ABSTRACT

ABERNATHY, ZACHARY JOHN. Nonlinear Dynamic Equations subject to Global and
Periodic Boundary Conditions. (Under the direction of Jestus Rodriguez.)

In this manuscript, we study nonlinear dynamic equations subject to global and pe-

riodic boundary conditions. We first analyze nonlinear difference equations of the form

Alp(t = D)Az(t = 1)) + q(t)2(t) + P(x(t)) = G(x(t))

subject to the global boundary conditions

az(a) + fAz(a) + m(z) = ¢1(x)

Y2(b+1) + 6Az(b + 1) + n2(z) = da().

By using properties of the nonlinearities which occur in both the dynamic equation and
in the boundary conditions, we are able to provide sufficient conditions for the existence
of solutions.

We then study nonlinear differential equations of the form

(p()2'(1))" + q(t)=(t) + ¥(x(t)) = G(x(t))

subject to

az(0) + Bz'(0) + m(z) = ¢1(2)

v2(1) +02'(1) + n2(x) = P2(x).



Again, we establish sufficient conditions for the solvability of these equations by analyzing
the relationship between the nonlinearities and a related linear Sturm-Liouville problem.
We conclude by finding periodic solutions to a system of nonlinear difference equations

of the form

Az(t) = fle,t, x(t)).

The solution space of the corresponding linear homogeneous equation is n-dimensional,
and accordingly we use a projection scheme and fixed point argument to establish the

existence of solutions.
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Chapter 1

Introduction

This paper is devoted to the study of various general classes of discrete and continuous
nonlinear boundary value problems. In Chapters 2 and 3, we consider nonlinear Sturm-
Liouville problems subject to global nonlinear boundary conditions. We use the Global
Inverse Function Theorem together with either Brouwer’s or Schauder’s fixed point the-
orem to provide sufficient conditions for the existence of solutions. In Chapter 4, we
establish the existence of periodic solutions to a system of nonlinear difference equations
using the Lyapunov-Schmidt procedure along with Brouwer’s fixed point theorem.

We begin in Chapter 2 by studying nonlinear difference equations of the form
Alp(t = DAz(t = 1)) + q(t)z(t) + ¢ (x(t)) = G(z(t))

subject to the global boundary conditions

az(a) + fAz(a) + m(z) = ¢1()

yr(b+1) + Az(b+ 1) + na(x) = ¢a(x).



We provide sufficient conditions for the existence of solutions based on properties of the
nonlinearities and the eigenvalues of an associated linear Sturm-Liouville problem.
In Chapter 3, we consider a continuous analog of the problem in Chapter 2. Namely,

we study the nonlinear differential equation

(p()2'(1))" + q(t)=(t) + ¥(x(t)) = G(x(t))

subject to general non-local boundary conditions of the form

az(0) + Ba'(0) + m(x) = ¢1(x)

yx(1) 4+ 02/ (1) + no(x) = ¢o(x).

We are again able to establish sufficient conditions for the existence of solutions using
properties of the nonlinearities and their relationship with the eigenvalues of an associated
linear Sturm-Liouville problem. However, due to the continuous nature of the problem,
our function spaces become infinite-dimensional and the resulting analysis is much more
delicate.

The purpose of Chapter 4 is to search for periodic solutions to a system of nonlinear

difference equations of the form

Ax(t) = f(e, t,x(t)).

The corresponding linear homogeneous system has an n-dimensional kernel, i.e. the
system is at full resonance. We provide sufficient conditions for the existence of periodic

solutions based on asymptotic properties of the nonlinearity f when ¢ = 0. By allowing



for higher-dimensional solution spaces of the associated linear problem as well as for more
general asymptotic behavior of the nonlinear function f, our results complement previous
work in the study of periodic discrete dynamical systems.

As evidenced above, the reader should note that a similar approach is used in Chapters
2 and 3, with Chapter 4 using a distinct methodology. However, each chapter is self-
contained and may be fully understood without any prerequisite knowledge of the other

chapters.



Chapter 2

Nonlinear Discrete Sturm-Liouville
Problems with Global Boundary

Conditions

2.1 Introduction

We study the existence of solutions of the discrete boundary value problem
Alp(t = 1D)Az(t — 1)) + q(t)z(t) + ¥ (x(t)) = G(x(t)) (2.1)
subject to the global boundary conditions

az(a) + fAz(a) +m(z) = ¢1(z)

yr(b+ 1) + Az (b+ 1) + na(x) = ¢do(x).



Throughout our discussion, X will denote the set of real-valued functions defined on
the integers [a,b + 2] and Y will denote the set of real-valued functions defined on the
integers [a + 1,b + 1]. We shall assume G, ¢, and ¢, are continuous, where G : X — Y,
¢ X — R, and ¢ : X — R. The functions n; and 7y are continuously Fréchet
differentiable from X into R. We also assume 1 : R — R is continuously differentiable,
p(t) is defined and positive on [a, b+ 1], ¢(t) is defined on [a+ 1,b+ 1], and the boundary
conditions (2.2) are such that o>+ 3% # 0,72 +6% # 0, # 8,7 # 6. In order to study the
boundary value problem (2.1)-(2.2), we will first need to consider the related boundary

value problem

Alp(t = 1Az (t — 1)) + q(t)x(t) + ¢ (x(t)) = h(t) (2.3)

subject to

ax(a) + fAx(a) + m(z) = v

yr(b+ 1) 4+ dAx(b+ 1) 4+ no(x) = vy

where h(t) is defined on [a+1, b+1] and vy, v € R. With a non-resonance type assumption
on v, together with bounds on the Fréchet derivatives of 7,12, we will use the Global
Inverse Function Theorem to show the existence of a unique solution to (2.3)-(2.4). If,
in addition, G, ¢1, and ¢, satisfy appropriate growth hypotheses, we will use the above-
mentioned result in conjunction with the Brouwer Fixed Point Theorem to obtain the
existence of at least one solution to (2.1)-(2.2).

The results presented in this chapter complement previous work in the field of non-

linear boundary value problems. Readers interested in differential equations subject to



global constraints may consult [3,7,22,25,28,31]. Discrete systems subject to a variety
of boundary conditions appear in [1, 10, 23, 24, 26, 29, 30]. Related references in the study
of periodic behavior for discrete dynamical systems are [9, 11].

We shall rewrite the boundary value problem (2.1)-(2.2) as an operator equation of

the form

Lx—VUr =(Gz.

The study of equations of this form has been frequent in the literature, where £ is a linear
differential expression, ¥ is a continuously Fréchet differentiable operator, and G is an
operator with bounded range. Indeed, Dolph [8] studied analagous Hammerstein integral
equations, while the case when L is an ordinary differential operator has been studied
extensively in papers such as Leach [19], Lazer and Leach [17], Lazer and Sanchez [18],
and Brown [4]. Brown and Lin [5] were able to allow for the case when G was unbounded
but was subject to a sub-linear growth requirement. Landesman and Lazer [16] considered
the case when L is a self adjoint partial differential operator.

Our formulation of the operator equation Lx — Wx = Gx incorporates both the
dynamics and the boundary conditions. The non-local boundary conditions (2.2) and
(2.4) are significantly more general than those that have previously appeared in the

above-mentioned analogous results for differential equations.

2.2 Preliminaries

Let N =b—a+ 1, let X be the set of real-valued functions z defined on [a, b + 2|, and

let Y be the set of real-valued functions y defined on [a + 1,0+ 1].



X and Y are finite-dimensional Hilbert spaces with respect to the discrete inner product

<,y >= Y 3 (t)za(t),

t

where the sum is taken over all integer ¢ values in the above intervals of definition. We

shall use the inner product norm

el = v<z,2>

on each set. When we compute the norm of a bounded operator, we will use the operator

norm and denote it ||| - |||. We will also use | - | to denote the Euclidean norm on R™ for

any positive integer n. Finally, we shall use the norm || | = max{||h|, |v|} on the
v

set Y x R?.

