range. The goal of Chapter 4 

will be to try to distinguish the Wiener input case from either Poisson input or Ornstein-

Uhlenbeck noise input by using level crossing theory. In Chapter 5, one- and two-

compartment models are reexamined using level crossings theory. 
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Chapter 2 

ONE- AND TWO-COMPARTMENT MODEL 

WITH RESET 

 

Previously we reviewed the one- and two-compartment model which was proposed by 

Lansky and Rodriguez (1999). One-compartment model is represented by   

( ) ( ) ( )dX t X t dW t
u k

dt dt
  

 

, where u is input signal, 
dW

k
dt

is the input noise, k is noise intensity, and  is time constant. 

For two-compartment model,  

1 1 2 1

r

dX X X X dW
u k

dt dt 


    

 

2 2 1 2

r

dX X X X

dt  


    

, where 1X  is the membrane potential in the first-compartment and 2X  is that in the second-

compartment r  is time constant representing the connectivity of the first and second 

compartments. 
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Their model deals with the neuron which is not reset to the resting potential at the dendrite 

after the action potential. The first compartment keeps receiving the input signal without 

resetting to the initial state, while the second compartment is reset to the initial state during 

the refractory period after the action potential. Another possibility of the setting for this 

model is that the action potential at the axon hillock anti-dromically invades to the dendrite 

and resets the activity of the neuron. This phenomenon is modeled by resetting the first 

compartment as well as the second compartment after the action potential. We will 

investigate if the model with resetting at the first compartment after the action potential 

makes any difference from the Lansky and Rodoriguez‟s results. We will examine the 

statistics of the first passage time to make a comparison. The coefficient of variation versus 

mean first passage time plot gives us the similar result to the Lansky and Rodriguez‟s case. 

 

2.1 Statistics of First Passage Time (FPT) 

A renewal process is produced in our case but not in the setting from Lansky and Rodriguez. 

Once the voltage at the second compartment reaches the threshold both the voltages in first 

and second compartment are reset to the initial values, which are  0 0x  and  0 0y  , and 

then the process starts over. As we mentioned in the previous chapter, the model itself does 

not have any mechanism of generating the action potential. We need to impose the threshold 

to determine the firing frequency of the action potential. Lansky and Rodriguez used the 

sigmoid transfer function, which is common in neural network applications, to approximate 

the firing frequency of the action potential. Here we use the delta method (Smith, 1992) 
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instead to determine the analytic approximation of the mean and variance of the First Passage 

Time (FPT). The FPT is the time that the membrane potential first exceeds the threshold. The 

distribution of the FPT can be determined by the density of the voltage variable. Once the 

threshold S is fixed, the distribution of the time can be calculated by changing variables. 

( ) ( ( ))X t f X t
( )

| / |

f t
t

dh dt
   , where ( )t h X  

(1) Mean and standard deviation of FPT 

Since we cannot solve the expected mean of the FPT explicitly, we use the Taylor expansion 

of the mean, and the linearity of the expected value, we get  

2[ ] [ ( ) '( )( ) ''( )( ) / 2 ]E t E h S h S X S h S X S       

             
2( ) '( ) [( )] ''( ) [( ) / 2]h S h S E X S h S E X S      

                                     2 ( )* ''( ) / 2 ( ) / !n

v nt h S h S u n     

We use only the first term *t as our approximated FPT mean. Similarly, the FPT standard 

deviation is approximated. 

2 2 2 2[ ] ( ) ( ) '' / 2E t h S h S    

 
2 2 2( ) [( ( ) ') ( ) ( ) '']h S h S h S h S     

2 2 2[ ] [ ]t E t E t   2 2[ ( ) '] vh S 
( )

t v

x S

dh x

dx
 



 
v

x S

dx

dh





  

( )
v

t
dE X

dt
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Here, we note that this approximated FPT standard deviation is determined by the ratio of the 

voltage standard deviation and the slope of the voltage mean. Pictorially, as it is shown in 

Figure 18 the green line indicates the voltage standard deviation and the purple line is the 

slope of the voltage mean. The approximated FPT mean is small when the voltage standard 

deviation is small and the slope of the voltage mean is large, and vice versa. 

(2) Density of FPT 

Here we will examine the density of the FPT. As we will show it later by simulation, the 

histogram of the FPT is a gamma-like function. Laguerre series expansion is an orthogonal 

function expansion with the gamma distribution as a basis function. We will examine how 

well the Laguerre series expansion fits the distribution of the FPT compared to the single 

gamma density. We use third and fourth Laguerre polynomials. The FPT density 

approximated by Laguerre series is given by  

( ) ( , )(1 ) ( ; 1)(3 4 )g x f x A B f x A B        

                                  ( ; 2)(6 3 ) ( ; 3)( 4 ) ( ; 4)f x B A f x A B f a B           

, where ( ; )f x i   are gamma densities with shape parameter i  , 3 2

6
A

 
  and 

2

4 312 3 18

24
B

     
  where n  is nth moment of x . The density g(x) has been scaled to 

have a unit scale parameter. In the appendix, more information is provided. 
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Figure 18   Standard deviation of FPT 

: Using Delta method, the standard deviation of FPT is determined by voltage standard deviation, green 

line divided by the slope of mean, purple line. The standard deviation of FPT is small when the slope of 

the analytic mean is large. 

 

2.1 Simulation 

(1) Voltage trajectory 

First to check our simulation method on a known result, namely that the marginal density at a 

particular time is Gaussian, we simulate the voltage at the trigger site or the membrane 

potential 1000 times using the Euler method. We looked at the histograms, and moments and 

a confidence interval for the mean and variance. Figure 19 shows the sample voltage 

trajectories for different noise intensities 1,  5,  and 10k  from top to bottom. Each color 

represents each simulated voltage trajectory. The blue smooth curve in the middle in each 

plot shows the mean voltage trajectory. The Figure 20 shows the confidence intervals for the 

mean (red cross) and the analytic mean (blue star). The confidence intervals capture the 

SD 



 

39 

 

analytic mean for all cases. The confidence intervals for the variance are shown in Figure 21. 

The sample mean and variance were close to the true values expected from the parameter 

values used in the model. 

 

 
Figure 19   Voltage trajectories for k=1, 5, and 10 

: Each color in each plot indicates each different simulation. dt=0.1 is taken for the time step. Blue 

smooth curve represents the analytic mean voltage trajectory. Top: k=1, Middle: k=5, Bottom: k=10 
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Figure 20   CI of mean for different noise intensity at different times 

: The CI of the mean at t=2, 50, and 100 are examined. The red cross is sample mean, the blue star is 

true mean, and the black cross at the both ends of the plot are the upper and lower limits of the CI. TOP 

THREE: k=1, MIDDLE THREE: k=5, BOTTOM THREE: k=10  

t=100 (k=1) 
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Figure 21   CI of variance for different noise intensity at different times 

: The CI of the variance at t=2, 50, and 100 are examined. The red cross is sample mean, the blue star is 

true mean, and the black cross at the both ends of the plot are the upper and lower limits of the CI. TOP 

THREE: k=1, MIDDLE THREE: k=5, BOTTOM THREE: k=10 

 

(2) Histogram of First Passage Time 

We run 1000 simulations to analyze the first passage time (FPT), which is, the time the 

membrane potential first reaches the threshold. Figure 22 shows the voltage trajectories when 

the threshold is imposed. The upper figure is for the one-compartment model and the lower 

figure is for the two-compartment model at the trigger zone. The voltage trajectories of the 

two-compartment model are much smoother (less variation) than the one-compartment model. 

t=100 (k=1) 
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Figure 22   Voltage trajectories when the threshold is imposed 

: First Passage Time (FPT) is the time when the voltage reaches the threshold. TOP: One-compartment 

model. BOTTOM: Two-compartment model 

 

We examine the statistics of FPT by changing parameters by the following experimental 

design.   

(1) set different values of threshold 

(2) set different input voltages 

(3) set different noise intensity  

One- compartmental model 

We made histograms of FPT to examine the shape of the distribution of the FPT.  
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1) Different threshold 

Histogram 

In this panel of 4 figures (Figure 23), we plot the histogram of the FPT for 4 values of 

threshold S=8, 10, 12 and 15. Other parameters are held fixed, the input voltage u=3 and the 

noise intensity k=1. For all of these cases the mean voltage trajectory crosses the threshold, 

i.e. “deterministic crossings” in the notation of Smith, 1992. As expected the mean FPT 

increases with increasing threshold, as does the variance and the relative amount of right 

skewness. The distribution seems to be normal when noise intensity, k, is small, and right 

skewed when k is large. An intuitive explanation of why this right skewness should occur can 

be seen in the voltage trajectory plot. 

Voltage trajectory 

The mean voltage trajectory is plotted with solid line and the confidence interval of the 

voltage with the dotted line (Top in Figure 24). The purple line is the different threshold S = 

8, 10, 12, 15. The intersection of these purple lines to the solid line indicates the FPT mean, 

and to the two dotted lines indicates a rough confidence interval of the FPT. The confidence 

interval of the FPT gets larger and the FPT mean lies on more left side of the confidence 

interval when S gets larger. 

Moment 

We plot the mean, median and approximated mean for different threshold (Bottom in Figure 

24). Blue circle is mean, green asterisk is median and the red star is approximated mean. We 
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can also explain this skewness from the moment plot below. As the threshold gets large, the 

median takes smaller value than the mean value. 

 

Figure 23   Histogram of the FPT for different threshold obtained by one-compartment model 

: The histograms are obtained by the one-compartment model. The mean input and the noise intensity 

are fixed to be u =3 and k=1 respectively and the threshold is changed as S=8, 10, 12, and 15. 

Histogram becomes right skewed when S gets large.  
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Figure 24   Illustration of right skewness for different threshold 

: TOP: purple lines show the different level of threshold S=8, 10, 12, and 15, and the middle blue line is 

the mean voltage trajectory. The other two blue dotted lines show the 2 standard deviation away from 

the mean voltage. This figure gives the idea of right skewness of the FPT histogram when the threshold 

is large. BOTTOM: Simulated mean and median and the analytic mean FPT are plotted for different 

threshold. The median becomes less than the mean when the threshold gets large. 
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2) Different input 

Histogram 

Here the threshold is fixed at S=10 and the noise intensity k=1, while the input voltage u is 

systematically increased from 2.1 to 7. The histograms (Figure 25) become more Gaussian-

like as u increases. The mean and variance also decrease as expected from the schematic 

figure of the voltage trajectories below (Top in Figure 26). 

Voltage trajectory 

We pick three values of input, u = 2.1, 3, 7, to see how the mean and variability of the FPT 

change (Top in Figure 26). The mean voltage trajectory is plotted with solid line and the 

confidence interval of the voltage with the dotted line. The pink line is the fixed threshold S = 

10. The variability of the FPT decreases when the input value u is large. The FPT mean lies 

on more left side of the rough confidence interval when u is small. 

Moment 

The moment plot below (Bottom in Figure 26) shows that as the input gets smaller, the 

median takes smaller values than the mean value. Note that the approximation cannot be used 

below u=2 since the mean voltage does not cross the threshold then. 
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Figure 25   Histograms of FPT for different mean input obtained by the one-compartment model 

: The threshold is S=10, and the noise intensity is k=1. The mean input u is changed to be u= 2.1, 2.3, 2.5, 2.7, 2.9, 3.1, 3.3, 5 and 7. When mean input 

u is small, the histogram shows right skewness.  



 

48 

 

 
Figure 26   Illustration of right skewness for different threshold 

: TOP three figures: The voltage trajectory for u=2.1, 3, and 7 are shown. The purple lines show the 

level of threshold, and the middle blue line is the mean voltage trajectory. The other two blue dotted 

lines show the 2 standard deviation away from the mean voltage. This figure gives the idea of right 

skewness of the FPT histogram when the mean input is small. BOTTOM: Simulated mean and median, 

and the analytic mean FPT are plotted for different threshold. The median gets less than mean when 

the mean input is small. 
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3) Different noise intensity 

Histogram 

Finally we fix the threshold at S=10 and the input voltage at u = 3, as we vary the noise 

intensity from 0.15 to 20.  Note that our approximation for the mean FPT has the same value 

for all 8 histograms (Figure 27). For small values of k, the mean is close to the approximated 

mean and the histograms are more symmetric. The Lower sets of 4 figures are becoming 

Poisson like with a large right skewness. 

Voltage trajectory 

For different noise intensity k, the confidence intervals of the voltage trajectory are different. 

We plotted the confidence intervals for the three different noise intensity k = 0.15, 1, 3 (Top 

in Figure 28). The pink line is the fixed threshold S = 10. The confidence interval of the FPT 

for the smallest noise intensity k = 0.15 has the smallest range.  

Moment 

The mean of the FPT is greater than the median of the FPT when k is large (Bottom in Figure 

28). As we pointed out above, the approximated mean of the FPT has the same value for all 

different noise intensities. The approximation works best at smaller values of noise intensity. 
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Figure 27   Histograms of FPT for different noise intensities obtained by one-compartment model 

: The threshold is S=10, and the mean input is u=3. The noise intensity k is changed to be k= 0.15, 1, 3, 5, 8, 10, 15, and 20. When the noise intensity 

k is large, the histogram shows right skewness.  
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Figure 28   Illustration of right skewness for different noise intensities 

: TOP: The middle blue line is the mean voltage trajectory. The dotted line is 2 standard deviation away 

from the mean voltage, and obtained for k=0.15.  The light blue is for k=1, and the green line is for k=3. 

The purple lines show the level of threshold. This figure gives the idea of right skewness of the FPT 

histogram when the noise intensity is large. BOTTOM: Simulated mean and median, and the analytic 

mean FPT are plotted for different threshold. The median gets less than mean when the noise intensity 

is large. 
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Two-compartmental model 

Next we repeat this series of simulations for a two-compartment neural model, as presented 

in the introduction. The nominal case has S=10, u=9, k=1.  The input voltage u is in the first 

compartment but the voltage in the second compartment with the trigger zone is lower than 

the one-compartment nominal case due to the voltage divider.  Said another way, even 

though S and k are the same values as in the one compartment model, the mean first passage 

time is longer (slower firing) even though there is a larger input voltage in this nominal case. 

1) Different threshold 

Histogram 

In Figure 29 the threshold is increased, and as in Figure 23, this induces an increase in the 

mean FPT and an increase in skewness.  

Voltage trajectory & Moment 

The variability of the voltage trajectories and the moment plot are shown (Top in Figure 30), 

as in the one-compartment case. As S increases, the rough confidence interval increases and 

the mean becomes larger than the median (Bottom in Figure 30). 
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Figure 29   Histogram of FPT for different threshold obtained by two-compartment model 

: The mean input is u=9, and the noise intensity is k=1. The threshold S is changed to be S=10 and 12. 

When the threshold is large, the histogram shows right skewness 
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Figure 30   Illustration of right skewness for different threshold 

: TOP: The dark green lines show the different level of threshold, and the middle blue line is the mean 

voltage trajectory. The other two blue dotted lines show 2 standard deviation away from the mean 

voltage. This figure gives the idea of right skewness of the FPT histogram when the threshold is large. 

