
ABSTRACT

ERBACHER, CHRISTINA ELIZABETH. Root Multiplicities of the Indefinite Kac-Moody AlgebraHD(3)
4 .

(Under the direction of Dr. Kailash Misra.)

Victor Kac and Robert Moody (independently) generalized the concept of finite dimensional semisimple

Lie algebras to the infinite dimensional case in 1968. We call this class of Lie algebras Kac-Moody algebras.

There are many applications of Kac-Moody algebras in physics and mathematics.

An important problem concerning Kac-Moody algebras is finding their root multiplicities. Each Kac-

Moody algebra is determined by what we call a Dynkin diagram which may be used to construct a general-

ized Cartan matrix (GCM). Every indecomposable symmetrizable GCM is one of three types: finite, affine,

or indefinite. The root multiplicities are known for finite and affine type Kac-Moody algebras. For indefinite

type Kac-Moody algebras, though, determining root multiplicities is still an open problem.

In this thesis we study the root multiplicities of the hyperbolic indefinite type Kac-Moody algebra,

HD
(3)
4 . Using a well known construction (see, for example, [Benkart, Kang & Misra, 1993]) we realize

g = HD
(3)
4 as a Z-graded Lie algebra with local part g−1 ⊕ g0 ⊕ g1 where g0 is the affine Kac-Moody

algebraD(3)
4 . With this realization ofHD(3)

4 we then use Kang’s multiplicity formula (1994) which involves

finding weight multiplicities of certain D(3)
4 -modules. To compute such multiplicities we use crystal base

theory for D(3)
4 -modules.

Let {α0, α1, α2} and {α−1, α0, α1, α2} denote the simple roots of D(3)
4 and HD(3)

4 , respectively. Let

δ be the canonical imaginary root of D(3)
4 . We calculate multiplicities of some HD(3)

4 roots of the form

−lα−1 − m0α0 − m1α1 − m2α2 − nδ for 1 ≤ l ≤ 3, k,mi ∈ Z≥0. In each case we see that Frenkel’s

conjectured bound for the root multiplicities holds. We also find the energy function for the level 1 D(3)
4

perfect crystal and use this function to generalize our results for level 1 roots of the form −α−1 − kδ.
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Chapter 1

Introduction

Lie algebras and Lie groups are closely related to the study of symmetries in nature and are naturally related

with numerous physical phenomenon. The finite dimensional simple Lie algebras were completely classified

around 1894 by Cartan. In 1968 Victor Kac and Robert Moody defined the infinite dimensional analog of

finite dimensional semisimple Lie algebras, now known as Kac-Moody Lie algebras. An important class of

infinite dimensional Kac-Moody Lie algebras are the affine Lie algebras which are known to physicists as

current algebras.

The representation theory of affine Lie algebras has been an important direction of mathematical re-

search during the last three decades, with numerous connections to other areas of mathematics such as

number theory and combinatorics. The representation theory of affine Lie algebras also has many connec-

tions to physics, such as in conformal field theory, quantum physics, and statistical mechanics. Many of

these interactions have been possible due to a clear understanding of the combinatorial properties of affine

Lie algebras and their representations.

Each Kac-Moody algebra is determined by its Dynkin diagram, from which we may construct the cor-

responding generalized Cartan matrix (GCM). Each GCM is one of three types: finite, affine, or indefinite

and the corresponding Kac-Moody algebra is classified in the same way.

A fundamental problem in the study of Kac-Moody algebras is determining root multiplicities. For

Kac-Moody algebras of finite and affine type, the root multiplicities are well known (see [6]). For infinite

dimensional, non-affine Kac-Moody algebras of indefinite type, determining root multiplicities is still an

open problem (for example, see [1], [12], [5].)

In this thesis we study the root multiplicities for the Kac-Moody algebra of indefinite type, HD(3)
4 . In

Chapter 2 we review some of the fundamental definitions and theories of Kac-Moody algebras, including

the definition of a root and its multiplicity. We also include specific examples of concepts pertaining to our

study.

A key approach to our study is to utilize a construction of HD(3)
4 (as in [1], [12]) that begins with the

affine Kac-Moody algebra D(3)
4 , and realizes HD(3)

4 as a Z-graded Lie algebra with local part V (Λ0) ⊕

1



D
(3)
4 ⊕ V ∗(Λ0), where V (Λ0) is the D(3)

4 highest weight module with weight Λ0 and V ∗(Λ0) is its finite

dual. We detail this construction in Chapter 3. This construction allows us to determine root multiplicities

of HD(3)
4 with Kang’s multiplicity formula ([8]), which requires counting the multiplicities of weights in

certain D(3)
4 integrable highest weight modules. We also review Kang’s formula in Chapter 3.

To count the multiplicities of D(3)
4 weights we use the crystal base theory for the quantum affine algebra

Uq(D
(3)
4 ) that was introduced by Kashiwara ([10]) and Lusztig ([13]) (independently) in 1991. The crystal

base for an integrable module of the affine Lie algebra D(3)
4 has a nice combinatorial structure which is

encoded in a directed graph called a crystal graph. In this process, determining the root multiplicities reduces

to counting the vectors of certain weights on the crystal graph. We review quantum affine algebras and crystal

base theory, as well as examples pertaining to our work, in Chapter 4.

Let {α0, α1, α2} and {α−1, α0, α1, α2} denote the simple roots of D(3)
4 and HD(3)

4 , respectively. Let

δ be the canonical imaginary root of D(3)
4 . In Chapter 5 we detail the implication of our strategy involving

Kang’s multiplicity formula and crystal base theory to calculate calculate multiplicities of someHD(3)
4 roots

of the form −lα−1 −m0α0 −m1α1 −m2α2 − nδ for 1 ≤ l ≤ 3, k,mi ∈ Z≥0. We also find the energy

function for the level 1D(3)
4 perfect crystal and use this information to generalize our results for level 1 roots

of the form −α−1 − kδ.
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Chapter 2

Kac-Moody Lie Algebras

In this chapter we provide an introduction to one of the important mathematical objects we use in our study,

Kac-Moody Lie Algebras. For more detailed information see, for example, [6], [4], and [8].

2.1 Definitions and Examples

Definition. Let g be a vector space over C with an anti-symmetric, bilinear operation [·, ·] : g × g → g

(called the bracket). Then g is a Lie algebra if the bracket satisfies what is called the Jacobi identity:

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0 for all x, y, z ∈ g.

Definition. Let g be a Lie algebra. The universal enveloping algebra of g is the pair (U(g), i), where U(g)

is an associative algebra over C and i : g→ U(g) is a Lie algebra homomorphism defined by:

i([x, y]) = i(x)i(y)− i(y)i(x) for all x, y ∈ g,

satisfying the universal property.

Theorem 2.1. Poincare-Birkhoff-Witt Theorem, [4]. Let (U(g), i) be the universal enveloping algebra

of g. Then, the map i : g → U(g) is injective and for an ordered g-basis {xl|l ∈ I}, {xl1xl2 · · ·xln |l1 ≤
· · · ln, n ≥ 0} forms a basis for U(g).

Definition. Let g be a Lie algebra and V be a vector space over C. A representation of g on V is a Lie

algebra homomorphism φ : g → gl(V ). A vector space V is called a g-module if there is a bilinear map

g× V → V , denoted by (x, v) 7→ x · v, satisfying

[x, y] · v = x · (y · v) for x, y ∈ g, v ∈ V.

A representation φ of g on V defines a g-module structure on V , and vice versa.
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A representation of a Lie algebra g naturally extends to a representation of its universal enveloping alge-

bra, U(g). Conversely, a representation of U(g) is also a representation of g. Therefore, the representation

theory of a Lie algebra and its universal enveloping algebra are essentially equivalent and we can study

representations of g by studying representations of U(g).

Definition. A matrix A = (aij)i,j∈I for a finite index set I is called a generalized Cartan matrix (GCM) if

it satisfies the following conditions:

aii = 2 for all i ∈ I

aij ∈ Z≤0 for all i 6= j ∈ I

aij = 0⇔ aji = 0 for all i, j ∈ I

Definition. A matrix A is symmetrizable if there exists a diagonal matrix D =diag(si | i ∈ I) with all

si ∈ Z>0 such that DA is symmetric. A matrix A is indecomposable if for every pair of non empty subsets

I2, I2 ⊂ I with I1 ∪ I2 = I , there exists some i ∈ Ii and j ∈ I2 such that aij 6= 0.

Definition. An indecomposable GCM, A, is said to be of

• finite type if there exists u > 0 such that Au > 0,

• affine type if there exists a u > 0 such that Au = 0,

• indefinite type if there exists a u > 0 such that Au < 0.

Let A = (aij)i,j∈I={1,...n} be a symmetrizable GCM of rank l. The Cartan datum of A is the quintuple,(
A,Π, Π̌, P, P̌

)
. We call h = C⊗Z P̌ the Cartan subalgebra where the set P̌ is a free abelian group of rank

2|I| − l with Z-basis {hi | i ∈ I} ∪ {ds | s = 1, . . . , |I| − l}, called the dual weight lattice. Then, define the

set P = {λ ∈ h∗ | λ(P̌ ) ⊂ Z} to be the weight lattice.

Call the set Π̌ = {hi | i ∈ I} the set of simple coroots, and choose a linearly independent subset:

Π = {αi | i ∈ I} ⊂ h∗ with

αj(hi) = aij , αj(ds) = 0 or 1 for i, j ∈ I, s = 1, . . . , |I| − l.

Call these elements simple roots. Then, define the fundamental weights to be the linear functionals Λi ∈ h∗

(i ∈ I), given by:

Λi(hj) = δij , Λi(ds) = 0 for j ∈ I, s = 1, . . . , |I| − l.

Definition. The Kac-Moody algebra g associated with a Cartan datum
(
A,Π, Π̌, P, P̌

)
is the Lie algebra

on generators ei, fi (i ∈ I) and h ∈ P̌ with the following six relations:

1. [h, h′] = 0 for h, h′ ∈ P̌ ,

4



2. [ei, fj ] = δijhi,

3. [h, ei] = αi(h)ei for h ∈ P̌ ,

4. [h, fi] = −αi(h)fi for h ∈ P̌ ,

5. (adei)1−aijej = 0 for i 6= j,

6. (adfi)1−aijfj = 0 for i 6= j.

The generators ei, fi, (i ∈ I) are called the Chevalley generators.

Example 2.2. The algebra g = D
(3)
4 is the affine Kac-Moody algebra g(A) associated with the generalized

Cartan matrix

A =

 2 −1 0

−1 2 −3

0 −1 2

 .

Example 2.3. HD(3)
4 is the Kac-Moody algebra of indefinite type associated with the generalized Cartan

matrix

A =


2 −1 0 0

−1 2 −1 0

0 −1 2 −3

0 0 −1 2

 ,

So, HD(3)
4 = g(A) where g(A) is the Lie algebra on generators {ei, fi}2i=−1 and h with defining relations:

[ei, fj ] = δijhi, i = −1, 0, 1, 2

[h, h′] = 0, h, h′ ∈ h (2.1)

[h, ei] = 〈αi, h〉ei, i = −1, 0, 1, 2, h ∈ h

[h, fi] = −〈αi, h〉fi, i = −1, 0, 1, 2, h ∈ h

Where, 〈αj , hi〉 = αj(hi) = aij for i, j = −1, 0, 1, 2.

Definition. To each generalized Cartan matrix A = (aij)i,j∈I , we associate an oriented graph called the

Dynkin diagram of A with the following structure:

1. There are |I| nodes.

2. The ith and jth node are connected by aij · aji edges.

3. If |aij | < |aji|, then the edges from the ith node to the jth node are directed.
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e e e
α0 α1 α2

〈

Figure 2.1: Dynkin diagram of D(3)
4 .

e e e e
α−1 α0 α1 α2

〈

Figure 2.2: Dynkin diagram of HD(3)
4 .

Example 2.4. Figure 2.1 is the Dynkin diagram of D(3)
4 .

Example 2.5. Figure 2.2 is the Dynkin diagram of HD(3)
4

Notice we obtain the Dynkin diagram of HD(3)
4 from the Dynkin diagram of D(3)

4 by adding a node.

2.2 Roots and Weights of Kac-Moody Algebras

Definition. For the simple roots αi, i ∈ I , of a Kac-Moody Lie algebra g, the free abelian group Q =

⊕i∈IZαi is called the root lattice andQ+ =
∑

i∈I Z≥0αi is called the positive root lattice. For each α ∈ Q,

let

gα = {x ∈ g | [h, x] = α(h)x for all h ∈ h}.

If α 6= 0 and gα 6= 0, then α is called a root of g and gα is called the root space attached to α. The dimension

of gα is called the root multiplicity of α.

Note that gαi = Cei and g−αi = Cfi. The Kac-Moody algebra g has the root space decomposition:

g =
⊕
α∈Q

gα,

and all roots are either positive (α ∈ Q+) or negative (α ∈ Q− = −Q+). We let ∆, ∆+, and ∆−

represent the set of all roots, positive roots and negative roots, respectively. Then define g+ =
⊕

α∈∆+ gα

and g− =
⊕

α∈∆− gα, and we have the triangular decomposition:

g = g− ⊕ h⊕ g+.

Definition. For each i ∈ I , define the simple reflection ri on h∗ by

ri(λ) = λ− λ(hi)αi.
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The Weyl group, W , is the subgroup of End(h∗) generated by all simple reflections. Any w ∈ W may be

expressed as a product of simple reflections, w = Πt
k=1rik. If t is minimal amongst all such expressions, we

say w is a reduced expression and call t the length of w, denoted l(w).

The following results are proven in [6]. First, we have that the Chevalley involution, ζ : g→ g, given by

ζ(ei) = −fi, ζ(fi) = −ei, ζ(h) = −h

is an automorphism. Then, since ζ(gα) = g−α, we have that mult(α) = mult(−α) for all α ∈ ∆. Next,

if α is a root of a Kac-Moody algebra of finite type, g, then there exists a w ∈ W such that w(α) = αi

for some i ∈ I , mult(α) = 1, and kα is a root if and only if k = ±1. On the other hand, if α is a root

of a Kac-Moody algebra of affine or indefinite type, we say α is a real root if α is w-conjugate to a simple

root. Hence, real roots all have multiplicity 1. If α is not a real root we say α is an imaginary root. If α is an

imaginary root of an affine Kac-Moody algebra g, then kα is also an imaginary root of g for all k ∈ Z, and

the multiplicity of α is equal to the rank of the Cartan matrix associated with g. For Kac-Moody algebras of

indefinite type, determining root multiplicities is still an open problem.

Now, for a Kac-Moody algebra g, we discuss the weights (and associated weight spaces) of a g-module

V .

Definition. For any λ ∈ h∗, the λ-weight space Vλ is the set

Vλ = {v ∈ V | h · v = λ(h)v for all h ∈ h}.

If Vλ 6= 0, we call λ a weight of V and the dimension of Vλ is called the weight multiplicity of λ in V .

Definition. A module V is called a weight module if it admits a weight space decomposition:

V =
⊕
µ∈h∗

Vµ.

When all weight spaces, Vµ, of a weight module V are finite dimensional, we define the character of V as

chV =
∑
µ

dim(Vµ)eµ,

where eµ are formal basis elements of the group algebra C[h∗] with multiplication defined by eλeµ = eλ+µ.

Definition. Let wt(V ) be the set of all weights of the module V and define the category O, its objects

consisting of weight modules V over g with finite dimensional weight spaces for which there exists a finite

number of elements λ1, λ2, . . . , λs ∈ h∗ such that

wt(V ) ⊂ {µ ∈ h∗ | µ ≤ λ1} ∪ · · · ∪ {µ ∈ h∗ | µ ≤ λs},
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where µ ≥ λ if and only if µ− λ ∈ Q+ =
∑

i∈I Z+αi.

Of particular significance are the g-modules in the category O called highest weight modules.

Definition. A weight module V is a highest weight module of highest weight λ ∈ h∗ if there exists a nonzero

vector vλ ∈ V , called a highest weight vector, such that

ei · vλ = 0 for all i ∈ I,

h · vλ = λ(h)vλ for all h ∈ h,

V = U(g)vλ.

If we let g be any Kac-Moody algebra and V be a highest weight g-module with highest weight λ, then

V = ⊕µ≤λVµ, where each Vµ is finite dimensional and dim(Vλ) = 1.

Definition. A g-moduleM(λ) with highest weight λ is a Verma module if every other g-module with highest

weight λ is a quotient of M(λ).

For every λ ∈ h∗, there exists a unique (up to isomorphism) Verma module,M(λ), with unique maximal

proper submodule, M ′(λ). For L(λ) = M(λ)/M ′(λ), L(λ) is an irreducible g-module with highest weight

λ. Every irreducible g-module in the category O is isomorphic to L(λ) for some λ ∈ h∗.

We say V is an integrable g-module if all ei and fi for i ∈ I , are locally nilpotent on V . A weight λ of V

is called integral if λ(hi) ∈ Z for i ∈ I . The set of all integral weights is known as the weight lattice, denoted

by P . Define P+ = {λ ∈ P | λ(hi) ≥ 0 for all i ∈ I}, and P++ = {λ ∈ P | λ(hi) > 0 for all i ∈ I}

Definition. The categoryOint consists of integrable g-modules V in the categoryO such that all weights of

V are integral weights.

Every g-module in the category Oint is completely reducible and every irreducible g-module in Oint is

isomorphic to a highest weight module L(λ) with λ ∈ P+. Lastly, we note the action of the Weyl group for

modules in this category. Let V ∈ Oint, λ ∈ wt(V ), and w ∈W . Then we have: dim(Vλ) = dim(Vwλ).
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Chapter 3

Construction of HD
(3)
4 and Kang’s

Multiplicity Formula

We wish to use Kang’s (1994) multiplicity formula to compute root multiplicities of HD(3)
4 . To use Kang’s

formula, we construct HD(3)
4 as in [1] and [2]. This construction is detailed in Section 3.1. Then, in Sec-

tion 3.2 we review Kang’s formula.

3.1 Construction of HD
(3)
4

We begin by considering the Lie algebra g0 = D
(3)
4 . We construct two g0-modules, V and V ∗, and a g0-

module homomorphism ψ : V ∗ ⊗ V → g0. With these four ingredients, we build a graded Lie algebra g

which intersects its local part V ⊕ g0 ⊕ V ∗ trivially. Finally, we show g ∼= HD
(3)
4 .

The algebra g0 = D
(3)
4 is the affine Kac-Moody algebra g0(A0) associated with the generalized Cartan

matrix

A0 =

 2 −1 0

−1 2 −3

0 −1 2

 ,

obtained from the Dynkin diagram

e e e1 2 1

α0 α1 α2

〈

Figure 3.1: Dynkin diagram of D(3)
4 labeled with δ coordinates.
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The numerical labels are the coordinates of the unique vector δ = (a0, a1, a2)t such that A0δ = 0 and

the ai are positive relatively prime integers.

A0 has the realization {h0,Π = {α0, α1, α2}, Π̌ = {H0, H1, H2}}. The center of g0 is one dimensional

and is spanned by K = H0 + 2H1 + 3H2 ∈ h0. Let d ∈ h0 be such that

〈α0, d〉 = 1,

〈α1, d〉 = 0,

〈α2, d〉 = 0.

Then, {d,H0, H1, H2} form a basis for h0. The algebra g0 is generated by the elements {Ei}2i=0, {Fi}2i=0,

and the Cartan subalgebra, h0.

Let Λ0 ∈ h∗0 be such that

〈Λ0, d〉 = 0, 〈Λ0, h0〉 = 1, 〈Λ0, h1〉 = 0, 〈Λ0, h2〉 = 0,

and let V = V (Λ0) be the irreducible highest weight module over g0 with highest weight Λ0. Let v0

represent the highest weight vector of weight Λ0 in V (Λ0). Then we have the following relations for i =

0, 1, 2:

Hi · v0 = δ0,i · v0,

d · v0 = 0,

Ei · v0 = 0

Using the module action given by:

〈g · v∗, v〉 = −〈v∗, g · v〉 for all v∗ ∈ V ∗(Λ0), v ∈ V (Λ0), g ∈ g0,

the restricted dual V ∗ = V ∗(Λ0) is an irreducible lowest weight g0-module with lowest weight−Λ0. Let v∗0
represent the lowest weight vector of V ∗(Λ0). The following relations hold for i = 0, 1, 2:

Hi · v∗0 = −δ0,i · v∗0,

d · v∗0 = 0,

Fi · v∗0 = 0.

The last ingredient we need for our construction is a homomorphism from V ∗ ⊗ V to g0. This ho-

momorphism makes use of the standard invariant nondegenerate symmetric bilinear form: (· | ·)h0 , given
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by:

(Hi|Hj) = aj ǎ
−1
j aij i = 0, 1, 2

(d|d) = 0

(Hi|d) = δi0 i = 0, 1, 2

The a0, a1, a2 are the numerical labels of the Dynkin diagram for D(3)
4 . Whereas, ǎ0, ǎ1, ǎ2 the labels of the

Dynkin diagram of the dual algebra obtained by reversing the directions of all arrows and keeping the same

enumeration of vertices as shown in Figure 2.2 (see [6]). Thus, we have the relations:

(H0|d) = δ0,0 = 1,

(H0|H0) = 1(
1

1
)(2) = 2,

(H0|H1) = 2(
1

2
)(−1) = −1,

(H0|H2) = 1(
1

3
)(0) = 0,

(H1|d) = δ1,0 = 0,

(H1|H0) = 1(
1

1
)(−1) = −1,

(H1|H1) = 2(
1

2
)(2) = 2,

(H1|H2) = 1(
1

3
)(−3) = −1,

(H2|d) = δ2,0 = 0,

(H2|H0) = 1(
1

1
)(0) = 0,

(H2|H1) = 2(
1

2
)(−1) = −1,

(H2|H2) = 1(
1

3
)(2) =

2

3
.

e e e1 2 3

α̌0 α̌1 α̌2

〉

Figure 3.2: Dynkin diagram of G(1)
2 .

The standard bilinear form on h0 may be uniquely extended to an invariant, nondegenerate, symmetric,
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bilinear form on all of g0, which we will denote (· | ·)g0 . Then define the map Ψ : V ∗ ⊗ V → g0 by

Ψ(v∗ ⊗ v) = −
∑

i∈I 〈v∗, xi · v〉xi − 2〈v∗, v〉K, where {xi | i ∈ I} is an orthonormal basis for g0 with

respect to the bilinear form (· | ·)g0 .

Now, we begin our construction of g. The space V (Λ0)⊕ g0 ⊕ V ∗(Λ0) has a local Lie algebra structure

with the bracket defined for all v ∈ V (Λ0), v∗ ∈ V ∗(Λ0), and g ∈ g0, such that:

[v∗, v] = Ψ(v∗ ⊗ v),

[g, v] = g · v,

[g, v∗] = g · v∗.

For j ≥ 1 define ĝ−j to be the space spanned by all products of j vectors from V (Λ0), and define ĝj to be

the space spanned by all products of j vectors from V ∗(Λ0). Then,

ĝ−1 = V (Λ0),

ĝ0 = g0,

ĝ1 = V (Λ0)∗,

and ĝ =
⊕

j∈Z ĝj is the maximal graded Lie algebra with local part V (Λ0) ⊕ g0 ⊕ V ∗(Λ0). Notice, ĝ− =⊕
j≥1 ĝ−j and ĝ+ =

⊕
j≥1 ĝ+j are the free Lie algebras generated by V (Λ0) and V ∗(Λ0), respectively.

For all k > 1, define the subspaces:

Jk = {x ∈ ĝk | [y1, [. . . [yk−1, x]] . . .] = 0 ∀y1, . . . , yk−1 ∈ V (Λ0)}

J−k = {x ∈ ĝ−k | [y1, [. . . [yk−1, x]] . . .] = 0 ∀y1, . . . , yk−1 ∈ V ∗(Λ0)}

J± =
∑
k>1

J±k

J = J− ⊕ J+.

J± are ideals of ĝ and J is the largest graded ideal of ĝ which intersects the local part of ĝ trivially.

Then, we define

g = ĝ/J

=
(⊕
i>1

g−i
)
⊕ V (Λ0)⊕ g0 ⊕ V ∗(Λ0)⊕

(⊕
i>1

gi
)
,

where for i > 1, g±i = ĝ±i/J±i. This is the minimal graded Lie algebra with local part V (Λ0) ⊕ g0 ⊕
V ∗(Λ0). In addition to the fact that in our construction each subspace g−j (respectfully g+j) is a direct

sum of irreducible highest weight (respectfully lowest weight) modules over g0, our proof of the following

theorem allows us to view the root spaces of HD(3)
4 as weight spaces of g0-modules. Therefore, we may
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then use the representation theory of the affine Kac-Moody algebra g0 = D
(3)
4 to find the root multiplicities

of the indefinite Kac-Moody algebra HD(3)
4 .