We define A: X — Y and B: X — R? by

Az(t) = A(p(t — 1)Az(t — 1)) + q(t)x(t) for t € [a+ 1,0+ 1],

Bl - az(a) + fAz(a) |

yo(b+1) + 0Az(b+ 1)

and we let £: X — Y x R? be given by

We define ¥ : X — Y x R? by



v - |
—n(x)
where w : X — Y is given by w(z)(t) = ¢(z(t)) for t € [a +1,b+ 1], and ¥ € C*(R,R).

m(z)

The map 7 : X — R? is given by n(z) = , where 7; and 7, are continuously
12()
Fréchet differentiable from X — R.
Let G : X — Y x R? be given by
G(z)
G(x) = )
¢(z)
. . . ¢1()
where G is a continuous function from X — Y and ¢(z) = , where ¢ and ¢,
¢2()

are continuous functions from X — R.

Note that the problem (2.1)-(2.2) is equivalent to solving

Lx—V(r)=Gx

and the problem (2.3)-(2.4) is equivalent to solving



1
where h €Y, v = € R2.

V2

We shall first consider the related linear Sturm-Liouville problem

Alp(t — 1)Az(t — 1)) +q(t)x(t) + Ax(t) =0 (2.5)

together with the homogeneous boundary conditions

azx(a) + fAz(a) =0
(2.6)
yr(b+ 1)+ dAz(b+1) =0

which may be equivalently expressed as

Ax + Xz =0, Br=0.

The following proposition is taken from Kelley, Peterson [14].

Proposition 2.2.1. Suppose that o + % # 0,72 + 6% # 0, # B,y # 6. The Sturm-
Liouville problem (5)-(6) has N real, simple eigenvalues \y < Ay < -+ < Ay and N
corresponding linearly independent eigenfunctions x;(t),1 < i < N. If Ay, Ay, are distinct

ergenvalues, then ., x,, are orthogonal, i.e. < x,,x,, >= 0.

Remark 2.2.2. The eigenfunctions may be chosen to be real and normalized, i.e.
<ap,xp>=1, 1 <k < N. We shall make this convention throughout the remainder

of the chapter.

Remark 2.2.3. If h is an arbitrary real-valued function defined on [a+1,b+ 1], we may



express the Fourier series of h with respect to the eigenfunctions of the Sturm-Liouville
problem (5)-(6) as

h(t) = < h,ay, > xp(t).

2.3 The Lz — U(z) = [h,v]" Case

Recall that solving the problem (2.3)-(2.4) is equivalent to solving
Lx—V(x)=

Since X is finite-dimensional with dimension N+42, £ is in fact a bounded, linear operator,

and hence is continuously Fréchet differentiable, with:
L'(x)(u)(t) = Lu(t) forall u,x e Xt €la+1,b+1].

U is also continuously Fréchet differentiable, with:

V() (u)(t) = ~VeB)ult) for all u,xz € X,t € a+1,b+1].

—n'(z)u

To establish the existence of a solution to (2.3)-(2.4), we shall use the following version

of the Global Inverse Function Theorem, proved in Chow, Hale [7]:

Theorem 2.3.1. Suppose X, Y are Banach spaces, ® € C*(X,Y), and for each z € X,

10



() is a bijection from X onto Y. If there is a constant K such that |||[®'(x)]7!|| < K

for all x € X, then ® is a homeomorphism of X onto Y.

Throughout the remainder of the chapter, we will assume that the following two condi-

tions hold:

(H.1) There exists an interval [c, d] which does not contain any of the eigenvalues \; of

the Sturm-Liouville problem (5)-(6) and such that ¢ < ¢'(s) <d, s € R.

(H.2) There exists a constant (, such that the non-linear boundary operator 7 satisfies

sup{[[[7'(2)|] : # € X} = G0 < o0.

There are three cases in which condition (H.1) may arise. First, we may have

A1 <c<YP'(s) <d < \,, sER,

where A,,_1, A, are consecutive eigenvalues of (2.5)-(2.6). This is the usual form of con-
dition (H.1) considered in the continuous analogs of equations (2.1) and (2.3). However,

we also have two other possibilities for satisfying (H.1):

c<Y(s) <d< )\

and, due to the finite number of eigenvalues in the discrete case,

Ay <c<(s) <d.

11



We let

A+ pl
and define £, =
B

Let {w;,ws} form a basis for the two-dimensional solution space of the second-order

difference equation

Alp(t = 1)Az(t = 1)) + q(t)2(t) + pa(t) = 0,

or equivalently, (A + pl)z = 0. We assume without loss of generality that wq,w, are
w1 (t)

wo(t)

taken such that [Jw:||* + |Jws]|* < 1. We shall denote w(t) =

We define the 2 x 2 matrix B = [ B(wy) | B(ws) ].

Recall that the eigenvalues and corresponding eigenfunctions of the linear Sturm-Liouville
problem (2.5)-(2.6) are denoted by {\g, xx} for 1 < k < N. In our discussion of the
solvability of the boundary value problem (2.3)-(2.4), we will use the following properties

of the operator L,,.

h
Lemma 2.3.2. £, is a bijection from X ontoY x R2. For any €Y x R2,

v

h al < h,x >
Lil = E Iu,—)\l’k‘kw(t)TBilU.
- Nk
v k=1

12



Moreover,

L < o+ 1B7HIL
where p = sup{|p — \e| ™1, k € [1, N]}.

h
Proof. First note that 1 # A; implies that £, is one-to-one. Given any €Y xR?,

v
we search for a solution to £, (x) = of the form
v
N
x(t) = Z Tk (t) + crwi (t) + cawa(t), (2.7)
k=1

where {z} are the eigenfunctions of the Sturm-Liouville problem (2.5)-(2.6), i.e. Az +

h
Since (A 4+ pl)(crwy + cowy) = 0 and B (chvzl akxk) =0, we see that £,(z) = if
v
and only if
N
k=1
and
B(ciwy + cows) = v. (2.9)

Given h € Y, we can use the Fourier series expansion in terms of the eigenfunctions {x;}

13



to solve for ay, in (2.8) as follows:
N
(A+,u])2ak$k =h
k=1
N N
(A—F/LI)ZOKka = Z < h,l’k > Ty
k=1 k=1

N N
Z(_)\k + p) oy = Z < h,x), > x.

k=1 k=1

<h,xr;>

Hence, oy, = s vt

Next, note that (2.9) may be rewritten

618<UJ1> + CQB(’IUQ) =

or

C2

where the 2 x 2 matrix B = [ B(w;) | B(wy) |. The matrix B is invertible, due to the fact
that the boundary value problem (A + pl)x = 0, Bz = 0 has only the trivial solution.

Hence, we have found

crwy (t) + cows(t) = w(t) B~ o.

14



h
Therefore, for any €Y x R?,

h N < h,x >
o -y S w0 B
- Nk
(% k=1

To estimate the norm of £, we observe that since the eigenfunctions {z;} form an

no

orthonormal set,

N

< h,zp > 1
I3 =) < ( sup —m) 2]

— M Ak ke[1,N] |

and therefore, recalling that ||w:||* + |Jws||* < 1, we obtain

LM< o+ 1B

The value of p will depend on which of the three cases of condition (H.1) occurs. If we

have

A1 <c <P (s) <d <\, sER,

then

15



1 1 1
= max , .
{M - /\m—l )\m - M}

p= Sup ———
ke[1,N] |M - )‘k‘

Similarly, if ¢ < 9¢/'(s) < d < Ay, then

1 1
= Sup o s
ke[1,N] |M - >\k| Al —p

and if Ay < ¢ <'(s) < d, then

1 1
p= sup = .
KeLN] [ — Ak] = An

It is an immediate consequence of the definitions of p,I" that pI' < 1. This fact is of

fundamental importance in the results that follow.

We now present sufficient conditions for the solvability of the boundary value problem

(2.3)-(2.4).

Theorem 2.3.3. Suppose conditions (H.1) and (H.2) hold. If

pL+ 1B~ H16 < 1,

v
then for each h defined on [a+1,b+1] and each ' € R?, the boundary value problem
%)

(2.3)-(2.4) has a unique solution.

