ABSTRACT

WU, SHENG-JHIH. Large Deviation Results for a Randomly Indexed Branching Process with
Applications to Finance and Physics. (Under the direction of Min Kang.)

The large deviation behavior of a randomly indexed branching process is explored for the
first time. We consider a branching process subordinated by a Poisson process. The large devi-
ation behavior of the ratio of successive generation sizes deviating from the expected number of
children of each individual is studied. Assume that at least one child in each birth, under various
moment conditions on the offspring distribution, the rate of convergence is exponential. We also
investigate the behavior under conditioning on non-extinction at the present generation as well
as conditioning on non-extinction at the next generation. Conditioned on the limiting random
variable of a sequence of normalized population sizes being positive, the large deviation prob-
abilities decay super-exponentially. In addition, for the difference between the limiting random
variable and the associated martingale sequence, the rate of convergence is super-exponential.
Some limit theorems concerning the rate of convergence of the generating function as well as
that of its inverse function are obtained. The results are then applied to a mean reversion in

stock market and to a neutron fluctuation control problem.
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Chapter 1

Large Deviation Theory

1.1 Background

Roughly speaking, large deviation is a theory about rare events. More precisely, large deviation
theory studies a family of probabilities of rare events that decay exponentially fast. It is one
of the most active areas in probability theory nowadays. The theory has been widely used in
various fields such as probability theory and stochastic processes, and other disciplines such as

physics, engineering, and finance.

Let us start with a classical problem in probability theory, namely, the asymptotic behavior of
the empirical mean of independent, identically distributed (i.i.d.) random variables. Consider a
sequence of i.i.d. real-valued random variables X1, Xs,--- on a probability space (2, F, P). Let
E(X1) = p and Var(X;) = o2. Consider sum of n i.i.d. random variables S,, = X1 +--- + X,

Xi+4X
n

and empirical mean of n i.i.d. random variables S,, = = Two standard theorems dealing

with the asymptotic behavior of the empirical mean S, are the Weak Law of Large Numbers
(WLLN) and the Central Limit Theorem (CLT).

Weak Law of Large Numbers:

Sy converges to p in probability as n goes to infinity.

The WLLN shows that the empirical mean S,, converges to the mean y as n — oo.



Central Limit Theorem:

Sp —
a/vn

where Z is a standard Gaussian random variable.

converges to Z in distribution as n goes to infinity,

Consequently, for any b > 0, the CLT gives P(|S, — u| > b(%)) — 2®(—b), where ®() is
the cumulative distribution function of the standard Gaussian random variable. Thus, the CLT
asserts that the probability that S,, deviates from g by an amount of order 1/y/n is asymptot-
ically approximated by a probability from a standard normal distribution. The order 1/4/n is

the meaningful order of the fluctuations that remains in the limit.

Notice that since the WLLN gives the convergence of the empirical mean to u, the mean
of one random variable, in probability, it grants the convergence in distribution as well. How-
ever, it does not provide information about the rate of the convergence in distribution. On the
other hand, the CLT gives the rate of the convergence in distribution being of the order of 1/y/n.

The theory of large deviations is concerned with the asymptotic behavior of the probability
P(|S,, — p| > bo). Thus, the theory of large deviations deals with the events where S, deviates
from p by an amount of order 1. In contrast to the typical fluctuation of the order of 1/y/n, the
fluctuation which is of the order of 1 is much bigger. This kind of fluctuation is a large deviation
because the differences between the empirical mean and p stay larger than a constant as the
number of samples n grows — there has to be a larger and larger conspiracy going on among
the samples to remain the empirical mean deviating from w in the same way. This is why the

theory of large deviations is called “large”.

Roughly speaking, under a certain moment condition, a basic result of large deviation the-

ory indicates

1 _
ILm - log P(Syp, > p+b) = —I(b) <0, where I is a “rate”. (1.1)
That is, P(S, > p+ b) = e ™ 0)Fo) (1.2)
ie., P(S,>pu+b)~e ™® when n is large enough. (1.3)

Notice that while the WLLN gives the convergence of the empirical mean to the mean in prob-
ability, it does not provide information about the rate of the convergence in probability. Large

deviation theory gives the rate of the convergence in probability being of the order of n on the



logarithmic scale (from the point of view of (1.1)). In other words, the rate of decay of the
probability of this large deviation event is exponential (from the point of view of (1.3)). Large
deviation theory is concerned mainly with quantifying the “rate” I. This result is the Cramer’s

Theorem, which will be formally stated below.

On a proper domain of this function, define
A(N) :=log M(\) := log E(e**1),

where M () is the moment generating function of X; evaluated at X. Let Dy = {\ : A(\) < oo}.
Define the Fenchel-Legendre transformation of A to be

A*(z) := sup[Az — A(N)].
AeR
A* turns out to be the rate function for the i.i.d. random variables {X;}. Let Dy~ = {x :
A (x) < oo}

Theorem 1.1 (Cramer’s Theorem)
Let X1, Xo,--- be i.i.d. R-valued random variables satisfying 0 € DY, the interior of Dy. Then
for any a > E(X),

lim ~ log P(Sy > an) = —A*(a). (1.4)

n—oo N

Remark 1.1 For any a < E(X1) = p, the theorem says lim,,_,o = log P(S, < an) = —A*(a).

Notice that by the properties of the rate function A*, if a > u, then A*(z) > A*(a) for all > a.

Hence (1.4) can be rewritten as

1
im — > = —i *(x). .
nh_}rréo - log P(Sy, > an) ;Izlfc;A (x) (1.5)
A quotation from [20] is that (1.5) exhibits a key principle in large deviation theory: “any large
deviation result is done in the least unlikely of all the unlikely ways!” That is, if an unlikely
event {S,, > an} happens, it is very likely that it happens in the most likely way since a is the

minimizer of A*(x) on [a, 00) and this event is realized at this cheapest cost (highest probabilty).

It is worth mentioning that in this section we give the motivation for the large deviation theory
through a sequence of i.i.d. random variables, but, in fact, the general theory of large devia-
tions deals with a family of random objects that are not necessarily independent nor identically

distributed. We will see more general theory as we move to the latter sections.



1.2 The Large Deviation Principle

Notice that the context in the remaining of chapter 1 serves as an introduction to the impor-
tant results in the theory of large deviations. The reader is referred to [12] and [20] for details.
In this section, we introduce the large deviation principle, which characterizes the asymptotic
behavior of a family of probability measures according to a rate function. The characterization
is through asymptotic lower and upper exponential bounds on the values which a measure in

the family assigns to measurable subsets of a topological space.

Let {pn} be a family of probability measures on (X,B) where X is a topological space and
B is the Borel o-algebra on X.

Definition 1.1 (Rate Function)

An extended real-valued function I : X — [0, 00] defined on a topological space X is said to be
a rate function if it is not identically oo and is lower semi-continuous, i.e., for all a € [0,00),
the level set {x : I(x) < a} is a closed subset of X. A good rate function is a rate function
where all the level sets associated with it are compact subsets of X. The effective domain of a
rate function I, denoted by Dy, is the set of points x in X such that I(z) are finite, i.e., D; =
{r e X:I(x) < oo}.

A rate function is used to formulate a large deviation principle for a family of probability

measures as can be seen from the following definition.

Definition 1.2 (Large Deviation Principle)
{pn} is said to satisfy the large deviation principle with a rate function I, if for each T € B,

1 1
— inf I(z) <liminf —log u,(T") < limsup —log p, (I') < — inf I(z),
xzel0 n—oo 1N n—oo N zel
where T'° is the interior of T and T is the closure of T.
Remark 1.2 The definition of the large deviation principle given above is equivalent to the
following:
(a) for any closed subset F of X,
. 1 .
lim sup —log pu, (F') < — inf I(z), and

n—oo N zeF

(b) for any open subset G of X,

1
el P
bt los an(G) 2 = of 1)



Remark 1.3 Recall that a family of probability measures {uyn} is said to converge weakly to a

probability measure , if either of the following conditions holds:

(a) for any closed subset F of X,

lim sup py, (F) < p(F), and
n—oo
(b) for any open subset G of X,
liminf 4, (G) > p(G).

n—00 -

The roles of open and closed sets in the definition of the large deviation principle above are
similar to those in that of the weak convergence of probability measures. Therefore, we can view
the two bounds in the definition of the large deviation principle above as analogues of weak

convergence on an exponential scale.

In proving the large deviation principle, it is quite often to prove the upper bound for compact
sets first and then to extend it to closed sets. Thus, this motivates the following definition of

the weak large deviation principle.

Definition 1.3 (Weak Large Deviation Principle)

{un} is said to satisfy the weak large deviation principle with a rate function I, if

(a) for any compact subset K of X,

1
I Slog i (K) < — inf I(z), and
1msupnog,u( ) < xng (x), an

n—oo

(b) for any open subset G of X,

1
oL S '
hntlos n(G) 2 = Jof 1)
Definition 1.4 (Ezxponential Tightness)

{pn} is said to be exponentially tight, if for any o < oo, there exists a compact subset K, of X
such that

1
lim sup Elog pn(K§) < —a, where K¢, is the complement of K.

n—oo
The exponential tightness says that for this family of probability measures, most of the prob-
ability mass on an exponential scale is concentrated on compact sets asymptotically. The ex-
ponentially tightness strengthens the weak large deviation principle to a full large deviation

principle as the following remark indicates.



Remark 1.4 If {u,} is exponentially tight and satisfies the weak large deviation principle with
a rate function I, then {u,} satisfies the large deviation principle with I being a good rate

function.

1.3 Some Important Results in the Theory of Large Deviations

In this section, we investigate some essential results in large deviation theory. First of all, it
would be convenient if we could move a large deviation principle from one space to another.
The so-called contraction principle enables us to generate one large deviation principle from
another through contraction. Therefore, we could prove a large deviation principle in a simpler

space and then transfer it into a more sophisticated target space.

Theorem 1.2 (Contraction Principle)

Let X and Y be two Hausdorff spaces and f : X — Y a continuous function. Suppose {in}
is a family of probability measures on X that satisfies the large deviation principle with a good
rate function Iy : X — [0,00]. Then {u, o f=1} is a family of probability measures on ) which
satisfies the large deviation principle with a good rate function Iy @Y — [0,00] defined as
Iy(y) = inf{lx(z) : z € X,y = f(x)}.

The next theorem indicates that if the family of probability measures is exponentially tight,

then the above contraction principle could work in the opposite direction.

Theorem 1.3 (Inverse Contraction Principle)

Let X and Y be two Hausdorff spaces and f : Y — X a continuous bijective function. Suppose
{un} is a family of probability measures on Y that is exponentially tight. If {u, o f~1} satisfies
the large deviation principle with a rate function Iy : X — [0, 00|, then {u,} satisfies the large
deviation principle with the good rate function Iy = Ix(f).

Let us notice that the above theorem allows us to strengthen the large deviation principle from

a coarser topology to a finer one. This result is stated in the following theorem.

Theorem 1.4 Let (X,71) and (X, 72) be two Hausdorff spaces with topology 11 coarser than
topology To. Let {un} be a family of probability measures on (X, T2) that is exponentially tight.
If {un} satisfies the large deviation principle on (X, 1), then the same large deviation principle
also holds for (X, 12).

Recall that in the preceding section, we mention that the definition of the large deviation
principle is similar to that of the weak convergence of a family of probability measures and we

give two equivalent definitions of the weak convergence. In fact, those two definitions of the



weak convergence are equivalent to

lim f @) i (dx) / f(z)p(dz) for all f € Cp(X),

n—o0

where Cp(X) is the space of bounded continuous functions on X.

This suggests that the large deviation principle is suited for handling the convergence of inte-
grals of exponential functionals. This is formulated as the Varadhan’s Integral Lemma, which
could be viewed as a starting point for the theory of large deviations. It is a far-reaching gen-
eralization of the Laplace’s method to abstract spaces and is a very handy tool for applications

of the large deviation theory.

Theorem 1.5 (Varadhan’s Integral Lemma)
Let {un} satisfy the large deviation principle on a topological space X with a good rate function
I:X —[0,00]. Suppose f: X — R is a continuous function. Assume that either the following
tail condition (i) or the moment condition (ii) are satisfied, where
()
lim li LiogEle/Znny =— d
im_limsup —~log [e (f(Zn)>M}) = —00, an

M—o00 p—soo

(i)

1
lim sup —logE[eWc(Z")”} < o0, for somey > 1.

n—oo

Then
lim llogE[ef(Z”)"] = sup{f(z) — I(x)}.

n—oo N rEX
There is a Varadhan’s Integral Lemma in the inverse direction, which is obtained by Bryc. It is
useful for it serves as a way to establish the large deviation principle for an exponentially tight

family of probability measures.

Theorem 1.6 (Inverse Varadhan’s Integral Lemma)
Define A (f) = %log Jx ef@ny (de) for any f € Co(X). If {un} is exponentially tight and
the limit lim, oo A(f) € R ezists for any f € Cy(X), then {u,} satisfies the large deviation

principle on X with a good rate function I given by

I(x) = sup {f(z)—A(f)}.

FECH(X)

Moreover, for each f € Cyp(X),

A(f) = sup{f(x) — I(2)}.

zeX



There is an alternative version of the Varahdan’s Integral Lemma, which allows us to generate a
new large deviation principle from an old one by ”tilting”. It is called the tilted large deviation

principle.

Theorem 1.7 (Tilted Large Deviation Principle)
Let {pn} satisfy the large deviation principle on X with a good rate function I. Let f : X — R

be a continuous function that is bounded above. For each Borel subset S of X, define
In(S) = / el @y, (d).
S

Further, define a new family {ug} of probability measures by

ph(S) =

Then {,uf;} satisfies the large deviation principle on X with a good rate function Iy : X — [0, oc]
given by
Iy(x) = sup{f(y) = I(y)} — {f(z) — I(x)}.

yeX

1.4 Three Levels of Large Deviations

In the literature, there are three levels of large deviations. They describe the large deviation
behavior at different levels. These levels will be made precise in this section. Only the i.i.d.
case of a sequence of random variables for these three levels will be discussed for simplicity.
We now define three levels of large deviation principle for a sequence of i.i.d. random variables,

X1, X9, X3, -+ on a probability space (2, F, P) with a common probability law p.

The level-1 large deviation is about the empirical mean of the random variable sequence. The
concept of the level-1 large deviation has been mentioned in the preceding section and hence
we give a brief description here. We focus on the case of a sequence of i.i.d. real-valued random
variables, X1, Xo, X3,--- for the level-1. Let S,, be the n-th partial sum of X7, Xo, X3, -, i.e.,
Sy = Z?:l X;. Then S,, = % is called the empirical mean of the n-th partial sum. Assume
that the common mean E(X7) is finite, then by the WLLN the sequence {S,}°; converges
to E(X1) in probability. The level-1 large deviation investigates the asymptotic behavior of
{8,352, deviating away from E(X1). Let u,g) be the probability law of S,. Then {usll) 1
converges weakly to the unit point measure dp(x,). Let A be an arbitrary Borel subset of R
where A does not contain F(X), then the level-1 large deviation studies the exponential decay

of the sequence of probabilities {#,9)(14)}30:1 to zero as n goes to infinity with an exponen-



tial rate depending on A. The most classical theorem for i.i.d. case level-1 large deviation is
Cramer’s Theorem, which is briefly mentioned in the previous section. For completeness, we

state it here in a slightly different form.

Recall that A(\) = log M(\) = log E(e*1), where M(-) is the moment generating function
of the random variable X, is the logarithmic moment generating function. Then the Fenchel-

Legendre transformation of A is

A (x) = igg[)\x — AN

Below we state Cramer’s Theorem, which is a classical level-1 large deviation theorem.

Theorem 1.8 (Level-1 Large Deviation Principle)

{Mq(zl)} satisfies the large deviation principle with a convex rate function A*, namely,

(a) for any closed subset F of R,

1
lim sup Elog pD(F) < — inf A*(z), and

n—o0 zeF

(b) for any open subset G of R,

lim inf llog pD(G) > — inf A*(x).
n

n—00 zeG

Now let us move onto the level-2 large deviation and X be a Polish space. Let X1, X2, X3,---
be a sequence of X-valued random variables with common probability law p € M;(X'), where
M (X) denotes the space of probability measures on X. Suppose p is unknown, then given the

first n samples, one may try to estimate the true probability law p by

1 n
=1

L, is called the empirical measure of X7, X»,- -+, X,,. Notice that L, : & — M;(X) is a random
probability measure, i.e., L,(w) € M1(X) for all w € Q. Let ,u,(f) be the probability law of L,,.
By ergodic theorem, the sequence {L, }>° ; converges weakly to p almost surely and this implies

that {ug) o1 converges weakly to the unit point measure d,.



Define the weak topology on M;j(X) as the topology generated by the sets of the form

Ufze={re My(X |/fdl/—x|<6}

where f € Cp(X), z € R, and € > 0. Then M;(X) is a Polish space since X" is and since M;(X)
is equipped with the weak topology. Let A be any Borel subset of M;(X) where A does not
contain d,, then the level-2 large deviation studies the exponential decay of the sequence of
probabilities {,ug)(A) o°_, to zero as n goes to infinity with an exponential rate depending on
A. The most well-known theorem for i.i.d. case level-2 large deviation is the Sanov’s Theorem,
which is established by Sanov in 1957. This is an important extension of Cramer’s theorem
to empirical measures of real-valued i.i.d. random variables. Here we provide a more general

Sanov’s Theorem in a Polish space set-up, which is a classical level-2 large deviation theorem.

Theorem 1.9 (Level-2 Large Deviation Principle)

{Mg?)} satisfies the large deviation principle with a convex rate function A*, namely,

(a) for any closed subset F of M;(X),

lim sup — log P (F) < — inf A*(v), and

n—00 " veF

(b) for any open subset G of M1(X),

lim inf —logu( N(G) > — inf A*(v),

n—00 veG

where A*(v) = sup e, ) [y fdv — A(f)] for any v € My (X) and A(f) = logEle/x fd0x1] =
logE[ef(X1)] = log [ efdp for all f € Cy(X).

Furthermore, define the relative entropy of the probability measure v with respect to p as

dv . X ) .
H(v|p) = JxTos o dv if v is absolutely continous with respect to p
o0 otherwise.

Then A*(v) = H(v|p).

It is worth mentioning a difference between the set-up for Cramer’s theorem and that of Sanov’s
theorem. The former concerns large deviations away from a deterministic number (common

mean of i.i.d. random variables) and the rate function is defined on R, whereas the latter deals

10



with deviations away from a probability measure (common probability law of i.i.d. random
variables) and the rate function is defined on the space of probability measures. And notice
that L, € M;(X) is, in fact, the empirical mean of dx,,dx,, - ,0x,. Therefore, from this
point of view, Sanov’s theorem is actually a generalization of Cramer’s theorem to a space of

probability measures.

The level-3 large deviation extends the idea of empirical measure in the level-2 large devi-
ation as shall be made clear in the following context. Let X, X5, X3,--- be a sequence of
ii.d. X-valued random variables on a probability space (2, F, P), where & is a Polish space.
Assume that X, X2, X3,--- have a common probability law p € M;(X), where M;(X) de-
notes the space of probability measures on X'. Given a positive integer n, repeat the sequence

X1, Xo, -+, X, periodically into an infinite sequence by
X(n)(w) = (Xl(w)vXQ(w)v T ’Xn(w)le(w)7X2(w)’ e vXTL(w)’ e )

Then X™ : Q — XN is a random variable. Let 6 be the left-shifting mapping on XN defined
by (0x); = zj41 for j € N, 2 € XN and ° = 0(0"~!) for i = 1,2,---. Define the empirical
process corresponding to X1, Xo, -+, X, by

1 n
Ry, = n Z 592‘()((71))‘
i=1

Notice that R, : © — M;(XY) is a random probability measure, where M1 (X™) denotes the
space of probability measures on XN. Since R,, may be identified with probability measures on
processes, the large deviation principle associated with R, is referred to as process-level large
deviation principle. In fact, it is easy to see that R,(w) is a f-invariant probability measure

on XN for all w € Q since X(™ is constructed by a repetition with a period n. Therefore,
Rp(w) € MY(XN) for all w € Q, where

MIAN) = {ve Mi(XN) 1 voht =u})
denotes the space of all #-invariant probability measures on XNV,

Let ,u7(13) be the probability law of R,,. By Birkhoft’s Ergodic Theorem, the sequence {R,}>

converges weakly to p almost surely and this implies that {uﬁf”) oo converges weakly to the
unit point measure J . Let A be an arbitrary Borel subset of ME(XN) where A does not
contain d,n, then the level-3 large deviation studies the exponential decay of the sequence of

probabilities { ,uff) (A)}o°; to zero as n goes to infinity with an exponential rate depending on A.