Theorem 3.1. Consider the map φ from HD
(3)
4 → g given by:

e−1 7→ v∗0, f−1 7→ v0, h−1 7→ −d− 2K,

ei 7→ Ei, fi 7→ Fi, hi 7→ Hi

for i = 0, 1, 2, where {e−1, e0, e1, e2}, {f−1, f0, f1, f2}, and h = span{h−1, h0, h1, h2} are the Chevalley

generators and Cartan subalgebra of HD(3)
4 , respectively. The map φ : HD

(3)
4 → g is an isomorphism.

Proof. Recall, HD(3)
4 = g(A) where

A =


2 −1 0 0

−1 2 −1 0

0 −1 2 −3

0 0 −1 2

 .

Also, g(A) is the Lie algebra on generators {e−1, e0, e1, e2}, {f−1, f0, f1, f2}, and h with defining relations

stated in equation 2.1. Since J is the maximal graded ideal of ĝ which intersects the local part of ĝ trivially

and φ is clearly linear and bijective, we need only show the following relations hold:

[φ(ei), φ(fi] = δijφ(hi) (i, j = −1, 0, 1, 2)

[φ(h), φ(h′)] = 0 (h, h′ ∈ h)

[φ(h), φ(ei)] = 〈αi, h〉φ(ei) (i = −1, 0, 1, 2)

[φ(h), φ(fi)] = −〈αi, h〉φ(fi) (i = −1, 0, 1, 2)

Notice, that for i, j = 0, 1, 2, the above statements follow directly from the two facts:

1. φ(ei) = Ei, φ(fi) = Fi, and φ(hi) = Hi for i = 0, 1, 2.

2. The generalized Cartan matrix for g0 = D
(3)
4 is identical to the generalized Cartan matrix for HD(3)

4

with column (-1) and row (-1) removed.
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Thus, we have reduced our task to showing the following:

[φ(e−1), φ(f−1] = φ(h−1) (3.1)

[φ(e−1), φ(fi)] = 0 (i = 0, 1, 2) (3.2)

[φ(ei), φ(f−1)] = 0 (i = 0, 1, 2) (3.3)

[φ(h), φ(h′)] = 0 (h, h′ ∈ h) (3.4)

[φ(h), φ(e−1)] = 〈α−1, h〉φ(e−1) (h ∈ h) (3.5)

[φ(h), φ(f−1)] = −〈α−1, h〉φ(f−1) (h ∈ h) (3.6)

First, we show (3.1). Note that,

[φ(e−1), φ(f−1)] = [v∗0, v0] = Ψ(v∗0 ⊗ v0) = −
∑
i∈I
〈v∗0, xi · v0〉xi − 2〈v∗0, v0〉K,

where {xi | i ∈ I} is an orthonormal basis for g0 with respect to the bilinear form (· | ·)g0 , and K = H0 +

2H1 + 3H2. Then, let y−1 = 1√
−2

(d−K) and y0 = 1√
2
(d+K). We show that y−1, y0 are orthonormal:

(y−1|y−1) =
1

−2
(d−K | d−K)

=
1

−2
((d|d)− (d|K)− (K|d) + (K|K)

=
1

−2
(0− 1− 1 + 0)

= 1

(y0|y0) =
1

2
(d+K | d+K)

=
1

2
((d|d) + (d|K) + (K|d) + (K|K))

=
1

2
(0 + 1 + 1 + 0)

= 1

14



(y−1|y0) =
1√
−4

(d−K | d+K)

=
1√
−4

((d|d) + (d|K)− (K|d)− (K|K)

=
1√
−4

(0 + 1− 1− 0)

= 0

Also, define {y1, y2} as the orthonormal basis for the space H = span{H1, H2}. We know such a

basis exists because the bilinear form described above, restricted to H, is an inner product. Then, the set

{y−1, y0, y1, y2} forms an orthonormal basis for h0.

Next, let {xi | i ∈ I} be the orthonormal basis for g0 ordered in such a way that xi = yi for i =

−1, 0, 1, 2, and we have:

[φ(e−1), φ(f−1)] = Ψ(v∗0 ⊗ v0)

= −
∑
i∈I
〈v∗0, xi · v0〉xi − 2〈v∗0, v0〉K

= −〈v∗0,
1√
−2

(d−K) · v0〉(
1√
−2

(d−K))

− 〈v∗0,
1√
2

(d+K) · v0〉(
1√
2

(d+K))

−
2∑
i=1

〈v∗0, xi · v0〉xi − 2〈v∗0, v0〉K

This last equality follows from the following relations:

〈g · v∗, v〉 = −〈v∗, g · v〉,

Ei · v0 = 0,

Fi · v∗0 = 0.

So we can rewrite each term where xi 6= yi so it is 0, and we are left to sum only over i = −1, 0, 1, 2.

Next, consider: −
∑2

i=1 〈v∗0, xi · v0〉xi. Since x1, x2 ∈ H, and we know that each Hi · v0 = δ0iv0, then,

x1 · v0 = 0 and x2 · v0 = 0 as well. Thus, we are left with:

[φ(e−1), φ(f−1)] = −〈v∗0,
1√
−2

(d−K) · v0〉(
1√
−2

(d−K))

− 〈v∗0,
1√
2

(d+K) · v0〉(
1√
2

(d+K))

− 2〈v∗0, v0〉K
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We may then use the following:

〈v∗0, v0〉 = 1,

Hi · v0 = δ0iv0,

K = H0 + 2H1 + 3H2,

〈g · v∗, v〉 = −〈v∗, g · v〉,

d · v∗0 = 0

to show:

[φ(e−1), φ(f−1)] = − 1√
−2

(〈d · v∗0, v0〉+ 〈v∗0,−K · v0〉)
1√
−2

(d−K)

− 1√
2

(〈d · v∗0, v0〉+ 〈v∗0,K · v0〉)
1√
2

(d+K)− 2K

=
1√
−2
〈v∗0, v0〉

1√
−2

(d−K)− 1√
2

(〈v∗0, v0〉)
1√
2

(d+K)− 2K

=
1

−2
(d−K)− 1

2
(d+K)− 2K

=
1

−2
d+

1

2
K − 1

2
d− 1

2
K − 2K

= −d− 2K

= φ(h−1)

Next we show (3.2) and (3.3). For i = 0, 1, 2 we have:

[φ(e−1), φ(fi)] = [v∗0, Fi]

= −[Fi, v
∗
0]

= −Fi · v∗0
= 0,

and

[φ(ei), φ(f−1)] = [Ei, v0]

= Ei · v0

= 0.
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Then, for (3.4) we first note that [H,H ′] = 0 for all H,H ′ ∈ h0. Then notice

φ(h−1) = −d− 2K = −d− 2H0 − 4H1 − 6H2 ∈ h0

and φ(hi) = Hi ∈ h0 for i = 0, 1, 2. Since h and h′ in h are linear combinations of {h−1, h0, h1, h2}, φ(h)

and φ(h′) must both be elements of h0. Thus, [φ(h), φ(h′)] = 0.

Lastly, we show (3.5) and (3.6). For arbitrary c−1, c0, c1, c2 ∈ C, let h = c−1h−1 + c0h0 + c1h1 +

c2h2 ∈ h. Then, using the relations Hi · v∗0 = −δ0iv
∗
0 and d · v∗0 = 0:

[φ(h), φ(e−1)] = [c−1(−d− 2K) + c0H0 + c1H1 + c2H2, v
∗
0]

= (2c−1 − c0)v∗0

And, with 〈αj , hi〉 = aij ,

〈α−1, h〉φ(e−1) = 〈α−1, h〉v∗0
= 〈α−1, c−1h−1 + c0h0 + c1h1 + c2h2〉v∗0
= (c−1a−1,−1 + c0a0,−1 + c1a1,−1 + c2a2,−1)v∗0

= (2c−1 − c0 + 0 + 0)v∗0

= (2c−1 − c0)v∗0,

as desired. Similarly,

[φ(h), φ(f−1)] = [c−1(−d− 2K) + c0H0 + c1H1 + c2H2, v0]

= (−2c−1 + c0)v0

−〈α−1, h〉φ(f−1) = −〈α−1, h〉v0

= −〈α−1, c−1h−1 + c0h0 + c1h1 + c2h2〉v0

= −(c−1a−1,−1 + c0a0,−1 + c1a1,−1 + c2a2,−1)v∗0

= −(2c−1 − c0 + 0 + 0)v0

= (−2c−1 + c0)v0.

We have now shown all relations (3.1) through (3.6) hold, proving our assertion, and may now identify

Ei, Fi, and Hi with ei, fi, and hi, respectively.
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3.2 Multiplicity Formula

Now that we have realized HD(3)
4 as a minimal graded Lie algebra with local part V (Λ0)⊕D(3)

4 ⊕ V ∗(Λ0)

in Section 3.1 (also, as in [1]), we may use Kang’s multiplicity formula to determine root multiplicities

of HD(3)
4 using certain integrable highest weight D(3)

4 modules. We recall Kang’s formula here; for more

details about this material see, for example [8].

Theorem 3.2. [8] Let g = HD
(3)
4 , g0 = D

(3)
4 , and let V0(λ) be the highest weight g0-module with highest

weight λ. Let ∆± be the set of positive (respectfully, negative) roots of g, ∆±S the set of positive (respectfully,

negative) roots of g0, and ∆±(S) = ∆±
/

∆±S . Then, for α ∈ ∆−(S):

dim(gα) =
∑
τ |α

µ
(α
τ

)( τ
α

)
B(τ)

where:

µ is the classical Möbius function such that µ(n) = (−1)s if n is a product of s distinct primes,

µ(1) = 1, and µ(n) = 0 otherwise;

τ |α if α = kτ for some positive integer k, and then
α

τ
= k and

τ

α
= 1/k;

W (S) = {w ∈W | w∆− ∩∆+ ⊆ ∆+(S)};

let V =
∑

w∈W (S)

l(w)≥1

(−1)l(w)+1V0(wρ− ρ);

{τi | i = 1, 2, . . .} is an enumeration of the negative weights of V such that dimVτi 6= 0;

T (τ) = {(ni, τi) | ni ∈ Z≥0,
∑

niτi = τ},

the finite set of all partitions of τ into a sum of τi’s with τi ≤ τ in the enumeration;

Kτi =
∑

w∈W (S)

(−1)l(w)+1dimV0(wρ− ρ)τi , the alternating direct sum of g0-modules;

and B(τ) =
∑

(ni,τi)∈T (τ)

(
∑

i ni − 1)!

Π(ni!)
ΠKni

τi .

Essentially, given a root α of HD(3
4 , to determine dim(gα) we first determine what negative roots τ

divide α and sum over these τ . Both µ(ατ ) and ( τα) are clearly defined above. So, consider how to compute

B(τ). Note that B(τ) sums over the partitions of each τ , but that we need to only consider the partitions

(ni, τi) that result in 0 6= dimV0(wρ− ρ)τi , where V0(wρ− ρ) is an integrable highest weight D(3)
4 -module

of highest weight wρ − ρ. Thus, we determine which τi are actually weights of D(3)
4 -modules of the form
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V0(wρ − ρ). To find wρ − ρ we consider the set W (S), consisting of Weyl group elements that, acting on

the roots of HD(3)
4 , result in a root not exclusively in the set of roots of D(3)

4 ; that is, a root containing an

“α−1”-term. This entire process is detailed when used in Sections 5.4, and 5.5.

To determine the multiplicities of weights of D(3)
4 -modules, we use the crystal base theory for the quan-

tum affine group Uq(D
(3)
4 ) which we discuss in Chapter 4.
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Chapter 4

Quantum Affine Algebras

Kang’s multiplicity formula (see Section 3.2) involves counting weight multipliciites for certain D
(3)
4 -

modules. To do this, we may use crystal basis theory for the quantum group Uq(D
(3)
4 ).

In this chapter we introduce the quantum deformation Uq(g) of the universal enveloping algebra U(g)

of a Kac-Moody algebra g. Hence, we consider the quantum affine algebra Uq(g) of an affine Kac-Moody

algebra g. We then review the ideas of crystal basis theory for Uq(g)-modules. For more details on these

topics, see [4].

4.1 Definitions and Examples

First we introduce some notation. Given n ∈ Z and any symbol x, define

[n]x =
xn − x−n

x− x−1
,

with [0]x! = 1, [n]x! = [n]x[n− 1]x · · · [1]x for n ∈ Z>0. Thus, for nonnegative integers m and n, we have[
m

n

]
x

=
[m]x!

[n]x![m− n]x!
.

Then, fix an indeterminate q, and we have elements of the field C(q):

[n]q and

[
m

n

]
q

called q-integers and q-binomial coefficients, respectively. Next, let A = (aij)i,j∈I be a symmetrizable

generalized Cartan matrix with symmetrizing matrix D = diag(si ∈ Z>0 | i ∈ I) and let (A,Π, Π̌, P, P̌ )

be the Cartan datum associated with A. We define the following.
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Definition. The quantum group or the quantized universal enveloping algebra, Uq(g), associated with a

Cartan datum (A,Π, Π̌, P, P̌ ) is the associative algebra over C(q) with unity generated by the elements ei,

fi for i ∈ I and qh for h ∈ P̌ with defining relations:

1. q0 = 1, qhqh
′

= qh+h′ , for h, h′ ∈ P̌ ,

2. qheiq−h = qαi(h)ei, for h ∈ P̌ ,

3. qhfiq−h = q−αi(h)fi, for h ∈ P̌ ,

4. eifj − fjei = δij
Ki−K−1

i

qi−q−1
i

, for i, j ∈ I ,

5.
∑1−aij

k=0 (−1)k

[
1− aij
k

]
qi

e
1−aij−k
i eje

k
i = 0, for i 6= j,

6.
∑1−aij

k=0 (−1)k

[
1− aij
k

]
qi

f
1−aij−k
i fjf

k
i = 0, for i 6= j.

Here, qi = qsi and Ki = qsihi .

Notice, as q → 1, Uq(g)→ U(g). Now, let A = (aij)i,j∈I be a generalized Cartan matrix of affine type.

Recall the dual weight lattice P̌ = Zh0 ⊕Zh1 ⊕ · · · ⊕Zhn ⊕Zd and Cartan subalgebra h = C⊗Z P̌ . Also

recall the actions of the simple roots (αi), simple coroots (hi), and fundamental weights (Λi):

αi(hj) = aji, α(d) = δ0i,

Λi(hj) = δij , Λi(d) = 0 (i, j ∈ I).

The affine weight lattice is the set P = {λ ∈ h∗ | λ(P̌ ) ⊂ Z} and we call (A,Π, Π̌, P, P̌ ) an affine

Cartan datum, to which we associate the affine Kac-Moody algebra g. The center of g is one-dimensional

and is generated by the canonical central element K = k0h0 + · · ·+ knhn, and the imaginary roots of g are

nonzero integral multiples of the null root, δ = d0α0 + · · ·+ dnαn. The coefficients ki and di, i ∈ I , are the

nonnegative integers given in [6]. Using the fundamental weights and the null root, the affine weight lattice

can be written as P = ZΛ0 ⊕ ZΛ1 ⊕ · · · ⊕ ZΛn ⊕ Z 1
d0
δ. We call the elements of P affine weights, and the

affine dominant integral weights are the elements of the set P+ = {λ ∈ P | λ(hi) ∈ Z≥0 for all i ∈ I}. The

level of an affine dominant integral weight λ is the nonnegative integer λ(K).

Example 4.1. For the affine Kac-Moody algebra D(3)
4

K = h0 + 2h1 + 3h2,

and δ = α0 + 2α1 + α2.
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Definition. The quantum affine algebra Uq(g) is the quantum group associated with the affine Cartan datum

(A,Π, Π̌, P, P̌ ). The subalgebra of Uq(g) generated by ei, fi, and K±1
i for i ∈ I is denoted by U ′q(g) and

is (also) called the quantum affine algebra.

Let P̄∨ = Zh0 ⊕ Zh1 ⊕ · · · ⊕ Zhn and h̄ = C ⊗Z P̄
∨. We also set P̄ = ZΛ0 ⊕ ZΛ1 ⊕ · · · ⊕ ZΛn

and consider αi and Λi as linear functionals on h̄. The elements of P̄ are called classical weights and

(A,Π, Π̌, P̄ , P̄∨) is called the classical Cartan datum. The quantum affine algebra U ′q(g) can be regarded

as the quantum group associated with the classical Cartan datum.

Denote the projection cl : P → P̄ by λ→ λ̄ and fix an embedding af : P̄ → P such that cl ◦ af = id

and af ◦ cl(αi) = αi for i 6= 0. Then we define the set of classical dominant integral weights to be the set

P̄+ = cl(P+) = {λ ∈ P̄ |λ(hi) ≥ 0 for all i ∈ I}. A classical dominant integral weight is said to have

level l ≥ 0 if λ(c) = l; this is the same level as its affine counterpart.

The representation theory of quantized universal enveloping algebras is essentially parallel to that of

Kac-Moody algebras. For instance, we have the following theorem.

Theorem 4.2. [4] If λ ∈ P+ and Lq(λ) is the irreducible highest weight Uq(g)-module with highest weight

λ, then L1(λ) is isomorphic to the irreducible highest weight module L(λ) over U(g) with highest weight

λ. Hence, the character of Lq(λ) over Uq(g) is the same as the character of L(λ) over U(g).

With this theorem we may use crystal basis theory forUq(g)-modules to obtain results forU(g)-modules,

and hence g-modules. We review crystal basis theory in the following section.

4.2 Crystal Bases

A crystal base of a Uq(g)-module, V , can be viewed as a basis at q = 0. Crystal bases depict the internal

structure of integrable representations of quantum groups through their combinatorial characteristics. By

finding combinatorial descriptions of crystal bases we may determine the weight multiplicities in highest

weight Uq(D
(3)
4 )-modules. As the character of Lq(λ), a highest weight Uq(g)-module with highest weight

λ, is equal to the character of L(λ), a highest weight U(g)-module (equivalently, g-module) with high-

est weight λ, the multiplicities in highest weight Uq(D
(3)
4 )-modules determine the weight multiplicities in

highest weight D(3)
4 -modules. We will use these weight multiplicities to determine the root multiplicities of

HD
(3)
4 with Kang’s root multiplicity formula.

We begin our discussion of crystal base theory by reviewing some essential definitions. Let F = C(q)

be the field of rational functions in q with coefficients in C. Define the subring of F , A, as follows:

A =

{
f(q)

g(q)

∣∣ f, g ∈ C[q] and g(0) 6= 0

}
.
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The evaluation map ξ : A mod qA→ C, given by

ξ(f(q) + q · g(q)) = f(0) + 0 · g(0)

= f(0),

is an isomorphism. We define the following:

Definition. Let V be a vector space over F . A local base at q = 0 of V is a pair (L,B), where

1. L is a free A-module such that V is generated by L as a vector space over F (that is, V ∼= F ⊗A L).

2. B is a base of the vector space L mod qL over F .

Now, let g = g(A) be a symmetrizable Kac-Moody Lie algebra with realization{
h,Π = {αi

∣∣ i ∈ I} ⊂ h∗, Π̌ = {hi | i ∈ I} ⊂ h
}

. Let P be the weight lattice of g, Uq(g) be the quantized

universal enveloping algebra of g, and Uq(g(i)) be the subalgebra of Uq(g) generated by
{
ei, fi, t

±
i

}
. We

have that for each i ∈ I , Uq(g(i)) is isomorphic to Uq(sl(2,C)).

Let M be an integrable Uq(g)-module. Then, by Uq(sl(2,C)) representation theory, for each i ∈ I ,

any element u ∈ Mλ can be uniquely written as u =
∑

k≥0 f
(k)
i uk, where uk ∈ ker(ei) ∩Mλ+kαi . The

endomorphisms ẽi and f̃i on M , below, are called the Kashiwara operators:

ẽi(u) =
∑
k≥0

f
(k−1)
i uk

f̃i(u) =
∑
k≥0

f
(k+1)
i uk

for u ∈Mλ.

Definition. A crystal base of an integrable Uq(g)-module, M is a pair (L,B), such that the following hold:

1. (L,B) is a local base at q = 0.

2. L =
⊕

λ∈P Lλ, where Lλ = L ∩Mλ.

3. B =
⋃
λ∈P Bλ, where Bλ = B ∩ (Lλ/qLλ).

4. ẽiL ⊂ L, f̃iL ⊂ L.

5. ẽiB ⊂ B ∪ {0}, f̃iB ⊂ B ∪ {0}.

6. For b, b′ ∈ B, b′ = f̃ib if and only if b = ẽib
′.

The existence and uniqueness of crystal bases for integrable Uq(g)-modules follows from the following

theorem due to Kashiwara:

23



Theorem 4.3. Let

L(λ) =
∑
i≥0
i1,...,il

Af̃i1 · · · f̃iluλ,

and let

B(λ) =
{
f̃i1 · · · f̃iluλ mod qL(λ)

∣∣ l ≥ 0, i1, . . . , ik ∈ I
}
/{0}.

Then, (L(λ),B(λ)) is a crystal base of L(λ), the irreducible Uq(g)-module with highest weight λ.

Each crystal base is uniquely associated with a crystal graph, as described by the following definition.

Definition. Let M be an integrable Uq(g)-module with crystal basis (L,B). The crystal graph of M has B
as its set of vertices. For each i ∈ I , we join b ∈ B to b′ ∈ B with an i-colored arrow (b i−→ b′) if and only if

b′ = f̃ib (equivalently, if and only if b = ẽib
′).

Now, let B be a crystal graph of an integrable Uq(g)-module, M =
⊕

λ∈P (Mλ). For b ∈ Bλ, we say b

is of weight λ and write wt(b) = λ.

Define the maps εi and ϕi as follows:

εi(b) = max
{
n | ẽ(n)

i b 6= 0
}

ϕi(b) = max
{
n | f̃ (n)

i b 6= 0
}
.

We see that εi(b) gives the number of i-colored arrows coming into the vertex b, and ϕi(b) gives the

number of i-colored arrows coming out of the vertex b. Thus, ϕi(b) + εi(b) gives the length of the i-string

through b. Notice that ϕi(b)− εi(b) = 〈hi, wt(b)〉 = λ(hi).

One of the most important combinatorial characteristics of crystal bases is their stability under the tensor

product.

Theorem 4.4. Tensor Product Rule, [4]. Let Mj be an integrable Uq(g)-module and let (Lj ,Bj) be a

crystal basis of Mj for j = 1, 2. Let L = L1 ⊗A L2 and B = B1 × B2. Then, (L,B) is a crystal basis of

M1 ⊗F M2 and

ẽi(b1 ⊗ b2) =

ẽib1 ⊗ b2 if ϕi(b1) ≥ εi(b2)

b1 ⊗ ẽib2 if ϕi(b1) < εi(b2)

f̃i(b1 ⊗ b2) =

f̃ib1 ⊗ b2 if ϕi(b1) > εi(b2)

b1 ⊗ f̃ib2 if ϕi(b1) ≤ εi(b2).
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So, we have:

wt(b1 ⊗ b2) = wt(b1) + wt(b2),

εi(b1 ⊗ b2) = max(εi(b1), εi(b2)− 〈hi, wt(b1)〉),

ϕi(b1 ⊗ b2) = max(ϕi(b2), ϕi(b1) + 〈hi, wt(b2)〉).

There is a combinatorial rule using this theorem to determine the action of Kashiwara operators on

multi-fold tensor products of crystal graphs. That is, let Mj be an integrable Uq(g)-module with crystal

basis (Lj ,Bj) for j = 1, . . . , n. Fix i ∈ I and let b = b1 ⊗ b2 ⊗ · · · ⊗ bn ∈ B1 ⊗ · · · ⊗ Bn. We assign a

sequence of plusses and minuses to b as follows: For each bj assign εi(bj) minuses and ϕi(bj) plusses, so

that

b = b1 ⊗ b2 ⊗ · · · ⊗ bN

7→ (−, . . . ,−,︸ ︷︷ ︸
εi(b1)

+, . . . ,+,︸ ︷︷ ︸
ϕi(b1)

, . . . ,−, . . . ,−,︸ ︷︷ ︸
εi(bn)

+, . . . ,+︸ ︷︷ ︸
ϕi(bn)

).

Then, we cancel out all of the pairs of the form (+,−) to obtain a sequence of−’s followed by a sequence of

+’s, called the i-signature of b. Then ẽi acts on bj corresponding to the right-most minus in the i-signature

and f̃i acts on bk corresponding to the left-most plus in the i-signature:

ẽib = b1 ⊗ · · · ⊗ ẽibj ⊗ · · · ⊗ bn,

f̃ib = b1 ⊗ · · · ⊗ f̃ibk ⊗ · · · ⊗ bn.

