ABSTRACT

DUNBAR, JONATHAN D. The Affine Lie Algebra ,§ln((C) and its Z-algebra Representation.
(Under the direction of Dr. Kailash Misra and Dr. Naihuan Jing.)

At the end of the 1960s, Victor Kac and Robert V. Moody independently discovered the in-
finite dimensional analogs of finite semisimple Lie algebras which we now refer to as Kac-Moody
Lie algebras. These algebras have provided many avenues of interesting research, especially in
the case of the affine Kac-Moody Lie algebras, which have led to important developments in
vertex operators and other areas of mathematics and physics.

James Lepowsky and Robert L. Wilson introduced, in 1981, Z-algebras associated with
any integrable module of an affine Lie algebra. Z-algebras are generated by Z-operators which
centralize the action of the Heisenberg subalgebra and hence act on the vacuum space of the
module. Their work was especially significant for providing Lie theoretic proofs of Roger-
Ramanujan identities. In 1986, Minoru Wakimoto published his family of vertex operator
realizations of 51(2). This family offered many realizations of 5:1(2) at arbitrary level, via creation
and annihilation operators acting on an infinite-dimensional Fock space of Laurent polynomials.
Subsequently, Boris Feigin and Edward Frenkel generalized Wakimoto’s realizations for the
affine Lie algebra sl (n). In particular, they gave explicit formulas for the action of the simple
root vectors. Later, they extended these results to all affine Lie algebras.

In Chapter 2, we revisit Wakimoto’s family of representations for §l(2). Through this
explicit realization, we construct the associated Lepowsky-Wilson Z-algebra. Chapter 3 extends
Wakimoto’s representation to él(n), following the work of Feigin and Frenkel. Next, we give
a general Wakimoto-style formula for the action of all positive root vectors, which is followed
by a brief remark on the construction of the Z-algebras associated with §l(n) We then give
the explicit Wakimoto realization for sl (3) in Chapter 4 and offer the defining relations for its
associated Z-algebra. In the last chapter, we give a new realization, at the critical level, of the
Z-algebra associated with the Wakimoto modules of sl (2) acting on a Clifford-type algebra and

calculate the character of the associated vacuum space.
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Chapter 1

Introduction

Over the last 150 years, finite dimensional semisimple Lie algebras have gone from brand-new
objects to well-understood structures. The work of Wilhelm Killing and Elie Cartan classified
all complex simple Lie algebras into the so-called classical types, denoted A,, B,, C,, and
D,,, and the five exceptional types, denoted Fg, F;, Eg, Fy, Go. Later, Claude Chevalley
would extend this classification to algebras over fields of characteristic 0 (cf. [3]). Through the
works of Chevally and Jean-Pierre Serre, we learn that we can realize these algebras in terms
of generators and relations. (cf. [4], [10] and [13], et.al.)

Infinite dimensional analogs of these algebras were discovered independently in 1967-1968
by Victor Kac, in [14] and [15], and Robert Moody, in [22] and [23]. Among the Kac-Moody
Lie algebras, we are particularly interested in those of affine type. Given a Lie algebra g of
classic type, the affine Kac-Moody Lie algebra § of type 1, can be constructed by extending the
associated loop-algebra for g by a one-dimensional center and a degree derivation d. That is,
g=9gxC [t, til] ®CC @ Cd. For elements of g, we write z ®t" = x(m) and have the following

bracket relations:

[z1(m), z2(n)] = [x1, 22] (M + n) + mTr(x122)Cdpmin.o
[C,z] =0, Vzeg [d, z(m)] = mx(m).

When considering representations of affine Lie algebras, we note that the central element
C will act as a scalar on the module. This scalar is the level of the representation (cf. [21]).
This level is the very same as the concept of levels of highest weight modules. That is, as we
write the highest weight as the linear combination of the fundamental weights, the level of the
module equals the sum of the coefficients ([10], et. al.). The level is said to be critical when it
is equal to the negative of the dual Coexeter number, —h (cf. [18]).

The representation theory of affine Kac-Moody Lie algebras has become an important topic
in mathematics and physics since Kac and Moody discovered the algebras. In particular, this

theory has resulted in the rise in importance of the subject of vertexr operators, involving an



arrangement of creation and annihilation operators. Vertex operators were discovered as physi-
cists delved into subjects like conformal field theory and string theory (cf. [13], [18]). Algebras
of vertex operators were important in the famous moonshine module of the Monster simple
group (See [9]). Several mathematicians have since constructed vertex operator realizations
of affine Kac-Moody Lie algebras. Of particular interest is the affine Kac-Moody Lie algebras
sl(n). In [24], [20] and others, we have explicit realizations of si(n) which utilize vertex op-
erators. For more information on vertex operators and examples of constructions using them,
consult [16], [13], [18], [20], [21], [19], and notably [24]. The realization of si(2) by Minoru
Wakimoto found in [24] is of special significance, and we will revisit it in Chapter 2.

In 1981, James Lepowsky and Robert Wilson introduced the concept of a Z-algebra as-
sociated with an integrable module to better understand the structure of its vacuum space,
which is the subspace of vectors that are annihilated by the positive part of the Heisenberg
subalgebra. The underlying property of the Z-algebra is that it centralizes the action of the
entire Heisenberg subalgebra, and thus acts on the vacuum space. In [21], Lepowsky and Wilson
described the basis of the vacuum space of integrable highest-weight modules as monomials of
Z-operators acting on the module’s highest weight vector, in the principle picture. By calcu-
lating character formulas of the vacuum space, they then were able to give Lie theoretic proofs
of Rogers-Ramanujan identities. In Chapter 2 we reintroduce the Z-algebra associated with a
Wakimoto module following the work of Lepowsky and Wilson in [21] and Lepowsky and Mirko
Primc in [19)].

In the chapters that follow, we shall first recall the definition of the affine special linear Lie
algebra sl (2) and Wakimoto’s family of representations. Using this explicit realization of §l(2),
we then introduce the method of constructing the associated Lepowsky-Wilson Z-algebra. In
Chapter 3, we show the method for extending Wakimoto’s representation to sl (n) for arbitrary
n, which was first done by Igor Feigin and Edward Frenkel in [5] for the simple root vectors.
They later showed in [6] that this construction can be extended to all affine Lie algebras.
We offer formulae for the Wakimoto-style operator realization for all positive root vectors,
and briefly comment on the general method for constructing Z-algebras associated with these
modules for si(n). In Chapter 4 we discuss in detail the Wakimoto realization for s/(3) and
also present the defining relations for its associated Z-algebra in the form of the “multiplication
tables” in Tables 4.1 and 4.2. In Chapter 5, we present an explicit realization of the Z-algebra
associated with the affine Lie algebra §l(2) at the critical level —2 acting on a Clifford type
algebra. Finally, we use this explicit realization to calculate the character of the associated

vacuum Space.



Chapter 2

sl(n) and its Wakimoto

Representations

2.1 The Special Linear Lie Algebra

Here we will define some basic ideas and constructions which are necessary for comprehension
of this work. Typically, these definitions will not be specifically referenced in later chapters,
but they are fundamentally important to understanding this dissertation.

Notationally, we let E;; refer to the elementary matrix with a 1 as the i* row and ;%
column entry and zeroes everywhere else. Also, recall that the trace of an n x n matrix is the
sum of the elements along its main diagonal. Define the commutator bracket of matrices A and
B to be [A, B] := AB — BA, where AB implies the typical matrix product.

Let g = sl,(C) denote the set of n x n complex trace zero matrices. Since we will always
take our base field to be the complex numbers, we may refer to this set equivalently as g, s,
or sl(n).

Under the commutator bracket defined above, si,,(C) is a Lie algebra, because it satisfies

these properties: (Let x,y, 2z € sl,.)
1. [, ]:sly x sl, — sl, is a bilinear map.
2. [x,z] =0
3. The map also satisfies the Jacobi Identity, [z, [y, z]] = [[z,v], 2] + [y, [z, Z]]

Remark 2.1.1. At this time we also introduce the anti-commutator {A, B} := AB+ BA. This

will become an important definition in later chapters.

Let h = span [H; = Ej; — Eiy1,+1]1 < i < n — 1] be the subalgebra of sl,, consisting of trace

0 diagonal matrices. We call h the Cartan subalgebra of g. For x € sl(n), ad, denotes the linear



transformation given by ad,(y) = [z,y]. Then adj acts semisimply on g for all h € b.

For i =1,2,3,...,n, define the linear functionals ¢; € h*, such that
C1 0 0
0 C2 0
€ =
0 0 ¢,

Then, we take the following notation for some important linear functionals:

Q1= € — €41, 1§i§n—1 (2.1.1)

A= +e+-+e, 1<i<n-—1. (2.1.2)

Definition 2.1.2. For a € h*, define the root space g, := {z € g| [h, 2] = a(h)z Vh € b}.

