ABSTRACT

CRINER, AMANDA KECK. Nondestructive Evaluation of Porous Materials. (Under
the direction of H. T. Banks.)

We report here on the use of the heat equation to simulate a thermal interrogation
method for detecting damage in a heterogeneous porous material. We first use probability
schemes to randomly generate pores in a sample material; then we simulate flash heating
of the compartment along one of its boundaries. Temperature data along the source and
back boundaries are recorded and then analyzed to distinguish differences between the
undamaged and damaged materials. These results suggest that it is possible to detect
damage of a certain size within a porous medium using thermal interrogation.

We discuss a mathematical model for the flash heat experiment in homogeneous
isotropic media. We then use this model to investigate the use of homogenization tech-
niques in approximating models for interrogation via flash-heating in porous materials.
We represent porous materials as both randomly perforated domains and periodically
perforated domains.

In this effort, we investigate the behavior of a model derived from homogenization
theory as the model solution in parameter estimation procedures for simulated data.
We consider data simulated from a model on a perforated domain with isotropic flow
and data simulated from a model on a homogeneous domain with anisotropic flow. We
consider both ordinary and generalized least squares parameter estimation procedures.

We then use these methodologies along with a method of maps to detect damage
using a hypothesis test. Finally, we consider using the homogenization approximation to

characterize elliptical damage.
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Chapter 1

Intoduction

Nondestructive evaluation (NDE) is a very useful tool that enjoys widespread use in
testing structures, especially as they age beyond their design life. Proper use of NDE
can increase the safety and service life of components in aircraft, spacecraft, automo-
biles, trains, and piping. There are numerous viable NDE methods including ultrasound,
magnetic particle imaging, eddy current, acoustic emission, and radiology to mention a
few [27]. These techniques have been developed in a large number of applications, par-
ticularly for homogeneous metallic materials [10]-[11]. Composite materials are lighter
and stronger than metallic materials so they are increasingly popular in many structures.
Composite materials are made with an acceptable level of porosity. This porosity causes
a certain amount of noise in the interrogation signal of any NDE technique. These mate-
rials are used in many critical structures including aeronautical and aerospace vehicles,
so there is a need to develop and evaluate NDE techniques for these materials [21, 31].
Active thermography is a particularly appropriate technique for materials with sig-
nificant porosity. Active thermography measures the spatial and temporal evolution of

the surface temperature following an input heat flux to detect subsurface anomalies.



This evolution is a result of heat diffusion in the material. Since heat diffuses around
porosity, rather than strongly interacting with it, thermography is able to detect large
anomalies deep in a porous material. Additional advantages of thermal NDE are that it
is a single sided, noncontacting and a large area technique making in-service evaluation
feasible. It is also possible to embed temperature sensors in the material [28] for contin-
uous structural heath monitoring. We treat here the problem of thermal NDE in porous
materials.

We describe a mathematical model for thermal transport in a two dimensional (2-
D) porous material domain in Chapter 2. Using ideas based on the efforts in [13], we
generate families of porous sample domains through various random geometry schemes.
We also discuss methods for generation of these geometries Section 2.2. We then discuss
briefly the numerical solutions and convergence of the numerical solutions of the model
on such domains in Section 2.3. In Section 2.4 we report on subsequent use of the
random geometry schemes with added damage due to oxidation of increasing sizes to
the sample. For samples with and without damage due to oxidation, we carried out
simulations to compare the resulting temperature profiles in space and time at both the
source and back boundary. These methods are too computationally intensive to use in
the sophisticated parameter estimation routines needed to characterize damage. After
examining the results of these simulations, we go on to use these methods in Chapters 3-5
to generate data.

We then investigate a less computationally intensive model in Chapter 3 which is
derived from the results of homogenization theory. We consider a more general version
of the heat equation, relaxing the assumption of no heat loss on the boundaries and the
assumption that there is no heat loss in the direction orthogonal to the two dimensional

sample. We further discuss the finite element method, which is used to solve all of the



partial differential equations in this document. We also discuss the procedures used in
homogenization to approximate the flow of heat over a domain with random pores by the
flow of heat over a domain with many periodically placed pores. One passes this periodic
domain to a limit using homogenization theory [16]-[23] to gain a limit partial differential
equation which replaces the periodically perforated domain with a homogeneous domain
that has anisotropic flow which approximates the effect of the porosity. With the results
of homogenization theory developed in Section 3.3 we then summarize and compare the
results of simulations of the flash heat experiment on a randomly perforated domain,
a periodically perforated domain, and a homogeneous domain with the anisotropic flow
derived from homogenization theory in Section 3.4. We also graphically analyze example
simulations in Section 3.4.

Though the results of Chapter 3 are encouraging, the behavior of an approximation
in the forward problem is not necessarily indicative of the behavior of the approximation
in inverse problems. Also, in Chapters 2 and 3, we did not consider random error which
is often associated with experimental data. In Chapter 4 we discuss the results from
performing the inverse problem using the mathematical models developed in Chapters 2
and 3, and parameter estimation procedures discussed and developed in [7], [22] on
simulated data. We consider data simulated with absolute error in Section 4.2 and relative
error in Section 4.3. This first investigation of parameter estimation procedures focuses on
estimating parameters in the partial differential equations. Though this is an important
part of characterizing abnormalities, we must estimate domain parameters (the geometry
of the domain on which the partial differential equation is solved) to characterize damage.
Based on the results of Chapter 4, we go on to estimate parameters which determine
elliptical damages (meant to represent damage due to oxidation) in Chapter 5.

In Chapter 5, we use the methods described in Chapters 2—4 to simulate data. We then



analyze this data in a damage detection problem using a hypothesis test in Section 5.2.
In Section 5.3, we consider characterizing elliptical damage by estimating the location of

the center of the ellipse and its vertical and horizontal semi-axes lengths.



Chapter 2

Heat Equation on Porous Domains

2.1 Flash heat experiment on a perforated domain

In this chapter we will model the 2-D problem as a proof of concept. Our 2-D geometries
represent a small slice of a 3-D specimen as a rectangle with elliptical pores, as described
in Section 2.2. We model thermal diffusion as the sample is heated along an edge for a
short time with a laser or flash lamp on the front boundary, which we will refer to as
the source boundary. We record the temperature on both the source boundary and the
boundary opposite the source boundary (referred to as the back boundary) during and
after the heating.

We examine a 2 mm X 1 mm rectangle QO = {(z,9)|0 <2 < [1,0 <y < Ly} =
[0,2] x [0,1] with randomly placed pores. Let Q denote the rectangle minus n, pores,
which are given by €Q,Q,...€, . The domain of interest is then Q = Q U (UM, Q).
The exterior boundary of €2 has 4 edges, which we denote by w; where j=1,...,4; thus
o0 = U?lej. It is assumed that each pore €2; has a smooth boundary with 2 given by

0€);, as depicted in Figure 2.1.
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Figure 2.1: A typical example of a 2-D specimen

The 2-D heat diffusion equation, which describes heat as it diffuses through a region,

is based on Fourier’s law and is given [14, 24| by

ou(t,z,y)

ot V- (k(z,y)Vult, 2, y)). (2.1)

p(l’, y)Cp(ZE, y)

Here u(t, z,y) is the temperature, p(z,y) is the material density of the sample, ¢,(x,y)
is the specific heat of the material, and k(z,y) is the thermal conductivity. In materials
with particles, rather than pores, the thermal conductivity is typically piecewise defined

as

kp, (x,y) € Qi=1,...n,,
k(z,y) = (2.2)
km? (1'7 y) E Q7

where k,, denote the thermal conductivity of the pores and k,,, denote that of the material
as in [13]. In many applications, the assumption that there is zero flux across the pores

or particles is a very good approximation. Throughout this document, we will be making



this assumption. We will now denote €); as perforations and c,, p, and k as the material
properties specific heat, density and thermal conductivity of the domain 2.

We will use finite element solutions which may be derived in several different ways
including Galerkin methods. We will discuss the Galerkin derivation of these methods
in Section 3.2 which are based on a variational or weak formulation. In this section, we
will focus on the physical derivation and motivation for this formulation. These models
have been used in detecting damage in many examples including [11].

Consider test functions ¢ € H'(Q), in an integrated form of (2.1) given by

ou
[ anownaa [ o9 @vuaa 23)
Q Q
We use Green’s first identity to obtain
ou
/Q Cpp 5, O(2,y)dA
(/d)xy )(Vu-i)d )—k/VuV (x,y))dA (24)

-3 (s
+k2 ([ otenwucmas).

where as convention 7 refers to the unit exterior normal. Again using the zero flux

assumptions on the pore boundaries, the term

k:Z( o(x,y)(Vu - n)d)zO.



Combining the three remaining terms from (2.4), we find

ou
/Q cppaﬂﬁ(x, y)dA

= Z (k/ o(x,y)(Vu - ﬁ)ds) - /QkVu -Vo(z,y)dA.

(2.5)

Excluding the source boundary, we assume an insulated rectangle so that Vu = 0 on
the boundaries wy,ws, and ws. The w4 or source boundary, which consists of the region
{(x,0)|0 <z < Ly}, acts as a source for an initial period and is subsequentially insulated.

We represent the corresponding boundary condition with the characteristic function

So, te€ [to, ts]
/{:VU = SOI[to,ts](t) = (26)
w4

0, otherwise.

Thus we have

0 I
/ cppa—?gb dA = P(,0)S0 Ly 0, (1) dw — / kVu - V¢ dA. (2.7)
Q 0 Q

This weak formulation is employed in the MATLAB Partial Differential Equation Toolbox
(PDE toolbox) to derive the numerical solutions to the system (a finite element method);
we consider this method and its convergence in Section 2.3.

The classical partial differential equation which is equivalent to (2.7) in some cases



and which we will use throughout is the given by

cpp%u —kAu=0 in

kaﬁu =0 on U, 0%,
1 % (238)
3
ka—nu =0 on U;_; wj
9,

)

\ka—nu =S50Zop+.(t)  on wy,

0
where e denotes the external unit normal or 77 - Vu. The solution u of (2.8) is unique
U

in H'(Q).

2.2 Generation of Random Geometries

A major component of the effort reported on here involves generation of domains with
randomly placed pores of different sizes as depicted in Figure 2.1 and Figures 2.3-2.6. We
concentrated our efforts on elliptical shaped pores with semi-major axes in the horizontal
(x) direction. This was motivated by visual inspection of material samples at NASA as
depicted in Figure 2.2.

We model porosity by randomly placing pores in an L; = 2 mm by Ly = 1 mm
rectangle Q = [0,2] x [0, 1] employing ideas developed in [13]. The pores are ellipses to
represent voids in a two-dimensional slice of any piece of porous material. For simplicity
in algorithm development, we began carrying out our simulations with circles (see [4]
and [3] for discussions) but subsequently used ellipses for more realistic representations.
Even though pores coalesce when they intersect physically, we assume that the pores do

not overlap with each other or the boundaries of the rectangular compartment (more
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Figure 2.2: An example of a porous specimen.

irregular shapes in pores could be achieved by allowing overlaps). To do this, in our
algorithms we first generate a pore using one of the probability schemes described below.
The pore is then placed in the compartment if it does not overlap with an existing pore,
and rejected if it does. Another pore is then randomly selected as described below, etc.,
until the desired porosity of the material is achieved. We considered several different
distributions for generating the horizontal and vertical semi axes. We found that the
temperature is not very sensitive to the choice of distribution with the number of pores
and level of porosity that we consider. It is very important to note here that the results
given in [30] are essential in determining wheter or not two ellipses intersect.

To simulate pore-like damages due to oxidation, we first generate one unusually large
ellipse (see Section 2.4 for examples) to represent damage and then place pores using the
algorithm described above. When generating various elliptical damages, the center was
an input. The semi-major axis for damage was taken as an input, and the semi-minor
axis was calculated so as to maintain a constant ratio between the two axes as we chose

damages of different sizes.
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Table 2.1: Parameter values

Heat transfer coefficient Sy 33x1073 mfn ,
Material thermal conductivity &k 3.5 x 1073—1—
i J

Heat capacity Cp 0.75g—K
Density p 1.6 x1073 5

2.3 Numerical Solutions

After generating a particular geometry, we solved the heat equation (2.7) using PDE
Toolbox with the parameters summarized in Table 2.1.

As already noted, three of the compartment’s four sides are insulated and defined by
Neumann boundary conditions where heat flux is zero. The source boundary has a heat
transfer coefficient of 3.3 x 103$ during flash heating and zero flux later. There is
also zero heat flux on the boundaries between the material and the pores represented as
perforations. PDE Toolbox creates a mesh using the Delaunay triangulation algorithm;
see [25] for details.

We validated the convergence of PDE Toolbox’s numerical solution and sensitivity
to changes in the randomness in the porous domain by taking the supremum norm of
the difference in source boundary temperatures after successive mesh iterations with 30
random geometries for each of the percent porosities 2%, 5% and 10% investigated.
Example results for 2% porosity are given in Table 2.2 (similar tables for examples
with 5% and 10% porosity can be found in [4] and [3]). At 2% porosity, 0.04 K in
precision is gained by quadrupaling the number of mesh points, and tripling the amount

of time to mesh, as seen in Table 2.2. We see similar increases in number of points and
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Table 2.2: The average values (evaluated on 30 random geometries with 2% porosity) of:
[|il oo
the amount of time to generate the mesh. Note: u; indicates the i mesh iteration.

absolute error ||u; 11 — w;||0o, relative error , number of mesh points, and

Means
Mesh Iteration Absolute Error (K) Relative Error # of Mesh Points Time(s)

0.059 7.89 x 1074 7500 42.0
0.019 6.70 x 107° 29639 87.1
118424 303.9

Standard deviations

0.0020 6.74 x 107° 410 4.4
0.0008 2.31 x 1074 7535 3.4
3 2676 25.0

computational time to mesh at 5% and 10%, but the precision gained is 0.1 K and 0.2
K, respectively. In all of the reported computations, in this chapter, in [3] and in [4], we

refine the mesh once.

2.4 Simulations

We generated numerous samples with varying levels of porosity including 2%, 5% and
10% and with a single damage of varying size located near the source surface, the back
surface or mid sample. A large number of results for simulations with these geometries
are given in [3].

We present here a sampling of graphical results from [3]. Each group of figures

below depicts a compartment both with and without damage and the corresponding

12
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Figure 2.3: Sample with 2% porosity, damage centered at (1, 0.2), semi-major axis a = 0.7
mm, semi-minor axis b = 0.0692 mm.

temperature profiles. Observe that the pores surrounding the damage are identical to
those in the undamaged compartment. In every case, we heat the source boundary
for 0.6 seconds (ts = 0.6) and record the temperature a total of 1.3 seconds (including
heating time). Figures 2.3-2.6 present results for samples of varying percent porosity
with damages of various size located in different locations.

We observed several general trends in our temperature profile graphs. First, we
tracked temperatures at the source and back boundaries so as to shed light on possible
sensor placement if options were available. As might be expected, we found that the
absolute value of the difference between damaged and undamaged material is greatest at
the center of the damage due to oxidation. As shown in Figure 2.3, at a damage width

of 1.4 mm due to oxidation, the maximum difference is 1.2 K at the source boundary
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Figure 2.4: Sample with 5% porosity, damage centered at (1, 0.2), semi-major axis a = 0.7
mm, semi-minor axis b = 0.0692 mm.
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Figure 2.5: Sample with 5% porosity, damage centered at (1, 0.8), semi-major axis a = 0.7
mm, semi-minor axis b = 0.0692 mm.
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Figure 2.6: Sample with 10% porosity, damage centered at (1, 0.2), semi-major axis
a = 0.7 mm, semi-minor axis b = 0.0692 mm.

and 0.03 K at the back boundary. In Figure 2.4, when the damage width increases to
1.4 mm, the maximum difference is 1.35 K at the source boundary and 0.08 K at the
back boundary. At 10% porosity, when the size of the damage is increased to a width
of 1.4 mm, we find in Figure 2.6 that maximum temperature difference is 1.4 K at the
source boundary and 0.09 K at the back boundary. These observations demonstrate that
the maximum temperature difference between damaged and undamaged material at the
source boundary is larger than at the back boundary when the damage is placed near
the source boundary. We anticipate that with a sensor that has 0.1 K resolution, placed
on the source boundary, we will be able to detect 1.4 mm damages due to oxidation in
materials with 2, 5, or 10% porosity. With the same sensor placed on the back boundary,

we would not expect to be able to detect these damages in any of the materials.
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The difference between damaged and undamaged material is greatest at the center
of the damage due to oxidation for both the source and back boundary measurements
in most of our computations. The source boundary temperature is always higher with
damage, whereas the back boundary temperature is lower with damage in most of our
computations. When the damage is placed near the source boundary, the absolute value
of the temperature difference resulting from the damage is much greater for the source
boundary than the back boundary. When the damage is placed at the center of the
compartment, the absolute value of the temperature difference is approximately the same
for the source and back boundaries. And lastly, when the damage is placed near the back
boundary, the absolute value of the temperature difference is much greater for the back
boundary than the source boundary. In Figure 2.5, at the same porosity, a damage of
width 1.4 mm near the back boundary gives an equal temperature difference. When
we consider the change in temperature (the maximum difference minus the minimum
difference), however, we are able to determine the location of the damage. When the
damage is centered near the back, the change in temperature is 0.22 K for the back
boundary and only 0.03 K for the source boundary. As depicted in Figure 2.4, when the
damage is centered near the source, the change in temperature at the source is 0.89 K,
and 0.11 K for the back boundary. Thus, by comparing sensors at the back surface with
those at the source surface, one should be able to discern the depth of the damage if it
is of sufficient size.