BOTTOM: Simulated mean, median and the analytic mean FPT are plotted for different threshold. The 

median gets less than the mean when the threshold gets large. 
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2) Different input 

Histogram 

The input voltage is increased from 6.9 to 17 in a series of 9 steps. The histograms are quite 

positively skewed (irregularly firing of action potentials) for low values of u (top row) and 

become quite narrow (corresponding to regular spacing of action potentials).  The mean is 

systematically decreasing and for the second and third rows is well approximated by the 

crossing of the mean voltage trajectory. (Figure 31) 

Voltage trajectory 

When the input value is large, the length from the approximate mean to the left edge and the 

right edge is almost the same. (Top in Figure 32) 

Moment 

The difference between mean and median gets large when input value is small. Mean is 

greater than median. (Bottom in Figure 32) 
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Figure 31   Histograms of FPT for different mean inputs obtained by the two-compartment model 

: The threshold is S=10, and the noise intensity is k=1. The mean input is changed to be u=6.9, 7.1, 7.3, 7.5, 9, 11, 13, 15 and 17. When the mean 

input is small, the histogram shows right skewness. 
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Figure 32   Illustration of right skewness for different input levels 

: TOP three figures: The voltage trajectories for u=6.9, 9, and 17 are shown. The dark green lines show 

the level of threshold, and the middle blue line is the mean voltage trajectory. The other two blue dotted 

lines show the 2 standard deviation away from the mean voltage. This figure gives the idea of right 

skewness of the FPT histogram when the mean input is small. BOTTOM: Simulated mean and median, 

and the analytic mean FPT are plotted for different thresholds. The median gets less than mean when 

the mean input is small. 
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3) Different noise intensity 

Histogram 

In figure 33, the noise intensity is increased from 0.15 to 20 in steps as in Figure 27. Note 

that as in Figure 27 our approximation for the mean FPT has the same value for all 8 

histograms. In contrast to figure 27, the approximation t* works reasonably well for all the 8 

cases.  Having the second compartment smoothes out the effects of the noise and makes the 

effective voltage variance in the second compartment smaller and the trajectories smoother.  

Voltage trajectory 

We picked 4 different values of k = 0.15, 1, 5, 10, to see the relation of approximated mean 

and the rough confidence interval (Figure 34). When k is small, the distance from the 

approximated mean to the smallest and largest value of the confidence interval is almost the 

same.  

Moment 

The difference between the mean and the median gets larger, the noise intensity is. The 

approximation works best at smaller values of noise intensity. (Figure 34) 
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Figure 33   Histograms of FPT for different noise intensity obtained by the two-compartment model 

: The threshold is S=10, and the mean input is u=9. The noise intensity is changed to be k=0.15, 1, 3, 5, 8, 10, 15, and 20. When the noise intensity is 

large, the histogram shows right skewness. 
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Figure 34   Illustration of right skewness for different noise intensities 

: TOP: The middle blue line is the mean voltage trajectory. The purple line is the 2 standard deviation 

away from the mean voltage, and obtained for k=0.15.  The light blue is for k=1, the green line is for 

k=5, and the dotted line is for k=10. The dark green lines show the level of threshold. This figure gives 

the idea of right skewness of the FPT histogram when the noise intensity is large. BOTTOM: Simulated 

mean and median, and the analytic mean FPT are plotted for different thresholds. The median gets less 

than mean when the noise intensity is large. 
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(3) Moment plot 

Moment plots of skewness and excess 

Next  we want to examine the shape changes of the histograms as indicated by moment plots 

of excess, skewness and coefficient of variation (CV) as the parameter u is varied in the one- 

(Figure 35) and two-compartment (Figure 36) models. These sorts of plots are sometimes 

called “Pearson Plots” and have been used for experimental neural spike trains (see Smith, 

1992 , p 579) The upper plot in each figure shows skewness (third central moment divided by 

standard deviation cubed) vs. CV (coefficient of variation =standard deviation/mean). The 

curves expected for a gamma, inverse Gaussian and lognormal distributions are the lower 

middle and upper curves and are plotted in red, green, and blue respectively. The lower plots 

in each figure plots a measure of the fourth moment, excess defined as 4
th

 central moment 

divided by standard deviation to the fourth power vs. skewness 1  . Here red curve 

corresponds to gamma distribution and green curve to inverse Gaussian distribution. The 

lognormal curve is not plotted. Blue points correspond to deterministic crossings and red 

points to nondeterministic crossings. 

The upper plots in both figures indicate more skewness for a given CV than would be 

expected for a gamma distribution even though in the limit of small noise and large threshold, 

the FPT distribution approaches an exponential distribution (i.e. the point CV=1 and 

skewness = 2 on the red curve).  
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Figure 35   Pearson Plot for one-compartment model 

: Each point corresponds to the each figure obtained above for different mean input u= 2.1, 2.3, 2.5, 

2.7, 2.9, 3.1, 3.3, 5 and 7. TOP: skewness vs. cv is plotted. Blue line represents the lognormal 

distribution, green line is inverse Gaussian and the red line is for gamma distribution. BOTTOM: 

excess vs skewness
2
 is plotted. The green line represents the inverse Gaussian and the blue line is for 

the gamma distribution. 
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Figure 36   Pearson Plot for two-compartment model 

: Each point corresponds to the each figure obtained above for different mean input u=6.9, 7.1, 7.3, 7.5, 

9, 11, 13, 15 and 17. TOP: skewness vs. cv is plotted. Blue line represents the lognormal distribution, 

green line is inverse Gaussian and the red line is for gamma distribution. BOTTOM: excess vs. 

skewness
2
 is plotted. The green line represents the inverse Gaussian and the blue line is for the gamma 

distribution. 
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(4) Laguerre series approximation 

Since the probability density function (PDF) of the FPT is on the range (0, ) , positively 

skewed and is close to gamma in the Pearson plot we investigated the use of Laguerre series 

to approximate these densities by matching the first 4 moments (c.f. Lung, 1998; Smith, 

Lansky, Lung, 1997). 

Graphically the vertical deviation from the gamma line for a fixed CV determines the 

coefficient A of the third Laguerre polynomial. Likewise the vertical deviation on the lower 

plot determines the coefficient B of the fourth Laguerre polynomial. The values of these 

coefficients are given in the bottom two rows of table 1. 

The next series of figures plots the resultant Laguerre series density overlaid on the simulated 

histogram and single gamma distribution. The parameters were determined by method of 

moments; that is the simulated mean and variance were used to determine the shape and scale 

parameter of the gamma, and the third and forth moments were used to determine A and B for 

the Laguerre series. The formula for Laguerre series approximations of positive densities as 

described on pages 4-5 of Smith et al., 1997 are given in Appendix A.  

Figures 37-39 represent the one-compartment model as the threshold S is changed (Figure 

37), the input voltage u is changed (Figure 38) and the noise intensity is changed (Figure 39). 

The values of these parameter changes are the same as in previous Figures for the one-

compartment model. Figures 40-42 represent similar plots for the two-compartment model. 

Table 1 gives the numeric values of A and B.  In Figures 37 and 40, we see that both A and B 
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decrease in magnitude as the threshold increases. In Figures 38 and 41 we see that both A and 

B increase in magnitude as the input u increases.  

In figures 29 and 42 we see that when noise intensity k is small, the coefficients are large. 

From the overlays on the histograms, the Laguerre series seems to shift the mode slightly in 

some cases but several of the histograms are not fit well by the single gamma (blue line with 

dots), gamma plus A coefficient (green line with dashes), and gamma plus A and B (red line 

with dots and dashes) and normal distribution (red solid line). 
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Figure 37   Laguerre series fit to FPT histograms for one-compartment model (different threshold) 

: The mean input u =3, noise intensity k=1, and threshold is changed as S=8, 10, 12, and 15.Red curve 

is for normal distribution, blue dot is gamma, blue slash is Lagurre with A, red slash and dot is 

Laguerre with A and B 
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Figure 38   Laguerre series fit to FPT histograms for one-compartment model (different mean input) 

: The threshold is S=10, and the noise intensity is k=1. The mean input u is changed to be u= 2.1, 2.3, 2.5, 2.7, 2.9, 3.1, 3.3, 5 and 7. Red curve is for 

normal distribution, blue dot is gamma, blue slash is Lagurre with A, red slash and dot is Laguerre with A and B 
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Figure 39   Laguerre series fit to FPT histograms for one-compartment model (different noise intensity) 

: The threshold is S=10, and the mean input is u=3. The noise intensity k is changed to be k= 0.15, 1, 3, 5, 8, 10, 15, and 20. Red curve is for normal 

distribution, blue dot is gamma, blue slash is Lagurre with A, red slash and dot is Laguerre with A and B 
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Figure 40   Laguerre series fit to FPT histograms for two-compartment model (different threshold) 

: The mean input is u=9, and the noise intensity is k=1. The threshold S is changed to be S=10 and 12. 

Red curve is for normal distribution, blue dot is gamma, blue slash is Lagurre with A, red slash and dot 

is Laguerre with A and B 
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Figure 41   Laguerre series fit to FPT histograms for two-compartment model (different mean input) 

: The threshold is S=10, and the noise intensity is k=1. The mean input is changed to be u=6.9, 7.1, 7.3, 7.5, 9, 11, 13, 15 and 17. Red curve is for 

normal distribution, blue dot is gamma, blue slash is Lagurre with A, red slash and dot is Laguerre with A and B 
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Figure 42   Laguerre series fit to FPT histograms for two-compartment model (different noise intensity) 

: The threshold is S=10, and the mean input is u=9. The noise intensity is changed to be  k=0.15, 1, 3, 5, 8, 10, 15, and 20. Red curve is for normal 

distribution, blue dot is gamma, blue slash is Lagurre with A, red slash and dot is Laguerre with A and B 
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(5) Comparison of one- and two-compartment models 

Figures 43-46 show a direct comparison of the one-compartmental model and two-

compartmental model results. 

Firing frequency vs. input 

In Figure 43 the firing frequency (1/mean of the FPT) is plotted vs. the voltage input to the 

model. The one-compartment model shows a fairly linear input-output curve, while the two-

compartment model has a sub-linear relationship. The sensitivity (slope) of the one-

compartment is higher than the two-compartment model.  The approximation method works 

reasonably well for both cases. 

In Figure 44, we overlaid the simulated histograms of the two-(blue) and one-compartment 

(red) models with corresponding mean intervals around 5 (upper plot)  , 9 (middle plot) and 

14 (lower plot) at threshold S=10 and the noise intensity k=1. The threshold and noise 

intensity is fixed for each model and u was changed to achieve a similar output mean interval 

or firing rate.  The most noticeable result is that the two-compartment output histogram has 

much less variation about the mean interval. The overlaid curves are the gamma and normal 

fits via method of moments. For each of the 3 cases the approximated mean interval is the 

about the same for the one-and two-compartment models. 
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Figure 43   Firing frequency vs. mean input u 

: The red solid line is obtained from simulated one-compartment model. The green dotted line is 

analytic approximation for one-compartment model. The slashed red line is obtained by the simulated 

two-compartment model, and the green slashed line is the analytic approximation for the two-

compartment model. 

 

Histogram 

 

Figure 44   Variability of one and two-compartment model 

: The histogram in red is obtained by the one-compartment model and in blue is by the two-

compartment model. The histograms in the same figure have the similar mean FPT, which are 4, 9 and 

14. The histogram from the two-compartment model always show the smaller variability than the one-

compartment model when the mean is around the same.   
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Cumulative density function 

Figure 45 plots the cumulative density functions (CDF) of the histograms in Figure 44, again 

red is one-compartment and blue two-compartment. The dotted line is the median, the dash-

dotted line is the sample mean and the dashed line is the approximated mean interval from 

the mean voltage trajectory. 

 

 

Figure 45   Density for one and two-compartment models 

: The cumulative density with the mean FPT = 4, 9, and 14 are plotted from the top to bottom. The red 

lines are for one-compartment model, and blue are for two-compartment model. The blue plot has less 

variability. 
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CV vs. Mean interval 

In Figure 46, the coefficient of variation (CV) is plotted vs. mean interval as the input voltage 

u is changed.  For a given mean interval or firing rate the two-compartment model has a 

smaller CV, less relative variation in the firing rate. 

 

 

Figure 46   CV vs. mean FPT 

: CV vs. mean FPT for different mean inputs are plotted. The blue points are for one-compartment 

model and green points are for two-compartment model.  
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Result 

The main conclusion is that for a neural coding scheme using rate coding (value of the mean 

interval), the two-compartment model has less variability and hence more reliable coding. 

The two curves seem almost parallel indicating this reduction holds over a wide range of 

firing rates. At very small input levels both models have very long mean intervals (low firing 

rates) and exponential like histograms with a CV approaching a value of 1. 

Summary 

We have seen that the shape of the FPT histogram changes for different parameters, and the 

change in approximated mean, the simulated mean and the median. For the approximated 

mean of the FPT, we can say that this moment of the FPT of simulated signals are well 

approximated by delta method for small threshold, large input or small noise intensity 

although there are deviations from the simulated mean and median in many other cases. A 

Laguerre series approximation sometimes provides improvement over the fit of a single 

gamma distribution. For small threshold, large inputs, and small noise intensity the density is 

well approximated by Normal. Single gamma sometimes fit better, but there are obviously 

some cases that Laguerre series approximation fits better than a single gamma. 

Comparing the one-and two-compartmental models, the ratio of mean intervals to CV is 

almost the same. Two-compartmental model is more stable (smaller relative variance, CV) to 

propagate the signal than the one-compartmental model since the variability in the one-

compartmental model is larger. 