11



For k € IN, let dj be the total variation distance on M1 (X™). Define

1
d(p,v) = ok & (Prps prV),
k=1

where py, : XN — X* is the projection of XN onto X* defined by pi(z) = (x1,29, - ,z3) for
x = (x1,22, " , Tk, ) and ppp = u op,;l. Then d makes M?(X]N) into a Polish space. The
following theorem concerns the large deviation behavior of {u,(f)};ozl away from d,n, which is

a level-3 large deviation result.

Theorem 1.10 (Level-3 Large Deviation Principle)
Let By (p™) = {v € MY(&A™) : d(v, pN) < a} fora > 0. Let

IOO(V) i SUkaQH(ka/|pk_1y ® p) ’Lf = M?(X]N)
' > otherwise,

where H(:|-) is the relative entropy. Define

J(a):= inf IX(v).
(@) veBg(pN) ” )
Then {,ug’)} satisfies the large deviation principle with a good rate function I7°, namely, for

each a > 0,
(a) limsup,,_, %10gp,(13)((Ba(pN))°) < —J(a—), where J(a—) = lim¢jo J(a — €).

(b) liminf, o0 Llog u ((Ba(p™)°) = —J(a).

1.5 Large Deviations for Dependent Random Variables

In the preceding section, we discussed the large deviation behavior of i.i.d. random variables.
In this section, we investigate the large deviation behavior of non-i.i.d. cases. We first introduce
the Gartner-Ellis theorem, which is an important theorem in the non-i.i.d. scenario. By using
the Gartner-Ellis theorem, one can acquire a level-1 large deviation result for a discrete-time,
irreducible, finite state space Markov chains. For level-2 and level-3 large deviations, we provide
corresponding results for a discrete-time Markov chain that satisfies some strong uniformity as-

sumption.
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Let Z1,Z5, Zs,--- be a sequence of R%valued random variables, where Z,, possesses the prob-

ability law u, with logarithmic moment generating function
An(N) = logE[e™],

where (X, Z,,) = Z?:l M\i(Zy)i is the inner product of A and Z,, in R
Assumption (*) For each A € R? the logarithmic moment generating function, defined as
the limit

(1) A(N) = limy00 LA, (nA) € [—00, 00] exists.

() T

Let A* denote the Fenchel-Legendre transformation of A, i.e.,

€ DY, the interior of Dy, where Dy = {\ € R?: A(\) < oo}

A*(z) = sup [(z,\) — A(N)] for z € R
AeRd

In order to discuss Gartner-Ellis theorem, we need some definitions, and they are given below.

Definition 1.5 (Ezxposed Point)
A point x € R? is called an exposed point of N*, if there exists a point A € R such that

(A z) — A*(z) > (N y) — A*(y) forally # x.

Such A is called an exposing hyperplane for x.

Definition 1.6 (Essential Smoothness)

A convex function A : R — (—o0, 00| is essentially smooth, if
(a) DY is non-empty,
(b) A is differentiable on DY, and

(¢) A is steep, namely, limg,—oo| VA(N,)| = 00, whenever {\,} is a sequence in DY converging

to a boundary point of DY .

Now let us state Gartner-Ellis theorem.

Theorem 1.11 (Gartner-Ellis Thorem)
Let the assumption (*) hold.

13



(a) For any closed subset F of RY,

1
lim sup —log pu,, (F') < — inf A*(x).

n—oo N zeF

(b) For any open subset G of RY,

1
. o
Bl m(G) 2 = Jgl M)

where F'is the set of exposed points of A* whose exposing hyperplane belongs to Dy .

(c) If A is an lower semi-continuous, essentially smooth function, then G N F in (b) may be
replaced by G. Consequently, {u,} satisfies the large deviation principle with a good rate

function A*.

Gartner-Ellis theorem is now applied to a level-1 large deviation for a discrete-time, irreducible,

finite state space Markov chain. Let Y7,Ys,Y3,--- be a discrete-time, irreducible Markov chain
taking values in a finite state space X. Assume that |X| = N. Let IT = {ﬂ(z,])}lzz;LI be the

stochastic matrix for the Markov chain. Let Pj be the Markov probability measure associated

with the stochastic matrix I and the initial state yg € 3, i.e.,

n—1
Pr(Yi=y1,Ya=v2, -, Yo =vn) = 7o, v1) [ [ 7(wi, vir1).
=1

We now establish the level-1 large deviation principle for additive functionals of Markov Chain
Y1,Ys,Y3,---. Let g : ¥ — R? be a deterministic function. Let X = g(Y) for all k € Z,.
Define the empirical mean of Xq, Xo, -+, X}, to be

1 n
Zn =~ ;Xk.

We would like to establish the large deviation principle for the empirical mean, {Z,}. For any

X € R4, consider a non-negative matrix IT) whose elements are
(i, ) = 7(i,§)e90)  for i je X
Let p(IIy) denote the Perron-Frobenius eigenvalue of the matrix IT,. Define

I(z) = sup [(\, z) — logp(ITy)] for each z € RY. (1.6)
AERC

Theorem 1.12 {Z,} satisfies the large deviation principle with a convex, good rate function I

14



given in (1.6). More precisely, for any subset ' of R% and any initial state yo € %,

(a) Upper Bound:
1
limsup —log P (Z, € ') < — inf I(2).

n—oo N zel

(b) Lower Bound:
1
liminf —log Py (Z, € I') > — inf I(2).

n—oo N zel'©

In the same setting, we now establish the level-2 large deviation principle for this discrete-
time, irreducible, finite state space Markov chain Y7, Y5, Y3, --. Define the empirical measure

associated with Y7,Y5,--- .Y, as
Ly = (Ly (1), Ly (2),- -, Ly (1)) : @ = My(S),

where LY (i) = 230 | 6y, (i), i=1,--- ,|Z].

T n
Suppose that I is the stochastic matrix for the Markov chain Y7, Y5, Y3, -+ that is irreducible.
Suppose that p = (u1, pa, -+, px)) is the stationary distribution of the Markov chains, i.e. the
unique left eigenvector associated with the eigenvalue 1 of II, whose entries are non-negative

and sum to 1, that satisfies the equation

p= pdl.

By ergodic theorem, the sequence {LY }2° | converges to u in probability as n — oo. Therefore,

{LY} is a good candidate for a large deviation principle.

By identifying g : ¥ — [0, 1]l defined by g(Yz) = Xi = (dy;, (1), 0y, (2),- - , 0y, (|X])), we can
apply the previous theorem to obtain the large deviation principle for {LZ} as the following

theorem indicates.

Theorem 1.13 {L)} satisfies the large deviation principle with a rate function I defined as

I(v) = sup [(\,v) — logp(I1))] for each v € M1 (%),
AERA

where Il is a non-negative matriz whose elements are
(i, j) = m(i, eI = n(i,j)eN forije S

Explicitly, for any subset T' of M1(X) and any initial state yy € %,
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(a) upper bound:
lim sup log Py (LY el') < —inf I(v), and
n—oo TN vell

(b) lower bound:
hminfllog Pr(LY €T) > — inf I(v).

n—oo 1 vele

Now we consider an extension from a finite state space to a general Polish state space. We first
establish a level-2 large deviation principle in this setting and then move into a level-3 large

deviation principle in the same setting.

Let X be a Polish space. Let Y1,Ys,Y3,--- be a discrete-time Markov chain with a state space
Y. Let M1(X) denote the space of probability measures on ¥ equipped with the Levy metric,
which makes it into a Polish space with convergence compatible with the weak convergence.
Let m(yo,-) be a transition probability measure, i.e., 7(yo, ) € M;1(X) for any yg € X. Let
Py, € Mi(E") denote the probability measure which assigns to any Borel measurable set
I' C X" the value

P, yo / H ™ yz, dyz-i-l (y07 dyl)

Define the empirical measure of Y7,Ys, -+ .Y, as
1 n
=— Oy, .
.2
k=1

Let pi,,4, denote the probability law of LY. We would like to establish the large deviation prin-
ciple for {fin,y, }. In order to reach our goal for the discrete-time Markov chains Y7, Y5, Y3, - -

with state space X, we need the following uniformity condition.

Assumption (**) There exists an integer m (between 0 and some integer N) and a constant
M > 1 such that

y07 <

IS

N
Z o,-) for any yg,0 € X,
k=1

where 7%(0, -) is the k-step transition probability measure with the initial state o, i.e.,

Fo,) = oY, (o, dr).
) = [ (o)

The following theorem shows the large deviation principle for {1, y, }-

Theorem 1.14 Suppose the assumption (**) holds. Then for any f € Cy(X), the following
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limit exists:
n

A(f) = Jim “logFy eap(D F(YD))

n—00 .
=1

where E,, denotes the expectation conditioned on the initial state yq.
Furthermore, {finy, } satisfies the large deviation principle with a convex good rate function A*,

where

A(v) = sup [(f,v) = A(f)]

fECH(D)
is the Fenchel-Legendre transformation of A for v € My(%).
Explicitly, for any subset T' of M1(X) and any initial state yy € X,
(a) upper bound:
lim sup %log Pnyo (I) < —inf I(v), and

n—00 vell

(b) lower bound:

1
o1 o '
liminf ~1og pinyo () 2 — inf I(v)

We then study the level-3 large deviation behavior in the same setting. Let > be a Polish space.
Let Y71,Y5,Ys, - - - be a discrete-time Markov chain with a state space . Let 8 be the left-shifting
mapping on X2+ defined by (0y); = y;+1 for j € Zy, y € X2+ and ¢ = 9(¢*~1) for i = 1,2,---.

Define the empirical process as
1 n
Y Z
Rn = g 59i(y),
i=1

where Y = (Y1,Y2,Y3,---).

Notice that RY : Q — M;(¥%+) is a random probability measure, where M;(X%+) de-
notes the space of probability measures on ¥%+. Equipped with the weak topology, M (X%+)
is a Polish space. Let p, : Y%+ — ¥* denote the projection of X%+ onto ¥* defined by
pe(y) = (Y1, y2, - ,y) for y € L%+ and ppu = p op,;1 for p € My(X%+). We need the

following definitions.

Definition 1.7 A measure p € My (XF) is said to be shift invariant if, for any T € Bsr-1,
p{re st (- m_) el =u{rexk: (rn, - ,m) el}).

Moreover, for any v € My(XF™1) and any transition kernel T € M1(X), define the probability
measure v @ 1 € M1(ZF) by

vomm - |

V(dx)/ T(Th—1,dY) Lz y)ery for any T € By
»k-1 2
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Definition 1.8 (Shift Invariance)
A measure v € My (X%+) is said to be shift invariant if pyv is shift invariant in Mq(XF) for
alk e Z..

The next theorem is the large deviation result for the sequence {RY }.

Theorem 1.15 Suppose the assumption (**) holds. Then {RY} satisfies the large deviation

principle with a good rate function

() = supg>oH (prv|pr—1v @ ) if ve My(X%+)is shift invariant,
" 00 otherwise,

where H(-|) is the relative entropy.

1.6 Sample Path Large Deviations

So far we have focused on the large deviation behavior of the collections of random elements
at some fixed time points instead of the whole timeline, i.e., the realizations of those random
elements are not considered a function of time. Given an w € ), a realization of an empirical
mean S, is a real number; that of an empirical measure L,, is a probability measure on some
space; and that of an empirical process R,, is a probability measure on another space. None of
these random elements take values in a space of functions evolving in time. It would be more
interesting to investigate the large deviation behavior of the random elements taking values in

the space of the functions of time. This is the purpose of this section.

In many situations, the matter of interest is some rare events that depend on time and it
often touches the probability that the path of certain random process hits some special set.
To introduce the sample path large deviations, we first provide the case of a random walk,
which is the simplest case in the sample path large deviations. We then state the Brownian
motion sample path large deviations as an application of the sample path large deviations of
the random walk. Finally, we give an extension of the sample path large deviations of Brownian
motion to that of the diffusion processes which are strong solutions of some stochastic differen-

tial equations.

Let X1, X3, -+ be a sequence of i.i.d. R%valued random variables. Assume that the logarithmic
moment generating function A(A) = logE(e»*1)) be finite for all A € R?. Let |a] denote the
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integer part of a. Define
1 bnt]
Zn(t) ==Y X, 0<t<T,
i
where Z,, : Q — D([0,T7]), the space of functions continuous from right and having left limits
that defined on [0, 7] with values in R¢.

Let v, be the probability law of Z,. Let A*(x) = supycgra[(A, ) — A(X)] denote the Fenchel-
Legendre transformation of A and ACqy denote the space of absolutely continuous functions that
vanish at the origin. Notice that Z, is a random walk in R¢ with lifetime T for each n € IN. The

following theorem is the large deviation result for this sequence {v,} obtained by Mogulskii.

Theorem 1.16 {v,} satisfies the large deviation principle with a good rate function

JEA(fydt  if f € AC,

00 otherwise.

I(f) =

More specifically,

(a) for any closed subset F of D([0,T7]),

1
li =1 F)< —inf I(f), and
P o8 e ) < = Jal ) an

(b) for any open subset G of D([0,T)),

1
lim inf —log v,(G) > — inf I(f).
iminf —log v, (G) = inf (f)

It is obvious that for all large deviation results, we can replace the countable index n by a

1

continuous index € and treat ¢ = - as a special case. Therefore, the above theorem could be

extended to the following setting.

Let u. be the probability law of

Y. (t) ::eZXi, 0<t<T.

Then the case of v, and Z,(t) becomes the special case of . and Y(¢) with € = L1 Hence the

n

above theorem could be extended to the following general theorem.
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Theorem 1.17 {u.} satisfies the large deviation principle with a good rate function

JTA(f@ydt i feAC

00 otherwise.

I(f) =

More specifically,

(a) for any closed subset F of D([0,T7]),

lim sup elog pe(F') < — inf I(f), and
e—0 fer

(b) for any open subset G of D([0,T)),

lim inf elog pic(G) > — inf I(f).
iminf elog (&) = — inf I(f)

We now provide the large deviation result for a Brownian motion, which is obtained by Schilder.

Let B; be a d — dimentional standard Brownian motion. Define the process

where B, : Q — Co([0,T] : R?), the space of R%valued continuous functions defined on [0, 7]
that vanish at the origin.

Recall that a standard Brownian motion could be constructed as a scaling limit of a symmetric

random walk. More precisely,

nt)
- Jim =30,

where X;, ¢ = 1,2,---, are i.i.d. random variables with common mean 0 and variance 1, and

the limit of this convergence is in distribution sense.

Alternatively, in the € setting,
L2]
By =1i X;.
t el—I}(l) \ﬁz; 7
1=

Define the process
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Then

where X;, i =1,2,---, are i.i.d. standard Gaussian random variables taking values in R¢.

Therefore, BE() is simply a process Y¢(-) with the special choice of X;, i = 1,2,---. Through
this observation, we then can provide a large deviation result for a Brownian motion as an

application of the above theorem concerning that for a random walk.

Let H; denote the space of absolutely continuous function with a square integrable deriva-
tive, i.e., Hy := {fg f(s)ds : f € La([0,T])}, where Lo([0,T1]) is the space of square integrable
functions defined on [0, 7] with values in R?. Let p. be the probability law of B..

Theorem 1.18 {p.} satisfies the large deviation principle with a good rate function

T, ‘
3 Jo l9@®Pdt if ge H

00 otherwise.

I(g) =
More specifically,
(a) for any closed subset F of Co([0,T] : RY),

lim sup elog p(F') < — inf I(g), and
e—0 geF

(b) for any open subset G of Co([0,T] : R?),

liminf elog pe(G) > — inf I(g).
im inf elog p(G) > Jnf, (9)
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With the understanding of a large deviation result for a Brownian motion, we can now move

onto that for diffusion processes. First, we consider the simplest case as an instructive example.

For each ¢, let {z(t)} be a diffusion process which is the unique solution of the following

stochastic differential equation,
dxc(t) = b(zc(t))dt + VedB;, 0<t<T, x(0) =0,

where b: R — R is a uniformly Lipschitz continuous function.

Let p. denote the probability law of z.. Notice that z. : @ — Cy([0,7] : R), the space of
R-valued continuous functions defined on [0, 7] that vanish at the origin. Let F be a function
from Co([0,T] : R) to Co([0,7] : R) defined by F(g) = h, where h is the unique continuous

solution of

h(t) = /Ot b(h(s))ds+g(t), 0<t<T.

It is clear that F is a continuous function. Notice that p. = p. o F~!, where p, is the probability
law of B.. Therefore, the large deviation principle for {z.(¢)} here is a simple application of the

contraction principle.

Theorem 1.19 {p.} satisfies the large deviation principle with a good rate function

I(h) = %foT |h(t) - b(h(t))|2dt if heH
> otherwise.

More specifically,

(a) for any closed subset F' of Co([0,T] : R),

lim sup elog p(F') < — inf I(h), and
e—0 heF

(b) for any open subset G of Co([0,T] : R),

liminf elog f(G) > — inf I(h).
im inf elog pe(G) = — inf I(h)

Our second example of a large deviation result for diffusion processes is described below. Let
C([0,T] : RY) denote the space of R?valued continuous functions defined on [0, T]. Let {z(t)}

be the diffusion process which is the unique solution of the following stochastic differential
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equation,

dre(t) = b(x(t))dt + eo(zc(t))dB;, 0<t<T, x.(0) =z,

where all entries of b : R — R? and all entries of o : R — R? x R¢ are bounded, uniformly

Lipschitz continuous functions.

Let pe be the probability law of z.. Define

T t t
I*(h) := inf{;/o ]g(t)\2dt’g €H :h(t)==x —i—/o b(h(s))ds —i—/o o(h(s))g(s)ds}.

The large deviation principle for {z.(¢)} is an application of the contraction principle.

Theorem 1.20 {u.} satisfies the large deviation principle with a good rate function I*.
More specifically,

(a) for any closed subset F of C([0,T] : RY),

lilzlj(l)lp elog pe(F) < —érellf: I*(h), and

(b) for any open subset G of C([0,T] : RY),

im inf ] > — inf I%(h).
hIEILl(I)lff og e (G) > ﬁlelgf (h)
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Chapter 2

Branching Processes

2.1 Branching Processes Overview

Branching processes is one of the classical areas in applied probability and is by now still an
active area of research. Generally, they may be thought of as mathematical models for the
evolution of stochastic systems whose dynamics consist of components reproducing new mem-
bers according to some probability laws. There are two major differences between branching
processes and deterministic population models. For one thing, the dynamics of the former are
described by randomness through some probabilistic laws on the number of offspring and on
the life spans, whereas the the evolution of the latter is non-random. For the other, the former
are individual-based models for the growth of populations because the propagation mechanisms
of the former are described by microscopic behavior of the systems. Besides the mathematical
interest on these, it is not surprising that there are many fruitful applications of this stochastic
process in physics, biology, chemistry and elsewhere. For example, neutron fluctuations and
cosmic ray cascade in physics, polymerase chain reaction and cell kinetics in biology, spread of
surnames in genealogy, chemical chain reactions in chemistry have been studied through various
branching processes. Although the term “branching processes” was coined by Kolmogorov and
Dmitriev [24] in 1974, the study of this subject has a much longer history. The first research
in this process was about the probability of extinction of the surnames in the British peerage,
which was conducted by Francis Galton [18] in 1873. Later on, he and Henry Watson success-
fully solved the problem (see [34] and [35]). The model they used is called the Galton-Watson
branching process, which is the simplest and oldest branching process among all. Since the
success of the investigation into the Galton-Watson branching process, the study of this area

has been growing extensively.

In the following section, the Galton-Watson branching process will be mathematically defined
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and explained in more details. Here we give a rough idea of branching processes for example.
Consider a population model that consists of human, animal species, or particles in general.
Suppose that an ancestor of the population has a life span of length one and gives birth to its
children at the end of that unit of time and then dies immediately. One can include the case that
there is a positive probability that no birth is given. The number of children is non-negative
integer-valued following to a law of certain offspring distribution. The ancestor is at the Oth
generation and his children are of the first generation and so on. They live for a unit amount
of time and give birth to some number of children according to the same probability law at the
end of the unit time right before they die. The procedure continuous in this manner. For each
of the individuals, the number of children is independent of that of the other individuals. This
property is called the branching property in some literature. If the size of population reaches
zero at some point, then the procedure stops. This could be regarded as extinction of the popu-
lation. If the process does not become extinct in finite time, then the process will go on forever.
The Galton-Watson branching process is the simplest branching process among all the others
because it has a discrete-time framework and because the number of children of each individual

is independent of the others. This simple branching process has three major features:
1. All individuals in the same generation have identical offspring distribution.
2. Individuals do not affect each other’s number of children.
3. The offspring distribution remains the same in the dynamics.

The first characteristic says that there is no difference among different individuals with respect
to their reproduction distribution. The second property says that their reproduction are inde-
pendent. The third feature means there is no difference between reproduction distribution in
different generations. It is these three basic features that make the Galton-Watson branching

process mathematically easier to handle than other more sophisticated branching processes.