We also observed two general trends in the temperature vs. time graphs (in results
given in [3] but not depicted here). As the size of the damage due to oxidation grows, it
takes longer for the system to reach thermal equilibrium. The farther away the damage is
from the source boundary, the closer together the source and back boundary temperatures

are for both x =1 and z = 0.
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This method will be used in subsequent chapters to simulate data. Though these
results are useful in detecting damage without noise, collected data also includes noise
from the measurement procedure. In order to detect damage, in the presence of this type
of noise, there must also be a confidence associated with the prediction of data. Beyond
detecting damage due to oxidation, we would also like to be able to characterize these
kinds of damage. In order to preform both of these tasks, we must preform sophisticated
parameter estimation procedures. These require the use of minimization routines in
which solutions must be computed many times. These solutions take far too long to
use in these procedures. Also, these geometries are not known in the material a priori.
Homogenization theory can approximate the flow of heat in a porous material but does
not require knowledge of the exact pore locations and size. Homogenization also requires
an order of magnitude less time to compute numerical solutions. In the next chapter, we
will consider how well the results of homogenization theory approximate the flow of heat

over porous domains.
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Chapter 3

Homogenization

In this chapter, we consider an approximation derived from homogenization theory for
the flash heat experiment in porous materials. This approach approximates the isotropic
flow of heat around the pores in the perforated rectangle with anisotropic flow in a
homogeneous rectangle. We consider these results for a more general class of flash heat
experiment by relaxing the insulation assumptions of the previous chapter. We first
develop a flash heat experiment with anisotropic flow on a homogeneous rectangle, then
we consider the finite element solutions of these models. After we discuss the solution
methods employed, we discuss the homogenization theory as an approximation of models

similar to those developed in Chapter 2.

3.1 Flash heat experiment with anisotropic flow

We first recall the system (3.1) which corresponds to the physical flash-heat experiment
described in [4]. This experiment assumes that the temperature of the specimen is

within the solid state phase and the boundaries are perfectly insulated [26]. We model
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Wgq

Figure 3.1: The homogeneous rectangle with boundaries.

the flash-heat experiment on an Ly (length in the y direction) by L; (length in the x
direction) rectangle during the time interval ¢ € (0,7) with T" < co. We refer to the
Ly by Ls rectangle as () and the four boundaries w;, for i € {1,2,3,4}. When referring
to the entire boundary of Q, we use 0 = U;l:lwi. We take, Ly = 1 mm and L, = 2
mm. The bottom boundary, wy = {(z,y)|y = 0,2 € (0, L,)}, is heated with heat flux

W
So=33x 107" —
min

from the initial time, to = 0, until ¢, and insulated for ¢t > t,. We

use an indicator function to describe the flash-heating of the boundary,

1 fort € [to, ts]
Lo, (t) =

0 otherwise.

The other boundaries are insulated throughout the experiment. The boundary locations

are given in Figure 3.1. This experiment can be described by the system
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;

coply — kAL =0 inQx(0,7T)
ou
ka— = S0Zj1,)(t)  on wy x (0,7)
S o 3 (3.1)
ka—nzo on Hwix(O,T)
(0, 7) = ug for all 7 € €,

with thermal conductivity k = 3.5 x 107 J/(mm K sec), specific heat c, = 0.75 J/(g K),
material density p = 1.6 x 107 g/(mm?®), and the dependent variable 4 is temperature
in degrees Kelvin. The values used throughout this chapter are summarized in Table 3.1.
We will now make a few changes to the above system. In the partial differential equation,
Au may be written more generally as V - (A°Vu), where A° is the 2 x 2 identity matrix
I5 in the present section and Section 3.1. We make this change because subsequently
we will replace the identity with another positive definite matrix, which will be derived
from homogenization theory. Corresponding to this change, we must also change the
boundary conditions, so that the boundary conditions still specify the flux when A° is

e . . ou . . .
not the identity matrix. Specifically, = n - Vu, where n is the exterior unit normal
Ui

vector, is replaced with = i1- A°Vu. For convenience and without loss of generality,

7140
we will also translate the temperature so that the initial temperature, which we will
take to also be the surrounding temperature, is zero. This corresponds to the change

k
u = u—1ug. We wish to use the thermal diffusivity, « = —, as a characteristic parameter
CpP
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Table 3.1: Parameter values used throughout this document, unless otherwise mentioned.
The 2 x 2 matrix, A° is a positive definite matrix arising from homogenization theory.

Parameter | Value Units

[to, ts] [0,0.6] S

T 5) S

Sy 2.75 K mm/s

a 2.9167 | mm?®/s

Ly 2 mm

Lo 1 mm
10

s ot

so our final system is

(

w—aV - (AVu) =0 inQx(0,7)
ou
ap — = Sty 1, (1) on wy X (0,7)
1140
o 3 (3.2)
aanAo =0 on lL:_lei x (0,T)
u(Z,0) =0 for all # € Q,
\
where Sy = &
Cpp

The zero flux boundary conditions of (3.2) correspond to the physical assumption of
a perfectly insulated boundary, which is not reasonable in many cases. We relax this
assumption by replacing the boundary condition with Robin boundary conditions that
correspond to the assumption that Newton cooling occurs on the boundaries. This is
succinctly incorporated into system (3.3), below, by including a —Au term in all of the

boundary conditions. We further relax the assumptions associated with (3.2) by no longer
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assuming that there is no heat flow in the direction orthogonal to the two dimensional
representation of the specimen. The assumption that there is some small amount of heat
loss over the entire specimen is modeled by adding a yu term in the partial differential

equation. These changes yield the partial differential equation,

w—aV - (AVu) +yu=0 inQx(0,7)
a ou _ St (t) — Au on wy x (0,7
0140 (3.3)
oza?io = —\u on UP_, w; x (0,T)
ku(gi", 0) = 0.

It is important to recall that u = 4 — ug where u is the temperature and wug is both the
initial temperature and the temperature surrounding the specimen. System (3.3) is a

generalization of (3.2) in that, (3.3) is identical to (3.2) for (v, A) = (0,0).

3.2 Numerical Solutions

We will use the finite element method to numerically solve (3.3). The finite element
method approximates the infinite dimensional solution of a partial differential equation
with a finite dimensional approximation. The domain (Q) is discretized using the Delau-
nay triangulation. The finite dimensional solution is taken from the space of piecewise

two dimensional affine functions, where the solution is affine on each mesh element (see

25] and [29] for details). Recall the notation 7 = (n,,n,), where n is the unit outward
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normal and =n- (AOVu). The boundary conditions can also be written as

140

Ou = ala % +a % = =\ on
a@nAo N 1oe 12 dy N “ s

ou o Ou Ou _ N
OéanAo = o a1 or a192 ay = u on wq

(3.4)
«Q Ou = ala @ +a @ = —\u on w
O or P oy - ?

ou ou ou

aanAO — (904 (—a21% — a22a_y) = Sf-’z'-[to,ts}(t) — )\'U/ on wy.

Using Green’s identities, we obtain the weak form

/gb(f)utdf + a/qb(f)qu-AOVudf+7/qzﬁ(f)ud:i’
0 o) 0

- / ¢(x,0)Ss Ly (t)dr + X [ duds =0
wyq o0

or

(s, &) + a(Vb, Au) + 7 (u, &) — / .0)S Ty o+ A [ guds =0

where (¢, v) = / ¢vdZ. Here ¢ is a member of the space of test functions H'(€). We
Q

approximate u with uy by
N

un(t, %) =Y Ti(t)i(F).

i=1
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Substituting this expression into the weak form with test functions ¢;, ¢ € {1,2,... N} in
the space of two dimensional affine functions (we refer the reader to [29] for more details

on these basis elements and the time dependent coefficients T;(t)), we have

(o (S5r0s) ) (st (Smtae) o gm0 )

N
— / ¢j(l’, O)sz[to,ts](t)dm + A /A Z T’l(t)¢l¢] ds = 0.
wyq o0 i=1
(3.5)
We may factor the time dependent coefficients T;(t) of the basis elements ¢;(Z) from the

inner product to obtain

&l&

>

N
(i ) +aZT<V¢j,AOV¢Z> ¥Y T i ;)
i=1
(3.6)

STy 0 (t /qux()dxHZT i ds = 0.
=1

Equation (3.6) must be true for arbitrary j € {1,2,..., N} and the system may be

written as

O T(1) + (oM +9C + AD)T(t) = 57Ty (1) (3.7)

where C'is an N x N positive definite matrix with elements ¢;; = (¢;, ¢;), M isan N x N
positive definite matrix with elements m;; = (V¢;, AOV¢j>, D is an N x N matrix with
components d;; = / i0; ds, fis an N-vector with components f; = / ¢i(z,0)dx and
T is an N column \?e?ctor. We informally verified our calculations of thgse arrays in the
case where A° = I, by comparing them to the corresponding values used to calculate the

finite element method solution in MATLAB’s PDE toolbox [25].
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3.3 Homogenization

Now that we have considered a model of the flash-heat experiment on a homogeneous
domain, we will model the flash heat experiment on the more complicated perforated
domains developed in Chapter 2. Though these simulations were useful in detecting
damage, they were too computationally intensive for the more sophisticated parameter
estimation procedures needed to characterize damage. Here we will use (3.3) along with
random geometries to model the flash heat experiment in a porous domain and compare
this model to a limit partial differential equation which is derived from homogenization
theory. In this formulation A° is no longer I, and the random complicated geometry is
replaced with a less complicated domain with anisotropic flow. We will focus on values
obtained on the source boundary w,; when we compare the subsequent models.

We will consider the random geometry 2 (depicted in Figure 2.1 in Chapter 2), which
is composed of \ Ui, €, where §2; are randomly placed pores, 0€2; is the boundary of
the ith pore and w; are the same as defined in Section 3.1 and in Chapter 2. We must
now pose our problem on Q. We will call the dependent variable of this system "¢,
where ‘rand’ refers to the random domain. Here it is worthwhile to note that we have

performed the transformations detailed in the beginning of Section 3.1 to all of the partial

differential equations in all subsequent chapters and sections.
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The system corresponding to (3.3) on the random domain €2 is given by

(

u;and . aAurand + fyurand =0 on () X (0, T)
0

a_urand =0 on U?;l 09, X (O,T)
on
0

¢ a_urand — _)\urand on U?:l w; X (O,T) (38)

on
0

aa—urand = ST, (t) — A on wy x (0,7)

n
urand(f7 0) = 0.

We will use (3.8) to simulate data that one might expect from the flash-heat experi-
ment performed on porous specimens. We generate these geometries and solve the partial
differential equations using the methods developed in Chapter 2.

In order to apply homogenization theory to (3.8), we will use geometries with enough
pores to suppose that {2 has a periodic structure (though it may be that the physical
specimens are better modeled with periodic pores as the pores in composite materials
are often the result of sinusoidal manufacturing processes). In other words, we suppose
that the pores (or holes) are periodically distributed with a period &, where ¢ is a small
parameter that we let go to zero in the limit. This is the framework of the periodic
homogenization theory which is explained in more detail in [19]. To do so, we introduce a
reference cell (or domain) Y. For our purpose, let us take as Y the original (homogeneous)
rectangle Q. Let B = Ui]ilBi be a set of N open subsets strictly included in Y such that
B;NB; =0 for i # j.

Denote by 7(eB) the set of all translated images of e B of the form e(kf + B), k € Z2,
Kl = (K101, Kaly), so the set 7(¢B) represents the periodic pores in R Let B° be the

set of the holes contained in €. With the above choice of Y, and taking for instance
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€= with n. — +00, no hole from B? will intersect the boundary 9. Here [-] is

L
V%]

the nearest integer function. We will set
0.=0\B.

By this construction, the physical domain ). is periodically perforated with holes
of size of the same order as the period. We are essentially approximating the random
geometry €2 with the periodic geometry (2..

We will use the following notation:
- Y*=Y\B,

- X7, the topological dual space of X

e
v

- Py the proportion of the material in the cell Y,
- |w| = the Lebesgue measure of any open set w,

1
- My(p) = Wl / ©(x) dz, the mean value of ¢ on the set w.

Observe that by construction, py is also the proportion of the material in €2, for any

e > 0 and the percent porosity = (1 — py) x 100%. We are now prepared to consider our

27



system on .. Using ). to approximate € in (3.8), we have

u; — aAu® +yut =0 in Q. x (0,7)
a 3 13

a—u=0 on 0B° x (0,7T)
on
0

a—u’ = —\u’ on U, w; x (0,7T) (3.9)
on
0

Oza—nu‘E = ST, (t) — Au® on wy x (0,7)

u(Z,0) = 0.

\

The system (3.9) possesses a unique solution in the Banach space W. = {v|v €

0
L*(0,T; H'(S2.)), a—zt] € L*(0,T; (H'(Q.))")}. One is then allowed to pass to the limit in
(3.9) to obtain a limit homogenized system (for details, we refer the reader to [18, 19, 23]).

In particular, these references contain proofs that
U — pyU  weakly in L2(0,T; H'(Q)), (3.10)

where U is characterized by the unique solution of the homogenized problem and u° is
the zero extension of u° from €, to the whole domain ).

The limit system corresponding to (3.9) is given by

/

pvU, —aV - (A°U) +4pyU =0 inQx (0,T)
a ou =-\U on U, w; x (0,7)
%@ (3.11)
a = St (t) — AU on wy X (0,7)
aT]Ao
\U(f, 0) =0.
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The homogenized operator A° has constant coefficients and is expressed in terms of the

following cell problems defining the “corrector” functions y; and x»:

(
—Ax; =0 forj=1,2 in V"

X; isY periodic

5 (3.12)
an (xj —y;) =0 on 0%,
M5 (x) = 0.

Then the homogenized matrix A’ = (ay;) is defined by

ao —p 1 8X1 Y ao . 1 Gxgdy
=PV — 5 - ay, = =7 - ay,
H |Y| y+ Oy 2 |Y| v+ Oy
(3.13)
Lo L[ o WO L[ Ox
2 |Y| v+ O0y2 v 2=y ’Y| v+ 0ya '

It is important to note that 0€2; in (3.12) refers to the boundaries of the pores of the
reference cells, depicted in Figure 3.2.

It can be shown that the error estimate (distance between @ and py U in the L*(0, T; H'(Q2))-
norm) is of order of v/&, which justifies the homogenization procedure if ¢ is sufficiently
small, or equivalently if the number n. of holes is sufficiently large since n. ~ 8—12 Using
the linear trace operator, v : H'(€) — L*(w4) and arguments similar to those in [16], we
get the result that () converges weakly in L*(wy) to v(U).

Recalling the convergence of u° to U, we created numerical simulations to compare
U to v and w9 on w,;. We used methods developed in [4] and [30] to generate the
random geometries 2 and Y*. We used MATLAB’s PDE toolbox to then solve these

partial differential equations on these domains. One can not directly solve (3.12) with
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Figure 3.2: The reference domain and the limit domain with ¢ = 5 and € = T

MATLAB’s PDE Toolbox, we use the method described on pages 45-46 in [13] to solve
this elliptic system of partial differential equations. To calculate U, we used the finite
element schemes detailed in Section 3.2.

For each simulation, letting N be the number of pores in the reference cell, and n,
the number of pores in the random geometry, we might suppose that the € corresponding

to the (2. which approximates 2 is given by

1

with [-] representing the nearest integer function. As we see in (3.14), ¢ decreases as

€= (3.14)

N decreases. This leads to a subtlety in choosing N. We would like Y* to capture the
random nature of {2 while still containing a sufficiently small number of pores N to ensure

e is small. In the simulations presented here, we take N = 2 and use (3.14) above to
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calculate u°.