4.3 Path Realizations

To discuss path realizations, we first must define a perfect crystal and recall a fundamental crystal iso-

morphism theorem, then we may obtain a path realization of crystal graphs for irreducible highest weight

modules over quantum affine algebras. From the previous section, we recall the maps (as in [4]):

wt : B → P, b ∈ Bλ 7→ wt(b) = λ,

ẽi, f̃i : B → B ∪ {0},

εi, ϕi : B → Z,

satisfying:

ϕi(b) = εi(b) + 〈hi, wt(b)〉,

ẽiBλ ⊂ Bλ+αi ∪ {0}, f̃iBλ ⊂ Bλ−αi ∪ {0},
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εi(ẽib) = εi(b)− 1, ϕi(ẽib) = ϕi(b) + 1 if ẽib ∈ B,

εi(f̃ib) = εi(b) + 1, ϕi(f̃ib) = ϕi(b)− 1 if f̃ib ∈ B,

f̃ib = b′ if and only if b = ẽib
′ for all i ∈ I and b, b′ ∈ B.

These maps characterize crystal bases (L,B) of Uq(g)-modules in the categoryOqint and we use these maps

to define a crystal.

Definition. Let Uq(g) be the quantized universal enveloping algebra of a Kac-Moody algebra associated

with realization (h,Π, Π̌) and weight lattice P . A Uq(g)-crystal associated with g is a P -weighted set, B
together with the maps wt : B → P , ẽi, f̃i : B → B∪{0}, and εi, ϕi : B → Z∪{−∞}, i ∈ I , satisfying

the following properties:

1. ϕi(b) = εi(b) + 〈hi, wt(b)〉 for all i ∈ I ,

2. wt(ẽib) = wt(b) + αi if ẽib ∈ B,

3. wt(f̃ib) = wt(b)− αi if f̃ib ∈ B,

4. εi(ẽib) = εi(b)− 1, ϕi(ẽib) = ϕi(b) + 1 if ẽib ∈ B,

5. εi(f̃ib) = εi(b) + 1, ϕi(f̃ib) = ϕi(b)− 1 if f̃ib ∈ B,

6. f̃ib = b′ if and only if b = ẽib
′ for b, b′ ∈ B, i ∈ I ,

7. if ϕi(b) = −∞ for b ∈ B, then ẽib = f̃ib = 0.

An affine crystal is a crystal associated with a quantum affine algebra Uq(g), and a classical crystal is a

crystal associated with a quantum affine algebra U ′q(g) (that is associated with a classical Cartan datum).

For two crystals B1, B2 we define the tensor product B1 ⊗ B2 to have the underlying set B1 × B2 and

write b1 ⊗ b2 for (b1, b2). We understand b1 ⊗ 0 = 0 = 0 ⊗ b2 and the action of ẽi and f̃i are analogous

to the action defined in Theorem 4.4. If B1 and B2 are P -weighted crystals, then so is B1 × B2, and for

b1 ⊗ b2 ∈ B1 ⊗ B2, wt(b1 ⊗ b2) = wt(b1) + wt(b2).

Recall the set of classical dominant integral weights, P̄+ from Section 4.1 and, for a positive integer l,

let P̄+
l = {λ ∈ P̄+ | λ(K) = l}. Let B be a U ′q(g)-crystal (classical crystal), and for b ∈ B, define:

ε(b) =
∑
i

εi(b)Λi and ϕ(b) =
∑
i

ϕi(b)Λi.

Note, wt(b) = ϕ(b)− ε(b). We may now define a perfect crystal.

Definition. A perfect crystal of level l, Bl, is a finite U ′q(g)-crystal that satisfies the following:
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1. there exists a finite dimensional U ′q(g)-module with a crystal basis whose crystal graph is isomorphic

to B,

2. Bl ⊗ Bl is connected,

3. there exists a classical weight λ0 ∈ P̄ , with dim(Bλ0) = 1 such that wt(B) ⊂ λ0 +
∑

i 6=0 Z≤0αi,

4. for any b ∈ Bl, 〈K, ε(b)〉 ≥ l,

5. for each λ ∈ P̄+
l , there exists unique vectors bλ ∈ Bl and bλ ∈ Bl such that

ε(bλ) = λ and ϕ(bλ) = λ.

In this thesis we use the perfect crystal outlined in the following example.

Example 4.5. We recall the Uq(D
(3)
4 ) perfect crystal Bl of level l ≥ 1 from [11]. This perfect crystal is a set

Bl = {b = (x1, x2, x3, x̄3, x̄2, x̄1) ∈ Z6
≥0

∣∣ s(b) = x1 + x2 +
x3 + x̄3

2
+ x̄2 + x̄1 ≤ l

and (x3 + x̄3) ≡ 0 mod 2}.

with the actions of the Kashiwara operators ẽi and f̃i for i = 0, 1, 2 given as follows:

for b = (x1, x2, x3, x̄3, x̄2x̄1) ∈ Bl :

ẽ1(b) =


(x1, x2, x3, x̄3, x̄2 + 1, x̄1 − 1) if x̄2 − x̄3 ≥ (x2 − x3)+,

(x1, x2, x3 + 1, x̄3 − 1, x̄2, x̄1) if x̄2 − x̄3 < 0 ≤ x3 − x2,

(x1 + 1, x2 − 1, x3, x̄3, x̄2, x̄1) if (x̄2 − x̄3)+ < x2 − x3,

f̃1(b) =


(x1 − 1, x2 + 1, x3, x̄3, x̄2, x̄1) if (x̄2 − x̄3)+ ≤ x2 − x3,

(x1, x2, x3 − 1, x̄3 + 1, x̄2, x̄1) if x̄2 − x̄3 ≤ 0 < x3 − x2,

(x1, x2, x3, x̄3, x̄2 − 1, x̄1 + 1) if x̄2 − x̄3 > (x2 − x3)+,

ẽ2(b) =

(x1, x2, x3, x̄3 + 2, x̄2 − 1, x̄1) if x̄3 ≥ x3,

(x1, x2 + 1, x3 − 2, x̄3, x̄2, x̄1) if x̄3 < x3,

f̃2(b) =

(x1, x2 − 1, x3 + 2, x̄3, x̄2, x̄1) if x̄3 ≤ x3,

(x1, x2, x3, x̄3 − 2, x̄2 + 1, x̄1) if x̄3 > x3,
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ẽ0(b) =



E1(b) = (x1, x2, x3, x̄3, x̄2, x̄1 + 1) if (E1),

E2(b) = (x1, x2, x3 − 1, x̄3 − 1, x̄2, x̄1 + 1) if (E2),

E3(b) = (x1, x2, x3 − 2, x̄3, x̄2 + 1, x̄1) if (E3),

E4(b) = (x1, x2 − 1, x3, x̄3 + 2, x̄2, x̄1) if (E4),

E5(b) = (x1 − 1, x2, x3 + 1, x̄3 + 1, x̄2, x̄1) if (E5),

E6(b) = (x1 − 1, x2, x3, x̄3, x̄2, x̄1) if (E6),

f̃0(b) =



F1(b) = (x1, x2, x3, x̄3, x̄2, x̄1 − 1) if (F1),

F2(b) = (x1, x2, x3 + 1, x̄3 + 1, x̄2, x̄1 − 1) if (F2),

F3(b) = (x1, x2, x3 + 2, x̄3, x̄2 − 1, x̄1) if (F3),

F4(b) = (x1, x2 + 1, x3, x̄3 − 2, x̄2, x̄1) if (F4),

F5(b) = (x1 + 1, x2, x3 − 1, x̄3 − 1, x̄2, x̄1) if (F5),

F6(b) = (x1 + 1, x2, x3, x̄3, x̄2, x̄1) if (F6),

The conditions F1−F6 follow. Conditions E1−E6 are obtained by interchanging the inequalities > (resp.

<) with ≥ (resp. ≤) in the respective conditions F1 − F6.

(F1)



2x̄1 + 2x̄2 + x̄3 − x3 − 2x2 − 2x1 > 0

2x̄1 + 3x̄3 − x3 − 2x2 − 2x1 > 0

x̄1 + x3 − x2 − x1 > 0

x̄1 − x1 > 0

(F2)



2x̄1 + 2x̄2 + x̄3 − x3 − 2x2 − 2x1 ≤ 0

2x̄2 + x̄3 − 3x3 ≤ 0

x̄2 − x̄3 ≤ 0

x̄1 − x1 > 0

(F3)



2x̄1 + 3x̄3 − x3 − 2x2 − 2x1 ≤ 0

3x̄3 − x3 − 2x2 ≤ 0

x̄3 − x3 ≤ 0

x̄2 − x̄3 > 0

x̄1 + x̄2 − x̄3 − x1 > 0
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(F4)



2x̄1 + 2x̄2 + x̄3 − 3x3 − 2x1 > 0

2x̄2 + x̄3 − 3x3 > 0

x̄3 − x3 > 0

x3 − x2 ≤ 0

x̄1 + x̄3 − x2 − x1 ≤ 0

(F5)



2x̄1 + 2x̄2 + x̄3 − x3 − 2x2 − 2x1 > 0

3x̄3 − x3 − 2x2 > 0

x3 − x2 > 0

x̄1 − x1 ≤ 0

(F6)



2x̄1 + 2x̄2 + x̄3 − x3 − 2x2 − 2x1 ≤ 0

2x̄1 + 2x̄2 + x̄3 − 3x3 − 2x1 ≤ 0

x̄1 + x̄2 − x̄3 − x1 ≤ 0

x̄1 − x1 ≤ 0

From [11], we also have the following formulas for φi and εi (i ∈ {0, 1, 2}):

φ1(b) = x1 + (x3 − x2 + (x̄2 − x̄3)+)+ ,

φ2(b) = x2 +
1

2
(x̄3 − x3)+ ,

ε1(b) = x̄1 + (x̄3 − x̄2 + (x2 − x3)+)+

ε2(b) = x̄2 +
1

2
(x3 − x̄3)+ .

Then, set

z1 = x̄1 − x1, z2 = x̄2 − x̄3, z3 = x3 − x2, z4 = (x̄3 − x3)/2,

and

A = (0, z1, z1 + z2, z1 + z2 + 3z4, z1 + z2 + z3 + 3z4, 2z1 + z2 + z3 + 3z4);

then we have

φ0(b) = l − s(b) + maxA,

ε0(b) = l − s(b) + maxA− (2z1 + z2 + z3 + 3z4).
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For l = 1 we have B1 = {b0, b1, b2, b3, b4, b5, b6, b7} such that

b0 = (0, 0, 0, 0, 0, 0), b1 = (1, 0, 0, 0, 0, 0)

b2 = (0, 1, 0, 0, 0, 0), b3 = (0, 0, 2, 0, 0, 0)

b4 = (0, 0, 1, 1, 0, 0), b5 = (0, 0, 0, 2, 0, 0)

b6 = (0, 0, 0, 0, 1, 0), b7 = (0, 0, 0, 0, 0, 1)

Example 4.6. Figure 4.1 is the crystal graph of B1 with the relations defined in Example 4.5.

(0, 0, 0, 0, 0, 0) = b0

0

(1, 0, 0, 0, 0, 0) = b1

1

(0, 1, 0, 0, 0, 0) = b2

2

(0, 0, 2, 0, 0, 0) = b3

1

(0, 0, 1, 1, 0, 0) = b4

1

(0, 0, 0, 2, 0, 0) = b5

2

0

(0, 0, 0, 0, 1, 0) = b6

1

0

(0, 0, 0, 0, 0, 1) = b7

0

Figure 4.1: Crystal Graph of the Perfect Crystal B1 outlined in Example 4.5

To complete this chapter, now we develop the tools we may use to realize the combinatorial structure of

a crystal, obtaining what is called the path realization of a crystal graph. For the remainder of this chapter,

assume: g is an affine algebra, l ∈ Z>0, Bl is a perfect crystal of level l, λ ∈ P̄+
l , bλ is the unique vector in Bl

such that ϕ(bλ) = λ, L(λ) is the highest weight Uq(g)-module of highest weight λ, and B(λ) is the crystal
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graph of L(λ). To begin, we introduce the following isomorphism theorem (see [4]), which is instrumental

in developing a path realization for B(λ).

Theorem 4.7. The map

Ψ : B(λ)→ B(ε(bλ))⊗ Bl given by uλ 7→ uε(bλ) ⊗ bλ

where uλ and uε(bλ) are the highest weight vectors of B(λ) and B(ε(bλ)), respectively, is a strict isomor-

phism of crystals.

With repeated application of Theorem 4.7, we may obtain a sequence of isomorphisms:

Ψ1 : B(λ)→ B(λ1)⊗ Bl given by uλ 7→ uλ1 ⊗ bλ

Ψ2 : B(λ)→ B(λ2)⊗ Bl ⊗ Bl given by uλ 7→ uλ2 ⊗ bλ1 ⊗ bλ
...

Ψk : B(λ)→ B(λk)⊗ B⊗kl given by uλ 7→ uλk ⊗ bλk−1
⊗ · · · ⊗ bλ1 ⊗ bλ

...

where λk+1 = ε(bλk) with λ0 = λ. This sequence of isomorphisms yields two infinite sequences:

wλ = (λk)
∞
k=0 = (. . . , λk+1, λk, . . . , λ1, λ0) ∈ (P̄+

l )∞ (4.1)

pλ = (bλk)∞k=0 = (. . . , bλk+1
, bλk , . . . , bλ1 , bλ0) ∈ B⊗∞l (4.2)

Since the sets P̄+
l and Bl are both finite, there must exist an N > 0 such that λN = λ0; and, since the

maps ϕ and ε are bijective, the following equalities hold:
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bλ0 = ϕ−1(λ0) = ϕ−1(λN ) = bλN

λ1 = ε(bλ0) = ε(bλN ) = λN+1

bλ1 = ϕ−1(λ1) = ϕ−1(λN+1) = bλN+1

...

λj = λj+N

bλj = bλj+N
...

λN−1 = λ2N−1

bλN−1
= bλ2N−1

Hence, wλ and pλ defined in 4.1 and 4.2, respectively, are periodic with the same period N > 0.

Definition. The path pλ = (· · · ⊗ bλk ⊗ · · ·⊗ bλ1 ⊗ bλ0), with λk+1 = ε(bλk) is called the ground state path

of weight λ

Example 4.8. The ground state path of weight Λ0 in B1, the U ′q(D
(3)
4 ) perfect crystal of level one given in

Example 4.5, is the following:

pΛ0 = (· · · ⊗ b0 ⊗ b0)

where b0 = (0, 0, 0, 0, 0, 0) ∈ B1 as in Example 4.5.

Definition. A λ-path in Bl is a sequence p = (· · · ⊗ pk ⊗ · · · ⊗ p1 ⊗ p0) with pk ∈ Bl such that pk = bλk
for all k >> 0.

We let P(λ) be the set consisting of all λ-paths in Bl. The following two theorems give P(λ) a U ′q(g)-

crystal structure and then show this structure is a realization of the crystal base B(λ) for the highest weight

U ′q(g)-module, L(λ).

Theorem 4.9. Let p ∈ P(λ), b be the λ-ground state path, and N > 0 be the smallest positive integer such

that pk = bλk for all k ≥ N . Then, the following maps (for i ∈ I) define a crystal structure on P(λ):

w̄t : P(λ)→ P̄ such that

w̄t(p) = λN +
N−1∑
k=0

w̄t(pk),

ẽi, f̃i : P(λ)→ P(λ) ∪ {0} such that
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ẽi(p) = · · · ⊗ pN+1 ⊗ ẽi(pN ⊗ · · · ⊗ p0) and

f̃i(p) = · · · ⊗ pN+1 ⊗ f̃i(pN ⊗ · · · ⊗ p0),

εi, ϕi : P(λ)→ Z such that

εi(p) = [εi(pN−1 ⊗ · · · ⊗ p0)− ϕi(bλN )]+ and

ϕi(p) = ϕi(pN−1 ⊗ · · · ⊗ p0) + [ϕi(bλN )− εi(pN−1 ⊗ · · · ⊗ p0)]+.

At the end of this chapter we provide two detailed examples of (partial) path realizations. But first, we

note the following theorem.

Theorem 4.10. Let g be an affine algebra, λ ∈ P̄+
l , L(λ) a highest weight U ′q(g)-module of highest weight

λ, and B(λ) the crystal base of L(λ). Then B(λ) and P(λ) are isomorphic as U ′q(g)-crystals.

Example 4.11. In Figure 4.2 we provide the (partial) path realization of V (Λ0), a U ′q(D
(3)
4 )-module, see

Example 4.5 for notation.
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( · · · , b0, b0)

0

( · · · , b0, b1)

1

( · · · , b0, b2)

2

( · · · , b0, b3)

1

( · · · , b0, b4)

01

( · · · , b0, b1, b4)

1

( · · · , b0, b5)

0 2

( · · · , b0, b1, b5)

0 2

( · · · , b0, b6)

01

( · · · , b0, b1, b2)

2

( · · · , b0, b1, b6)

01
( · · · , b0, b7)

0

( · · · , b0, b1, b7)

0

( · · · , b0, b2, b6)
1

0

( · · · , b0, b1, b3)
1

( · · · , b0, b1, b0)

0
1

( · · · , b0, b2, b7)

0 2

( · · · , b0, b2, b3)

1

( · · · , b0, b1, b1)

1

( · · · , b0, b2, b0)

20

( · · · , b0, b2, b4)
1 2

( · · · , b0, b3, b7)

1
0

(· · · , b0, b2, b1)

1 2

(· · · , b0, b2, b5)
2

0

(· · · , b0, b3, b4)
1

(· · · , b0, b3, b0)

0 1

(· · · , b0, b4, b7)

0

(· · · , b0, b2, b2)
...

(· · · , b0, b4, b4)
...

(· · · , b0, b3, b5)
...

(· · · , b0, b3, b1)
...

(· · · , b0, b4, b0)
...

(· · · , b0, b1, b4, b7)
...

Figure 4.2: Partial path realization of V (Λ0), a U ′q(D
(3)
4 )-module.
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(· · · , (1, 0, 0, 0, 0, 1))

1

(· · · , (1, 0, 0, 0, 0, 1), (0, 1, 0, 0, 0, 1))

0
2

(· · · , (1, 0, 0, 0, 0, 1), (0, 1, 1, 1, 0, 0))

2

(· · · , (1, 0, 0, 0, 0, 1), (0, 0, 2, 0, 0, 1))

0
1

(· · · , (1, 0, 0, 0, 0, 1), (0, 0, 3, 1, 0, 0))

1

(· · · , (1, 0, 0, 0, 0, 1), (0, 0, 1, 1, 0, 1))

0
1

(· · · , (1, 0, 0, 0, 0, 1), (0, 0, 0, 2, 0, 1))

0 2

(· · · , (1, 0, 0, 0, 0, 1), (0, 0, 1, 1, 0, 0))

0
1

(· · · , (1, 0, 0, 0, 0, 1), (0, 0, 2, 2, 0, 0))

1

(· · · (1, 0, 0, 0, 0, 1), (0, 0, 0, 2, 0, 0))
...

(· · · (1, 0, 0, 0, 0, 1), (1, 0, 1, 1, 0, 0))
...

(· · · (1, 0, 0, 0, 0, 1), (0, 0, 1, 3, 0, 0))
...

(· · · (1, 0, 0, 0, 0, 1), (0, 0, 0, 0, 1, 1))
...

Figure 4.3: Partial path realization of V (Λ1), a U ′q(D
(3)
4 )-module.

Example 4.12. In Figure 4.3 we provide the (partial) path realization of V (Λ1), a U ′q(D
(3)
4 )-module, where the perfect crystal basis is B2, constructed

as in Example 4.5.
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Chapter 5

Root Multiplicities of HD
(3)
4

In this chapter we use our first result, Theorem 3.1, Kang’s multiplicity formula, and the path realizations

for irreducible highest weight D(3)
4 -modules to determine root multiplicities of HD(3)

4 . First, though, we

find some general results concerning root mulitplicities of HD(3)
4 .

5.1 General Results

Theorem 5.1. Let g = HD
(3)
4 , g0 = D

(3)
4 , and let α = −lα−1 − kδ.

Then

if 0 6= l = k:

dimgα =

2 if k ≡ 0 mod 3

1 if k 6≡ 0 mod 3

and if 0 6= k < l:

dimgα = 0

Proof. Let g = HD
(3)
4 and let k ∈ Z. Recall ri : h∗ → h∗, where ri(β) = β − β(hi)αi. Observe:

r−1(−kα−1 − kδ) = −kα−1 − kδ − (−kα−1 − kδ)(h−1)α−1

= −kα−1 − kδ − (−kα−1 − kα0 − 2kα1 − kα2)(h−1)α−1

= −kα−1 − kδ − (−k(2)− k(−1)− 2k(0)− k(0))α−1

= −kα−1 − kδ + 2kα−1 − kα−1

= −kδ
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Thus, we have

dimg−kα−1−kδ = dimgr−1(−kα−1−kδ)

= dimg−kδ.

Since −kδ is an imaginary root of g0 = D
(3)
4 , and then by Corollary 8.3 in [6]:

dim(g−kδ) = dim(g0)−kδ

=

2 if k ≡ 0 mod 3

1 if k 6≡ 0 mod 3

Next, since dimg−kδ 6= 0, −kδ is a root of g for all k. Then consider the α−1−string through −kδ. This

string is of length −kδ(h−1) = k:

−kδ − rα−1, . . . ,−kδ, . . . ,−kδ + qα−1.

Since the coefficients of the simple roots in α−1 − kδ have mixed signs, α−1 − kδ must not be a root of g.

Thus our string consists of {−lα−1 − kδ
∣∣ 0 < l ≤ k}. Hence, dimg−lα−1−kδ = 0 for l > k.

Theorem 5.2. Let g = HD
(3)
4 and g0 = D

(3)
4 . Let ∆ and ∆± be the roots, and positive (respectfully,

negative) roots of g. Then let ∆S and ∆±S be the roots, and positive (respectfully, negative) roots of g0. For

l, k, ∈ Z>0 and α = m1α1 +m2α2 ∈ ∆+
S ,

mult (−lα−1 − α− kδ) = mult (−(k − l)α−1 − α− kδ) .

Proof. Let i, j ∈ I = {−1, 0, 1, 2}. Recall the simple reflections rj , given by rj(αi) = αi(hj)αj , generate

the Weyl group for HD(3)
4 . Thus, for any α ∈ ∆ and j ∈ I , mult(α) = mult(rjα). Consider:

r−1(−lα−1 −m1α1 −m2α2 − kδ) = −lα−1 − (−lα−1)(h−1)α−1

−m1α1 − (−m1α1)(h−1)α−1 −m2α2 − (−m2α2)(h−1)α−1

− kα0 − (−kα0)(h−1)α−1 − 2kα1 − (−2kα1)(h−1)α−1

− kα2 − (−kα2)(h−1)α−1

= −lα−1 + 2lα−1 − kα−1 − α− kδ

= −(k − l)α−1 − α− kδ.

Corollary 5.3. For l ∈ Z>0, α = m1α1 +m2α2 ∈ ∆+
S , we have mult(−lα−1 − α− lδ) = 1.
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Proof. By the above, mult(−lα−1−α− lδ) = mult(−α− lδ). Since −α− lδ is a real root of D(3)
4 (as all

imaginary roots must be of the form nδ for n ∈ Z), we have that mult(−α− lδ) = 1.

Corollary 5.4. mult(−(k − 1)α−1 − kδ) = mult(−α−1 − kδ).

Proof. This follows immediately from the above theorem as −(k − (k − 1)) = −1.

5.2 Frenkel’s Conjecture

For each root multiplicity we determine, we also wish to consider Frenkel’s conjectured bound ([3]). In

1985, Frenkel conjectured that for any hyperbolic Kac-Moody algebra g with Cartan matrix A and standard

invariant bilinear form (·|·):

mult(α) ≤ p(rank(A)−2)

(
1− (α|α)

2

)
,

where
∞∑
k=0

p2(k)qk =

∞∏
i=1

(1− qi)−2.

For a Kac-Moody algebra with symmetrizble GCM A = (aij)i,j∈I , let D = diag(si | i ∈ I) be such

that DA is a symmetric matrix. Then we may define (·|·) on the simple roots by

(αi|αj) = siaij ,

which is unique up to a scalar multiple (see, for example [4], [6]). We choose our symmetrizing matrix to

be D = diag(1, 1, 1, 3) and so:

(α−1|α−1) = 2 (α0|α−1) = −1 (α1|α−1) = 0 (α2|α−1) = 0

(α−1|α0) = −1 (α0|α0) = 2 (α1|α0) = −1 (α2|α0) = 0

(α−1|α1) = 0 (α0|α1) = −1 (α1|α1) = 2 (α2|α1) = −3

(α−1|α2) = 0 (α0|α2) = 0 (α1|α2) = −3 (α2|α2) = 6

Then, for g = HD
(3)
4 and α = −lα−1 − kδ, with (·|·) as defined above, Frenkel’s conjectured bound

becomes:

mult(α) ≤ p(rank(A)−2)

(
1− (α|α)

2

)
≤ p2

(
1− 2l2 − 2lk

2

)
≤ p2 (1 + l(k − l))
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Consider this conjecture in terms of real and imaginary roots. A root α ∈ ∆ is called real if there

exists a Weyl group element w ∈ W such that w(α) is a simple root. A root α which is not real is called

imaginary. By Proposition 5.2(c) in [6], for a Kac-Moody algebra with a symmetrizable GCM A and a

standard invariant bilinear form (·|·), we have that a root α is an imaginary root if and only if (α|α) ≤ 0 and

hence,
(

1− (α|α)
2

)
> 0. Thus, if α is a real root, (α|α) > 0 and hence

(
1− (α|α)

2

)
≤ 0. If α is a real root,

mult(α) = 1. So, for simplicity, in our calculations of Frenkel’s bound we define p2(m) = 1 for m ≤ 0.