In the next section, we will mention more about the one-and two-compartment model. 
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APPENDIX  

 

Laguerre Series Representation of Probability Densities (pp. 4-5 of Smith et al., 1997) 

The method for residence-time distribution analysis is based on the L-series approximation of 

a density by a linear combination of gamma densities ( ; , )f x    given by 

                                  
1 /

( , , )
( )

xx e
f x

 


 

 

 




                                            (1) 

, where 0   and 0  are the shape and scale parameters, respectively. For the general case, 

it is assumed that the density ( )g y  of a random variable Y  is to be approximated. To 

simplify the notation a scaled, dimensionless random variable X kY  with density ( )g x  is 

studied and the resultant density will be rescaled back after the procedure using the 

relationship ( ) ( )g y kg x ky  , where Y  and k have dimensions of time and 1/time, 

respectively. The scaling aims to ensure that ( ) ( )E X Var X   , where ( )E X  is the mean 

or expected value of X  and ( )Var X  is the variance of X . Note that the scaled random 

variable X , like  , is dimensionless, and this scaling is achieved by taking 

/ ( ) ( ) / ( )k E Y E Y Var Y  . The scaling permits us to evaluate the density ( )g x  in terms of 

gamma densities (3) with 1  . The notation ( ; ) ( ; ,1)f x f x   is used. Note that 

1 2 2( ) ( )CV X CV Y     and theses relationships can be used for estimating k  from 

experimental samples by  / y , where  is the estimate of a and y  is the sample mean ofY ; 
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also k  is an estimate of 
1 
 in (1). The series expansion for the density ( )g x of the random 

variable X  is  

                  
1

( ) ( )

3 3 4 4( ) 1 ( ) ( )
( )

xx e
g x A L x A L x


 



 

   


                                 (2) 

, where ( ) ( )iL x  is the i th order Laguerre polynomial. In the approximation only moments 

up to fourth order is used. The constants 3A   and 4A   can be evaluated from the third and 

fourth moments of X , and by using the third and fourth Laguerre polynomials, we finally 

obtain 

                  ( ) ( ; )[1 ] ( ; 1)[3 4 ]g x f x A B f x A B        

                              ( ; 2)[6 3 ] ( ; 3)[ 4 ] ( ; 4)f x B A f x A B f x B                (3) 

where 3( 2 ) / 6A     and 2

4 3( 12 3 18 ) / 24B         with n  being the n th central 

moment of X  

Taking A  and B  equal to zero in (3), we fit the density ( )g x  to a gamma density by the 

method of moments, which means that the first two moments of X  are the same as the first 

two moments of ( ; )f x  . Using the complete formula ensures that the first four moments of 

X  are the same as those computed from the right-hand side of (3)
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Table 1 Moments of FPT for one-compartment model for different threshold S 

   

Table 2 Moments of FPT for one-compartment model for different input intensity u 

 

 



 

81 

 

Table 3  Moments of FPT for one-compartment model for different noise intensity k 

   

Table 4 Moments of FPT for two-compartment model for different threshold S 
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Table 5 Moments of FPT for two-compartment model for different noise intensity k 

   

Table 6 Moments of FPT for two-compartment model for different noise intensity k 
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Chapter 3  

MORE ABOUT ONE- AND TWO- 

COMPARTMENT MODELS WITH RESET 

 

In the previous chapter, the one- and two-compartmental models with Wiener process input 

were studied. The models used were motivated primarily by the papers of Lansky and 

Rodriguez (1999). Concentrating on two sites of a neuron, the signal reception part and 

action potential initiation part, both with the same compartment (membrane electrical 

properties) at the site of action potential initiation is assumed in the one-compartment model; 

however, the two-compartment model includes the dendritic partition of the neuron by a 

second compartment. The two-compartment model is to contrast spatial effects in neurons 

with longer thinner dendrites to those with short thicker dendrites that can be modeled as a 

one-compartment equivalent circuit. For equal firing rates or output mean intervals, the two-

compartment model showed a pronounced reduction of variability in firing times. The 

histograms for FPT were fit by gamma-like density.  

In this chapter, we investigate the variability of the FPT (first passage time) in some of the 

other aspects for the Wiener process model. First, different values of the parameter r are 

examined, which is the value proportional to the resistance of the signal propagation from the 

first compartment to the second compartment in the two-compartment model. Second, with a 
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different structure of a neuron, namely the lateral-line organ is examined. Assuming that the 

spike arises from one of the branches of the dendrite where the membrane potential first 

reaches the threshold, the minimum function of the first passage time in each branch can be 

considered. This method is based on the idea that only one site among the branches of the 

dendrite contributes to firing the action potential due to the rest of the branches being 

antidromically invaded by the site producing the spike (Harris and Milne 1965).        

In the final section, we will deal with a different type of noise. We add the Poisson noise to 

the model instead of White Gaussian noise. The noise is not like many small inputs, which 

the White Gaussian represents, but the intervals of noise input are random and the intensity 

may be relatively large. This noise is synchronized input rather than the serial input. We are 

interested in the model with a different noise type from the Wiener process model. We 

examined the different jump sizes to see how the variability changes in the output spike train. 

In the last section the model is compared to the Wiener process model with corresponding 

parameters and an analytic approximation.  

 

3.1 Longitudinal effect in two compartment model 

Previously we compared the one- and two-compartment models, and it showed that we got 

more reliable coding in the two-compartment model. The one-compartment model has more 

variability in the FPT than the two-compartment model. Here, we investigate how the 

parameter r , which is related to the connectivity of the first and second compartment in the 
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two-compartment model, affects the variability of the FPT. r is the value proportional to the 

resistance in terms of the RC circuit model. We will show that the variability of the FPT gets 

smaller when the resistance is larger.  

1000 simulations are executed for each parameter set. We plot CV (coefficient of variation) 

versus MI (mean interval) for one- and two- compartmental model using 1000 simulated data 

respectively. The parameters S=10, k=1, =5 are used for one-compartmental model, and 

S=10, k=1, =5, r =8 for the two compartmental model as a default. The input intensity u is 

systematically changed from 2.1 to7 for the one-compartmental model and from 7.1 to 17 for 

the two-compartmental model. The one-compartmental model with the default parameters 

has more variability than the two-compartmental model. This result is described in the 

previous chapter as well.  

Here r  is changed to be 4, 16 and 64 (Figure 47). The variability gets smaller as the r  gets 

larger. r  is the value proportional to the resistance of the signal propagation from the first 

compartment to the second compartment in the two-compartmental model. When the 

resistance between first and second compartment is small, signal is easy to reach the second 

compartment from first compartment. Therefore, when r is small the two-compartment 

model is closer to the one-compartment model, and when r is large, the large resistance 

makes signal harder to reach the second compartment. This result also tells us that more 

reliable coding is obtained when the filtering effect is large. 
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Figure 47   Coefficient of variation vs. Mean interval of FPT for different strengths of connectivity 

: Blue cross represents the one-compartment, light blue, red, black and green crosses represent two-

compartment model with r =4, 8, 16 and 64 respectively.  

 

3.2 Different type of neuron 

The structure of the neuron we have been looking at is very simple. The dendrites and the 

axon are sticking out from the cell body. Here we will study the neuron with different 

structure. The lateral-line sense organ of aquatic vertebrates is sensitive to the water 

movement, and has the structure shown below (Figure 48). Most of the organs are arranged 

in rows. This organ was studied by Murry and Capranica (1973) and they suggested that once 
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the spike arises at one of the branches, then the rest of the branches are antidromically 

invaded and resets their initiation of the spikes. This implies that the FPT of the lateral-line 

organ is determined by the minimum time of the spikes arising out of all the branches in the 

organ. We will investigate how the CV and the MI (mean interval) change when the neuron 

has this kind of structure.  

 

 

Figure 48   Simplified anatomy of lateral-line organ (Murray and Capranica 1973) 

 

(1) Simulation of lateral-line organ 

Our setting of the simulation for this situation is taking minimum FPT out of 10 simulated 

FPT, one from each of 10 branches, using the one- and two-compartment models, and repeat 

100 times. This needs the 1000 simulations. In Chapter 2, we obtained 1000 simulations for 

FPT for each different input value, u, using one- and two-compartment models, and the mean 

and CV of the FPT for the different inputs were calculated.  

To study how much the CV or the MI changes by taking the minimum FPT, we first fixed the 

value of MI for the different noise intensities k=1, 2, 3, and 5 from the simulated data. In 
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previous study, we calculated CV and MI for different k and u, so if MI and k are fixed, the 

corresponding CV and input intensity u are determined. Once we obtain the input value u for 

each k from the data set, we divide the 1000 simulated data set in to 100, 10 for each group, 

and we obtain the minimum value out of 10 and obtain 100 simulated data for the FPT to 

calculate CV and MI to compare with the analytic approximation which we will explain later. 

We examined MI~5 and 10 and observed how the points with MI~5 and 10 change by taking 

their minimum.  

In all cases, both the CV and MI get smaller. In Figure 49, the vertical blue line is the 

simulated data of the one-compartment model with MI~10. The light blue vertical line is the 

simulated data of the two-compartment model with MI~10. Each line goes to the sloped line 

with the same color after taking their minimum.  

In Figure 50, the red and purple vertical lines are the simulated data of one- and two- 

compartment model respectively with MI~5. Each vertical line goes to the same colored 

sloped line when the minimum FPT are taken. 

 



 

89 

 

Figure 49   CV vs. Fixed MI for the FPT and minimum of FPT 

: MI for FPT is fixed to be around 10[msec]. Blue line is for one-compartment, and the light blue is for 

two-compartment model. 

 

 

 

Figure 50   CV vs. Fixed MI for the FPT and minimum of FPT 

: MI for FPT is fixed to be around 5[msec]. Red line is for one-compartment, and the purple is for two-

compartment model. 
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(2) Analytic approximation of the lateral-line organ 

In the previous chapter, we learned that the PDF of FPT was close to a gamma distribution. 

To know how the CV and MI change analytically when we take minimum of original FPT, 

we assume the PDF of FPT to be a gamma distribution. The lognormal distribution as the 

PDF of FPT is another possibility that could be used to examine since in the previous study, 

the moment plot of FPT showed us that the PDF of FPT dropped between the line of the 

gamma distribution and the line of the lognormal distribution. Here, we will use the gamma 

distribution to be the PDF of FPT to illustrate the method. 

Assuming the PDF of FPT to be the gamma distribution gamma(a,b), the CV and the MI are 

determined by the shape parameter, a and the scale parameter b. 

MI ab  

1
CV

a
  

We picked the simulated data having the fixed MI~5 and 10 for the different noise intensities 

k=1, 2, 3, and 5 from the 1000 simulations. This gives us the simulated data approximately 

on the straight line since the MI were all about the same, 5 or 10, but the values of CV were 

different. 

We take MI=5 and 10, and CV = [0.2, 0.3, 0.4, 0.5, 0.7, 1] as the analytic points of FPT. The 

shape parameter a is assumed to be an integer for simplicity. The values of CV are 

determined to be as equally spaced as we can for a to be the integer. b is automatically 

determined by substituting the equation MI = ab = 5 or 10. a and b are determined in this 

manner so that the PDF of FPT for each point with MI = 5 and 10, and CV = 
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[0.2,0.3,0.4,0.5,0.7,1] is determined. The PDF of FPT determines the PDF of the minimum 

FPT as follows: 

 
 

1 /1 a x b

FPT a
f x x e

a b

 


 

      
1

min 1
n

FPT FPT FPTg y nf y F y


   

Therefore, the MI and CV of the minimum FPT is obtained 

   min
0

FPTE y yg y dy


   

      
2

min
0

FPTVar y y E y g y dy


   

 

 

Var y
CV

E y
 . 

Figure 51 and 52 compare the simulated data and analytic approximation obtained above. 
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Figure 51   Comparison of simulation and analytic approximation in CV vs. Fixed MI plot 

: MI is fixed to be 10. Black curve is obtained by the analytic approximation. The other parts are the 

same as Figure 49. 

 

Figure 52   Comparison of simulation and analytic approximation in CV vs. Fixed MI plot 

: MI is fixed to be 5. Black curve is obtained by the analytic approximation. The other parts are the 

same as Figure 50. 
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In both cases for MI is fixed to be 10 and 5, the analytic approximation capture the tendency 

of the CV change when the minimum of FTP is taken. 

(3) Real data and analytic approximation  

We apply the method explained above to the real data taken by Yamamoto et al. (1986) (cat 

brainstem neurons during slow wave sleep). First we calculated the MI and CV for the real 

data. These values give the parameters for the gamma distribution. We divide the 1000 data 

points into 100 sets, and take the minimum of the data out of 10. The MI is reduced by a 

factor of 3 and the CV by close to a factor of 2; and is close to that expected by fitting the 

experimental histograms by a gamma density (solid line in Figure 53). 

 

 

Figure 53   Comparison of real data and analytic approximation 

: The points are from real data and the lines are from the analytic approximation. Red plots represent 

the FPT and the blue plots represent the minimum of FPT. 
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(4) Minimum of FPT and the strength of connectivity 

Figure 54 shows the minimum FPT for the one-compartment model, and the two-

compartment model with the different parameters, r =4, 16, and 64. The default value we 

used in previous chapter was r =8. They all have the similar tendency that the CV is reduced 

by taking minimum of FPT. Taking the minimum function produces smaller variability in 

FPT. They don‟t have as strong an impact as changing parameters or changing the models 

from one- to two-compartment model, however, this structure of the organ gives more 

reliable coding than the simpler structure. 

 

Figure 54   CV vs. MI for minimum of FPT with different strength of connectivity 

: Circles are for the FPT and squares are for the minimum of FPT. The plots in same colors have the 

same parameters. Red is for one-compartment model, purple, blue, light blue, and green are the two-

compartment with r =4, 8, 16, and 64.  
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3.3 Poisson noise  

We have been looking at the model with the White Gaussian noise with resetting to the 

resting level of voltage, which is appropriate for the many serial input. Stein‟s model is 

represented by the one-compartment model with Poisson noise. Poisson noise is appropriate 

for synchronized noise inputs. We will apply his theory to the Lansky‟s two-compartment 

model, and parallel the previous investigation for the White Gaussian noise case. How the 

variability of FPT changes by using two-compartment model instead of one, or by taking 

minimum will be examined. We will also compare the model with Poisson noise when only 

the plus jumps are considered to both plus and minus jumps are considered. Finally we will 

examine if the asymptotical behavior of the Poisson noise model corresponds to the White 

Gaussian model.   

(1) Voltage trajectory 

As the one-compartment model, we use  

E I
E I

dP dPdX X
a a

dt dt dt
    , 

, where [ ]E
E

dE P

dt
 and

[ ]I
I

dE P

dt
 . In this process, intervals of noise input are exponentially 

distributed. Ea  and Ia  are the jump size. Ea  is positive effect, and Ia  is negative effect. λ is 

mean rate of positive or negative jumps. We note that when λ goes infinity and goes to zero, 

the process is well approximated by Wiener process. The mean voltage trajectory of this 

process is  
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[ ]
E E I I

dE X X
a a

dt
 


     

Compared with Wiener process, dX X dW
u k

dt dt
    , u corresponds to 

E E I Ia a  , and k 

corresponds to 2 2

E E I Ia a  . Substituting these variables gives us the mean and variance of 

the Poisson model from the Wiener model. 

Mean:
0( ( )) exp ( ) 1 expE E I I

t t
E X t X a a  

 

    
         

    

 

Variance: 
2 2( ) 2

( ( )) 1 exp
2

E E I Ia a t
Var X t

  



   
    

  

 

As a two-compartment model, we use 

1 1 2 1 E I
E I

r

dX X X X dP dP
a a

dt dt dt 


      

2 2 1 2

r

dX X X X

dt  


    

, where [ ]E
E

dE P

dt
 and

[ ]I
I

dE P

dt
 . Again, Ea  and Ia  are jump sizes. Ea  is positive effect, and 

Ia  is negative effect. We obtain mean and variance by substituting u =
E E I Ia a  , and k =

2 2

E E I Ia a   into that of Wiener process model above. The mean and variance of the FPT 

for two compartment model are determined by substituting the corresponding parameters to 

Lansky‟s results. The voltage trajectories for one- and two-compartment models are shown 

below. To determine the FPT using the models, the threshold should be imposed. For the 

two-compartment model, two voltage trajectories are shown in the Figure 56. The lower part 

of the plot is for the second compartment where the action potential initiates. When the 
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threshold is applied to the two-compartment model, both first and second compartment is 

reset to the resting potential after the action potential in our setting. 

 

     

Figure 55   Voltage trajectories of the one-compartmental Poisson model 

: Deterministic voltage trajectory (blue line) Each different color shows different simulation for the 

stochastic model. 
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Figure 56   Voltage trajectories of the two-compartmental Poisson model 

: Deterministic voltage trajectory (red line). Each different color shows different simulation for the 

stochastic model. Upper plots are voltage at dendrite, and lower plots are at the trigger zone. 

 

(2) First Passage Time 

Once a threshold is determined, the FPT can be simulated. As we stated in the previous study, 

the mean and variance of the first passage time is approximated by the following equation. 