3.4 Approximation Results

In the previous section we developed (3.8) (with solution u**?) to model the flash heat
equation in porous material and (3.9) (with solution u®) to approximate (3.8). Finally,
we introduced homogenization theory to approximate (3.9) with (3.11) (with solution
U). In this section we will present graphical results corresponding to the three systems
and summarize the results of 200 simulations of the three systems. Here, we will use
the parameter values listed in Table 3.1. In each figure u™" is the solution of (3.8), u°
is the solution of (3.9) and U is the solution of (3.11). We will consider three different
porosity levels, 10% (or py = 0.9, depicted in Figure 3.3), 5% (or py = 0.95, depicted in
Figure 3.4), and 2% (or py = 0.98, depicted in Figure 3.5). The results presented here are
for (,A) = (0,107°) though we carried out calculations for (v, A) = (0,0) (the perfectly
insulated model), (v,A) = (0,6 x 107*), and (vy,A) = (107°,0), each yielded similar
results (see [6] for details). The random geometries used for the examples are featured
in Figures 3.3-3.5(a), which corresponds to €2 used in (3.8). The approximations of 2,
()., are presented for each level of porosity in Figures 3.3-3.5(b). Figures 3.3-3.5(c) give

rand

the solutions v™"“, u® and U at y = 0, t = 0.1 over all values of z on w4 or the source

boundary. In this case, we see that U seems to capture the ‘average’ behavior of w4
and that of u®. We observe that U overestimates when there are large pores near w, and
underestimates when there are not large pores near wy. In Figures 3.3 with py = 0.9 we
see that the cluster of pores near w, in Figure 3.3(a) corresponds to U underestimating

u™ for z greater than 1.25 in Figure 3.3(c). There are pores near wy in Figure 3.3(b)

which corresponds to periodic peaks of u® above U in Figure 3.3(c). There are pores near
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wy in € in Figure 3.4(b) but they are very small and U overestimates u® in Figure 3.4(c).
As should be expected for these systems, the difference between the three solutions seems
to decrease with porosity. In Figure 3.5(c) it appears that U is a better estimate for ™"
and v at py = 0.98 than it was for py = 0.95 depicted in Figure 3.4(c) and py = 0.9
depicted in Figure 3.3, so we see that U is a better approximation at lower levels of

porosity or higher values of py .
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Figure 3.3: An example simulation at py
The random geometry €2; (b) The geometric approximation of {2 assumed in ho-
mogenization theory, €. where ¢ = 0.14; (c¢) v™%(z,0,t), v°(2,0,t), and U(x,0,t)
For a better representation of the behavior of the three
systems over time on the source boundary (wy), see the corresponding movie at

for t
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http://www4.ncsu.edu/~akeriner /movies/wholerobin9front.zip.
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= 0.9, or equivalently 10% porosity (a)


http://www4.ncsu.edu/~akcriner/movies/wholerobin9front.zip
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(c)

Figure 3.4: An example simulation at py 0.95, or equivalently 5% porosity (a)
The random geometry 2; (b) The geometric approximation of {2 assumed in ho-
mogenization theory, ), where ¢ 0.17; (c) w™4(z,0,t), u(2,0,t), and U(z,0,t)
for ¢ 0.1 sec on wy. For a better representation of the behavior of the three
systems over time on the source boundary (ws), see the corresponding movie at
http://www4.ncsu.edu/ " akeriner /movies/wholerobin95front.zip.
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Figure 3.5: An example simulation at py = 0.98, or equivalently 2% porosity (a)
The random geometry €2; (b) The geometric approximation of {2 assumed in ho-
mogenization theory, (. where ¢ = 0.17; (c¢) v™%(z,0,t), v(2,0,t), and U(z,0,t)
For a better representation of the behavior of the three
systems over time on the source boundary (ws), see the corresponding movie at

for ¢
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Table 3.2: In the first three rows, the last three columns contain the average time to
calculate the respective solution for the 200 simulations. The last three rows contain the
average mesh size over 200 simulations.

| | Model | py =0.9 | py =0.95 [ py =0.98 |

Mean time yrand 45 sec 53 sec 62 sec
u® 22 sec 28 sec 37 sec
U 3.9 sec 4.0 sec 3.7 sec
Mean mesh size || ud 7851 8551 9965
ut 5016 5744 7317
U 355 355 355

We carried out 200 simulations at each porosity level (py = 0.9,0.95 and 0.98) like
those used to generate Figures 3.3-3.5. For each simulation, we randomly generated the

rand © \We also created a random ()., to solve

domain  on which we solved (3.8) for u
(3.9) for u®. We used the reference cell used to generate €. to solve (3.11) for U. In
Table 3.2 we report the average time to solve each of the systems and the average mesh
size used to discretize the respective domain. It is clear that of the three systems (3.8) is
the most computationally intensive. The limit system (3.11) is the least computationally
intensive; its mesh is an order of magnitude smaller than the meshes for the other two
systems. Also the computing time required to solve for U is five to ten times less than
the time to solve for u° and ten to fifteen times less time to solve for «***¢. This supports
the use of the limit system (3.11) as a more computationally suitable model than (3.8)
and (3.9).

The limit system (3.11) seems to be a good approximation of (3.8) and (3.9). We

consider the Frobenius norm of the difference between the limit systems on the source

20
for i € {1,2,...41}. For each simulation, we calculated the Frobenius

1
for j € {1,2,...101} and

boundary ws. We will take values at time points ¢; = J

1
nodes x; =
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Table 3.3: The first and third row contain the mean Frobenius norm of the difference of
the solutions for the 200 simiulations. The second and fourth row contain the standard
deviation of the Frobenius norm of the difference of the solutions for the 200 simulations.

| [pv =09 py =0.95[ py = 0.98 ]

Mean [[ud — U||p 1.21 0.631 0.267
St. Dev. [[ur®d — U||r || 0.245 0.109 0.042
Mean [|u® — U||r 1.322 0.656 0.267
St. Dev. [[uf — U r 0.258 0.109 0.042

norm of ||U — vz

41 101

U —urp = (DO (Ui, 0,t;) — wand(a;,0,5)), (3.15)

i=1 j=1

and |[|U —u®||p. We report the average and standard deviation of these quantities for each

rand

porosity level in Table 3.3. As py increases, U better approximates both u and u°.

However, it is not clear that U better approximates either u® or v

which is interesting
to note but would need a more analytical treatment to investigate.

We have selected and analyzed (3.3) which mathematically models the flash-heat ex-
periment with uniformly imperfect insulation leading to small loss on all of the boundary
of the rectangular cross section. The results of homogenization theory are encouraging.
It is also clear that the choice of reference domain, specifically the location of pores in

Q). in relation to the source boundary w4 determines the efficacy of U to approximate u°.

Similarly, the location of the pores in 2 in the random domain determine the behavior

rand rand

of u in relation to the approximation U. We also observed that U approximates u
best at the lowest level of porosity, 98% or py = 0.98.

Based on these encouraging results, we will now use limit system (3.11) developed in
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this chapter as a model to carry out parameter estimation of the parameter set (v, a, A).
We will use data simulated with (3.8) with added noise (which often occurs in collected
data) to evaluate the use of solutions of (3.11) as a model to describe data in inverse

problems.
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Chapter 4

Parameter estimation for the heat

equation

4.1 Mathematical Models

Before considering the inverse problem, we will recall the models discussed in Chapters 2—
3 for the forward problem. We again use the randomly perforated domain €2 depicted in
Figure 2.1, and the homogeneous, non perforated domain Q) which is an L; x L, rectangle
(again we will use L; = 2 and Ly = 1) shown in Figure 3.1. The n, randomly placed
pores, which are generated using methods described in Chapters 2 and 3 and [30], are
given by €); with boundaries 0€); for i = 1,2...n,. We again assume that these pores do
not intersect with each other nor the boundaries of Q. The four boundaries of Q which
are also the four exterior boundaries of € are denoted w; for ¢ = 1,2,3,4 (depicted in
Figure 2.1). We continue to refer to w, as the source boundary. The perforated domain

Q is given by Q\ (U™,€;). Recall the partial differential equation model of the flash heat
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experiment on {2

uiand —aV - (vurand) + ,yurand =0 in Q x (07T)
a rand
a ua =0 on Ui, 08 x (0,7
n
rand
a@u = —\ynd on UP, w; x (0,7T) (4.1)
an B
a rand
a ua = SiZo 4 (t) — Au™™ on wy x (0,7
n
w0, Z) = 0,

\

where « is the thermal diffusivity of the material €2, v corresponds to loss in the direction
orthogonal to the domain 2 (the z direction) and A corresponds to loss on the boundary

of the the rectangle (). The flash heat input is modeled by the term STy, (t) where

1, fort <t,
Zio (1) =
0 fort>t,.

There are many problems associated with using (4.1) as a model when performing the
inverse problem. The computational time associated with solving the forward problem
(4.1) is about two minutes. This is prohibitively long to perform the inverse problem.
Also, for many applications of the forward model, two minutes is far too long a compu-
tational time as well. Beyond the computational intensity associated with solving (4.1),
the random geometry of a porous sample (which we model as 2) is not known for the
applications that we are concerned with so we can not assume that we know 2 a priori.

In Chapter 3, using the results of homogenization theory (see [5],[15], [19], [17], [20]
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and [18] and the references therein for details), we derived the limit system

(
pvUi—aV - (A°VU) +9pyU =0 inQx(0,7)
ou
a = —-\U on U, w; x (0,7T)
0140 (4.2)
ou
a = St (t) — AU on wy X (0,7
877Ao
\U(O, ¥) =0,
. . A . area of ) 0 -
where py is the proportion of €2 occupied by 2 (py = —————) and A" is the 2 x 2
area of

homogenized matrix which we calculate using methods described in Chapter 3 and [13].

We denote = 71 - A°VU where #i is the exterior unit normal vector. The action

877A0
of A% is to approximate the isotropic flow through the random domain € around the

perforations €2; with anisotropic flow through the homogeneous rectangle Q). We recall
from Chapter 3 that as n, — oo, v(@™™) — v(U) weakly in L*(0,T; L*(w,)) where
~ denotes the zero extension of Q to all of Q and v is the linear trace operator v :
L2(0,T; H'()) — L*(0,T; L*(w4)). Based on this convergence, we will consider using
U, the solution of (4.2), as a model solution in the ordinary least squares estimation
procedure for simulated data of U with added absolute random error and for simulated
data of ™ (the solution of (4.1)) with added absolute random error in Section 4.2. In
Section 4.3, we will consider using U as a model solution in the generalized least squares
estimation procedure for simulated data of U with added relative random error and for

rand

simulated data of «"™"® with added relative random error which is dependent on the value

Of urand
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4.2 Ordinary Least Squares

We will consider a statistical model, which describes data with random error that has zero
mean, is independent and has constant variance. We will then discuss the OLS parameter
estimation procedure in general and finally go on to present results of preforming the OLS
parameter estimation procedure on two different kinds of simulated data in Section 4.2.1.

We will consider the full parameter set § = (vy,a,)), and subsets 0% = (7, ay)
(corresponding to the assumption that the boundary loss parameter A is known) and
67" = (o, A\y) (corresponding to the assumption that the parameter that models loss in
the orthogonal direction v is known). Now, that we have introduced the three parameter
sets, we will use the notation 8% to mean any of the three parameter sets 6, #* and 67
without loss of generality.

Full state observation is rare especially when the set of states is continuous (for our
problem 7 € Q) Often, when one performs thermal nondestructive evaluation, data is

given by the output of an IR camera. To model the resulting pixels, we will consider

x;+4
=7 [ sls0)ds

So C; gives the average value of functions along intervals of length ¢ starting at x = x;

on wy (the source boundary). We will suppose the “perfectly resolved” data is given by

1 z;+L
Uy (63) = Z/ Ultj,s,0;68) ds (4.3)

or U;(6F) = CU(t;, 7 07) where 6] is the “true” parameter value. We will denote m
spatial nodes x; = 21,29, ..., z, and n temporal nodes t; = 1,19, ...,t,. The statistical

assumptions that underlie the OLS parameter estimation procedure corresponding to this
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observation process is then that data are given by realizations of the random process y,;
which is defined as

Yi; = Ui (95#) + €5, (4.4)

where €;; is a random variable that satisfies (4.5) below. The random variable (ran-
dom error) €;; is further assumed to have zero mean, be independent and have constant

variance. More precisely, we assume

E(ei;) = 0
Var(e;) = o} (4.5)
Cov(e;j, exn) = 0for (i,7) # (k, h).

It is important to emphasize that y,; is a random variable with realizations y;;. The
realization y;; would correspond to observed data.
In order to obtain the parameter estimate é#, we must minimize the OLS cost func-

tional
m n

JOF) =) > (Uy(0%) — i)™, (4.6)

i=1 j=1

For each data set y;;, the parameter estimate is given by

0% = arg min J(6%) (4.7)

0# co

where ©F is an admissible parameter set. The error estimate is then given by

J(6#)

nm —p

(4.8)

~2
O'#—

where p is the number of parameters so p = 2 for 0% = 07 and 0% = 6* while p = 3 for
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6% = 0.

Data collection nodes can be selected in many sophisticated ways such as by using
SE-optimal design, E-optimal design, D-optimal and c-optimal design methods (see [12]
and references therein). This is not the focus of our current efforts so we will examine
the sensitivity functions to select data collections nodes. For each parameter 67 in the
parameter set #7, the associated sensitivity function (the sensitivity of the model solution

with respect to 9,?) V(’qu£ = % corresponds to the sensitivity of the solution with respect
to the kth parameter. In placlfes where the sensitivity VO s zero, one cannot obtain any
information about the kth parameter. However, one should not exclusively choose nodes
in the regions of the highest sensitivity [8].

We examined the sensitivity functions

o (1 [mtt
VIt x;) = G_(Z/ U(t,s,();(10_3,2.9167,0.01))d3>
87 1 ek
Vet ) = a_a(Z/ Ut 5,0; (103,2.9167,0.01))ds) (4.9)

A a (1 [ 3
VAta) = o0 (5 Ul(t,s,0;(1073,2.9167,0.01)) ds

T

for ¢ = 0.57 and z; = 0,0.57,1.14, 1.71 using calculations detailed in Appendix A.1. We
chose the values of x; and ¢ based on an example pixel width. We chose v = 1073,
a = 2.9167 and A = 0.01 based on physically reasonable values. These are also values
that we will use when we simulate data in Sections 4.2.1 and 4.3.1.

After inspecting V7, V and V* for different values of z;, we noticed little difference
so we arbitrarily chose two sets of spatial nodes x; € {0,0.57} and z; € {0,0.57,1.14}
to consider the effect of sparsity of spatial nodes on the inverse problem. The values
of V(t,x;), V(t,x;) and V*(t,z;) vary over time as depicted in Figures 4.1(a) and

(b). The sensitivity with respect to «, V*(t,z;) goes toward zero quickly after the
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Figure 4.1: The sensitivity functions of 5 / Ul(t,s,0)ds where U is the solution of
21 Jo

(4.2) with v = 1073, @ = 2.9167 and A = 0.01. (a) The sensitivity with respect to o for
time ¢ € [0,2]. (b) The sensitivity with respect to A and ~ for time ¢ € [0, 300].
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end of flash-heating at t; = 0.6 s in Figure 4.1(a). There is often more measurement
error during flash-heating so we take many times just after the end of flash heating
{0.6 + 1—;0, 0.6 + %O’ ...0.6 + %} to gain information about the parameter . The
sensitivities to v and A are depicted in Figure 4.1(b) and go to zero much more slowly
than V. We take times {20,40,...,140} to gain information about the parameters -y
and X\. We note that in Figure 4.1(b) the sensitivity with respect to v is less than the
sensitivity with respect to A\. This suggests that there could be problems estimating ~;

we will further discuss the well-posedness of estimating v in Section 4.2.1.

Using the sensitivity matrix with entries

0
Xitm(j-1).4(0) = _Ui'(C)’ (4.10)
00y =6
we may calculate the estimated covariance matrix
5(6%) = &* (X" (0*)x(0%)) (4.11)

and the estimated standard error of the kth parameter

SE(6) = \/ S (6%). (4.12)

4.2.1 Simulated Ordinary Least Squares Data

We would like to consider data motivated by (4.1) because we suspect that this model
will resemble experimental data. We can not, however, use (4.1) as a model solution in
the OLS cost functional (4.6) because the random geometry € in (4.1) is not a priori

knowledge in most thermal nondestructive evaluation applications. Thus we are con-
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cerned with the behavior of U;;(#) as a model solution in the inverse problem with data

rand Tt js not simple to ensure that the OLS assumptions are satisfied

motivated by u
even in the most straight forward cases because relations between parameters can cause
violations in the OLS assumptions. For instance, the estimation of + is ill-posed. In the

partial differential equation (4.2), if we make the transformation U = e 7" Z in (4.2) the

partial differential equation becomes

)
i —aV - (AVZ) =0 onQx(0,7)
A
o 0 =—-\Z on U, w; x (0,T) (4.13)
aT]Ao
0z
o = ST, (t) = AZ  onwy x (0,7)
\ 87]A0

This means that if we rewrite the cost functional in (4.6) as

i=1 j=1

we can see that the cost functional J(U(t;7,2;;0),D;;) in (4.14) where U(t;, Z;;0) is the

solution of (4.2) can equivalently be written as
J(U(t], fl, 6, D”) = J(Z(tj, f“ ‘9), e“’tjDij) (415)

where Z(t;,7;;0) is the solution of (4.13). This implies that by including v any noise
in the data will be amplified. This will also cause model dependence in the error in D;;
which violates the error assumptions (4.5).