The linear functional 0 # o € bh* is a root if g, # {0}. Note g,, = span{Xi ;11 := Ej;y1}
and g_,, = span{Yi;y1 := Eij11,}. Theset A = {a1,...,a,_1} is called the set of simple roots.
Since ¢, —€; = a; + ...+ a1 for i < j, then let ®+ = {a; + aip1+ ...+ aj_1]1 <i<j<n}
denote the set of positive roots, and let &~ = {— (s + vip1+ ...+ j—1) |1 < i < j < n} de-
note the set of negative roots. ® = ®T U &~ is the set of all roots. For i < j, Oei—e; =

span {X;j := E;;}. The Lie algebra sl, has the root space decomposition g = n~ @ h &

nt, where n* = @ O

+aeAt
For sl,,, we define the inner product of two roots in A. The definition then extends to all

of h*.
2, i=7
(i 05) =0i(Hj) =< -1, i=j+1 (2.1.3)
0, otherwise
Definition 2.1.3. A set of generators of a Lie algebra g is a set of elements S C g such that all
elements in g can be written as the linear combination of elements, or brackets of elements in

S. If the set S = {s1, s9,...,8,} generates the Lie algebra g, then we write g = (s1,$2,...,Sn)-
Letting B; = X541 := Fii41, Fi = Y11 = By and Hy »= By — Eiyq 41, then g = sl,, =

Definition 2.1.4. A Lie algebra homomorphism is a linear map f : g; — g, between Lie

algebras g; and g,, with respective brackets [, ]; and [, ],, such that for any g, ¢’ € g;, the
relation f ([g,4']1) = [f(g), f(¢)], holds.

When a homomorphism is both injective and surjective, we call it an isomorphism. An

isomorphism between a Lie algebra and itself is an automorphism.



Definition 2.1.5. For any vector space V', gl(V) = {linear maps 7 : V +— V'} is a Lie algebra
under the commutator bracket. A representation of g on a vector space V is a Lie algebra
homomorphism 7 : g — gl(V'). We call V the representation space.

Given such a representation, we say that V' is a g-module via the action g-v = w(g)(v) V g €
g, v € V. When defining a representation 7 of g, it is sufficient to define how the map 7 acts

on its generators.
Definition 2.1.6. Suppose that the vector space V has the decomposition V = GB V(m),

meZ,
such that dim (V(m)) < oo for all m € Z. Then we say that V has a Z-grading. The character

of a representation is the Z-graded ¢-dimension of the module V', denoted by ch(V'), and defined

ch(V) =Y dim(V(m))q™.

2.2 The Infinite Dimensional Affine Lie Algebra si(n)

In 1968, Victor Kac and Robert V. Moody independently defined infinite dimensional analogs
of semisimple Lie algebras. The finite dimensional Lie algebra g = sl(n) has such an analog

called the affine special linear Lie algebra and denoted g = sl (n). We define it as

A~

g=sl, =5, ®CIt,t7'] & CCeaCd,

where C' is a central element, meaning that it commutes with all elements of §g. The element
d=1® t% is the degree derivation. For x € § where [d, x] = mx, we say that m is the degree
of z. Elements in sl,, ® C [t,t7!] are denoted x(m) := z ® t"™ and brackets for § are defined

[z1(m), z2(n)] = [z1, 2] (M + n) + MCTr (2122) Omin,0, (2.2.1)

[07 x(m)] =0, [d7 x<m)] - m(m),

where x, x1 and x9 € g, [21, 2] is the usual commutator bracket for g, Tr(z12z2) is the trace of

the matrix product zz2, and dp,4n,0 is the Kroenecker delta function. (cf. [4], [13])
Definition 2.2.1. Let a matrix A have the following properties:

e a; =2, Yi=1,2...,n—1

®a;;<0,i#]

o CLijZO = ajl-:O



Any matrix that satisfies these properties is called a generalized Cartan matriz (denoted
GCM). A GCM A = (aj;) is symmetrizable if there is a nonsingular diagonal matrix D such
that DA is symmetric. A positive-definite GCM is called a Cartan matriz.

Definition 2.2.2. Given a GCM A, we can define a Lie algebra L over the field C, generated
by {ei, fi, hi|l <i<n—1} (called the Chevalley generators), with relations (called Serre rela-

tions):
2) [y fil = —aifi (5)  (ade)' ™™ ej=0,Vi#]
(3)  [hy &] = aize (6)  (adp)' ™" f; =0, Vi#]
These algebras are called Kac-Moody Lie algebras. (See [13].)
[ 2 -1 0 0 ]
-1 2 -1
Example 2.2.3. Define the (n— 1) x (n— 1) matrix A=| o -1 2 °“-. 0
: . . .o —=1
o -~ 0 -1 2

The Kac-Moody Lie algebra L, defined by generators {e;, fi,_hi| 1<i<n-—1}, Cartan matrix

A, and the Serre relations in Definition 2.2.2, is the finite dimensional simple Lie algebra g = sli,,.

The affine Lie algebra g = sl,, can also be defined by the Chevalley generators
{ei, fi, hi] 0 < i <n — 1} and the Serre relations. The GCM associated with g is

2 -1 0 0 -1
-1 2 -1 0
2 =2 0 -1 2 . T
A= ,forn=2and A = ,forn>2. (22.2)
0 -1 2 -1
-1 0 0 -1 2 |

2.3 Wakimoto’s Representation of s/(2) at All Levels

In 1986, Minoru Wakimoto published the construction of his family of representations of §l2((C)
(see [24]). This family defined, for each pair pu,v € C, a representation m,, on the space

of polynomials V' = C [z, yj]ieZ' His definition requires the use of the following differential
Jj=0



operators
; iti>0

Yi
i ifi>0 o ifi>0
aiy=9 T, T ay =4 T (i) =40 ifi=0
T ifi1<0 x; ifi <0 —0  ip -
v if i <0

Notice that our operators take two forms: multiplication by a variable and differentiation

by a variable. The former we shall refer to as a creation operator. The later shall be known as

an annthilation operator.
It will be necessary to employ a different type of product here

Definition 2.3.1. We define the (bosonic) normally ordered product of operators as follows

a(i)a*(y) ifi>0
a(i)a* ()= { L (a0)a () +a*()al0)) ifi=0
a*(j)a(i) ifi<0

(Note that this is a slightly modified version from the one given in [24].)
The effect of this type of product is that it moves annihilation operators to the right of

creation operators, so that they act first. This makes the operators well-defined as they act on
the representation space. Utilizing this normal ordering, we define the operator

E(m) = :a(j+m)a*(j):.

jel
Given these operators, we can consider their various commutator brackets as they act on V'
Once we define the representation we will need these relations and others to prove the bracket

relations for its action on sly. Here are some examples of the calculated relations

e [a(i);a(j)] = 0 = [a"(i),a"(5)]

o [a(i)a*(j):, a(k)] = a(i)djk,
[a(i)a*(5):, a(K)] = —a*(5)din

Use the following naming system for these matrices in sls: X = E19, H = E11 — F9s, and
Y = FE51. Then, we can define the family of Wakimoto representations of sl after choosing the



following as its Chevalley generators

€0 :X(l), €1 :Y(O),

fo=Y(-1), fi=X(0),
ho = H(0)+C, hy = —H(0)

Definition 2.3.2. The representation m,, : sly —» GL(V) is defined, for all u,v € C as

follows:

T (X (1)) = a(=n)

m,,,(Y(n)):(M—1—<”22+1)n>a*(n) > E@G)at(j+n):+v Y b(j)a(j+n)

jEZ ]EZ
Tuw(H(n)) = 2E(=n) —vb(=n) + (1 — p)dno

7 (C) = — (2 + ”22)

Ty (d Z] a(y —i—qu

]EZ

The way in which C acts on the representation space is the called the level of the represen-
tation. Notice that the level depends the value of v, and can itself take any value in C. Observe

that in the case of ¥ = 0 the representation given above greatly simplifies to:

Tuw(X(n)) = a(—n)

Tuw(H(n)) = 2E(—n) + (1 — ) éno
Tuw(C) = =2
Tu(d) = =Y j ra(j)a(j)

The level in this case is —2,which is the negative dual Coxeter number for s/(2). When the level
of the representation equals the negative dual Coxeter number, we call that the critical level.

In general, verifying the bracket relations for sly would be difficult since there are so many
elements. So, to do the calculations all at once we employ generating functions, as in [5], where
we take the elements to be coefficients in a formal power series.

For z € sly, define the series z(z) = 3 @(n)z~™. We call the homogeneous components
nel

x(n) the nodes of z(z).



Clearly, to define generating functions for elements of the algebra, we must also construct
them for our operators in a way that matches that definition. Fortunately, we can define them
so that the definition is consistent, and also so that the power series of the operators interact

with one another in the expected way.

Define a(z) = Z a(n)z", a*(z) = Z a*(n)z™", b(z) = Z b(n)z"

nEZ nEZ nEZ

and E(z) = Z E(m)z" = :a(z)a*(z): .
meZ
Observe that the product z1(z)z2(2) does not make sense because, for instance, we have an
infinite set of coefficients for the constant term. In fact, this is true for all terms. One way to

make sense of this is through the normal ordering of a product of power series.

Definition 2.3.3. Define the normal ordered product of two formal power series by

m,,n

1 (2)ze(w): = D tzi(m)za(n): 2Mw™.

mnel,

Note that :x1(2)ze(w): = zo(w)z1(2):.

The other way we make sense of the product of formal power series is by taking products
of series with different variables, as in x1(2)z2(w). Here we have little trouble determining the
coefficient of the z™w™ term, namely (x1(m)z2(n)). When calculating commutator brackets of
our generating functions, we will only consider those in different variables.

