ABSTRACT

ALLOCCA, MICHAEL P. L, Algebra Representation Theory. (Under the direction
of Dr. Thomas Lada).

L, algebras are natural generalizations of Lie algebras from a homotopy theoreti-
cal point of view. This concept was originally motivated by a problem in mathematical
physics, both as a supporting role in deformation theory and more recently in closed
field string theory. Many elementary properties and classical theorems of Lie algebras
have been proven to hold true in the homotopy context. Specifically, representation
theory of Lie algebras is a subject of current research. Lada and Markl proved the
existence of a homotopy theoretic version of Lie algebra representations in the form
of L, algebra representations and constructed a one-to-one correspondence between
these representations and the homotopy version of Lie modules, L., modules [9]. This
dissertation further explores L., modules, highly motivated by classical Lie algebra

representation theory.
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Chapter 1
Introduction

One of the most interesting phenomena in topology is the loss of certain algebraic
structures on topological spaces that is observed when continuously deforming one
space into another. Often times several relations will no longer hold as equalities,
but rather up to homotopy. A homotopy can be viewed as a continuous deformation
of one map into another. For example, associativity of multiplication is among the
simplest of algebraic structures. If we consider multiplication to be a binary map,

ms, on a topological space, the usual associativity relation states the following:
ms o (Mg X id) = mg o (id X my)

When examining the loss of algebraic structures from a topological point of view,

it is interesting to investigate what happens if we instead have the following:
ma o (Mg X id) >~ mg o (id X my)

where ~ means ‘homotopic’. More specifically, if X is a space endowed with an
associative multiplication and Y is homotopy equivalent to X, then the multiplication
inherited by Y from X need not be associative but rather homotopy associative in
the above sense. In fact, Y inherits a collection of compatible higher homotopies
my : K, x Y™ =Y where K, is a polytope of dimension n — 2 for n > 2 as defined

by Stasheff in [12].



As also explored by Stasheff in [12], all of this may be expressed in an analogous
setting over a chain complex using chain homotopies. In building a coderivation d
on the suspended complex satisfying d? = 0, homotopy associativity requires similar
higher homotopies in the form of multilinear n-ary operations, m,, that build an
algebraic structure known as an A, algebra.

Similarly, the Jacobi identity is a significant algebraic structure that is central to
any Lie algebra. If a Lie bracket is expressed as a bilinear map, Iy, then the Jacobi

identity states the following;:
l2 o l2 =0

where [5 is extended via skew-symmetry when evaluated on three elements. Following
the same type of reasoning in an algebraic setting over a chain complex, the Jacobi

identity can then be expressed up to homotopy by the following relation:
lQ @) ZQ ~ ()

Through similar reasoning outlined above, the need arises for higher homotopies
in the form of skew-symmetric multilinear n-ary operations, [,,, that form an algebraic
structure known as an L, algebra. This concept of a Lie algebra up to homotopy
was originally motivated by a problem in deformation theory [11], and more recently
in closed field string theory [13] [16]. From a purely mathematical viewpoint, A,
and L., algebras function as natural generalizations of associative and Lie algebras
respectively.

In spite of the robust topological background and applications in theoretical
physics, the very nature of L., algebras as generalizations of Lie algebras warrants
further study from a purely algebraic point of view. L., algebras were first explored
in depth in [10] and further in [9]. Since then, many basic classical Lie algebra ideas
have proven to generalize beautifully to the homotopy context. However, due to the
intense computations associated with homotopy algebras, many unanswered ques-
tions that correspond to even the most basic concepts in classical Lie algebra remain.

Specifically, Lie algebra representation theory is a current topic of fruitful research



that warrants an investigation of the manner in which it generalizes to the homotopy
context. In [9], the generalization of a Lie algebra representation up to homotopy
was explored and it was shown that there exists a one-to-one correspondence between
these structures and natural generalizations of Lie modules. There has been little
further investigation on this subject, which has great potential to facilitate the study
of L., algebras in a manner similar to classical Lie algebra representation theory.
This dissertation explores L, algebra representations in the equivalent language
of L, modules. We will synthesize and contribute to basic concepts from current
literature. We will construct a finite dimensional L., module and a new finite dimen-
sional L, algebra structure. We will also explore structure-preserving maps between
L., modules, a concept that is central to classical Lie algebra representation theory

and generalizes remarkably up to homotopy.



Chapter 2
Background and Notation

We now establish some of the conventions and definitions that are central to
this thesis. We will then proceed with an understanding of the sign computations
associated with a graded setting and basic combinatorics that are relevant to the

main results of this dissertation.

2.1 Graded Vector Spaces and Koszul Signs

The investigation of algebraic structures up to homotopy is mostly conducted in
an analogous chain complex setting. The sequence of abelian groups or modules in

this setting will be interpreted as a more general version of a vector space.

Definition 2.1.1. A Z-graded vector space over a field F is a direct sum V = @V, of
i€Z
vector spaces over F. For n € Z, elements x € V,, are said to have degree n, denoted

|z| = n.
Remark 2.1.2. For simplicity, we will assume that any vector space we encounter will
be defined over a field of characteristic 0.

Remark 2.1.3. Given two Z-graded vector spaces, V' and W, their direct sum inherits

the same gradation in the following sense:

VeW),=V,eW,



Hence, for an element @y € Vo W, |z @ y| = |z| = |y|.

As expected, adding vector multiplication to this type of structure will yield a

more general version of an algebra.

Definition 2.1.4. A Z-graded associative algebra over a field F is a Z-graded vector

space over F, A = @ A;, equipped with associative multiplication, denoted ‘-’; that
€7

satisfies the following:

Ai- A C Aiy

Remark 2.1.5. To avoid ambiguity, from now on we will assume that any graded
structure adheres to a Z-grading. It is, however, worth noting that many of the
topics that will be addressed in the following chapters have been studied in a Zo-

graded setting.

To generalize a binary map in a graded setting, we also consider an n-ary map on

the tensor product of elements.

Definition 2.1.6. Let V' be a graded vector space. A map [, : V®" — V,, is said to
be of degree k if I,,(x1 @ 22 @ -+ @ T) € Vit oy | +|wa|+-+]on|-

Ezxample 2.1.7. Let V be a graded vector space and suppose x; € Vy, x5 € V_q, and
x3 € Vo. Then |x1| =4, |22 = =1 and |z3| =0. If [ : V@V ®V — V is of degree
1, then lg(ZL‘l X Ty X 1'3) S ‘/1+4_1+() =V,

In the context of a graded vector space, objects often adhere to the “Koszul sign”
convention [14]. That is, whenever two “things” of degree p and ¢ are permuted, we
multiply the result by (—1)P9. This applies to the degrees of vector space elements
as well as the degrees of maps. Given a permutation ¢ acting on a string of symbols,
we denote the Koszul sign of o by €(o).

Commutativity is a rare luxury in a graded setting. However, skew-symmetry is
more common. When defining an n-ary map on elements in a graded setting in which
elements do not commute, the Koszul sign is often times employed in conjunction

with a permutation sign.



Definition 2.1.8. Let V' be a graded vector space and [,, : V® — V be a multilinear

map on V. We say [,, is skew-symmetric if
(V1 @V @ -+ Q) = (—1)"6(0)ln(0(v1 QU ® -+ ® vn))
for all o € S,,, where (—1)7 is the permutation sign and €(o) is the Koszul sign.

Ezample 2.1.9. Let V be a graded vector space and xy, z9, 23 € V. Let 0 = (132) be
a permutation in S3 and I3 : V® — V be a multilinear skew-symmetric map on V.
Then lg(x1, 29, 23) = —(—1)1*2l#sl]4(2, 24, 25). Here, —1 is the permutation sign and

(o) = (—1)l2ll#sl is the Koszul sign.

Remark 2.1.10. In a graded associative algebra, multiplication is a binary map that
in general is not commutative nor skew-symmetric. We will, however, primarily
encounter graded structures that do include skew-symmetric maps for the majority

of this dissertation.

2.2 Unshuffles

When n-ary maps are extended to be evaluated on more than n elements, often
times a certain pattern is utilized involving a collection of permutations that maintain

an ascending order in two groups.

Definition 2.2.1. Let S,, denote the symmetric group of degree n. A permutation

o €8, isa (j,n— j)-unshuffle for 0 < j < n if
o(l)<o(2)---<o(j)and o(j+1) <oa(j+2) <---<oa(n).
Ezample 2.2.2. 0 = (1532)(46) € S; is a (4, 3)-unshuffle since

c({1,2,3,4,5,6,7H)={ 2 , 3 , 4 6 M 1, 4, 7}
o(l) o(2) o) o(4) o(5) oa(6) o(7)

To avoid confusion, we note that o (i) in this definition refers to the element in the

i position rather than the position to which i is sent via o. For example, o sends 1



to 5 in the previous example, however o(1) = 2 since 2 sits in the first position in the
resulting string. This convention is utilized in order to remain consistent with the
current literature.

We may further define unshuffles to include permutations that arrange more than

two groups of string elements in ascending order.

Definition 2.2.3. A permutation o € S,, is a (i1, is, - - - , ik )-unshuffle (with i + iy +
<ot =n) if

o(l) <--- < o(ir),

o(ip+1) < - < o(iy +i2),

and o(iy + -+ +ip_1 +1) <--- < o(n).
Example 2.2.4. 0 = (26475) € 57 is a (2,3,2)-unshuffle since

c({1,2,3,4,5,6,7H)={ 1 , 5 }{ 3 ,.6 , 7 }H 2,64}
o(l) o(2) o(3) o(4) o(5) o(6) o(7)

The same interpretation of (i) is used for these generalized unshuffles.
In the homotopy setting associated with the main results of this thesis, n-ary maps

are often extended on strings of elements greater than n through unshuffles.

Example 2.2.5. Let I : V ® V — V be a bilinear map on a vector space V. Let
x,y,2 € V. Wemay extend I : V@V ®V — V &YV on three inputs by summing

over all (2 — 1)-unshuffles in the following sense:
LrzyRz)=LEEY)RzthLrR2)RYythy®:z)Rx

The signs associated with the above relation are dependent on whether [5 is skew-
symmetric and the use of the Koszul sign in the given algebraic structure. It is
worth noting that the Jacobi identity of a Lie algebra discussed in the introduction
is extended via skew-symmetry on three inputs over all (2 — 1)-unshuffles. This topic

will be addressd in greater deatil in the next chapter.



Remark 2.2.6. This type of map extension over unshuffles coincides with the extension
of a linear map on a graded vector space V to a coderivation on the symmetric
coalgebra A" V. The extension of a linear map on V to a coderivation on the tensor
coalgebra T*V involves a different construction, however the main results of this
dissertation in the context of L., algebras do not utilize it. For a more explicit

description of these coderivations, see [7].

In general, a skew-symmetric multilinear map [, : V¥ — V@r—k+D) may be

extended on n > k elements by the following definition:

1@ - Qu,) = Z(—l)oﬁ(d)(lk(vga) ® @ Vg(k)) ® Vo(kt1) @+ & VUg(n)

g

where the summation is taken over all (k,n — k)-unshuffles.
If the bilinear map [, of example 2.2.5 were to be skew-symmetric, it would extend

to three inputs as follows:
bz@y®z) =bzoy) @z (~)Whze)ey+ ()L o) e

Remark 2.2.7. An extension of a skew-symmetric multilinear map itself need not be

skew-symmetric. For example, I;(z @ y ® 2) # —(=1)#I¥](y ® 2 ® 2) since
hzey®z) =h)eyez—(-)"Mh@) ere s+ ()L ) erey
and
— (=) (y @z ® 2)

= (D[ @z — (—)FML (@) @y @z + (—~1)FEHDL ) @y @ x]

L) RY®z— (—1)'””Hy|l1(y) RIr Rz — (_1)\wlly\+2\(lml+ly\)ll(z) QYR

However, when paired with another skew-symmetric multilinear map, the composition
will itself be skew-symmetric. That is, if [; : V¥ — V and [; : V¥ — V are skew-
symmetric and i +j = n+ 1, then [;0l; : V" — V is skew-symmetric. For example,

if I3 : V¥ — V is also multilinear and skew-symmetric, then l3l(r ® y ® z) =



—(=1)¥50 (y ® 2 @ 2) since

Lh(z®y®:z)=L1(z) 9y ®2) — ()Wl (y) @ 2@ 2)
+ ()DL 0 (2) @ 2 @ y)

and

— (=) (y @ 2 @ 2)
=~ (=DM (L (y) @ 2 @ 2) = ()M (L(2) @y @ 2)
(=)L 1 (2) 0y @ )]
= l3(l(2) ®y @ 2) — (=) Wis(L(y) ® 2 @ 2) — (=)D (2) © y @ 2)
=l3(h(x) @y ® 2) = (~)"Mis(L(y) ® 2 ® 2) + (- (L () @ 2 @ )
This will be a significant consideration in the later chapters, as it will eliminate
unnecessary computations.

It is also worth noting that if a permutation transposes consecutive elements of

odd order in a skew-symmetric setting, then no sign change takes place.

Ezxample 2.2.8. Let V be a graded vector space and x1, x5, x3 € V with x5, € V_; and
x3 € V3. Let 0 = (132) be a permutation in S3 and I3 : V® — V be a multilinear

skew-symmetric map on V. Then

ls(x1, g, 3) = —(—1)|$2|‘x3‘13($1,$3,552) = —(=1)"%l3(21, ¥3, 12) = l3(x1, T3, To).

2.3 Shorthand Notation

For brevity, we will often times adopt a shorter notation for several expressions

when convenient:

e At times, we will omit ‘| | when describing degrees for the sake of concise

computations. For example, in lieu of (—1)*¥ we will often write (—1)*Y.
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e When expressing maps on elements in V%" we will sometimes omit ‘®’ in
favor of commas for ease of viewing. For example, [4(x; ® o ® 23 ® 4) will
be synonymous with ly(z1, e, x3,24). When the context is clear, we will also
adopt this concision for elements in direct sums. For example, if 1 @ x5 is an

element of the direct sum V & W, we will sometimes write (z1, z5) instead.

e In the case of skew-symmetry, we will use x(o) to denote the total sign effect
of a permutation on an element of a graded vector space. That is, for any
unshuffle o, x(0) = (—1)%€¢(0) where (—1)7 is the permutation sign and €(o) is

the Koszul sign.