Nowadays there are many variants of the Galton-Watson branching process. One generalization
is to consider several types of individuals in the process. The type of a particle is considered as
a fixed attribute throughout its life span. The type, for instance, could be its genotype, mutant
type, or any other characters of interest. The offspring distribution may be affected by the type.
Particles of the same type have the same offspring distribution, however, individuals of different
types may have different offspring distributions. The branching process that has several types
of individuals is called a multi-type branching process. Other than having several types in the
systems, a multi-type branching process has the same reproduction mechanism as a single-type
Galton-Watson branching process. Particles live for one unit of time and give birth to their

children according to a fixed probability law determined by their type and with no influence
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on each other. The first study of multi-type processes appears to be tackled by Kolmogrov and

Dmitriev [24] in 1947. They considered a process in a continuous-time framework.

Another generalization is by relexing the assumption that particles reproduce independently
from one another. In this direction, the most common dependence is population-size dependence
in the process. In a population-size dependent branching process, the offspring distributions de-
pend on the size of the whole population. It is often assumed that the reproduction reduces as
the population increases to fit the real-world phenomenon due to the limitations of resources,
although it is not mathematically motivated. The first research in a discrete-time, population-
size dependent branching process was conducted by Klebaner [22] in 1983. Boiko [8] studied
a population-size dependent branching process in a continuous-time framework. Another im-
portant dependence is considered as interaction between particles. Notice that population-size
dependence is a global dependence because the population as a whole affects the reproduction
behavior. On the other hand, interaction between particles is a local dependence because it
is often assumed that the interactions occur between type-attractive particles, type-repulsive
particles, sibling particles, or neighborhood particles under spatial settings. This kind of inter-
active dependence between particles makes the system complex and the study of this area is

active and still developing.

One of the unrealistic assumptions in the Galton-Watson branching processes is the fixed off-
spring distribution throughout different generations. This assumption implies that the environ-
ment for reproduction is unchanged throughout the time. In the branching processes discussed
above, the law governing the number of descendants is unchanged for all generations, however,
in the real world, reproduction will be affected by many factors either inside or outside the
system. Let us think of a population model of plants having a life cycle of one year. When the
weather conditions are good for the growth of the plants, the population of the plants has a
higher probability of growth. Since the weather conditions may differ from year to year, the
probabilities of reproduction rate of the plants will be different each year. In this case, the
weather conditions are the environment and they are not fixed throughout the lifetime of the
plants. Therefore, a natural generalization of the Galton-Watson branching process may be
by considering a process living in a changing environment. If the environment changes in a
deterministic manner, then the branching process is said to be in a deterministically varying
environment, while if the environments are chosen to be random, then the branching process is
said to be in random environments. The latter is obviously more complicated to analyze than
the former because in the latter case the changes in offspring distribution is not determinis-
tic, and a variety of scenarios from different laws are possible. In fact, we can view branching

process in a deterministically varying environment as a special case of branching process in
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random environments, for which a particular realization of offspring distributions under certain
environment occurs with probability one. Furthermore, if the environment is based on i.i.d.
random variables, then it is called a branching process in the i.i.d. random environment. This
process was first studied by Smith and Wilkinson [32]. Athreya and Karlin generalized it to a
non-i.i.d. case in [2] and [3]. Since then, the branching process in a random environment has
been an extensively growing research subject due to the extra randomness from environment

and increased flexibility for applied purposes.

In the previous branching processes, the systems are considered to be closed or isolated be-
cause the population only consists of particles generated inside the system and they cannot
move in and out of the system. Therefore, a generalization may be done through allowing mi-
gration into the system. In a branching process with immigration, a random number of particles
may immigrate into the system during each reproduction period. The number of immigrants
follows a probabilistic law and it is often assumed that the immigrants have the same offspring
distribution as that of those original particles in the system. It is worth mentioning that since
immigration does not stop, the branching process cannot be assumed extinct although the pro-
cess might have temporary periods of extinction. The other type of migration is emigration. In
a branching process with emigration, the particles could choose to leave the system according
to a probabilistic law right after their births. If their choice of leaving is independent of one
another, then this does not introduce any added complicition mathematically because in this
case the emigration could be viewed as an immediate death and hence we could ignore the
emigrants as if they are not offspring and are not to be counted. If the choice of emigration is
independent of one another but is dependent on the size of the population, then the process
could be treated as a population-size dependent branching process. The more difficult, but
somewhat more interesting, case may be that the decision of leaving is dependent on each other

in the same generation.

Another direction for a variant is in the aspect of a time framework in which the process
is defined. The preceding branching processes all live in a discrete-time framework. In the
Galton-Watson branching process, each individual lives one unit of time, however, a natural
extension is to allow the life span of the individuals to be a continuous random variable. The
counterpart of the Galton-Watson branching process is the so-called continuous-time Markov
branching process, which is the simplest branching process in a continuous-time framework.
More specifically, individuals now live in a continuous-time frame and the life span is a random
variable following identical and independent exponential distributions, which makes the process
Markovian. If we relax the assumption of exponential lifetime, then we obtain a so-called age-

dependent branching process, in which the lifetime is not necessarily exponentially distributed,
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and hence the resulting process may not be Markovian. Another more general continuous-time
branching process is the Sevastyanov process, in which not only the life span is arbitrarily dis-
tributed but also the offspring distribution depends on the age of the individuals. Much of the
early study on a continuous-time branching process was done by Kolmogrov and Dmitriev [24]

and Sevastyanov [31].

There are some other variations of the Galton-Watson branching process. In a two-gender
branching process, which was introduced by Daley [11], the reproduction only happens through
mating of the male and female individuals. In this process, it is convenient to represent the
size of population by the number of couples instead of the number of individuals. And the
formation of couples is via a so-called mating function, which specifies the total number of
couples deterministically. In a continuous-state branching process, the number of offsprings is
a non-negative real number instead of a non-negative integer. This process was first invented
by Jirina [21]. It is worth noting that the class of continuous-state branching processes with
immigration coincides with the class of affine processes, which has some important applications

in finance.

2.2 Preliminaries of the Galton-Watson Branching Processes

This section provides some well-known results on the Galton-Watson branching processes. Most

of these results are needed in this dissertation and some others are listed for completeness.

A Galton-Watson branching process is a discrete-time Markov chain {Z,,}5°, on the space

of non-negative integers. Let the offspring distribution be

(o)
{pk}zozm pr > 0, Zpk =1.
k=0

The branching mechanism follows the offspring distribution that does not vary from individual
to individual nor from generation to generation. More specifically, the process begins at time
0 with Zy ancestors, after one unit of time, each of them splits independently of each other
into a random number of individuals according to the common probability law {p;}7°, i.e., an
individual gives no birth with probability pg and he has one child with probability p;, and so
on. The total number of children from all the ancestors is denoted as Zi, which is the sum of
Zy independent random variables, each with probability law {p;}7°,. The ancestors are said
to be in the 0th generation and their children constitute the first generation. The particles in

the first generation also have a unit life span. After one unit of time, each of them splits inde-
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pendently of each other and of the history into a random number of individuals following the
same probability law {p;}7° . The total number of their children is denoted as Z;. And these
children is said to be in the second generation. This way, the number of particles in the n-th
generation is denoted as Z,. The procedure continues unless Z,, = 0 for some positive integer
n. If Z,, = 0 for some n, the branching process is said to be extinct. Apparently, Z,, = 0 for all
n’ > n if Z,, = 0. Thus, 0 is an absorbing state of the Markov chain {Z,}7 .

In the literature, when the number of original ancestors needs to be emphasized, a Galton-
Watson branching process with Zy = 7 many original ancestors would be written as {ZT(Lj ) 12 ,-
And usually if Zy = 1, then it is customary to denote the process as {Z,}>2, instead of
{Z,S”};;OZO. In most of this study, we assume that Zy = 1. Hence in the remaining part of this
dissertation, when there is no confusion, a Galton-Watson branching process with only one

ancestor will be written as {Z,,}5° .

An important feature of the Galton-Watson branching process is that the number of children
of each individual at any given generation is independent of the other individuals existing in
the same generation and of the whole history of the process. This fundamental feature of the
Galton-Watson branching process leads to the following additive property. Suppose that there
are Zy = j many ancestors, then the process {Z7(Lj )}Zo:o is the sum of j independent copies of

the Galton-Watson branching process {Z,}22.

The transition mechanism of the Galton-Watson branching process is given by the following

transition probabilities

Py if ¢>1landj >0,
p(i,j) = P(Zpy1 = jlZn =1) =< 1 if i=0andj=0,
0 if i=0andj >0,

where {p}” 320 is the i-fold convolution of the offspring distribution {pr}iy, i-e., it is the prob-
ability distribution of the sum of i many independent probability distributions {py}2 .

Another formulation of the Galton-Watson branching process may be done through the fol-

lowing recurrence equation

Zn,
Znjr =Y Xpj, n=0,12-- and j=1,2- 7,
j=1
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where X, ; is the number of children of the j-th individual in the n-th generation and all X, ;
are i.i.d. random variables over all n and j. Notice that since the offspring distribution does not

vary over the different generations, in this dissertation, we use the ease notion X; instead of X, ;.

Let the probability generating function of the Galton-Watson branching process be
[ee]
f&)=E(s™Zo=1)=> pes*, |s| <L
k=0

In general, s can be negative and complex, however, in this dissertation, we focus on the case
that s € [0,1]. It is a very useful tool in the study of branching processes. Also note that since
in this study we assume Zy = 1 most of the time, we use the ease notation E(s%!) to replace
E(s%1|Zy = 1) sometimes when there is no confusion. Define the iterated compositions of the

probability generating function by

fot1(s) = flfa(s)], n=1,2,---, and fo(s) =s.

It follows that fri1m(s) = fulfm(s)], n,m =0,1,- -, and in particular,

fn+1(3) = fn[f(s)] (2'1)

Notice that by the branching property and the identical distribution, when the process starts

with Zy = j many ancestors, we have

Sp( ) = B Zo= )
= B(sXr X4 X
— [E
.

s7 | Zo = 1)

(
(s)). (2.2)
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Let py (i, k) denote the n-step transition probability from the state i to the state k. By Chapman-

Kolmogorov equation, Fubini’s Theorem, and (2.2),
[e.e]
E(s”Zy=1) = Y pa(1,k)s"
k=0

= > pua(LDp(lk)s*

kOlO

= an 11,0 p(l, k)s*
=0 k=0

= S pea (LD
=0

where Fubini’s Theorem can be applied because of the fact that the terms p,_1(1,1)p(l, k)s*
are non-negative for all [,k € INU {0}.

Note that by applying the above procedure repeatedly and induction,

anfl(lal)[f(s)]l = Zan,Q(l,j)p(j,l)(f(S))l
=0

=0 j=0

= an 2(1,9) > p(GD(f ()
=0
= 3 paL DY
=0

= Y P faa ()]

= flfaa(s)]
= fa(s).

Therefore, this shows that f,(s) is the probability generating function of Z,, i.e.,

ful(s) = E(s%"|Zy = 1). (2.3)

Combing (2.2) and (2.3), we have

$)F = pali,k)s*, i>1.
k=0
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Since all the information for the transition probabilities is contained in f,(s), the probability
generating function of Z,, the study of this function is essential. In fact, the moments, if exist,
of a Galton-Watson branching process could be calculated by taking left-sided derivatives of
fn at s = 1. For example, the mean of the offspring distribution {py}32,, i.e., the expected
number of children of each particle, is denoted by m and could be calculated as m = E(Z;) =
S o p(L k) =320  p(1, k)k1F—1 =320 (lim, ;- p(1, k)ksF 1 = lim,_,- 332, p(1, k)ksh—!
= lim, ;- D> 52 %[P(lyk)sk] = lim, ;- %[Ziozop(lv k)s*] = lim,_y- f'(s) = f'(17), where
the calculation above is justified by uniform convergence in the interval of convergence of
the power series, and by dominated convergence theorem since |p(1,k)ks*™ | < p(1,k)k for
s € [—1,1] and > 77, p(1,k)k is finite by the assumption that the first moment exists. The
Galton-Watson branching process is said to be sub-critical if m < 1, critical if m = 1, and
super-critical if m > 1. The expected size of generation n is E(Z,) = m", which can be com-

puted by the calculation similar to the above one and differentiating 2.1 at s = 1.

Suppose that pop + p1 < 1 and px # 1 for any k& € INU {0}. Let ¢ be the smallest root of
the equation, f(s) = s in [0, 1]. Clearly, ¢ = 0 when pg = 0. The following gives some elemen-

tary properties of f(s), the probability generating function of the offspring distribution.
(1) f is strictly convex and monotone increasing.
(2) £(0) =332 p(1,k)0% = p(1,0) = po and f(1) = 32, p(1,k)1% = 1.
(3) If m <1, then f(s) >sforall 0 <s < 1.

(4) If m > 1, then f(s) > s for all 0 < s < g and f(s) = s for s = ¢ and f(s) < s for all
qg<s<l.

(5) If m <1, then ¢ = 1.

(6) If m > 1, then ¢ < 1.

2.3 Asymptotic Behavior of the Galton-Watson Branching Pro-

cesses

The study of the asymptotic behavior of the probability generating function of a Galton-Watson
branching process is important since that can provide much information on the limit theorems
about the process {Z,}2° . Therefore, in this section, we provide some asymptotic results con-
cerning {f,}72, and {Z,}22,. Since these results will be used in our main theorems in the

latter chapters, we provide the proofs here. Note that since in this study, the branching process
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is assumed to be super-critical, hence we mostly focus on the results regarding super-critical

branching processes. The reader may find more results in [1] and [4].
The following result shows the convergence of f, to q in an monotonic manner in two dif-
ferent regimes.
Proposition 2.1
(a) For s =q ors=1, f,(s) =s for all n.
(b) For 0 <s<gq, fn(s) 1T q asn— oco.
(c) Forq<s <1, fu(s) ]l ¢ asn — cc.
Proof. Clearly, f,(q) = ¢ for all n because f(q) = q. It is also obvious that f,(1) =1 for all n

because f(1) = 1. Thus, (a) is shown.

For (b), let 0 < s < g. Then by properties (3) and (4) in the section 2.2, s < f(s). Since f
is monotone increasing, f(s) < f(q). Therefore, s < f(s) < f(g), hence By monotonicity of f,

we have

f(s) < F(f(5)) < F(F(@), Te,, f(s) < fals) < fa(q)-

Similarly, we obtain the following relationship

s < [(s) < fals) < f3(s) <+ < fuls) < fule) = ¢

Hence, for 0 < s < q, fn(s) converges increasingly to a finite number U, as n — oo, since it is
an increasing sequence that is bounded above by q. Note that f is continuous at least on [0, 1)
since the power series f has the radius of convergence at least 1 and hence we have uniform

convergence to f for s € [0,1). Thus, for any fixed s € [0, q),

U= 1_{2@ fn(s) = nh—g)lo f(fnfl(s)) = f(nh_{go fnfl(s)) = f(U)

n

Therefore, U = ¢ since f(U) = U < ¢ and q is the smallest root of f(s) = s in [0, 1]. This shows
(b).

For (c), let ¢ < s < 1. Then by the property (4) in section 2.2, f(s) < s. Since f is mono-
tone increasing, f(q) < f(s), hence ¢ < f(s) < s < 1. By monotonicity of f, we have

Fla) < F(f(s)) < fs) < f(1), Le., g < fa(s) < f(s) < 1.
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Similarly, we obtain the following relationship

q < fuls) <---< fas) < f(s) < L.

Hence, for ¢ < s < 1, fn(s) converges decreasingly to a non-negative number L, as n — oo,
since it is an decreasing sequence that is bounded below by q. Note that f,,(s) = f(fn-1(s))
and that f is a continuous function because it is a power series. Thus, for any fixed s € (g, 1],

L= lim fu(s) = lim f(fa-1(s)) = f(lim fu1(s)) = f(D).

n—o0 n—oo

Therefore, L = ¢ since f(L) = L < g and q is the smallest root of f(s) = s in [0, 1] and there
is no root in (g, 1). This shows (c).

Od
Recall that the original problem proposed by Galton was to find the probability of ultimate
extinction, i.e., no particle exists after some finite number of generations. This is always a central
question in the theory of branching processes. The probability of extinction of a Galton-Watson
branching process is

P(Z; = 0for somej > 1) = nh_g)lo P(Z; = 0for somej <n) = lim P(Z, =0)= lim f,(0) =gq.

n—oo n—oo

Thus, the smallest root the equation, g of f(s) = s in [0, 1] is the probability of extinction for

the process.

Note that if there are Zyg = [ > 1 ancestors, then by the branching property, the extinction
probability of a Galton-Watson branching process is

P(Z](l) = Ofor somej > 1) = ¢\,

From proposition 2.1, we know that { f,, }>; converges to ¢, however, it does not tell us the rate
of convergence. The information about convergence rate is useful in the study of some finer limit
theorems concerning {Z,}>° . The following result gives the geometric rate of convergence of
fn(s) for a super-critical process by analyzing @, (s) defined as

Qn(s) = M for 0 <s < 1. (2.4)

(f"(@)m
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Theorem 2.1 Assume that m > 1, then there exist real numbers {q;}52, such that

nli}n;ow:gqjsj:@(s) <oo for0<s<l,

where Q(s) = limy, 00 Qn(s) for 0 < s < 1.

Moreover,

lim Q) (s) =Q'(s) <oo with@Q'(s) >0 for0<s<1and limQ'(s)=1.

n—00 s—q

Furthermore, Q(s) is the unique solution of the functional equation

Q(f(s)) = f(@Q(s) for0<s<1, withQ(q)=0.

Remark 2.1 When pg =0, ¢ =0 and f'(q) = p1, and hence this theorem gives the following:
Assume that m > 1 and p1 # 0, then there exist real numbers {(jj};”;l such that

‘j:Q(s)<oo for0<s <1,

;ﬁ
—~
&
Il
]
K}>
@

where Q(s) = limy, 00 Qn(s) for 0 < s <1 and Qn(s) = {;1(;,2 for0<s<1.

Moreover,

~

lim Q' (s) = Q'(s) < oo withQ'(s) >0 for0<s<1and lir% Q'(s)=1.
5—
Furthermore, Q(s) 1s the unique solution of the functional equation

Q(f(5)) =pQ(s) for0<s<1, withQ(0)=0. (2.5)
Proof. By the chain rule, the derivative of @, (s) could be expressed as

)
Als) = gy

f' (a1 ()" (fa2(8))f'(fa3(5)) - - f'(5)

(f(@)™
n—1
_ f'(f5(9))
= 175 (2.6)
n—1
B f'(fi(s)) — f'(q)
a ]HO{H[ f(q) X

35



Recall that a result on infinite products says that if the series ) 22, |a;| is convergent, then the
infinite products [[;Z, (1+a;) is convergent. That is, [[7Z, (1 +a;) is finite and non-zero. Thus,
now we want to show that 325 [LFUT) < oo e, 552 |£(£(5) — f/(g)] < oo, be-
cause this implies that Q'(s) = lim, e Q7 (s) = [[7Zo{1+ [W]} is finite and non-zero.

Fix s in [0,1). Let € > 0 be such that ¢ < ¢+ ¢ < 1 and that f'(¢ + €) < 1. Recall that
fn(s) converges to q, therefore, we can choose jo to be such that f;(s) < g + € for all j > jo.

By mean value theorem,
' (fi+io(5) = f'(9)]
| fi+do(s) —

Le [f'(fi+o(9) = F(@] < (a4 )l firgo(s) — -

< f"(qg+e),

By using mean value theorem again,

’fj-i-jo(s) —q| N ’fj-i-jo(s) fJ+J0( )
\Fivjo—1(s) —al  [firio—1(s) = Firjo-1(q)]
| (fitio—1(8)) = f(fi+jo—1(a))|
| fitio—1(8) = firjo—1(q)]
< fllg+eo),

Le, [firjo(s) —al < f'(a+6)|firjo—1(s) —ql|. Therefore, |f'(fjrjo(s)) — £ (@) < f"(qg+€)f (g +
| fj+jo—1(s) — al-

Similarly,

' (Fiio () = F (@] < f"la+e(f g+ )| fio(s) —dl
< fla+e(f(a+e)|g+e—q
= ef"(g+e)(f'(a+e).

Thus,
Yo Uirio) = F@] < ef'(a+€) (fla+e)
=0 §=0
1/ ]‘
~ SIS
< Q.
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Therefore,

SO (fi(s) = (9l
j=0

This implies that

. /
lim Q;,(s)

jo—1 00
> I EDAC; "(q)]
j=0 J=jo

= Q'(s) is finite and non-zero for 0 < s < 1.