In the following sections, each time we find the multiplicity for a root, we also calculate (α|α)
2 and

include Frenkel’s conjectured bound. We will do this for the remainder of the thesis.

5.3 Level 1 Root Multiplicities

Now, we consider level 1 roots of the form:−α−1−kδ, where δ = α0 +2α1 +α2 is the null root (imaginary

root). Note that since

−α−1(h0, h1, h2) = Λ0(h0, h1, h2),

the simple root α−1 in HD(3)
4 corresponds to the weight −Λ0 for D(3)

4 and by the construction in Chapter

3, level 1 roots of HD(3)
4 are weights in the D(3)

4 -module V (Λ0).

Using crystal base theory, counting the multiplicity of such a weight consists of counting the number of

corresponding paths in the path realization of P(Λ0). Recall the U ′q(D
(3)
4 ) perfect crystal Bl of level l ≥ 1

as outlined in Example 4.5. For l = 1 we have B1 = {b0, b1, b2, b3, b4, b5, b6, b7} such that

b0 = (0, 0, 0, 0, 0, 0),

b1 = (1, 0, 0, 0, 0, 0),

b2 = (0, 1, 0, 0, 0, 0),

b3 = (0, 0, 2, 0, 0, 0),

b4 = (0, 0, 1, 1, 0, 0),

b5 = (0, 0, 0, 2, 0, 0),

b6 = (0, 0, 0, 0, 1, 0),

b7 = (0, 0, 0, 0, 0, 1).

Further recall the path realization of the U ′q(D
(3)
4 )-module V (Λ0) given in Figure 4.2. We determine the

following level one root multiplicities by counting the appropriate paths in the path realization of V (Λ0).

These paths can be counted in Figure 4.2 for roots of the form −α−1 − kδ with k = 1, 2, 3, 4. We then used

the MATLAB program lev1mult (see appendix) to determine the multiplicities of level 1 roots of the form

−α−1 − kδ for values of k greater than 4. These results are collected in Table 5.1, Table 5.2, Table 5.3, and

Table 5.4.
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Table 5.1: Root Multiplicities for −α−1 − kδ, 1 ≤ k ≤ 6

α Multiplicity Paths in P(Λ0) of weight α p2
(

1− (α|α)
2

)
−α−1 − δ 1 · · · ⊗ b0 ⊗ b4 p2(1) = 1

−α−1 − 2δ 2
· · · ⊗ b0 ⊗ b1 ⊗ b7 p2(2) = 5· · · ⊗ b0 ⊗ b2 ⊗ b6

−α−1 − 3δ 4

· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b0

p2(3) = 10
· · · ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b4

−α−1 − 4δ 6

· · · ⊗ b0 ⊗ b1 ⊗ b7 ⊗ b0

p2(4) = 20

· · · ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b0
· · · ⊗ b0 ⊗ b1 ⊗ b5 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b5 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b6 ⊗ b2
· · · ⊗ b0 ⊗ b0 ⊗ b7 ⊗ b1

−α−1 − 5δ 9

· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b0 ⊗ b0

p2(5) = 36

· · · ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b7 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b3 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b6 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b7 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b7 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b7 ⊗ b2
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b7 ⊗ b1

−α−1 − 6δ 16

· · · ⊗ b0 ⊗ b1 ⊗ b7 ⊗ b0 ⊗ b0

p2(6) = 65

· · · ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b0 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b5 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b4 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b0 ⊗ b7
· · · ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b4 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b0 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b4 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b0 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b4 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b0 ⊗ b4
· · · ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b7 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b4 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b5 ⊗ b0 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b6 ⊗ b0 ⊗ b2
· · · ⊗ b0 ⊗ b0 ⊗ b7 ⊗ b0 ⊗ b1
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Table 5.2: Root Multiplicities for −α−1 − kδ, k = 7

α Multiplicity Paths in P(Λ0) of weight α p2
(

1− (α|α)
2

)

−α−1 − 7δ 22

· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b0 ⊗ b0 ⊗ b0

p2(7) = 110

· · · ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b7 ⊗ b0 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b5 ⊗ b6 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b0 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b2 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b1 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b5 ⊗ b0 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b5 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b2 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b5 ⊗ b1 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b6 ⊗ b0 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b6 ⊗ b1 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b7 ⊗ b0 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b0 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b5 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b7 ⊗ b1 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b7 ⊗ b0 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b5 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b7 ⊗ b0 ⊗ b2
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b6 ⊗ b2
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b7 ⊗ b0 ⊗ b1
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b5 ⊗ b6 ⊗ b1
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Table 5.3: Root Multiplicities for −α−1 − kδ, k = 8

α Multiplicity Paths in P(Λ0) of weight α p2
(

1− (α|α)
2

)

−α−1 − 8δ 33

· · · ⊗ b0 ⊗ b1 ⊗ b7 ⊗ b0 ⊗ b0 ⊗ b0

p2(8) = 185

· · · ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b0 ⊗ b0 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b3 ⊗ b7 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b5 ⊗ b3 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b6 ⊗ b2 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b7 ⊗ b1 ⊗ b0
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b0 ⊗ b0 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b2 ⊗ b6 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b5 ⊗ b3 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b6 ⊗ b2 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b7 ⊗ b1 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b1 ⊗ b7
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b0 ⊗ b0 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b7 ⊗ b2 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b2 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b7 ⊗ b1 ⊗ b6
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b0 ⊗ b0 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b6 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b3 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b3 ⊗ b7 ⊗ b1 ⊗ b5
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b0 ⊗ b0 ⊗ b4
· · · ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b7 ⊗ b0 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b5 ⊗ b6 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b5 ⊗ b3 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b6 ⊗ b2 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b4 ⊗ b7 ⊗ b1 ⊗ b4
· · · ⊗ b0 ⊗ b0 ⊗ b5 ⊗ b0 ⊗ b0 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b5 ⊗ b7 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b0 ⊗ b7 ⊗ b2 ⊗ b3
· · · ⊗ b0 ⊗ b0 ⊗ b6 ⊗ b0 ⊗ b0 ⊗ b2
· · · ⊗ b0 ⊗ b0 ⊗ b1 ⊗ b6 ⊗ b7 ⊗ b2
· · · ⊗ b0 ⊗ b0 ⊗ b7 ⊗ b0 ⊗ b0 ⊗ b1
· · · ⊗ b0 ⊗ b0 ⊗ b2 ⊗ b6 ⊗ b7 ⊗ b1
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Table 5.4: Root Multiplicities for −α−1 − kδ, 9 ≤ k ≤ 20

α Multiplicity p2
(

1− (α|α)
2

)
−α−1 − 9δ 50 p2(9) = 300
−α−1 − 10δ 70 p2(10) = 481
−α−1 − 11δ 98 p2(11) = 752
−α−1 − 12δ 143 p2(12) = 1165
−α−1 − 13δ 193 p2(13) = 1770
−α−1 − 14δ 266 p2(14) = 2665
−α−1 − 15δ 368 p2(15) = 3956
−α−1 − 16δ 493 p2(16) = 5822
−α−1 − 17δ 659 p2(17) = 8470
−α−1 − 18δ 892 p2(18) = 12230
−α−1 − 19δ 1170 p2(19) = 17490
−α−1 − 20δ 1543 p2(20) = 24842

Note here that, taking into account an index shifting, the multiplicities we found for α−1−2δ, α−1−3δ,

and α−1 − 4δ coincide with the multiplicities found for the same roots using a different technique in [5]; in

addition, we note that we recovered all the multiplicities found in [5] corresponding to level 1 roots.

We wish to generalize these results for arbitrary k. To do this we make use of Theorem 5.5, (see, [9])

that uses the following definition of an energy function.

Theorem 5.5. [9] Let

p = (· · · ⊗ pk ⊗ · · · ⊗ p1 ⊗ p0)

be a λ-path in B(λ), and let

b = (· · · ⊗ bλk ⊗ · · · ⊗ bλ1 ⊗ bλ0)

be the ground state path of weight λ. Then, the affine weight of p is given by the formula:

wt(p) = λ+

∞∑
k=0

(w̄t(pk)− w̄t(bλk))−

( ∞∑
k=0

(k + 1)(H(pk+1 ⊗ pk)−H(bλk+1
⊗ bλk))

)
δ

Definition. Let V be a finite dimensional U ′q(g)-module, and let (L,B) be a crystal basis for V . An energy

function on B is a function H : B ⊗ B → Z such that for all i ∈ I and b1 ⊗ b2 in B ⊗ B such that
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ẽi(b1 ⊗ b2) ∈ B ⊗ B,

H(ẽi(b1 ⊗ b2)) =


H(b1 ⊗ b2) if i 6= 0

H(b1 ⊗ b2) + 1 if i = 0 and φ0(b1) ≥ ε0(b2)

H(b1 ⊗ b2)− 1 if i = 0 and φ0(b1) < ε0(b2)

Let B1 be the U ′q(D
(3)
4 ) perfect crystal of level 1 described in Example 4.5. We determined the energy

function of B1, H : B1 ⊗ B1 → Z, given by Table 5.5. With this energy function now defined, we use the

formula for the affine weight of a path in P(Λ0), given by Theorem 5.5, to generalize our findings for the

multiplicity of a root of the form −α−1 − kδ with Theorem 5.6. To do this we make use of the following

classical weights of the elements of B1 = {b0, b1, b2, b3, b4, b5, b6, b7} (recall, w̄t(bk) = ϕ(bk)− ε(bk)):

w̄t(b0) = 0,

w̄t(b1) = δ − α0,

w̄t(b2) = α1 + α2,

w̄t(b3) = α1,

w̄t(b4) = 0,

w̄t(b5) = −α1,

w̄t(b6) = −α1 − α2,

w̄t(b7) = α0 − δ.

Theorem 5.6. For p ∈ P(Λ0) with wt(p) = −α−1 − kδ,

p = (· · · ⊗ b0 ⊗ xm ⊗ xm−1 ⊗ · · · ⊗ x0),

where m is the smallest positive integer such that xj = b0 for all j > m, and

m ≤

k − 1 for k = 1, 2, 3

k − 2 for k ≥ 4

Proof. As k is finite, we know only finitely many elements of the tensor p may be altered from the ground

state path. Let m be the smallest positive integer such that xj = b0 for all j > m.
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Table 5.5: Energy Function of B1

H(b⊗ b′) b⊗ b′

0

b0 ⊗ b0
b1 ⊗ b4
b1 ⊗ b5
b1 ⊗ b6
b1 ⊗ b7
b2 ⊗ b6
b2 ⊗ b7
b3 ⊗ b7
b4 ⊗ b7

1

b1 ⊗ b0
b2 ⊗ b0
b3 ⊗ b0
b4 ⊗ b0
b5 ⊗ b0
b6 ⊗ b0
b7 ⊗ b0

b0 ⊗ b1
b0 ⊗ b2
b0 ⊗ b3
b0 ⊗ b4
b0 ⊗ b5
b0 ⊗ b6
b0 ⊗ b7

b1 ⊗ b2
b1 ⊗ b3
b2 ⊗ b3
b2 ⊗ b4
b2 ⊗ b5
b3 ⊗ b4
b3 ⊗ b5
b3 ⊗ b6
b4 ⊗ b4
b4 ⊗ b5
b4 ⊗ b6
b5 ⊗ b6
b5 ⊗ b7
b6 ⊗ b7

H(b⊗ b′) b⊗ b′

2

b1 ⊗ b1
b2 ⊗ b1
b2 ⊗ b2
b3 ⊗ b1
b3 ⊗ b2
b3 ⊗ b3
b4 ⊗ b1
b4 ⊗ b2
b4 ⊗ b3
b5 ⊗ b1
b5 ⊗ b2
b5 ⊗ b3
b5 ⊗ b4
b5 ⊗ b5
b6 ⊗ b1
b6 ⊗ b2
b6 ⊗ b3
b6 ⊗ b4
b6 ⊗ b5
b6 ⊗ b6
b7 ⊗ b1
b7 ⊗ b2
b7 ⊗ b3
b7 ⊗ b4
b7 ⊗ b5
b7 ⊗ b6
b7 ⊗ b7
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Without loss of generality, suppose m = k. Then:

−α−1 − kδ = wt(· · · ⊗ b0 ⊗ xk ⊗ · · · ⊗ x0)

= Λ0 + w̄t(xk) + · · ·+ w̄t(x0)−

((k + 1)H(b0 ⊗ xk) + kH(xk ⊗ xk−1) + · · ·+H(x1 ⊗ x0))δ

Since H(bi ⊗ bl) ≥ 0 for all i, l ∈ {0, 1, . . . , 7}, H(b0 ⊗ xk) must be 0 to preserve the above equality. So,

xk must be b0 by the definition of the energy function. So, for arbitrary k we have that m ≤ k − 1 and:

−α−1 − kδ = wt(· · · ⊗ b0 ⊗ xk−1 ⊗ · · · ⊗ x0)

= Λ0 + w̄t(xk−1) + · · ·+ w̄t(x0)− (kH(b0 ⊗ xk−1) + · · ·H(x1 ⊗ x0))δ

Suppose xk−1 6= b0. Then:

−α−1 − kδ = wt(· · · ⊗ b0 ⊗ xk−1 ⊗ · · · ⊗ x0)

= Λ0 + w̄t(xk−1) + · · ·+ w̄t(x0)− (k(1) + (k − 1)H(xk−1 ⊗ xk−2) + · · ·H(x1 ⊗ x0))δ

= Λ0 + w̄t(xk−1) + · · ·+ w̄t(x0)− kδ − ((k − 1)H(xk−1 ⊗ xk−2) + · · ·H(x1 ⊗ x0))δ

by the definition of the energy function. So, in order for this equality to hold, we must have:

w̄t(xk−1) + · · ·+ w̄t(x0) = 0, and

H(xk−1 ⊗ xk−2) = · · · = H(x1 ⊗ x0) = 0.

We consider the definition of the energy function and see that this implies (for xk−1 6= b0),

xk−1 = b4, b3, b2, or b1.

If k = 1, then we have p = (· · · ⊗ b0 ⊗ x0), with w̄t(x0) = 0. Thus, x0 must be b4 and this is the only

possibility. So mult(−α−1 − δ) ≥ 1, and we have part of our desired result: for k = 1, m ≤ k − 1.

If k = 2, then we have p = (· · · ⊗ b0 ⊗ x1 ⊗ x0), with x1 6= b0. Then we consider each case for x1

(using the definition of the energy function):

If x1 = b4 then x2 = b7, but w̄t(b4) + w̄t(b7) = α0 − δ 6= 0⇒⇐

If x1 = b3 then x2 = b7, but w̄t(b3) + w̄t(b7) = α1 + α0 − δ 6= 0⇒⇐
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If x1 = b2 then x2 = b7, but w̄t(b2) + w̄t(b7) = α1 + α2 + α0 − δ 6= 0⇒⇐

or, x2 = b6, and w̄t(b2) + w̄t(b6) = 0X

If x1 = b1 then x2 = b7, and w̄t(b1) + w̄t(b7) = 0X

or, x2 = b6, but w̄t(b1) + w̄t(b6) = δ − α0 − α1 − α2 6= 0⇒⇐

or, x2 = b5, but w̄t(b1) + w̄t(b5) = δ − α0 − α1 6= 0⇒⇐

or, x2 = b4, but w̄t(b1) + w̄t(b4) = δ − α0 6= 0⇒⇐

So there are two cases that are possible, hence mult(−α−1 − 2δ) ≥ 2, and we have another part of our

desired result: for k = 2, m ≤ k − 1.

If k = 3, then we have p = (· · · ⊗ b0 ⊗ x2 ⊗ x1 ⊗ x0), with x1 6= b0. Then we consider each case for

x2 (using the definition of the energy function):

If x2 = b4 then x1 = b7, but H(x1 ⊗ x0) = H(b7 ⊗ x0) 6= 0⇒⇐

If x2 = b3 then x1 = b7, but H(x1 ⊗ x0) = H(b7 ⊗ x0) 6= 0⇒⇐

If x2 = b2 then x1 = b7, but H(x1 ⊗ x0) = H(b7 ⊗ x0) 6= 0⇒⇐

or, x1 = b6, but H(x1 ⊗ x0) = H(b6 ⊗ x0) 6= 0⇒⇐

If x2 = b1 then x1 = b7, but H(x1 ⊗ x0) = H(b7 ⊗ x0) 6= 0⇒⇐

or, x1 = b6, but H(x1 ⊗ x0) = H(b6 ⊗ x0) 6= 0⇒⇐

or, x1 = b5, but H(x1 ⊗ x0) = H(b5 ⊗ x0) 6= 0⇒⇐

or, x1 = b4, and x0 = b7 → p = (· · · ⊗ b0 ⊗ b1 ⊗ b4 ⊗ b7)X

So, there is one case that is possible, hence mult(−α−1− 3δ) ≥ 1, and we have that for k = 3, m ≤ k− 1.

If k ≥ 4, then p = (· · · ⊗ b0 ⊗ xk−1 ⊗ · · · ⊗ x0), with xk−1 6= b0 and xk−1 = b4, b3, b2, or b1. Observe

from the case k = 3, that the only possibility that arises is xk−1 = b1, xk−2 = b4, and xk−3 = b7. Then,

H(xk−3 ⊗ xk−4) = H(b7 ⊗ xk−4) 6= 0, so for k ≥ 4, xk−1 must be b0 and m ≤ k − 2.

5.4 Level 2 Root Multiplicities

In this section, we consider multiplicities of roots of the form α = −2α−1− kδ of HD(3)
4 . That is, we want

to find dim(g−2α−1−kδ). To do this, we recall Kang’s multiplicity formula from Section 3.2:
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dim(gα) =
∑
τ |α

µ
(α
τ

)( τ
α

)
B(τ).

Consider: τ such that τ |α. So, α|α always. We then consider any other possible τ that divides α =

−2α−1 − kδ. Note that τ = α
2 is possible, but only if k is even. By the Theorem 5.1, we have:

dimg−2α−1−δ = 0,

dimg−2α−1−2δ = 1.

Now, consider k = 3, or

dimg−2α−1−3δ

As k is odd we have:

dim(g−2α−1−3δ) = µ

(
−2α−1 − 3δ

−2α−1 − 3δ

)(
−2α−1 − 3δ

−2α−1 − 3δ

)
B(−2α−1 − 3δ)

= B(−2α−1 − 3δ)

Consider T (τ) in this case. Notice that the formula for B(τ) is very interconnected; that is, only certain

τi of T (τ) will give 0 6= dimV (wρ − ρ)τi (and hence, 0 6= Kτi). So, first we determine w ∈ W (S), and

hence, V (wρ− ρ). Then, we find which τi are sufficient so that V (wρ− ρ)τi has nonzero dimension.

To find w ∈W (S) we use the following lemma:

Lemma 5.7. [8] For w = w′rj and l(w) = l(w′) + 1,

w ∈W (S)⇔ w′ ∈W (S) and w′(αj) ∈ ∆+(S).

And recall the reflections:

ri : h∗ → h∗ such that ri(β) = β − β(hi)αi.

So, we start with w = r−1, as it is the only w ∈W (S) of length 1 that gives w′(αj) ∈ ∆+(S):

w = r−1 = 1 · r−1 and l(w) = l(r−1) = l(1) + 1 = 0 + 1

w = r−1 ∈W (S) since w′ = 1 ∈W (S) and

1(α−1) = α−1 ∈ ∆+(S)
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w = r−1r0 and l(w) = l(r−1r0) = l(r−1) + 1 = 2

w = r−1r0 ∈W (S) since w′ = r−1 ∈W (S) and

r−1(α0) = α0 − α0(h−1)α−1 = α0 − (−1)α−1 = α0 + α−1 ∈ ∆+(S)

Notice:

w = r−1ri will result in αi(h−1) = 0 for i = 1, 2 and hence, the corresponding w′(αj) /∈ ∆+(S)

So, w = r−1r0 is the only w ∈W (S) of length 2.

Before organizing these results, we determine how to represent the fundamental weights ofD(3)
4 , {Λ0,Λ1,Λ2, },

in terms of the simple roots {α0, α1, α2}. Consider

(
Λ0 Λ1 Λ2

) 2 −1 0

−1 2 −3

0 −1 2

 =
(
α0 α1 α2

)

So we have:

α̃0 = 2Λ0 − Λ1

α̃1 = −Λ0 + 2Λ1 − Λ2

α̃2 = −3Λ1 + 2Λ2

But, recall that for d ∈ h we have the following relations:

〈α0, d〉 = 1 = δ(d), 〈α1, d〉 = 0, 〈α2, d〉 = 0 and

Λi(d) = 0 for i = 0, 1, 2.

So, to account for these relations, we must add δ to α̃0 and obtain the following:

α0 = 2Λ0 − Λ1 + δ

α1 = −Λ0 + 2Λ1 − Λ2

α2 = −3Λ1 + 2Λ2

We organize these findings in Table 5.6, also using ρ ∈ h∗ such that ρ(hi) = 1. Note that with any root of

the form −2α−1 − kδ = 2Λ0 − kδ, since 2Λ0(K) = 2Λ0(h0 + 2h1 + 3h2) = 2, we only need to consider

wρ− ρ up to level 2.

With these results, we now consider partitions τi of−2α−1−3δ such that dimV (Λ0)τi and dimV (Λ1−
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Table 5.6: wρ− ρ for w ∈W (S)

length w ∈W (S), wρ− ρ, wρ− ρ, level
k l(w) = k α-basis Λ-basis

1 r−1

r−1ρ− ρ −α−1 = Λ0 Λ0(h0 + 2h1 + 3h2)
= ρ− ρ(h−1)α−1ρ

= −α−1 =1

2 r−1r0

r−1r0ρ− ρ −2α−1 − α0 (Λ1 − δ)(h0 + 2h1 + 3h2)
= r−1(ρ− ρ(h0)α0)− ρ = 2Λ0 − 2Λ0 = 2

= r−1(ρ− α0)− ρ +Λ1 − δ
= r−1ρ− r−1(α0)− ρ = Λ1 − δ

= ρ− ρ(h−1)α−1

−(α0 − α0(h−1)α−1)
−ρ

= ρ− α−1 − α0 − α−1 − ρ
= −2α−1 − α0

δ)τi are nonzero. For V (Λ0)τi , τi must be of the form:

Λ0 −
2∑
i=0

miαi = −α−1 −
2∑
i=0

miαi,

where mi ∈ Z≥0, i ∈ {0, 1, 2}. With the MATLAB program mult parts1 (see appendix), we use the path

realization P(Λ0) to determine which partitions τi are weights in V (Λ0) (and hence, dimV (Λ0)τi 6= 0), and

their corresponding weight multiplicities, these weights and their mulitplicities are listed in Table 5.7.

Table 5.7: τi ∈ T (−2α−1 − 3δ) that are weights in V (Λ0)

α = λi + τi λi dimV (Λ0)λi τi dimV (Λ0)τi

−2α−1 − 3δ

−α−1 1 −α−1 − 3α0 − 6α1 − 3α2 4
−α−1 − α0 1 −α−1 − 2α0 − 6α1 − 3α2 1

−α−1 − α0 − α1 1 −α−1 − 2α0 − 5α1 − 3α2 1
−α−1 − α0 − α1 − α2 1 −α−1 − 2α0 − 5α1 − 2α2 1
−α−1 − α0 − 2α1 − α2 1 −α−1 − 2α0 − 4α1 − 2α2 2
−α−1 − α0 − 3α1 − α2 1 −α−1 − 2α0 − 3α1 − 2α2 1
−α−1 − α0 − 3α1 − 2α2 1 −α−1 − 2α0 − 3α1 − α2 1
−α−1 − α0 − 4α1 − 2α2 1 −α−1 − 2α0 − 2α1 − α2 1
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For V (Λ1 − δ)τi , τi must be of the form:

Λ1 − δ −
2∑
i=0

miαi = −2α−1 − α0 −
2∑
i=0

miαi,

where mi ∈ Z≥0, i ∈ {0, 1, 2}. So, α = −2α−1 − 3δ cannot be partitioned because each weight of

V (Λ1 − δ) must have a “−2α−1” term. So we have now:

dim(g−2α−1−3δ) = B(−2α−1 − 3δ)

=
∑

(ni,τi)∈T (−2α−1−3δ)

(
∑
ni − 1)!