Ezxample 2.3.1. Let V be a graded vector space, x1,22,23 € V,and I : VQV — V

be a degree 0 skew-symmetric map. Then

la(la(x1, 22), x3) = (—1) (—1)(0+Il+x2)(x3) lo(z3, la(21, 22))
N/ )

N

-~

1 (o)

XE;)

J

It is important to observe that even though the degree of Iy is 0, it is taken into
account when permuting string elements with l,. For Koszul signs, this is true for
all n-ary maps, as their degrees must also be included when reordering strings. The
permutation sign is present as a result of the skew-symmetry of l5. These will be
important considerations in the later chapters, as we will be working with n-ary

skew-symmetric maps of various degrees.
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Chapter 3
Representations of Lie Algebras

The study of Lie algebras is not only intrinsically beautiful from a mathematical
viewpoint, it is also useful in many areas of theoretical physics. Furthermore, Lie
algebra representation theory has grown into a flourishing area of current research that
facilitates the study of Lie algebras in a more concrete manner. It is this robust nature
that provides the main motivation for the topics that this dissertation addresses.
In this chapter, we will review some basic concepts from the study of classical Lie
algebras that will be relevant in building the main results of the later chapters. Most

of the ideas in this chapter are summed up and proven concisely in [3] and [4].

3.1 Lie Algebras

Generally speaking, Lie algebras are vector spaces equipped with a special type
of “vector multiplication” that need not be commutative nor associative. They are
closely related to Lie groups and differentiable manifolds, as difficult problems with
Lie groups can be reduced to simpler problems in their associated Lie algebras. In
the context of this thesis, we focus on the basic properties of Lie algebras for the sake

of generalization up to homotopy.

Definition 3.1.1. A Lie algebra is a vector space L over a field F equipped with an
operation [, | : L x L — L called the bracket that satisfies the following conditions
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for all x,y,z € L:
1. [, ] is bilinear
2. [x,z] =0
3. [[x,y], 2] = [[x, 2], y] + [[y, 2], z] = 0 (Jacobi identity)

Property 2 implies skew-symmetry, provided char(F) # 2. That is, forall x,y € L,
[z,y] = —[y,x]. This is an important consideration for L., algebras. Property 3 is
equivalent to the expression [y ol = 0 described in previous chapters by interpreting
the bracket as [, and extending via skew-symmetry on three elements x,y,z and
summing over all (2 — 1)-unshuffles.

It is fairly elementary to verify that given any associative algebra, A, its multipli-

cation ‘" induces a Lie algebra on A through the commutator bracket:

[zyl=2-y—y- -2

If we consider a finite dimensional vector space, V', then the set of linear trans-
formations on V' (denoted end(V')) can be given the structure of a more concrete
Lie algebra and is easily computed by representing linear transformations as matri-
ces. This is because end(V') is an associative algebra under composition, hence its
commutator gives it the structure of a Lie algebra. This also holds true for infinite
dimensional vector spaces. Due to its significance, this Lie algebra is given a special

name.

Definition 3.1.2. Let V be a vector space and end(V') denote the associative algebra
of linear transformations on V. Define a bracket operator on end(V') by [z,y] =
xoy—yox. Under this operator, end(V') forms a Lie algebra called the general linear

algebra, denoted gl(V).

Central to the study of any algebraic constructs are structure-preserving maps
between them. These maps preserve structure, for example, by respecting the addition
and /or multiplication of elements. In the case of Lie algebras, a very natural definition

of this arises in preserving the bracket.
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Definition 3.1.3. Let L and L’ be Lie algebras over a field F. A linear transformation
¢ : L — L'is a (Lie algebra) homomoprhism if o([x,y]) = [¢(x), ¢(y)] ¥V z,y € L.

This type of structure-preserving map is especially significant when associating a
Lie algebra with the general linear algebra, which gives rise to the basic ideas behind

representation theory.

3.2 Representations

Given a vector space V', the general linear algebra gl(V') is very concrete in the
sense that the bracket is ultimately computed through matrix multiplication. When
a more abstract but finite dimensional Lie algebra is associated with gl(V') through a
structure-preserving map, much can be told about it via this concrete nature. In fact,
for F =R or C, this is always true; by Ado’s theorem [4], for some finite dimensional
vector space V', L is isomorphic to a subalgebra of gl(V).

This is the general idea behind Lie algebra representation theory. We operate
under the philosophy that the study of Lie algebras can be difficult, whereas linear
algebra can be much easier, so it is useful to represent Lie algebra problems as linear

algebra problems through homomorphisms.

Definition 3.2.1. Let L be a finite dimensional Lie algebra over a field F and V' a

vector space over F. A representation of L is a homomorphism ¢ : L — gl(V).

Remark 3.2.2. V and L both need not be finite dimensional.

Example 3.2.3. Let L be a finite dimensional Lie algebra over ' and x € L. Define
ad, : L — L by ad,(y) = [z,y] Vy € L. Then ad, € end(V), hence ad, € gl(V).
Furthermore, if we define ad : L — gl(V') by ad(x) = ad,, then ad is a representation

called the adjoint representation.

The adjoint representation plays a particularly significant role in the study of
semisimple Lie algebras, which may be classified by the weights of their adjoint rep-

resentations.
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3.3 Lie Modules

Given a Lie algebra representation, it is often more convenient to express it in a

different but equivalent convention.

Definition 3.3.1. Let L be a Lie algebra over a field F and V' a vector space over
F. V is an L-module if there exists an operation L x V' — V given by (z,v) — x - v

such that
1. - (au+bv) = a(z - u) + b(z - v)
2. (ax+by)-v=alz-v)+by-v)

3. [r,yl-v=2-(y-v)—y- (v v)

The use of module language is equivalent to working with representations by

defining the homomorphism ¢ : L — gl(V') by

o(r)(v) =z - 0. (3.3.1)

That is, given a Lie module V| the equation ¢(z)(v) = x-v defines a representation of
L. Conversely, given a representation ¢ of L, using equation 3.3.1 to define a module
action induces an L-module, as all three properties of definition 3.3.1 can easily be
verified. Hence there is a one-to-one correspondence between representations of a Lie
algebra L and L-modules.

Any structure-preserving map between two L-modules must preserve the module

actions. Subsequently, we have the following definition.

Definition 3.3.2. Let L be a Lie algebra over F and M, M’ be L-modules. An (L-
module) homomorphism is a linear map ¢ : M — M’ such that ¢¥(z - m) = z - ¥(m)
Vee L, meM.

The most fundamental example of a Lie module occurs over itself.

Example 3.3.3. Let L be a Lie algebra over . Then L is an L-module via the action
z-y = [z, y] = ady(y).
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It is fairly simple to verify the module axioms for this example using the Jacobi
identity. Furthermore, this simple case where a Lie algebra L is itself an L-module

corresponds to the adjoint representation of L.
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Chapter 4

L~ Algebras

From a purely algebraic viewpoint, an L., algebra is a natural generalization of
a Lie algebra. Its construction stems from a similar construction of an A, algebra,
which functions as a natural generalization of an associative algebra. In this chapter
we summarize many of the key results of [10] and [9], which in conjunction with
the previous chapters and recent developments will lay the groundwork for the main
results of this dissertation. The Koszul sign convention described earlier will be

employed in all graded settings.

4.1 A, Motivation

The study of A, algebras has grown into a fruitful area of research. Most of it
can be traced back to Stasheff’s work in [12]. It is beyond the scope of this thesis
to investigate these structures in detail. We will, however, summarize some of his
results for the sake of motivating recent work with L., Algebras.

We first consider a more general version of definition 2.1.4.

Definition 4.1.1. A differential graded associative algebra is a graded associative
algebra A equipped with a graded differential 0 : A — A of degree —1 or 1 that

satisfies the following:

1. 000 =0
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2. 8(1’1 . ZEQ) = 8(m1) - To + (-1)361131 . 8(@)
for all xq, 29 € A.

Equation 1 endows A with the structure of a chain or cochain complex, depending
on the degree of 0. For the sake of uniform terminology, we denote 0 by m4 and ‘" by
ms. Hence my is a degree —1 (or 1 for cochain complexes) map, and my is of degree
0. Furthermore, equation 2 is a graded version of the Leibniz formula.

Since A is a graded associative algebra, its multiplication, ms, must satisfy the

associative relation:
ma o (Mg X id) — mgy o (id X my) =0

We motivate further study by considering what happens when this relation holds

only up to homotopy:
mg o (my X id) — mg o (id X my) ~ 0

In the (co)chain complex setting in which A lies, we then require a (co)chain

homotopy ms3: A ® A® A — A that must satisfy the following equation:
my 0 mg -+ mg omy + mg o (mg X id) —mgy o (id X my) =0 (4.1.1)

A few remarks are in order. Omitting some details and by ‘abuse of notation’,
the significance of this arises in building a coderivation, d, of degree —1 (or 1 for
cochain complexes) on the suspended complex of A satisfying d*> = 0. We will define
the suspension of A (denoted T A) as the graded vector space with indices given
by (1 A), = A,_1, and the suspension operator, T: A — (T A) (resp: desuspension
operator, |: V' — (| V) ) in the natural sense. The coderivation can be built by

letting d = m/ +m/, where m}, : (1 A®*) —1 A is given by m}, = (—1) o Tomyo |®F

and then extending m} and m), as coderivations on the tensor coalgebra T*(T A)
as explained in [8]. Under this construction, the equation d? = 0 is satisfied when
evaluated on any two variables. However, when evaluated on three variables, this

equation is only satisfied if associativity holds. In the case of homotopy associativity,
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ms is necessary in the construction of the differential in the sense that d?(z1, zo, 13) =
0 if d = m} + m, + mj. It is also worth noting that since the maps m/ and m} are
extended as coderivations on the tensor coalgebra when evaluated on higher numbers
of elements, the maps m; and msy exhibit the same type of extension when evaluated
on higher numbers of elements in A.

When evaluated on an element (z1,x2,73) € A ® A® A and extending m; and

ms on three inputs as described above, equation 4.1.1 is then equivalent to

mq(ms(z1, xe, x3)) + ma(my(x1), 29, 23) + (—1)‘$1‘m3(x1, my(z2), x3)

+ (—1)|x1||m|m3($1, To,my(23)) + ma(ma(xy, x2), x3) — ma(x1, ma(xe,x3)) =0

Since m; is of degree 1 or —1 depending on the setting as a cochain or chain
complex, mz must be of degree —1 or 1 respectively.

Continuing in this fashion, we may consider what happens when homotopies are
themselves homotopic. That is, a similar problem arises on the suspended complex
when evaluating d? on four inputs. To address this, we construct the first higher
homotopy, my4 : A®* — A of degree 2 (or —2 for cochain complexes) and its analog
m/, on the suspended complex. Continuing in this manner, the need for further higher
homotopies, ms, mg, m7 ... arise and the relations that they satisfy are ultimately

encoded in an A, (strong homotopy associative) structure as follows [12].

Definition 4.1.2. Let V be a graded vector space. An A, algebra structure on V
is a collection of multilinear maps my, : V¥ — V of degree k — 2 that satisfy the
identity

n—A

AMpy p1(T1 Q- @A QMp(Tar1 @  QTaip) QTpipr1 Q- R xy) =0
0 k=1

3
,_.

i

where o = (—1)kHA+kAtkntk(zil+2aD) for all n > 1.

This utilizes the chain complex convention. One may alternatively utilize the
cochain complex convention by requiring each map my, to have degree 2 — k. For the

remainder of this thesis we will employ the chain complex convention.
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Remark 4.1.3. An A, structure on V is equivalent to the existence of a degree —1
o0

coderivation d := Z m;j. where mj, was previously defined.
k=1
Remark 4.1.4. For n = 3, definition 4.1.2 reduces to the familiar expression

mq(ms(z1, Te, x3)) + ma(my(x1), 22, x3) + (—1)‘$1‘m3(:v1, my(z2), x3)

+ (‘1)|zl||x2|m3(5€1, Tg,my(23)) + ma(ma(xy, x2), x3) — ma(z1, ma(xe,23)) =0

If V=@V; with V; =0 if i # 0, then for degree reasons this reduces to

1EL
ma(ma(x1, x2), x3) — ma(r1, Mma(x2,23)) =0

which is precisely the elementary relation that multiplication must satisfy in an asso-
ciative algebra. Hence, it is perfectly reasonable to view an A, algebra as a natural

generalization of an associative algebra.

The mathematical reasoning exhibited here motivates a similar investigation in

the context of Lie algebras.

4.2 Graded Lie Algebras

Just as graded vector spaces may be equipped with an associative multiplication
that respects the vector space’s gradation, we may also endow them with a graded

bracket structure.

Definition 4.2.1. A graded Lie algebra is a graded vector space L with a graded Lie
bracket [, ]|: L, ® L, — L,, that satisfies the following:

L. [a:,y] = _(_1)xy[y,x]
2. [[2,y], 2] = (=1)¥[[, 2], y] + (=1)*W* [y, 2], 2] = 0

for all z,y,2z € L.
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Property (1) illustrates graded skew-symmetry, utilizing the Koszul sign in addi-
tion to the permutation sign. Property (2) is the graded analog of the Jacobi identity.
We may once again extend this type of structure to form a chain complex by

equipping it with a graded differential that satisfies the Leibniz formula.

Definition 4.2.2. A differential graded Lie algebra is a graded Lie algebra L equipped
with a graded differential 0 : L — L of degree —1 that satisfies the following:

1. 900 =0
2. 8[1‘1,1’2] = [8(I1),?[)2] + (—1)11 [l’l,a(xg)]
for all x1, 29 € L.

As expected, a differential graded associative algebra will induce a differential

graded Lie algebra through the graded commutator:
[T1, 9] = 1 - g — (—1)"%2xg - 27.

One can easily verify that property 2 of definition 4.2.2 is satisfied under this
bracket.

