
 
 

ABSTRACT 

 

KRESS, JEREMY GIFFORD.  An Investigation into Soil-Structure Interaction Problems 

using Discrete Element Method. (Under the direction of Dr. T. Matthew Evans.) 

 

 The purpose of this work is to investigate new techniques for predicting behavior 

in Soil-Structure Interaction (SSI) problems.  The response of soil under a given load 

may be described by interface micromechanics.  The approach selected for this study is 

the discrete element method (DEM). In order to apply this method to typical SSI 

problems the bulk material parameters of the granular assembly are estimated.  One way 

to determine this information is via strength test simulations such as biaxial compression.  

Biaxial compression tests performed in this study estimate internal friction angle, elastic 

modulus, and Poisson‟s ratio within the expected in-situ range for dense sand.  

Specifically, internal friction angle is computed as 26.6° for critical state and 32.5° for 

peak state.  The elastic modulus is computed over an initial strain range and varies from 

approximately 12MPa to 25MPa for a series of confining stress levels.  In this study the 

12MPa value is used for comparison to analytical solutions as it is the worst case 

modulus producing the largest strains.  Also the Poisson‟s ratio is computed to be 0.36 

for all confining stress levels.   

 Extensive parametric analyses are performed to determine the optimum model 

dimension sizes, foundation friction, and loading rate.  The optimum model parameters 

are determined by measured load response, qualitative evaluation of grain rotations 

figures, force chain propagation, as well as local stress tensor and coordination number 

fields. For most cases the baseline conditions show that the DEM simulation response 

may be reasonably compared with traditional analytical solutions.  



 
 

Furthermore, in this study the DEM is employed to predict load response in several SSI 

cases which include: shallow foundation, vertical loading of pile foundation, lateral 

loading of pile foundation, and rigid retaining wall.  During loading component reaction 

forces are measured along all model and foundation walls.  Resulting are compared to 

analytical solutions in terms of settlement, mobilization, and failure.  The difference 

between DEM simulation results and analytical solutions vary, but overall shallow 

foundation, laterally loaded deep foundation, and rigid retaining wall show promising 

correlation. 
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1. INTRODUCTION 

1.1 Introduction 

Basic material properties of foundations such as surface roughness and surface 

geometry control a great deal of the behavior of adjacent soil mass during loading.  From 

simple shear lab tests Uesugi and Kishida (1986a) show that for several dry sand types 

the failure mechanism begins along the foundation surface at low roughness and moves 

to the soil mass at high roughness.  Jensen (1999) showed that a simple interface shear 

test could be modeled in two dimensions using DEM.  During initial studies, simple 

geometry (i.e., sawtooth) proved sufficient to capture the basic effect of foundation 

surface roughness.  Results described herein show that the interface shear test using DEM 

reasonably captures experimental results of Uesugi and Kishida (1986a).   Hence this 

approach proves to be an attractive means to further develop soil structure interaction 

models to predict soil response. These models are especially useful in, for example, an 

extraterrestrial environment, where local conditions are not readily reproducible and load 

testing is unreasonable.  Throughout the development of DEM one recurring problem is 

encountered: excessive particle rotations, as described by Bardet (1994).  A simple 

solution pursued by many investigators is the definition of particle clumps or groups 

which not only reduce excessive rotations, but also capture more realistic grain geometry.   

 In order to apply this model to typical SSI problems the bulk material parameters 

of the granular assembly should be determined.  One way to extract this information is 
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via numerical strength tests, specifically biaxial compression tests.  Biaxial compression 

tests are shown herein to predict internal friction angle, elastic modulus, and Poisson‟s 

ratio within expected ranges for dense sand.  In order to reduce computational cost, the 

two dimensional DEM model is employed which acts in only one particle unit in the third 

dimension.  This dimension length is taken to be D50 to for comparison with analytical 

solutions.   

The typical simulation process for generating and loading the DEM simulation 

involves assembly of the grain space within predesigned model walls, consolidation and 

decompression of the granular assembly, installation of foundation structure, additional 

cycling and instructions, and the final step of loading and deformation of the model.  

Loading is typically halted when the grain rotations show that major shear bands have 

developed and reached critical state.  Finally soil response is measured and results are 

saved.  Note that before final results of the DEM simulation may be run for SSI cases an 

extensive parametric analysis is made to evaluate the effect of several crucial parameters: 

model dimension size (i.e., model height and width), interface surface roughness, and 

loading rate, all of which are presented in Chapter 4.   

This thesis is organized in the following manner: 

Chapter 2 reviews traditional theory for typically SSI cases: shallow foundation, 

deep foundation, rigid retaining wall, strength analysis of granular media, the history and 

development of DEM, and theory as well as analysis of extraterrestrial soil.  Emphasis is 
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placed on interface shear testing and development of the DEM for strength testing with 

implications to SSI; 

Chapter 3 describes material grain properties and results of strength tests using 

DEM to estimate the bulk material parameters governing response of granular soil under 

various loading conditions applicable to all SSI simulation cases; 

Chapter 4 presents SSI simulation setup, load-displacement results, and micro 

scale physics such as: grain rotations, force chains, stress tensors and measurement field 

information for all SSI simulation cases; 

Chapter 5 reiterates DEM load-displacement results for all cases and rigorously 

compares DEM simulation results with traditional analytical solutions.    

Chapter 6 summarizes the main conclusions of the current work and provides 

recommendations for future study. 

Reference and appendices are provided at the end of this thesis. 
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2. LITERATURE REVIEW  

2.1  Introduction 

Microscale mechanics dominate soil-structure interaction (SSI) for geo-

applications including shallow foundations, deep foundations, rigid retaining structures, 

and in-situ testing (e.g., cone penetrometer).  Surface roughness controls shear strength at 

the soil-structure interface in large part by directivity of forces at particle contacts.  

Surface roughness controls whether the soil failure occurs along the interface or in the 

soil mass.  This underlying influence exists in many SSI cases, and is a primary aspect of 

the utility of micromechanical perspective favored in this study.  Over the past several 

decades numerous investigators have used numerical simulations (e.g., the discrete 

element method) to explore the details and implications of the micromechanical behavior.  

DEM also has the ability simulate more extreme extraterrestrial environments such as 

lunar regolith or Martian surface with relatively small modifications since underlying 

physics at the grain scale is understood to operate in a similar fashion under such 

conditions.  Close agreement between DEM results, traditional theory, and experiment 

highlight the effectiveness of applying simple force-displacement relations to soil 

elements. 
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2.2  Interface Shear 

2.2.1  Interface Surface Roughness 

During loading, the surface roughness influences directivity of force chains, 

evolution of particle rotations, and subsequent formation of shear bands in soil fabric 

playing a key role in the mechanism of soil failure mode for typical SSI cases (Wang 

2007b).  This is illustrated by upper and lower bound cases where smooth surface will 

likely cause shearing along soil-structure interface while rough surface will likely cause 

failure to occur deeper in the soil mass (Uesugi and Kishida 1986a).  High surface 

roughness is useful in certain geotechnical applications such as resisting interface slip of 

pile walls in deep foundations.  It should also be noted that there are cases where low 

surface roughness is desirable, such as boring and in-situ testing.  

In the past few decades a significant effort has been made to provide an explicit 

description of surface roughness for use in soil mechanics and geotechnical engineering 

by many investigators (Yoshimi and Kishida 1981 ; Uesugi and Kishida 1986 ; Kishida 

and Uesugi 1987)  and more recently (Abou-Chakra and Tuzun 1999 ; Dejong et al. 2002 

Frost et al. 2002 ; Jensen et al. 2001; Wang et al. 2007ab).  Initial studies evaluate 

interface shear tests using dry sand for a range in surface roughness levels. Later studies 

use DEM simulations to explain soil failure in terms of the roughness definition used in 

tests by early investigators.  

Yoshimi and Kishida (1981) provide a simple initial quantification of steel 

surface roughness at sand-steel interface by experimental assessment of friction for three 
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types of sand with three metal surfaces.  Their initial investigation highlights the 

advantages of tests by a ring torsion apparatus, which is less widely performed yet 

provides significant advantages over direct shear and simple shear test such as infinite 

displacement and minimization of boundary effects.  Container boundaries applied in the 

direct shear test are known to exert an unequal distribution of shearing strains and 

stresses on the soil sample.  Wall friction activated in the direction of direct shear 

displacement is also shown to disrupt the natural shear surface evolution (Yoshimi and 

Kishida 1982).  Initial ring torsion tests feature surface roughness ranging from 3μm to 

510μm (where 2μm is described as the minimum value expected in typical field 

applications) showing shear strength is practically unaffected for a displacement up to 

1.5% of the height of the sand specimen.  Beyond 1.5% an increase in surface roughness 

begins to control the coefficient of friction ( /s v  ), typically monotonically increasing 

for tests in dry sand.   

Yoshimi initially quantifies surface roughness Rmax as the maximum difference in 

the profile (i.e., maximum elevation change) along the continuum material surface.   

 
1

n

max i

i

R h


  (2.1) 

where ih  values are averaged asperity heights for sections along the surface profile of 

specific gage length L, which is essentially a sampling length for the measurement of 

maximum elevation difference.  The gage length used by Yoshimi and Kishida (1981) is 
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2.5mm, however this value is later revised by Kishida and Uesugi (1987) to 50% of the 

mean diameter of sand (i.e., D50). This normalized roughness ratio provides more 

consistent quantification for a steel surface roughness.   

Additional results show that relative density variations from 40% to 90% have 

little effect on the coefficient of interface friction in dry sand for surface materials: steel, 

wood, and concrete.  This is reasonable because relative density will often govern shear 

strength of the soil in the sand mass, but in the case of sand-steel interface strength, the 

influence of relative density at grain-scale contacts is minimal.  The type of sand used in 

interface tests (selected by void ratio, size distribution, water content, and grain shape) 

shows some change in coefficient of interface friction with respect to angularity of the 

grains, however it was discovered by Uesugi and Kishida (1986a) in subsequent interface 

shear tests that the weak influence of grain type may be due to error in the sample 

preparation, whereby grains did not fully occupying spaces in the rough surface.  They 

argue that if sand is properly pulviated into the rough surface, then grain type has a 

significant influence over the coefficient of interface friction.  Occupation of sand grains 

in the surface profile valley is aided by a polysize grain size distribution, since smaller 

particles are likely to fill the gaps. Experiments performed by Abou-Chakra and Tuzun 

(1999a) using direct shear apparatus highlight the effect of certain heterogeneous particle 

mixtures of distinct size and roughness on coefficient of interface friction.   

According to basic theories from soil mechanics (Lambe and Whitman 1969) a 

relatively smooth surface has an internal friction angle for the soil equal to the particle-
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continuum interface friction angle.  This leads to an important feature found for the upper 

bound with regard to interface shear strength: as increasing surface roughness causes the 

shear strength to approach an asymptotic limit, it will theoretically reach a friction angle 

approximately equal to the angle of internal friction in the soil mass.  Additionally 

Yajima et al. (1984) argues that beyond a critical roughness the failure will remain in the 

bulk soil.  This is supported by Yoshimi in tests for rough steel (Rmax = 510μm) where the 

internal soil friction angle is found to be only a few degrees less than the contact friction 

angle of the steel-sand interface.   

To give some basis for real physical roughness values found in the field Yoshimi 

and Kishida (1982) reference surface roughness for construction materials at 105kPa 

normal stress: 10μm to 20μm for steel, 25μm to 90μm for wood, and 50μm to 130μm for 

concrete.  A ring torsion test performed on common rounded sand (i.e., Toyoura sand) 

measured coefficients of interface friction invariant to normal stresses ranging from 

51kPa to 158kPa. Results showed “stick-slip” features evident at Rmax < 5μm pronounced 

dilation at Rmax > 220μm.  Radiographical observations show slip at the sand-metal 

interface on the order of 0.1mm to 4.0mm for the majority of test results.  A distinct 

decrease in slope of peak friction angle above 20μm roughness supposes the possible 

transition of failure mechanism to the sand mass, although this is not mentioned in the 

study.  Importantly, it is noted that the coefficient of friction ( /s v  ) is independent of 

the normal stress (i.e., confining stress) for the range tested between 51kPa and 158kPa. 
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Hence for interface shear tests the normal stress is not necessary to investigate the effect 

of surface roughness on shear failure mechanism.  

Interface shear tests performed by Uesugi and Kishida (1986b) using a simple 

shear apparatus showed primary factors controlling the coefficient of interface friction (μ 

=  ) are the grain size (i.e., D50) and sand type (i.e., grain roundness).  Results are 

given from two tests: a simple shear apparatus composed of a stack of aluminum frames 

which allow for shear deformation in the sand mass, and rigid shear box resisting 

deformation in the sand sample.  The total displacement is defined as position change 

between the bottom plate and the top plate. The interface metal surface is roughened by 

various machining methods.  The surface is cut normal to the direction of sample 

deformation.  A 98kPa normal load is applied to the top of the sample and deformation is 

measured until shear failure occurs.   

Preliminary tests (Uesugi and Kishida 1986a) are performed for the Dr range from 

84% to 93%, sub-rounded grain type Toyoura sand, and steel with Rmax ranging from 

3.5μm to 19μm. Further tests at more precise roughness gage length are found to match 

well with Yoshimi and Kishida (1981) for coefficient of friction μ versus roughness data.  

Additionally a gage length of 0.2mm (significantly smaller than gage length used by 

Yoshimi) is found to be more closely correlated with Rmax.  

Further tests by Uesugi and Kishida (1986b) feature an experimental design 

method (i.e., orthogonal array table) whereby every combination possible is tested for 
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two sand types, two steel roughness values (approximately 3μm to 20μm), two test types 

(again simple shear and shear box), and four D50  sizes (ranging 0.16mm to 1.82mm) to 

evaluate interface shear test using basic parametric analysis.   Results from the 

experimental design method show D50 had a significant impact on the coefficient of 

interface friction while the uniformity coefficient, normal stress, whereas the type of test 

(i.e., direct shear or simple shear) had little impact on the coefficient of friction.   Normal 

stress is shown to influence the sliding displacement during testing but under a certain 

threshold it is negligible.  Uesugi argues roughness Rmax over a given gage length is better 

correlated with coefficient of interface friction when normalized by D50 as  

 
50

max
n

R
R

D
  (2.2) 

where maxR  is defined in Equation 2.1 and D50  is the particle diameter at 50% finer of the 

grain size distribution (i.e., cumulative distribution) plot.  The critical roughness at which 

failure mechanism transitions from surface interface to internal soil strength, occurs at nR

of approximately 0.075 (unitless).  Uesugi goes on to formulate a quantitative prediction 

of the coefficient of interface friction based on the normalized roughness and the 

modified roundness of sand particles.  

  
1

nA B R
R

     (2.3) 

where R is a measure of the roundness of the average sand grain (i.e., for a perfect sphere 

R = 1.0), and A  and B  are constants describing the adhesive shear resistance at 
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microscopic interface, which are correlated to the sand type, steel type, and surface 

conditions (i.e., dry, wet, lubricated, etc).  Theoretically, this adhesion would cause some 

friction to exist even if the metal surface is infinitely smooth.  Uesugi concludes that 

back-calculated values 0.07A  and 0.9B   used to estimate coefficient of friction 

showed good agreement using simple shear and shear box apparatus.  

 DeJong et al. (2002) argues quantification of interface roughness by Uesugi and 

Kishida (1986b) is not detailed enough to properly characterize local peaks and valleys in 

the surface profile.  Assuming particle diameter is larger than the width across the surface 

profile valley, Dejong argues an idealized particle path exaggerates peaks and suppresses 

valleys in the surface profile.  The particle path is similar to a low-pass filter, minimizing 

the valleys in the surface and smoothing sharp edges in peaks.  Gaussian and sharp cutoff 

filters are employed to compare to the path of particle centroid along the profile 

geometry.  Note that Gaussian and sharp filters are symmetric with respect to peaks and 

valleys in the surface profile, so the unique effects of particles traversing the surface are 

lost in both cases.  

DeJong plots several measures of surface roughness, including Uesugi‟s Rmax as 

well as ASME Standard B.461 average roughness aR  and average slope a as 

  
0

1
L

aR Z x dx
L

   (2.4) 

 
0

1
L

a

dZ
dx

L dx
    (2.5) 
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for sample length L and absolute value height Z of material above a reference mean 

elevation axis. Roughness values are given for a theoretical surface using these and 

several other parameters for particle diameter up to 20mm.  For a theoretical surface 

profile with one valley and one peak, both aR and a  are shown to diminish the effect of 

the valley for the calculation of surface roughness with increasing particle size.  This 

highlights the effect of valleys versus peaks in the surface profile geometry, which is not 

considered in Uesugi‟s commonly used measure of surface roughness.  

In addition to theoretical results, real physical experiments are performed by 

Dejong on HDPE geomembrane, tooled steel, and rough finished concrete for a range of 

particle diameter up to 5mm.  HDPE geomembrane and tooled steel show a more 

dramatic effect in the difference of surface roughness with increasing particle size for 

both Ra and ∆a, whereas the rough finished concrete show similar trends in surface 

roughness irrespective of measurement type.  The valley versus peak effect is also more 

dramatic in materials with irregular surfaces, as shown in trends of particle path 

compared to Gaussian and sharp cutoff filters of the surface profile.  In summary, a more 

accurate measure of surface roughness is found to be the particle path along the surface 

profile (i.e., centroid trace method) since it captures local feature, although it is still not 

clear whether a single best surface roughness parameter exists.  

Frost et al. (2002) gives additional physical description of the interface surface 

profile via a combination of experiment and DEM.  The experiment consists of surface 
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profilometer (2μm diameter ball tip), Brinell harness test (with results presented for a 

19.0mm sphere indented into continuum material at 250 kgf), and interface shear for two 

sand types: Ottawa 20-30 and Valdosta blasting sand.  A DEM interface friction 

simulation considers 300 3-grain clusters under 100kPa normal stress.  The model is 

sheared at constant velocity 1.0mm/sec for 10.0mm.  Hardness is modeled by changing 

the surface friction coefficient. Specifically, the softer surface is modeled with higher 

coefficient of friction which is intended to represent the plowing friction plastic 

mechanism.  Note that DEM is quite useful in revealing individual grain displacements 

and rotations.  Individual grain displacements and rotations are tracked in physical 

experiment by Uesugi et al. (1988) on a rough surface interface.  Results of profilometer 

tests show aR  lower bound 0.336μm for hardened steel to 115.97μm for rough finished 

concrete.  Overall it is shown that the normal load, particle angularity, and D50 all 

influence interface shear strength.   

2.2.2  Interface Shear Test Comparisons and Test Simulations 

Kishida and Uesugi (1987) compare several interface shear tests:  simple shear, 

direct shear, and ring torsion tests at sand-steel interface in terms of coefficient of 

interface friction μ (i.e., maximum   ) with normalized roughness factor Rmax/D50.  

Ring torsion is summarized from previous studies (Yoshimi and Kishida 1981) as a more 

delicate test with a number of advantages of conventional interface tests, including the 

boundary error affecting the stress distribution and the infinite interface surface (i.e., 
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infinite displacement range).  Simple shear tests tends to exhibit non-uniform error in 

stress distributions, but are more informative in terms of unique displacement 

measurements at various elevations than displacements measured by direct shear and ring 

torsion.  Conceptually the simple shear test can be conceived as a modified version of the 

direct shear test, whereby side walls are discretized so displacement may be measured 

along many elevation profiles in the soil.   For instance, shearing in the bulk sand mass 

above the sand-steel interface may be correctly measured in the test, as well as 

displacement occurring solely in the bulk sand mass.  The simple shear apparatus 

accomplishes this by slicing the container into a stack of aluminum plates, each with 

identical cut-outs containing the sand mass.   The bottom plate below the shearing surface 

is allowed to slide on low friction Teflon plates.  Kishida notes that a correction factor is 

needed to account for the friction generated by the Teflon plates underneath the shearing 

apparatus.  As the test begins, tangential load is gradually increased on the bottom plate 

until constant sliding is observed at 1mm/sec.  Again note displacement may be correctly 

accounted for along the sand-steel interface and the sand mass, which is not possible in 

direct shear test.   

Overall the direct shear is the most simple to operate and obtain results, but does 

not give enough information regarding local displacements and hence is only valid to 

compute the coefficient of friction.  Additionally, failure type cannot be readily 

determined in the direct shear test, whether by interface slip or shear failure in the sand 

mass.  Ring torsion is useful because of its infinite displacement track, but is error prone 
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without a great deal of experience and training.  Advantages of the simple shear 

apparatus are also highlighted by Uesugi et al. (1988) to explore detailed microfeatures 

involved in slip at the sand-steel interface and the shear failure in the bulk sand mass such 

as emergent behavior caused particle displacements and rotations using X-ray 

photography.  Horizontal translation dominates at low surface roughness corresponding 

to slip at sand-steel interface, while shear zone is distinctly located in sand mass for the 

case of rough interface corresponding to inclined sliding and rotating grain movements.    

Kishida returns to the problem of quantification of surface roughness Rmax as 

described previously by Yoshimi and Kishida (1981) defined as the maximum difference 

in elevation over a certain gage length L (i.e., sampling length), a value of 2.5mm for dry 

sand.  The challenge to determine Rmax lies in the definition of L and orientation of 

reference axis.  Toyoura sand with D50 from 0.55mm to 0.62mm are pulviated on the 

steel interface surface of the shear apparatus.  Test results show little effect on    from 

surface roughness as a function of displacement in the bulk sand mass.  Reduction in the 

gage length to 50% of D50 will only affect roughness cases where inclination surfaces 

along the interface contain relatively flat regions longer than the particle diameters.  

Kishida concludes there is satisfactory agreement between shear strength and coefficient 

of friction for a range of normalized roughness for direct shear, simple shear, and ring 

torsion tests using the modified roughness measure Rmax/D50.   It is of additional note that 

although the work described so far explains various interface testing methods and to 
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some degree the effect of grain properties such as angularity and qualitative estimations 

of roughness, but unfortunately distinct binary mixtures are not addressed.  This leaves 

many questions regarding distinct binary mixture effect on the interface strength of 

sample.  The reader is referred to Abou-Chakra and Tuzun (1999b) for a description of 

qualitative trends given rough or smooth fines in binary mixtures used in direct shear 

tests.   

Jensen et al. (1999) addresses the common excessive rotation problem found 

using DEM by grouping individual disks in to cluster groups. Clusters allow for high 

granular strength and interlocking behavior characteristic of real physical sand.  Each 

cluster essentially acts as an irregularly shaped particle with additional mass and inertia 

equal to the sum of constituent particle disks.  Clusters may evaluated using Interface 

Shear Test for a range of surface roughness. Surface roughness is used as previously 

described by other investigators, where 
max

R  is essentially defined as the maximum 

elevation change in a gage length, averaged over all gage lengths. Jensen defined the 

inter-particle and particle-wall coefficient of friction to be 0.4 and normal and shear 

contact stiffness 7.5 x 10
8
 force units per unit length (instead of SI units).  Interface shear 

test cases include 1000 single particle and 3000 3 grain clusters at sawtooth period four 

times grain diameter 4 ,2 ,0.5D D D  , with  normal stresses n tested range from 5.0 x 

10
7
  to 20 x 10

7
 in units of stress.  Jensen notes particles touching top surface are glued so 

they have no rotation or displacement to try to force any shear surface near the top wall to 
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form in the granular mass and not along the surface.  Periodic boundaries are also 

imposed. Results show as expected shear stress increase with surface roughness and 

confining stress.  

Jensen et al. (2001a) considers the effect of cluster particle groupings and particle 

properties: particle shape, angularity, roughness, curvature on interface shear strength. As 

angularity increases, particle interlocking and shear strength increase. Also, void ratio 

increases with grain roughness and angularity, and decreasing void ratio causes shear 

strength increase.  Jensen generates a DEM model for 500 three-particle cluster groups of 

individual radius 0.173mm (with group diameter 0.75mm to mimic real physical grain 

sizes) in a 60.0mm tall by 15.0mm wide model space with periodic side boundaries and 

rough sawtooth bottom interface. An inter-particle friction coefficient 0.4 is held constant 

for all simulations, while the particle-wall friction angle is tested for friction coefficient 

cases: 0.1, 0.2, 0.3, 0.4, 0.5, and 0.6 to capture the effect of surface hardness (0.1 is very 

hard with almost no plowing while 0.6 is very soft with excessive frictional plowing).  

The effect of grain plowing along continuum interface is shown to increase the peak 

secant coefficient of friction (i.e., tan( )  where  acts the grain-continuum interface). 

To capture the surface roughness, Jensen considered variation in number of teeth (i.e., 

width of individual sawtooth) and height of teeth, with sawtooth defined by 45° angle 

inclination.  The coefficient measured for initially loose packing case varies from 21.3° to 

30.4° and for initially dense packing case from 29.1° to 36.9°, but the study does not 

provide a comprehensive theory relating particle shape and interface shear strength. 
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Frost et al. (2002) performed interface shear test ASTM D3080 at displacement 

rate 1.0mm/min for a total of 80mm for normal loads ranging from 50 to 300kPa for 

Ottawa 20-30 and Valdosta blasting sand where D50 is within 0.1mm but the blasting 

sand is significantly more angular.  For relatively smooth materials like hardened steel, 

the friction angles where significantly lower than the internal friction angle of the sand, 

but for rough finished concrete the peak and residual interface friction angles where 

almost nearly the same as the internal friction angle of the sand.   A three-dimensional 

plot of coefficient of friction with surface roughness and hardness show roughness 

dominates, while hardness adds friction to achieve upper bound earlier.  At low surface 

roughness, upper bound changes drastically.  Again, results agree that the upper bound 

eventually meets the internal friction angle of the sand regardless of hardness.   