(2.7)

It is clear that Q),(s) > 0 for 0 < s < 1. We now show that lims_,, Q'(s) = 1. By monotonicity

of f, and f’, we have

—logQ'(s)

Notice that by the continuity of f/, lims_,, —log

f(1i(s))

—log e _fa)

< log w7 oy

IN

IN

IN

— f'(£;(0))
f'(f0(0))

f’ (£;(0))

Z f
o Z F/(£(0)) =
1550

()] < o0

f(fi(s)

7 [Ui) _ 0. Also note that

f'(9)

—log—7 5~

and that %7 j—0 108 f’{ (Cé()))) < 00. Hence by dominated convergence
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theorem,

. / _ . _
lim —logQ'(s) = g}lz log

s=q = f'(q)
o F()
- jz::ogr‘ll o f'(q)
= 0.

This implies that lims_,, Q'(s) = 1.
Note that s
Q(s) = / Q'(t)dt for 0<s < 1.
q
From @Q,(¢q) =0,
Qu(9) = Quls) = Qula) = | @01t
q

Note that

‘(t if ¢g<t<l1
Q) < Q) g for alln € IN
1 if 0<t<gq

and that
{ﬁ@mﬁm@<w

J;ldt = s —q < co.

Hence by dominated convergence theorem,

lim Q,(s) = lim /SQ%(t)dt

= / Snlln;lo Q. (t)dt

= /S '(t)dt

Q(s) — Q(q)
= Q(s).
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Notice that

fn(s) —q
Onls) = gy

(X P(Za =170 =1)87) — q

N (F'(@)" |
Z;’io[P(Zn = j|Zo = 1) — b;]s’

(f'(@)"

> n—y|zo—1>—b]

B Z F@) .

where b; = ¢ if j = 0 and b; = 0 otherwise. Thus, Q,(s) is a power series for 0 < s < 1. Since

Q(s) is a limit of a sequence of power series, it is also a power series, say,

o
Q(s) :qusj <o for0<s<l1.
j=0

Now we want to show that Q(f(s)) = f'(¢)Q(s) for 0 < s < 1.

_ [alf(s)) —q

_ an(s)—q
(f(a)"

_ fn+1 (3)
= T@ e

= f(@)@ns1(s).

Thus, limy, 00 Qn(f(8)) = limy, 00 f(q)Qn+1(s) and hence Q(f(s)) = f'(¢)Q(s).

To prove uniqueness, we assume that Q'(s) and Q?(s) are two of such solutions. Then by
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repeated using Q'(f(s)) = f'(¢)Q*(s), i = 1,2, and by the triangle inequality,

0 < [Q'(s) — Q%)

= QU - Q)

_ M,Q1<f2<s>>—cz2<f2<s>>|

= el @ (e — Q(u(s)

_ m@lgn(s))—@uﬂ(s)n

) Qn(SN‘Ql(fn(;z)(s— QQq(fn(S))‘

< 1u (| LY ||y - LUl

Since lim,, o0 fi((%(_s;) = limg_q %(Z) = lims—4(Q")’(s) = 1 by L'Hopital’s Rule rule, we have,

by taking limits on both sides of the inequality above,
Q' (s) —Q*(s)| =0 for0<s< 1.
Therefore, Q(s) is the unique solution of the functional equation

Q(f(s)) = f(9)Q(s) for 0<s < 1.

O
Since the sequence of probability generating functions { f,, }°° ; of a super-critical Galton-Watson

branching process decays geometrically and f,(s) = Z;io pn(i, j)s?, it is expected that the se-

[e.e]

quence of transition probabilities {py,(i,7)}72; also has a geometric rate of decay.

Theorem 2.2 Assume that m > 1, then

Pn(iJ) R ==

for alli,j >1, lim O and
foralli>1land j =0, lim M = iqZ71Qj~

n=eo (f(q))"

Remark 2.2 In particular, if po = 0, then ¢ = 0 and f'(q) = p1. Hence this theorem translates
to the following:
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Assume that m > 1 and p1 # 0, then

forj >0, lim puling) _ ) 4 i=1
R 0 if i>1,

and moreover, fori>1 and j > 1,

lim Pn(ia])
n—00 (pl)

qij, where q;j satisfies qusj qus i ofor0<s<1.
7=1

Proof. From a series expansion, we have

(fn(s))l - qi fn( ) —
(f'(9)" (f'(9)"

If we take limit on both sides, we reach

n— 00 (f/(q))n n—00 (f/( )) [(fn( )) + (fn(s))i_zq + (fn(s))i_3q2 +---+ qi_l}
= Q)" +d g+ + -+ ¢
= Q(s)ig"™"
= (O q¢s)ig™!
=0

= iqi_lqjsj <oo for0<s<1,
=0

L)+ (Fa(9) 20+ (fa(8) 2+ + 4771,

since )2 008 <oo 0<s<1.

On the other hand, from the power series expansion of f,(s), we see that

AP T T ()
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¢ if j=0,
where c¢; =
0  otherwise.
Note that the interchange of summation and limit above is justified by the uniform convergence

of power series in the interval of convergence. By comparing coefficients, we obtain that

fori>1landj > 1, lim P(b7) _ i1

e (g

and

fort>1landj =0, lim ——~—— =1i¢" "gq;.
n=oo  (f'(q))" ’

Od
The next result indicates that when py and p; are both zero, the rate of convergence of f,(s)

is super-geometric. Note that we use the notation “~” to denote the approximation.

Theorem 2.3 Let pg =p1 =0 and l =inf{j:j > 2,p; # 0}. Then

n—1 1

fa(s) = s p>i=0 ¥ (R (s)"", (2.8)

where Ry(s) = H;L:_&(l + "yg(fj(s)))lf% uniformly converges to R(s) on [0,1] with R(0) = 1
and R(1) < oo, where v = % and g(s) = >272 1 %sj_l.
Moreover,

Tim ( R(S))l —1 for0<s<1 (2.9)

and hence
-1

fn(s) = p=1 (pll—%sR(s))ln for large n.
Furthermore, R(s) is the unique solution of the functional equation
F($)R(f(s)) = pi(sR(s))",
subject to the conditions R(0) > 0 and R is continuous on [0, 1].

Proof. Define v := % and g(s) = Z]oiz 41 lg—jplsj_l. Then probability generating function

f(s) could be written as

F(s) = pis’ = pis' (1 +79(s)).

j=0

Apparently, g is a probability generating function and 0 < v < co. Thus,

Fa(s) = f(fa-1(5)) = pi(fa1()) (1 +79(fu-1(5)))- (2.10)
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Let hy(s) = (fn(s))%", then by iterating the identity,

ha(s) = (fu(s)™
(1 () (1 +7g(fa1(s)))] 7
1+ 79(fae1 ()] hi (s)

= 1+ 19 a1 ()T (1 + 79 (fr2(5)] 7T hpa(s)
n—1

— [pu(1+ yg(f5()))] 757

J=0

Thus, _
fa(s) = (ha ()" = " p2i=0 V' (R, ()",

where R, (s) = H?:_&(l + *yg(fj(s)))lf%. Clearly, R,(s) is increasing in n for 0 < s < 1 and
g(1) = 1. Let

o
Hl—l—fygf] )lj1+1 for 0 < s <1.

Note that the infinite product R(s) exists since

logR(s) = Zli g(1+v9(f;(s)))

< ©o0.

We want to show that lim,, . supg<s<; [Rn(s) — R(s)| = 0 because this implies R, (s) converges
uniformly to R(s) for 0 < s < 1. This is equivalent to show that lim,, o supg<s<1 log (8) 0.
Notice that

R(s)

A\

<)

RN

—

_|_

2

]
ey
1

and hence

lim sup lo =
”—mogsgl an(S)
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since [ > 2 by definition. Therefore, R, (s) converges uniformly to R(s) for 0 < s < 1.

To show that lim,, (Jzn((;)))l" =1 for 0 < s < 1, we first realize that

0 < [og 15(59))

= > rlos(1 4+ v9(f ()

j=n

= > ertoa(l 79 fuse ().
r=0

Secondly, g(0) = 0 and g is continuous since it is a power series. Observe that, for 0 < s < 1,
g(s) < Land 1 < 1+ ~g(frer(s)) < 1+~. Then, for 0 < s < 1, |74rlog(1 + vg(fasr(s)))] <
lr%log(l—{—y) forallnand ) 2, lr%log(l +7) = ﬁlog(l—{—’y) < o0. Since g and f are continuous
and ¢(0) =0, limnﬁoop%log(l +v9(fn+r(s))) = 0. Hence by dominated convergence theorem,

. ome R(s L =1
lin Plog ok =t 3 o (1 -+ 9(fr(5))
=0

n—00 n(s) n—oo

= >t rlor(l +79(fir(5))

fn(S)S*lnp7(1+l+.”+ln—1)

BT

Therefore, lim,,_, ( R(s) )ln =1 for 0 < s < 1. Hence, lim,,_s

Therefore,

1

fn(s) = plﬁ (plﬁsR(s))ln for large n.

Clearly, R(0) > 0. R is continuous on [0, 1] since it is a uniform limit of a sequence of con-

tinuous functions {R,}22; on [0,1]. Below we see that R(s) satisfies the functional equation
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F(S)R(F(5)) = pi(sR(s))!, since

(1+79(f541(5))) 75T

—;

F)R(f(s)) = f(s)

<
Il
o

(1+79(fi(s))7

=

@
Il
—

= f(s)

= s'p(1 +v9(s) [T (1 + 79 fils)F

3

1

-
Il

o0

= s JL +v9(f5(9))

§=0
On the other hand,

1

(1+yg(f(s)) 7]

8

pi(sR(s))" = pis'|
=0

<
Il

(1+79(f;()) V.

—

I
o

l
= Dpis
J

We now show that solution to the functional equation is unique. Let R! and R? be two such

solutions. Then they are continuous on [0, 1] and are both positive at 0. Define r(s) = gfgzg for

0 < s < 1. Then r is continuous on [0, 1] and by plugging it into the functional equation, we
have 7(f(s)) = (r(s))! and hence by iterating, for 0 < s < 1,

rs) = (r(fe)1
= (D!
= (r(fals))?
= (r(fals))™.
Since r is continuous at 0, limy, oo (frn(s)) = 7(0) > 0 and hence r(s) = lim, 0o 7(s) =
limn%oo(r(fn(s)))%" =1 for 0 < s < 1. Since r is continuous at 1 and r(17) = 1, we have

r(1) = 1. Therefore, R'(s) = R?(s) for 0 < s < 1. This proves the uniqueness.

O
Note that in general we allow the probability generating function f(s) to be defined on [0, c0).
Besides the probability generating function f(s), its inverse function g(s) for 0 < s < oo, is
quite useful in the analysis of a Galton-Watson branching process. Notice that the n-th repeated
self-composition g,(s) of g(s) is the inverse function of f,(s) for all n. In particular, go(s) = s

because fo(s) = s. Since gn(s) is the inverse function of f,(s) for all n, the properties of g,(s)
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could be inferred from f,(s). Let so > 1 be such that f(s9) < co. The following are some of the
properties of g,(s):

(1) g is strictly concave and monotone increasing.
(2) g(po) =0 and g(1) = 1.
(3) If m <1, f(s) >sfor 0 <s<1.

(4) If m > 1, then g(s) > sfor ¢ < s <1 and g(s) = sfor s =qgor s =1 and g(s) < s for
0<s<gand1<s< f(so) if f(s0) < 0.

(5) gn(s)T1lasn —ooforg<s<landgy(s)llasn—ooforl<s< f(sg)if f(sog) < 0.

Assume that py = 0 and that f(sg) < oo for some sy > 1. Define

Qn(s) = m"(gn(s) = 1) for 1 <s < f(s0). (2.11)

The next theorem indicates that the rate of convergence of {g,}5°, is geometric, which makes

sense since that of {f,}>2 is also geometric.

Theorem 2.4 Assume that po = 0 and that f(sg) < oo for some sy > 1. Then

Qn(s) L Q(s) asn — oo forl<s< f(sp),

where Q(s) 1s the unique solution of the functional equation

Q(f(s)) =mQ(s) for1<s< f(so)

with 0 < Q(s) < 0o for 1 < s < f(s0), Q(1) =0, and Q'(1) = 1.
Proof. Fix s in [1, f(so)]. Since ¢'(1) = m = L1 and by the chain rule, the derivative of

Qn(s) could be expressed as
Qn(s) = m"gy(s)
= m"g (gn-1(5))9" (gn-2(5))d (gn-3(5)) - - ¢'(s)
n—1
= [Imd'(9(9) (2.12)
=0
n—1

= J[{t+mlg'(g;(s)) — g (V)]}.

Jj=0
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Recall that in the proof of proposition 2.2, we mention that a result on infinite products says
that if the series ) 72, |a;| is convergent, then the infinite products [[;Z; (1 + a;) is convergent,
i.e., [152,(1 + a;) # 0 < co. Thus, now we want to show that 32 [m[g'(gj(s)) — ¢'(1)]] < o0
because this implies that Q'(s) = limy, 00 Q5,(s) = [[[Zo{1 +m[g(g;(s)) — ¢'(1)]} is finite and

non-zero.

Let € > 0 be such that 1 < 14+ € < f(sp) and that 5 = ¢'(1 + €) < 1. Choose jy to be
such that g;(s) < 1+ € for all j > jo. By mean value theorem,

19'(95+40 (s)) = g'(D)]
|95+40 (8) = 1]

<lg"(d+e),
e, [9'(g54o(5)) — 9" (D] < 19" (1 + )llgjo (s) — 1.

Using mean value theorem again,

|95440(8) — 1] _ 9j+40(8) = Gji+io (1)]
|9j+jo—1(s) — 1] |9j4jo—1(8) = Gjtjo—1(1)]
_ 19(gj+jo—1(8)) = 9(gj+jo—1(1))|
|9j+70—1(8) = Gjt+jo—1(1)]
< |g(1+e)

= b

Le., [gjtjo(s) = 1| < Blgjrjo-1(s) = 1|. Thus, |g'(g;+5(s)) — ' (D] < [g" (1 + €)|8|gj150-1(s) — 1.
Similarly,

19/ (9j450(5)) — g (D] < |g"A+ A1 +€—1]
= elg"(1+e)p.

Thus,

Y 19 (gj+io () =g (W] < eg"(T+e) Y p
7=0

J=0

1
= (149l

< 0.
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Therefore,

Jo—1 =)
Z mlg’ —d I = m{Y_19'(g;(s) =g W)+ Y 1d'(g;(s)) =g DI}
J=0 J=jo
< oQ.
This implies that
lim Q) (s) =Q'(s) #0 < oo for 1 <s< f(s0). (2.13)

Note that
Q(s )—/ Q'(t)ydt for 1< s < f(so).

Since Q,(1) =0,
Qu(s) = Quls) — Qull) = / QL (t)dt.

Note that since ;(f))) <1forl<s< f(s),

~ 7 (g;(1))

(1)

<1 for1<t< f(sp) and for all n.

Hence by dominated convergence theorem,

Jim Qn(s) = Jim . Qy, (t)dt
= /1 SnlLH;O Q) (t)dt
= SQ’(t)dt
= 6?1(8)*(2(1)
= Q(s).

In fact, Qn(s) | Q(s) as n — oo for 1 < s < f(sp). This can be seen from the fact that

g/;%s)) < 1lforl < s < f(so) Hence, Q',(s) = H;‘_& glfﬁéi)) is non-increasing in n for

1 < s < f(s0). Consequently, Qn(s =/ Q' (t)dt is non-increasing in n for 1 < s < f(sg).

Since Qn(s) L Q(s) as n — oo for 1 < s < f(sg) and Q,(s) < oo for all n, Q(s) < oo for
1 < s < f(sp). Notice that Q(s) > 0 for 1 < s < f(sg) because Q(s = [ Q'(t)dt and Q(t) >

for 1 <t < f(s0). Since Q'(s) = lim, 00 @, (5) = [T720{1 +mlg (g]( )) g'(1)]}, it is clear
that Q'(1) =1
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Note that we have

Qn(f(s)) = m"(gn(f(s)) —1)
= mn(gnfl(s) - 1)
= mQn_1(s).
Thus, lim, e Qn(f(5)) = lim,_eo mQn_1(s) and hence Q(f(s)) = mQ(s). To prove unique-

ness, we assume that Q'(s) and Q?(s) are two of such solutions. Then by iterating and by the

triangle inequality,

_ Qupals 1 $)) — O2 s
= ils) — 1@ (9n(s)) = @7(gn(s))]
_ A Q" (9n(s)) — Q*(gn(s))
A Te s
5 Q' (gn(s)) _ @(ga(s))
= Gl -1 e -1

% = limg 41 Q;Z_(i) = lims_,l((:?i)’(s) = 1 by L’Hopital’s Rule rule, we have,

by taking limits on both sides of the inequality above,

Since lim,,— oo

Q' (f(s) = Q*(f(5))| =0 for 1 <5 < f(s0).

Hence, G1(f(s)) = G3(f(s)) for 1 < s < f(s0). Consequently, O'(s) = G2(s) for 1 < s < f(s0).
Therefore, Q(s) is the unique solution of the functional equation

Q(f(s)) =mQ(s) for 1 <5< f(s0)-
O

The following two theorems regarding limiting behavior of { Z,, }2° , are well-known and essential

in our study. The first is about the ratio of successive population sizes of generations.

Theorem 2.5 Assume that pg = 0 and m < co. Then lim,_ o ZZL’l = m almost surely.
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Proof. Let {X;}*_, denote i.i.d. copies of Z; with a finite mean m < co. Then by the branching
property

Z
Zn+1 1 &
= — E X;.
Zn Zn i=1

Notice that since pg = 0, Z,, # 0 for all n € N and lim,_,o, Z, = co almost surely. By law of

large numbers,
Z
1 n
lim — ; = 1 ly.
Jim. Z ;XZ m  almost surely

a

Define W,, = %,n = 0,1,2,- - -. Then the following theorem is a result on convergence of
{Wn}no-

Theorem 2.6 Assume thatm < co. Let {F, }°2, be the filtration where F,, = 0(Zy, Z1,- -+ , Zy)
for all n € IN. Then {W,}2, is a non-negative martingale with respect to {F,}22,. Conse-
quently, by the martingale convergence theorem, there exists some random vartable W such that

limy, 00 Wy, = W almost surely.

Proof. It is clear that by branching property

Zn
E(Zn1lZn) = E(Z Xil|Zn)
i=1

= Z,E(Xy)

= mJZ, almost surely.

Since {Z,,}72 is a Markov chain, so is {W,, }22,. Therefore, by conditioning and induction, we

have

E(ZnilZn, Zn-1,-++ s 20) = E(Znik)|Zn)
= BE(E(Zntk|Znyk—1,Zntk—2, s Zn)|Zn)
= E(E(Znik|Znik-112n)

= E(mZyik-1|Zy)

= mE(Znik-1|Zn)

= mFz, foralln,k=0,1,2,---

Dividing both sides by m"™** we get

k
m~ Ly,
mn+k ’

Zntk
E(mZJrk‘Z”’Z"—lv ey Zo) =
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ie, EWniklZn, Zn-1,---,2Zy) = Wy. We obtain E(W,4x|W,, Wy_1,--- ,Wp) = W, since
EWpik|Zn, Zn-1,--+ ,2Z0) = EWpig|Wn, Wpn_1. Clearly, E(|W,|) < oo for all n and W,
is F,-measurable for all n since Z,, is. Therefore, {W,}22, is a martingale with respect to
{Fn},. It is obvious that W, > 0 for all n. Since {W,,}7°, is a non-negative martingale, by
the martingale convergence theorem, it converges to some random variable W almost surely.
O

2.4 Motivations

In the present study, we consider a randomly indexed branching process, an extension of the
classical Galton-Watson branching process in which the subordinator is a Poisson process, pro-
posed by Epps in [14]. In his work, the model with four particular mixture offspring distributions
was applied to study the evolution of stock prices. The statistical investigation on various es-
timates and some parameters of the process were done in [13], which indicated this process is
a particular case of the branching process in a random environment of i.i.d. type. Recently,
this randomly indexed branching process has been brought to attention in both theoretical and
applied sense. On theoretical side, [27] and [26] considered a critical branching process subor-
dinated by a general renewal process. They investigated the probability of non-extinction, the
asymptotic behavior of the moments, and also limiting distributions under normalization. In
a more applied direction, [25] derived a formula for the fair price of an European call option
based on modeling the underlying stock price by this process with a Poisson subordinator and
with a geometric offspring distribution. Later on, a formula for the fair price of an up-and-out

call option, a particular form of a barrier option, was derived in [28].