4.3 Higher Homotopies

Following a similar line of reasoning in building differential graded associative
algebras, we denote 0 by [; and the graded bracket by [, and express the graded

Jacobi identity in terms of maps as follows:
looly =0

where [s is extended via skew-symmetry over (2 — 1)-unshuffles when evaluated on an
element (x1,29,23) € LR L ® L.
Subsequently, we investigate what happens if the above relation holds only up to

homotopy:

lzolzzo
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In the chain complex setting in which L lies, we then require a chain homotopy

l3: L®L®L— L that must satisfy the following relation:
l10l3+130l1+l20l2:0 (431)

We may repeat the same type of investigation of the associative case here on the
suspended complex T L. That is, if the Jacobi identity only holds up to homotopy,
then the homotopy [3 is necessary in constructing a degree —1 coderivation satisfying
the equation d?> = 0 when evaluated on three inputs on the suspended complex. The
Lie analog to the associative setting involves the symmetric coalgebra A*(] L) in
lieu of the tensor coalgebra. Hence coderivations in this case are extended using
unshuffles, as explained in remark 2.2.6.

When evaluated on an element (zq,x2,23) € L ® L ® L and extending l; and Iy

on three inputs, equation 4.3.1 is equivalent to

Li(l3(xq, o, 23)) + l3(li(21), w2, 3) — (—1)"215(11 (22), 21, T3)
+ (1)t (1 (23), 1, 22) + lo(la(21, 22), 3)
— (=1)""ly(ly (w1, 23), 22)) + (= 1) @27y (I (2, 25), 1) = 0

Continuing in the same fashion that was exhibited in the associative case, we
may explore what happens when homotopies are homotopic by introducing higher
homotopies ly, I5, lg, - - - . This was originally exposed by Lada and Stasheff in [10] and
further by Lada and Markl in [9]. This data is encoded concisely in an L., (strong

homotopy Lie) structure as follows.

Definition 4.3.1. Let V be a graded vector space. An L., algebra structure on
V is a collection of multilinear maps {l, : V¥ — V} of degree k — 2 which are

skew-symmetric in the sense that

lk(fﬂau), To(2)y - - 7%(/&)) = X(U)lk(ﬂh, Loy ... >$k)
for all o € Sk, x; € V, with x(c) = (—1)%¢(0), and are also required to satisfy the
generalized form of the Jacobi identity:

Z ZX(U)(—1)i(j_1)1j(lz‘(va(1)a e 7UU(i))7UU(i+1)a e Ue(my) =0

i+j=n+1 o
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where the inner summation is taken over all (i, n — ¢)-unshuffles, i > 1, n > 1.

Remark 4.3.2. For n = 3, this reduces to the familiar expression

Li(ls(z1, 22, 23)) + I3(11(21), 22, x3) — (—1)"*2l3(11 (22), 21, T3)
+ (1)@ (1 (33), 1, 22) + lo(lo(71, T2), 3)
— (=1)"2% 0y (Iy(x1, 23), T2)) + (= 1) 2Ty (I (29, 3), 1) = 0

If V=@V, with V; =0 if i # 0, then for degree reasons this yields

i€z
la(la(m1, 22), x3) — la(la(x1, @3), 22)) + la(l2(wa, 23), 21) = 0

which is precisely the classic Jacobi identity of a Lie algebra when interpreting [, as a
Lie bracket. Hence, an L., algebra serves as a natural generalization of a Lie algebra

from a homotopy theoretical point of view.

4.4 A Classical Relationship

Among the most elegant characteristics of A,, and L., algebras is the manner in
which they behave as algebraic generalizations of their classical associative and Lie
algebra counterparts. As explored in an earlier chapter, one of the most fundamental
results in the study of classical Lie algebras is the relationship between associative
and Lie algebras through commutators, which also holds between differential graded
associative and differential graded Lie algebras. Remarkably, this relationship also
holds in the homotopy context. That is, given an A, algebra, commutators of its

structure maps will induce an L, structure.

Theorem 4.4.1 (Lada, Markl [9]). Let V be a graded vector space and {my, : VO —
V'} define an Ay structure on V. Forn > 1, define I, : V" — V by

ln(xlax% U >$n) = Z X(O—)mn(xa(l)yxa@), o axa(n))
O’ESn

Then {l}, : V% — V'} defines an Lo structure on V.
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Remark 4.4.2. For n = 2 in a “one nonzero term” graded vector space (V = @V;

1E€EZ
with V; = 0 if ¢ # 0), this is
lo(21, 72) = ma(z1, 79) — (—1)°my (22, 77)

which is precisely the classical relationship between an associative and Lie algebra

with [, representing the bracket and msy representing multiplication.

4.5 A Finite Dimensional Example

Until recently, nontrivial finite dimensional examples of L., algebras have been
somewhat elusive. Trivial examples are plentiful, as any Lie algebra may be canoni-
cally embedded in an L, structure by associating its underlying vector space V' with
a simple graded vector space consisting of V' in degree 0 and trival vector spaces in
degree # 0, and setting all homotopies and the graded differential equal to the zero
map. In [2], Daily constructed one of the first “interesting” examples of a finite di-
mensional L., algebra that consists of a Lie algebra together with a non-Lie action
on another vector space.

Theorem 4.5.1 (Daily, Lada [2]). Let L be the graded vector space given by L = @ L;
where Ly has basis < vi,vy >, L_1 has basis < w >, and L; = 0 for i # 0, —1Z€u%z'th

skew-symmetric multilinear maps l,, : L®" — L defined by the following:

h(vr) = h(v2)
lo(v1 @ v3)
) =
) =

lg(Ul Q@ w

Forn>3: l,(vy ®w®* C,w

where C3 = 1 and C,, = (—=1)""Y(n — 3)C,_1 and I, = 0 when evaluated on any
element of L®™ that is not listed above. Then (L,1,) is an Ly algebra.
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Remark 4.5.2. When convenient, the recursive definition of C,, may be recognized
more explicitly by

(n—=2)(n—3)
2

Cn=(-1) (n—3)L

Remark 4.5.3. In this example, V; is a strict Lie algebra under the bracket [vy, vy] =
l2(v1 ® v9).

Remarkably, this small structure turns out to be surprisingly rich. For example,
recently in [5] Kadeishvili and Lada showed that this structure yields an example of
an open-closed homotopy algebra (OCHA), as defined by Kajiura and Stasheff [6].
Furthermore, it has been an ongoing subject of interest to expand homotopy algebra
structures over this same graded vector space. Recently, an A, structure has been

defined over it as follows.

Theorem 4.5.4 (Allocca, Lada [1]). Let V' denote the graded vector space given by

V = @V, where Vy has basis < vi,vy >, V_1 has basis < w >, and V,, = 0 for
i€Z
n #0,1. Define a structure on V by the following multilinear maps m,, : V" — V:

my(v1) = my(ve) = w
Forn>2: my(v, ®w® @v @w®™ ) = (—1)*s,0, 0<k<n—2
M (V1 @ WD @ vy) = 41101
my(v1 ® w®™ 1)) = Spp1W

(n+1)(n+2)
2

where s, = (—1) , and m,, = 0 when evaluated on any element of VE™ that

is not listed above. Then (V,m,) is an A algebra.

Remark 4.5.5. Although this A, structure is defined over the same graded vector
space described in the L., example in [2], its commutators do not induce it. This
creates an interesting area of future research, as the commutators will induce a dif-
ferent unknown finite dimensional L., algebra example. Furthermore, the question

of which A, structure induces the example in [2] remains open.
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4.6 L, Modules and Representations

In light of the nature of L., algebras as generalizations of Lie algebras, we proceed
with significant motivation to generalize the most elementary properties of classical
Lie algebras to the homotopy context. We now explore the basics of classical Lie
algebra representation theory on this level.

To begin, we consider Lie modules as a language equivalent to Lie algebra rep-
resentations and aim to generalize the idea of a Lie module up to homotopy. As
previously explored, in classical Lie theory the most fundamental example of an L-
module occurs over itself. That is, a Lie algebra L is an L-module under the adjoint
action: z -y := [z,y]. Hence, in order to generalize the concept of a Lie module, we
require that an L., algebra be an L., module over itself via a generalization of the

adjoint action. Under this reasonable assumption, a natural definition arises, as given
by Lada and Markl in [9]:

Definition 4.6.1. Let (L,[;) be an L, algebra and M a differential graded vector
space with graded differential k. A (left) L-module on M is a collection of skew-
symmetric multilinear maps {k, : L*" '@ M — M|1 < n < oo} of degree n — 2 such

that the following identity holds:

Z Z X(U)(_1)i(j_1)kj(ki(§a(1)a s aga(i))a €U(i+1)7 ce 7fo(n)) =0 (461)
i+j=n+1 o
where o ranges over all (i,n — i)-unshuffles, ¢ > 1, with n > 1, &, ,§,1 € L, and

&n € M.

This relation follows the same pattern of the generalized Jacobi identity, moti-
vated by the need to generalize the adjoint representation. A few observations are

appropriate here:
e By definition of an unshuffle, either §, ;) = &, or §(n) = &n-

e Since we have k, : L' @ M — M, we must utilize the skew-symmetry of k,
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in the case where ;) = &, as follows:

ki(kil€o)s -+ §o) Sotinn) - -5 atm) = ki (Eo(ivn) - - Eom)s Ki(Sor), - - €oti)))

-~

eM eM

With o = (_1)j—1(_1)(i+2§;=1 €0 (i) ) (ki1 o)

o If &, -+ ,&, € L, then we define k, (&1, ,&,) = 1(&1, -+, &n)-

If n=3and L = @L; with L; =0 if i # 0, and M is defined similarly, equation
1EZ

4.6.1 reduces to the following:

ks(k1(&1), &2, &) — (—1)9 % ks (k1 (&), &1, &) + (1) E ks (k1 (&), &1, &)
ko (k2 (61,&2), &) — (=128 ko (ko(&1, &), &) + (1) 2T by (ke (&2, &3), &)
k1 (k3(&1,62,83)) =0

For degree reasons and using ky = [, where appropriate, this simplifies to:

ko (ka(&1,2),€3) — ka(ka(&1,83), &) + ka(ka(62,63),61) =0
— ka(la(&1,6), &) + (1) %ka(&2, ka(€1,&3)) — (1) ka(&r, ka(&2,65)) = 0
= kao(l2(&1,62),&3) = ka(&1, ka(8a, &3)) — ka(S2, ka(&1,63))

[

Interpreting ko as a module action ‘-’ in the classical Lie case, this is precisely
property 3 of a Lie module (definition 3.3.1).

We now shift our attention to a homotopy analog of Lie algebra representations,
which should be equivalent to L, module language. Given an L., module M, its
differential k; induces a graded analog to the associative algebra of endomorphisms.
Let End(M) denote the graded vector space of linear maps from M to M. Under
composition, together with the graded differential k;, End(M) forms a differential
graded associative algebra. Furthermore, End(M) induces a differential graded Lie
algebra through commutators, denoted End(M), which can be viewed as a homotopy
analog of gl(V'). Hence in order to generalize a Lie algebra representation, one requires

a structure-preserving map (homomorphism) between an L, algebra and a differential

graded Lie algebra. Lada and Markl defined this in [9].
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Definition 4.6.2. Let (L, ;) be an L, algebraand (A, J, [, ]) a differential graded Lie
algebra. A weak Lo, map (homomorphism) from L to A is a collection { f,, : L®" — A}

of skew-symmetric multilinear maps of degree n — 1 such that

a6+ S SO I L 1oty o) Eotiinys s Eotmy)

jtk=n+1 o

+ Z Z X<T>(_1>871(_1)(t71)(2221 &) [fs(fT(l)a te 7§T(S))7 ft(é-ﬂ'(s-i-l)) T 757(11))]

s+t=n T

=0

Where o runs through all (k,n — k)-unshuffles and 7 runs through all (s,n — s)-
unshuffles such that 7(1) < 7(s + 1), and [, ] denotes the graded bracket on A, and

1,00+ &n € L.

One can easily verify that this reduces to the classical definition of a Lie algebra
homomorphism if both L and A are regular Lie algebras.
We may then associate this with the natural analog of a classical Lie algebra

representation (definition 3.2.1) as follows.

Definition 4.6.3. Let (L,l,) be an L., algebra and M a differential graded vector
space. A representation of L on M is a weak Lo, map L — End(M).

The equivalence of modules and representations in the homotopy context is summed

up as concisely as it is in the classical Lie case.

Theorem 4.6.4 (Lada, Markl [9]). Let (L,1,,) be an Ly, algebra and M a differential
graded vector space. Then there exists a one-to-one correspondence between L-module

structures and weak Lo, maps L — End(M).

For the entirety of our investigation of L., algebra representation theory, we will
utilize L., module language and proceed under the assumption that all results may

also be described in terms of equivalent representations.
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4.7 L., Homomorphisms

In generalizing Lie algebra representations to the context of L., structures, one
only requires a structure-preserving map between an L., algebra and a differential
graded Lie algebra. Any differential graded Lie algebra can be canonically embedded
in an L, structure, however it is natural to wonder what a map between two struc-
tures that are strictly Lo, looks like. In [15], Frégier, Markl and Yau outlined this in
terms of maps. When evaluated on a collection of elements, we have the following

equivalent definition.

Definition 4.7.1. Let (L,l;) and (L',l}) be L, algebras. An L., homomorphism
from L to L’ is a collection {f, : L®" — L'} of skew-symmetric multilinear maps of

degree n — 1 such that

Z Z X<O>(_1>k(j_1)+1fj<lk(£a(l)7 T 750(1@))’ fa(k—f—l)a T afa(n))—i_

jt+k=n+1 o
Z Z o l; (le (57(1)7 Tt 57’(1’1))7 fig (67(2'1—0-1)7 e 7€T(i1+i2))7 e
1<t<n T

i1+ Fir=n
ir>1

e 7fit (£T(i1+"'+it71+1)7 e 7€T(it))) =0

Where &1, - -+, &, € L, and o runs through all (k, n — k)-unshuffles and 7 runs through
all (iq,--- ,i;)-unshuffles satisfying 7(i; +- - - +4,_1 +1) < 7(i1+- - - +4;+1) if i = 9141,
t(t

and a = x(7)(—1) FHEI (R with v representing the Koszul sign that results

from evaluating (f“ & fig R R f“) on (57—(1) & fT(g) R R fT(n)) .