Proof. The boundary value problem (2.3)-(2.4) is equivalent to the operator equation

16



h
Lx—V(x)=
v

Since £ and ¥ are both Fréchet differentiable, so is £ — W.

We shall first establish the fact that for each x € X, £ —VU’(z) is a bijection from X onto

Y x R2.

We define the operator ¥, : X — Y x R? by

—n(x)

where w : X — Y is given by w(z)(t) = ¢(z(t)) for t € [a+ 1,b+ 1].

Consider the equation

h h
L — V' (z)]u = , ueX, €Y x R
v v
h
Note that the equation [£ — ¥/ (x)]u = is equivalent to
v
) h
Lou—V (z)u=
v
h

u— L (z)u=L,"

17



wop o
v
Our next goal is to estimate the norm of L' W ().
It is clear that
—w'(x)u + pu
v, () (u) = :
=1 (z)u

where w'(z)(u)(t) = —¢'(x(t))u(t).

Using conditions (H.1) and (H.2), we obtain

| — ' (z(t))+pu|<Tforallze X and t € [a+ 1,0+ 1],

and

sup{[[[n'(@)||| : © € X} = Go.

We now appeal to the formula for E;l in Lemma 2.3.2 to obtain

£, L @) < pT + 1B~ [1o.

Recall, for any bounded operator A with [||A||| < 1, we have that I — A has a bounded
inverse and [[[(1 — A)7H|[ < (L= [[|A[l[)~".

Thus, by choosing (o small enough so that pI'+|[[B~"[||¢o < 1, the operator I — £, "W/ ()

18



-1

has a bounded inverse which implies (£ — V’'(z))™" exists for each z € X, and

(L—W(2) " =[-L, V()] "L,

e =¥ < (T=pr ey ) 0 15D

B
T ol 1B~

K,

a bound independent of z. Hence, £ — W satisfies the hypotheses of Theorem 2.3.1, which

implies there is a unique solution to the boundary value problem (2.3)-(2.4) for each h(t)

v
defined on [a + 1,b + 1] and each ' | € R2 This completes the proof. O
Vg

We mention as a corollary to Theorem 2.3.3 the case when the non-linear boundary

operators 7; and 7 are identically zero.

Corollary 2.3.4. Suppose condition (H.1) holds. Then the boundary value problem

Alp(t = DAx(t — 1)) + q(t)x(t) + ¢ (x(t)) = h(t)

19



subject to

az(a) + fAz(a) = v

yr(b+ 1)+ 6Az(b+ 1) = vy

v
has a unique solution for each h defined on [a + 1,b+ 1] and each "l ere.

%
Proof. Using the above notation in the proof of Theorem 2.3.3, we have that (, = 0,
which together with the fact that pI' < 1, implies that (£ — ¥/(x))~! exists for each

r e X, and

(L—W(2) " =[I—- L,V ()L,

e = w1l < (15 (o 151D

o lIB Ny
1—pI ’

a bound independent of x. Hence, £ — ¥ again satisfies the hypotheses of Theorem 2.3.1,

which implies the result. [

Remark 2.3.5. We note that the above estimate of the norm of (L—'(z))~" in Theorem
2.3.3 provides some insight into the relationship between the distribution of the eigenvalues
to the linear Sturm-Liouville problem (2.5)-(2.6), the permissible range of the derivative of

the nonlinearity v, and the size of |||n'(x)|||. As we allow ¢'(s) to lie closer to consecutive

20



eigenvalues of the linear problem (by letting pI' approach 1), we must be more restrictive
with 1'(z) and choose (o small enough to ensure pU + |[|[B7Y||Co < 1. On the other
hand, if we are more restrictive with ' by keeping the interval [c,d] far away from any
eigenvalues of (2.5)-(2.6), we can loosen the condition on n'(x) and allow (y to be larger.
We also observe that when d < \y or ¢ > Ay, all we further require of v is for it to be
bounded, which in the latter case would not typically be possible in a continuous analog

with an infinite number of eigenvalues.

2.4 The Lx — V(x) = Gz Case

We now study the existence of solutions to the boundary value problem (2.1)-(2.2), or

equivalently,

Lr— V() =Gz,

where G : X — Y x R? is continuous.

Continuing with our supposition of conditions (H.1), (H.2), we first mention the follow-

1

ing important property of the operator (£ — W)~'. This property was observed in the

continuous analog of equations (2.1) and (2.3) by Brown [4]. We are able to supply a

different proof using the Fréchet differentiability of L.

Proposition 2.4.1. (£L—U)"': Y x R* = X is continuously Fréchet differentiable and

p+IIIB— ]

Lipschitz continuous with Lipschitz constant K = T BTG -

Y Y
Proof. For each = € X, €Y x R? such that (£ — ¥)(z) = , we have that

(Y (%

21



Y
(L—0'(x))~! exists by Lemma 2.3.2 and is the derivative of (£ — W)~} . Moreover,

v
since (£ — ¥'(x))~! has a uniform bound of K, it follows that (£ — ¥)~! is Lipschitz

continuous with constant K by the Mean Value Theorem for Fréchet derivatives. O]

In the following result, we provide sufficient conditions for the solvability of the boundary

value problem (2.1)-(2.2), which is equivalent to

Lx—V(x) =Gz,

where G(z) =

In [5], Brown and Lin establish the existence of solutions to a continuous analog of
equation (2.1) subject to linear homogeneous boundary conditions. It should be observed
that the operator G represents a nonlinearity in the dynamic equation, and the nonlinear

boundary operator ¢ allows for the possibility of more general global boundary conditions.

Let C' = [|(£ = ¥)~(0)]]

Theorem 2.4.2. Suppose ¥, n satisfy conditions (H.1), (H.2), pU + |||B7||{o < 1, and

G: X =Y x R? is continuous. If there exists a constant M > 0 such that for |z| < M,

1G(x)|| < 2=C. then there exists at least one solution of the boundary value problem

(2.1)-(2.2).
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Proof. As noted earlier, solving (2.1)-(2.2) is equivalent to solving
Lx—V(x)=G(x)

r=(L-U)"'G(x).

Let H= (L —¥) oG, and define
By = {reX:|z] < M}.

Then H(By) C By, since for ||z]| < M,

1H ()] = [(£ — ¥) ' G(=)]|
< K[IG()] + (£ = &)~ (0)]]

= K[[G(@)[| +C

M—-C
< = .
_K( % )+C M

Since H is a continuous function, the Brouwer Fixed Point Theorem guarantees exis-

tence of at least one fixed point of H in B),. O]

Remark 2.4.3. With the appearance of the Lipschitz constant K for (£ — ¥)~1 in the
bound for ||G(x)| on the ball By above, we again note the connection between the dis-
tribution of eigenvalues of the linear problem (2.5)-(2.6) and the permissible size of the
nonlinearity G. The further apart the eigenvalues of (2.5)-(2.6), the smaller the value of

K can be made, and hence the size of ||G(x)|| is allowed to be larger.
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As with the corollary to Theorem 2.3.3, we state the previous result in the case when the

non-linear boundary operators n; and 7y are identically zero.

Corollary 2.4.4. Suppose condition (H.1) holds. If there exists a constant M > 0 such

—C
that for ||z < M, ||G(z)|| < 2ZE, then the boundary value problem

Alp(t = DAz(t = 1)) + q(t)2(t) + P(x(t)) = Gx(t))

subject to

ax(a) + fAz(a) = di(x)

yr(b+ 1)+ dAx(b+ 1) = ¢o(x)

has at least one solution.

We mention as another corollary to Theorem 2.4.2 the special case when G obeys a

sub-linear growth condition. The proof of this corollary is immediate.

Corollary 2.4.5. Suppose (H.1) and (H.2) hold, pU + |||B~||¢o < 1, and there is an
0 < e <1 such that [|G(x)|| < by + ba||z||. Then there exists at least one solution of the

boundary value problem (2.1)-(2.2).