Π(ni!)
ΠKni

τi ,

Kτi =
∑

w∈W (S)

(−1)l(w)+1dimV (wρ− ρ)τi .

For V (Λ0), each partition consists of two ni’s, each equal to 1 (see how τi must be defined above). Hence,

for each i,
(
∑
ni − 1)!

Π(ni!)
=

(2− 1)!

1
= 1.

For V (Λ1 − δ), there is only one ni = 1, so we have:

(
∑
ni − 1)!

Π(ni!)
=

(1− 1)!

1
= 1.

So,

dim(g−2α−1−3δ) =
∑

(ni,τi)∈T (−2α−1−3δ)

ΠKni
τi

=
∑

λi+τi=−2α−1−3δ

λi<τi

((−1)2dimV (Λ0)λi)((−1)2dimV (Λ0)τi)

+ (−1)3dimV (Λ1 − δ)−2α−1−3δ

=
∑

λi+τi=−2α−1−3δ

λi<τi

(dimV (Λ0)λi)(dimV (Λ0)τi)− dimV (Λ1 − δ)−2α−1−3δ

= 12− dimV (Λ1 − δ)−2α−1−3δ,

using Table 5.7. Now consider V (Λ1 − δ)−2α−1−3δ. We know that, for the one-dimensional module, V (δ),

V (Λ1−δ)⊗V (δ) ∼= V (Λ1). So, we can consider weights of V (Λ1) by counting paths in the path realization

P(Λ1). Thus, we wish translate α = −2α−1 − 3δ into a weight of V (Λ1). To do this, we must account for
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the tensor product and add a δ:

dimV (Λ1 − δ)−2α−1−3δ = dimV (Λ1)−2α−1−2δ.

Then to count the multiplicity of this weight by counting paths in the path realization P(Λ1), we rewrite

α = −2α−1 − 2δ as Λ1 −
∑2

i=0miαi for some mi ∈ Z≥0, i ∈ {0, 1, 2}:

−2α−1 − 2δ = 2Λ0 − 2δ

= Λ1 − (Λ1 − 2Λ0)− 2δ

= Λ1 − (−α0 + δ)− 2δ

= Λ1 + α0 − 3α0 − 6α1 − 3α2

= Λ1 − 2α0 − 6α1 − 3α2

So, we must find the number of paths with two 0-arrows, six 1-arrows, and three 2-arrows in P(Λ1). We use

the MATLAB program perfectcrystalB (see appendix) to find the perfect crystal of level 2 for D(3)
4 , B2. We

are then able to find the ground state path of weight Λ1:

pΛ1 = (· · · , (1, 0, 0, 0, 0, 1), (1, 0, 0, 0, 0, 1)).

Using this ground state path with the MATLAB program lev2mult (see appendix) we then construct the path

realization P(Λ1) (see Figure 4.3) to count these arrows. And we have:

dim(g−2α−1−3δ) = 12− dimV (Λ1 − δ)−2α−1−3δ

= 12− 8

= 4

Next we consider k = 4, or

dimg−2α−1−4δ.

Again,

dim(gα) =
∑
τ |α

µ
(α
τ

)( τ
α

)
B(τ),
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and again, we consider τ such that τ |α: α|α always, and here τ = α
2 = −α−1 − 2δ divides α as well. So,

dim(g−2α−1−4δ) = µ

(
−2α−1 − 4δ

−2α−1 − 4δ

)(
−2α−1 − 4δ

−2α−1 − 4δ

)
B(−2α−1 − 4δ)

+ µ

(
−2α−1 − 4δ

−2α−1 − 2δ

)(
−2α−1 − 2δ

−2α−1 − 4δ

)
B(−2α−1 − 2δ)

= B(−2α−1 − 4δ) + µ(2)

(
1

2

)
B(−α−1 − 2δ)

= B(−2α−1 − 4δ)− 1

2
B(−α−1 − 2δ)

As before, we consider partitions (ni, τi) of −2α−1 − 4δ such that dimV (Λ0)τi 6= 0 and the partitions

(ni, τi) such that dimV (Λ1 − δ)τi 6= 0. For V (Λ0)τi , τi must be of the form:

Λ0 −
2∑
i=0

miαi = −α−1 −
2∑
i=0

miαi.

For V (Λ1 − δ)τi , τi must be of the form:

Λ1 − δ −
2∑
i=0

miαi = −2α−1 − α0 −
2∑
i=0

miαi.

Hence, we have:

dim(g−2α−1−4δ) = B(−2α−1 − 4δ)− 1

2
B(−α−1 − 2δ)

=
∑

λi+τi=−2α−1−4δ

λi<τi

(dimV (Λ0)λi)(dimV (Λ0)τi) +
1

2
(dimV (Λ0)−α−1−2δ)

2

− dimV (Λ1 − δ)−2α−1−4δ −
1

2
dimV (Λ0)−α−1−2δ

We use the path realization P(Λ0) to determine which partitions (ni, τi) of α = −2α−1 − 4δ result in

weights of V (Λ0) (and hence, dimV (Λ0)τi 6= 0), and their corresponding multiplicities. These weights are

collected in Table 5.8.
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Table 5.8: τi ∈ T (−2α−1 − 4δ) that are weights in V (Λ0)

α = λi + τi λi dimV (Λ0)λi τi dimV (Λ0)τi

2α−1 − 4δ

−α−1 1 −α−1 − 4α0 − 8α1 − 4α2 6
−α−1 − α0 1 −α−1 − 3α0 − 8α1 − 4α2 2

−α−1 − α0 − α1 1 −α−1 − 3α0 − 7α1 − 4α2 2
−α−1 − α0 − α1 − α2 1 −α−1 − 3α0 − 7α1 − 3α2 2
−α−1 − α0 − 2α1 − α2 1 −α−1 − 3α0 − 6α1 − 3α2 4
−α−1 − α0 − 3α1 − α2 1 −α−1 − 3α0 − 5α1 − 3α2 2
−α−1 − α0 − 3α1 − 2α2 1 −α−1 − 3α0 − 5α1 − 2α2 2
−α−1 − α0 − 4α1 − 2α2 1 −α−1 − 3α0 − 4α1 − 2α2 2
−α−1 − 2α0 − 2α1 − 1α2 1 −α−1 − 2α0 − 6α1 − 3α2 1
−α−1 − 2α0 − 3α1 − 1α2 1 −α−1 − 2α0 − 5α1 − 3α2 1
−α−1 − 2α0 − 3α1 − 2α2 1 −α−1 − 2α0 − 5α1 − 2α2 1
−α−1 − 2α0 − 4α1 − 2α2 2 −α−1 − 2α0 − 4α1 − 2α2 2

With the results from Table 5.8 we then have:

dim(g−2α−1−4δ) =
∑

λi+τi=−2α−1−4δ

λi<τi

(dimV (Λ0)λi)(dimV (Λ0)τi) +
1

2
(dimV (Λ0)−α−1−2δ)

2

− dimV (Λ1 − δ)−2α−1−4δ −
1

2
dimV (Λ0)−α−1−2δ

= 25 +
1

2
(2)2 − dimV (Λ1 − δ)−2α−1−4δ −

1

2
dimV (Λ0)−α−1−2δ

= 27− dimV (Λ1 − δ)−2α−1−4δ −
1

2
dimV (Λ0)−α−1−2δ

Now consider V (Λ1 − δ)−2α−1−4δ. Again, for the one-dimensional module, V (δ), V (Λ1 − δ) ⊗ V (δ) ∼=
V (Λ1). So, we can consider weights of V (Λ1) by counting paths in the path realization P(Λ1). Thus, we

wish translate α = −2α−1 − 4δ into a weight of V (Λ1). To do this, we must account for the tensor product

and add a δ:

dimV (Λ1 − δ)−2α−1−4δ = dimV (Λ1)−2α−1−3δ.

Then to count the multiplicity of this weight by counting paths in the path realization P(Λ1), we rewrite
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α = −2α−1 − 3δ as Λ1 −
∑2

i=0miαi for some mi ∈ Z≥0, i ∈ {0, 1, 2}:

−2α−1 − 3δ = 2Λ0 − 3δ

= Λ1 − (Λ1 − 2Λ0)− 3δ

= Λ1 − (−α0 + δ)− 3δ

= Λ1 + α0 − 4α0 − 8α1 − 4α2

= Λ1 − 3α0 − 8α1 − 4α2

So, we must find the number of paths with three 0-arrows, eight 1-arrows, and four 2-arrows in P(Λ1).

We use the MATLAB program lev2mult (see appendix) to count these arrows. Note that we also have

dimV (Λ0)−α−1−2δ = 2 from Section 5.3. Thus:

dim(g−2α−1−4δ) = 27− dimV (Λ1 − δ)−2α−1−2δ −
1

2
dimV (Λ0)−α−1−2δ

= 27− 17− 1

2
(2)

= 9

In general, we have:

dim(g−2α−1−kδ) =
∑

λi+τi=−2α−1−kδ
λi<τi

(dimV (Λ0)λi)(dimV (Λ0)τi) +
δ(0,k mod 2)

2
(dimV (Λ0)−α−1− k2 δ

)2

−dimV (Λ1 − δ)−2α−1−kδ −
δ(0,k mod 2)

2
(dimV (Λ0)−α−1− k2 δ

).

We use this and the above techniques to find root multiplicities for level 2 roots of the form −α−1 − kδ,

1 ≤ k ≤ 8, collected in Table 5.9. Recall from Section 5.2 Frenkel’s conjectured bound mult(α) ≤
p2
(

1− (α|α)
2

)
; we include (α|α)

2 and p2
(

1− (α|α)
2

)
with our root multiplicity calculations. Also recall

from Section 5.2, if α is a real root, (α|α) > 0 and hence
(

1− (α|α)
2

)
≤ 0. If α is a real root, it is known

mult(α) = 1. So, for simplicity, in our calculations of Frenkel’s conjectured bound we define p2(k) = 1

for k < 0.

Note here that, taking into account an index shifting, the multiplicities we found for −2α−1 − 4δ,

−2α−1 − 5δ, and −2α−1 − 7δ coincide with the multiplicities found for the same roots using a different

technique in [5]. We also note that we recovered all the level 2 root multiplicities found in [5] and detail

these results in Table 5.10.

In the interest of providing a more complete list of level 2 roots, we supplement the [5] results with

Table 5.11, Table 5.12, Table 5.13, Table 5.14, Table 5.15, and Table 5.16 (note: If multiplicity is 0, α is

not a root). To explore patterns in these additional mutliplicities we factor out multiples of δ from the roots
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Table 5.9: Root Multiplicities for −2α−1 − kδ, 1 ≤ k ≤ 15

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−2α−1 − 2δ 1 0 2
−2α−1 − 3δ 12− 8 = 4 −2 10
−2α−1 − 4δ 25 + 1

2(2)2 − 17− 1
2(2) = 9 −4 36

−2α−1 − 5δ 59 + 0− 37− 0 = 22 −6 110
−2α−1 − 6δ 112 + 1

2(4)2 − 68− 1
2(4) = 50 −8 300

−2α−1 − 7δ 224 + 0− 125− 0 = 99 −10 752
−2α−1 − 8δ 411 + 1

2(6)2 − 229− 1
2(6) = 197 −12 1770

−2α−1 − 9δ 767 + 0− 390− 0 = 377 −14 3956
−2α−1 − 10δ 1303 + 1

2(9)2 − 658− 1
2(9) = 681 −16 8470

−2α−1 − 11δ 2320 + 0− 1101− 0 = 1219 −18 17490
−2α−1 − 12δ 3782 + 1

2(16)2 − 1774− 1
2(16) = 2128 −20 35002

−2α−1 − 13δ 6435 + 0− 2832− 0 = 3603 −22 68150
−2α−1 − 14δ 10287 + 1

2(22)2 − 4482− 1
2(22) = 6036 −24 129512

−2α−1 − 15δ 16864 + 0− 6930− 0 = 9934 −25 240840

we have found and combine this reorganized data with relevant results from Table 5.9 in Table 5.17 and

Table 5.18.
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Table 5.10: Recovered Level 2 Root Multiplicities from [5]

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−2α−1 − 4α0 − 6α1 − 3α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 4α0 − 6α1 − 4α2 5 + 1

2 − 4− 1
2 = 1 0 2

−2α−1 − 4α0 − 7α1 − 4α2 19 + 0− 13 = 6 −3 20
−2α−1 − 5α0 − 8α1 − 4α2 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 4α0 − 8α1 − 5α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 5α0 − 8α1 − 5α2 12 + 0− 8− 0 = 4 −2 10
−2α−1 − 4α0 − 9α1 − 5α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 5α0 − 9α1 − 5α2 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 5α0 − 10α1 − 5α2 59 + 0− 37− 0 = 22 −6 110
−2α−1 − 6α0 − 10α1 − 5α2 82 + 0− 49− 0 = 33 −7 185
−2α−1 − 4α0 − 10α1 − 6α2 5 + 1

2 − 4− 1
2 = 1 0 2

−2α−1 − 5α0 − 9α1 − 6α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 4α0 − 11α1 − 6α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 5α0 − 10α1 − 6α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 6α0 − 10α1 − 6α2 25 + 2− 17− 1 = 9 −4 36
−2α−1 − 5α0 − 11α1 − 6α2 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 6α0 − 11α1 − 6α2 82 + 0− 49− 0 = 33 −7 185
−2α−1 − 6α0 − 12α1 − 6α2 112 + 8− 68− 2 = 50 −8 300
−2α−1 − 7α0 − 12α1 − 6α2 167 + 0− 96− 0 = 71 −9 481
−2α−1 − 5α0 − 11α1 − 7α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 6α0 − 11α1 − 7α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 5α0 − 12α1 − 7α2 12 + 0− 8− 0 = 4 −2 10
−2α−1 − 5α0 − 13α1 − 7α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 6α0 − 12α1 − 7α2 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 7α0 − 12α1 − 7α2 59 + 0− 37− 0 = 22 −6 110
−2α−1 − 6α0 − 13α1 − 7α2 82 + 0− 49− 0 = 33 −7 185
−2α−1 − 7α0 − 13α1 − 7α2 167 + 0− 96− 0 = 71 −9 481
−2α−1 − 7α0 − 14α1 − 7α2 224 + 0− 125− 0 = 99 −10 752
−2α−1 − 8α0 − 14α1 − 7α2 314 + 0− 169− 0 = 145 −11 1165
−2α−1 − 6α0 − 14α1 − 8α2 25 + 2− 17− 1 = 9 −4 36
−2α−1 − 6α0 − 15α1 − 8α2 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 7α0 − 14α1 − 8α2 82 + 0− 49− 0 = 33 −7 185
−2α−1 − 7α0 − 15α1 − 8α2 167 + 0− 96− 0 = 71 −9 481
−2α−1 − 8α0 − 15α1 − 8α2 314 + 0− 169− 0 = 145 −11 1165
−2α−1 − 9α0 − 16α1 − 8α2 568 + 0− 296− 0 = 272 −13 2665
−2α−1 − 5α0 − 14α1 − 8α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 6α0 − 13α1 − 8α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 7α0 − 13α1 − 8α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 8α0 − 14α1 − 8α2 112 + 8− 68− 2 = 50 −8 300
−2α−1 − 8α0 − 16α1 − 8α2 411 + 18− 229− 3 = 197 −12 1770
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Table 5.11: Additional Level 2 Root Multiplicities (Part 1)

α Multiplicity
−2α−1 − α0 1 + 0− 1− 0 = 0
−2α−1 − α0 − α1 1 + 0− 1− 0 = 0
−2α−1 − α0 − α1 − α2 1 + 0− 1− 0 = 0
−2α−1 − 2α0 − α1 1 + 0− 1− 0 = 0
−2α−1 − 2α0 − α1 − α2 1 + 0− 1− 0 = 0
−2α−1 − 2α0 − 2α1 0 + 1

2 − 0− 1
2 = 0

−2α−1 − 2α0 − 2α1 − α2 3 + 0− 2− 0 = 1
−2α−1 − 2α0 − 2α1 − 2α2 0 + 1

2 − 0− 1
2 = 0

−2α−1 − 2α0 − 3α1 0 + 0− 0− 0 = 0
−2α−1 − 2α0 − 3α1 − α2 3 + 0− 2− 0 = 1
−2α−1 − 2α0 − 3α1 − 2α2 3 + 0− 2− 0 = 1
−2α−1 − 2α0 − 3α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 2α0 − 4α1 0 + 0− 0− 0 = 0
−2α−1 − 2α0 − 4α1 − α2 1 + 0− 1− 0 = 0
−2α−1 − 3α0 − α1 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 2α1 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 2α1 − α2 1 + 0− 1− 0 = 0
−2α−1 − 3α0 − 2α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 3α1 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 3α1 − α2 3 + 0− 2− 0 = 1
−2α−1 − 3α0 − 3α1 − 2α2 3 + 0− 2− 0 = 1
−2α−1 − 3α0 − 3α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 4α1 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 4α1 − α2 1 + 0− 1− 0 = 0
−2α−1 − 3α0 − 4α1 − 2α2 7 + 0− 5− 0 = 2
−2α−1 − 3α0 − 4α1 − 3α2 1 + 0− 1− 0 = 0
−2α−1 − 3α0 − 4α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 5α1 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 5α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 5α1 − 2α2 7 + 0− 5− 0 = 2
−2α−1 − 3α0 − 5α1 − 3α2 7 + 0− 5− 0 = 2
−2α−1 − 3α0 − 5α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 5α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 6α1 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 6α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 6α1 − 2α2 3 + 0− 2− 0 = 1
−2α−1 − 3α0 − 6α1 − 4α2 3 + 0− 2− 0 = 1
−2α−1 − 3α0 − 6α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 3α0 − 6α1 − 6α2 0 + 0− 0− 0 = 0
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Table 5.12: Additional Level 2 Root Multiplicities (Part 2)

α Multiplicity
−2α−1 − 4α0 − α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 2α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 2α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 2α1 − 2α2 0 + 1

2 − 0− 1
2 = 0

−2α−1 − 4α0 − 3α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 3α1 − α2 1 + 0− 1− 0 = 0
−2α−1 − 4α0 − 3α1 − 2α2 1 + 0− 1− 0 = 0
−2α−1 − 4α0 − 3α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 4α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 4α1 − α2 1 + 0− 1− 0 = 0
−2α−1 − 4α0 − 4α1 − 2α2 5 + 1

2 − 4− 1
2 = 1

−2α−1 − 4α0 − 4α1 − 3α2 1 + 0− 1− 0 = 0
−2α−1 − 4α0 − 4α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 5α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 5α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 5α1 − 2α2 7 + 0− 5− 0 = 2
−2α−1 − 4α0 − 5α1 − 3α2 7 + 0− 5− 0 = 2
−2α−1 − 4α0 − 5α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 5α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 6α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 6α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 6α1 − 2α2 5 + 1

2 − 4− 1
2 = 1

−2α−1 − 4α0 − 6α1 − 3α2 19 + 0− 13− 0 = 6
−2α−1 − 4α0 − 6α1 − 4α2 5 + 1

2 − 4− 1
2 = 1

−2α−1 − 4α0 − 6α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 6α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 7α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 7α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 7α1 − 2α2 1 + 0− 1− 0 = 0
−2α−1 − 4α0 − 7α1 − 3α2 19 + 0− 13− 0 = 6
−2α−1 − 4α0 − 7α1 − 4α2 19 + 0− 13− 0 = 6
−2α−1 − 4α0 − 7α1 − 5α2 1 + 0− 1− 0 = 0
−2α−1 − 4α0 − 7α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 7α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 8α1 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 8α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 8α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 8α1 − 3α2 7 + 0− 5− 0 = 2
−2α−1 − 4α0 − 8α1 − 5α2 7 + 0− 5− 0 = 2
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Table 5.13: Additional Level 2 Root Multiplicities (Part 3)

α Multiplicity
−2α−1 − 4α0 − 8α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 8α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 4α0 − 8α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 2α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 2α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 2α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 3α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 3α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 3α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 3α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 4α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 4α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 4α1 − 2α2 1 + 0− 1− 0 = 0
−2α−1 − 5α0 − 4α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 4α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 5α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 5α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 5α1 − 2α2 3 + 0− 2− 0 = 1
−2α−1 − 5α0 − 5α1 − 3α2 3 + 0− 2− 0 = 1
−2α−1 − 5α0 − 5α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 5α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 6α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 6α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 6α1 − 2α2 3 + 0− 2− 0 = 1
−2α−1 − 5α0 − 6α1 − 3α2 12 + 0− 8− 0 = 4
−2α−1 − 5α0 − 6α1 − 4α2 3 + 0− 2− 0 = 1
−2α−1 − 5α0 − 6α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 6α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 7α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 7α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 7α1 − 2α2 1 + 0− 1− 0 = 0
−2α−1 − 5α0 − 7α1 − 3α2 19 + 0− 13− 0 = 6
−2α−1 − 5α0 − 7α1 − 4α2 19 + 0− 13− 0 = 6
−2α−1 − 5α0 − 7α1 − 5α2 1 + 0− 1− 0 = 0
−2α−1 − 5α0 − 7α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 7α1 − 7α2 0 + 0− 0− 0 = 0
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Table 5.14: Additional Level 2 Root Multiplicities (Part 4)

α Multiplicity
−2α−1 − 5α0 − 8α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 8α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 8α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 8α1 − 3α2 12 + 0− 8− 0 = 4
−2α−1 − 5α0 − 8α1 − 4α2 41 + 0− 25− 0 = 16
−2α−1 − 5α0 − 8α1 − 5α2 12 + 0− 8− 0 = 4
−2α−1 − 5α0 − 8α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 8α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 8α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 9α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 9α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 9α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 9α1 − 3α2 3 + 0− 2− 0 = 1
−2α−1 − 5α0 − 9α1 − 4α2 41 + 0− 25− 0 = 16
−2α−1 − 5α0 − 9α1 − 5α2 41 + 0− 25− 0 = 16
−2α−1 − 5α0 − 9α1 − 6α2 3 + 0− 2− 0 = 1
−2α−1 − 5α0 − 9α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 9α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 9α1 − 9α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 − 4α2 19 + 0− 13− 0 = 6
−2α−1 − 5α0 − 10α1 − 6α2 19 + 0− 13− 0 = 6
−2α−1 − 5α0 − 10α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 − 9α2 0 + 0− 0− 0 = 0
−2α−1 − 5α0 − 10α1 − 10α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 2α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 2α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 2α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 3α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 3α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 3α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 3α1 − 3α2 0 + 0− 0− 0 = 0
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Table 5.15: Additional Level 2 Root Multiplicities (Part 5)

α Multiplicity
−2α−1 − 6α0 − 4α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 4α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 4α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 4α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 4α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 5α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 5α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 5α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 5α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 5α1 − 4α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 5α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 6α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 6α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 6α1 − 2α2 0 + 1

2 − 0− 1
2 = 0

−2α−1 − 6α0 − 6α1 − 3α2 3 + 0− 2− 0 = 0
−2α−1 − 6α0 − 6α1 − 4α2 0 + 1

2 − 0− 1
2 = 0

−2α−1 − 6α0 − 6α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 6α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 7α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 7α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 7α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 7α1 − 3α2 7 + 0− 5− 0 = 2
−2α−1 − 6α0 − 7α1 − 4α2 7 + 0− 5− 0 = 2
−2α−1 − 6α0 − 7α1 − 5α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 7α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 7α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 8α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 8α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 8α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 8α1 − 3α2 7 + 0− 5− 0 = 0
−2α−1 − 6α0 − 8α1 − 4α2 25 + 1

2(2)2 − 17− 1
2(2) = 9

−2α−1 − 6α0 − 8α1 − 5α2 7 + 0− 5− 0 = 2
−2α−1 − 6α0 − 8α1 − 6α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 8α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 8α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 9α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 9α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 9α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 9α1 − 3α2 3 + 0− 2− 0 = 1
−2α−1 − 6α0 − 9α1 − 4α2 41 + 0− 25− 0 = 16

62



Table 5.16: Additional Level 2 Root Multiplicities (Part 6)

α Multiplicity
−2α−1 − 6α0 − 9α1 − 5α2 41 + 0− 25− 0 = 16
−2α−1 − 6α0 − 9α1 − 6α2 3 + 0− 2− 0 = 1
−2α−1 − 6α0 − 9α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 9α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 9α1 − 9α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 − 4α2 25 + 1

2(2)2 − 17− 1
2(2) = 9

−2α−1 − 6α0 − 10α1 − 5α2 82 + 0− 49− 0 = 33
−2α−1 − 6α0 − 10α1 − 6α2 25 + 1

2(2)2 − 17− 1
2(2) = 9

−2α−1 − 6α0 − 10α1 − 7α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 − 9α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 10α1 − 10α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 − 4α2 7 + 0− 5− 0 = 2
−2α−1 − 6α0 − 11α1 − 5α2 82 + 0− 49− 0 = 33
−2α−1 − 6α0 − 11α1 − 6α2 82 + 0− 49− 0 = 33
−2α−1 − 6α0 − 11α1 − 7α2 7 + 0− 5− 0 = 2
−2α−1 − 6α0 − 11α1 − 8α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 − 9α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 − 10α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 11α1 − 11α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 − α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 − 2α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 − 3α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 − 4α2 0 + 1