Because of the subtlety in verifying the OLS error assumptions (4.5) directly, we will

compare data simulated using the solution of (4.2) with data simulated using the solution
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of (4.1). We simulate data motivated by OLS assumptions and the solution of (4.2) with
the random process

D;;(0) = U;;(107%,2.9167,0.01) + 08, (4.16)

where 3;; is a random variable which follows a standard normal distribution or 3;; ~
N(0,1?). We consider two sets of spatial nodes x; = 0,0.57 and x; = 0,0.57,1.14.
We simulate data motivated by the OLS error assumptions (4.5) and the solution of

(4.1) with the random process

rand __ . rand
Do) = uii™ + oy (4.17)
where u%md is given by
1 z;+L
U;?nd = Z/ urand(tj,s’o; (10737291677001»(187 (418>

with u™™(¢;, s,0; (107%,2.9167, 0.01)) the solution of (4.1) with (v, a, A) = (107*,2.9167,0.01)
on a randomly perforated geometry €.

For realizations of D;;(0) and Dﬁnd(a) each data set is analyzed using the results of
OLS asymptotic theory for the parameter sets 6 = (v, a, \), 07 = (a, \) and 0* = (7, \).
So for each data set we perform three inverse problems calculating three parameter
estimates 07, 0" and 0 using (4.7), three error estimates 62, 65 and 6° using (4.8), three
covariance matrix estimates 2(07), $(6*), and 2(f) using (4.11), and the standard error
for each parameter in the sets 6, §*, and 67 denoted SE(%), SE(a&), SE(;\), SE(4x), SE(&y),
SE(é,), and SE(),) using (4.12).

There are many different ways to consider these parameter estimation and uncertainty

estimation problems. We will consider the difference between the parameter estimate and
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the “true” parameter values 7o = 1072, oy = 2.9167, and Ay = 0.01 which will give us
insight into the accuracy of the parameter estimate é,’f We will also consider the ratio of
the estimated standard error to the parameter estimate or SE(HA?f) / éif When this ratio
is large, there is little confidence in the value of the parameter é,f For instance, the 95%

confidence interval for m = 3 for 4 is given by
95% confidence interval for 4 = (¥ — 2.02 x SE(%), 4 + 2.02 x SE(%)).

In this example when SE(%)/4 is greater than 0.5, we can not even be confident that the
parameter 7y is positive. So the ratio SE(éf) / é,f is related to the uncertainty associated
with the parameter estimate HAZ%

We will now compare the results of ordinary least squares parameter estimation pro-
cedure for realizations of D;;(c) with the results of ordinary least squares parameter es-
timation procedure for realizations of Dﬁnd(a). In Figures 4.2-4.7, the simulated data is
taken at temporal collection nodes t; = 0.6+ %O’ 0.6+ %O’ .o, 0.6+ %, 20,40, ...,140
and spatial nodes z; = 0,0.57,1.14. Figure 4.2(a) depicts the difference éx — oy for each
of five realizations at each level of added noise o = 0.015,0.030, ...,0.090 for D;;(o).
The estimates for the three parameter subsets do not seem to vary much. That is, we
see that for each realization the differences & — o, &, — ap and &, — o are relatively
close. Figure 4.2(b) depicts the difference dx — oy for each of five realizations of Dﬁ;‘nd (0)
at each level of noise o = 0,0.015,...,0.090, we see that the differences &y — ap do not
seem to vary much for each realization either. Also, the results depicted in Figure 4.2(a)
resemble the results depicted in Figure 4.2(b). This suggests that using realizations of

D,;(0) versus Dlr-j»‘“d(a) does not affect the accuracy of the estimates dx. In Figures 4.3

(a) and (b), we examine the ratios SE(dy)/dy for the five realizations of D;;(co) and
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D;"?“d (o), respectively. In Figure 4.3(a), we see that the uncertainty associated with the
estimate & is larger than the uncertainty associated with the estimates &, and a,. It
also appears that the ratio SE(dy)/d varies linearly with o. These observations are
valid for the ratios depicted in Figure 4.3(b), as well. The similarities in Figure 4.3(a)
and Figure 4.3(b) suggest that there is not a significant difference in using realizations

D;;(o) and Dzr-?nd(a) regarding the uncertainty associated the OLS parameter estimate

A

Q.

We also considered the parameter A. Figures 4.4(a) are the differences Ay — Ao
(Ao = 0.01) for the realizations used in Figures 4.2(a) and 4.3(a). The difference 5\# — Ao,
unlike these differences for the parameter «, appears to depend on the parameter set. The
magnitude of the difference A — Ao is much larger than the difference 5\7 — Ao indicating
that estimating v adds inaccuracy to the estimate of A. In Figure 4.4(b), we have plotted
the difference Ay — \g for the realizations depicted in Figures 4.2(b) and 4.3(b). In
Figure 4.4(b), we see that the differences /A\7 — Xo and A — )\ for the realizations of
Di?nd(a) resemble these differences for the realizations of D;;j(0) in Figure 4.4(a) so we
suspect that the error associated with the approximation of u™® (the solution of (4.1))
with U (the solution of (4.2)) in the model solution does not affect the estimate of A,
nor \.

In Figure 4.5(a), we see that the ratio S]ﬂ(jw)/jx7 appears to be linear in o for the
realizations of D;;(o). This linear pattern is similar to the linearity in Figure 4.5(c) which
depicts the ratio SE(\,)/\, for the realizations of Dﬁ;‘nd(a). Also, the ratio SE(\,)/\,
is on about the same scale in Figures 4.5(a) and (c). So for 5\7, there does not appear to
be a difference in using data generated by (4.16) versus data generated by (4.17) in the

accuracy of the parameter estimate 5\7 nor the uncertainty associated with the parameter

estimate 5\7.
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Figure 4.2: The points denoted with © are the difference &, — o, the points denoted are
the &y — v, the points denoted * are the difference &— g (a) The result of five realizations
of D;j(0) for values of o = 0.015,0.030,...,0.090 (b) The result of five realizations of
D;j-‘“d(a) for values of o = 0,0.015,. .., 0.090.
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SE(éy4)/dy for z; = 0,0.57,1.14
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Figure 4.3: The points denoted with ¢ are the ratio SE(&,)/d&.,, the points denoted are
the SE(&y)/dy, the points denoted * are the difference SE(&)/& (a) The result of five
realizations of D;j(o) for values of ¢ = 0.015,0.030,...,0.090 (b) The result of five
realizations of ng-‘nd(a) for values of o = 0,0.015,...,0.090.
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In order to consider the ratio SE(S\) / 5\, we plotted the logarithm of this quantity
in Figures 4.17(b) (for realizations of D;;(c) and (d) (for Dij-‘nd(a) because in both ex-
amples these quantities vary greatly. The ratio SE(A)/) in both Figure 4.17(b) and
Figure 4.17(d) appears to grow exponentially with added error ¢ which is not surprising
based on our observation in (4.15) that 7 in the parameter estimation increases the error
in the data.

The estimation of « is ill-posed for the parameter values, spatial nodes and temporal
nodes in this problem. In Figures 4.6(a) and (b), we see that the difference 4 — vy
(0 = 107%) is very large compared to 7. This is true for both the realizations of D;(c)
in Figure 4.6(a) and the realizations of D}*"*(¢) in Figure 4.6(b). Though the differences
Ax — Yo are smaller than 4 — v in Figures 4.6(a) and (b), in Figures 4.7(a) and (c) we
see that the uncertainty associated with the estimate 4, is very large. In Figure 4.7(a),
we see that, for the realizations of D;;(o), the ratios SE(9,)/4x do not appear to grow
exponentially with o but the values of SE(4,)/49, are so large that the 95% confidence
interval contains negative values 4. Thus one cannot conclude with 95% confidence that
vy is positive. The use of Dlr-;-md(a) in the OLS parameter estimation procedure does
appear to affect the uncertainty associated with the parameter estimate 4, as we see in
the exponential growth of SE(%,)/9 with o for realizations of D{2"(c) in Figure 4.7(c).
The ratio SE(¥)/4 varies on an exponential scale for both realizations of D;;(0) and
Dlr-?“d(a) in Figures 4.7(b) and (d), respectively.

We also considered data at temporal nodes t; = 0.6 + L,O.G + i,...,O.G +

120 120
7
20’ 20,40, ...,140 and spatial nodes x; = 0,0.57 to understand how sparsity of spatial
data affects the inverse problem. For each level of added noise ¢ = 0.015, 0.030, ..., 0.090,
we simulated five realizations of D;;(o) using (4.16). We also simulated five realizations

of Di;md(a) using (4.17) for each level of added noise o = 0,0.015,...,0.090. For each
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Figure 4.4: The points denoted with © are the difference 5\7 — Ao, and the points denoted

* are the difference A — Ay (a) The result of five realizations of Dy;(c) for values of
o = 0.015,0.030,...,0.090 (b) The result of five realizations of D{?"%(c) for values of
o =0,0.015,...,0.090.
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Figure 4.5: (a) The ratio SE(\,)/\, for five realizations of D;;(0) for values of ¢ =
0.015,0.030, . ..,0.090 (b) The log of the ratio log SE(A)/A for five realizations of Dy; (o)
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realizations of D}*"%() for values of o = 0,0.015,0.030,.. ., 0.090.

%)



F4 — Yo for z; = 0,0.57,1.14

T T *
0.03 ]
X — Y0 *
* Y= *
0.025- * b
0.02+ % * b
e
I 0.015- **
& *
* *
i *
0.01 * "
* *
0.005 * 1
% o) [e]
* * * o
o : o 8
0 8 g : : 4 ]
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
g
(a)
Y4 — o for x; = 0,0.57,1.14
T * T T i
0.025} ° =" * 4
* 9=
*
0.02r * % i
*
f 0.015} 1
& *
0.01" :
% ¥
*
0.005- * . % o
* * 2
* * * * ¢
o Q o]
0 7? Il g Il g Il ; Il s Il 8 Il ?7
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
o
(b)

Figure 4.6: The points denoted with ¢ are the difference 4, — 7y, and the points denoted
* are the difference 4 — 7o (a) The result of five realizations of D;;(c) for values of
o = 0.015,0.030,...,0.090 (b) The result of five realizations of D??“d(a) for values of
o = 0,0.015,.. ., 0.090.

o6



The ratio SE(4x)/4x for z; = 0,0.57,1.14 Log of the ratio SE(¥)/4 for x; = 0,0.57,1.14
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Figure 4.7: (a) The ratio SE(9,)/4 for five realizations of D;;(o) for values of o =
0.015,0.030,...,0.090 (b) The log of the ratio log SE(¥)/4 for five realizations of D;; (o)
for values of 0 = 0.015,0.030,...,0.090. (c) The log of the ratio log(SE(%,)/4x) for five
realizations of Dﬁnd(a) for values of ¢ = 0,0.015,...,0.090. (d) The log of the ratio

log SE(%) /4 for five realizations of Di?nd(a) for values of o = 0, 0.015,0.030.. . .,0.090.
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realization of Dlr-;-md(a) a different random geometry €2 is used to solve (4.1) for uﬁ?nd in
(4.18). Results from these simulations are given in Figures 4.8-4.13.

For the realizations of D;; (o), the differences dx —ay are plotted in Figure 4.8(a) while
these differences for the realizations of ng‘nd(a) are plotted in Figure 4.8(b). Much like
these quantities in Figures 4.2(a) and (b), for each realization the differences &\ —ay, &, —
ap and & — o remain relatively close and are on about the same scale as in Figures 4.2(a)
and (b). The ratios SE(Gy)/d for the realizations of D;;(o) and Dﬁ?nd(a) are plotted in
Figures 4.9(a) and (b), respectively. In both figures, it appears that the ratio SE(&)/&
is larger than the ratios SE(&y)/d&, and SE(&,)/é&,. It also appears that the relationship
between the ratios SE(dy)/dx and o is linear as we observed in Figures 4.3(a) and (b)
as well. This suggests that for the temporal and spatial nodes that we are considering
estimating « is well-posed and there is little difference between using realizations of
D:**!(¢) and Djj;(c) in the estimation of the parameter o and the estimation of the
uncertainty associated with «.

In Figures 4.10(a) and (b), we see that the difference A — \q is larger than A, —

Ao for the realizations of D;;(c) and Dlr-;md(a), respectively. Figure 4.10(b) resembles

rand
ij

Figure 4.10(a) which suggests that using realizations of D;:"“ (o) rather than realizations
of D;j(0) does not have a large effect on the accuracy of the parameter estimates 5\#.
The ratios SE()\,)/\, appear to be similar for realizations of Dy;(c) (in Figure 4.11(a))
and realizations of Dﬁ?nd(a) (in Figure 4.11(c)) and seem to vary linearly with o. The
ratios SE(A\)/\ are much larger than the ratios SE(),)/\,, so we plotted log(SE(A)/\)
for the realizations of D;;(0) in Figure 4.11(b) and for the realizations of D;?nd(a) in
Figure 4.11(d). This implies that for realizations of Dy;(c) and D}?"%(o) estimating

causes a dramatic increase in the uncertainty associated with the parameter estimate A

for spatial nodes x; = 0,0.57. Note that this effect appears to be similar for realizations
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Figure 4.8: The points denoted with © are the difference &, — o, the points denoted are
the &y — v, the points denoted * are the difference &— g (a) The result of five realizations
of D;j(0) for values of o = 0.015,0.030,...,0.090 (b) The result of five realizations of
D;j-‘“d(a) for values of o = 0,0.015,. .., 0.090.
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SE(d#)/&# for T; — O, 0.57
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Figure 4.9: The points denoted with ¢ are the ratio SE(&,)/d&.,, the points denoted are
the SE(&y)/dy, the points denoted * are the difference SE(&)/& (a) The result of five
realizations of D;j(o) for values of ¢ = 0.015,0.030,...,0.090 (b) The result of five
realizations of ng-‘nd(a) for values of o = 0,0.015,...,0.090.
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of D;j(0) in Figure 4.11(b) as for realizations of D?nd(o) in Figure 4.11(d).

The estimation of the parameter v appears to be ill-posed for the spatial nodes z; =
0,0.57, especially when estimating the parameter set (7, «, \). The differences 4 — ~, are
several orders of magnitude larger than the “true” parameter v, = 10~% in Figure 4.12(a)
(for realizations of D;;(0)) and in Figure 4.6(b) (for realizations of Di?nd(a)).

For the spatial nodes x; = 0,0.57, the uncertainty associated with the parameter
estimate 4, is very large. For all of the examples of SE(94)/94 in Figures 4.13(a)—(d)
we plotted log (SE(44)/4#) because the variation of SE(94)/7x was so large for every
example. Figures 4.13(a) and (c) depict SE(9y)/4a for the realizations of D;;(c) and
D;**!(q), respectively. The ratios SE(§,)/4x are on an exponential scale for realizations
of D;;(o) in Figure 4.13(a) with spatial nodes x; = 0, 0.57 while the ratios SE(¥,)/4» are
on a linear scale for realizations of D;;(¢) in Figure 4.7(a) which indicates that sparsity of

spatial collection nodes affects the uncertainty associated with the parameter estimates

~

-
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3 Ay — Ao for z; = 0,0.57
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Figure 4.10: The points denoted with ° are the difference 5\7 — Ao, and the points denoted
* are the difference A — Ay (a) The result of five realizations of Dy;(c) for values of
o = 0.015,0.030,...,0.090 (b) The result of five realizations of D{?"%(c) for values of
o =0,0.015,. . .,0.090.
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Ratio SE(X,)/A, for z; = 0,0.57 Log of the ratio SE(A)/A for ; = 0,0.57

+
0.061 + i
71
0.055} *
0.05 Jir 6
4
0.045
: ot = s
< 0.04r + ~ 5
3 0.035 = + N
£ 0035 + 2
= + %4 + t +
@ 0.03f = B . +
0.025 + + + i
% + 3+ + +
0.02f T
0.015} il + +
0.01- $ %
0 001 002 003 004 005 006 007 0.08 0.09 0 001 002 003 004 005 006 007 0.08 0.09
o ag
(a) (b)
Ratio SE(X,)/A, for ; = 0,0.57 Log of the ratio SE(})/A for z; = 0,0.57
+ 9 +
0.07 +
8
I +
0.061 7
-+ +
0.05 + 6 +
+ i = 5
< + < T +
=0.04 + + =, + i $
< =
2 0.03 4 %3 % ¥
E + n +
= d
0.02 + X
0.01f T 0$
—1F
0

0 0.01 0.02 0.03 0.04 005 0.06 0.07 0.08 0.09 0 001 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
o o

(c) (d)

Figure 4.11: (a) The ratio SE(),)/\, for five realizations of Dy;(c) for values of o =
0.015,0.030, . ..,0.090 (b) The log of the ratio log SE(A)/A for five realizations of Dy;(o)
for values of o = 0.015,0.030,....,0.090. (c) The ratio SE(),)/\, for five realizations of
D?nd(a) for values of o = 0,0.015,...,0.090. (d) The log of the ratio log SE(\)/A for five
realizations of D}*"%(o) for values of o = 0,0.015,0.030,.. ., 0.090.
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Figure 4.12: The points denoted with © are the difference 4, —~, and the points denoted
* are the difference 4 — 7o (a) The result of five realizations of D;;(o) for values of
o = 0.015,0.030,...,0.090 (b) The result of five realizations of D??“d(a) for values of
o = 0,0.015,.. ., 0.090.
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Log of the ratio SE(%y)/4x for z; = 0,0.57 Log of the ratio SE(%)/4 for z; = 0,0.57
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Figure 4.13: (a) The ratio SE(9,)/4, for five realizations of D;;(o) for values of o =
0.015,0.030,...,0.090 (b) The log of the ratio log SE(¥)/4 for five realizations of D;; (o)
for values of 0 = 0.015,0.030,...,0.090. (c) The log of the ratio log(SE(%,)/4x) for five
realizations of Dﬁnd(a) for values of ¢ = 0,0.015,...,0.090. (d) The log of the ratio
log SE(4)/4 for five realizations of D¥"(s) for values of o = 0, 0.015, 0.03, ..., 0.09.
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4.3 Generalized Least Squares

The generalized least squares (GLS) parameter estimation procedure (like the OLS pa-
rameter estimation procedure) is based on an underlying statistical model. The error
for GLS is assumed to be relative or proportional to the model value. Observations are

assumed to be realizations of the random process y,; given by
Yy = Uy(0)) (1+e), (4.19)
where €;; is assumed to have constant variance, zero mean, and mutually independent or

E(Gi]‘) = O
Var(e;) = og (4.20)
Cov(e;j, €x) = 0for (i,7) # (k,h).