We next note that when G is a Nemytskii-type operator, i.e. if there exists a g : [a +
1,b+ 1] x R — R such that G(z)(t) = g(t,z(t)), we are able to state a condition on g, ¢
to satisfy the growth hypothesis on G in Theorem 2.4.2, and thus establish the existence

of a solution to (2.1)-(2.2) in this case.
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Corollary 2.4.6. Suppose (H.1) and (H.2) hold, pT + |||B~Y|||¢o < 1. Assume g(t,-) is
continuous for each t € [a+ 1,b+ 1] and there exists an M > 0 such that |¢(x)| < =€

for all |z|| < M and

M—C
KN

for all |s| < M andt € [a+ 1,0+ 1]. Then G : X — Y x R? defined by G(x) =
¢(x)

Proof. Choose x € X such that ||z|| < M, where M is defined as above. Then |z(t)| < M

l9(t,5)| <

satisfies the hypotheses of Theorem 2.4.2.

for each t € [a + 1,b + 1], which implies |g(t,z(t))| < =< for each t € [a + 1,0+ 1]. It

KVN
follows that
b+1 1/2
1G ()] = Hlax{< > [g(t,x(t))]2) |o(x)[}
t=a-+1
b1 2\ /2
M-C M-C M-C
< max ) = )
o(( S (5)) HFO%
hence G satisfies the hypotheses of Theorem 2.4.2. m

Remark 2.4.7. In a similar fashion, we mention that when G is the equivalent of an
integral operator in the discrete time scale, i.e. there exists a

g:la+1,b+1] xR = R such that G(z)(t) = Ztk:a+1g(k,a:(k:)), we can again give
conditions on g, ¢ to ensure that G satisfies the hypotheses of Theorem 2.4.2. Indeed,

suppose g(t,-) is continuous for each t € [a+ 1,0+ 1] and there exists an M > 0 such

that |¢(z)| < 2=C for all ||z|| < M and
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M_
ot ) < L=¢
KN3/2

for all |s| < M and for each t € [a+ 1,b+1]. Then G : X — Y x R? defined by

e k,x(k
G(zr) = 2ok=ap 9(F 2(K)) satisfies the hypotheses of Theorem 2.4.2 by a straight-

()

forward calculation of ||G(z)|| as in the previous corollary.

26



Chapter 3

On the Solvability of
Sturm-Liouville Problems with

Non-Local Boundary Conditions

3.1 Introduction

We consider the solvability of the boundary value problem

(p()2' (1)) + q(t)z(t) + (z(t) = G(x(t)) (3.1)
subject to the global boundary conditions

az(0) + B2 (0) + m(z) = ¢1(x)
(3.2)

Y2(1) +03'(1) + n2(x) = Pa(x).
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We assume ¢ : R — R is continuously differentiable, p(t) > 0 and ¢(¢) is real on
[0,1], p,p', q are continuous on (0, 1), and the boundary conditions (3.2) are such that
a?+ 2 #£0,v2+ 6% £ 0. G,n1,m2, ¢1, and ¢, shall be nonlinear operators defined on a
function space. To study the solvability of the boundary value problem (3.1)-(3.2), we

will begin by considering the related boundary value problem

(p(t)2'(1))" + q()2(t) + P(x(t)) = h(t) (3:3)

subject to

az(0) + B2'(0) + m(z) = v
(3.4)

(1) + 02 (1) + () = va

where h is square-integrable on [0, 1] and vy, v2 € R. The solvability of (3.3)-(3.4) will be
established using the Global Inverse Function Theorem. In order to do so, we will first
ensure that a related linearized boundary value problem is non-resonant. Having done
so, we will use the Schauder Fixed Point Theorem to prove the existence of solutions to
(3.1)-(3.2).

The results obtained in this chapter depend in a crucial way on the relationship
between the eigenvalues of a linear Sturm-Liouville problem and the rate of growth of
nonlinearities present in both the differential equation and the boundary conditions.
In this respect, our work complements that of Dolph [8], Landesman and Lazer [16],
Lazer and Leach [17], Lazer and Sanchez [18], Leach [19], Brown [4], Brown and Lin
[5], and Rodriguez and Abernathy [27]. Relevant references for those interested in non-

local boundary value problems in differential equations are [3,7, 22,25, 28, 31]. For results
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concerning discrete systems under a variety of boundary conditions, the interested reader

may consult [1,9,10, 11, 23,24, 26, 29, 30].

3.2 Preliminaries

Our goal shall be to restate the above problems (3.1)-(3.2) and (3.3)-(3.4) as operator
equations defined on a function space. To this end, let L? = L?[0, 1] be the set of real-
valued square-integrable functions defined on the interval [0,1]. L? is a Hilbert space

with respect to the inner product

1
< X1, T2 >:/ Il(t)xz(t)dt
0

This inner product induces the usual inner product norm

el = v<z,2>

on this space. The operator norm will be used to compute the norm of any bounded

operator, and we denote it ||| - |||. The Euclidean norm on R™ for any positive integer n
h

will be denoted by | - |. Finally, the norm used on the set L* x R? will be || | =

max{||A], [v]}.

We define £ : D(L) — L* x R? by
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where D(L) C L? is defined to be
D(L) = {x € L*: x, 2" are absolutely continuous and z” € L?}, and A : D(L£) — L? and

B: D(L) — R? are given by

where 1 € C*(R,R). We assume 7y, 7, are continuously Fréchet differentiable functions

T
from D(L) into R, and the map n : D(£) — R? is given by n(x) = m()

12 ()
Similarly, we define G : D(£) — L? x R? to be

G(x)
G(x) = )
¢(x)
. . . ) ¢1(z)
where we assume G is a continuous function from D(L) — L* and ¢(x) = :
P2()

where ¢1, ¢o: D(L) — R are continuous.
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We may now conclude that the problem (3.1)-(3.2) is equivalent to solving

Lx—V(x)=Gx

and the problem (3.3)-(3.4) is equivalent to solving

U1
where h € L?, v = € R2.

(%

In order to study either of these nonlinear problems, we will first analyze the linear

Sturm-Liouville problem

(p()2'(1))" + q(t)=(t) + Az(t) = 0 (3.5)

subject to

az(0) + p2'(0) =0

yz(1) +62'(1) =0

which, using our above notation, may be rewritten as

Az 4+ x =0, Bx=0.

Suppose that o? + 32 # 0,4% + 6% # 0. It is well-known (see, for instance, Kelley
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and Peterson [15]) that the Sturm-Liouville problem (3.5)-(3.6) has infinitely many real,
simple eigenvalues A\; < Ay < --- and corresponding linearly independent eigenfunctions
Ty, xa, - . If A\, A, are distinct eigenvalues, then z,,, x,, are orthogonal, i.e. < x,,,z,, >=
0. Without loss of generality, we make the convention that the eigenfunctions are chosen

to be real and normalized, i.e.
< Tp, TR > =1, k e N.

Furthermore, if h is an arbitrary real-valued square-integrable function defined on [0, 1],
then h has a generalized Fourier series with respect to the eigenfunctions of the Sturm-

Liouville problem (3.5)-(3.6) of the form

Z < h, Ty > xk(t)
k=1

3.3 The Lz — U(z) = [h,v]" Case

With the linear Sturm-Liouville problem understood, we may now begin studying the

solvability of the problem (3.3)-(3.4), which may be expressed
Lx—V(x)=

It is straightforward to show that £ is a closed operator with domain D(L£) dense in L.
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It follows that D(L) is a Banach space with respect to the graph norm

lzlllgr = ll#llz2 + [[ L2 2xr2 = |22 + max{|| Az] .2, | Bz}

With this norm, £ is continuous by the closed graph theorem, from which it follows that

L is continuously Fréchet differentiable, and:

L'(x)(u)(t) = Lu(t) forall u,x € D(L),t e [0,1].

We will assume that 7 is continuously Fréchet differentiable from D(L) into R?. Using
the fact that ¢ € C1(R,R), it is straightforward to verify that ¥ is also continuously
Fréchet differentiable, and:

vy = | CEODD i e e Do)t e 0.1,

—n'(z)u

Noting the differentiability of the operators £ and ¥, our principal tool in proving the
solvability of (3.3)-(3.4) will be the following Global Inverse Function Theorem (Chow,
Hale [7]):

Theorem 3.3.1. Suppose X,Y are Banach spaces, ® € C*(X,Y), and for each v € X,
() is a bijection from X onto Y. If there is a constant K such that |||[®'(x)]7!|| < K

for all x € X, then ® is a homeomorphism of X onto Y.