The convenience of switching to formal power series is that they provide commutator re-
lations analogous to those in [24]. To calculate such brackets, we require the employment of

contractions. Physicists call these operator product expansions, or OPEs.

Definition 2.3.4. Given formal power series z1(z), and x2(w) with normal ordering
:x1(z)z2(w):, then their contraction is denoted and defined to be
z1(2)z2(w) = z1(2)x2(W)— 121 (2)T2(W) "M
—_—
Physicists’ notation utilizes the tilde to denote the contraction of formal series. That is,
z1(2)xe(w) ~ x1(2z)x2(w). This emphasizes the property that zp(z)x2(w) behaves like its
——

contraction in commutator brackets.

We can observe this here, and thus see the usefulness of contractions.

[21(2), 22 (w)] = 21 (2)22(w) — T2 (w)T1(2)
= <J;1(z):1;2(w) + :xl(z)xg(w):) - (:cg(w)xl(z) + :xg(w)xl(z):>
———— ———

= 11(2)z2(w) — T2 (W)21(2)

-




Example 2.3.5. Here we calculate an example contraction, using Definition 2.3.1 and Defini-
tion 2.3.3.

m,nEZ m,nEZ
* m, —n 1 * -
= Y fatm).a’(m)]"w "+ 2 Y [a(0), 0" (n)] w
m<0, nel ne’
| —n _ m, —m _ 1
= Z —Omn 2w +§Z_50nw __ZZ w )
<0, nEZ TLEZ m<0
__Z<w)m_1__< w )_1__<Z+w>
m>0 ~ 2 Z-w 2 2(z —w)
Similarly, we can find a*(w)a(z) = Q(zuj__wz)

Hence, [a*(w), a(2)] = ———%— Z+w)zz(w)”.

20w—2) 2(z—-w z
ne
We will also encounter products of two or more normally ordered products, for example

products that include E(z) = :a(z)a*(2):, we need to have a method for understanding these

products.

Theorem 2.3.6. (Wick’s Formula)
Let Ai(z),...,An(2), Bi(w),...,By(w) be formal power series of creation and annihilation
operators with normal ordering and contractions as defined in Definition 2.3.3 and Defini-

tion 2.3.4, respectively. Then,

tA1(2) - Ap(2) = Br(w) - - - Bp(w):

min{m,n}
= Y Y (A@Ba) A B
s=0 Q1< <is
-

(AL(2) - A1 (2) A 11(2) - Ap(2) - Bi(w) - By —1(w) Bjy 1 (w) <+ - Bp(w):)

That is, the product of two normally ordered products is the sum of all possible products of
normal orderings and non-zero contractions where, in each term, each of Ai(z),..., Am(2),

Bi(w),...,Bp(w) is present in either the normally ordered product or a contraction.

10



Example 2.3.7. Perhaps, this is best understood through an example calculation:

E(2)E(w) = :a(z)a*(z)::a(w)a” (w):

=:a(z)a*(2)a(w)a* (w): + :a(z)a*(w): a*(2)a(w)
—_—

+:a”(z)a(w): a(z)a™ (w) + a*(2)a(w) a(z)a™ (w)

= :a(2)d’(z)a(w)a’ (w): + :a(z)a” (w): <z+w>

2(z —w)
2
N z+w zZ+w
- (575 ) - (567
Also for any generating function z(z), we vacuously define : z(z) : = z(z). With these

products fully understood, we can now calculate a variety of bracket relations for the formal

power series realizations of our Wakimoto operators.

e [a(2),a(w)] = 0 = [a*(2), a" (w)]
e [a*(2),a(w)] =& (%), (as seen in example 2.3.5)

o [E(),a(w)] = a(w)s (L), [E(z).a"(w)] = —a*(w)s (2)

o [E(2)a*(2):, B(w)] = : E(w)a*(w): § (£) — a*(w)wdyé (L)

Here, 0 (2) = > (2)" is known as the Dirac delta function (See [13], [16], [5]).
ne
The delta function has the following critical properties:

w

femd (Z) = 1620(3) = Sws (T)

z

w w

(2.3.1)

F(z,w) 900 (%) — O [f(z,w)a (%)] O [f(z,w)] 6 (%) (2.3.2)
£z, )90 (%) — f(2,2)900 (%) — O [f(z,w)] 6 (%) (2.3.3)
282(5(%) - —wawa(%) (2.3.4)
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Formulas (2.3.2) and (2.3.3) are equivalent, following from (2.3.1).
Remarks 2.3.8.

0(5%

)

( ) 1 1
—w)?  (w—2)?
1 1 m
In the first remark, we view the term = as the sum of the geometric series w™ g (—)
z
m>0

is a geometric series sum where |z| < |w|. In [16], we see that

o it ()

where |w| < |z|. Similarly,

j 1 1 m . -

() _ — _ _ —-m—1, m—j (3 _ 1
0)0(z —w) = C—wp i (w—a ZZ< ; )z w™™7, where 0y’ = 5;0u and
me
§(z—w) =271 Z ( ) . We know that 6(z — w) and § (£) share properties (2.3.1), (2.3.2),

and (2.3.4).
It is a worthwhile exercise to verify the formulas in remark 2.3.8. Observe

(57) (29~ (5ot -s 3 o

d(z —w)

R
t\z
_|_
S
~
<
Oq
o
|

[ ][5
S(z—w) =0y | > 2™ ™| —wi(z - w)

<z+w>2
2
mEZ

- e 8 (8 = () - (£)

mEZ nEZ mGZ

= Oy [W?0(z —w)] — Oy

Now, for the sake of simpler arguments, we define the series of generators

=) X(m)z ™, Y(2)= > Y(m)z™", H(z)= > H(m

mEZ mEZ mEZ

Then, following (2.2.1), the commutator bracket relations of sly as generating functions are as

follows:

12



[H(z), X (w)] = Z [H(m), X (n)]z "w™ " = Z 2X(m4+n)z"Mw™ " (2.3.5)

m,nEZ m,nEZ
=2 Z X(n)w™ (%)m =2X(2)0 <%>
H(z),Y(w)] = Y [H(m),Y(n)]z""w™" = -2Y(2) (%) (2.3.6)
m,nEZ
(X (2),Y(w)] = Z [X(m),Y(n)]z""w™" (2.3.7)
m,nGZ
= Z (Hm+n) +mCépm,—n) 2z~ "w™"
m,nEZ
— H(w)s (g) 4 Cwdyd (g)
[H(z), Hw)] = Y [H(m),H(n)| 2w ™" = 20w, (%) (2.3.8)

m,nEZ

Using formal power series, we define the Wakimoto representation in this way:

Tu(X(2)) = a(2)

2
(Y (2)) = (n—1) xa*(z) + <2 + 1) 20.a*(2)— : E(2)a*(2) : +vb(z)a*(z)
T (H(2)) = 2E(2) — vb(z) + (1 — p)x, where x(H(n)) = 0np

In general, we prefer to leave the map 7, , as assumed but unwritten.
Bracket calculations can now be performed, for general levels, with the generating functions.

To confirm that we have a representation, we verify the relations.

[H(2), X (w)] = [2E(z) — vb(2) + (1 — p) x, a(w)] = 2[E(z), a(w)] (2.3.9)

w w

= 2a(w)d (;) =2X(w)o (;)

Thus, we have calculated [H(m), X (n)] for all m,n € Z, and confirmed (2.3.5).

13



[H(2),Y(w)] = =2[E(z),: E(w)a”(w) :] + 2(u = 1)x [E(2), a" (w)] + 2vb(w) [E(2), " (w)]

+2 (1/22 + 1> wdy, [E(2),a*(w)] — 2 [b(2), b(w)] a* (w)
=2: E(w)a*(w): 90 <%> — 2a™ (w)wdyd (%) +2(1 — p)xa™(w)d <E>

— 2ub(w)a* (w)d (%) — (1 +2) (w@w(a*(w))é ( ) — a*(w)wdyo (%))

w

— V2a*(2)wdy0 (%) (2.3.10)
— 2V (w)d (2’)
7/2
X(2), Y ()] = (4 — 1) x [a(z), a*(w)] + (2 n 1) (a(2), wd.a* (w)] (23.11)
~a(2).: E(w)a(w) ] + vb(w) [a(2), a*(w)]

0 (2) - (2t (5) 05 (2)

2

—ob(w)s (%) = (1475 ) wons (%)
= (2B(w) — vb(w) + (1 — p)x) & (%) - <2 + V;) w0 (%)

— H(w)b (%) + Cwéyd (%)

[H(2), Hw)] = 4]B(2), E(w)] + v [b(2), b(w)] = 2 <2 + ”> (—w8w6 (%)) = 20wdy0 (%)
(2.3.12)

So, we have verified that the formal power series of the representation is consistent with the

known relations for sl(2).

2.4 The Algebra Z

As introduced in [21] and following the construction in [19] we construct an algebra Z cor-
responding to the affine Lie algebra §. Let Z(n) denote the Z-algebra associated with sl(n).
Letting ® be the set of roots for g, then for all & € ® and all m € Z, we shall define operators
Z(a,m) € Z(n) which act on the vector space V.
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For the Lie algebra g, we have the root space decomposition, as in Definition 2.1.2, with

Cartan subalgebra f). Then we now define the Heisenberg subalgebra as in [19].