(Tuckwell 1998) 

Mean: E[t] = t*, where t* is FPT of the mean voltage. 

Variance:
( )

v
t

dE X

dt


  , where v  is the variance of the voltage, both evaluated at time t* 
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The following figure is the voltage trajectories where the threshold is imposed. Each line 

shows a different simulation. Figure 57 is for the one-compartment model which shows 

apparent discrete jumps. Figure 58 is for the two-compartment model which looks smoother 

than the one-compartment model. This trajectory for the two-compartment model shows the 

voltage trajectory at the second compartment. 

 

 

Figure 57   FPT of One-compartmental Poisson model 

: Each time where voltage drops to zero is the FPT                      
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Figure 58   FPT of two-compartmental Poisson model 

: Each time where voltage drops to zero is the FPT   

 

The CV vs. MI of FPT is obtained for the model with Poisson noise from the simulation and 

analytic approximation to investigate the variability of FPT. The Poisson model plotted here 

is set to the same condition as the Wiener process with the threshold S=10, and the noise 

intensity k=1. In Figure 59, the upper parts of the plot are for the one-compartment model, 

and the lower parts are for the two-compartment model. The Poisson noise with only plus 

jump and both plus and minus jumps are plotted. The stars are Poisson with plus jump and 
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the crosses are Poisson with plus and minus jumps Again, the two-compartment model has 

less variability than the one-compartmental model. 

 

 

Figure 59   CV vs. MI for one-and two-compartment Poisson models 

: The threshold and the noise intensity are fixed to be S=10 and k=1 respectively. Each point is for 

different mean input. The upper plots are for the one-compartment model, and the lower plots are for 

the two-compartment model. The curves are analytic approximations, stars are Poisson with positive 

and negative jumps, and crosses are for the Poisson with positive jump.   

 

We are also interested in the Poisson model with different noise variance. We examined the 

different noise intensity cases k = 1, 2, 3 and 5. For all cases, they have similar tendency, 

however for the one-compartment model with k = 5, it is dominated by the noise and the 
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points in the plot start to fluctuate. The plots in Figure 61 are the same figures as Figure 60, 

but separately plotted for different noise intensities. 

 

 

Figure 60   CV vs. MI for one-and two-compartment Poisson models with different noise intensities 

: The upper part of the plot in red, black, green and blue are for the one-compartment model, and the 

lower part is for the two-compartment model. Solid curves are the analytic approximation for the one-

compartment model and the slashed curves are the analytic approximations for the two-compartment 

model. The noise intensity k=1, 2, 3, and 5 are plotted in blue, green, black and red respectively.  
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      k=1                                                                                  k=2 

 

      k=3                                                                                 k=5 

Figure 61   Four panels of CV vs. MI for one-and two-compartment Poisson models with different 

noise intensities 

: Same figures in Figure 60 are separately plotted. 
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(3) Minimum of FPT 

The minimum of FPT is examined for Poisson model as well. In Figure 62, the blue is one-

compartment model with plus jump, the green is one-compartment model with plus and 

minus jumps, the red is two-compartment model with plus jump, and the purple is two-

compartment model with plus and minus jumps. The squares are obtained by taking the 

minimum. Again, taking the minimum function produces smaller variability in FPT. They 

don‟t have as strong an impact as changing parameters or changing the models from one- to 

two-compartment model, however, this structure of the organ gives more reliable coding than 

the simpler structure. 

 

 

Figure 62   Comparison of FPT and minimum of FPT for Poisson model 

: Blue plots and green plots are for one-compartment Poisson model with plus jump and with plus and 

minus jumps respectively. Red and purple are for two-compartment model with plus jump and with plus 

and minus jumps respectively.  Curves are analytic approximation, crosses are FPTs and squares are 

the minimum of FPT.  
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(4) Comparison of Wiener and Poisson  

One-compartment model 

Here we plot the analytic approximation, simulated Wiener process model, Poisson process 

model with plus jump and Poisson process model with plus and minus jumps in Figure 63. 

We fix the noise intensity instead of fixing the jump sizes Ea and Ia . So Ea and Ia  change 

for the different input intensities u. In Figure 63, the plot on the right is just a blow-up 

version of the left plot. Poisson process models are well approximated by the Wiener process 

model especially for the small MI.  There are still some deviations between the data points.  

 

 

Figure 63   Comparison of the one-compartment Wiener model and Poisson model 

: Threshold S=10 and noise intensity k=1 are fixed. Wiener(o) Poisson with + jump(*), Poisson with + 

and – jumps (+.) Right figure is blow-up plot of the left. 

 

Now we are comparing the model with different noise intensities, k = 1 and k = 5. In Figure 

64, the plots in red are obtained from the above simulation, which have noise intensity k =1. 
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The green line is the analytic approximation for k = 5. The green circle is the Wiener process 

model,  the green star is the Poisson process model with positive jump and the green cross is 

with plus and minus jump for k =5. When the noise intensity is large, we observe that the 

stochastic models have the apprent deviation from the analytic approximation.   

 

 

Figure 64   Comparison of the one-compartment Wiener model and Poisson model for k=1 and k=5. 

: Threshold S=10 and noise intensity k=1 and k=5 are compared. The green plots are for k=5, and the 

red plots are for k=1. Wiener(o) Poisson with + jump(*), Poisson with + and – jumps (+). Right figure is 

blow-up plot of the left. 

 

Two-compartmental model 

The analytic approximation, Wiener process model, Poisson process model with plus jump 

and with plus and minus jumps are plotted for the two-compartmental model. Comparing 

with one-compartmental model above, we observe that two-compartmental Poisson process 

model is better approximated by the Wiener process model. In Figure 65, the left figure is the 

blow-up version of the right one.   
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Figure 65   Comparison of the two-compartment Wiener model and Poisson model for k=1 

: Threshold S=10 and noise intensity k=1 are fixed. The blue line is analytic approximation. Wiener(*), 

Poisson with + jump(o), Poisson with + and – jumps (+). Right figure is blow-up plot of the left. 

 

Similar to the one-compartmental model, we compare the differet noise intensity k = 1 and k 

= 5 for the two-comparmtental model. The red plots are from the above result with k = 1. The 

green plots are for the noise intensity k = 5. The line is the analytic approximation, the circle 

is the Wiener process model,  the star is the Poisson process model with positive jump and 

the cross is with plus and minus jump. Again, the two-compartmental models have less 

variability and the Poisson process model fits better with the Wiener model and analytic 

approximation compared to the one-compartmental model.  
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Figure 66   Comparison of the two-compartment Wiener model and Poisson model for k=1 and k=5 

: Threshold S=10 and noise intensity k=1 and k=5 are compared. The green plots are for k=5, and the 

red plots are for k=1. Wiener(o), Poisson with + jump(*), Poisson with + and – jumps (+). Right figure 

is blow-up plot of the left 

 

The Poisson process models are well approximated by the Wiener process model especially 

for the small MI. There are still some deviations between the data points when the Poisson 

model jump size becomes large. Comparing the one- with two-compartment model, we 

observe that the two-compartment Poisson process model is better approximated by the 

Wiener process model.  
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Chapter 4 

FITZHUGH-NAGUMO MODEL 

 

The Fitzhugh-Nagumo (FN) model is a more realistic model compared to the leaky integrate-

and-fire model. As we have seen, the leaky integrate-and-fire model does not explicitly 

describe the action potential feature if the threshold is not imposed (Nozaki, Mar, Grigg and 

Collins, 1998). In the FN model, the formation of the action potential is provided in the 

model. This model originated from the Hodgkin-Huxley neural model. Hodgkin and Huxley 

conducted the patch clamp experiments on the giant squid axon and construct the 

mathematical model with 4 state variables. The variables of the Hodgkin-Huxley model are 

reduced to have only two parameters instead of 4 parameters by Fitzhugh (1961) to make it 

simple and mathematically tractable, but still have the important feature of the neuronal 

activity. Here we use the FN model to examine the idea of the characteristics of the input 

voltage using the information of the output voltage. The types of the input voltage are hardly 

confirmed from the output voltage recordings of the neuron and are basically interrelated 

with noise. We apply the different types of the input noise on the model. Our goal is to 

distinguish the types of the input noise using the information of the output voltages. 
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4.1 Analysis of FN model 

The FN equation is given by the following equations. 

( , )

( , )

dx
f x y

dt

dy
g x y

dt

 
 

 
 
  

 

, where

3

( , )
3

x
f x y c y x z

 
    

 
, and  ( , ) /g x y x a by c    . The constants 0.7a  , 

0.8b  and 3c  are given. z is an input voltage. (Fitzhugh, 1961) 

Since our purpose here is to determine the type of the input voltage, we only focus on the 

subthreshold behavior of the FN model. Therefore the system with the input voltage,

3,  1,  and 3z   , are investigated. The reasoning for choosing these values of input voltage is 

based on the bifurcation diagram. When the input voltage z falls outside of the range between 

1.403z   and 0.3465z    the subthreshold behavior of the system is illustrated, namely a 

single steady state rather than oscillations. Figure 67 is the bifurcation diagram which shows 

the steady state as a function of input voltage z . The Hopf bifurcation occurs at the branches 

of the closed orbit and the curve when 1.403z    and 0.3465z   . This diagram illustrates 

that there are 2 steady states when z is in the range of 1.403z    and 0.3465z   . This 

means that the system is undergoing the oscillatory state. For the region outside of the closed 

orbit only one steady state is observed. 
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Figure 67   Bifurcation diagram for FN model (voltage vs. input) 

: The parameters are a=0.7, b=0.8 and c=3. The figure is showing the fixed points when z is changed 

from -3 to 3.5. There are two bifurcation points at z=-1.403 and z=-0.3465. This bifurcation is Hopf 

bifurcation. In the range of the orbits, there are two steady states since it is oscillating. There is only 

one fixed point if z is outside of the orbits.  

 

One of the difficulties of investigating FN model is the nonlinearity of the system. As long as 

the voltage is around the equilibrium point, the linearized system locally describes the 

nonlinear system well (Nozaki, Mar, Grigg and Collins, 1998). Linearization of the system 

helps us to obtain information about the original system. Linearization of the system is 

generally given by 
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( , ) ( *, *) ( , ) ( *, *)

( , ) ( *, *) ( , ) ( *, *)

*, * ( *) ( *)

*, * ( *) ( *)

x y x y x y x y

x y x y x y x y

dx df df
f x y x x y y

dt dx dy

dy dg dg
g x y x x y y

dt dx dy

 

 

 
     

 
 
     
 
 

 

, where  *, *x y is a fixed point. The fixed point is an equilibrium solution, which is 

obtained by solving the simultaneous equations  , 0f x y  and  , 0g x y  .   

For the FN model, the Jacobian matrix of the system is 

   

2

, *, *

(1 * )

1

x y x y

df df
c x c

dx dy
J b

dg dg
c c

dx dy


 
  
   
    
   

 

. 

So the linearization of the system is obtained as follows 

    

   

21 * * *

1
* *

dx
c x x x c y y

dt

dy b
x x y y

dt c c

 
     

 
     
  

. 

For the constant    , , 0.7,0.8,3a b c  , the fixed points for the input intensity 3,  1,  and 3z  

are given in Table 7. 

 

Table 7 Fixed points for z=-3, 1 and 3 

input z -3 1 3 

x* -1.7196 1.6382 2.1551 

y* 3.0246 -1.1727 -1.8188 
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In figure 68, we compare the non-linear system and linear system for the case 1z  . The left 

plot shows the nonlinear system and the right plot shows the linear system. Both of the 

systems eventually reach the steady state * 1.6382x   and * 1.1727y   . 

 

  

Figure 68   Voltage trajectories for the linear and nonlinear systems (voltage vs. time) 

: The voltage trajectory of the system is plotted for the mean input z=1. The steady state is x=1.6382 and 

y= -1.1727. Solid curve is the fast variable x and the dotted plot is the slow variable y. For the upper 

figure, negative nonlinear term of the differential equation for the fast variable makes the peak lower 

than the linear case. LEFT: Nonlinear system RIGHT; Linear system  

 

The direction field for 1z  is plotted in Figure 69 with the nullclines and the voltage 

trajectory.  Nullclines are the lines where 0x   and 0y  . The red lines are the nullclines and 

the black lines are the voltage trajectory for the initial conditions    0 0 and 0 0x y  . 
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Figure 69   Voltage trajectory plotted on direction field (y vs. x) 

: The system with z=1. LEFT: Nonlinear system, RIGHT: Linear system. Red solid lines are the 

nullclines and the black line is the voltage trajectory with initial conditions x(0)=0 and y(0)=0. 

 

4.2 FN model with noise 

We have seen the FN model with the constant input voltage. Now we will consider the model 

with the different types of noise: White Gaussian noise, Poisson noise, and the Ornstein-

Uhlenbeck process noise (OU noise).  

(1) White Gaussian noise 

The input term for the FN model with White Gaussian noise is
dW

z k
dt

  where W is Wiener 

process, z is the mean of the input voltage and k is the standard deviation of the input. Thus, 

the FN model with the White Gaussian noise is represented by  
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3

3

dx x dW
c y x z k

dt dt

 
     

 
 

  /
dy

x a by c
dt

    . 

Linearization of the FN model with the White Gaussian noise can be written as, 

    

   

21 * * *

1
* *

dx dW
c x x x y y k

dt dt

dy b
x x y y

dt c c

  
       

  
 

     
 

 

, where *x and *y are equilibrium solutions, W is Wiener process, and 0.8b  and 3c  .  

(2) Poisson noise 

To consider FN model with Poisson noise, we remove the input term z and add the Poisson 

noise term e

dP
a

dt
, where ea is a jump size, and P is the Poisson process, so that the FN model 

is the average process of the Poisson noise input model. The FN model with the Poisson 

noise is given by 

31

3
e

dP
x c x y x a

dt

 
    

 


 

 
1

y x a by
c

     

, and the linearization is  



 

117 

 

    

   

21 * * *

1
* *

e

dx dP
c x x x c y y a

dt dt

dy b
x x y y

dt c c

  
       

  
 

     
 

. 

(3) Ornstein-Uhlenbeck noise 

The third case of the nose type is given by the Ornstein-Uhlenbeck process n . The mean 

input is z , and the steady state variance is
2

2

ou 
 

31

3

dx
c x y x z n

dt

 
     

   

 
1dy

x a by
dt c

   

 

. 

Linearization is  

     

   

21 * * *

1
* *

ou

dx
c x x x c y y n

dt

dy b
x x y y

dt c c

dn n dW

dt dt




 
      

 
 

     
 
   
  

. 

  

ou

dn n dW

dt dt
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4.3 Level crossings theory 

Our purpose here is to distinguish the noise input types of the neuron. We will use level 

crossings theory. We expect the number of crossings at the equilibrium point is different 

among the different types of the noise even though the mean and the variance of input or the 

output voltages are the same. First, the number of crossings at the equilibrium point obtained 

by simulation is compared with the theoretical mean number of crossings. We test if the 

voltage with the different types of the noise shows different mean number of crossings at the 

equilibrium point both in theory and simulation. Second, the number of crossings at a certain 

level instead of the equilibrium point is tested. This second scenario is for comparing 

differences between the non-linear FN model and the linearized FN model. As we will see 

below, our theoretical number of crossings is obtained using linearized FN model. Even 

though the level crossings theory works well for both linear and non-linear FN model at the 

equilibrium point, there would be clear distinction at a certain level far from equilibrium due 

to the nonlinear term. Finally we determine the criteria of the applicability of this theory. 