2 − 0− 1
2 = 0

−2α−1 − 6α0 − 12α1 − 5α2 41 + 0− 25− 0 = 16
−2α−1 − 6α0 − 12α1 − 7α2 41 + 0− 25− 0 = 16
−2α−1 − 6α0 − 12α1 − 8α2 0 + 1

2 − 0− 1
2 = 0

−2α−1 − 6α0 − 12α1 − 9α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 − 10α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 − 11α2 0 + 0− 0− 0 = 0
−2α−1 − 6α0 − 12α1 − 12α2 0 + 0− 0− 0 = 0
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Table 5.17: δ-factored Level 2 Root Multiplicities (Part 1)

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−2α−1 − δ − α0 3 + 0− 2− 0 = 1 1 1
−2α−1 − δ − α0 − α1 3 + 0− 2− 0 = 1 1 1
−2α−1 − δ − α0 − α1 − α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − δ − 2α0 − α1 3 + 0− 2− 0 = 1 1 1
−2α−1 − δ − 2α0 − α1 − α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 2δ 1 0 2
−2α−1 − 2δ − α0 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 2δ − α0 − α1 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 2δ − α0 − α1 − α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 2δ − α0 − 2α1 3 + 0− 2− 0 = 1 1 1
−2α−1 − 2δ − 2α0 5 + 1

2 − 4− 1
2 = 1 0 2

−2α−1 − 2δ − 2α0 − α1 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 2δ − 2α0 − α1 − α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 2δ − 2α0 − 2α1 5 + 1

2 − 4− 1
2 = 1 0 2

−2α−1 − 2δ − 3α0 − α1 3 + 0− 2− 0 = 1 1 1
−2α−1 − 2δ − 3α0 − α1 − α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 2δ − 3α0 − 2α1 3 + 0− 2− 0 = 1 1 1
−2α−1 − 3δ 12 + 0− 8− 0 = 4 −2 10
−2α−1 − 3δ − α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 3δ − α0 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 3δ − α0 − α2 5 + 1

2 − 4− 1
2 = 1 0 2

−2α−1 − 3δ − α0 − α1 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 3δ − α0 − α1 − α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 3δ − α0 − 2α1 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 3δ − 2α0 12 + 0− 8− 0 = 4 −2 10
−2α−1 − 3δ − 2α0 − α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 3δ − 2α0 − α1 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 3δ − 2α0 − α1 − α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 3δ − 2α0 − 2α1 12 + 0− 8− 0 = 4 −2 10
−2α−1 − 3δ − 2α0 − 3α1 3 + 0− 2− 0 = 1 1 1
−2α−1 − 3δ − 3α0 − α1 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 3δ − 3α0 − α1 − α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 3δ − 3α0 − 3α1 3 + 0− 2− 0 = 1 1 1
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Table 5.18: δ-factored Level 2 Root Multiplicities (Part 2)

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−2α−1 − 4δ 25 + 1

2(2)2 − 17− 1
2(2) = 9 −4 36

−2α−1 − 4δ − α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 4δ − α0 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 4δ − α0 − α2 12 + 0− 8− 0 = 4 −2 10
−2α−1 − 4δ − α0 − α1 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 4δ − α0 − α1 − α2 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 4δ − α0 − α1 − 2α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 4δ − α0 − 2α1 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 4δ − 2α0 25 + 1

2(2)2 − 17− 1
2(2) = 9 −4 36

−2α−1 − 4δ − 2α0 − α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 4δ − 2α0 − α1 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 4δ − 2α0 − α1 − α2 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 4δ − 2α0 − α1 − 2α2 3 + 0− 2− 0 = 1 1 1
−2α−1 − 4δ − 2α0 − 2α1 25 + 1

2(2)2 − 17− 1
2(2) = 9 −4 36

−2α−1 − 4δ − 2α0 − 2α1 − α2 82 + 0− 49− 0 = 33 −7 185
−2α−1 − 4δ − 2α0 − 3α1 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 5δ 59 + 0− 37− 0 = 22 −6 110
−2α−1 − 5δ − α2 19 + 0− 13− 0 = 6 −3 20
−2α−1 − 5δ − α0 − α2 25 + 1

2(2)2 − 17− 1
2(2) = 9 −4 36

−2α−1 − 5δ − α0 − α1 82 + 0− 49− 0 = 33 −7 185
−2α−1 − 5δ − α0 − α1 − α2 82 + 0− 49− 0 = 33 −7 185
−2α−1 − 5δ − α0 − α1 − 2α2 7 + 0− 5− 0 = 2 −1 5
−2α−1 − 5δ − α0 − 2α1 41 + 0− 25− 0 = 16 −5 65
−2α−1 − 6δ 112 + 1

2(4)2 − 68− 1
2(4) = 50 −8 300

−2α−1 − 6δ − α2 41 + 0− 25− 0 = 16 −5 65
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5.5 Level 3 Root Multiplicities

By our Theorem 5.1, we have the following:

dimg−3α−1−δ = 0

dimg−3α−1−2δ = 0

dimg−3α−1−3δ = 2

Now, consider k = 4, or

dimg−3α−1−4δ

As with level 2 multiplicities, we again use Kang’s multiplicity formula:

dim(gα) =
∑
τ |α

µ
(α
τ

)( τ
α

)
B(τ).

Consider τ such that τ |α. Here, we cannot use τ = α
2 because −3

2α−1 − k
2δ is not a root. Note that τ = α

3

is possible, but only if k is divisible by 3. So, for k = 4 we only need to consider τ = α:

dimg−3α−1−4δ = µ

(
−3α−1 − 4δ

−3α−1 − 4δ

)(
−3α−1 − 4δ

−3α−1 − 4δ

)
B(−3α−1 − 4δ)

= B(−3α−1 − 4δ)

=
∑

(ni,τi)∈T (−3α−1−4δ)

(
∑

i ni − 1)!

Π(ni!)
ΠKni

τi

With,

T (−3α−1 − 4δ) = {(ni, τi) | ni ∈ Z≥0,
∑

niτi = −3α−1 − 4δ},

Kτi =
∑

w∈W (S)

(−1)l(w)+1dimV (wρ− ρ)τi
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Table 5.19: Level 3 wρ− ρ for w ∈W (S)

length w ∈W (S), wρ− ρ, wρ− ρ, level
k l(w) = k α-basis Λ-basis

3 r−1r0r1

r−1r0r1ρ− ρ −3α−1 − 2α0 − α1 (Λ2 − 2δ)(K)
= r−1r0(ρ− α1)− ρ = 3Λ0 = 3

= r−1(r0ρ− r0α1)− ρ −2(2Λ0 − Λ1 + δ)
= r−1(ρ− ρ(h0)α0 − α1 −(−Λ0 + 2Λ1 − Λ2)

+α1(h0)α0)− ρ = 3Λ0 − 4Λ0 + 2Λ1

= r−1(ρ− α0 − α1 −2δ + Λ0 − 2Λ1 + Λ2

−α0)− ρ = Λ2 − 2δ
= r−1ρ− 2r−1α0

−r−1α1 − ρ
= ρ− ρ(h−1)α−1

−2α0 + 2α0(h−1)α−1

−α1 + α1(h−1)α−1 − ρ
= −α−1 − 2α0 − 2α−1 − α1

= −3α−1 − 2α0 − α1

In addition to those w ∈W (S) (and the corresponding V (wρ− ρ)) determined for the level 2 case, we also

find w ∈W (S) such that the level of (wρ− ρ) is 3:

w = r−1r0r1 and l(w) = l(r−1r0r1) = l(r−1r0) + 1 = 3

w = r−1r0r1 ∈W (S) since w′ = r−1r0 ∈W (S) and

r−1r0(α1) = r−1(α1 − α1(h0)α0)

= r−1(α1 − (−1)α0)

= r−1(α1 + α0)

= α1 − α1(h−1)α−1 + α0 − α0(h−1)α−1

= α1 − 0α−1 + α0 − (−α−1)

= α1 + α0 + α−1 ∈ ∆+(S)

Notice for w = r−1r0r−1, r−1r0(α−1) /∈ ∆+(S), and for w = r−1r0r2, r−1r0(α2) /∈ ∆+(S), so w =

r−1r0r1 is the only w ∈ W (S) of length 3. We then add this w to the findings collected in Table 5.6 from

the previous section; see Table 5.19.

We also note, as in the level 2 case, for partitions τi of 3α−1 − 4δ to be possible weights of V (Λ0), τi
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must be of the form:

Λ0 −
2∑
i=0

miαi = −α−1 −
2∑
i=0

miαi,

where mi ∈ Z≥0, i ∈ {0, 1, 2}. For τi to be a possible weight of V (Λ1 − δ), τi must be of the form:

Λ1 − δ −
2∑
i=0

miαi = −2α−1 − α0 − (m0 − 1)α0 −m1α1 −m2α2,

where (m0 − 1),m1,m2 ∈ Z≥0. Lastly, for τi to be a possible weight of V (Λ2 − 2δ), τi must be of the

form:

Λ2 − 2δ −
2∑
i=0

miαi = −3α−1 − 2α0 − α1 − (m0 − 2)α0 − (m1 − 1)α1 −m2α2,

where (m0 − 2), (m1 − 1),m2 ∈ Z≥0.

So we now have the following: for mi ∈ Z≥0, i ∈ {0, 1, 2}, m̃0 ∈ Z≥1, and m̂0 ∈ Z≥2, m̂1 ∈ Z≥1:

dimg−3α−1−4δ =
∑

(ni,τi)∈T (−3α−1−4δ)

(
∑

i ni − 1)!

Π(ni!)
ΠKni

τi

=
∑

(ni,τi)∈T (−3α−1−4δ)

(
∑

i ni − 1)!

Π(ni!)
Π

 ∑
w∈W (S)

(−1)l(w)+1dimV (wρ− ρ)τi

ni

=
∑

(ni,τi)∈T (−3α−1−4δ)

τi=−α−1−
∑2
i=0miαi

(
∑

i ni − 1)!

Π(ni!)
Π (dimV (Λ0)τi − dimV (Λ1 − δ)τi + dimV (Λ2 − 2δ)τi)

ni

+
∑

(ni,τi)∈T (−3α−1−4δ)

τ1=−α−1−
∑2
i=0miαi

τ2=−2α−1−m̃0α0−m1α1−m2α2

(dimV (Λ0)τ1 − dimV (Λ1 − δ)τ1 + dimV (Λ2 − 2δ)τ1)

· (dimV (Λ0)τ2 − dimV (Λ1 − δ)τ2 + dimV (Λ2 − 2δ)τ2)

+
∑

(ni,τi)∈T (−3α−1−4δ)
τ1=−3α−1−m̂0α0−m̂1α1−m2α2

(dimV (Λ0)τ1 − dimV (Λ1 − δ)τ1 + dimV (Λ2 − 2δ)τ1)

=
∑

(ni,τi)∈T (−3α−1−4δ)

τi=−α−1−
∑2
i=0miαi

(
∑

i ni − 1)!

Π(ni!)
Π (dimV (Λ0)τi)

ni

+
∑

(ni,τi)∈T (−3α−1−4δ)

τ1=−α−1−
∑2
i=0miαi

τ2=−2α−1−m̃0α0−m1α1−m2α2

(dimV (Λ0)τ1) (−dimV (Λ1 − δ)τ2)
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+
∑

(ni,τi)∈T (−3α−1−4δ)
τ1=−3α−1−m̂0α0−m̂1α1−m2α2

(dimV (Λ2 − 2δ)τ1)

We use the path realizations of P(Λ0), P(Λ1), and P(Λ2) to determine which partitions τi are weights

in V (Λ0), V (Λ1 − δ), and V (Λ2 − 2δ), respectively. That is, dimV (Λ0)τi 6= 0, V (Λ1 − δ)τi 6= 0, and

V (Λ2 − 2δ)τi 6= 0. We begin first by collecting the partitions τi ∈ T (−3α−1 − 4δ) that are weights in

V (Λ0) with the MATLAB program sumparts (see appendix); these results are organized in Table 5.20.
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Table 5.20: τi ∈ T (−3α−1 − 4δ) that are weights in V (Λ0)

τ1 dimV (Λ0)τ1 τ2 dimV (Λ0)τ2 τ3 dimV (Λ0)τ3
−α−1 1 −α−1 1 −α−1 − 4α0 − 8α1 − 4α2 6
−α−1 1 −α−1 − α0 1 −α−1 − 3α0 − 8α1 − 4α2 2
−α−1 1 −α−1 − α0 − α1 1 −α−1 − 3α0 − 7α1 − 4α2 2
−α−1 1 −α−1 − α0 − α1 − α2 1 −α−1 − 3α0 − 7α1 − 3α2 2
−α−1 1 −α−1 − α0 − 2α1 − α2 1 −α−1 − 3α0 − 6α1 − 3α2 4
−α−1 1 −α−1 − α0 − 3α1 − α2 1 −α−1 − 3α0 − 5α1 − 3α2 2
−α−1 1 −α−1 − α0 − 3α1 − 2α2 1 −α−1 − 3α0 − 5α1 − 2α2 2
−α−1 1 −α−1 − α0 − 4α1 − 2α2 1 −α−1 − 3α0 − 4α1 − 2α2 2
−α−1 1 −α−1 − 2α0 − 2α1 − α2 1 −α−1 − 2α0 − 6α1 − 3α2 1
−α−1 1 −α−1 − 2α0 − 3α1 − α2 1 −α−1 − 2α0 − 5α1 − 3α2 1
−α−1 1 −α−1 − 2α0 − 3α1 − 2α2 1 −α−1 − 2α0 − 5α1 − 2α2 1
−α−1 1 −α−1 − 2α0 − 4α1 − 2α2 2 −α−1 − 2α0 − 4α1 − 2α2 2

−α−1 − α0 1 −α−1 − α0 − 2α1 − α2 1 −α−1 − 2α0 − 6α1 − 3α2 1
−α−1 − α0 1 −α−1 − α0 − 3α1 − α2 1 −α−1 − 2α0 − 5α1 − 3α2 1
−α−1 − α0 1 −α−1 − α0 − 3α1 − 2α2 1 −α−1 − 2α0 − 5α1 − 2α2 1
−α−1 − α0 1 −α−1 − α0 − 4α1 − 2α2 1 −α−1 − 2α0 − 4α1 − 2α2 2

−α−1 − α0 − α1 1 −α−1 − α0 − α1 − α2 1 −α−1 − 2α0 − 6α1 − 3α2 1
−α−1 − α0 − α1 1 −α−1 − α0 − 2α1 − α2 1 −α−1 − 2α0 − 5α1 − 3α2 1
−α−1 − α0 − α1 1 −α−1 − α0 − 3α1 − 2α2 1 −α−1 − 2α0 − 4α1 − 2α2 2
−α−1 − α0 − α1 1 −α−1 − α0 − 4α1 − 2α2 1 −α−1 − 2α0 − 3α1 − 2α2 1

−α−1 − α0 − α1 − α2 1 −α−1 − α0 − 2α1 − α2 1 −α−1 − 2α0 − 5α1 − 2α2 1
−α−1 − α0 − α1 − α2 1 −α−1 − α0 − 3α1 − α2 1 −α−1 − 2α0 − 4α1 − 2α2 2
−α−1 − α0 − α1 − α2 1 −α−1 − α0 − 4α1 − 2α2 1 −α−1 − 2α0 − 3α1 − α2 1
−α−1 − α0 − 2α1 − α2 1 −α−1 − α0 − 2α1 − α2 1 −α−1 − 2α0 − 4α1 − 2α2 2
−α−1 − α0 − 2α1 − α2 1 −α−1 − α0 − 3α1 − α2 1 −α−1 − 2α0 − 3α1 − 2α2 1
−α−1 − α0 − 2α1 − α2 1 −α−1 − α0 − 3α1 − 2α2 1 −α−1 − 2α0 − 3α1 − α2 1
−α−1 − α0 − 2α1 − α2 1 −α−1 − α0 − 4α1 − 2α2 1 −α−1 − 2α0 − 2α1 − α2 1
−α−1 − α0 − 3α1 − α2 1 −α−1 − α0 − 3α1 − 2α2 1 −α−1 − 2α0 − 2α1 − α2 1
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Now, we consider each τi that are weights of V (Λ0) and subtract each from τ = −3α−1 − 4δ to obtain

τi of the form:

−2α−1 − m̃0α0 −
2∑
i=1

miαi

So, given a τi that is a weight of V (Λ0), if (−3α−1 − 4δ)− τi = −2α−1 − m̃0α0 −
∑2

i=1miαi, to count

the multiplicity of−2α−1− m̃0α0−
∑2

i=1miαi in V (Λ1− δ) we must determine the number of paths with

(m̃0 − 1) 0-arrows, m1 1-arrows and m2 2-arrows in P(Λ1). We use the MATLAB program sumparts (see

appendix) to find such mutiplicities and collect these results in Table 5.21.

Lastly, we must determine dimV (Λ2 − 2δ)τi . Since each weight of dimV (Λ2 − 2δ) must have a

“−3α−1” term, τ = −3α−1−4δ cannot be partitioned further. Thus, we must simply determine dimV (Λ2−
2δ)−3α−1−4δ. We note that for the one-dimensional module V (2δ), V (Λ2 − 2δ)⊗ V (2δ) ∼= V (Λ2). So, we

can consider weights of V (Λ2) by counting paths in the path realization P(Λ2). Thus, we wish translate

α = −3α−1 − 4δ into a weight of V (Λ2). To do this, we must account for the tensor product and add 2δ:

dimV (Λ2 − 2δ)−3α−1−4δ = dimV (Λ2)−3α−1−2δ.

Then to count the multiplicity of this weight by counting paths in the path realization P(Λ2), we rewrite

α = −3α−1 − 2δ as Λ2 −
∑2

i=0miαi for some mi ∈ Z≥0, i ∈ {0, 1, 2}:

−3α−1 − 2δ = 3Λ0 − 2δ

= Λ2 − (Λ2 − 3Λ0)− 2δ

= Λ2 − (−3α−1 − 2α0 − α1 + 2δ + 3α−1)− 2δ

= Λ2 + 2α0 + α1 − 4δ

= Λ2 − 2α0 − 7α1 − 4α2

So, we must find the number of paths with two 0-arrows, seven 1-arrows, and four 2-arrows in P(Λ2). We

use the MATLAB program perfectcrystalB to find the perfect crystal of level 3 of D(3)
4 , B3, and use this

information find the ground state path of weight Λ2:

pΛ2 = (· · · , (0, 1, 1, 1, 1, 0), (0, 1, 1, 1, 1, 0)).

Using this ground state path with the MATLAB program lev3mult (see appendix) we then construct the path

realization P(Λ2) to count these arrows and find

dimV (Λ2)−3α−1−2δ = dimV (Λ2 − 2δ)−3α−1−4δ = 11.
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Table 5.21: τi ∈ T (−3α−1 − 4δ) such that τ1 + τ2 = −3α−1 − 4δ and τ1 = −α−1 −
∑2

i=0miαi is a
weight of V (Λ0), and τ2 = −2α−1 −

∑2
i=0 m̌iαi is a weight of V (Λ1 − δ)

τ1 dimV (Λ0)τ1 τ2 dimV (Λ1 − δ)τ2
−α−1 1 −2α−1 − 4α0 − 8α1 − 4α2 17

−α−1 − α0 1 −2α−1 − 3α0 − 8α1 − 4α2 5
−α−1 − α0 − α1 1 −2α−1 − 3α0 − 7α1 − 4α2 5

−α−1 − α0 − α1 − α2 1 −2α−1 − 3α0 − 7α1 − 3α2 5
−α−1 − α0 − 2α1 − α2 1 −2α−1 − 3α0 − 6α1 − 3α2 8
−α−1 − α0 − 3α1 − α2 1 −2α−1 − 3α0 − 5α1 − 3α2 5
−α−1 − α0 − 3α1 − 2α2 1 −2α−1 − 3α0 − 5α1 − 2α2 5
−α−1 − α0 − 4α1 − 2α2 1 −2α−1 − 3α0 − 4α1 − 2α2 5
−α−1 − 2α0 − 2α1 − α2 1 −2α−1 − 2α0 − 6α1 − 3α2 2
−α−1 − 2α0 − 3α1 − α2 1 −2α−1 − 2α0 − 5α1 − 3α2 2
−α−1 − 2α0 − 3α1 − 2α2 1 −2α−1 − 2α0 − 5α1 − 2α2 2
−α−1 − 2α0 − 4α1 − 2α2 2 −2α−1 − 2α0 − 4α1 − 2α2 4
−α−1 − 2α0 − 5α1 − 2α2 1 −2α−1 − 2α0 − 3α1 − 2α2 2
−α−1 − 2α0 − 5α1 − 3α2 1 −2α−1 − 2α0 − 3α1 − α2 2
−α−1 − 2α0 − 6α1 − 3α2 1 −2α−1 − 2α0 − 2α1 − α2 2
−α−1 − 3α0 − 4α1 − 2α2 2 −2α−1 − α0 − 4α1 − 2α2 1
−α−1 − 3α0 − 5α1 − 2α2 2 −2α−1 − α0 − 3α1 − 2α2 1
−α−1 − 3α0 − 5α1 − 3α2 2 −2α−1 − α0 − 3α1 − α2 1
−α−1 − 3α0 − 6α1 − 3α2 4 −2α−1 − α0 − 2α1 − α2 1
−α−1 − 3α0 − 7α1 − 3α2 2 −2α−1 − α0 − α1 − α2 1
−α−1 − 3α0 − 7α1 − 4α2 2 −2α−1 − α0 − α1 1
−α−1 − 3α0 − 8α1 − 4α2 2 −2α−1 − α0 1
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With this last result and the results organized in Table 5.20 and in Table 5.21 we have:

dimg−3α−1−4δ

=
∑

(ni,τi)∈T (−3α−1−4δ)

τi=−α−1−
∑2
i=0miαi

(
∑

i ni − 1)!

Π(ni!)
Π (dimV (Λ0)τi)

ni

+
∑

(ni,τi)∈T (−3α−1−4δ)

τ1=−α−1−
∑2
i=0miαi

τ2=−2α−1−m̃0α0−m1α1−m2α2

(dimV (Λ0)τ1) (−dimV (Λ1 − δ)τ2)

+
∑

(ni,τi)∈T (−3α−1−4δ)
τ1=−3α−1−4δ

(dimV (Λ2 − 2δ)τ1)

= 86− 91 + 11

= 6.

Note that this result is in accordance with Corollary 5.3

We may use the same process to determine

dimg−3α−1−5δ

=
∑

(ni,τi)∈T (−3α−1−5δ)

τi=−α−1−
∑2
i=0miαi

(
∑

i ni − 1)!

Π(ni!)
Π (dimV (Λ0)τi)

ni

+
∑

(ni,τi)∈T (−3α−1−5δ)

τ1=−α−1−
∑2
i=0miαi

τ2−2α−1−m̃0α0−m1α1−m2α2

(dimV (Λ0)τ1) (−dimV (Λ1 − δ)τ2)

+
∑

(ni,τi)∈T (−3α−1−5δ)
τ1=−3α−1−5δ

(dimV (Λ2 − 2δ)τ1)

= 243− 254 + 33

= 26.

Note that this result is in accordance with Corrollary 5.2.

For dimg−3α−1−6δ, since 6 is a multiple of 3, we have the following:

dimg−3α−1−6δ
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= µ

(
−3α−1 − 4δ

−3α−1 − 4δ

)(
−3α−1 − 4δ

−3α−1 − 4δ

)
B(−3α−1−4δ)+µ

(
−3α−1 − 6δ

−α−1 − 2δ

)(
−α−1 − 2δ

−3α−1 − 6δ

)
B(−α−1−2δ)

= B(−3α−1 − 4δ)− 1

3
B(−α−1 − 2δ)

=
∑

(ni,τi)∈T (−3α−1−5δ)

τi=−α−1−
∑2
i=0miαi

(
∑

i ni − 1)!

Π(ni!)
Π (dimV (Λ0)τi)

ni

+
∑

(ni,τi)∈T (−3α−1−5δ)

τ1=−α−1−
∑2
i=0miαi

τ2−2α−1−m̃0α0−m1α1−m2α2

(dimV (Λ0)τ1) (−dimV (Λ1 − δ)τ2)

+
∑

(ni,τi)∈T (−3α−1−5δ)
τ1=−3α−1−6δ

(dimV (Λ2 − 2δ)τ1)

−1

3
dimV (Λ0)−α−1−2δ

= 604 +
2

3!
(2)3 − 594 + 65− 1

3
(2)

= 77.