Wang et al. (2007a) investigates the strain effect of interface shear using two-

dimensional discrete element method (DEM).  In this study Wang sets an orthogonal grid 

to the particle space so that strain is measured by the displacement of the grid nodes with 

respect to local particle displacements and rotations. Shear surface profiles include a 

range of sizes at irregular random height, periodic spaced sawtooth profile, and a highly 

irregular synthetic geomembrane surface.  As corroborated by Uesgui and Kishida 

(1986a) as well as other investigators, Wang notes the direct shear test is subject to 

undesired boundary effects, especially in corners.  A correction is proposed to minimized 

the boundary effect by increasing model size adding smooth interface surface on either 

side of sawtooth (roughly 20 x D50).  This frictionless surface prevents stress build-up in 
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the corners and side walls since particle movement is increasingly unaffected by surface 

roughness approaching the boundary.  Particle translations from simulation data are 

plotted and match well with laboratory data (Westgate and DeJong 2006), whereby Ra 

and ∆a, as described previously, are employed to compare surface roughness from 

simulation to that measured separately by experiment.  

Wang goes on to measure the local strain state at several points in the stress-

displacement plot including pre-peak, peak, and critical state.  Shear bands form in an 

area concentrated in a mound directly above the rough surface up to roughly 8 to10 times 

D50 at peak shear strength.  Slope of shear bands are not exactly symmetric at pre-peak 

due to local strain differences between the right and left side which are controlled by the 

direction of interface wall displacement.  A dominant local shear band is observed to 

form directly along the interface prior to failure. The effect of varied surface roughness is 

simulated, including periodic sawtooth surfaces and irregular surfaces.  Smoother more 

homogeneous shear bands form for periodic surfaces (i.e., sawtooth profile).  In irregular 

surfaces, regions with sudden high jagged peaks correspond to shear band regions with 

greater thickness in the soil mass. Smooth breaks in the irregular surface feature shear 

bands too, but these are thin and located along the interface surface, and do not extend 

upward into the soil mass. Overall, Wang notes that regular surfaces tend to generate 

higher shear stress while irregular surfaces tend to counteract each other and form local 

plastic regions which prevent build up to a peak shear stress.  
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Wang et al. (2007b) goes on to provide a quantitative correlation for shear 

strength criterion based on surface roughness.  The method computes eigenvectors in the 

principle directions from the contact forces at grain-interface (Bathurst & Rothenburg 

1989 ; Santamarina 2001) surface for two sampled regions: the first region consists of 

contacts directly along the rough surface, and another rectangular region 14mm above the 

surface.  According to Rothenburg the sum of eigenvalues approximates the mobilized 

internal friction angle: 
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where 1  and 3  are the principle stresses, ca  is the anisotropy in contact orientation, na  

is the anisotropy in normal force, and ta  is the anisotropy in shear force. These values are 

a function of particle displacements, and may be extracted from the Fourier series fit to 

the distribution contacts or force components at selected grain pairings as  
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where E is the number of contacts, N is the normal force, T is the shear force, and   is 

the angle for a two-dimensional system with respect to a reference axis. The orientation 
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of interparticle force chain for sawtooth and geomembrane surfaces dominate in the 

direction of n  reaction to the surface profile.   

Wang goes on to define the principle direction a  
as the interface contact normal 

determined from the particle centroid path along a sawtooth surface profile as described 

previously by DeJong.  Then parameter a is correlated to t  and n  using DEM, 

subsequently relating principle directions a  
to r .  This provides a prediction of  r  

given a  
from only the surface profile geometry. The resultant r  

is important since it 

approximates the friction angle at interface from the Mohr-Coulomb criterion.   

Interface shear is a fundamental phenomenon controlling granular material 

properties and interface mechanics.  Behavior at interface is well studied but limited 

applications to soil-structure interaction models have been made, particularly using 

discrete numerical approach.  DEM may be used to capture interface shear behavior such 

as surface roughness effects on shear failure mechanism. Directivity at particle-

continuum contacts is a major factor in the failure mechanism as observed numerically 

using strength tests.  Direct implications to the effect of soil failure in soil-structure 

interaction models naturally follow.  

2.3  Shallow Foundations 

2.3.1  Bearing Capacity  

Bearing capacity was recognized in the 19
th

 century by Rankine (1857) based on 

classic earth pressure theory Coulomb (1773) who introduced a method for the derivation 
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of the bearing capacity equation from limit equilibrium for cohesionless soils.  Early 

work by Rankine provides a basis for bearing and settlement theory in the 20
th

 century 

(e.g., Rankine passive soil zone is implemented by Terzaghi).  Subsequently Prandtl 

(1920) as referenced in Bowles (1996) developed a theory of plastic equilibrium 

analyzing a punching wedge of softer material (i.e., weightless soil) under a rigid base.   

The wedge implies a failure surface and slip mechanism and is essentially solved as a 

free-body force diagram, achieved specifically by the method of characteristics (i.e., slip-

line method).  Slip surface geometry are later adopted by Terzaghi, Prandtl to obtain  cN  

and 
qN bearing coefficients.   

Terzaghi (1943) defined the widely used form of the bearing capacity revised 

from Prandtl theory for a continuous foundation in two dimensions as 

 0 5ult
ult c z q

Q
q cN N . BN

A
      (2.11) 

where c is cohesion, z 
 
is the vertical effective stress,   is the soil self-weight, B is the 

foundation width, and
 cN , 

qN , N are the cohesion, overburden, and soil self-weight 

bearing capacity factors respectively.  The final form of the classic equation considers the 

bearing as a function of three terms: cohesion, foundation loading, and soil self weight.  

The self weight factor N  is still controversial and many more accurate definitions have 

been proposed by other researchers (an introduction in Michalowski 1997 gives details).   
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Assumptions made for the bearing capacity equation include: B D  (where D  is 

depth of embedment), zero base shear (i.e., infinite roughness), homogeneous soil 

extending infinitely below foundation (i.e.,  , c, and γ constant with depth), applicability 

of simplified Coulomb envelope tan( )   , governing general shear failure mode, 

rigid foundation, and requirement that any soil above foundation acts only as surcharge.    

Terzaghi defines three zones which may be physically observed as soil fails and 

foundation base contact stress approaches ultimate bearing capacity.  Failure zones 

include an elastic wedge directly beneath the base, Prandtl radial shear zone (log spiral 

slip surface or special case circular slip surface for clean coarse-grained soils), and 

Rankine passive linear shear zone.  The failure surface in the linear zone is extended up 

to ground level by Meyerhof (1951) as referenced by Bowles (1996) for cases when 

foundation depth is greater than zero.  Note that Rankine passive linear zone is oriented at 

45 2  and log spiral surface depends on / zB   , where   is the soil unit weight, B  

is the foundation width, and z   is stress applied in the vertical direction.  

The bearing capacity equation is qualitatively described as function of soil  

parameters which are predominately influenced by peak friction angle and undrained 

shear strength, where strength parameters are commonly determined by direct shear test 

or Triaxial test.   Other contributing factors are soil unit weight, foundation geometry, 

and soil compressibility.  For dilating soils, peak shear stress corresponds to failure, while 

for non-dilating soils the critical shear stress is observed.  
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Possible failure modes which are defined by Vesic (1973) for Chattahoochee sand 

under a circular foundation.  These included general, local, and punching failure.   

Factors such as foundation depth, void ratio, and grain size, and relative density control 

the type of failure mode.   General failure is expected for shallow foundations.  General 

failure represents the most brittle dense incompressible material while punching failure 

represents the most plastic loose compressible material.  General failure also produces 

ground heave, while deformation is restricted to a region below the foundation in local 

and punching failure.   From general to punching failure the load displacement curve will 

reveal less defined ultimate bearing capacity (i.e., there exists no clear maximum load 

value).    

2.3.2    Improvements to the Bearing Capacity Equation 

Although Terzaghi assumed concentric loading this is not typically the case in the 

field.  Distribution of contact forces along the foundation base measured in the field are 

affected by load eccentricity, local soil property variation, and variation in roughness 

along the base surface.  Many of the analytical revisions consider eccentric loadings and 

inclination along embankments, such as ground inclination factors are provided by many 

of the authors listed in Section 2.3.2. 

Although cN  and 
qN bearing coefficients are well accepted, the soil self weight 

term N  (Caquot 1953) as referenced in Budhu (2008) is problematic. Kumbhojkar 

(1993) presents an enhanced definition of N  which is intended to be a more precise, but 
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after further review it is found to offer little improvement to Terzaghi‟s original values 

(Bowles 1996). The reader is referred to Section 2.3.7 which discusses attempts to 

determine the most accurate values of N via numerical methods (e.g., Finite Element 

Method) by investigators Ukritchon et al. (2003) and Yamamoto et al. (2009). 

Adjustments to the friction angle and cohesion are also common, since peak 

friction is extremely important for an accurate solution of the bearing capacity equation. 

Bolton (1986) as referenced by Budhu (2008) gave a more precise account for the 

changing angle of dilation along the failure surface and provided a correction factor for 

the peak friction angle.  Another error caused by superposition is found in bearing 

capacity equation by Sloan (1996) as referenced by Salgado (2008) and Michalowski 

(1997).   

Ueno (1998) provides a method for extracting   and c from principle stresses 

and foundation width B.   These parameters may then be input into traditional analytical 

bearing capacity formula.  Ueno provides the theoretical framework in terms of mean 

principle stress σm = (σ1 + σ3)/2.  The friction angle and cohesion intercept are determined 

by a τm-σm graph (mean shear and normal stress, respectively).  This information can also 

be determined if two confining stress states are given, essentially by computing the 

Mohr-Coulomb failure criterion for two more circles, from which   and c are 

determined directly from elementary Mohr circle geometry.  
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Finally, in-situ bearing capacity correlations have the advantage of being much 

less expensive than full-scale or even reduced scale footing tests.   Early solutions for the 

bearing pressure predicted from SPT results are provided by Terzaghi and Peck (1967) as 

referenced by Reese (2006).  Meyerhof (1965) as referenced by Budhu (2008) estimated 

bearing capacity from N1 (corrected for overburden pressure) from SPT test.   

2.3.3  Settlement 

Settlement is classified as immediate (i.e., elastic), primary (i.e., consolidation), 

and secondary (i.e., creep), where soil settlement is often derived from the consolidation 

curve plotted in logarithmic scale which is assumed to by one dimension acting with all 

strains along the vertical axis.  For normally consolidated soils this is given as 
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where 0H
 
is the height of soil layer, 0e is the initial void ratio, cC

 
is the slope of 

consolidation curve from lab test, and f z0  
 
is the ratio of final to initial vertical 

effective stress.  Assumptions include zero settlement from shear, fully saturated pore 

space, initial applied stress carried by the pore water pressure, and vertical dissipation of 

excess pore water pressure.   Hence to predict soil settlement for a more realistic field 

condition the compression parameter can be extracted from individual compression 

curves sampled at each unique soil layer down to a depth where negligible effect is 

expected.  Overall this approach will likely underestimate settlement because water may 
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easily drain around the boundary of the compression volume in the field, leading to 

increased settlement in the field.  Also for prediction of a multilayer system, the one-

dimensional consolidation equation assumes all layers consolidate based on hydrostatic 

and surcharge stresses, where top layers are often recommended to be smaller and 

increase with depth.   

Overall the best way to know how soil response will scale is to run a full field 

test, but this is expensive and impractical, so well correlated factors are most often used, 

whether applied to results consolidation lab or in-situ estimates. Another shortcoming of 

the one-dimensional consolidation method is that settlement is not completely influenced 

by vertical load.   Soil above the foundation is shown to decrease settlement by providing 

increased confinement effect (Gazetas and Stokoe 1991), where a fraction of foundation 

load is resisted by side wall shear resistance, reducing vertical settlement.  Accordingly, 

extraneous effects such as these must be taken into consideration in the development of 

analytical and numerical solutions.   

Classic analytical methods for prediction of immediate (i.e., primary) settlement 

of shallow foundations originate from elastic theory where typical parameters include soil 

modulus of elasticity and Poisson‟s ratio.   Generally an elastic analytical solution can 

take a form similar to that given by Poulos for deep foundations 
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where q is the load, B  is the pile width,   is the Poisson ratio, E is the elastic modulus 

for the soil, L is the pile length, and I  is an influence factor.  The soil elastic modulus 

may be estimated by a variety of methods: analytical solution by theory of elasticity, 

unconfined compression test (which gives lower bound values), Triaxial compression test 

(which gives most likely values), in-situ testing (SPT, CPT, and Pressuremeter), and 

Plate-Load test in the field (Bowles 1996).  Immediate settlement of the corner of 

rectangular base on surface of elastic half-space, approximating soil, is derived from 

theory of elasticity (Timoshenko and Goodier 1951) as referenced by Bowles (1996).  

One limiting assumption for the solution provided by Steinbrenner is that the foundation 

is perfectly flexible.  For the elastic settlement Bowles (1987) recommends weighted 

average for soil elastic modulus over multiple layers since the modulus is not constant in 

the real field case.  Gazetas et al. (1985) as referenced by Budhu (2008) gave a solution 

for immediate settlement of foundation of arbitrary shape (as seen from plan view) using 

elastic theory.  The most challenging factor in most elastic methods to determine is the 

undrained soil modulus Eu (where accuracy of Eu may be determined from undrained 

Triaxial testing).   

 One way to leapfrog the construction of analytical or numerical models is to use 

in-situ measurements correlating bearing capacity with settlement.  This relation is 

especially useful to achieve accurate prediction in the field since often sand or coarse 

grain soil is destroyed upon removal from the site, rendering consolidation test and its 1D 

solution inaccurate. Settlement estimated based on CPT is provided by Schmertmann 
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(1970) as referenced by Budhu (2008), which considers total settlement as the sum of 

individual strains over the depth of penetration, with other factors considering shape and 

depth similar to the traditional bearing capacity equation.  The Schmertmann estimate 

hinges on an empirically correlated influence factor attributed to each layer divided by 

the Young‟s Modulus of each layer. Settlement is computed as a function of cone tip 

resistance as described by several investigators (Schmertmann 1970 ; Lee and Salgado 

2005).   Burland and Burbridge (1985) as referenced by Budhu (2008) estimated bearing 

capacity from Nuncorrected which is a function of foundation width, hydrostatic pressure,  

blow count or cone resistance, and grain size from 200 foundation tests in sand and 

gravel.   From this statistical analysis an estimate for settlement is proposed in terms of 

shape, influence, and correction factor.   

2.3.4     Model Testing 

As noted previously full scale load tests provide the most realistic estimates of 

field response, but are expensive and difficult to justify in terms of cost-benefit analysis.  

Reduced-scale tests are less expensive, more practical, and more tangible, but results are 

often difficult to upscale.  A short list of studies regarding load tests include (Selig and 

Mckee 1961 ; Milovic 1965 ; Muhs 1969).  Muhs addresses square and rectangular 

footings 2.0m x 0.5m (H x W) and square footings 1.0m x 1.0m (H x W) on soils with 

peak friction angles which range from 35.5° to 38.5°.  Bearing capacity ranges from 

10.8kg/cm
2
 to 33.0kg/cm

2
.  Reese (2006) provides comparison for separate load tests 
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described by Muhs and Selig. Shallow foundations on sand have high ultimate bearing 

capacity and it is difficult to induce failure in full-scale load tests.  The accuracy of 

bearing capacity analysis is explored in full-scale experiments by Bishop for fourteen 

load tests on saturated clays and by Briaud and Gibbons (1994) as referenced by Bowles 

(1996) for five static load tests on spread footings in silty fine sand.   Briaud found silty 

fine sand did not reach failure for full-scale load tests, even up to 150mm displacement.  

Hence in practice the design criterion is most often governed by settlement instead of 

bearing.  Settlement tests are also performed on simple plate loads by Terzaghi and Peck 

(1967) and D‟Appolonia et al. (1968) as referenced by Bowles (1996), but these are 

found to underestimate actual settlement by factor of two.   

Cerato and Lutenegger (2007) modeled bearing capacity equation size effects.  

This helps determine model dimensions within which the model is invariant.   This work 

attempts to back-calculate a specific bearing capacity factor using shallow foundation 

load tests on reduced–scale footings.  Soil properties are extracted via shear box tests for 

a variety of soils and results show trends of targeted bearing capacity factor which 

increases monotonically with relative density and decrease with absolute width of 

footing. Pardo and Bobet (2007) varied loadings on 17 reduced scale model load tests.  

Load resistance is measured at embedment depths 0m, 0.076m, and 0.152m for a plate 

width B equal to 0.304m.  Results show relationship between resistance and foundation 

width, whereby resistance increase diminishes with increasing B.   
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Akbas and Kulhawy (2009a) provide predictive curve fitting method for shallow 

foundations from a large database of full scale load tests performed on cohesionless soil.  

Methods in consideration such as 10%B, L1-L2, and tangent intersect method, are all 

used to quantify load test results, after which and statistical deviation and variance are 

measured.  Methods with highest correlations are ratios of Q%10B/QL2 and QL2/QTI.  Since 

2LQ
 
has highest correlation with other methods, the hyperbolic fit proposed by Akbas 

features the mean stress normalized by 2LQ  as 

    
2L

Q
B a B b

Q
      (2.14) 

where Q is the load,   is settlement at the base, and B  is the foundation width.  Using 

parameters mean values of a  and b  curve fit to the large database of experimental results 

the hyperbolic equation predicts expected load-settlement behavior.  Akbas and Kulhawy 

(2009a) also go on to link the soil modulus to the initial linear elastic region of the load-

settlement curve in a modified form normalized by the atmospheric pressure.  The 

bearing capacity can also be informed by the testing database.  An analytical equation 

based predominantly on the Vesic (1973) formulation is found to correlate well with 2LQ  

(such that r
2
 = 0.99) based on the ratio 2Vesic LQ Q  when B > 1m but becomes less 

correlated for B < 1m.  A correction is proposed for cases where B < 1m since Akbas 

shows that the data is correlated more closely when QVesic is normalized by B for B < 1m.  

Essentially this removes the B term from the Vesic‟s analytical formation when B < 1m 
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and is shown to match reasonable well (r
2
 = 0.74) for a subgroup containing the best data 

available from the test database.    

Of last note with regard to foundation settlement, it is found that with respect to 

model scale problems, several investigators (Briaud and Gibbens 1999 ; Pardo and Bobet 

2007 ; Akbas and Kulhawy 2009a) agree that normalized settlement B  tends to help 

minimize foundation size effects on settlement-stress response, collapsing data of various 

foundation width to a narrow range.     

2.3.5 Induced Stress 

Boussinesq produced a classic solution for induced stresses in elastic material due 

to applied forces enhanced with influence factor by Newmark (1935) and Westergaard 

(1938) as referenced by Bowles (1996).  Westergaard gives estimate of stress in soil from 

surface load in which solution addresses the same problem as Boussinesq yet derived 

from slightly different assumptions.  The methods described so far for solution of induced 

stress field are difficult to solve analytically, so a simple approximated method is given 

by Poulos and Davis (1974) for circular foundations.  More sophisticated solutions are 

useful for description of the stress field, and may be developed from stress-strain 

relationship as the discrete load function where solution is aided by Fourier Transform. 

2.3.6  Numerical Methods 

Shallow foundation bearing capacity and settlement using numerical methods are 

helpful in analyzing the effect of changes in undrained shear strength, foundation width, 
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and internal friction angle.  Also, numerical solutions are flexible for a multitude of 

foundation geometries and loadings.  Advantages include the ability to monitor 

mechanical behavior of individual soil elements across spatial extents. FEM and FDM 

solutions are available in commercial software packages such as FLAC, PLAXIS, and 

ABAQUS.  

Loukidis and Salgado (2009) determined the bearing capacity factors, shape 

factors, and dilation angle using finite element simulations and analytical methods (i.e., 

limit analysis and method of characteristics).  Results showed FEM bearing capacity 

value within 2.5% of analytical solutions.  Griffiths and Fenton (2009) predict elastic 

settlement of a strip footing on variable soil. They investigated the limit state design (i.e., 

settlement, bearing capacity, serviceability) reliability based uncertainty.  Results are also 

compared by statistical analysis. Specifically stochastic finite element methods and 

random finite element methods are compared.  Low stiffness values assigned in the 

random field dominated mean settlement.  Stochastic FEM underestimated the 

probability of failure when compared with the random field FEM approach.  

An FEM study on bearing capacity of the upper and lower bounds for the 

controversial bearing capacity equation coefficient N  is made by Ukritchon et al. 

(2003), giving a comprehensive comparison of FEM bearing capacity solution with 

traditional analytical solutions.  For the case of numerical limit analysis, adding 

foundation roughness is found to increase the bearing capacity, although the accuracy of 
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solution decreases significantly at a friction angle above 30°.  Overall results for N  

from Ukritchon‟s FEM model agree well with Hansen and Christensen (1969) and 

Booker (1969) for a wide range of friction angles (from 15° to 45°).  Ukritchon‟s results 

disagreed with Terzaghi (1943) and corresponding description by Vesic (1973) which 

seem to overestimate N  by approximately a half order of magnitude on rough footing.  

Yamamoto et al. (2009) uses a 13 input MIT-S1 model (of which only 3 

parameters are deemed to have much influence over results) to determine the foundation 

width effects on the value of N .  The asymptotic approach of N  to an upper bound is 

consistent for siliceous sands, more slowly for calcareous sands.  For both soil types 

Yamamoto‟s results support the significance of the foundation size effect on the bearing 

capacity factor.    

Overall the spectrum of solutions for behavior of shallow foundations range from 

traditional bearing capacity equation to sophisticated FEM.  Classic analytical solutions 

are computationally efficient but require additional intuitive understanding often 

developed on a case by case basis, while numerical methods (i.e., FDM, FEM, DEM, etc) 

require greater computational effort and a more extensive understanding of continuum 

and/or discrete mechanics.  Of course in-field tests are the most accurate, but costly and 

often times unavailable.  The most effective solution is often a combination of the above 

methods which are within the resources of the engineer.   
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2.4   Deep Foundation 

2.4.1 Pile Installation 

Piles are the most common form of deep foundation.  Piles are typically more 

expensive to install in the field and hence only desirable in the case of weak soil where 

spread footings are likely to fail.  Pile types include open and close end (i.e., soil plug), 

whereby the open end pile typically generates increased side resistance on inside walls.   

Pile installation methods include: driven, drilled, jet, and vibration.  Pile installation can 

dramatically change the soil strength, especially in the case of the driven pile which 

compresses soil beneath the toe increasing soil strength.  Intuitively, this means the 

bearing capacity will be reached with less settlement post installment.  Also, driving 

implies that piles are likely to experience increased side friction.  In the case of drilled 

piles, pressure immediately beneath the toe is significantly lessened, especially when the 

drill is excavated causing some uplift to occur (Coduto 2001).  Although field predictions 

are informed by soil samples using Triaxial testing for non-displacement case, driven 

piles are likely to alter the soil fabric to such a degree that test results are not 

representative of reconstituted soil samples.  Hence the SPT or CPT is commonly used to 

gain in-situ information with application to pile design.  For a detailed discussion of CPT 

and SPT pile correlations the reader is referred to Salgado (2008).  
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2.4.2  Load-Deformation 

 Compared to typical shallow foundations the ultimate load in deep-foundations is 

often difficult to determine.  This is partly due to additional load carried by side friction 

which lessens the pronounce peak failure evident in shallow foundation cases.  Side 

friction is often assumed to mobilize within 5mm to 10mm approaching 10%B (Coduto 

2001).  Curve fitting models are quite popular for quantifying load-deformation q-δ  test 

data, for deep foundations, formulations based on q-δ  are provided by several 

investigators (Van der Veen 1953 ; Chin 1970 ; Davisson 1975 ; Fellenius 1999) as 

referenced by Salgado (2008).  Of these studies, Davisson‟s solution is often too 

conservative.   Davisson predicts the failure load as a function of three terms: 0.15in 

mobilization between side wall and soil, B/120 settlement due to toe failure, and elastic 

compression of the pile.  
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where E is elastic modulus of the pile material, P  is the load, L  is pile length, A  is pile 

cross sectional area, and B  is the pile width.  Davisson‟s equation graphically linear with 

slope L/AE and settlement axis intercept 0.15in + 1/120B.   

2.4.3  Bearing Capacity 

 Pile bearing is typically described in terms of toe wall and side wall resistance, 

according to Bowles (1996) such that the ultimate pile capacity is some fraction of the 

contribution of each side and toe resistance.  A formulation similar to Terzaghi‟s bearing 
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capacity equation is used to estimate toe resistance as a function of soil self-weight 

controlled by the lateral earth pressure coefficient.  Hence, the failure mechanism, if 

controlled at least partially along the side, is likely to occur at a greater depth along the 

pile wall instead of near the surface. The failure process, specifically the emergence of 

various failure lines and plastic zones in the region near the pile toe begins with punching 

failure wedge and evolves to full general shear failure with log spirals slip surfaces if the 

pile is displaced further, although failure will often reach only punching or local modes. 