Note that in (4.19), the error is given by Uy (87 )e;; so it is proportional to the model
and the variance is proportional to U%(@# ). Assuming the statistical model given by
(4.19), the GLS parameter estimation procedure involves the minimization of the cost

functional below

m o n (O — 0\ 2
£35S

i=1 j=1
The GLS parameter estimate is given by
0% = arg min J (%), (4.22)

0# cO#

where J(0%) is defined in (4.21). We used the iteratively reweighted least squares method
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as described in [7] and [22] to minimize (4.21). The GLS error estimate 67 is given by

o J(0%)
2 4.2
T nm—p’ (4.23)

where again J(%) is defined in (4.21). The nm x nm matrix of weights W (6%) has

entries
1
Wigm(G-1)itm(-1) (07) = 02 (6%) (4.24)
fori =1,2,...,mand 5 = 1,2,...,n. The GLS covariance matrix estimate E(é#) is
given below
B(6%) = 5* (X" (01 )W (0 )x(6%)) (4.25)

where y(6%) is the matrix of sensitivities with entries given in (5.29). The standard error

estimates are again given by the square roots of the diagonal entries of the covariance

SE(0F) = \/ Sun(6%). (4.26)

4.3.1 Simulated Generalized Least Squares Data

matrix

As in the previous section, we will consider the well-posedness of the GLS parameter
estimation procedure by considering the resulting parameter estimates and uncertainty
estimates for simulated data. We simulate data motivated the GLS error assumptions
in (4.19) and (4.20) using both the solutions of (4.1) ©**! and solutions of (4.2) U. In
order to consider U the solution of (4.2) as a model solution in the inverse problem, we

will simulate data which is given by realizations of D;; where D;; is given by

D;;(0) = U;;(107%,2.9167,0.01) (1 + 03,,) (4.27)
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where U;;(107°,2.9167,0.01) is given by (4.3), and 3,; follows a standard normal dis-

tribution or B;; ~ N(0,1%). Again, as in Section 4.2.1, we consider spatial nodes

1 2
x; = 0,0.57,1.14 and x; = 0,0.57 and temporal nodes t; = 0.6+ T20° 0.6+ o0 ,0.6+
7
120" 20,40, ...,140. We analyzed five realizations of D;;(c) for each value of o =

0.02,0.05, 0.10.
We also consider data which is generated using solutions of (4.1) and motivated by
the GLS assumptions with realizations of the random process

rand __rand
Do) = uis" (1 + 0B,;), (4.28)

)

rand
ij

normal distribution or 3;; ~ N(0,1?). We calculated five realizations of ngd(a) for

where u is defined in (4.18), and B;; is a random variable sampled from a standard
each value of ¢ = 0,0.02,0.05,0.10.

For both sets of simulations, we calculate the parameter estimates é#, or O = (Y2, d’\),
0" = (&, \) and § = (5,4, \) as defined in (4.22) by minimizing (4.21). We also
calculate SE(%) using (4.26).

As in Section 4.3.1, we consider the accuracy of the inverse problem by investigating
0% — 0# and the uncertainty associated with the inverse problem by investigating the
ratios SE(%)/0%. In Figures 4.14-4.19, we consider these simulations with spatial nodes
z; = 0,0.57,1.14. Figure 4.14(a) depicts dy — ap for five realizations of D;;(o) for each
value of o = 0.02,0.05,0.10. The values of ay — g in Figure 4.14(b) for five realizations
of D;f?nd(a) for each value of 0 = 0,0.02,0.05,0.10 appear to be smaller than those in
Figure 4.14(a). This suggests that the GLS parameter estimation procedure predicts duy
more accurately for data generated by realizations D;;(o) than for data generated by

realizations of Dﬁj‘nd(a).
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To consider the uncertainty associated with the parameter estimates &y — o, we
plotted the ratio SE(dy)/dy in Figure 4.15(a) for realizations of D;;(0) and in Fig-
ure 4.15(b) for realizations of Dﬁ?nd(a). The ratios SE(d)/dx appear to be linear in o
for realizations of D;;(c) and Dlr»?nd(a) with similar slopes. It appears that there is little
difference between using realizations of D;;(0) and realizations of DZ-‘“d(U) in the GLS
estimate of the uncertainty associated with the parameter estimate du.

We plotted the differences Ay — Ao for the realizations of Dy;(c) in Figure 4.16(a)
and the realizations of Di;-md(cr) in Figure 4.16(b). The differences between \, and Ay are
very small for both realizations of D;;(¢) in Figure 4.16(a) and realizations of Di?“d(a) in
Figure 4.16(b). The difference A— )y (depicted in Figure 4.16(a) for realizations of Dy; (o)
and Figure 4.16(b) for realizations of Dzr?nd(a)) has a much larger magnitude than the
magnitude of the difference jw—)\g. This suggests as in Section 4.2.1 estimating v detracts
from the accuracy GLS estimate of the parameter A. This is because, as we observed
in Section 4.2.1, if we make the transformation U = e "*Z in the partial differential
equation (4.2), we get the same partial differential equation but without the zero order

term pyyU (4.13). Thus, if we write the GLS cost functional as

. (t;,73;0) — Di; \
J(U(t;,2:0) ZZ( / 0t 70 ]) (4.29)
]7 i

=1 j=1

then the cost functional can be written as J(Z(t;, %;;6),e"D;;). Estimating v adds an
extra level of time dependence to the error which would violate the error assumptions
n (4.20). We further see the effect of estimating v on the uncertainty associated with
the parameter estimate A. In Figure 4.17(a) we plotted the ratio SE(\,)/\, versus o
for realizations of Dy;(c) and the ratio SE(),)/A, versus o in Figure 4.17(c). The ratios

SE(S\W) / 5\7 in both of these examples appear to be linearly dependent on 0. When the
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Figure 4.14: The results of realizations of simulated data with temporal nodes t; =
1 2 7
0.6 + T20° 0.6 + 20" T20° 20,40, ...,140 and spatial nodes x; = 0,0.57,1.14. The

points denoted with ¢ are the difference ¢&., — oy, the points denoted are the &) — ay, the
points denoted * are the difference & — ap (a) The result of five realizations of D;;(o) for
values of ¢ = 0.02,0.05,0.10 (b) The result of five realizations of Dlr-;‘“d(a) for values of
o =10,0.02,0.05,0.10.

70



SE(Gy) /by for x; =0,0.567,1.14

0.7 4
o SE(d,)/a, +
B8 |+ se(@/as ]
o5l | ¥ SE@/a |
*
< 04 ¥
3 *
503 T
+
0.2 4
0.1 § 1
+
0, m
0.62 0.63 0.64 0.65 0.(?6 0.b7 0.68 0.b9 0.‘1
(a)
SE(Gy) /by for x; =0,0.57,1.14
0.4 1
0.35F 1
*
0.3r 1
0.25- % 4
< +
< 02 1
S *
< 0.415¢ 1
7o0ar 1
0.05 ¥ .
0r * o SE(&4,)/d, E
ool + SE(@)/a ]
~0.05 % SE(4)/a
W oW o ow ol
(b)
Figure 4.15: The results of realizations of simulated data with temporal nodes t; =
1 2 7
0.6 + T20° 0.6 + 20" T20° 20,40, ...,140 and spatial nodes x; = 0,0.57,1.14. The

points denoted with © are the ratio SE(&,)/é&.,, the points denoted are the SE(&y)/d,, the
points denoted * are the difference SE(&)/& (a) The result of five realizations of D;;(0)
for values of 0 = 0.02,0.05,0.10 (b) The result of five realizations of D]Z??nd(a) for values
of o = 0,0.02,0.05,0.10.
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full parameter set 0 is estimated, we see that the ratio SE(;\V) / /A\AY varies exponentially
with o in Figures (b) and (d) in which we plotted log(SE(&)/&) versus o for realizations

of D;;(0) and Df?nd(a), respectively.
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Figure 4.16: The results of realizations of simulated data with temporal nodes t; =

1 2 7 .
0.6 + T20° 0.6 + 20" T20° 20,40, ...,140 and spatial nodes x; = 0,0.57,1.14. The

points denoted with © are the difference 5\7—)\0, and the points denoted * are the difference
A — Ao (a) The result of five realizations of D;;(o) for values of o = 0.02,0.05,0.10 (b)
The result of five realizations of Dﬁ?nd(a) for values of o = 0,0.02,0.05,0.10.
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_3 Ratio SE(X,)/;\AY for x; = 0,0.57,1.14 Log of the ratio SE(\)/A for z; = 0,0.57,1.14
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Figure 4.17: The results of realizations of simulated data with temporal nodes t; =

1 2 7 .
0.6+ mio.6+ 55’ 190" 20,40, ..., 140 and spatial nodes z; = 0,0.57,1.14. (a) The

ratio SE(\,) /A, for five realizations of D;;(¢) for values of o = 0.02,0.05,0.10 (b) The log
of the ratio log SE())/A for five realizations of D;;() for values of o = 0.02,0.05, 0.10. (c)
The ratio SE(A,)/A, for five realizations of D?nd(a) for values of o = 0,0.02,0.05,0.10.
(d) The log of the ratio log SE(A)/X for five realizations of Dg?nd(a) for values of 0 =
0,0.02,0.05, 0.10.
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We also examined the difference between 44 — vy in Figures 4.18(a) and (b). In
Figure 4.18(a), we plotted 44 — v for realizations of D;;(0). In Figure 4.18(b), we
plotted 4 — 7. In both Figure 4.18(a) and (b), |95 — 70| is several orders of magnitude
less than |9 — 7p|. Thus by estimating the entire parameter set é, we gain inaccuracy
of our estimate of 4. Also, the differences | — 79| are an order of magnitude greater
than the parameter itself v, = 107°. In Figures 4.19(a)-(b), we see that the uncertainty
associated with the parameter estimate 4, varies exponentially with o. Figure 4.19(a)
and (c), we plotted log(SE(%,)/4x) for realizations of D;;(c) and Di;-md(o), respectively.
In Figures 4.19(b) and (d), we see that log(SE(%)/¥) is larger for realizations of D;;(o)
(in (b)) than for realizations of Dij-‘nd(a) (in (d)) though log(SE(%)/4) (in Figures 4.19(b)

and (d)) appears to be larger than log(SE(9,)/4x) (in Figure 4.19(a) and (c)).
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Figure 4.18: The results of realizations of simulated data with temporal nodes t; =
1 2 7 .
0.6 + —,0.6+— ——,20,40,...,140 and spatial nodes x; = 0,0.57,1.14. The
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Log of the ratio SE(95)/4a for z; = 0,0.57,1.14 Log of the ratio SE(¥)/4 for ; = 0,0.57,1.14
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Figure 4.19: The results of realizations of simulated data with temporal nodes t; =

1 2 7 .
0.6 + m,0.6 + o’ 00" 20,40, ...,140 and spatial nodes z; = 0,0.57,1.14. (a)

The log of the ratio log(SE(%)/4x) for five realizations of D;;(c) for values of o =
0.02,0.05,0.10 (b) The log of the ratio log (SE(%)/¥) for five realizations of D;;(o) for
values of 0 = 0.02,0.05,0.10. (c) The log of the ratio log(SE(4,)/4x) for five realizations
of D?nd(a) for values of o = 0,0.02,0.05,0.10. (d) The log of the ratio log SE(%)/4 for
five realizations of D§?nd(0) for values of o = 0,0.02,0.05,0.10.
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We also considered realizations of D;;(0) (given by (4.27)) and Dﬁ?nd(a) (given
by (4.28)) for spatial nodes x; = 0,0.57 and the same temporal nodes t; = 0.6 +
Hl()’ 0.6 + %, e 370, 20,40, ...,140. The results of these realizations are depicted
in Figures 4.20-4.25.

We see that for realizations of D;;(o) and D;?nd (o) the accuracy of the GLS parameter
estimation procedure for the parameter « is similar for the two random processes. We see
this in Figures 4.20(a) and (b) though it does appear that one realization of D?nd(().l())
produced large values of &y, d&,, and & in Figure 4.20(b). In Figures 4.21(b), we see this
extreme realization of D??“d(0.10) also produced large ratios SE(Gy)/d. Other than this
extreme realization, the ratios SE(Gy)/dy for realizations of D;;(0) (in Figure 4.21(a))
and Dg?nd(a) (in Figure 4.21(b)) appear to have similar linear dependence on o.

The differences Ay — Ao are depicted in Figures 4.22(a) and (b) for realizations
of D;j(o) and D??nd(o), respectively. Again, we see similar results for realizations of
D;;(o) and realizations of Dﬁnd(o). We also note, that as was the case for spatial nodes
z; = 0,0.57,1.14 in Figure 4.16(a) and (b), |A — Ag| is much larger than |\, — X| for
both realizations of D;;(0) and realizations of Dlr-;-md(a). The ratio SE(),)/\, appears to
vary linearly with o for both realizations of D;;(0) (in Figure 4.23(a)) and realizations
of Df-;md(a) (in Figure 4.23(c)), while the dependence of SE())/\ is less clear though it
does vary greatly with o for both realizations D;;(0) (log(SE(A)/A) is plotted in Fig-

ure 4.23(b)) and realizations of Dzr-?nd(a) (log(SE(A)/A) is plotted in Figure 4.23(d)).
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Figure 4.20: The results of realizations of simulated data with temporal nodes t; =
1 2 7

0.6 +—,06+ —,...,—,20,40,...,140 and spatial nodes x; = 0,0.57. The points

1207 12077771207 . ) A
denoted with © are the difference &, — ag, the points denoted are the &, — oy, the

points denoted * are the difference & — ap (a) The result of five realizations of D;;(o) for
values of o = 0.02,0.05,0.10 (b) The result of five realizations of Dlr-;‘“d(a) for values of
o =0,0.02,0.05,0.10.
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Figure 4.21: The results of realizations of simulated data with temporal nodes t; =
1 2 7
0.6 + 20" 0.6 + 20" 120" 20,40, ...,140 and spatial nodes x; = 0,0.57. The points

denoted with ¢ are the ratio SE(&.)/d&,, the points denoted are the SE(&,)/d,, the
points denoted * are the difference SE(&)/& (a) The result of five realizations of D;;(0)
for values of 0 = 0.02,0.05,0.10 (b) The result of five realizations of D]Z??nd(a) for values
of o = 0,0.02,0.05,0.10.
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Figure 4.22: The results of realizations of simulated data with temporal nodes t; =

1 2 7 . .
0.6 + 20" 0.6 + 20" 120" 20,40, ...,140 and spatial nodes x; = 0,0.57. The points

denoted with ¢ are the difference 5\7 — )Xo, and the points denoted * are the difference
A — Ao (a) The result of five realizations of D;;(o) for values of o = 0.02,0.05,0.10 (b)
The result of five realizations of Dﬁ?nd(a) for values of o = 0,0.02,0.05,0.10.
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-3 Ratio SE(X,)/A, for z; = 0,0.57 Log of the ratio SE(})/A for z; = 0,0.57
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Figure 4.23: The results of realizations of simulated data with temporal nodes t; =

1 2 7 ) .
0.6+ T20° 0.6+ 0’ 190" 20,40, ..., 140 and spatial nodes x; = 0,0.57. (a) The ratio

SE(\,)/\, for five realizations of Dy;(c) for values of o = 0.02,0.05,0.10 (b) The log of
the ratio log SE(A)/A for five realizations of Dy;(o) for values of o = 0.02,0.05,0.10. (c)
The ratio SE(A,)/A, for five realizations of D}**!(q) for values of o = 0,0.02,0.05,0.10.
(d) The log of the ratio log SE(A)/X for five realizations of Dg?nd(a) for values of 0 =
0,0.02,0.05, 0.10.
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The differences 4, — v are plotted for realizations of D;;(0) and Di?nd(a) in Fig-
ures 4.24(a) and (b), respectively. In both figures, the values |§ — ~y| are much larger
than the values |y — |- This demonstrates that in these cases, estimating the full
parameter set 0 contributes to inaccuracy of the paramter estimate of v. Also, the dif-
ferences |y — 0| are several orders of magnitude larger than the “true” parameter value
Yo = 1073, The values of the ratios SE(§4)/94 vary a lot with o in Figures 4.25(a)—(d).
Figure 4.25(a) depicts log (SE(9x)/4x) for realizations of D;;(o) while Di?nd(a) depicts
log (SE(9x)/4a) for realizations of Dﬁ;‘nd(a). In both Figure 4.25(a) and Figure 4.25(c),
the ratio SE(9,)/9x appears to depend exponentially on o, though the value of SE(4,) /9
remains below one for realizations that we considered. In Figures 4.25(b) and (d), we
see that log(SE(¥)/%) varies between 1-5 for realizations of D;;(o) (in (b)) and between