Definition 2.4.1. For affine Lie algebra g, we define the Heisenberg subalgebra as

h= P et eClscCd

Also, decompose ) = 6+@60@6_ where we define Gi = @ (h®t") and 60 =hel1eCCaCd.
+n>0

Suppose we have a representation of g acting on a space V. Then as Z also acts on V, it
is a necessary property of Z that its action commutes with the action of 6 Now, under the
action of 6, we decompose V into the tensor product of an irreducible module of the Heisenberg

subalgebra and the vacuum space of V.

Definition 2.4.2. The vacuum space, denoted by €2y, is the subspace of V' annihilated by b T
That is,

QV:{U€V|6+‘U:0}.

Remark 2.4.3. As Z acts on V, it generates Qyy. Let vy be a highest weight vector, then
Qy =A{Z(S1,m1) - Z(B1,m1) - volk >0, f; € P}. As noted in [19], realizing Qy allows us to

further construct a realization of the Lie algebra g operating on V.

We now shall go about the construction of Z.

Allow us to now denote the function H(z) = — [ Hcgj) dz= Y h;(g) z~™. We will more often
m##0
utilize its decomposition H(z) = H(z) + H_(z), where Hy(z) = Ii(g)z*".
o Fn>0
Now, let e!/(*) be the formal exponential of H(z). We will need to be able to work with this

()

exponential operator, and so before we fully introduce Z, we discuss e

Theorem 2.4.4. (by Campbell-Baker-Hausdorff)
Given formal power series x1 = x1(2) and x1 = x1(2) where [z1, [x1,x2]] = 0 = [22, [z1, 22]],
then

eT1 T2 ::emzexlekthw2L

Equivalently, [e*!, e*?] = e™2e™! (e[xl,xz] —1).
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Theorem 2.4.4 allows us to determine the following identities:

() H(w) — Hy(w) H-(2) (1 — %) ¢ (2.4.1)

o H-(2)g=Hi(w) _ o—Hy(w),~H_() (1 _ %) g (2.4.2)
- (2)p=Hy(w) _ ~Hy(w) H_(2) <1 — %) ° (2.4.3)
TG _ Frwe T (12 1) ° (2.4.4)

These identities follow directly from Theorem 2.4.4 and noting that > % (%)n is the series
n>0

expansion of —In (1 — %), where |w| < [z|. We observe may observe this in the following

example calculation:
Example 2.4.5. As mentioned above, first note that Theorem 2.4.4 implies that

SH-(2) JH i (w) _ JHy(w) JH-(2) [H-(2).Hy (w)]

Then the identities follow directly from this calculation:

H_(2) o (w)] = 3 EOV IO o 5~ 20

mnC? mnC?
m>0 m>0
n<0 n<0
2 :25m,fn —m. —n —2 1 fw\m™
nC C m \z
m>0 m>0

:éln@—f):ln@—f)g.

Remark 2.4.6. Another effect of Theorem 2.4.4, is that [z}, e*2] = €*2 [x1, x2].

This fact is clear once we note that x1 = s (e**'),_, and then apply the Campbell-Baker-

Hausdorff rule. Observe:

1, e%2] = [0, (esml)s:O ,e™2] = 0, ([63371’612])8:0 — 0, [emesm (e[sxl,m} _ 1>}S:0

_ [eIQxlesxl (e[sxl,xg} o 1) + %2501 [$17x2] es[rl,xg]} — %2 [1'1,3?2]
s=0

In truth, remark 2.4.6 will be especially useful once we begin computing the bracket relations
Z(2), but first we define its elements.

Definition 2.4.7. For each root, -« of sls, we define Z-algebra operators Z* (m) = Z(%a, m),
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by using the normally ordered product to define the generating functions Z*(z). Let

Z+(Z) = Z(O[,Z) = CH(Z)X(Z) p— eﬁ+(z)X(Z)eﬁ_(z)’

Z7(2) = Z(—a,2) = e TEY (2) 1= e T+ By (2)e - (),

Note that the normal ordering seen here is consistent with the normal ordering from Defini-

tion 2.3.1, because the annihilation operators are moved to the right.

Now, as previously mentioned, Z should commute with the Heisenberg subalgebra of § = sls.
That is, [H(n), Z*(2)] for all n # 0. We will take the time to verify that now for Z*(2), but

the argument for Z~(z) is similarly made.

— —22" £n >0
By first realizing that [H(n), H4(2)] = ZO j:n 0 we can see that
, n <

[H(n), [H(n),H+(2)]] =0 = [H+(n),[H(n), H+(2)]]. Thus, Theorem 2.4.6 applies in this
situation.

[H(n), 2+ (2)] = [H(n)7:€ﬁ(z) X(2) :} _ [H(n)jem(z) X(z)eﬁ_(z)}

—

= [H(n),eH-s-(Z)] X(z)eﬁ—(z) + eﬁ+(z) [H(n), X(2)] H-(2) + €H+(Z)X(z) [H(n),eﬁ—(z)

|
i

0
O

= M+ [H(n), Hy(2)] X (2)ef-3 4 T+C) [H(n), X (2)] e
+eH DX (2)ef- ) [H(n), H_(2)]

¥ii 2 n,—m — 2 n,—m - ¥z
— H1(2) Z %X(z) + 2 2X (m +n)z"™ + Z nCé,—CzX(Z) oH-(2)
m<0 m mel, m>0 m

= ef+(2) Z —20p,—mz " X(z)eﬁ*(z) + (22") eﬁ+(z)X(z)eﬁ*(z)
m7#0

=2"Z7(2) — 22"Z1(2) =0

Remark 2.4.8. The necessary effect of the above calculation is that
[H(n), Z*(2)] = 0 = [eﬁi('z), zi(z)} = 0.

The previous remark allows us to calculate the product of two generating functions in Z.
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Example 2.4.9.

ZH ()2 (w) = 27 (2) (MO X (w)e-)) = M7 (2)X (w > )
— eﬁ+(w)eﬁ+(z)X(2)eﬁf(z) ( —H (w) JHy (w) )

-2
= H+W) H+(2) x () e~ H+ (@) Hr (@) X (1) H - () H-(2) (1 _ E) c

;2
= H+EHHL (W) X () X (1) e - )+ H-(w) (1 _ E) c
z
— — — — —2
It is clear, then, that Z™(z )Z+( ) = e+ T W) X () X (z)eH-@FH-(w) (1 — 2)C No-
—2

tice that the presence of (1 — %) < and (1 — i) ¢ make it extremely difficult — if not impos-
sible — to calculate the commutator bracket of these two generating functions. We therefore

introduce the following definition.

Definition 2.4.10. Given roots ¢1, ¢ of the affine Lie algebra g and their associated generating

functions Z(¢1, z), Z(p2,w) in Z, then we define the generalized commutator bracket as
(¢1,92) (¢1,92)
w\ e Z\ e
[Z(61,2) Z(62.w)]| = Z(61, ) Z(dow) (1= Z) T = Loz w)Z(o1,2) (1= =) ©

z

where (¢1¢2) is their inner-product as given by (2.2.2).

This definition does not restrict us to the case of Z(2), though for the time being we want
to solely consider that case, noting that then ¢1,¢2 € {+a}. Furthermore, Definition 2.4.10
makes no restrictions to the level of the representation, but since the definition depends on C

it is apparent that relations will differ between levels.

Theorem 2.4.11. For the case of sla, [[Zi(z), Zi(w)]] =0 and

Proof. Recall example 2.4.9. Then

2
O
+
N
O
|
(e}

[[Z7(2), 2% (w)]] = T+ O [X (2), X (w)] e =

Similarly, we are able to easily compute

[[27(2), 27 ()] = e OOy (2), ¥ (w)] e =070 =,

|

The case of [[Z"(z),Z~ (w)]] is notably more interesting in computation and result. First
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consider the products.

Similarly, Z_(w)Z“'(z) = eﬁ+(z)—ﬁ+(w)y<w)x(z)eﬁ,(z)—ﬁ,(w) (1 _
Here we call upon (2.3.11) and (2.3.2) to complete the proof.

F\
O
|
F\
E

[[27(2), 27 (w)]] = T+ O [X (2) ¥ (w)] e
= MO0 (H(w)s (2) + Cwdyd (5)
(

= H(w)d (%) + Cw (&Ué (%) - (Z H?w

m#0

— H(0) (%) + Cwdyd (%)

This completes the proof of our relations for Z(2) at any level.
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Chapter 3

Z-algebras for Higher Level sl(n)

3.1 Extending the Wakimoto Representation to si(n)

We wish to expand on the concepts of Wakimoto in [24], Lepowsky, Wilson and Primc in
[19, 21] by extending Wakimoto’s work to sl(n), following [5], and developing relations for the
Lepowsky-Wilson Z-algebra at general level.

Note that formulas realizing the Wakimoto representation of §l(n) have been found by Boris
Feigin and Edward Frenkel in [5] for the elements associated with the simple roots. We know
that elements of § associated with the non-simple roots of g can be obtained by taking brackets
of simple root vectors. Our goal, however, is to be able to write such formula that gives the
operator realization for all elements in g. We provide such a formula for all positive root vectors.