Overall, bearing capacity is controlled by: internal angle of friction, cohesion, soil unit 

weight, and relative density.    

Pile dimensions and soil properties control whether the side (i.e., friction pile) or 

toe (i.e., end-bearing pile) failure mechanism dominates.  Typically dry course soil 

experiences greater side resistance than toe resistance due to the large surface area of the 

side of pile which generates significant friction.  Ultimate bearing may be computed by 

the general formulation 

 total side toeQ f A q A     (2.16) 

where q  is similar to the formulation of Terzaghi‟s bearing capacity and f  is a measure 

of the effective overburden stress and lateral earth stress 0 zK   , and sideA , toeA  are the 

pile side and toe areas respectively. Allowable load capacity is the factored ultimate load. 

Toe capacity may be predicted by the general bearing equation as 
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where B  is the pile width,   is the unit weight of soil at the toe, zD   is the vertical 

effective stress at the toe, and N , 
qN  are bearing capacity factors.  Note that for all 

three bearing capacity factors, a change from 1° to 2° will significantly affect predicted 

pile capacity.  Kulhawy et al. (1983) as referenced by Coduto (2001) gives the 

overburden pressure factor 
qN in terms of the rigidity index given by Vesic (1977).  

    0 6 1qN . N tan      (2.18) 

 
 01 2

3
q

K N
N




   (2.19) 

 
 

   

  
490

3 12180
3

45
3 2

sin

sin

rN e tan I
sin

 











   
    

    

 (2.20) 

where:  
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where rI  is the rigidity index, E  is the elastic modulus,   is Poisson‟s ratio, zD   is the 

vertical effective stress at the toe,   is the effective friction angle at the toe, and 0K  is 

the at rest lateral earth pressure coefficient.  Note the formulation presented above is 

heavily reliant upon the effective internal friction angle  .  A comprehensive plot of 

predicted 
qN 

 
values as a function of   considering many widely used solutions is given 
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by Budhu (2008); values range over an order of magnitude. toeP  may also be estimated 

from SPT tests, as described by Meyerhof (1976, as referenced by Bowles 1996) 

    40 380b
toe p p
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B
   (2.22) 

where 
pA  area of pile point effective in bearing and bL  is penetration depth.  End bearing 

is likely to occur in the region 2B below the pile; hence soil properties fed into analytical 

equations for determination of toe resistance should be measured in the region beneath 

the toe.   

Estimates for side interface friction may be converted from SPT data from the 

field.  Bowles (1996) predicts maximum skin resistance to occur at approximately 5-

10mm settlement based on load-settlement curves by Whitaker and Cooke (1966), Coyle 

and Reese (1966), and AISI (1975).  The interface friction may be correlated to the 

internal friction, which is important because the discrepancy between the surface 

roughness and the soil shear friction determines where the failure mode will occur (i.e., 

along the side or in the soil ~2B from pile wall).  Side resistance can be estimated as sum 

function of cone resistance from CPT test by several investigators (Vesic 1977 ; Eslami 

and Fellenius 1997 ; Jardine and Chow 1998) as referenced by Coduto (2001).   

The Lambda method is given by Vijayvergiya and Focht (1972, as referenced by 

Reese 2006)  

  2f m m sQ p c A   (2.23) 
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where   is a function of pile penetration, sA  is the pile side are, mp  is the mean vertical 

effective stress between the ground service and soil at toe, mc  is the mean undrained 

shear strength along the pile. The lambda term is defined by Kraft et al. (1981) for 

normally consolidated soils as 

  20 178 0 0161 max e. . Bf L AEU    (2.24) 

where B  is the pile diameter, maxf  is the peak skin friction (i.e., mean undrained shear 

strength), eL  is the embedded length of the pile, A  is the cross-sectional area of the pile, 

E  is the pile modulus of elasticity, and U  is the pile displacement required for 

mobilization (i.e., development of side shear). Since B10% is recommended for driven 

piles normalized settlement for the drilled or non-displaced pile can be estimated as B30% 

(Budhu 2007).   

The β-Method (Burland 1973) as referenced by Budhu (2008) considers the side 

friction based on Coulomb‟s friction law and base pressure given strength condition of 

soil at the toe.  The β-Method formulation is given below where the first term represents 

side resistance and the second term represents base resistance. 
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where z   is the stress at the side layer or base and 
qN is given by Budhu (2008) as 
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qN . e   (2.26) 

and the   term is given by Burland (1973) as for layer i as 

  1 cs isin tan      (2.27) 

 where cs  is the critical state friction angle used for analytical analysis of deep 

foundations in this study.  It is not completely clear how the side resistance will vary with 

depth for some arbitrary load site.  Intuitively it may seem that the resistance increases 

with depth, but this is not always the case for stratified layers overconsolidated or 

damaged soil fabric during pile installation.   

Other deep foundation methods are proposed using the theory of elasticity.   

These include (D‟Appolonia and Romualdi 1963 ; Thurman and D‟Appolonia 1965) as 

referenced by Reese (2006) as well as Poulos and Davis (1980).  These methods are 

generally based on Mindlin‟s equations for semi-infinite, elastic solids.  The disadvantage 

of using the above methods lies in the estimation of bulk soil properties v and E, which 

are difficult to accurately predict.  Nonetheless, Poulos and Davis (1980) provide a 

common formula for the idealized elastic soil settlement response es  of the pile head as 

 
af

es

s

Q
I

E L
   (2.28) 

where I  is a function of L/D and may be estimated from empirical relationships, 
afQ  is 

the applied axial load, L  is the pile length, and sE  is the elastic stiffness of the soil. 
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While Timoshenko and Goodier (1970) as referenced by Budhu (2008) consider pile 

settlement when rigid punch controls at the pile toe 
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where allowQ is the allowable load at the toe, r is the pile radius, E is the elastic modulus, 

and   is Poisson‟s ratio.  

For cases where soil varies in stratified layers the T-Z Method may be applied as 

described by several investigators (Seed and Reese 1957 ; Coyle and Sulaiman 1967) as 

referenced by Reese (2006) and Coyle and Reese (1966) referenced by Bowles (1996). 

The difficulty with the T-Z Method involves finding the necessary data to construct load-

transfer curves describing the relationship between side resistance and pile displacement 

at each layer.  This information is required because realistically the deformation in each 

layer of the discretized pile will behave differently.  In the field this information can be 

measured using strain gauges for each segment along the length of the pile.  Given a 

load-transfer curve for each segment of the pile, the static capacity point resistance 
pP  

may be computed as 

 p s pP k z A   (2.30) 

for an elastic piece of soil at below the pile toe, where sk
 
is the soil modulus, and z  is 

the slip displacement along a section of pile, and 
pA  is the area of pile section. The 

displacement H  derived from elastic theory by Timoshenko and Goodier (1951) as 



 

43 
 

referenced by Bowles (1996) for the immediate top settlement under applied load 0q  is 

given as 
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where B  is the base diameter, sE  and   are elastic soil parameters, and iI  are influence 

factors given as 
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where 2B B   and 2L L   for center are the pile diameter and footing length 

respectively.  FI  depends on L/B ratio and Poisson‟s ratio.  The expected settlement w  at 

the pile tip may either be determined by iteration and convergence or estimates can be 

made, such as the following given by Vesic (1970) as referenced by Reese 2006)  
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where wC  is the settlement coefficient (0.0372 recommended for driven, 0.0465 for 

jacked, and 0.167 for non-displaced), 
pQ is the tip load, rD  is the tip density, B  is the tip 

diameter, and bq  is the ultimate base resistance.  To manually compute the T-Z Method, 

first guess a z then converge the guess using the corresponding T-Z curve.  Next, 

connect the following segment displacement (Bowles 1996) by 
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   (2.37) 

where P  is the pile load, L  is the segment length, A  is the pile cross-sectional area, and 

E  is the elastic modulus of pile.  The calculation process proceeds up each spring 

element until reaching the top of the pile where the ultimate load may be computed.  

Also, it is advised to use field data for load-transfer curves.  Overall, the strength of the 

T-Z Method depends on the quality of the load-transfer curves and estimations for elastic 

modulus of the soil beneath the toe and the pile material which is also challenging when 

using elastic theory as previously discussed.   

2.4.4  Field Testing 

The most accurate prediction of pile load capacity is found by simple direct load-

test in the field.  Since applying a realistic dead weight to the pile is not always possible 

in the field, the load test commonly features a hydraulic jack anchored in the ground on 

either side of the test pile.  Loading may occur at a constant rate or in incremental loading 

periods (Budhu 2007).   Unfortunately static load tests are expensive, making analytical 
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equations more economically attractive yet less predictable.  A natural question arises as 

to which bearing capacity factor is more accurate. Comparison and validation is 

performed by (Al-Homoud et al. 2003) for many popular empirical, semi-empirical, and 

theoretical methods using 43 field pile load tests in cohesionless soil.  Piles discussed 

range from 20m to 80m in length and from 0.5m to 1.0m in diameter.  Layer properties 

tested showed loose silty sand at surface to very dense silty fine to medium grained sand 

at pile toe.  The solutions of interest are bearing capacity factors defined by Janbu (1976) 

and Vesic (1975) which are compared with test data.  Results show that out of all the 

methods tested, results for predicted versus estimated tip capacities using Janbu‟s bearing 

capacity factor are most accurate, followed by the bearing capacity factor provided by 

Vesic. The solution using Janbu‟s bearing capacity factor shows 18.6% of piles 

calculated are within 20% and 41.8% of piles calculated are within 40% of test results. 

The solution using Vesic‟s bearing capacity factor show 28% of piles calculated are 

within 20% and 53% of piles calculated are within 40% of test results. 

2.4.5  Numerical Methods 

So far only analytical solutions to SSI for piles have been discussed.  Accurate 

prediction of soil response from traditional analytical methods due to pile loading is 

typically unlikely.  Therefore numerical methods are explored to potentially describe pile 

behavior. The use of numerical methods to inform industry and engineers in the field is 
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growing but not assumed.  Some examples of numerical methods in deep foundations are 

discussed subsequently.  

 Nejad (2009) correlated pile settlement to SPT data for 76 pile load tests at 19 

diverse locations using neural network (NN) curve fitting.  SPT readings are taken at 5 

equally space points down the length of the pile. The corrected blow count is computed 

as the average sampled number of blows times the overburden term. The NN is trained 

with 12 inputs: elastic modulus of the pile, five pile geometry measures, five blow count 

measurement points, and applied load, with the only output being the settlement.  The 

measured data was split into 85.6% training data and 14.4% validation data.  The 

validation data checks whether the NN can predict untrained data from the same 

measurement set.  A series of hidden layer sizes is tested by validation and it is found that 

the lowest root mean squared error (RMSE) contained seven nodes in the hidden layer.  

Further optimization saw the combination of four hidden layers at sizes 15-13-5-2 gave a 

RMSE 5.12, where additional momentum correction of the NN dropped RMSE to 4.49, 

which is then adopted to produce results for a hypothetical pile of 11.4m length, 0.966m 

diameter, defined SPT N values at five points down the pile length, and several other 

defined material properties. Results show the NN fits in the pile settlement solutions by 

Poulos, Vesic, Das and T-Z method.  Also the NN solution has the highest correlation 

with measured settlement.  

FEM pile simulation using ABAQUS (Lee and Salgado 1999) is found to match 

well with 30 calibration chamber tests for non-displaced piles.  Calibration chamber 
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measurements are used to assess the validity of FEM analysis in terms of parametric 

analysis.  In this case, the relative density is investigated as well as failure states at 

settlements of 5% and 10% of the foundation width.  The implemented FEM defines 

eight-node elements and special interface elements to control shear strength and slip at 

the at the pile-soil interface.  Results are compared in terms of normalized base resistance 

qb/qc defined as the ratio of base resistance to CPT resistance.  The base resistance can be 

known from CPT data.  Salgado provides an estimate of cq  defined as a function of the 

relative density and effective stress components.  Results are also produced for a range of 

K0 from 0.4 to 1.0 and reveal that at higher relative density Dr the normalized base 

resistance decreases substantially, dominating regardless of pile length and associated 

confining effect.  Calibration chamber results show CPT is closer at higher Dr and that 

FEM results agree well chamber measurements at settlements of 5% and 10% of the 

foundation width.  

Additional investigation into the combination of DEM-FEM pile behavior has 

been is evaluated by Elmekati (2010), who argues that both are more effective when 

coupled since the DEM can handle large deformation and activity at the interface while 

the FEM can handle large scale computational costs in areas far from the interface 

expected to produce only small strains.  The algorithm starts with a DEM displacement 

followed by an FEM response (handled between both numerical methods by interface 

contacts).  The effects of the first two steps are allowed to equilibrate if needed, and the 
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process cycles until completion. Elmekati‟s model is shown to qualitatively produce 

results expected for a pile loading in terms of load-displacement curves, but results are 

not evaluated in any detail to further validate the model.  Lastly note that FEM piles 

described in this section consider only non-displaced piles.  The reader is referred to Said 

(2008) for an example of FEM driven pile evaluation and comparisons with experimental 

results.  

Overall solutions for deep foundation behavior typically consider the unique 

resistance developed by the base and side of the pile.  Traditional analytical solutions 

compute lateral earth pressure coefficient and predict side resistance depending on the 

interface friction coefficient.  Typical analytical solution for the base resistance is 

computed similar to Terzaghi‟s bearing capacity equation.  Deep foundation failure 

mechanism is also more complicated since total resistance does not always reach a 

maximum; hence calculation of actual bearing capacity may not be possible. Comparison 

of advantages and disadvantages of analytical versus numerical results are similar to that 

of the shallow foundation case.  The deep foundation problems usually include larger soil 

space for computation of soil response, so the numerical solution is often more 

computationally costly than that of shallow foundation.  Major parameters effecting pile 

resistance includes internal friction angle and relative density of the soil. Relative density 

Dr is quite high for two-dimensional DEM simulation (i.e., 75% for dense dry sand) so 

calibration chamber findings have significant implications to DEM results in Chapters 3, 

4, and 5.   
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2.5  Rigid Retaining Walls 

2.5.1  Earth Pressure Theory 

The state of stress of a representative element of soil in a large granular body 

under self-weight can be represented by a two-dimensional lateral earth pressure 

coefficient x z  
 
where x   is the lateral effective stress and z   is the vertical effective 

stress.  A starting point for the state of stress in the backfill soil is the equilibrium 

condition which occurs prior to external loading or unloading. This ratio is estimated 

empirically for normally consolidated soils as 0 1K sin  (Jaky 1948) as referenced by 

Bowles (1996) where   controls the friction experienced along the shear surface of a 

sliding body of soil.  

Given lateral displacement of the rigid retaining wall, it is important to note that 

the slip surface is not perfectly linear. Straight line failure surface has been shown to 

more likely be logarithmic spiral (Zhu et al. 2002 ; Lu and Likos 2004).  The friction 

angle may be back calculated from known principle stresses using interface shear or 

triaxial tests.  In the field, may also be predicted from relative density, grain size, and 

water content of the soil, or more accurately estimated from in-situ testing. 0K
 
may be 

estimated using SPT, empirical lab tests, CPT, and DMT (McCarthy 2007).  

If some reliable estimate of   is gathered then a theoretical description of the 

behavior of backfill may be developed.   For a hypothetical equilibrium soil element the 

principle stresses are equal, but for the case of a frictionless vertical wall moved away 
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from the soil the lateral earth pressure decreases.  The opposite case is expected if the 

wall is moved toward the soil element.  When the wall is mobilized, the slip surface may 

be analyzed as component normal and shear forces.  In cases of high normal stress along 

grain contacts failure is unlikely, but when the deviator stress increases significantly 

shear stress mobilizes the failure surface, which may by plotted as the Mohr-Coulomb 

failure envelope    

  nc tan      (2.38) 

where tan( )  acts as the slope for the principle stress inputs 1   
and 3  .  The cohesion 

c  is the vertical shift in the ordinate intercept of the Mohr-Coulomb failure envelope.  

Along the failure line corresponding stress state shear mechanism of the backfill soil 

mass.  The micromechanical details of the failure mechanism are not addressed in 

Coulomb‟s friction envelope.  For instance, the volume change due to soil dilation in 

shear band regions is overlooked, yet the state of stress is fundamentally governed by  , 

which can be represented simply as a geometric feature of the force triangle for the state 

of stress experienced by the soil element when an outside stimulus occurs.    

Given the state of stress represented using Mohr-Coulomb failure criterion, the 

principle stresses are plotted and   may be extracted from Mohr circle geometry based 

on an equilibrium continuum element and simplified as   
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for the active case  (i.e., wall movement away from the soil) and as 
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for the passive case (i.e., wall movement towards the soil).   Given the Mohr-Coulomb 

envelope the actual failure point exists where Mohr‟s circle intersects Coulomb‟s failure 

line. Graphically, the shear angle for the passive state is less than the active state by the 

amount   since from basic Euclidean geometry it is evident that the angles from lateral 

earth pressure values to the failure points are  

 45
2

a





   (2.41) 

 45
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   (2.42) 

where lower inclination of the failure plane for the passive case is reasonable since the 

action of the wall moving into the soil must work against gravity.  In practice the passive 

case may occur if post tensioning cables apply consistent force on a failure wedge while 

soil strength decreases.  

The lateral earth pressure is given by equivalent fluid method (i.e., equivalent 

fluid density) for a homogeneous isotropic soil type, and the stress at the toe of a rigid 

retaining wall of height 0H  may be described as 

 0 0P K H   (2.43) 
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for the static case, and so 0K  is defined for a soil element in equilibrium at the bottom of 

the wall.  The equivalent lateral force located at 0 3H
 
considering the summation of all 

lateral force along the depth of the wall is given below 

  
 0

0 0 2

0

0

1

2 2

H

V

K H H
P K dz K H


     (2.44) 

where K  may be defined as aK or bK
 
depending on the state of stress existing in the soil.  

Rankine Earth pressure theory (1857) assumes triangular lateral stress distribution 

increasing with depth, which implies a resultant lateral thrust 0.33H from the bottom of 

wall. However results by Duncan et al. (1990) as referenced by McCarthy (2007) discuss 

field studies which show many factors such as wall deflections and arching causing the 

resultant lateral thrust to be more closely approximated to 0.40H. 

The traditional Coulomb analytical solution for wall thrust generated by the 

backfill considering wall inclination, backfill inclination, and wall friction, may be 

derived from a free-body diagram force triangle for an idealized failure wedge based on 

statics.  Given an estimate for the bulk unit weight the overburden from the total weight 

of backfill acting at the center of mass may be computed as 
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where notation adopted from Budhu (1996) gives the wall inclination as  , embankment 

inclination as  , and inclination of failure surface as  .  Imposing static equilibrium 
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conditions 0xF   
and 0yF   

from force triangle free body diagram the balancing 

force vector aP  may be determined which is the active resultant wall reaction to the 

backfill.  Again from statics and trigonometry  
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where angles are from diagram provided by Bowles (1996) shown in Figure 2.1 below.   

 

Figure 2.1 – Coulomb Derivation of Earth Pressure Coefficient (After Bowles 1996) 

The form above is not fully explicit since   is unknown.  The mostly probable slip 

surface will occur when 0adP

d
 .  By setting the derivative of the previous equation 

equal to zero subsequent algebra yields the formulation 
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from which the trigonometric terms may be simplified to aK .  Note that for the case of 

passive stress, the inclination of failure surface is considered for the passive wall 

movement, and friction angles along wall and slip surface are flipped about the normal 

vector.    

Rankine provides a unique derivation considering unique free body diagram for 

an element of soil and information from Mohr‟s circle.  Note that the force triangle is 

quite similar to Coulomb.  Substitution gives the following form for the lateral earth 

pressure: 

  a az cos K     (2.48) 

where aK  is 
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where angles are from diagram provided by Budhu (2008) shown in Figure 2.2 below.   

 

Figure 2.2 - Rankine Derivation of Earth Pressure Coefficient (After Budhu 2008) 
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Overall the free body diagram and statics approach used to calculate the state of stress 

and slip plane has several shortcomings.  First, the method is highly dependent on the 

internal friction angle, which in turn defines the angle of slip surface and lateral earth 

pressure applied to the rigid wall.  This is acceptable for homogeneous soil medium, but 

any addition of heterogeneous regions would greatly disrupt the performance of the basic 

theory.  Since the behavior of the entire failure wedge is based on the representative 

behavior of a representative soil element, any heterogeneous features in the backfill 

would make selection of the proper soil for measurement of principle stress and 

extraction of internal friction angle misleading and inaccurate. In the field a 

homogeneous backfill would be needed in order to prevent such complications.  Also, the 

literature overwhelmingly report that Coulomb and Rankine methods overestimate PK .  

Solutions for lowering PK
 
are given by Caquot and Kerisel (1948) as referenced by 

Budhu (2008).  Although the Earth pressure coefficients are only an approximation, 

upper and lower bounds of the load at failure condition can be known if the internal 

friction angle is known. A solution for lower bound is given by (Lancelotta 2002) 

including wall-soil friction angle derived by plasticity theory. Lancelotta‟s solution 

matches Rankine for wall friction equal to zero, and provides a reliable limit for lower 

bound wall thrust.  
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2.5.2  Wall Displacement  

Qualitatively the wall movement is expected to be significantly greater for the 

passive case. Proposed values for lateral deflection required to mobilized active and 

passive earth pressure are given by the CGS (1992).  For sands values range from 0.001/

0H  to 0.004/ 0H  for the active state and from 0.020/ 0H  to 0.060/ 0H  for passive state 

(Salgado 2008).  Terzaghi notes a significant change in lateral stress is attributed to only 

slight movement of the rigid wall, approximately one order magnitude stress change for 

wall displacement 0.001 0H  of backfill (Terzaghi 1934) as reference by Salgado (2008).  

Alternatively McCarthy (2007) gives a range 5 x 10
-5

0H  to 2 x 10
-3

0H .  For the passive 

case wall movement proceeds in the opposite direction (i.e., in the direction of the soil 

mass) and the corresponding Mohr circle requires significantly higher passive pressure to 

reach failure condition.  In both cases, the internal friction angle of the soil is the most 

important factor to consider.    

2.5.3  Numerical Methods 

Numerical methods allow for a more detailed understanding of lateral Earth 

pressure acting on a retaining wall. Using FLAC
3D

 Benmebarek (2008) used three-

dimensional finite difference analysis to compare the passive earth pressure coefficient to 

other numerical and analytical results.  Results produce values of coefficient of passive 

earth pressure within 6% of the theorem of corresponding states, a partial solution to 

limit-state problems by Caquot.  Benmebarek also found the distance of surface failure 
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receding from the wall to be in good agreement with experimental results.  Depending on 

the ratio of wall displacement to internal friction angle, failure surface could be Rankine 

at zero or passive radial shear zone for a ratio greater than zero.  

Chang (1994) presents a pseudo-DEM for modeling the behavior of backfill 

describing retaining wall translations and rotations.  The method discretizes the backfill 

into six sided blocks (i.e., elements) which are allowed to transfer six variables: 

components of force, moment, translation displacements, and rotation displacement.  The 

equations of each block are solved as a matrix of simultaneous linear equations (where 

linearity is described by Winkler-springs at inter-element contacts).  Hence given initial 

movements (i.e., active wall displacement away from the backfill blocks) one may solve 

the equilibrium equations such that the force and displacements.  For the simple case of 

active failure the active lateral force on the wall is equal to the force predicted by 

Coulomb‟s traditional solution. Results from the proposed model show the computed 

stress distribution along the retaining from the backfill for pure lateral translation 

consisting of a linear pressure gradient increasing with depth.  For the rotation cases, the 

wall experiences arching stress distribution, with maximum thrust at roughly 1/3 the wall 

height and local minimums at top and bottom.  As expected, lateral pressure decreases 

with increasing wall friction angle.   

Overall traditional analytical solutions for rigid retaining wall problems focus on 

the determination of active and passive lateral earth pressure coefficients.  Remarkably, 

two unique derivations of the lateral earth pressure yield the same formulation for the 



 

58 
 

wall thrust.  To date few studies have been established which use discrete element 

methods to predict the behavior of the rigid retaining wall due to soil backfill under self-

weight.  The development of the DEM is presented in the next section.  

2.6  Discrete Element Method 

2.6.1  Overview 

The discrete element method (DEM) has seen increasing use in the last several 

decades.  DEM has the ability to describe behavior of soil fabric at the grain scale.  This 

allows for modeling the effects of particle shape, surface roughness, material stiffness, 

and particle size distribution.  While the finite element method (FEM) is perhaps the most 

common numerical method for geotechnical design and has seen extensive verification in 

experiments and field testing, the FEM requires input data that can only be obtained 

through extensive laboratory and/or in-situ material characterization.  The DEM, 

however, relies on simple descriptions at grain-grain and grain-continuum contact, which 

can be obtained from relatively small samples of material. 

DEM principles are based on nonlinear grain contact deformation (Hertz 1895) 

describing opposing normal forces acting on perfectly spherical linear elastic grains. 