-2-8 for realizations of D’g?“d(a) (in (d)).
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Figure 4.24: The results of realizations of simulated data with temporal nodes t; =
1 2 7 . .
0.6+ -—,0.6 4+ — ——,20,40,...,140 and spatial nodes z; = 0,0.57. The points

120" +120""’_120’ ) ] ‘
denoted with © are the difference 4, — vy, and the points denoted * are the difference

4% — 7 (a) The result of five realizations of D;;(o) for values of o = 0.02,0.05,0.10 (b)
The result of five realizations of Dij-‘nd(a) for values of o = 0,0.02,0.05,0.10.
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Figure 4.25: The results of realizations of simulated data with temporal nodes t; =

2 7

1
0.6+ 120’ 0.6+ 120 120 0,40,...,140 and spatial nodes xz; = 0,0.57. (a) The ratio

SE(9x)/7x for five realizations of D;;(0) for values of o = 0.02,0.05,0.10 (b) The log
of the ratio log SE(¥)/4 for five realizations of D;;(o) for values of o = 0.02,0.05,0.10.
(c) The log of the ratio log(SE(5)/4x) for five realizations of D}2"!(c) for values of
o0 =0,0.02,0.05,0.10. (d) The log of the ratio log SE(¥) /4 for five realizations of D;”?nd(a)
for values of ¢ = 0,0.02,0.05,0.10.
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Chapter 5

Damage Detection and

Characterization

5.1 Mathematical models

In order to discuss our method of detecting damage and results, we must discuss a
few underlying models. First, we will discuss the models that we will use to simulate
data. We developed a method for modeling the flash heat experiment on both damaged
and undamaged porous domains in Chapter 2 which we use to simulate data in this
chapter. We model the undamaged domain by the randomly perforated domain ). The
homogeneous, non perforated domain is given by () which is an Ly X Lo rectangle (here
we will use L; = 10 and Ly = 2). The n, randomly placed pores, which are generated
using methods described in Chapter 2, are again denoted 2; with boundaries 0¢2; for
i =1,2...n,. The undamaged perforated domain € is given by Q\ (U™,9Q;). We will
call the damaged porous domain Q”(¢). The damage will be given by the ellipse £ (q) =

2 2
{(z,y) : (x . xD) + (y yD) < 1} with center (zp,yp), hp is the horizontal semi-
D Up
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axis and vp is the vertical semi-axis. The ellipse and damaged domain are parameterized
by ¢ which specifies (zp,yp, hp,vp) though throughout this chapter we will consider yp
to be fixed. We restrict ¢ so that the center of E”(q) is above the back boundary ws,
and EP(q) intersects the boundary of  at two points on wy. The damaged geometry is
then given by Q”(g) = Q\ (E”(q) UO(q)) where O(q) is the set of ellipses in  that
intersect £ (g). An example damaged domain is depicted in Figure 5.1. We model the

heat equation on this domain with

(
%urﬁmd —aV - (Vug*) =0 in Q" x(0,7)
8 ran nP
aé?_nuD 4= on <Ui;18§2,~> x (0,T)
0
aa—nugnd =0 on (wy U w? U w3) x (0,7) (5.1)
0
aa—nurgnd = ST, (t) on wy x (0,7)
w4 (0, 7) = 0,
\

where the 0€); for i = 1,2,...n% are the boundaries of the n” pores remaining in Q”(q).

The back boundary of QF(q), w(q) is parametrized by (xp,yp,hp,vp). In order to

define w¥ (¢) more precisely, we introduce the piecewise defined function

Lo for 0 < < zp(q)
2
r(xq) = yp — vD\/l — (x : xD) for x1(q) < x < zr(q) (5.2)
D
L, for zr(q) <z < Ly,
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! ! ! I} ! ! ! ! !
0 1 2 3 4 5 6 7 8 9 10

Figure 5.1: An example geometry QF(q) for (xp,yp, hp,vp) = (5,2.25,2,1)

o\ 2
where the left end point x.(q) is given by x;(¢) = xp — hD\/l — (M) and the
Up

—L
right end point is given by zr(q) = zp + hD\/l — (yDv—D2

boundary of Q(gq) is then given by w(q) = {(z,9) : 0 <z < L, and y = r(x;¢)}.

2
) . The damaged back

We simulate data using the same model of the output of an IR camera as in Sec-
tions 4.2.1 and 4.3.1. We again use pixel length ¢ = 0.57 and take the simulated data on

the source boundary w,. We denote

ran 1 x1+é ran
(uD d(q))ij — Z/ u's d(tj,s,O;q) ds. (5.3)
To include error associated with the measurement process, we will take data given by

realizations of

Dz?nd(Q) = (ugnd<Q))Z] + Uﬁij? (54)

where the 3,; are independently identically distributed standard normal random vari-
ables. That is B;; ~ N (0, 1?). In this chapter, we focus on o = 0.015. It is important to
emphasize that D?nd(q) is a random variable with realizations Dﬁ?nd(q). The realization

D;”?“d(q) would correspond to observed data. We again take m spatial nodes (which corre-
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spond to pixels) which correspond to the {z;}’s and n temporal nodes which correspond
to the {t;}’s in (5.4).

We will again use a model motivated by homogenization theory as the model solution
in our inverse problems. We will also simulate data from this model as in Chapter 4
to understand the effect of the error associated with the approximation derived from
homogenization theory affects the inverse problem. Methods used in Chapters 3 and 4 and
[13, 17, 20, 16, 15, 23, 19, 2, 18] can be used to establish the convergence of w2 (¢, 7; q)
b( D(t,7; q) is given by

to u” (t,7; q) where u

(

pV%uD —aV - (A%VuP) =0 in T xQP(q)
9 b
Q u’ =0 on T X (w1 Uws(q) Uws)
010 (5.5)
aanAO uP = SpTp,,(t) on T X wy
kuD(O,f)zo for 7 € QP,

where again « is the thermal diffusivity, py is the proportion of the material in the
porous domain (here, pyy = 0.98), A” is the anisotropy matrix associated with the results
of homogenization theory from Chapter 3, Sy is the intensity of the heat lamp and Zjo (%)
is the heaviside function. The geometry on which the partial differential equation (5.5)
is defined is given by QP(q) = Q\ EP(q).

The weak solution of (5.5) is given by

w [ SuPtEmae@ds + o[ V(L dg) - Aol di
ap(q) Ot Qr(q)

(5.6)

= SyT0u) [ (61 du

w4
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for all test functions ¢ € H I(QD ) where 7, is the trace on w, and &, is a parametrization
of wy. In order to compute a finite element solution of (5.6), for each iteration of ¢, a
new mesh of P (¢) must be generated. In order to avoid this difficulty, we make the

coordinate transformation @ = T(¢) o Z where T(q) is the bijection that maps € to QP (q)

given by
— Zl — X
7= =T(D)(@) = | 1(z;q) (5.7)
22 L, Y

The weak formulation (5.6) can be written as

pv/ —u(t, ©;q)o(F) det (VT (Z; q)) dZ
—a/QVu(t, 7 q) - VT (Z;q) tA° (VT(f; q)T)_1 Vo(Z)det(VT(Z;q)) d& (5.8)

= ST (1) / o (6) ey, for all 6(&) € H'(),

by making the coordinate transformation 7 = T(Z;¢) where ' is the transpose. Noting

that
1 0
VI@O = | y(arq)  rlaig) | (5.9)
L, ! "I
and det(VT(Z;q)) = 71(? q), we may rewrite (5.8) as
2
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W[ St Eas@wa i — o [ Vult.dio) - B V@) a7

LQ Qat O
(5.10)
= SZ0a(®) [ 2(6)de
w4
In (5.10), above B(Z;q) is a 2 x 2 matrix with entries
o & q
bu (T q) = af, (L2 )
. r'(z;q
bi2o(Z; q) = —a, (L2 )+a(1]2
- r'(x;q (5.11)
bo1(T; q) = —af, (L2 ) + a9,
/ 2 /
b f, :ao 2(7’ (f,Q)) _T(.QI,Q) aO +CLO +a0 2 :
22(7; q) 1Y r@q)Ls  (z;q) y(ayy + az) 20 (4 q)
where a?j are the entries of A°. Using the finite element approximation @ (¢, 7;q) =

N

Z w;(t;q)¢;(Z) where ¢;(Z) is a piecewise affine two dimensional basis element, we may
j=1

solve for the time dependent coefficients by solving the ordinary differential equation

va(q)%ﬁ(t) + aK(q)u(t) = SfI[o,tS](t)ﬁ (5.12)

where

1
Cole) = - / by @) (D) q)di forij=1,2,...N

Kij(q) = /{)V(;ﬁj(f) - B(Z;q)V¢i(¥)dX  fori,j=1,2,...N

(5.13)
fi = / Yo () dEo, fori=1,2,...N
w4
rand

As in formulating (u};"(q))s; in (5.3), we use the average of the solution over intervals
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of length ¢ (which represents the pixel length) in our model solution. We will use model

solutions given by

1

z;+L
Z/ a™(tj,7,0;q) dv (5.14)

Uij(a) =
where @ (¢, #; q) is the finite element solution of (5.12).
We will use U;;(q) as defined in (5.14) as a model solution in our data analyses. In

all of our data analysis, we make the assumption that data are given by realizations of

the random process y,;; which is defined as

Yy = Uij(q) + €5, (5.15)

where €;; is a random variable that satisfies (5.16) below and ¢o is the “true” parameter
value. The random variable (random error) €;; is further assumed to have zero mean, be

independent and have constant variance. More precisely, we assume

E(eij) = 0
Var(€;;) = o} (5.16)
Cov(e;j, exn) = 0for (i,7) # (k, h).

rand

As in Chapter 4, to check these assumption for D3, we will also consider data generated

using the finite element solution (5.12). Specifically, we will consider data generated using

Di;(q) = Ui;(q) + OIBij7 (5.17)

where as in (5.4), 8;; ~ N(0,1?). The realizations of the random variable D;;(q) are
denoted D;;(q).

We will consider two kinds of statistical procedures. We will consider a data compar-

92



ison technique to detect damage through a hypothesis test which is developed in [9]. We
will then use ordinary least squares parameter estimation (as in Chapter 4) to estimate

the parameter set (xp, hp,vp).

5.2 Damage Detection

Both the hypothesis test methodology and OLS parameter estimation involve minimizing

the ordinary least squares cost functional, which we recall from Section 4.2

m n

J(a) =YY (Ussle) - datay)” (5.18)
i=1 j=1
The term data;; represents either of the realizations D;; or D;-"?nd. Again, we emphasize

that the function of the realization .J(q) is a realization of a function of a random variable

m n

J(q) =)  (Uy(q) — datay)*. (5.19)

i=1 j=1

rand
ij

where data;; represents either the random process D;; or the random process D

Damage detection may be considered using a hypothesis test. The case where there
is no damage can be modeled with an ellipse EP with a horizontal semi-axis length of
zero. So when hp = 0, we have that there is no damage in the sample.

We will formulate a hypothesis test using these two cases as our hypotheses. The
null hypothesis (there is no damage) is given by Hy : hp = 0, and the alternative
hypothesis (there is damage) is given by H4 : hp # 0. We will call the set of parameters
corresponding to the null hypothesis Qy = {q¢ : hp = 0,q € Q}. We will consider the

full parameter set ¢ = (zp, hp, vp, ). Using methods described and developed in [7, 9],
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we consider two parameter estimates

] = a in J 5.20

q rg qréun (q), ( )
and

¢ = argmin J 5.21

where the parameter estimates are realizations of random variables. The two estimators

are given by

q = a IIl‘Il J 522

q rg qeé (q)7 ( )
and

q= a i J 523

q I'g {]Iélng (q)a ( )

respectively. The estimates are realizations of the random estimators.

This model comparison methodology uses the test statistic X given by
J(g)—J(qg
X =nm <M) (5.24)

where nm is the total number of observations (there are n temporal nodes and m spatial

nodes). The random variable X then has realizations X which are given by

(@) - I

where ¢ is the corresponding realization of § and ¢ is the corresponding realization of q.
The results of [9] indicate that if Hy is true then the distribution of the random variable

X approaches a chi-square distribution with one degree of freedom (denoted x*(1)) as nm

94



’ Pixel Set ‘ x; values ‘

Left 11 Nodes x; =400 —1)forie{1,2,...11}

Right 11 Nodes z;=L(i—1)+6(forie{1,2,...11}

Evenly Spaced 11 Nodes | x; € {0,2¢,5¢,6¢,7¢,9¢,10¢,12¢,13¢,15¢, 16/}
All 17 Nodes z;=L(i—1),forie{1,2,3...,17}

Table 5.1: Pixel sets used throughout this chapter with ¢ = 0.57

goes to infinity. Suppose we would like to reject our null hypothesis with 95% confidence,
we calculate the corresponding significance level & = 0.05 (note that confidence = (1 —
a)x100%) and the corresponding threshold value 7 where the probability P(X > 7) = a.
Using a x?(1) cumulative distribution function table, for « = 0.05, we find 7 = 3.84. Then
for any realization X with X > 3.84, we may reject with at least 95% confidence. The
minimum value o* at which the null hypothesis can be rejected for a realization X is

called the p-value, that is
p-value = @ = min P(X > X).

The closer a p-value is to zero, the more confidence with which one may reject the null
hypothesis.

We considered simulations using four sets of spatial nodes (corresponding to pixels)
which are listed in Table 5.1. We used these values to generate the data D;; and D;”?nd.
We considered eight different damages. In each example we assumed yp = 2.25 was
considered to be known. We used damages (zp,hp,vp) = (3,1,0.5), (zp,hp,vp) =
(5,1,0.5), (xp,hp,vp) = (3,2,1), (zp,hp,vp) = (5,2,1), (xp,hp,vp) = (3,0.5,1),
(xp,hp,vp) = (5,0.5,1), (zp,hp,vp) = (3,0.5,1.5) and (zp,hp,vp) = (5,0.5,1.5). In

Tables 5.2-5.9, we summarize the results of this model comparison technique data sets
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Table 5.2: (zp, hp,vp) = (3,1,0.5)
Nodes | n x m || Data | J(q) | J(q) | X

E N B Bt
TN
e B A

3
IR B

simulated with (5.4) and (5.17) using spatial nodes given in Table 5.1 and temporal nodes
given by t; = 0.6 + %j for j € {1,2,...92}.

The threshold value of the statistic 7 at which one may reject the null hypothesis with
99.9% confidence is 7 = 10.8. If X > 10.8 one may reject the null hypothesis with 99.9%
confidence. The larger X is the more confidence there is in rejecting the null hypothesis.
The values of X that resulted for our calculations were very large, indicating that for the
examples we considered, for both kinds of data, one may reject the null hypothesis of “no
damage” with 100% confidence. For each example that we considered in Tables 5.2-5.9,
the value of the statistic X is several orders of magnitude higher than 10.8. The value
of X varies between 10? and 10° in the simulations that we carried out. This value was

sometimes larger and sometimes smaller for realizations of Dﬁ?nd than for realizations of

D;; but there is no clear pattern. This was true for all of the pixel sets that we considered.
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Table 5.3: (zp, hp,vp) = (3,2,1)

Nodes | n x m || Data | J(q) | J(q) | X
tett 1002 | s | "5 0357 | 48 20
Right | 1002 | P | '3 0357 | 250 10
Bren | 1002 | Do | 177 00| 5300 10
AL 1964 | Do | 36 | 0650 | 595220
Table 5.4: (zp, hp,vp) = (5,1,0.5)
Nodes | n x m || Data | J(q) | J(q) | X
R e
Right | 1002 | Do |50 | vy | 10 10
Bren 1012 | s | (g2 | 0.4 | 0590 ¢ 10
an 1964 | s | 075 0386 | Lar1 10
Table 5.5: (zp, hp,vp) = (5,2, 1)
Nodes | n x m || Data | J(§) | J(q) | X
Lot 102 | Do | 565 | 0207 | 5683 20
Right | 1002 | Do | 516 | 0205 | 7300 ¢ 10
Bren | 1002 | Do | 167|355 | 760 1 10
5
o o [B BB T
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Table 5.6: (zp, hp,vp) = (3,0.5,1)

Nodes | n x m || Data | J(q) | J(q) | X
tett 102 | s | 55|04 | 2510 % 10
o [z [ B, [ 055 (128 1
Bven | 1002 | Do | 0571 | 0217 | 556710
R
Table 5.7: (zp, hp,vp) = (3,0.5,1.5)
Nodes | n x m || Data | J(q) | J(q) | X
Lot 102 | Do | 555 | 0309 | 773 10
v [ | B[ 1[0 4300
Bven | 1012 | Do | 357 | 0305 | 067 10
AL (1564 | Do | 350 | s | 0948 « 10
Table 5.8: (zp, hp,vp) = (5,0.5,1)
Nodes | n x m || Data | J(q) | J(q) | X
o Lo |3 [V [02m T
o [z [ [P5 [T
Bven 102 | s | "5 |03 | 2019 ¢ 10
An 1964 | Do | 153|008 | 434 10
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Table 5.9: (zp, hp,vp) = (5,0.5,1.5)
Nodes | n x m || Data | J(q) | J(q) | X

e [ [B 2 o
T R e
A e

3
I R

5.3 Damage Characterization

Though model comparison can inform the existence of damage, we would also like to
characterize the extent of damage. We will consider the ordinary least squares estimation
procedure in order to characterize damage. Under certain conditions, this procedure can
provide standard error estimates for the parameter estimates. Recall from Section 4.2,

the OLS parameter estimate given by

j = arg min J 5.26
¢ = argmin J(q) (5.26)

where now we consider the parameter set ¢ = (zp, hp,vp) and J is given by (5.18). The
ordinary least squares error variance estimate is then given by
J(q)

62 = (5.27)
nm—p

where p is the number of parameters in the parameter set ¢, n is the number of temporal

nodes and m is the number of spatial nodes (pixels).
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The covariance matrix estimate is then given by

2(g) = 6> (X" (@)x(@) ", (5.28)

Xi+m(-1)k(@) = =—Ui;(Q)| (5.29)

fort=1,2,...,m,7=1,2,...,n,and k = 1,2,...p. The details of the calculations of
these sensitivities are given in Appendix A.2. The standard error estimate for the kth

parameter is then given by,

SE(q) = v/ Zkr(Q)- (5.30)

We will use a very large number of nodes so for all our parameter sets, the 95% confidence

interval is given by

95%Confidence Interval = (¢ — 1.96 SE(§), ¢ + 1.96 SE(q))
and the 99% confidence interval is given by

99%Confidence Interval = (¢ — 2.58SE (¢), ¢ + 2.58 SE(§)).