Repeating this strategy we continue to find the multiplicity of HD(3)
4 roots of the form −3α−1 − kδ,

7 ≤ k ≤ 15 and collect our results in Table 5.22. Recall from Section 5.2 Frenkel’s conjectured bound

mult(α) ≤ p2
(

1− (α|α)
2

)
; we include (α|α)

2 and p2
(

1− (α|α)
2

)
with our root multiplicity calculations.

Also recall from Section 5.2, if α is a real root, (α|α) > 0 and hence
(

1− (α|α)
2

)
≤ 0. If α is a real root,

it is known mult(α) = 1. So, for simplicity, in our calculations of Frenkel’s conjectured bound we define

p2(k) = 1 for k < 0.

Note here that, taking into account an index shifting, the multiplicities we found for −3α−1 − 6δ,

−3α−1 − 7δ, and −3α−1 − 8δ coincide with the multiplicities found for the same roots using a different

technique in [5]. We also note that we recovered all the level 3 root multiplicities found in [5] and detail

these results in Table 5.23.

In the interest of providing a more complete list of level 3 roots, we supplement the results in [5] with

Table 5.24, Table 5.25, Table 5.26, Table 5.27, and Table 5.28 (note: If multiplicity is 0, α is not a root). To

explore patterns in these additional mutliplicities we factor out any multiples of δ from the roots we have

found and combine this reorganized data with some of Table 5.22 in Table 5.30 and Table 5.31.
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Table 5.22: Root Multiplicities for −3α−1 − kδ, 1 ≤ k ≤ 15

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−3α−1 − 3δ 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2 0 2

−3α−1 − 4δ 86− 91 + 11 = 8 −3 20
−3α−1 − 5δ 243− 254 + 33 = 22 −6 110
−3α−1 − 6δ 604 + 2

3!(2)3 − 594 + 65− 1
3(2) = 77 −9 481

−3α−1 − 7δ 1397− 1341 + 141 = 197 −12 1770
−3α−1 − 8δ 3159− 2950 + 301 = 510 −15 5822
−3α−1 − 9δ 6718 + 2

3!(4)3 − 6061 + 570− 1
3(4) = 1247 −18 17490

−3α−1 − 10δ 13832− 12107 + 1079 = 2804 −21 49010
−3α−1 − 11δ 27747− 23663 + 2032 = 6116 −24 129512
−3α−1 − 12δ 53891 + 2

3!(6)3 − 44623 + 3596− 1
3(6) = 12934 −27 326015

−3α−1 − 13δ 102235− 82405 + 6336 = 26166 −30 786814
−3α−1 − 14δ 190269− 149539 + 11022 = 51752 −33 1831065
−3α−1 − 15δ 346389 + 2

3!(9)3 − 265311 + 18586− 1
3(9) = 99664 −36 4126070
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Table 5.23: Recovered Level 3 Root Multiplicities from [5]

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−3α−1 − 6α0 − 9α1 − 4α2 243− 246 + 29 = 26 −6 110
−3α−1 − 6α0 − 9α1 − 5α2 243− 246 + 29 = 26 −6 110
−3α−1 − 6α0 − 10α1 − 5α2 446− 448 + 52 = 50 −8 300
−3α−1 − 7α0 − 11α1 − 5α2 594− 588 + 65 = 71 −9 481
−3α−1 − 6α0 − 9α1 − 6α2 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2 0 2

−3α−1 − 6α0 − 10α1 − 6α2 175− 181 + 22 = 16 −5 65
−3α−1 − 6α0 − 11α1 − 6α2 446− 448 + 52 = 50 −8 300
−3α−1 − 7α0 − 11α1 − 6α2 594− 588 + 65 = 71 −9 481
−3α−1 − 7α0 − 12α1 − 6α2 1070− 1037 + 112 = 145 −11 1165
−3α−1 − 8α0 − 13α1 − 6α2 1417− 1371 + 151 = 197 −12 1770
−3α−1 − 6α0 − 11α1 − 7α2 62− 67 + 9 = 4 −2 10
−3α−1 − 7α0 − 11α1 − 7α2 86− 91 + 11 = 6 −3 20
−3α−1 − 6α0 − 12α1 − 7α2 243− 246 + 29 = 26 −6 110
−3α−1 − 7α0 − 12α1 − 7α2 446− 448 + 52 = 50 −8 300
−3α−1 − 6α0 − 13α1 − 7α2 446− 448 + 52 = 50 −8 300
−3α−1 − 7α0 − 13α1 − 7α2 1070− 1037 + 112 = 145 −11 1165
−3α−1 − 8α0 − 13α1 − 7α2 1417− 1371 + 151 = 197 −12 1770
−3α−1 − 8α0 − 14α1 − 7α2 42420− 2275 + 233 = 378 −14 3956
−3α−1 − 9α0 − 15α1 − 7α2 3159− 2922 + 289 = 526 −15 5822
−3α−1 − 7α0 − 12α1 − 8α2 20− 22 + 3 = 1 1 1
−3α−1 − 6α0 − 13α1 − 8α2 62− 67 + 9 = 4 −2 10
−3α−1 − 6α0 − 14α1 − 8α2 175− 181 + 22 = 16 −5 65
−3α−1 − 8α0 − 14α1 − 8α2 1070− 1037 + 112 = 145 −11 1165
−3α−1 − 9α0 − 15α1 − 8α2 3159− 2922 + 289 = 526 −15 5822
−3α−1 − 6α0 − 12α1 − 8α2 9− 9 + 1 = 1 3 1
−3α−1 − 7α0 − 13α1 − 8α2 175− 181 + 22 = 16 −5 65
−3α−1 − 8α0 − 13α1 − 8α2 243− 254 + 33 = 22 −6 110
−3α−1 − 6α0 − 15α1 − 8α2 243− 246 + 29 = 26 −6 110
−3α−1 − 7α0 − 14α1 − 8α2 594− 588 + 65 = 71 −9 481
−3α−1 − 7α0 − 15α1 − 8α2 1070− 1037 + 112 = 145 −11 1165
−3α−1 − 8α0 − 15α1 − 8α2 2420− 2275 + 233 = 378 −14 3956
3α−1 − 9α0 − 16α1 − 8α2 5247− 4778 + 460 = 929 −17 12230
−3α−1 − 10α0 − 17α1 − 8α2 6696− 6039 + 569 = 1226 −18 17490

76



Table 5.24: Additional Level 3 Root Multiplicities (Part 1)

α Multiplicity
−3α−1 − 2α0 − α1 2− 3 + 1 = 0
−3α−1 − 2α0 − α1 − α2 2− 3 + 1 = 0
−3α−1 − 2α0 − 2α1 1− 1 + 0 = 0
−3α−1 − 2α0 − 2α1 − α2 5− 6 + 1 = 0
−3α−1 − 2α0 − 2α1 − 2α2 1− 1 + 0 = 0
−3α−1 − 2α0 − 3α1 0− 0 + 0 = 0
−3α−1 − 2α0 − 3α1 − α2 5− 6 + 1 = 0
−3α−1 − 2α0 − 3α1 − 2α2 5− 6 + 1 = 0
−3α−1 − 2α0 − 3α1 − 3α2 0− 0 + 0 = 0
−3α−1 − 2α0 − 4α1 0− 0 + 0 = 0
−3α−1 − 2α0 − 4α1 − α2 2− 3 + 1 = 0
−3α−1 − 3α0 − α1 1− 1 + 0 = 0
−3α−1 − 3α0 − α1 − α2 1− 1 + 0 = 0
−3α−1 − 3α0 − 2α1 1− 1 + 0 = 0
−3α−1 − 3α0 − 2α1 − α2 5− 6 + 1 = 0
−3α−1 − 3α0 − 2α1 − 2α2 1− 1 + 0 = 0
−3α−1 − 3α0 − 3α1 0 + 2

3!(1)3 − 0 + 0− 1
3(1) = 0

−3α−1 − 3α0 − 3α1 − α2 9− 9 + 1 = 1
−3α−1 − 3α0 − 3α1 − 2α2 9− 9 + 1 = 1
−3α−1 − 3α0 − 3α1 − 3α2 0 + 2

3!(1)3 − 0 + 0− 1
3(1) = 0

−3α−1 − 3α0 − 4α1 0− 0 + 0 = 0
−3α−1 − 3α0 − 4α1 − α2 5− 6 + 1 = 0
−3α−1 − 3α0 − 4α1 − 2α2 20− 22 + 3 = 1
−3α−1 − 3α0 − 4α1 − 3α2 5− 6 + 1 = 0
−3α−1 − 3α0 − 4α1 − 4α2 0− 0 + 0 = 0
−3α−1 − 3α0 − 5α1 0− 0 + 0 = 0
−3α−1 − 3α0 − 5α1 − α2 1− 1 + 0 = 0
−3α−1 − 3α0 − 5α1 − 2α2 20− 22 + 3 = 1
−3α−1 − 3α0 − 5α1 − 3α2 20− 22 + 3 = 1
−3α−1 − 3α0 − 5α1 − 4α2 1− 1 + 0 = 0
−3α−1 − 3α0 − 5α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 3α0 − 6α1 0− 0 + 0 = 0
−3α−1 − 3α0 − 6α1 − α2 0− 0 + 0 = 0
−3α−1 − 3α0 − 6α1 − 2α2 9− 9 + 1 = 1
−3α−1 − 3α0 − 6α1 − 4α2 9− 9 + 1 = 1
−3α−1 − 3α0 − 6α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 3α0 − 6α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 4α0 − α1 0− 0 + 0 = 0
−3α−1 − 4α0 − α1 − α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 2α1 0− 0 + 0 = 0
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Table 5.25: Additional Level 3 Root Multiplicities (Part 2)

α Multiplicity
−3α−1 − 4α0 − 2α1 − α2 1− 1 + 0 = 0
−3α−1 − 4α0 − 2α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 3α1 0− 0 + 0 = 0
−3α−1 − 4α0 − 3α1 − α2 5− 6 + 1 = 0
−3α−1 − 4α0 − 3α1 − 2α2 5− 6 + 1 = 0
−3α−1 − 4α0 − 3α1 − 3α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 4α1 0− 0 + 0 = 0
−3α−1 − 4α0 − 4α1 − α2 5− 6 + 1 = 0
−3α−1 − 4α0 − 4α1 − 2α2 20− 22 + 3 = 1
−3α−1 − 4α0 − 4α1 − 3α2 5− 6 + 1 = 0
−3α−1 − 4α0 − 4α1 − 4α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 5α1 0− 0 + 0 = 0
−3α−1 − 4α0 − 5α1 − α2 1− 1 + 0 = 0
−3α−1 − 4α0 − 5α1 − 2α2 27− 30 + 4 = 1
−3α−1 − 4α0 − 5α1 − 3α2 27− 30 + 4 = 1
−3α−1 − 4α0 − 5α1 − 4α2 1− 1 + 0 = 0
−3α−1 − 4α0 − 5α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 6α1 0− 0 + 0 = 0
−3α−1 − 4α0 − 6α1 − α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 6α1 − 2α2 20− 22 + 3 = 1
−3α−1 − 4α0 − 6α1 − 3α2 62− 67 + 9 = 4
−3α−1 − 4α0 − 6α1 − 4α2 20− 22 + 3 = 1
−3α−1 − 4α0 − 6α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 6α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 7α1 0− 0 + 0 = 0
−3α−1 − 4α0 − 7α1 − α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 7α1 − 2α2 5− 6 + 1 = 0
−3α−1 − 4α0 − 7α1 − 3α2 62− 67 + 9 = 4
−3α−1 − 4α0 − 7α1 − 4α2 62− 67 + 9 = 4
−3α−1 − 4α0 − 7α1 − 5α2 5− 6 + 1 = 0
−3α−1 − 4α0 − 7α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 7α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 8α1 0− 0 + 0 = 0
−3α−1 − 4α0 − 8α1 − α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 8α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 8α1 − 3α2 27− 30 + 4 = 1
−3α−1 − 4α0 − 8α1 − 5α2 27− 30 + 4 = 1
−3α−1 − 4α0 − 8α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 8α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 4α0 − 8α1 − 8α2 0− 0 + 0 = 0
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Table 5.26: Additional Level 3 Root Multiplicities (Part 3)

α Multiplicity
−3α−1 − 5α0 − α1 0− 0 + 0 = 0
−3α−1 − 5α0 − α1 − α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 2α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 2α1 − α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 2α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 3α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 3α1 − α2 1− 1 + 0 = 0
−3α−1 − 5α0 − 3α1 − 2α2 1− 1 + 0 = 0
−3α−1 − 5α0 − 3α1 − 3α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 4α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 4α1 − α2 2− 3 + 1 = 0
−3α−1 − 5α0 − 4α1 − 2α2 9− 11 + 2 = 0
−3α−1 − 5α0 − 4α1 − 3α2 2− 3 + 1 = 0
−3α−1 − 5α0 − 4α1 − 4α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 5α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 5α1 − α2 1− 1 + 0 = 0
−3α−1 − 5α0 − 5α1 − 2α2 20− 22 + 3 = 1
−3α−1 − 5α0 − 5α1 − 3α2 20− 22 + 3 = 1
−3α−1 − 5α0 − 5α1 − 4α2 1− 1 + 0 = 0
−3α−1 − 5α0 − 5α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 6α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 6α1 − α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 6α1 − 2α2 20− 22 + 3 = 1
−3α−1 − 5α0 − 6α1 − 3α2 62− 67 + 9 = 4
−3α−1 − 5α0 − 6α1 − 4α2 20− 22 + 3 = 1
−3α−1 − 5α0 − 6α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 6α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 7α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 7α1 − α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 7α1 − 2α2 9− 11 + 2 = 0
−3α−1 − 5α0 − 7α1 − 3α2 91− 99 + 14 = 6
−3α−1 − 5α0 − 7α1 − 4α2 91− 99 + 14 = 6
−3α−1 − 5α0 − 7α1 − 5α2 9− 11 + 2 = 0
−3α−1 − 5α0 − 7α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 7α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 8α1 0− 0 + 0 = 0 = 0
−3α−1 − 5α0 − 8α1 − α2 0− 0 + 0 = 0 = 0
−3α−1 − 5α0 − 8α1 − 2α2 1− 1 + 0 = 0
−3α−1 − 5α0 − 8α1 − 3α2 62− 67 + 9 = 4
−3α−1 − 5α0 − 8α1 − 4α2 175− 181 + 22 = 16
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Table 5.27: Additional Level 3 Root Multiplicities (Part 4)

α Multiplicity
−3α−1 − 5α0 − 8α1 − 5α2 62− 67 + 9 = 4
−3α−1 − 5α0 − 8α1 − 6α2 1− 1 + 0 = 0
−3α−1 − 5α0 − 8α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 8α1 − 8α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 9α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 9α1 − α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 9α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 9α1 − 3α2 20− 22 + 3 = 1
−3α−1 − 5α0 − 9α1 − 4α2 175− 181 + 22 = 16
−3α−1 − 5α0 − 9α1 − 5α2 175− 181 + 22 = 16
−3α−1 − 5α0 − 9α1 − 6α2 20− 22 + 3 = 1
−3α−1 − 5α0 − 9α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 9α1 − 8α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 9α1 − 9α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 10α1 0− 0 + 0 = 0
−3α−1 − 5α0 − 10α1 − α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 10α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 10α1 − 3α2 2− 3 + 1 = 0
−3α−1 − 5α0 − 10α1 − 4α2 91− 99 + 14 = 6
−3α−1 − 5α0 − 10α1 − 6α2 91− 99 + 14 = 6
−3α−1 − 5α0 − 10α1 − 7α2 2− 3 + 1 = 0
−3α−1 − 5α0 − 10α1 − 8α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 10α1 − 9α2 0− 0 + 0 = 0
−3α−1 − 5α0 − 10α1 − 10α2 0− 0 + 0 = 0
−3α−1 − 6α0 − α1 0− 0 + 0 = 0
−3α−1 − 6α0 − α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 2α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 2α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 2α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 9α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 9α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 9α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 9α1 − 3α2 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2

−3α−1 − 6α0 − 9α1 − 4α2 243− 246 + 29 = 26
−3α−1 − 6α0 − 9α1 − 5α2 243− 246 + 29 = 26
−3α−1 − 6α0 − 9α1 − 6α2 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2

−3α−1 − 6α0 − 9α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 9α1 − 8α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 9α1 − 9α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 3α1 0− 0 + 0 = 0
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Table 5.28: Additional Level 3 Root Multiplicities (Part 5)

α Multiplicity
−3α−1 − 6α0 − 3α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 3α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 3α1 − 3α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 4α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 4α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 4α1 − 2α2 1− 1 + 0 = 0
−3α−1 − 6α0 − 4α1 − 3α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 4α1 − 4α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 5α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 5α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 5α1 − 2α2 5− 6 + 1 = 0
−3α−1 − 6α0 − 5α1 − 3α2 5− 6 + 1 = 0
−3α−1 − 6α0 − 5α1 − 4α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 5α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 6α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 6α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 6α1 − 2α2 9− 9 + 1 = 1
−3α−1 − 6α0 − 6α1 − 3α2 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2

−3α−1 − 6α0 − 6α1 − 4α2 9− 9 + 1 = 1
−3α−1 − 6α0 − 6α1 − 5α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 6α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 7α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 7α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 7α1 − 2α2 5− 6 + 1 = 0
−3α−1 − 6α0 − 7α1 − 3α2 62− 67 + 9 = 4
−3α−1 − 6α0 − 7α1 − 4α2 62− 67 + 9 = 4
−3α−1 − 6α0 − 7α1 − 5α2 5− 6 + 1 = 0
−3α−1 − 6α0 − 7α1 − 6α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 7α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 8α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 8α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 8α1 − 2α2 1− 1 + 0 = 0
−3α−1 − 6α0 − 8α1 − 3α2 62− 67 + 9 = 4
−3α−1 − 6α0 − 8α1 − 4α2 175− 181 + 22 = 16
−3α−1 − 6α0 − 8α1 − 5α2 62− 67 + 9 = 4
−3α−1 − 6α0 − 8α1 − 6α2 1− 1 + 0 = 0
−3α−1 − 6α0 − 8α1 − 7α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 8α1 − 8α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 10α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 10α1 − α2 0− 0 + 0 = 0
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Table 5.29: Additional Level 3 Root Multiplicities (Part 6)

α Multiplicity
−3α−1 − 6α0 − 10α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 10α1 − 3α2 5− 6 + 1 = 0
−3α−1 − 6α0 − 10α1 − 4α2 175− 181 + 22 = 16
−3α−1 − 6α0 − 10α1 − 5α2 446− 448 + 52 = 50
−3α−1 − 6α0 − 10α1 − 6α2 175− 181 + 22 = 16
−3α−1 − 6α0 − 10α1 − 7α2 5− 6 + 1 = 0
−3α−1 − 6α0 − 10α1 − 8α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 10α1 − 9α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 10α1 − 10α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 − 3α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 − 4α2 62− 67 + 9 = 4
−3α−1 − 6α0 − 11α1 − 5α2 446− 448 + 52 = 50
−3α−1 − 6α0 − 11α1 − 6α2 446− 448 + 52 = 50
−3α−1 − 6α0 − 11α1 − 7α2 62− 67 + 9 = 4
−3α−1 − 6α0 − 11α1 − 8α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 − 9α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 − 10α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 11α1 − 11α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 − α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 − 2α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 − 3α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 − 4α2 9− 9 + 1 = 1
−3α−1 − 6α0 − 12α1 − 5α2 243− 246 + 29 = 26
−3α−1 − 6α0 − 12α1 − 7α2 243− 246 + 29 = 26
−3α−1 − 6α0 − 12α1 − 8α2 9− 9 + 1 = 1
−3α−1 − 6α0 − 12α1 − 9α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 − 10α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 − 11α2 0− 0 + 0 = 0
−3α−1 − 6α0 − 12α1 − 12α2 0− 0 + 0 = 0

82



Table 5.30: δ-factored Level 3 Root Multiplicities (Part 1)

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−3α−1 − δ − 2α0 − α1 9− 9 + 1 = 1 3 1
−3α−1 − δ − 2α0 − α1 − α2 9− 9 + 1 = 1 3 1
−3α−1 − 2δ − α0 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − α0 − α1 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − α0 − α1 − α2 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − α0 − 2α1 9− 9 + 1 = 1 3 1
−3α−1 − 2δ − 2α0 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − 2α0 − α1 27− 30 + 4 = 1 0 2
−3α−1 − 2δ − 2α0 − α1 − α2 27− 30 + 4 = 1 0 2
−3α−1 − 2δ − 2α0 − 2α1 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − 3α0 − α1 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − 3α0 − α1 − α2 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − 3α0 − 2α1 20− 22 + 3 = 1 1 1
−3α−1 − 2δ − 4α0 − 2α1 9− 9 + 1 = 1 3 1
−3α−1 − 3δ 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2 0 2

−3α−1 − 3δ − α2 9− 9 + 1 = 1 3 1
−3α−1 − 3δ − α0 62− 67 + 9 = 4 −2 10
−3α−1 − 3δ − α0 − α2 20− 22 + 3 = 1 1 1
−3α−1 − 3δ − α0 − α1 62− 67 + 9 = 4 −2 10
−3α−1 − 3δ − α0 − α1 − α2 62− 67 + 9 = 4 −2 10
−3α−1 − 3δ − α0 − 2α1 27− 30 + 4 = 1 0 2
−3α−1 − 3δ − 2α0 62− 67 + 9 = 4 −2 10
−3α−1 − 3δ − 2α0 − α2 20− 22 + 3 = 1 1 1
−3α−1 − 3δ − 2α0 − α1 91− 99 + 14 = 6 −3 20
−3α−1 − 3δ − 2α0 − α1 − α2 91− 99 + 14 = 6 −3 20
−3α−1 − 3δ − 2α0 − 2α1 62− 67 + 9 = 4 −2 10
−3α−1 − 3δ − 2α0 − 3α1 20− 22 + 3 = 1 1 1
−3α−1 − 3δ − 3α0 − 3α1 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2 0 2

−3α−1 − 3δ − 3α0 30 + 2
3!(1)3 − 32 + 4− 1

3(1) = 2 0 2
−3α−1 − 3δ − 3α0 − α2 9− 9 + 1 = 1 3 1
−3α−1 − 3δ − 3α0 − α1 62− 67 + 9 = 4 −2 10
−3α−1 − 3δ − 3α0 − α1 − α2 62− 67 + 9 = 4 −2 10
−3α−1 − 3δ − 3α0 − 2α1 62− 67 + 9 = 4 −2 10
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Table 5.31: δ-factored Level 3 Root Multiplicities (Part 2)

α Multiplicity (α|α)
2 p2

(
1− (α|α)

2

)
−3α−1 − 4δ 86− 91 + 11 = 8 −3 20
−3α−1 − 4δ − α2 27− 30 + 4 = 1 0 2
−3α−1 − 4δ − α0 175− 181 + 22 = 16 −5 65
−3α−1 − 4δ − α0 − α2 62− 67 + 9 = 4 −2 10
−3α−1 − 4δ − α0 − α1 175− 181 + 22 = 16 −5 65
−3α−1 − 4δ − α0 − α1 − α2 175− 181 + 22 = 16 −5 65
−3α−1 − 4δ − α0 − α1 − 2α2 20− 22 + 3 = 1 1 1
−3α−1 − 4δ − α0 − 2α1 91− 99 + 14 = 6 −3 20
−3α−1 − 4δ − 2α0 − α1 243− 246 + 29 = 26 −6 110
−3α−1 − 4δ − 2α0 − α1 − α2 243− 246 + 29 = 26 −6 110
−3α−1 − 4δ − 2α0 − α1 − 2α2 30 + 2

3!(1)3 − 32 + 4− 1
3(1) = 2 0 2

−3α−1 − 4δ − 2α0 175− 181 + 22 = 16 −5 65
−3α−1 − 4δ − 2α0 − α2 62− 67 + 9 = 4 −2 10
−3α−1 − 4δ − 2α0 − 2α1 175− 181 + 22 = 16 −5 65
−3α−1 − 4δ − 2α0 − 3α1 62− 67 + 9 = 4 −2 10
−3α−1 − 4δ − 2α0 − 4α1 9− 9 + 1 = 1 3 1
−3α−1 − 5δ 243− 254 + 33 = 22 −6 110
−3α−1 − 5δ − α2 91− 99 + 14 = 6 −3 20
−3α−1 − 5δ − α0 446− 448 + 52 = 50 −8 300
−3α−1 − 5δ − α0 − α2 175− 181 + 22 = 16 −5 65
−3α−1 − 5δ − α0 − α1 446− 448 + 52 = 50 −8 300
−3α−1 − 5δ − α0 − α1 − α2 446− 448 + 52 = 50 −8 300
−3α−1 − 5δ − α0 − α1 − 2α2 62− 67 + 9 = 4 −2 10
−3α−1 − 5δ − α0 − 2α1 243− 246 + 29 = 26 −6 110
−3α−1 − 6δ 604 + 2

3!(2)3 − 594 + 65− 1
3(2) = 26 −9 481

−3α−1 − 6δ − α2 243− 246 + 29 = 26 −6 110
−3α−1 − 6δ − 2α2 9− 9 + 1 = 1 3 1
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Appendix A

MATLAB Code

A.1 lev1mult.m

function [c]=lev1mult(w)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%finds the multiplicity of the user-inputed level 1 root

% Inputs:

% w is the column vector representing number of \alpha_0s, \alpha_1s,

% \alpha_2s in the level 1 root of interest

%

%Outputs:

% c (mult(alpha) in HD_4ˆ{(3)}

% can output C: the paths which will be listed as rows

% read from left to right(instead of right to left), and in

% terms of actual tuples as defined by B_l originally -- see

% original definitions; should have at least one repition of

% ground state to right

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

root=[1;w];

%adding a 1 to the top of the vector to represent the 1 from -1alpha_{-1}

A=zeros(1,6);

highest_weight_vector=zeros(4,1);

highest_weight_vector(1)=1;

arrows=root-highest_weight_vector;

if arrows(1)==0

arrows=arrows(2:4);

arrows=arrows';

[C,E]=crystal_path(A,arrows,1);

B=organize(C);

%

87



c=size(E,1);

else

c=-25;

end;

function [A,B]=crystal_path(pattern,goalarrows,lev)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%called by lev1mult

% Inputs:

% pattern: ground state path (for level 1 this is all zeros)

% goalarrows: determined by the original input w

% lev: 1, 2, or 3

%

% Outputs:

% returns A the paths horizontally concatanated as a matrix and

% B the arrows as rows of a matrix.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

prev_path=zeros(1,3);

[A,B]=one_move(pattern,pattern,prev_path,goalarrows,lev);

%just acted on the ground state for the first time.

for i=1:sum(goalarrows)-1;

% sum(goalarrows) implies we will go to that row in the crystal graph.