Remark 4.7.2. Explicitly,

U= (_ 1)(1}—1)(2:;? £T<k>)+(it71—1)(ZZ;f”“H> ff(k))+~--+(z‘2—1)(ZZ;;”HFHMHﬁ &r(k))

Remark 4.73. If L' = A, § =1}, and [, | = [}, then this agrees with definition 4.6.2.
Remark 4.7.4. As expected, for n = 3 and L = @L; with L; = 0 and L' defined

i€Z
similarly, this reduces to

filla(w1, 22)) = 15 (f1(21), fr(w2)) = 0
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which is precisely a Lie algebra homomorphism (definition 3.1.3):

o([1, 7)) = [p(1), p(72)].

L, homomorphisms will play a significant role in constructing homomoprhisms

between L., modules.
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Chapter 5

A Finite Dimensional L., Module

As illustrated by the importance of the finite dimensional example of an L.,
algebra in [2], concrete examples of homotopy algebra structures are often times
elusive. Given the significance of Lie algebra representation theory and the established
introductory results in the homotopy context, we aim to further expand on its theory

by first building a concrete example of a finite dimensional L., module.

5.1 Groundwork

We focus on the example given in [2] over which we will build a module. Equiva-

lently, we will be constructing a representation of this L., algebra. So let L = @L;
i€Z

where Lo has basis < vy,v9 >, L_1 has basis < w >, and L; = 0 for ¢ # 0, —1 with

skew-symmetric multilinear maps [,, : L®" — L defined by the following:

where C3 = 1 and C, = (=1)""*(n — 3)C,_; and [, = 0 when evaluated on any

element of L®" that is not listed above.
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With this we must associate a graded vector space M = @ M; and equip it with a
i€Z
collection of skew-symmetric multilinear maps k, : L*" ' @ M — M of degree n — 2

such that the following relation holds for all n > 1 (equation 4.6.1):

Z Z X(U)(_1)i(j_1)kj(ki(§a(1)a SR 750(2'))7 50’(2'4-1)7 s afa(n)) =0

i+j=n+1 o

where o ranges over all (i,n — i)-unshuffles, i > 1, withn > 1, &,--- ,&,-1 € L, and
& e M.

For the sake of minimizing computation and mirroring the construction of L, we
build M to be finite dimensional with two nonzero vector spaces that also reside in
degrees 0 and —1. For further simplification, we construct both of them to be one
dimensional. So let M = @M, where M is a one dimensional vector space with
basis < m >, M_; is a one (Zﬁrznensional vector space with basis < u > and M; = 0 for

1 # 0,—1. We require all module actions k, to work in tandem with equation 4.6.1.

Our strategy is to use linear algebra in conjunction with “educated guesses” to define

ki ko,

Remark 5.1.1. Since all maps k,, must be multilinear and will be extended via skew-

symmetry, it suffices to define them solely on various numbers of basis elements.

5.2 The Differential and Module Action

We first define the graded differential, ky : M — M, which can only act nontriv-
ially on two elements: m and w. Since k; must be of degree 1 — 2 = —1, there are

two possibilities:

ki(m) = cu for some constant ¢

k’l (U) =0

For simplicity, let ¢ = 1. So the graded differential is defined by k;(m) = w and is

defined to be 0 when evaluated on any other element.
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We now shift our focus to the construction of ky : L ® M — M, which must be of
degree 2 —2 = 0. We define ks by how it acts on elements (z,m) € L ® M where x is
any one of the three basis elements in L and m is any one of the two basis elements
in M. For degree reasons, some combinations of basis elements may be eliminated.
For example, the degree of ko(w,u) is 0 — 1 — 1 = —2, hence ky(w,u) = 0. Therefore
there are five general ways to describe the manner in which ko acts nontrivially on

basis elements:

ko(vi,m) = aym
ko(vg, m) = agm
ko(w,m) = biu
ko(vi,u) = bou

kQ(Uz, U) = bgu

for some constants a;, b;. The choices for these constants are entirely dependent on

whether they satisfy equation 4.6.1 for n = 2 when evaluated on basis elements:

kika(x,q) — ka(l1(x),q) — (—1)%ka(z, k1(q)) =0 (5.2.1)

for x € {v1,v9,w}, ¢ € {m,u}.

Since deg(ki1ka(x,q)) = —1 + 0+ |z| + |¢| = deg(kaki(z, q)) and every element
in equation 5.2.1 must be located in index 0 or —1 in order for the equation to be
nontrivial, it suffices to evaluate equation 5.2.1 on elements (z,q) such that |z| =
lg| = 0. For example, if x = w and ¢ = m, then for degree reasons equation 5.2.1
reduces to 0 = 0.

Hence, there are only two pairs of basis elements to check: (vy,m) and (v, m).

Equation 5.2.1 then dictates the following:

krko(vi,m) — ka(l1(v1), m) — (=1)" ko (v1, k1(m))
kiky(vo, m) — ko(l1(v2), m) — (—1)"ka(vo, k1 (m))

0
0
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Hence,

au — biu —byu =0

ast — bju —bsu =0
or equivalently

al—bl—bgzo
ag—bl—bg,:O

A small degree of guesswork is involved here, as there are infinitely many solutions
to this system of equations. Our strategy is to choose constants (preferrably natural
numbers) that simplify ks enough to facilitate the construction of the homotopies
through a reasonable level of computation. One such “simple” solution is to let
a; = by = 1 and by = ay = a3 = 0. Hence we may proceed with the following

definition for ky that satisfies equation 5.2.1:

ko(vi,m) =m

ka(vi,u) =u

with k; = 0 when evaluated on any other element. We also extend ky via skew-

symmetry.

5.3 First Homotopy

We follow similar reasoning to construct the first homotopy, ks : L& LQ M — M.
We define k3 by how it acts on any number of basis elements and will extend this
definition via skew-symmetry. Since k3 is of degree 3 — 2 = 1 and deg(ks(x,y,q)) =

1+ |z +|y| +|g|, we have the following possibilities for nonzero actions of k3 on basis
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elements:

for some some constants a;, b;, c;. The nonzero actions of k3 on basis elements must
work in conjunction with the previously defined maps k; and k5 to satisfy equation

4.6.1 for n = 3:

k3(l1(1‘), Y, q) - (_1)£yk3(l1(y)7 z, Q) + (_1)$+yk3(x7 Y, kl(Q))
+/€2<l2(l‘, y)v (]) + (_1)zyk2(y7 k2(xv Q>> - k2(xv kZ(ya Q)) + ]{51]{23(1’, Y, Q) =0 (531)

for T,y € {Ulav27w}7 qc {mau}
Since deg(kikj(x,y,q)) = |z| + |y| + |¢| for all i + j = 4 and each element in
equation 5.3.1 must reside in degree 0 or —1, it suffices to examine this equation

when evaluated only on basis elements whose degrees add up to 0 or —1. Hence, any



nonzero actions of k3 on basis elements must adhere to the following equations:

ks (L (v1), w1, u) = (=1)" s (l(v1), vis w) + (=1)" T kg (01, 01, b (u)
+ho(la(vr,v1),u) + (=1) ko (v, ko (vy,w)) — ko (v, ka(vy,w)) + kiks(vy, vy, u) =
ks (L (v1), vz, u) = (=1)" ksl (v2), vi, w) + (=1)" T2k (01, v2, kr ()
+ko(la(v1,v2),u) + (—1)""2ko(va, ko(v1,w)) — ko(vy, ka(ve, u)) + kiks(vy, vo, u) =
(11 (1), v, 1) — (—1)*22 g (I (09), v, 1) + (— 1) 2 g (1, v, ey (1))
+ho(la (v, v2), u) + (—1)"2"2ko(vg, ka(ve, u)) — ko(va, ka(ve, w)) + k1ks(ve, vo,u) =
ks (L (v1), w,m) — (= 1) ks (L (w), v1,m) + (1) ks (01, w, ki (m))
Fha(l2(vi, w),m) + (1) ka(w, ka (v, m)) — k2 (v1, ko (w, m)) + k1 ks(v1, w,m) =
ks (L (v2), w,m) — (1) ks (L (w), va,m) + (=1)" k3 (02, w, k1 (m))
+ha(la(v2, w), m) + ( 1) %ka(w, ka(v2, m)) — ka(v2, ka(w,m)) + ki ks(v2, w, m) =
ks (L (v1), v1,m) — (=1)" k3 (i (v1), v, m) + (=1)" T ks (vr, v1, ki (m))
+ko(la(vy,v1),m) + (=1) kg (v, ka(v1,m)) — ka(vy, ko(v1,m)) + k1ks(vy, v1,m) =
ks (1 (v1), v2, m) — (=1)""2 ks (L (va), v1,m) + (=1)" ks (01, v2, k1 (m))
+ko(lo(v1,v2), m) + (—1)"*"2ko(va, ka(v1,m)) — ka(vy, ka(ve, m)) + kiks(vy, va,m) =
ks (11(v2), v2, m) — (=1)""2k3 (L (va), v2, m) + (=1) k3 (va, v2, k1 (m))
+ko(lo(vg, v2), m) + (—1)"22ko(va, ko (v, m)) — ka(va, ka(ve, m)) + kiks(ve, vo, m) =

35



Hence,

u—u+au=0

—cou +cu+u+asu =0
asu =0
csu—cu+biu=0

c3U — Cot + byu = 0

aym =10

—bgm—i-blm—l—agm—l—m:()

asm =10
or equivalently
a; = 0
a9 + Cl1 — Cy = —1
as = 0

b —¢c1+c3=0
by —co+c3=0
a; =0

a9 +b; — by = —1

a3:O

36



37

As a matrix equation, we have:

a1
1000 0 0 0 0 a 0
0100 0 1 —10 as 1
0010 0 0 0 0 bo| | oo
0001 0 -1 0 1 b | | o
0000 1 0 —11 o 0
0101 -1 0 0 0 e 1

C3

or as an equivalent row-reduced augmented matrix:

ay ag as b1 bg C1 Cy C3

1000 0 0O O OO 10 00 0 0 0O

060100 0 1 -1 0]-1 01000 1 —-120]-1

0010 0 0 0 0O 00100 0 0 0]O0
—

ooo1 0 -1 0 1|0 00010 -1 0 10

0ooo0oo0 1 0 =110 00001 0 —-11]0

0101 -1 0 0 0]-1 00000 0 0 0]O0

Due to the infinite amount of solutions to this system, we must once again employ
clever guesswork that will permit the formation of patterns for higher homotopies.
One such solution would let b, = ¢ = 1 and all other constants be equal to 0.

Through this solution, k3 is defined as follows:

k3(1)27 w, m) =m

kS(UQa w, U) =u

with k3 = 0 when evaluated on any other element. We also extend k3 via skew-
symmetry.
There is an important observation to be made regarding the previous computa-

tions. The equations a; = 0 and a3z = 0 all stemmed from evaluating equation 5.3.1
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on basis elements containing multiple instances of v; or vy. The following remark ad-
dresses this, and will facilitate the computations associated with building the higher

homotopies.

Remark 5.3.1. For degree reasons, maps on basis elements that contain two or more
copies of v; or vy must be zero since they will be extended via skew-symmetry. For
example, in building k3 we could immediately assume k3(vy, vy, u) = 0 since in order

for k3 to be skew-symmetric, the following must be true:

ks(vi,v1,u) = —(—1)""""ks(v1, v1, )
= ks(v1,v1,u) = —ks(v1,v1,u)

= /fg(Ul,Ul,U) =0

A similar observation may be made for k3(vg,vq,u). This will apply to all higher
homotopies, k,. Furthermore, skew-symmetry will eliminate the need to compute
equation 4.6.1 for n > 3 when evaluated on any basis elements that contain two or
more copies of v; or vy since this property extends to all maps kik;, t +j =n +1
(per remark 2.2.7). By properties of the Koszul sign, this does not, however, apply

to multiple instances of elements in degree —1.

5.4 Higher Homotopies

With no clear pattern emerging in the construction of k1, ko, and k3, it is necessary
to make similar computations in building the first higher homotopy, k4 : L& L® L —
M, which must be of degree 4 — 2 = 2. For degree reasons similar to those exhibited
in the previous sections, k4 may act nontrivially on a collection of basis elements
whose degrees sum up to either —2 or —3. Furthermore, remark 5.3.1 eliminates any

collection that contains more than one instance of v; or vo. Hence the only candidates
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for nontrivial actions of k4 on basis elements are the following;:

k4(vy,ve, w,u) = arm

ka(vy,w,w,m) = agm

ky(ve, w,w, m) = azm

ky(vy, w,w,u) = bju

ky(ve, w,w,u) = byu
) =

ky(w,w,w,m) = bsu

for some some constants a;, b;, ¢;. The nonzero actions of k4 on basis elements
must work in conjunction with the previously defined maps k1, ko, and k3 to satisfy

equation 4.6.1 for n = 4:

—ka(li(2),y,2,q) + (=1)ka(Li(y), 7, 2, ¢) — (1) "k (li(2), 2,9, q
—(=1)""ky(z,y, 2, k1(q)) + k3 (l2(2,y), 2 q) —1)¥ k3 (1

_i_(_l)x(y-i-z)k?)(y,z’ k‘z(!E,q)) + (=1)* (y+2) k:g(l2

—(—=1)ks(z, 2, k2(y, q)) + ks (2,9, k2(2,q)) — ka2 (I3

—(= 1)y (2, ks (2, y,0)) — (1) ke (@, ks(y, 2,9)) + kika(,y,2,9) =0 (5.4.1)

'T’Z7 ’

()
(
(y,2),x
(

8
b

N
Q

ES)
\/\/\/\/

for x,y,z € {v,v9,w}, q € {m,u}.