In this study, we investigate a large deviation rate concerning an interesting quantity - the
ratio of successive generation sizes Z,1/Z,. As pointed out in [1], viewed from a statistical
inference pint of view, this ratio is a reasonable estimate of the expected number of children of
each individual. Hence, it is meaningful to study the asymptotic behavior of its deviation from
m. Athreya has intensely studied this aspect for various Galton-Watson branching processes
(See [1], [5], [6], and [7]). In [1], he considered a super-critical Galton-Watson branching process
with the probability of giving no birth being zero. Under some finite moment hypothesis, it
was shown that the rate of decay of large deviation probabilities is geometric if the probability
of having one child is positive and is super-geometric, if the probability of having one child is
zero. Other than the ratio of successive generation sizes, two related quantities were studied.
One is the ratio conditioned on the limiting random variable W of a sequence of normalized
population sizes % being non-degenerate at zero. The other is the difference between the as-

sociated martingale sequence % and this limiting random variable W to which the sequence
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converges. The results showed that the rates of decay of the large deviation probabilities are
super-geometric for these two quantities. In [6], Athreya and Vidyashankar generalized these

results to a multi-type case. In [5], they extended these results to the critical scenario.

A natural question may be: would these large deviation results still hold for continuous-time
Markov branching processes? A useful tool for studying continuous-time Markov branching pro-
cesses is Kingman’s theorem in [23]. All results for a Galton-Watson branching process carry
over to continuous-time Markov branching processes by Kingman’s theorem. Since these large
deviation results were obtained in a Galton-Watson branching process, they should hold for a

continuous-time Markov branching process.

Then what is the point to study these large deviation results for a randomly indexed branching
process? For one thing, in a randomly indexed branching process, all individuals existing in
a given generation have the same life span and simultaneously give births to their children.
That is, for individuals in a given generation the numbers of their children are independent of
each other while the lifetimes are not. However, in a continuous-time Markov branching pro-
cess, both the lifetime and the number of children of each individual are independent. Thus,
a randomly indexed branching process lives in continuous time and evolves synchronously. It
is this characteristic which makes this process a bridge of a Galton-Watson branching process
and a continuous-time Markov branching process and allows us to study synchronic evolution
in a continuous-time set-up. What is more, there is no such handy device as Kingman’s the-
orem carrying over the results on a Galton-Watson branching process to a randomly indexed
branching process. Thus, they are not done by using Kingman’s theorem. One final point is that
there is no study that has ever tried to investigate a large deviation dynamic on a randomly
indexed branching process. Therefore, this study contributes to the literature of randomly in-

dexed branching processes in that the large deviation behavior is explored for the first time.

Our main target is the ratio of the successive generation sizes of a randomly indexed branching
process subordinated by a Poisson process. The branching process in this study is assumed to
be super-critical with either trivial or non-trivial probability of giving no birth. This setting
generalizes the model considered in [1]. We mainly deal with the ratio of successive generation
sizes. Under a moment condition, we examine this behavior from three perspectives. First, for
the unconditional case (Theorem 4.1), the rate of decay is exponential. Second, for the case
conditioned on the present generation being non-extinct (Theorem 4.2), the rate of decay is
also exponential with the limit different from that of the unconditional case. Third, for the
case conditioned on the next generation being non-extinct (Theorem 4.3), the rate of decay

is still exponential with the limit different from the limit in Theorem 4.2. It is worth men-
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tioning that the limit in the third case is less than or equal to that of the second case. The
result of this comparison is in agreement with our intuition since conditioned on the future
generation being non-extinct implies the current generation being non-extinct and hence the
process survives longer. Consequently, by law of large numbers, the deviation from the mean
should be smaller when conditioned on the next generation being non-extinct. Furthermore,
under certain conditions weaker than the moment condition assumed in the first three the-
orems, the result of Theorem 4.1 is obtained in Theorem 4.4 and Corollary 4.1. In order to
prove Theorem 4.6, we build a finite uniform exponential moment result for a martingale in
Theorem 4.5. In Theorem 4.6, we obtain a super-exponential decay rate for the martingale used
in Theorem 4.5. Under the same moment condition used in the first three theorems, Theorem
4.7 shows that the rate of decay of the ratio conditioned on the limiting random variable of a
sequence of normalized population sizes being non-degenerate at zero is super-exponential no
matter whether the probability of having one child is zero or not. In addition to these main
theorems, we also obtain some limit results on a randomly indexed branching process. Limit
theorems about the probability generating function and other related function are established
u'(1)

in proposition 3.1 to proposition 3.3; limit results related to two martingales, {e~* )t Z N(#) }t20

and {Z N(t)m*N (t)}tzo, are established in proposition 3.4 and proposition 3.5.

We present a summary of the present study. Chapter 3 investigates some limit results on
a Poisson randomly indexed branching process and provides preliminary lemmas as well as
propositions needed to establish the theorems in the next chapter. Chapter 4 is devoted to a
large deviation behavior of the process. The main result of this study is Theorem 4.2, which is
included in chapter 4. Applications of our results to finance and physics are explored in chapter

5. Chapter 6 gives the conclusion of this study and outlines the directions of future research.
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Chapter 3

Limit Theorems about Poisson
Randomly Indexed Branching

Processes

In this chapter, we first define a Poisson randomly indexed branching process and then prove
some propositions concerning the asymptotic behavior of a Poisson randomly indexed branch-

ing process. These results are the building blocks for our theorems in the next chapter.

Let {Z,}22, and {N(t)};>0 be two independent stochastic processes on the same probabil-
ity space (2, F, P) with the following characters (1) and (2).

(1) {Z,}22, is a Galton-Watson branching process with an offspring distribution {p;}3°, and
hence for each n € IN, the probability generating function (p.g.f.) of Z,, is f,(s) = E(s%")
for |s| < 1, which is the n-fold iteration of f(s) = E(s%1) = Y22, pis’, |s| < 1, the p.g.f. of
Z1. Throughout the first part of the study, we assume that our branching process starts
from one ancestor, i.e., Zy = 1 a.s., and that it is super-critical with a finite mean, i.e.,

l<m=>372pii < o0.

(2) {N(t)}t>0 is a Poisson process with intensity A. Hence, N(0) = 0 and lim;_, N(t) = 0o

a.s..

Definition 3.1 The continuous time process {Zy)}ti>0 is called a Poisson randomly indezed
branching process (PRIBP).

Remark 3.1 PRIBP is a continuous time Markov chain. Let Fx(s,t) := E(s?N®) be the p.g.f.
of Zn)- Define u(s) := A(f(s) — s). Taking partial derivative of Fy(s,t) with respect to s at
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s =1 gives the expectation of Zy . In other words,

E(ZN(t)) = %[FN(Sat)Hs:1

0
- % [E(SZN<t) )] ‘571

= I pePev =),
n=0

= > L@ PN =)

n=0
= > m"P(N(t) =n)
n=0

= EmM®)

where the interchange of summation and differentiation is justified by the uniform convergence

of the series.

Lemma 3.1 below provides a useful device for bridging some asymptotic results from ordinarily
indexed stochastic processes to those for randomly indexed stochastic processes. Note that the
subordinators are commonly taken to be counting processes but not necessarily. Thus, if we
want to investigate the limiting behavior for a randomly indexed stochastic process, then we can
study the limiting behavior for an ordinarily indexed stochastic process. Lemma 3.2 indicates
that if an ordinarily indexed stochastic process is a martingale, then the corresponding randomly

indexed process is also martingales.

Lemma 3.1 Let {Y,}22, be a sequence of random variables and {M (t)}+>0 be a non-negative
integer-valued process that is independent of {Y;,}°°, with limy_,oc M (t) = 0o a.s.. Assume that

limy, 00 Y, =Y a.s. for some random variable Y. Then limy_, o YM(t) =Y a.s..

Proof. Let A = {w : limy_,oo M(t,w) = o0}, B = {w : limy, 00 Yy (w) = Y(w)}, and C =
{w : limyy00 Yasw)(w) = Y(w)}. By the assumptions, P(A) =1 = P(B). Since AN B C C,
P(C) > P(AN B) = 1. Therefore, P(C) = 1, i.e., limy_,00 Yy = Y as..

(|

Lemma 3.2 Let {Y,,}’2, be a martingale with respect to the filtration {F,}>2, where Fy, =

o(Yi;m < n). Let {M(t) }+>0 be an increasing, non-negative integer-valued process independent
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of {Yulnzo- Let G = o(M(s),Yar(s); s < t), i.e., the filtration generated by M(-) and Yyr.y up
to time t. Assume that E|Yy )| < 0o for all t. Then {Yy)}i>0 is a martingale with respect to

{Gt}>0-

Proof. Let A = {M;, = mo, My, = my, ... , My, = my} and B = {Y,,, € Bo, Y, € By, ...,
Yon, € By}, where B; is a Borel set for i and ¢, = t. We need to show that E(YM(t+S)|gt) = Yumm
for any s > 0. This is equivalent to show that [, Yar45)dP = [4np YarydP. First, let us see
that

Y dP = E(1inlimYass))
ANB

I
M8

E(L s (49)=} )

.

Me Y [s L

E(LayLmyias(ers)=iY5)

J k

E(L i arre)=5) E(13Y))

Jj2mg
since 1{A}1{M(t+s):j} 1 l{B}Y}. In addition,

e}

> Bl lmass—3) E(1isyY5)
Jj=my

= Y E(Lay et =ip) E(LimyYom,)

Jj=my
o0

= Y E(Laylress)=iy sy Ym,)

Jj=my

since 1{A}1{M(t+s):j} 1 1{B}Ym;¢' MOl"eOVGI‘,

o0

> By astss)=y Liny Yy

jzmy
o

= Y E(aylpnees =i Yum)

j>my
= E(11lisYue)

= Yar(dP.
ANB

Therefore, {Ya() }1>0 is a martingale with respect to {G;}i>0.
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O
As the key for studying asymptotic behavior of a Galton-Watson branching process is the
p.g.f. fu(s) = E(s%"), the key for that of a randomly indexed branching process (RIBP) is
Fn(s,t) = E(s?N®). Proposition 3.1 shows that the convergence of Fiy (s, t) to q ,the probability
of extinction, as t — oo, for 0 < s < 1. Proposition 3.2 indicates an exponential rate of

convergence to a power series satisfying a functional equation.

Proposition 3.1 lim; o Fn(s,t) =¢q for all 0 < s < 1.

Remark 3.2 In particular, if po = 0, then ¢ = 0, and hence lim;_,o Fn(s,t) = 0 for all
0<s<1.

Proof. First, let us note that

Fn(s,t) = E(sZN(f>)
= E[E[s?NO|N(t)]]

= Y Bls"0|N(t) = n]P(N(t) = n)
n=0
= ) E(s")P(N(t) = n)
n=0
— 3 S PIN() = n)
n=0
= E(fnw(s))-
Since limy, 00 frn(s) = ¢ for all 0 < s < 1, it is clear that lim; o fy()(s) = ¢ a.s. for all
0 < s < 1. Since |fy(s)] < 1 forall 0 < s < 1 forall t and limy,o N(t) = 00 ass., by

dominated convergence theorem, we have

lim Fy(s,t) = lim E(fy)(s))
= E(9)

Proposition 3.2 Assume that m # 1. If pg # 0, then

lim e ¥ @O Fy(s,t) — q] = Q(s) = qusk <oo forall0<s<1.

t—o00
k=0
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Moreover, Q(s) is the unique solution of the functional equation,

Q(f(s) = f(@Q(s) forall0<s<1.

Remark 3.3 In particular, if po = 0 and p1 # 0, then limy_, e*)‘(plfl)tFN(s,t)
S Grst < oo for all 0 < s < 1. Moreover, Q(s) is the unique solution of Q(f(s)) =
for all 0 < s < 1.

\_/

= Q(s
p1 ()

Proof. Define A(s,t) := e @[ Fy(s,t) — ¢] = e ¥ DE (fn@)(8)) — q]. Then

%A<s 0= 2By - )

— eu’(q)ti{[z fu(s)P(N(t) = n)] — q}
n=0
_ e—u/(Q)t%[Z fn(s)P(N(t) =n)]
n=0

@y %[ Fal(s)PIN(t) = n)],
n=0

where the interchange of derivative and summation is justified by the uniform convergence of

the series as the following argument shows.

We want to show that limj o Supecpo 1) | Soso fu()P(N(t) = n) — Sk _o fa(s)P(N(t) =
n)| = 0. Note that 0 < sup,ejo1)| oo fa()P(N(8) = n) — Sn_g fals)P(N(t) = n)| =
SUPse[0,1) Zi‘;kﬂ fu(s)P(N(t) = n) < Eff:kﬂ P(N(t) = n) and limy_, Zn k+1 P(N(t) =
n) = 0 since it is the tail of the convergent series 2 P(N(t) =n) = 1.

Now let us see that

e 2 2 (a1 POV (1) = )] = e " g%P(N(t) —n) H0 F(£(s)
_ ey SO0 g
n=0 ) j=0
_ g e—/\f’(Q)th)!\f'(Q)t)" , (f/(lq))n :i—[: 0
- ngwqm - I%W
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where N(f'(q)t)) is a Poisson distributed random variable with parameter \f’(g)t. Recall the
definition of @, (s) in (2.4). Define V,,(s) := Qn(s) + C for some constant C' € R for s € [0, 1).
Then V) (s) = Q),(s) which is expressed in (2.6). We note that

S P(N(f ()t H e ZP — )V(s)
n=0
= E[Vi(sqen (9]

This yields 8@14(3 t) = [V](,(f,( )t))( s)] for 0 < s < 1. Recall that we have the result (2.7).

Hence this gives lim;_, QN ( ) = Q'(s) a.s. for 0 < s < 1. Therefore, for 0 < s < 1,

0 :
lim —A(s, t) = hm E[V](,(f,(q)t))(s)]

t—o00 83
= E[lim Vy (g0 (5)]
= E[V'(s)]
=V'(s).

Note that the interchange of the limit and the expectation is legitimate due to dominated
convergence theorem. Since f’ is increasing in s, f'(f;(s)) < f/'(q) for 0 < s < g and f'(f;(s)) >
f'(q) for ¢ < s < 1. Consequently, V/(s) = Q,(s) <1for 0 < s <gand V) (s) = Q. (s) < Q'(s)

for ¢ < s < 1. Let
1 if 0 <s<q,
P(s) =
Q'(s) ifg<s<l.

Then VN(f'( Y ))( s) < 9(s) a.s. for all ¢ > 0. Also note that E[y(s)] = E(1) = 1 < oo for
0 <s<gqand E[t(s)] = FIQ'(s)] = Q'(s) < oo for ¢ < s < 1 and thus E[(s)] < oo for all

0<s<1.

Since limp 00 Qn(s) = Q(s) = S50 qs® # 0 for 0 < s < 1, Q(q) = 0. Notice that
limy, 00 Vi (s) = limy00[@Qn(s) + C] = Q(s) + C = V(s). Since A(s,t) = A(s,t) — A(q,t) =

qu %A(v, t) dv, by an argument of dominated convergence similar to the above argument, we
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can see

limy,o0 A(s,t) = lim/ QA(v,t)dv

t—o00 q (o

:/ lim 2A(v,t)dv
q

t—oo Ov

/S V'(v) dv
—V(s) - V(q)

Therefore,

. —u/(g)t o _ _ k

tlggoe D Fn(s,t) q]—Q(s)—;oqks <oo for 0<s<1.

The proof of Q(s) being the unique solution of Q(f(s)) = f'(¢q)Q(s) for 0 < s < 1 is proved in
Theorem 2.1.

Notice that when py = 0, we need the condition that p; # 0. Since if pg = 0, then ¢ = 0,
and hence f’(q) = f'(0) = p1. Thus, if pg = 0 and p; = 0, then f'(q) = f'(0) = p1 = 0, and
hence @, and @/, are undefined. In this case, the proof follows the similar lines as that in the
case of py # 0.

O
Let g(s) be the inverse function of f(s). Thus, the n-fold iteration g,(s) of g(s) is [fn(s)]™ .

Proposition 3.3 shows that E(gy()(s)) converges at an exponential rate as t — oco.

Proposition 3.3 Assume that f(s1) < oo for some sy > 1. Let

QN(t)(S) = ek(l_gl(l))t[E(gN(t)(S)) —1].

Then for 1 < s < f(s1),
Blgn(s) L1 ast = o

Moreover,

lm Qny(s) = Q(s),

t—o0
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where Q(S) 1s the unique solution of the functional equation,
Q(f(s) =mQ(s) forl<s< f(s1)

with 0 < Q(s) < oo for 1 < s < f(s1) with Q(1) =0 and Q'(1) =

Proof. Since g,(s) | Lasn — oofor 1 < s < f(s1), gy (s) L Last — ooas. for 1 <s < f(s1).

Hence, E[gN(t)(s)] llast — ooforl <s < f(s;)by dominated convergence theorem, because
lgn(s)| < sfor 1 < s < f(s1) forallt >0 and E(s) = s < oo and gy((s) 4 1 as t — oo as.
for 1 < s < f(s1).

Define B(s,t) := e*179 UDt[E(gN(t)(s)) —1] = e’\(l_i)t[E(gN(t)(s)) — 1]. Then it follows that

2 B(s,) = A0 Zgn =) -1}
= emfﬂa[z gn(s)P(N () = n)]
n=0

= A0S D () PN(E) = m),
n=0

where the interchange of derivative and summation is justified by the uniform convergence of

the series as the following argument shows.

We want to show that limy e supsepo 1) |2 neg fa(s)P(N(t) = n) — ZI:L:(] fn(s)P(N(t) =

n)| = 0. Note that 0 < supe( s, | o gn()P(N () = n) = Soh_g gn(s) P(N(t) = n)| =
SUDe(0,1) 2nekt1 In(8) PN () =n) = 3202 111 gn(f(51))P(N(t) = n) since g, is an increasing
function of s. It is clear that Z,zo:kﬂ gn(f(51))P(N(t) =n) < Zn:k—i—l gk+1(f(s1))P(N(t) =n)

since g (s) is decreasing in n for s > 1. Hence

k
hm sup | an =n)— an(S)P(N(t) =n)|
k—o0 SE 0 1 n—0 n=0
< lm Y gea(f) POV =)
n=k+1
= lim ge(f(s1)) lim > P(N(t)=n)
n=k+1

= 0,
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because limg o0 gr41(f(s1)) = 1 and limy_,o0 > 2, P(N(t) = n) = 0. Therefore, we have

the uniform convergence. Now we see that

. 00 n—1
A=) 2} i[gn(s)P(N(t) =n)] = At E:OP(N(t) =n) l_Iogl(gj<3>)
n— n= J=
1 > efAt n 2l
= 20y O T g, )
n=0 ) Jj=0
-1

n=0 J=0
00 n—1

- ZP(N(Et) =n) | | mg'(g;(s))
n=0 J=0

where N (-1t) is a Poisson random variable with parameter -1 At. Recall the definition of Qn(s) in
(2.11). Define V,(s) := Qn(s)+C for some constant C' € R for s € [1, f(s1)]. Then V/(s) = Q',(s)
which is expressed in (2.12). We note that

ZP(N( ng (g5(s ZP =n)V/n(s)
n=0

This yields %B(s,t) = E[V’N(

Hence this yields lim;_, o ng(%t) (s)

t)(s)] for 1 > s < f(s1). Recall that we have the result (2.13).
= Q'(s) a.s. for 1 < s < f(s1). Therefore, for 1 < s < f(s1),

1
m

lim QB(S t) = lim E[V’( )( s)]

t—oo 08 t—o00
= Bljim V51 (o)
= E[V'(s)]
=V'(s).

Note that the interchange of the limit and the expectation is justified by dominated con-
vergence theorem. Since gj( ) > 1 for s > 1 and g; increasing in s and ¢’ is decreasing
in s, ¢'(g;(s)) < ¢(1) = L and hence [[5= oy mg (gj(s)) < [T Olm— 1. Also note that
E(1) =1 < oo. Therefore, \V&(Et)( s)| <1as. for s >1 forall t > 0.

From Theorem 2.4, we know that Q(1) = 0, Q'(1) = 1, and Q(s) is the unique solution of the



functional equation Q(f(s)) = mQ(s) for 1 < s < f(s1) with 0 < Q(s) < oo for 1 < s < f(s1).

Notice that lim,, o0 Vi () = limy,00[Qn(s) + C] = Q(s) + C = V(s). Since B(s,t) = B(s,t) —
fls 9 B(v,t) dv, by an argument of dominated convergence similar to the above argu-

ment, we get

S

limy,oo B(s,t) = tlim gB(v, t)dv

Therefore,
lim A7 O [B(gy () — 1] = Qs) for 1< s< f(s1).

=00

O
Let W), := % Recall that {W,,}9°, is a non-negative martingale and hence converges a.s. to a
random variable W. When we deal with the RIBP, we can consider tow analogues results. First
of all, let Wy = e~ Wty N()- It is worth mentioning that this quantity is essential when
applying RIBP to option pricing because it enables us to identify the equivalent martingale
measure. Proposition 3.4 shows that it is a martingale and a proof can be found in [28]. On the
other hand, let Wy, Nt T = Znpm —N(®_ Proposition 3.5 indicates that it is a martingale and a

proof can be found in [36]. We provide these two martingale results for completeness.