Assuming grain shape deformation negligible, tangential forces, shear stress, and slip 

along grain contacts by (Mindlin (1949) ; Mindlin and Deresiewicz 1953) as referenced 

by Cundall (1979) provided theoretical framework for DEM algorithm.  Contact behavior 

and propagation of force chains studied using photoelastic disk experiments by (Dantu 
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1957 ; Wakabayashi 1950) as referenced by Cundall (1979) inform DEM theory since 

areas of high stress light scattered through the disks show parabolic strain contours 

caused by deformation at contacts. 

Cundall developed a unique numerical model considering discrete objects for rock 

problems. DEM was formally established and implemented in the computer program 

BALL by Cundall (1979).  Grain geometry was initially modeled in two dimensions as 

disks. The algorithm features an iterative explicit numerical scheme whereby for each 

step the following instructions are executed: compute the applied force-displacement law 

based on hypothetical grain-grain overlap (the so-called “soft contact” approach), balance 

forces, calculate centroid displacement via Newton‟s laws of motion, and dissipate 

energy (local and viscous damping dashpots placed at each contact) from the system. 

Given new displacements from the previous step, each grain is assigned a new position 

and the algorithm continues until desired energy equilibrium and stress state are 

achieved.  For each particle the forces are summed at all contacts   

 2Contact n nF K u n m K         (2.50) 

where normal stiffness is nK
 
is the normal stiffness,   is the damping factor used as 

part of a viscous damping mechanism, u  is the particle overlap, n  is the unit normal 

pointing from one particle to its contact particle, m  is the particle mass, and v  is simply 

the translational velocity vector of the particle denoted in bold.   The resultant force is 

converted to motion for each particle 
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 (2.51) 

where t  is the minimum time step /m k  for all particles.  Particle shear velocity (i.e., 

tangential velocity) allows for particles to have rotation and angular momentum, hence 

the inter-particle friction angle may be used to compute the shear force as 

  s n uF F tan c   (2.52) 

where u  is the inter-particle friction angle not to be confused with the internal friction 

angle in the soil mass, and c  is the hypothetical inter-particle cohesion.  Initially this 

approach was supported by Cundall who found that the force chains plotted from 

simulation results closely matched the light scattering photoelastic disk experiments 

(Santamarina 2001).  

2.6.2  Strength Testing  

Rothenburg and Bathurst (1991) investigated the performance of single elliptical 

particles using biaxial Test.  Simulation parameters considered include inter-particle 

friction 0.5  .  During assembly a high eccentricity is achieved at a lower porosity.  

Coordination number  is shown to be heavily depended on the porosity, ranging from 

approximately 3 for loose packing to approximately 5 for dense packing.  Also the lowest 

porosity (i.e., densest packing) is possible with low to zero inter-particle friction.  This 

behavior is due to the eccentricity of particle shape.  Results from Rothenburg show 

volumetric strain and hence dilation decreases consistently with grain shape angularity 
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(i.e., eccentricity).  Also, stress ratio 
1 2 1 2

( ) / ( )      increases with eccentricity.  This 

is likely due to the mechanism of interlocking grains providing higher shear resistance.  

Finally 
peak

 
is found to increase from 26° at packing fraction 0.845 to 42° at packing 

fraction 0.90.   

Elliptical particle are also investigated using a biaxial test performed by Ng 

(1994).  Ng makes an argument for the use of dense packing of angular particles to force 

a higher internal friction which more closely matches the strength of real sands.  

Mechanics necessary for the three-dimensional ellipsoid analogue are also described.  Ng 

uses a Poisson ratio of 0.15, inter-particle friction coefficient 0.5  , porosity of 0.158, 

and consolidation pressure of 294kPa and 588kPa in two separate compressive tests.  

Internal friction reaches 30° at 
peak

 
for both cases and 30° at residual  for 294kPa 

confining stress case.  A cyclic constant volume simulation was also performed in this 

study.  

Bardet (1992) argues continuum models experience complications in the 

micromechanics making it difficult to describe the shear band thickness during biaxial 

testing.  A DEM model is proposed to accurately measure the detailed geometry and 

thickness of shear band formed in the biaxial test.  Micromechanics are described in 

terms of individual particle rotations and displacements. Stress ratio 

22 11 22 11
( ) / ( )      versus shear strain  11 22  is shown to match well with Drucker-

Prager model of flow theory of plasticity and deformation theory of plasticity in three 
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sampled regions of the granular mass. Shear band form along lines of action at angles 52° 

and 38° which agree with   at 14  ° for classic Mohr Coulomb failure surfaces 

4 2     whereby after further axial strain the shear band at inclination 52° 

dominates.  The DEM solution for shear band provides additional information regarding 

average particle rotation across the band at shear strain 25% and 44%.  The rotations 

generally start at zero and follow a negative rotation up to -40° at the midpoint and then a 

positive rotation returning to zero at the endpoint.  

Bardet (1994) later argues that inter-particle friction angle is higher than internal 

friction angle of the granular mass due to rotations in the shear bands. When rotation is 

restricted, the overall internal friction angle increases past the value of inter-particle 

friction angle.  Bardet also distinguishes between rolling contact and sliding contacts in 

the shear band.  For the case of free particle rotation the shear band thickness reaches a 

maximum of 7 to 9 times the mean grain diameter, whereas in the case of fixed particle 

rotation the thickness only reaches approximately one grain diameter.  Results also show 

that the average particle rotation is greater than 8° in the shear band for an axial strain 

above 10%, whereas average rotation in the total granular mass sums to zero.  

Interestingly, the probability density function of particle rotations is nearly symmetric 

Gaussian for the shear band, where the variance increases dramatically with axial strain.  

Also rolling particles are found to have higher coordination number than sliding particles.  
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The spatial distribution of rolling versus sliding contacts show that the rolling contacts 

tend to a layer bounded on either side by sliding contacts.  

Iwashita (1998) also investigate the rolling effect in Biaxial testing at a much 

higher 132kPa confining pressure.  Other parameter include: timestep of 1.0 x 10
-5

sec, 

1800kg/m
3
 solid grain density, inter-particle friction angle 0.51, zero particle-wall 

friction, and particle radius size distribution from 4mm to 6mm.  Three biaxial tests 

considered include: free rolling, no rolling, and dampened rolling. Stress ratio 22 11 

was the highest for no rolling case, decreased for dampened rolling, and decreased again 

for free rolling, showing agreement with Bardet (1994).  Iwashita goes on to draw an 

orthogonal grid over the biaxial model and observe the orientation changes during 

loading, similar to experimental visualization techniques.  Iwashita (2000) presents 

similar work with revised parameters: 15,840 particles which is approximately 4 times 

the previous system size, 2600kg/m
3
 solid grain density, inter-particle friction angle 0.49, 

and 0.36 particle-wall friction.  New results show a smaller stress ratio and additional 

analysis of shear band features.  

Khun (1999) runs a DEM biaxial test on 4008 circular disks at initial void ratio 

0.179 and inter-particle friction angle 0.50.  After loading to 0.6% compressive strain 

void ratio increase to 0.184.  Void ratio is investigated in regions containing load bearing 

particles, showing two dimensional void ratio of 0.215 prior to load and 0.28 after 

loading.  The stress ratio 
22 11 0

( ) / p   where 0p is the initial mean stress reaches greater 
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than 1.5 at approximately 0.2% compressive strain and remains nearly constant until 

loading ends at 0.6% strain.  

Liu (2006) gives a comprehensive analysis of granular assembly strength using 

direct shear box test for an assembly of 3259 discs.  A loose (e = 0.233) and dense (e = 

0.196) packing are tested in the shear box 40cm x 25.42cm (WH) for particle diameters 

5mm to 9mm.  Normal and shear stiffness are 5.0 x 10
9
 Pa and 1.5 x 10

8
 Pa respectively.  

Inter-particle and particle-wall friction angle are 16°, solid particle material density is 

2700kg/m
3
, and timestep is 5.0 x 10

-7
 sec. The sample is loaded by fixing upper shear box 

and translating the bottom shear box horizontally at constant velocity 0.5cm/s under 

confining vertical stress held constant at 49kPa.  

It is important to understand that the lateral force acting on the outside of the 

shear box to mobilize shear is the sum of horizontal forces on the side walls and shear 

forces on the top and bottom walls.  But the actual shear force under investigation (i.e., 

shear force on the bottom wall) is the only force needed to compute the coefficient of 

friction.  Similarly, the normal stress applied on the top wall is carried by shear resistance 

along the side walls in addition to the failure surface.  But the true normal force on the 

shear plane which is used to compute coefficient of friction is simply the normal force 

acting on the bottom wall shear interface.  To remove some of these unwanted additional 

resistance forces, Liu recommends additional extremely low friction ( 0.02  ) particles 

layered in between grain particles and the walls to prevent shearing friction anywhere 

except the bottom wall, hence lateral force is transferred directly from confining top 
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stress to the shear surface, and horizontal loading is resisted directly by the shear surface.  

Results show that these improvements allow for direct measurement of shear-normal 

stress ratio, where /
n

  peak and critical are approximately 0.2 and 0.4 for the loose and 

dense test cases respectively.  Thickness of the shear zone is measure to be approximately 

7cm, which is 10 times the average grain size.  Liu goes on to define the internal friction 

angle as 

 

   

   
 

 

2

2

2

2

6
3

3

c c c

c
c

n c

c c c

F sin d

tan
cos

F cos d









  



  

  









  





 (2.53) 

where 
c is the sum of the average interparticle contact angle  and the angle  , which 

are defined as 
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where ( )N  is the distribution of contact numbers along the mobilized shearing plane 

with respect to the contact angle, 0f  
is the abscissa intercept and k is the slope of the 

inter-particle contact force f (N) versus inter-particle contact angle plot.   
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2.6.3  Soil-Structure Interaction  

This section highlights developments in applications using DEM.  Although full 

scale DEM models of geotechnical problem cannot be realized due to computational 

limits (e.g., small time-step needed for accuracy results implies large number of cycles 

for solution on the order of seconds), Ting et al. (1989) argues reduced scale models are 

still accurate with the requirement that stress and strength properties be determined a 

priori via simulated laboratory direct shear or biaxial test.  Ting goes on to describe a 

reduce-scale bearing capacity test where reduced number of particles is allowed due to 

“centrifuge-principle” which attempts to mimic stress-strain relations of a larger soil 

body by increasing gravity acceleration   to a value based on the reduction of model 

length scale.  The centrifuge technique is verified using separate full-scale lateral earth 

pressure and bearing capacity numerical tests.  Compression tests measuring Young‟s 

Modulus range from 30MPa to 530MPa and Poisson ratio ranges from 0.31 to 0.37 for 

variations in number of particles, wall properties, and particle rotation dampening.  A 

strength test performed for a inter-particle fiction angle 25° and variations in contact 

shear cohesion sC and particle rotation (given in terms of moment of inertia I ) showed 

internal friction angle for the granular mass controlled largely by the allowed moment of 

inertia (  increasing with I up to 49°), and to a small degree by the cohesion factor sC .  

Timestep also varied but most commonly 1.25 x 10
-7

 sec was used.  For biaxial test 

confining stress ranged from 0.05MPa to 4.5MPa and initial void ratio ranged from less 
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than 0.10 to 0.272 and the secant modulus computed at 2% strain ranged from 1.7MPa to 

92MPa, from which largest modulus caused by lowest void ratio and highest confining 

stress, with Mohr-Coulomb envelope angle 33°.  Problems are noted for single particles 

exhibiting excessive spin, and it is advised that error be corrected in future simulations by 

considering more realistic angular grain shape such that interlocking reduces spin. Finally 

bearing capacity is modeled on a deep model consisting of 8500 disks with inter-particle 

friction angle 25°.  The footing is translated downward at constant velocity 0.5m/s to 

28% foundation width at a timestep 2 x 10
-6

 sec.  Results show mean footing pressure 

reaches 1.5MPa after loading which is near to 1.57MPa computed from Terzaghi‟s 

equation.   

Jiang (2008) investigates the DEM to capture cone penetrometer behavior, where 

focus is placed on so called average pure rotation rate (APR) which is an approximate 

measure of the average rotation scaled by the particle size for a group of particles 

contained in a grid of various spacing (X/R or Y/R equal to 1.5, 3.5, etc).  The APR is 

defined as 
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  (2.56) 

where superscript k is for each contact, hence it is a measure of rotation about an inter-

particle contact.  This measure is favored instead of pure single particle rotations because 

it gives a better idea of the rotation of the hypothetical soil fabric space.  Although the 

APR is an illustrative measure of fabric rotation, Jiang has yet to quantitatively compare 
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basic measures like tip resistance and settlement with classical theory to determine its 

usefulness in predicting real physical tests.  Other interesting DEM applications include 

the foundation loading at the top of an embankment by Gabrieli (2009), whereby slip 

surface is prominently formed under a rough plate with applied vertical loading.  For 

other DEM SSI studies, the reader is referred to El-Shamy and Elmekati (2009) and 

Bhandari and Han (2009).   

 Overall, the DEM was successfully implemented for the problem of simulation 

large granular rock systems by Cundall (1979).  The next step taken was to determine 

strength amd other material properties of the elastic assembly under various loading 

conditions (i.e., direct shear, simple shear, biaxial compression, etc).  Also, some 

preliminary studies have been made to implement the granular assembly in a soil-

structure interaction model for popular geotechnical problems such as shallow 

foundation, cone penetrometer, and embankment studies. 

2.7  Lunar Regolith  

2.7.1  Overview and Characterization 

A comprehensive analysis of the mechanical and geotechnical properties of lunar 

regolith exists in the form of in-situ testing and laboratory testing of retrieved lunar 

samples.  The combination of experiment and numerical simulation of lunar conditions is 

a helpful modeling approach to better understand lunar regolith and move toward design 

of lunar foundations. In order for artificial lunar simulant experiments and simulations to 
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behave correctly, measurements of properties of existing lunar soil should be recognized. 

Hence it is important to first understand the basic engineering properties of lunar regolith 

so more realistic tests and simulation can be conducted. 

Qualitatively, the lunar environment lacks the physical diversity found on Earth.  

Specifically, extreme ground surface conditions exist whereby formation of lunar regolith 

is attributed to meteor fracturing of bedrock and UV radiation weathering (i.e., solar wind 

weathering) facilitates the formation of fractured rock (typically less than 1cm diameter, 

although the infrequent cobbles and boulders exist) which completely cover the lunar 

surface.   It is estimated that solar wind radiation penetrates the surface to a depth of 1m.  

The regolith contains a great deal less mineral diversity when compared with Planet 

Earth.  Constituent minerals and rock fragment agglutinates tend to pack together 

anisotropically which help increase soil strength.  Discussion provided by Schrunk et al. 

(2008) note regolith depth reaches 4m to 5m in mare areas and 10m to 15m in older 

highland areas.   

Peterographic SEM inspection shows five particle types (Carrier et al. 1991): 

crystalline rock fragments, breccia fragments (i.e., cemented mineral fragments), glasses 

(i.e., basaltic rock fragments), and unique lunar agglutinates typically bonded by the 

melted glasses listed above.  All fused or heterogeneous fragments are assumed to be 

created in meteorite impacts.  In most samples tested from Apollo missions 11-12, 14-17 

and Luna missions 16, 24 the most abundant soil type is agglutinate.  The second most 

frequent soil type is most often breccia or basalt.  Mean grain size ranges from 40μm to 
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800μm, which is predominantly 45-100μm based on the lunar missions listed previously.   

It is also noted that out of all Apollo missions listed the only one to include a professional 

geologist Schmitt H. H. who was on the final Apollo 17 mission.  

Qualitative observations regarding the high bearing capacity and low settlement 

of the regolith are found in comments from Neil Armstrong shortly after arrival: “The 

LM [Lunar Module] footpads only depress in the surface approximately 1 to 2 inches…I 

only go in a small fraction of an inch.  Maybe an eight of an inch.”  (Carrier et al. 1991).   

This observation is corroborated by SEM images of particle shapes.  Typically lunar soils 

are elongated and sub-angular to angular in shape.  Particle orientation is likely 

anisotropic due to random formation.  According to Carrier et al. (1991) lunar soil is 

found to have, average elongation 1.35, aspect ratio 0.55, roundness 0.22 (under direct 

light), and specific gravity 3.1.  

Carrier (1973) classifies the majority of lunar samples as well-graded (or poorly 

graded), silty-sand to sandy-silt.  Mean particle size is 70μm, and more precisely 10-20% 

is finer than 20μm.  Hence the majority of observed fractured rock on the lunar surface is 

described as dust, such that NASA scientists voiced concerns over whether the moon dust 

would infiltrate the spacesuits and the lunar module.  

Bulk density rD  increases with depth as expected in a terrestrial environment.  

The top 15cm is estimated to have bulk density 1.50 ± 0.05 g/cm
3 

and top 60cm 1.66 ± 

0.05g/cm
3
.   Relative density computed from 0.7 mine and 1.7 maxe  void ratios from 
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Apollo 15-17 core samples are computed to 64% near lunar surface top 15cm to 92% top 

60cm.  Direct measurements of rD
 
have not been made to date.   Equivalent lunar 

simulant at the same void ratio is significantly less dense.  The compression index 

measured on soil samples from Apollo 12, Luna 16,20 yielded cC
 
from 0.01 to 0.11 and 

rC  from 0 to 0.013 via oedometer test.  Lunar simulant is only slightly less compressible 

than these in-situ findings.   

A unique property of lunar regolith is the strong cohesiveness observed by (Perko 

et al. 2001) and Mitchell et al. (1972) visually supported by the high angle of repose in 

photographs of man-made trenches and footprints. Perko proposes regolith cohesion is 

based on the high level of surface cleanliness, which is a function of adsorbate thickness. 

The high vacuum environment in the lunar void space has a lack of adsorbed gases with 

inter-granular lubricant properties, which are more commonly found in terrestrial soils. 

The “surface cleanliness model” is compared to previous experiments in high vacuum 

(10
-7

) Pa lunar conditions. This phenomena is similar to cold welding process by which 

materials naturally bond strongly in the absence of atmospheric pressure and surface 

films or coatings.  Understanding the role of cohesion in lunar soils is important because 

it allows for increased shear strength and bearing capacity.  

2.7.2  In-Situ Tests 

Shear strength is estimated from Soviet rover Lunokhod 1 cone penetrometer and 

vane shear device to depth of 10cm.  Vane shear tests performed by the Lunokhod 1 at 
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torque resistance readings from 2kPa to 9kPa showed cohesion is increase of one order in 

magnitude to 1kPa with friction angles of 30° to 50°.  Relative density was also estimated 

from penetration resistance.  Summary of mechanical and geotechnical properties of 

lunar soil from Apollo and Soviet Luna and Lunokhod I Rover Missions (Mitchell et al. 

1972) notes cone penetrometer measurements taken during Apollo 15 reached a 

maximum depth of 10cm to 13cm and recorded a penetration stress of 350kPa, where soil 

density increases quickly with depth.  Shear strength is estimated from Apollo 14 by 

shallow trench and pushed rod (i.e., Apollo Simple Penetrometer).   Apollo 15 measured 

porosity near a soil trench at the Hadley Apennine site to be approximately 0.365. 

Mitchell concludes that porosity seems to control soil cohesion and friction angle more 

than any other soil property.  Apollo 15, 16 Self Recording Penetrometer (SRP) 

performed 17 tests to 74cm depth from which penetration resistance ranges 500kPa to 

1500kPa.  Apollo 16 used ramming tool inserted down 2m hole excavated by deep rotary 

drill from which c = 1.3kPa and = 46.5° estimated for deeper hole greater than 3m 

during Apollo 17.  From the Apollo model, the best estimate for friction angle ranges 

from 30° to 50° (Carrier et al. 1991) with cohesion from 0.1kPa to 1.0kPa.   

Lunokhod 1 and 2 penetrometer measured lower fiction angle mean 40° recorded 

for over 1000 tests at tip depth 4.4cm (Leonovich et al. 1974a, 1975).   Measurements 

from Lunokhod penetrometer test are sampled from the lower, upper, and rim of impact 

crater regions whereby soil strength increases respectively.  Apollo 15 and 16 performed 
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17 SRP tests showing   of 46° at 20cm, below which SPR recording limit is exceeded 

due to very high shear strength.  It is noted that 8 of 17 SRP tests occurred below 20cm.  

The smallest cone max depth is 74cm.   Core tube sample estimates to 1m depth show 

soil density ranging from 1g/cm
3
 to   2g/cm

3
.  Internal friction angle is estimated to range 

from 35° to 47° using bearing capacity theory applied to cone penetrometer.   

2.7.3  Laboratory Tests  

Lab measurements made on retrieved Apollo 11 soil gave friction angle from 38° 

to 42°.  Carrier et al. (1972b, 1973c) performed direct shear from 28° to 35° for 3 tests in 

vacuum.  Leonovich et al. (1974a, 1975) performed direct shear test on samples from 

Luna 16 and 20 measuring friction angle from 20° to 25°.  Overall, lab test results are 

significantly altered from in-situ lunar environment by the following processes during 

transport and setup: sieving, recompaction, increased confining stresses during sampling 

from lunar surface, and grain crushing (significant reduction in interlocking shear 

strength).  

 Cole (2008) characterizes contact behavior in two lunar simulants measured for 

single isolated contact.  Axial deformation and monotonic loading are conducted for JSC-

1A and FJS-1 lunar simulants. Individual simulation grains with radius curvature in the 

contact region roughly 0.2 and 0.3 respectively are mounted to flat top stainless steel pins 

in loading cell using epoxy.  Flat and pointed grain shapes are selected to separately 

measure contact micro-mechanics.  Results show FJS-1 normal contact stiffness 
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0.4MN/m which is considerable less than stiffness in silica. Photographs show simulant 

grain size range from 1mm to 2mm.  Simulants are loaded to deformations up to 11μm 

after which damage occurs.  Maximum normal force is increased to 10N at 10μm 

deformation, which is given by the Hertzian formulation shown below.  
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Apparent internal friction is described for the Haversine loading waveform 
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  (2.58) 

is on average 0.15 for FSJ-1 on 1-9N peak normal forces.  Apparent internal friction 

angle for JSC-1 varies but is roughly one half FSJ-1 over a similar range.  

2.7.4  Bearing Capacity Low Gravity Tests 

Carrier et al. (1991) estimates ultimate bearing capacity of lunar soil is 

approximately 3,000-10,000kPa.  Comparatively the lunar module footpad stress is 5kPa.  

Settlement is rough 1-3cm for 10-30kPa at loading width of 1m.  Using lunar soil 

simulant Kobayashi et al. (2009) observed punching failure in bearing capacity tests 

conducted in low gravity dense case with an ultimate capacity of less than 100 kPa. 

Toyoura sand was consistent with classical theory for loose and dense cases, but the 

ultimate bearing capacity was determined to be independent of gravity for the lunar 

simulant.  Although these results may cause confusion, (Bui et al. 2009) simulated 
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realistic lunar conditions by including cohesion in the DEM model. The load-settlement 

behavior of lunar soil matched well with the previous findings of Kobayashi and the 

DEM simulation seems to reinforce experimental results obtained previously. This 

correspondence also reinforces the importance of cohesive strength of lunar soil. The 

added cohesive strength is evident in a higher ultimate bearing capacity for lunar 

stimulant, especially at low gravities. 
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3. SHEAR STRENGTH OF GRANULAR MATERIALS  

3.1  Introduction  

Shear strength in dry granular matter is controlled by void ratio, grain size, grain 

shape, and internal fabric stress state.  These conditions may be defined in physical tests 

such as triaxial and interface shear test from which resulting shear strength may be 

quantified.  A common interface shear test is the direct shear box test.  While there are 

significant drawbacks to the direct shear box the test is often adequate for the initial 

quantification of dry granular strength.  Grain material properties can be defined 

assuming the grain to be elastic continuum material.  Material properties that control 

behavior at grain-scale include: normal and shear stiffness coefficients, inter-granular 

friction angle, and specific gravity.  Given these properties, numerical simulations (i.e., 

DEM simulations) may be used to estimate the shear strength under applied loading 

conditions.  The numerical simulations employed in this investigation include two-

dimensional biaxial compression and two-dimensional interface shear box test similar to 

plane strain conditions in real physical experiments.  

Grain-scale material properties are provided to the numerical model for the 

granular solids based on assumed linear deformation at grain contacts. Then known grain 

properties governed by constitutive laws of provide by the DEM may be used to describe 

bulk granular properties such as: load-displacement response, effective stress ratio 1 3  

, peak and residual internal friction angle, and several measures of strain based on a bulk 
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elastic continuum model.  Strain measures are considered for the prediction of: Poisson‟s 

ratio, volumetric strain, and Young‟s modulus.  Peak and critical state conditions are 

carefully monitored in the derivation of these features.  Finally, biaxial compression 

results may be compared with interface shear results for a range of surface roughness 

conditions, as similar to physical experiments performed by Uesugi and Kishida (1986a).   

3.2  Material Properties 

The assumed material properties are for a dry granular material subjected to linear 

contact deformations. The primary input values for density (i.e., specific gravity), 

stiffness, and friction are presented in Table 3.1 along with other baseline parameters, 

which are directly input in the DEM code.  Normal grain stiffness is estimated at small 

contact deformations using elastic parameters consistent with silica sand (Santamarina et 

al., 2001) and the grain friction coefficient is selected based on tests of dry silica-silica 

interface sliding (Procter and Barton, 1974). 