Under certain conditions the types of noise are not distinguishable due to the same number of 

the theoretical mean number of crossings obtained between different noise types.  

The number of crossings for the voltage at a certain level a is given by Rice‟s formula,

 

 
 

1/2

2
01

[# of crossings of  at level  per unit of time] exp / 2 0
0

xx

xx

xx

R
E x a a R

R

 
      

 


  

, where  xxR  is the autocorrelation function of ( )x t . Rice‟s theorem can be used only when 

the second derivative of the autocorrelation for the system exists. The difficulties of applying 
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the level crossings theory to the FN model are that the system is nonlinear and its 

autocorrelation is not differentiable in mean square sense.  We are not able to apply Rice‟s 

theorem to the model. Instead of using this formula, we use the level crossings formula for 

the samples of the process, which is given by Barbe (1976).

 

 

     

             

        

2

22 2
2

2 1 / 0

# of -crossings

arccos exp
0 1 / 0

4
exp erf

2 2 1 / 0 2 1 / 0
           

1 / 0 arccos / 0
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R dt R
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R dt aT
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a dq

R dt R R dt R
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, where /n xa a  . a is the level to cross, and x  is the standard deviation of the process. 

We call it Barbe‟s equation.  

It is important to note that the sampling point should be less than the reciprocal of the 

smallest eigenvalue of the linearized system. We used 0.01dt  as our time step in simulation. 

This sampling time is also similar or smaller than that commonly used in the actual voltage 

neuronal recordings. We also examined the effect of the different sampling times. A 

thorough study of the effect of recording parameters, interfering signals, histogram bin width 

and the duration of the recording signal on post-stimulus time and interval histograms was 

done by Johnson (1978). 

We use the linearized FN model to determine the autocorrelation of the system.  

Let the FN model with any noise be 
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21 * * * ( )

1
* *

dx
c x x x y y n t

dt

dy b
x x y y

dt c c

 
      

 
     
  

 

, where ( )n t is noise term. Let *x x x  and *y y y  so that it becomes 

 2(1 * ) ( )
dx

c x x y n t
dt

     

1dy b
x y

dt c c
   . 

We apply the Laplace transform to obtain the system transfer function: 

 2( ) (1 * ) ( ) ( ) ( )sX s c x X s Y s N s     

1
( ) ( ) ( )

b
sY s X s Y s

c c
   . 

Then, 

2

( )
( )

1( )
(1 * )

/

X s c
H s

N s
s c x

s b c

 

  


. 

Thus the magnitude squared of the frequency response function is given by 

     

2
2

22

2 2 2
4 2 2

2 2

2
2 1

b
w

cH j H j H j
b bd b d

w d w
c c c

  


   
 

      
 

. 

The autocorrelation of the system is obtained by Fourier transform of the magnitude squared 

of the transfer function. We can take the partial fraction expansion of the squared magnitude 

of the transfer function to obtain the Fourier transform using the Fourier transform table. 
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Here, we calculated it by Maple for the input intensity 3,  1,  and 3z   . For the input voltage

3,z   and the fixed point 1.7196fpx   , 

 
 2

2

4 2

9 0.07111111111

32.54060318 6.582402536
H




 




 
 

 
2

2 2

9.037095403 0.03709540044

32.33704710 0.2035560796
H 

 
 

 
 

 

 
2

F =

-0.3973001196exp(5.686567251t)(2Heaviside(t)-2)

+0.02055502613exp(.4511718959t)(2Heaviside(t)-2)

-0.04111005226exp(-.4511718959t)Heaviside(t)+.7946002395exp(-5.686567251t)Heaviside(t).

H j 
 

 

For the input 1z  and the fixed point 1.6382fpx    

 
 2

2

4 2

9 0.07111111111

23.58469929 5.508218388
H




 




 
 

 
2

2 2

0.06417167494 9.064171676

0.2359102383 23.34878905
H 

 
  

 
 

 
2

F =

-0.4689601610exp(4.832058469t)(2Heaviside(t)-2)

+0.03303010760exp(.4857059175t)(2Heaviside(t)-2)

-0.06606021520exp(-.4857059175t)Heaviside(t)+.9379203220exp(-4.832058469t)Heaviside(t).

H j 
 

 

For  3, 2.1551z fpx 
 



 

122 

 

 
 2

2

4 2

9 0.07111111111

117.6096476 15.33164777
H




 




 
 

 
2

2 2

9.004555209 0.004555208197

117.4791424 0.1305052748
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2

F H

=-0.2076930146exp(10.83877956t)(2Heaviside(t)-2)

+0.003152348384exp(.3612551383t)(2Heaviside(t)-2)

-0.006304696770exp(-.3612551383t)Heaviside(t)+0.4153860294exp(-10.83877956t)Heaviside(t).

j 
 

 

(1) Theoretical mean number of equilibrium crossings for White Gaussian 

noise 

The Fourier transform of the magnitude squared of the system transfer function obtained 

above determines the variance of the output voltage at the steady state for the White noise 

input since the autocorrelation of the output voltage for the White noise input is determined 

by  

21
( ) ( ) ( )

2

j

v NR P H j e d   





   

, where   2

NP k  . Therefore,    
22

VR k F H j  
 

. Here,
 

 
2

F H j 
   

includes the 

Heaviside function Heaviside(t), which is not defined at 0t  . Using the fact that the 

autocorrelation function is symmetric about 0t  , we take the right limit of  
2

F H j 
   

to 

obtain the variance of the output voltage. So for 1z  , 
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22 2

0
0 lim 0.8718601068V

t
R k F H j k 



   
   

Using the Barbe‟s formula, the theoretical mean number of equilibrium crossings is obtained. 

 
 

 
# of zero-crossings arccos

0

V

V

R dtT
E

dt R

 
   

 
 

We note that the level 0a 
 
means the level at the equilibrium since *x x x 

  
in our 

system. To determine the theoretical mean number of zero crossings, we need to evaluate the 

autocorrelation at t dt , where 0.01dt  , that is,  

   
22 2

0.01

0.01 0.8279368686VR k F H j k


 


         

Therefore, the theoretical mean number of equilibrium crossings for
 

1z 
 
is

 

 
 # of zero-crossings 101.468033E   

Note that the mean number of zero-crossings doesn‟t depend on the noise variance 2k since it 

is cancelled out by taking the ratio of the autocorrelation at
 

0t  and t dt  
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Figure 70   Magnitude squared of the transfer function and its Fourier transform 

: When z=1 is plotted. LEFT: The magnitude squared of the transfer function for Wiener noise model is 

plotted. RIGHT: Fourier transform of the magnitude squared is plotted.

  

For 3, 2.1551z fpx   

   
22 2

0
0 lim 0.4090813326V

t
R k F H j k 
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R dtT
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dt R
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Figure 71   Magnitude squared of the transfer function and its Fourier transform 

: When z=3 is plotted. LEFT: The magnitude squared of the transfer function for Wiener noise model is 

plotted. RIGHT: Fourier transform of the magnitude squared is plotted. 

 

For 3, 1.7196z fpx     
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t
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Figure 72   Magnitude squared of the transfer function and its Fourier transform 

: When z=-3 is plotted. LEFT: The magnitude squared of the transfer function for Wiener noise model 

is plotted. RIGHT: Fourier transform of the magnitude squared is plotted. 

 

(2) Theoretical mean number of equilibrium crossings for OU noise 

The OU process system transfer function depends on , which is time constant. OU process 

is given by 

ou

n dW
n

dt



    

, and the Laplace transform is obtained.  

N
sN NOISE


   . 

Therefore, the transfer function is
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2

22

1

1/
OUH j

 



. 

Using the property of the power spectrum of the output and input signal, 

     
2

OUTPUT INPUTS H S   . 

The power spectrum of the voltage variable with the OU noise as an input to the system is 

determined as follows. 

 
2 2 22( ) ( ) ( ) ( )v OU OUP P j H j H j H j        

, where        
2 2 22 2( ) ( ) j t

OU N OU OU OUP P H H t e dt H       





   . 

For 5, 1, 1.6382z fpx      
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Figure 73   Fourier transform of magnitude squared of the transfer function for the OU input 

: Fourier transform of the magnitude squared of transfer function for OU noise is plotted for z=1. 
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For 5, 3, 2.1551z fpx     
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 Figure 74   Fourier transform of magnitude squared of the transfer function for the OU input 

: Fourier transform of the magnitude squared of transfer function for OU noise is plotted for z=3.
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For 5, 3, 1.7196z fpx     
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Figure 75   Fourier transform of magnitude squared of the transfer function for the OU input 

: Fourier transform of the magnitude squared of the transfer function for OU noise is plotted for z=-3. 
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# of zero-crossings arccos 4.519760383

0

V

V

R dtT
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dt R

 
   

   

The table below summarizes the theoretical mean number of equilibrium crossings, which 

does not depend on the input variance as explained above. When the sampling time changes 

the expected number of equilibrium crossings also changes. The following tables show the 

expected number of crossings for dt=0.01, dt=0.04 and dt=0.1 for both White Gaussian and 

OU noise.     

 
Table 8 Theoretical mean number of equilibrium crossings for dt=0.01 

dt=0.01 WG OU(1) OU (5) OU(30) 

z=-3 108.9903 8.518802 4.51976 2.14546 

z=1 101.468 8.031226 4.345257 2.099532 

z=3 146.6378 11.00542 5.466175 2.445894 

 

 
Table 9 Theoretical mean number of equilibrium crossings for dt=0.04 

dt=0.04 WG OU(1) OU(5) OU(30) 

z=-3 52.98203 8.242585 4.387497 2.08357 

z=1 49.54145 7.80155 4.234594 2.046866 

z=3 69.42213 10.40008 5.182856 2.320314 

 

 
Table 10 Theoretical mean number of equilibrium crossings for dt=0.1 

dt=0.1 WG OU(1) OU(5) OU(30) 

z=-3 31.65185 7.741102 4.144935 1.969635 

z=1 29.85911 7.379965 4.029254 1.948766 

z=3 39.34132 9.371837 4.69847 2.105139 
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(3) Theoretical mean number of level crossings for White Gaussian noise 

The mean number of the equilibrium crossings does not depend on the input standard 

deviation, but for the level crossings not at equilibrium it depends on the input standard 

deviation and the distance from the equilibrium point due to the Barbe‟s equation. Here we 

provide the mean number of level crossings for level = fixed point 0.75 . We will use this 

number to distinguish the linearity of the model.   

 

  

Table 11 Theoretical number of level crossings at |level - fpx|=0.75 

z k(std) E[#] 

  -3 0.547723 31.0255 

-3                1.7321 96.12103 

-3 3 104.5196 

1 0.3162 3.91958 

1 1 73.2883047 

1 1.7321 91.03968738 

3 0.5477 14.23252 

3 1.7321 116.1241547 

3 3 135.6659536 

 

4.4 Simulation of the mean number of crossings  

There are two possible cases to match the variance, which is the variance of the input or the 

variance of the output at equilibrium.  
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(1) Hypothesis test at equilibrium level for matched input noise variance 

First we tested the case with the mean input values of 3,  1 and 3z   , and the input noise 

standard deviation of the White Gaussian noise 0.547723,  1.7321,  and 3k  for 3z   , 

0.3162,  1,  and 1.7321k   for 1z  , and 0.5477,  1.7321,  and 3k  for 3z  . These 

standard deviations come from the result of matching the mean input of the process with the 

White Gaussian to Poisson noise. The mean input of the White Gaussian process is z and the 

Poisson process is ea  . First we determine the mean input z , and the jump size of the 

Poisson noise is determined systematically, which is 0.1,1 and 3ea  .  is automatically 

determined by z and ea , which is 10,1 and 1/ 3  when 1z  , and 30,3 and 1  when 3z  . 

Then the standard deviation of the Poisson process follows, which is
ea  . To match the 

standard deviation of the input noise of the processes, the standard deviation of the White 

Gaussian process k  should be the same as that of Poisson process
ea  , which is

ek a  .  

For the OU noise, the mean of the input noise is z , and the standard deviation
2

ou

k
dt




 is 

used to match the input standard deviation of the White Gaussian and Poisson cases. The 

standard deviation of OU noise as a function of k is derived as follows. The differential 

equations for the White Gaussian and the OU noise are given by  

3 3

3 3

dx x dW x
c y x z k dx c y x dt czdt ckdW

dt dt
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 3 31 1

3 3

dx
c x y x z n dx c x y x dt c z n dt

dt

   
             

   
. 

The input for each noise is czdt ckdW for White Gaussian and  c z n dt for OU noise. To 

match the input noise variance    Var ckdW Var cndt since the mean process czdt is the 

same. Using the property of the variance,    2 2Var ckdW c k Var dW  and 

   2 2Var cndt c dt Var n . W is the Wiener process, so that  Var dW dt . The variance of 

the OU process is  
2

2
Var n


 . Therefore, we obtain  

 
2

2 2
( )

2

ou

ou

Var c kd W Var c dt n k dt k
dt

 



        

  

Hypothesis test 

We simulated 100 voltage trajectories. We compare the theoretical mean number of level 

crossings with the average number of level crossings obtained by simulation. We have to 

note that the theory only can be applied when the process is stationary. For this reason we 

only focus on the voltage trajectory after 10 msec. We assume the system is stationary 

process after 10 msec since conventionally the system is said to be close enough to the steady 

state by the time two times the slower time constant, 1/|eigenvalue|. We count the number of 

the level crossings of the voltage trajectories in simulation in two different ways to obtain the 

average number of level crossings.   

The first setting is the situation when 100 voltage recordings are available. In this scenario, 

we count the number of crossings per 10msec started from 10msec up to 100msec for each 
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voltage trajectory, and average the 100 numbers of crossings per 10 sec. This gives us 9 

numbers, one for the average number of crossings in 10msec to 20msec, the one for the 

average number of crossings in 20msec to 30msec, and up to 90msec to 100msec. Then we 

execute the chi-square test in terms of linearized FN model. The observation is this 9 

numbers and the expectation is the theoretical mean number of crossings for the White 

Gaussian case. We test if the theoretical mean number of equilibrium crossings for White 

Gaussian noise per10 msec when the sampling time interval dt = 0.01 is equal to the 

simulated mean number of equilibrium crossings per 10msec with 9 bins.  The simulation 

results are obtained respectively for the different input noise types, White Gaussian, Poisson, 

and OU noise. For each case, we compare it with the theoretical mean number of crossings 

for the process with the White Gaussian noise so that we will know if the input noise of the 

voltage recoding is different from White Gaussian noise.    