Since deg(k;kj(x,y,2,q)) = 1+ |z|+|y|+|z|+]g| for all i+ j = 5 and each element
in equation 5.4.1 must reside in index 0 or —1, it suffices to examine this equation
when evaluated only on collections of basis elements such that |x| + |y| + |z| + |q]
equals —1 or —2. Furthermore, the reasoning exhibited in remark 5.3.1 eliminates
the need to compute this on any collection of basis elements that contain more than

one instance of v; or vy. Hence, any nonzero actions of k4 on basis elements must



40

adhere to the following equations:

—ka (L (1), v2, w,u) 4+ (=1)"2ky (I (v2), v1, w, u) — (=1)" 2y (1 (w), w1, va, u)
—(= 1)tk (01, va, w, ke (w)) + ks (la(v1, v2), w0, u)— 1) ks (I (v1, w), v2, 1)
(= 1) T o (09, w, ko (v, 1)) + (= 1) 2T oy (1 (v, w), vy, )
—(=1)""k3 (v1, w, kg(vg,u))+k‘3(vl,v2,k2(w,u))—kg(lg(vl,vg, ), u)

— (= 1) et k) (w, kg (v1, va,w)) — (=1)" ke (01, ks (va, w, 1)) + kika(v1, va, w, u) =0
—ka (L (or), w,w,m) + (1) ka (b (w), 01, w,m) = (1) (1 (w), 01, w,m)
—(=1)" kg (01, w,w, Ry (m)) + ks (la(vn, w), w,m) — (=1)" ks (la(v1, )

(1) ey (w, w, ka(v1,m)) + (1) kg (I (w, w), v1,m)
—(—=1)""ks (v1, w, ka(w, m)) + ks (v1,w, ka(w,m)) — ks (Is( )
—(= 1)k (w, kg (v, w,m)) = (=1)" ke (01, ks (w,w0,m)) + kika(v1,w,w,m) =0
—ka (I (v2), w, w,m) + (=1)"kq (I (w), va, w, m) - (—1)w(”2+w)k4(ll(w ), v2, w,m)
—(=1)"2 Tk (v, w, w, k(M) + K (la(ve, w), w,m) — (=1)"ks (Io(ve, w), w,m)
(= 1)k (w, w, ko (v, )) (- 1)”2 kg (I (w, w), vz, m)
—(=1)"ks (va, w, ke (w,m)) + ks (va, w, ka(w, m)) — ka (I3(v2, w, w), m)
— (= 1) 2T D ks (w, ks (va, w,m)) — (=1)"ks (va, ks(w,w,m)) +k1k4(v2,w w,m)=0
—ka (I (v1), v, w,m) + (1) kg (L (v2), vi, w,m) — (1) 2 (1 (w), 01, va, m)
—(=1)" P ky (o1, w2, w, K () + ks (L1, v2), w,m) — (=1)" ks (l2(v1, w), vz, m)
(= 1) oy (09, w, ko (v1,m)) + (=1)"1 2T ks (I (va, w), w1, m)
—(—=1)""k;3 (vl,w,kQ(vg, )) + kg(’l)l,’ljg,kg(’w m)) — kz(lg(vl,’l)g, )
— (= 1)t g, (w, kg (vr, v, m)) — (—1)" ko (v1, ks (ve, w,m)) + k1k4(v1,v2,w,m):o
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Hence,

bou—biut+u+u—u+au=0
—bsu — bju+ayu=0
—bgu—62u+a3 =0

asm—asm+am+m+m-—m=>0
or equivalently

al—bl+b2:—1

ag—bl—bg,:O
a3—b2—b3:O
al—a2+a3:—1

which may be expressed as a row-reduced augmented matrix:

ai; o as b1 b2 bg

1 0 0 -1 1 0 |-1 100 -1 1 0 |-1
0o 1 0 -1 0 —-1]0 010 -1 0 —-1]0
_)
0 0 1 0 -1 —=1]0 001 0 -1 —1]0
1 -1 1 0 0 0 ]-1 000 0 0 010
Among the infinitely many solutions to this system, if we let a3 = by = —1 and

other constants be equal to 0, then we obtain a potential pattern for the next higher

homotopies. Hence, we define k4 as follows:

ky(ve, w,w,m) = —m

ky(ve, w,w,u) = —u

with k4 = 0 when evaluated on any other element and k4 is extended via skew-
symmetry.
The potential pattern with these choices of constants mirrors that of the constants

in the higher order structure maps of the L., algebra example in [2]. That is, in this
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example the homotopies adhere to the following sign pattern:

Co=(-1)""Yn—-3)Cnh

By repeating the arguments in the past few sections for n = 5,6, -- -, we find that
this pattern does continue for ks, kg, --. For brevity, we omit these computations
and form a finite dimensional L., module under the assumption that this pattern

continues.

Theorem 5.4.1. Let L denote the Lo, structure in [2] given by L = @L; where
€7
Lo has basis < vi,v9 >, L1 has basis < w >, and L; = 0 for ¢ # 0,—1 with

skew-symmetric multilinear maps l,, : L®" — L defined by the following:

Forn>3: l,(v; @w® ™) = Chw

where C3 = 1 and C,, = (—1)"Y(n — 3)C,_1 and l,, = 0 when evaluated on any
element of L™ that is not listed above. Now let M denote the graded vector space
given by M = @M, where My is a one dimensional vector space with basis < m >,
M_y is a one Zlirznensional vector space with basis < u > and M; = 0 for i # 0, —1.

Define a structure on M by the following multilinear maps k,, : L' @ M — M :
ki(m
ky(vy @ m) =m

Forn>3: k,(v@ w2 @m

TL

) =
) =
ka(v1 @ u) =
) =
) =

kn(va @ w2 @u

TL
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Extend these maps to be skew-symmetric and define k, = 0 when evaluated on any

element of L®"~1 @ M that is not listed above. Then (M, k,) is an L-module.

Remark 5.4.2. This utilizes the chain complex convention, whereas the equivalent

cochain complex convention is assumed in [2]. Hence |vi| = |vo| = |m| = 0, |w| =
|lu| = —1 and [, and k,, are of degree n — 2. They may be adapted to the cochain
complex convention by requiring |w| = |u| = 1 and defining each map k, to be of
degree 2 — n.

Proof. We aim to prove the following:

Z ZX(U)(_1)i(j_1)kj(ki(€cr(1)7 o &o@), Eolivn)s 1 Eomy) = 0

i+j=n+1 o

where o ranges over all (i,n — ¢)-unshuffles, ¢ > 1, with n > 1, &, ,§,-1 € L, and
&n € M.
In shorthand notation, this is equivalent to showing that

n

Z(_l)s(nﬂ)kn—sﬂks(fh52, &) =0 (5.4.2)

s=1
where it is understood that ks will be extended on n > s elements over (s,n — s)-
unshuffles.

Since k,, is multilinear and skew-symmetric, it suffices to show this relation holds
when evaluated only on basis elements and in any string order. Each element in
equation 5.4.2 also has degree (n —s —1—2) + (s — 2) + |&| + & + -+ [&)] =
n—34 &+ |&|+ - - + €], which must equal 0 or —1 in order for the elements to
be nonzero. So (£, @& ® -+ ®E,) € L1 @ M must contain either 2 or 3 elements
in degree 0. If this tensor product contains v; or ve twice, then equation 5.4.2 holds
trivially since |v;| = |ve| = 0 and k,, is skew-symmetric (as explored in remark 5.3.1).

For example,

Fns ks (v1 @ 01 @ w @ ®u) = = (1) kn—s1kis(v1 @ v @ w B @u)
= — kn_st1ks (Ul Qv QW ®n73 ®u)
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by permuting the first two elements. So k,_s1ks(v7 ® v @ w Q"3 ®@u) = 0. Hence

it suffices to prove that equation 5.4.2 holds on the following string choices for (§; ®

£2@ - ®&):

(11 @ vy @ W2 @ u) (5.4.3)
(v @ W2 @ m) (5.4.4)
(v @ W2 @ m) (5.4.5)
(v1 ®@ va @ W * @ M) (5.4.6)

For string 5.4.3, in regards to the summands of equation 5.4.2 we observe the

following:

ik, (v1 @ v @ WP @ u)) = k1 (0) =0
kokn_1(v1 @ 2 @ WP @ u) = (=1)" ko (ky_1(v2 @ W @ u) ® vy)
= (=1)"Ch-1ka(v1 @ u)
(1)

krkp ri1(v @ vy @ w3 @ u) = 0 for 3 < r < n— 2 since k, and k,_,,; are only
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nonzero when they are evaluated on a tensor product containing wvs.

Fen_1ka (01 @ vy @ WP @ 1) = —(n — 3)kn_y (ZQ(U1 W) Qv @ W ® u)

— ke (Ra(v1 ® 0) @ v2 © W)

=(n -3k, 1(v2® w3 ® )
+ kp_1(v2 @ w7 @ u)

= (n —2)kp_1(v2 @ W @ u)

=(n—-2)Chu

Fnkr (U1 @ vy @ W @ u) = ki (k1 (v1) @ va @ W @ )

= kp(w ® v @ w3 @ u)

= —kn(v2 @ W @ u)

=-—Chu

=—(-1)""(n—3)Ch1u

=(—-1)"(n—-3)Cph1u

Hence

n

Z(—l)s(”’s)kn,sﬂlss(m Qv QWP @u) = (=)' Y (=1)"(n — 3)Ch_qu

s=1
+ (1> (n = 2)Cpqu
+(_1)(n—1)(n—(n—1))(_1)n U

=—(n—3)Ch_qu
+ (n—2)Ch_1u
— Lp-1U

=0

The case where equation 5.4.2 is evaluated on string 5.4.4 is trivial by definition

of k,, and [,,.
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Regarding string 5.4.5, we observe the following:
krkn(vo @ w2 @ m) = ki (Com) = Chu

krkp_ri1(ve @ w2 @ m) = 0 for 2 < r < n — 1 for similar reasons encountered

above.
knki(va @ W @ m) = (—=1)" 'k (k1 (m) @ vy ® w"7?)
= —(=1)"kp(va @ W2 @ u)
=(-1)"Chu
Hence

n

S D k(02 ® w2 @ m) = (=)D (1) G+ (<1)" G
s=1

For string 5.4.6, we observe the following:

(0) =

kikn(v1 @ vy @ w7 @ m) =
® " ( n-1(v2 @ W2 @ m) ® vy)

k1
kokn_1(v1 @ 12 @ W @ m) = (—1)
= (=1)"Chihka(v1 @ m)
= (-"

1 nlm

krkp_ri1(v1 @ Uy ® w3 ® m) = 0 for 3 <r < n— 2 for similar reasons encountered
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above.

kn—le(Ul X Vg & w®n—3 (%9 m) = —(n — 3)kn—1 (ZQ(Ul X w) R vy R w®n—4 ® m)
+ (_1)n_2kn—1 (k’2(U1 ®m) R vy ® w®"‘3)
=—(n—-3kp1(w®v,® w1 @ m)

)

= (n —3)kn_1(vs @ W ? @ m)
)("72)“”*2)/6”,1(02 Qw3 ® m)
)

=(n—-2)C,_1m

Kk (v1 @ vy @ wE" 2 @ m) = kyy (1 (v1) ® v2 @ w73 @ m)
= —kn(va @ W @ M)
=-C,m
= —(=1)""(n = 3)Crrm
=(-1)"(n—3)C,_1m

Hence

n

D (1 ak (01 @ v @ WP @m) = (1)1 (<1)"(n - 3)C,_ym

s=1
+ (=12 (n = 2)Cppym

+ (_1)(n—1)(n—(n—1))(_1)n o m
=—(n—3)Ch_1m

+ (n—2)C,_1m

—C,_im

=0

In all 4 cases, equation 5.4.2 holds. Hence M is an L-module. O
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With the creation of a concrete example of an L., module, we hope that interesting
interpretations of it will arise in various topics in homotopy algebra. Furthermore, a
concrete L., module will induce another interesting L, algebra structure in a manner
that generalizes the relationship between a classical Lie module and a canonical Lie

algebra. This will be addressed in the next chapter.
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Chapter 6
A Canonical L, Algebra

Given a Lie algebra L and an L-module M, a rather simple vector space can
be formed via direct sum, L & M. This vector space may also be endowed with
an elementary Lie structure. In this chapter we review these results in both the
classical setting and the homotopy analog. Subsequently, a new finite dimensional

L, structure will be defined using the results of the previous chapter.

6.1 Lie Structures on L & M

One of the most fundamental results in the study of classical Lie algebras, as given
concisely in [4], is that given a Lie algebra L and an L—module M, the vector space

L & M forms a Lie algebra via the bracket

[(z1,m1), (22, m2)] = ([:cl,mz],:cl “My — X9 - m1>

where ‘-’ denotes the module action in M. The bilinearity and skew-symmetry of the
Lie bracket in L permits an easy verification of properties 1 and 2 of a Lie algebra for
this bracket. Similarly, it is fairly elementary to verify that this bracket satisfies the
Jacobi identity. Hence, any Lie module will induce a new Lie algebra on the direct
sum.

It is not surprising that a homotopy theoretic version of the classical Lie algebra

L ® M exists. Given an L, structure, L, and an L-module, M, we may construct a
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new graded vector space L & M that can be endowed with its own L., structure as

follows.

Theorem 6.1.1 (Lada, [8]). Let (L,l;) be an Ly algebra and (M, k,) be an L-
module. Then the graded vector space L & M inherits a canonical Lo, structure under

the collection of maps {j, : (L& M)®" — L & M} defined by

o ((@1,m1) @ -+ @ (2, M)

n

= <ln<$1 R ® -Tn), Z(_l)n—i(_l)TniZzzi+1xkkn<x1 R RIL;, R Rxy, & ml))

i=1

where £; means omit x;.

Remark 6.1.2. By definition,

j2(($1,m1), ($27m2)) = <l2($1,$2), k32($1,m2) - (—1)x2m1k2($2,m1)>

which reduces to the familiar lie bracket when L is a strict Lie algebra under the

bracket Iy and M is a an L-module under the action ks:

[(xl,ml), (9, mg)] = ([Il, T), 1 - mg — (—1)%my - m1>

Hence, any L., module will induce a different L., algebra on the direct sum of

graded vector spaces.

6.2 Induced L. Structure

Given the newly constructed concrete example of an L., module in theorem 5.4.1,
it is natural to investigate the type of L., algebra structure it induces. Let L and
M denote the Ly, algebra and L-module in theorem 5.4.1. That is, L = @ L; where
Li=0ifi+0,—1 and <

Ly =< U1, Vg >

L_i=<w>
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and M = @ M,; where M; = 01if i #0,—1 and

=
My =<m >
M,1 =<u >

As a graded vector space, elements (z,m) € L & M must satisfy |z| = |m|. Hence

LoM=(L®M); where (L® M); =01if i #0,—1 and

1EZ
(L® M)y =< (v1,m), (vg,m) >

(Lo M)y =< (w,u) >

Using the definition given in theorem 6.1.1, we may explicitly define the structure
maps {j,} on L & M. As a result of multilinearity and skew-symmetry, it suffices to
define these maps by how they act on any number of basis elements.