Table 3.1 - DEM Material Properties (after Evans & Frost, 2008) 

Parameter 
Numerical 

Simulation 

Physical 

Comparison 
Reference 

Grain  Normal 

Stiffness 
10

8
 N/m 4x10

6
 N/m 

(Santamarina 

et al., 2001) 

Grain  Shear 

Stiffness 
10

7
 N/m n/a n/a 

Grain  Friction 0.31 0.31 
(Proctor and 

Barton, 1974) 

Grain  Specific 

Gravity 
2.65 2.65 (Yang, 2002) 

Wall Stiffness 10
8
 N/m n/a n/a 
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Shear stiffness definitions are successful in estimating shear behavior as described in 

previous numerical simulations (Evans & Frost, 2008). For real physical comparison, 

mechanical properties of Quartz show normal to shear stiffness ranging 76GPa to 29GPa 

respectively (Santamarina et al., 2001).  Through parametric analyses performed during 

the development of numerical models used in this study it is qualitatively observed that 

the wall normal stiffness had little effect on the behavior of granular material and 

subsequent loading results.  Normal stiffness is the sole mechanical property applied to 

model walls to define its elastic behavior (i.e.,, walls are frictionless) and this value is set 

within the same order of magnitude as normal stiffness value of grains.  Also the inter-

granular friction angle is lower value 0.10 prior to loading to allow for the assembly to 

reach desired porosity and stress conditions, after which final 0.31 contact friction angle 

is applied.  

3.3  Grain Size Distribution & Grain Shape 

Grains are composed of pairs of identical disks (i.e., clumps) with grain size 

distribution shown in Figure 3.3 below. 
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Figure 3.3 - GSD used in the DEM assembly 

The grain size distribution shown in Figure 3.3 is maintained for all numerical 

simulations presented in this study.  Minimum grain size is set to 0.05m and the 

maximum grain size is a factor of three greater at 0.15m.  Particle diameters between the 

lower and upper bound grain sizes are distributed uniformly resulting in a logistic 

distribution for the grain size distribution curve shown below as  
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where q  is the grain size and fitting parameters  ,  ,  ,  , and   are solved for error 

minimization algorithm and directly input into the DEM code for generation of particle 

assembly.  

Realistic grain shape is handled by particle clump grouping.  The clump acts as a 

single elastic continuum material without bonds between constituent disks.  That is, 
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constituent disks are geometric entities locked to single mass and moment of inertia with 

outer contact sites.  Reaction forces and momentum are computed at all contacts 

associated with a clump element for any constituent disks, then the resulting summation 

force is computed and movement is computed for the entire mass.  The clumps are 

important because their definition adds angularity and roundness needed to model 

realistic interlocking and granular strength of real soils and to prevent excessive particle 

rotation, as previously observed by for circular particles in 2D.  Angularity and roundness 

are defined in the DEM code in terms of aspect ratio W/L of 0.67 corresponding to a 

sphericity of 1.5 for all shear tests and most soil-structure interaction (SSI) simulations.  

This more realistic aspect ratio geometry is illustrate in Figure 3.4 below  

 

Figure 3.4 - Grain Aspect Ratio 

Also, the clump definition is helpful because it corrects chronic problems of excessive 

rotations discussed by previous investigators (Ting et al., 1989 ; Jensen et al., 1999).  

Rotations of single DEM disks are found to be artificially larger than real physical 

granular matter in these early simulations due to lack of resistance from friction and other 

energy dissipation mechanisms (e.g., atmospheric moisture, etc).  Results for grain 

rotations presented later in this study would be overestimated without the angularity 

provided by clump geometry. 
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3.4  Scale Size 

For all DEM simulations presented in this study the grain size is larger than the 

grain size found in real sands.  There is roughly a two order of magnitude difference in 

grain size since the D50 for Ottawa 20-30 is approximately 0.7mm while D50 used in the 

numerical models is 0.085m.  Hence for faster computing and convergence the particles 

are defined to be physically larger than their real counterparts (Evans 2005 ; Belheine et 

al., 2009).  For experimental triaxial test the specimen length/diameter ratio falls in the 

range 

 2 2 5
L

.
d

   (3.2) 

where L  is the length of the specimen, d  is the diameter of the specimen, and a value of 

L/d greater than 2.5 upper bound is likely to exhibit undesirable column buckling.  The 

L/d for numerical simulation set the ratio of 2:1 is maintained for the assembly of biaxial 

specimen.  But the number of grains in the numerical simulation are maintained by up-

scaling the specimen container dimensions with the grain diameter.  Hence the 

dimensions used in the DEM simulation are 15m x 7.5m (height x diameter) indicating a 

similar number of particles with increased length dimension.  Qualitatively it is found 

throughout this study that these larger grains obey the same mechanical relationships for 

dry coarse grains expected in classical theory while aiding in faster computation solution 

convergence time.  This addresses the problem of convergence for the number of particle 

in the assembly as compared to real experiment, since it is expected to converge as the 
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number of grains approaches that of a real test. But the effect of up-scaling in the length 

dimension is still non-trivial and merits further discussion.  Note the ratio of specimen 

diameter to D50 (i.e., d/D50) is approximately 83 (i.e., 7.5m / 0.09m) for our DEM test.   

Typical specimen diameters used in the real triaxial test are 33, 36, 47, 50, 63.5, 71, 76, 

and 100mm (note these are nominal values provided by Bowles 1992).   Hence d/D50 

ratio for the DEM biaxial test is an upper bound compared to common d/D50 ratios found 

in laboratory experiment.  

 The effects of scaling have been addressed by many investigators (Thornton 2000 

; Powrie et al., 2005 ; Cui et al., 2007 ; Sullivan and Cui 2009 ; Belheine et al., 2009 ;  

Zhao and Evans 2009).   Cui et al. (2007) performs three-dimensional DEM simulations 

of triaxial test.  Since the cylinder is axis-symmetric the actual simulated space is one 

quarter slice of the full cylinder.  Cui sets the number of grains in the DEM model to 

approximately 15,400 for a void ratio of 0.616, which is comparable to laboratory test 

specimens of approximately 15,400 Grade 25 chrome steel spheres in triaxial cell at 

roughly the same void ratio (~0.615).  The specimen size featured an L/d ratio of 

200mm/100mm. Mean grain size is 2.5mm, and hence the d/D50 ratio is 40.  Note this is 

rather large for the ratio expected in real triaxial testing as it exceeds the upper bound 

addressed previously.  The quarter slice specimen contains about 3850 spheres.  In the 0-

2.5% axial strain range simulation and simulation results match well with experiment, 

although area correction was needed to obtain close agreement in the critical axial strain 

range.  Sullivan and Cui (2009) also reduce the number of grains for cylindrical specimen 
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as described before by Cui (2007) using axis-symmetric approach.  O‟Sullivan uses 

similar grain scale and model scale dimensions to the previous study, but also mentions a 

scaling density 7.8 x 10
10

 kg/m
3
 is used to reduce the simulation time.   

Belheine et al. (2009) also uses axis-symmetric approach for three-dimensional 

triaxial DEM simulation.  This study provides an excellent discussion of the effect of 

dilation angle, Young‟s Modulus, Poisson‟s Ratio, and other factors which can be used to 

determine macroscopic behavior.  The triaxial model consists of 10,648 spheres with 

radii from 0.043m to 0.175m in a specimen size of 4m x 2m (H x D).  Belheine notes that 

if H:D ratio is approximately 2 then the characteristic size is scalable and strength 

parameters reliable.  Hence a very large specimen will have the same strength properties 

as a small specimen (e.g., 60,000 grains versus 3,000 grains), although there is some 

upper bound beyond which the specimen is scale-invariant.  Ni et al. (2000) notes beyond 

15,000 grains there is little effect on simulation results.  This upper bound is also 

addressed by Zhao and Evans (2009) who go on to report acceptable normalized model 

dimensions as shown in Table 3.2 below.  

Table 3.2 - Scaling Values of Model Dimensions and Grain Size (after Zhao and Evans 

2009) 

 Height/D50 Width/ D50 Depth/ D50 

Plain Strain (PS) 56 16 32 

Triaxial Compression 52 26 26 

Direct Shear (DS) 22 33 33 
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Powrie et al., (2005) also argues this ratio of model dimension to grain size controls the 

friction angle and dilation.  He notes that 10,000 particles used in three-dimensional 

plane strain test (PS) was the lower bound for scale effects.  This reinforces the argument 

by Ni et al. (2000) that 15,000 is certainly a safe number of particles to use.  D50 is 

approximately 1mm and DEM specimen diameter is 30mm, which is about twice the 

recommended ratio given in the table above.  Thornton (2000) also discusses upscaling.  

He argues density scaling is successful, setting the initial solid fraction to approximately 

0.5, which is then consolidated to 0.618 and 0.660 in two separate cases.  Thornton 

(2000) also notes there is a lower bound to the number of particles necessary to achieve 

convergence at critical state during triaxial test, which is described in the next section. 

3.5  Biaxial Compression 

3.5.1  DEM Simulation 

The biaxial compression (BC) test may be modeled using DEM.  The granular 

assembly is generated under basic force-displacement law and cycled to equilibrium. 

Shearing specimen dimensions are 7.5m x 15m (WH).  The initial porosity is 0.125 at 

assembly. After energy dissipation the specimen is consolidated to the desired confining 

stress level.  This is facilitated by setting a low inter-particle friction angle of 0.10 to 

allow for denser packing (since high friction angle would resist densification, especially 

for grain clumps with significant angularity).  After all initial conditions are set, a 
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shearing algorithm applies constant loading at top and bottom platens.  Initial assembly 

and subsequent porosity field during loading are shown in Figure 3.5 below. 

  

Figure 3.5 - Biaxial Compression Assembly & Porosity Field At 7% Axial Strain (From 

Left to Right, Respectively) 

Initial porosity of 0.125 (two dimensional) is isotropic homogeneous throughout the 

granular space after assembly.  Figure 3.5 shows the distribution of porosity at 7% axial 

strain.  Results agree well in terms of shear band thickness is ranging from 8 to 20 grain 

diameters (Evans 2005).  These high porosity regions indicate the location of dilation 

along failure slip surface.  Note that shear band orientation is quite depends on lateral 

wall conditions.  Evans and Frost (2008) showed that rigid walls generated diamond-
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shaped shear bands, whereas membrane side walls generated two “dead-zones” in the 

shape of wedges on top and bottom walls pointing toward the center of the shearing 

sample. The biaxial tests considered in this study employed rigid side wall which match 

conditions are used in all subsequent SSI cases discussed: shallow foundation, deep 

foundation, laterally loaded pile, and rigid retaining wall.    

The size and shape of diamond shape failure wedges are controlled by the 

confining stress level.  As shown in the rotation figures, the formation of shear bands 

change with confining stress with all parameter held constant except the confining stress 

as shown in Figure 3.6 shown below. 

 

Figure 3.6 – BC Grain Rotations At 10% Stress (From Left to Right: 25kPa, 50kPa, 

75kPa, 100kPa) 

3.5.2  Mohr-Coulomb Peak & Residual Envelope 

In order to evaluate the Mohr-Coulomb criterion the plane strain biaxial sample is 

sheared for confining stress levels: 25kPa, 50kPa, 75kPa, and 100kPa.  Wall reaction 
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stresses are monitored throughout the shearing process, whereby measured values may be 

used to compute the deviator stress 1 3   for each confining cases shown in Figure 3.7 

shown below.   

 

Figure 3.7 - Biaxial Compression Deviator Stress 

From the deviator curve, peak and residual (i.e., critical) stresses may be 

determined.  The normal vertical and lateral wall stresses are taken to be the principle 

stresses acting on a continuum element.  Assuming the granular body is analogous to a 

continuum element, Mohr circles may be constructed from axial and confining stresses σ1 

and σ3, respectively.  The difference in peaks from DEM load-displacement results is 

indicative of dense and loose case load-displacement behavior. The dense case shows a 
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well defined peak, while the loose case only approaches critical state.  Thornton (2000) 

notes there exists a lower bound to the number of particle necessary to achieve 

convergence at critical state.  At 100kPa confining stress the critical state is reached at 

0.30 deviator strain 1 3   for the case of 3670 spheres, whereas for the case of 8000 

spheres the critical state is reached at 0.50 deviator strain. 

Peak and critical state friction angle is may be computed from vertical and lateral 

reaction stresses acting on the dry granular assembly for each confining stress case in 

Table 3.3 below.   

Table 3.3 - Friction Value for Confining Stress Cases 

Confining 

Stress (kPa) 

Peak Friction 

Angle (deg) 

Critical State 

Friction Angle 

(deg) 

25 34.8 28.8 

50 32.5 26.3 

75 31.6 26.6 

100 31.0 24.9 

Mean  32.5 26.6 

The standard deviation is 1.4° and coefficient of variation is 0.045.  The value of friction 

angle monotonically decreases suggesting non-linearity of the M-C failure envelope may 

be influenced by the dilation angle of the shearing specimen (Budhu 2007) as   

    f n f
tan       (3.3) 
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where n   is the normal effective stress,  is the effective internal friction angle, and   

is the dilation angle.  Dilation decreases with increasing mean stress, hence at higher 

confining stress the dilation angle decrease where 

 mobilized critical      (3.4) 

where critical  is the effective friction angle at critical state loading. More specifically the 

dilatancy is found to be directly a function of the principle strains in the biaxial sheared 

specimen.  

 1 1 3

1 3

d d
sin

d d

 


 

  
  

 
 (3.5) 

Critical state is defined for the axial strain range where shear stress, stress ratio, volume 

change, and void ratio converge to an asymptotic limit.  Figure 3.8 below illustrates 

regions of contraction and dilation for a given effective confining stress at failure.  

 

Figure 3.8 - Void Ratio & Confining Stress for Contractive and Dilative Sands (Salgado 

2008) 
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It is important to note that all points on the plot converge to the critical state void ratio 

curve.  Dense sand dilates while loose sand contracts.  Starting from an initial confining 

stress point, the void ratio in the dilative region is shown to decrease approaching a lower 

limit, which may be due to grain crushing.  

The average friction angle is plotted for all stress cases in a straight-line Mohr-

Coulomb failure envelope shown in as the solid line in Figure 3.9 and Figure 3.10.  It can 

be seen from the Mohr-Coulomb envelope dotted curve in Figure 3.9 and Figure 3.10 that 

the failure envelope (if a curved fit is used) has continuously decreasing slope.  

 

Figure 3.9 – M-C Method at Peak Stress 
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Figure 3.10 – M-C Method at Critical Stress 

Critical state implies constant volume and stress; hence the straight line M-C envelope is 
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cases the critical state is considered exclusively (e.g., Budhu 2008).  The advantage of 
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this study.  Stress ratio 1 3 
 
shows the ratio decreases with increasing confining stress 

in Figure 3.11 below.  

 

Figure 3.11 – Principle Effective Stress Ratio 
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should also be noted there is a fair amount of noise in the higher confining stress cases 

due to increased translational frustration.  

3.5.3  Elastic Modulus 

The elastic modulus is computed as the ratio of deviator stress to axial strain, 

which may be described by simply as 

 1

1

E








 (3.6) 

where 1  is the vertical stress and 1  is the vertical strain.  Since the confining stress is 

constant this equation is simply Young‟s modulus in the linear elastic region of the stress-

strain curve, which may be written in terms of deviator stress d
 
(i.e., 1 3  ) 

formulated below.  

 
1

dE








 (3.7) 

There are two primary ways to interpret the elastic modulus: as the tangent or the secant 

fit of the curve in the linear elastic region before failure.  Both are taken from the deviator 

stress curve in Figure 3.7 given previously.  From the DEM biaxial compression results, 

Young‟s modulus is plotted with axial strain in Figure 3.12 below.  
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Figure 3.12 - Biaxial Compression Young's Modulus 
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Figure 3.13 – Initial Elastic Region of the Deviator Strain Curve 

By examining the deviator stress within the initial elastic range it is evident that Young‟s 
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Figure 3.14 – Small Strain Region of the Deviator Strain Curve 

For the worst case confining stress (i.e., the modulus causing the largest deformation) the 

elastic modulus is approximately 12MPa calculated by linear fit for the 250kPa confining 

stress level.  For the best case confining stress (i.e., the modulus causing the smallest 

deformation) the elastic modulus is approximately 25MPa calculated by linear fit for the 
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range is useful for prediction of immediate elastic settlement which will be investigated 

in more detail in Chapter 5.  
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3.5.4  Poisson’s Ratio 

Poisson‟s ration is defined as the ratio of lateral to vertical axial strain.  A basic 

definition is given below as  

 3

1





   (3.8) 

where 3  is the lateral strain and 1  is the vertical strain.  Separately, volumetric 

strain v  may be used to identify dilative sand due to a high initial peak, which 

coincides to loading when grains must “climb” over each other.  Hence Poisson‟s ratio 

may be defined in terms of volumetric strain as 

 
1

1 v



   (3.9) 

Belheine (2009) argues that the initial slope of the volumetric strain, similar to Figure 

3.12 above, may be used to determine Poisson‟s Ratio.  Of course the value is expected to 

be positive, so the slope is taken over the small strain range 0-1%.  Taking a closer look 

at the volumetric strain results in this study, the slope may be extracted from the curve in 

Figure 3.15 below.  
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Figure 3.15 - Biaxial Compression Volumetric Strain 
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Figure 3.16 - Biaxial Compression Volumetric Strain 

Note that the volumetric strain is quite linear at low axial strain.  The strain range 

considered above is half the strain range used by Belheine et al., (2009) for 3D 

simulations.  Poisson‟s ratio computed from the slope shown in Figure 3.16 above is 

0.36, computed directly from regression fit through maximum values at each confining 

stress level as  
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 (3.10) 

where 
Vf

 
is the final volumetric strain at 0.5% axial strain 

1 f , which is comparable to 

the macroscopic parameters computed in this study. 
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3.6  Interface Shear Strength 

3.6.1  DEM Interface Test 

Model dimensions used in interface shear test were informed by Jensen (1999, 

2001a).  Model dimensions 10m x 10m (height x width) are based on the number of 

grains generated for this size which match closely with those generated in Jensen‟s study 

(i.e., approximately 2250 grains).  Grain setup at assembly is shown in Figure 3.17 

below.   

 

Figure 3.17 - Interface Shear Test after Assembly  

Additionally, micromechanical force reactions at the interface are illustrated in Figure 

3.18 below. 
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Figure 3.18 - Interface Surface Roughness & Normal Force Resultants 

During loading, a mound-shaped region of shear localization is observed in the DEM 

simulation indicative of shearing phenomena in the soil mass described by Wang et al. 

(2007a).  Typical mound geometry emphasized by the dotted curve is shown indirectly 

using grain rotations from the DEM simulation in Figure 3.20 below.  

 

Figure 3.19 - Rotations Color Bar for Rotations Figures (deg) 

 

Figure 3.20 – DEM Interface Shear Test: Region of Shear Localization Developed during 

Loading 

The above mounding effect illustrated by the dotted curve is observed for a surface 

roughness sawtooth size of the mean grain size multiplied by a factor of three.  The grain 

rotations shown above are generated at a confining stress level of 1kPa. 
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By running the interface shear tests for many roughness cases it is possible to 

demonstrate the experimental results of Uesugi and Kishida (1986a) who show that soil 

fails in the interface at low roughness and in the soil mass at high roughness.  The 

roughness is represented by the geometry along the continuum interface surface.  For 

quantification of strength parameters in this study it is assumed the size of the sawtooth 

along the interface wall is a reasonable estimation of the surface roughness.  The 

sawtooth size is defined as a function of D50 grain size with multiplication factors ranging 

from zero to three as shown in Figure 3.23.   

The coefficient of friction 
y  is computed for all roughness cases.  The 

coefficient of friction is defined in Figure 3.21 below.  Note that is not the internal 

friction angle, but instead the maximum n 
 
ratio. 

 

Figure 3.21 - Definition of Coefficient of Friction (after Uesugi & Kishida 1986b) 

The coefficient of friction ratio n 
 
is helpful to provide results independent of the 

normal stress (i.e., confining stress).  Using coefficient of friction as a measure of the 
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failure mechanism during interface shear, results from the DEM simulation may be 

compared with experimental results for a range of surface roughness values.  

Experimental results are performed using simple shear apparatus.  Results are compared 

in Figure 3.22 below.  
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Figure 3.22 - Coefficient of Friction for DEM Simulation and Experimental Results (after 

Uesugi & Kishida 1986b) (From top to bottom, respectively) 
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grain size, specific gravity, and void ratio characteristics.  Results show the DEM 

simulation can provide a reasonable estimation of shear strength behavior, and may be 

applied to soil structure interaction models.   

Additionally, the friction angle in Figure 3.18 may be computed as the slope of 

the shear stress to confining stress for a range of confining stress levels: 1kPa, 12kPa, 

22kPa, 35kPa.  The friction angle is computed for all roughness cases, and may be 

compared with the internal friction angle estimated from the biaxial compression tests.  

Therefore the effect of the shearing mechanism as it moves from interface to soil mass 

can be observed. Specifically, the friction angle in the soil mass is shown in Figure 3.23 

below as the mean friction angle provided in Table 3.3 from the biaxial compression test.   
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Figure 3.23 – DEM Interface Shear Results for Friction Angle  

It is evident from Figure 3.23 above that the interface shear test approaches the biaxial 

shear test in the limit as surface roughness of the wall increases.   
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4. SOIL-STRUCTURE INTERACTION MODELS 

4.1 Introduction 

Given the material properties of individual grains, the soil structure interaction of 

the granular media may be coupled to continuum interface for a variety of geotechnical 

case studies.  The following cases are considered: shallow foundation, deep foundation 

(vertical loading for non-displaced case as well as lateral loading of pile), and rigid 

retaining wall.  All SSI cases require only several basic grain material and strength 

parameters: solid material specific gravity, contact friction angle, normal stiffness, and 

shear stiffness.  The model walls are taken to have the same material stiffness as the 

grains (i.e. silica at normal stiffness 1.0 x 10
8
N/m and shear stiffness 1.0 x 10

7
N/m) since 

they act as a continuation of the granular assembly in the far field.   Note that for all SSI 

cases the common practice of grain size upscaling is employed to speed convergence and 

shorten simulation times (Belheine et al., 2009; Zhao and Evans, 2009).  Grain size is 

scaled appropriately for optimized computational efficiency and convergence of soil 

response.  The grain sizes used in all simulations presented herein range from 0.05m 

minimum diameter to 0.15m maximum diameter.  Uniform grain size distribution spans 

from minimum to maximum grain size by factor of 3.  Lastly, with regard to the model 

assembly, the porosity is set to 0.125 prior to consolidation; although this value tends to 

increase with volume during the relaxation process as system reaches desired stress state.  
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Note that these material parameters are identical to those in strength tests in Chapter 3 in 

an effort to maintain consistency.   

Parametric analyses were performed to determine model dimensions and 

foundation wall friction (which is evaluated as the surface friction for this current study).   

Foundation wall material is given stiffness in the same order of magnitude as the model 

wall (i.e. normal stiffness 2.0 x 10
8
N/m).  The foundation material is qualitatively 

undefined (i.e. steel, concrete, etc), but this is acceptable as the results show that soil 

response varies minimally with foundation stiffness. Finally, gravity is set to earth 

environment for all SSI cases.  

 After the model is assembled the top wall is relaxed and stress along the top wall 

is dissipated until reaching an absolute value of 1kPa to within 0.01 tolerance of error.  

All SSI cases follow the general sequence of assembly of granular material, 

decompression within model walls, some adjustment of parameters and additional 

cycling, followed by loading of the model case.  For the consolidation algorithm, the 

stresses on vertical walls must be satisfied in order to move to the next step in the 

simulation process.  Specifically, the model is cycled to reach the desired confining stress 

using servo algorithm, then the entire assembly is cycled to equilibrium at ratio of 

average unbalance force to average contact force less than or equal to 1 x 10
-3

m/s.  

Subsequently the servo algorithm repeats this process again until both vertical and 

horizontal wall stresses meet predefined levels for adequate consolidation.  Note that 

lateral walls are stationary to impose true at rest lateral earth pressure conditions.  
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4.2 Shallow Foundations 

4.2.1 Assembly 

Model dimensions are based on 12m x 30m (H x W) case. Foundation width is 

2m and initial embedment depth is 1.0m for all simulation cases. After the granular 

assembly reaches equilibrium the soil mass is consolidated by applying top pressure at a 

stress of 1kPa until the stress level measured along the top wall converges.  Next the top 

wall is deleted and three foundation walls are installed.  Individual grain displacements 

and rotations are set to zero before loading measurement.  Wall reactions and particle 

actions may be recorded at each timestep.   Model dimension scale is consistent with 

respect to the work done by Cerato and Lutenegger (2007) on physical models.  

Specifically, the ratio of model height to foundation width is 6 and the ratio of model 

width to foundation height is 15 as shown in Figure 4.24 below.   

 

Figure 4.24 - Shallow Foundation Baseline Assembly 

This is the baseline model size.  In the next section this selection of model size is 

evaluated by comparing to upper and lower bound cases. 
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4.2.2 Parametric Analyses 

All parametric cases considered for the shallow foundation simulation are 

displayed in Table 4.4 below.  