A quick glance at Definition 2.3.2, and one can clearly see the relationship between the
upper-triangular element X € si(2) and the operator a. In the same turn, one will notice a
similar tie between the lower-triangular element Y € sl(2) and the operator a*. As we extend his
definition to sl(n), we aim to maintain the symmetry of Wakimoto’s representation, and indeed,
the symmetry of sl(n) itself. Keep in mind that for each n, the number of upper-triangular
elements (and symmetrically, lower-triangular elements) in sl(n) is ”(nT_l) = |®*|. This should
imply to us that if we wish to define a representation that maps each upper-triangular element
to an operator that is independent from the others, then we will need to define w operators,
and consequently the vector space of our representation will require the same number of families
of variables.

Because of our dependence on the root system of g, it will be important to have a convention

for denoting a root and its corresponding element.
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Definition 3.1.1.

e For E;; € sl, with 1 < i < j < n, we shall denote the corresponding elements in sy by
Xij(m) = Xa,;(m) = Eij @ t™, where aj = o + a1 + -+ + a1, the positive root

associated with £;;.
e For —a;j = —a; — a1 — -+ — a1, associate the element Yj;(m) = Y_ 4, (m) := Ej; @t™.
e We continue to use the convention H;(m) := (Ey — Eit1,41) @ t™, for 1 <i < mn.

Our representations will act on the Fock space V' = Clzijm, ¥ijp| 1 <i<j<n,meZ, peN]

We define the operators
MYijm ifm >0

Tijm ifm >0 9 _ ifm <0
a;j(m) = ng . B a:j(m> =< OTigm ) bij(m) =< 0 ifm=20
Dzijm ifm<0 Tijm iftm>0 _9 £ m <0
0Yij,—m

The normally ordered product of operators a;;(m) and aj;(n) is as before:

ag(m)ay,(n) m >0
tagj(m)ag(n):= {5 (aij(0)ag,(n) + agy(n)ai;(0)) m =0
ay,(n)ai;(m) m < 0.

Then let £;;(m) = X:Z ta;j(k +m)aj;(k):. Notice the change in notation from the sly case.
This is to alleviate ck(fnfusion between the operator £;;(z) and our notation of the matrix Ej;.

Now, as Wakimoto did in [24], we wish to address the various commutation relations of
these operators before formally developing and writing out the representation of sl (n). In this
work, though, the realization will take place among the formal power series realizations of these
operators and, correspondingly, the loop algebra elements of §l(n) In order to do this, however,
we must understand the basic commutation relations of the operators themselves.

Observe that if i # k and j # [, then the operators aj;(m) and ag(n) will commute. If,
however, we have both ¢ = k and j = [ then the commutator bracket will behave just as in the
s1(2) case.

[ai;(m), ag(n)] = Smndirdi

In fact, this can be said about all of the basic commutation relations.

[€ij(m), ari(n)] = aij(m + n)dikdji, (3.1.1)
[€ij(m), agy(n)] = —aj;(n — m)dikdji, and (3.1.2)
[Ei(m), Er(n)] = My, —ndindj = [bij(m), by (n)] . (3.1.3)
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Now, we introduce the formal power series realizations for each operator.

ai(z) = Y ay(m)=",  aj(z) = 3 a(n)z " (3.1.4)

nEZ nEZ
bij(z) = > bij(n)2",  Eij(2) =aii(2)aj;(2):=Y _ Eij(n)2"
neZ neZ

As before, we start with the simplest commutator, which we see behaves as expected.

alj(2). an(w)] =6 () dudy

This follows from the computation of the contractions below. We calculate others, as well.

a;j(z)am(w) = <2é—i__1:)> Oikdji, aij(2)ag (w) = — <M> 0ikdji,
0ty (2)Em(w) = afy(2) (2(+_“’w)) Sudi, Ex(2)al(w) = —af(w) (%*fw)) 511
Now we are able to calculate a variety of commutators.
(055 (2), axa(w)] = 0 = [a3(2), afy(w)] s (2), ()] = 0 = [bis (=), ay(w)]

15 (), bra(w)] = 2026 () Gind = —wu (2 ) Sy = [E13(m), Ega(m)]

Above, we have the basic commutators from which we are able to calculate the brackets for
our representation. However, notice that in the case that the indices are not equivalent, then

the operators and their respective generating functions commute. Thus, the above brackets

TL2—7’L

2
show our method of calculating brackets with these different varieties of operators.

amount to

copies of the relations from sl(2). This parallels the work in [24]. Below we

Example 3.1.2. Consider the formal power series of operators a;;(2), Eij(2), aj;(w) and
ag(w) with ¢ # k and j # [. Then suppose a calculation requires us to compute the bracket

1Eij(2)af;(2): s rap(w)ag; (w) } Since aj;(z) and ag(w) commute when i # k and j # [, then

we know that :ag(w)aj;(w):= ag(w)aj;(w). Thus,

[:Eij(z)afj(z) e akl(w)afj(w) :] = ag(w) [:Eij(z)afj(z) : afj(w)]
a(w) (—aj(2)a;(2)8 (£))

- (2 api(w)ag;(z)ai;(2) : +2a;;(2) “kl(w)a?j_/(zo g <7)

= — tag(w)aj;(w)az;(w): 0 (E)

z

IS
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The second to last step requires us to utilize the fact that

T1ToX3 =:X1X2x3: +T1 ToTs +To T1T3 +T2 T1T2, Which is a generalization of Definition 2.3.4.
N~~~ S~~~ S~~~

Remark 3.1.3. Note that a generalized Wakimoto representation has already been determined
(see [5] and [1]), which gives specific formula for writing the operator forms of the elements
associated with the simple roots of sl (2). For completeness, we provide these formulas below.

It is worthwhile to note that the definitions for H; and C' are already generalized.

n

Xiir1(2) = a1 (2) + Y tag(z)al ,(2):

k=i+2

1—1
Yiiv1(z Z Eriv1(z z,i+1(z)3 +Z Eki(2)a m+1 Pt Z rai1 k(2)ag,(2):
k=1

k=i+2

nv? « *
- Z ari(2)agip1(2): + (4 + 1> 20:a5;41(2) + (0= 1) aj;41(2)
+ (Vbz z+1 5 ; + Z kz Z bz-i—l kR + s Z bzk ) a;i—&—l(z)

k i+2 k i+2
i1 -
H( ) — 2gll+1 Z +ng: z+1 Z gz—l—lk Z 5zk
k=1 ‘ k=i+2 k=i+2
_ n n
I/ 1% 14 1%
—Vhiir(2) + 5 Z —3 Zbk,i+1(z) t3 D biyik(z) — 3 > bikl2)
k=1 k=1 k=i+2 k=i+2

V2

We have been able to generalize this construction for the elements associated with the
positive roots. That is, we have a formula for the realization of Xj;;(z) forall 1 <i < j < n,
using the power series of operators described in (3.1.4). Then, recall that for general basis
matrices E;j, Ey € sl,, we know [Eyj, Ey] = Eydji, — Eyj6;. So, for upper-triangular elements
X;; and Xj, we should expect that [X;;(2), Xp(w)] = (Xu(w)djr — Xi;j(w)di) 6 (£).

n
Theorem 3.1.4. X, (2) = X;j(2) = a;;(z) + Z raik(2)ag,(2)
k=j+1
Proof. First note that, : a;x(2)aj,(2) := aix(2)aj,(2), except when i = j, since the operators
themselves will commute. However, i < j as subscripts for X;;(z). With that in mind, we

calculate
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(X (2), Xp(w)] = [ai(z) + Z rair(2)ai,(2):, ap(w) + Z tags(w)ajy(w):

L r=j+1 s=[+1
= Z CL“»(Z) [CL]T(Z),CLM(’LUH + Z aks(w) [aij(z)7a75(w)]
r=j+1 " s=l+1
+ Y [ai(2)aj, (), ars(w)aj (w)]
r=j+1
n s=l+1 "
= Z air(w)éjkdrld <%) — Z aks(w)éiléjsé (%)
r=j+1 " s=Il+1
+ Z (air(w)a?‘s(w)éjk&sé (%) — ags(w)aj, (w)dydysd (%))
=
=ik | an(w) + Z air (w)ay, (w) 6(%)
r=j+1
it akj(w) + Z aks(w)ajs(w) 0 (%)
s=j+1

3.2 Constructing the algebra Z Associated with si(n)

Given remark 3.1.3, we can set about with the task of constructing Z(n), the Z-algebra asso-
ciated with sl(n). Recall that, notationally, we define the root aj; = o + -+ oj_1. Asin the

case of Z(2), we will construct a generating function Z(/3, z) for each root g € .

Definition 3.2.1. For the Lie algebra sl,, and the root a;j in @, of sl(n), define Ziij(m) =
Z(+a;j,m) € Z(n) by defining the generating function Ziij (2) = Z Z(+a;j,m)z" "™ where
meZ,
Z(2) ::e(ﬁi(2)+"'+ﬁi(z))Xij(2):

Z;;(2) == ")y (2).

Then, we can determine relations for Z(n) using the same generalized commutator bracket
from Definition 2.4.10 as in the si(2) case, and then calculate them with our knowledge of
Theorem 2.4.4 and the bracket relations of the algebra. Recall that Definition 2.4.10 utilizes
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the inner-product of the roots of sl(n). We will continue to define these inner-products using
the generalized Cartan matrix from Section 2.2.

In Section 4.2 we will use this construction to determine all the relations for Z(3).