% for example -2alpha_0-3alpha_1 would give us a sum(goalarrows)=5,

% so we look up to the fifth row.

[A,B]=next_move(A,B,pattern,goalarrows,lev);

end;

function [paths,arrows]=one_move(A,pattern,prev_path,goalarrows,lev)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%called by crystal_path

% Inputs:

% A: ground state path

% pattern: ground state path

% prev_path: row of length 3 to count how many 0 arrows, 1 arrows and 2 arrows

% found

% goalarrows: determined by user input

% lev: 1, 2, or 3

%

% Outputs:

% [results,path] where results is the eminating paths from the path A,

% and path tells which f-arrow leads to which eminating path.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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arrows=zeros(0,3);

y=length(A);

b=length(pattern);

paths=zeros(0,y+b);

% space for two elements of a path, one the ground state -

% this will be the rightmost entries

for k=1:3

c=zeros(1,3);

c(1,k)=1;

if prev_path(k)<goalarrows(k)

B=A;

% element of crystal path you want to act on

num=identify_action(tensorrule(k-1,A,lev));

% notice it sends k-1, so we find phi and eps from 0 to 2

if num ˜= 0.1;

B((6*(num-1)+1):(6*num))=ftilda(k-1,A(6*(num-1)+1:6*(num)));

% which of the basic paths to act on, where off to the right will be

% repeating ground state paths

add=[B,pattern];

% we act on paths from the left, and to the right represents the

% infinitely repeating pattern of the ground state

paths=[paths;add];

arrows=[arrows;c];

% c is a row vector with a one in the k'th column, indicating that we just

% acted f_{k-1} (so a one in first column means we acted f_0, etc..)

end;

end;

end;

function B=tensorrule(index, A,lev)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% called by identify_action which is called by one_move

% Inputs:

% index: counter 0,1,2 if prevpath(counter)<goalarrows(counter), the index for

% which you wish to compute the phi_i and epsilon_i

% A: the element of the crystal path on which you wish to act on, starting with

% the ground state path

%

% Outputs:

% returns phi_index of the ith element in the sequence in B(i,2) and

% epsilon_index of the ith element in the tensor product in B(i,2)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

y=length(A);

B=zeros(y/(6),2);
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% determine how many pieces of a path you are dealing with, each is a perfect

% crystal basis element and has length 6,

% y grows as the end of he path changes more from the original ground state

% 2 columns for each piece, one for phi, one for eps

for i=1:y/(6)

B(i,1)=phi(index,A(6*(i-1)+1:(6*i)),lev);

% for A of length 6, we have i=1:1, so A(1:6)

% for A of length 12, we are concerned with rightmost two basis elements of

% this crystal path, i=1:2, so A(1:6), then A(7:12);

% you are finding phi and eps of each of right most basic elements of the

% tensor and for each basic element, phi and eps will be stored on a line

B(i,2)=epsilon(index, A(6*(i-1)+1:(6*i)),lev);

%Builds matrix B that will be sent to identify action, will have phi and eps for

% each basic elemnt of the tensor stored on each row

end;

function action=identify_action(A)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs:

% A: phi and eps for each basic elemnt of the tensor stored on each row with

% ph_i in first column and epsilon_i in second column (tensorrule output)

%

% Outputs:

% Gives the row number of the element in the sequence of the crystal path that

% A represents which should be acted upon by ftilda_i.

% If there should be no action, it returns 0.1.

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

[a,b]=size(A);

% a is how many basic elements we are concerned with (b should always be 2),

% that is, a is how many p_i's we are dealing with, up to p_{N-1} (see Chapter 3)

for j=1:a

[x,y]=size(A);

A=[A;0,0];

A(:,2)=[0;A(1:x,2)];

% all rows, eps col, shift orig 2nd col down and add a zero to the top

for i=1:x+1

num=A(i,1)-A(i,2);

%we are looking at the signature of the path from right to left by

%finding the difference: phi_i(p_k)-eps_i(p_{k-1})

%we determine how much the signature collapses, which elements are left

%with plusses under them after cancelling with the minuses

if num >= 0

A(i,1)=num;

A(i,2)=0;
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% which p_k's have plusses over them, i.e. which ones can f_i act on

else

A(i,1)=0;

A(i,2)=-1*num;

%left only with minuses

end;

end;

j=j+1;

end;

A=A(:,1);

%all rows, just concerned with col 1

test=find(A>0);

%returns the row numbers of positive entries (in order)

[a,b]=size(test);

if a==0

action=0.1;

else action=test(a,b);

%returns the highest row number with a positive entry because f_i must act on

%the elements pointed to by the i-sequence from right to left

end;

function [paths,arrows]= next_move(oldpaths,oldarrows,pattern,goalarrows,lev)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% called by crystal_path

% this function will act for a count of 1:sum(goalarrows)-1, as we have already gone

% down one row of the path realization with one_move, this will work down the

% remaining sum(goalarrows)-1 rows

%

% Inputs:

% oldpaths: (output from one_move at first, then recursively given by next_move)

% the eminating paths from the element of the crystal path on

% which you originally wanted to act

% oldarrows: tells which f-arrow leads to which eminating path.

% pattern: the repeating ground state path

% goalarrows: col vector determined by original input

% lev: level of the highest weight module on which you are counting

%

% Outputs:

% [paths,arrows]: where paths is the eminating paths from the ground state,

% and arrows tells which f-arrow leads to which path

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

y=length(pattern);

[x2,y2]=size(oldpaths);

newpaths=zeros(0,y2+y);
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newarrows=zeros(0,3);

% possible arrows are 0,1,2 so we need 3 spaces

for i=1:x2;

A=oldpaths(i,:);

current_arrows=oldarrows(i,:);

[paths,arrows]= one_move(A,pattern,current_arrows,goalarrows,lev);

[c,d]=size(arrows);

mult=ones(c,1);

addition=mult*current_arrows;

newarrows=[newarrows;(addition+arrows)];

%at first just fills in an empty row, then adds on to the matrix

newpaths=[newpaths;paths];

end;

test=[pattern;newpaths(:,y2+1-6:y2+y-6)];

test=sum(abs(diff(test)));

%diff(X) returns a matrix of row differences

if test==0

newpaths=newpaths(:,1:y2);

end;

% some of rows in newpaths may be repeats, so we remove the repeated paths

[a,b]=size(newpaths);

if a>1

[sorted,index]=sortrows(newpaths);

D=sum(abs(diff(sorted)),2);

f=find(D˜=0);

rows=[index(f);index(a)];

paths=newpaths(rows,:);

arrows=newarrows(rows,:);

else

paths=newpaths;

arrows=newarrows;

end;

A.2 mult parts1.m

function [ P ] = mult_parts1(w)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%finds multiplicities of 2 level1 weights of V(\Lambda_0) that sum up to

%the user-inputed level2 root

% Inputs:

% w is the column vector representing number of \alpha_0s, \alpha_1s,

% \alpha_2s in the level 2 root of interest
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%

% Outputs:

% P: matrix where columns 1-4 are the coefficients of \alpha_{-1}, \alpha_0,

% \alpha_1, and \alpha_2 of a level 1 root, column 5 its multiplicity;

% then columns 6-9 is the corresponding level 1 root

% (column 10 is its multiplicity)

% such that columns 1-4 and 6-9 are a partition the user-inputed level 2 root

% Column 11 is the product of the two multiplicities and the lower right-hand

% corner of the matrix is the sum of all such producs

% (see multiplicity formula)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

D=lev1multupto(w);

% determines which partitions of w are level 1 weights and their multiplicities

root=[2;w];

[m,n]=size(D);

P=zeros(0,11);

for i=1:m

for j=i:m

trial1=D(i,1:4);

trial2=D(j,1:4);

if [trial1+trial2]' == root

if trial1==trial2

continue

else

mult=D(i,5)*D(j,5);

end

P=[P;trial1,D(i,5),trial2,D(j,5),mult];

else

continue

end

end

end

[j,k]=size(P);

sum=0;

for i=1:j

prod=P(i,11);

sum=sum+prod;

end

P=[P;[zeros(1,10),sum]];

end

function [Z]=lev1multupto(w)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% takes in a root and determines all weights of V(\Lambda0) less than or equal to
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% it; we use this to simplify the process of partitioning roots by getting rid of all

% cases that are not even weights of V(\Lambda0)

% Inputs:

% w=[a;b;c]

% a is number of 0-arrows

% b is number of 1-arrows

% c is number of 2-arrows

%

% Outputs:

% Z: list of roots of V(\Lambda0) up to w with their corresponding multiplicities

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

root=w;

D=[1,0,0,0,1];

%since -\alpha_{-1} counts trivially as a weight with mult=1

root=[1;root];

%adding a 1 to the top of the vector (to represent the 1 from 1*\alpha_{-1}

R=upto(root);

%finds the potential weights

A=[0,0,0,0,0,0];

%the repeating ground state path for V(lambda_0)

highest_weight_vector=zeros(4,1);

%spots for alpha_{-1},alpha_0,alpha_1,alpha_2

highest_weight_vector(1)=1;

%highest_weight_vector now has a 1 at the top

[m,n]=size(R);

for i=1:n

root=R(:,i);

%considers each potential weight less than the input root

arrows=root-highest_weight_vector;

if arrows(1)==0

arrows=arrows(2:4);

arrows=arrows';

[C,E]=crystal_path(A,arrows,1);

c=size(E,1);

else

c=-25;

end;

if c<= 0

continue

else

D=[D;root',c];

end

end

Z=D;

end
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function [A]=upto(root)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs:

% root: column vector with coefficients of \alpha_{-1}, \alpha_0, \alpha_1, \alpha_2

%

% Outputs:

% A: column i of matrix A + column i of matrix B = root

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

m=length(root);

root=root(2:m);

n=length(root);

A=zeros(n,0);

for i=1:(root(1))+1;

for j=1:(root(2))+1;

for k=1:(root(3))+1;

x=[i-1;j-1;k-1];

A=[A,x];

%matrix where each column is potential weight less than that of the input root

end;

end;

end;

[m,n]=size(A);

add=ones(1,n);

A=[add;A];

%add a row of ones, so each column will be 1, a, b, c from:

%-1*alpha_{-1}-a*alpha_0-b*alpha_1-c*alpha_2

A.3 perfectcrystalB.m

function [ B ] = perfectcrystalB( index,x,lev )

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs:

% index: for the f_index desired

% x: a known basis element of the perfect crystal

% lev: level of desired perfect crystal

%

% Outputs:

% B: given an index, B contains resulting perfect crystal basis elements if

% after acting f_index on x as many times as possible

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

B=zeros(0,6);
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B=[x;B];

n=length(x)/2;

A=[x(1:n);fliplr(x(n+1:2*n))];

% takes second half of tensor an flips left to right

% tensor begins as: x_1,x_2,x_3,bar{x}_3,bar{x}_2,bar{x}_1

%so row 1 is x_1,x_2,x_3 and

% row 2 is bar{x}_1,bar{x}_2,bar{x}_3

%this simplifies the below procedures

y=0;

%y will be equal to phi_index

if index == 0

while A(1,1)>=0 && A(1,2)>=0 && A(1,3)>=0 && A(2,1)>=0 && A(2,2)>=0 &&

A(2,3)>=0 && A(1,1)+A(1,2)+((A(1,3)+A(2,3))/2)+A(2,2)+A(2,1) <= lev &&

mod(A(1,3)+A(2,3),2)==0

%while resulting f_0(b) is in B_l,we can try to still act f_0 on it.

%how many times we can act f_0 and still result in a basis element is phi_0

%F_1:

if 2*A(2,1)+2*A(2,2)+A(2,3)-A(1,3)-2*A(1,2)-2*A(1,1)>0 &&

2*A(2,1)+3*A(2,3)-A(1,3)-2*A(1,2)-2*A(1,1)>0 &&

A(2,1)+A(1,3)-A(1,2)-A(1,1)>0 && A(2,1)-A(1,1)>0

%if b satisfies (F_1), then f_0 acts as this:

A=A+[0,0,0;-1,0,0];

%F_2:

elseif 2*A(2,1)+2*A(2,2)+A(2,3)-A(1,3)-2*A(1,2)-2*A(1,1)<=0 &&

2*A(2,2)+A(2,3)-3*A(1,3)<=0 &&

A(2,2)-A(2,3)<=0 && A(2,1)-A(1,1)>0

%if b satisfies (F_2), then f_0 acts as this:

A=A+[0,0,1;-1,0,1];

%F_3:

elseif 2*A(2,1)+3*A(2,3)-A(1,3)-2*A(1,2)-2*A(1,1)<=0 &&

3*A(2,3)-A(1,3)-2*A(1,2)<=0 && A(2,3)-A(1,3)<=0 && A(2,2)-A(2,3)>0 &&

A(2,1)+A(2,2)-A(2,3)-A(1,1)>0

%if b satisfies (F_3), then f_0 acts as this:

A=A+[0,0,2;0,-1,0];

%F_4:

elseif 2*A(2,1)+2*A(2,2)+A(2,3)-3*A(1,3)-2*A(1,1)>0 &&

2*A(2,2)+A(2,3)-3*A(1,3)>0 && A(2,3)-A(1,3)>0 && A(1,3)-A(1,2)<=0 &&

A(2,1)+A(1,3)-A(1,2)-A(1,1)<=0

%if b satisfies (F_4), then f_0 acts as this:

A=A+[0,1,0;0,0,-2];

%F_5:

elseif 2*A(2,1)+2*A(2,2)+A(2,3)-A(1,3)-2*A(1,2)-2*A(1,1)>0 &&

3*A(2,3)-A(1,3)-2*A(1,2)>0 && A(1,3)-A(1,2)>0 && A(2,1)-A(1,1)<=0

%if b satisfies (F_5), then f_0 acts as this:

A=A+[1,0,-1;0,0,-1];
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%F_6:

elseif 2*A(2,1)+2*A(2,2)+A(2,3)-A(1,3)-2*A(1,2)-2*A(1,1)<=0 &&

2*A(2,1)+2*A(2,2)+A(2,3)-3*A(1,3)-2*A(1,1)<=0 &&

A(2,1)+A(2,2)-A(2,3)-A(1,1)<=0 && A(2,1)-A(1,1)<=0

%if b satisfies (F_6), then f_0 acts as this:

A=A+[1,0,0;0,0,0];

else

break;

end

if A(1,1)>=0 && A(1,2)>=0 && A(1,3)>=0 && A(2,1)>=0 && A(2,2)>=0 &&

A(2,3)>=0 && A(1,1)+A(1,2)+(A(1,3)+A(2,3))/2+A(2,2)+A(2,1) <= lev &&

mod(A(1,3)+A(2,3),2)==0

z=[A(1,:),fliplr(A(2,:))];

B=[B;z];

y=y+1;

end

if y>10

break;

end

end

elseif index == 1

while A(1,1)>=0 && A(1,2)>=0 && A(1,3)>=0 && A(2,1)>=0 && A(2,2)>=0 &&

A(2,3)>=0 && A(1,1)+A(1,2)+((A(1,3)+A(2,3))/2)+A(2,2)+A(2,1) <= lev &&

mod(A(1,3)+A(2,3),2)==0

%while resulting f_1(b) is in B_l,we can try to still act f_1 on it.

%how many times we can act f_1 and still result in a basis element is phi_1

if subplus(A(2,2)-A(2,3)) <= A(1,2)-A(1,3)

A=A+[-1,1,0;0,0,0];

elseif A(2,2)-A(2,3) <= 0 && A(1,3)-A(1,2) > 0

A=A+[0,0,-1;0,0,1];

elseif A(2,2)-A(2,3) > subplus(A(1,2)-A(1,3))

A=A+[0,0,0;1,-1,0];

else

break;

end

if A(1,1)>=0 && A(1,2)>=0 && A(1,3)>=0 && A(2,1)>=0 && A(2,2)>=0 &&

A(2,3)>=0 && A(1,1)+A(1,2)+(A(1,3)+A(2,3))/2+A(2,2)+A(2,1) <= lev &&

mod(A(1,3)+A(2,3),2)==0

z=[A(1,:),fliplr(A(2,:))];

B=[B;z];

y=y+1;

end

if y>10

break;

end
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end

elseif index == 2

while A(1,1)>=0 && A(1,2)>=0 && A(1,3)>=0 && A(2,1)>=0 && A(2,2)>=0 &&

A(2,3)>=0 && A(1,1)+A(1,2)+((A(1,3)+A(2,3))/2)+A(2,2)+A(2,1) <= lev &&

mod(A(1,3)+A(2,3),2)==0

%while resulting f_2(b) is in B_l,we can try to still act f_2 on it.

%how many times we can act f_2 and still result in a basis element is phi_2

if A(2,3) <= A(1,3)

A=A+[0,-1,2;0,0,0];

elseif A(2,3) > A(1,3)

A=A+[0,0,0;0,1,-2];

else

break;

end

if A(1,1)>=0 && A(1,2)>=0 && A(1,3)>=0 && A(2,1)>=0 && A(2,2)>=0 &&

A(2,3)>=0 && A(1,1)+A(1,2)+(A(1,3)+A(2,3))/2+A(2,2)+A(2,1) <= lev &&

mod(A(1,3)+A(2,3),2)==0

z=[A(1,:),fliplr(A(2,:))];

B=[B;z];

y=y+1;

end

if y>10

break;

end

end

end

A.4 lev2mult.m

function [c]=lev2mult(w)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% This program takes in a weight

% -2\alpha_{-1}-a\alpha_0-b\alpha_1-c\alpha_2

% and gives its multiplicity in V(lambda_1-\delta) by counting paths in

% path realization P(lambda_1).

% Inputs:

% w: weight vector (of arrows), so w=[a,b,c]

%

% Outputs:

% c: multiplicity

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
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root=w-[1;0;0];

%to count the mult of a level 2 weight by using the path realiz of V(lambda1)

%we must account for V(lambda1-delta), and add delta; we then only

%count number of paths with (a-1) 0-arrows than stated here:

%-2\alpha_{-1}-a\alpha_0-b\alpha_1-c\alpha_2

if root(1)<0

c=-25;

else

root=[1;root];

%adding a 1 to the top of the vector (to represent the 1 from 1lambda_{1}

A=[1,0,0,0,0,1];

%A is repeating ground state path for path realization of V(lambda_1)

highest_weight_vector=zeros(4,1);

highest_weight_vector(1)=1;

arrows=root-highest_weight_vector;

if arrows(1)==0

arrows=arrows(2:4);

arrows=arrows';

[C,E]=crystal_path(A,arrows,2);

% 2= level --> Perfect Crystal B_2, highest weight module V(lambda_1)

B=organize2(C);

c=size(E,1);

else

c=-25;

end;

end;

A.5 sumparts.m

function [ P ] = sumparts( w,lev )

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

%finds multiplicities of 2 level1 weights of V(\Lambda_0) that sum up to

%the user-inputed level2 root

% Inputs:

% w: the column vector representing number of \alpha_0s, \alpha_1s,

% \alpha_2s in the level 3 root of interest

% lev: if lev=1 then will find multiplicities of 3 level1 weights of

% V(\Lambda_0) that sum up to level3 root w

% if lev=2 then will find multiplicities of 1 level2 weight of

% V(\Lambda_1-\delta) and 1 level1 weight of V(\Lambda_0) that sum

% to the level3 root w

%
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% Outputs:

% P: matrix of partitions of the level3 root and corresponding multiplicities

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

if lev==1

D=lev1multupto(w);

%list of roots of V(\Lambda0) up to w with their corresponding multiplicities

root=[3;w];

[m,n]=size(D);

P=zeros(0,16);

for i=1:m

for j=i:m

for k=j:m

trial1=D(i,1:4);

trial2=D(j,1:4);

trial3=D(k,1:4);

if [trial1+trial2+trial3]' == root

if trial1== trial2

mult=D(i,5)*D(j,5)*D(k,5);

elseif trial1==trial3

mult=D(i,5)*D(j,5)*D(k,5);

elseif trial2==trial3

mult=D(i,5)*D(j,5)*D(k,5);

else

mult=D(i,5)*D(j,5)*D(k,5)*2;

%see Kang's formula

end

P=[P;trial1,D(i,5),trial2,D(j,5),trial3,D(k,5),mult];

else

continue

end

end

end

end

[j,k]=size(P);

sum=0;

for i=1:j

prod=P(i,16);

sum=sum+prod;

end

P=[P;[zeros(1,15),sum]];

elseif lev==2

D=lev1multupto(w);

%list of roots of V(\Lambda0) up to w with their corresponding multiplicities

P=lev2multupto(D,w);

%list of partitions of level3 root into level1 weight and level2 weight
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end

function [Z]=lev2multupto(D,w)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs:

% D: matrix, lists all level 1 partitions of the level 3 root that are weights

% of V(\Lambda_0)

% w: weight vector (of arrows), so w=[a,b,c]

%

% Outputs:

% Z: matrix with partitions of the original lev3 root where each

% row is a partition. the first part of the row will be the lev2 part of the

% partition followed by its mult; second part of the row will be the lev1

% corresponding part of the partition followed by its mult

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

root=w;

root=[3;root];

%adding a 3 to the top of the vector (to represent the 1 from 3alpha_{-1})

[m,n]=size(D);

C=zeros(0,10);

for i=1:m

lev1part=D(i,1:4);

triallev2part=root-lev1part';

if triallev2part==[2;1;0;0]

c=1;

C=[C;triallev2part',c,D(i,1:5)];

else

c=lev2mult(triallev2part(2:4));

if c<=0

continue

else

C=[C;triallev2part',c,D(i,1:5)];

end

end

end

[j,k]=size(C);

sum=0;

for i=1:j

prod=C(i,5)*C(i,10);

sum=sum+prod;

end

Z=[C;[0,0,0,0,0,0,0,0,0,sum]];

end
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A.6 lev3mult.m

function [c]=lev3mult(w)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

% Inputs:

% w: for level3 weight -3\alpha_{-1}-a\alpha_0-b\alpha_1-c\alpha_2,

% w=[a;b;c]

%

% Outputs:

% c: multiplicity of the level 3 weight in V(\Lambda_2-2\delta)

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

root=w-[2;1;0];

%to count the mult of a level 3 root by using the path realiz of V(\Lambda2)

%we account for V(\Lambda2-2\delta), and add 2\delta and then count

%paths with (a-2) 0-arrows and (b-1) 1-arrows than stated here:

%-3\alpha_{-1}-a\alpha_0-b\alpha_1-c\alpha_2

if root(1)<0

c=-25;

else

root=[1;root];

%adding a 1 to the top of the vector (to represent the 1 from 1lambda_{2})

A=[0,1,1,1,1,0];

%repeating ground state path for V(lambda_2)

highest_weight_vector=zeros(4,1);

highest_weight_vector(1)=1;

arrows=root-highest_weight_vector;

if arrows(1)==0

arrows=arrows(2:4);

arrows=arrows';

%transpose

[C,E]=crystal_path(A,arrows,3);

% 3= level --> Perfect crystal B_3, V(lambda_2)

c=size(E,1);

else

c=-25;

end;

end;
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