Table 4.4 - Shallow Foundation Parametric Analysis 

Parametric 

Case No. 
Description 

Model Dimensions 

(Height x Width) 

Foundation 

Wall Friction 

1 Low Friction 12 m x 30 m μ = 0.155 

2 Baseline 12 m x 30 m μ = 0.31 

3 High Friction 12 m x 30 m μ = 0.46 

4 Very High Friction 12 m x 30 m μ = 0.62 

5 Extended Width 12 m x 60 m μ = 0.31 

6 Extended Height 24 m x 30 m μ = 0.31 

The baseline case is the most representative for this work.  Other cases are intended for 

comparison to the baseline case.  Baseline case has the most realistic physical wall 

friction level and the most computationally efficient model size.  The friction values vary 

by increasing increments of 0.155 for all cases.  This constant increment of the friction 

coefficient is intended to be a simple pattern to help interpret results more clearly.  Wall 

stiffness is not considered because it was found in early simulations that the effect of wall 

stiffness on resistance is small.  

For the extended model cases, from the baseline model dimensions the width is 

doubled to investigate the side boundary effect on soil strength and load-displacement 

curve.  The extended width case in assembly is shown in Figure 4.25 below.  
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Figure 4.25 - Shallow Foundation Extended Width Assembly 

Model dimensions for extended height case are 24m x 30m (H x W).  The height 

is doubled to investigate the base boundary effect on load-displacement response.  The 

extended height case in assembly is shown in Figure 4.26 below.  

 

Figure 4.26 - Shallow Foundation Extended Height Assembly 

Foundation friction cases use the same model dimensions as baseline case, where wall 

friction is imposed in a manner analogous to sliding block problem.  Hence walls appear 
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smooth in visualization, but the criterion for angular momentum to be transferred is 

controlled by the friction coefficient.  

4.2.3 Load-Displacement 

 After assembly the model space is checked for any escaping grains and those 

grains are removed (this is usually a very small fraction of the total number of grains in 

the simulation).  Next the foundation walls are installed in the initial loading position 

prior to consolidation.  The assembly is consolidated in the vertical direction only.  Once 

error tolerance 0.01 of measured top wall vertical stress and desired 1kPa pressure is 

reached via servo algorithm and the final grain shear stiffness and grain friction angle soil 

strength parameters are set then the entire systems is cycled to equilibrium again and all 

displacements and rotations are set to zero.  Histories are logged for foundation 

displacement (all walls move at the same velocity) and foundation wall normal and shear 

forces.  The foundation walls are finally loaded at 0.25m/s to a total vertical displacement 

of 0.2B (i.e. 0.4m) while state of systems is saved and rotation of individual clumps 

measured every 0.01m displacement.   Hence there are 40 saved states during the total 

simulation loading timeline.  A result of the entire vertical loading process is given in 

Figure 4.27 below in terms of total soil resistance versus normalized displacement (i.e. 

ratio of displacement over foundation width).    Note that the results are presented for the 

DEM model dimension length (i.e., the dimension directed into the page) equal to D50, 
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which means the resistance is significantly less than analyses that assume 1m into the 

page.  

 

Figure 4.27 – Shallow Foundation Model Dimensions Total Resistance 

Note that results in Figure 4.27 above are for a foundation friction of 0.31.  In the elastic 

settlement range the extended height and baseline case match closely while the extended 

width model size show decreased resistance.  This means it is likely some boundary 

effect still exists in the elastic range, which can be investigated further for a model width 

greater than the baseline value.  Qualitative Figure 4.27 shows the baseline case to have 

the most well defined peak total resistance.  The effect of foundation wall friction is 

given in Figure 4.28 below.   
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Figure 4.28 - Shallow Foundation Friction Total Resistance 

Results from Figure 4.28 show there is minimal effect to resistance due to change in 

foundation wall friction for the shallow foundation case.  The small difference is largely 

due to the skin friction effect, which is minimal in the shallow foundation, as shown in 

Figure 4.29 below.  The largest peak resistances occur for the 0.46 and 0.62 friction 

cases, followed by the 0.31 and 0.155 as expected.   
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Figure 4.29 – Shallow Foundation Base versus Side Wall Resistance 

Since the side friction has little effect on load resistance, the majority of load is carried by 

the base wall.  Hence the trends observed for variation in model size and foundation 

friction in Figure 4.27 and Figure 4.28 are primarily a function of contact forces along the 

base wall.  For the deep foundation case in Section 4.3 the base wall is clearly not the 

load carrying mechanism.  
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4.2.4 Particle Rotations 

The rotations legend is provided in Figure 3.19 showing maximum counter-

clockwise rotations in red and maximum clockwise rotations in black.  Rotation of grains 

for the baseline case in Figure 4.31 shows propagating slip surface starting from either 

corner of the foundation base.  As shown in Figure 4.29 in the previous section, there is 

some minimal effect of friction along the side walls, but this is negligible at an 

embedment depth less than the foundation width.    

 

Figure 4.30 - Rotations Color Bar for Rotations Figures (deg) 
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Figure 4.31 - Shallow Foundation Grain Rotations Baseline Case at 0.05B, 0.10B, and 

0.20B Vertical Displacements (From Top to Bottom Respectively) 

 

Grain rotations for the extended model height simulation case show that the slip surface 

only propagates to a fraction of the total model height, certainly less than half the 

extended model height as shown in Figure 4.32.  The majority of failure occurs within 

approximately 8m depth.  Grain rotations extend horizontally to about half the model 
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width.  These results indicate that it is seems reasonable to use the baseline model width 

for shallow foundation vertical loading.   

 

Figure 4.32 - Shallow Foundation Grain Rotations Extended Height at 0.025B, 0.05B, 

and 0.10B Vertical Displacements (From Left to Right Respectively) 
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Figure 4.33 - Shallow Foundation Grain Rotations Extended Height at 0.10B, 0.15B, and 

0.20B Vertical Displacements (From Left to Right Respectively) 

For the extended model width shown in Figure 4.34, a major stress bulb develops below 

the logarithmic spiral surface, extending down until it contacts the bottom wall.  This 

feature of boundary error at the bottom wall can also be seen in the original shallow 

foundation baseline result.  This boundary effect is not present in the extended model 

height cases, which leads to a recommendation that model height be increased in future 
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shallow foundation simulations.  For example, a model height from 5m to 10m may be 

sufficient. 

 

 

 

Figure 4.34 - Shallow Foundation Grain Rotations Extended Width at 0.025B, 0.05B, and 

0.10B Vertical Displacements (From Top to Bottom Respectively) 

Results shown in Figure 4.34 are related to the load-displacement response in Figure 

4.27.  Notice that an additional stress bulb emerges beneath the foundation base wall at 

0.10B vertical displacement.  
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Figure 4.35 - Shallow Foundation Grain Rotations Extended Width at 0.10B, 0.15B, and 

0.20B Vertical Displacements (From Top to Bottom Respectively) 

Overall slip surface results in the grain rotations plots are supported by classic theory 

where the failure wedge which emerges below the foundation base and log-spiral slip 

surface which extends to the ground surface with increasing load.  Again the only 

recommendation based on these results would be some fractional increase of the total 

model height to avoid boundary effect of the stress bulb interaction with the bottom wall.  

4.2.5 Force Chains 

Force chains are given below for the baseline model dimensions.  Force chains are 

useful to evaluate the state of stress in the granular assembly. In the nominal case there is 
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no connectivity between any foundation wall and model wall, instead the force chains 

distribute evenly into smaller and weaker branches until negligible connection is 

measured at the model wall.  Figure 4.36 shows the force chains at maximum vertical 

displacement 0.4m.  This rather large displacement is chosen because it is expected to be 

the worst case scenario where maximum likelihood of boundary error may occur.  Note 

that all force chains are shown in terms of only the normal reaction force.    
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Figure 4.36 - Shallow Foundation Force Chains at Baseline, Extended Height, and 

Extended Width Model Size (From Top to Bottom Respectively).  Vertical 

Displacements are 0.20B for all cases shown. 



 

124 
 

4.2.6 Local Stress Tensors 

Local stress tensors are shown for the baseline case only.  Figure 4.37, Figure 

4.38, and Figure 4.39 show the stress tensor fields for vertical, lateral, and shear 

directions respectively.  

 

Figure 4.37 - Shallow Foundation Baseline Vertical Stress at 0.10B (Units: Pa) 

 

 

Figure 4.38 - Shallow Foundation Baseline Lateral Stress at 0.10B (Units: Pa) 
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Figure 4.39 - Shallow Foundation Baseline Shear Stress at 0.10B (Units: Pa) 

Vertical stress is concentrated directly beneath the base wall.  Lateral stress is also 

concentrated beneath the base wall and shows arching toward the bottom of the model 

space.  Hence the center region assembly near the bottom of the model space is nearly 

unaffected by lateral stresses imposed by the shallow foundation loading.  Shear stresses 

show diagonal shear regions concentrated near to the foundation base acting in opposite 

directions about the vertical; centerline of the model space.  Shear stresses also show 

plastification extending from the pile base and symmetry about the vertical centerline.  

Overall there appears to be little influence from the shallow foundation side walls, and 

hence the majority of response from the granular assembly is determined by the base 

wall.  

4.3 Deep Foundations 

4.3.1 Assembly 

The model dimensions and wall material properties for the pile load-displacement 

simulations are informed by DEM simulations of cone penetration testing (CPT) (Jiang et 
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al., 2008), for a model width 17.5 times the toe width intending to eliminate boundary 

effects from side walls. The model height is nearly double that of Jiang et al. (2008) due 

to the simulated pile length. The resulting model dimensions are then 26m × 25m (W×H).  

The total pile embedment depth is 15m and the base width is 2m. Total displacement is 

set to 0.4m and the vertical loading rate is 0.25m/s downward.  The granular assembly 

with installed pile is shown in Figure 4.40 as shown below.  

 

Figure 4.40 – Deep Foundation Baseline Assembly 

Note this installed pile may be described as a non-displacement case since during 

installation, soil is remove and walls placed with minimal addition stress to the 

surrounding soil. 
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4.3.2 Parametric Analyses 

Parametric analyses were conducted for model dimensions and pile friction for 

deep foundation simulations.  All parametric cases considered for the deep foundation 

simulation are displayed in Table 4.5 below.  

Table 4.5 - Deep Foundation Parametric Analysis 

Parametric 

Case No. 
Description 

Model Dimensions 

(Height x Width) 

Foundation 

Wall Friction 

1 Low Friction 25 m x 26 m μ = 0.155 

2 Baseline 25 m x 26 m μ = 0.31 

3 High Friction 25 m x 26 m μ = 0.46 

4 Very High Friction 25 m x 26 m μ = 0.62 

5 Extended Width 36 m x 25 m μ = 0.31 

6 Extended Height 26 m x 35 m μ = 0.31 

The baseline case is the reference simulation.  All other simulation cases are intended for 

comparison with baseline case.  The baseline case is configured to have the most 

physically realistic wall friction level and the most computationally efficient model size.  

Nonetheless, upper and lower bound friction values are evaluated from 0.155 to 0.62. 

Upper and lower bound model sizes are also tested.  Note the friction cases range by 

increasing increment of 0.155 starting at the low friction case.  This is intended to be a 

simple pattern to help interpret results.  Wall stiffness is not considered because it was 

found in early simulations that the effect of wall stiffness on resistance is negligible. 

From the baseline model size the width is increased significantly to investigate the 

side boundary effect on soil strength and load-displacement curve. The extended width 

assembly and extended height assembly are shown in Figure 4.41 and Figure 4.42 below.  
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Figure 4.41 - Deep Foundation Extended Width Assembly 
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Figure 4.42 - Deep Foundation Extended Height Assembly 

As for the shallow foundation, it is important to evaluate upper and lower bound to 

confirm that load-displacement is invariant to changes in model size.  

4.3.3 Load-Displacement 

There are several unique algorithmic steps taken after assembly for the deep 

foundation simulation which are different from the shallow foundation simulation case.  

Since the model size is significantly larger in the deep foundation simulation and since 

the excavation area is significantly larger, additional steps are taken to ensure energy 

equilibrium.  After assembly, in both shallow and deep foundation simulations the model 
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space is scanned for any escaping grains and those grains are removed.  But when deep 

foundation walls are installed, regions of the granular assembly at the interface require 

additional cycling to reach equilibrium.  If this step is not taken there may exist regions 

with inconsistent stresses, especially along the interface near the ground surface.  The 

foundation walls are loaded to a total vertical displacement of 0.2B (i.e. 0.4m) while the 

state of the system is saved at each 0.01m displacement increment.   Hence there are 40 

system states saved for the total simulation loading timeline.   

Pile vertical load-displacement results are given for model size cases in Figure 

4.43 below in terms of total soil resistance versus normalized displacement (i.e. ratio of 

displacement over foundation width).   Again note that the results are presented for the 

DEM model dimension length (i.e., dimension directed into the page) equal to D50.  

Hence the resistance is significantly less than analyses that assume 1 m into the page.  
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Figure 4.43 – Deep Foundation Model Dimensions Total Resistance 

As observed with shallow foundation simulation, the resistance decreases for the 

extended width case, showing there is still lateral confinement in the baseline case.  There 

is an increased resistance at higher displacement for the extended model height.  This 

effect is evident in the rotation Figure 4.48 and Figure 4.49 which show a distinct failure 

slip surface for the extended height simulation case.     

 Next results for the pile wall friction effect on total load resistance are given for a 

series of friction cases in Figure 4.44.  There is a consistent increase in resistance with 

friction, although the pattern breaks down at low friction (i.e., from 0.155 to 0.31).  This 

is due to the inter-particle friction angle 0.31 which controls the slip along the pile side 
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walls.  Overall the load-displacement results show the pile wall friction dominates the 

load settlement curve, but the effect tends to decrease as friction increases.   

 

Figure 4.44 - Deep Foundation Friction Total Resistance 

The effect of inter-particle friction angle on the resistance for a range of wall friction 

coefficients is indicative of results by Uesugi and Kishida (1986a) who show the failure 

mechanism occurs along the soil-wall interface as low wall roughness (i.e. friction 

coefficient for this study) whereas at high wall roughness the failure mechanism occurs in 

the soil mass.  Of course the wall under consideration here is the pile wall.  To look at 

this behavior more carefully, Figure 4.45 compares resistance along the pile toe with the 

resistance generated along pile side walls. 
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Figure 4.45 - Deep Foundation Toe versus Side Resistance 

Note the switch between load carriers below friction level 0.31.  For the majority of 

friction cases presented the side wall friction dominates.  For friction cases 0.31, 0.46, 

and 0.62 the resistance increases consistently as expected from the total pile resistance 

plot in Figure 4.44.  But below 0.31 friction the side walls no long dominate, hence the 

majority of the load is carried by grains under the pile toe.  When Figure 4.45 is 
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compared with the total pile resistance this feature of the pile behavior is undetected.  The 

pile switches the majority of its load resistance from side to toe unobserved unless walls 

are monitored individually.  Hence DEM is shown to be quite effective in revealing this 

behavior.  

4.3.4 Particle Rotations 

The baseline model dimensions show that the stress bulb contacts the bottom 

wall.  Prior to the formation of a full stress bulb a failure wedge emerges at 0.05B 

directly under the base as shown in Figure 4.47.  

 

Figure 4.46 - Rotations Color Bar for Rotations Figures (deg) 
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Figure 4.47 – Deep Foundation Grain Rotations Baseline Case at 0.05B, 0.10B, and 

0.20B Vertical Displacements (From Top to Bottom Respectively) 

The concern regarding model dimensions for the deep foundation SSI case is the size of 

granular space between the pile toe and the model bottom wall.  Results show inter-

particle force chains extend down to the wall and experience boundary error.  This 

boundary effect is absent in the extended model height simulation in Figure 4.48 and 

Figure 4.49.  This shows that the stress bulb may be intensified by the presence of the 

bottom wall, and not necessarily by the failure of the soil exclusively.   
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Figure 4.48 - Deep Foundation Grain Rotations Extended Height at 0.025B, 0.05B, and 

0.10B Vertical Displacements (From Left to Right Respectively) 

 

Figure 4.49 - Deep Foundation Grain Rotations Extended Height at 0.10B, 0.15B, and 

0.20B Vertical Displacements (From Left to Right Respectively) 

The extended model width cases in Figure 4.50 and Figure 4.51 show that there is no 

effect from the model side walls on failure of the soil, but there is significant mobilization 

of grain rotations in all cases generated by the pile shaft.   A general note should be made 

regarding the effect of extended model height for shallow and deep simulation cases.  



 

137 
 

Base resistance and emerging slip surface geometry are a function of model height.  

Factors such as stress arching and densification due to interlock depend on the model 

height.  Typically soil arching is observable in the lateral stress tensor field and 

densification is observable in the coordination number measurement field.   
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Figure 4.50 - Deep Foundation Grain Rotations Extended Width at 0.025B, 0.05B, and 

0.10B Vertical Displacements (From Top to Bottom Respectively) 
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Figure 4.51 - Deep Foundation Grain Rotations Extended Width at 0.10B, 0.15B, and 

0.20B Vertical Displacements (From Top to Bottom Respectively) 
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Hence the model width is adequate for current simulations.  Again results show the effect 

of the bottom boundary which may be resolved by increase on of the total model height 

assuming the same embedment depth.  

4.3.5 Force Chains 

Figure 4.52 shows force chains for vertical loading deep foundation at 0.20B 

displacement.   

 

Figure 4.52 - Deep Foundation Force Chains at Baseline. 

The left wall shows local regions with concentrated draw down of grains, especially on 

the left lateral pile wall.  Asymmetry may be due to the drawdown of grains since the 

right pile wall produces more uniform force chain distributions, but this is only 

speculative and instead may be due to the random orientations of grains generated during 

assembly.  
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4.3.6 Local Stress Tensors 

Local stress tensor results for the deep foundation simulation case are shown in 

Figure 4.53, Figure 4.54, and Figure 4.55 for vertical, lateral, and shear stress 

components, respectively.   

 

 

Figure 4.53 - Deep Foundation Baseline Vertical Stress at 0.10B (Units: Pa) 
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Figure 4.54 - Deep Foundation Baseline Lateral Stress at 0.10B (Units: Pa) 
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Figure 4.55 - Deep Foundation Baseline Shear Stress at 0.10B (Units: Pa) 

Vertical stresses are primarily concentrated in the region directly below the toe.   Lateral 

stresses show symmetry about the centerline vertical axis of the pile, although weighted 

slightly to the left side.  There is some sign of arching effect in terms of the lateral stress 

field as the center region near the bottom of the model space contains small lateral 

stresses.  The shear stress field shows symmetry about the vertical centerline.  Of course 

shear directions are opposite about the centerline as observed for the shallow foundation 

case.  Compared with the shallow foundation shear stresses are larger in magnitude but 

less developed at equivalent displacements of 0.20m.  



 

144 
 

4.3.7 Additional Measurement Field 

Another measurement fields is shown in Figure 4.56 below for grain coordination 

number.  The region of low coordination number relating to slip surfaces is highlight by 

the dashed line.  

 

Figure 4.56 - Deep Foundation Baseline Coordination Number at 0.10B 

Coordination number measurements show slip surface corresponding to the grain 

rotations slip surface in Figure 4.47 and Figure 4.51.  It is evident that coordination 

number increases with depth in the granular assemble on both sides of the pile and hence 

there is densification beneath the toe. The low coordination number at the pile wall 

interface is partially due to the geometric circumstances (i.e., lower number of contacts 
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possible for grains nearest the wall), but it is also likely that this is due to interface slip 

along the lateral pile walls.    

4.4 Deep Foundation – Lateral Loading 

4.4.1 Assembly 

Model dimension sizes for the laterally loaded pile match the previous parametric study 

of extended width case at 36m × 25m (W×H).  The foundation width is 2m. The extended 

width case is used to allow additional freedom of motion in the lateral direction for this 

loading case.  The pile is loaded by fixing a point of rotation at the pile center of mass.  

Lateral loading is defined by rotation is set at an angular frequency of 0.01rad/s. Since 

the total defined pile height is 25m and the embedment depth is 15m, the center of 

rotation is at 5m depth.  Total measured rotation is shown in detail in Chapter 5.  The 

total measured rotation of approximately 1.8°. 

The setup for lateral loading simulation is similar to the vertical loading 

simulation.  The entire granular space is assembled and consolidated prior to pile 

installation.  Final soil strength parameters are set and all displacements and rotations are 

set to zero prior to loading.  Note for the rotation and field tensor the total rotation is 

approximately 0.24m arc length at pile toe which corresponds to about 0.1B.  The 

granular assembly after 0.1B pile rotation is shown in Figure 4.57 below. 
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Figure 4.57 – Deep Foundation Lateral Loading Assembly at 0.1B Pile Rotation 

Ground heave is evident near the interface on the right side of the pile.  It should be noted 

that since the pile is rotated at a given angular frequency the pile may be displaced 

indefinitely.  Pile loading was stopped after adequate slip failure surface was observed 

from grain rotations figures.  

4.4.2 Load-Displacement 

Load displacement figures describe the reaction forces along the left, right, and 

bottom pile walls.  Figure 4.58 shows the reaction stress in the lateral direction for each 

pile wall. 
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Figure 4.58 – Deep Foundation Lateral Loading Lateral Stresses on Foundation Wall 

Stress shown for the above Figure 4.58 represents the averaged lateral reaction forces 

along the pile left, right and bottom walls.  As expected the largest stress is generated on 

side rotating into the soil with the majority of the length of the pile.  Note that all stresses 

measured are positive compressive stresses.  Hence the majority of compressive forces 

are generated along the lower half of the left pile wall.  The right pile wall rotates into the 

soil as well but the compressive side is a smaller region near the ground surface.  Of 

course in the lateral direction there exists very little area affected along the bottom wall.  

Hence the lateral stresses observed at the bottom wall are nearly zero.  Figure 4.59 shows 

the reaction stress in the vertical direction for each pile wall. 
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Figure 4.59 – Deep Foundation Lateral Loading Vertical Stresses on Foundation Wall 

The result above shows vertical stress is greatest along the base wall, decreasing as the 

granular assembly deforms.  The decreasing vertical stress along the bottom wall is due 

in part to the slip surfaces generated during loading.  As new slip surfaces develops, in 

particular the upward curving slip surface in the granular region to the left of the pile 

starting at the interface along the base wall, much of the forces which were initially 

acting vertically along the bottom wall are redirected due to grain rearrangement and 

rolling.  This is supported by the low coordination number along the bottom wall shown 

in Section 4.4.6.  Low coordination number at the maximum rotation indicates the 

coordination number decreased from beginning to end of loading.  This would explain the 

decrease in vertical load since the contacts are lost and the majority of contacts are 

vertical as shown in subsequent force chain Figure 4.62.  Vertical forces along the left 
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and right pile walls are small compared to the bottom wall.  The left wall still generates 

the higher forces among the side walls since it act along a larger area.   

4.4.3 Particle Rotations 

Grain rotations in Figure 4.61 below are shown for the laterally loaded pile at the 

end of simulation (i.e., total rotation 1.8° rotation off the vertical centerline).  

 

Figure 4.60 - Rotations Color Bar for Rotations Figures (deg) 

 

Figure 4.61 – Deep Foundation Lateral Loading Grain Rotations at 0.1B Pile Rotation 
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The laterally loaded pile grain rotations figure above shows quite strikingly the mobilized 

shear surfaces generated by pile rotations.  The region of granular assembly to the left of 

the pile shows a well developed shear band originating at the bottom left corner of the 

pile wall and propagating to the upper left-hand corning of the model space.  Also, a 

parabolic slip surface emerges along the upper right pile wall and propagates to the 

ground surface in several distinct shear bands.  There is also the beginning a parabolic 

shear band forming from the top to the bottom of the right pile wall.  The majority of slip 

along the pile interface is generated along the base and bottom right wall, and to a lesser 

extent on both walls near the ground surface.  Overall slip is generated to a greater extent 

along the left wall interface than the right wall interface.  

4.4.4 Force Chains 

 Force chains are presented for the lateral wall loading in Figure 4.62 below.  
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Figure 4.62 - Deep Foundation Lateral Loading Force Chains at 0.1B Pile Rotation 

The force chains generated for the lateral loading clearly demonstrate why the majority of 

both vertical and lateral stresses are developed along the left pile wall.  The lower half of 

the embedded left pile wall propagates larger and more numerous force chains than does 

the right wall.  A region of few force chains exists on the bottom half of the left pile wall.  

This is due to active loading along the regions of the wall, and since the DEM simulation 

is only compressive, little force is experience as the wall moves away from the soil.  The 

shear band described to emerge from top to bottom of the right pile wall is outlined in the 

force chains figure as well.   
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4.4.5 Local Stress Tensors 

Local stress tensor results for the laterally loaded pile are shown in Figure 4.63, 

Figure 4.64, and Figure 4.65 for vertical, lateral, and shear stress components, 

respectively.   

 

Figure 4.63 - Deep Foundation Lateral Loading Vertical Stress at 0.1B Pile Rotation 

(Units: Pa) 
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Figure 4.64 - Deep Foundation Lateral Loading Lateral Stress at 0.1B Pile Rotation 

(Units: Pa) 

 

Figure 4.65 - Deep Foundation Lateral Loading Shear Stress at 0.1B Pile Rotation (Units: 

Pa) 
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The vertical stress is indicative of the force chains figure, showing large reaction stresses 

on the lower left pile wall, which propagate from the pile to the bottom of the model 

space. The vertical stresses also show a region of negligible force on the bottom half of 

the right pile wall, which agrees with grain rotation and force chain plots.  The lateral 

stresses shown in Figure 4.64 distinctly highlight the significance of the forces generated 

along the bottom half of the left pile wall.  There is a high concentration of lateral stress 

near the wall which expands in a lateral stress bulb toward the left model wall which 

receives the load.  Shear forces in Figure 4.65 show overwhelmingly that the largest shear 

failure occurs on the left wall, as seen by the lateral failure wedge generated.  The wedge 

is approximately symmetric about the horizontal and extends diagonally from the pile 

wall interface.   