25



Chapter 4

An Explicit Look at the
Construction for si(3) at All Levels

4.1 The Wakimoto Representation for si(3)

We now take the opportunity to show the explicit realization at all levels for the affine Lie
algebra § = sl3. Recall that for 21,29 € sls, then the commutator bracket for § is defined by
[z1(m), z2(n)] = [z1, 22] (M + n) + MCTr(z122)0m,—n-

We choose generators for g in this manner:

0 0 0 1
Xi2:=Xo, =0 0 0 Xoz i =Xa, =0 0 1 X13:=Xatax =] 0 0 0
I 0 | 00 i 0
[0 0 0] 000 [0 0 0
Yo=Y =1 0 0 Yo3:=Y 0, =0 0 0 Yis:=Y a—as=| 0
0 0 1

1 0 0 00 0
Hi:=H, =|0 -1 0 Hy:=Hpy=|0 1 0
0 0 0 00 —1

Note that by this notation, Hy, +q, = H1 + Ha.
Our representation space is the Fock space V' = C [2jjm, yijp|l <i<j<3,Vm € Z,p € N].
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Then, as in Section 3, for 1 <17 < 5 < 3, we have operators

myi; ifm>0
i HEm>0 0 ifm <0 Yigm.
ai;j(m) = - . a;;(m) = ijm bij(m)=<¢ 0 itm=0
J o f < O 1] . J
O%i5,m im Lijm ifm=>0 5 -0 ifm <0
Yij,—m

and &;;(m) = > :ai(k +m)aj;(k):.
keZ
Definition 4.1.1. Using remark 3.1.3 and Theorem 3.1.4, we define the family of representa-

tions, {m,.}, such that 7, , : g — gl(V) for all u,v € C, where 7, maps the generators of g
in the following way:

Xlg(z) — alg(z) + alg(z)a§3(z), X23(Z) — CL23(Z), Xlg(z) — alg(z),
V2
Yi2(2) = (n — 1)ajy(2) + (34 + 1) 20,a75(2)— :€12(2)ala(2): + tazs(z)ais(2):
+ (y512(z) - gbgg(z) + gblg(z)> aty(2)

32
Yo3(2) = (u — 1)ass(z) + (4 + 2) 205a53(2)— :Ea3(2)ass(2): — :€13(2)ass(2):

#3812 — ana(2aig(e)s + (3 0() 4 () + 5hia(s) ) ak()
32

Yis(2) o> 20 — Dais(z) + (4 T 2) 2Dualy(2)— Era(2)aty(): — Era(2)aly(2):

— 1E23(2)ais(2): + :E12(2)aial2): ay(2) + (Gi2(2) + Fhaalz) + vbua(2)) ais(2)

1/2 1% 1%
- (34 T 1) 20 (afa(2)a(2)) + (1= p = vbio(2) + Sbag(2) — Sbis(2))ala(2)ais ()

Hi(2) = 2 (€12(2) = Shia(2)) = (E(=) = Sbas(2) + (E13(2) = Shis(2)) + (1 = p)x

14

Ho(2) s — (512(2) - §b12(z)> 49 (523(2) - gbzg(z)) + (glg(z) - %blg(z)) (- )
C— -3 <V42 + 1)

As before, we suppress the notation of the map 7, , and simply directly associate the element

in g and its realization as an operator on V.

We verify some, but not all relations here. All calculations are determined using relations
from Section 3.
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Example 4.1.2.

[X12(2), X23(2)] = [a12(2) + a13(2)as3(2), azs(w)] = a13(2) [a33(2), azs(w)]
o (£) < s (%)

Example 4.1.3.

[H1(2), X12(w)] = 2[€12(2), arz(w)] + [€13(2), a1z (w)] azs(w) — als( ) [€23(2), azz(w)]

-5 ot i ot 3

= 2 (aya(w) + ar3(w)als(w (%) — 2X 1 (w ( )
[Hi(2), Xoz(w)] = — [E23(2), azs(w)] = —az3(2 5( ) = — Xas( )5< )
[H(2), X1a(w)] = [E13(), ans(w)] = ar3(2)3 (5 ) = Xaa(w)a ()
Example 4.1.4.
[Y12(2), Xo3(w)] = 0
[Y12(2), X13(w)] = [ra23(2)ai3(2):, a13(w)] = az3(2)0 <%> = Xog(w)d (%)
[Yia(2), Xia(w)] = [ (1= 1)+ vbiz(2) = Sbaal2) + 5bia(2) ) aial=) = :€12()ai(2) s asz(w)

. [(34 N 1> 20ualy(2), am(w)] + fars(2)azs(2), azs(w)aly(w) ]

— ((u — 1) 4+ vbia(z) — gbzi’)( )+ ;bl3(z)) 0 (%) — &12(w)d (;)

~an(w)aia(w): 6 () + (34 . 1) 0.5 (%) - woub ()
+ (ars(w)afs(w) — az(w)azs(w) 6 ()

= ((u — 1) +vbia(2) — gbzza(z) + %bl?,(z)) b (%) — 2E15(w)5 (%)
- (34 + 2) wd (2) + sarg(w)ais(w): — saz(w)azs(w): —wdud (2)

= (1= 1) + vbia(z) = Jbaal2) + Fbialz >) (%) - 2602w (£)

~eators (£) s (%) s (1) wans (%)
= —Hy(w ()+cwa5()
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4.2 Explicit Defining Relations for the Z-algebra Correspond-
ing to sl(3)

Define H;( —f Hi(zz) dz = > %z‘”. Then we decompose H;(z) = H;y(2) + H;—(2),
m#0
where Hix(2) = . n(g)z*”
Fn>0

Let effi(®) again be the formal exponential of H;(z), and note the following identities:

2
EHi (2) g Hip (w) _ £ Hiy (w) £ H;(2) (1 _ E) CVi=1,2 (4.2.1)
z

;1

oH1-(2) Hzy (w) _ Hop(w) ;Hi-(2) (1 _ E) c (4.2.2)
z
+2
oH1-+Hz(2) jtHoy (w)£Hor (w) _ tHas (w)+Has (w) Hi—+Hz(2) (1 - 9) “ (4.2.3)
z

Then, we define the Z-algebra Z(3) by defining the following generating functions:
Zy(2) = Z(a1, 2) =M@ X1a(2): Z3(2) = Z(az, 2) =) Xo3(2):
Z5(2) = Z(ag + a9, 2) =M1 () HH2(2) X 5(2):
Z1y(2) = Z(—an, 2) = e MYy (2): Ziy(2) = Z(ag, z) = e H20Yyy(2):
Zi%(z) =Z(—a1 — ag,2) ::efﬁl(z)*HQ(z)Ylg(z):

Recall, from Definition 2.4.10 our generalized commutator bracket
(¢1,92) (¢1,92)
C

w z
[Z(61,2). Z(62.w)]| = L1, ) Zd0w) (1= =) T =Ll w)Z(61,2) (1- )
where the bilinear inner product (¢1, ¢2) of roots a1, g, aj+ ag can be defined by the Cartan
2 -1
-1 2|
Example 4.2.1. Consider some products in Z(3). Observe that relations among elements in
subsets {Z;rj(z), Zi_j(w)}7 for 1 <i < j <3, behave just as in the Z(2) case seen in Section 2.1.

matrix for sl(3), A =

ZE(Z)ZB( )=¢e Hi(2 )X12( ) Fl*(Z)eﬁlJr(w)JerJr(w)Xlg(w)eﬁlf(w)+F27(w)

— 6H1+(w)+H2+(w)eﬁ1+(z)Xl2(z)eﬁlf(Z)Xlg(w)eHlf(w)‘i‘HZf(w)

1
= Hi+ G+ Hip @)+ Hos (0) X0 () X 5 (w) eT1- (@) +H2- (@) (1 _ E) c
z
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Thus, we use the product of these elements to compute their generalized commutator bracket

relation.

[[Z15(2), Z{3(w)]] = et @i (Wit Ha () [ X1 (2), Xy3(w)] efl1- G- ()= (w) — ¢

We see that this bracket is simply 0, but as in the slo case, there are non-trivial relations.

Example 4.2.2.

[[ZE(z), Z;%(z)]] — it (2)+Hzq (w) [X12(2), Xog(w)] H1-(2)+Hz-(w)
— Hit(2)+H2 (w) (Xlg(w)5 (%)) H1-(2)+H2—(w)

= ng(w)d (E>

z

[[215(2), 235(2)]] = O (07 () [ X (2), Vig ()] = (910

— M1t ()= Hus (w)=Hay (w) <_y23(w)5 (E)) - (2)=Hi-(w)=Ha- (w)
z
= —Zy(w)d (E>

z

Example 4.2.3. For space and simplicity’s sake, in this example we let H3.(z) := Hi4(2) +
Hoy(z), and Hs(n) := Hyi(n) + Ha(n) where needed.