This analysis is presented for the same realizations of the random processes D;; and
Dg‘nd as were used in the previous section (Section 5.2). Unlike the damage detection,
there are significant differences in the results using realizations of D;; versus realizations of

Dg?“d. All three variables (zp, hp,vp) appear to be well estimated using the realizations

rand

of D;;. However, there are many cases where using realizations of D;;"¢ yield values that
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Table 5.10: The estimated geometries for (zp, hp,vp) = (3,1,0.5)

Nodes | n x m | Data | &2 | (#p, hp,9p) | (SE(2p),SE(hp),SE(ip))
Lot 1012 | D 0028 (29,0041,051) (0.086,0.25,0.071)
D= | 0.03 | (3.84,0.653,0.59) (0.073,0.18, 0.099)
. D | 0.027] (3.01,1.01,0.49) (1.1,1.4,0.45)
ht | 1012 ) L0 )
Right | 10 D™= | 0.031 | (4.09,0.626,0.58) (0.084,0.2,0.12)
D | 0.028] (2.95,0.948,05) (0.13,0.41,0.1)
E 1 12 ) ) ) )
ven | 10 D™nd | 0,031 | (3.88,0.564, 0.64) (0.083,0.15,0.12)
Al | 1sea | D | 0024 (293,084,051 (0.08,0.26,0.07)
D= | 0,027 | (3.89,0.596, 0.62) (0.067,0.14,0.1)

are significantly different than the true values. In some of these cases, the standard errors
are large enough that a 99% confidence interval covers these values.
In Table 5.10 which presents the results using (xp, hp,vp) = (3,1,0.5), the estimate

(Zp, ﬁD, Up) is much closer to the “true” value for the data D;; than that for the data

rand
ij

Dﬁ;‘nd. For this example using a realization of D;5"“, for each set of pixels, the values
(]AlD,QA)D) are within the 95% confidence intervals though the estimated values are not
close to the “true” value. The estimates of zp for each set of pixels are not only far from
the value xp = 3 but the standard error SE(Zp) is small enough so that for each pixel
set the 99% confidence interval does not contain the value xp = 3.

We also considered the realizations D;; and D;?‘“d for (zp,hp,vp) = (3,2,1) (see
Table 5.11). Again for the results of using the realization D;;, the parameter estimates
are close to their “true” value and the standard errors are reasonable for all pixel sets.
For this realization estimation of Zp using the right pixel set is not close to the value
rp = 3, however, the estimates for p using the other pixel sets are within 0.02 of the

true value. For every set of pixels, the value xp = 3 is covered by the 95% confidence

interval. The right pixel set and the full pixel set (“All”) have values of hp close to
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Table 5.11: The estimated geometries for (zp, hp,vp) = (3,2,1)

Nodes | nxm | Data | &*|  (ip,hp,op) | (SE(ip),SE(hn),SE(ip))
Left | 1012 | P 0032 (30L199.1) (0.023,0.059, 0.015)
D™ | 0,048 | (3.02,3.02,0.76) (0.041,0.1,0.012)
. D 0.03| (3.02,2.01,1) (0.29, 0.41, 0.044)
ht | 1012 e
Right | 10 D | 0.045 | (3.6,1.71,0.93) (0.27,0.48,0.072)
D 0.03| (3.01,1.99,1) (0.027,0.068, 0.018)
E 1012 y 105,
ven | 10 D™= | 0,052 | (3.02,2.87,0.78) (0.044,0.11,0.017)
Al | 1ses | D [0026] (3.01,1.951) (0.021,0.054, 0.015)
D™= | 0.06 | (3.01,1.94,0.95) (0.037,0.1,0.027)

Table 5.12: The estimated geometries for (zp, hp,vp) = (5,1,0.5)

Nodes | n x m | Data | &2 | (@p, hp,9p) | (SE(@p),SE(hp),SE(ip))
D | 0.028] (5.08,1.040.49) (0.1,0.47,0.086)

Left | 1012 % .
eft | 10 D= | 0,032 | (5.87,1.12,0.51) (0.19,0.65,0.11)
. D | 0.027 | (4.92,0.944,0.51) (0.088,0.26,0.071)

ht | 1012 U0 e
Rig 0 D™= | 0031 | (5.4,1.08,0.51) (0.089, 0.28, 0.067)
D | 0.028 | (4.95,0.934,0.52) (0.12,0.37,0.094)

E 1 12 ) ) ) )
ven | 10 D= | 0,033 | (5.5,1.12,0.51) (0.11,0.3,0.073)
Al | 1sgs | D [0024] (5.05,1.07,0.48) (0.092,0.4,0.072)
D= | 0,028 | (5.64,1.39,0.45) (0.12,0.41,0.052)

hp = 2 which is covered by their respective 95% confidence intervals. The estimates h D
for the left and evenly spaced pixel set are both over estimates which are relatively far
from the value hp = 2 which is not covered by the 95% confidence interval. We see that
the estimate vp in this case is close to the value vp = 1 for the full and right pixel sets
while the estimate Up is much smaller than vp = 1 for the left and evenly spaced pixel
sets.

The results of the OLS parameter estimation procedure for realizations of D“’“rldl with
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Table 5.13: The estimated geometries for (zp, hp,vp) = (5,2,1)

Nodes | nxm | Data | &*|  (ip,hp,op) | (SE(ip),SE(hn),SE(ip))
D 0.03| (4.99,2.0L,1) (0.037,0.098, 0.02)

Left 1 1012 pyvana | 038 | (4.96, 1.99,0.92) (0.044, 0.12, 0.025)
. D | 0.029 (5,2,1) (0.027,0.078,0.018)
Right | 1012 pyrana | 035 | (5.17,2.31,0.86) (0.04,0.1,0.017)
D 0.03 (5,2.02,1) (0.027,0.066, 0.017)

Bven 11012 pyrand | 041 | (5.12,2.22,0.87) (0.04,0.1,0.02)
Al | 1ses | D [0026]  (4.99,2.011) (0.022,0.058, 0.015)
D | 0,038 | (5.1,2.14, 0.89) (0.031,0.083,0.017)

(xp,hp,vp) = (5,1,0.5) in Table 5.12 are similar to the results with (zp,hp,vp) =
(3,1,0.5). The estimates of (hp,0p) are close to (hp,vp) = (1,0.5) and the standard
errors (SE(hp), SE(0p)) are large enough that (hp,vp) = (1,0.5) is within two standard
errors of the parameter estimate (]A“LD, 0p) for all sets of pixels that we considered. The
estimate Zp for the realization D?nd is much larger than zp = 5 (though this effect is not
as severe as for zp = 3 in Table 5.10) and the standard errors are small so that for each
set of pixels the value zp = 5 is not covered by the resepective 95% confidence interval.

Using the realization Dr“md with damage given by (zp,hp,vp) = (5,2,1) for each
estimate, for each set of pixels, the estimates are within 0.22 of the “true” parameter
value. Though these estimates are close to the parameter value, many of the standard
error estimates are still so small that the “true” parameter value is not covered by the
99% confidence interval. For each set of pixels, the 99% confidence interval of vp does
not cover the value vp = 1.

We also considered ellipses that do not have a vertical semi-axis which is much smaller
than the horizontal semi-axis. In these examples, this ratio was not maintained in the

parameter estimates which were computed using realizations of Df?nd. In Table 5.14, we
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Table 5.14: The estimated geometries for (zp, hp,vp) = (3,0.5,1)

Nodes | n x m | Data | &2 | (#p, hp,9p) | (SE(2p),SE(hp),SE(ip))
et | 1012 | D [0028](3.05,0512,0.97) (0.037,0.015, 0.047)
D= | 0,03 | (3.39,0.987, 0.66) (0.062,0.16,0.063)
. D | 0.028] (2.88,0.389,1.2) (0.066,0.087, 0.51)
ht | 1012 IS O
Right | 10 D | 0,032 | (2.96,0.476,1.1) (0.12,0.032, 0.38)
D | 0.028 ] (2.99,0.513,0.97) (0.047, 0.018, 0.068)
E 1 12 ) ) ) )
ven | 10 D™ | 0,031 | (3.35,0.962, 0.67) (0.082, 0.22, 0.084)
Al | 1sgs | D [0025] (3.05,0492,1) (0.031, 0.014, 0.039)
D | 0,028 | (3.41,0.954, 0.67) (0.061,0.14, 0.061)

present the results for (zp,hp,vp) = (3,0.5,1). The estimates of (iD,ﬁD,ﬁD) for the
realization D;; are farther from the “true” value than in the previous examples. This
implies that the geometry of these ellipses pose a problem in the parameter estimation
problem. This effect is amplified for the realization D%’nd. For the pixel sets “Left,”
“Even,” and “All” the parameter estimation procedure produced an ellipse estimate with
horizontal semi-axes longer than vertical semi-axes. Also, in these examples the estimate
of the center zp is larger than the value xp = 3. The pixel set “Right” produced an
estimate which was very close to the “true” value with each 95% confidence interval
containing that “true” parameter value. The estimate using the realization of D;; using
the “Right” pixel set is the farthest from the true damage (xp,hp,vp) = (3,0.5,1)
while the parameter estimate using the “Right” with realizations of ng‘nd is the closest.
This effect occurs because for data generated without pores, the “Right” pixels are the
farthest from the damage centered at xp = 3, so there is relatively little information in
those pixel sets compared to the other pixel sets. For data generated using realizations
of D;}md, the larger the distance from the bottom of the damage to the source boundary

rand

wa ), € larger € eITor assoclated wi u i5 SO (] 1 1Xel Sset contalns (]
the larger th iated with (2"),; so the “Right” pixel set contains th
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Table 5.15: The estimated geometries for (zp, hp,vp) = (3,0.5,1.5)

Nodes | nxm | Data | 4*|  (ip,hp,ip) | (SE(2p),SE(hp),SE(0p))
Lett | 1012 | P 0.029 [ (2.97,0.5,1.5) | (3.9 x 1073,6.8 x 1073,0.015)
D™ | 0.043 | (3.14,1.1,0.9) (0.039,0.099,0.057)
. D 0.028 | (2.97,0.469,1.6) (0.015,0.012,0.06)
ht | 1012 ’ : ’ ’
Rig 0 D™ | 0.037 | (2.59,0.546,1.8) (0.051,0.045,0.22)
D 0.029 | (2.95,0.5,1.5) | (5.5 x 1073,8.3 x 1072,0.017)
E 1 12 Y Y Y Y
ven | 10 D= | 0.04 | (3.19,1.1,0.91) (0.06,0.14, 0.069)
Al 1561 | D 0.025 [ (2.97,0.506,1.5) | (3.6 x 1073,6.4 x 10~3,0.015)
D™ | 0,035 | (3.18,1.14,0.88) (0.039,0.1,0.051)

least amount of error due to the approximation of (u}3"?)

i; with U;;. We see very similar
results for the damage (zp, hp,vp) = (3,0.5,1.5) in Table 5.15.

When a damage with vp > hp is placed in the horizontal center of the 10 by 2
rectangle, all of the pixel sets contain pixels directly below the center of the damage.
Realizations of D;; and Di;‘nd both yield relatively small standard errors compared to
the difference between the parameter estimate and the true parameter set. It appears that
in this case, the damage is not as well characterized. In Table 5.17 with (zp, hp,vp) =

(5,0.5,1), the parameter estimates for the realization D;; are closer to (5,0.5,1) than those

of the realization D;”j-‘“d. In many of these cases, the 95% confidence interval does not

rand
ij

contain the true parameter value for this realization of D;;. Using the realization D
in this example, the parameter estimates with pixel sets “Left” and “Right” maintain
dp > hp while parameter estimates with pixel sets “Even” and “All” invert this inequality
resulting in 0p < hp. The estimate of #p = 6.18 using the “Left” pixel set for the

realization D;f?nd is very far from xp = 5 while the estimates of 2 for pixel sets “Right,”

“Even” and “All” are within 0.31 of xp = 5. Though these estimates are different from
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Table 5.16: The estimated geometries for (zp, hp,vp) = (5,0.5,1)

Nodes | n x m | Data | &2 | (#p, hp,9p) | (SE(2p),SE(hp),SE(ip))
et | 1012 | D [0029] (4.98,0.447,1.1) (0.021, 0.016, 0.036)
D= | 0,038 | (6.18,0.633, 1.1) (0.061,0.061,0.07)
. D | 0028 ] (4.98,0439,1.1) (0.023,0.016, 0.039)
ht | 1012 ) 10, P
Rig 0 D | 0.036 | (4.87,0.729,0.86) (0.051,0.065, 0.065)
D |0.029 (4.99,0.47, 1) (0.031,0.016,0.051)
E 1 12 ) ) ) )
ven | 10 D= | 0,034 | (5.31,1.2,0.62) (0.086,0.21, 0.061)
Al | 1sgs | D [0025]  (4.98,04831) (0.027,0.012, 0.042)
D= | 0,027 | (5.29,3.18,0.41) (0.13,0.44, 0.016)

Table 5.17: The estimated geometries for (zp, hp,vp) = (5,0.5,1.5)

Nodes | nxm | Data | 4*|  (ip,hp,ip) | (SE(2p),SE(hp),SE(0p))
Lot 1012 | D [0028](5.03,0482,1.6) [ (29 x 10-2,6.4 x 10-2,0.012)
D™ | 0.054 | (5.92,0.641,1.7) (0.014,6.9 x 10-3,0.039)
. D | 0.029 | (4.97,0.487,1.5) | (4.7 x 10 2,6.4 x 10-2,0.014)
ht | 1012 DO ’ ’
Right | 10 D | 0.053 | (4.75,0.834,1.2) (0.035,0.032,0.047)
D | 0028] (50491,15)| (4x1037.3x 10 2,0.017)
E 1 12 Y Y Y Y
ven | 10 D™ | 0,045 | (5.15,1.28,0.84) (0.071,0.14, 0.053)
Al | 1ses | D [0025] (5,0491,15) [ (32 x 107,59 x 10-%,0.013)
D™ | 0.039 | (5.17,1.42,0.78) (0.044,0.12, 0.039)

the “true” parameter value, the standard errors are relatively small, resulting in the

“true” parameter value being many standard errors from the parameter estimate. Again,

for the larger damage (xp, hp,vp) = (5,0.5,1.5), we see similar results in Table 5.17.

In summary, this approximation appears to work very well to detect damage while to
characterize damage the homogenization approximation works well in some cases. This

is dependent on shape of the damage (it appears to characterize damage with hp > vp

better than damage with hp < vp) and the choice of pixel set.
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Chapter 6

Conclusions

In Chapter 2, we considered a model of heat on a porous domain. We developed a
geometry generation algorithm using concepts from [13] and [30]. This was essential to
automate the generation of random geometries. We used this algorithm to examine the
numerical error associated with the finite element method for the heat equation, and to
simulate perforated domains with and without elliptical damage.