The second setting is the situation when the only one voltage recording is available. In this 

case, we cannot take average of 100, so we take average of 9 intervals, 10[msec]-20[msec], 

20[msec]-30[msec] and so on, for one simulation instead. The transient part is discarded, 

1msec-10msec. We count the number of crossings per 10msec for each interval, take the 

average of 9 and obtain 1 number. We compare this number with the theoretical number of 

level crossings for the White Gaussian case. A T-test is used for this scenario with 9 degrees 

of freedom. We expect only the simulation values for the linear White Gaussian cases to be 

accepted and rejected for other cases. The following table shows the results for the chi-square 

test. 
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Chi-squared test for average number of crossings of 100 simulations  

 0 : 0, 10, 0.01

            Mean # of zero-crossings per 10msec in Simulation with 9bins (10-100msec)

H E N a T dt    
  

In the Table 12 the Chi-square values for different types of noise are shown. C=16.92 is the 

test statistics obtained by Chi-square table at 0.05   and 9df  . Except for one case, all 

the White Gaussian noise cases are accepted and the other processes are rejected. This 

situation can happen since the exceptional case is the nonlinear system with White Gaussian, 

and the theoretical mean number is determined based on the linear system. We will discuss 

the difference between the nonlinear and linear system in a later section using level crossings 

theory at a certain level instead of at the equilibrium.  

T-test for each simulation 

A T-test is executed for each simulation so that 100 t-values are obtained for each parameter 

set. The histograms in Figure 76 and 77 show the p-values for 100 simulations of the White 

Gaussian noise case. For other noise cases, p-values fall very close value to zero. The 

histogram of the p-values is expected to be flat if Ho is true. The red circle at the bottom of 

each histogram indicates the significance level 0.05  . The table 13 shows the % of the p-

values less than 0.05. As we can see from the table, the processes with non-White Gaussian 

noise are rejected almost 100%.of the time. The values indicated next to OU represent the 

values of  . We tested for 1,5 and 30  .    
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Table 12 Chi-squared values testing the number of equilibrium crossings for different noise types 

  Chi-squared test (<16.92:=C) 

z k(std) NL-W L-W NL-P L-P NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.5477 8.60<C 0.20<C 45.02>C 112.76>C 856.74>C 828.97>C 917.28>C 898.45>C 943.15>C 940.03>C 

-3 1.7321 4.75<C 0.27<C 471.15>C 448.55>C 833.96>C 830.50>C 916.90>C 900.73>C 949.44>C 938.22>C 

-3 3 8.18<C 0.47<C 711.94>C 740.37>C 819.22>C 833.28>C 910.21>C 897.04>C 952.98>C 941.99>C 

1 0.3162 1.8<C 0.248<C 62.91>C 52.17>C 794.65>C 765.78>C 846.95>C 831.64>C 871.57>C 870.89>C 

1 1 18.1>C 0.134<C 101.18>C 677.23>C 781.76>C 768.16>C 847.81>C 831.47>C 880.72>C 871.90>C 

1 1.7321 3.13<C 0.307<C 809.83>C 813.9>C 765.91>C 766.5>C 849.02>C 832.75>C 880.17>C 867.88>C 

3 0.5477 0.095<C 0.681<C 137.07>C 157.06>C 1150>C 1117>C 1226>C 1219>C 1262>C 1272>C 

3 1.7321 14.67<C 0.59<C 673.27>C 707.64>C 1147>C 1117>C 1238>C 1218>C 1279>C 1273>C 

3 3 6.66<C 0.863<C 1028.4>C 1046.7>C 1135>C 1117>C 1232>C 1215>C 1275>C 1284>C 



 

138 

 

Figure 76   Histogram of the p-values of 100 simulations obtained from nonlinear White Gaussian 

model for T-test 

: 100 p-values are obtained from 100 simulations of nonlinear White Gaussian model. The number of 

equilibrium crossings are counted for each voltage trajectory and compared to the theoretical number 

of equilibrium crossings using t-test. Red circle indicates 0.05.      

 

Figure 77   Histogram of the p-values of 100 simulations obtained from linear White Gaussian model 

for T-test 

: 100 p-values are obtained from 100 simulations of linear White Gaussian model. The number of 

equilibrium crossings are counted for each voltage trajectory and compared to the theoretical number 

of equilibrium crossings using t-test. Red circle indicates 0.05.  
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Table 13 % of t values less than 0.05 testing the number of equilibrium crossings for different noise types 

  T-test : % of p-value<0.05 

z k(std) NL-W L-W NL-P L-P NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.5477 30 5 68 100 100 100 100 100 100 100 

-3 1.7321 23 4 100 100 100 100 100 100 100 100 

-3 3 29 5 100 100 100 100 100 100 100 100 

1 0.3162 3 6 100 100 100 100 100 100 100 100 

1 1 49 5 100 100 100 100 100 100 100 100 

1 1.7321 16 8 100 100 100 100 100 100 100 100 

3 0.5477 5 11 100 100 100 100 100 100 100 100 

3 1.7321 59 9 100 100 100 100 100 100 100 100 

3 3 35 4 100 100 100 100 100 100 100 100 
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Optimal variance to distinguish linearity 

In Table 12, we can see the tendency that the chi-squared statistic for nonlinear White 

Gaussian case is the largest or smallest for 1ea  , which is middle value among 

0.1,  1,  and 3ea   while the values for the linear White Gaussian case are almost the same 

for all variance. This tendency for the nonlinear White Gaussian case was not expected since 

intuitively the chi-square value should increase as the variance increases. We executed the 

chi-square test for different standard deviations from 0.1ea  to 3ea  for 1z  , which are 

0.1,0.2,0.4,0.8,2,2.2,2.4,2.8 and 3ea  . The chi-squared values are shown in Table 14 and 

the chi-squared value versus standard deviation k plot is shown in Figure 78. The critical p-

value at 0.05   is16.92 . In the cases above16.92  the simulated mean number of level 

crossings is significantly different from the linear White Gaussian process. The chi-squared 

value exceeds 16.92  when 0.8ea  and 1ea  . This means nonlinear and linear systems are 

distinguishable when 0.8ea  and 1ea  but not the other cases. When the noise intensity is too 

small or too large, the test cannot distinguish the linearity of the system. To explain this we 

plotted the phase plane in Figure 79-81. As we can see from the phase plane, the area is 

divided into 4 regions by nullclines. When noise intensity is small, the voltage trajectory 

stays in the same region each other, and the voltage trajectory is dominated by the noise 

when the noise is large for both nonlinear and linear systems. When the noise intensity is not 

too small or large, the voltage in the nonlinear system reaches the nonlinear nullcline, and is 

pushed to the upper part of the phase plane. This doesn‟t happen for the linear system. This is 
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a special feature for nonlinear system. There is an optimal standard deviation to distinguish 

between the linear and nonlinear models. 
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Table 14  Chi-squared 

values testing the number of 

equilibrium crossings for more 

standard deviations 

    

Chi-squared test 

(<16.92:=C) 

z ae k(std) NL-W L-W 

1 0.1 0.3162 1.803 0.248 

1 0.2 0.4472  9.922 0.129 

1 0.4 0.6325  16.59 0.403 

1 0.8 0.8944  19.78 0.226 

1 1 1 18.1 0.134 

   1 1.2 1.0954  14.25 0.392 

   1 1.4 1.1832  13.42 0.158 

   1 1.8 1.3416  7.241 0.625 

   1 2 1.4142  9.951 0.066 

   1 2.2 1.4832 6.483 0.412 

   1 2.4 1.5492  6.547 0.553 

   1 2.8 1.6733  3.395 0.189 

1 3 1.7321 3.128 0.307 

 

 

 

 

 
Figure 78   Chi-squared value vs. noise intensity k for 

nonlinear White Gaussian model 

: The number of equilibrium crossings for 100 simulations 

are obtained for k=0.3126, 0.4472, 0.6325, 0.8944, 1, 1.0945, 

1.1832, 1.3416, 1.4142, 1.4832, 1.5492, 1.6733, and 1.732
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Figure 79   Voltage Trajectory and Phase plane for White Gaussian model with z=1 and 
ea =0.1 

: Top: Voltage trajectory for linear (Red) and nonlinear (Blue) White Gaussian model. BOTTOM 

LEFT: Phase plane for the nonlinear system BOTTOM Right: Phase plane for the linear system 
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Figure 80   Voltage Trajectory and Phase plane for White Gaussian model with z=1 and 
ea =0.8 

: Top: Voltage trajectory for linear (Red) and nonlinear (Blue) White Gaussian model. BOTTOM Left: 

Phase plane for the nonlinear system BOTTOM Right: Phase plane for the linear system  
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Figure 81   Voltage Trajectory and Phase plane for White Gaussian model with z=1 and 
ea =3 

: Top: Voltage trajectory for linear (Red) and nonlinear (Blue) White Gaussian model. BOTTOM Left: 

Phase plane for the nonlinear system BOTTOM Right: Phase plane for the linear system 

 

INVESTIGATION FOR DIFFERENT TIME STEPS 

We tested if the level crossings theory can be applied when the sample time is larger than

0.01dt  . 0.01dt   is the same as the time step for our simulation, so we tested the situation 

in terms of different length of the sampling time, 0.04dt  and 0.1dt  . Chi-test and T-test 

are used in the same manner as above for 0.01dt  case. For both cases, the tests conclude 
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that other than White Gaussian noise, almost all cases show the statistically significant 

different from the theoretical mean value of the linear White Gaussian input. For the Poisson 

noise model with the sampling point with 0.1dt  in Table 17 and 18, the null hypothesis for 

1ea  cannot be rejected. This means the mean number of equilibrium crossings for Poisson 

case can be the same as that for White Gaussian case. This problem is related to the criteria 

of applicability of the theory in section 4.5. The criteria will be only given for the OU noise 

case, however, the same logic is possibly applied. The theoretical mean number of level 

crossings for the White Gaussian case fails to distinguish the Poisson noise case when the 

theoretical mean numbers for both noise cases are the same.      
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Table 15 Chi-squared values testing the number of equilibrium crossings for different noise types with the sample point dt=0.04 

  Chi-squared test (<16.92:=C):dt=0.04 

z k(std) NL-W L-W NL-P L-P NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.54772 4.59 0.12 950.13 1300.5 362.03 337.73 416.71 399.91 440.58 437.6 

-3 1.7321 3.13 0.11 67.15 56.084 342.68 338.75 417.02 401.56 446.7 436.43 

-3 3 2.52 0.16 231.23 255.52 331.58 340.96 410.36 339.44 450.15 439.64 

1 0.3162 0.63 0.1 79 94.52 338.31 312.81 385.32 371.11 407.92 408.35 

1 1 8.75 0.27 227.09 233.42 326.37 314.4 385.9 371.27 416.93 409.03 

1 1.7321 1.45 0.12 34.69 352.44 312.98 313.8 387.84 372.31 416.48 405.2 

3 0.5477 0.03 0.25 1640 1720 472.99 445.49 534.18 535.33 570.97 580.66 

3 1.7321 7.32 0.28 101.64 123.51 469.26 445.25 548.88 532.64 586.64 582.21 

3 3 4.3 0.39 354.37 371.46 459.89 444.32 544.9 529.37 591.56 583.54 
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Figure 82   Histogram of the p-values of 100 simulations obtained from nonlinear White Gaussian 

model for T-test with sampling point dt=0.04 

: 100 p-values are obtained from 100 simulations of nonlinear White Gaussian model. The number of 

equilibrium crossings are counted for each voltage trajectory and compared to the theoretical number 

of equilibrium crossings using t-test. Red circle indicates 0.05.      

 

 

Figure 83   Histogram of the p values of 100 simulations obtained from linear White Gaussian model 

for T-test with sampling point dt=0.04 

: 100 p-values are obtained from 100 simulations of linear White Gaussian model. The number of 

equilibrium crossings are counted for each voltage trajectory and compared to the theoretical number 

of equilibrium crossings using t-test. Red circle indicates 0.05.    

Ttest:Nonlinear White:dt=0.04 

Ttest:Linear White:dt=0.04 
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Table 16 % of t values less than 0.05 testing the number of equilibrium crossings for different noise types with the sample point at dt=0.04 

  T-test : % of p-value<0.05:dt=0.04 

z k(std) NL-W L-W NL-P L-P NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.54772 30 5 100 100 100 100 100 100 100 100 

-3 1.7321 34 7 100 100 100 100 100 100 100 100 

-3 3 24 8 100 100 100 100 100 100 100 100 

1 0.3162 7 5 99 100 100 100 100 100 100 100 

1 1 54 2 100 100 100 100 100 100 100 100 

1 1.7321 19 11 100 100 100 100 100 100 100 100 

3 0.5477 7 7 100 100 100 100 100 100 100 100 

3 1.7321 63 8 100 100 100 100 100 100 100 100 

3 3 46 6 100 100 100 100 100 100 100 100 



 

150 

 

 
Table 17 Chi-squared values testing the number of equilibrium crossings for different noise types with the sample point dt=0.1 

  Chi-squared test (<16.92:=C):dt=0.1 

z k(std) NL-W L-W NL-P L-P NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.5477 3.43 0.1 2880.54 3710.33 181.75 161.64 228. 90 215.06 250927 248.51 

-3 1.7321 2.84 0.04 1.02 3.79 165.94 163 229.89 215.97 256.61 247.92 

-3 3 0.31 0.17 68.48 85.65 158.03 164.02 224.54 213.84 259.95 249.99 

1 0.3162 0.571 0.056 293.71 313.58 165.13 150.82 203.53 200.16 229.13 233.64 

1 1 6.221 0.14 78.41 83.931 173.15 151.72 210.81 198.93 229.1 233.94 

1 1.7321 1.475 0.053 177.06 180.18 174.2 150.77 214.37 200.76 236.95 234.24 

3 0.5477 0.172 0.042 180.18 180.18 206.77 204.33 277.52 275.3 315.67 317.15 

3 1.7321 6.346 0.1 0.14 1.7 220.02 201.17 275.19 272.34 306.86 316.58 

3 3 5.427 0.091 115.75 128.56 224.05 202.65 283.1 275.59 309.46 314.4 
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Figure 84   Histogram of the p-values of 100 simulations obtained from nonlinear White Gaussian 

model for T-test with sampling point dt=0.1 

: 100 p-values are obtained from 100 simulations of nonlinear White Gaussian model. The number of 

equilibrium crossings are counted for each voltage trajectory and compared to the theoretical number 

of equilibrium crossings using t-test. Red circle indicates 0.05. 

 

 
Figure 85   Histogram of the p-values of 100 simulations obtained from linear White Gaussian model 

for T-test with sampling point dt=0.1 

: 100 p-values are obtained from 100 simulations of linear White Gaussian model. The number of 

equilibrium crossings are counted for each voltage trajectory and compared to the theoretical number 

of equilibrium crossings using t-test. Red circle indicates 0.05.      