[Z45(2), Ziy(w)]] = e @~ Har () [¥14(2), Yig(w)] o= ()= Ho-()
= M=+ () (Hy (1) + Hy(w) ( ) + Cud, 5< )) eFs-te1- o)

5
=(H1(w)+H2(w))5(%)+cwa () cwa( 0w 5 (L)
(5

z

:(Hl(w)+H2(w))5< >+Cw85 ) (n)) w" 5(E>

= (H1(0) + H2(0)) 8 (£ ) + Cuwdd (£)

From the above examples, we can get some sense of the structure of the algebra Z(3). To
view the full picture of Z(3), however, we require the “multiplication tables” for the general
commutator bracket (See page 31). Plainly, we can see parallels to Z(2). With Z(3), though,
we have several more non-trivial brackets that come in two varieties of product; those resulting
in another element from Z(3) and those resulting the zero nodes of the associated diagonal

elements.
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Bracket “Multiplication Tables” for Z(3)

Table 4.1: Brackets of positive root elements of Z(3)

Z5,(w) Z3y(w) Z;(w)
0 Zi5(w)o (2) 0
—Z5(w)d (L) 0 0
0 0 0
—H1(0)5 (2
—Cwdyd () 0 Ziys (w)6 (L)
—H(0)6 (2)
0 —Cwdyd (L) ~Z{,(w)d (2)
" (H1(0) + H2(0)) 0
Zyy ()5 () | ~Zy(w)s (2) s (2)

Table 4.2: Brackets of negative root elements of Z(3)

Z5(w) Zy3(w) Zi5(w)
H1(0)6 (%)
Z5(2) | +Cwd,s () 0 ~Zo3(w)s (¥)
Hy(0)0 (%)
Z3,(2) 0 +Cwdo (L) Ziy(w)d (%)
(H1(0) + H2(0)) 6
) Zys(w)d (L) Z15(w)s (%) +Cwdyyd (L)
) 0 —Z5(w)é (2) 0
)| Z(w)d (2) 0 0
) 0 0 0
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Chapter 5

A Realization of sl(2) at the Critical
Level and the associated

Lepowsky-Wilson Z-algebra

5.1 A New Realization of s/(2) at the Critical Level

We now introduce a new representation of sly(C), following the work of Jing in [11]. We will
then see that this realization provides us with a representation of the associated Z-algebra Z(2).
From these constructions we shall be able to calculate the character of the module, and hence
we can also see the character of its vacuum space, as generated by our realization of Z(2).

To define our representation space we require an understanding of the following spaces:

e S(h) is the space of symmetric functions on h = (H(m)|m € Zyy). Later, we will also
require the subspace S(h™), where h~ = (H(—m)|m > 0). The reason for this is that,
by the action introduced in [24], H(m) -1 = 0 for all m > 0. Once we have defined our

representation for §l(2), we will wish to only consider the subspace of non-zero action.

o C[Z%] is the group algebra, defined V 3, A € Z§ by these relations:

BN = B

B = BN

where (8, ) is the inner-product as defined in Section 2.2. For our purposes, we may

simply recall that (a, ) = 2 and then extend linearly.

o LetV=272+ % as a vector space. Notationally, we write me V to distinguish the vector

m from its numerical value m. Then, define A(V') to be the space of semi-infinite wedge
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products of these component vectors (See [13]). Elements v € A(V) are of the form
v=ngAn_1An_oA---, where the component vectors are ordered by ng >n_1 >n_g >
e €L+ % These wedge products are called semi-infinite because for each v € A(v)
there is a certain ¢ € Z such that n_, =n_; 1) — 1 for all r > ¢. This means that each v
has a “tail” where the component vectors numerically descend by 1 with each consecutive

vector as we read the component vectors from left to right.

For a vector v € A(V), let the set of its component vectors, {ng, n_1, n_o,...} CZ+ %,
be called the support of v. We will denote this set by supp(v). Also, we define the space
A(V)% ={v e AV)|} € supp(v)}.

For k € Z+ 3, denote |k) =kAk—1ANk—2Nk—3A....

The space V = S(h7) @ A(V)1 ® C [Z$%] will be our representation space.
2

Definition 5.1.1. Define the set of operators A = {A(m), A*(m)|Vm,n € Z + 1} acting on
the space A(V) in the following way:

1 1\ 0
A(m)-v:<m—2>—m/\v, A*(m)-v:(m—2)am(v).
Notice that the operators in .4 have the following relations as they act on A(V):

{A(m),A(n)} =0={A%(m),A*(n)} (5.1.1)

[A(m), A*(n)} = - (m - i) v (5.1.2)

using the anti-commutator from Definition 2.1.1.

Definition 5.1.2. Define the fermionic normal ordering of objects x1, x5 € A by

:x1(m)xa(n): =

{ z1(m)za(n), m <0

—xz2(n)xi(m), m >0

As throughout this work, calculations are performed using generating functions. In this

instance
w(z)= Y a(n)z"E Va=A A (5.1.3)
nEZ-i—%

We notice certain important characteristics of the operators in A when we look at the
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normal ordering of the generating functions. Again, consider x,z9 € {A, A*}.

21 (2)za(w): = Z xl(m)xg(n)z*m*%w*"*% — Z xg(n)xl(m)z*m*%w*"*% (5.1.4)

nel nel
m>0 m<0
Thus, :21(2)za(w): + 1za(w)z1(2): = — 3 {z1(m),z2(n)} 2™ 2w " 2
e o
+ > {z1(m),xz2(n)} 2™ 2w "2 = 0.
me
n>0
So, we see that both : A(2)A*(w): = — : A*(w)A(2): and : A(2)A(w): = — : A(w)A(2):.
We may therefore conclude that : A(w)A(w): = 0 and thus
w
L A(2) A(w): 8 (Z> =0. (5.1.5)

Likewise, we may argue : A*(2) A*(w): 6 (£) = 0.

Despite the change from bosonic to fermionic normally ordered products, we continue using
Definition 2.3.4 to define contractions. Since A(m) (resp. A*(m)) anti-commutes with A(n)
(resp. A*(n)), for all m,n € Z+ 3, then contractions A(z)A(w) = A*(z)A*(w) = 0. So, we will

only calculate the contractions for the opposing operators.

A(2)A"(w) = A(2) A% (w)— : A(2) A% (w) :
———

— 5 A0 A @R Y {Am), A% ()
2

>0
nel ng%+%
I I e s L (5.1.6)
4 (z —w)3
m>0
n€Z+%
Similarly, we calculate A*(w)A(z) = (;EZ;;S.
—_—————

Now, define the series E*(z) € S(h), which we decompose as E*(z) = E(z)E%(z), where

Ef_(z) = exp <:F Z H(Q;n)z”> E*(z) = exp (:l: Z Hz(:)z_"> .

n>0 n>0
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Then, as operators, we have the following relations:

(w)E=(2)
ET(2)E7 (w) = E7 (w)E*(2) (1 - %)
Ef(2)Ef(w) = Ef(w)EL(2)
EL(2)Ef(w) = Ef(w)EL(2)
EL(2)EL(w) = EL(w)EL(z)

Theorem 5.1.3. The map ¢ : slp — gl(V) defined below, is a representation of §l2, acting
on the space V.=SbH") @ A(V)1 @ C [2%].

2

By custom, suppress the map v and simply associate the left-hand and right-hand sides in

the above definition. Furthermore, when appropriate, we will suppress the tensors.

Proof. To show that ¢ defines a representation, we must verify the bracket relations for sl (2).

N]]e)

X (2)X(w) = Ef(2)EX (2) Ef (w)ET (w) ® A(2)e®z72 A(w)e®w™

i

- Ei(z)EI(w)Ef(z)Ef(w) < )‘1 - A(Z)A(w)em,’f%*lw*%

= BT (2)Ef(w)EY (2)E (w) ® <; A(2)A(w) - —|—A(z)A(w)> (z —w) e (zw) "2

= Ei(z)Ei(w)Ef(z)Ef(w)@ A(2)A(w) : (2 — w)f1 eZO‘(zw)_%
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So then, [X(z), X (w)] = X(2)X(w) — X(w)X(2)
= B ()BT ()BT (2) EX ()@ : A(2)Aw) : (5 + 755 ) 2 (zw)
= EI(z)EI(w)Ei’(z)Ef(w)@ cA(2)A(w) : 0 (%) €2 (zw) "2
=0, from (5.1.5)

Similarly, [Y'(z),Y (w)] = 0, as expected.

Now, to verify [X(2),Y (w)] = H(w)d (%) + Cwdyd (%), recalling that C acts as the level

of the representation, we require (5.1.6).
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So then the bracket relation follows directly.

[X(2), Y(w)] = X(2)Y (w) = Y (w)X(2)
= BT (2)EZ(w)EF (2)EZ (w) @ (: A(z)A*(w) : — : A(2)A%(w) :) (z —w) 2~ 2w?