Proposition 3.4 Let Gy = o(N(s), Wi(s); s < t). Then {Wn ) b0 where Wiy = e_“/(l)tZN(t)

is a non-negative martingale with respect to the filtration {G:}i+>0 and
lim Wy = W' a.s..
t—o0
Proof. Let t > 0 and v > 0. We need to show that
E(e—u’(l)( )ZN(t+ yle (1)t ZN(t)) — /(l)tZN(t)-
This is equivalent to show that

E(Zn@so | Znw) = V" Zyg
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because we know that
E(em Wz 00 e W Zx ) = BE(em W 200 o | Zne)

and because
E(Zn(ti0) | Zny) = €“ D Zy sy

is equivalent to
E(€7UI(1)(t+U)ZN(t+v) | Znw) = 67“/(1)tZN(t).

Recall that for a Poisson process { N (t) }+>0, N (t+v)—N(t) and N (v) have the same distribution.

(7)
Let ZN(t)fN(U)

t which are alive at time ¢ + v. We can see that

denote the number of offspring of the j-th of the Zx ;) particles existing at time

ZN(t)

E(Znusw)Znw) = E( Z Z](éth)_N(tﬂZN(t))
j=1

ZN(t) ‘
= E(Y 2, Zxw)
j=1

ZN(t)

Jj=1

= ZnwE(Znw)
_ Ze .
Therefore, {Wy () }i>0 is a martingale with respect to {G;};>0. Clearly, {Wy) }i>0 is non-
negative for all t. Since {Wy }e>o0 is a non-negative martingale, limg oo Wy = W' as.
exists by martingale convergence theorem.

O

—N()

Proposition 3.5 Let W]’(,(t) = Znmm . Then {W;\‘r(t)}tz() is a non-negative martingale

with respect to {G¢}i>0 and
lim W;:,(t) =W?* a.s. for some random variable W*.

t—o0

Furthermore, W* has the same distribution as W.
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Proof. Fix t > 0. It is clear that

EWxw) = E

= 1< o0

Since E‘W;{,(t)’ < oo for all ¢ > 0 and {W}}>2, is a martingale with respect to {F,}7,
{W]’{,(t)}tzo is a martingale with respect to {G; }+>0 by Lemma 3.2. Clearly, W3 (1) is non-negative
for all t > 0. Since {WJ’\‘,(t)}tzg is a non-negative martingale, lim; o W;\‘,(t) = W* a.s. and the
random variable W* exists by martingale convergence theorem. Since lim, .o W, = W a.s.,
limy_y o0 W;:,(t) = W a.s. by lemma 3.1. Therefore, W* and W have the same distribution.

Od
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Chapter 4

Large Deviation Results on Poisson
Randomly Indexed Branching

Processes

We mainly consider the large deviation behavior for the ratio of successive generation sizes
ZN()+1/Z N deviating from the expected number of offspring m. Under a finite exponential
moment condition on the offspring distribution, when py = 0 and p; > 0, Theorem 4.1 shows

that the rate of decay is exponential.

Theorem 4.1 Assume that pg = 0 and p1 > 0. Assume that E(exp(apZy)) < oo for some
ag > 0. Then for any € > 0,

lim e*/\(Pl*l)tP(‘ ZN(t)""l
t—o0 ZN(t)

—m|>e) =Y ¢(k,e)g < o,

k=1
1 k
where  ¢(k,e) = P(‘E ZXi - m‘ > ¢) and {XYe | are i.i.d. copies of Z;.
=1
Proof. Let us see that

k k
d(k,e) < P(D_Xi>k(m+e))+P(D X;<k(m—e))
=1 i=1

— P(72§:1 X; > ,ch(m—&-a)) —i—P(ﬁZ?:lXi > Bk(m_g)),
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for some 1 < v < e and 0 < § < 1. In addition,

P(ZXi > Akmte)) 4 p(gEin Xi > ghm-e))
< E[f}/Zf:l Xi]fy*k(mJFE) 4 E[ﬁZf:l Xi] /B*k(m*E)

by Markov’s inequality. Moreover,

E hZf:l Xi} y~k(m+e) L B [52?:1 Xi]ﬁ—k’(m—&)
=[BT 4 [B(Y)] )

because of {Xi}le are i.i.d.. Furthermore,

[E(’}/Xi)]k’y_k(m+6 [ (BX )] B (m—e)
= [fo)r "N+ [f(8)p~
< 2[maz{f(v:)7: (m%)’f(ﬂa)ﬁsi(mie)}}k'

Notice that for each € > 0, there exists 1 < 7. < € and 0 < B. < 1 such that 0 <

e " < Tand 0 < £(8)8: "7 < 1. Define 6. == maz{f(1-)= ", £(8)8 ",
then ¢(k,e) < 2(5.)F. It is obvious that 0 < J. < 1. This can been seen from the Taylor
expansion of f about 1. Let us identify that

I N ZN(t)+1
P(’T(;—m‘>€) = ;P(‘ZN(:)_—W}>QZN@):]€)
o] ZN )

= P\—ZX m| > &) P(Zyq = k)
k=1

3

= ¢(k,€)P(ZN(t) = k)

=
—_

We need the following generalization of Lebesgue’s dominated convergence theorem (***) (See
p.270 in [30]):

Let {u,} be a sequence of measures that converges to a measure p on a measurable space.
Let {v,} and {u,} be two sequences of measurable functions that converge pointwise to v
and u, respectively. If |v,| < u, for all n € N and limy, oo [ updp, = [udp < oo, then
lim,, oo fvnd,un = fvd,u < 00.
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In order to apply (**%*), let us define hi(k) := e*)‘(plfl)tgb(k,e)P(ZN(t) = k) and r(k) =
2(5€)k6_)‘(p1_1)tP(ZN(t) = k). Then for each k > 1, h(k) < r(k) for all ¢t > 0. By remark 5.3,
it follows that

lim (k) = ¢(k,e) lim e MPVIP(Zy iy = k) = ¢(k,e)d,  and
—00

t—o0

lim (k) = 2(6£)k lim ef/\(plfl)tP(ZN(t) = k) = 2(55)’?%'

t—o00 t—o00
Since
> r(k) = 2PN ) P (Zy = k)
k=1 k=1

= 2PN (6, 1),

it follows, by remark 3.3, that

tlggo re(k) = 2Q(d:) < o0
k=1
Therefore, we have
k~
> limr(k) = 23 (5
k=1 k=1
= 2Q(d)
= lim ri(k) < oo
t—o0
k=1

Therefore, by (***),

o0

}H?o; hy(k) = ;tlggo he(k) = kz ok, €)dr < oo.

=1

It is clear that

. - . —A(p1—1)t —
Tim S m(k) = Jim Y ¢(k,e)P(Zy) = k)
k=1 k=1
A
— lim e—/\(pl—l)tp(‘M — m‘ > 5).
t—00 ZN(t)
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Therefore, we reach

Z o0
lim e APVt p (| ZNOFL 5 o(k,e)qr < oo.
t—o0 (‘ ZN(t) ‘ ;

O
Under the same finite exponential moment condition on the offspring distribution, when pg # 0

and conditional on Zy;) > 0, Theorem 4.2 shows that the rate of decay is also exponential.

Theorem 4.2 Assume that py # 0. Assume that E(exp(apZ1)) < oo for some oy > 0. Then
for any e > 0,

ZN(t)+1

Zk 1 go(k: 5) <
ZN(t)

lim e_“l(q)tP(’
1—¢q

t—o00

—m|>¢e|Zyw >0) =

where p(k,e) = P(}% Zle X; — m‘ > ).

Remark 4.1 Since X;’s in Theorem 4.2 have different offspring distributions as they have in
Theorem 4.1, we use the notations ¢(k,e) and ¢(k,¢e), respectively.

Proof. By the same estimate in Theorem 4.1, ¢(k, ) < 2(6.)¥. It is clear that

p(| 7

m|>e|Zyw > 0)

ZN(t
>e, J =k|Z y >0
kZ: ZN ) | € 4N(¢ } N(t )
_ Z (I3 m\ > e, Ing = k)

since {Zy) =k, Znw) > 0; k> 0} = {Zyy) = k; k> 1}. It is obvious that

< P(| 7305 —m| > ¢, Zy = k)

Z ZN@)
p P(Znw >0)
Z P85 —m| > 2| Zy = k) P(Zn) = k)
P(Zy@ > 0)
_ Z (‘EZ’L 1X~—m‘>6)P(ZN(t):k)
— P(Znw > 0)

=k, e)P(Zngy = k)
_; —P(Znwy =0)
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e—u' (@)t -
In order to apply (*¥**), let us define hy(k) := q1jf(”(€7ZEz3ziEig)(t) 2 and re(k) ==

e D12(5.)k P(Zy (1) =k)
I—P(Zn()=0)

. Then for each k > 1, hy(k) < ry(k) for all t > 0. Note that

P(ZN(t) =0) = Fn(0,1), (4.1)

a consequence of Fiy(-,t) being the probability generating function of Zy . By proposition 5.3,
proposition 3.1 and (4.1), we have
ok, o) limysoo e D P(Zygy = k) (k. e)q

i - - d
Jim he(F) limy o[l — P(Zyy = 0)] 1-¢ ™

—

(=)

. 2(00) % limy oo e DIP(Zyy = k) 2(5.)Fqy
lim ry(k) = . = :
{—oc0 lim; 01 = P(Zn ) = 0)] l—gq

Summing (k) over k,

> " 20—t ()t 0 N .
;Tt( )=1C P(Zy@ =0) ;< ) "P(Znw) = k)
2e_ul(q)t >
= 6V P(Znipy = k) — (0.)°P(Znipy =0
1_P(ZN(t):O)[kZO( V' P(Zn(y = k) — (8)"P(Zn ) = 0)]
2€_u/(q)t
= Fn(6-.t) — P(Z =0
2¢—u ()t

T= P(Zygy =0) V0~ AN(0.0]

Hence, in the limit, we have, by proposition 3.2, that

R . 2e v (9} (s r

2 {limt_wo e*“/(q)t[FN(ég, t) — q] — limy_, e*”/(q)t[FN(O, t) — q]}

2[Q(0:) — Q(0)]
1-¢q
_ 2[@(55) _QO] < o0
1-g¢
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Therefore,

=
g8
5
o
—~
=~
S—
Il
VS
NS
S—
[lw)
Eal

By (***), we have

. R R ek )
Jim S (k) = 3 Jim i) = HECAE <o

It is clear that

oo o0 —’U/(q)t ]{; P Z _ k
lim Y he(k) = lim € o(k,e)P(Znw = k)
t—o0 Pl t—o0 — 1-— P(ZN(t) — 0)

N ZN(t)+1
(Hn e (’ ZN(t) m‘ >5’ N(t) >0)
Therefore,
/ Z oo k
lim @ p(| N0 7y s 0) = 2= PR

t—o0 ZN(t) 1-— q

O
The motivation of Theorem 4.3 is to see the behavior of the consecutive generation ratio con-
ditioned on Zy;)4+1 > 0 instead of conditioned on Zy ;) investigated in Theorem 4.2. The rate

of decay in Theorem 4.3 is still exponential, however, the deviation from the mean is less than

or equal to that of Theorem 4.2.

Theorem 4.3 Assume that pg # 0 and that E(exp(apZ1)) < oo for some ag > 0. Then for

any € > 0,
lim e—u/(q)tp(‘m_m‘ >5‘Z >0)
Jim Znw N(t)+1
- Zi‘;l[wl(li,;)*p’é]qk <oo, if 0<e<m,
EEaphn o Joezm
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Proof. We already know that o(k,e) < 2(6:)* from Theorem 4.2. We can see that

p(|7p0n

o0

=D _P(

k=0

ZN(t) ’>€}ZN +1>0)

ZN(t) m| > e, Znw = k| Znws1 > 0),

since {ZN(t) =k, ZN(t) >0;k>0} = {ZN(t) =k; k > 1}. In addition,

< 7z
kZ:OPﬂgJST —m|>e Zng = k[ Znp > 0)

B i P(|7385 —m| > &, Zygy = k. Znsa > 0)
1 P(Zy(ty41 > 0)

L& P(FER —m| > 2| Zy = k. Iy > 0)P(Zy = k. Zy > 0)
B kzzl P<ZN(t)+1 >0)

&P —m| > 2| Zgy = ks Znayn > 0P (Znin > 0| Zuw = K)P(Zg = k)
B ;::1 P(ZN(t)—H >0)

_ o P(l% —m‘ > € ‘ ZN(t) =k, ZN(t)—H > 0)P(Z1 >0 ‘ Zy = k)P(ZN(t) = k)
-2 PZnon > 0) |

by the time homogeneity of the Markov chain {Z,} " ;. Moreover,

o P Zg;?:l m| >e| Znw =k, Znws1 > 0)P(Z1> 0| Zo = k) P(Zngy = k)
P(ZN(t)—H >0)
PIESF X —m|>e| 8, X > 0)P(Z1 > 0| Zo = k) P(Zyw = k)
P(ZN(ty41 > 0)
P(|g X, Xi—m| >, 30, X; > 0)P (ZN(t) k) P(2Z1 > 0|2 = k)
P21 Xi > 0)P(Zy(y 1 > 0)
PS5, Xi—m| > &, T8, X > 0)P(Zngy = F)
- P(Znw+1=0) '

(]2 1]

£
Il
—

NERINE

i
I

Let A := {|% Sk Xi—m| > a} and B := {Z,’f:l X > 0}. Here we consider two different

cases depending on the magnitude of ¢ relative to m.

Case 1: 0 < e < m.
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In this case, B¢ C A and hence AU B = 2, therefore,

k k
P(\%ZX,- —m|>e Y X;>0)
i=1 =1

=P(A)+ P(B)—1

k
=p(ke)+ P> _X;>0)-1
=1

k
=¢(k,e) = P> _X;=0)
=1

= o(k,e) — p§-
Case 2: e > m.
In this case, B¢ C A° and hence A C B and thus AN B = A, therefore,

k k
P(\% Y Xi—m|>e > X;>0) = P(A) = p(k,e).
=1 =1

Thus, the conditional probability,

ZN(t)+1

P(] —m|>e|Znw >0)

ZN(t)
i P(|3 Y Xi—m|>e, YL, Xi > 0)P(Znw = k)
P 1 - P(Znw+1 =0)
e le(k,e)—pEIP(Z N (1)=k)
k=1 1-P(Zn(t)+1=0)

o Pplke)P(Zny=k)
k=1 1*P(ZN(t)+1=0)

if 0<e<m,

if e>m.

Now we apply (***) and the rest of the proof follows similar lines as that of Thereom 4.2 and

hence we skip it here. Therefore, we reach

, Z
lim e @ P(| 2O ) > o | Zy e > 0)

t—o00 ZN(t)
o0 ok
Zk:l[‘pl(liv(j) P61k < o0 it 0<e<m,
Z’“:%(qk’g)qk < 00 if €>m.

O
In fact, the result in Theorem 4.1 can be attained by other conditions weaker than the finite

exponential moment condition. Theorem 4.4 and Corollary 4.1 serve for this purpose.
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Theorem 4.4 Assume that po = 0 and p1 > 0. Assume that there ezist constant n > 0 and
C. > 0 such that pym" > 1 and ¢(k,e) < % for each k. Then the result of Theorem 4.1 holds.

Remark 4.2 The condition in this theorem is actually weaker than the finite exponential mo-
ment condition. Recall that if we have the finite exponential moment condition then we have
a Chernoff type bound (an exponential upper bound), i.e., ¢p(k,e) < De~ KIE) for some positive
constant D and some positive function I. On the other hand, the condition in this theorem is

merely a polynomial upper bound.

Proof. Let fy ) (k) := e PV (k, &) P(Zy(yy = k) and Ry (k) := e M-t CC P74y =
k). Since ¢(k,e) < % by the assumption, hy)(k) < hﬁ\,(t)(k‘). By equation (5.1) in re-
mark 5.3, we have lim; oo hy( (k) = Geo(k,e) = h(k) and lim; o th(t)(k) = @k%- Thus,
P(‘ZZ%?;1 —m| >e) =30, 8k, e)P(Znwy = k) = ooy hvgey(k)erPr =D If we show that
lmy o0 D gy th(t)(k) =y cjk% < 00, then, by (¥**), we obtain

lim ef)\(mfl)tp(‘ ZN()+1
t—o00 ZN(t)

—m} > 6) = lim ZhN(t)(k)

1 (o)
EY™") = E(w i e V11 dt)
1 (o)
= — E(e ™= g,
T P

where I' is the gamma function. We proceed to

1)

an AP VP Zy oy = k)

— —A(pl 1)tE(ZN(t))
1

_ > —)\(P1—1)tF —v 4 n—ld
— e e Ut v
L'(n) /0 W)
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by the above recall. Moreover,
oo
— / e APty (e e do
0

I 1” /16 )‘(pl 1)t
Fn(s,t)k(s)ds,

by letting k(s) := M Therefore, we obtain
A(p1—1)t - LA
PPV B(Z3g) = [ e (s n(s) ds. (4.2)

Recall that limy oo e APVt FN(s,1) = Q(s) = S22, Grs® by remark 3.3. First let us show

that e *P1=DtFy (s, t) is increasing in t for fixed value of s. We can see that

o
Q[ef)‘(plfl)tFN(S,t)] _ Y pr1 1)thn t)\t) UV

ot
— &[e*w} Z fn(s) et > fuls) 0
n=0 n=0

where the interchange of the derivative and the summation is justified by the uniform conver-

gence in the interval of convergence of the series. Now we have

0 [e—Aplt] Z fn(S) ()\t) + e*/\plt Z fn(S) 0 ()\t)
= “Apre Z fa(s eI Z fi1(s)

> _)\ple—/\mt Z fn(s) ) )\plt)\ Zplfj ( t)J
e ! !

7=0

= 0,

since f;—Sf) is strictly increasing in n and thus implies that fy4+1(s) > pi1fa(s). Therefore,

e~ Ap1— 1)tFN(s t) is increasing in t.

Since from remark 3.3 we know lim; oo e PV Fy(s,1) = Q(s) for 0 < s < 1 and from

above we know %[e*/\(Plfl)tFN(s, t)] > 0, we obtain

e MPDIR (s 1)1 Q(s) ast— oo for0<s<1. (4.3)
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Since we have (4.2) and (4.3), by Monotone Convergence Theorem, we reach
1 A
F(n)ef)‘(plfl)tE(Z];?t)) 0 / Q(s)k(s)ds ast — oo.
0

Now the proof will be complete if we show that fol Q(s)k(s)ds < oo. Let g be the inverse
function of f for 0 < s < 1. Recall that g,(s) T 1 asn — oo for 0 < s < 1. Let 0 < s¢9 < 1, then
$n = gn(s0) T 1 as n — oo. By (2.5) in Remark 2.1, we have Q(f(s)) = p1Q(s) for 0 < s < 1.
Define J,, := f;”“ Q(s)r(s)ds. Then, by replacing f(s) by u, in the second equality below, we
see that

J, = /SnHQ (s)ds

Notice that J,, < oo for all n € IN and that

L rlg)gw) _ 1
utl  pre(u) pim’

1
pim"

Since pym"” > 1 by assumption, for any 0 < < a < 1, there exists an ng such that

r(g(u)g’ (w)

() S« for u > sy, since lim,_,~ s, = 1. Therefore, for all n > ng + 2,

Jp = /Sn+1 Q
(9(“))9’(“) rlg(w))g'(w) |

N /s “1 p1k(u)

< / @ u)adu
Sn—1

= OéJn_l.

@

u
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Note that since J, < aJ,_1 foe all n > ng + 2, we have J,, < a”_”o_lJnOH foe all n > ng + 2.
Thus,

Q(s)k(s)ds = Z In

Sng+2 n=ng+2

00
n—mngo—1
E, @ O not1

n=ng+2

o0
= Jn0+1§ o’
=1

IN

(6%
= J 1 < o0
no+1_a

and hence we see that

1

1 Sngt2 A
/ Q(s)k(s)ds = / Q(s)k(s)ds + Q(s)k(s)ds < 0.
0 0

Sng+2

Corollary 4.1 Assume that pg = 0 and p; > 0. Assume that E(Z1277+5) < oo for some § > 0
and n > 1 such that pym” > 1. Then the result of Theorem 4.1 holds.

Proof. Since E(anﬂs) < oo for some § > 0 and n > 1, sup E|@}2n < 00. Let us denote
k

sup E‘@’Qn by C(n). By Markov’s inequality,
k

¢(k,e) = P(|Xk—m|>e)

VE(X, —m) 2g _ Vke\2y
< p( X, (VEey)
< pHEm)p e
- o o2n
_ Clpo™
= knegZn
=
by letting C. := %jf?n By applying Theorem 4.4, the result is obtained.