Ttes:Linear White:dt=0.1

 
 Ttest:Nonlinear White:dt=0.1 

Ttest:Nonlinear White:dt=0.1

 
 Ttest:Nonlinear White:dt=0.1 
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Table 18 % of t values less than 0.05 testing the number of equilibrium crossings for different noise types with the sample point at dt=0.1 

  T-test : % of p-value<0.05:dt=0.1 

z k(std) NL-W L-W NL-P L-P NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.5477 37 7 100 100 100 100 100 100 100 100 

-3 1.7321 35 5 42 10 100 100 100 100 100 100 

-3 3 5 3 100 100 100 100 100 100 100 100 

1 0.3162 7 3 100 100 100 100 100 100 100 100 

1 1 64 7 100 100 100 100 100 100 100 100 

1 1.7321 32 5 100 100 100 100 100 100 100 100 

3 0.5477 5 3 100 100 100 100 100 100 100 100 

3 1.7321 76 4 7 29 100 100 100 100 100 100 

3 3 73 4 100 100 100 100 100 100 100 100 
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Poisson noise model with the fixed point at oscillatory range 

We haven‟t examined the oscillatory region so far since our purpose is to obtain the 

information of the effect of noise input. However, there is a possibility for the Poisson noise 

model that the mean input is not oscillatory region but the steady state is in the oscillatory 

region. As we have seen the Poisson noise model, it is given by 

31

3
e

dP
x c x y x a

dt

 
    

 


 

 
1

y x a by
c

    . 

and the linearization is 
 

    

   

21 * * *

1
* *

e

dx dP
c x x x c y y a

dt dt

dy b
x x y y

dt c c

  
       

  
 

     
   

For the nonlinear case, we can rewrite the model as 

31

3
e

dP
x c x y x z a

dt

 
     

 


 

 
1

y x a by
c

   
 

z is assumed to be zero for the case we have seen. The other way to investigate the Poisson 

noise model is assuming z to be 1  and 2e e

dP
E a a

dt


 
  

 
. The system is in the oscillatory 

region without noise, but the mean input of the system with noise is not. Below shows the 

phase plane with the direction field for linear and nonlinear model without noise. In 
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nonlinear system the voltage stays oscillating, and in linear system the voltage rapidly goes 

to minus infinity.    

 

Figure 86   Phase plane in the direction field for Poisson noise model with z=1, 
ea =0.1, and 1   

: RIGHT: nonlinear phase plane  LEFT: linear phase plane 

 

Here we use the Chi-square test and T-test to make sure that the Poisson noise process in this 

region when there is no noise exhibits the distinction from the White Gaussian process. As a 

result, all of cases are rejected (Table 19) 
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Table 19 Chi-square values and t-values for Poisson noise process with 1, and 2ez a     

  Chi square test (<16.92) 

 

  ttest:% of p-value<5 

z ea    k(std) NL-P L-P 

 

z ea    k(std) NL-P L-P 

-1 0.1 20 0.44721 871.603 910.6605 

 

-1 0.1 20 0.44721 100 100 

-1 1 2 1.41421 791.613 910.661 

 

-1 1 2 1.41421 100 100 

-1 3  2/3 2.44949 829.305 910.661 

 

-1 3  2/3 2.44949 100 100 

 

The following figures help to give some idea of what is going on in this region. The Figure 

87 shows that the fixed point is in the oscillatory region and the noise intensity is very small. 

z=-1 and 0.1ea   , so the mean input is -1.1. The voltage trajectory stays in the oscillatory 

region since the noise intensity is very small. For the Figure 88, 89, and 90, the mean input is 

z+ ea  =1 where z=-1 and ea  =2. Therefore, the mean process with noise is not in the 

oscillatory region even though the process without noise is in the oscillatory region. Figure 

88 shows the case that the noise intensity is small but the mean rate is large so that the 

system stays in the non oscillatory region. The input noise comes in before the voltage try to 

go back to the oscillatory region. When the noise intensity is medium value (Figure 89), 

mean rate is slower than the previous case, so that the voltage is pull back to oscillate. When 

the noise intensity is large and the mean rate is slow (Figure 91), the voltage trajectory 

behaves like oscillating.   
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Figure 87   Voltage trajectory in oscillatory region with very small Poisson noise 

: LEFT: Nonlinear system, RIGHT: Linear system  

Figure 88   Voltage trajectory with Poisson noise, z=-1, 
ea =0.1,  =20 

: LEFT: Nonlinear system, RIGHT: Linear system  

 

Figure 89   Voltage trajectory with Poisson noise, z=-1, 
ea =1,  =2 

: LEFT: Nonlinear system, RIGHT: Linear system  
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Figure 90   Voltage trajectory with Poisson noise, z=-1, 
ea =3,  =2/3 

: LEFT; Nonlinear system, RIGHT: Linear system 

 

(2) Hypothesis test at equilibrium level for matched output noise variance  

Matching the input variance doesn‟t always give the similar output voltage to the White 

Gaussian case for OU case. Therefore, in the simulation, sometimes it is not difficult to 

declare the input noise types are different by observing the output voltage. Here, we 

investigate the case that the output variance of the OU process is the same as the White 

Gaussian case instead of matching the input variance. This gives us the similar magnitude of 

the voltage trajectories of OU process to the White Gaussian process. We will test if we can 

distinguish the input noise types when the voltage trajectories are similar in magnitude. 

First we need to match the output variance of the voltage for the processes with White 

Gaussian and OU noise. Using the autocorrelation function of the output voltage, we obtain,   

    22 22 2

0 0
lim ( ) ( ) limOU
t t

F H j H j k F H j   
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The Table 15 gives the coefficients for 2  and 2k . The values for OU represent the 

coefficients for 2 , which is
2 2

0
lim ( ) ( )OU
t

F H j H j 


 
 

, for each  . The values for WG 

represent the coefficients for 2k , which is
 

 
2

0
lim
t

F H j


 
  .

  

Therefore, is represented by the standard deviation of the White Gaussian noise so that the 

OU process becomes as follows. 

 
2

0

2 2

0

lim

lim ( ) ( )

t

OU
t

F H jn dW
n k

dtF H j H j



  





 
     

 
 



 

Using the Table 20,  is determined by multiplying k  by the value in WG over the value in 

OU for a fixed z and .  

 

 
Table 20 Coefficients of the noise intensity for White Gaussian and OU noise 

  WG OU(1) OU(5) OU(30) 

z=-3 0.753490 0.090506 0.359265 1.622069 

z=1 0.87186 0.116358 0.45025 1.964995 

z=3 0.409081 0.030455 0.131963 0.66686 

 

In the next section, the processes with same output variance discussed above will be tested if 

the simulated process with OU noise where the output variance is matched to the White 

Gaussian process is different from the theoretical mean number of equilibrium crossings. 

Again, the theoretical mean number for the White Gaussian process is used for the null 
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hypothesis. In theory, the mean number of equilibrium crossings doesn‟t depend on the 

variance. Therefore, the similar results are expected to obtain. Chi-squared values should be 

similar in magnitude.  

 

Chi-squared test when the output variance is matched 

As we can see from the table, the Chi-square values are similar to the case for the input 

variance is matched. All the cases for the White Gaussian noise are accepted, and the other 

cases are rejected. 

 

 
Table 21 Chi-squared values testing the number of equilibrium crossings for different noise types 

  Chi-squared test (<16.92:=C):dt=0.01 

z k(std) NL-W L-W NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.5477 8.6 0.2 852.9761 827.425 906.4669 900.482 954.0604 940.4833 

-3 1.7321 4.75 0.27 858.0514 827.954 913.924 895.755 946.4669 941.3044 

-3 3 8.18 0.47 853.0219 828.44 917.8451 900.668 947.8798 940.7972 

1 0.3162 1.803 0.248 787.4 765.89 834.9572 831.609 866.4324 871.398 

1 1 18.1 0.134 798.47 767.39 846.0567 830.282 867.4107 872.162 

1 1.7321 3.128 0.307 798.57 766.55 849.7579 832.461 875.0821 871.771 

3 0.5477 0.095 0.681 1125.7 1121.2 1226.498 1221.2 1273.814 1275.49 

3 1.7321 14.67 0.589 1146.7 1115.4 1223.201 1217.45 1262.129 1272.48 

3 3 6.663 0.863 1151.1 1117.9 1232.751 1220.53 1266.751 1270.58 
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T-test when the output variance is matched 

 

For the T-test, linear White Gaussian case is all accepted. More than 5% of the time the 

Nonlinear White Gaussian case are rejected for ea = 1 and 3. When the variance is small, ea = 

0.1, the test accept the both. Other than White Gaussian noise, they are all significantly 

different from the White Gaussian noise.    

   
Table 22 % of t values less than 0.05 testing the number of equilibrium crossings for different noise 

types 

  T-test : % of p-value<0.05           

z k(std) NL-W L-W NL-OU(1) L-OU(1) NL-OU(5) L-OU(5) NL-OU(30) L-OU(30) 

-3 0.5477 30 5 100 100 100 100 100 100 

-3 1.7321 23 4 100 100 100 100 100 100 

-3 3 29 5 100 100 100 100 100 100 

1 0.3162 3 6 100 100 100 100 100 100 

1 1 49 5 100 100 100 100 100 100 

1 1.7321 16 8 100 100 100 100 100 100 

3 0.5477 5 11 100 100 100 100 100 100 

3 1.7321 59 9 100 100 100 100 100 100 

3 3 35 4 100 100 100 100 100 100 

 

(3) Hypothesis testing at a certain level 

The theoretical mean number of level crossings is the same for the level a  and a  since the 

linearization is used to determine the value. For the nonlinear FN model, the cubic term
3

3

x


pulls the voltage variable in the negative direction so that the number of level crossings at the 

level a is expected to be different from at the level a . Using this expected situation that for 

the linear model the level crossings at a and a  are the same and different for the nonlinear 
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model, we distinguish the linearity of the model.  We cannot distinguish the linearity of the 

model when the positive level is used, but we can distinguish when the negative level is used. 

We note that the theoretical mean number of level crossings depend on the variance of the 

input. In Table 23, z represents the mean of the input voltage, E[#] is theoretical number of 

level crossings, fpx  is fixed point, 0.75 is the level from the equilibrium point a in the 

equation above. k is the standard deviation of the input noise, NL-W is the nonlinear White 

Gaussian noise process, and L-W is the linear White Gaussian noise process. C again is the 

Chi-square value at 0.05   and 9df  . When the value is greater than C, the sample value 

is rejected. For the level = fpx - 0.75, all the nonlinear White Gaussian noise process except 

one case is statistically significant different from the theoretical value obtained by the 

linearization of the FN model. The excepted case for z = 3, ea = 3 is accepted but the Chi-

squared value is not far from the critical value 16.92, which is 14.04.   
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Table 23 LEFT: Chi-squared values for the number of level crossings at fixed point -0.75 RIGHT: 

Chi-squared values for the number of level crossings at fixed point+0.75 

LEVEL=fxp-0.75 

 
LEVEL=fxp+0.75     

  Chi-squared test (<16.92:=C) 

 
  Chi-squared test (<16.92:=C) 

z E[#] k(std) NL-W L-W 

 
z E[#] k(std) NL-W L-W 

-3 31.0255 0.5477 0.482 1.024 

 
-3 31.0255 0.5477 4.95 1.27 

-3 96.121 1.7321 1.29 0.64 

 
-3 96.121 1.7321 28.19 0.38 

-3 104.52 3 17.63 0.35 

 
-3 104.52 3 1.26 0.53 

1 3.91958 0.316 97.38 0.21 

 
1 3.91958 0.3162 14.18 1.58 

1 73.2883 1 53.28 0.54 

 
1 73.2883 1 1.36 0.65 

1 91.0397 1.732 20.89 0.22 

 
1 91.0397 1.7321 2.55 0.34 

3 14.2325 0.548 78.93 3.31 

 
3 14.2325 0.5477 14.93 3.66 

3 116.124 1.732 21.09 2.45 

 
3 116.124 1.7321 1.93 1.91 

3 135.666 3 14.04 1.15 

 
3 135.666 3 1.5 1.41 

 

4.5 Criteria of applicability of the theory 

When we apply the level crossings theory at the equilibrium point the autocorrelation at 0t 

and t dt matters. Therefore, as long as the autocorrelation at 0t  and t dt give different 

values, the level crossings theory for the sampled process is applicable. The level crossings 

theory cannot distinguish the input noise types when the autocorrelation at 0t  and t dt are 

the same, or the ratio of the autocorrelation at 0t  to t dt is the same.   
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Therefore, the level crossings theory for the sampled process is not applicable when the 

following is true.  
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Chapter 5  

THE ONE- AND TWO-COMPARTMENT MODEL 

REVISITED 

 

We previously studied the two-compartment model with reset to the resting level after the 

action potential in both first and second compartments. This model represents the neuron 

when the voltage antidromically invades to the signal reception part after spikes. In Lansky 

and Rodriguez‟s model (1999), the voltage is reset at the second compartment, but not at the 

first compartment. In their paper, the firing frequencies versus input intensities are compared 

by simulation and analytic approximation. The analytic approximation predicts the 

simulation result well for deterministic crossings. Here, we use the original Lansky and 

Rodriguez‟s two-compartment model to investigate the firing frequencies by changing the 

input intensity for the non-deterministic crossings.  

As we studied in the FN model, the autocorrelation of the system is determined using the 

Fourier transform of the linearized system so that the level-crossings theory is applicable to 

the stationary processes. Since it is rare for the voltage to exceed the threshold during the 

transient state when the input intensity is small, we apply this to determine the firing 

frequency for the small input intensities. Conversely, we are not able to use this theory to 
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predict the firing frequency when the input intensity is large. When the input intensity is 

large, the voltage is likely to exceed the threshold during the transient state.  

 

5.1 Lansky and Rodriguez model 

First, we reproduce the Lansky‟s results to make sure our programs are running correct. Here 

are the equations for their model. 

1 1 2 1

r

dX X X X dW
u k

dt dt 


    

 

2 2 1 2

r

dX X X X

dt  


    

, where 1X  is the membrane potential in the first compartment, 2X  is that in the second 

compartment, and r rR C  in Figure 6.
  

 

Voltage trajectory 

Figure 91 shows the voltage trajectory of the first and second compartments produced using 

the Euler method. This figure corresponds to the Fig.4 of the Lansky and Rodriguez‟s paper 

(1999). This is the subthreshold case and the threshold is not imposed.  
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Figure 91   Voltage trajectories in first and second compartment; parallel to Lansky and Rodriguez 

(1999) 

: This figure is obtained by the same setting as the Lansky’s paper.  =3 [msec], 
r =5[ msec], the noise 

intensity k =1[
1/2/mV ms ], and the input intensity u=1 [mV/ms] for 35<t<125, otherwise u=0. The 

trajectories are the average of 100 simulations. The solid line is for the first compartment, and the 

dotted line is for the second compartment. 

 

Figure 92 is produced by the same method as above, but the threshold is impose to be S=1.6. 

This figure corresponds to the Fig.6 of Lansky and Rodriguez‟s paper.  
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Figure 92   Voltage trajectory with threshold imposed matching that of Lansky and Rodoriguez 

(1999) 

: This figure is obtained with the parameters  =3, 
r =5, k =1, u=2 for 0<t<50, and u=3 for 80<t<160, 

otherwise u=0. In this simulation the threshold S is imposed, and S=1.6. Only the second compartment 

is reset to the initial state.  

 

Figure 93 is for the firing frequencies versus input intensity. It compares the simulation with 

the analytic approximation for the deterministic crossings. The analytic approximation of the 

firing frequency is obtained by the inverse of the time when the mean voltage crosses the 

threshold. We used the equation 35 in Lansky and Rodriguez (1999). The refractory period, 2 

[msec] is taken into consideration in their setting. The action potential cannot be generated 

during the refractory period. Their firing frequency is determined by 1/(mean interval 

+refractory period). 
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Figure 93   Firing frequency vs. mean input plot similar to Lansky and Rodoriguez (1999) 

: The Blue line is the analytic approximation for the deterministic crossings determined by the equation 

(35) of Lansky’s paper. The green and the purple lines are the simulation results obtained when the 

noise intensity k=6 and k=3 respectively. Refractory period is 2 [msec] 

 

The analytic approximation for the large input intensity corresponds well to the simulation, 

however, the analytic approximation for the smaller input intensity is not given. Here, we 

will show that it can be obtained using the level crossings theory. The intermediate part for 

the firing frequency greater than approximately 0.03 [1/msec] and the input intensity less 

than around 7.4 [mV/msec] is still unsolved.  
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5.2 Level crossings theory 

Level crossings theory determines how many times the voltage crosses a certain level. The 

mean interval for the voltage exceeding the threshold is obtained by the inverse of the 

number of the level crossings of the voltage per unit of time. We use the Fourier transform to 

determine the system transfer function so that the theory is valid only for the steady state of 

the system. We expect that the voltage does not exceed the threshold during the transient 

state when the input intensity is small. We will apply the theory to the case of the small input. 