+ BL(2) By (w) B (2) EZ (w) @ ((fzww)z - _2sz> (%)
= —2B1(2) 5 (w) B (2) BZ (w) (Z‘j)%‘ 00,5 ()]

z

— 2w, [Ei(z)E;(w)Ef(z)E:(w) (9)* 5 (%
+2wdy [E(2)E7 (w)ET(2)E~ (w)] (9) s

+ 2wET (2)EL (w)EL (2) EZ (w)0y [()2] )

z

0
+ 20 (2) B (w) B () B- (w) [Sut 127 5 (2)

— 2wdys (%) +) H(mw™s (%) +ad (%)
n#0
=S H(nyw™s (%) + H(0)3 (%) — 20,0 (%)

n#0
= H(w)d (%) — 2wdyd (9) (5.1.7)

z
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To verify [H(z), X (w)] = 2X (w)d (%), we require the following calculations:

- Hg;”w"] gy Y L HCD]

[H(z2), Ef (w)] = Z H(m),e n>0 oy 27 Mw
et =
= piw) 3 el = piw) Yo ()]
meZ n>0

n>0

Similarly, [H(z), ET (w)] = EX (w) Z 2 (E)" and [H(0), 6] = (a,)e® = 2¢°

n<0 z
Thus, [H(z),X(w)] = [H(0), Ef(w)] BT (w) ® A(w)e®w™ 2
Ef(w) [H(0), B (w)] ® A(w)e*w™ 2
Ef(w)EX (w) @ A(w) [H(0),e* w2
2ET (w)E* (w) ® A(w )eo‘w_%6<%) — 2X (w)d (9)

++

The above argument translates ecasily to the case of [H(2),Y (w)] = 2V (w)d (¥), as well.
So, we see that we, in fact, have a representation of sly. Indeed, by comparing (5.1.7) with
the known bracket relation for [X(z),Y (w)], we see that C = —2. Hence, the level of our

representation is -2, the critical level. O

Take our Chevalley generators for sly as follows:

Definition 5.1.4. A weight vector is a vector v in the representation space, with weight A € h*,
such that h-v = A(h)v, for all h € h. (In this case, h = hg, hi.)

A weight vector that is annihilated by the positive root elements of the Lie algebra is called
a highest weight vector. (In our case, a vector v such that eg-v = e; - v =0.) Such a weight A

is called a highest weight.

Theorem 5.1.5. The vector }%> =1® |%> eVisa highest weight vector.
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Proof.

Observe, X(z)-';>:Ej(z).1® 3 A(n).';>z—n—%

nGZJr%

— exp (— > H(Q;lm)zm> SR <A(n) : ’;>> P

m>0 neZ+l

(B g (Yl

m>0 neli+i

R RED o (B ETIL B

So, X (m ‘>—0 V' m >0, and X(m ‘>7é0 Vm <O0.

Yiz)- ';> =B (z) 10 Y A'(n)- ‘;>2n;

nel+3:

= exp <m>0 m) 1 ®n€ > (A*(n) : ‘;>> P
(

So, Y(m) - ‘7>—0 Vm>0andY |>7é0 V' m <0.
Thus, e - ‘§> = |§> =0 and e - |2> = X(0 ‘§> = 0. This is sufficient to show that
|%> is a highest weight vector. O

Furthermore, we can observe that [X(0),Y (0)] - ‘%> = H(0)- |%> = 0. Hence,

1 1 1 1
=YY= —-21= =) = =Y =0.
hg ‘2> ‘2>, h1 ‘2> 0 and d ’2> 0

Therefore, our highest weight is A = —2Ag, where Ay is the fundamental weight as described
in Definition 2.1.2.

Now we determine the character of V = S(h7)@A (V) 1 ®C [Z4], with the degree determined
by the degree operator d as defined in Definition 5.1.3. The action of A(m) on ‘%> allows us to
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form the wedge product of any m with |%> where m > % We see this clearly when we let the

generating function for A(z) act on the vector.

A(z)-‘;>: > A(m).‘;>zmé: 3 <m_;>_mA’;>zmé (5.1.8)

melt3 mel+3
1 1
I PR
m< =3

We can define the action of d on the operator A(m) by d- A(m) = (m — 5) A(m). Then,

since d - }%> = 0, then we see that

- (A am)-| ) = (i s — ;) A A3 (519

Notice that the degree of the operators are integers greater than or equal to 1, when m < %3

So, from A(z), the contribution to the character is [[ (1 + ¢™).
m>0

Similarly consider the action of A*(m) on }%}

A (2)- ‘;> = Y ar(m). ‘;>z—m—é _ (m_ ;) % (‘;» ™3 (5.1.10)

meli+1 meli+i —
S L DA R
- 2)om\|2/)”

m§71

=1
2

degrees greater than or equal to 0. Then, we may define d - A*(n) = —n — % And so, similar
to (5.1.9), we see that

q. (A*(nk)~--A*(n1) - ';>> - (2; oy ;) A*(ng) - - A*(na) - ‘;> (5.1.11)

The contribution here to the character is [[ (1+4¢™) =2 [] (14 ¢™).
m>0 m>0

Thus, the complete contribution to the character of V from the infinite wedge product space
A(V)% is taken by the product of (5.1.8) and (5.1.10) to obtain 2 J] (1 + ¢™)%.

m>0

The only powers of z with non-zero coefficients occur when m < ==, which corresponds to
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Let us consider this another way. An arbitrary vector in the vacuum space is of the form
~ ~ 1 1 A
v=Jk N AR ANY2AN - AN—1g Ao A—ig A+ -+, where j GZzo+§7 i €Z>o+§ and 7 implies

1 1
the removal of i. We may view A(V) as A(VT @ V™) where VT = Zso + B and V™ =Z.o+ =.

2
It is understood that A(VT @ V™) =A(VT) @ A(V7)

Keep in mind the following
e We assume that jp > --- > j; and 4y > --- > i5.
e It is not necessarily the case that j,. = j,—1 + 1 or i, = 4,1 + 1 for any 7.

e A component vector j. (respectively, the removal of is) has degree j, — % (respectively,

is— %)

So, deg(v) = Zk; <jr _ ;) +§ <z - ;) .

r=

Now, jr — % > 0 and 75 — % > 0 are integers. So, to count the dimension of the degree m
portion of A (V) 1, we need to count the number of ways of expressing an integer
m=(ny+na+---+ng)+ (p1 +p2+ -+ pe) such that n; < ng <--- < ny and
p1 < pa < -+ < pg where n; € {j, — 5| jr € Zso + 3} and p; € {is — §| is € Z>o + §. Then,

we know that [] (1 + ¢") counts the partitions of the number n = (ny +na + -+ - + ng) from
n>0
distinct parts greater than 0, and [] (1 + ¢P) counts the partitions of p = (p1 +p2+ -+ + pr)
p=0
from distinct parts greater than or equal to 0.

Hence,

ch(AVTaV))=ch(AVH)) - ch(AV ) =+ [+ =2]] 0 +¢™)7*.

n>0 p>0 m>0

Importantly, we see that the calculation of the character of A(V') 1 by knowing the degree of
an arbitrary vector v € A(V)1, is consistent with the degree calculations based on the actions
2
of operators A and A*.
(6%

Now, the characters of the subspaces S(h™) and C [Zg] are well-known.

ch (507)) =[] (1 jqn) and ch (c [Z%D - qu (ct. [13])
pel.
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Combining all of this information, we see that the character of V is

(V) = ch (S (7)) - (AV), ) -eh (€ [25])
2 [T (1+q™)? qé
_ om0 pels (5.1.12)

[T (1—¢")

n>0

5.2 A Representation of the Associated Z-algebra

We define the Z-operator algebra for sI(2) as before:

Definition 5.2.1. For each root +a of slo(C), we define the functions

Z(2) = Z(*a,z) = > ZF(m)z"
meZ.

As introduced in Section 2.4, we have algebra Z(2) of these operators Z*(m) and Z~ (m),
V m € Z, defined by the generating functions
Zt(2) =:E (2)X(2): = E{(2)X(2)EZ(2),
Z (z) =:ET(2)Y(2): = Ef (2)Y (2)E* (2).

Additionally, for the critical level, we determined in Theorem 2.4.11 defining relations for

the Z-algebra associated with sly(C). Namely,

[[27(2), 2" (w)]] = H(0) (9) — Qwdyd (%) . (5.2.2)

Theorem 5.2.2. We define a representation of the Z-algebra on the space
Qp = A(V) @ C[Z$] via the following map (supressing tensors):

—a

ZT(2) = A(2)e%22 and Z7(2) — A*(2)e %22
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Proof. We will first show that (5.2.1) holds for Z". The argument for Z~ is similarly made.

ZH(2)Z (w) — A(2)e®2 2 A(w)e®w? = A(2)A(w)e®*z " (zw) 2
= <:A(z)A(w): + A(2)A(w > 20,V zw) 2
N—_——
= tA(2)A(w): 27 (zw) 2
[25(2),2" )] =2%(), 27 w) (1= 2) 7~ 2 w), 27 () (1 2)

AR AGw): 2 ) T (1-2)

— FAW)A(2): 2w (zw) F (1 i>_1

w

=G A e F (o)

Z—w w—z

= A(2)A(w): Y (zw) 2 w o (E> =0, as needed, using (5.1.5).
z

Similarly, we show (5.2.2) using contractions in (5.1.6).

Z7(2)Z (w) —

Similarly, Z~ ) —

w

( 200) ()
Z(A <>)(
9 (o

A2

Hence, [[Z7(2),Z™ (w)]] = H(0)§ (;) — 2w0y0 (%) :

This result is clear once we notice that —2w0d,, [5 (%)] (%)% =

()3 (%) = 2wdud (%),

using properties of the derivative of the delta function, and also the fact that H(0) = «.
Then, because relations (5.2.1) and (5.2.2) hold and C' = —2, we do in fact have a Z-algebra

representation for sla(C) at the critical level.

We know from Section 2.4 (and [21]) that Z acts strictly on Qy,
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the vacuum subspace of



V. Hence, considering the action of Z(2),

Thus, we conclude that the character of the vacuum space follows from (5.1.12), giving

eh(@p) =2 [[ (1+¢™? S .
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