O
Under a finite exponential moment assumption about the offspring distribution, Theorem 4.5

establishes a finite uniform exponential moment result for Wy ;) which is needed in the proof
of Theorem 4.6.
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Theorem 4.5 Assume that E(exp(anZi)) < oo for some o > 0. Then there exists a; > 0
such that

D, = sgIO)E(ea:p(mWN(t))) < 0.
t=

Proof. By the assumption, f(e*) = E(exp(apZ1)) < co. If f(s) < e, then fo(s) < f(e™),
e, if s < g(e*), then fa(s) < f(e*) from the monotonicity of f. Further, if f(s) < g(e®°),
then f3(s) < f(e®), i.e., if s < ga(e®), then f3(s) < f(e®). Thus, inductively, if s < g,—1(e*),
then f,(s) < f(e*) for all n > 1.

For any fixed t > 0, observe that
E(exp(aWn)) = E(explae™ M Zy )
e—u' (1)
= B(fnp(e™ ")
= )
= > fale® Y P(Zygy = n)
n=0

F(e),

IN

if fn(ea"iﬂ/<1)t) < f(e*) for all n > 0. Notice that fn(eaeiu/mt) < f(e*) for all n > 0 if
pae v (M T < gn—1(e®) for all n > 0 if and only
if o < e Mtlog g,_1(e®) for all n > 0. Furthermore, a < e* (Mtlog g,,_1(e®0) for all n > 0 is

equivalent to a < inf ¥ (D log g, _1(e*). Let us observe that since /(1) is negative,
n

o < gn—1(e*) for all n > 0. Moreover, e*¢

u/(l)tloggn_l(eao) — eu/(l)tlogg_l(eao)

& (' log f(e")
& (D0 1o f(e)
log f(e*) < oo.

infe
n

Y

Thus, for each fixed t, E(exp(aWy(y))) < f(e®) if a <log f(e®?). Now choose a; = log f (e

),
then for each fixed t, E(exp(ciWy())) < f(e*) < oo. Therefore, sup E(exp(aiWy(y)) <
>0

f(e*) < 0.
O

Theorem 4.6 gives the super-exponential rate of decay for P(|Wy ) — W'| > ¢). This result is
used in the proof of Theorem 4.7.

Theorem 4.6 Assume that E(exp(apZy)) < oo for some ag > 0. Then for any given € > 0,
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there exist positive constants, D3 > 0 and > 0 such that
P(’WN(t) - W’\ >¢e) < D36xp(—[352/3e%u/(1)t).

Proof. Since E(exp(apZ1)) < oo for some oy > 0 by the assumption, there exists a; > 0

such that Dy = sup E(exp(a1Wy(y))) < oo by Theorem 4.5. Also from the proof of Theorem
>0

4.5, we know that we can choose a; = log f(e*). Let ¥U(«) = E(exp(aW’)) for o < 3. Then

U(a) < oo for o < evy. This could be seen from the following by Fatou’s Lemma,

E(exp(axW") = E(lim exp(a1Wy(y))
< hgéng((el‘p(OﬂWN(t)))
< sup E((ezp(criWi(s)))

t>0
< Q.

Let Sy, = 3% (W® — 1) where {IW®}2°, are i.i.d. copies of W’. Let ay := min{ay,1}. We
need to establish an upper bound for E(exp(agSk/\/E)).

from [1] First, note that since Var(W) = m:n‘éri_(i(nl), by L’Hospital’s Rule, lim, g % =
Var(W) U(u)e ¥
2

< 00, therefore, we have sup,<,, [—,> ~1| < 0. Let us denote this supremum by d.

Now we observe that

(0] 7lk «
sup |[U(—=)e vk < sup|l+ |¥(—
agf;[ (\/E) ] 0652[ | (\/g

VR — 1]]* by triangle inequality

)e

W(S)e VF = 1|k
< sup [1 + vk 5 }
a<as «a
1 e()e VE 1
- it Y
kaﬁoq %
|T(2)e VF — 1]
< e:zp( sup vk . ) since (1 + f)k <ef forz >0
a<ag % k
< el
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Let us denote e by Ds. Therefore,

k
E(exp(aaSi/VE)) = E(exp \QT Z

= (Bleap(Z(W" 1>>>)k
= (e
< D3y by the estimate above. (4.4)

With that, we have established an upper bound D for E(exp(agsk/\/é)). Now turning to the

difference,

W/ - WN(t)

It follows that

We see that

lim (WN(t+v) — Whn)) almost surely

lim e~ ¥ (1)(t+’u)ZN(t+ ) — u’(l)tZN(t)

V—00

e (Wt [ lim e )vZN(t-i-’U) — ZN)]

vV—00
ZN(t) .
o U (DtuLHOlo e~ (D Z Z](\jfzt—i-v)—N(t) — ZN(t)] by conditioning on ZN(1)
j=1
ZN(t)
e~ W ()t Z (W(J') —1). (4.5)
j=1

P(W WN >5|Z(]7Zb" 7ZN(t))
= P(W' =Wy >¢e|Znw) by Markov property
ZN(t)
= Ple WY (WY —1) > e| Zyg) by (4.5)
j=1
= P(Szyq) > € V'e| Zng).

Sk ¢

P(Sk>(¢) = P(—=>—)

VE o VE
P(eazsk/\f > eazC/\/E)

E(eO‘QSk/‘/E) —aa(/VE by Markov’s inequality

IN

Dyexp( — \/2;), (4.6)

IN
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where the last equality is due to (4.4). We see the probability

P(W'—=Wyw >e) = E[P(W =Wy > el Zyw)]
= E[P(Szy,, > " We| Zyg)]

u/ (1)t
< E[Dseap(— “—")] by (46)
N(t)
1
= DyE(exp( — ageV e’ Dt .
uBerp( ~ /L)

Hence, the expectation

1
7))

= [ Pl 20

= 7'/ e_T“P(# < u) du
0

E(exp( — T(

> —TU o

= 7'/ e TP (exp(an W) > e:vp(u—;)) du
0

< 7'/ e_T“E(e:np(mWN(t)))ea:p(—%)du by Markov’s inequality
0

o
< T/ e_T"D16$p(—a—;) du by Theorem 4.6
0 U

[e%s) 2
_ alT
= D e Texp( — dr.
1 /0 D ( 2 )
Therefore,

P(W — Wy >¢) < DaDy / e Texp(— 2 ) dr, (4.7)
0

L2
where 7; denote the quantity aseVe¥' (! Let I(7) := [ e "¢ +2 dr. Then by choosing k(1) =
2

T3, we can see that

o 7_2
I(r) = / e "e 2 dr
0

< exp(— (k(TT))?) + ek
< 2€£L'p(—7'%). (4.8)
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Consequently, by (4.7) and (4.8), we have

2
3

P(W’ - WN(t) > E) < 2D2D1€:L’p(( - \/EQQE[eu/(l)t]%)‘ )
= Dsexp( — B[e“/(l)t]%
= Dgexp( — 56%“/(1)'55

2

3)
)

where D3 := 2DyD; and (8 := (‘/OQOQ)%. The argument for P(Wy ) — W' > ¢) is essentially

identical. Therefore, the result is obtained.

39
2
3

O
Theorem 4.7 shows a super-exponential rate of decay for the ratio of successive generation sizes

conditioned on the limiting random variable W’ staying positive.

Theorem 4.7 Assume that E(exp(agZ1)) < oo for some ag > 0. Then there exists positive
constants, D5 > 0 and 7 > 0 such that for anye > 0 and d > 0, we can find some 0 < I(g) < 00
such that

ZN(t)+1
ZN(t)

wiN

P(] —m| > e| W' > d) < ag[Dsexp(—dyI(e)e” M) + Dyeap(—7[d(1—)] 35 (V)]

for any 0 <y <1, where ag = m.

Proof. First of all, we start with

ZN(t)+1
P(\Z](V(;—mbs\w’zd)
B ZN(t)+1 , 1
Z
- ad[p(\gfvtgl —m| > e, Wy < dy, W' > d)
ZNt+1
+P(\Z](V()t) —m| > e, Wy > dy, W' > d)].

Let I; denote P( % —m’ > e, Wy < dy, W' > d) and similarly let I denote P(‘%_

m| > e, Wy > dy, W' > d).
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Let us estimate Iy first. It is clear that

Z
Zn y )
= 2 sz:()t) —m| > | Zyq = dye" V) P(Zyq) > dye’ ™)
N 1 o
00 7 l
= Z P(‘M } > €, ZN — k?‘ZN > d,yeu (l)t).

A4
k=[dvye® (1)t] N(t)

Then we see that

00 A )
S P —m| > e Zy = k| Zngy 2 dye ™)
k:[d'ye“/(l)t]

o) 7 /
k=[dvyev ()t]
P(ZN = k’ZN(t > a/ye u'(1 )t)

o) 7 |

= Z P(‘ g;])+1 _m‘ >€‘ZN(t) :k)P(ZN(t) :k‘ZN(t) 2@’76“ (l)t)
k=[dev (D] ()

[e.9]

Z
> P = m| > | Zygy = )
k=[dryen’ (D] N@)

IA

[e.9]

= Z ‘f Z X; —m| >e¢)
k:[d'ye“/(l)t]

oo

- Y P(\;‘z;m»),

k=[dvyev (1)t]

by letting Y; := X; — m. Notice that Y;’s are i.i.d..

Since Y7 has finite exponential moment, we have a Chernoff type bound, i.e., an exponential
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upper bound that decays in the number of the empirical mean. Therefore, we obtain

o0 k
1
>, Pz vil>e)
k:[d,yeu’(l)t‘l =1
< 3 Di D dr
< Z Ik for some Dy >0andI(e) >0
k=[dyev’' (1)t]
efl(s)d'ye“/(l)t , ,
< : u' (1)t u' (1)t
< D471 — I since drye < [dve ]

= Dsexp(— I(s)dve“/(l)t) for some D5 > 0.

Hence, we obtain
I < Dsexp( — I(e)dve“,(l)t). (4.9)

Finally, by Theorem 4.6, one can see that

I

IN

P(Wyqy < dy, W' > d)
= P(W' =Wy >d(1—7))

2 1

< Dsexp(—7(d(1 —~))5e3%(Dh), (4.10)

for some 7 > 0 and D3 > 0. Therefore, combining (4.9) and (4.10), we reach

Z /
P(‘JZV]E:():)—I —m|>e|W'>d) < og|Dsexp(—I(c)dye® (1)t

+Dseap(—(d(1 — 7)) ez MH].
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Chapter 5

Applications to Finance and Physics

5.1 An Application to Finance - Mean Reversion

In [14], Epps proposed a PRIBP to model the short-term behavior of stock price. He provided
an empirical study for U.S. stocks markets and found that this model worked well. In his work,
he explains the reasons for using a PRIBP to model stock prices. First of all, although stock
price is not integer-valued, it is the multiple of tick size such as multiple of $1, $%, or $0.01 in
primary U.S. stock markets. That is, stock price takes values in a discrete space. In the Black-
Scholes model, the stock price is assumed to follow a geometric Brownian motion, which takes
positive real values, and hence the movement of stock price is continuous. Although nowadays
this assumption is widely used by many researchers and practitioners, it fails to capture the dis-
creteness of stock prices. On the other hand, PRIBP successfully captures this discrete nature
of the discrete stock price fluctuation. Secondly, this model allows the possibility of bankruptcy
of a firm. Under the geometric Brownian motion assumption, stock price cannot reach zero.
However, in the PRIBP, the stock price is allowed to attain zero and this situation is viewed
as the bankruptcy of the firm. Finally, the model shows the inverse relationship between the

variance of return and the initial stock price that is suggested in the literature.

To understand the mechanism of a stock price as a PRIBP, let us assume that the tick size in a
stock market is $5. Then all stocks in this market take values in the space {j* & |j € NU{0}}.
Then we translate the price of a stock {S(t)}:>0 into the number of individuals {Zx ) }i>0
by Znw) = S(t) * 8. For example, if a stock price is $24% at the initial time 0, then Zy ) =
S(0) * 8 = 24% * 8 = 194. In this case, the PRIBP starts from Zy = 194 many ancestors.
The subordinator is a Poisson process which represents the occurrence of price fluctuations.
This assumption implies that the shock of the information about a given stock is modeled by

a Poisson process. Since in the model of a stock price as a PRIBP, the initial price is usually
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not 1, we need to adjust the results about a PRIBP starting from one ancestor to those start-
ing from an arbitrary positive integer number of ancestors. That is, Zyp = [, where [ > 1. Let
Fn,(s,t) = E(s?N®|Zy = 1) be the p.g.f. of Z Ny when Zy =1 > 1, i.e., when there are | many
ancestors. Note that when Zo = [, E(Zn)) = leW (Dt = [eAlm—1)t,

We now phrase some adjusted results for a PRIBP with Zj taking an arbitrary positive integer.
Proposition 5.1 is an extension version of proposition 3.1 in the previous chapter; Proposition

5.2 is an extension of proposition 3.2.
Proposition 5.1 lim; o Fn(s,t) = ¢ forall 0<s<1.
Remark 5.1 When py = 0, then ¢ = 0 and hence lim;_,o Fn (s,t) =0 for all0 < s < 1.

Proof. Let us start with

Fni(s,t) = E(s”N® | Zg = 1)

> E(s”"|Zy =1)P(N(t) = n)
n=0

o0

= 3 (Ful)) PN (D) = )

n=0

= E(fn(s)']-

Since limy, ;00 fn(s) = g for 0 < s < 1, limy o0 fn)(s) = ¢ a.s. for 0 < s < 1. By dominated

convergence theorem, for 0 < s < 1,

tl_i)I&FN,z(S,t) = tligloE[(fN(t)(s))l]
= E[lim (fy()(s))'
— ql,

Proposition 5.2 Assume that m #£ 1. If pg # 0, then

lim e_“/(Q)t[FNyl(s,t) - ql] =1¢"1Q(s) = 1¢" ! qusl <oo forall0<s<1.

t—o0
k=0
Moreover, Q(s) is the unique solution of a functional equation

Q(f(s)) = f/(Q)Q(S) for all0 < s < 1.
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Remark 5.2 In particular, when po = 0 and p1 # 0, then the theorem becomes

0 if 1>1,
lim e_)‘(pl_l)tFNyl(s,t) =< / forall 0<s<1
e Q(s) =33l k™ if 1=1,

Moreover, Q(s)is the unique solution of Q(f(s)) = p1Q(s) for all 0 < s < 1.

Proof. Define A(s,t) 1= e @O Fy (s, t) — ¢'] = eV @DUE[(fn((s))"] — ¢']. First, note that

£ A1) = O LS (1) PN () = )]
S S 0
= e @5 D (75 PN (D) = ),
n=0

where the interchange of derivative and summation is justified as showed in the proof of propo-

sition 3.2. Recall V,,(s) defined in proposition 3.2. We can see that
—u/(q)t — 0 l
e > 5 [(Fnls) PN (E) = n)]
n=0
= DN PN () = n)l(fa(s))" 1(s)
n=0

oo n—1
= @O PN () = n)i(fals)) T £/ (F5(5)
n=0 3=0

00 n n—1
= @y Ay )3 T £ ()
n=0 J=0

=Y PIN(f'(@)t) =n)l(fa () ] f}{g())
n=0 =0 q)
=Y P(N(f'(@)t) = n)l(fa(s))" Vi (s)
n=0

= E[l(fN(f’(q)t))<S>)l71V]</(f/(q)t))(s)]a
where N (f'(q)t)) is a Poisson random variable with parameter Af'(q)t.
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The rest of the proof follows similar lines to that for proposition 3.2. Hence we only give the

parts with some difference here. First, note that

.0 ' -
lim = A(s, 1) = B[ lim 1(fn(r00) ()™ Virggrigye (5)

t—oo 08

= 1g"71V'(s) forall 0 <s < 1.

Since A(s,t) = A(s,t) — A(q,t) = qu %A(v,t} dv,

lim A(s,t) = lim 2A(vﬂf) dv
t—o0 t—o0 q v
s B
= / lim —A(v,t)dv
q too ov
= / 17V (v) dv
q

= 17V (s) = V(q)]
= 1¢7H{[Q(s) + C] - [Q(q) + CJ}
= 1¢"7'Q(s).

Therefore, lim e % (@* Fyi(s,t) — ¢l =1 l_lQ s) = lg-t pst < oo forall 0<s<1.
) FAGH) q q q q

t—o00
k=0

Notice that when pg = 0, we need the condition that p; # 0. Since if pg = 0, then ¢ = 0, and
hence f'(q) = f'(0) = p1. Thus, if pg = 0 and p; = 0, then f'(¢) = f'(0) = p1 = 0, and hence
Qn and @/, are undefined. Therefore, under the assumptions that pg = 0 and p; # 0, if [ = 1,
then lim;_, e APL=VEFy (5,) = Q(s), which is the case in remark 3.3. Following the similar

lines of this proof, we can see that under the assumptions that pg = 0 and p; # 0, if [ > 1, then

%{e_A(pl_l)t[E[(fN(t)(8))@} = Ell(fni @) () Vi (9))-

Hence, by taking limit in t on both sides, we have

0 . iy

Jim —-{e Mo B (fye ()]} = tggloE[l(fN(f'(q)t))(S))l Vi (5)]
= 10"1V'(s)
— 0 ifl£1

Consequently, limy_,oo e P1=DIFy (s,8) = 0if [ > 1.
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Proposition 5.3 Assume that m # 1. Let Zy = 1. If pg # 0, then

limy o0 e DEP(Zyyy = k| Zo = 1) if k>1,

l =
7 % : —u’(q)t _ 7\ _ Al ; _
lim; o € (P(Znw =Fk|Zo=1)—4q] if k=0.

Remark 5.3 In particular, if po =0 and p1 # 0, then for any k > 1

0 i I>1,
lim e P VIP(Zy iy = k| Zg=1) = f (5.1)
t=00 G if 1=1.

Proof. First, consider the case that pg # 0. By proposition 5.2, for 0 < s < 1, on one hand,

tli}m e_“/(Q)t[FN,l(s,t) — ql] = lql_lQ(s)
— lql—l Z qksk‘
k=0
= Zlqlilqksk. (5.2)
k=0

On the other hand,

= Jim e @Y7 (fu() PN (1) =n) = ¢
n=0

= Jim e @S (3 pa(1 k)sk) PN () = n) — q
n=0 k=0

= Jim e DY p (1L k)sFP(N(8) = n) — ¢
n=0 k=0

= lim e Y " pa(l k)" PN (1) = n) — ¢,
k=0 n=0
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where the interchange of two summations is justified by Fubini’s Theorem because of non-

negative terms. Moreover,

o0

lim e_“,(q)t[z an(l, k:)skP(N(t) =n)— ql]

t—00
k=0 n=0

= lim e D" P(Zygy = k| Zo = 1)s* — ¢]

t—o0
k=0
_ . —u/(g)t _ N k
= tligloe Z[P(ZN(t) = k‘|Zo = l) Ck]S ,
k=0
0 if k>1,
where ¢, =
¢ if kE=0.

Furthermore, since we have the uniform convergence in the interval of convergence of the power

series, we can interchange of the limit and summation. Therefore,

lim e DN (P(Zyy = k| Zo = 1) — ci)s"

t—o0
k=0

_ . —u/(g)t _ N k

= tligloe [P(ZN(t) =k ’ Z() = l) ck]s .
k=0

Therefore,
i e~ (@t _ 1= i e~ (@t = =) — k
tll)réloe [Fni(s,t) —q'] k,otlggoe [P(Znw = k| Zo =1) — cx]s”. (5.3)

By comparing the coefficients in the equations (5.2) and (5.3),

-1 —  lim e~ ¥ (@t = =) —
g Jim e [P(Znay =k Zo =1) — ci]
iy o0 eV DU P(Zyy = k| Zo = 1) if k>1, (5.4
limy oo e @DUP(Zyy = k| Zo=1) —¢']  if k=0. '
Now we turn to the case pg = 0 and p; # 0. By proposition 5.2, on one hand,
0 if 1>1,
lim e APV Ry (s, 8) = (5.5)
feo Q(s) =32 drst if 1=1.
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On the other hand,

o0

i —A(pr1—1)t — 1 —Alp1—1)t l _
Jim e Fru(s.) = Jim e > Uals) PN =)
= lim e AOVEN (N (1,k)sF) P(N(E) = n)
teo n=0 k=1
— i o~ Api—Di k _
= Jim e MPVOY TN (1L R)sP(N (1) = n)
n=0 k=1
T —Alp1—1)t k _
tligloe ;Zopn(l,k:)s P(N(t) =n),

where the interchange of two summations is justified by Fubini’s Theorem because of non-

negative terms. In addition,

lim e PN "N " (1, k) s P(N (t) = n)

t—00
k=1n=0
= 1 7)‘(p171)t — — k
tlgéloe ;P(ZN@) k|Zo=1)s

o0

= 1 _)‘(pl_l)t — — k
2 tligloe P(ZN(t) k‘| Z(] l)S s

where the interchange of the limit and summation is justified by the uniform convergence in

the interval of convergence of the power series. Therefore,
oo
lim e P Ey (s, 1) = Y lim e MPVIP(Zy ) = k| Zo = 1)s. (5.6)

t—o00 t—o00
k=1

By comparing the coefficients in the equations (5.5) and (5.6), we conclude that

0 if [>1,
lim e_’\(pl_l)tP(ZN(t) =k|Zy=1) = for any k> 1.
t=o0 Gp if 1=1,

Theorem 5.1 Assume that pg # 0. Let Zy = 1. Assume that E(exp(agZy1)) < oo for some
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ag > 0. Then for any € > 0,

) 7 I-14
U(q)tp(|g§z;1 —m|>e| Zyp > 0) = POy 1901(:”(1 qk

lim e~
t—o00

oo,

k
where  p(k,e) = P(‘%ZXZ —m| >e).