After we developed this method of simulating data, we went on to consider an ap-
proximation using the results of homogenization theory in Chapter 3. We considered
both graphical representations and the Frobenius norm of this error. We found that
using the limit system which results from homogenization theory significantly decreases
the computational time for perforated domains with 2, 5 and 10% porosity. The error
associated with using the results of homogenization theory was smaller on average for
lower porosity levels. Also, in the simulations that we performed, the homogenization ap-
proximation was closer in Frobenius norm more often to the solution of the heat equation
on a randomly generated perforated domain than to the solution of the heat equation

on a periodically perforated domain. In these examples, we also found that the error
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associated with using the limit system which results from homogenization theory rather
than the solution of the heat equation on a perforated domain was reasonable in the
forward problem.

We went on to consider the effect of using the model derived from homogenization
theory in statistical estimation procedures. We simulated data using both solutions of
this system and the solution of the heat equation on perforated domains with 98% percent
porosity. We added two kinds of noise. In Section 4.2 we considered the case with absolute
added random noise and in Section 4.3 we considered data with added relative random
noise. We used this simulated data to estimate coefficients in partial differential equation.
We found that estimating «, the thermal diffusivity, is well posed while estimating v, the
heat loss in the direction orthogonal to the 2-D specimen is ill posed. For the well posed
inverse problems, we found that there was little difference between using data generated
using the solution of the heat equation on the randomly perforated domain than using
the homogenization approximation. This suggests that for well posed parameters in
the inverse problem, the error associated with the homogenization approximation does
not affect the results ordinary least squares estimation procedure nor the results of the
generalized least squares estimation procedure.

Finally, we considered using parameter estimation procedures to detect and char-
acterize damage. We found that these techniques for the damages that we considered
detected damage very well. In these examples, there was no clear difference between us-
ing data generated using the solution of the heat equation on a random domain, and data
generated using the homogenization approximation. In characterizing elliptical damage,
there does appear to be a difference in using data generated using the solution of the heat
equation on a perforated domain rather than using the homogenization approximation

in estimating the center and the size of the elliptical damage. As one would expect, the
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estimates of the center and semi-axes lengths using data generated using the homoge-
nization approximation were always closer to the true value than estimates of the center
and semi-axes lengths using data generated using the solution of the heat equation on a
perforated domain. The accuracy of the estimates of the center x coordinate, horizontal
semi-axis and the vertical semi-axis (zp,hp,vp) varied over the examples using data
generated the solution of the heat equation on the randomly perforated domain. The
examples with hp < vp did not preserve this inequality in the estimates of hp and vp
in most cases while in the examples with Ap > vp the inequality was preserved. When
we estimated (zp, hp,vp) using data generated using the solution of the heat equation
on the perforated domain, we noticed significant differences between using different pixel
sets. It appeared that some of the pixel sets were more sensitive to the error associated
with using the homogenization approximation in the inverse problem. It is worthwhile
to note that in most cases the estimated area of the damage was larger in the estimate
than the area of the damage itself. This suggests that this estimation procedure may
not estimate the center or the size correctly but it will not give an estimate that is
smaller. These methods could be used as a first estimate of damage which could be

further resolved using another nondestructive evaluation technique.
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Appendix A
Sensitivities

A.1 Partial Differential Equation Sensitivities

We use the finite element method to numerically solve (4.1) and (4.2). Here, we will
discuss the numerical solution of (4.2) and the sensitivity functions in (4.9); see [4] for
discussion of the numerical solution of (4.1). The finite element method approximates the
infinite dimensional solution of a partial differential equation with a finite dimensional
approximation. The domain (Q) is discretized using the Delaunay triangulation. The
finite dimensional solution is taken from the space of piecewise two dimensional affine
functions, where the solution is affine on each mesh element (see [25], [29] and [5] for
details). Specifically, in [5], we discussed the numerical approximation of U, the solution
N
of (4.2), given by u” (t, ) = Z T;(t)¢;(Z) where ¢;(Z) are piecewise affine basis element
and T;(t) are their time deperjl(:i:ant coefficients. The coefficients 7} () are found by solving

the ordinary differential equation for T'(t) with entries T;(t)

d Al = —
prM—T(t) + (@K +AD + pyyM) T(t) = SyTip,) (1) ], (A1)
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where M is an N x N positive definite matrix with elements m;; = (¢;, ¢;), K is an
N x N positive definite matrix with elements k;; = (V¢;, AV ¢;), D is an N x N matrix
with components d;; = | ¢;¢;ds, f is an N-vector with components f; = ¢i(x,0)dx
o0N wq
and T is an N column vector. To approximate U;;(#%) in (4.3), we explicitly integrate
the approximation u® (tj,Z) which is piecewise affine on the source boundary wy so we
use
1 x;+L
Ui (0%) ~ 7/ u(t;,s,0;0%) ds.

Recall that in order to calculate the covariance matrices, we calculate the covariance

matrix

0

Xier(jfl),k(e) = 8_916

m«)]

=0

Throughout both the generalized least squares and ordinary least squares parameter
estimation procedures, it is tacitly assumed that we use numerical estimations with rea-
sonable convergence and that the admissible set of parameter is compact and finite di-
mensional (see [9] and [7]). Given these assumptions, in both (4.11) and (4.25), we may

estimate y with the derivative of the numerical solution itself. Explicitly, we use

) z;i+4
T; ¢=0

Noting that the spatial nodes z; and the interval width ¢ are parameter independent,

we may move the derivative under the integral and replace v with its definition

o zi+e N zi+L o N
— ti,s,0;¢)d = — » T;(t; i(s,0
i ([ w00 )\C / 30 22 151950

¢=6

Now, recalling that the basis elements ¢; are independent of § and only T}(t;6) are
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dependent on 6 = (y,, ) in (A.1), we have

N

z;+L a
/ g 2 BtEO(s.0)

zi+e N )
ds = / 360 (a—ekm;o)‘ ds.

(=6 = <

We need to solve for %Tj(zﬁ; ), %Tj(t;g), and %Tj(t;ﬁ). First, in order to cal-

0 - 0 =
culate a—Tj(t;G), we differentiate (A.1) with respect to v. Let T7(t) denote E)_T(t)’
Y Y

— a —
and recall that M, K, D, f are independent of . By the chain rule, a—(pvaT(t)) =
g

pyyMT(t) + py MT(t), so differentiating (A.1) yields

d = =g - —
pVMETPY(t) + (aK 4+ AD + pyyM)T(t) + py MT(t) = Onx1- (A.3)

In (A.3) above, M, K and D are as defined in (A.1), and Oy is the N x 1 vector of
zeros. The ordinary differential equation (A.3) has a term that involves T'(t), so (A.3)
and (A.1) must be solved simultaneously. Similarly, we take the derivative of (A.1) with

respect to a to obtain

d =g - — -
pvM =T (0) + (S +AD + pyyM)T* (1) + KT (1) = Oy, (A-4)

which must also be solved with (A.1). Finally, we take the derivative of (A.1) with

respect to A to find the system of ordinary differential equations for T* below

d - - - -
pvMZTA(E) + (@K + AD + pyyM)T () + DT (t) = O, (A.5)

which also must be solved simultaneously with (A.1).
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A.2 Damage Sensitivities

Recall from Section 5.1 the model of anisotropic heat flow through a damaged domain

below,

( OuP

P — oV (AVuP) =0 in T x QP(q)
ouP
as 0:O on T X (w; Uws(q) Uws)
aZ/;J (A.6)
aanAo = SfI[gyts](t) on T X Wy
\uD(O,f):() for 7 € OP.

As in previous chapters « is the thermal diffusivity, py is the proportion of the material
in the porous domain (here, py = 0.9), A" is the anisotropy matrix associated with the
results of homogenization theory, Sy is the intensity of the heat lamp and Zjg,(t) is
the heaviside function. The geometry on which the partial differential equation (A.6) is
defined is given by QP (¢) = Q\ EP(¢) where as before O = {(z,y) : 0 < 2 < Ly, and 0 <
y < Lo} and the elliptical damage with center (zp,yp), horizontal semi-axis hp and

2 2
vertical semi-axis vp is given by E?(q) = {(z,7) : <$ xD) + (y yD) < 1}. The

hD (%p)
boundaries wy,ws,w, are the left, right and bottom boundaries of Q, respectively. The

back boundary of Q. w®(q) is parametrized by (xp,yp, hp,vp) with yp = 2.25 fixed.

The piecewise function r is given by

Lo for 0 <x < zp(q)
2
r(z;q) = < yD—vD\/l— (x hxD) for z1(q) < x < zgr(q) (A7)
D
Ly for xr(q) <z < Ly,
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yD — L2

where the left end point x1(q) is given by z1(q) = zp — hD\/l — (
Up

2
) and the

Up

Lo\ ?
right end point is given by zg(q) = zp + hD\/l = (yD 2) . The damaged back
boundary of QP (q) is then given by w?(¢) = {(z,y) : 0 < 2 < Ly and y = r(x;¢)}. In

Section 5.1, we derived the weak formulation of (A.6) using the method of maps from

[11] given by
bv 0 - - N g
T . _U’<t7 €, Q)(b(I)T(xa Q) di — « . vu(ta Z; Q) B($7 Q)V(b(x) dz
L2 O ot Q
(A.8)
= SZoai®) [ o),
where B(Z;q) is a 2x2 matrix with entries
. r(z;
bu (T q) = ay, (L 2
2
; r(a;
bi2(T; q) = —ay (LQq) +al
, r(;
bor(759) = —ai, y (L 9 +ay,
2
/ 2 /
b f; — (IO 2(T (:EvCZ)) o r (J;a Q) CLO 4 CLO + CLO 2 )
22(Z; q) 11 r(z;q) L2 r(z:q) y(ay, 21) 22—r(w;q)
The finite element solution of (A.8) is given by solution of
d 5 5 —
pvC(a)Za(t) + ak(q)i(t) = SiZpe(t)f, (A.9)
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where

1
Cola) = - / oD @r(xiq)dE forij=1,2...N

Kii(q) = /QV@(:E) - B(Z;q)V¢i(¥)dx  fori,j=1,2,...N
(A.10)

Ji = /7w4(¢i)d§w4 fori=1,2,...N

In order to calculate the sensitivities, we take the derivative of the weak formulation

(A.11) with respect to ¢q. Let’s consider the first term of the right hand side

0 0
dq (/Q %E“(tv 75 q)$(Z)r(z; q) — aVu(t, T q) - B(Z;q) V() di"’>

(A11)
0
-2 <sf:f[o,ts] o [ a0 dm) 7

where ¢ = (zp, hp,vp). Noting that the term on the left hand side do not depend on g,

we have that the left hand side is zero.
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In order to calculate the first term, we must find

o [0 , _r(wsq) /L2 0 "0 NCET,
> [ 5 ; = o o ; dz | d
5 [ grutago@ i ar = [ ([T S go@ 2 o) dy

Ll (@ o (2o . ()
_/0 (a_q </0 50T )(7) dz 3% /xL(q) 5L T 0)(7) I,

0 L9
+(3_q (/m au(t,f; q)o(Z) da:)) dy.

r(q)

Now, using Leibniz rule to differentiate the integrals with parameter dependent end points

(see [1]),

Lo zr(q)
:/0 (aﬁq(m(q))%w,u(q},y;Q)¢($L(Q),y)+/ 3%(5“(’5»53 ‘JW@) dz

0

o (o) gyt (o). 5 )olan(a). ) AL

() gt 20 (a) 5 )0 ). ) )

zr(@) 9 /9 . Lz q)
+/z 9 (au(tal’, q) () T ) dx

r(a)

9 B Loglo
o) gt @) (et + [ S (S5 00w ) dr)

0 . .
noting that au(t, Z;q) and r(z; q) are continuous in z so the end point terms cancel each
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0
other out and denoting a—u = v?, we obtain
q

Lo zr(a) 9 zr(a) @ T(x' q)
q — q =, — b
/0 (/0 pTad (t, 75 q) (2 )d9€+/ pre (t,7;q)o(Z) I, dzx

zr(q)

1 zr(@) 9

0 Li g
+ 32 ) wEO@g et [ f-qw(:f)dx) dy

L2 rln g r(z;q)
_ q -, — )
[ [ e moo@ Sl aa,

1 (L2 per@ g B N
+L_2 0 /wL(q) EU(t,ZC,Q)¢(:C)a—q(r(:c,q))dxdy.

In order to calculate the second term of the left hand side, we must calculate

5o ([ vuteai - B vew ).

In the previous calculation, the integrand was continuous. Several terms of B(7;q) are

not continuous, so we will define B(Z;q) in the piecewise fashion

(

Br(#;q) for0<y <Ly, 0<x<uz.(q)

B(Z;9) = { Bo(T:q)  for 0 <y < Lo, 1(q) <z < zr(q) (A.12)

Br(Z;q) for 0 <y < Lo, zr(q) <z < L.

\
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Here we should note that By (7;q) = Br(#;q) = A”. Using this notation we obtain

0
dq

/}
/

"2 9ap(q)

)
¥

"2 9xp(q)

/ Vult, 7. q) - B(7; q)V(7) dF

dzr(q)

5 Vu(t,z.(q),y:q) - B(xL(q),y; ) Vo(zL(q), y) dy

3$L(Q)
dq

Vu(t,zr(q),y;q) - Be(zn(q),y;0)Vé(zr(q),y) dy

” Vu(t,zr(q),y;q) - Bo(zr(q), ;) Vé(rr(q),y) dy

Vu(t,zr(q),y:q) - Br(zr(q),y; 0)Vé(zr(q),y) dy

dq

Ly prxr(q) o
/ / o (Vult.810) - By () V() da

o)

/mq o) (Vu(t, T q) - Bo(Z;q)Vo(Z)) dx dy

Lo L1 a - - -
+/ / — (Vu(t, T q) - Br(@;q)Vo(Z)) dxdy
0 zr(q) aq
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S—

+

S~

+

S—

+

S—

Lo

Lo

dzr(q)
dq

Vu(t, z.(q),y;q) - (A° — Be(x(q),y:9) Vo(zL(q), y) dy

Vult,zr(q),y:9) - (Be(rr(a), y:9) — A”) Voé(ri(q),y) dy

r(q)

zr,(q) zr(q)
/ Vel(t, & q) - V() d + / Vt(t, 7 q) - Bo(# q)Vo(d) da:) dy
0 x

L1

zr(q)
[ vt q)a%(Bc(x Vo) ds+ [

r(q) zr(q)

Vul(t, @ q) - A°Vo(Z) dx) dy

_ /0 2 8wan(q) Vu(t,z£(9), y; ) - (A° = Be(zL(q), y; 0)) Volrr(q),y) dy

+/0 | 8x§c§q>vu(t,xa(®,y; q) - (Be(zr(q), y:q) — A%) Vo(x1(q), y) dy

/ 2 1V1ﬂ(t 75 q) - ( Q)Vo(Z) dx dy
/ / @ u(t, % 9)5 Bc(i“’; q))V(T) dx dy
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Combining the terms we obtain the weak formulation

. 2 X (Q)
9 4 ~“%®~ 1 a/RQ_-ﬂ 0
pv (/ vI(t, 75 q)o(Z) I, d:v+L2 ) 8tu(t,x,q)d)(:v)aq(r(:v,Q))dfrdy

()

I (/0 | &qu(q) Vau(t,zr(q),y;9) - (A” — Be(r(9), y:9)) Vo(re(a),y) dy
* /0 Z%aLQ(Q)W(t’xR(qW q) - (Bo(zr(9),y:9) — A°) Vo(rr(q), y) dy

Ly rzr(q) )
+/Wq(t,f; q) - B(Z;q)Vo(Z) df+/ / Vul(t, 7 Q)a—q(Bc(f; q))Vo(T) dxdy)
Q 0 zr(q)

= 0.

N

Similar to our derivation of (A.9), we take (7)Y = Z vi(t)$; () to derive the system
j=1
of ordinary differential equations

L) + @K (@ (1) + pvCiyla) i

—ii(t) + ad,(q)i = 0, (A.13)

where C(q), K(q), @(t) are defined as in (A.10). The matrices C,(q), A,(q), 7%(t) and 0
are defined by
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1 Ly pzr(q) . . o o
Cl)ly = — / / 63D $u(T) - ({3 q)) de dy forij—1,2,...N
Ly 0 zr(q) 8(]

[Ag(D)];; = /O 2 8I§;q)v¢j(u(qx@/) - (A” = Bo(z1(9),y)) Voi(rr(g),y) dy

+ /0 | axggq) Voi(er(a).y) - (Be(rr(a),y) — A°) Voi(zr(a),y) dy

Ly rzr(q) )
+ / / V(@) - <—(B(:Z’; q))V@(f)) dedy fori,j=1,2,...N
0 zr(q) dq
W), = vj(t) fori,7=1,2,...N

[0]; = 0 fori=1,2,...N.

In order to solve ¥"(t) in (A.13), one must first solve (5.12) for «(¢) and obtain %ﬁ(t) by

calculating

Slt) = ~Cla) " (STpey (O - aK(@)it)).

In Chapter 5 use model solutions given by

Uij(q) = z/ a" (tj, x,0;q) do (A.14)

where @" (¢, %; q) is the finite element solution of (5.12). The sensivities of U;;(q), which

we will denote V5(q) are then given by
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