4.4.6 Additional Measurement Fields 

 The effect observed in the coordination number for the laterally loaded pile is 

included because of the striking similarity with the grain rotations Figure 4.66.   
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Figure 4.66 - Deep Foundation Lateral Loading Coordination Number at 0.1B Pile 

Rotation 

Figure 4.66 included a dotted slip surface line which matches closely with the location 

and direction of shear bands generated in the grain rotations figure.  The shear bands 

correspond to low coordination number in the figure above.  Also, low coordination 

number can be seen at interface along the base wall, which helps explain the decrease in 

vertical stress with mobilization.  There also exists significant densification beneath the 

toe as observed in the vertical loading case.  Overall the low coordination number regions 

along the pile wall correspond to area of the wall moving away from the soil.  This is 

quite evident on the left pile wall at ground surface.  
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4.5 Rigid Retaining Wall 

4.5.1 Earth Stress  

Assembly of the rigid retaining wall is similar to that of the shallow foundation.  

Baseline model dimensions are 30m x 12m (W x H).  All parametric cases considered for 

the rigid retaining wall simulation are displayed in Table 4.6 below.  

Table 4.6 – Rigid Retaining Wall Parametric Analysis 

Parametric 

Case No. 
Description 

Model Dimensions 

(Height x Width) 

Lateral Loading 

Rate (m/s) 

1 Slow Loading 12 m x 30 m  0.01 

2 Baseline 12 m x 30 m  0.03 

3 Fast Loading 12 m x 30 m  0.10 

4 Extended Width 12 m x 60 m  0.03 

5 Extended Height 24 m x 30 m  0.03 

6 Wall Friction 0.155 12 m x 30 m  0.03 

7 Wall Friction 0.310 12 m x 30 m  0.03 

8 Wall Friction 0.620 12 m x 30 m  0.03 

The reader should note that the model sizes defined in Table 4.6 above for the extended 

width and height cases match Table 4.4 for the shallow foundation.  The loading rate for 

the lateral rigid wall displacement is 0.03m/s. The direction is negative (i.e., leftward 

away from the soil mass) for the active case and positive (i.e., rightward towards the soil 

mass) for the passive case.  Results printed by Salgado (2008) show expected horizontal 

displacement normalized by height varies with packing density from 0.004 to 0.001 for 

active state and from 0.060 to 0.020 for passive state.  The passive case theoretically 

requires larger displacement than the active case to mobilize failure in the backfill.  This 



 

157 
 

can be explained by traditional earth pressure theory.  Expected values of retaining wall 

horizontal displacement are shown in Table 4.7 below. 

Table 4.7 - Movement Required to Mobilize Active and Passive Earth Pressure (after 

Salgado, 2008) 

Soil Type 
Active State 

(δh/H0) 

Passive State 

(δh/H0) 

Dense Sand 0.001 0.020 

Loose Sand 0.004 0.060 

Stiff Clay 0.010 0.020 

Soft Clay 0.020 0.040 

Note from Table 4.7 the displacement required to mobilize passive state is 20 times larger 

than active state for the dense sand.  For loose sand the movement to mobilize passive 

state is 15 times larger than active state.  For the dry granular assembly this study only 

considers the dense sand and loose sand from Table 4.7.  

The approach used in the DEM simulation controls the failure of granular 

assembly of backfill for the lateral earth pressure simulation by displacing wall which 

causes soil failure under self weight.  Failure of backfill granular mass is related to 

traditional earth pressure theory.  The rigid retaining wall simulation proceeds from 

assembly to consolidation, in which top wall is relaxed to 1kPa within 0.01 error 

tolerance as described in previous SSI cases.  Since no foundation is installed for this 

simulation, the algorithm simply deletes top wall and sets final stiffness and friction in 

the soil.  Note in this study an additional 50,000 steps are cycled to ensure stability of the 

backfill prior to loading.  Once the assembly is consolidated and final parameters are set, 
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the left model wall is displaced laterally at a horizontal velocity of -0.03m/sec in the 

active case (i.e. to the left) and +0.03m/sec in the passive case (i.e. to the right).  The 

rigid retaining wall model assembled prior to loading is shown for each model size in 

Figure 4.67 below.  

 

 

 

Figure 4.67 – Rigid Retaining Wall Baseline, Extended Height, and Extended Width 

(From Top to Bottom Respectively) After Assembly Prior to Loading 

Stress-displacement results are shown for the active case in Figure 4.68 below.  Again 

note that the results are presented for the DEM dimension length (i.e., model dimension 

into the page) equal to D50, hence the resistance is significantly less than analyses that 
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assume 1m into the page.  Note that for all rigid retaining wall plots displacement is 

normalized by wall height.  

 

Figure 4.68- Rigid Retaining Wall Load-Displacement Active Case 

Results above show the reaction stresses measured on left and right model walls during 

loading.  Lateral stress on the side walls are symmetric and bottom wall stress is 

significantly higher due to soil overburden.  The total lateral stress converges in 

displacement of approximately 0.01m.  This matches well with dense sand in Table 4.7 

since the δh/H0 ratio from the simulation is approximately 0.001. 

Stress-displacement results for model size show larger response (i.e. absolute 

value) for the extended height active case in Figure 4.69.   
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Figure 4.69 - Rigid Retaining Wall Load-Displacement Model Size Active Case 

The extended height case generates a higher stress response.  The stress increase with 

model height is due to the triangular loading described by the earth pressure equation 

below.    
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The extended width case does not change response greatly.  Hence a model size that is 

realistic and computationally efficient would likely feature a model size 30m x 24m (W x 

H), where the height will need to be extended even further to check for convergence. 

Stress-displacement results in Figure 4.70 consider loading rate for active case.   
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Figure 4.70 - Rigid Retaining Wall Load-Displacement Loading Rate Active Case 

There is decreased response for the fast loading case in Figure 4.70, which shows the 

wall is moving too quickly for the granular system to reach equilibrium prior to the next 

time step.  The fast loading case is likely to be an unrealistic loading rate.  Note the slow 

loading rate varies little from the baseline case.  Hence the baseline loading rate is 

reasonable for this approach.  

 Next the stress-displacement is considered for the passive case.  Note the total 

displacement is extended to 0.20m due to the increase in mobilization needed for the 

passive case.  The total lateral stress converges in displacement of approximately 0.2m.  

This matches well with dense sand in Table 4.7 since the δh/H0 ratio from the simulation 

is approximately 0.017.  General wall reactions for the baseline passive case are given in 

Figure 4.71 below.  
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Figure 4.71 - Rigid Retaining Wall Load-Displacement Passive Case 

Stress-displacement results for passive case model size are similar to the active case, 

showing increased response (i.e. absolute value) for the extended height case in Figure 

4.72.  Again the effect of model wall height increases lateral stress response which agrees 

with lateral earth pressure theory described in the equation above.  The model width for 

passive case may be kept at the baseline length since there is little effect above 30m.  
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Figure 4.72 - Rigid Retaining Wall Load-Displacement Model Size Passive Case 

Stress-displacement results in Figure 4.73 for the passive loading case show 

increase in response for the faster loading rate. Faster loading may be unrealistic since 

individual grains do not have time to reconfigure and achieve equilibrium energy stay 

prior to the next loading step.  Notice the noise in the fast loading case. This instability is 

undesirable for this study, so the choice of loading rate for the passive case is reasonable.  
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Figure 4.73 - Rigid Retaining Wall Load-Displacement Loading Rate Passive Case 

Overall, there is approximately an order of magnitude increase in convergence to 

mobilize lateral earth pressure from active to passive case.  

4.5.2 Particle Rotations 

 Particle rotation for the active case provided in Figure 4.74 shows a pronounced 

failure surface.  Note that the approximate angle of failure plane is quantified in Chapter 

5.  The other simulation results as well as the passive case particle rotations are provided 

in Appendix A.3.   

 

Figure 4.74 - Rotations Color Bar for Rotations Figures (deg) 

0 0.004 0.008 0.012
0

300

600

900

1200

Baseline

Slow Loading

Fast Loading

Normalized Displacement [x/H]

L
a
te

ra
l 
T

hr
us

t 
[k

N
]



 

165 
 

 

 

 

 

 

Figure 4.75 - Rigid Retaining Wall Active Baseline, Extended Height, and Extended 

Width Cases at 0.15 m Lateral Displacement (CW from Top Left Respectively) 

For the particle rotations in the extended height case above the expected slip surface is 

visible from bottom of the left wall to the ground surface.  There is also another emerging 

slip surface approximately symmetric about the horizontal, which is caused by stress 

difference between both lateral model walls.  The effect of loading rate is evident in the 

figure for fast loading case in Appendix A.3 which shows at higher wall lateral velocity 
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the slip surface failure to form in the soil mass. Instead, at high loading rate the largest 

grain rotations occur along the mobilized wall interface. Hence the choice of loading rate 

for the baseline case is slow enough that the choice seems reasonable.  

4.5.3 Force Chains 

Figure 4.76 below at critical state for the baseline active case shows there is still a 

strong orientation of force chains in the vertical direction due to overburden even though 

the wall is mobilized in the lateral direction.  The self weight still dominated directivity 

since all reaction forces are compressive in this study.  In the baseline passive case the 

orientation of force chains is primarily lateral due to the loading of the left wall in the 

direction of the soil mass.  The passive case force chain orientation is mostly 

compressive, and hence has a significant effect on force chain orientation.    

 

Figure 4.76 – Rigid Retaining Wall Active Force Chains (0.005 scale thickness) at 

Baseline and Passive Force Chains at Baseline (from top to bottom, respectively).  

Retaining Wall Lateral Displacement is 0.10 m. 
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Appendix A.2 shows stress chain results for model size and loading rate cases.  

Remaining simulation cases provided in the Appendix A.2 show orientations of force 

chains similar to those presented in Figure 4.76 above.  For the loading rate cases, 

formation of force chains decreases next to the mobilized wall with increasing lateral 

wall velocity, as expected.  In this case, the wall is moving too fast for equilibrium to 

occur in the backfill.  Hence again the choice of loading rate for the baseline case seems 

reasonable.  

4.5.4 Local Stress Tensors 

The rigid retaining wall tensors show qualitative agreement with rotation figures 

in terms of location and orientation of failure surface.  Appendix A.1 contains 

incremental strain and coordination number measurement fields which show slip surfaces 

corresponding to area of high strain or low coordination number.  The inclination of slip 

surface is quantified in chapter 5 of this manuscript.  As expected, the orientation of 

major and minor shear bands in passive case is roughly half the angle of the active case.  
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5. INTERPRETATION OF RESULTS 

5.1 Introduction 

In order to analyze DEM simulation results analytical methods are employed 

which rely heavily upon the material parameters obtained using biaxial compression 

simulations described previously in chapter 3.  In particular bulk strength parameters are 

presented to convey information regarding the behavior of the soil mass in response to 

loading.  Recalling biaxial compression tests for confining stress cases 25kPa, 50kPa, 

74kPa, and 100kPa the predicted mean peak internal friction angle is 32.5° and the mean 

critical state friction angle is 26.6°.  The second strength factor needed for analytical 

comparison is the elastic modulus, which is computed for best and worst case confining 

stresses (100kPa and 25kPa, respectively) for low initial strain range.  The values for 

elastic modulus are 25MPa best case and 12MPa worst case.   Finally the last material 

parameter needed for analytical comparison is the Poisson‟s ratio, which is computed as 

best fit line through peak volumetric strain values for all confining stress cases.  The 

Poisson‟s ratio used for this study is 0.36.   

From the plasticity information described above some important bulk parameters 

may be obtained such as inclination slip planes at    4 2  which in the current 

study are 61.2° and 28.8° for active and passive loadings respectively.  Values of internal 

angle of friction and orientation of active and passive failure plane described above are 

applied to all subsequent simulation analyses described in this chapter.  Another 
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important parameter which arises frequently in analytical and classical solutions in 

geotechnical engineering is the relative density.   Since the DEM simulations described 

herein are two-dimensional and have no widely accepted procedure for determining 

minimum and maximum density, hence the relative density is approximated.  For any 

method investigated in this chapter the relative density is assumed to be 75%, 

representing dense dry sand.  Also N60 used in select approaches is assumed to be 28.  For 

the majority of analytical solutions the input information is simply the geometry, solid 

density 2650kg/m
3
, internal friction angle  , elastic modulus (i.e., Young‟s Modulus) E , 

and Poisson‟s ratio  . 

5.2 Shallow Foundation  

To recall the general load displacement results for all simulation cases, Figure 

5.77  gives DEM simulation results for parametric analysis made in this study.   
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Figure 5.77 – Shallow Foundation DEM Simulation Load Curves Parametric Cases 

To begin a quantitative investigation of the shallow foundation problem it is important to 

determine the bearing capacity.  A general form is given as  
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where γ the effective unit weight, Df is the depth of embedment, Nq and Nγ are bearing 

capacity factors and dq and dγ are depth factors.  The following equations may be used to 

find the bearing capacity coefficients  

 

2

4 2

tan

qN e tan     
  

 
 (5.2) 

 6 52
0 477

.
N . e

  (5.3) 

where Nγ is defined by Ueno et al. (1998).  To achieve the equivalent dimension size of 

the DEM simulation, the length (i.e., dimension into the page) for the bearing capacity 

calculation is set to D50.  Assuming worst case critical state friction angle 26.6° averaged 

for all confining stress cases then the ultimate bearing capacity is 621.9kPa and the 

corresponding ultimate load is 124.4kN.   The allowable load with a factor of safely of 

3.0 is computed as 
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where the computed value for allowable load is 46.0kN.  Note that the DEM simulation 

results should match more closely with ultimate bearing capacity than the allowable load.  

The immediate elastic settlement provided by Gazetas et al. (1985) as referenced by 

Budhu (2008) due to the foundation is formulated as 
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where E is the bulk elastic modulus, L is the depth of embedment, uv is the undrained 

Poisson‟s ratio, and the trailing terms are s , emb , and wall  are the shape, embedment, 

and wall factors are given as  
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where bA  is the actual area of the base of foundation and wA is the actual area of the wall 

in contact with the embedded portion of the foundation. The embedment factor is set to 

one since the solution breaks down at a foundation length which matches the DEM 

simulation.  The immediate settlement assuming wall friction (i.e., DEM baseline 0.31 

coefficient of friction) is 0.02 m for the elastic modulus 12MPa and peak internal friction 

angle (i.e., the worst case stress state).   

Mayne and Poulos (2001) provide a solution for the full settlement of shallow 

foundation based on FEM studies and influence factors.  The general equation is given as 

 
 2

0

1applied G F E

center

q d I I I

E




  
  (5.9) 

where influence factors are computed from figures given by Mayne and Poulos (2001).  

The influence factor IG relies upon the relationship of modulus increase with depth.  This 
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parameter is difficult to determine, but for initial investigation assume there is no change 

in modulus with depth and hence IG approaches unity.  Influence factors IE and IF are 

estimated to be 0.93 and 0.79 respectively from lookup figures in the reference above.  

Again considering the worst case elastic modulus 12MPa and peak friction angle the full 

settlement is found to be 0.133m.   

 The DEM load settlement curve match well with the hyperbolic fit by Akbas & 

Kulhawy (2009a) for mean parameter values based on 167 full scale load test data.  Mean 

fitting parameters a and b are 0.70 and 1.77 respectively for residual soils and 0.69 and 

1.68 respectively for cemented soils. Parameters are input into the fitting equation below 

as  

 
 2L

Q B

Q a B b





 
  

 
 (5.10) 

where   is the settlement and 2LQ is the load at the start of final linear failure region 

shown in Figure 5.78 below.  
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Figure 5.78 – Definition of QL2 (After Akbas and Kulhawy 2009a) 

Since 2LQ
 
is difficult to define the hyperbolic curve is plotted for upper and lower 

bounds of 2LQ  corresponding to peak and critical load values from the DEM curve 

shown in Figure 5.79.  The mean parameter values given from Akbas and Kulhawy 

(2009a) a and b are included with normalized DEM load results in Figure 5.79 below.  
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Figure 5.79 – Shallow Foundation Normalized DEM & Hyperbolic Fit  

Since 2LQ is the denominator for the normalized resistance, the peak value of 2LQ acts as 

the lower bound while the critical state 2LQ value acts as the upper bound shown Figure 

5.79.  The mean parameter hyperbolic curve provided by Akbas and Kulhawy (2009a) 

fits well between the upper and lower bound DEM curves.  

 The load-displacement DEM results, analytically calculated settlements, and 

analytically calculated bearing capacity are summarized in Figure 5.80 below.  
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Figure 5.80 – Shallow Foundation Results Summary 

Analytically computed settlements match well with DEM results, the ultimate bearing 

capacity and allowable load act as upper and lower bounds to the DEM result, 

respectively.  The immediate and full settlements lead to peak resistance along the DEM 

curve.  

The failure geometry is computed for the internal friction angle and orientation 

based Prandtl failure wedge direction below the toe, log spiral given in the equation 

below, and Rankine passive zone in the far field.  The rotations figure is superimposed 

with exact geometry generated by AutoCAD and curvature degrees are included in Figure 

5.81.    
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Figure 5.81 - Grain Rotations Shallow Foundation Baseline at 0.20B Vertical 

Displacement 

The log spirals show in Figure 5.81 are generated by the function  

 0
tan( )

r( ) r e 
   (5.11) 

where θa is 61.24° computed from    4 2   since the foundation loading mobilizes 

active earth pressure and r0 defined as  0 5 a. B cos  .  The superimposed tracings in 

Figure 5.81 match closely with the background DEM rotations image for the given 

internal friction angle and orientation angles at large displacement.  

5.3 Deep Foundation  

DEM simulation results are provided below to reiterate finding in the parametric 

investigation.  Results are summarized in Figure 5.82.   
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Figure 5.82 - Deep Foundation DEM Simulation Load Curves Parametric Cases 

Although there is some argument about the explicit definition of the ultimate load in deep 

foundations, there exist several popular methods used to predict bearing capacity.  It is 

important to note that analytical solutions in this section use critical state internal friction 

angle 26.6° mean value from biaxial compression tests since dilation is not reliable in 

deep foundations.   

0 50 100 150 200 250

0

0.15

0.1

0.05

0

Foundation Base Friction 0.155

Foundation Base Friction 0.31 
Foundation Base Friction 0.46

Foundation Base Friction 0.62

Foundation Base Extended Width

Foundation Base Extended Height
Foundation Side Friction 0.155

Foundation Side Friction 0.31
Foundation Side Friction 0.42

Foundation Side Friction 0.62
Foundation Side Extended Width

Foundation Side Extended Height

Resistance (kN)

N
o

rm
al

iz
ed

 D
is

p
la

ce
m

en
t 

[ 
]



 

179 
 

Fellenius (1999) fits a curve to the load-displacement data assuming displacement 

required to mobilize resistance is 10% of toe width and the unit resistance is the ultimate 

load. The value of α is selected as the fitting parameter. 

 t

u

q q







 
   

 
 (5.12) 

where q is the unit resistance, u  is the settlement for ultimate resistance at 15%B, and 

  is a fitting parameter. Davisson (1975) predicts the ultimate settlement from elastic 

considerations for pile deformation and displacement via  

 0.004
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 (5.13) 

where Lr is a reference length of 1 m, ultQ  is the ultimate load, Ap is the pile area, Ep is the 

pile modulus, and Lpile is the pile length. The pile modulus is 200GPa. Given a foundation 

friction coefficient of 0.31, the intersection of the Davisson line and the load-

displacement curve is the predicted value of ultimate loading as shown along with 

Fellenius method in Figure 5.83 below. 
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Figure 5.83 - Deep Foundation DEM Simulation Load Curves 

For pile displacement of 10%B the previous equation can be rearranged to predict the 

ultimate load given in Table 5.8.  

The β-Method is similar to the bearing capacity equation with the addition of side 

resistance.  The general form of the Beta-Method is 
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where bA is the area of the pile base, zb  is the effective vertical stress at the base 

elevation, 
qN is the bearing capacity factor for surcharge, zs   is the effective lateral stress 
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acting on the side wall, and sA  is the side wall area.  Further definitions for these factors 

are given below.  

 
0 1260 6 .

qN . e    (5.15) 

     1 sin tan      (5.16) 

  00 5zs zb f. K tan     (5.17) 

where 
qN is given by Janbu (1976), 0K  is computed by Jaky (1948) for critical state 

friction angle, and 
f  

is the foundation friction coefficient. Kulhawy‟s method (1983) 

also takes a similar form.  

 
Kulhawy toe Pile toe qQ A B N N       (5.18) 

where   is the bulk unit weight, toeA is the toe area, PileB is the pile width, and bearing 

capacity factors are further defined as 

    0.6 1 tanqN N    (5.19) 
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where sE
 
is the elastic modulus of soil,   is Poisson‟s ratio, and L  is the length of pile. 

As with the case of the shallow foundation, the elastic modulus is 16.7MPa from biaxial 

compression testing.   

 Poulos (1989) provides a method for settlement of floating piles assuming side 

resistance controls. allowQ
 
below is the allowable (i.e., unfactored load).  

 es s
allow

p

E D
Q

I

  
  (5.23) 

where sE is the elastic modulus of soil, D is the pile, es
 
is the elastic pile settlement 

defined as 10% of pile width,   is Poisson‟s ratio, and 
pI  is the influence factor 

computed from the ratio of pile to soil modulus and ratio of pile length to width.  

 So far the methods described are designed for driven piles.  Since for dry 

normally consolidated granular soil a driven pile would generate larger resistance than 

non-displaced pile, it is important to considered predictive methods for the non-displaced 

case.  Lee and Salgado (1999) provide a solution for a drilled shaft. The general solution 

form is given as 

 drilled sL bLQ B L q B q      (5.24) 

where B  and L  are pile width and length, respectively, and resistances are computed as 
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where z 
 
is the vertical effective stress at toe and Ap  is a reference value is 100kPa, and 

RD
 
is the relative density set to 75%.  The effective internal friction angle is defined for 

critical state with supports previous assumptions.  

 Another non-displaced pile solution is provided by Reese and O‟Neill (1988) 

given an N60 value, which is 28 for this study assuming dense sand.  This solution is 

based on back calculations from load tests in coarse-grained cemented soils. The drilled 

shaft resistance which has the same general form is further defined as 

 605.75bLq z N    (5.27) 

 0sL zq K      (5.28) 

 1.5 0.245 z    (5.29) 

where z  is the depth at pile base and the   must lie between 0.25 and 1.2. 

To investigate the effect of foundation wall friction coefficient and summarize 

analytical results, the friction coefficients 0.155, 0.31, 0.46, and 0.62 are used to compute 

ultimate load Qult given in Table 5.8 below.  
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Table 5.8 – Deep Foundation Wall Friction Effect on Ultimate Load  

Analytical Method Unit μ = 0.155  μ = 0.31 μ = 0.46 μ = 0.62 

Fellenius (1999) -  [1] 0.40 0.40 0.45 0.5 

Fellenius (1999) - u  [m] 0.28 m 0.34 m 0.34 m 0.30 m 

Davisson (1975)  [kN] 80.0 80.0 85.0 85.0 

DEM 10%B [kN] 212.1 223.7  260.9  281.6  

 -Method [kN] 1161 1173 1187 1204 

Kulhawy (1983) [kN] 1756 1768 1787 1820 

Poulos (1989) [kN] 2400 

Lee & Salgado (1999) [kN] 708.9 

Reese & O‟Neill (1988)         [kN] 788.6 

 Note that Poulos, Lee & Salgado, and Reese & O‟Neill results do not explicitly define 

the foundation wall friction coefficient and hence only yield a single value in Table 5.8.  

For all other cases ultimate load converges with increasing foundation wall friction 

coefficient. This is better illustrated in Figure 5.84 below.  The lower friction case is quite 

different, but at 0.1B settlement the convergence at higher friction on the pile wall has 

less influence. Results are plotted in Figure 5.84 below for each foundation wall friction 

coefficient case.   
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Figure 5.84 - Deep Foundation Wall Friction Effect on Ultimate Load  

Slight increase in ultimate load with foundation friction is evident for the DEM case 

along with the majority of analytical solutions.  Overall, the choice of method controls 

the predicted ultimate load. 

5.4 Laterally Loaded Pile  

Model dimensions are 25m x 36m (H x W).  DEM Simulation results 

quantification of total rotation is performed using tracing in AutoCAD.  The point of 

rotation is at the pile center mass.  Since the pile height is 25m and embedment is 10m, 

the point of rotation is at 5m depth. The total rotational angle at maximum loading is 

measure to be 1.8° shown in Figure 5.85 below.  
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Figure 5.85 - Deep Foundation Laterally Loaded Pile Rotation 

From trigonometry the deflection of the wall along the ground surface is for the total 

rotation is 0.157m.  Wall reaction forces are shown in Figure 5.86 below.  