We will assume the following two critically important conditions for the remainder of the

chapter:

(H.1) For all s € R, ¢ < 4¢/(s) < d, where the interval [c, d] does not contain any of the
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eigenvalues \; of the Sturm-Liouville problem (3.5)-(3.6).

(H.2) The Fréchet derivative of the non-linear boundary operator 7 is bounded; that is,

there exists a constant (y for which 7 satisfies

sup{||[7/(z)|| : = € D(L)} = (o < o0.

Condition (H.1) may occur in two different cases. The first is when the derivative of v

lies in a compact interval in between consecutive eigenvalues A,,—1, A, of (3.5)-(3.6):

Amo1 < c <Y (s) <d < A\, s€R.

However, it is also possible for the interval [c,d] to lie to the left of the first eigenvalue:

c<Y'(s) <d< M\

Next, let

A+ pl
B

and define £,, =

Now consider the equation (A + ul)x = 0, which corresponds to the second-order differ-

ential equation

(p()x'(t)) + q(t)x(t) + px(t) = 0.
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We choose a basis {wy,wy} for the two-dimensional solution space of this differential
equation, and we assume without loss of generality that the basis is chosen so that
lwi [l + flw2]* < 1.

we let w(t) = | | and define the 2 x 2 matrix B — [ Buy) | Buwy) |

ws(t)

Recall that {\g, xx} for & € N are the eigenvalues and corresponding eigenfunctions of
the linear Sturm-Liouville problem (3.5)-(3.6). The next lemma provides some useful
properties of the operator £, that will facilitate the use of Theorem 3.3.1 in solving the

nonlinear boundary value problem (3.3)-(3.4).

h
Lemma 3.3.2. L, is a bijection from D(L) onto L* X R?, and for any € L2 xR?,

h . < h,xp >
Efl — E Iu,—x;\xk‘i'w(')TBlU.
- Nk
v k=1

Furthermore,

£, M1l < Ao + Bo,

where Ag = sup ﬁ + sup
keN HTRL T peN

Ak
B=Ak

and By = |||B~H|| + max{||| | B||], 1}.

Proof. 1t is clear that £, is one-to-one since p # ;. To show £, is onto, given any

€ L? x R? we consider the equation £,(z) = and attempt a solution of
v v
the form
o(t) =Y oga(t) + crws (t) + cawa(t), (3.7)
k=1
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where the eigenfunctions {z}} satisfy Axy + Az = 0, Bxy, = 0.

Upon applying £, to the form above, we note that (A + pl)(ciwy + cows) = 0. The

following norm will prove convenient in some estimates to follow:

el = Ilulloo + 11t'llo0 + [[u"]| 2

Now consider the following graph norm estimate:

[ulllgr = l[ullz2 + max{[|.Aul| 2, |Bul}
< llullzz + arl[Aullz2 + c2| Bul
< esllullpz + callw[| 22 + esllu”|| 2 + collulloo + c7flu ]l
< Ci ([Jullso + 10 loo + flu"{| z2)

= Cilllullm,

where || - ||oo represents the sup norm. But the Open Mapping Theorem then implies that

there exists a constant 'y such that

Ifeelllm < Colffulllgr-

Hence ||ullo < |||ulllm < Csll|ul||yr and we conclude that convergence with respect to

the graph norm implies uniform convergence. It is now clear that B (Y .-, axxy) =

h
Y re agBry = 0, and thus solving £,(z) = is equivalent to solving
v

k=1
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and

B(ciywy + cqws) = v. (3.9)

Given h € L?, we can solve for the coefficients ay in (3.8) by expanding h as a Fourier

series in terms of the eigenfunctions {zy}:

(A—i—u[)Zaka:k:h

k=1
(A+uI)Zakxk = Z < h,x), > 23
k=1 k=1

()¢
T
>
>~
+
=
Q
>
8
>
I
A
B
8
>
V
&
>

<h,ri>

Thus, o = .
» ©k Bk

Next, we restate (3.9) as

clB(wl) + CQB(U)Q) =V

or
C1
B =,
Ca
where we recall the 2 x 2 matrix B = [ B(w;) | B(ws) |. Since the boundary value problem

(A+ pl)z = 0, Bz = 0 has only the trivial solution, B must be invertible. It follows that

37



cywy (t) 4 cows(t) = w(t) B~ o.

h
Hence, for any € L? x R?,

h < h, x>
Lt = Z —,u ’_xf\k zy +w(-)' B .
v =1

Our second goal is to estimate the operator norm of ﬁ;l. Using the orthonormality of

the eigenfunctions {z}, we have

- < h,z > ( 1 )
— < | su hl|.
1> o, el s {sup 7]

— = Al

Recalling that D(L) is equipped with the graph norm, we calculate

_ h > < h,xk > .
et Hgr < Il mekll\gr + w(-) "B~ ]| g
v k=1

=< h,xp, > = < h,zp > _ _
<> ﬁxknﬂw (Z ﬁxk> 2z +|w(-) "B 0| +|£ (w(-)" B~ ) || 12 xpe
k=1 k=1

1 =\ < h,xp, > o~ < h,xp, > T -1
< [ su h|[+max{||.A —= , | B — = +||lw(-)" B~ v
< (sw 57 ) Bl max() (Z L ) N (Z L ) () B

k=1 k=1
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+max{[[A (w(-)"B~'0) |, |B (w(-)"B~"v) [}

1 A < hy g > T -1 T -1
< Sup—) h||+ ——— x| |+H||w(-)” B v||+max{|u|||lw(-)” B ||, |v
<k W—AH||HHZ; P [+lw(-) I {lplllw(-) I, [ol}

A _ .
2 ) W B el o

1
< (sup ) ||h||+<sup
kol — Akl k|

where we have again used (A + p)(ciwy + cowz) = 0 and B (3, axxy) = 0.

Recalling that ||w;]|? + [Jwa||* < 1, we then have

h 1 A
£t < (su + su ‘ b D R||+(|||1B7Y|| + max B7H|,1}) |v],
£, . g il p wikih s w 1al+(I11B~1 {ullB=HII, 1}) ol

hence

1L < Ao + Bo.

We may simplify the expression for Ay based on which case of condition (H.1) occurs. In

39



the first case, where

Amo1 < c <Y (s) <d < A\, s€ER,

then

hy ‘ ax{
— | = 1INaXx
= Ak

1+ A1 14+ A,
N_Am—lj)\m_,u/

1.

Ag =sup ——— + sup
k |M—/\k| k

Otherwise, if ¢ < 9¢/'(s) < d < Ay, we have

o+ N
A=

Ag = sup + sup

=
kol — Al k

= Ak

In our first main result, the next theorem shall provide sufficient conditions for the

existence of solutions to the nonlinear boundary value problem (3.3)-(3.4).

Theorem 3.3.3. If ¢, n satisfy conditions (H.1) and (H.2), and if

AOFO + BOCO < 1,

then the boundary value problem (3.3)-(3.4) has a unique solution for each square-integrable

v
function h defined on [0, 1] and each flere

V2

Proof. Since the boundary value problem (3.3)-(3.4) is equivalent to
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our goal is to show that the operator £ — U satisfies the hypotheses of Theorem 3.3.1.

First, note that £ — ¥ € C! since £ and ¥ are each Fréchet differentiable on D(L).

Define the operator ¥, : D(L) — L* x R? by

W, () = —tpox+ ul
—n(z)

The Fréchet derivative of ¥, is then given by

In order to show that for each x € D(L), £L—W'(x) is a bijection from D(L) onto L? x R?,

we consider the equation

h h
L — V' (2)]u = , uwe DL, € L* x R%

(% (%

Using the above definitions of £, and W, this equation becomes

h

Lou—V (r)u =

u— LN (2)u =L
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To proceed, we use conditions (H.1) and (H.2) and obtain

| — ' (x(t)) + u| < T for all z € D(L) and ¢ € [0, 1],

and

sup{|[[7'(2)[|| : = € D(L)} = Go.