Since deg(j1) = —1, ji(w,u) = 0. Furthermore,

ji(vr,m) = (li(v1), k1(m)) = (w, u)
ji(ve,m) = (li(v2), k1(m)) = (w, u)

Hence 7, is very simply defined by
jl(Uh m) = jl(v% m) = (w’ u)
Examining all combinations of basis elements, we find j, to be defined as follows:

B <l2 v1,v1), ka(v1,m) — (_1)vlmk2(vl’m)) =(0,0)
3, 2), ha(v3,m) = (=1)"*"k (v, m) ) = (0,0)
(

o(v1,m) — (—1)v2mk2(02,m)) = (v1,m)

>
[\
<
oy
S
~—
|

(=) ka(w,m) ) = (w,u)

), K
I (V3 w), ka (v, 1) — (—1)wmk2(w,m)> — (0,0)

N
—~ —~ —~ —~ —~
<
iy
<
N
~
T

= (0,0) since deg(j2) =0
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Hence

jQ((Ub m)v (U% m)) = (Ul’ m)

j2<(vl7 m)v (wv u)) = (w’ u)

with 7, = 0 when evaluated on any other element.

It is apparent that the graded differential j; and bracket j, are acting in precisely
the same manner as their counterparts in L. The homotopies, however, do not. Let
n > 3 and consider j, : (L ® M)®" — L& M. By definition of j, in theorem 6.1.1, in
conjunction with the definitions of /,, and k,, the only nonzero action of j, on basis
elements occurs on (v, m) ® (w,u)®*~! since both I, and k, require v, as an input

when n > 3.

n(02m) @ (w,0)*" ) = (102 @ w7,

(v @ w2 @ u) + k(ve @ 0" @ u) + - A k(02 @ W @ ) +O>

(n—1)kp (v2@WB"—2Qu)

= (Chw, (n —1)Chu)
= Cp(w, (n — 1)u)

These structure maps form a new L., algebra as follows.

Theorem 6.2.1. Let L& M = @(L & M); where (L& M)y is two dimensional with
i€Z

basis < (vi,m), (va,m) > and (L & M)_; is one dimensional with basis < (w,u) >

and (L & M); = 0 for i # 0,—1. Define a structure on (L & M) by the following

multilinear maps {j, : (L & M)®™" — L& M}:

(v, m) —Jl(Uza m) = (w, u)
g2 ((v1,m) @ (vg,m)) = (Ul,
j?((vla u)) = (w,u
Jn((v2,m) ® 1) = C(w, (n = u)

where C3 =1, C,, = (—=1)""Y(n — 3)C,,_1, and j, = 0 when evaluated on any element

of (L ® M)®" that is not listed above. Then (L & M, j,) is an L., algebra.
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The proof is an immediate consequence of the previous computations and theorem
6.1.1.

It is worth noting that this is another example of an L, structure that is a strict
Lie algebra in degree 0. Finding an example that is not strictly Lie in degree 0 remains

an interesting open question.
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Chapter 7
Homomorphisms of L, Modules

Central to Lie algebra representation theory are structure-preserving maps (homo-
morphisms) between Lie modules. We aim here to investigate the homotopy theoretic
version of these maps in the form of L., module homomorphisms. In order to con-
struct such homomorphisms, we must first analyze classical properties that they will
mirror. Our strategy is to accomplish this through the relationship among a Lie

algebra L, an L-module M, and the direct sum vector space L & M.

7.1 Relationship Between Homomorphisms of Lie

Algebras and Modules

As explored in the previous chapter, a Lie algebra L and an L-module M form a
canonical Lie algebra on L @& M. Furthermore, if we define another L-module, M’,
another canonical Lie algebra is formed on L @ M’. The following theorems illustrate
a basic relationship between Lie module homomorphisms ¢ : M — M’ (in the sense
of definition 3.3.2) and Lie algebra homomorphisms ¢ : L & M — L& M’ (in the
sense of definition 3.1.3).

Theorem 7.1.1. Suppose L is a Lie algebra and M, M’ are L-modules. Let ) : M —
M’ be an L-module homomorphism. Define p : L& M — L& M' by p(x,m) =
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(x,1(m)). Then ¢ is a Lie algebra homomorphism.

Proof. Let (x1,mq), (x2,me) € L & M'. Then

e([(z1,m1), (22, m2)]) = @([21, 22|, 71 - M2 — 2 - 1)
[21, @], (@1 - Mo — 22 - 1))
[z1, 2], (@1 - ma) — Y(x2 - 1))
[z1, 3], 1 - (ma) — 22 - ()
(@1, (ma)), (22, 1(m2))]
p(x1,m1), (22, ms)]
O
Theorem 7.1.2. Suppose L is a Lie algebra and M, M’ are L-modules. Let ¢ :

L® M — L& M be a Lie algebra homomorphism such that o = idy X 1 where
v : M — M'. Then 1 is a Lie module homomorphism.

Proof. Define v : M — L& M by «(m) =0dm = (0, m). We note that ) = mpo@por

where 7, is the projection map since
(3 0 p 0 1) (m) = m2(p(0,m)) = ma(0,4(m)) = b(m) ¥m € M
Hence
U(x-m) = (mopou)(z-m)
= (m 0 @) (t(x - m))

= m2((0, 2 - m))

I I I
=3 3
e o
”3\ 8
= =

& —
o =
~ |

L =
3

m

=<
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These elementary results provide significant motivation for building a structure-
preserving map between L., modules in the homotopy context. Any candidate for
such a map should mirror the behavior exhibited here in the classical case. That is,
homomorphisms between L, structures are well-understood and definition 4.7.1 may
be applied to the two canonical L., algebras L & M and L & M’. Any candidate
for an L., module homomorphism should be similarly related to this L., algebra

homomorphism.

7.2 Homotopy Context

Given the fact that the homotopy theoretic versions of Lie algebras L, Lie modules
M, canonical Lie algebras L & M, and homomorphisms among the algebras are well-
defined, we may proceed to build a homomorphism between L., modules by mirroring
the classical relationships.

Unless noted otherwise, (L, [,) will denote an L, structure. (M, k,) and (M’ k)
will denote Lo, modules with (L@ M, j,) and (L@ M’, j) their canonical L, algebras
respectively.

We will refer to an L, algebra homomorphism F' : L& M — L@ M’ by structure
maps {f, : (L® M)®" — L @& M'}, and our candidate for an L., module homomor-
phism H : M — M’ by structure maps {h,, : L*"" '@ M — M'}.

With many types of maps being utilized simultaneously, it is beneficial to remem-

ber the following degrees:
o degl, =n—2.
o deg k, =n—2.
e deg f,=n—1.

e deg h, =n— 1.



57

We start with the relationships between Lie algebra homomorphisms and L-

module homomorphisms given in theorems 7.1.1 and 7.1.2:

p(z,m) = (x,9(m))

In this notation, we may view ¢ and ¢ as degree 0 homomorphisms, say ¢ = f;
and 1 = hy. Hence

fi(w,m) = (2, hy(m)).

The compatibility between h; and f; provides significant motivation for the con-
struction of higher homotopies in this setting. In general, f,, and h,, should be com-

patible.

7.3 First Homotopy

We now explore the generalized setting where (L, [,,) is an L, algebra, (M, k,) and
(M', k) are L-modules, and (L& M, j,) and (L& M’, j!) are the induced L, algebras.

hy being a Lie module homomorphism entails commutativity of the following di-

agram:
I ® M 1d®h1 I 2 M/

L

M & M

If the above diagram only commutes up to homotopy, we introduce our first ho-

motopy, ho as follows:

LoM—""" oM
P T
ko ~_ kS
M e {

So if k; and k] are graded differentials on M and M’ respectively, then kjhy +
hoky = hike — kS (id® hy) (by definition of chain homotopy). Evaluated on an element
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(x,m) € L & M, this means :
kihg(.%, m) + hg(ll(ﬂf), m) + <—1)Ih2(l’, kl(m)) — hlkg(ﬂf, m) + k';(!ﬂ, hl(m)) =0
(7.3.1)
We now shift our attention to fo: (L&M)® (L& M) — Ld M'. Motivation from

the classical Lie setting dictates that f, should be compatible with hs in a manner
that permits the L., algebra homomorphism relation (definition 4.7.1) to hold on 2
inputs, (x1,my), (x2,me) € L ® M. That is, the following equation should hold true:

Jufo((@1,ma), (22, m2)) + (i1, ma), fi(z2,m2)) + fo(ji(21,ma), (22, m2))
—(= 1)) fo (4, (29, mo), (w1,m1)) = fria((@1,ma), (22,m5)) = 0 (7.3.2)
We also observe that f; is of degree 2—1 = 1. This limitation encourages a simple
definition for fs5, as each coordinate must share this degree. The first coordinate of
fg((xl,ml), (2, mg)), located in L, must combine z; and x5 using a degree 1 map.
The second coordinate, located in M’, ought to combine x1, x5, M, and my using a
degree 1 map as well, creating an expected location for hy. A natural choice for f,

that generalizes the properties observed in the classical Lie setting is:

fo((z1,m1), (22, m2)) := (0, ho(z1,ms) — (—1)"™ hy(z2,m1) ) (7.3.3)

We also note that the second coordinate here adheres to the same pattern as the
second coordinate of the j, maps in the L., structure L & M (theorem 6.1.1), using
h,, in lieu of k,,.

Combining equations 7.3.2 and 7.3.3, we find:

( 0 k,hg(l'l,mg) — (—1)$2m1k’1h2($2,m1)>

( I1,ZE2 fl; h1<m2) (—1)902}” L ($27 1(m1)))

(0 @) ma) = (<1 hy(ay, by (1)) )
_(_ x1m1 (z2,m2 ( ( )

(i), ma) — (=17 "Dy (1, ki (m2))

l2 $1,$2 h1k2($1;m2) ( 1)$2m1h1k2($2,m1)>

~(0.0)
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In the first coordinate, we have 0 + ly(z1,x2) + 0 — 0 — lo(z1, x2)

=0
In the second coordinate, we group together terms containing (x1, ms) and (x2, my)

respectively, and find:

kiho(z1,ma) + Ky(x1, hi(ms)) + ko(l1 (1), ma)+
(=)t et e, (2, ki (ma)) — haka(z1,ms)
(1) Koz, ma) + K (3, b (1)) + ka1 (22), m0)
+(—=1)"2hy (2, k1(m1)) — hiks(z2,my)
=0
which holds true by applying equation 7.3.1 twice. Hence, equation 7.3.2 holds true,
implying that the relation observed in 7.3.1 is a natural generalization of the behavior

observed in the classical Lie case up to the first homotopy. As we investigate higher

homotopies, this behavior will validate any relations we derive.

7.4 Key Reasoning for Higher Homotopies

Before attempting to determine the relation that the first higher homotopy, hs,
must satisfy, we consider what would happen if we were not aware of the relation in
equation 7.3.1 that hy must satisfy.

Our reasoning in determining equation 7.3.3 would not change. We would then
require a relation with ho that permits equation 7.3.2 to hold true. Once again, the
first coordinate here would simply sum up to 0. The second coordinate would simplify

to
Ko (1, ma) + ky(z1, ha(ma)) + ka(li (1), ma)+
(—1)$1m2+$1m2+$1h2(fﬁl, ki(mg)) — hika(z1,m2)
_(_1)r2m1 [k’ihg((l]g, ml) + ké(l’g, h1<m1)) + kg(ll(ZL'Q), ml)

+(=1)"ho(z2, k1(m1)) — hake(z2, M)
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We would then require this expression to be equal to 0. We have two groupings of
the same relation on two different inputs ((x;, my) and (x9,mq)). If this expression
equals 0, then equation 7.3.2 holds. This would build the hs relation from the ground
up without the knowledge that stemmed from a simple chain homotopy definition (a
luxury we will not have for h3), and is the type of logic we will employ in investigating

the next higher homotopies.

7.5 hs Relation

We now execute the same type of strategy in constructing the first homotopy; hs
ought to be compatible with f; in a manner such that the f3 relation (L, algebra

homomorphism on 3 inputs) holds:

]1f3( r1,my), (22, Ma), (153,7”3))
+(—1)@m) 35 (fi(@1,ma), fo((z2, ma), (x5, m3))
(1) lrmallnmtlezma il j) (£ (25, mg), fo((x1,m1), (22,m2)))
()

+75(f1 fi(zs,ms))

(
(
3(fi(
(fi(
( (z1,m1), fi(z2, m
—f3(j1(z1,m1), (22, m2), (3, ms3))
(=)o) @m2) £ () (25, ms),
(51
(2
(2
(
(

3

)

)

), fa( )
fi(wa,ma), fo((1,m1), (23, m3)))

), fi( )

)

)

)

(
(1, m1), $3,m3))
—(—1)(x37m3)((901 ;m1)+(z2,me )f (
—f2(72((z1,m1), (w2, M2 7($3,m3))
+(_1) z2,m2)(x3, mg)f2 o

_(_1)($1m1)(($2m2)+:c3m3 f2(]2 T9,ms), (T3, M3 7(I17m1))

7(1‘2,7”2))

my),
(
(
Ji(xs, ms), (x1,m1), (T2, m ))
( )i ( )
(1, m1), (z3,mM3))
( ) ( )
(

—fuis((x1,m), (22, ma), (23, m3))

=0 (7.5.1)

We do not know what relation hj is governed by , but we know that the construc-
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tion of f3 should involve h3. Once again, we observe that f3 is of degree 3 — 1 = 2.
Following similar reasoning in the construction of f5, a natural choice for f; would
be:

fg(([[‘hml), (JZQ,TI’LQ), ($3,m3)) = ( O s hg(l‘l,l’g,mg) — (—1)$3m2h3(l’1,$3,m2)

+ (—1)m1(12+’”3)h3(x2,x3,ml)) (752)
Combining equation 7.5.2 with the left hand side of equation 7.5.1, we get:

]1< 0 ahs(x1,952>m3) - (—1)m2w3h3(371>3737m2))

(1 1, 2, m)
(
(
(

—(—1)@mlermOt 5 (25 by (ma)), (0, ha(z1,m3) — —1)$3m1h2($3,m1)))