Proof. By the same estimate as in Theorem 4.1, ¢(k,e) < 2(6:)*. Now we begin with the
conditional probability,

p( e

’>€}ZN(t)>O)

ZN(t)
>e, Znw =k|Znw >0
Z ZN(t) | & ZN(t | N(t )
P( M m’ > €, ZN() k)

N Z (t)>0)

> P( M —m! >e|Znwy = k)P(Znw = k)

— ZN(t) _
B ; P(Zy) > 0) by independence
_ ip(‘}g v Xi —m| > e)P(Zygy = k)

k=1 P(Zn@) > 0)

—u/(q)t _ —u/(q)t k
Lot s dfine () = " PHEDPE) an o rh) o= AP0, Ten for

each k > 1, hy(k) < ry(k) for all t > 0. Note that P(Zy) = 0) = Fin;(0,t). By proposition 5.3,

taking limits in t, we have

o(k,e) im0 e_“,(q)tP(ZN(t) = k)

lim h(k) = ;
t—00 t( ) hmt—mo[l - P(ZN(t) - 0)]
-1
G L S
1—¢
2(8:)" limyyoo ™" P(Zy ) = K

hm ri(k) = ( ) e ( iV(t) )
t—o0 11mt—>oo[1 - P(ZN(t) - 0)]

_ 209" e

= [
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On the otehr hand, the sum of (k) in k gives

> ) = e S 6 Py = B
Te\v) = N(t) =
P 1= P(Znw =0) &=~ 2
2¢ v (@)t >
= SV P(Znvin = k) — (5P (Znrens = 0
1P(ZN(t):0)[kZO( )" P(Zngy = k) = (%) P(Zng = 0)]

2€—u/(q)t

T1- P(Znw =0) [Fni(0e,t) = P(Zygy = 0)]

2e— (@)t

" 1-P(Zyw =0) [FNa(Ge,t) = Fna(0,1)]-

By proposition 5.2, taking limit on > ;2 r(k) in t, we have

> 9e—u' ()t

. L o -
tliglo P Tt<k?) - tllglo 1— P(ZN(t) _ 0) {[FN,Z(557 t) q ] [FNJ(O, t) q ]}
2{ limy o0 eV D Fp (82, t) — '] — limyoo e ™% (@D Fpy (0, 8) — 41}
hmt—)oo[l - P(ZN(t) = 0)]
2{ limy o0 eV D Fy (02, t) — ¢'] — limyoo e ™% (@D Fpy (0, 8) — 41}
1—¢

_ 27 1Q0:) —qo] _
- T

Also note that

S 1 2 = ky 1—1
;tgrgon(k)zl S 6044 g

k=1
2 > -
- 1— 4 [Z(éa)qul IQk - (55)0qu 1qo]
q k=0
21 &
7 q_ I [Z(5s)ka — (6:)%0)
q k=0
2lql—1
- 1— ql [Q(‘Se) QO]
= Jim > <
k=1
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By (***), it follows that

N N _ Yy ek e)lg gy

tlgglo E hi(k) = E tliglo hi(k) = - < 0. (5.7)

k=1 k=1
Note that
o0 o e—u'(9)t =
. . e o(k,e)P(Znw) = k)
lim E hi(k) = lim
t—o0 1 t—o0 1 1-— P(ZN(t) = 0)
Z
— ,u/(q)tP N®H+1 7 ) )
Jim e QiZN(t) m|>¢e| Zyw > 0) (5.8)

Therefore, from equations (5.7) and (5.8) above, we conclude that

ok, )lg!
_m‘>€|ZN(t)>O):Zk:l‘pl(_v‘;?q * _ o

, A
lim e~ (fDUD(‘M
t—o00 ZN(t)

Our large deviation behavior is the large-time asymptotics since we let time t goes to infi-
nite. However, the empirical study by Epps [14] is for short-term stock price as a PRIBP.
Therefore, before further evidence of empirical study of long-term stock price as a PRIBP, we
would better strict ourself to short-term dynamics of the stock price. Based on this reason, we
need to adjust our large-time asymptotics to a small one. A method that allows us to study
asymptotics in a short fixed time horizon is to fix a time horizon [0, t] for some small positive
t. and then let the intensity A of the Poisson process goes to infinity. As A goes to infinity,
the number of occurrences of an event goes to infinity in the interval [0, ¢]. This corresponds to

infinitely many changes in the stock prices in the time horizon [0, ¢].

It is not hard to see that proposition 5.1 becomes
lim Fy,(s,t)=¢" forall0<s< 1.

A—00

Proposition 5.2 turns out to be

lim e*“/(q)t[FN,l(s,t) —¢1=1¢"71Q(s) = 1g"* qusl <oo forall0<s<1.

A—00
k=0
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Proposition 5.3 translates to

lim) o0 e DP(Zyy = k| Zo = 1) if k>1,
My e W DP(Zygy = k| Zo=1) —¢'] if k=0.

We then have the following theorem that is analogous to Theorem 5.1. Since the proof is almost

identical to that for Theorem 5.1, we are not going to supply it here.

Theorem 5.2 Assume that po # 0. Let Zy = 1. Assume that E(exp(cnZi)) < oo for some
ag > 0. Then for any e > 0,

Zk 1‘P(k E)ZQZ 1 qk
1—¢

, VA
oty

lim e~
A—00

—m‘>5|ZN( >0) < 00,

k
where  @(k,e) = P(%ZXz —m| > ¢).

Financial Interpretation of Theorem 5.2:

There is an interesting phenomenon called mean reversion, in the study of financial market.
The essence of the concept is that the extreme high or low values for the price of a stock are
just temporary and that the price does have a tendency to hang around the long-term average
price over time. In the literature, some research also discusses this phenomenon in the sense
of the stock returns. For example, auto-correlation of stock returns is a well-known attribute
of certain discrete-time stock price models that are often referred to as mean reversion. Some
researchers model it as
Ri=a(Ri—1 — ) + p+ oWy,

where Ry is the return of a stock in the period t, pu the mean stock return, o the volatility,
Wy a standard Brownian motion, and a < 1 the auto-correlation coefficient which is assumed
negative. More precisely, the model with mean reversion can be formulated as
dSy Sf — 5t
= pdt + 02— "L dt + odW, ,
5 H S, !
where S; is the stock price at time t, S; = Spet? is the theoretical price, and 6 > 0 is the rate

which controls the speed of mean reversion.
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Now notice that we can rewrite the following probability

VA
—u (@)t p(|END+L
e P(] Zna, m|>e|Zyw > 0)
, VA -7
_ e_u (q)tp(} N(t)+1 N(t) _(m_l)‘ >5|ZN(t) >0)
ZN(t)

ZN(t)+1— 2N ()
ZN(t)
tick-by-tick rate of return. Since we take A — oo, this is a result of “high-frequency stock in

In this setting, is the tick-by-tick rate of return and m — 1 is viewed as the average
a finite time horizon”. This is because the Poisson intensity goes to co. Therefore, for a fixed
time horizon [0,¢], where t is not too large, Theorem 5.2 says that the probability that the
high-frequency tick-by-tick rate of return deviating from the average rate of return decays at
an exponential rate asymptotically. Therefore, Theorem 5.2 suggests a special form of mean
reversion in a stock market — short-term mean reversion for high-frequency tick-by-tick rate of

return.

5.2 An Application to Physics - Neutron Fluctuations

A model for neutron fluctuation via a branching process has been studied since 1960s. In the lit-
erature, neutron fluctuation is often modeled using a continuous-time Markov branching process
(see [29]). In the most classical model in this direction, Z(t) presents the number of neutrons
at time t in the system. pg is the probability of absorption in a reaction process and it includes
the event of capture by other material and the case when a fission leads to zero neutron. p;
is the probability of renewal in a reaction process and it includes the event of scattering and
a fission leading to one neutron. pg, where k > 2, is the probability of multiplication, i.e., a
fission reaction that results in more than one neutrons. Here we would like to apply our large
deviation results to study on the fluctuation in neutron count. Therefore, in order to study large
deviation behavior of neutron fluctuations, we need to extend our results to a continuous-time

Markov branching process.

Recall that in a continuous-time Markov branching process {Z(t)}+>0, the particles alive have
the i.i.d. life-time distribution with a common exponential distribution with some parameter
a > 0. They have the same offspring distribution {py};2, and the numbers of their children
are independent of each other and of the whole history. At any given time t, Z(t) represents
the number of particles existing in the branching process at time t. A continuous-time Markov
branching process is a continuous-time counterpart of a Galton-Watson branching process. They
share certain features. For instance, they are both Markovian and the reproduction of particles

in both processes are not effected by one another and by the history. Consequently, they both
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have the branching property, i.e., a process starting from | many ancestors is the same as |
independent copies of the process starting from only one ancestor. The difference between a
continuous-time Markov branching process and a Galton-Watson branching process is that in
the latter, the particles in the same generation give births together at the end of their common
one unit of life-time, whereas in the former the particles have their own life-times that are i.i.d.
exponentially distributed random variables and hence the particles may give births at different

times. Notice that by the branching property, the transition probability p;;(t) satisfies

> piit)s? =D pii(t)s]'
j=0 j=0

As in a Galton-Watson branching process, the probability generating function plays a key role

in a continuous-time Markov branching process. Let

o
s) = ijsj be the p.g.f. of the offspring distribution.
=0

Define u(s) := a[f(s) — s|, where a is the parameter in the life-time exponential distribution.
Suppose Z(0) = 1. Define

Fs,t) = B(S7®)2(0) zplk

Some of the classical preliminary results on this can be found in [4] and [20]. First of all,
the extinction probability is ¢, the smallest root of f(s) = s in [0, 1]. Secondly, the first mo-
ment of Z(t) is E(Z(t)) = e* Wt = ea(m=Dt Thirdly, F(s,t) converges to q as t — oo for all
0 < s < 1. Finally, under the assumption that m # 1, there exist real numbers {a;}?°, such
that limy oo e DUF(s,t) — q] = 252, ars® = A(s) < oo for all 0 < s < 1. Notice that some
of the properties about a continuous-time Markov branching process are quite similar to those

on a Galton-Watson branching process.
Since a continuous-time Markov branching process has the branching property, the results

mentioned above can be naturally extended to the situation when Z(0) = [, where i is arbitrary

positive integer. Define

Fi(s,t) := E(S7"|Z(0) Zplk
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It is clear that Fj(s,t) = [F(s,t)]' from independence. The extinction probability is now ¢
and Fj(s,t) converges to ¢! as t — oo for all 0 < s < 1. The expected number of particles
at time t is now E(Z(t)) = le*' Mt = [e@(m=D! Also, under the assumption that m # 1, now
limy o0 e~ (D [Fy(s,8) —¢'] = 1g! 1 300% g aps® = l¢! "1 A(s) < oo for all 0 < s < 1. The following
result is necessary in proving our large deviation result stated later. Since the proof is essentially

identical to the proof for the case of the PRIBP in the previous chapter, we only state the result.

Proposition 5.4 Assume that m # 1. Let Zy = 1. If pg # 0, then

limg o0 e ¥ DEP(Z(t) = k| Z(0) = 1) if k>1,
limg o0 e W DUP(Z(t) = k| Z(0)=1)—¢'] if k=0.
Notice that for any v > 0,

SO 700y i Z(t) >0,
0 if Z(t) =0,

Z(t+v) =

where Zt(i) (v) is the number of particles alive at time ¢ + v that are offspring of the i-th particle
existing at time t. Note that Zt(i) (v) for i =1,2,---, Z(t) are i.i.d. with a common probability
law, {p1x(v)}32,, i-e. Zt(i) (v) are i.i.d. copies of Z(v). The next theorem shows a large deviation
behavior for the probability that the ratio of population sizes between any two time points
deviating away from the corresponding expectation. Since the proof is not too different from

that for the case of the PRIBP, we state it without supply the proof.

Theorem 5.3 Assume that pg # 0. Let Z(0) = . Assume that E(exp(agZ(v))) < oo for some
ag >0 and v > 0. Then for any € > 0,

. o Z(t+v) _ > oy (k,e)lg T ay
u t a(m—1)v k=1
lim e <Q>P(\7Z(t) — et > 2| Z(t) > 0) = -

< 00,

k
1 —1v
where @y (k, €) % E: t( — em=1) ‘ > €).

Od
In a nuclear chain reaction, the number of neutrons is a main concern because it provides
information about how far the reaction has progressed. For example, it is especially useful
to know the joint distribution of the number of neutrons at different time points and the
auto-correlation function for the number of neutrons. In the study of neutron fluctuation as a

branching process, the extinction and survival probabilities and the expectation and variance
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of the number of neutrons have received intensive attention under various setting of the models
they use. Therefore, the ratio of the number of neutrons at different time points holds the most
essential and relevant information in asymptotic sense. Here the result of Theorem 5.3 can
explain the behavior of the ratio of the number of neutrons at two arbitrary time instants. It is
known that since the typical neutron’s lifetime in the reactor is as short as on the order of 10~7
to 10~* seconds, the large-time asymptotic behavior is quite suitable under the time scales of
the reaction in real time. Therefore, asymptotic results are useful, for example, when we need
to control the growth rate of the neutrons in nuclear fission between some specific time interval
due to security issues and technical aspects. In this regard, Theorem 5.3 says that, for instance,
if we want to avoid the ratio between a given time interval being larger than, say k, then by

(m=1)v — k for v, where the parameters a and m are known from various estimates

solving e®
based on experiments, we obtain the estimated time interval that we need to check or to apply

some actions to the system periodically.
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Chapter 6

Conclusion and Future Research

In the literature, to the best knowledge of the author, large deviation aspects of a RIBP has
never been formally investigated. In this dissertation, we have studied various large deviation
rates and other related issues concerning the ratio of successive numbers of generations for a
PRIBP. We investigate not only the case in which the probability of giving no birth is zero but
also extend to the case which allows non-trivial probability for no birth. Under various moment
conditions, the decay rates are exponential for all conditional and unconditional cases although
the limiting probabilities are slightly different. Besides, our results are applied to finance and
physics. The application to finance relates to the asymptotics for high-frequency stock return
in a short time horizon. The results applied to the physics direction suggest a possible scenario

that may be useful in the estimation of neutron fluctuation control problems.

6.1 Theoretical Research

There are some direct extensions of a PRIBP that are worth considering. First of all, instead of
the large deviation behavior of the ratio of consecutive generation sizes Z N(t)+1/Z N(t), We can
study that of other meaningful quantities. For example, the tail behavior of W’ in both right

extreme and right extreme, i.e, large deviations for
PW'>z) asx—oo0 and P(W'<zx) asz—0.

Another one is about a large deviation behavior of normalized random sums defined by

ZN(t)
SZnw i X

R = = ,
NE) ZN(t) ZN(t)
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where {X,,}>°, is a sequence of i.i.d. real-valued random variables with zero mean. Notice
that on the event {Zy ;) > 0}, the random variable Ry ;) is well-defined. Ry ;) has also found
many applications, for example, it arise in applications of polymerase chain reactions with
mutations. Inspired by [17], we are curious about the large deviations of Ry 1), especially, the

large deviation behavior of the probability
PRy > et Znw >0) ast— oo,

for some sequence {e¢ }+>0 that converges to 0. It is worth mentioning that if X; coincides in law

with Z1 —m, then Ry ;) coincides in law with % —m. Also notice that if {e;}+>0 := {€}, i.e.,
independent of time and if Ry coincides in law with % — m, then it is exactly the case

studied in this dissertation. That is, the study of P(Ry@) > €| Zn) > 0) is a generalization of
the large deviation study about the ratio away from its mean for our PRIBP. Another possible

large deviation study regarding Ry ;) is the asymptotic behavior of
P(Rynw) € | Znw > ve) ast — oo,
for some sequence {v;}¢>0 that goes to oo.

Secondly, in fact, RIBP includes PRIBP as a special case in which the indexing process is
a Poisson process. Thus, we could consider a more general renewal process as the subordinator
process and then investigate the large deviation behavior of the ratio Zy)4+1/Zn() and that
of other quantities mentioned above. In the study of RIBP, [27] and [26] have focused on some
critical RIBPs and have studied the asymptotic formulas for the moments, Var(Z N()), that
for the probability of non-extinction P(Zy () > 0), and limiting distributions of properly nor-
malized Zp ;). All these results are restricted in the critical case, therefore, more thorough and

general results for non-critical cases are necessary to provide a complete picture mathematically.

Thirdly, we can consider a PRIBP with immigration. Let

Zn
Zni1 =Y Xi+Ypp with Zg=1,
i=1
where {X;} are i.i.d. with a p.g.f. f(s) and {Y,,} are i.i.d. with a p.g.f. A(s) and X’s and Y’s are
independent. That is, at the birth time of the n-th generation, there is an immigration of Y,
particles into the system. Suppose that E(X;) = m and E(Y7) = p. Notice that the expectation
E(Z1) = m+ p. For a super-critical branching process, Z,,11/Z, converges to m a.s. as n — 00

when conditioning on the event {Zy ;) > 0}. Therefore, we can study the large deviation rates
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for the probability 2
P(‘g,(f(): —m|>e|Zyw >0).

Fourthly, we can consider a PRIBP in a random environment. Let Zy = 1. Assume that all
Z, particles in the n-th generation reproduce according to a common offspring distribution
with p.g.f. fe,(s), where f¢, (s) is chosen randomly from a collection ® of environmental p.g.f.s
according to some law. Assume that {fe, (s)} are ii.d.., i.e., i.i.d. environment. Let m(§.) =
S (Oore kprk(&))pi where pi(&;) is the probability of having k children under the offspring
distribution f¢,(s) and p; is the probability of the offspring distribution of which p.g.f. is f¢,(s).

We can study the large deviation rate for

ZN(t)+1

P Zno

— m(§)| >e€ ‘ ZN(t) > 0).

Fifthly, we can consider a multi-type super-critical PRIBP inspired by the work of Athreya
and Vidyashankar in [6]. Let {Z,}7°, be a super-critical 2-type Galton-Watson branching
process with type-dependent offspring generating functions f(i)(s), 1 = 1,2, and the mean

matrix M = ((8f8(2j(s)|s:(1’1))7;j)2X2. Assume that f(0,0) = 0, i.e., the probability of having

no child is zero. Let p be the maximal eigenvalue of M with the corresponding left and right

1)

eigenvectors v and u), respectively. Let [ = (I1,12) be any non-zero vector with Iy # lo.

Under some assumptions, we would like to study the large deviation rates for
U Znpsr U (ZnoM

)
P - Zo = e;
(‘1~ZN(t) 1 Zngy [>elZ=ci)

and Iz O
“ZN(t) l-v o
(|1-ZN(t) “ 1wl elde = e

6.2 Applied Research

For financial applications, we consider the pricing of exotic options when the price of the
underlying asset is modeled by a PRIBP. For example, we can study the pricing of lookback
option. It is path dependent and the payoff depends on the maximum or minimum underlying
asset’s prices over the life of the option. The holder of this option is allowed to look back over
the lifetime of the option to determine the payoff. We consider the lookback option with a fixed
strike. The payoff functions for the fixed strike lookback call and the fixed strike lookback put

are, respectively, given by:

LC}ip(T) = max(Smax — K,0) and  LPfi; = max(K — Syin, 0),
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where K is the the fixed strike price, Spqz is the maximum underlying asset’s price during the
lifetime of the option, and Sy, is the minimum underlying asset’s price during the lifetime of

the option.

We would like to derive analytic formulas for pricing this call and put options. Applying mar-

tingale pricing, the prices of the call and put options at the current moment are
LC4iz(0) = e " E[LC:,(T)) = e " E[maz(Spmaz — K, 0)]

and
LP;ip(0) = e "TE[LP;};,(T)] = e " Elmax(K — Spin,0)].

Therefore, we need to derive the exact formulas for LC;;(0) and LPy;;(0) in terms of PRIBP.
Notice that in order to obtain the exact formulas, we need to calculate the probabilities of
maximum and minimum population size up to each generation. After obtaining the formulas,
we would like to give numerical results to compare the prices of the options whose underlying
asset is modeled by a PRIBP with the prices of those whose underlying asset is modeled by a

lognormal distribution.
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