Using these estimates together with the formula for £;1 derived in Lemma 3.3.2, we

observe that

112, ()| < Aol'o + Boo-

For any bounded operator A with |||A||| < 1, it is well known that I — A has a bounded
inverse and |||(1 — A)7H|] < (1 — [[|A)~".

Hence, to ensure the operator [ — E;lllljl(x) has a bounded inverse, we choose 'y and
o small enough so that ATy + By(y < 1. It follows that (£ — ¥'(x))~! exists for each

x € D(L), and
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L=V (x) ' =[—-L,'V (2)]'L,"

1
1 — (Aol'y + Bo(p)

1L = ()] < ( ) (Ao + Bo)

A0+Bo

=K
1 — Ao’y — Bolo

Y

a bound independent of x. Thus £ — W satisfies the hypotheses of Theorem 3.3.1, and we

conclude the boundary value problem (3.3)-(3.4) has a unique solution for each square-

v
integrable h defined on [0, 1] and each "l ere O

V2

Remark 3.3.4. We call attention to the generality of the nonlinear boundary operators
n and e that appear in the boundary value problem (3.3)-(3.4). As an important special
case, these operators may allow for nonlinear multipoint boundary value problems, if we

take for example

ml@) = > hlalt)

(o) = Y g5(a(ty),

where each f;, g; is a C* function and t;,t; € [0,1].

Remark 3.3.5. We also note that the above estimate of the norm of (£ — V'(x))~! in

Theorem 3.3.3 illustrates the interplay between the distribution of the eigenvalues to the
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linear Sturm-Liouville problem (3.5)-(3.6), the range of the derivative of the nonlinearity
¥, and the allowable size of |||/ (x)|||. If ¥'(s) lies close to consecutive eigenvalues of the
linear problem or in between eigenvalues of large magnitude (causing Aoly to approach
1), we must choose (o smaller to ensure Agl'y + Bo(o < 1, forcing a tighter bound for
n'(z). On the other hand, if the length of the interval [c,d)] is decreased (thus being more
restrictive with 1)’ ) and [c, d] is placed between eigenvalues of smaller magnitude, we have
more freedom to choose a larger value for (o. Of course, if sup/'(s) < Ay, the only

further requirement is for 1’ to be bounded.

We conclude by stating a corollary to Theorem 3.3.3 which analyzes the case in which

the nonlinear boundary operators 7; and 7, are identically zero.

Corollary 3.3.6. Suppose condition (H.1) holds. If Aol'y < 1, then the nonhomogeneous

boundary value problem

(p()2'(1))" + q(t)=(t) + ¢(x(t)) = h(t)

subject to
az(0) + B2'(0) = v
yx(l) + 02’ (1) = vy
U1
has a unique solution for each square-integrable h on [0,1] and each c R2.
U2

Proof. Since (o = 0, the assumption that A"y < 1 immediately implies that £ — ¥'(x)

is invertible for each x € D(L) and
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(L—V'(x) = —-L,'V ()L}

L 1
e = W)l < (1= ) (Aot B
A0+B0 ,
= — = K
1— Al ’

a bound independent of x. Hence, Theorem 3.3.1 implies that £ — ¥ is again a homeo-

morphism of D(L£) onto L? x R? and the result follows. O

3.4 The Lx — V(x) = Gx Case

Our next goal is to establish the solvability of the boundary value problem (3.1)-(3.2),

which we recall may be rewritten as
Lx—V(x) =Gz,

where G : D(L) — L? x R? is continuous.

Continuing with the assumptions made in Theorem 3.3.3, we now observe the operator

(£ — U)~! is Lipschitz.

Remark 3.4.1. The map (L — V)™' : L2 x R* — D(L) is Lipschitz continuous with

Lipschitz constant K = l_ﬁ)‘f%. In the proof of Theorem 3.3.3, we saw that for
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each * € D(L), (L — W' (x))™! ezists and |||(L — V' (z))7Y| < K. If Y € L? x R?
v
; Y / -1 -1y y ;
is such that (L — V)(z) = , then (L —¥(x))"" =[(L—¥)] .t is now
v v

a consequence of the Mean Value Theorem for Fréchet derivatives that (_E —U) s

Lipschitz continuous with constant K.

We would like to mention that the essential elements of the above observation are due to

Brown [4].

Using this Lipschitz property, we are now able to establish sufficient conditions for the
existence of at least one solution to the boundary value problem (3.1)-(3.2), or equiva-

lently

Lr —V(z) =Gz,

where G(z) =

We note that Brown and Lin [5] obtain an existence result for a boundary value problem
similar to equation (3.1) but subject to linear homogeneous boundary conditions. The
following result holds for more general nonlocal boundary conditions due to the presence

of the nonlinear boundary operator ¢.

Theorem 3.4.2. Suppose the hypotheses of Theorem 3.3.3 are satisfied, and G : D(L) —

L? x R? is continuous. If there exists a constant M > 0 such that G satisfies ||G(z)] <
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K=Y (M —||[(£=W)"10)|||4) for all |||x|||s» < M, then there exists at least one solution

of the boundary value problem (3.1)-(3.2).

Proof. Since £ — W is invertible, (3.1)-(3.2) may be rewritten

r=(L-U)'G(x).

Denote H = (£ — ¥)~' oG, and let

By ={x € D(L) - ||lz]llgr < M}

It follows that

I (@) [[lgr = N1(£ = )G (@)l
< K[IG ()] + 11(£ = 2) " (0)l]r

< K (K (M= [[[(£=9)7"0)lllgr)) + (£ = ©)"(0)|[]gr = M

for all |||z]||g < M, hence H(By) € Byy. Recall our earlier estimates for the graph norm

in the proof of Lemma 3.3.2, namely |||ull|s» < Cill|u|||m and |||u||lm < Coll|ulllg-- We

may make a similar estimate for the Sobolev norm |||ul||s = [Jul|zz + ||v||z2 + [|v”|| L2:

ellls = flullze + lu'llz2 + [lu”] 2
< ulloo + l[elloo + llu”|l 2

= [Ifell]n-
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But another application of the Open Mapping Theorem then implies that there exists

a constant Cs such that

lfwlllm < Csffull]s-

We conclude that the graph norm |||ul||,. is equivalent to the Sobolev norm |||ul||s,
and a Sobolev embedding theorem then implies that D(L£) has a compact embedding
into C'*[0, 1] (see Brown and Lin [5]). Hence G is compact and continuous. H is then a
completely continuous function, and thus there exists at least one fixed point of H in By,
by the Schauder Fixed Point Theorem. This fixed point corresponds to a solution of the

boundary value problem (3.1)-(3.2). O

Remark 3.4.3. The Lipschitz constant K for (L—W)™' appears in the bound for ||G(z)]|
on the ball By; above, again illustrating how the distribution of eigenvalues of the linear
problem (3.5)-(3.6) affects the allowable size of the nonlinearity G. For example, if the
eigenvalues of (3.5)-(3.6) are far apart relative to the size of the interval [c,d], the value

of K can be made smaller, permitting the size of ||G(x)|| to be larger.

We again provide a corollary concerning the case when the nonlinear boundary operators

11 and 7 vanish.

Corollary 3.4.4. Suppose 1 satisfies condition (H.1) and AgTy < 1. If there exists a
constant M > 0 such that |G(z)|| < K~ (M — ||[(£ = ©)"2(0)]|]4) for all |||z|||gr < M,

then the boundary value problem

(p()2'(1))" + q(t)=(t) + ¥(x(t)) = G(x(t))
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subject to

ax(0) + 52'(0) = éu(x)

ya(1) + 02'(1) = ¢o(x)

has at least one solution.

If we consider the special case where G obeys a sub-linear growth condition, we immedi-

ately obtain the following corollary.

Corollary 3.4.5. Suppose the hypotheses of Theorem 3.3.3 are satisfied, and there exists
an 0 < e < 1 such that ||G(x)|| < b1 + ba|||x||[5,. Then the boundary value problem

(3.1)-(3.2) has at least one solution.