( ( (
(1) mm2)@sma) £ (1 (21, 25), ko (21, m3) — (—1)™™ ka(23,m1)), (w2,m2)
( ( (

_(_1)(:L’l,m1)[(x2,m2)+(w3,m3)]f —1)I3m2k‘2(l‘3, m2))7 (xh ml)

2

+ (—1)m1(12+x3)k3($2, T3, m1)>
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This expression simplifies to
<0 . kihs(z1, 29, mg) — (—1)™2% kK hy (21, 23, m2)
+ ( 1)m1 (z2+x3) /{?/ hS T, T3, ml) >

(xl my

(

0, k xl,hz (x9,m3) — (— 1)x3m2h2(9c3,m2)) -0
+(—1)@ma)l@m)+@zm) ] (g gt ZL‘3,h2 (x1,m2) — (—
(-

)
1)$2m1h2(x2,m1)) -0 >
1)z3m1h2(x3,m1)) -0 )

+( l3(z1, 72, 23) ké(l'h%z, 1(m3))

(
(
—(—1)@zm)l(a, m1>+11<07 K (22, ha(z1, ms) —
(
— (=1)"m2 kg (a:l,a:g,hl(mg))
+ (= 1)@ F L (20, 205, by (1) ) >
— (0 ha(aan), w2, ms) = (=1)™ g (1 (w1), 23, m2)
+ (_1)(m1+1)(x2+x3)h3 (:1:2, T3, /ﬁ(m1)) )
+(—1)@vmi)(@2ma (O, hs(l(22), 21, ms) — (—1)™%hg (1 (22), x5, M1 ) +
(— 1)(7”2+1 (@it2s)p, (ml,xg,kzl mg)) >
—(—1)@ama)l(zrm)+(az, m2)]<07 hs (I (23), @1, ma) — (—1)™%2hg (1 (x3), 22, M1 )+
(—1) m3+1)(’“”2)h3($1 o, ki (ms)) >
(o, ha (Ia(21, ), mz) — (—1)™ ™) by (5. Ky (21, ms)
— (=1)%=2™ kg (2, m1))
+(—1)<x27m2><x3:m3>(o ho (o (21, w5), ma) — (—1)™ ) by (2 Ky (1, ms)
— (=1)™™ ky(z5,m1))
— (= yermlmma) s (0 iy (1, 25), 1) = (1) CF oy (1, Ko, )
— (=1)"" ks (g, m2))
—< l3(x1, 9, 23) , hiks(z1, 29, m3)
— (=1)""2h kg(x1, x5, M2)

+ (_1)m1($2+x3)h1k‘3(l‘2, xs3, ml) > (753)
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Remark 7.5.1. |(x;, m;)| = |z;| = |my]
Remark 7.5.2. |z;| + |m;| = |z;| + |m]

To satisfy equation 7.5.1, expression 7.5.3 must equal (0, 0). It is clear that the first
coordinate sums up to 0. Setting the second coordinate equal to 0 should reveal what
relation hg is governed by in a manner similar to the way the hy relation appeared
twice in the previous section.

In the previous 2-input case, we were able to group all terms involving (1, ms)
and all terms involving (z2,m;) and found two copies of the same relation, which
was coincidentally the hg relation. We would expect to encounter the same type
of behavior on strings of 3 inputs. There are multiple expressions that repeat with
inputs (x1, 2, m3), (1,3, ms), or (xe,x3,mq), up to some sign. We thus place all

elements of the second coordinate of expression 7.5.3 into one of three groups:

kihs(xy, x5, m3) (w1, T2, M3 terms)
+ké($1,$2,h1(m3>)
—hg(h x1) :r;g,mg)
+(=1)""2hg (I (22), 21, ms3)
—(=1)" 2 hy (w1, @, ki (m3))
—hg(lz T1,Ta), )

—hyks(zy, 2, m3)

+(=1)" k5 (21, ho(za, m3))

= (= 1)k (g, b1, ms))

—1)"2hy (29, ko (1, m3))

(1, ka2, m3))

+ho(x1, ko



—(=1)"™2 k1 hs(x1, x3,M2)
—(=1)""2ky (1, 23, hy (M)
+(=1)""2hg (I (1), 23, M2)
—(=1)memetnms g (1 (), 21, mo)
(= 1)TmeE Rt g (1, @, iy (M)
+(=1)""2hy (Iy (21, 23), Mm2)
+(=1)""hiks(x1, 23, Mm2)

_(_1)m3m2+x1 k’/ (xl’ hg(ﬁ?g, Mo

+(_1)$3m2+933 $1+1

$3m2h

))

Ky (w3, ha(r, ms))
F(—1)mmetnE ) (g ko (2, my))
(21, ka3, m2))

lekQ

(1)) ke by (s, 23, M)
+(—1)m1(5’:2+x3)k§($2,x3,hl(ml))

— (=1t g (1 (2 ) 3,mM;1)

(= 1ymerteasteass g (1 (24 2, my )
—(— 1yttt () gk (my))
_(_1 m (z23) hz(lz 962,%3 )
—(=n™ (Zates) hiks(zo, 23,m1)
(1)t )tz g b (w2, ho(ws, my

( 1)m1 (matos Hg(m“ x3, ho(x2, My

~— ~—  ~—  “—

Ky (3, o
( 1)m1 x2+13)+x2x3h2 (I‘g, ko ($2, m
+(_ m1 552+;E3 h2( (
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(x1, x3, M2 terms)

(2, x3, My terms)
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As expected, all three groups follow the same pattern on different strings of inputs.
This is more apparent after factoring out a common sign of —(—1)*2"3 in the second
grouping, and (—1)™@2%#3) in the third. Requiring all three groups to sum up to

zero yields the hg relation as follows:

kihs(z,y,m) + Ky (z,y, hi(m)) — hs (L (z), y,m) + (=1)"*hs (L1 (y), z, m)
—(=1)""hs (2, y, k1(m)) — ha(la(z,y),m) — hiks(z,y,m) + (—=1)"k} (z, ha(y, m))
—(=1)vEtg! (y, ha(z,m)) — (=1)%ha(y, ka(x,m)) + ho(z, ka(y, m))

0

Ve,ye Lme M

7.6 Higher Homotopies

After examining the previous relations on 2 and 3 inputs respectively, a rather
simple pattern evolves, up to some signs. It would appear that all terms involving h;k;
contain an extra sign of (—1)"U~D+! stemming from the Lo, algebra homomorphism
definition (4.7.1). Also considering the pattern that emerges from each k/h, term, we

have a likely natural description of an L., module homomorphism:

Definition 7.6.1. Let (L,l;) be an L., algebra and (M, k;), (M’ k) be two L-
modules. An L., module homomorphism from M to M’ is a collection {h,, : L1

M — M'} of skew-symmetric multilinear maps of degree n — 1 such that

DD x@ D) I R (ki(Goqys+Eoti)s Eotianys 5 Eom)
i+j=n+1 o

Z ZX (s—1) (Zt 1% k/ (J/,T (1), 7x7'(n—s)7 h5($7(n_5+1)7 e ’IT(n—l)u m))
r+s=n+1 7

=0

Where o runs through all (i, n — i)-unshuffles and 7 runs through all (n —s,s — 1)-

unshuffles .
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A few remarks are in order.

Remark 7.6.2. We define k; = [; when evaluated strictly on elements in L. This is

precisely the same requirement in the definition (4.6.1) of an L., module.

Remark 7.6.3. Since we have h, : L*®D® M — M’, we must utilize skew-symmetry

whenever the ‘m’ element is not in the n'* position. For example, hs(z,m,y) =
(_1)ymh3(x7y7m)_

Following this definition, the h4 relation is constructed as follows:

kiha(z,y,z,m — hiky(z,y,2,m)

)
ka(x, hs(y, z,m)) + ha(ls(z, y, 2), m)
—(=1)™k5(y, ha(z, 2,m)) — (=1)""ha(ks(z,y,m), 2)
(1)K (2, hy(w, y, m)) + (1) hy (ks (w, 2,m), )
+k3 (2, y, ha(z,m)) — (=)W hy (ks(y, 2,m), )
—(=1)V" " Ry (2, 2, ho(y, m)) — hs(la(2,y), 2,m)
H(=D) VR (y, 2, hy (2, m)) + (=1)"hs(l ( T, 2),y,m)
)

(
+ky (2, y, 2, hy(m

)**h )

)™y (ky (2, m), y, 2)
D7 s (ka(y, m), @, 2)
)

)

+

1)@ by (ly(y, 2), 2, m)
1)@t +m)p, ha(ko(z,m), 2, 7)

D™hy(l1(y), z, z,m)
1)z(z+y h4<l1( ) m,y,m)
1) $+y+Z)h4(k1(m)7x7yvz)

_|_

- (=
(—
- (=
— (=
+ ha(b(2),y,2,m)
- (=
(—
- (=
0

We consider remark 7.6.3 here to view this as in a more familiar form similar to



equation 7.3.1:

K h4(x Y, 2, M)

)

)
m))
)
)
)
)

/
2
/
3
(e
+(_ 1)(a:+1)(y+z) k;lg

/

4
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— hika(z,y, 2,m)
+ ho(l3(z,y, z),m)
— (—1)P TRy (2 kg (2, y, m))
+ (= 1)V hy(y, ks, z,m))
— (=1)%ho(z, ks(y, z,m))
= hs(la(z, ), z,m)
+ (1) hy(ly(x, 2), y,m)
— (=1)* A hg(y, 2, ky(x,m))
+ (=1)¥hs(x, 2, ko (y, m))
— (1" hy(ls(y, 2), 2, m)
— h3(z,y, ko(z,m))
+ ha(li(z), y, 2,m)
— (=1)"ha(l(y), z, z,m)
+ (=1 @by (1 (2), 2, y,m)
— hy(z,y, 2, k1(m))
=0

relations follow similar patterns.

Given the relationship between Lie module and Lie algebra homomorphisms ob-

served in the classical Lie case and lower homotopy contexts, this definition for L.,

module homomorphisms is valid if the same relationship holds for all higher homo-

topies. That is, all higher homotopies should adhere to the following.

Theorem 7.6.4. Let (L,l;) be an Lo, algebra and (M, k;), (M’ kL) be two L-modules
with (L® M, 5;), (L@ M’,j!) their canonical Lo, structures. Let H = {h,, : L*™ Y&
M — M'} be an L-module homomorphism. Let F = {f,: (L® M)®" — L& M'} be
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defined by

fi(w,m) = (z, ha(m))

n

fn(<x1’ mi), -, (xn, mn)) — <07 Z(_l)n—i(_l)mi 2k=it1 T R (21 @ - - -

A

..®xi®...®xn’mi)>
forn > 2, where £; means omit x;. Then F is an Lo, algebra homomorphism.

Proof. We aim to prove that F'is an L., algebra homomorphism by showing that the

following relation holds:

> ) x(o) (=1, (js (o), Me)s -+ (To(s), Ma(s)))

r+s=n+1 o

) (Ia(s-l—l)a ma(s—i—l))y T ("L‘a(n)a ma(n))) +
Z Z A ]; (le ((‘rT(l)7 mT(l))? T (1;7'(21 mT (31) )) fzz ((x’r (i14+1)> mT(i1+1))7 e

1<t<n T
i1+ +ig=n
11 <<y
T (xT(iH-iz)? mT(i1+i2))7 U 7fit ((‘rT(i1+"'+it71+1)7 mT(i1+"'+it71+1))7 T (xT(it)7 mT(it)))>
=0
Where o runs through all (s,n — s)-unshuffles and 7 runs through all (iy,--- ,4)-

unshuffles satisfying 7(iy + -+ + 41+ 1) < 7(63 + -+ + 4 + 1) if 4 = 4,4, , and
A=x(T)(-1)"= ST Ry with v representing the Koszul sign that results from
evaluating (fi, ® fi, @ -+ ® fi,) on (& (1) ® &r2) ® -+ @ &rn)) -

A few observations are in order:

e Each element in the above relation lies in L @& M’. The first coordinate fairly
simply sums up to 0, as the only nonzero first coordinate element in the first
double sum is —I,,(xy, - - ,z,) and the only nonzero first coordinate element in
the second double sum is I, (zq,- - ,z,). The second coordinate ought to have
n copies of definition 7.6.1 as previously observed for n = 2 and n = 3. This is

where the difficulty of the proof lies.
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e In the second coordinate, the f,js terms produce h;k; terms, and the j;(fi;, ®

-+ ® f;,) terms produce kh; terms.

First consider the f,.js terms:

> D x)(=1) Ty, (J's((%u)amo(l))a o (T () M)

r+s=n+1 o
A Zo(s41), Mo(s+1))s 5 (Ta(n), ma(n)))
= Z Z X(O.)(_l)s(r—l)-&-lfr <<l8($g(1), R 75170(5)),
r+s=n+1 o
Z(_l)S—i(_l)mg(i) D k=it 1 To(k) ks(l'a(l)y ce ’x;(i)7 S T(s) ma(i)))’
i=1
(xa(s—‘rl)a ma(s-{—l))a ) (xa(nﬁ ma(n)))
Where z; means omit z;. If r = 1, this is
- f,,(zn(xl, @), Y ()T () Rk T e (g ,xn,mi))
i=1
= — <ln(xl, N 7xn>7 Z(_l)nfz(_l)mz ZZ:i+1 xihlkn(xla e wfia ce T, mz)>
i=1

If r # 1, this is

r

(0, Z(—l)n_j (—1)Materi=n Dhmets T by (1 (T (1), + s Tos))s To(st1)s =

Jj=2
o To(s+j—1)s " s La(n)s ma(s+j71)>

+ (=1)" by (Tost1), 5 To(n)s

S

Z(_l)s—i(_l)ma(i) Dk=it1 m"(k)ks(ffa(l), Ce ’wUA(i% C L Ta(s)s ma(i))>>

=1

where o = (1) {20504t 1) (o 50)
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Remark 7.6.5. By properties of degrees in L & M,
a :(_1) (8*2%%(1)+"'+5Ea(n—2)+%(n)+mg(n—1)) (ffg(s+1)+'"+90a(n))

(1) (S—2+%<1>+"'+%<n—3>+%<n71>+ra(n>>+mo<n—2>) (%<5+1>+'"+%<n>)

etc.