1.8° 
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Figure 5.86 - Deep Foundation Laterally Loaded Pile Rotation Results 

For comparison with analytical methods the point at the start of maximum resistance (i.e. 

full mobilization of the soil) is selected.   At this time during loading the corresponding 

rotation of the pile and displacement of the wall at the surface are computed as shown in 

Figure 5.87 below.  
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Figure 5.87 - Deep Foundation Laterally Loaded Pile Rotation Measurement 

The rotation is slight, but can nonetheless be accurately measured using AutoCAD.  From 

these measurements the rotation angle is found to be approximately 0.25° and the 

displacement along the surface is measured to be approximately 0.067m.   

 The analytical method selected for comparison to the DEM simulation is provided 

by Matlock and Reese (1962) for a free-head pile.  Note that the pile is assumed to be 

flexible to derive elastic behavior, whereas the DEM pile is artificially inflexible and 

rigid.  Analytical solution for the rotation and deflection at the ground surface for a given 

applied load is  
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Where Ep is the elastic modulus of the pile, Ip is the moment of inertia of the pile, Px is 

the lateral load, and M is the applied moment.  The mh term is estimated by Budhu (2008) 

as  

  
1 77 .

h rm D
B

  (5.33) 

where Dr is the relative density of  75% for a dense sand, and B is the pile width.  The 

moment term used to compute L  and   above is set to zero and all response in terms of 

force components.  Hence the Px term is the summation of the forces resisting motion, 

including shear forces along the pile wall.  This method calculates the lateral deflection at 

ground surface to be 0.065m and rotation of the pile walls to be 0.318°.   These values 

match closely with the measurements extracted from the rotations plots.   

5.5 Rigid Retaining Wall 

DEM simulation results are provided the rigid wall active and passive loading 

cases in Figure 5.88 below.  
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Figure 5.88 - Rigid Retaining Wall Lateral Force Active and Passive Case (From Left to 

Right Respectively) 

For the baseline case the normalized displacement region where earth pressure is 

mobilized leading to critical state region are shown in Figure 5.89 below.   

 

Figure 5.89 - Rigid Retaining Wall Normalized Lateral Force Active and Passive Case 

(From Left to Right Respectively) 
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The normalized displacement in the region of mobilized active earth pressure is 

approximately 0.001. The normalized displacement in the region of mobilized passive 

earth pressure is approximately 0.004.  Considering the earth pressure mobilized at 

critical state (i.e. where the lateral force approaches asymptotic limit) then the active 

normalized displacement is roughly 0.004 and for the passive case 0.01.  Additional 

results for parametric case are shown in Figure 5.90 and Figure 5.91 below. 

  
Figure 5.90 - Rigid Retaining Wall Active Case Model Dimensions and Loading Rate 

(From Left to Right Respectively) 
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Figure 5.91 - Rigid Retaining Wall Passive Case Model Dimensions and Loading Rate 

(From Left to Right Respectively) 

For the model sizes, the height is dramatically larger than the width case.  This is due to 

the basic earth pressure relation  
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0 0
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2
P K H  (5.34) 

where the H0  term is larger in the extended height simulation case.  Fiction effect on 

active and passive loading is presented in Figure 5.92.  Note the friction effect observed 

from DEM results is very small compared to the expected Rankine earth pressure theory.  

From Rankine‟s method the effect of coefficient of wall friction should be much greater 

in the passive case as shown in Figure 5.92 below, where K0 is the lateral earth pressure 

coefficient at foundation friction equal to zero.  
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Figure 5.92 – Wall friction effect on Active and Passive Earth Pressure Coefficient 

For the passive case the foundation friction effect is large while there is little change for 

the active case.  An increase in friction effect is expected for the passive loading case 

from the DEM simulation results.  This theoretical relationship is yet to be successfully 

developed in the DEM model.  Currently the change to wall friction coefficient does not 

influence the response in the granular assembly to a reasonably large value, especially for 

the passive case.  It appears that the slip friction mechanism is not effective to impose the 

proper rigid retaining wall surface roughness.  Since wall geometry is flat in the DEM 

model it is reasonable that the foundation friction has little effect on the lateral earth 

pressure.  It is recommended that the wall be given a geometric surface roughness 

defined by sawtooth geometry defining lateral wall to ensure that the roughness effect 

creates the desired response in the granular assembly.  
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Now looking at the smaller scale behavior along the rigid retaining wall, it is 

commonly assumed that the stress change along the wall is linear.  Salgado (2008) points 

out that the curved stress distribution is more realistic.  DEM results show highly 

nonlinear stress distribution behind the wall.  PFC2d computes the average stress for 

particle contacts contained in a circle area by the following formulation   

 

1

p c

p

( c ) ( p ) ( c ,p ) ( c )

ij i i i j( p )
N N

N

n
x x n F

A


 
 

     
 
 


  (5.35) 

where n is the porosity, A
(p)

 is the area of the particle, xi
(p) 

is the particle centroid point, 

xi
(c)

 is the particle contact point, ni
(c,p)  

is the unit normal from particle centroid to particle 

contact, and Fj
(c)  

is the force at the particle contact.   

The lateral earth pressure generated by the backfill in the DEM simulation for the 

at rest condition is examined in detail in Figure 5.93, which shows the average lateral 

stress values at each contact point behind the displaced wall for a rectangular sampling 

region consisting of the backfill height and distance from the wall defined below.  
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Figure 5.93 – At Rest Backfill Pressure Distribution along Rigid Retaining Wall for 

distances 2.0m, 1.0m, 0.1m, and 0.05m from the Wall (CW from Top Left, Respectively) 

Using the earth pressure equation given previously, the at rest earth pressure coefficient 

may be back-calculated from the backfill pressure as shown in Table 5.9 below. Note the 

lateral stress is given for model length dimension of 1 m to match typical earth pressure 

coefficient values from traditional theory.  
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Table 5.9 – At Rest Backfill Pressure Distribution Along Rigid Retaining Wall 

Distance From Wall x = 2.0 m x = 1.0 m x = 0.1 m x = 0.05 m 

Intercept 0x  [kPa] 107.32 104.449 60.569 53.034 

 0 0 0xK H  [kPa]     0.401 0.391 0.226 0.198 

This method appears to underestimate the theoretical at rest value predicted by Jaky‟s 

equation.  Hence a simpler method is used for computing the active and passive earth 

pressure coefficients, where KA and passive KP earth pressure coefficients are solved 

from Equation 5.34 given the lateral thrust measured from the DEM simulation.  These 

earth pressure coefficients are algebraically solved to be 0.32 and 3.16 for active and 

passive case, respectively.  

Rotations Figure 5.94, Figure 5.95, and Figure 5.96 are presented for all 

parametric simulation active cases at 0.15 m lateral displacement loading.  Failure 

surfaces are visually fit to all figures using AutoCAD for a range 60° to 65°.   

 

Figure 5.94 – Grain Rotations Active Case Baseline at 0.15 m lateral displacement 
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Figure 5.95 – Grain Rotations Active Case Extended Width at 0.15 m lateral 

displacement 

 

Figure 5.96 – Grain Rotations Active Case Extended Height at 0.15 m lateral 

displacement 
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Friction cases did not show any change in rotation figures.  Finally, Figure 5.97 and 

Figure 5.98 show the slow and fast loading cases, respectively.  

 

Figure 5.97 – Grain Rotations Active Case Slow Loading at 0.15 m lateral displacement 

 

Figure 5.98 – Grain Rotations Active Case Fast Loading at 0.15 m lateral displacement 

Rotations Figure 5.99, Figure 5.100, and Figure 5.101 are shown for all 

parametric simulation passive cases at 0.20 m lateral displacement loading.  Failure 

surfaces are fit to all figures using post simulation image processing.  Note that rotations 

show widespread collapse without development of shear bands.  
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Figure 5.99 – Grain Rotations Passive Case Baseline at 0.20 m lateral displacement 

 

Figure 5.100 – Grain Rotations Passive Case Extended Width at 0.20 m lateral 

displacement 

 

Figure 5.101 – Grain Rotations Passive Case Extended Height at 0.20 m lateral 

displacement 
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Friction cases did not show any change in rotation figures.  Lastly Figure 5.102 and 

Figure 5.103 show the slow and fast loading cases, respectively.  

 

Figure 5.102 – Grain Rotations Passive Case Slow Loading at 0.20 m lateral 

displacement 

 

Figure 5.103 – Grain Rotations Passive Case Fast Loading at 0.20 m lateral displacement 

Estimation of slip plane in rotation figures show that the active loading matches closely 

with classic earth pressure theory, while for the passive case the orientation angle is 

greater than predicted theory by several degrees.   Normalized lateral wall deflection to 
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mobilize failure in the backfill are informed by values printed by Salgado (2008) for 

dense sand 
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Classic theory describing earth pressure coefficient by  
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for level back fill and frictionless vertical wall.  Equations 5.38, 5.39 and 5.40 give 0.38, 

0.55 and 2.62 for Ka, at K0, and Kp respectively.  The ratio of side wall stress to bottom 

wall stress from the DEM simulation is plotted throughout loading in Figure 5.104 below. 
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Figure 5.104 – Coefficient of Lateral Earth Pressure during Loading 

where K0 is computed from Jaky‟s relation at peak friction angle. Since direction is 

different and both active and passive loading are presented together in Figure 5.104 

above, the active displacement is given in the negative direction.   

Given the earth pressure coefficient and assuming lateral earth pressure varies 

linearly with depth the theoretical Mohr-Coulomb criterion is plotted at critical state 

friction angle in Figure 5.105 below.  

0.01 0.005 0 0.005 0.01 0.015
0

0.5

1

1.5

Active Case

K0

Passive Case

/H [ ]

S
id

e 
W

a
ll

 t
o

 B
o

tt
o

m
 W

al
l 

S
tr

es
s 

R
at

io



 

203 
 

  

Figure 5.105 – Mohr-Coulomb Method for Rigid Retaining Wall 

Lateral forces are given for active and passive case assume homogeneous soil layer are  
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Theory and simulation results for the rigid wall are summarized in Table 5.10 for active 

case and Table 5.11 for passive case below.  
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Table 5.10 – Active Case Analytical Versus DEM Results 

Description 

Formulation 

(Theoretical) 

Theoretical 

Value (A) 

DEM Simulation 

Value (B) 

Deviation 

 (A)/(B) 

Orientation 

[deg] 4 2
a

 



   58.3 60 - 65 0.94 - 1.02 

Normalized 

Lateral Wall 

Deflection [ ] 0

a

H


 0.001 0.001 - 0.004 0.25 – 1.0 

Earth Pressure 

Coefficient [ ] 

1

1
a

sin( )
K

sin( )









 0.38 0.32 1.19 

Lateral Force 

[kN]  

0

0

H

a aP K zdz    48.4 37.9 1.28 

Table 5.11 - Passive Case Analytical Versus DEM Results 

Description 

Formulation 

(Theoretical) 

Theoretical 

Value (A) 

DEM Simulation 

Value (B) 

Deviation 

(A)/(B) 

Orientation 

[deg] 4 2
P

 



   31.7 30 - 36 0.80 - 0.96 

Normalized 

Lateral Wall 

Deflection [ ] 0

P

H


 0.020 0.004 - 0.01 2 - 5 

Earth Pressure 

Coefficient [ ] 

1

1
p

sin( )
K

sin( )









 2.62 3.16 0.83 

Lateral Thrust 

[kN]  

0

0

H

p pP K zdz    533.4 507.9 1.05 

The normalized lateral wall deflection during mobilization of earth pressure is given as a 

range for the DEM simulation value since it is difficult to define the point of maximum 

curvature in Figure 5.89 or the point at which the lateral force approaches asymptotic 

limit. For the lateral force DEM simulation results at the critical state (i.e. asymptotic 

limit) is used.  The Overall theoretical results are comparable with DEM results, showing 
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DEM results are reasonable.  In terms of deviation between analytical and DEM the earth 

pressure coefficient has the greatest deviation is large by a factor of approximately 1.4.  

This may be due to the state of loading.  If the granular backfill has not completely 

reached critical state the earth pressure coefficient could still be smaller (i.e., closer to K0 

value).  
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6. CONCLUSIONS AND RECOMMENDATIONS 

 

 

6.1 Conclusions 

DEM results are compared to a diverse set of analytical solutions.   The difference 

between DEM and analytical solutions vary, but overall shallow foundation, laterally 

loaded deep foundation, and rigid retaining wall match reasonable well with analytical 

solutions.  The DEM result for deep foundation (vertical loading) seems to underestimate 

soil response when compared with the majority of analytical solutions.  Also, the DEM 

provides a great deal of additional insight into each simulation which is largely 

inaccessible using traditional analytical methods. Overall, a deeper physical 

understanding of the problem is possible due to the micromechanical basis and grain 

scale employed.  The engineering has an advantage with this approach since it is 

applicable to so many geotechnical problems with only small changes to model 

dimensions or loading scheme.   

6.1.1 Biaxial Compression Test 

Strength parameters are computed as the average over four confining stress cases: 

25kPa, 50kPa, 75 kPa, and 100 kPa.  This range builds a complete picture of the soil 

response to various principle stress states.   Because of dilation, the internal friction angle 

may be computed for the peak strain range and critical state strain range.  Values 

calculated in this study are 26.6° for critical state and 32.5° for peak state.  The elastic 

modulus, which is computed over an initial strain range, varies from approximately 
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12MPa to 25MPa for all confining stress levels in the biaxial test.   For this study the 12 

MPa elastic modulus value is emphasized as it is the worst case modulus which produces 

the largest strains in analytical calculations for SSI problems.  The Poisson‟s ratio is 

computed to be 0.36 for all confining stress cases.  Although other numerical strength 

tests exist the DEM approach is an intuitive means of estimating strength and material 

parameters from a hypothetical granular assembly based on realistic discrete physics.    

6.1.2 Interface Shear Test 

 Results from grain rotations show local strain bands forming a mound which 

agree with observation by Wang (2007a).  The coefficient of friction matches closely 

with results by Uesugi and Kishida (1986b) showing a linear increase to maximum shear 

peak.  The maximum shear peak plotted separately in terms of friction angle shows 

monotonic increase converging to the internal friction angle measured by the averaged 

peak state biaxial compression tests.  This strong correlation between experimental 

results and simulation results implies that DEM would be successful in capturing a wide 

range of interface roughness effect during loading.  The micromechanical interface 

between sawtooth wall and discrete elastic particles is quite difficult to directly capture in 

other numerical simulation, especially continuum numerical models.  The DEM approach 

is a straightforward and successful means to capture behavior supported by previous 

experimental work.  
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6.1.3 Shallow Foundation 

 Load-displacement results for model size variation showed the model width still 

had significant effect if increased.  There is an increase in the post peak resistance for the 

extended height model, which may be related to the disappearance of the grain rotations 

stress bulb which developed in the baseline case.  The level of detail provided during the 

detection of the propagating failure surface (which may be captured throughout the 

loading process) is a unique advantage of the DEM approach.  Also, insights as to such 

detailed grain-scale features of the slip surface are largely inaccessible using traditional 

analytical approaches.  Otherwise the baseline case showed adequate model dimension 

size.  The foundation friction had little influence on load response, which is expected 

considering the embedment depth is only 1 m. For shallow foundations the resistance 

generated by the side walls is expected to be quite small, so this lack of friction effect is 

reasonable. Analytical solution compared well with DEM results.  Immediate and total 

settlement lead to the peak resistance measured in the simulation.  Ultimate and allowable 

settlements provide upper and lower bounds to the peak and critical state resistance 

values from the simulation.  Failure geometry mapped over the grain rotations figure at 

critical state matches well for elastic wedge, Prandtl radial shear zone, and Rankine 

passive zone.  The orientation of the slip surface is 28.8° and 61.2° for various slip 

surfaces on the completed superposition map.  
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6.1.4 Deep Foundation Vertical Loading 

 Load-displacement results for model size variation showed the model width and 

model height provide lower and upper bounds for the baseline case, respectively.  This 

shows the choice of model dimension is quite reasonable.  Load-displacement curves also 

qualitatively show similar slopes all the way to critical state.  Foundation friction has a 

significant effect on the load response for the deep foundation case.  There is monotonic 

increase in critical state resistance with foundation wall interface friction angle defined in 

the DEM code.  This is expected since the deep foundation case often is governed by the 

skin resistance.  Results of side versus base resistance reveal at low foundation friction 

the majority of the load is carried at the base instead of the sides.  This switch is not 

identifiably in the total resistance figure and is a major advantage of the DEM approach.  

In essence the DEM captures floating versus end bearing behavior using the same 

framework whereas traditional analytical methods usually must assume one scenario.  As 

with shallow foundation grain rotations, the deep foundation shows the disappearance of 

stress bulb at larger model height, which may be caused by a flaw in the loading 

algorithm, or possibly showing the model height should be increased. Finally, Analytical 

solutions compared in this study tend to overshoot the DEM results for ultimate load, 

with the majority of solutions several times higher than expected.   
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6.1.5 Deep Foundation Lateral Loading 

 Lateral loading grain rotations show development of several slip surfaces.  Slip 

surfaces match well with force chain and coordination number figures.  The majority of 

the lateral stress is generated along the bottom half of the active wall, as expected.  

Results show the total rotation is 1.8°, and if mobilization is defined at 0.25° the 

corresponding displacement along the surface can be measured at 0.067 m. Results 

compare well to analytical solutions, with lateral deflection along ground surface at 0.065 

m and a corresponding rotation of 0.318°.  This result can be explained by the fact that 

the analytical solution assumes elastic beam theory, whereas the DEM approach assumes 

a rigid wall causing less deflection and rotation.  With just a few changes to the DEM 

code used for the vertically load deep foundation pile, detailed results such as local slip 

surface regions may be investigated using a variety of tools (i.e., grain rotations plot, 

shear stress tensor field, and coordination number field).   

6.1.6 Rigid Retaining Wall 

 Rigid retaining wall resistance results show typical active and passive earth 

pressure lateral thrust curves.  Failure wedge is easy to identify in the grain rotations 

figures for the active case, whereas passive case is less obvious. Lateral deflection 

required to mobilize active and passive state agree well with Salgado (2008) if the values 

are taken graphically at normalized displacement of 0.001 to 0.004 for active case and 

0.004 to 0.01 for passive case, respectively.  Lateral force is compared with analytical 
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solutions for critical state case, agrees well with classic earth pressure theory (37.9kN 

versus 48.4kN DEM versus theory for active and 507.9kN versus 533.4kN DEM versus 

theory for passive).   Predicted orientation of the failure plane agrees well for the range 

given in the DEM result.  Given the distribution of backpressure along the retaining wall, 

the earth pressure coefficient computed for the at rest case (i.e., 0.391) may be extracted 

over a range of 1 m off the back wall which agrees well with Jaky‟s relation.  Also the 

active and passive earth pressure coefficient solved algebraically from Equation 5.34 

(given the lateral thrust in the DEM result) matches well with the analytical solution.  

Overall, the DEM provides a comprehensive approach to the rigid retaining wall 

problem, whereby lateral stress distribution along the deflected wall may be investigated 

in detail (e.g., Figure 5.93) and slip surfaces may be inspected directly from grain 

rotations.  The DEM approach is powerful in that the earth pressure coefficient for any 

representative sample adjacent to the deflected wall may be monitored directly 

throughout the loading process.   

6.2 Recommendations for Future Work 

 Overall, one major improvement to the current study would be the 

implementation of a three dimensional DEM model.  This would reduce the 

inconsistencies regarding dimension length when comparing results with analytical 

models.  While there are alternative strategies, many methods are not designed to 

compute load responses for small lengths in the third dimension.  One drawback to this 
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recommendation is that the computational time is greatly increased using three 

dimensions, and additionally using a full unit width (e.g., 1 m) in the third dimension.   

Another step would be to implement surface roughness in terms of wall geometry.  This 

would be done not in terms of the interface friction coefficient in the DEM code, but 

instead in terms of defining new wall roughness geometer (e.g., the same sawtooth 

geometry used in the interface shear tests).  This was not investigated in the current study 

even though evidence from interface shear tests show that shear strength is greatly 

affected by the surface roughness in the DEM model.  Wall geometries would not be 

difficult to construct, and this would be a natural next step to complete the SSI picture.  

Overall, the ability to implement micromechanical features such as surface roughness 

directly using geometry and monitor the effect in terms of real physical grain rotations is 

a clear unique advantage of the DEM approach.  
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APPENDIX 

A.1 Rigid Retaining Wall Measurement Fields 

 

Figure A.106 - Rigid Retaining Wall Active Baseline Coordination Number at 0.05 m 

lateral displacement 

 

Figure A.107 - Rigid Retaining Wall Active Baseline Lateral Strain at 0.10 m lateral 

displacement 

 

Figure A.108 - Rigid Retaining Wall Active Extended Width Coordination Number at 

0.15 m lateral displacement 
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Figure A.109 - Rigid Retaining Wall Active Extended Width Lateral Strain at 0.20 m 

lateral displacement 

 

Figure A.110 - Rigid Retaining Wall Active Extended Width Shear Strain at 0.15 m 

lateral displacement 

 

Figure A.111 - Rigid Retaining Wall Active Extended Width Shear Strain at 0.20 m 

lateral displacement 

 

Figure A.112 - Rigid Retaining Wall Active Extended Width Vertical Strain at 0.15 m 

lateral displacement 
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Figure A.113 - Rigid Retaining Wall Active Extended Width Vertical Strain at 0.20 m 

lateral displacement 

 

Figure A.114 - Rigid Retaining Wall Active 0.31 Friction Coordination Number at 0.05 

m lateral displacement 

 

Figure A.115 - Rigid Retaining Wall Active 0.31 Friction Lateral Strain at 0.05 m lateral 

displacement 
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Figure A.116 - Rigid Retaining Wall Active 0.31 Friction Lateral Strain at 0.10 m lateral 

displacement 

 

Figure A.117 - Rigid Retaining Wall Active Slow Loading Lateral Strain at 0.20 m lateral 

displacement 

 

Figure A.118 - Rigid Retaining Wall Active Slow Loading Shear Strain at 0.20 m lateral 

displacement 
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Figure A.119 - Rigid Retaining Wall Passive Fast Loading Vertical Strain at 0.15 m 

lateral displacement 

 

Figure A.120 - Rigid Retaining Wall Passive Fast Loading Lateral Strain at 0.15 m lateral 

displacement 

 

Figure A.121 - Rigid Retaining Wall Passive Fast Loading Shear Strain at 0.15 m lateral 

displacement 
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A.2 Rigid Retaining Wall Force Chains 

 

 

Figure A.122 – Rigid Retaining Wall Active Force Chains (0.005 scale thickness) at 

Baseline, Extended Height, and Extended Width Model Size (CW From Top Left 

Respectively).  Retaining Wall Lateral Displacement is 0.10 m. 
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Figure A.123 – Rigid Retaining Wall Active Force Chains (0.005 scale thickness) at 

Baseline, Slow Loading, and Fast Loading (CW From Top Left Respectively).  Retaining 

Wall Lateral Displacement is 0.10 m. 
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Figure A.124 – Rigid Retaining Wall Passive Force Chains (0.005 scale thickness) at 

Baseline, Extended Height, and Extended Width Model Size (From Top to Bottom 

Respectively).  Retaining Wall Lateral Displacement is 0.10 m. 
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Figure A.125 – Rigid Retaining Wall Passive Force Chains (0.005 scale thickness) at 

Baseline, Slow Loading, and Fast Loading (CW From Top Left Respectively).  Retaining 

Wall Lateral Displacement is 0.10 m. 
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A.3 Particle Rotations 

 

 

 

 

Figure A.126 - Rigid Retaining Wall Active Baseline Case at 0.05 m, 0.10 m, and 0.15 m 

Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.127 - Rigid Retaining Wall Active Extended Height Case at 0.10 m, 0.20 m, 

0.25 m, and 0.30 m Lateral Displacements (CW From Top Left Respectively) 
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Figure A.128 - Rigid Retaining Wall Active Extended Width Case at 0.10 m, 0.15 m, and 

0.20 m Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.129 - Rigid Retaining Wall Active Wall Friction 0.31 at 0.05 m, 0.10 m, and 

0.15 m Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.130 - Rigid Retaining Wall Active Slow Loading at 0.10 m, 0.15 m, and 0.20 m 

Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.131 - Rigid Retaining Wall Active Fast Loading at 0.06 m, 0.10 m, and 0.16 m 

Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.132 - Rigid Retaining Wall Passive Baseline Case at 0.10 m, 0.15 m, and 0.20 

m Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.133 - Rigid Retaining Wall Passive Extended Height Case at 0.10 m, 0.15 m, 

and 0.20 m Lateral Displacements (CW From Top Left Respectively) 
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Figure A.134 - Rigid Retaining Wall Passive Extended Width Case at 0.10 m, 0.15 m, 

and 0.20 m Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.135 - Rigid Retaining Wall Active Wall Friction 0.31 at 0.10 m, 0.15 m, and 

0.20 m Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.136 - Rigid Retaining Wall Active Slow Loading at 0.10 m, 0.15 m, and 0.20 m 

Lateral Displacements (From Top to Bottom Respectively) 
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Figure A.137 - Rigid Retaining Wall Active Fast Loading at 0.10 m, 0.15 m, and 0.20 m 

Lateral Displacements (From Top to Bottom Respectively) 