As another corollary, let us consider the case where G is a Nemytskii-type operator,
i.e. there exists a g : [0,1] x R — R such that G(z)(t) = g(t,z(t)). Let M =
K=H(M = [[I(£ = @)= (0)l]gr)-

Corollary 3.4.6. Suppose the hypotheses of Theorem 3.3.3 are satisfied. If g(t,-) is
continuous for each t € [0,1] and there exists an M > 0 such that |¢(x)] < M for all
Iz||lgr < M and |g(t,s)|] < M for all |s| < MCy and t € [0,1], then the mapping
G:D(L) — L* x R? given by G(x) = gt,()) satisfies the hypotheses of Theorem

¢(x)
3.4.2.

Proof. Consider any = € D(L) such that |||z|/|,, < M, with M defined as above. Then
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()] < ||2]lee < Colllz|||gr < MOy for each t € [0,1], and |g(¢,2(t))] < M for each
t €[0,1]. Hence

Remark 3.4.7. We conclude by stating another important special case of Theorem 3.4.2

when G is an integral operator, i.e. there exists a g : [0,1] x R — R such that G(z)(t) =

fo )) dk. Suppose g(t,-) is continuous for each t € [0,1] and there exists an M > 0

such that |¢(x)] < M for all H\xH]gr < M and|g(t,s)| < M for all|s| < MCsy and for each

€ [0,1]. Let G(x) = oo ( ) )) dk be a mapping from D(L) — L? x R*. Then
o(x

an immediate calculation of ||G(x)|| as in Corollary 3.4.6 implies that G again satisfies

the hypotheses of Theorem 3.4.2.
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Chapter 4

Existence of Periodic Solutions to
Nonlinear Difference Equations at

Full Resonance

4.1 Introduction

In this chapter, we study the solvability of nonlinear discrete systems of the form
Ax(t) = flet, 2(t)) (4.1)

In particular, we are interested in finding N-periodic solutions of the above system, where
we assume f(€,t, 1) = f(e,t+N,x). Here, f = (f1, f2, ..., [n)T where f; : RxRxR" — R
for: =1,2,...,n. Note that the solution space of the corresponding linear homogeneous
system is n-dimensional, i.e. the system is at full resonance. Our approach in providing

sufficient conditions for the existence of periodic solutions to (4.1) depends significantly
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on this resonance along with asymptotic properties of the nonlinear function f(0,t,x).
Since the solution space of the associated linear homogeneous equation is non-trivial,
we will use a projection scheme (Lyapunov-Schmidt procedure) together with the Brouwer
fixed point theorem to analyze the nonlinear problem (4.1). A similar approach has
often been used in the study of both continuous and discrete dynamical systems (see, for
instance, [1,2,6,7,9-11,13,14,20-22,25,26,28-32]). Our results complement previous work
in the study of periodic discrete dynamical systems. We allow for higher-dimensional
solution spaces of the associated linear problem as well as for more general asymptotic

behavior of the nonlinear function f.

4.2 Preliminaries

For each natural number N > 2, let X be the set of all sequences x from {0,1,2,3,...}
into R™ that are N-periodic; that is, z(l + N) = z(l) for every | € {0,1,2,3,...}. For
x € Xy, let ||z]|oo = sup{|z(])| : 1 =0,1,2,3,...}.

We define L : Xy — Xn by

Lx(t) = Ax(t) =x(t+ 1) —2(t) for t =0,1,2,3, ...,

and define F, : R x Xy — Xy by

fl(ea t I(t))

F.(2)(t) = fale t"x(t)) for t = 0,1,2,3, ....

et x(t))
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We assume each f; is a continuous map from R x R x R™ into R for ¢ =1,2,...,n.
It follows that F, is continuous. It is assumed that for some m € R, |f;(0,¢,x)| < m for
i=1,2,...,n. Hence, for all z € Xy, [|Fo(2)|e < m.

Our problem, finding periodic solutions to the system

AI(t> = f(€7 t’x(t))

is equivalent to solving

Lz = F.(x).

Since L is not invertible, we cannot apply the Brouwer Fixed Point Theorem directly.
We shall decompose Xy using the methods described in [9]. We find projections, P, of Xy
onto ker(L), and E, of Xy onto Im(L), so that we may write Xy = ker(L) & Im(I — P)
and Xy = Im(L) ® Im(I — E). The projections we use are those devised by Rodriguez
23].

Let
L V2
(I — E)x(t) = N x(l) for t =0,1,2,3, ...
1=0
Let
L V2
Pz(t) = N z(l) for t =0,1,2,3, ...
1=0

Remark 4.2.1. If L is the restriction of L to Im(I — P) then Im(L) = Im(L). L,

viewed as a map from Im(I — P) into Im(L) is invertible. We denote (L)~ by M. One

may then verify

1. M is bounded and linear

it. MLx = (I — P)x for all x € D(L)
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iti. LMh = h for all h € Im(L)
iw. EL=1L and (I — E)L =0
v. PM =0

Proposition 4.2.2. Lz = F.x is equivalent to

r = Pr+ MEF,(x)
(I - E)F.(Px+ MEF.(x))=0

Proof: We have Lz = F.z if and only if

E(Lz — Fa) = 0
(I —E)(Lzx—F.x)=0

if and only if
Lz = EF (x)
([ - E)Fe($) =0
if and only if
(I = P)x = MEFx)
if and only if
r = Pr+ MEF,(x)

(I — E)F.(Px+ MEF.(x)) = 0.
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4.3 Main Results

Since ker(L)=span{ey, ey, ..., e,}, where e; is the ith standard unit basis vector, we may

rewrite (4.2) of Proposition 4.2.2 as the equivalent system of n + 1 equations

r=oe +ages+ ...+ ane, + MEF ()
N-1

0= file.l,on + [MEF(2)h(I),...,0n + [MEF.(2)],(I)), i =1,....n.

The proof of Theorem 4.3.1 relies on techniques that appear in [2,6,7,12,21,22,25,28|.

Theorem 4.3.1. Suppose that

(i) fi : RxRxR" = R fori = 1,2,...,n is continuous, and for some m € R,

|f:(0,t,x)] <m fori=1,2,... ,n.

(ii) For each i = 1,2,...,n, there exist constants L;, P;, N; > 0 such that for all x; >
L;, fi(0,t,zq,... 2., x,) > Py and fi(0,t, 21, ..., =24 ..., x,) < —N; for all t =
0,1,2,... and all x1,...,2; 1,%;41,..., 2, € R.

Then, there exists an €y > 0 such that for € € [0,¢€|, there exists at least one periodic

solution of

Ax(t) = f(e t,z(t)).

Proof: We define mappings
Hli]RXXNXRn%XN,

Hi+1ZRXXNXRn—)R,
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and

H:RxXyxR"— Xy xR"

by
Hi(e,z,0q,...,000) = ane; + ...+ ape, + MEF (),

and fori=1,...,n,

N-1
Hi(e,z,01,. . 0) = a; — > _ file,l,on + [MEF.(2))y(1),.. ., 0t + [MEF()],(1)).

1=0

H is then given by

He,z,aq,...,00) = (Hi(e, 2,00, .. .y00), ..., Hyp (6,00, .. )

We shall first analyze the case when € = 0. Note that for: = 1,2,... n, |[MEFy(x)];(1)] <

|ME||m for every [ € {0,1,2,...} and every =z € Xy.

Consider H;1(0,z,a1,...,a,) for each i = 1,2,... n. If «; is sufficiently large, we

may ensure

£:00,1, a1 + [MEFy(2)1i (D), ..., s + [MEFy(2)]i(1), - . ., an + [MEFy(2)]2(1)) > P, > 0

and

£0,1, a1+ [MEFy(2)1(1), - . ., —0i+ [MEFy(2)];(0), . .., an+[MEFy(2)]n(1)) < —N; < 0
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for every [ € {0,1,2,...} and every z € Xy. Therefore there is some 7, > Nm+1 > 0
such that for all z € Xy and for all aq, ..., 1,q;11,...,0, € R,
Hi1(0,z,00,. a4, ..o o) < a; and Hi1 (0, 2,00, ..., —, ..o o) > —ay for a; > ;.