By graded skew-symmetry, this becomes:

T

<O7 Z<_1)n_j(_1>ma(s+jil) Lkizaty To() hr (ls (xo(l)a e 7$0(s))7 To(s+1)y """

j=2

C Ta(shim1)s T L)y Mo(sti-1))

4 (_1>n71hr(Z<_1)37i<_1)ma(i> PRt Lo g (To(1ys* » Ta(i)s > To(s)s Moi))s

i=1

To(s41) " vifa(n)))

Given that each of the above elements in the second coordinate omit one term, we
find n different groups of elements in a similar fashion to what was exhibited when
n = 2,3. That is, we can divide the above collection into groups with strings of the

following terms:

(!E1,$2, s ,:En_l,mn) terms
(1,72, , Tn_2, Tp, My_1) terms
(g, w3, ,p, my) terms

Each of these groups ought to have a Koszul sign in common. For example, all
(22,73, ,Tn,my) terms should have a common factor of (—1)?~1+mi(zzttza) Ty
general, all (z1,%2,*+ ,Ta_1,Tatl," ** Tn, M) terms should have a common factor of
(—1)r—otma Xizats @i,

Another significant observation is that each specific unshuffle provides precisely
one of each different type of (1,29, -+ ,Za—1,Tat1," " Tn,My) terms. That is, for

each 1 < a < n there is a 1-1 correspondence between o € unsh(s,n — s) and
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(X1, T2, ,To1,Tatl," - Tn,Me) terms, where unsh(s, n—s) is the set of all (s, n—s)-
unshuffles.
Now let o be a fixed (s,n — s)-unshuffle. Let r+s=n+1and 1 < a < n be

fixed. Consider the following expression:

X(0>(_1)S(T71)+1f7“ (js ((xa(l)a ma(l))7 T (xo(s)a mo‘(s)))7
(xcr(s+1)a mo(erl))a Tty (xcr(n); ma(n))) (761)

As a result of the 1-1 correspondence, there is precisely one term of the form
(T1,T9, "+, Ta—1,Tai1, " Tn, My) in the second coordinate of the above expression.
It is formed by the omission of (z,,m,) through the definition of f, or j,. This yields

2 cases that depend on where o places (x4, my):

Case 1: o places (z,,m,) outside j;. Then a = o(p) for some s +1 < p < n.

Therefore expression 7.6.1 becomes

x(o)(—1) g, (J's((%u)a M), (To(s), Ma(s))) s (To(st1)s Ma(st1)), "
) (xa(p—l); ma’(p—l))7 (l’a, moz)a (xa(p+1)> mcr(p+1))7 t

(T mo(n)))

:X<O./)(_1)8(7‘71)4’1(_1)77,%}7%‘)”04 Zm+1 xifr<js<(x0_(1)7 mo’(l))7 cee (:Ua'(s)y mo(s)))’

(xa(erl); ma(s+1)); T (xo'(pfl)a ma(pfl))y

(xa(p+1)a mo(p+1))7 e (xo(n)a mo(n))7 (l’a, ma))
Where ¢’ is the (s,n — s)-unshuffle such that
UI((xlv Xy, Ta—1,Latl, " " Tn, ma))
=(To(1)s " > To(s)s To(s+1)s " s To(p—1)> Ta(p+1)s " To(n)> Ma)

Taking the r*" term of the second coordinate of f,., we have:

X(gl)(_l)S(PlHl(_1)nfa+ma Z?:a-&-l ffihr <ls(1;a(1)? xa(2)7 cee xg(s))’xa(s+1)7 e xa(n)’ ma>
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which is the (z1,Z2,  + ,Ta_1,Tar1," * Tn, Mq) term corresponding to o.

Case 2: o places (z,,m,) inside js. Then o = o(p) for some 1 < p < s. Then
expression 7.6.1 becomes

x(o)(=1)*DH g, <js (@o@)s Ma)s*  (To@pe1)s Mop-1)), (Tas Ma), (To@E) Mo(p)),

T (xa(s)a ma(s)))7 (x0(5+1)7 ma(s+1)>a T (xa(n)y ma(n)))

= X(O-)(_l)s(r—l)‘ﬂ(_1)8—p+‘l7la(l‘a(p+l)+~+fl‘a(5))fr <js((xa'(l)7 ma’(l))7 S (xo(g%lﬁ ma’(pfl))y

(Ia(p—i—l)? mo(p—i—l))a Ty (xa(s)u ma(s)); (l’a, ma))u (IO'(S-i-l)a ma(s+1))7 T (Ia(n)a mo( )))
Taking the s term of the second coordinate of j,, we have:

X(O_)(_1)5(7’—1)’\"1(_1)S_p+moe($U(P+1)+~-~+1‘a($))fr (([S@;J(l), e To(p—1)s To(ptl)s

© To(s) I‘a), k8<x0'(1)7 oy To(p-1)s
Lo(p+1)s " » Lo(s)s ma))a

(Zo(s+1)s Mo(s+1)),*  (To(n)s mo(n)))

=B ((%(sﬂw Mo(s+1)); 5 (To(m), Mo(m));
(ls<xcf(1)7 Sy To(p—1)y To(p+1)s " s Lo(s)s xa>7
ks (xa(l)a 5 Ta(p=1)y Ta(p+1)s " 5 Lo(s)s ma)))

Where

16} :X(U) (_1)5(7“71%#1 (_1)sfp+ma (T (pr1)+FTo(s))
(_1)n*5+(572+mo’(1)+"'+$o-(p71)+xo.(p+1>+...+xa(s)+ma)(xo_(s+1)+.“+xo_(n))

X(0)(=1)* I (— )Pt ma(Toen £t o (s)

(— 1)(S_2+xa<1)+‘“+%<p—1)+~’Ca<p+1)+'“+%<s>+ma)(l‘o(s+1>+'“+~’Ca(n>)
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Taking the r*" term of the second coordinate of f,., we have:

ﬁh <x0' s+1)s "y To(n), ks(xa(l)7 oy To(p—-1)s La(ptl)s " 5 To(s) ma)) (762)

Now since o is an unshuffle, x (o) does not contain any sign of the form (—1)™e*
with v > a. Hence
B =x(0)(— 1) (1) (57220 ()Tt (o) T 1)+ F () T (s ) T ()

(— 1)n_p+m“ 2ica+1%i

Expression 7.6.2 then becomes
B(—1)EH T+ H 2o (p-1) F 2o FrH 2o () FMa) (@o (s 41+ + 2o ()

h, </€s(9€o(1), S Za(p—1)s Ta(pr1)s s To(s)s Ma)s To(s41)s ,xo(n))

— X(0)(=1)3 D (—1) e Eoteintrtom) (1 )P4 i o

hr <ks(xa(l)7 oy To(p-1)s La(ptl)s " 5 To(s) ma)a To(s+1)s """ 7:Ea(n)>

= x(0") (=) IR (e e

h'r (ks(xo(l)v s To(p—1)y To(p+l)s " s Lo(s) ma)u To(s+1)y " ° wra(n))
Where o’ is the (s,n — s)-unshuffle such that

/
g ((x17x27 e axa—lyxa-i-la e $n7moz))
:(x0(1)7 5 To(s)y La(s+1)y " s La(p—1)s La(p+1)y " " La(n), ma)

and since a > p.
In both cases, we have a common sign that factors out. Since we also sum over all

(s,n — s)-unshuffles, the collection of (21,9, ,Ta—1,Tat1,"  * Tn, My) terms in the

second coordinate of the first double sum of the L., algebra homomorphism relation

simplifies to the following:

(— 1)nﬂ+ma i=at1 Ti Z ZX iG=D+1p (f i (ki(Co@ys 2 &o(i)s Eotitn)s > o))

i+j=n+1 o
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which contains the first double sum of our L., module homomorphism definition.

Now consider the j/(fi, ® -+ ® f;,) terms:

Z Z A ]; <f21 ((x7(1)7 mT(l))7 e (‘/L‘T(Zl m’T (31) )) fzz ((x’r i1+1)» mT(i1+1))7 e

1<t<n T

o (xT('i1+i2) My (iq442) ) flt((l‘T (i4-Fie—14+1) s Mo (g4 Fip— 1+1)) te 7(x7(it)’m7'(it))))

with \ = y(7)(—1)“F i itk

We note again that the only nonzero element in the first coordinate here is
ln(z1,--+ ,x,), and it occurs when ¢t = n. Hence it suffices to examine only the sec-
ond coordinate. We now aim to show that this double sum in the second coordinate
induces a collection of groups of elements equal to the second double sum of our L,
module homomorphism definition corresponding to (1, g, , a1, Tat1, " Tn, M)
terms, up to some common sign. That will give us n copies of the L., module homo-
morphism definition, summing up to 0 as needed.

We follow similar reasoning here to track down =y, 29, -+ , a1, Tas1, " Tn, Ma
terms.

We make the following observations:

e By definition of j; and f;, unless iy =iy = --- =ig_; =igy1 = --- =14 = 1 for

some 1 <3<t ji(fi, ®---® fi;,) =0.
o f=tsince iy <ig < --- <y

o ji(fi, ® -+ ® fi,) will not produce a (1,9, " ,Ta_1,Tatls" " Tn,Mgy) term

unless 7 places (x,, m,) inside f;, (by definition of j;).

Subsequently,
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and since @:1+2+~-+t—1,
(_DW WD) Sy (—k) (_1)1+2+--~+t71(t71)+(t72)+~-(t7(t71)) —1
Therefore \ = X(T)(—l)(if_l)(zf:l Tr(k))
We now fix 1 <t <nand 7, and assume 7 places m,, in f;, and o = 7(p) for some
t<p<n.
Consider the following:
Ajé(fil((mf(l),mf(l)),'"(xT(il)ymT(“ ) oo (e 1), M), - -
) (xT(i1+i2)7 m’r(i1+i2))7 e

, fit ((‘TT(i1+"'+it71+1)7 mT(i1+~--+it71+1)>7 R (x’?'(it)7 mT(it)))>

Since iy =iy = --- = 1;_1, this is

A Ji (fl((%(l), m.m))), [1((zr@), mr@)), - i ((@rg-1), mrg-1))),
i ((@rys M)y s (T o)y Map1))s (T M),
(@r 1), Mrprn))s -+ (T, mT(m)))
=A j£<($r(1)» hi(me))), (Tr2), hi(mr@)), - (@r-1), ha(mee-1))),
fi (@) ma)s - (T ey, M), (Tas Ma),
(@r 1)y Mrprn)s -+ (T, mr(nﬂ))
=\ j; ((567(1)7 hi(mr))s (@r2), hi(mr@))s o5 (@), ba(me-y)),
i (@@ M)y - s (T o)y Mape1)) s (Trpen)s Moy ), -
ATrny, Mem)), (Ta, ma))) (7.6.3)

where § = (—1)"PHma@r@in T term),

Now

A\ = X(T) (_1)(2',5—1)(22;11 Tr(k)) (_1)n—p+ma (@7 (pg1)++Tr(n))

= x(7) (_1)(%—1)(22;11 Trm) (—1)natma a1 T
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Where 7 is the unshuffle such that

T/(<l'1, Loy s Ta—1;Latly " Tn, moe)) = (x7(1)7 Sy Tr(p=1)s Tr(p+1)s " L (n), ma)

Taking the " element of the second coordinate of f;, and the ¢t element of the
second coordinate of j; in expression 7.6.3, we have
Y (1) (=1) Dk #r00) (— 1 yrmortma Koy o
ki (zry, o ety Biy(Te)s -+ 3 Tr(pa1)s Tr(p1)s -+ Lr(n) Ma)
Now since 7 is a (i1,1s,- -+ ,i;)-unshuffle with iy = i, = --- = 4,7y = 1 and
the property that 7(iy + -+ 41+ 1) < 7(iy + -+ 4, + 1) if 4 = 441 and 7

places (z4,my) in f;,, there is a 1-1 correspondence between these unshuffles and

(n — ¢, 4 — 1)-unshuffles. Since we sum over all of these unshuffles, the collection of

(T1,To, "+, Ta—1,Tat1, " Tn, My) terms simplifies to the following:
(_DTHHJma g1 T Z Z X(T)(_1)(5*1)(IT<1>+-~-+x7<nfs>)
r+s=n+1 T
ki (ry, s Tr(nes), s (Trnosit)s -+ 5 Trint), m))

Where 7 runs through (n — s, s — 1)-unshuffles, which is the second double sum
in definition 7.6.1.

Hence, grouping all (zq, 22, " ,Ta—1,ZTat1, " Tn, M) terms together in the sec-
ond coordinate of the L., algebra homomorphism yields the left hand side of definition
7.6.1 with a common sign of (—1)" " Xi=a+17  allowing the second coordinate to
sum up to 0.

Since the first coordinate also sums up to 0, F' is an L., algebra homomorphism.

]

This theorem validates definition 7.6.1 of an L., module homomorphism by illus-
trating that it serves as a generalization of properties exhibited by classical Lie alge-
bras. Any further investigation of L., modules may use this as a structure-preserving

map.
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Chapter 8
Further Implications

Given the results of [9] and the further exposition provided by this dissertation,
the basic tenets of L, algebra representation theory should be well-understood. The
main results of this dissertation expand this theory by constructing a concrete Lo,
module and defining the concept of an L., module homomorphism. Despite the
computationally intense nature of these results, they serve as the homotopy theoretical
version of elementary results that would likely be addressed in the first few days of a
course on Lie algebra representation theory. Many basic ideas still remain unexplored.

We list a few of these here in the hopes that they are resolved in the near future.

e The concepts of submodules and irreducible modules are central to classical Lie
algebra representation theory. How are the homotopy theoretic versions of these

concepts defined?

e How can one define the kernel and image of a Lie algebra homomoprhism in the

L, context? How does it relate to sub(L,) algebras?
e Does an analog of Schur’s lemma [3] exist in the homotopy context?

e [s there a homotopy analog to complete reducibility for finite dimensional L.,
modules? That is, can an L., module be classified as a direct sum of irreducible

submodules?
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e Is there a homotopy version of the representation theory of si(2,TF)?

e Can more concrete examples of L., modules be constructed in order to pro-
vide an explicit L., module homomorphism using the one constructed in this

dissertation?

We believe that these unexplored ideas will lead to a fruitful expansion of L.,

algebra representation theory.
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