We assume the period during the transient state to be the refractory period so that the total 

refractory period becomes 2 + the period during the transient state. Lansky and Rodriguez 

take account of the 2 [msec] refractory period after the action potential. We add this total 

refractory period to the inverse of the number of level crossings. The mean interval for the 

small input is determined by the total refractory period +  1/ # of level crossings/msecE .  

Here, we use the Barbe‟s formula to determine the mean number of level crossings. Let the 

level be a , /n Va a  where V  is the standard deviation of the voltage, and VR be the 

autocorrelation of the voltage.  
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To determine the autocorrelation of the voltage, we first derive the system transfer function 

Output/Noise. For the two-compartment model, the output of the system is the voltage at the 

second compartment, y.  

 

The two-compartment model is represented by 

1 1 1

1 1 1
r r

r r

x x y u W

y x y


  

  

 
      

 
 

   
 




 

, where  and r  are time constant, and W is Wiener process. The system can be rewritten in 

terms of the fixed point as  

1 1 1

*

* 01 1 1

r r

r r

x x x W

y y y

   

  

  
   

       
                 
   





 

Fourier transform of the system gives us the system transfer function  
 

 

y j
H j

F noise
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So the magnitude squared of the transfer function is
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For  =3, r =5, Fourier transform of the magnitude squared of the transfer function is  

     
1 11 1 11

2
3 15 3 15
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11 5 11 5
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F H j e e Heaviside t e e Heaviside t
                    

Figure 94 is showing  
2

F H j 
 

 

vs. t. 
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Figure 94   Autocorrelation of the White Gaussian noise input with the unit standard deviation  

 

Using the result of Barbe(1976), the number of steady state crossings for 6k  is obtained as 

follows.  

  22 2

0

27
( 0) lim 6 2.7614

352t
R t k F H j



     
 

 

 0.01 0.07670361132R dt    

[#  of steady state crossings] 1.570937475E   

Here we have to note that this theory is only applicable for the stationary process. For the 

small input intensity or the large threshold, the first crossing of the threshold for the voltage 

is expected to be at the stationary part of the process. We assume the transient part to be a 

refractory period since no crossings are expected during this period.  
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(1) Analytic approximation of firing frequency for small mean input 

We consider two scenarios separately. First case is when the mean voltage + 2std (standard 

deviation) is less than threshold, and the other is when it is the greater than the threshold. The 

mean voltage + 2std less than threshold means that the voltage trajectory stays less than the 

threshold about 97.5% of the time. If the mean voltage + 2std is less than the threshold, we 

set the refractory period to be constant, 30[msec], which is obtained from the plot where the 

mean voltage with the third decimal place starts to stay the same. This is the approximate 

time for the voltage to become stationary. Second case is the mean voltage + 2std is greater 

than the threshold, but still is non deterministic crossing. In this case, the refractory period 

changes as the input intensity changes. We expect less time of no crossings since the time 

when the mean + 2std exceeds the threshold changes. The time when the mean + 2std 

exceeds the threshold is at the transient state. This means that the probability for the voltage 

at each time before 30 [msec] of staying below the threshold is less than 97.5 %. In other 

words, there is the greater possibility for the voltage to exceed the threshold before 30[msec], 

which is the time the process assumed to become stationary. The refractory period is 

expected to be shorter than 30[msec] in this scenario. The refractory period is set to be the 

time when the mean voltage +2std exceed the threshold.  

We tested the firing frequency vs. input intensity for 4 different noise intensities, =6, 3, 2, 

and 1. The analytic approximation of the firing frequency using the non-stationary refractory 

period can be obtained as long as the mean+2std crosses the threshold. Once we reach the 

point that the mean voltage + 2std does not cross the threshold, we need to set the refractory 
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period to be constant, which is 30[msec] in our case. The analytic approximations using the 

refractory period 30[msec] and the non-stationary refractory period both fits well to the 

simulation results for any noise intensity level.   

 

 

Figure 95   Firing frequency of the Simulation and analytic approximation using level crossings 

theory as a function of input intensity 

: The circles are obtained by simulation. The solid lines are the analytic approximation obtained by the 

level-crossings theory and the refractory period changes depending on the input intensity. The slashed 

line is obtained using the stationary refractory period, tref=30. The red, blue, green, and purple plots 

are for the noise intensity k=6, 3, 2, and 1.  

 

(2) Investigation of the analytic approximation for the medium mean input  

Geometric distribution  

To investigate the intermediate part of firing rate curve by an analytic approximation, we 

considered that the mean time when the voltage exceeds the threshold may be obtained by 
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using the geometric distribution since the geometric distribution provides the probability of 

the time of the first success. We used the geometric distribution to predict the firing 

frequency by taking the inverse of the mean time of the first success as a function of input 

intensity u.  

We attempted both a stationary geometric distribution and a non-stationary geometric 

distribution. For the stationary geometric distribution, the transient state is ignored so that the 

process is assumed to be stationary and the probability of success is the same for each time 

step. For the non-stationary geometric distribution, the probability of success is different at 

each time window. The parameter of the geometric distribution is the probability of success. 

Since the voltage at each time is normally distributed it is determined by the voltage mean 

and the voltage variance.  

Here we assume that there is so small a correlation between the voltages at different time 

steps that the distribution at each time step is independent. For the stationary process, the 

parameter is the same at each time. The distribution of the voltage is normally distributed 

with mean   E Y  and variance   Var Y  . The parameter p is  Pr 6p Y  and

      ~ ,Y N E Y Var Y  .  Therefore, 

   
1

first success at th step 1P p p


 


  

 
1

time step of first successE
p
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In the case of the non-stationary geometric distribution, the parameter at each time is 

different since the mean and the variance of the voltage are the function of time. For example, 

if we take dt = 6 and the threshold is 6, and  0 0p  ,  

         1 Pr 6 ~ 6 , 6p Y N Y t Var Y t    , 

         2 Pr 6 ~ 12 , 12p Y N Y t Var Y     , 

  

         Pr 6 ~ ,p Y N Y t dt Var Y t dt         

, and so on. So the mean time of the first success depends on the time step we take. The 

probability of the voltage exceeding the threshold at  th step is given by   

            first success at th step 1 0 1 1 1 1P p p p p         

, where  p i is the probability of success. The expected time of success is  

1 1

[time step of first success] ( ) (1 ( 1))
i

E p p i
 

   




   

 In reality, the process does not reach the steady state until the time goes infinity even though 

the process is approximately the stationary process. Here we assume that the process 

becomes stationary when t = 30.    

Say the process become stationary at time ct , and the time step to reach the time ct is 

/ 1ct dt  , where dt is the interval of the time step, then 
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We tested 3 different time steps, 1/ 2,  3,  and 6dt  , to see if the prediction can be improved 

by taking the different correlation times. The time step dt = 6 is
1

2
eigenvalue
 , so that the 

correlation time is expected to be very small. Note that only when there is no correlation will 

the voltage distribution be independent at each time.     

The Figure 96 is for a large noise intensity, k = 6. The purple line is obtained by assuming the 

mean voltage trajectory to be step function, meaning there is no transient state. The other 

lines are for the non-stationary geometric distribution case. We tested 3 different time steps 

since the process originally is correlated in time to see how they behave by comparing the 

simulation results. The green, blue, and red lines are obtained by the non-stationary 

geometric distribution for 6,  3,  and 1/ 2dt  respectively. For the purple line the stationary 

geometric distribution is used, no transient state is assumed. This makes the firing frequency 

higher than the simulation results for the higher input intensities. If no correlation is assumed, 

we expect the firing frequency to be less than the case with correlation. As we can see from 

the plot, the analytic approximation is a lot less when the time step dt is small, which is dt = 

1/2 in red line.  

The Figure 97 shows the case for the noise intensity  =3. The purple line is again the 

stationary geometric distribution case. Other curves for the non-stationary geometric 

distribution cases are obtained by taking   12,  9, 6, 3,  and 1/ 2dt  from the top to the bottom. 

These curves approach the purple line since the system eventually settles at the steady state, 
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where the parameter of the geometric distribution is the same anywhere. It is faster to reach 

30[msec] where the parameter becomes the same when the time step is large. The non-

stationarity doesn‟t make much difference from the stationary geometric distribution case if 

the time step gets larger and larger.  
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Figure 96   FR vs. u 

: The red circles are from simulation with noise intensity k=6. The purple line is obtained by the inverse 

of the expected time determined by the stationary geometric distribution plus the refractory period=2. 

The other curves are obtained using the non-stationary geometric distribution. The green line is for 

dt=6, the blue line is for dt=3, and the red line is for dt=1/2. 

 

 

Figure 97   Expected time index of first success vs. mean input 

 : The blue circles are obtained by simulation for the noise intensity k=3. The purple line is the 

stationary geometric distribution case, and the other curves are obtained by the non-stationary 

geometric distribution for dt=12, 9, 6, 3, ½ from the top to the bottom.  
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Chapter 6 

CONCLUSIONS AND SUGGESTS FOR FUTURE 

RESEARCH 

 

In Chapter 1, we gave an introduction to the neuronal modeling. In Chapter 2, we 

investigated the statistics of the FPT using the one- and two-compartment models with the 

White Gaussian noise for different parameters in terms of noise intensity k, mean input u, and 

the threshold S. Also in Chapter 3, the parameter r was examined. r only matters in the 

two-compartment model, and is proportional to the resistance between first and second 

compartments.  

 First we compare the difference between the one- and two-compartment models. It turned 

out that the FPT using two-compartment model has less variability. This means that the two 

compartment model gives more reliable coding in terms of input signal. The model with the 

more compartments or a cable model may be of interest for a future work. 

Second, we looked at the PDF of the FPT. We plotted the Pearson plot, and it gives us the 

idea that the PDF of FPT is close to the gamma distribution. This leads us to fit the Laguerre 

expansion to the histogram of the FPT. Laguerre series expansion is an orthogonal function 

expansion with the basis functions being gamma distributions. Laguerre expansion does not 

always fit well to the histogram of FPT, however, many of them were better approximated 
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than the Normal distribution or a single gamma distribution. Some however, were well fit by 

the Normal distribution or the single gamma distribution.  

The PDF of the FPT was applicable to another type of the neuron. One of the different 

structures we studied in Chapter 3 was the lateral line organ found in the aquatic vertebrates. 

The spike occurs at one of the branches where the action potential first fires before the rest of 

the branches yet reach the threshold. Minimum function of FPT can be applied to this first 

come, first serve type of neuronal firing. Since the PDF of the FPT is close to the Gamma 

distribution, minimum function of the FPT can be determined by assuming the PDF of FPT 

in each branch to be a Gamma distribution. We applied this idea to the simulation results and 

real data sets, both explicitly showed the same tendency as the analytic approximation 

obtained by taking the minimum function. We only tested the Gamma distribution as a PDF 

of FPT, however, another possibility of determining the minimum of FPT can be examined 

when the different types of PDF from the distribution are assumed.    

Finally we investigated the one- and two- compartment models with the Poisson noise 

instead of the White Gaussian noise. Poisson noise is a different noise type from the White 

Gaussian noise. For the White Gaussian noise, the noise intensity is the random variable, but 

for the Poisson noise we studied, the time when the noise comes in is what is random. 

Poisson noise is characterized by jumps rather than successive small type noise. Matching 

parameters in terms of the mean and the variance of the Poisson noise process and the White 

Gaussian process gave us an idea of how the Poisson noise process behaves. The FPT of the 

Poisson noise process is well approximated by the White Gaussian process with 
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corresponding parameters. We studied the case when the initial membrane potential is the 

same as the resting potential. Adding a reversal potential may be another possibility of 

studying the effects of Poisson model. The reversal potential is the phenomenon that the 

excitatory or inhibitory post synaptic potential decreases as the voltage approaches the 

reversal potential. Some experiments allow the membrane potential to hold the value 

different from the resting potential. In this situation, the shape of the post synaptic potential 

depends on the initial membrane potential. In the case of the excitatory post synaptic 

potential, for example, it is reversed when the initial membrane potential is a lot higher than 

the resting potential. The shape of the post synaptic potential looks like an inhibitory post 

synaptic potential. This phenomenon can be examined in the Poisson model by setting the 

jump size to depend on the value of the membrane potential (e.g. Smith and Smith 1984).    

In Chapter 4, we investigated a different type of the model called Fitzhugh-Nagumo neural 

model. This model is nonlinear and more realistic than the previous model, which includes 

the threshold feature without imposing it. Once the output signal exceeds the threshold, the 

voltage variable starts to oscillate. However, in our study we only focus on the subthreshold 

behavior to examine the basic effect of the noise on the model. For this model we 

investigated three types of the noise, White Gaussian, Poisson, and Ornstein-Uhlenbeck 

process noise. In this chapter we focus on if we can distinguish the input noise types by 

observing the output voltage. We showed that the number of level crossings of the output 

voltage is different depending on the noise types. The sampling points of the output voltage 

were also examined and the level crossings theory worked well with the different sampling 
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points as well. The application of the level crossings theory is achieved by the linearization 

of the system, so that the limitation of the applicability of the theory is studied. Linearity 

rarely can distinguish using the number of equilibrium crossings however, the number of the 

crossings at the negative level from the equilibrium point mostly distinguishes the linearity of 

the model. We also found that there is an optimal input variance to distinguish the linearity of 

the model. The oscillatory state of the model is also an interest for future work. For a recent 

review of stochastic resonance in nonlinear neural models, see Longtin (2009). Long memory 

noise was compared to Gaussian White noise in a linearized FN model and was found to shift 

the position of the peak in stochastic resonance (Nozaki et al, 1998, 1999). Poisson noise 

remains to be examined in the context of stochastic resonance.  

In Chapter 5, we return to Lansky and Rodriguez‟s two-compartment model to apply the 

theory we learned in Chapter 4. The setting of their two-compartment model is a little 

different from our work on two-compartment model in Chapter 2 and Chapter 3. For their 

setting only the second compartment is reset to the initial voltage, but the first compartment 

isn‟t. In their paper the analytic approximation for the firing frequency as a function of mean 

input is given for deterministic crossings. Here, we tried to determine an analytic 

approximation for the non-deterministic crossings. For very small mean input, analytic 

approximation based on level crossings theory fits well to the simulated values. However, it 

is still unsolved when the mean input is not very small and the mean steady state voltage is 

below the threshold.  
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The generation of serial dependence between spikes by conductance based models (e.g. Zhou, 

Colburn 2010) and its role in spike coding may be of interest to explore in terms of Poisson 

vs. White Gaussian bifurcations in the HH model (Tuckwell et al., 2009)   
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