We let §; = v; + Nm + 1.

Now if a; € [4,6;], then for all x € Xy and a4, ..., q;-1, @11, ..., , € R we have

Hi+1(O,ZE, Apy .o, Oy ... ,Ojn)
N-1

= ; — Z fz(07 l, aq + [MEF()(Z')h(l), NN A + [MEF()(ZL')]Z(Z), e, Qg + [MEFo(ZL‘)]n(l>)
1=0
N-1

> = Y 1fi0, 1 an + [MEFy ()i (1), .., a5 + [MEFy()]i(1), . . ., 0 + [MEFy(2)]a(1))]
1=0

>a; — Nm

>0 —

>0

and
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Hi+1(0,x,a1, ey — Gy ,Oén)

= —Q; — Z_ fZ(O, l7 (5] + [MEFo(JI)]l(l), e, QG + [MEF()(J/’)]Z(Z), R 7% + [MEF()(ZL’)]n(l))
=0

< —a; + 2 |f:(0, 1,00 + [MEFy(x)]1(1),...,—a; + [MEFy(2)];(1),...,a, + [MEFy(z)],(1))]|

< —a; +Nm

< -+

<0.

Thus for all z € Xy, a1, ..., 1,41, ..,0n € R, and o € [, 64],
HiJrl(O,fL',Oél,...,Oéi,...,Oén),HiJrl(O,fE,Oél,...,—Oéi,...,Oén) € [—Oéz,Oéz] - [—6“51]

Furthermore, if 0 < a; < 7, for all x € Xy and

al?"'7ai—1aai+la---aanGR?

|Hi+1(0,l‘7051, ceey :i:OéZ‘, PN ,Oén>|

N-1

+ ) 10,100 + [MEFy ()11 (1), .., %a; + [MEFy(x)]i(1), .. ., o + [MEFy(x)]a(1))]

=0

< 0;.

We have shown that for € = 0, H;,; maps Xy x [—0;, ;] x R into [—4;, §;] for each
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i=1,2,...,n.

Define B = {(x,a1,...,a,) € Xy XR": ||2]|oo < 01 +... 40, +||ME|m+1 and || <

9; for each i = 1,2,...,n}, and note that B is a non-empty, closed, bounded, convex set.

From the above results, it follows that for (x,aq,...,a,) € B, H(0,z, a1, ..., a,) € B.

For if (x,cq,...,a,) € B, then H; 1(0,z, a1, ...,a,) € [—0;,6;], while

[H1(0, 2, 1,00y )|l < e [[en]foo + - -+ [an| [lenlloo + [[M EFp(2)]|oo
<S4t On+ || ME|m

<4t O+ || ME|m + 1.

Since H is a continuous function, the Brouwer Fixed Point Theorem guarantees existence

of at least one fixed point of H in B.

Now consider the case when ¢ > 0. We will show that there exists ¢; € R such that

for each € < €g, H(e, 2,01, ...,a,) € B whenever (z,qq,...,a,) € B.

Choose € small enough so that

file.lon + [MEF(2)i(1), ..., £ + [MEFE.(2))(D), .. an + [MEF.(z)].(1))—

fi(0, L, a1 + [MEFy(x)]1(1), ..., xa; + [MEFy(x)]i(1),...,q, + [MEFy(x)],(1))
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v | Mo

< min{

Note that we may now assume e lies in some compact interval of R, from which it

N; 1
"2'N

for all (z,aq,...,a,) € B.

follows that for all x € B, = {||#||cc < 01 + ... + 0, + [|[ME|m + 1}, | Fe(x) — Fo(z)|| oo

can be made arbitrarily small for sufficiently small €. For our purposes, choose € small

enough so that for all x € B,,

1
< [ME] (HMEH *m)

IMEF ()]0 < [MEI|([|Fe(z) = Fo(x)]loo + [[Fo()]lo0)

=1+ ||ME|m.
For each e satisfying the above properties, it now follows that H (e, z,aq,...,a,) € B
whenever (z,aq,...,a,) € B. First observe that for all (z,a1,...,a,) € B,

(e 2, 0n, - am)loo < faalflenlloo + - 4 o] flen]loo + [ M EF(2)] o0

<6 +...+6+ ||ME|m+ 1.

Next, for all «; € [y, di],
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N-1

= — Z <fz-(e, l,a; + [MEF.(x)]1(D),..., a; + [MEF.(x)];(1),..., an + [MEF.(x)],(1))
=0

— 10,1, 01 + [MEFy ()1 (1), - .., i + [MEFy(@)i(0), ..., cn + [MEFO(x)]n(l)))

N-1

— Z fi(0, 1, a1 + [MEFy(x)]1(1), ..., + [MEFy(x)];(1),...,an + [MEFy(x)].(1))

=0

N-1

<a; — Z (fi(e,l,al + [MEF.(x)1(]),...,q; + [MEF(x);(),...,an, + [MEF.(x)],(l))

=0

— fi(0, 1, a1 + [MEFy(x)]1(1), - . ., a; + [MEFy(x)];(1),. .., oy, + [MEFO(x)]n(Z))>
_ NP,

_NB

< o4 5

< (670

while a similar calculation shows that H; (e, z, aq, ...
Also, for all a; € [v;, di],

, =y () > —a for all a; €
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N-1

= — Y ( file,l,ay + [MEF.(x)\ (1), ..., + [MEF.(2)];(1), ..., n + [MEF.(2)],())
1=0
— fi(0, 1, a1 + [M EFy(x)]1(1), - .., a; + [MEFy(x)];(1),. .., oy, + [MEFO(LC)]n<l)))
— 2 fi(0, 1, a1 + [MEFy(x)]1(1), ..., + [MEFy(x)];(1),...,an + [MEFy(x)].(1))
Z file,l,a1 + [MEF.(x)]1(1),..., a; + [MEF(z)]i(1),. .., oy + [MEF(z)]a(1))
fi(0, 1,01 + [MEFo(x)]1(1), ..., + [MEFy(x)]i(1),...,on + [MEFO(x)]n(Z))‘
2 Ji0,1, 01+ [MBF(@)L (D), i+ [MEF(@)(0); ., + [MEFo(@)}u(0)
>y — Z_ file,l,on + [MEF(x)1(1), ..., a; + [MEF.(x)];(1),..., a, + [MEF.(x)],(]))
1=0
— fz(O, l, aq + [MEFo(I)]l(l) ..... a; + [MEF()(ZL')]Z(Z) ..... (7% + [MEF()("L')]n<Z>)
— Nm
—Nm—1
>0 =
> 07
while a similar calculation shows that H; (€, x, aq, ..., —qy, ..., ap) < 0 for all oy €
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Finally, for all «; € [0, 7],

|Hiy1(6, 2,00, .., g, ... )
< |+ + Z file,l,aq + [MEFE.(2)]1(1), ..., £a; + [MEF.(x)i(1), ..., + [MEF.(2)],(1))

=0

— [i(0,l, a1 + [MEFy(x)]1(1), . .., o + [MEFy(x)]i(0), ..., o, + [MEFO(m)]n(l))’

%

£0,1, a1 + [MEFEy (@)L (D), . . ., 2ai + [MEFy(2)]i(1), - . ., + [MEFO(:U)]”(Z))‘

N—

Y

=0

— fi(0, 1,01 + [MEFy(x)]1(1), ..., xa; + [MEFy(x)]i(1),...,an + [MEFy,(x)],.(1))

filel,an + [MEF(2)i(1), ..., 20 + [MEE.(2)i(D),. .., an + [MEF.(z)],(0))

+ Nm

<7 +Nm+1

Hence for each e sufficiently small, H (e, x, aq, ..., a,) € B whenever (z,aq,...,q,) €

B. Since H is a continuous function, the Brouwer Fixed Point Theorem guarantees

existence of at least one fixed point of H in B. This fixed point is a periodic solution of

Ax(t) = f(e t,x(t)).
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